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Abstract

This thesis focuses on the application of numerical relativity methods to the solutions of
problems in strong gravity. Our goal is the study of mergers of compact objects in the
strong field regime where non-linear dynamics manifest and deviations from General
Relativity could be found.

We develop a new formulation of the Einstein equations in d+ 1 spacetime dimensions
in the moving punctures approach, which leads to a well-posed set of equations for the
Einstein-Gauss-Bonnet gravity (EGB), as well as for the most general parity-invariant
scalar-tensor theory of gravity up to four derivatives (4∂ST).

Using this formulation, we have implemented the equations of the 4∂ST theory in
GRFolres, an open-source extension of our numerical relativity code GRChombo. This has
enabled us to evolve equal and unequal-mass Binary Black Hole mergers in this effective
field theory of gravity, as well as to study the loss of hyperbolicity and its relation to
the weak coupling condition, among other topics of interest left for further study.
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Chapter 1

Introduction

1.1 Motivation

More than one hundred years after it was proposed, Einstein’s gravitational theory of
General Relativity (GR) remains the key pillar of modern cosmology, the physics of
black holes and neutron stars and all other gravity-related fields.

All tests carried out so far have found GR to be an accurate description of gravitational
phenomena. However, these cover mainly the weak field regime and only very recently
have we started to probe the strong field regime where non-linear dynamics manifest,
in particular from the observation of the mergers of compact objects, after the first
detections of gravitational waves (GWs) [2–6] released by the LIGO-Virgo Collaboration
(LVC), which is now the LIGO-Virgo-KAGRA (LVK) Collaboration.

In order to interpret these waveforms, Numerical Relativity (NR) has become an essential
tool, allowing us to predict them from the theory itself using computational power. In
comparison to perturbative approaches (post-Newtonian theory, general relativistic
perturbation theory...), NR allows us to test the regime where the highest curvatures
manifest, as long as we employ a well-posed formulation. This guarantees that, given
some suitable initial data, the solution to the equations of motion exists, is unique and
depends continuously on the initial data.

Finding a well-posed formulation has been a challenge for NR since its beginnings a
few decades ago. Multiple different formulations with several gauge choices, constraint
damping methods and initial data solvers have been required before being able to
evolve the first binary black hole evolution in 2005 [7]. From then on, other well-posed
formulations have been found to be successful in NR for not only evolving black hole
spacetimes and other compact objects in GR, but also for being applied to cosmology
and modified theories of gravity.

Current observations indicate that the deviations from GR in the strong field regime are
small [8]. Therefore, it makes sense to consider theories arising as small modifications of
GR and effective field theory (EFT) provides an organising principle. In EFT, one adds
all possible terms allowed by symmetry to the leading order GR Lagrangian. These
terms are organised in a derivative expansion and appear multiplied by dimensionful
coupling constants that encode the effects of the underlying (unknown) microscopic

3



Chapter 1. Introduction 4

theory.

Motivated by an EFT approach, GR can be modified by adding new field content or
invariants among other possibilities and, in this sense, some particular classes of higher
derivative theories of gravity that have received attention in recent years are the Lovelock
theories [9] in the case of pure gravity, and the Horndeski theories [10] in the case of
scalar-tensor theories. Lovelock theories are especially relevant in high energy physics,
since they arise in the low energy limit of string theory, and Horndeski theories have
been widely studied in cosmology given that scalar fields are already used in models of
inflation, dark matter and dark energy. Observations both from electromagnetic and
GW detections have recently enabled to constrain the values of the parameters in the
Horndeski Lagrangian, in particular by comparing the speed of propagation of the GWs
with the one predicted from the theory.

Progress in numerically studying these theories has been made for Horndeski theories of
gravity using order-reduced methods that evolve the scalar equation of motion on a fixed
GR background [11–21]. These do not have any well-posedness issues, as long as a certain
regularity in the background metric is satisfied. Such simulations can provide an estimate
of the scalar dynamics and associated energy losses, but may miss information about
the fully non-linear impact on the metric, and potentially suffer from the accumulation
of secular errors over long inspirals. Despite their limitations, these studies put initial
constraints on the coupling from the merger signal, and have identified many interesting
effects such as dynamical descalarisation [17], in which initially scalarised black holes
form an unscalarised remnant, and so-called “stealth dynamical scalarisation” [14], in
which the late merger of initially unscalarised black holes can cause scalar hair to grow
due to the spin of the remnant. 1

Both Lovelock and Horndeski theories have second order equations of motion, and hence
there was hope that suitable well-posed formulations could be found. There have been
attempts to cure the loss of hyperbolicity by ‘fixing’ the system of evolution equations
[22–24] or by modifying the theory, e.g., by adding an extra coupling of the scalar
field to the Ricci scalar [25, 26]. In parallel, Kovács and Reall have shown that these
theories are indeed well-posed in the weak coupling regime in a modified version of
the harmonic gauge [27,28]. Subsequently, work has begun to numerically study some
specific scalar-tensor theories within these classes in their highly dynamical and fully
non-linear regimes [29–32].

These studies rely on the generalised harmonic coordinates, which are appealing because
of the manifest wave-like structure of the equations, but their practical implementation
in numerical simulations necessitates excision of the interior domain of the black hole.
The latter, whilst conceptually straightforward, can be difficult to implement in practise.
As a consequence, many groups in the numerical relativity community have opted to use
singularity avoiding coordinates such as the BSSN [33–35], Z4C [36,37] or CCZ4 [38]
formulations in the puncture gauge [39, 40], which do not require the explicit excision of
the interior of black holes from the computational domain. Instead, excision is achieved
by the suitable use of dynamical coordinates. This strongly motivates the extension
of the results of [27, 28] to singularity avoiding coordinates, to allow such groups to
generate waveforms in these models.

1These works typically neglect the four-derivative scalar term, which we see from our work is justified
since it is always subdominant to the effect of the Gauss-Bonnet term.
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In this thesis we develop and implement a new formulation of NR to singularity avoiding
coordinates that allows us to study the effect of modified gravity in the strong gravity
regime, as previously presented in [41–44]. This contribution will play a vital role in
the application of NR tools to scenarios beyond GR and the Standard Model and will
be crucial in the characterisation of signals coming from black hole mergers (and other
compact objects) in such scenarios.

We follow the conventions in Wald’s book [45]. Greek letters µ, ν... denote spacetime
indices and they run from 0 to d (being d the number of spatial dimensions); Latin
letters i, j,... denote indices on the spatial hypersurfaces and they run from 1 to d. We
set G = c = 1.

1.2 Outline of the thesis

We start with two introductory chapters, Chapters 2 and 3, which comprise an overview
of the main concepts of Modified Gravity, with a special emphasis in Lovelock and
Horndeski theories of gravity, and Numerical Relativity, where we define the main NR
formulations, briefly review gauge conditions and initial data and introduce the concepts
of strong hyperbolicity and well-posedness.

The original research work of this thesis starts in Chapter 4, whee we discuss extensively
about well-posedness, introduce our formulation and prove that it is well-posed in the
weak coupling regime of Einstein-Gauss-Bonnet gravity (EGB) and the Four-Derivative
Scalar-Tensor theory of gravity (4∂ST). In Chapter 5 we present the main results
regarding Binary Black Hole mergers in the 4∂ST theory and Chapter 6 deals with the
hyperbolicity loss of this theory when going beyond the weak coupling regime. Finally we
include in Chapter 7 a review of the capabilities of GRFolres, our NR code in modified
gravity.

We summarise our conclusions and discuss about further directions in Chapter 8. Finally
we include in the Appendices long computations and equations that complement Chapter
4 of our manuscript, as well as a convergence test for one of our simulations presented in
Chapter 5.





Chapter 2

Modified Gravity

Despite its successful history, General Relativity is a classical theory which is not yet
known to admit a quantised description. Therefore, we expect it to break down at
higher energy scales than those that have been tested so far, particularly in those for
which an extension or modification would be needed in order to properly understand
the behaviour of gravity, such as singularities.

2.1 Classification of modified gravity theories

In recent decades, numerous different extensions or modifications to General Relativity,
driven by various theoretical motivations, have been suggested. Lovelock’s theorem
states that GR is the unique four-dimensional, local, second derivative theory for a
massless spin-2 field [9, 46, 47]. Therefore, modifications to GR require one of these
“pillars” to be broken. In Figure 2.1 we display a schematic categorisation of some of
those theories, which can be classified into the following types:

• Adding new field content: It is often considered the easiest and most natural
approach and the new fields can be either:

– Scalar fields, which can be both real and complex. Some examples are
Horndeski gravity or Cherns-Simons gravity.

– Vector fields, such as Einstein-æther gravity or generalised Proca gravity.

– Tensor fields, such as massive gravity, bigravity and bimetric MOND (Modified
Newtonian Dynamics) gravity.

• Adding invariants, which includes adding extra dimensions, such as Lovelock
theories, or adding higher order terms to the action, such as f(R), quadratic
gravity or Hořava-Lifshitz gravity, some of which break locality.

• Emergent approaches of gravity, which are based on the idea that gravity is not
fundamental but instead can be derived from some underlying structure. Some
examples are causal dynamical triangulation (CDT) and loop quantum gravity
(LQG).

7
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Figure 2.1: Modified gravity road-map showing a classification of the various alternative
branches and theories of gravity coming from possible extensions of GR. Figure taken
from [48].

2.2 Effective field theories

Among all these possibilities, we are especially interested in those that can be seen as
effective field theories with GR as their low energy limit. From a minimal perspective,
one might consider the addition of higher derivatives of the metric to be the most
well-motivated.

In order to understand this, let’s look at a complex scalar field Φ with a spontaneously-
broken U(1) symmetry with the following action [49–51]

S =

∫
d4x[−∂µΦ†∂µΦ− V (Φ†Φ)] , (2.1)

with the potential given by

V (Φ) =
λ

2
(Φ†Φ− v2) . (2.2)

which is symmetric under Φ → eiωΦ, but for which the symmetry is spontaneously
broken in the vacuum Φ†Φ = v2/2. The spectrum of fluctuations about this solution
contains a massive mode with M2 = λv2 and a massless Goldstone boson, which can be
made explicit by defining two real fields ρ and θ such that

Φ =
v√
2
(1 + ρ)eiθ . (2.3)



Chapter 2. Modified Gravity 9

Then we can integrate out the heavy field ρ by solving perturbatively in M its equation
of motion, namely

□ρ = (1 + ρ)(∂µθ)(∂
µθ) + V ′(ρ) , (2.4)

and inserting this solution back into the action to obtain a theory for θ alone, leaving us
with the action

S

v2
=

∫
d4x
[
− 1

2
(∂νθ)(∂νθ) +

1

2M2
[(∂νθ)(∂νθ)]

2

− 2

M4
(∂µ∂νθ)(∂

µ∂σθ)(∂νθ)(∂σθ) +O
( 1

M6

)]
, (2.5)

where we have truncated the action at some finite order in 1/M , which is valid for
energies well below the mass of ρ, E ≪M . This is the key point of the effective field
theory, namely that the □ρ part of the equation of motion becomes subdominant for
those energies. When one probes higher energies, we exit the regime of validity of the
EFT and one has to add more terms in the expansion. The resulting equation of motion
that comes from this EFT yields

□θ =
2

M2
[(∂νθ)(∂

νθ)□θ + 2(∂µ∂νθ)(∂
νθ)(∂µθ)]

+
4

M4
[(∂ν∂σ□θ)(∂νθ)(∂σθ) + (∂σ□θ)(□θ)(∂σθ) + (∂σ□θ)(∂νθ)(∂ν∂σθ)

+ (∂µ∂σθ)(□θ)(∂µ∂σθ) + 2(∂ν∂µ∂σθ)(∂µ∂νθ)(∂σθ)] +O
( 1

M6

)
. (2.6)

Hence, we see that the term O(M−4) contains third- and fourth-order derivatives of θ
to the equation of motion, which can lead to runaway instability. However, we cannot
produce the ghost associated to this instability while we remain within the regime of
validity of the EFT, meaning that the ghost can only be excited (thus inducing a runaway
instability) when probing energies high enough, which would require us to consider more
terms in the expansion.

Note that when evolving the equation of motion for long timescales, one has to take
into account the scale of the time in order to assure that we are within the regime of
validity of the EFT [52]. When considering a time interval [0, T ) with T growing with
M (for example T ∝ Mλ for some λ > 0) it could be that the accuracy of the EFT
approximation is lessened (see Section 2.7 of [52] for further details).

This explicitly shows that an EFT with high derivatives is not unphysical, given that it
can be the result of the truncation of a healthy UV physical theory. In some cases it
is possible to address, to some extent, certain potential sources of ill-posedness arising
from EFTs. Indeed, through field redefinitions higher-order derivatives can be removed,
or pushed to higher orders. In this case, one can use a field redefinition to push the
higher-order time derivatives in Eq. (2.6) to the next order in the EFT expansion,
namely by considering [51]

θ → θ +
2

M4
(∂µ∂νθ)(∂

µθ)(∂νθ) . (2.7)

After having discussed this EFT toy model, let’s return to the theories of gravity.
The example just discussed shows us that it makes sense to express any EFT as an
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expansion of terms with increasing mass dimension (or increasing number of derivatives).
Therefore, we consider the addition of all possible terms allowed by symmetry to the
leading order GR Lagrangian and organise these terms in a derivative expansion which
appear multiplied by dimensionful coupling constants that encode the effects of the
underlying (unknown) microscopic theory.

When we add the restriction of second order equations of motion, so that we avoid the
appearance of Ostrogadskii instabilities [53–55], we are left with the broad families of
Lovelock and Horndeski theories of gravity, which will be defined in the next sections.
In particular, if we cut the EFT expansion to four derivatives of the metric, we are led
(up to field redefinitions) to their respective subclasses Einstein-Gauss-Bonnet gravity
(EGB) and the Four-Derivative Scalar-Tensor theory of gravity (4∂ST), which will be
the main focus of this thesis.

2.3 Lovelock theories of gravity

Lovelock theories of gravity [9] are the most general theories in which the gravitational
field is described by a single metric tensor satisfying a diffeomorphism invariant second
order equation of motion. They have lately attracted attention due to their possible
relevance to high energy physics [56] and cosmology [57].

Lovelock theories of gravity describe string theory-inspired ultraviolet corrections to the
Einstein-Hilbert action. In particular, the five-dimensional Lovelock theory arises in the
low energy limit of M-theory (and, consequently, of string theory) when the theory is
compactified from 11D to 5D [58].

The black hole solutions of Lovelock theory are also especially relevant. They can be
regarded as generalisations of the Boulware-Deser solution of Einstein-Gauss-Bonnet
gravity [59] and possess many features that are not present in GR.

The recent results studying the causality and hyperbolicity of Lovelock gravity [28,42,
60,61] will enable to further study its implications and test its relevance.

2.3.1 Definition

In vacuum, Lovelock’s equation of motion is [28]

Gµ
ν + Λδµν +

∑

p≥2

kp δ
µρ1...ρ2p
νσ1...σ2pR

σ1σ2
ρ1ρ2 ...R

ρ2p−1ρ2p
ρ2p−1ρ2p = 0 , (2.8)

where gµν is the metric tensor1, Gµν = Rµν − 1
2gµνR is the Einstein tensor2, Λ is

the cosmological constant, kp are dimensionful coupling constants and the generalised
Kronecker delta is δρ1...ρqσ1...σq = q! δρ1[σ1

δρ2σ2 ...δ
ρq
σq ]

.

1All spacetime indices are raised and lowered with the metric gµν .
2The Riemann tensor, Ricci tensor and Ricci scalar are respectively

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ , (2.9a)

Rµν = Rρ
µρν , (2.9b)

R = gµνRµν , (2.9c)

with Γρ
µν =

1

2
gρσ(∂µgνσ + ∂νgσµ − ∂σgµν) being the Christoffel symbols associated to the metric gµν .
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Note that, because of the antisymmetrisation, those equations are only different to GR
when the number of spacetime dimensions is higher than four.

2.3.2 Einstein-Gauss-Bonnet gravity

Einstein-Gauss-Bonnet gravity (EGB) is the particular case of Lovelock theories of
gravity when setting kp = 0 ∀p > 2, which comes from the action

S =
1

2κ

∫
dd+1x

√−g(R+ λGB LGB) , (2.10)

where κ = 8πG, LGB = 1
4δ

µ1µ2µ3µ4
ν1ν2ν3ν4 R

ν1ν2
µ1µ2

R ν3ν4
µ3µ4

= RµνρσR
µνρσ − 4RµνR

µν + R2

is the Gauss-Bonnet curvature, d is the number of spatial dimensions, and λGB is an
arbitrary coupling with dimensions of [length]2.

This theory is especially relevant from our viewpoint given that it can be motivated as
an effective field theory in the sense that it includes all the four-derivative terms (up to
field redefinitions) [62]. The Gauss-Bonnet term is also predicted by some string theories
[56].

The equations of motion that follow from varying (2.10) are given by

Gµν = λGBHµν , (2.11)

where

Hµν = −2(RRµν − 2RµαR
α
ν − 2Rαβ Rµανβ +R αβγ

µ Rναβγ) +
1

2
gµνLGB . (2.12)

2.4 Horndeski theories of gravity

Horndeski theories of gravity [10] are the most general theories of a metric tensor coupled
to a scalar field ϕ, with second order equations of motion, arising from a diffeomorphism-
invariant action in four spacetime dimensions. They have been widely studied both from
cosmology [63,64] and strong gravity [11–21,29–32,41–43] perspectives.

The addition of a scalar field degree of freedom that couples to gravity is especially
relevant in a cosmological set-up given that scalar fields are already used in models
of inflation, dark matter and dark energy. Furthermore, the Horndeski Lagrangian
provides a concrete, yet flexible, system in which to connect electromagnetic (EM) and
gravitational wave (GW) constraints on a common set of parameters. Its parameters
have been widely tested using electromagnetic observables [65–68].

Some of the additional terms in the Horndeski action imply a speed of propagation of
the GWs different to the velocity of light, which has been constrained by the recent GW
observations. In particular, the LIGO-Virgo’s Binary Neutron Star Merger GW170817
[5, 69] bounded the fractional relative difference in propagation speeds of GWs and light
to be less than 10−15 [69–75] at redshift zero. And this has led to the conclusion that
those terms in the Horndeski action are no longer viable [63].

However, according to de Rham and Melville [76], when a dark energy EFT has the
typical parameter values needed to give it interesting dynamics on cosmological scales, the
energy scale of GW170817 potentially lies within its strongly coupled regime. Moreover,
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if a low-energy effective theory is to admit a Lorentz-invariant completion, one would
actually expect the action of operators above the strong coupling scale to return the
speed of tensor modes to the velocity of light. This raises the possibility that the
constraints reported above were obtained in a regime where modified gravity effects are
already suppressed, and may differ at other scales such as those probed by LISA.

In the context of black holes solutions, Horndeski theories of gravity are also particularly
interesting given that they violate general relativity’s no-hair theorem 3, giving rise to
black hole solutions with a non-trivial configuration of the scalar field.

2.4.1 Definition

The explicit form of Horndeski’s action yields

S =
1

2κ

∫
d4x

√−g (L1 + L2 + L3 + L4 + L5) , (2.13)

where 4

L1 = R+X − V (ϕ) , (2.15a)
L2 = G2(ϕ,X) , (2.15b)
L3 = G3(ϕ,X)□ϕ , (2.15c)

L4 = G4(ϕ,X)R+ ∂XG4(ϕ,X)
[
(□ϕ)2 − (∇µ∇νϕ)(∇µ∇νϕ)

]
, (2.15d)

L5 = G5(ϕ,X)Gµν∇µ∇νϕ− 1

6
∂XG5(ϕ,X)

[
(□ϕ)3 − 3□ϕ(∇µ∇νϕ)(∇µ∇νϕ)

+2(∇µ∇νϕ)(∇ν∇ρϕ)(∇ρ∇µϕ)] , (2.15e)

where {Gi(ϕ,X)}5i=2 are arbitrary functions, with X = −1

2
(∂ϕ)2 ≡ −1

2g
µν∂µϕ∂νϕ and

V (ϕ) being the potential of the scalar field.

2.4.2 Four-Derivative Scalar-Tensor theory of gravity

For some particular choice of the functions {Gi(ϕ,X)}5i=2 [77], namely

G2(ϕ,X) = g2(ϕ)X
2 + 8λ(4)X2(3− lnX) , (2.16a)

G3(ϕ,X) =− 4λ(3)X(7− 3 lnX) , (2.16b)

G4(ϕ,X) = 4λ(2)X(2− lnX) , (2.16c)

G5(ϕ,X) =− 4λ(1) lnX , (2.16d)

3The no-hair theorem states that all stationary black hole solutions of the Einstein–Maxwell equations
of gravitation and electromagnetism in general relativity can be completely characterised by only three
independent externally observable classical parameters: mass, electric charge, and angular momentum.

4The d’Alembertian operator is defined as □ = gµν∇µ∇ν , where ∇µ is the covariant derivative that
acts on an arbitrary tensor as

∇ρT
µ1...µm

ν1..νn = ∂ρT
µ1...µm

ν1..νn + Γµ1
ρσT

σ...µm
ν1...νn + ...+ Γµm

ρσ T
µ1...σ

ν1...νn

− Γσ
ρν1T

µ1...µm
σ...νn − ...− Γσ

ρνmT
µ1...µm

ν1...σ . (2.14)
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where λ(n) := ∂nλ/∂ϕn, one gets the action of the Four-Derivative Scalar-Tensor theory
of gravity (4∂ST) [28], which yields

S =
1

2κ

∫
d4x

√−g
(
R+X − V (ϕ) + g2(ϕ)X

2 + λ(ϕ)LGB
)
, (2.17)

where λ(ϕ) and g2(ϕ) 5 are arbitrary functions of ϕ.

The Four-Derivative Scalar-Tensor theory of gravity is an effective field theory given
that it contains all possible parity-invariant scalars (up to field redefinitions) in four
dimensions built from the metric gµν and a scalar field ϕ minimally coupled to gravity
up to four derivatives [78]. It was first introduced when studying generic theories of
inflation with a single inflaton field [78], in which the terms quadratic in the curvature
arise from the leading corrections to the correlation function for tensor modes. For an
inflationary theory with an inflaton ϕ with potential V (ϕ) minimally coupled to the
Einstein-Hilbert action, the leading correction to the Lagrangian will consist of a sum of
all generally covariant terms with four spacetime derivatives and coefficients of order
unity, which yields by getting rid of total derivatives the following expression,

∆L =
√−g

[
f1(ϕ)X

2 + f2(ϕ)□ϕ+ f3(ϕ) (□ϕ)
2 + f4(ϕ)R

µν ∇µϕ∇νϕ+ f5(ϕ)RX

+ f6(ϕ)R□ϕ+ f7(ϕ)R
2 + f8(ϕ)R

µνRµν + f9(ϕ)LGB + f10(ϕ) ϵ
µνρσR κλ

µν Rρσκλ

]
,

(2.18)

where {fi(ϕ)}10i=1 are arbitrary functions of ϕ. One can see that with some redefinitions
we can eliminate all of the terms above except the first one and the last two. Specifically,
the second term in Eq. (2.18) just provides a field-dependent correction to the kinematic
term, which can be eliminated by a redefinition of the inflaton field; the third term just
provides a correction to the potential, which can be absorbed into a redefinition of V (ϕ);
the fourth and fifth terms supply corrections to both f1(ϕ) and the kinematic term; the
sixth term provides corrections to the kinematic term and the potential; and the seventh
and eighth terms provide corrections to the kinematic term and potential and to f1(ϕ).
Furthermore, the last term vanishes if one assumes parity-invariance. Hence, we obtain
the action in Eq. (2.17).

Its equations of motion are

Gµν =
1

2
T ϕµν +Hµν + TX µν − 1

2
V (ϕ)gµν , (2.19a)

[1 + 2g2(ϕ)X]□ϕ− V ′(ϕ)− 3X2g′2(ϕ)− 2g2(ϕ)(∇µϕ)(∇νϕ)∇µ∇νϕ = −λ′(ϕ)LGB ,
(2.19b)

where 6

T ϕ
µν = (∇µϕ)(∇νϕ) + gµν X , (2.20a)

5The notation g2(ϕ) has been used since this term comes from the Horndeski term (2.15b) with
G2(ϕ,X) = g2(ϕ)X

2. For g2(ϕ) = V (ϕ) = 0 we are left with the well-known Einstein-scalar-Gauss-
Bonnet (EsGB) theory of gravity.

6We have considered the coupling of gravity to the scalar field as in the canonical Horndeski
Lagrangian, which differs from the normalisation used in [29].
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TX
µν = g2(ϕ)X(∇µϕ)(∇νϕ) +

1

2
g2(ϕ)X

2gµν , (2.20b)

Hµν =− 4 [2Rρ
(µCν)ρ − C(Rµν −

1

2
Rgµν)−

1

2
R Cµν + Cαβ (Rµανβ − gµνRαβ) ] , (2.20c)

with

Cµν ≡ λ′(ϕ)∇µ∇νϕ+ λ′′(ϕ)(∇µϕ)(∇νϕ) , (2.21)

and C ≡ gµνCµν .
Recent interest of this theory has resulted in multiple studies concerning the current
observational and theoretical constraints on its couplings. In Table I of [21] (see also
references therein) there is a summary of the current constraints on a shift-symmetric
Einstein-scalar-Gauss-Bonnet theory, i.e. with g2(ϕ) = 0 and λ(ϕ) = β0 ϕ

7. The
strongest constraint is the one derived in [79] from several neutron star black hole
binaries and binary black hole events, namely

√
β0 ≈ 0.66 km

(√
β0

M⊙

)
≲ 1.18 km , (2.22)

where M⊙ is the mass of the Sun. We caveat that these constraints differ when taking
into account the effect of a quadratic coupling or a mass term.

2.4.3 Other Horndeski theories

Apart from the 4∂ST theory there are other sub-classes of Horndeski that have been
studied in the literature, which we briefly summarise here:

• Quintessence, which refers to a scalar field minimally coupled to gravity with
G2 = G3 = G4 = G5 = 0.

• k-essence, by setting G3 = G4 = G5 = 0, with the usual choice of G2(ϕ,X) =
f(ϕ)g(X). This has recently been studied in the context of kinetic screening [80–82],
which suppresses the scalar force in the vicinity of a massive body, allowing the
theory to pass local experimental tests (at the scale of the solar system) whilst
potentially accounting for dark energy [83,84].

• Galileon theories [85], with G3 ̸= 0 and G4 = G5 = 0, which involve an internal
“Galilean” invariance, under which the gradient of the scalar field shifts by a
constant.

• Brans-Dicke theory, where G3 = G5 = 0, G2(ϕ,X) = (ωϕ − 1)X (with ω being a
dimensionless constant bounded by observational constraints) and G4(ϕ,X) = ϕ,
which includes both Mach’s principle and Dirac’s large number hypothesis [86].

• Damour-Esposito-Farèse (DEF) gravity [87,88], which is the first model leading
to spontaneous scalarisation 8, is a generalisation of the Brans-Dicke theory with
G3 = G5 = 0, G2(ϕ,X) = X ω(ϕ)

ϕ (with ω(ϕ) an arbitrary function of ϕ) and

7This is called shift-symmetric because constant shifts in the scalar field preserve the action, since
the Gauss-Bonnet curvature is a total derivative in four dimensions.

8Spontaneous scalarisation is the mechanism by which constant scalar configurations are rendered
tachyonically unstable when the curvature becomes significant enough.
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G4 = ϕ. It can be written in the Einstein’s frame with a conformal transformation
of the metric and a field redefinition (see [89,90]).

• Regularised 4D Einstein-Gauss-Bonnet theory of gravity [91], which re-scales the
coupling constant in EGB gravity and introduces an extra scalar gravitational
degree of freedom, thus becoming a Horndeski theory which is non-trivial in four
spacetime dimensions. This theory has also been recently studied in the context
of cosmology [92,93].

