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1 Introduction

The main motivation for this paper is to explore the similarities between the integrability
anomalies of the self-dual sectors of Yang-Mills and gravity, and the more familiar stories of the
chiral and trace anomalies, particularly regarding non-local quantum corrections to the action.

The self-dual sectors are well known to have simple scattering amplitudes, non-vanishing
only at one-loop for all-plus external helicities (+ + · · · +).1 Behind the vanishing of the
tree-level amplitudes, lies the integrability of the classical self-dual theories. The one-loop
all-plus amplitudes are also special: they are rational functions with simple soft and collinear
behaviour, in both Yang-Mills and gravity. These properties provided the guidance for
constructing explicit n-point formulas for the amplitudes [1–5]. The formulas are strongly

1In our conventions, particles in a scattering amplitude are incoming (so that momentum conservation
reads

∑
i
pi = 0), and a positive-helicity polarisation is associated to a self-dual field. We note that the 3-point

tree amplitudes with helicities (+ + −) also arise, and play an important role if one relaxes the restriction of
real kinematics in Lorentzian signature.
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suggestive of the existence of a simple one-loop quantum correction to the action, incorporating
the loop-level effects. The idea that the one-loop amplitudes should be interpreted as signalling
an anomaly of the classical integrability goes back to [6]; see also [7, 8]. Indeed, the amplitudes
arise from an ϵ/ϵ contribution in dimensional regularisation. This idea has been the subject of
several investigations over the years, e.g. [9–15]. It has recently seen a beautiful realisation in
the twistor-space constructions of [16, 17]; see also [18–22]. The goal of [16, 17] was to obtain
quantum-integrable ‘improved models’ of self-dual Yang-Mills and self-dual gravity that uplift
naturally to twistor space. In these models, the loop amplitudes vanish via an anomaly
cancellation mechanism, analogous to the Green-Schwarz mechanism in superstring theory [23].
Building on these works, ref. [24] described the quantum-corrected actions for the usual
(‘non-improved’) theories of self-dual Yang-Mills and self-dual gravity, and described also how
the integrability anomaly in these theories may be expressed as the quantum non-conservation
of the tower of currents that underlie the classical integrability. The quantum-corrected
actions, which are non-local, were shown to admit remarkably simple expressions in light-cone
gauge, neatly exhibiting crucial properties of the amplitudes. Surprisingly, it was found that
a version of the BCJ double copy for amplitudes [25, 26] applies directly to the one-loop
(loop-integrated) amplitudes; this is in addition to the expected BCJ double copy for loop
integrands [27], which for the self-dual sectors is well known to be straightforwardly realised
in light-cone gauge [28, 29].

These recent developments in interpreting the amplitudes in the self-dual theories as being
related to an anomaly are in line with prescient old suggestions [7], particularly regarding a
connection to the non-local effective actions that appear in the context of the trace anomaly.
More recently, a comment reported as footnote [11] of ref. [19] also pointed in this direction.

The trace anomaly, also known as the Weyl or conformal anomaly, represents the failure
of theories that are conformally invariant at the classical level to preserve this property at
loop level, as revealed by quantum contributions to the trace of the stress-energy tensor. This
subject has a long history [30–34]. We are particularly interested in the non-local type of
action introduced in [35, 36] to incorporate this quantum correction; see [37] for a recent
overview of this mechanism and its applications. We will see that this is precisely the type of
non-local quantum correction appearing in self-dual gravity and self-dual Yang-Mills theory.
In fact, the emphasis on conformal symmetry in the study of the trace anomaly allows us to
understand better the conformal properties of the quantum self-dual theories, connecting
to the results of [38]. Furthermore, the properties of self-dual fields lead to a close relation
between the trace anomaly and another important type of anomaly, the chiral (or axial)
anomaly, with an even longer history [39–42]; see e.g. [43, 44]. Refs. [14, 15] observed already
a close connection between the chiral anomaly and the amplitudes in self-dual Yang-Mills
theory, and the chiral anomaly also plays an important role in the twistor constructions
of [16, 17]. We will discuss the connection to the chiral anomaly, which in turn clarifies the
structure of the broken classical integrability of the theories.

In recent years there has been great interest in developing new tools for classical and
quantum field theory on non-trivial backgrounds, including the application of modern ideas
from the study of scattering amplitudes. The self-dual sectors provide a toy model for
extremely challenging loop calculations on such backgrounds. In fact, they are not just a toy
model, because they correspond to well-defined physical sectors of gravity and Yang-Mills
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theory. The connection between the one-loop amplitudes in these sectors and the trace
anomaly will provide clues for extending the one-loop results to curved spacetimes.

While most of our focus is on the self-dual theories, there is an intriguing relation between
the one-loop amplitudes of self-dual gravity and the two-loop ultraviolet divergence of pure
general relativity [45, 46], which we will comment on in light of the new understanding
of the one-loop amplitudes.

The paper is organised as follows. In section 2, we review the basic aspects of the trace
and chiral anomalies. In section 3, we discuss the construction of the quantum-corrected
actions for self-dual gravity and self-dual Yang-Mills theory, relating them to recent work
on their interpretation as following from an anomaly, and pointing out their connection to
the trace anomaly. In section 4, we discuss the origin of the quantum corrections in terms
of a U(1) chiral-type anomaly, and the relation of the latter to the breaking of integrability.
In addition, we draw attention to the close similarities between the usual chiral anomaly
of fermions in two different settings: 4D self-dual Yang-Mills theory and the 2D Schwinger
model. In section 5, we return to the trace anomaly context and its lessons for the conformal
properties of the quantum self-dual theories, leading to proposals for the quantum-corrected
actions on non-trivial backgrounds. In section 6, we will briefly comment on the relationship
between the anomaly in self-dual gravity and the two-loop divergence of pure gravity. We
conclude with a final discussion in section 7.

2 Review of the trace and chiral anomalies

In this section, we will review the trace anomaly and the chiral anomaly. These typically arise
in the context of massless fields on non-trivial backgrounds. Massless bosons and fermions
play a similar role on self-dual backgrounds, in particular when we consider their integrating
out, which is equivalent up to a sign, as we will discuss. Thus, the parallels between trace
and chiral anomalies will be further strengthened in the setting of self-dual fields.

2.1 Trace anomaly and non-local actions

In four dimensions, a classically Weyl-invariant theory generically sees this invariance broken
by loop effects on a curved spacetime background. The trace of the quantum-corrected (q.c.)
stress-energy tensor may be expressed as [30–34]

T(q.c.)
µ

µ = αC2 + β(E − 2
3□R) + γF 2 , (2.1)

where we have also allowed for a background Yang-Mills field. We denote □ = gµν∇µ∇ν ,
with ∇µ the covariant derivative, and define

E = RµνλρR
µνλρ − 4RµνR

µν +R2, (2.2)

C2 = CµνλρC
µνλρ = RµνλρR

µνλρ − 2RµνR
µν + 1

3R
2, (2.3)

F 2 = TrFµνF
µν , (2.4)

where
√

|g|E is the Euler density, Cµνλρ is the Weyl tensor, and Fµν is the field strength tensor.
The coefficients α, β, γ are theory-dependent parameters. The quantum effect represented
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by this trace anomaly (also called Weyl anomaly or conformal anomaly) can be incorporated
into a quantum-corrected action via the addition of a non-local contribution [35, 36],

Γtr[g,A] = 1
4

∫
d4x

√
|g|
(
αC2+β

2

(
E− 2

3□R
)

+γF 2
) 1

∆4

(
E− 2

3□R
)
, (2.5)

such that

T(q.c.)
µ

µ = 2√
|g|

gµν
δ

δgµν
Γtr[g,A] . (2.6)

The non-locality arises from the inverse of the Fradkin-Tseytlin-Paneitz (FTP) operator [47–
49], a fourth-order differential operator given by

∆4 = □2 + 2Rµν∇µ∇ν − 2
3R□ + 1

3(∇µR)∇µ . (2.7)

This operator is the unique ‘completion’ of □2 such that
√

|g|∆4 is Weyl invariant, acting on
a scalar of zero Weyl weight. The inverse operator acts in the usual manner, via the Green’s
function G(x, x′) defined from

√
|g| ∆4G(x, x′) = δ(x, x′), that is,

1
∆4

f(x) =
∫
d4x′

√
|g|(x′)G(x, x′)f(x′). (2.8)

The non-local quantum correction (2.5) can be recast as a local action via the introduction
of new scalar degrees of freedom [35–37, 50–55]. Due to the asymmetry in the factors on either
side of the inverse FTP operator, this would generically require two scalar fields. However,
because arbitrary Weyl invariant terms can be added to (2.5) without modifying the form
of the anomaly, it is possible to construct a local formulation of the quantum-corrected
action in terms of a single scalar field. To this end, consider adding the following three
non-local Weyl-invariant terms to eq. (2.5):

α2

8β

∫
d4x

√
|g|C2 1

∆4
C2 ,

γ2

8β

∫
d4x

√
|g|F 2 1

∆4
F 2 ,

αγ

4β

∫
d4x

√
|g|F 2 1

∆4
C2 . (2.9)

The result is a non-local action that is symmetric in the factors on either side of the inverse
FTP operator

Γtr[g,A] =
1

8β

∫
d4x

√
|g|
(
αC2+β

(
E− 2

3□R
)

+γF 2
) 1

∆4

(
αC2+β

(
E− 2

3□R
)

+γF 2
)
. (2.10)

Due to the Weyl invariance of the added terms, eq. (2.6) continues to hold. Given this
ambiguity of adding Weyl-invariant terms, the choice (2.10) is noteworthy because it can
be obtained by integrating out a single auxiliary scalar field φ from the following local
action [35, 36]:

Γtr[g,A, φ] =
∫
d4x

√
|g|
(

−2β′φ∆4φ+ φ

[
α′C2 + β′

(
E − 2

3□R
)

+ γ′F 2
])

. (2.11)

The new field φ is a dimension-zero scalar, which has previously been referred to as the
“conformalon”, due to the fact that linear shifts in φ are related to Weyl transformations of
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the metric [56].2 As we will discuss in the following section, similar dimension-zero scalars
have appeared elsewhere in the literature, relating to anomalies in the self-dual sectors of
Yang-Mills theory and gravity. It is important to note that the parameters appear ‘primed’
in (2.11) with respect to (2.10). If the conformalon is integrated out naively, the coefficients
would be the same, but in fact there is a change in the parameters, due to the contribution
from the determinant of the operator ∆4. This determinant affects the measure of the path
integral over the metric, which here can be incorporated back into the action (2.10) as a
redefinition of the parameters, possibly up to Weyl-invariant contributions (and we have
ignored also a local R2 term in the Lagrangian density) [35].