2.5 Other modified gravity theories

In this section we are going to give a brief overview of some of the other modified gravity
theories mentioned in the classification at the beginning of this chapter.

• Einstein-æther theory [94, 95] is a generally covariant theory of gravity coupled to
a dynamical, unit timelike vector field that breaks local Lorentz symmetry. Even
though numerous observations severely limit the possibility of Lorentz violating
physics among the standard model fields [96], the constraints on Lorentz violation
in the gravitational sector are generally weaker, which motivates the relevance of
this theory.

Its action is derived as the most general diffeomorphism-invariant derivative
expansion (up to second order in derivatives) for the metric gµν and æther uµ,
which yields

S =
1

2κ

∫
d4x

√−g(R+Kµν
ρσ∇µu

ρ∇νu
σ + λ(uµuµ − 1)) , (2.23)

where Kµν
ρσ = c1g

µνgρσ+c2δ
µ
ρ δνσ+c3δ

µ
σδνρ+c4u

µuνgρσ, with the coefficients {ci}4i=1

being dimensionless constants and λ a Lagrange multiplier that enforces the unit
constraint. Its equations of motion are

∇νJ
ν
µ − c4u̇ν∇µu

ν = λuν , (2.24a)

Gµν = ∇ρ(J
ρ

(µ uν) − Jρ
(µuν) − J(µν)u

ρ) + c1[(∇ρuµ)(∇ρuν)− (∇µuρ)(∇νu
ρ)]

+ c4u̇µu̇ν + [uσ(∇ρJ
ρσ)− c4u̇

2]uµuν +
1

2
gµνK

αβ
ρσ∇αu

ρ∇βu
σ , (2.24b)

where Jµ
ν = Kµρ

νσ∇ρu
σ and u̇µ = uν∇νu

µ. The coupling parameters of Einstein-
æther gravity have been constrained in a recent work [97] for isolated/binary
pulsars.

• Hořava-Lifshitz gravity [98, 99] is another theory of gravity that breaks as well
Lorentz symmetry, which is equivalent to Einstein-æther theory in the infrared
limit [100].

Hořava-Lifshitz gravity came out as as attempt to add higher order spatial deriva-
tives without adding higher order time derivatives. This could presumably lead
to a theory with improved ultraviolet (UV) behaviour without having to face the
consequences of having higher order time derivatives. This obviously clashes with
Lorentz invariance, but one can make sure that Lorentz violations in the IR could
stay below current experimental constraints.
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Its action is written down in terms of the 3 + 1 variables from the ADM decom-
position defined in Chapter 3, where α is the lapse function, γij is the induced
metric on hypersurfaces with t = const. and Kij is the extrinsic curvature,

S =
1

2κ

∫
d3x dt α

√
γ[KijKij − λK2 − V (γij , α)] . (2.25)

Here λ is a dimensionless running coupling and V (γij , α) can generically depend
on γij and α and their spatial derivatives, but does not contain time derivatives
or the shift βi. Because of power counting renormalisability V is required to
contain terms which are at least sixth order in spatial derivatives. There are other
assumptions that one can consider in order to reduce the number of invariants
contained in V , some of which are detailed in [100].

• Ghost-free massive gravity, known as dRGT (de Rham, Gabadaadze and Tolley)
massive gravity [101, 102], is a four-dimensional covariant non-linear theory of
massive gravity which is ghost-free in the decoupling limit to all orders. The theory
re-sums explicitly all the nonlinear terms of an effective field theory of massive
gravity and has recently been studied numerically in [103].

Its action is

S =
1

2κ

∫
d4x

√−g
(
R+

m2

2

4∑

n=0

αn Ln(K)
)
, (2.26)

where {αn}4n=0 are arbitrary coefficients, m is the graviton mass and

Ln(K) = ϵµ1...µ4ϵν1...ν4Kν1
µ1
...Kνn

µn
δνn+1

µn+1
...δν4µ4

, (2.27)

with Kµ
ν = δµν −Eµ

ν , with Eµ
ν being a viel-bein such that gµν = ηρσEρµEσν , where

ηµν is the Minkowski metric.

• Quadratic gravity [104] is an EFT built from the four-dimensional operators R2,
RµνR

µν and RµνρσR
µνρσ, which are the leading order curvature operators when

matter is present. Such quadratic-curvature corrections are widely expected to
arise from quantum fluctuations. The action takes the following form,

S =

∫
d4x

√−g
( R
2κ

+ αRµνR
µν − β R2 + Lmatter

)
, (2.28)

with α and β arbitrary coupling constants, where we have used that in four
dimensions the Gauss-Bonnet curvature is a total derivative for getting rid of
the RµνρσR

µνρσ term. There has been recent work performing fully nonlinear
numerical simulations in [105–107]. In this context, neutron star (NS) binaries
become one of the most relevant scenarios.

The theory of quadratic gravity propagates the usual graviton, which is a massless
spin-2 mode; a massive spin-0 mode with mass m2

0 = − 1
2κ(3β−α) ; and a massive

spin-2 mode with mass m2
2 = − 1

2κα which is an Ostrogadskii ghost [106].

If we neglect matter fields, then the next leading correction to the Einstein-Hilbert
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action keeping diffeomorphism invariance leads to [108]

S =
1

2κ

∫
d4x

√−g
(
R− c3

RµνρσR
µν

αβR
αβρσ

Λ4
− c̃3

R̃µνρσR
µν

αβR
αβρσ

Λ̃4

)
, (2.29)

where R̃µνρσ = ϵαβρσR
αβ

µν , Λ is the energy scale of the EFT and c3 and c̃3 are
O(1) coefficients, which gives rise to the following field equation,

Gµν =
6c3
Λ4

(∇αRµβρσ)(∇βR αρσ
ν ) +

2c̃3
Λ4

{ϵµδρσR αβγ
ν (∇σ∇αR

δρ
βγ )

+ ϵνδρσR
αβγ
µ (∇σ∇αR

δρ
βγ ) + ϵµδρσ(∇αR

ρσ
βγ )(∇δR αβγ

ν ))

+ ϵβγρσ(∇αR
ρσ

µδ )(∇δR αβγ
ν ) + ϵνδρσ(∇αR

ρσ
βγ )(∇δR αβγ

µ )} . (2.30)

However, according to [56], non-trivial values of c3 and c̃3, under certain assump-
tions about the UV completion, would require an infinite tower of higher spin
particles coupled to standard model fields with gravitational strength. Given that
the mass of the lightest of those particles has to be of order Λ and the couplings
must allow mediation of long range forces of gravitational strength between any
matter fields, the c3 and c̃3 terms must be suppressed by a much higher scale, since
we have not observed any additional long range forces on sub-kilometer distances.

Therefore, on this assumption the first non-trivial correction in a vacuum high
derivative EFT would correspond to the contributions to eight derivatives, namely
[108]

S =
1

2κ

∫
d4x

√−g
(
R− 1

Λ6
C2 − 1

Λ̃6
C̃2 − 1

Λ6
−
CC̃
)
, (2.31)

where C = RµνρσR
µνρσ and C̃ = R̃µνρσR

µνρσ, and Λ, Λ̃ and Λ− are arbitrary
coupling scales with units of inverse mass, which leads to

Gµν =
1

Λ6

(
8Rµρνσ∇ρ∇σC +

1

2
gµνC2

)
+

1

Λ̃6

(
8 R̃µρνσ∇ρ∇σC̃ +

1

2
gµν C̃2

)

+
1

Λ6
−

(
4 R̃µρνσ∇ρ∇σC + 4Rµρνσ∇ρ∇σC̃ +

1

2
gµν C̃C

)
. (2.32)

These theories have recently been studied in [23] using the “fixing the equations”
mechanism. The main idea of the “fixing the equations” technique [109], which
was inspired by dissipative relativistic hydrodynamics [110–112], is to modify the
higher-order contributions to the equations of motion by replacing them with some
auxiliary fields, and let the latter relax towards their correct value through a driver
equation.





Chapter 3

Numerical Relativity

Einstein’s equations can only be solved analytically for highly symmetric cases. In
particular, a Binary Black Hole (BBH) merger cannot be described analytically in GR,
much less in Modified Gravity. Therefore, one needs to find a well-posed initial value
problem in order to solve the equations numerically.

3.1 ADM decomposition

In order to evolve our equations we first need to define a time coordinate by performing a
d+1 decomposition of the spacetime metric (where d is the number of spatial dimensions)
in the following form,

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) , (3.1)

where α and βi are the lapse function and shift vector respectively (see Figure 3.1)
and γij is the d-dimensional metric (which is purely spatial) induced on the St ≡ {t ≡
x0 = const.} hypersurfaces, which are orthogonal to the unit timelike vector given by
nµ = 1

α(δ
µ
t − βiδµi ).

1

This is known as the ADM decomposition, after Arnowitt, Deser and Misner [113].

In order to understand the implications of the Einstein equations on the St hypersurfaces,
one needs to decompose the spacetime Riemann tensor Rµνρσ into spatial and timelike
parts. This decomposition naturally involves the spatial tensor Rijkl (induced by
the spatial metric γij), which measures the intrinsic curvature of the hypersurface St.
However, this tensor provides no information about how St fits in the spacetime manifold.
The missing information is contained in the so-called extrinsic curvature Kij , which is
the projection of the spacetime covariant derivative of the normal timelike vector nµ

into the hypersurfaces St, defined as

∂⊥γij = −2αKij + 2γk(i∂j)β
k , (3.2)

where we use the shorthand notation ∂⊥ ≡ ∂t − βi∂i. The tensors that we have just
1All the spatial indices are raised and lowered with the physical spatial metric γij .
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Figure 3.1: Foliation of the spacetime between two neighbouring slices. Figure taken
from [114].

introduced are related to each other through the following well-known identities,

Rijkl +KikKjl −KilKjk = γµi γ
ν

j γ
ρ

k γ
τ

l Rµνρτ , (3.3a)

DjKik −DiKij = γ µ
i γ

ν
j γ

ρ
k n

τRµνρτ , (3.3b)

where Di is the covariant derivative respect to the spatial metric γij and γ µ
i projects

spacetime covectors into spatial covectors. These equations are respectively known as
the Gauss-Codazzi and Codazzi-Mainardi equations.

3.2 Derivation of the ADM equations

Once the foliation has been defined as a function of the spatial metric, the lapse and the
shift, we can proceed to derive the evolution equations coming from the Einstein field
equations.

Contracting some indices in the equations (3.3) and using the Einstein field equations
to replace the r.h.s. terms with an arbitrary stress-energy tensor, we are left with the
Hamiltonian and momentum constraints, namely

R+K2 −KijK
ij = 2κ ρ , (3.4a)

Dj(Kij − γijK) = κJi , (3.4b)

where ρ = nµnνTµν and Ji = −γµi nνTµν . Then, using again the equation (3.3a) together
with the field equations Gµν = κTµν and the following identity [115],

γ µ
i γ

ν
j n

ρnτRµνρτ = LnKij +KikK
k
j +

1

α
DiDjα , (3.5)

where Ln denotes the Lie derivative along nµ, we obtain the ADM equations, which
provide the first formulation of Numerical Relativity,

∂⊥Kij = α [Rij − 2KikK
k
j +KKij ]− κ

(
Sij −

γij
d− 1

(S − ρ)
)

−DiDjα+ 2Kk(i∂j)β
k , (3.6)
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where K is the trace of the extrinsic curvature of the spatial slices, Sij = γ µ
i γ

ν
j Tµν and

S = γijSij its trace.

3.3 Formulations of Numerical Relativity

As was discovered in early work on Numerical Relativity, the ADM evolution equations
are not suitable for numerical evolution. The reason is that these equations are only
weakly hyperbolic but not strongly hyperbolic and, thus, not well-posed (see Section 3.6
for further details). In order to overcome this problem several other formulations have
been proposed.

3.3.1 BSSN formalism

Baumgarte, Shapiro, Shibata and Nakamura developed the BSSN formalism [33–35],
which is a conformal reformulation of ADM with strong hyperbolicity properties that
enables NR simulations. The following conformal decomposition of the evolution variables
is applied,

χ = det(γij)
− 1

d , (3.7a)
γ̃ij = χγij , (3.7b)

Ãij = χ
(
Kij −

1

d
γijK

)
. (3.7c)

Then the equations of motion yield as follows,

∂⊥γ̃ij =− 2αÃij + 2γ̃k(i∂j)β
k − 2

d
γ̃ij∂kβ

k , (3.8a)

∂⊥χ =
2

d
χ (αK − ∂kβ

k) , (3.8b)

∂⊥K =−DiDiα+ α
[
R+K2

]
+

κα

d− 1
[S − d ρ] , (3.8c)

∂⊥Ãij = α [Ãij(K − 2Θ)− 2 ÃikÃ
k
j ] + 2Ãk(i∂j)β

k − 2

d
(∂kβ

k)Ãij

+ χ [α (Rij − κSij)−DiDjα]
TF , (3.8d)

∂⊥Γ̃
i = 2α

(
Γ̃i

klÃ
kl − d− 1

d
γ̃ij∂jK − d

2χ
Ãij∂jχ

)
− 2 Ãij∂jα− Γ̃j∂jβ

i +
2

d
Γ̃i∂jβ

j

+
d− 2

d
γ̃ik∂k∂jβ

j + γ̃jk∂j∂kβ
i − 2κα γ̃ijJj . (3.8e)

where the superscript TF refers to the trace-free part and Γ̃i ≡ γ̃klΓ̃i
kl, with Γ̃i

kl being
the Christoffel symbols associated to the conformal spatial metric γ̃ij .

The key points that make this formulation strongly hyperbolic in comparison to the
ADM equations are the introduction of the auxiliary variable Γ̃i and the addition of the
momentum constraints to the equation for Ãij .

3.3.2 The Z systems

In early 2000s, a new well-posed formalism known as Z4 was proposed in [36] that
introduced a constraint vector Zµ. In [116], it was shown that these constraints could
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be damped in Einstein’s vacuum field equations by adding some suitable lower order
terms, namely

Rµν + 2∇(µZν) − κ1

[
2n(µZν) −

2

d− 1
(1 + κ2)gµν nσZ

σ
]
= κ

(
Tµν −

1

2
gµνT

)
, (3.9)

where κ1 and κ2 are two damping coefficients with the stability bounds κ1 > 0 and
κ2 > −1, which will be revisited in Chapter 4, and T = gµνTµν . Then, the equations of
motion in d+ 1 form yield

∂⊥γij =− 2αKij + 2γk(i∂j)β
k, (3.10a)

∂⊥Kij =−DiDjα+ α
[
Rij + 2D(iZj) +Kij(K − 2Θ)− 2KikK

k
j

]

− κ
(
Sij −

γij
d− 1

(S − ρ)
)
− γijκ1(1 + κ2)αΘ+ 2Kk(i∂j)β

k , (3.10b)

∂⊥Θ =
α

2
[R−Kij K

ij + K(K − 2Θ) + 2DiZi]− ZiD
iα

− κα ρ− κ1
2
(d+ 1 + (d− 1)κ2)αΘ , (3.10c)

∂⊥Zi = α(Dj(K
j

i − δjiK) +DiΘ− 2K j
i Zj)−ΘDiα− κJi , (3.10d)

where Θ ≡ −nµZµ = αZ0.

Some variants to the Z4 system have been suggested, such as the Z3 system [117],
obtained by a symmetry breaking mechanism in which

K̃ij ≡ Kij +
n

2
Θ γij , (3.11)

where n is a free parameter, which has led to successful numerical simulations in [118].

The most popular version of the Z system is the CCZ4 formulation [38,119], which is a
conformal and covariant extension of Z4, which provides additional stability properties.
Its variables are the conformal ones from the BSSN approach (χ, γ̃ij , Ãij and K), as
well as Θ and Γ̂i ≡ Γ̃i + 2 γ̃ijZj from the Z4 decomposition. Its equations of motion in
the d+ 1 form will be given in Chapter 4.

3.3.3 Generalised Harmonic Coordinates

Parallelly, another well-posed 3 + 1 formulation of the Einstein equations was presented
in [120] and it led to the first Binary Black Hole evolution in [7].

This approach made use of Generalised Harmonic Coordinates, which consist in evolving
a harmonic constraint function Cµ ≡ Hµ − □xµ, where Hµ are source functions that
can be independently chosen. It is related to the Z4 formalism by setting Cµ = −2Zµ.
The trace-reversed version of the Einstein field equations in this gauge yields a system
of quasi-linear wave equations,

Rµν − ∂(µHν) = −1

2
gαβ∂α∂βgµν +Nµν(g, ∂g) , (3.12)

where Nµν(g, ∂g) contains all lower order terms in the equations. As for the Z4 formalism,
the damped harmonic gauge introduced in [121] imposes that the constraints are damped
in numerical simulations.
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The variables that are usually employed in the harmonic gauge are the components of
the spacetime metric gµν . However, there exists a formulation in terms of the 3 + 1
variables in a similar way to the BSSN and Z4 approaches [122], which yields the following
evolution equations:

∂⊥γij =− 2αKij + 2γk(i∂j)β
k, (3.13a)

∂⊥Kij =−DiDjα+ α[Rij − D(iCj) − 2KikK
k
j − πKij ] + 2Kk(i∂j)β

k

− κα
(
Sij −

γij
d− 1

(S − ρ)
)
− γijκ1(1 + κ2)α C⊥ , (3.13b)

∂⊥π =− αKij K
ij +DiD

iα+ CiDiα− κ

d− 1
α (S + (d− 2)ρ)

− κ1(1− κ2)α C⊥ , (3.13c)

∂⊥ρ
i = gkl∂k∂lβ

i + αDiπ − πDiα− 2K j
i Djα+ 2αKjk Γi

jk

− καJi + κ1 α Ci , (3.13d)

where the variables π and ρi come from the decomposition of the constraints Cµ,

C⊥ ≡ nµCµ = π +K , (3.14a)

Ci ≡ γiµCµ = −ρi + Γi , (3.14b)

where Γi ≡ γklΓi
kl, with Γi

kl being the Christoffel symbols associated to the spatial metric
γij . These expressions, together with appropriate choices of Hµ, define the equations
for the gauge variables, as we will thoroughly explain in the next chapter with a CCZ4
formulation.

3.4 Gauge conditions

The choice of the coordinate system is given in terms of the gauge variables, the lapse
function α and the shift vector βi. The simplest choice, which is known as geodesic
slicing, corresponds to α = 1 and βi = 0. However, this is not suitable when dealing with
singularities or in a cosmological set-up where overdensities are present. Thus, finding a
good gauge has been and continues being one of the most difficult problems in NR.

Throughout the end of the 20th century, there were many attempts to find hyperbolic
reformulations of the 3 + 1 Einstein evolution equations by using evolution type slicing
conditions. This resulted in the Bona-Massó family of slicing conditions for the lapse
[123], namely

∂⊥α = −α2 f(α)K , (3.15)

with f(α) being an arbitrary positive function of α. It is a generalisation of the harmonic
slicing (recovered when f(α) = 1), which is derived by imposing □xµ = 0.

The particular case of f(α) = 2/α was shown to be very robust in practise and to have
singularity avoiding properties (see Figure 3.2). It is known as the 1 + log slicing, given
that for zero shift the solution for the lapse is α = h(xi) + ln(det(γij)), with h(xi) being
an arbitrary positive time-independent function.
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Figure 3.2: Penrose diagram of the slices defined by the stationary solution of a black
hole of mass M with the 1+log condition. Every slice approaches future timelike infinity
i+L along the curve R = R0 ≈ 1.31M and spatial infinity i0R along a curve of constant
time. Figure taken from [124].

Regarding the shift condition, the harmonic slicing □xµ = 0 leads to

∂⊥β
i = −αDiα+ α2Γi , (3.16)

where Γi = γjkΓi
jk, being Γi

jk the Christoffel symbols of the physical metric γij . Another
robust slicing condition for the shift is the Gamma-driver, which forms the puncture
gauge equations together with the 1 + log slicing for the lapse. In the CCZ4 formalism,
they have the following form, 2

∂⊥α = −2α(K − 2Θ), (3.17a)

∂⊥β
i =

d

2(d− 1)
Γ̂i − ηβi , (3.17b)

where the parameter η > 0 is used to damp oscillations in the shift and the factor d
2(d−1)

in (3.17b) comes from imposing that the shift propagates at the speed of light in the
asymptotic region [127] 3. The moving puncture gauge permits evolution of black hole
spacetimes in the BSSN and CCZ4 formulations and, given that it is singularity-avoiding,

2Here the Gamma-driver equation (3.17b) has been written in the integrated form, which contains
an integration constant that we did not include. If the initial data is not conformally flat, one has to
take this constant into account to obtain smooth coordinates throughout the evolution. See for instance
[125,126] for examples where this is important.

3This factor is a gauge choice and in some instances, e.g., higher dimensions, other choices may be
more convenient for numerical stability.
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there is no need for explicit excision of the inner part of the black hole, unlike in the
harmonic gauge.

3.5 Initial data

A key problem in NR, as essential as successfully evolving the system, is being able to
construct initial data that satisfies the Hamiltonian and momentum constraints, which
have an elliptic nature.

The elements of the spatial metric together with their time derivatives, the lapse and
shift constitute (d+ 1)2 components that must be specified initially, but we have only
d+ 1 constraint equations. Only d+ 1 of the remaining d(d+ 1) free components relate
to physical degrees of freedom and the remainder are gauge. Therefore, there are an
infinite number of ways to set the free data, some of which can lead to uniqueness and
existence problems.

Many different approaches have been suggested in the literature (see [114,115,128] for a
review). One of them is the conformal transverse-traceless decomposition (CTT), which
decomposes the extrinsic curvature into its trace K and a traceless tensor Aij . Using a
conformal factor ψ such that γij = ψ4γ̄ij with det(γ̄ij) = 1, the conformal Āij = ψ−2Aij

is further decomposed into a transverse-traceless part ĀTT
ij and a vector potential Wi

such that
Āij = ĀTT

ij + D̄iWj + D̄jWi −
2

d
γ̄ijD̄kW

k , (3.18)

where D̄i is the covariant derivative with respect to the conformal metric γ̄ij . This
method is successful in vacuum GR but problematic when the sources are fundamental
fields (such as scalar fields), since reconstructing the fields’ configuration from the
rescaled quantities can induce a loss of uniqueness of solutions [129]. However, this is for
example not a problem at all when dealing with fluids, since its energy density can be
specified as a fundamental quantity independently of the choice of the initial conformal
factor (see [130] for a further discussion on this).

This was recently solved by the CTTK approach presented in [130], in which instead of
solving the Hamiltonian constraint as a second order elliptic equation for a choice of
the mean curvature K, the authors solve an algebraic equation for K for a choice of the
conformal factor. We have also recently applied it to the 4∂ST theory [131].

3.6 Hyperbolicity and well-posedness

As we have already mentioned in the previous sections, well-posedness is an essential
prerequisite to be able to evolve the equations of motion numerically. The property
of well-posedness guarantees that, given some suitable initial data, the solution to the
equations of motion exists, is unique and depends continuously on the initial data.

Let’s consider a first order equation on Rd+1 of the form [28] 4

∂0U = B(x, U, ∂iU) , (3.19)

4Those results also hold for second order equations, see Appendix A of [28] for further details.
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where U is an N -component vector and xµ = (x0, xi) are the spacetime coordinates. Its
principal part is defined as

M(x, U, ξi) = (∂∂jUB)(x, U, ∂iU)ξj , (3.20)

where ξi is an arbitrary vector of unit norm with respect to a smooth positive definite
(inverse) metric γij on surfaces of constant x0.

Then (3.19) is said to be weakly hyperbolic if all eigenvalues of M(x, U, ξi) are real for
any such ξi. It will be further strongly hyperbolic if there exists an N ×N Hermitian
matrix valued function K(x, U, ξi) (called the symmetriser) that is positive definite with
smooth dependence on its arguments, and a positive constant Λ satisfying the conditions

K(x, U, ξi)M(x, U, ξi) = M†(x, U, ξi)K(x, U, ξi) (3.21)

and

Λ−1I ≤ K(x, U, ξi) ≤ ΛI , (3.22)

with I being the identity matrix of size N ×N .

In particular, if M(x, U, ξi) is diagonalisable with real eigenvalues and a complete
set of linearly independent and bounded eigenvectors that depend smoothly on the
variables (x, U, ξi) for any ξi, then one can use those eigenvectors to construct a suitable
symmetriser: if S denotes the matrix whose columns are the eigenvectors of M(x, U, ξi),
then it holds that K = (S−1)†S−1 is a positive definite, smooth and bounded symmetriser
that satisfies the conditions above.

Strongly hyperbolic first order systems of the form (3.19) with initial data U(0, xi) = f(xi)
are well-posed in Sobolev spaces Hs with s > s0 for some constant s0 5, namely there
exists a unique local solution U ∈ C([0, T ], Hs(Rd)) with T > 0 depending on the
Hs-norm of the initial data, meaning that

||U ||Hs(x0) ≤ Λ||f(xi)||Hs . (3.24)

Note that well-posedness would also hold in the case of constant coefficient linear
equations (but not for non-linear equations) when we have the following bound on the
solution of the system [132],

||U ||Hs(x0) ≤ Λeλx
0 ||f(xi)||Hs , (3.25)

for a real constant λ, which follows from assuming the weaker condition on the sym-
metriser (replacing Eq. (3.21))

K(ξi) iM(ξi)−M†(ξi) iK(ξi) ≤ 2λK(ξi) , (3.26)
5The Sobolev space Hk(Ω) for an arbitrary open set Ω ⊂ Rd are defined as

Hk(Ω) = {u ∈ L2(Ω), ∂αu ∈ L2(Ω) ∀α ∈ Nd, |α|≤ k} (3.23)

and are endowed with the norm ||u||Hk=
√ ∑

|α|≤k

∫
Ω
|∂αu|2.
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where both K and M now only depend on ξi given that this is only valid for constant
coefficient linear equations.

3.7 GRChombo

All the numerical results in this thesis have been obtained in the framework of GRChombo
[133,134], an AMR6 based open-source code for performing numerical relativity simu-
lations which uses hybrid MPI/OpenMP parallelism in order to achieve good perfor-
mance in HPC (High Performance Computing) clusters. This code is developed and
maintained by the GRTL (former GRChombo) collaboration (for further details see
https://github.com/GRTLCollaboration).

GRChombo implements both the BSSN and CCZ4 formalisms with puncture gauge. It is
able to evolve Binary Black Hole mergers, but it is particularly suited for applications
in fundamental physics, and has also been extensively used for Boson Stars [135,136],
cosmological spacetimes [137, 138], higher dimensional black strings and black rings
[125,126,139,140], Primordial Black Holes [141,142] and cosmic strings [143–145] among
other topics of interest in NR. An apparent horizon finder is as well provided in order to
locate black holes and deduce their masses and angular momenta. It is also possible to
extract gravitational waves and compute other relevant diagnostics.

As one of the main achievements of this thesis, we have developed an extension of
GRChombo, called GRFolres 7, which has recently been made publicly available [44] (see
https://github.com/GRTLCollaboration/GRFolres), which we will review in Chapter
7. It is a tool that implements the equations of motion of the Four-Derivative Scalar-
Tensor theory of gravity and some other modified gravity theories in a well-posed
formulation that we develop in next chapter.

6By Adaptive Mesh Refinement (AMR), we mean that the spatial domain in our simulations is
covered by a uniform coarse grid, on top of which a hierarchy of Cartesian grids of increasing resolution
is stacked in areas in which more refinement is required.