Notice that non-local actions like (2.10) aim to incorporate the quantum effects of the
conformal fields into the gravitational action. This is in general a rather complicated problem.
However, simple expressions such as (2.10) are possible because we are looking specifically at
contributions that reproduce the trace anomaly, as opposed to those that capture the full
quantum effects. One might hope, however, that the effect of integrating out a conformal
field is much simpler if we consider a self-dual background. We will see that this is the
case in the following sections.

2.2 Chiral anomaly

The chiral anomaly is the quantum violation of the classical conservation of a chiral current;
see [43] for a basic introduction. The standard example is that of a Dirac fermion coupled
to a gauge field,

S =
∫
d4x iψ̄ γµ(∂µ − iAµ)ψ . (2.12)

The Noether current jµ = ψ̄γµγ5ψ , associated to the chiral symmetry of the action under
ψ 7→ eiθγ5

ψ, is classically conserved, but this property is anomalous. In the quantum-
corrected theory, we have [39–41]

∂µ j
µ
(q.c.) = 1

16π2 ε
µνλρ trFµν Fλρ . (2.13)

Similarly, for a Dirac field minimally coupled to gravity, we have [42]

∇µ j
µ
(q.c.) = − 1

384π2 ε
µνλρRµναβ Rλρ

αβ . (2.14)

Suppose that we are interested in a quantum-corrected action. We want to know what
is the effect, say for a gauge theory action, of integrating out the fermion. This is a very
challenging problem in general. It turns out to be simple in two spacetime dimensions [58, 59],
where, as we will review in section 4.2, the answer in the Schwinger model is reminiscent of
the gauge field piece in (2.10). In four dimensions, we may hope that the problem is relatively
simple in the case of self-dual gauge theory, and in fact the aforementioned gauge field piece
in (2.10) will suffice for certain choices of the gauge group.

2An alternative scalar action for the Weyl anomaly was used to prove the a-theorem in [57].
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3 Anomalies in the self-dual theories and the trace anomaly

A recent instance of the appearance of non-local actions associated to anomalies is the
quantum description of self-dual gravity (SDG) and self-dual Yang-Mills theory (SDYM).
This section is partly a review of these developments, and partly a new perspective on their
connection to the trace anomaly. It also sets the stage for the connection to the chiral
anomaly, to be discussed in the following section.

SDG and SDYM are well-known to be classically integrable, and have the associated
property of vanishing tree-level scattering amplitudes. In fact, the only scattering amplitudes
are at one-loop with positive-helicity external states [1–5]. For Yang-Mills theory, we have
in spinor-helicity language the following colour-ordered amplitudes [1]:

A
(1)
YM(1+2+ · · ·n+) = − i

(4π)2 · 3
∑

1≤i1<i2<i3<i4≤n

⟨i1i2⟩[i2i3]⟨i3i4⟩[i4i1]
⟨12⟩⟨23⟩ · · · ⟨n1⟩

, (3.1)

which correspond to the self-dual sector of the full theory. For the analogous case in gravity,
the n-point expression is more involved, but is also known in closed form [4]. The 4-point
case can be written as

A
(1)
G (1+2+3+4+) = − i

(4π)2 · 120 (s2
12 + s2

23 + s2
31)
(

s12s23
⟨12⟩⟨23⟩⟨34⟩⟨41⟩

)2
. (3.2)

In both SDYM and SDG, the amplitudes are rational functions of the external data, i.e. they
possess poles but not branch cuts, because the tree amplitudes vanish. The simplicity of the
amplitudes was argued in [6] to be a remnant of the integrability of the classical theories,
with the amplitudes resulting from an anomaly. Recent work, to be discussed in the following,
has provided an elegant realisation of this idea. Let us stress that the particular anomaly
we are considering here is not a pathological feature of quantum SDYM or SDG. It merely
represents the failure of the quantum theories to exhibit the integrability that is a property
of the classical theories, as signalled by the non-vanishing one-loop amplitudes.

Twistor space has long been a convenient setting to study the classical self-dual theories,
a fact that is closely related to their integrability; see e.g. [60–62]. Based on a twistor
construction, ‘improved’ non-anomalous versions of quantum SDYM and SDG have been
introduced recently in [16, 17]; see also [18–22]. These are improved in the sense that the
quantum theories can still be formulated in twistor space, unlike ordinary quantum SDYM
and SDG. The resulting integrability of the ‘improved’ theories is associated to the vanishing
of their loop amplitudes. In practice, the loop amplitudes (3.1) and (3.2) are cancelled via a
Green-Schwarz-type mechanism, analogous to the one in superstring theory [23]: one-loop
diagrams of gravitons/gluons are cancelled by diagrams involving an auxiliary axion field.
This is represented in figure 1.

We will discuss here the quantum correction to ordinary (i.e. anomalous) SDYM and
SDG, with a particular focus on the similarity of this structure to the trace anomaly. This
relies crucially on results presented in [16, 17], and we will connect our discussion to the
quantum-integrable ‘improved’ versions of SDYM and SDG presented in those works. The
logic of our discussion of non-local quantum corrections builds on [24].
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Figure 1. The ordinary SDYM loop diagrams with gluons (left) are cancelled in the ‘improved’
theory of ref. [16] by tree-level exchanges of the scalar field (right). In the ‘improved’ SDG theory of
ref. [17], there is a similar cancellation, involving also an additional type of contribution (centre).

3.1 Anomaly in self-dual Yang-Mills theory

Let us start with SDYM. The usual action is

SSDYM[B,A] =
∫

Tr B ∧ FASD , (3.3)

with B a Lagrange-multiplier 2-form that eliminates the anti-self-dual part of the field strength
F [7]. The non-vanishing amplitudes in this theory are the all-plus one-loop amplitudes; they
correspond to the contributions on the left of figure 1, where all lines are gluons.3 Now, there
is a well-known property that these contributions are exactly reproduced by considering a
complex minimally-coupled massless scalar in the loop, instead of the gluon. In both cases,
there are two real bosonic degrees of freedom running in the loop.4 Consider the action

SSDYM −
∫
d4x (Dµϑ)†Dµϑ , (3.4)

like scalar QCD, but with a self-dual gauge field. The self-duality condition imposed by
the Lagrange-multiplier-type part SSDYM means that the massless scalar only couples to
one helicity of the gluon. The amplitudes for external gluons will receive two contributions:
one from gluons in the loop and one from the complex scalar in the loop, with the two
contributions being equal, as already mentioned. Therefore, if we integrate out the complex
scalar, we obtain an exact effective action for the gluons, with one-loop effective vertices
arising from the determinant of the operator acting on the scalar. Integrating out the scalar
is a complicated problem on a generic gauge field background, requiring regularisation, but
one can hope that it has a simple solution if that background is self-dual. Indeed, in this
case, it generates one-loop vertices for UV-finite amplitudes without branch cuts, namely
those given in (3.1). Still, a closed-form solution to this problem is at present available only
for a particular set of gauge groups, namely SU(2), SU(3), SO(8) or one the exceptional
groups; this solution follows from the results of [16]. The groups mentioned are identified
by the fact that the Lie algebra g satisfies the following property relating the trace in the
adjoint representation to double traces in the fundamental representation:

Trad(T (a1T a2T a3T a4)) = Cg Tr(T (a1T a2) Tr(T a3T a4)) . (3.5)
3Fadeev-Popov ghosts should be included here if appropriate. They are not required in light-cone gauge,

which is particularly convenient for the self-dual theories.
4This is easy to see from the Feynman rules in light-cone gauge. It can also be thought of as a consequence

of the so-called supersymmetric Ward identities [63, 64], which imply that the non-supersymmetric all-plus
(and one-minus) amplitudes are proportional to the number of bosonic minus fermionic degrees of freedom
running in the loop.
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The proportionality constant is

Cg = 10 (h∨)2

2 + dim g
, (3.6)

where h∨ is the dual Coxeter number. For these gauge groups and a self-dual F , the results
of [16] imply (we will see later the precise relation) that we obtain the quantum-corrected action

Sq.c.SDYM[B,A] = SSDYM −
a2
g

8

∫
d4x Tr(FµνF

µν) 1
□2

0
Tr(FµνF

µν) , (3.7)

where the subscript in □0 denotes a flat background and

ag =

√
− iCg

12π2 .
(3.8)

For clarity, by quantum-corrected we mean that all loop effects are accounted for explicitly in
the action, so that loop amplitudes can be calculated using tree-level-type rules. In particular,
the new term introduces one-loop effective vertices.5 This simple non-local action produces
the expected one-loop amplitudes (3.1), though this is not immediately obvious. Notice
that the restriction on the gauge group leads to linear relations between colour traces that
would be independent for SU(N). Hence, it is important to consider the colour-dressed
amplitude when comparing with (3.1).