7Folres (pronounced fol-res) is a word meaning covers or linings in the Catalan language. It has
a specific application in the tradition of Castells (Human Towers), denoting the second layers of
reinforcement above the base pinya. We use it here in analogy to our understanding of effective field
theories (EFTs) of gravity as an infinite sum of terms organised as a derivative expansion, in which the
pinya corresponds to GR (with up to two derivatives), and the folre to modified theories up to four
derivatives, which are those that we are able to simulate with GRFolres.

https://github.com/GRTLCollaboration
https://github.com/GRTLCollaboration/GRFolres
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Chapter 4

Well-posedness in Modified Gravity

This chapter is based on the work on well-posedness in Einstein-Gauss-Bonnet gravity
and the Four-Derivative Scalar-Tensor theory of gravity presented in [41,42] using an
adaptation of the modified harmonic gauge to singularity-avoiding coordinates.

As we discussed in Chapter 3, having a well-posed set of equations is essential for
Numerical Relativity, especially when dealing with strong gravity. Many real life physical
theories have non well-posed equations, such as inverse problems. Therefore, not having
a well-posed formulation does not necessary mean that a theory is invalid and in some
cases (such as GR) non well-posed equations can be re-expressed in a suitable well-posed
formulation.

As shown in [146] the formulations that are well-posed in GR lose this property in some
modified theories of gravity, in particular the family of Horndeski and Lovelock theories
that were presented in Chapter 2.

4.1 Modified harmonic gauge

Recently a new formalism was proposed by Kovács and Reall in [27,28], known as the
modified harmonic gauge (MHG), which was shown to be well-posed in all Horndeski
and Lovelock theories in the weak coupling regime. The vacuum Einstein field equations
in this formulation yield

Gµν + P̂ βµν
α ∇βH

α = 0 , Hµ ≡ g̃ρσΓµ
ρσ = 0 , (4.1)

where P̂ βµν
α = δ

(µ
α ĝ

ν)β − 1
2δ

β
αĝ

µν , Hµ are the gauge conditions and ĝµν and g̃µν 1 are
two auxiliary Lorentzian metrics whose null cones do not intersect with each other and
lie outside the light cone of the physical metric gµν as displayed in Figure 4.1 2.

The simplest way to define these auxiliary metrics (which is especially useful when
1The auxiliary spacetime metric g̃µν is unrelated to the conformal spatial metric γ̃ij defined in the

BSSN formalism.
2The introduction of these auxiliary metrics changes the propagation speed of the unphysical modes,

which is essential for avoiding a degeneracy that triggers the ill-posedness.
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gµν g̃µν ĝµν

Figure 4.1: Cotangent space showing the null cones of gµν , g̃µν and ĝµν in the modified
harmonic gauge. Figure taken from [28].

deriving the d+ 1 equations) is by setting [28]

g̃µν = gµν − a(x)nµnν , (4.2a)
ĝµν = gµν − b(x)nµnν , (4.2b)

where nµ is the unit timelike vector orthogonal to t =const. hypersurfaces, with a(x)
and b(x) being two functions dependent on the spacetime coordinates xµ that satisfy
0 < a(x) < b(x), 0 < b(x) < a(x) or −1 < a(x) < 0 < b(x), but are otherwise arbitrary3.

This formulation has been implemented in Generalised Harmonic Coordinates (GHC)
in Einstein-scalar-Gauss-Bonnet gravity [29,32] and has shown to work in practise for
equal-mass Binary Black Hole mergers.

4.2 Modified puncture gauge

The main contribution of this thesis, on which all the following results are based, is the
adaptation of the modified harmonic gauge introduced above to singularity avoiding
coordinates, namely to the puncture gauge in a CCZ4 formalism [41,42]. This formulation
ensures well-posedness of Einstein-Gauss-Bonnet gravity and the Four-Derivative Scalar-
Tensor theory of gravity in the weak coupling regime, as we will show later in this
chapter.

In the CCZ4 formalism discussed in Chapter 3, Einstein’s field equations with an
arbitrary stress-energy tensor Tµν , in the modified harmonic gauge introduced by [27,28]

3Note that some additional constraint is necessary when adapting this modified gauge to the moving
punctures approach, as we will discuss later on in this chapter.
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and supplemented by constraint damping terms 4, yield

Gµν + 2P̂ βµν
α ∇βZ

α − κ1

[
2n(µZν) +

( d− 3

2 + b(x)
+
d− 1

2
κ2

)
nαZα g

µν
]
= κTµν , (4.3)

where, as in equation (4.1), ĝµν and g̃µν are the two auxiliary Lorentzian metrics defined
in (4.2) and Zµ is the vector of constraints,

Zµ ≡ −1

2
(Hµ + g̃ρσΓµ

ρσ) = 0 , (4.4)

where Hµ are the source functions, which can be freely chosen. These choices determine
the gauge in that formulation, and amount to specifying evolution equations for the
lapse and shift, which are derived below.

Applying the ADM d+1 decomposition presented in Chapter 3 to the vector of constraints
(4.4), we obtain the following constraints [38,119],

Θ ≡ 1

2

[
H⊥ +K +

1

α2
(1 + a(x))∂⊥α

]
= 0 , (4.5a)

Zi ≡ −1

2

[
Hi + Γi −

1 + a(x)

α

(
Diα+

γij
α
∂⊥β

j
) ]

= 0 , (4.5b)

where H⊥ = nµHµ, Hi = γ µ
i Hµ and Γi ≡ γijγ

klΓj
kl, with Γk

ij being the Christoffel
symbols of the spatial metric γij . Therefore, we see that in the standard puncture gauge
(i.e. when a(x) = b(x) = 0), by choosing Hi and H⊥ as

H⊥ =(2Θ−K)
(
1− 2

α

)
, (4.6a)

Hi =
Diα

α
+
d− 2

2
∂iχ+ Γ̂i

( d

2(d− 1)α2
− χ

)
, (4.6b)

the conditions in (4.5) lead to the usual 1+log slicing and the (integrated) Gamma-driver
evolution equations in (3.17).

However, the gauge coming from the evolution equations (3.17) is not adequate for
our purposes since it does not have any dependency on the function a(x) and hence it
does not take advantage of the corresponding auxiliary metric that we have introduced.
A suitably modified version of the 1 + log slicing and Gamma-driver equations (3.17)
can be found instead by introducing the same choice of source functions as in (4.6) to
the constraints (4.5) with a(x) ̸= 0. The resulting modified gauge evolution equations
become

∂⊥α = − 2α

1 + a(x)
(K − 2Θ) , (4.7a)

∂⊥β
i =

d

2(d− 1)

Γ̂i

1 + a(x)
− a(x)α

1 + a(x)
Diα− ηβi . (4.7b)

4We will analyse this further in Section 4.3, where we will derive the stability bounds of the κ1 and
κ2 constants. Note that the b(x) explicitly appearing in equation (4.3) has been manually inserted so
that these stability bounds do not depend on the dimension d.
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4.3 Constraint damping

In this section we analyse the stability bounds for the damping terms that we have
included in the Einstein’s field equations in (4.3) in a similar way as other NR formulations
[38,116,119,120]. By analysing the propagation of the constraint violating modes around
Minkowski space following the same procedure as in [116], we obtain the bounds

κ1 > 0 , κ2 > − 2

2 + b(x)
, (4.8)

which guarantee that constraint violating modes are exponentially suppressed (around a
Minkowski background). Next, we give the details of the calculation of these bounds.

Taking the divergence of (4.3), one gets

□Zµ +RµνZ
ν − κ1∇ν

(
2n(µZν) + κ̂2gµνn

ρZρ

)

= ∇ν
[
b(x)

(
2nβn(µδ

α
ν)∇βZα − nµnν∇ρZρ

)]
, (4.9)

where we have defined κ̂2 = d−3
2 + d−1

2 κ2 as a shorthand notation.

Now, linearising around a Minkowski background solution g
(0)
µν , hence with R

(0)
µν = 0

and Z
(0)
µ = 0, and going to a frame where nµ = (1, 0, ..., 0), one gets without loss of

generality that 5

(□− b(x)∂2t )Z0 − κ1[(2 + κ̂2)∂tZ0 − ∂iZi] = 0 , (4.10a)

(□− b(x)∂2t )Zi − κ1(∂tZi + κ̂2∂iZ0) = 0 . (4.10b)

Then, using a plane-wave ansatz Zµ = est+i kix
i
Ẑµ, we are led to the following eigenvalue

problem,


ξ − κ1(1 + κ̂2)s i κ1 k 0

−i κ1κ̂2 k −ξ 0
0 0 −ξ





Ẑ0

Ẑn

ẐA


 = 0 , (4.11)

where ξ = −s2(1 + b(x)) − k2 − κ1s, Ẑn is the component of Ẑi in the direction of ki
and ẐA are the components orthogonal to ki.

The eigenvalues for ẐA are given by

s =
−κ1

2(1 + b(x))
±
√( κ1

2(1 + b(x))

)2
− k2

1 + b(x)
, (4.12)

while the corresponding eigenvalues for Ẑ0 and Ẑn are more complicated and can be
found by setting to zero the determinant of the upper-left block of the matrix in (4.11),

5Note that we have neglected the derivatives of the function b(x), since we can assume that they
have a small contribution in comparison to the other terms, especially given that we are setting b(x) to
be constant in all our simulations.
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which yields the following quartic polynomial equation,
(
(1 + b(x))s2 + k2

)2
+ κ21

(
−k2κ̂2 + s2(2 + κ̂2)

)

+κ1 s
(
(1 + b(x))s2 + k2

)
(3 + κ̂2) = 0 . (4.13)

For the special case κ̂2 = 0 they take the simple form

s = − κ1
1 + b(x)

±
√( κ1

1 + b(x)

)2
− k2

1 + b(x)
. (4.14)

In this case one has that for large wavenumbers, k ≫ κ1,

s ≈ − κ1
1 + b(x)

± i k√
1 + b(x)

, s ≈ − κ1
2(1 + b(x))

± i k√
1 + b(x)

, (4.15)

while for small wavenumbers, k ≪ κ1, we get

s ≈ − κ1
1 + b(x)

, −k
2

κ1
, − 2κ1

1 + b(x)
, − k2

2κ1
. (4.16)

Clearly from (4.14), the real part is always negative, which implies that these modes are
always damped. We have verified that the eigenvalues for Ẑ0 and Ẑn are undamped for
κ̂2 < − 2

2+b(x) ; for κ̂2 = − 2
2+b(x) , they also have a simple form, namely

s =± i k√
1 + b(x)

, (4.17a)

s =− (4 + 3b(x))κ1
2(1 + b(x))(2 + b(x))

±
√( b(x)κ1

2(2 + b(x))(1 + b(x))

)2
− k2

1 + b(x)
, (4.17b)

and hence they are undamped for all values of ki.

Therefore we conclude that damping occurs for κ1 > 0 and κ̂2 > − 2
2+b(x) , which implies

that κ2 > − 2
2+b(x) .

4.4 Equations of motion in d+ 1 form

In this section we present the (d + 1)-dimensional equations of Einstein gravity (i.e.,
GR without modifications), with a general matter source Tµν , in the modified CCZ4
(mCCZ4) formalism (hence derived from (4.3)).

We start considering the usual decomposition of the energy momentum tensor of the
matter,

ρ = nµnνTµν , Ji = −nµγ ν
i Tµν , Sij = γ µ

i γ
ν

j Tµν . (4.18)

In the case of a massless scalar field with stress-energy tensor as defined in (2.20a), we
get

ρϕ =
1

2
(K2

ϕ + (∂ϕ)2) , (4.19a)

Jϕ
i = Kϕ ∂iϕ , (4.19b)
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Sϕ
ij = (∂iϕ)(∂jϕ) +

1

2
γij(K

2
ϕ − (∂ϕ)2) , (4.19c)

with (∂ϕ)2 = γij(∂iϕ)(∂jϕ) and Kϕ = − 1

α
∂⊥ϕ.

The resulting d+1 form of the Einstein field equations coupled to matter in the mCCZ4
formalism yields

∂⊥γ̃ij =− 2αÃij + 2γ̃k(i∂j)β
k − 2

d
γ̃ij∂kβ

k , (4.20a)

∂⊥χ =
2

d
χ (αK − ∂kβ

k) , (4.20b)

∂⊥K =−DiDiα+ α
[
R+ 2DiZ

i +K(K − 2Θ)
]
− d κ1(1 + κ2)αΘ

+
κα

d− 1
[S − d ρ]− dα b(x)

2(d− 1)(1 + b(x))

[
R− ÃijÃ

ij +
d− 1

d
K2 − 2κ ρ

− (d− 1)κ1(2 + κ2)Θ
]
, (4.20c)

∂⊥Θ =
α

2

[
R− Ãij Ã

ij +
d− 1

d
K2 − 2κ ρ+ 2 (DiZi −ΘK)

]

− κ1
2
(d+ 1 + (d− 1)κ2)αΘ− ZiD

iα

− b(x)

1 + b(x)

{α
2

[
R− Ãij Ã

ij +
d− 1

d
K2 − 2κ ρ

]

− κ1
2

[ d− 3

2 + b(x)
+ d+ 1 + (d− 1)κ2

]
αΘ

}
, (4.20d)

∂⊥Ãij = α [Ãij(K − 2Θ)− 2 ÃikÃ
k
j ] + 2Ãk(i∂j)β

k − 2

d
(∂kβ

k)Ãij

+ χ
[
α
(
Rij + 2D(iZj) − κSij

)
−DiDjα

]TF
, (4.20e)

∂⊥Γ̂
i = 2α

[
Γ̃i

klÃ
kl − d− 1

d
γ̃ij∂jK − d

2χ
Ãij∂jχ

]
− 2 Ãij∂jα− Γ̂j∂jβ

i +
2

d
Γ̂i∂jβ

j

+
d− 2

d
γ̃ik∂k∂jβ

j + γ̃jk∂j∂kβ
i + 2α γ̃ij

[
∂jΘ− 1

α
Θ ∂jα− 2

d
K Zj − κJj

]

− 2κ1 α γ̃
ijZj − 2α b(x)

1 + b(x)

{
D̃jÃ

ij − d− 1

d
γ̃ij∂jK − d

2χ
Ãij∂jχ− ÃijZj

+ γ̃ij
[
∂jΘ− 1

d
K Zj − κ1 Zj − κJj

]}
. (4.20f)

Note that by setting b(x) = 0 and d = 3 in (4.20) we recover the equations derived in
[122].

In the case of a massless scalar field minimally coupled to GR, we would also have the
corresponding equation of motion for the scalar field,

□ϕ = 0 . (4.21)

This equation can be written as two first order (in time) equations for the scalar field ϕ
and its curvature Kϕ; in the d+ 1 decomposition of the spacetime metric (3.1), they are
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given by

∂⊥ϕ =− αKϕ , (4.22a)

∂⊥Kϕ = α (−DiDiϕ+KKϕ)− (Diϕ)Diα . (4.22b)

Equations (4.7), (4.20) together with (4.22) provide the closed system of evolution
equations whose hyperbolicity we will analyse in next section.

Regarding the (d+ 1)-dimensional evolution equations of Einstein-Gauss-Bonnet gravity
and the Four-Derivative Scalar-Tensor theory of gravity in the modified puncture
formalism, they are presented in Appendix A.

4.5 Hyperbolicity analysis

In this section we prove the strong hyperbolicity of the d+1 equations of Einstein-Gauss-
Bonnet gravity and the Four-Derivative Scalar-Tensor theory of gravity in the weak
coupling regime (which will be properly defined in both Subsections 4.5.2 and 4.5.3) in
the formalism we have just presented.

To this aim we start by studying the Einstein-scalar-field equations, which is the
background on which the studied modified gravity theories are defined (though we will
omit the scalar field for the first one), in the same way as in [122].

4.5.1 Einstein-scalar-field equations

We start by writing down the principal part of the equations. For this purpose we need
to introduce an orthonormal d-bein (triad in d = 3) consisting of a unit covector ξi,
such that ξiγijξj = 1, and unit vectors eiA with A = 1, ..., d− 1 such that ξieiA = 0 and
eiAγije

j
B = δAB . Then, keeping the highest derivative terms in the equations (4.7), (4.20)

and (4.22), and replacing ∂µ → iξµ ≡ i(ξ0, ξi),6 we obtain the system

iξ0U = M(ξk)U, (4.23)

where U is a 2(3d+ 2)-dimensional vector accounting for the principal part of the CCZ4
variables plus the scalar field ϕ and its curvatureKϕ, where we have taken into account the
constraints det(γ̃ij) = 1 and Tr(Ãij) = 0, and M(ξk) is a 2(3d+2)×2(3d+2)-dimensional
matrix dependent on the covector ξi and the variables of the system. Explicitly, the
principal part (4.23) for the Einstein-scalar-field system in our modified gauge is given
by

iξ̌0 ˆ̃γij = 2iγ̃k(iξj)β̂
k − 2α ˆ̃Aij −

2i

d
γ̃ijξkβ̂

k , (4.24a)

iξ̌0χ̂ =
2

d
χ (αK̂ − iξkβ̂

k) , (4.24b)

iξ̌0ϕ̂ =− αK̂ϕ , (4.24c)

iξ̌0K̂ = α̂+ iαχξi
ˆ̂
Γi − α

[d− 1

χ
χ̂− 1

2
γ̃jk ˆ̃γjk

]

6Note that this i factor differs from the conventions in [122]; here we follow instead the conventions
of [27, 28].
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+
b(x)dα

2χ(d− 1)(1 + b(x))
(ξlξk ˆ̃γkl − γ̃jk ˆ̃γjk + (d− 1)χ̂) , (4.24d)

iξ̌0K̂ϕ = αϕ̂ , (4.24e)

iξ̌0Θ̂ =− α

2

[d− 1

χ
χ̂− 1

2
γ̃ij ˆ̃γij

]
+
iαχξi

ˆ̂
Γi

2

+
b(x)α

2χ(1 + b(x))
(ξlξk ˆ̃γkl − χγ̃jk ˆ̃γjk + (d− 1)χ̂) , (4.24f)

iξ̌0
ˆ̃Aij =

[
ξiξj −

1

d

γ̃ij
χ

][
χα̂− (d− 2)α

2
χ̂
]
+ iαχ

[
γ̃k(iξj)

ˆ̂
Γk − 1

d
γ̃ijξk

ˆ̂
Γk
]

+
1

2
α
[
ˆ̃γij −

1

d
γ̃ij γ̃

kl ˆ̃γkl

]
, (4.24g)

iξ̌0
ˆ̂
Γi =

2iαξi

χ

[
Θ̂− d− 1

d
K̂
]
− 1

χ

[
β̂i +

d− 2

d
ξiξlβ̂

l
]

− 2iαb(x)

1 + b(x)

{ξi
χ

[
Θ̂− d− 1

d
K̂
]
+ ξj

ˆ̃Aij
}
, (4.24h)

iξ̌0α̂ =− 2α

1 + a(x)
(K̂ − 2Θ̂) , (4.24i)

iξ̌0β̂
i =

d

2(d− 1)
ˆ̂
Γi +

a(x)

1 + a(x)

[ d

2(d− 1)
ˆ̂
Γi − iαξiα̂

]
, (4.24j)

where ξ̌0 = ξ0 − βiξi and the hat ˆdenotes the background values of the corresponding
variables.

In the following, we use the notation ⊥ to denote the contraction of any tensor T i with
the normal covector ξi, e.g., T⊥ = T iξi; therefore, γ̂⊥⊥ = γ̂ijξ

iξj and so on. Similarly,
upper case Latin indices are defined by contractions with the components of the d-bein;
for instance, γ̂AB = γ̂ije

i
Ae

j
B and analogously for the other variables. Having introduced

the notation, we can now decompose the principal part of the equations (4.24) into a
scalar, vector and traceless tensor blocks depending on how they transform with respect
to transformations of the d-bein vectors eiA. The tensor block is given by

iξ̌0 ˆ̃γ
TF
AB =− 2α ˆ̃ATF

AB , (4.25a)

iξ̌0
ˆ̃ATF
AB =

α

2
ˆ̃γTF
AB , (4.25b)

with eigenvalues ξ̌0 = ±α. Note that this block is unchanged with respect to the GR
case in standard puncture gauge.

The vector block is

iξ̌0 ˆ̃γ⊥A = iχβ̂A − 2α ˆ̃A⊥A , (4.26a)

iξ̌0
ˆ̃A⊥A =

α

2
ˆ̃γ⊥A +

iαχ2

2
ˆ̂
ΓA , (4.26b)

iξ̌0β̂A =
d

2(d− 1)(1 + a(x))
ˆ̂
ΓA , (4.26c)

iξ̌0
ˆ̂
ΓA =− 1

χ
β̂A − 2ib(x)α

χ2(1 + b(x))
ˆ̃A⊥A , (4.26d)
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with eigenvalues ξ̌0 = ± α√
1+b(x)

and ±
√

d
2(d−1)χ(1+a(x)) . These eigenvalues are degener-

ate for α2χ = d
2(d−1)

1+b(x)
1+a(x) , which can be avoided if we choose b(x) > d−2

d + 2(d−1)a(x)
d

given the ranges of α and χ. This degeneracy reduces to the one already present in
the standard CCZ4 formulation of GR when a(x) = b(x) = 0, which does not cause
problems in practical applications. The same appears to happen in our new formulation.
Therefore, in practice we can replace this constraint by b(x) ̸= d−2

d + 2(d−1)a(x)
d so as to

avoid the degeneracy at spatial infinity.

Finally, the scalar block is

iξ̌0 ˆ̃γ⊥⊥ =
2i(d− 1)

d
χβ̂⊥ − 2α ˆ̃A⊥⊥ , (4.27a)

iξ̌0χ̂ =
2

d
χ(αK̂ − iβ̂⊥) , (4.27b)

iξ̌0ϕ̂ =− αK̂ϕ , (4.27c)

iξ̌0K̂ =α̂+ iαχ
ˆ̂
Γ⊥ +

α

2χ
(ˆ̃γ⊥⊥ + ˆ̃γABδ

AB)− α

d− 1

χ̂

χ

− b(x)dα

2χ(1 + b(x))

[ 1

d− 1
ˆ̃γABδ

AB − χ̂
]
, (4.27d)

iξ̌0K̂ϕ = αϕ̂ , (4.27e)

iξ̌0Θ̂ =
i

2
αχ

ˆ̂
Γ⊥ +

α

4χ
(ˆ̃γ⊥⊥ + ˆ̃γABδ

AB)− (d− 1)α

2

χ̂

χ

− αb(x)

2(1 + b(x))χ
(ˆ̃γABδ

AB − (d− 1)χ̂) , (4.27f)

iξ̌0
ˆ̃A⊥⊥ =

d− 1

d
χα̂− (d− 1)(d− 2)α

2d
χ̂+ i

(d− 1)α

d
χ2 ˆ̂Γ⊥

− α

2d
(ˆ̃γABδ

AB − (d− 1)ˆ̃γ⊥⊥)) , (4.27g)

iξ̌0α̂ =− 2α

1 + a(x)
(K̂ − 2Θ̂) , (4.27h)

iξ̌0β̂
⊥ =

d

2(d− 1)(1 + a(x))
ˆ̂
Γ⊥ − ia(x)

1 + a(x)
αα̂ , (4.27i)

iξ̌0
ˆ̂
Γ⊥ =

2iα

χ

[
Θ̂− d− 1

d
K̂
]
− 2(d− 1)

d

1

χ
β̂⊥

− 2iαb(x)

χ(1 + b(x))

[
Θ̂− d− 1

d
K̂ +

1

χ
ˆ̃A⊥⊥

]
, (4.27j)

with eigenvalues ξ̌0 = ± 1√
χ(1+a(x))

, ±
√

2α
1+a(x) , ±α and ± α√

1+b(x)
, with the last pair

of multiplicity 2. The eigenvalues are degenerate for α = 1
2χ , α2 = 1+b(x)

χ(1+a(x)) and

α = 2(1+b(x))
1+a(x) , which do not spoil the hyperbolicity of the system as long as a(x) ̸= b(x),

so that again we avoid degeneracy at spatial infinity.7

To summarise, the constraints on the functions a(x) and b(x) that guarantee the
7We note that while for α2 = 1

χ(1+a(x))
some of the eigenvalues coincide, the corresponding eigenvectors

remain distinct and hence there is no degeneracy in this case.
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hyperbolicity of the system are

0 < b(x) ̸= d− 2

d
+

2(d− 1)a(x)

d
and

{ −1 < a(x) < 0
or

0 < a(x) < b(x)

or
a(x) ̸= 1 + 2b(x) and 0 < b(x) < a(x) .

(4.28)

Following [27, 28], we can classify the eigenvalues that we have computed into three
types:8

• Physical eigenvalues: ξ̌0 = ±α with multiplicity d, consisting of the 2(d − 1)
polarisations of the gravitational field plus the additional two polarisations from
the scalar field.9

• “Gauge-condition violating” eigenvalues: ξ̌0 = ±
√

2α
1+a(x) , ± 1√

χ(1+a(x))
and

±
√

d
2(d−1)χ(1+a(x)) , with the last pair of multiplicity d− 1.

• “Pure-gauge” eigenvalues: ξ̌0 = ± α√
1+b(x)

with multiplicity d+ 1.

Their corresponding eigenvectors have been explicitly written in Appendix B. Clearly
the eigenvalues are real (recall that in all cases a(x) > −1 and b(x) > 0), they smoothly
depend on ξi and so do the corresponding eigenvectors, which are linearly independent
with each other.

Hence, we conclude that the hyperbolicity matrix M is diagonalisable. Moreover, the
propagation of the constraints of the system (see Appendix C) is strongly hyperbolic,
showing that if they are satisfied at the initial time they will continue to be satisfied at
future times.

Therefore, we have proved that the system is strongly hyperbolic and, thus, well-posed.
In the following two subsections we extend this well-posedness result to Einstein-Gauss-
Bonnet gravity and the Four-Derivative Scalar-Tensor theory of gravity, which were
introduced in Chapter 2.

4.5.2 Einstein-Gauss-Bonnet gravity

Here we show that the EGB gravity coming from the action (2.10) with d = 4 spatial
dimensions 10 is well-posed in our modified CCZ4 formulation. To this purpose, we
need to find the principal part of the full theory, described by the evolution equations
in Appendix A.1 together with the modified puncture equations in (4.7), which can be

8Note that the plus and minus signs of ξ̌0 correspond to the ongoing and outgoing modes.
9Note that the physical eigenvalues are the only ones not dependent on the functions a(x) and b(x)

given that they are not gauge-dependent.
10We believe, as for the result in [28], that well-posedness holds in our modified CCZ4 formulation for

any EGB theory of gravity with arbitrary dimensions, but the method we have employed for such proof
makes computations more difficult to cope with when the number of dimensions is not specified. This is
the reason why we have used the minimum value of d such that the modified gravity contribution is
non-trivial.
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written down as

M = M0 + δM , (4.29)

where M0 is the principal part of the Einstein theory, already computed in (4.25)–(4.27)
(without the contributions of the scalar field) and δM = λGBMGB are the contributions
from the higher derivative terms, which are small compared to M0 in the weakly coupled
regime, namely when

∣∣λGB∣∣≪ L2 , (4.30)

where L is the physical length scale of the spacetime, which can be heuristically defined
as L−1 = max{|Rµνρσ|1/2}. The explicit form of MGB can be found in the Appendix
D.1.

Therefore, in order to prove that the full theory is well-posed in an open neighbourhood
around the Einstein theory, we shall proceed by explicitly computing the eigenvalues
and eigenvectors of (4.29) perturbatively and showing that M has real eigenvalues and
is diagonalisable.

Consider one of the eigenvalues11 of the unperturbed principal part M0, namely ξ with
multiplicity N ξ; let their associated right and left eigenvectors be {vξ

R,i}N
ξ

i=1 and {vξ
L,i}N

ξ

i=1

respectively, such that M0v
ξ
R,i = ξvξ

R,i and vξ
L,iM0 = ξvξ

L,i. Recall that the explicit form
of the background right eigenvectors has been written down in Appendix B.

Then, the expressions of the perturbed eigenvalues
{
ξ + δζξi

}Nξ

i=1
and eigenvectors

{
αξ
i · v

ξ
R + δwξ

i

}Nξ

i=1
of the principal part M can be obtained by solving the following

eigenvalue problem [147],

T ξαξ
i = iδζξi α

ξ
i , (4.31a)

(M0 − iξI) δwξ
i =

(
iδζξi I− δM

)
(αξ

i · v
ξ
R) , (4.31b)

where

T ξ
ij =

vξ†
L,iδMvξ

R,j

vξ†
L,iv

ξ
R,i

. (4.32)

Note that (4.31a) ensures that the r.h.s. of (4.31b) has no components parallel to ξ,
which implies that the matrix M0 − iξI on the l.h.s. of (4.31b) is invertible [147]. Also
the denominator in equation (4.32) is always non-zero or can be chosen so in case of
degeneracy with the suitable linear combination between the eigenvectors (see Chapter
11 of [148] for the proof).

In order to prove well-posedness we need to verify that the matrices
{
T ξ
}
ξ∈Spec(M0)

are
diagonalisable and that the perturbed eigenvectors depend smoothly on the covector ξi.

After computing for the studied system of equations the projection matrices T ξ corre-
sponding to each type of eigenvalues, one can see that the only non-trivial contributions
occur for the physical eigenvalues. In this case, the explicit form of those projection

11Here we suppress the subscript 0 on ξ0 to simplify the notation.
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matrices yields

T ±α=±




2P00 −2P01 −2P02 −2P12 −2P12

−2P01 2P11 −2P12 0 2P02

−2P02 −2P12 2P22 2P01 0

−2P12 0 2P01 2P11
P11 + P22

−P00

−2P12 2P02 0
P11 + P22

−P00
2P22



, (4.33)

with
PAB = λGB eiAe

j
B(LnKij +

1

α
DiDjα+KikK

k
j

− 2ξkNikj + ξkξlMikjl) ,
(4.34)

where Mijkl and Nijk are defined in Eq. (A.3a). Finding explicit expressions of the first
order corrections to the physical eigenvalues is not necessary since we know that they
exist and that they are real given that T ±α are real and symmetric.

Therefore, this fact together with the smoothness of all the coefficients in MGB ensures
the well-posedness of the weakly coupled EGB gravity in the 4 + 1 modified CCZ4
formulation that we have developed.

4.5.3 Four-Derivative Scalar-Tensor theory of gravity

In order to show well-posedness for the 4∂ST theory of gravity coming from the action
(2.17) in our modified CCZ4 gauge, we proceed with the same perturbation analysis
done for the previous case. Here we write down again the principal part of the theory,
namely the evolution equations in Appendix A.2 together with the modified puncture
gauge equations in (4.7), as

M = M0 + δM , (4.35)

where in this case M0 is the principal part of the Einstein-scalar-field theory (here also
including the scalar field part) and δM = λGBMGB + g2MX are the contributions from
the higher derivative terms, which are small compared to M0 in the weakly coupled
regime, namely when

L≫
√
|λ′(ϕ)|,

√
|g2(ϕ)| , (4.36)

where L is again the physical length scale of the spacetime, which now needs to take into
account as well the gradients of the scalar field (L−1 = max{|Rij |1/2, |∇µϕ|, |∇µ∇νϕ|1/2, |LGB|1/4}),
which will be defined again in Chapters 5 and 6. MGB is also written down in the
Appendix D.2 and, as for MX , its only contribution comes from

MXK̂ϕ = 2[K2
ϕ − ξiξj(Diϕ)(Djϕ)]ϕ̂+ 2iKϕ(ξ

iDiϕ) K̂ϕ . (4.37)

Here again the only non trivial contributions to the eigenvalues occur for the physical
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eigenvalues. Setting ϵ = ±1, we have that the corresponding projection matrices are

T ϵα =




2σϵ
2ϵ
χ ψ01 − ϵ

χ(ψ00 − ψ11)
ϵχ
2 ψ01 2ηϵ 0

− ϵχ
4 (ψ00 − ψ11) 0 2ηϵ


 , (4.38)

where

ηϵ =
[
2ξiγ

i
µnν − ϵ

(
nµnν + ξiξjγ

i
µγ

j
ν

)]
Cµν , (4.39)

σϵ =
g2
2

[
ξi(D

iϕ)Kϕ + ϵ
(
K2

ϕ − ξiξj(D
iϕ)(Djϕ)

)]
, (4.40)

ψAB = λGBeiAe
j
B

[
LnKij +

1

α
DiDjα

+Rij +KKij −K k
i Kjk + 2ξk(D

kKij −D(iK
k

j) )
]
, (4.41)

where Cµν = ∇µ∇νλ(ϕ).

Apart from proving that T ±α diagonalises, we can explicitly compute the six physical
eigenvalues of the 4∂ST theory in mCCZ4 perturbatively up to first order; the two
corresponding to the purely gravitational sector12 are given by

ξ0 = α (ϵ+ 2ηϵ) , (4.42)

and the four corresponding to the mixed gravitational-scalar field polarisations are

ξ0 = α

(
ϵ+ ηϵ + σϵ ±

√
(ηϵ − σϵ)

2 + ψ2
12 +

(
ψ11 − ψ22

2

)2)
, (4.43)

where for simplicity we have shifted ξ0 − βkξk → ξ0. Furthermore, it is straightforward
to see that the smoothness conditions are satisfied.

Hence, this proves well-posedness in the weakly coupled 4∂ST theory of gravity in the
3 + 1 modified CCZ4 formulation that we have developed.

12These eigenvectors are null with respect to the effective metric Cµν = gµν − 4Cµν as described in
[61], so their actual exact expression can be computed, as we will see in Chapter 6.





Chapter 5

Binary Black Holes in
Four-Derivative Scalar-Tensor
theories of gravity

In this chapter we present the numerical results in [41, 42] regarding Binary Black Holes
in the Four-Derivative Scalar-Tensor theory of gravity. These were obtained through the
implementation of the equations in Appendix A.2 (coming from the action (2.17)) in
our recently released open-source NR code GRFolres [44].

5.1 Technical details

In this section we discuss the main technical details of the simulations that we have run
for the results presented in this chapter.

5.1.1 Gauge parameters

We have chosen the functions appearing in our modified CCZ4 gauge to be spatial
constants, with a(x) = 0.2 and b(x) = 0.4 in all our simulations. This choice gives
reasonable results but our initial investigations suggest that tuning these values or
choosing metric dependent functions may give better constraint conservation.1 This has
been studied in [43], which will be discussed in the next chapter.

5.1.2 Excision of the EsGB terms

As in [41, 149, 150] we smoothly switch off some of the higher derivative terms in the
eoms well inside the apparent horizon (AH) 2 3 by replacing λGB → λGB

1+e−100(χ−χ0)
with

1Making a(x) and b(x) functions of the evolution variable χ so that they interpolate between zero
in the asymptotic region and the values quoted above near black holes does not seem to make any
significant difference in the numerical stability of our simulations.

2In Numerical Relativity, the event horizon (the boundary of “no escape” of the black hole) is very
hard to track, as it relies on knowing the full time evolution. This is why we usually deal with the
apparent horizon, which is not gauge-invariant, but implies the existence of an event horizon outside of
it.

3We also note that characteristic hypersurfaces (and in particular the event horizon) are generally
non-null in Horndeski theories [61] and, hence, for sufficiently strong couplings we could observe the AH

45
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χ0 = 0.15 for spinless black holes (BHs). The specific value of χ0 needs to be adjusted
(smaller) for higher spin, with the value chosen to be within the AH in our chosen
coordinates (see Figure C1 in [134] for the values in typical puncture gauge simulations).
In Binary Black Hole (BBH) merger simulations we have found that it helps to change
the value of χ0 after the merger, since the final remnant has a dimensionless spin of the
order of a/M ≳ 0.7.

Therefore, we are solving GR near the singularity (within the horizon), which helps us
to deal better with the numerical simulations given that we could encounter physical
problems near the singularity due to the modified gravity contributions, which cause
a breakdown of the hyperbolicity at these curvatures. This is valid given that what
happens inside the AH cannot physically affect the exterior of it. Hence, as long as the
excision happens well within the AH, this should not change the physical behaviour
outside it.

5.1.3 Constraint damping parameters

We have also noted that the values of the damping constraint coefficients κ1 and κ2 play
an essential role for keeping the violation of the Hamiltonian and momentum constraints
of the system under control and in particular the best values appear to depend on the
final spin of the stationary BH solution that the system evolves to. Therefore, we also
increase the values after the remnant is formed – more details are given in the following
subsections. We use the usual rescaling κ1 → κ1/α that allows for stable evolutions of
BHs as in [119].

5.1.4 Numerical set-up

For the runs with single BHs we use a computational domain of L = 256M with the
BH situated at the centre of the grid, and N = 128 grid points on the coarsest level.
We use 6 levels of refinement, which results in a finest resolution of dxfinest = M/16
on the finest grid, giving ∼ 35 grid points across the BH horizon in the quasi-isotropic
Kerr coordinates [151] that we use to set the initial conditions for the metric. These
coordinates are a generalisation of the wormhole-like isotropic Schwarzschild coordinates,
and similarly evolve into a trumpet-like solution for the (modified) puncture gauge
within the first ∼ 10M of the simulation. At this point the BH horizon is located at
r ∼ 0.98M in the zero spin case, which is similar to the GR puncture gauge value [134].

For the BBH mergers we have chosen L = 512M , withN = 128 grid points on the coarsest
level. We use 9 levels of refinement, which results in a resolution of dxfinest =M/64 on
the finest grid, which gives roughly 60 points across the horizon of each BH prior to their
merger. We anticipate that higher resolutions would be required for detailed waveform
templates, but for this study we are mainly interested in the overall phenomenology.
For both type of simulations we use 6th order finite differences to discretise the spatial
derivatives and a standard RK4 time integrator to step forward in time. We have checked
convergence for these parameters, as shown in the Appendix E.

We study two cases for the BBH mergers:

that we compute lying outside of the event horizon. However, we have seen no numerical sign of this
behaviour while remaining in the strongly hyperbolic regime.
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• Case 1: The BHs have equal masses m(1) = m(2) = 0.49M , initial separation
11M , initial velocities v(i) = (0,±0.09, 0) and are initially non-spinning. These
initial conditions were tuned to have roughly circular initial orbits in GR such
that the two black holes merge in approximately seven orbits. For this case we
superpose the solutions for two boosted black holes as described in [114, 152],
using a perturbative solution for the conformal factor that is accurate up to order
(P iPi)

2.

• Case 2: An equal-mass binary where the component BHs each have non-zero initial
(dimensionless) spin of a0/M = 0.4 aligned with the orbital axis. In this case we
use a standalone version of the TwoPunctures code [153] to generate Bowen-York
initial data [152] with a separation of 11M , initial velocities v(i) = (0,±0.08, 0),
equal masses of m1 = m2 = 0.31 (so that the total ADM mass 4 is approximately
1) and angular momentum J(i)/m

2
(i) = (0, 0, 0.4). In this case the orbits are only

roughly circular and we have around eight orbits prior to merger in the GR case.

Note that in both cases we use GR initial data, which remains a solution of the constraint
equations only in the case in which the additional scalar degree of freedom is zero. In
some cases below we add a small perturbation in the field to source its growth after the
merger. In these cases, where the constraints are initially violated, the violations are
small and quickly damped away by the damping terms in the eoms. A generalisation of
the initial data solver of [130] to the 4∂ST theory is already available [131] and will be
used in the future for this type of simulation.

5.2 Black hole solutions in 4∂ST

The black hole solutions in a 4∂ST theory of the form (2.17) can have scalar hair, i.e.,
a non-trivial configuration of scalar field, which depends mainly on the form of the
coupling λ(ϕ). Previous works have divided the classes of coupling functions into the
two following cases [14,154]:

• Type I: λ(ϕ) ∼ ϕ+ O(ϕ2). In this case the scalar field is always sourced by the
presence of curvature and so the Kerr family of black holes are not stationary
solutions of the theory. Since all the stationary black hole spacetimes in the theory
must have hair, this case is strongly constrained by observations of astrophysical
BHs. This case includes the so-called shift-symmetric and dilatonic couplings.

• Type II: λ(ϕ) ∼ ϕ2 + O(ϕ3). In this case Kerr black holes can be stationary
solutions of the theory, but in certain regions of the parameter space there can
also exist black holes with non-trivial scalar configurations, i.e., hairy black holes.
This means that astrophysical black holes may be on either the hairy or non-hairy
branches, which makes them more difficult to constrain.

Analogously as we have considered when deriving the eoms in the d+1 form, we consider
for simplicity a 4∂ST theory with no potential for the scalar field and with the coupling
functions being λ(ϕ) = λGB

4 f(ϕ) and g2(ϕ) = g2, where f(ϕ) is an arbitrary function
(which is either linear, quadratic or exponential in our simulations) and λGB and g2 are

4The ADM mass is a gauge-invariant notion of total mass contained in asymptotically flat spacetimes,
which is defined as a surface integral over a sphere with infinite radius.
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constants that we assume to satisfy the weak coupling conditions, namely

L≫
√
|λ′(ϕ)| ,

√
|g2| , (5.1)

where L accounts here as well for any characteristic length scale of the system associated
to the spacetime curvature and the gradients of the scalar field.

As an initial test, we set the initial conditions to be the single Kerr BH with mass
parameter M = 1 as described above, and set the scalar field to zero initially. The values
of the constraint damping coefficients have been chosen to be κ1 = 0.35− 1.7 (higher
values for this parameter are found to be required for higher spins in order to stabilise
the final state) and κ2 = −0.5.
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Figure 5.1: Simulations of single BHs with spin in (Type I) shift-symmetric Einstein-
scalar-Gauss-Bonnet theory for λGB/M2 = 0.2. From an initial zero value of the scalar
field, the curvature sources a growth of the scalar hair to the stationary state, with
higher spins sourcing smaller average field values as expected. The energy for the scalar
hair is extracted from the BH, which results in a decrease in its AH area (which is
permitted in these modified theories of gravity) and mass. In cases with spin, angular
momentum may also be extracted by the scalar field. Here we plot the average value of
the scalar field at the AH for different values of the initial dimensionless spin a0/M .

Figures 5.1 and 5.2 5 show that a stationary hairy BH solution in shift-symmetric
5In this and subsequent figures, we present the average value of certain quantities across the apparent

horizon. We denote

⟨ψ⟩AH =

∫ 1

χ
ψ r2(θ, ϕ) sin θdθdϕ∫ 1

χ
r2(θ, ϕ) sin θdrdθdϕ

, (5.2)
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Einstein-scalar-Gauss-Bonnet theory, namely 4∂ST with f(ϕ) = ϕ and g2 = 0, is
obtained for all the values of the dimensionless spin parameter a0/M after an initial
transient period of growth of the scalar hair. These final stationary states are consistent
with the results in [29].
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Figure 5.2: Change in the AH area, spin and mass relative to their initial values for the
same single BHs depicted in Figure 5.1.

5.3 Binary Black Holes

Next, we present our results in [41,42,155] in the context of Binary Black Holes mergers.

5.3.1 Type I coupling – shift-symmetric 4∂ST

We start by considering the simplest case of scalarisation in the 4∂ST theory by adding
a linear coupling f(ϕ) = ϕ, which is often referred to as shift-symmetric Einstein-scalar-
Gauss-Bonnet (EsGB) theory (usually in the absence of the g2 term, although this term
also respects the shift-symmetry). As discussed above, due to the curvature sourcing
the scalar field, BH solutions in this theory differ from the Kerr solution in that they
possess a non-trivial scalar configuration, that is, they have scalar hair.

Figures 5.3 and 5.4 yield our main results in [41]. We use equal-mass, non-spinning BHs
(Case 1 described above). The constraint damping coefficients are set to κ1 = 0.35/M
and κ2 = −0.1. Since in the theory that we consider the Gauss-Bonnet term sources the
scalar field, it is the associated coupling constant λGB that plays the most prominent

where r, θ, ϕ account for the spherical coordinates, r = r(θ, ϕ) is the apparent horizon and 1/χ is a
factor coming from the determinant of the induced metric on a 2-dimensional surface, which we find is
a good approximation to the exact value since the determinant of the (Cartesian) conformal metric in
our formulation is 1.
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role and effectively controls the regime of validity of the EFT. For very small values of
the couplings, the waveforms in 4∂ST tend to GR, as expected since the scalar field is
effectively perturbative.6 The differences only become noticeable towards the late inspiral
and merger (see the bottom panel in Fig. 5.3) and they appear as an accumulation of
phase shift in the waveform. This is expected since the spacetime curvature outside
black holes is largest during this phase.
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Figure 5.3: Top: Comparison of the (2,2) mode of the gravitational wave strain between
GR (blue) and 4∂ST in retarded time, u = t− r∗, where r∗ is the tortoise coordinate,
for different values of the couplings, namely small (orange dashed), medium (green) and
large (red). Bottom: Zoom in of the merger region for the small coupling case.

The situation is drastically different for large values of the couplings. For λGB/M2 = 0.05,
the binary merges in only 3 orbits as opposed to the 7 orbits that the black holes describe
in GR with the same initial conditions. In the 4∂ST theory with large couplings the
system can radiate strongly in scalar waves and hence shed energy and angular momentum
more efficiently than in GR, so the larger the λGB/M2 coupling, the sooner the binary
merges. However, this case needs to be revisited, given that from a post-Newtonian
approach the leading order effect in the inspiral is at −1PN , which is not noticeable
with few orbits [156]. The formation of the scalar cloud from an initial zero state may

6We emphasise that we still treat the system non-perturbatively, which allows us to avoid potential
issues with secular effects.
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have an effect on the circular orbits which needs to be carefully quantified. Furthermore,
we would also need to study whether the orbits become non-quasicircular and take
into account a thorough alignment in time. We were able to increase the coupling to
λGB/M2 = 0.1 without major difficulties where we find that the binary merges even
quicker. It seems possible to increase this coupling even further, but each increase
necessitates a tuning of the damping parameters κ1 and κ2 to keep the truncation errors
under control, and so we leave a full exploration of the limit to future work.

In Fig. 5.4 we compare the effect of varying g2 for a fixed (large) value of λGB. Even
if the values of g2 are large compared to the values used in [150], the effect is small.
The reason is that the typical energy densities of the scalar field that result from the
scalarisation process in the 4∂ST are much smaller than in [150]. It is interesting to
note that changing the sign of g2 gives rise to a phase shift of roughly π rather than an
advancement or delay of the wave as in [150].

0.4

0.2

0.0

0.2

0.4

rh
+ 22

/M

g2 = 0
g2/M2 = 1.0
g2/M2 = 1.0

100 0 100 200 300
(t r * )/M

0.03

0.02

0.01

0.00

0.01

0.02

0.03

r/M
(h

+ 22
h

+ 22
| g 2

=
0)

g2/M2 = 1.0
g2/M2 = 1.0

Figure 5.4: Top: Waveforms for fixed λGB/M2 = 0.05, with different values of the
Horndeski coupling g2. We see that changing g2 has a small effect since the dynamics
are mainly controlled by the Gauss-Bonnet coupling λGB. Bottom: The lower plot shows
the difference between the strains for the large couplings g2/M2 = ±1 compared to the
g2 = 0 case.

Next, we study whether the weak coupling condition (WCC) still holds for the case with
the highest values of the couplings, namely λGB = 0.05M2 and g2 =M2. We observe in
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Figure 5.5 that the WCC
√
λGB/L≪ 1 ,

√
g2/L̃≪ 1 , (5.3)

still holds (even though it is close to the limit). Here the relevant length scales that
represent the curvature quantities of the metric and scalar sectors are

L−1 = max{|Rij |1/2, |∇µϕ|, |∇µ∇νϕ|1/2, |LGB|1/4} ,
L̃−1 = max{|Kϕ|, |DiϕD

iϕ|1/2} . (5.4)
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Figure 5.5: Here we show that the weak coupling regime holds throughout the BBH
merger simulation in shift-symmetric 4∂ST theory with λGB = 0.05M2 and g2 =M2,
namely the one with the highest coupling constants considered in [41]. We depict the
evolution of the WCCs in Equation (5.3) for both the progenitor black holes throughout
the inspiral and the remnant during the ringdown, seeing that they are not violated for
these values of the couplings. As expected, the highest values are before the merger, due
to the smaller curvature scales of the initial black holes compared to the final remnant.

As expected, the highest values of the weak coupling conditions occur right before the
merger, given that the curvature scales are larger near the initial BHs in comparison to
the final remnant. Therefore if the WCC is not breached during the inspiral, it appears
to be safe during merger and ringdown phases. Note that the WCC is not a well-defined
mathematical condition, but is however a heuristic condition that helps us identify that
we are in the regime of validity of the theory where the eigenvalues of the principal
symbol do not differ significantly from GR.

For this same coupling function, we also test our ability to stably evolve equal-mass
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BBH cases with non-zero initial component spins (Case 2 above). We used the following
values of the constraint damping coefficients, κ1 = 1.4/M and κ2 = −0.1, which we
changed to κ1 = 1.7/M and κ2 = 0 after merger. We also decrease the value of χ0 from
χ0 = 0.15 7 to χ0 = 0.05 after the merger.

The result is shown in Figure 5.6, where we compare the (2, 2) mode of the gravitational
strain with GR by extracting the gravitational waves at r = 100M .8 We find that for the
chosen parameters the final spin reduces from ∼ 0.85 in GR to ∼ 0.84 in shift-symmetric
4∂ST theory, as expected from the extraction of spin caused by the non-trivial scalar
field.
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Figure 5.6: Initially spinning Binary Black Hole mergers (with spins initially aligned
along the orbital momentum, a±0 /M = 0.4) in GR (blue) and shift-symmetric 4∂ST
(orange), for the following values of the coupling constants, λGB = 0.05M2 and g2 =M2.
We show the (2, 2) mode of the gravitational strain in retarded time, u = t− r∗ (where
r∗ is the tortoise coordinate), observing that the additional extraction and radiation of
energy via the scalar channel induces the merger to happen sooner compared to GR.

5.3.2 Type II Coupling – tachyonic growth and stealth scalarisation

At this point we turn to the second class of coupling function, Type II, in which the
coupling results in a (spatially dependent) mass term. These admit both scalarised and

7Note that this value would need to be changed if the initial spins were higher than the ones used
here (see Figure C1 in [134]).

8For the accuracy purposes of this work, we only considered the extraction at this radius but in a
number of cases we checked that this result is essentially the same as the one obtained by extrapolating
to null infinity.
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non-scalarised BH solutions.

In this case we study the binary case directly, and we choose the coupling parameters so
that the scalar hair is generated as a result of the merger. We use Case 1 of the BBH
configurations described above throughout this section.

The simplest case of a Type II coupling is a quadratic coupling, namely f(ϕ) = ϕ2. As
studied in [14, 17], this coupling function can have a tachyonic instability which leads to
a spin-induced scalarisation or descalarisation. We study the case in which the remnant
scalarises after the merger due to its spin for a sufficiently high negative value of the
coupling λGB.
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Figure 5.7: Evolution of the average value of the scalar field across the AH, after the
merger occurred in a Binary Black Hole simulation for Einstein-scalar-Gauss-Bonnet
theory with quadratic coupling for two different values of the coupling λGB. We see that
for a critical coupling value of around λGB = −10M2 the remnant (with a/M ∼ 0.7)
scalarises and the value of the scalar field grows exponentially. Eventually the simulation
breaks down, since the weak field condition (and hence well-posedness) does not hold
anymore.

We used as constraint damping coefficients κ1 = 0.35/M and κ2 = −0.1 initially, but
after merger changed them to κ1 = 1.7/M and κ2 = 0, together with reducing the
initial value of χ0 = 0.15 to χ0 = 0.05. We also needed to add an initial perturbation
in the scalar field to seed the instability, for which we choose the (arbitrary) form
ϕ(r) = 10−3(1 + 0.01r2e−r2).
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Given that the initial BHs have zero spin, there is initially no scalarisation for this sign
in the coupling and the scalar field dissipates. Only after the merger does the scalar
field have a non-trivial evolution. In Figure 5.7 we show the two possible behaviours –
exponential growth or zero growth, and find that the critical value of λGB for which the
transition occurs happens at around 10M2. For the values of the coupling that induce
exponential growth we observe that the weak coupling condition is eventually violated
and, thus, at some point along the evolution the theory ceases to be well-posed, which
results in the breakdown of the simulation (see also Chapter 6 for further results).

A more phenomenologically interesting class of Type II coupling functions was proposed
in [15,157], with the form

f(ϕ) = ω−1(1− e−ωϕ2
) , (5.5)

which we refer to as exponential quadratic. This type of coupling has the same initial
behaviour as the quadratic one, but the tachyonic instability is saturated by the non-
linearities at larger amplitudes, meaning that one can follow the growth of the scalar
hair and settling of the solution into a steady hairy BH state after the merger while the
theory remains weakly coupled throughout the evolution. This is the case referred to as
“stealth scalarisation” in previous works [14, 30]. Here we used again the same set-up
as in the quadratic coupling case with ω = 200 9 and λGB/M2 = −20. The results are
depicted in Figures 5.8 and 5.9.

Figure 5.8 shows that the single BH that results from the merger scalarises after the
ringdown of the tensor modes, which coincides with a burst of radiation in the scalar
mode (2, 0). At this point we observe the largest deviation of the Gauss-Bonnet curvature
scalar with respect to the Kretschmann scalar of a Kerr BH (with the same angular
momentum and mass as measured from the quasilocal quantities at the AH). This
scalarisation process extracts spin from the remnant BH, which decreases its intrinsic
spin before settling into an equilibrium state. The end result is a stable hairy BH, but an
observation of the effect would rely on the scalar mode being detectable as a secondary
signal, since the tensor modes are emitted during a period in which the theory cannot
be distinguished from GR and thus are unaffected – at least to the precision to which
we are able to measure the quasinormal modes (QNMs) here. This is consistent with
the behaviour observed for the scalarisation of isolated Kerr BHs in [30].

In Figure 5.9 we see that the scalar field is localised around the poles of the AH, which
is consistent with the Gauss-Bonnet curvature acting as the source term for the scalar,
as depicted in Figure 5.10. We also show in Figure 5.11 the contribution of the Gauss-
Bonnet term to the energy density, namely ρGB, from which we can see that it gives rise
to a negative contribution to the total energy density in some regions around the AH.
This permits a violation of the Null Curvature Condition (NCC) in this modified theory
of gravity [154].

We note that for the chosen coupling function, the absolute value of the overall coupling
constant λGB could be increased beyond the value that we have used in order to increase
the speed of growth of the scalar hair. This would push the field growth closer to
the ringdown, potentially having an impact on the emission of tensor modes in this
phase. However, in order to avoid breaking the hyperbolicity of the equations and weak

9The motivation for this large value of ω is that it leads to ωϕ2 ∼ 1 at the apparent horizon when
the black hole has scalarised, which is where we expect the theory to start to break down. A further
study of the impact of different values of this parameter has been carried out in Chapter 6.
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coupling conditions during the evolution, the value of ω in the coupling function (5.5)
must also be increased in proportion to λGB (i.e., keeping λGB/(M2ω1/2) constant). As
a result, the final maximum scalar field value will be smaller, and whilst the ρGB values
at maximum should remain the same, as in Fig. 5.11, the usual kinetic contribution
of the field to the energy density, as shown in Fig. 5.9, will be reduced. Due to this
trade off, there should exist optimum values of ω and λGB that maximise the overlap of
the growth of the scalar hair and the ringdown of the BH, thus resulting in the largest
modification of the tensor QNMs. We leave a full analysis of this to future work.