The quantum correction in (3.7) is highly reminiscent of the non-local effective actions
designed to incorporate the trace anomaly that were discussed in section 2.1. To sharpen
this connection, consider again the contribution (2.10). By restricting now to the special
case of a gauge field in flat spacetime, it reduces to

Γtr[gµν = ηµν , A] = γ2

8β

∫
d4x Tr(FµνF

µν) 1
□2

0
Tr(FµνF

µν) . (3.9)

We note that on Minkowski spacetime, the FTP operator (2.7), whose inverse appears
in (2.10), evaluates to □2

0 in the expression above. This quantum correction is thus identical
to the SDYM correction in (3.7), valid for the restricted choice of gauge groups. Furthermore,
the specific form of the trace anomaly quantum correction in (2.10) was engineered such that it
could be rendered local via the introduction of a dimension-zero scalar field. The general form
of this local action was given in (2.11), and for a gauge field on flat spacetime it reduces to

Γtr[gµν = ηµν , A, φ] =
∫
d4x

(
−2β φ□2

0 φ+ γ φ Tr(FµνF
µν)
)
. (3.10)

Indeed, integrating out the scalar in this expression yields (3.9). Note that in contrast
to (2.10) and (2.11) there is no need for primed coefficients here. This is due to the fact
that the operator □2

0 is independent of the gauge field, and therefore when integrating out
φ the effect on the measure of the path integral is trivial.

5This is equivalent to explicitly solving the loop integrals that are usually implicit when incorporating
the functional determinants associated to loop effects into an action (see [65–67] for recent examples of
integrand-level — rather than integral-level — approaches).
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We can conclude from this discussion that integrating out ϑ in the action (3.4) has, for
the gauge groups considered, precisely the same effect as integrating out φ — which played
the role of the conformalon in the trace anomaly — in the action

Sq.c.SDYM[B,A, φ] = SSDYM +
∫
d4x

(1
2 φ□2

0 φ+ ag
2 φ Tr(FµνF

µν)
)
. (3.11)

Here, as in (3.10), integrating out φ is a simple algebraic operation, because □2
0 does not

depend on the gauge field. We are now in a position to consider an ‘improved’ model of
SDYM, which we may call φ−SDYM; improved in the sense that it has vanishing amplitudes,
and is therefore quantum-integrable. Its (non-quantum-corrected) action is

Sφ−SDYM[B,A,φ] = SSDYM +
∫
d4x

(1
2 φ□2

0 φ+ iag
2 φ Tr(FµνF

µν)
)
. (3.12)

Due to the change of coefficient in the last term, with respect to (3.11), integrating out φ now
leads to (3.7) with a different sign for the last term. That is, the effect of the scalar is now to
cancel the one-loop gluon diagrams arising from SSDYM. In terms of the figure 1, the gluon
diagrams on the left are cancelled by the diagrams on the right, with tree exchanges of φ. The
diagrams in the centre of figure 1 are absent for the action (3.12), which is why integrating
out φ is straightforward. There is one last step before recognising the equivalence of this
‘improved’ theory of SDYM to the one obtained in [16] from a twistor-space construction.
That is to notice that the Lagrange-multiplier-type action SSDYM is imposing self-duality
of the gauge field, such that

Tr(FµνF
µν) = − i

2 Tr(εµνρλFµνFρλ) . (3.13)

Hence, (3.12) can be written equivalently as

Sφ−SDYM[B,A,φ] = SSDYM +
∫ (

d4x
1
2 φ□2

0 φ+ ag φTr(F ∧ F )
)
. (3.14)

This is the theory introduced in [16]. The scalar φ has an axionic coupling to the gauge
field here, whereas it had a ‘dilatonic’ coupling in (3.12). This ambiguity arises naturally
from the self-duality condition.

It would be interesting to work out explicitly the extension of this story to SU(N) SDYM.
The first step in this direction, reproducing the parity-even part of the quantum correction
to standard SDYM, i.e. generalising (3.7), was taken in [24]. This functional corresponds to∫

d4x

( 1
D2 (FµνF

µν)
)ab ( 1

D2 (FµνF
µν)
)ab

, (3.15)

where a, b are Lie algebra indices; see [24] for the definition of the 1/D2 operation. Still
missing in closed form is a parity-odd part carrying a Levi-Civita symbol εµναβ, which
contributes to scattering amplitudes at multiplicity n > 4.

Let us return to the question of the similarity between the quantum correction in (3.7)
and the type of non-local expression found in the context of the Weyl anomaly. This does not
mean that the anomaly is of Weyl type. The appearance of the functional in the Weyl context

– 9 –



J
H
E
P
0
7
(
2
0
2
4
)
1
3
9

came via the introduction in (2.9) — in particular, the term in the centre — of Weyl-invariant
terms to complete the perfect square in (2.10). The anomaly in SDYM is actually related to
the breaking of a chiral symmetry, as we will discuss in section 4.2. Interestingly, refs. [14, 15]
presented a construction analogous to the chiral anomaly that reproduces the loop amplitudes
for SU(N). This construction was based in ‘region-momenta’ space (adapted to planar
amplitudes) instead of position space. One drawback is that the application of a similar
construction to gravity (which has no planar sector) is unclear.

Notice that the quantum correction in (3.7) can also be seen as the result of integrating out
a massless fermion — up to a sign. Indeed, a well-known procedure to obtain an ‘improved’
SDYM theory, alternative to the bosonic model with the axion introduced in [16], is to
introduce supersymmetry. The sign of the quantum correction in (3.7) being flipped can be
achieved by integrating out a fermion with two real degrees of freedom (the gaugino), instead
of integrating out the scalar in (3.12) or (3.14). All-plus amplitudes are absent in super-Yang-
Mills theories, and therefore also in their self-dual sectors; the same property applies to all-plus
amplitudes of gravitons in supergravity theories (and to one-minus amplitudes in both cases).

While we will later discuss the interpretation of the quantum correction as resulting from
a chiral anomaly, thinking about the trace anomaly is helpful too, because it is better studied
from the point of view of non-local functionals, particularly regarding the appearance of a
fourth-derivative Weyl-covariant operator that will be useful in later sections.

3.2 Anomaly in self-dual gravity

The story for SDG is broadly similar to that of SDYM. The usual action is

SSDG[Γ, e] =
∫

Γαβ ∧ d(eαα̇ ∧ eβ
α̇) , (3.16)

where we have ds2 = ϵαβϵα̇β̇e
αα̇eββ̇ , and the three 1-forms Γαβ = Γβα play the role of Lagrange

multipliers [68–71].6 The non-vanishing amplitudes in this theory are the all-plus one-loop
amplitudes; they correspond to the type of diagram on the left of figure 1, where all lines are
gravitons. Just as in the SDYM case, these amplitudes are exactly reproduced by having
a complex minimally-coupled massless scalar running in the loop, instead of the graviton;
both have two bosonic real degrees of freedom. Consider the action

SSDG +
∫
d4x

√
|g| σ̄□σ . (3.17)

The self-duality condition imposed by SSDG means that the massless scalar only couples
to one helicity of the graviton. The amplitudes for external gravitons receive two equal
contributions, corresponding to the graviton or the complex scalar running in the loop.7

Therefore, if we integrate out the complex scalar, we obtain an exact quantum-corrected
6Plebanski’s two heavenly equations for SDG [72] follow from this action: (i) the Lagrange multipliers

enforce that the three self-dual 2-forms eαα̇ ∧eβ
α̇ are closed, and (ii) each of the heavenly equations corresponds

to a choice of Darboux coordinates allowed by that closure; see e.g. [73] for details. See also [74] for other
choices of SDG action.

7The dilaton and axion fields of ‘N = 0 supergravity’ would be another way to provide an equal contribution
to that of gravitons in the loop.
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action for the gravitons, with one-loop effective vertices arising from the determinant of the
scalar kinetic operator. A consequence of the results of [17] (we will see later the precise
relation) is that the quantum-corrected action for SDG can be written as

Sq.c.SDG[Γ, e] = SSDG − a2
G

16

∫
d4x

√
|g| C2 1

□2 C
2 , (3.18)

where

aG =

√
− i

960π2 .
(3.19)

The quantum correction is again reminiscent of that encountered in the context of the
trace anomaly. Indeed, considering the trace anomaly functional (2.10) for a vanishing gauge
field and a Ricci-flat metric (because self-dual metrics are Ricci-flat), one obtains

Γtr[g|Rµν=0, A = 0] = (α+ β)2

8β

∫
d4x

√
|g|C2 1

□2C
2 . (3.20)

This reproduces precisely the quantum correction for SDG given in (3.18). Furthermore, as
discussed in section 2.1, the trace anomaly functional can be obtained by integrating out the
scalar φ from a local action (2.11), which in this case corresponds to

Γtr[g|Rµν=0, φ] =
∫
d4x

√
|g|
(
−2β′ φ□2 φ+ (α′ + β′)φC2

)
. (3.21)

Here, when integrating out φ, the determinant of the operator □2 affects the measure of
the path integral, an effect which is taken into account by a redefinition of the parameters,
as indicated by primes.