Figure 5.8: Here we summarise the key results from the post-merger phase of spin-
induced scalarisation in the EsGB theory with exponential quadratic coupling. We see
that the spin of the remnant following merger generates a tachyonic mass, by which the
scalar field acquires a non-trivial configuration. This happens late in the ringdown of
the tensor modes. It is accompanied by a burst of radiation in the scalar mode (2, 0),
which coincides with the extraction of spin from the merger and the highest deviation
of the Gauss-Bonnet curvature with respect to the Kretschmann scalar of a Kerr black
hole (note that the initial deviation in this quantity is due to the merger state being far
from Kerr). From top to bottom: (2, 2) mode of the gravitational strain, (0, 2) scalar
mode in retarded time, average value of the scalar field at the AH, evolution of the spin
and L2 norm of the Gauss-Bonnet curvature relative to the Kerr Kretschmann scalar.
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Figure 5.9: Fully non-linear Stealth Scalarisation: Here we show the time evolution
of the scalar cloud after the merger for the Einstein-scalar-Gauss-Bonnet theory with
exponential quadratic coupling (see eq. (5.5)) on the rotation plane (upper row) and
on a section orthogonal to it (lower row). The colour indicates the contribution of the
kinetic and gradient terms to the energy density of the scalar. The dotted black lines
denote the location of the apparent horizon. We see that the scalar cloud grows by
extracting spin from the remnant, and stabilises with a density that is high compared to
the curvature scale of the BH.

Figure 5.10: The effective mass of the scalar field is proportional to the Gauss-Bonnet
curvature LGB (see [14] for a discussion). Hence, a change of sign (which occurs for high
spins) gives rise to the spin-induced scalarisation in the Type II couplings. Here we show
the value of the Gauss-Bonnet curvature around the AH of the final BH of our BBH
merger simulation in the exponential quadratic EsGB theory at t = 1530M (when the
value of the scalar field has already settled down). The dotted points denote the region
where LGB = 0. We observe that the negative regions coincide with those where the
scalar field has a non-trivial contribution as from Figure 5.9.
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Figure 5.11: Spatial configuration of the Gauss-Bonnet contribution to the effective
energy density ρGB throughout the ringdown of an equal-mass BBH merger in the
EsGB theory with an exponential quadratic coupling. The profile is shown in a section
orthogonal to the rotation plane. We observe that in some regions around the AH ρGB

becomes negative, which explains the violation of the Null Curvature Condition (NCC)
in this theory of gravity.

5.3.3 Unequal-mass binaries

Finally we look at unequal-mass binaries, which will be presented shortly in [155]. In
comparison to the capabilities of the modified harmonic gauge, as shown in [32], we
have been able to run Binary Black Holes in the 4∂ST theory through merger for strong
values of the couplings with mass ratios 1 : 2 and 1 : 3.

Figure 5.12 shows the (2, 2) mode of the gravitational strain and the (0, 0) and (2, 2)
scalar modes extracted at r = 100M of a 1 : 3 Binary Black Hole merger in the shift-
symmetric EsGB theory. We see that black holes scalarise during the inspiral, which
coincides with a burst of radiation of the (2, 2) scalar mode. Further research needs
to be carried out in order to find out whether this burst has a significant effect on the
system. In future we will use our initial condition solver [131] to start our simulation
with hairy black holes as initial data.
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Figure 5.12: Binary Black Hole merger in shift-symmetric EsGB with mass ratio 1 : 3.
We show the evolution of the (2, 2) mode of the gravitational strain and the (0, 0) and
(2, 2) scalar modes extracted at r = 100M .





Chapter 6

Loss of hyperbolicity

In this chapter we review the regime in which the equations of motion of the Four-
Derivative Scalar-Tensor theory become ill-posed, work that is based on [43]. This study
reinforces the idea that the theories should only be applied within their regime of validity,
and not treated as complete theories in their own right.

The formulation of [41, 42] has been proven to be strongly hyperbolic (and thus well-
posed) for the Einstein-scalar-Gauss-Bonnet (EsGB) theory of gravity in the weakly
coupled regime, where the contributions of the Gauss-Bonnet term to the field equations,
measured by the coupling

√
λ f ′(φ) 1, are smaller than the two-derivative Einstein-scalar

field terms. This yields the following Weak Coupling Condition,
√

|λ f ′(φ)|/L≪ 1 , (6.1)

where L−1 = max{|Rij |1/2, |∇µφ|, |∇µ∇νφ|1/2, |LGB|1/4} is the inverse of the shortest
physical length scale characterizing the system, i.e., the maximum curvature scale.

Here we explore the validity of the effective field theory (EFT) by monitoring the
condition (6.1) during the evolution. This condition is, in a sense, more important than
hyperbolicity, since once breached one can no longer trust the EFT. Nevertheless, it is
interesting to explore the interplay between the two conditions and how closely they
coincide in practice for generic classes of initial conditions.

6.1 Breakdown of strong hyperbolicity

It has been shown in Chapter 4 that the contribution from the Gauss-Bonnet sector to
the principal part of the evolution equations only affects the physical modes (and not
the gauge modes). These can be separated into purely gravitational modes and mixed
scalar-gravitational ones [61]. Therefore, strong hyperbolicity (and thus, well-posedness)
fails when the eigenvalues corresponding to those modes become imaginary.

In [41, 42] all the physical eigenvalues were computed perturbatively. However, the
eigenvalues from the purely gravitational sector can be derived exactly in the full theory,

1In order to match with the notation used in [43] we will consider throughout this chapter λGB to be
λ and the scalar field ϕ to be φ.

61
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given that they lie on the null cone of the effective metric [61],

gµνeff = gµν − 4Cµν , (6.2)

where (as defined previously) Cµν = ∇µ∇νλ(ϕ). Hence, one can find that the determinant
of the effective metric (normalised to its value in pure GR) is given by

det(gµνeff )

det(gµν)
=

1

(1 + Ω⊥⊥)2
det

{
1

χ

[
(γij − Ωij)(1 + Ω⊥⊥)− 2

α
Ω⊥(iβj)

−Ω⊥⊥β
iβj

α2
+Ω⊥iΩ⊥j

]}
, (6.3)

where Ωij = 4 γiµγ
j
νCµν , Ω⊥i = −4nµγ

i
νCµν and Ω⊥⊥ = 4nµnνCµν . 2 When the value

of the ratio in (6.3) becomes negative, this tells us that strong hyperbolicity no longer
holds. The eigenvalues of these modes of the system have become imaginary, and when
this occurs outside of the apparent horizon the evolution cannot continue. It is also
possible that in the strongly coupled regime strong hyperbolicity could be violated in
the mixed scalar-gravitational sector; in this case the diagnosis of the problem is less
easy to formulate 3.

When hyperbolicity is lost, as discussed in [158] (see also [149]), the equations change
character in some regions of the spacetime from hyperbolic to parabolic or elliptic. This
behaviour can be described by analogy with two model equations, namely the Tricomi
equation,

∂2yu(x, y) + y∂2xu(x, y) = 0 , (6.5)

where the characteristic speeds go to zero at y = 0 and the equations become parabolic,
or the Keldysh equation,

∂2yu(x, y) +
1

y
∂2xu(x, y) = 0 , (6.6)

where the characteristic speeds diverge at the transition line y = 0. Finding out if loss
of hyperbolicity happens due to a Tricomi or Keldysh-type transition is of interest since
the cure is different for each type. For instance, one can choose a different gauge for a
Keldysh-type transition or add derivative self-interactions for a Tricomi-type transition,
see the discussion in [159] for more details.

2In the results shown later in the chapter we will consider the normalised determinant

Geff =
det(gµνeff )

det(gµν)

(
1 + Ω⊥⊥

)2

, (6.4)

which typically has values of order one and is normalised to unity in the absence of any scalar field.
3We only identify when loss of hyperbolicity is observed in the purely gravitational modes. Since the

loss of hyperbolicity in these modes appears to coincide with the breakdown of the simulation, we do
not investigate further the mixed scalar-gravitational ones. Whilst the latter are the “fastest” modes
[61], it is not necessarily the case that hyperbolicity loss should occur first in their sector. Further work
is needed to understand at what level they contribute to the loss of hyperbolicity we observe.
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6.2 Numerical set-up

In order to study the loss of hyperbolicity and its relation to the violation of the
weak coupling condition we have performed 3 + 1 non-linear evolutions of spin-induced
scalarisation for isolated rotating black holes. We use the GRChombo code [133,134] and
more specifically its modification to include EsGB gravity with singularity avoiding
coordinates [41,42], namely GRFolres [44], in contrast to other recent studies that make
use of mGHC [30]. Using different gauge formulations helps us to explore the possibility
that these are physical breakdowns in the theory and not simply gauge issues.

The size of the computational domain is L = 256M along each of the coordinate
directions and we use 6 refinement levels (so 7 levels in total), with a refinement ratio
of 2 : 1. The rest of the parameters are fixed to κ1 = 2.0/M , κ2 = −0.1, while the
Kreiss-Oliger numerical dissipation coefficient is set to σ = 2.0 (see [134] for the precise
definition of these parameters).

Our initial conditions are isolated Kerr black holes in quasi-isotropic coordinates (see
[151] for details) with initial angular momentum parameters a0/M = 0.6 and a0/M = 0.8
respectively. On top of the GR background, we add a scalar field perturbation in the
form of a small Gaussian pulse located at a distance of 30M from the centre of the
black hole with an amplitude of 10−5 and zero initial momentum. Due to the use of
the puncture gauge, our initial data is not a stationary solution of the 3+1 evolution
equations and the variables need a characteristic time of ∼ 10−20M to settle to a nearly
stationary state. We note that the addition of the scalar pulse violates the constraints
by a small amount, and we rely on the constraint damping terms in the equations of
motion to get rid of this error during the evolution. However, for our choice of scalar
amplitude the initial constraint violations are small compared to the truncation errors
introduced by the discretisation of the equations. By the time the scalar pulse “hits” the
black hole, the initial period of gauge adjustment is over and the constraints are well
satisfied.

In our simulations, |λ/M2| is chosen large enough such that the corresponding Kerr
black hole undergoes spin-induced scalarisation. The small scalar field perturbation
grows exponentially until it settles into an equilibrium distribution. In an astrophysical
set-up, this exponential growth would happen during stellar core collapse to a black
hole. In that case, the curvature quickly grows as the stellar core compactifies and this
would trigger the scalar field development [160]. Thus, whilst the set-up we consider is
somewhat artificial, it is a reasonable proxy for the astrophysical processes that could
produce scalarised black holes. As we will see below, the strongest violation of the
hyperbolicity and weak coupling condition happens during the exponential growth of
the scalar field in the intermediate stages of evolution, so this is the phase that should
constrain theories most strongly.

As already observed in 1 + 1 non-linear simulations in the spherically symmetric case,
the non-hyperbolic region first develops inside the black hole horizon. As the evolution
proceeds it can emerge above the horizon leading to an ill-posed initial value problem
[161]. Even though a non-hyperbolic region would not, in principle, be a problem from
a physical point of view if it is hidden inside the apparent horizon, from a numerical
point of view it still leads to problems continuing the evolution in a horizon-penetrating
puncture gauge (in the mGHC approach one excises the region inside the black hole
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horizon from the evolution domain [162,163]). We fix this by changing the equations of
motion inside the apparent horizon, smoothly switching off the coupling constant as in
[41,42,149,150]. This means that our interior is effectively Kerr and thus hyperbolic,
while outside the horizon the full EsGB system of equations is evolved. This approach is
justified as long as we turn off the Gauss-Bonnet term fully inside the horizon and the
details of how we switch off this term do not influence the physics of the system on and
outside the horizon. To achieve this, the coupling function that we have employed in
practice has the form

f(φ) = forig(φ)/
(
1 + e−βex(r−rex)

)
, (6.7)

where forig is the exponential quadratic coupling that we used in Chapter 5, namely

forig(φ) =
1

2β
(1− e−βφ2

) . (6.8)

In our simulations, we have set βex = 400 while rex is a parameter smaller than the
calculated black hole apparent horizon radius. For relatively weak scalar fields, the value
of rex would depend mostly on the initial spin a0/M . We have checked that the scalar
field evolution outside the apparent horizon remains unchanged (if hyperbolic) with
the decrease of rex. Since, as discussed above, unstable regions often develop within
the horizon and gradually extend beyond it, then in order to determine the limiting
parameters for loss of hyperbolicity in the exterior of the BH we have to choose the
maximum possible rex inside the apparent horizon. Thus, for initial spin a0/M = 0.6 we
have worked with rex = 0.75M while for a0/M = 0.8, the excision radius rex = 0.54M .

A final comment on rex concerns the fact that the apparent horizon radius for the final
rotating black holes states may not be exactly spherical after the gauge evolution. Thus,
using a spherical excision radius might introduce an error in the measured values. Our
aim is to make an order of magnitude estimate of the threshold for hyperbolicity loss
and the validity of the weak coupling condition, and so we consider our approach to be
appropriate for this goal.

6.3 Hyperbolicity loss threshold

In order to determine the hyperbolicity loss threshold, for each value of a0/M we have
performed a series of simulations where we vary the parameters λ/M2 and β in turn.
The goal is to determine the threshold of β for each combination of a0/M and λ/M2

where loss of hyperbolicity is observed. The results are summarised in Table 6.1. We
see that βthreshold is typically of the order of 102 − 103 for values of |λ/M2| close to the
minimum value that ensures scalarisation. The value of βthreshold increases rapidly for
higher |λ/M2| since larger |λ/M2| leads to faster and stronger development of the scalar
field. Thus, one has to increase β in order to saturate the scalar field at a lower value
and keep the system in the hyperbolic region. One can also verify that for each a0/M
the ratio λ/(M2

√
βthreshold) is roughly a constant as seen in the last column of Table 6.1.

This empirical trend can be understood by considering the coupling function used, for
which the maximum value of f ′(φ) (for any φ) is limited from above for positive β and
scales as f ′(φ)max ∼ 1/

√
β. Thus the quantity λ/(M2

√
βthreshold) acts as an effective

coupling at the threshold. We see that λ/(M2
√
βthreshold) decreases for larger a0/M ,
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which is expected since the absolute value of LGB at the pole increases (recall that the
negative LGB around the poles of the apparent horizon is the source of the spin-induced
scalarisation).

a0/M λ/M2 βthreshold λ/(M2
√
βthreshold)

0.6 -200 1000 -6.3
0.6 -400 5000 -5.7
0.6 -800 20950 -5.5
0.8 -50 240 -3.2
0.8 -100 1150 -3.0
0.8 -200 4650 -2.9

Table 6.1: Threshold for loss of hyperbolicity calculated for several combinations of the
initial angular momentum a0/M and λ/M2. The third column represents the minimum
βthreshold for which the simulations are still hyperbolic while the last one is the ratio
λ/(M2

√
βthreshold) at the threshold, which is roughly a constant for every value of a0/M .

For the threshold models listed in Table 6.1, in Fig. 6.1 we show the evolution of the
scalar field on the horizon as well as the weak coupling condition defined in Eq. (6.1).
Both quantities are displayed as their L2 norm at the apparent horizon in the left panel.
In the right panel, we depict the time evolution of the maximum value of the scalar field
and the weak coupling condition. For the scalar field φ, the maximum typically occurs
at the pole of the apparent horizon where the Gauss-Bonnet invariant is most negative.
We, therefore, plot φ at the pole. The extremum of the weak coupling condition happens
away from the pole and its position slightly varies with time; we plot its maximum value
on the apparent horizon as a function of time. The profiles of these quantities outside
the black hole horizon will be shown in more detail later in this section.

Let us first consider the scalar field evolution in the top panels of Fig. 6.1. We see
that the scalar field behaviour (specifically its L2 norm across the apparent horizon
and at the pole of the apparent horizon) is very similar for all cases – after a phase
of exponential growth, small amplitude oscillations are observed until the scalar field
settles to a constant profile. The value of the scalar field at the pole of the horizon S2,
which corresponds to the maximum, is roughly twice the size of the averaged L2 norm.

The differences between the plots in the left and the right panel are more pronounced
for the weak coupling condition. In order for the EFT approach to be justified, the
weak coupling condition defined in (6.1) should be much less than unity. As one can see
in the left panel, the weak coupling condition given by eq. (6.1) is less than unity, i.e.√
λf ′(φ)/L ≲ 1, for all threshold models if one looks at the L2 norm. Its maximum value

can reach much larger values though, more than twice the average ones. In addition, at
intermediate times, as the scalar field is still rapidly evolving, we observe spikes in the
weak coupling condition, especially in its maximum value on horizon.

We conclude that the range of parameters where hyperbolicity breaks down is actually
well into the regime where the weak coupling condition is violated and the effective field
theory treatment is no longer justified. We can explore how large β should be for fixed
λ/M2 and a0/M in order to maintain the maximum weak coupling condition value less
than unity. For that purpose, we have chosen one combination of parameters, namely
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Figure 6.1: Time evolution of the models from Table 6.1 that are just above the
hyperbolicity loss threshold. Top: The scalar field at the apparent horizon taken either
as the L2 norm (left) or at the pole of the apparent horizon, where it has its maximum
(right). Bottom: The weak coupling condition (given by Eq. (6.1)) at the apparent
horizon taken as the L2 norm (left) and its maximum value at the apparent horizon
(right).

a0/M = 0.8 and λ/M2 = −50, and increased β starting from its threshold value given
in Table 6.1. The results from the corresponding time evolutions are depicted in Fig.
6.2. As one can see, in order to maintain

√
λf ′(φ)/L≪ 1, β needs to be at least two

orders of magnitude larger than the minimum one that preserves hyperbolicity. The
effect on the scalar field magnitude is less pronounced, and the two limiting cases in the
figure, β = 240 and β = 32000, have roughly one order of magnitude difference in the
equilibrium value of the scalar field after saturation.

In Figs. 6.3, 6.4, and 6.5 we have depicted x − y and x − z slices of three main
diagnostic quantities – the scalar field, the weak coupling condition and the determinant
of the effective metric, in the form of 2D slice plots. This provides further context
on the hyperbolicity loss and weak coupling condition violation. Five equally spaced
characteristic times during the evolution are represented starting from the moment when
the initial scalar field seed pulse has arrived at the black hole (when the scalar hair
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Figure 6.2: Time evolution of models with a0/M = 0.8, λ/M2 = −50 and varying β
starting from the threshold for hyperbolicity loss in Table 6.1 and reaching values for
which the weak coupling condition is much less than unity. Top: The scalar field at
the apparent horizon taken either as the L2 norm (left) or at the pole, where it has a
maximum (right). Bottom: The weak coupling condition (given by eq. (6.1)) at the
apparent horizon taken as the L2 norm (left) and its maximum value at the apparent
horizon (right).

starts growing), until it settles into an equilibrium profile. On each figure, the position
of the apparent horizon is indicated with a dashed white line. The simulations shown
correspond to the case of initial angular momentum a0/M = 0.8, λ/M2 = −200, and
β = 10000.

The scalar field depicted in Fig. 6.3 has a maximum on the rotational axis and it forms
a bulb shape there, while close to the equator it has a minimum. The weak coupling
condition has a different distribution as seen in Fig. 6.4 – it has a maximum at a ring-like
structure around the pole. This is because the maximum of the weak coupling condition
is influenced not only by the scalar field maximum but also by its derivatives.

Let us now consider the normalised determinant of the effective metric depicted in
Fig. 6.5. As discussed above, the moment when hyperbolicity is lost is associated
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Figure 6.3: The scalar field profile at several equally spaced coordinate times during the
scalarisation. In the upper panels we have represented the scalar field taken on a x− y
slice, while in the lower panels x− z slices are depicted. The x− z slices cross the centre
of the BH while the x − y slices are taken at z = 0.4 above the centre (marked with
grey dotted lines in the lower panels), where the scalar field is strongest. The dashed
white line represents the position of the apparent horizon. Note that in the black hole
interior the Gauss-Bonnet term is completely turned off, thus the inner region does not
represent a solution of the EsGB field equations. The values of the employed parameters
are a0/M = 0.8, λ/M2 = −200, and β = 10000.

Figure 6.4: The same configuration as in Fig. 6.3 but illustrating the evolution of the
weak coupling condition given by Eq. (6.1).

with the determinant becoming zero. Since inside the black hole interior we turn off
the Gauss-Bonnet coupling term, the value of the determinant is unity there. The
values of a0/M , λ/M2, and β are chosen in such a way that the models we evolve
are above the threshold for loss of hyperbolicity, so the determinant remains positive
outside the apparent horizon. It reaches a minimum value (closer to hyperbolicity loss)
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at intermediate times, when the scalar field grows fastest. At that point of evolution,
the weak coupling condition is also at its maximum. At late times the determinant
approaches larger values (close to unity), that is, further away from hyperbolicity loss.
This effect is expected since both the determinant and the weak coupling condition are
influenced by the scalar field time and spatial derivatives. Thus, the loss of hyperbolicity
will depend not only on the final stationary solution but also on the dynamical evolution
that leads to it.

Figure 6.5: The same configuration as in Fig. 6.3 but illustrating the evolution of the
normalised determinant of the effective metric Geff, as defined in Eq. (6.4).

In our simulations of models with smaller β, in a regime for which the evolution is stable
but closer to the threshold for loss of hyperbolicity, we observe a transient period where
hyperbolicity is lost within the horizon. Specifically, inside the apparent horizon but still
outside the region where the Gauss-Bonnet coupling is turned off, the determinant has
negative values at intermediate times. Since this happens inside the apparent horizon
for a relatively short time, the evolution manages to continue. This is consistent with
the observations made in the 1 + 1 non-linear evolution of [161].

6.4 Gauge dependence of hyperbolicity loss

As discussed in the previous sections, the breakdown in hyperbolicity that we observe
appears to be linked to the physical modes. These are gauge invariant [61], and so we
do not expect a change in gauge to prevent the breakdown observed. However, it is
possible that in the strongly coupled regime the gauge modes themselves may become
problematic. It is also interesting to explore the effect of the modified puncture gauge
choice (which is newly developed and little explored) on the accuracy and resolution of
the numerical simulations. For that purpose, in this section we explore the impact of
modifying the gauge, by adjusting the free functions a(x) and b(x) that determine the
auxiliary metrics (see eq. (4.2)).

In previous sections we have worked with constant a(x) = 0.2 and b(x) = 0.4, values
similar to those used in [30]. This choice is by no means unique, and we have tried
several other combinations of constant a(x) and b(x), keeping always b(x) > a(x) and
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κ2 > − 2
2+b(x) as required in the modified puncture gauge. We focus on simulations of

black holes with a0/M = 0.8 and λ/M2 = −50. The combinations of {a(x), b(x)} we
have tested are {0.05, 0.1}, {0.1, 0.2}, {0.2, 0.4}, . . ., {1.6, 3.2}, as well as {0.2, 0.3} and
{0.2, 0.6}. For all cases, the threshold for loss of hyperbolicity is found consistently to
be at β = 240, with any deviations lying within our numerical uncertainties. A practical
observation is that, despite the wide range of {a(x), b(x)} that we have considered, we
were able to perform evolutions for all of the combinations mentioned above, keeping
the same value of the damping parameters κ1 and κ2 as for the {0.2, 0.4} case.

Figure 6.6: An x− z slice of the apparent horizon at t = 400M once the BH has settled
to a stationary gauge. The simulations are performed for a0/M = 0.8, λ/M2 = −50,
β = 2000 and different combinations of the gauge parameters a(x) and b(x).

We now highlight another interesting observation not directly related to the loss of
hyperbolicity. While experimenting with the values of a(x) and b(x) we have noticed that
changing their values in turn changes significantly the coordinate size of the apparent
horizon radius, as we can see in Fig. 6.6. For example the difference between the two
limiting cases we have considered, namely {a(x), b(x)} = {0.05, 0.1} and {a(x), b(x)} =
{1.6, 3.2} is roughly twice, as evident from Fig. 6.6. The coordinate radius of the
apparent horizon increases further with the increase of a(x) and b(x). This might be
helpful for some simulations, as it may provide a way to improve the resolution at the
apparent horizon. Another positive outcome concerns the violation of the Hamiltonian
constraint, that always occurs near the puncture in singularity avoiding coordinates.
When we increase a(x) and b(x) the size of this constraint violating region grows slower
compared to the growth of the apparent horizon radius. As a result, in the simulation
with {a(x), b(x)} = {1.6, 3.2}, the constraint violating region is further away from
the black hole apparent horizon compared to the standard {a(x), b(x)} = {0.2, 0.4}
case. This should improve the accuracy of the evolution outside the horizon for a fixed
resolution, since the separation (in terms of grid points) between the apparent horizon
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and the region with sizeable constraint violations is increased.

These results, whilst not definitive, suggest that the hyperbolicity loss that we observe
does not strongly depend on the choice of the functions a(x) and b(x), and is dominated
by the physical sector of the eigenmodes (rather than the gauge modes). This also
follows from our observation that the breakdown of the simulations is usually preceded
by the determinant of the effective metric turning negative, which indicates that some
of the eigenvalues from the physical sector have become complex. Thus, the results are
consistent with the theoretical investigations in [61].

6.5 Reasons for loss of hyperbolicity

In this section we investigate whether the hyperbolicity loss happens because of a
Tricomi or a Keldysh-type of transition. Since the pure gravitational sector of the
physical eigenmodes (whose eigenvalues we can directly compute) lie at the null cone
of the effective metric, one can show that their propagation speeds will only diverge if
the quantity 1 + Ω⊥⊥ vanishes, thus this indicates a Keldysh-type hyperbolicity loss.
If instead the determinant of the effective metric vanishes with the quantity 1 + Ω⊥⊥

remaining positive, the propagation speeds remain finite but they become equal, which
indicates a Tricomi-type hyperbolicity loss (see [164] for a more detailed discussion) 4.

In order to test the type of transition, we have performed two simulations that lose
hyperbolicity at a certain point with fixed a0/M = 0.8, λ/M2 = −50, and varying
β = {100, 200}. While β = 200 is only slightly below the threshold given in Table 6.1,
for β = 100 the hyperbolicity loss happens faster with the formation of a larger region
of a negative determinant of the effective metric.

The quantity 1 + Ω⊥⊥ behaves differently in the two cases. For β = 200, it is always
positive as seen in Fig. 6.7. Thus, the hyperbolicity loss is caused by a Tricomi-type
transition, as was observed in other simulations in EsGB gravity [162]. Note that the
normalised determinant of the effective metric, depicted in the same figure, is negative
only in a small region outside the apparent horizon. As may be expected, shortly after
this region forms, the numerical evolution cannot be continued.

As depicted in Fig. 6.8, for β = 100 the quantity 1 + Ω⊥⊥ can become negative outside
the apparent horizon, which means that the propagation speeds diverge. Interestingly, in
the region where this happens, the determinant is positive. Thus, one can speculate that
in the region with a negative determinant (in black in the upper panel of Fig. 6.8, around
the pole of the apparent horizon), the hyperbolicity loss is again of the Tricomi-type
since the propagation speeds are finite there. However, the appearance of another region
with diverging speeds (in black in the bottom panel of Fig. 6.8) implies that a second
“problematic” region develops away from the pole, causing a loss of hyperbolicity of the
Keldysh-type. Further investigation is required to confirm that the loss of hyperbolicity
happens because Tricomi-type and Keldysh-type-of transitions occur simultaneously in
different regions of the spacetime, or whether one is dominant.

4Note that in Tricomi equation the propagation speeds go to zero as explained in Section 6.3.
However, the determinant of the effective metric can also vanish for the more general case in which both
propagation speeds become equal with an analogous behaviour to the Tricomi-type loss of hyperbolicity.
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Figure 6.7: Time evolution of a model just below the threshold of hyperbolicity loss
with a0/M = 0.8, λ/M = −50, and β = 200. Several equally spaced coordinate times
during the scalarisation are plotted, capturing the evolution just before the code breaks
down due to hyperbolicity loss. In each figure, both x− y and x− z slices are depicted,
as in the figures above. The apparent horizon is plotted as a white dashed line. (top)
Time evolution of the normalised determinant of the effective metric Geff defined in Eq.
(6.4). Negative values are depicted in black. (bottom) Time evolution of 1 + Ω⊥⊥.
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Figure 6.8: As in Fig. 6.7 but for a model far beyond the boundary of hyperbolicity loss
with a0/M = 0.8, λ/M = −50, and β = 100. Negative values of the determinant of the
effective metric and the quantity 1 + Ω⊥⊥ are depicted in black.





Chapter 7

GRFolres

This chapter is based on the overview in [44], which is part of the submission of the code
to the Journal of Open Source Software, as well as the complementary information that
can be found in the wiki page in https://github.com/GRTLCollaboration/GRFolres.

7.1 Capabilities

GRFolres uses a lot of the features and follows a similar design philosophy to GRChombo.
The key difference is that it includes the contributions to the Einstein’s equations coming
from certain modified gravity theories.

In particular, it currently implements the Four-Derivative Scalar-Tensor theory of gravity
(4∂ST) coming from the action

S =

∫
d4x

√−g
( R

16πG
+X + g2(ϕ)X

2 + f(ϕ)LGB
)
, (7.1)

whose equations are implemented in our modified puncture CCZ4 formalism presented
in Chapter 4.

The code also implements cubic Horndeski, whose results are in [149,150], as well as the
4∂ST without back-reaction, which was used in [21]. The code has sufficient flexibility
that new modified theories of gravity that are well-posed in our formulation can be
added straightforwardly.

GRFolres contains some additional features, which have not yet been made publicly
available but that are being used in ongoing projects.

• 4∂ST initial conditions - The CTTK approach [130] has been adapted to treat the
additional 4∂ST terms for general initial configurations of the scalar field [131].

• Cosmic inflation - GRFolres has been adapted to cosmological spacetimes in order
to understand how 4∂ST modifications to GR could affect the start of inflation
and any observational consequences.

• Higher dimensional Gauss-Bonnet gravity - The equations for Einstein-Gauss-
Bonnet theory in 4+1 dimensions have been implemented as in GRFolres using
the Cartoon formalism.
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7.2 General features

GRFolres has been implemented in an analogous way as the scalar field example in
GRChombo with some additional features:

• Modified puncture gauge - The equations are written in a formalism that differs
from the standard CCZ4 approach by adding extra spatially dependent functions
a(x) and b(x), which modify the speed of propagation of the gauge modes and
ensure well-posedness when adding the modified gravity contributions.

• Matrix inversion - For 4∂ST (and many other modified gravity theories) there are
terms in the time derivatives (aka, the right hand side or RHS) of the variables
that depend (linearly) on the time derivatives of other variables. Therefore, in
order to solve the full non-linear equations one needs to express the evolution of
those variables at each spatial point as a linear system, and invert an 8× 8 matrix.

• Coupling and potential - In the same way as the ScalarField class is templated
over the potential, we template the class associated to the theory we are solving
(the FourDerivScalarTensor class in the case of 4∂ST) over the coupling to the
modified gravity terms and the potential of the scalar field. Therefore, in the case
of 4∂ST the user needs to create a class to compute the following quantities:

– dfdphi: the derivative of the coupling to the Gauss-Bonnet curvature f(ϕ)
with respect to ϕ.

– d2fdphi2: the second derivative of the coupling f(ϕ) with respect to ϕ.

– g2: the coupling to the square of the kinetic term X2 of the scalar field, g2(ϕ).

– V_of_phi: the potential of the scalar field ϕ.

– dVdphi: the derivative of the potential with respect to ϕ.

Several examples of such classes are provided, for shift-symmetric and exponential
couplings, which should be easy to adapt to other cases.

• Excision - In the puncture approach, numerical excision of the region inside the
apparent horizon is not needed (in contrast to Generalised Harmonic Coordinates).
However, the equations can in principle be changed in this region without affecting
the rest of the spacetime, and this is usually necessary since close to the singularity
EsGB type theories develop non hyperbolic regions. Therefore the code allows
the user to modify the coupling so that it vanishes in the singularity and then
smoothly transitions to its chosen value before reaching the apparent horizon. This
has been implemented in two ways,

– using the radial coordinate that measures the distance to the black hole:
f(ϕ) → f(ϕ)/(1 + e−τ(r−r0)), or

– using the conformal factor χ: f(ϕ) → f(ϕ)/(1 + e−τ(χ−χ0)),

where τ , r0 and χ0 have to be chosen so that the function is smooth enough and
only affects the region inside the apparent horizon.
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7.3 Structure of the code

The code is structured in three main folders:

• Source, where all the additional features of GRFolres are implemented.

The main class where the equations of motion of the theory are encoded is called
the ModifiedCCZ4 class (in analogy to the MatterCCZ4 class), which inherits from
the GRChombo CCZ4 class. The ModifiedCCZ4 class is templated over the theory
(which can be 4∂ST, Cubic Horndeski...), the gauge (the modified puncture gauge,
which includes the functions a(x) and b(x)) and the derivatives (which can be 4th

or 6th order stencils).

The algorithm that the ModifiedCCZ4 class follows in order to compute the
equations of motion of a given theory is the following:

– Compute the Einstein GR equations in the puncture CCZ4 formalism.

– Add the a(x) and b(x) terms from the modified puncture gauge.

– Add the modified gravity contribution to the RHS of the 3+1 variables.

– Add the equations for the additional fields (if any) that the theory incorporates
(phi, Pi...)

– Compute the LHS matrix of the equations of motion and solve the linear
system, if required for the given theory.

The functions in charge of computing the specific form of those terms for the
given theory (which are required in order to execute the algorithm above) are
included in the class corresponding to that theory, which is for example the
FourDerivScalarTensor class in the case of the 4∂ST.

• Examples, where we include some examples with either single Kerr Black Holes or
Binary Black Holes in the modified theories of gravity that we have implemented
(4∂ST, Cubic Horndeski).

• Tests, where one can find the tests that we have carried out in order to ensure
that the equations of motions have been correctly implemented.

7.4 Parameters

When running an example in GRFolres, the additional parameters that need to be
specified apart from the ones needed in any GRChombo run are the following ones:

• Modified puncture gauge sector:

– a0 is the value of the a(x) function, which we set to be a constant (default
value: a0= 0).

– b0 is the value of the b(x) function, which we set to be a constant (default
value: b0= 0).

• Coupling and potential sector, which includes in the case of the 4∂ST:



Chapter 7. GRFolres 78

– lambda_GB is the coupling constant in the Gauss-Bonnet coupling f(ϕ) (de-
fault value: lambda_GB= 0).

– cutoff_GB is the value of r0 or χ0 for the excision of the Gauss-Bonnet terms
(default value: cutoff_GB= 0.15).

– factor_GB = τ is the parameter in the excision function (default value:
factor_GB= 100).

– g2 is the value of the g2(ϕ) coupling, which we set to be a constant (default
value: g2= 0).

Note that when the theory contains additional variables apart from the CCZ4 ones (e.g.
the scalar field and its conjugate momentum), one may need to take into account as
well the parameters that concern their initial conditions in the same way as is done in
the GRChombo scalar field example.

.
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Conclusions and further work

8.1 Summary

It is likely that it will be in the highly dynamical, strong field regime where the
fundamental nature of gravity is revealed, and the key tool to access it is Numerical
Relativity. Motivated originally by the prospect of detecting GWs from compact object
mergers, NR has expanded beyond its original premise. Whilst the most well-known
example of its vital role in cutting-edge research is the characterisation of BH merger
signals from the Advanced LIGO/Virgo network of GW detectors, in recent years this
tool has started to have a significant impact in studies of fundamental gravitational
theory and cosmology. This thesis shows how we are pioneering the application of NR
tools to scenarios beyond GR and the Standard Model.

In Chapter 4 we have successfully developed a modified version of the CCZ4 formulation
of the Einstein equations based on the recently proposed modified harmonic gauge
[27,28], together with a modification of the puncture gauge extensively used in numerical
relativity to simulate black hole binary mergers. With these modifications we have
proved the well-posedness in the weak coupling regime for the Einstein-Gauss-Bonnet
theory of gravity and the Four-Derivative Scalar-Tensor theory of gravity. It seems
plausible that one can also extend the well-posedness results in singularity avoiding
coordinates to the general Horndeski and Lovelock theories - see the argument in [27,28],
which avoids the explicit computation of the eigenvalues and eigenvectors of the theory.

We have implemented the equations of motion of the Four-Derivative Scalar-Tensor
theory of gravity in GRFolres, an extension of our NR code GRChombo, which has recently
been made publicly available in order to assist other NR groups working in modified
gravity and whose capabilities and details are reviewed in Chapter 7. This has enabled us
to study equal and non-equal mass Binary Black Hole mergers and extract its waveforms,
which we present in Chapter 5. These studies have demonstrated the robustness of
our formulation, which allows us to treat the theory fully non-linearly, thus avoiding
the secular effects of order reduced formulations while capturing the non-perturbative
physics.

We have studied both Type I and Type II couplings. For the first one, we have observed
that for very small values of the couplings the differences of the waveforms with respect to
GR only become noticeable in the merger phase and they appear as a phase shift, while
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for larger values the system can radiate strongly in scalar waves and hence shed energy
and angular momentum more efficiently than in GR, so the larger the couplings, the
sooner the binary merges. For the Type II coupling we have studied the so-called “stealth-
scalarisation” effect where the scalar cloud arises due to the spin of the remnant after
merger. As in previous studies using alternative gauges we found that the scalarisation
generically occurs too late after merger to impact on the tensor waveform. Too large
values of the coupling – to accelerate the growth of the scalar hair – result in a breakdown
of the theory as it is pushed into the strongly coupled regime in which well-posedness is
no longer assured. However, we point out that this can be compensated in our chosen
coupling function by tuning the values of the higher order interactions. Without such
tuning, observation will rely on detection of the scalar GWs that we show accompany
the scalarisation post-merger.

In Chapter 6 we have investigated, for spin-induced scalarisation of EsGB rotating black
holes, the threshold and dynamics of the loss of hyperbolicity, the influence of our chosen
gauge, and how these issues connect to the regime of validity of the model as an effective
field theory. We have found that the determinant of the effective metric turns negative
just before the breakdown of the simulations, meaning that hyperbolicity is typically
lost because of the purely gravitational physical modes and, thus, is not dependent on
gauge choices. We have also examined the type of loss of hyperbolicity, finding that it
is of Tricomi-type for models close to the scalarisation threshold while the transition
appears to change to a Keldysh-type or a mixture of both developing in different regions
of the spacetime for models deep inside the strongly coupled regime. Finally, we have
studied the weak coupling condition, which is violated when the theory exits the domain
of validity of the EFT, i.e, when higher-derivative corrections cannot be neglected. Our
results show that we were outside of the weak coupling regime in all those cases in which
loss of hyperbolicity was observed.

8.2 Further work

The results that have been obtained in the thesis open up many possibilities for further
research. The two most promising directions that we are pursuing are waveform modelling
and cosmological spacetimes:

• Waveform modelling: The studies in this thesis are highly timely, with demand
for beyond GR waveforms driven by the large amounts of data that are now being
generated by the GW detector network LIGO-Virgo-KAGRA, and the anticipation
of a further explosion in such data as new detectors come online in the future,
including the space based mission LISA that will launch in around 2035. Such
data will open up new frequency ranges for study, and push the limits of what can
be detected to the earliest moments of the universe.

Whilst beyond GR effects are currently searched for in detector data, these are
primarily tests based on parameterised deviations, without any underlying specific
model. Such tests have the significant advantage of being fully general, but it is
not yet clear that for specific, physically motivated models, they would indeed
capture the resulting changes in the signal, rather than, say, attributing them to
the system as having a larger mass ratio or different component spins. It is also
not clear to what extent they can recover model parameters in specific cases.
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Testing this, with truly well modelled signals, is an extremely challenging task
that required the development of significant new tools and techniques in NR. After
the work carried out in this thesis, which represents a proof of principle of the
methods that we have developed, we are now in a position to apply what we have
developed to actual data pipelines.

Our main goal now is to provide waveform templates to be used to test the LIGO
backward inference pipeline. To discover and interpret hints of physics beyond
the realms of GR requires a detailed forward model that predicts the observable
features of new fundamental physics. Whilst our simulations provide exactly this
forward model, the limitation is that they only generate single cases at a time in
a vast parameter space of modified theory parameters and couplings, and each
case is costly to obtain at the required quality. Therefore the construction of a full
waveform template bank against which to match signals, whilst a potential longer
term goal, should wait until we obtain a better understanding of the phenomenology
of the signals, and can focus on regions of particular interest.

Instead, we focus on the more modest (but still cutting-edge) goal of testing
the robustness of the backward models that are used by groups like LIGO to
identify and explain new observations [165,166]. A growing body of work has been
developed in backward models for GWs [8], from non-parameterised tests such as
inspiral-merger ringdown tests that check consistency with GR to highly-tuned
parameterised modelled methods that seek to identify variations. By providing
example waveforms from our exact forward modelling, we can probe the ability of
such pipelines to identify new physics or quantify how it shifts the inference of the
system parameters.

We plan to use our simulations to perform the first end-to-end validation of
current-generation tests of General Relativity. Adding the simulated signals to real
data observed by the LIGO-Virgo-KAGRA ground-based detectors we will then
process them through the standard “pipeline”, checking how and if they will be
found by modelled and unmodelled search algorithms, understanding any tell-tale
signature the new physics imprints on inference methods that assume GR, and
finally investigating the capability of tests of GR to identify and characterise the
new physics. By considering the holistic impact across the pipeline, we will be
able to predict the pipeline performance and identify areas where new ideas are
needed to ensure full sensitivity. In the event of a future detection of beyond-GR
physics, the outcomes of this project will uniquely help to validate and understand
the results.

• Cosmological spacetimes:

Whilst GW data drives the research, the tools that we have developed in NR for
studying beyond GR waveforms has applications in more fundamental aspects of
gravitational theory. In such studies, NR simulations provide a kind of “experi-
mental test” of different theories, ruling out scenarios that are incompatible with
our observed universe or physics that we know.

In the understandable excitement surrounding the detection of GWs produced
by mergers of compact objects, it can often be forgotten that there are other
opportunities to test GR in the strong field regime. Cosmology, and the early
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Universe in particular, also belong to the strong field regime of Einstein’s theory
of gravity. Therefore, modifications of GR, which are expected to generically arise
from effective theories of quantum gravity, could play a role in the gravitational
dynamics of the early Universe, when the energy scale of GR theory was surpassed.

Cosmic inflation is the leading paradigm for the early Universe, which explains
the current homogeneous and spatially flat state. However, one important open
question is how generic inflation is and under which initial conditions it can occur.
The problem of initial conditions for inflation has been extensively studied, but
only recently fully non-perturbatively for initial configurations in the strong field
regime using NR [137,167,168]. No studies exist of the fully non-linear dynamics of
gravity in the early Universe beyond GR in the most general 4∂ST theory, which
is well-motivated by effective field theory (EFT) whilst retaining second order
equations of motion.

In an ongoing project we are exploring the impact of theories of gravity with higher
derivative corrections on inflationary spacetimes in order to understand how these
modifications could affect the start of inflation and any observational consequences,
extending the previous results in pure GR , which showed that three broad classes
of inflationary potentials (“convex”, “hilltop” and “plateau”) exemplify the possible
inhomogeneous inflationary dynamics. In each case, our goal will be to identify
the consistent regime where the initial conditions and the couplings are such that
inflation can occur and the EFT remains in its regime of validity at all times. This
will provide new information for model building in inflation and quantum gravity.
For cases that remain within the valid EFT regime, another goal will be to study
the dynamics and compare them with standard GR minimally coupled to a scalar
field.

There are many other exciting future directions, some of these that form part of currently
ongoing projects are listed below:

• Massive scalar-Gauss-Bonnet:

One of the the main difficulties of testing the 4∂ST theory of gravity is that its
degrees of freedom are not coupling constants but arbitrary functions. Therefore,
some of the observational constraints that have been deduced for a shift-symmetric
EsGB theory may become weaker or stronger when one considers other coupling
functions or a mass term. The introduction of a scalar field mass leads to a
suppression of the scalar field in black hole solutions and this can have interesting
dynamics in Binary Black Hole systems.

• High dimensions:

As we have motivated throughout this thesis, Einstein-Gauss-Bonnet gravity in high
dimensions is especially relevant since it is an effective field theory of gravity and
can arise in the low energy limit of string theory when the theory is compactified
from 11D to 5D. Furthermore, black hole solutions are also particularly interesting
and the well-posedness studies in this thesis lay the ground work for a numerical
implementation. In a project led by Shunhui Yao and Pau Figueras, the equations
of motions of the 5-dimensional Einstein-Gauss-Bonnet gravity are implemented
using the Cartoon formalism (a dimensional reduction method which makes use
of the symmetries of the problem) and applied to study the Gregory-Laflamme
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instability for black strings, which was recently studied in GR in [169].

• Ricci-scalar-Gauss-Bonnet:

On the other hand, a lower order term in the EsGB theory containing a coupling
between the Ricci scalar and the scalar field was recently proposed in [26]. This
stabilises the scalar field in cases when a tachyonic instability in EsGB leads to
ill-posedness of the equations. We are currently looking at 3+1 simulations in this
context in order to study the resemblance of adding this additional Ricci coupling
with changing the EsGB coupling function.

• Hydrodynamics:

The numerical studies comprised in this thesis have all been obtained in the
framework of black hole solutions. However, there are other compact objects, such
as Neutron Stars (NS), which can lead to interesting dynamics in the context of
modified gravity. In particular, Neutron Stars are expected to probe modifications
of GR at smaller curvature scales than for BBHs and the presence of matter can
generate additional non-linear effects. The significant challenge here is that the
matter in the star is traditionally modelled effectively as a fluid and that the star
can carry a magnetic field, so one needs to couple the existing equations of motion
to magneto-hydrodynamics. This strongly motivates to extend our results in this
context in order to be able to simulate both Binary Neutron Stars and mixed
systems of BH-NS.

Therefore, on the one hand, we are implementing the equations of motion of the
4∂ST in our formalism in MHDuet through the platform Simflowny, which already
contains all the necessary tools for hydrodynamics. On the other hand, we are
currently working on implementing hydrodynamics in GRChombo, which will enable
us to study astrophysical systems including matter sources in a similar way as
other NR codes do.

• Anti de Sitter spacetimes:

Finally, another topic of interest in NR is the study of asymptotically Anti de Sitter
(AdS) spacetimes. The main motivation to understand AdS is the deep connection
between gravity in AdS to certain conformal field theories (CFT), known as the
AdS/CFT correspondence, which provides an important window into the real-time
dynamics of strongly interacting quantum field theories far from equilibrium. AdS
with reflective boundary conditions plays the role of a box that naturally keeps
propagating waves confined to its interior, where they are perpetually interacting.
Thus, even the smallest perturbations in AdS can enter the strong field regime,
where qualitatively new gravitational phenomena emerge.

Evolution in AdS is notoriously hard for several reasons. On the one hand, it
is an initial-boundary value which requires data to be prescribed not only at an
initial space-like hypersurface, but also at spatial and null infinity which constitute
the timelike boundary of an asymptotically AdS spacetime. On the other hand,
the most interesting phenomena involve spacetimes that have very little or no
symmetry and there is, as well, a variety of physical scales that must be adequately
resolved to correctly capture the relevant physics.

Recent works have used the Generalised Harmonic Coordinates approach in order
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to numerically study those spacetimes [170–173]. We believe that an adaptation
to the puncture gauge approach in a similar way as we have done for the modified
harmonic gauge would improve the robustness of the formalism and definitely
help in treating singularities. This could lead us to study critical collapse and the
behaviour of black hole solutions in asymptotically AdS spacetimes among other
topics of interest.

In summary, the new methods and techniques developed in this thesis open new avenues
for the exploration of modified gravity theories and their effect on gravitational waves,
which we believe that will improve our understanding of gravity.
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Appendix A

Equations of motion in d + 1 form

In this appendix we present the equations of motion of the EGB and the 4∂ST theory
in the modified puncture gauge coming respectively from the actions (2.10) and (2.17).
We neglect the potential and take the coupling functions to be g2(ϕ) = g2 and λ(ϕ) =
1
4λ

GBf(ϕ).

A.1 Einstein-Gauss-Bonnet gravity

The tensor Hµν defined in (2.12) that appears on the r.h.s. of the equations of motion
that result from varying the action (2.10) with respect to the metric plays the role of an
effective stress-energy tensor. Therefore, its d+ 1 decomposition gives1

κ ρ = nµ nν Hµν , (A.1a)

κJi =− nµγ ν
i Hµν , (A.1b)

κSij = γ µ
i γ

ν
j Hµν , (A.1c)

where

κ ρ =− λGB

2
(M2 − 4MijM

ij +MijklM
ijkl), (A.2a)

κJi =− 2λGB(MNi − 2M j
i Nj + 2M jkNijk −M ljk

i Njkl) , (A.2b)

κSij = 2λGB
[
4Mk

(iFj)k + 2M k l
i j Fkl −MFij − 2MijF + 2NiNj

− 4NkNk(ij) −NkliN
kl
j − 2NiklN

kl
j +MMij +MiklmM

klm
j

− 2(MikM
k
j +MklMikjl) + γij

(
MF − 2MklFkl +NklmN

klm

− 2NkN
k − 1

4
(M2 − 4MklM

kl +MklmnM
klmn)

)]
, (A.2c)

with

Mijkl = Rijkl +KikKjl −KilKjk , (A.3a)
Nijk = DiKjk −DjKik , (A.3b)

1The signs have been chosen so that the quantities in the d + 1 decomposition of Hµν enter the
equations of motion with the same signs as the analogous quantities for a standard stress-energy tensor.
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Fij = LnKij +
DiDjα

α
+KikK

k
j , (A.3c)

where Mij = γklMikjl, M = γijMij is the GR Hamiltonian constraint and Ni = γjkNjik

is the GR momentum constraint.

The d+ 1 equations are obtained by inserting the above quantities in Eqs. (4.20) except
for Ãij and K, whose evolution equations are given by the following coupled system,

(
Xkl

ij Yij
Xkl

K YK

)(
∂tÃkl

∂tK

)
=

(
ZÃ
ij

ZK

)
, (A.4)

where the elements of the matrix are

Xkl
ij = γ k

i γ
l

j + 2λGB[Mγ k
i γ

l
j +

6

d
γijM

kl − 2(M k l
i j + 2M k

(i γ
l

j))] , (A.5a)

Xkl
K =− 4(d− 3)

(d− 1)χ
λGBMkl , (A.5b)

Yij =
4(d− 3)

d
λGBχ

(
Mij −

1

d
γijM

)
, (A.5c)

YK = 1 +
2(d− 2)(d− 3)

d(d− 1)
λGBM , (A.5d)

whereas the r.h.s. terms are

ZÃ
ij = LβÃij − 2αÃilÃ

l
j + χ[α(Rij + 2D(iZj) − κ S̄ij)−DiDjα]

TF

+ αÃij(K − 2Θ)− 2

d
∂kβ

kÃij , (A.6a)

ZK = βi∂iK −DiDiα+ α
[
R+ 2DiZ

i +K(K − 2Θ)
]
− d κ1(1 + κ2)αΘ

+
κα

d− 1
(S̄ − dρ)− dα b(x)

2(d− 1)(1 + b(x))

[
R− ÃijÃ

ij +
d− 1

d
K2

− (d− 1)κ1(2 + κ2)Θ− 2κ ρ
]
, (A.6b)

with S̄ij and S̄, which are obtained by subtracting the time derivatives of Ãij and K
from Sij (which are in turn computed from Eq. (A.4)), given by

κ S̄TF
ij = λGB

{ 8

χ
M k

(i Ôj)k +
4

χ
M k l

i j Ôkl − 4ÔMij −
2

χ
MÔij

+
12

d

γ̃ij
χ

(MÔ
2

− MklÔkl

χ
+NkN

k − NklmN
klm

2

)}
− 4κ

d

γ̃ij
χ
ρ

− 2λGB[MiklmM
klm

j − 2(MikM
k
j +MklMikjl) +MMij

+ 2(NiNj − 2NkNk(ij) −
1

2
NkliN

kl
j −NiklN

kl
j )] , (A.7a)

κ S̄ = 2λGB(d− 3)
(
MÔ − 2

χ
M ijÔij + 2NiN

i −NijkN
ijk
)
+ (4− d)κ ρ , (A.7b)

where Ôij =
1
αLβÃij − ÃikÃ

k
j + 2

dKÃij + γ̃ij
(
K
d

)2 − χ
αDiDjα− 2

dÃij
∂kβ

k

α +
γ̃ij
d

1
αLβK

and Ô = 1
αLβK + ÃijÃ

ij + K2

d − 1
αDkD

kα .
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A.2 Four-Derivative Scalar-Tensor theory of gravity

We start writing the 3 + 1 decomposition of TX
µν appearing in Eq. (2.20b),

ρX =
1

8
(K2

ϕ − (∂ϕ)2)(3K2
ϕ + (∂ϕ)2) , (A.8a)

JX
i =

1

2
Kϕ∂iϕ(K

2
ϕ − (∂ϕ)2) , (A.8b)

SX
ij =

1

2
(K2

ϕ − (∂ϕ)2)
[
(Diϕ)Djϕ+

1

4
γij(K

2
ϕ − (∂ϕ)2)

]
, (A.8c)

and from Hµν in (2.20c) as well,

ρGB =
ΩM

2
−MklΩ

kl, (A.9a)

JGB
i =

ΩiM

2
−MijΩ

j − 2
(
Ωj

[iNj] − ΩjkD[iKj]k

)
, (A.9b)

SGB
ij =− Ω

3

(
LnAij +

1

α
(DiDjα)

TF +AimA
m
j

)
− ΩnnMij +N(iΩj) − 2ϵ kl

(i Bj)kΩl

+ γij

[
ρGB −NkΩk +

M

6

(
Ωnn +

Ω

3

)
− ΩTF,kl

(
LnAkl +

1

α
(DkDlα)

TF +AkmA
m
l

)

− 1

3
ΩTF,klMkl +

2Ω

9

(
LnK +

DkDkα

α
− 3

2
AklA

kl − K2

3

)]

+ 2γk(iΩ
TF,l
j)

(
LnAkl +

1

α
(DkDlα)

TF +AkmA
m
l

)

− ΩTF
ij

(
LnK +

1

α
DkDkα− 3AklA

kl − K2

3

)
, (A.9c)

with

Mij = Rij +
1

χ

(
2

9
γ̃ijK

2 +
1

3
KÃij − ÃikÃ

k
j

)
, (A.10a)

Ni = D̃jÃ
j
i − 3

2χ
Ã j

i ∂jχ− 2

3
∂iK , (A.10b)

Bij = ϵ kl
(i DkAj)l , (A.10c)

Ωi ≡− 4

λGB γ
µ
in

νCµν = f ′(∂iKϕ − Ãj
i∂jϕ− K

3
∂iϕ) + f ′′Kϕ∂iϕ , (A.10d)

Ωij ≡
4

λGB γ
µ
iγ

ν
j Cµν = f ′ (DiDjϕ−KϕKij) + f ′′(∂iϕ)∂jϕ , (A.10e)

Ωnn ≡ 4

λGB n
µnνCµν = f ′′K2

ϕ − f ′

α
DkαDkϕ− f ′

α
∂⊥Kϕ , (A.10f)

where Mij and Ni are as defined in (A.3a), Bij is the magnetic part of the Weyl tensor
and Ωi, Ωij and Ωnn come from the 3+1 decomposition of Cµν in Eq. (2.21). In addition,
we have