In light of this close relation between the quantum correction for SDG and that in-
corporating the trace anomaly, let us discuss further the integrating out of the complex
scalar from (3.17) to (3.18). We can consider in (3.17) the addition of the following 2-point
vertex for the scalar,

SSDG +
∫
d4x

√
|g|
(
σ̄□σ − 1

2 σ̄
2
)
. (3.22)

Importantly, on the support of the self-duality condition imposed by the Lagrange-multiplier-
type action SSDG, this does not introduce a new interaction with the metric (this can be seen
in light-cone gauge, where g is a constant) [17]. Integrating out σ̄, we obtain

SSDG +
∫
d4x

√
|g| 1

2 σ□
2 σ . (3.23)

Therefore, integrating out the complex scalar, from (3.17) to (3.18), is equivalent to integrating
out the ‘conformalon’-like scalar σ, from (3.23) to (3.18).8 This equivalence is also consistent
with the fact that, on a self-dual background, these fields give precisely the same contribution
to the trace anomaly. The contributions to the trace (2.1) are (α, β) = 1

(4π)2 ( 1
60 ,−

1
180)

for the complex minimally-coupled scalar, which has two real degrees of freedom, and
(α, β) = 1

(4π)2 (− 1
15 ,

7
90) for the scalar with fourth-derivative kinetic term (see e.g. [75] for

8Notice that we have, by the procedure (3.22), assigned a mass dimension of 2 to σ̄ and 0 to σ.
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the coefficients used here). Self-dual backgrounds are Ricci-flat, and therefore we have
E − 2

3□R = C2. In both cases, we obtain α+ β = 1
(4π)2 90 , so their contributions to the trace

anomaly are equivalent. From the discussion of the trace anomaly above, particularly the
integrating out of the conformalon, it is thus natural to expect the functional appearing in the
quantum correction in (3.18). The coefficient of that quantum correction cannot, however, be
determined from the trace anomaly, because the effective action for the latter is only defined up
to Weyl-invariant terms, which can take the form of the sought functional — see the first term
in (2.9). Instead, the coefficient in (3.18) can be fixed by comparing to a one-loop amplitude of
SDG, say at 4 points. This is, however, an indirect way of computing the quantum correction
to the SDG action, or at least of finding a natural candidate and checking the result.

We may proceed, as for SDYM, to obtain an ‘improved’ quantum-integrable upgrade
of SDG, with vanishing amplitudes; we call it φ-SDG. The idea is to flip the sign of the
quantum correction in (3.18), and interpret that as a (non-quantum-corrected) action, where
the last term results from integrating out a scalar field. Given that we know the effect of
integrating out σ in (3.23), we can conclude that the following action works,

Sφ−SDG[Γ, e, φ] = SSDG +
∫
d4x

√
|g|
( 1

2 φ□2 φ− iaG
2 φC2

)
. (3.24)

We called the scalar φ to emphasise the similarity to the ‘improved’ SDYM action (3.24)
and to the conformalon of the trace anomaly. The amplitudes of gravitons in this action
vanish as a cancellation of the contributions represented in figure 1: on the left, the loops
diagrams of gravitons from SSDG; in the centre, the loop diagrams with φ running in the
loop, resulting from the scalar-graviton interactions included in its kinetic term; and on the
right, the tree exchanges of φ, resulting from the last term in (3.24). We have now the theory
introduced in [17] from a twistor-space construction. This becomes clear when we note that,
on the self-duality constraint imposed by SSDG, we have

C2 = i

2ε
ρλσωRµ

νρλR
ν

µσω . (3.25)

Hence, we can write the theory with the axionic-like coupling as in [17],

Sφ−SDG[Γ, e, φ] = SSDG +
∫ (

d4x
√

|g| 1
2 φ□2 φ+ aG φRµ

ν ∧ Rν
µ

)
. (3.26)

Just as we mentioned for SDYM, an alternative to the bosonic model of [17] is to cancel
the one-loop amplitudes of SDG using a massless fermion with two real degrees of freedom

— as in supergravity. Integrating out this fermion then leads precisely to the second term
in (3.18), with the opposite sign. Furthermore, as was the case for SDYM, there is an
interpretation of the anomaly as a chiral anomaly, as we will soon discuss.

Just before the submission of our paper, ref. [76] appeared, discussing the application
of the trace anomaly to graviton-dilaton amplitudes. There may be a connection to our
discussion. Finally, we note that a relation between conformal self-dual gravity and the Weyl
anomaly was pointed out in [77]. It would be interesting to understand how this connects
to our discussion for ordinary self-dual gravity.
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3.3 Anomalies in self-dual Einstein-Yang-Mills theory

For completeness, we can briefly discuss the coupling of SDYM to SDG. The action of
self-dual Einstein-Yang-Mills theory (SDEYM) is simply

SSDEYM[Γ, e, B,A] =
∫ (

Γαβ ∧ d(eαα̇ ∧ eβ
α̇) +B ∧ FASD

)
, (3.27)

where the second term depends on the metric via the Hodge dual in the self-duality condition.
Ref. [17] introduced the ‘improved’ theory:

Sφ−SDEYM = SSDEYM +
∫
d4x

√
|g| 1

2(□φ)2 +
∫
φ
(
ag TrF ∧ F + aG,g Rµ

ν ∧ Rν
µ
)
, (3.28)

where aG,g = aG
√

1 + 1
2 dim g. Here, dim g is the dimension of the Lie algebra, with the

gauge group still obeying the restriction mentioned above for SDYM. This modification
of the coupling aG of φ − SDG occurs due to the need to cancel diagrams with external
gravitons that have gluons running in the loop. Along the lines of the SDYM and SDG
cases, the action above implies that we can write down a quantum-corrected action for the
ordinary SDEYM theory as

Sq.c.SDEYM =SSDEYM

−
∫
d4x

√
|g|
(
a2
g

8 F 2 1
□2 F

2 +
ã2

G,g

8 C2 1
□2C

2 − aG,g ag
4 C2 1

□2 F
2
)
, (3.29)

where F 2 = Tr(FµνF
µν) . The only subtlety here is the substitution of the coefficient

aG,g = aG
√

1 + 1
2 dim g by the coefficient ãG,g = aG

√
1
2 + 1

2 dim g in the second line. This
arises from the functional determinant when integrating out φ, as explained in the SDG case.
This quantum-corrected action reproduces the one-loop scattering amplitudes of self-dual
Einstein-Yang-Mills theory. For a brief discussion of how the amplitudes in the self-dual
sector relate to those in the full Einstein-Yang-Mills theory [13, 78], see [17]; unlike the cases
of SDYM and SDG, the self-dual sector does not produce the complete all-plus one-loop
amplitudes, but only the piece of lowest order in the gravitational coupling.

3.4 Quantum-corrected actions in light-cone gauge

In preparation for the next section, we review here the light-cone formulation of SDYM and
SDG. The fact that the quantum-corrected actions, namely (3.7) and (3.18), lead to loop
amplitudes that are non-vanishing only for one-loop and for all-plus external states may not
be immediately obvious from those expressions. This is, however, clearly seen in light-cone
gauge [24]. We just quote the results here for illustration, and refer the reader to that work
for further details. Consider double-null coordinates such that

ds2
0 = 2(−dudv + dwdw̄) , □0 = 2(−∂u∂v + ∂w∂w̄) , (3.30)

and define
↔
P=

←
∂ u

→
∂w −

←
∂w

→
∂ u , (3.31)
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where the null plane (u,w) is picked out by the gauge choice. Then, the actions for a
particular definition of off-shell positive-helicity fields (Ψ and ϕ) and negative-helicity fields
(Ψ̄ and ϕ̄) can be written as

Sq.c.SDYM =
∫
d4x

(
tr
(
Ψ̄
(
□0Ψ + i (Ψ

↔
P Ψ))

)
−
a2
g

32

( 1
□0

tr(Ψ
↔
P 2 Ψ)

)2
)

(3.32)

and

Sq.c.SDG =
∫
d4x

 ϕ̄(□0ϕ− 1
2(ϕ

↔
P 2ϕ)

)
− a2

G
16

 1

□0−(ϕ
↔
P 2 ·)

(ϕ
↔
P 4ϕ)

2
 . (3.33)

The Feynman rules for these actions make it clear that the only loop-level diagrams that can
be constructed are those at one loop with external positive-helicity fields.

Notice that the presence of 1
□2 in the actions above does not lead to unphysical properties.

It is actually essential to recover the one-loop amplitudes (3.1) and (3.2). These have at
most simple poles 1

p2 in the kinematic data, instead of the poles 1
p4 naively associated to 1

□2 .
The reduction of the order of the pole is due to kinematic identities. In the long history
of the trace anomaly, there have been doubts about the suitability of 1

□2 -type operations
that appear in the non-local effective action, as reviewed in [37]. In the present instance,
at least, such operations are perfectly legal.

This formulation also makes it easier to understand the soft and collinear behaviour of
the amplitudes from an action/Feynman-rules perspective. Such behaviour has been recently
explored in the context of celestial holography, in terms of the celestial soft operator-product-
expansion algebras; see e.g. [79–103]. Historically, it was precisely this special behaviour
that led to the n-point formulas for the all-plus one-loop amplitudes, obtained in [1, 4] via
a kind of ‘soft and collinear bootstrap’.