MTF
ij ≡Mij −

1

3
γijM , (A.11a)

ΩTF
ij ≡ Ωij −

1

3
γijΩ , (A.11b)

where M = γklMkl and Ω = γklΩkl.
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So, using that

κ ρ =
1

2
ρϕ + g2ρ

X + λGBρGB , (A.12a)

κJi =
1

2
Jϕ
i + g2J

X
i + λGBJGB

i , (A.12b)

κ S̄ij =
1

2
Sϕ
ij + g2S

X
ij + λGBS̄GB

ij , (A.12c)

where the bar denotes again that the terms depending on the time derivatives of Ãij

and K are substracted since they are taken into account in the matrix on the l.h.s. in
Eq. (A.13), we can obtain the equations of motion in the 3 + 1 form by replacing those
quantities in Eqs. (4.20) and (4.22) with d = 3, except for K, Ãij and Kϕ, which satisfy
the following system of coupled partial differential equations:



Xkl

ij Yij 0

Xkl
K YK 0

Xkl
Kϕ

YKϕ
I





∂tÃkl

∂tK
∂tKϕ


 =



ZÃ
ij

ZK

ZKϕ


 , (A.13)

where the elements of the matrix are defined as follows,

Xkl
ij = γki γ

l
j

(
1− λGB

3
Ω
)
+ 2λGB

(
γk(iΩ

TF,l
j) − γij

3
ΩTF,kl − λGB

Σ
f ′

2
MTF

ij MTF,kl
)
,

(A.14a)

Xkl
K =

λGB

2χ

(
ΩTF,kl − λGB

Σ
f ′

2
MMTF,kl

)
, (A.14b)

Xkl
Kϕ

=
λGB

2χ
f ′MTF,kl , (A.14c)

Yij =
λGB

3
χ
(
− ΩTF

ij +
λGB

Σ
f ′

2
MMTF

ij

)
, (A.14d)

YK = 1 +
λGB

3

(
− Ω+

λGB

4Σ
f ′

2
M2
)
, (A.14e)

YKϕ
=− λGB

12
f ′M , (A.14f)

I = Σ , (A.14g)

where Σ = 1 + g2(3K
2
ϕ − (∂ϕ)2), while the terms of the r.h.s. are

ZÃ
ij = χ[−DiDjα+ α

(
Rij + 2D(iZj) − κ S̄ij

)
]TF + α

[
Ãij(K − 2Θ)− 2ÃilÃ

l
j

]

+ βk∂kÃij + 2 Ãk(i∂j)β
k − 2

3
Ãij(∂kβ

k) , (A.15a)

ZK = βi∂iK + α
[
R+ 2DiZ

i +K(K − 2Θ)
]
− 3κ1(1 + κ2)αΘ+

κα

2
(S̄ − 3ρ)

−DiDiα− 3α b(x)

4(1 + b(x))

[
R− ÃijÃ

ij +
2

3
K2 − 2κ1(2 + κ2)Θ− 2κ ρ

]
, (A.15b)

ZKϕ = Σ [βi∂iKϕ + α (−DiDiϕ+KKϕ)− (Diϕ)Diα] + α g2 Z
g2 − λGB

4
α f ′ L̄GB ,

(A.15c)
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where

Zg2 = 2K2
ϕ(D

iDiϕ−KKϕ) + 2Diϕ
[
(Djϕ)DiDjϕ

−Kϕ(2DiKϕ −Djϕ
1

χ
Ãij −

1

3
KDiϕ)

]
, (A.16)

with L̄GB also denoting that we are subtracting the terms with time derivatives, which
are take into account in the elements of the matrix above. Finally the expression of
these remaining quantities yields

S̄GB,TF
ij =− 1

3

(
ΩTF
ij − λGB

Σ
f ′

2
MMTF

ij

)[
− 1

α
βi∂iK +

1

α
DiD

iα− ÃklÃ
kl − K2

3

]

− 2

(
1

3
γij Ω

TF,kl +
λGB

Σ
f ′

2
MTF

ij MTF,kl
)[

1

α
DkDlα+

1

χ
(ÃkmÃ

m
l − Θ̂kl)

]

− 1

3
Ω

[
1

α
DiDjα+

1

χ
(ÃimÃ

m
j − Θ̂ij)

]TF

− 2

3
ΩTF
ij

(
1

α
DkD

kα− ÃklÃ
kl

)

+ 2ΩTF,k
(i

[
1

α
Dj)Dkα+

1

χ
(Ãj)mÃ

m
k − Θ̂j)k)

]
+
[
N(iΩj)

]TF

−MTF
ij

[
Ω+ f ′′(K2

ϕ − (∂ϕ)2)− g2
Σ
f ′Zg2 − λGB

Σ
f ′

2
H

]

− 2
(
DkAij −D(iAj)k

)
Ωk − γij (D

kAkl) Ω
l +Ω(iD

kAj)k , (A.17a)

S̄GB =
2

3

(
Ω− λGB

4Σ
f ′

2
M2

)[
− 1

α
βi∂iK +

1

α
DiD

iα− ÃijÃ
ij − K2

3

]

+ 2M

(
1

4
f ′′(K2

ϕ − (∂ϕ)2)− g2
4Σ

f ′Zg2 − λGB

4Σ
f ′

2
H +

1

3
Ω

)

+ (ΩTF,kl − λGB

Σ
f ′

2
MMTF,kl)

(
1

α
DkDlα+

1

χ
ÃkmÃ

m
l −

Θ̂kl

χ

)

− 2ΩiNi − ΩTF,ij MTF
ij − ρGB , (A.17b)

L̄GB =− 4

3
M

[
− 1

α
βi∂iK +

1

α
DiD

iα− ÃijÃ
ij − K2

3

]
− 4H

+ 8MTF,kl
[
1

α
DkDlα+

1

χ

(
ÃkjÃ

j
l − Θ̂kl

)]
, (A.17c)

where we have used Θ̂kl =
1

α
LβÃkl +

2

3

(
K − 1

α
∂iβ

i

)
Ãkl with LβÃij = βk∂kÃij +

2Ãk(i∂j)β
k and

H = 2BijB
ij −NiN

i = −4

3
DiK(N i +

DiK

3
) + 2DiAjk(D

iAjk −DjAik)− 2NiN
i .

(A.18)





Appendix B

Eigenvectors of the
Einstein-scalar-field principal part

In this appendix we display the expression of the eigenvectors of the Einstein-scalar-field
principal part in the modified CCZ4 gauge in d+ 1 spacetime dimensions in Tables B.1,
B.2 and B.3, corresponding respectively to the physical, “gauge-condition violating” and
“pure-gauge” categories:

ˆ̃γij
ˆ̃Aij ϕ̂ K̂ϕ

0 0 ∓1 1
∓2eiAe

j
B eiAe

j
B 0 0

∀A ̸= B±2(eiAe
j
A − eiBe

j
B) −eiAejA + eiBe

j
B 0 0

Table B.1: Physical eigenvectors
of the Einstein-scalar-field principal
part.

ˆ̃γij χ̂ β̂i α̂
ˆ̃Aij K̂

ˆ̂
Γi

− χ2

d−1e
i
Ae

i
Bδ

AB − χ2

d−1 ± d
√
χ

2(d−1)
√

1+a(x)
ξi 0

0 0 ξi

χ2eiAξ
j 0 ±

√
dχ

2(d−1)(1+a(x))e
A
i 0

0 0 eAi

− χ2

d−1e
i
Ae

j
Bδ

AB − χ2

d−1 ±d
√
2(1+a(x)(1−2αχ))

4(d−1)
√

α(1+a(x))
ξi

d(−1+2αχ)
2(d−1)α

∓σeiAejBδAB ±dσ
χ

ξi

Table B.2: “Gauge-condition violating” eigen-
vectors of the Einstein-scalar-field principal

part, with σ =
χ
√

2(1+a(x))(1−2αχ)

4(d−1)α3/2 .

ˆ̃γij χ̂ β̂i

ˆ̃Aij K̂
ˆ̂
Γi

Θ̂ α̂

χ(1+b(x))
b(x)

(
− d

2(d−1)(1+a(x))α2 + χ
)
eiAξj 0 ± d

√
1+b(x)

2(d−1)α(1+a(x))e
A
i

±χ
√

1+b(x)

2b(x)α2

(
d

2(d−1)
1+b(x)
1+a(x) − α2χ

)
eiAξ

j 0 eAi
0 0

− χ2(1+b(x))
d−2+2(d−1)b(x)

(
d(2−α(1+a(x)))
4α2χa(x)b(x) + d− 1

)
eiAe

j
Bδ

AB χ 1+b(x)
2a(x)α2

4(d−(d−2)a(x)α2χ)− d2

d−1α
1+a(x)
1+b(x)

(d−2)(d−2+2(d−1)b(x))
d

2(d−1)a(x)αξi

±χ2

√
1+b(x)

d−2+2(d−1)b(x)

(
d(2−α(1+a(x)))

4(d−1)α2χa(x)b(x) + 1
)
eiAe

j
Bδ

AB ±d
√

1+b(x)

4a(x)α2

4(d−(d−2)a(x)α2χ)− d2

d−1α
1+a(x)
1+b(x)

(d−2)(d−2+2(d−1)b(x)) ξi

±d
√

1+b(x)

4a(x)α2

2(d−(d−2)a(x)α2χ)−α(2−(d−2)b(x))
1+a(x)
1+b(x)

(d−2)(d−2+2(d−1)b(x)) 0

±χ
√

1+b(x)

a(x)b(x)α
2(1+a(x)(1+b(x)))−α(1+a(x))2

d−2+2(d−1)b(x) eiAe
j
Bδ

AB ∓
√

1+b(x)χ

a(x)α

2(2(d−1)+da(x))−dα
(1+a(x))2

1+b(x)

(d−2)(d−2+2(d−1)b(x)) ξi

−χ 1+a(x)(1+2 d−1
d b(x)(1+b(x)))−α

2 (1+a(x))2

a(x)b(x)(d−2+2(d−1)b(x))α eiAe
j
Bδ

AB 4(d−1)(a(x)(1+b(x))− d
d−2 (1+a(x)))+d2α

(1+a(x)2

1+b(x)

2αa(x)(d−2+2(d−1)b(x)) 0

d−1
2a(x)α

(1+a(x))2

1+b(x)
(2−(d−2)b(x))α−2(d+a(x)(2−(d−2)b(x)))

(d−2)(d−2+2(d−1)b(x)) ∓ 1+a(x)

α
√

1+b(x)

Table B.3: “Pure-gauge” eigenvectors of the Einstein-scalar-field principal part.
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Appendix C

Propagation of the constraints

Below we consider the propagation of the constraints in the modified puncture formulation
in d + 1 spacetime dimensions. Let the Hamiltonian and momentum constraints be
denoted by H and Mi respectively. Then, we find that the constraints obey the following
evolution equations:

∂⊥H =
2 + b(x)

1 + b(x)
αKH− 2

α
Di(α2Mi) + 4α(Kγij −Kij)(DiZj −ΘKij)

− 2(d− 1)

1 + b(x)
κ1α

[
1 +

κ2
2
(2 + b(x))

]
KΘ , (C.1a)

∂⊥Mi = αKMi −
1

2α
Di(α

2H)− 2Dj [α(DkZkγij −D(iZj) +Θ(Kij −Kγij))]

+
b(x)

2(1 + b(x))
Di(αH) +

d− 1

1 + b(x)
κ1

[
1 +

κ2
2
(2 + b(x))

]
Di(αΘ) , (C.1b)

∂⊥Θ =
α

2(1 + b(x))
H+ α(DiZ

i −KΘ)− ZiDiα

− ακ1
1 + b(x)

(d+ 1 + 2b(x)

2 + b(x)
+
d− 1

2
κ2

)
Θ , (C.1c)

∂⊥Zi =−ΘDiα+
α

1 + b(x)
(DiΘ+Mi − ZjK

j
i (2 + b(x))− κ1Zi) . (C.1d)

We consider the principal part of (C.1) and decompose it into its scalar and vector
sectors respectively, as in Section 4.5. The scalar sector is given by

ξ̌0Ĥ =− 2αM̂⊥ , (C.2a)

ξ̌0M̂⊥ =− α

2(1 + b(x))
Ĥ , (C.2b)

ξ̌0Ẑ⊥ =
α

1 + b(x)
(M̂⊥ + Θ̂) , (C.2c)

ξ̌0Θ =
α

2(1 + b(x))
Ĥ+ αẐ⊥ . (C.2d)

The respective eigenvalues are ξ0 = β⊥ ± α√
1+b(x)

, each of them with multiplicity 2

but there is no degeneracy in the corresponding eigenvectors. The vector sector of the
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principal part is given by

ξ̌0M̂A = αẐA , (C.3a)

ξ̌0ẐA =
α

1 + b(x)
MA , (C.3b)

with eigenvalues ξ0 = β⊥ ± α√
1+b(x)

. Therefore, the system is strongly hyperbolic and,

thus, it follows that if the constraints are satisfied initially then they continue to hold
throughout the evolution.



Appendix D

Perturbative hyperbolicity matrices

Here we compute the perturbation hyperbolicity matrices MGB, both in the 4 + 1-
dimensional Einstein-scalar Gauss-Bonnet theory of gravity and in the the 3 + 1-
dimensional Four-Derivative Scalar Tensor theory of gravity, that have been defined in
Section 4.5.

D.1 Einstein-Gauss-Bonnet gravity

iˆ̃γ00 iˆ̃γ11 iˆ̃γ22 iˆ̃γ01 iˆ̃γ02 iˆ̃γ12 iˆ̃γ⊥0 iˆ̃γ⊥1 iˆ̃γ⊥2 iχ̂ i ˆ̃A00 i
ˆ̃A11 i

ˆ̃A22 i
ˆ̃A01 i

ˆ̃A02 i
ˆ̃A12 i

ˆ̃A⊥0 i
ˆ̃A⊥1 i

ˆ̃A⊥2 iK̂ i
ˆ̂
Γ⊥ i

ˆ̂
Γ0 i

ˆ̂
Γ1 i

ˆ̂
Γ2

iξ̌0
ˆ̃A00 ia

γ̃
00 iaγ̃11 iaγ̃22 iaγ̃01 iaγ̃02 iaγ̃12 iaγ̃⊥0 iaγ̃⊥1 iaγ̃⊥2 iaχ aÃ00 aÃ11 aÃ22 aÃ01 aÃ02 aÃ12 aÃ⊥0 aÃ⊥1 aÃ⊥2 aK aΓ̂⊥ aΓ̂0 aΓ̂1 aΓ̂2

iξ̌0
ˆ̃A11 ibγ̃00 ibγ̃11 ibγ̃22 ibγ̃01 ibγ̃02 ibγ̃12 ibγ̃⊥0 ibγ̃⊥1 ibγ̃⊥2 ibχ bÃ00 bÃ11 bÃ22 bÃ01 bÃ02 bÃ12 bÃ⊥0 bÃ⊥1 bÃ⊥2 bK bΓ̂⊥ bΓ̂0 bΓ̂1 bΓ̂2

iξ̌0
ˆ̃A22 icγ̃00 icγ̃11 icγ̃22 icγ̃01 icγ̃02 icγ̃12 icγ̃⊥0 icγ̃⊥1 icγ̃⊥2 icχ cÃ00 cÃ11 cÃ22 cÃ01 cÃ02 cÃ12 cÃ⊥0 cÃ⊥1 cÃ⊥2 cK cΓ̂⊥ cΓ̂0 cΓ̂1 cΓ̂2

iξ̌0
ˆ̃A01 id

γ̃
00 idγ̃11 idγ̃22 idγ̃01 idγ̃02 idγ̃12 idγ̃⊥0 idγ̃⊥1 idγ̃⊥2 idχ dÃ00 dÃ11 dÃ22 dÃ01 dÃ02 dÃ12 dÃ⊥0 dÃ⊥1 dÃ⊥2 dK dΓ̂⊥ dΓ̂0 dΓ̂1 dΓ̂2

iξ̌0
ˆ̃A02 ieγ̃00 ieγ̃11 ieγ̃22 ieγ̃01 ieγ̃02 ieγ̃12 ieγ̃⊥0 ieγ̃⊥1 ieγ̃⊥2 ieχ eÃ00 eÃ11 eÃ22 eÃ01 eÃ02 eÃ12 eÃ⊥0 eÃ⊥1 eÃ⊥2 eK eΓ̂⊥ eΓ̂0 eΓ̂1 eΓ̂2

iξ̌0
ˆ̃A12 if γ̃00 if γ̃11 if γ̃22 if γ̃01 if γ̃02 if γ̃12 if γ̃⊥0 if γ̃⊥1 if γ̃⊥2 if

χ f Ã00 f Ã11 f Ã22 f Ã01 f Ã02 f Ã12 f Ã⊥0 f Ã⊥1 f Ã⊥2 fK f Γ̂⊥ f Γ̂0 f Γ̂1 f Γ̂2
iξ̌0Â⊥0 ig

γ̃
00 igγ̃11 igγ̃22 igγ̃01 igγ̃02 igγ̃12 igγ̃⊥0 igγ̃⊥1 igγ̃⊥2 igχ gÃ00 gÃ11 gÃ22 gÃ01 gÃ02 gÃ12 gÃ⊥0 gÃ⊥1 gÃ⊥2 gK gΓ̂⊥ gΓ̂0 gΓ̂1 gΓ̂2

iξ̌0Â⊥1 ih
γ̃
00 ih

γ̃
11 ih

γ̃
22 ih

γ̃
01 ih

γ̃
02 ih

γ̃
12 ih

γ̃
⊥0 ih

γ̃
⊥1 ih

γ̃
⊥2 ih

χ hÃ00 hÃ11 hÃ22 hÃ01 hÃ02 hÃ12 hÃ⊥0 hÃ⊥1 hÃ⊥2 hK hΓ̂⊥ hΓ̂0 hΓ̂1 hΓ̂2
iξ̌0Â⊥2 ii

γ̃
00 iiγ̃11 iiγ̃22 iiγ̃01 iiγ̃02 iiγ̃12 iiγ̃⊥0 iiγ̃⊥1 iiγ̃⊥2 iiχ iÃ00 iÃ11 iÃ22 iÃ01 iÃ02 iÃ12 iÃ⊥0 iÃ⊥1 iÃ⊥2 iK iΓ̂⊥ iΓ̂0 iΓ̂1 iΓ̂2

iξ̌0K̂ ijγ̃00 ijγ̃11 ijγ̃22 ijγ̃01 ijγ̃02 ijγ̃12 ijγ̃⊥0 ijγ̃⊥1 ijγ̃⊥2 ijχ jÃ00 jÃ11 jÃ22 jÃ01 jÃ02 jÃ12 jÃ⊥0 jÃ⊥1 jÃ⊥2 jK jΓ̂⊥ jΓ̂0 jΓ̂1 jΓ̂2
iξ̌0Θ̂ ikγ̃00 ikγ̃11 ikγ̃22 ikγ̃01 ikγ̃02 ikγ̃12 ikγ̃⊥0 ikγ̃⊥1 ikγ̃⊥2 ikχ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
iξ̌0

ˆ̂
Γ⊥ imγ̃

00 im
γ̃
11 im

γ̃
22 im

γ̃
01 im

γ̃
02 im

γ̃
12 im

γ̃
⊥0 im

γ̃
⊥1 im

γ̃
⊥2 im

χ mÃ
00 m

Ã
11 m

Ã
22 m

Ã
01 m

Ã
02 m

Ã
12 m

Ã
⊥0 m

Ã
⊥1 m

Ã
⊥2 m

K 0 0 0 0
iξ̌0

ˆ̂
Γ0 inγ̃00 in

γ̃
11 in

γ̃
22 in

γ̃
01 in

γ̃
02 in

γ̃
12 in

γ̃
⊥0 in

γ̃
⊥1 in

γ̃
⊥2 in

χ nÃ00 nÃ11 nÃ22 nÃ01 nÃ02 nÃ12 nÃ⊥0 nÃ
⊥1 nÃ⊥2 nK 0 0 0 0

iξ̌0
ˆ̂
Γ1 ipγ̃00 ipγ̃11 ipγ̃22 ipγ̃01 ipγ̃02 ipγ̃12 ipγ̃⊥0 ipγ̃⊥1 ipγ̃⊥2 ipχ pÃ00 pÃ11 pÃ22 pÃ01 pÃ02 pÃ12 pÃ⊥0 pÃ⊥1 pÃ⊥2 pK 0 0 0 0

iξ̌0
ˆ̂
Γ2 iqγ̃00 iqγ̃11 iqγ̃22 iqγ̃01 iqγ̃02 iqγ̃12 iqγ̃⊥0 iqγ̃⊥1 iqγ̃⊥2 iqχ qÃ00 qÃ11 qÃ22 qÃ01 qÃ02 qÃ12 qÃ⊥0 qÃ⊥1 qÃ⊥2 qK 0 0 0 0

Table D.1: Perturbative hyperbolicity matrix MGB in 4 + 1 Einstein-Gauss-Bonnet
gravity.

In this case those are the values of the elements of the matrix in D.1, where M⊥A⊥B =
eiAξ

jekBξ
lMijkl, M⊥ABC = ξiejAe

k
Be

l
CMijkl, MABCD = eiAe

j
Be

k
Ce

l
DMijkl, NA⊥B = eiAξ

jekBNijk,
NABC = eiAe

j
Be

k
CNijk and FAB = eiAe

j
B(LnKij +

1
αDiDjα+KikK

k
j):

aγ̃00 =
1

6(1 + b(x))
[2b(x)(M0101 +M0202) + 3(1− b(x))M1212 + 6b(x)M⊥0⊥0

+ (3 + b(x))(M⊥1⊥1 +M⊥2⊥2)] +
F11 + F22

2
,
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aγ̃11 =
F00 − 3F22

2
+

1

6(1 + b(x))
[3(1 + 3b(x))M⊥0⊥0 − 2b(x)(M⊥1⊥1 −M0101)

− (9 + 7b(x))M0202 − (9 + 11b(x))M⊥2⊥2 + 6(2 + b(x))M1212] ,

aγ̃22 =
F00 − 3F11

2
+

1

6(1 + b(x))
[3(1 + 3b(x))M⊥0⊥0 − 2b(x)(M⊥2⊥2 −M0202)

− (9 + 7b(x))M0101 − (9 + 11b(x))M⊥1⊥1 + 6(2 + b(x))M1212] ,

aχ =
3 + 5b(x)

2(1 + b(x))
[3M1212 − (M0101 +M0202)]− F00 + F11 + F22

+
1

1 + b(x)
[(1 + 2b(x))(M⊥1⊥1 +M⊥2⊥2)− (1 + 4b(x))M⊥0⊥0] ,

aγ̃⊥0 =−M⊥101 −M⊥202 , aγ̃⊥1 = 3M⊥212 −M⊥010 , aγ̃⊥2 = 3M⊥121 −M⊥020 ,

aÃ00 =− 2(N1⊥1 +N2⊥2) , aÃ11 = 6N2⊥2 − 2N0⊥0 , aÃ22 = 6N1⊥1 − 2N0⊥0 ,

aK = χ(N1⊥1 +N2⊥2 −N0⊥0) , aΓ̂⊥ = χ2(3M1212 −M0101 −M0202) ,

aΓ̂0 = χ2(M⊥101 +M⊥202) , aΓ̂1 = χ2(M⊥010 − 3M⊥212) ,

aΓ̂2 = χ2(M⊥020 − 3M⊥121) , (D.1a)

bγ̃00 =
F11 − 3F22

2
+

1

6(1 + b(x))
[6(2 + b(x))M0202 − 2b(x)(M⊥0⊥0 −M0101)

− (9 + 7b(x))M1212 − (9 + 11b(x))M⊥2⊥2 + 3(1 + 3b(x))M⊥1⊥1] ,

bγ̃11 =
1

6(1 + b(x))
[2b(x) (M0101 +M1212) + 3(1− b(x))M0202 + 6b(x)M⊥1⊥1

+ (3 + b(x)) (M⊥0⊥0 +M⊥2⊥2) ] +
F00 + F22

2
,

bγ̃22 =
F11 − 3F00

2
+

1

6(1 + b(x))
[3(1 + 3b(x))M⊥1⊥1 − 2b(x)(M⊥2⊥2 −M1212)

− (9 + 7b(x))M0101 − (9 + 11b(x))M⊥0⊥0 + 6(2 + b(x))M0202] ,

bχ =
3 + 5b(x)

2(1 + b(x))
[3M0202 − (M0101 +M1212) ] + F00 − F11 + F22

+
1

1 + b(x)
[(1 + 2b(x))(M⊥0⊥0 +M⊥2⊥2)− (1 + 4b(x))M⊥1⊥1] ,

bγ̃⊥0 = 3M⊥202 −M⊥101 , bγ̃⊥1 = −M⊥010 −M⊥212 , bγ̃⊥2 = 3M⊥020 −M⊥121,

bÃ00 = 6N2⊥2 − 2N1⊥1 , bÃ11 = −2(N0⊥0 +N2⊥2) , bÃ22 = 6N0⊥0 − 2N1⊥1 ,

bK = χ(N0⊥0 −N1⊥1 +N2⊥2) , bΓ̂⊥ = χ2(3M0202 −M0101 −M1212) ,

bΓ̂0 = χ2(M⊥101 − 3M⊥202) , bΓ̂1 = χ2(M⊥010 +M⊥212) ,

bΓ̂2 = χ2(M⊥121 − 3M⊥020) , (D.1b)

cγ̃00 =
F22 − 3F11

2
+

1

6(1 + b(x))
[6(2 + b(x))M0101 − 2b(x)(M⊥0⊥0 −M0202)

− (9 + 7b(x))M1212 − (9 + 11b(x))M⊥1⊥1 + 3(1 + 3b(x))M⊥2⊥2] ,

cγ̃11 =
F22 − 3F00

2
+

1

6(1 + b(x))
[3(1 + 3b(x))M⊥2⊥2 − 2b(x)(M⊥1⊥1 −M1212)

− (9 + 7b(x))M0202 − (9 + 11b(x))M⊥0⊥0 + 6(2 + b(x))M0101] ,
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cγ̃22 =
1

6(1 + b(x))
[2b(x) (M0202 +M1212) + 3(1− b(x))M0101 + 6b(x)M⊥2⊥2

+ (3 + b(x)) (M⊥0⊥0 +M⊥1⊥1) ] +
F00 + F11

2
,

cχ =
3 + 5b(x)