It is worth noting that all interactions in (3.32) and (3.33), including the one-loop
vertices, exhibit the appearance of the ‘kinematic algebra’ of the self-dual sector [29], which
underlies the BCJ colour-kinematics duality and double copy [25] in the case of the self-dual
theories.9 The antisymmetrised derivatives with respect to u and w lead in Fourier space
to the appearance of the structure constant

X(k1, k2) = k1wk2u − k1uk2w (3.34)

of the Lie algebra of area-preserving diffeomorphisms:

[Lk1 , Lk2 ] = X(k1, k2)Lk1+k2 , Lk := (ei k·x ↔P · ) . (3.35)

This Lie algebra is equivalent, after a change of basis corresponding to a soft expansion [24],
to the wedge subalgebra of the Lie algebra of w1+∞, which was identified in the context of
celestial holography in [80]. In the celestial OPEs, one factor of the X structure constant
enforces the chiral nature of the OPE of positive-helicity gluons or gravitons, whereas only

9It would be interesting to see whether the explicit quantum corrections fit nicely into the formalisms
of [104–106], which also aim to expose the kinematic algebra in the self-dual theories.
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for gravity there is an additional factor of X in the 3-point vertex that leads to the celestial
w1+∞ algebra [24]. So the (+ + −) ‘tree’ vertex of self-dual gravity, which is picked up
in full non-chiral gravity by taking two positive-helicity gravitons, manifestly exhibits the
w1+∞ algebra in light-cone gauge. Natural generalisations of this algebra, via deformations
or extensions to theories with higher (spacetime) spins, follow in a simple manner from
light-cone gauge formulations [94]. Very recently, ref. [102] presented the first study of w1+∞
in the context of gravity with minimally-coupled massive particles. The light-cone gauge
is insightful also in this context, because of the universal appearance of the algebra X in
soft factors associated to a positive-helicity graviton. In particular, for a positive-helicity
graviton polarisation tensor, we have the appearance of ε+

µν(k)pµpν = − 1
k2

u
X(k, p)2 in the

soft factors, where k is the soft graviton momentum, and p is the momentum of an external
hard particle, be it massless or massive.

4 Anomalies in the self-dual theories as chiral anomalies

In this section, we describe how the one-loop amplitudes in the self-dual theories can be
interpreted as resulting from a chiral anomaly. In fact, we find two distinct interpretations,
to be described in the following two subsections. The first is that the broken chiral symmetry
pertains to the gluon or graviton fields in the self-dual theories, which is related to the
‘electric-magnetic’ duality of the linearised fields. This chiral anomaly is associated to an
infinite tower of anomalous currents signalling the breaking of integrability. The second is
that the broken chiral symmetry pertains to a fermion coupled to the Yang-Mills field or
the metric, which is the more conventional example of chiral anomaly. Here, the quantum
correction arises from integrating out the fermion, and encodes the usual fermionic chiral
anomaly. We find an interesting analogy to the 2D Schwinger model.

4.1 From a chiral anomaly to an integrability anomaly

Here, we describe an understanding of the breaking of integrability as a result of a chiral-type
anomaly. This provides a simple answer to the question first posed by Bardeen [6] (see
also [8]) of how to construct an infinite tower of currents beyond the classical theory, whose
anomaly leads to the one-loop amplitudes.

Let us focus on SDG for our argument. As reviewed previously, the light-cone action is

SSDG =
∫
d4x ϕ̄

(
□0ϕ− 1

2(ϕ
↔
P 2 ϕ)

)
. (4.1)

Consider the U(1) transformation

(ϕ, ϕ̄) 7→ (eiθϕ, e−iθϕ̄) . (4.2)

This is a chiral-type transformation, acting on the two degrees of freedom according to their
helicity. The linearised theory is manifestly invariant under this symmetry, which can be
checked to correspond to the well-known ‘electric-magnetic’ duality of linearised gravity, first
mentioned in [107]. In the non-linear full (i.e. beyond self-dual) gravity theory, this symmetry
is broken by the interactions, as discussed recently in [108], which builds on the amplitudes
literature [109–118]. In the present work, however, we are dealing with the self-dual truncation
of gravity. On the one hand, the action above is not invariant under this symmetry due
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to the 3-point vertex. On the other hand, the tree amplitudes vanish, so at tree-level the
amplitudes trivially obey helicity conservation, which states that the only allowed amplitudes
have equal number of external plus and minus helicity particles (seen as all incoming, say). If
we start from the Feynman rules of (4.1), the vanishing of the tree amplitudes follows from
non-trivial identities on the support of on-shell kinematics. However, there is a straightforward
alternative way to arrive at this result, which is to consider the non-local field redefinition

(ϕ̃, ¯̃ϕ) =
(
ϕ− 1

2□0
(ϕ
↔
P 2 ϕ), ϕ̄

)
, (4.3)

which leads to a free action,

SSDG =
∫
d4x ¯̃ϕ□0 ϕ̃ . (4.4)

Now, the chiral symmetry

(ϕ̃, ¯̃ϕ) 7→ (eiθϕ̃, e−iθ ¯̃ϕ) (4.5)

is manifest. The corresponding Noether current is

jµ = ¯̃ϕ
↔
∂µ ϕ̃ = ¯̃ϕ (∂µϕ̃) − (∂µ

¯̃ϕ) ϕ̃ . (4.6)

In fact, as expected from the fact that the action is free, we have an infinite number of
conserved spin-s currents:

jµ1µ2···µs = ¯̃ϕ
↔
∂µ1

↔
∂µ2 · · ·

↔
∂µs ϕ̃ , (4.7)

such that

∂µ1jµ1µ2···µs = ¯̃ϕ
↔
∂µ2 · · ·

↔
∂µs (□0 ϕ̃) − (□0

¯̃ϕ)
↔
∂µ2 · · ·

↔
∂µs ϕ̃ , (4.8)

which vanishes according to the equations of motion. The conservation of an infinite tower of
currents is a hallmark of integrability, as is the vanishing of the amplitudes.10

It was first suggested in [9] that the field redefinition (4.3) (actually, its SDYM counterpart,
but the story is similar) leads to a Jacobian in the path integral measure that generates the
one-loop amplitudes. This Jacobian has never been computed from first principles starting
from the measure, but we can now identify its explicit form. When the (logarithm of the)
Jacobian is incorporated into a quantum-corrected action, we have

Sq.c.SDG =
∫
d4x

( ¯̃ϕ□0 ϕ̃+ V1-loop(ϕ̃)
)
. (4.9)

From (3.33), we see that we can identify

V1-loop(ϕ̃) = −a2
G

16

 1

□0 − (ϕ
↔
P 2 ·)

(ϕ
↔
P 4 ϕ)

2 ∣∣∣∣∣
ϕ=ϕ(ϕ̃)

, (4.10)

10The reader familiarised with the amplitudes literature may wonder about the fate of the 3-point (+ + −)
tree amplitudes. These have no support on on-shell real kinematics in Lorentzian signature. They would arise
beyond this real Lorentzian setting because 1

□0
diverges in (4.3) for 3-point on-shell kinematics.
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where the right-hand side is evaluated on ϕ = ϕ(ϕ̃), the inverse map of the redefinition (4.3).
The Feynman rules for (4.9) are such that the propagator cannot connect any of the vertices,
since these only involve ϕ̃, so the one-loop amplitudes are evaluated at n points solely from
the n-point vertex11

δnV1-loop(ϕ̃)
δϕ̃(k1)δϕ̃(k2) · · · δϕ̃(kn)

∣∣∣∣∣
ϕ̃=0

. (4.11)

Now, we note that the currents (4.7) are anomalous, because the quantum-corrected equations
of motion lead to

∂µ1jµ1µ2···µs = ¯̃ϕ
↔
∂µ2 · · ·

↔
∂µs (□0 ϕ̃) − (□0

¯̃ϕ)
↔
∂µ2 · · ·

↔
∂µs ϕ̃

= δV1-loop(ϕ̃)
δϕ̃

↔
∂µ2 · · ·

↔
∂µs ϕ̃ . (4.12)

Therefore, the integrability symmetry associated to the infinite tower of classically conserved
currents is broken by the quantum correction. This is signalled by the non-vanishing of
the one-loop amplitudes obtained from (4.11).

The SDYM case is entirely analogous, based on the field redefinition introduced in [9]:

(Ψ̃, ¯̃Ψ) =
(

Ψ + i

□0
(Ψ
↔
P Ψ), Ψ̄

)
. (4.13)

The infinite tower of classically conserved currents is now

tr
(

¯̃Ψ
↔
∂µ1

↔
∂µ2 · · ·

↔
∂µs Ψ̃

)
. (4.14)

In either SDG or SDYM, the field redefinition to a free action brings a very simple
perspective to the breaking of integrability. A different spacetime-based approach was taken
in ref. [24], where a set of formally-defined currents related to the usual classical Lax pairs
were shown to be not conserved in the presence of the quantum corrections.

One feature that may appear puzzling is that the anomaly (4.12) of the currents, to give
the example of SDG and in particular say the spin-1 current jµ, is not of the form of the
chiral anomalies well-known from fermions on non-trivial backgrounds, briefly reviewed in
section 2.2. Naively, one may think that this is due to the fact that we are dealing with
chiral transformations of gauge bosons, instead of those of fermions. However, the U(1)
transformations we consider are precisely of the type that underlies the famous electric-
magnetic duality of the photon field in Maxwell theory, as well as in Born-Infeld theory
and other duality-obeying non-linear theories of electromagnetism. It was shown in [119]
that the electric-magnetic duality is anomalous on a curved spacetime background, with
the anomaly taking the expected form equivalent to (2.14) up to a numerical factor. So
the reason for the different type of chiral anomaly is not that we are dealing with chiral
transformations of gauge bosons instead of fermions, but that the setting is simply distinct,
including the precise manner in which the anomaly arises from the path integral. We are

11The effect of substituting ϕ = ϕ(ϕ̃) in (4.10) is to dress the ‘old’ one-loop vertices with the trees built
from the ‘old’ 3-point vertex, so that the ‘new’ vertices (4.11) include all possible contributions at n points.
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considering self-interacting gauge bosons on a trivial background. There is in fact an analogue
in the case of photons. In Born-Infeld theory, where the photons are self-interacting, the
electric-magnetic duality is broken at one loop on a trivial background. The anomalous
amplitudes take a simple form somewhat reminiscent of those in SDYM and in SDG, though
the details of the interactions and the amplitudes differ [114].

4.2 Fermionic currents: 4D versus 2D

Here, we will take the approach of the usual chiral anomaly of fermions, and will ask the
question of whether there is any special property of the symmetry currents of fermions on a self-
dual gauge field or gravity background. Generally speaking, the 4D self-dual theories present
some similarities to 2D theories, as is well known regarding integrability, so one may expect
that such similarities can also be found in the context of fermions on self-dual backgrounds.

In 2D, quantum electrodynamics with a massless fermion, often called the Schwinger
model, yields the following exact result [59] (page 275):

Z[A] =
∫

DψDψ̄ exp
(∫

d2x ψ̄(i/∂ + /A)ψ
)

= exp
( 1

2π

∫
d2x (ϵµνFµν) 1

□0
(ϵµνFµν)

)
. (4.15)

This means that the vacuum expectation value of the U(1) vector current ψ̄γµψ is

jV
µ = δ

δAµ
logZ[A] = 1

2πϵµν∂
ν 1
□0

(ϵαβFαβ) . (4.16)

Clearly, this non-local current is conserved. Now, a crucial feature of 2D is that the chiral
(or axial) current iψ̄γµγ5ψ is dual to the vector current. This follows from the fact that
ϵµνγν = iγµγ5. The resulting relation

jV
µ = ϵµν j

A,ν , jA
µ = 1

2π ∂µ
1
□0

(ϵαβFαβ) , (4.17)

leads to the expected 2D chiral anomaly, ∂µjA
µ = 1

2π (ϵαβFαβ) . We are considering here the
U(1) gauge group. For SU(N), it turns out that Z[A] = 1, and therefore the currents have
vanishing vacuum expectation value, because ϵµνFµν is substituted by tr(ϵµνFµν) = 0.

Nevertheless, the 2D currents above have close analogues in 4D for self-dual gauge fields
with the restricted set of gauge groups discussed in previous sections. For these, we have

Z[A] =
∫

DψDψ̄ exp
(∫

d4x ψ̄i(i/∂ + /A)ijψj

)
= exp

(
a2
g

8

∫
d4x Tr(FµνF

µν) 1
□2

0
Tr(FµνF

µν)
)

= exp
(

−
a2
g

32

∫
d4x Tr(εµνρλFµνFρλ) 1

□2
0

Tr(εµνρλFµνFρλ)
)
. (4.18)

The second equality follows from (3.7) and the discussion above that equation, particularly
the fact that the effect of the fermionic loop is minus that of the gluonic loop (or the complex
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scalar loop). The final equality follows from (3.13) for self-dual fields. The result is clearly
analogous to the 2D story, and this extends to the currents. We have, for the vector current
ψ̄iγµT

a
ijψj, the vacuum expectation value

jV,a
µ = δ

δAa,µ
logZ[A] =

a2
g

8 ενµρλ

(
(DνF a,ρλ) + F a,ρλ∂ν

) 1
□2

0
Tr(εαβγδFαβFγδ)

= −
a2
g

8 εµνρλF
a,ρλ ∂ν 1

□2
0

Tr(εαβγδFαβFγδ) , (4.19)

where the second line follows from the Bianchi identity. This current is analogous to the 2D
current (4.16). Its conservation is also easily checked, using again the Bianchi identity:

DµjV,a
µ = −

a2
g

8 εµνρλ

(
(DµF a,ρλ)∂ν + F a,ρλ∂µ∂ν

) 1
□2

0
Tr(εαβγδFαβFγδ) = 0 . (4.20)

The 2D story suggests that we may be able to identify the vacuum expectation value of the
singlet axial current iψ̄iγµγ5ψi such that we have a relation analogous to (4.17):12

jV,a
µ = −2π2a2

g εµνρλ

(
F a,ρλ 1

□0

)
jA,ν , jA

µ = 1
16π2 ∂µ

1
□0

Tr(εαβγδFαβFγδ) . (4.21)

This is consistent with the 4D chiral anomaly,

∂µjA
µ = 1

16π2 Tr(εαβγδFαβFγδ). (4.22)

In typical treatments of the chiral anomaly, the axial current is not computed — what
is computed is its gauge-invariant anomaly. We propose that in the setting of a self-dual
background, a gauge-invariant regularised singlet axial current is possible, given as above
in analogy to 2D.

It would be interesting to explore further this 4D/2D analogy to see if we can import to 4D
(even if only in the self-dual sector) the wealth of exact results known for the Schwinger model.
The gravitational analogue merits attention too, though we leave this for future consideration.

5 Insights from the connection to the trace anomaly

5.1 Properties of the Fradkin-Tseytlin-Paneitz operator

The trace anomaly gives us clues into the appearance of a fourth-order (inverse) differential
operator in the quantum-corrected actions for SDYM and SDG. The FTP operator ∆4
defined in (2.7) is such that

√
|g|∆4 is Weyl invariant, and satisfies ∆4 = □2 on Ricci-flat

backgrounds. This operator exposes the conformal properties of the theories.
12Here, taking G(x, y) to be the Green’s function defining 1/□, we assumed that the following integration

by parts is allowed:

∂ν
1
□

f(x) =
∫

d4y f(y) ∂

∂xν
G(x, y) =

∫
d4y f(y) 1

□x

∂

∂xν
δ(x, y) = −

∫
d4y f(y) 1

□x

∂

∂yν
δ(x, y)

=
∫

d4y
1
□x

δ(x, y) ∂

∂yν
f(y) =

∫
d4y G(x, y) ∂

∂yν
f(y) = 1

□
∂νf(x) .
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One important property of quantum SDYM is the conformal invariance of its loop
amplitudes, given in (3.1). We recall that these are the all-plus one-loop amplitudes of full
Yang-Mills theory. The conformal invariance was observed empirically in [38], by noting
that the generators of the conformal algebra — conveniently expressed in spinor-helicity
notation [120] — eliminate the amplitudes. A brief review of this story is presented in
appendix A.1.13

The form of the quantum-corrected action for SDYM in (3.7) provides an explanation
for the conformal invariance of these amplitudes — though only for the gauge groups where
this action is valid, e.g. SU(3). The relation of that action to the twistor-space theory of [16]
already indicates the presence of conformal symmetry, but let us focus here on the spacetime
formulation. Consider the following action on a general background:

SSDYM −
a2
g

8

∫
d4x

√
|g| Tr(FµνF

µν) 1
∆4

Tr(FµνF
µν) . (5.1)

This action is clearly invariant under a Weyl transformation,14

gµν → e2Ωgµν , FµνF
µν → e−4ΩFµνF

µν , ∆4 → e−4Ω∆4 . (5.2)

Moreover, it reduces to (3.7) in the flat background case. This straightforwardly explains the
conformal invariance of the quantum-corrected theory on flat spacetime, and hence of the
scattering amplitudes. To see this, we recall that a conformal transformation xµ → x′µ(x)
is such that

ηµνdx
′µdx′ν = e2Ω(x) ηµνdx

µdxν . (5.3)

Here, unlike in (5.2), Ω is a restricted function, defined by the parameters of 4D conformal
transformations. Now, Weyl invariance implies that the flat-spacetime action takes the
same form (3.7) whether the coordinate choice is xµ or x′µ; that is, the factor e2Ω(x) in (5.3)
cancels out in the action. This is the statement of conformal invariance of a theory living
on flat spacetime. In fact, one does not need to appeal to the full Weyl-invariance of the
action (5.1) on a curved background. The action (3.7) is already invariant under conformal
transformations. Since ∆4 = □2

0 for flat spacetime, □2
0 has the restricted Weyl covariance

associated to the allowed choices of Ω in (5.3); that is, it is conformally covariant. Explicitly,
acting on a scalar ϕ′(x′) = ϕ(x), we have under the conformal transformation:

(∂2
x′)2 = e−4Ω(∂2

x)2 , (5.4)

where we denote ∂2
x′ = ∂

∂x′µ
∂

∂x′
µ

, etc; the restriction on Ω allows the conformal factor to
‘factor out’ on the right-hand side.

13Ref. [38]’s full proof of the conformal invariance of the amplitudes, not included in the appendix, noted that
the amplitudes can be written as a sum of simple terms that are separately conformally invariant. Interestingly,
these same terms had appeared as BCJ numerators of one-loop MHV amplitudes in N = 4 super-Yang-Mills
theory [121]. Indeed, a connection between the maximally supersymmetric theory and the self-dual sector of
the non-supersymmetric theory has long been known [3]; see [122] for a recent proof of this relationship. This
in turn suggests that the structures studied in our paper play some role in N = 4 super-Yang-Mills theory.