2(1 + b(x))
[3M0101 − (M0202 +M1212)] + F00 + F11 − F22

+
1

1 + b(x)
[(1 + 2b(x))(M⊥0⊥0 +M⊥1⊥1)− (1 + 4b(x))M⊥2⊥2] ,

cγ̃⊥0 = 3M⊥101 −M⊥202 , cγ̃⊥1 = 3M⊥010 −M⊥212 , cγ̃⊥2 = −M⊥020 −M⊥121 ,

cÃ00 = 6N1⊥1 − 2N2⊥2 , cÃ11 = 6N0⊥0 − 2N2⊥2 , cÃ22 = −2(N0⊥0 +N1⊥1) ,

cK = χ(N0⊥0 +N1⊥1 −N2⊥2) , cΓ̂⊥ = χ2(3M0101 −M0202 −M1212) ,

cΓ̂0 = χ2(M⊥202 − 3M⊥101) , cΓ̂1 = χ2(M⊥212 − 3M⊥010) ,

cΓ̂2 = χ2(M⊥020 +M⊥121) , (D.1c)

dγ̃00 = dγ̃11 = dγ̃22 − 2(M⊥0⊥1 + F01) , dγ̃01 = 2(M⊥2⊥2 + F22) ,

dγ̃02 =− 2(M⊥1⊥2 + F12) , dγ̃12 = −2(M⊥0⊥2 + F02) ,

dÃ00 = dÃ11 = 0 , dÃ22 = −8N(0|⊥|1) , dK = −2χN(0|⊥|1)) , dΓ̂⊥ = −4χ2M0212 ,

dΓ̂0 = 2χ2M⊥212 , dΓ̂1 = 2χ2M⊥202 , dΓ̂2 = 4χ2M⊥(1|2|0) , (D.1d)

eγ̃00 = eγ̃22 = eγ̃11 − 2(M⊥0⊥2 + F02) , eγ̃01 = −2(M⊥1⊥2 + F12) ,

eγ̃02 = 2(M⊥1⊥1 + F11) , eγ̃12 = −2(M⊥0⊥1 + F01) ,

eÃ00 = eÃ22 = 0 , eÃ11 = −8N(0|⊥|2) , eK = −2χN(0|⊥|2) , eΓ̂⊥ = −4χ2M0121 ,

eΓ̂0 = 2χ2M⊥121 , eΓ̂1 = 4χ2M⊥(2|1|0) , eΓ̂2 = 2χ2M⊥101 , (D.1e)

f γ̃11 = f γ̃22 = f γ̃22 − 2(M⊥1⊥2 + F12) , f γ̃01 = −2(M⊥0⊥2 + F02) ,

f γ̃02 =− 2(M⊥0⊥1 + F01) , f γ̃12 = 2(M⊥0⊥0 + F00) ,

f Ã11 = f Ã22 = 0 , f Ã00 = −8N(1|⊥|2) , fK = −2χN(1|⊥|2) , f Γ̂⊥ = −4χ2M0102 ,

f Γ̂0 = 4χ2M⊥(1|0|2) , f Γ̂1 = 2χ2M⊥020 , f Γ̂2 = 2χ2M⊥010 , (D.1f)

gγ̃00 =− 2b(x)

3(1 + b(x))
(M⊥101 +M⊥202) , gγ̃11 = gγ̃00 + 2M⊥202 ,

gγ̃22 = gγ̃00 + 2M⊥101 , gχ = − 2

1 + b(x)
(M⊥101 +M⊥202) ,

gγ̃⊥0 = 2M1212 , gγ̃⊥1 = −2M0212 , gγ̃⊥2 = −2M0121 ,

gÃ00 = 0 , gÃ11 = −4N202 , gÃ22 = −4N101 , gÃ01 = 4N212 , gÃ02 = 4N121 ,

gÃ12 =− 8N0(12) , gK = −χ(N202 +N101) , gÃ⊥A = gΓ̂⊥ = 0 ∀A = 0, 1, 2 ,

gΓ̂0 =− 2χ2M1212 , gΓ̂1 = 2χ2M0212 , gΓ̂2 = 2χ2M0121 , (D.1g)

hγ̃11 =− 2b(x)

3(1 + b(x))
(M⊥010 +M⊥212) , hγ̃00 = hγ̃11 + 2M⊥212 ,

hγ̃22 = hγ̃11 + 2M⊥010 , hχ = − 2

1 + b(x)
(M⊥010 +M⊥212) ,

hγ̃⊥0 =− 2M0212 , hγ̃⊥1 = 2M0202 , hγ̃⊥2 = −2M0102 ,
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hÃ00 =− 4N212 , hÃ11 = 0 , hÃ22 = −4N010 , hÃ01 = 4N202 , hÃ02 = −8N1(02) ,

hÃ12 = 4N020 , hK = −χ(N212 +N010) , hÃ⊥A = hΓ̂⊥ = 0 ∀A = 0, 1, 2 ,

hΓ̂0 = 2χ2M0212 , hΓ̂1 = −2χ2M0202 , hΓ̂2 = 2χ2M0102 , (D.1h)

iγ̃22 =− 2b(x)

3(1 + b(x))
(M⊥020 +M⊥121) , iγ̃00 = iγ̃22 + 2M⊥121 ,

iγ̃11 = iγ̃22 + 2M⊥020 , iχ = − 2

1 + b(x)
(M⊥020 +M⊥121) ,

iγ̃⊥0 =− 2M0121 , iγ̃⊥1 = −2M0102 , iγ̃⊥2 = 2M0101 ,

iÃ00 =− 4N121 , iÃ11 = −4N020 , iÃ22 = 0 , iÃ01 = −8N2(10) , iÃ02 = 4N101 ,

iÃ12 = 4N010 , iK = −χ(N020 +N121) , iÃ⊥A = iΓ̂⊥ = 0 ∀A = 0, 1, 2 ,

iΓ̂0 = 2χ2M0121 , iΓ̂1 = 2χ2M0102 , iΓ̂2 = −2χ2M0101 , (D.1i)

jγ̃00 =
2(F11 + F22)

3χ
− 1

9χ(1 + b(x))
[4b(x) (M⊥0⊥0 +M0101 +M0202)

+ 2(9− b(x))M1212 − 2(3 + b(x))(M⊥1⊥1 +M⊥2⊥2)] ,

jγ̃11 =
2(F00 + F22)

3χ
− 1

9χ(1 + b(x))
[4b(x) (M⊥1⊥1 +M0101 +M1212)

+ 2(9− b(x))M0202 − 2(3 + b(x))(M⊥0⊥0 +M⊥2⊥2)] ,

jγ̃22 =
2(F00 + F11)

3χ
− 1

9χ(1 + b(x))
[4b(x) (M⊥2⊥2 +M0202 +M1212)

+ 2(9− b(x))M0101 − 2(3 + b(x))(M⊥0⊥0 +M⊥1⊥1)] ,

jχ =− 4

3χ
(
M⊥0⊥0 +M⊥1⊥1 +M⊥2⊥2

1 + b(x)
+ F00 + F11 + F22)

− 2(3 + 5b(x))(M0101 +M0202 +M1212)

3χ(1 + b(x))
,

jγ̃⊥0 =− 4(M⊥101 +M⊥202)

3χ
, jγ̃⊥1 = −4(M⊥010 +M⊥212)

3χ
,

jγ̃⊥2 =− 4(M⊥020 +M⊥121)

3χ
, jÃ00 = −8(N1⊥1 +N2⊥2)

3χ
,

jÃ11 =− 8(N0⊥0 +N2⊥2)

3χ
, jÃ22 = −8(N0⊥0 +N1⊥1)

3χ
, jÃ01 =

16N(0|⊥|1)

3χ
,

jÃ02 =
16

3χ
N(0|⊥|1) , jÃ12 =

16

3χ
N(1|⊥|2) , jÃ⊥0 =

8

3χ
(N101 +N202) ,

jÃ⊥1 =
8

3χ
(N010 +N212) , jÃ⊥2 =

8(N020 +N121)

3χ
,

jK =− 4(N0⊥0 +N1⊥1 +N2⊥2)

3
, jΓ̂⊥ = −4

3
χ(M0101 +M0202 +M1212) ,

jΓ̂0 =
4χ(M⊥101 +M⊥202)

3
, jΓ̂1 =

4

3
χ(M⊥010 +M⊥212) ,

jΓ̂2 =
4

3
χ(M⊥121 +M⊥020) , (D.1j)

kγ̃00 =− 2M1212

χ(1 + b(x))
, kγ̃11 = − 2M0202

χ(1 + b(x))
kγ̃22 = − 2M0101

χ(1 + b(x))
,
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kγ̃01 =
4M0212

χ(1 + b(x))
, kγ̃02 =

4M0121

χ(1 + b(x))
, kγ̃12 =

4M0102

χ(1 + b(x))
,

kχ = 2
M0101 +M0202 +M1212

χ(1 + b(x))
, kγ̃⊥A = 0 ∀A = 0, 1, 2 , (D.1k)

mγ̃
AB = mγ̃

⊥A = mχ = 0 ∀A,B = 0, 1, 2 , mÃ
⊥A = 0 ∀A = 0, 1, 2 ,

mÃ
00 =− 8M1212

χ2(1 + b(x))
, mÃ

11 = − 8M0202

χ2(1 + b(x))
, mÃ

22 = − 8M0101

χ2(1 + b(x))
,

mÃ
01 =

16M0212

χ2(1 + b(x))
, mÃ

02 =
16M0121

χ2(1 + b(x))
,

mÃ
12 =

16M0102

χ2(1 + b(x))
, mK = −M0101 +M0202 +M1212

4χ(1 + b(x))
, (D.1l)

nγ̃⊥A = nγ̃00 = 0 ∀A = 0, 1, 2 , nγ̃11 = − 4N202

χ2(1 + b(x))
, nγ̃22 = − 4N101

χ2(1 + b(x))
,

nγ̃01 =
4N212

χ2(1 + b(x))
, nγ̃02 =

4N121

χ2(1 + b(x))
, nγ̃12 = −

8N0(12)

χ2(1 + b(x))
,

nχ =
4(N101 +N202)

χ2(1 + b(x))
, nÃ00 = 0 , nÃ11 =

8M⊥202

χ2(1 + b(x))
, nÃ22 =

8M⊥101

χ2(1 + b(x))
,

nÃ01 =− 8M⊥212

χ2(1 + b(x))
, nÃ02 = − 8M⊥121

χ2(1 + b(x))
, nÃ12 =

16M⊥(12)0

χ2(1 + b(x))
,

nÃ⊥0 =
8M1212

χ2(1 + b(x))
, nÃ⊥1 = − 8M0212

χ2(1 + b(x))
,

nÃ⊥2 =− 8M0121

χ2(1 + b(x))
, nK =

2(M⊥101 +M⊥202)

χ2(1 + b(x))
, (D.1m)

pγ̃⊥A = pγ̃11 = 0 ∀A = 0, 1, 2 , pγ̃00 = − 4N212

χ2(1 + b(x))
, pγ̃22 = − 4N010

χ2(1 + b(x))
,

pγ̃01 =
4N202

χ2(1 + b(x))
, pγ̃02 = −

8N1(02)

χ2(1 + b(x))
, pγ̃12 =

4N020

χ2(1 + b(x))
,

pχ =
4(N010 +N212)

χ2(1 + b(x))
, pÃ00 =

8M⊥212

χ2(1 + b(x))
, pÃ11 = 0 , pÃ22 =

8M⊥010

χ2(1 + b(x))
,

pÃ01 =− 8M⊥202

χ2(1 + b(x))
, pÃ02 =

16M⊥(02)1

χ2(1 + b(x))
, pÃ12 = − 8M⊥020

χ2(1 + b(x))
,

pÃ⊥0 =− 8M0212

χ2(1 + b(x))
, pÃ⊥1 =

8M0202

χ2(1 + b(x))
,

pÃ⊥2 =− 8M0102

χ2(1 + b(x))
, pK =

2(M⊥010 +M⊥212)

χ2(1 + b(x))
, (D.1n)

qγ̃⊥A = qγ̃22 = 0 ∀A = 0, 1, 2 , qγ̃00 = − 4N121

χ2(1 + b(x))
, qγ̃11 = − 4N020

χ2(1 + b(x))
,

qγ̃01 =−
8N2(01)

χ2(1 + b(x))
, qγ̃02 =

4N101

χ2(1 + b(x))
, qγ̃12 =

4N010

χ2(1 + b(x))
,

qχ =
4(N020 +N121)

χ2(1 + b(x))
, qÃ00 =

8M⊥121

χ2(1 + b(x))
, qÃ11 =

8M⊥020

χ2(1 + b(x))
, qÃ22 = 0 ,

qÃ01 =
16M⊥(10)2

χ2(1 + b(x))
, qÃ02 = − 8M⊥101

χ2(1 + b(x))
, qÃ12 = − 8M⊥010

χ2(1 + b(x))
,
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qÃ⊥0 =− 8M0121

χ2(1 + b(x))
, qÃ⊥1 = − 8M0102

χ2(1 + b(x))
,

qÃ⊥2 =
8M0101

χ2(1 + b(x))
, qK =

2(M⊥020 +M⊥121)

χ2(1 + b(x))
. (D.1o)

D.2 Four-Derivative Scalar Tensor theory of gravity

iˆ̃γ00 iˆ̃γ11 iˆ̃γ01 iˆ̃γ⊥0 iˆ̃γ⊥1 iχ̂ i ˆ̃A00 i ˆ̃A11 i ˆ̃A01 i ˆ̃A⊥0 i ˆ̃A⊥1 iK̂ i
ˆ̂
Γ⊥ i

ˆ̂
Γ0 i

ˆ̂
Γ1 iϕ̂ iK̂ϕ

iξ̌0
ˆ̃A00 imγ̃

00 imγ̃
11 imγ̃

01 imγ̃
⊥0 imγ̃

⊥1 imχ mÃ
00 mÃ

11 mÃ
01 mÃ

⊥0 mÃ
⊥1 mK mΓ̂

⊥ mΓ̂
0 mΓ̂

1 if ′mϕ f ′mKϕ

iξ̌0
ˆ̃A11 inγ̃00 inγ̃11 inγ̃

01 inγ̃⊥0 inγ̃
⊥1 inχ n

˜̃A
00 nÃ11 nÃ01 nÃ⊥0 nÃ

⊥1 nK nΓ̂⊥ nΓ̂0 nΓ̂1 if ′nϕ f ′nKϕ

iξ̌0
ˆ̃A01 ipγ̃00 ipγ̃11 ipγ̃01 ipγ̃⊥0 ipγ̃⊥1 ipχ pÃ00 pÃ11 pÃ01 pÃ⊥0 pK⊥1 pK pΓ̂⊥ pΓ̂0 pΓ̂1 if ′pϕ f ′pKϕ

iξ̌0Â⊥0 iqγ̃00 iqγ̃11 iqγ̃01 iqγ̃⊥0 iqγ̃⊥1 iqχ qÃ00 qÃ11 qÃ01 qÃ⊥0 qÃ⊥1 qK qΓ̂⊥ qΓ̂0 qΓ̂1 if ′qϕ f ′qKϕ

iξ̌0Â⊥1 irγ̃00 irγ̃11 irγ̃01 irγ̃⊥0 irγ̃⊥1 irχ rÃ00 rÃ11 rÃ01 rÃ⊥0 rÃ⊥1 rK rΓ̂⊥ rΓ̂0 rΓ̂1 if ′rϕ f ′rKϕ

iξ̌0K̂ isγ̃00 isγ̃11 isγ̃01 isγ̃⊥0 isγ̃⊥1 isχ sÃ00 sÃ11 sÃ01 sÃ⊥0 sÃ⊥1 sK sΓ̂⊥ sΓ̂0 sΓ̂1 if ′sϕ f ′sKϕ

iξ̌0Θ̂ itγ̃00 itγ̃11 itγ̃01 itγ̃⊥0 itγ̃⊥1 itχ 0 0 0 0 0 0 0 0 0 if ′tϕ 0
iξ̌0

ˆ̂
Γ⊥ ivγ̃00 ivγ̃11 ivγ̃01 ivγ̃⊥0 ivγ̃⊥1 ivχ vÃ00 vÃ11 vÃ01 vÃ⊥0 vÃ⊥1 vK 0 0 0 if ′vϕ f ′vKϕ

iξ̌0
ˆ̂
Γ0 iwγ̃

00 iwγ̃
11 iwγ̃

01 iwγ̃
⊥0 iwγ̃

⊥1 iwχ wÃ
00 wÃ

11 wÃ
01 wÃ

⊥0 wÃ
⊥1 wK 0 0 0 if ′wϕ f ′wKϕ

iξ̌0
ˆ̂
Γ1 ixγ̃00 ixγ̃11 ixγ̃01 ixγ̃⊥0 ixγ̃⊥1 ixχ xÃ00 xÃ11 xÃ01 xÃ⊥0 xÃ⊥1 xK 0 0 0 if ′xϕ f ′xKϕ

iξ̌0K̂ϕ if ′yγ̃00 if
′yγ̃11 if

′yγ̃01 if
′yγ̃⊥0 if

′yγ̃⊥1 if
′yχ f ′yÃ00 f

′yÃ11 f
′yÃ01 f

′yÃ⊥0 f
′yÃ⊥1 f

′yK f ′yΓ̂⊥ f ′yΓ̂0 f ′yΓ̂1 0 0

Table D.2: Perturbative hyperbolicity matrix MGB in 3+1 Einstein-scalar-Gauss-Bonnet
theory of gravity.

The elements of the matrix in Table D.2 yield as follows, where we have used that W⊥ =
ξiΩi, WA = eiAΩi, W⊥⊥ = ξiξjΩij , W⊥A = eiAξ

jΩij , WAB = eiAe
j
BΩij , M⊥⊥ = ξiξjMij ,

M⊥A = ξiejAMij , MAB = eiAe
j
BMij , N⊥ = ξiNi, NA = eiANi, N⊥AB = ξiejAe

k
BNijk)

and FAB = eiAe
j
B

(
LnKij +

1
αDiDjα+KimK

m
j +Mij

)
:

mγ̃
00 =

1 + 2b(x)

6(1 + b(x))
W00 −

6 + 7b(x)

12(1 + b(x))
W11 −

2 + 3b(x)

12(1 + b(x))
W⊥⊥ − nµnνCµν

6λGB ,

mγ̃
11 =

b(x)

6(1 + b(x))
W00 −

4 + 5b(x)

12(1 + b(x))
W11 +

4 + 3b(x)

12(1 + b(x))
W⊥⊥ +

nµnνCµν
3λGB ,

mγ̃
01 =

W01

3
, mγ̃

⊥0 =
W⊥0

3
, mγ̃

⊥1 = −2W⊥1

3
,

mχ =
3 + b(x)

6(1 + b(x))
W00 −

3 + 2b(x)

6(1 + b(x))
W11 −

W⊥⊥
6(1 + b(x))

− nµnνCµν
6λGB ,

mÃ
00 =

2W⊥
3

, mÃ
11 = −4W⊥

3
, mÃ

01 = 0 , mÃ
⊥0 = −2W0

3
, mÃ

⊥1 =
4W1

3
,

mK =− 2χW⊥
9

, mΓ̃
⊥ =

χ2(W00 − 2W11)

3
, mΓ̃

0 = −χ
2W⊥0

3
, mΓ̃

1 =
2χ2W⊥1

3
,

mϕ = ξ + χF00 , mKϕ =
χ

3
(N⊥ + 6N⊥00) , (D.2a)

nγ̃00 =− 4 + 5b(x)

12(1 + b(x))
W00 +

b(x)

6(1 + b(x))
W11 +

4 + 3b(x)

12(1 + b(x))
W⊥⊥ +

nµnνCµν
3λGB ,

nγ̃11 =− 6 + 7b(x)

12(1 + b(x))
W00 +

1 + 2b(x)

6(1 + b(x))
W11 −

2 + 3b(x)

12(1 + b(x))
W⊥⊥ − nµnνCµν

6λGB ,

nγ̃01 =
W01

3
, nγ̃⊥0 = −2W⊥0

3
, nγ̃⊥1 =

W⊥1

3
,
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nχ =− 3 + 2b(x)

6(1 + b(x))
W00 +

3 + b(x)

6(1 + b(x))
W11 −

W⊥⊥
6(1 + b(x))

− nµnνCµν
6λGB ,

nÃ00 =− 4W⊥
3

, nÃ11 =
2W⊥
3

, nÃ01 = 0 , nÃ⊥0 =
4W0

3
, nÃ⊥1 = −2W1

3
,

nK =− 2χW⊥
9

, nΓ̃⊥ =
χ2(−2W00 +W11)

3
, nΓ̃0 =

2χ2W⊥0

3
, nΓ̃1 = −χ

2W⊥1

3
,

nϕ = ξ + χF11 , nKϕ =
χ

3
(N⊥ + 6N⊥11) , (D.2b)

pγ̃00 = pγ̃11 =
b(x)W01

4(1 + b(x))
, pγ̃01 = −W⊥⊥

2
− nµnνCµν

2λGB , pγ̃⊥0 =
W⊥1

2
, pγ̃⊥1 =

W⊥0

2
,

pχ =
4 + 3b(x)

2(1 + b(x))
W01 , pÃ00 = pÃ11 = 0 , pÃ01 = 2W⊥ , pÃ⊥0 = −W1 , pÃ⊥1 = −W0 ,

pK = 0 , pΓ̃⊥ = χ2W01 , pΓ̃0 = −χ
2W⊥1

2
, pΓ̃1 = −χ

2W⊥0

2
,

pϕ = χF01 , pKϕ = 2χN⊥(01) , (D.2c)

qγ̃00 =
b(x)W⊥0

4(1 + b(x))
, qγ̃11 = − 2 + b(x)

4(1 + b(x))
W⊥0, qγ̃01 =

W⊥1

2
, qγ̃⊥0 = −W11

2
,

qγ̃⊥1 =
W01

2
, qχ = −W⊥0

2
, qÃ00 = 0 , qÃ11 =W0, qÃ01 = −W1 , qÃ⊥0 = qÃ⊥1 = 0 ,

qK =
χW0

3
, qΓ̃⊥ = 0 qΓ̃0 =

χ2W11

2
, qΓ̃1 = −χ

2W01

2
,

qϕ = χM⊥0 , qKϕ = −χ (N0 − 2N⊥⊥0) , (D.2d)

rγ̃00 =− 2 + b(x)

4(1 + b(x))
W⊥1 , rγ̃11 =

b(x)W⊥1

4(1 + b(x))
, rγ̃01 =

W⊥0

2
, rγ̃⊥0 =

W01

2
,

rγ̃⊥1 =− W00

2
, rχ = −W⊥1

2
, rÃ00 =W1 , rÃ11 = 0 , rÃ01 = −W0 , rÃ⊥0 = rÃ⊥1 = 0 ,

rK =
χW1

3
, rΓ̃⊥ = 0 , rΓ̃0 = −χ

2W01

2
, rΓ̃1 =

χ2W00

2
,

rϕ = χM⊥1 , rKϕ = −χ (N1 − 2N⊥⊥1) , (D.2e)

sγ̃00 =
(1 + 2b(x))W00 + (3 + b(x))W11 −W⊥⊥

4χ(1 + b(x))
− nµnνCµν

4λGBχ
, sÃ⊥0 = −W0

χ
,

sγ̃11 =
(3 + b(x))W00 + (1 + 2b(x))W11 −W⊥⊥

4χ(1 + b(x))
− nµnνCµν

4λGBχ
, sγ̃⊥1 =

W⊥1

2χ
,

sγ̃01 =
−2 + b(x)

2χ(1 + b(x))
W01 , sχ =

b(x) (W00 +W11) + 2W⊥⊥
4χ(1 + b(x))

+
nµnνCµν
2λGBχ

,

sÃ00 = sÃ11 =
W⊥
χ

, sÃ01 = 0 , sÃ⊥0 = −W0

χ
, sÃ⊥1 = −W1

χ
, sK =

2W⊥
3

,

sΓ̃⊥ =
χ

2
(W00 +W11) , sΓ̃0 = −χW⊥0

2
, sΓ̃1 = −χW⊥1

2
,

sϕ =
F00 + F11

2
− (4 + b(x))(M00 +M11 −M⊥⊥)

4(1 + b(x))
, sKϕ = −N⊥ , (D.2f)

tγ̃00 =
W11

2χ(1 + b(x))
, tγ̃11 =

W00

2χ(1 + b(x))
, tγ̃01 = − W01

χ(1 + b(x))
, tγ̃⊥0 = tγ̃⊥1 = 0 ,

tχ =− W00 +W11

2χ(1 + b(x))
, tϕ = −M00 +M11 −M⊥⊥

2(1 + b(x))
, (D.2g)
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vγ̃00 = vγ̃11 = vγ̃01 = vγ̃⊥0 = vγ̃⊥1 = vχ = 0 , vÃ00 =
2W11

χ2(1 + b(x))
, vÃ11 =

2W00

χ2(1 + b(x))
,

vÃ01 =− 4W01

χ2(1 + b(x))
, vÃ⊥0 = vÃ⊥1 = 0 , vK =

2(W00 +W11)

3χ(1 + b(x))
,

vϕ = 0 , vKϕ = −M00 +M11 −M⊥⊥
χ(1 + b(x))

, (D.2h)

wγ̃
00 = 0 , wγ̃

11 =
W0

χ2(1 + b(x))
, wγ̃

01 = − W1

χ2(1 + b(x))
, wγ̃

⊥0 = wγ̃
⊥1 = 0 ,

wχ =− W0

χ2(1 + b(x))
, wÃ

00 = 0 , wÃ
11 = − 2W⊥0

χ2(1 + b(x))
, wÃ

01 =
2W⊥1

χ2(1 + b(x))
,

wÃ
⊥0 =

−2W11

χ2(1 + b(x))
, w⊥1 =

2W01

χ2(1 + b(x))
, wK =

−2W⊥0

3χ(1 + b(x))
,

wϕ =− N0

χ(1 + b(x))
, wKϕ =

2M⊥0

χ(1 + b(x))
, (D.2i)

xγ̃00 =
W1

χ2(1 + b(x))
, xγ̃11 = 0, xγ̃01 = − W0

χ2(1 + b(x))
, xγ̃⊥0 = xγ̃⊥1 = 0 ,

xχ =− W1

χ2(1 + b(x))
, xÃ00 = − 2W⊥1

χ2(1 + b(x))
, xÃ11 = 0 , xÃ01 =

2W⊥0

χ2(1 + b(x))
,

xÃ⊥0 =
2W01

χ2(1 + b(x))
, xÃ⊥1 =

−2W00

χ2(1 + b(x))
, xK =

−2W⊥1

3χ(1 + b(x))
,

xϕ =− N1

χ(1 + b(x))
, xKϕ =

2M⊥1

χ(1 + b(x))
, (D.2j)

yγ̃00−yγ̃11 =
F00 − F11

χ
, yγ̃01 =

2F01

χ
,

yÃ00−yÃ11 =
4

χ
(N⊥00 −N⊥11) , yÃ01 =

8

χ
N⊥(01) . (D.2k)



Appendix E

Convergence

Here we present an example of our convergence tests for the phase difference between the
two polarisations of the (2, 2) mode of the strain. This is a rather standard test in NR.
We show the example of an equal-mass binary black holes merger in the 4∂ST theory
presented in Chapter 5 with the coupling constants λGB/M2 = 0.05 and g2/M

2 = 1
respectively. This example is not in the weakly coupled regime and hence showing
convergence in this case is non-trivial.

We consider three runs on a computational domain of fixed size ∆ = 512M and three
different resolutions on the coarsest level with grid spacings hLR = ∆/96, hMR = ∆/128
and hHR = ∆/160 respectively. For each of these three runs, we added the same number
of refinement levels, namely 8 (so the total number of levels is 9). The results presented
in the main text were obtained with the medium resolution. In Fig. E.1 we show the
differences between resolutions for the phase difference between the two polarisations of
the (l,m) = (2, 2) mode of the strain. This figure shows that during the inspiral and
merger phases of the binary, the convergence order is around four and it increases to six
after the merger, which is consistent with the order of the finite difference stencils used.
This mild over-convergence that GRChombo exhibits in the phase was already observed in
the detailed studies that [134] carried out. The results of convergence analysis presented
in this section indicate that our simulations are stable and in the convergent regime.

105



Appendix E. Convergence 106

10 3

10 2

10 1

100

ar
ct

an
(h

x 22
/h

+ 22
)

HR-MR
MR-LR

100 0 100 200 300 400
(t r * )/M

10 3

10 2

10 1

100

ar
ct

an
(h

x 22
/h

+ 22
)

Q4 (HR-MR)
Q6 (HR-MR)
MR-LR

Figure E.1: Top: Differences of across resolutions of the phase difference between the
two polarisations of the (l,m) = (2, 2) mode of the strain. Bottom: Same as in the panel
above but now the difference between the high and the medium resolution runs has been
rescaled by the convergence factor Qn ≡ ∆n

HR−∆n
MR

∆n
MR−∆n

LR
assuming fourth (blue) and sixth

(orange) order convergence.
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