14Notice that χ = 1
∆4

Tr(FµνF µν) is Weyl invariant, as implied by ∆4 χ = Tr(FµνF µν).
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While the operator ∆4 is not strictly required to explain the conformal invariance of
the amplitudes, as we have just explained, it is important when considering the extension
to curved backgrounds, to be discussed below. Furthermore, as mentioned previously, the
complete SDYM quantum-corrected action is not known explicitly for SU(N), despite partial
progress in [24]. It is likely that conformal invariance will be a useful guide to obtaining
the complete quantum correction.

It is worthwhile to mention that, in the gravity case (3.18), we have∫
d4x

√
|g| C2 1

□2 C
2 =

∫
d4x

√
|g| C2 1

∆4
C2 (5.5)

under the self-duality constraint imposed by SSDG, which implies Ricci flatness. Indeed, as
we describe in the appendix A.2, the four-point gravity amplitude (3.2) is almost conformal
invariant (almost because of the dimensionful coupling) due to the Weyl invariance of the
right-hand side of (5.5). The higher-point amplitudes do not share this property, as a result
of SSDG not being conformally invariant.

5.2 Quantum-corrected actions on non-trivial backgrounds

The study of field theory on curved backgrounds has received a new push in recent years,
inspired by novel methods, not least those originating in the amplitudes literature. In the
previous section, we mentioned already the possibility of extending the non-local quantum-
corrected action for SDYM to non-trivial background spacetimes, in the form

Sq.c.SDYM = SSDYM −
a2
g

8

∫
d4x

√
|g| Tr(FµνF

µν) 1
∆4

Tr(FµνF
µν) + . . . . (5.6)

This a natural conjecture for such an extension, because (i) Weyl invariance is a natural
upgrade for the conformal invariance of quantum SDYM exhibited by its flat-spacetime
scattering amplitudes, and (ii) the FTP operator ∆4 makes an appearance already in
the quantum correction associated to the trace anomaly, also when considering a curved
background. The action above is subject to the restriction on the gauge group mentioned
earlier, e.g. SU(3). The ellipsis accounts for possible terms that have no counterpart in the
flat spacetime limit. Examples where this conjecture could be tested are backgrounds with
significant symmetry, such as plane waves and (anti-)de Sitter; see e.g. [123–131] for recent work
along these lines. Another natural setting is provided by SDG backgrounds [73, 97, 132–134].

In the case of SDG, one may ask how (3.18) would extend to SDG-Λ, i.e. allowing for a
cosmological constant. In SDG-Λ, the self-duality condition applies to the Weyl tensor only,
while the Ricci tensor satisfies the Einstein-Λ equations, Rµν = Λgµν . See [131] for a recent
discussion of the second Plebanski equation with non-zero Λ. The Λ-self-duality condition
is imposed by the ‘tree-level part’ of the action, SSDG-Λ. For the quantum correction, a
natural candidate is suggested by (5.5), namely

Sq.c.SDG-Λ = SSDG-Λ − a2
G
8

∫
d4x

√
|g| C2 1

∆4
C2 + . . . . (5.7)

Recalling the definition of the FTP operator in (2.7), under Rµν = Λgµν we have

∆4 = □2 − 2
3Λ□. (5.8)
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Figure 2. Example of a two-particle cut which enters the computation of the logµ2 term in the
two-loop all-plus pure gravity amplitude at four-points. The internal legs crossing the dotted line are
on-shell.

The light-cone version of SSDG-Λ obtained in [131] provides a starting point for testing this
proposal, by performing explicitly a loop calculation, though this is not straightforward
on the non-trivial background.

Another question is how this story extends to self-dual conformal gravity (see e.g. [135]).
A natural expectation is that the quantum correction in (5.7) is again present. Yet another
class of related theories are the chiral higher-spin theories of [136–139], which generalise SDG
and SDYM to include massless fields of higher spins. For some theories in this class, there
exist non-vanishing one-loop amplitudes [140–142], and the same quantum correction occurs,
involving only amplitudes with external gravitons/gluons (no higher spins); the coefficient
of the correction is then easily adjusted [93, 94]. Ref. [94] includes a summary of the status
of loop amplitudes in chiral higher-spin theories.

6 Relation to UV divergence in two-loop pure gravity

In this section, we will move beyond the self-dual sectors to comment on an intriguing feature
of the ultraviolet behaviour of pure gravity. The well-known two-loop divergence [143–145]
has been investigated more recently using modern unitarity methods [45, 46, 146]. It was
argued in [45] that the coefficient of the dimensionally-regularised divergence 1

D−4 , which can
be cancelled with a (Riemann3) counterterm, is not directly physical; the reason being that
it depends on a possible coupling to 3-form fields, which should have no physical consequence
as they do not propagate in strictly four spacetime dimensions. Instead, the physical effect
of the divergence is the renormalisation-scale dependence, signalled by a logµ2 term in the
two-loop amplitude, which in the case of gravity is not tied to the 1

D−4 ultraviolet divergence.
Noticing this fact, refs. [45, 46] computed the kinematic coefficient of the logµ2 term via

unitarity cuts, for the four-point two-loop amplitude. They focused on the all-plus helicity
case, which is easier to tackle with the unitarity method due to the fact that only two-particle
cuts contribute to logµ2. To obtain these cuts, one glues a four-point all-plus one-loop
amplitude to a four-point tree-level (MHV) amplitude, as in figure 2. From the reasoning of
the cuts, it is shown in [45, 46] that the coefficient of logµ2 does not depend on the number
of 3-form fields. In addition, they observe that, beyond pure gravity (i.e. with any number of
bosons and fermions in the loop of the one-loop side of the cut), the coefficient is proportional
to Nbosons −Nfermions. This follows directly from the properties of all-plus one-loop amplitudes
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mentioned in earlier sections; in this setting, such a four-point amplitude appears on one
side of the cut. An obvious consequence is that the logµ2 term is absent for supergravity
theories; indeed, supersymmetry guarantees ultraviolet finiteness at two loops [147].

In section 3, we discussed the twistor-derived bosonic models of [16, 17] for ‘improved’
SDYM and SDG. These models achieve the cancellation of the one-loop amplitudes of
ordinary SDYM and SDG, in a very different manner from the cancellation achieved in the
supersymmetric extensions of SDYM and SDG (where the one-loop amplitudes are also
absent). A natural question, given the relevance of the all-plus one-loop amplitudes to the
ultraviolet behaviour in pure gravity, is whether there is an analogous bosonic mechanism
that ultimately cancels the two-loop divergence, as an alternative to supersymmetry. Taking
the perspective of the non-local action (but one could also consider the local form with an
auxiliary scalar), our observation is that the action

SEH + a2
G
8

∫
d4x

√
|g| C2 1

∆4
C2 + . . . (6.1)

for pure gravity provides such a cancellation of the logµ2 term. It leads to the vanishing
(by cancellation between the Einstein-Hilbert term and the non-local term) of the one-loop
all-plus amplitudes. This is just the cancellation discussed in section 3. Recalling figure 2,
this eliminates the four-point amplitude in the one-loop side of the cut, and following the
argument of [45, 46], it leads to a vanishing coefficient for logµ2 in the two-loop all-plus
four-point amplitude. That is, the one-loop non-local term is fixing the two-loop behaviour
in the case of all-plus amplitudes.

The ellipsis (. . . ) above indicates the fact that the non-local term written here is certainly
not sufficient for eliminating the logµ2 term in all two-loop four-point amplitudes; while it
is sufficient for the all-plus two-loop case, the one-minus case also requires attention (the
two-plus/two-minus case has no logµ2 term [146]). The non-local term we have proposed
in (6.1) cannot do the job for the one-minus two-loop amplitude, because it clearly vanishes
when evaluated on the one-minus one-loop amplitude15 that would appear in the 2-particle
cuts. In addition, for the logµ2 term of the one-minus two-loop amplitude, there are also
3-particle cuts, involving five-point tree amplitudes on both sides of the cut. We refer the
reader to [46] for details. One would also have to consider whether a relation between the
two-loop logµ2 term and the one-loop all-plus and one-minus amplitudes persists at higher
points, and of course at higher loops.

While this could be considered a long shot, we see no obstacle of principle that prevents
us from following this procedure for at least the four-point two-loop gravity amplitudes,
though we have not determined the precise form of the required terms for the ellipsis in (6.1).
The physical origin of why such a non-local term should be present in the action remains
unclear. We merely note its potential consequence.

15We can see this as follows. At linearised level for ± helicity and on-shell momentum k, we have
C±

µνρλ ∼ ε±
[µkν]ε

±
[ρkλ]. Hence, Cµνρλ(1−) Cµνρλ(2+) ∼ (ε−

1 [µk1ν]ε
+
2

[µk2
ν])2, which vanishes because ε+

2
[µk2

ν]

and ε−
1

[µk1
ν] are self-dual and anti-self-dual tensors, respectively.
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7 Conclusion

The main goal of this paper was to connect the non-local quantum-corrected actions of
self-dual Yang-Mills theory and gravity, to the non-local actions that have long appeared in
the context of anomalies. With the benefit of hindsight, the quantum corrections to SDYM
and SDG [16, 17, 24] could have been determined by simple analogy with the trace anomaly:
by trying a natural non-local functional, and then fixing the coefficient by matching to an
amplitude. In addition, we discussed how the quantum corrections in the self-dual theories are
related to chiral anomalies. On this point, we have provided two distinct points of view. The
first is that the quantum correction signals the anomaly of the chiral U(1) symmetry acting
on the gluon or the graviton in the self-dual theories; this is a symmetry associated to the
‘electric-magnetic’ duality of the linearised fields. The second is that the quantum correction
can be interpreted from the integrating out of a fermion. We noted that there is a close analogy
with the long-known results of the 2D Schwinger model, which merits further investigation.

One clue from the trace anomaly literature is the appearance of the Fradkin-Tseytlin-
Paneitz fourth-order differential operator ∆4, which allowed us to (i) understand in a simple
manner the conformal properties of the loop-level scattering amplitudes in the self-dual
theories, and (ii) present natural conjectures for extending the quantum-corrected actions
to non-trivial spacetime backgrounds. This aspect of our work is part of ongoing efforts
to bring modern amplitudes-related constructions to the study of quantum field theories
on curved backgrounds.

Regarding Yang-Mills theory, we proposed a Weyl-invariant formulation of the quantum-
corrected self-dual sector on curved spacetimes. This is, of course, a part of the full quantum-
corrected Yang-Mills action. It would be interesting to explore whether the rational parts of
loop amplitudes beyond the self-dual sector can be written in terms of analogous non-local
quantum corrections. Such rational terms can be efficiently computed using unitarity methods,
at least at one-loop [148]. We also remarked on the relationship between the anomaly of
the self-dual sector in pure Yang-Mills theory, and the one-loop MHV sector of N = 4
super-Yang-Mills theory, pointed out long ago [3]. It would be nice to understand the full
extent of this relationship, e.g. whether it extends to non-trivial backgrounds.

We briefly discussed how the anomaly of the self-dual sector in gravity suggests a one-loop
effective mechanism for altering the pathological ultraviolet behaviour of pure gravity, at least
at two loops — a mechanism that is an alternative to supersymmetry. This suggestion relies
on an apparent connection between rational one-loop amplitudes and the divergent behaviour
of two-loop amplitudes. Our observation builds on modern studies of the two-loop divergence
in [45, 46, 146], and also on what appears to be a close connection between anomalies and
ultraviolet divergences in pure (super)gravity more generally [110–112, 149, 150]. It would
be important to understand better this intriguing connection.

Partly based on this observation, and partly based on the role of a fourth-order differential
operator, it is natural to ask whether there is an unexplored connection to the vast topic of
higher-derivative gravity. Quadratic gravity, recently reviewed in [151, 152], has been proposed
as a renormalisable theory of quantum gravity, despite the fact that it seems at odds with
common expectations about quantum field theory, regarding e.g. causality and the appearance
of 1/p4 propagators, in apparent violation of unitarity. Such propagators arise explicitly from
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the non-local quantum corrections we have discussed here. Nevertheless, the loop amplitudes
in the self-dual sector turn out to have only simple poles in the Mandelstam variables, instead
of the quadratic poles naively expected from 1/p4, due to kinematic identities. While the
self-dual theory is non-unitary on its own (as it corresponds to a complex truncation of the
Hamiltonian of the full theory), it is also a sector of a unitary theory — certainly in the
Yang-Mills case. The quantum correction in self-dual gravity, with its 1/p4 propagator, should
also be a part of the quantum corrections in general relativity, seen as an effective theory.
This suggests that such propagators may not always represent a terminal pathology. Finally,
it is worth mentioning that conformal gravity has been argued to be a limit of quadratic
gravity [153], and has an interesting double copy construction [154, 155]. It is tempting to
ask whether there is a common ground between these topics and the aforementioned relation
of the ultraviolet behaviour of pure gravity to the anomaly of the self-dual sector, the latter
being reminiscent of the trace anomaly.
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A Conformal properties of the scattering amplitudes

In this appendix, we first recall the action of the generators of the conformal algebra on
scattering amplitudes; then review the result in [38] regarding the conformal invariance
of the all-plus one-loop amplitudes in Yang-Mills theory. We also address the analogous
question in gravity.

The generators of the four-dimensional conformal group for an n-particle amplitude,
expressed in spinor-helicity language, are as follows [120]: the Lorentz generators,

Jαβ = i

2

n∑
i=1

(
λiα

∂

∂λβ
i

+ λiβ
∂

∂λα
i

)
,

J̃α̇β̇ = i

2

n∑
i=1

λ̃iα̇
∂

∂λ̃β̇
i

+ λ̃iβ̇

∂

∂λ̃α̇
i

 , (A.1)

the momentum generator,

Pαα̇ =
n∑

i=1
λα

i λ̃
α̇
i , (A.2)

the dilatation generator,

D = i
n∑

i=1

(
1
2λ

α
i

∂

∂λα
i

+ 1
2 λ̃

α̇
i

∂

∂λ̃α̇
i

+ 1
)
, (A.3)
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and the special conformal generator,

Kαα̇ =
n∑

i=1

∂2

∂λα
i ∂λ̃

α̇
i

. (A.4)

Consider an amplitude of the form

A({pi}) = δ4
(

n∑
i=1

pi

)
A({pi}). (A.5)

The Poincaré generators act on this expression as

JαβA = δ4 (P ) JαβA,

J̃α̇β̇A = δ4 (P ) J̃αβA,

Pαα̇A = 0.

(A.6)

Thus, Poincaré invariance follows from the Lorentz invariance of the ‘delta-stripped’ amplitude.
This, in turn, follows from the fact the stripped amplitude can be written as a function of
spinor brackets λiαλj

α and λ̃iα̇λ̃j
α̇. The dilatation operator acts on the amplitude as

DA = δ4(P )(−4iA+DA), (A.7)

where the first term arises from differentiating the delta function as a distribution. Dilatation
invariance requires DA = 4iA, which holds for a dimensionless coupling. This is because
−iDA = (dA − dc + n)A, where dA is the mass dimension of A, which is 4 − n in four
dimensions, dc is the mass dimension of the coupling constant factor in A, and n arises from
the +1 in the summand defining the generator D; hence, −iDA = (4 − dc)A and

DA = −i dc A. (A.8)

That is, dilatation invariance corresponds to a dimensionless coupling. Imposing Lorentz
invariance, JαβA = 0 = J̃α̇β̇A, the special conformal generator acts on the amplitude as

Kαα̇A = δ4(P )Kαα̇A+ ∂δ4(P )
∂Pαα̇

(−4A− iDA)

= δ4(P )Kαα̇A− dc
∂δ4(P )
∂Pαα̇

A. (A.9)

We see that special conformal invariance requires that Kαα̇A = 0, in addition to dilatation
invariance.

A.1 All-plus one-loop Yang-Mills amplitudes

Ref. [38] showed that the all-plus one-loop Yang-Mills amplitudes, first obtained in closed
form in [1], and which lie in the self-dual sector, exhibit conformal invariance. That is,

Pαα̇A(1)
YM = 0, JαβA(1)

YM = 0, J̃α̇β̇A(1)
YM = 0, DA(1)

YM = 0, Kαα̇A(1)
YM = 0. (A.10)

Only the special conformal invariance is non-trivial. It is most easily seen in the very simple
four-point case, where

A(1)
YM(1+, 2+, 3+, 4+) = δ4(p1 + p2 + p3 + p4)A(1)

YM(1+, 2+, 3+, 4+), (A.11)
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where
A

(1)
YM(1+, 2+, 3+, 4+) = − i g4

48π2
[12][34]
⟨12⟩⟨34⟩

(A.12)

for the colour-ordered amplitude.

A.2 All-plus one-loop gravity amplitudes

The all-plus one-loop gravity amplitudes, which lie in the self-dual sector, were first obtained
in closed form in [4]. The four-point case is

A(1)
G (1+, 2+, 3+, 4+) = δ4(p1 + p2 + p3 + p4)A(1)

G (1+, 2+, 3+, 4+), (A.13)

with

A
(1)
G (1+,2+,3+,4+) = − i

120(4π)2

(
κ

2

)4
(s2

12+s2
23+s2

31)
(

s12s23
⟨12⟩⟨23⟩⟨34⟩⟨41⟩

)2
, (A.14)

where we made the coupling explicit. The Poincaré invariance of the amplitudes is clear,

Pαα̇AG = 0, JαβAG = 0, J̃α̇β̇AG = 0. (A.15)

The n-point amplitude goes like κn, so that the dimensionful coupling breaks dilatation
symmetry,

DAG = i nAG . (A.16)

We then have also

Kαα̇AG = δ4(P )Kαα̇AG + n
∂δ4(P )
∂Pαα̇

AG. (A.17)

It turns out that the four-point amplitude (A.14) is special because

Kαα̇A
(1)
G (1+, 2+, 3+, 4+) = 0, (A.18)

a property that is not shared by higher-point amplitudes. Therefore, it is almost conformal
invariant, with full invariance failing due to the dimensionful coupling. In terms of the
discussion in the main body of the paper, we interpret this as being due to the following fact:
in the action (3.18), while the part SSDG is not conformally invariant, the quantum correction
is; in fact, the latter can be written in a Weyl-invariant manner as in (5.5). The quantum
correction provides the one-loop effective vertices, whose explicit form in light-cone gauge we
wrote in (3.33), taken from [24]. It is helpful to think of the Feynman rules resulting from
the light-cone action. The four-point amplitude uses only the four-point one-loop effective
vertex, with legs put on-shell, and therefore it is not surprising that there is a remnant of
conformal symmetry in this particular amplitude. The five-point amplitude uses both the
five-point one-loop effective vertex and, in a different set of diagrams, the four-point one-loop
effective vertex with a three-point ‘tree vertex’ attached, with the latter coming from the
SSDG part of the action. We interpret the failure of the almost-conformal invariance for
n > 4 (that is, Kαα̇A

(1)
G ̸= 0) as due to the appearance of the three-point vertex from the

conformally-non-invariant piece SSDG.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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