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Abstract

We review developments in the theory of multiple, parallel membranes in M-theory. After discussing the

inherent difficulties with constructing a maximally supersymmetric lagrangian with the appropriate field

content and symmetries, we introduce 3-algebras and show how they allow for such a description. Dif-

ferent choices of 3-algebras lead to distinct classes of 2+1 dimensional theories with varying degrees of

supersymmetry. We then demonstrate that these theories areequivalent to conventional superconformal

Chern-Simons gauge theories at levelk, but with bifundamental matter. Analysing the physical properties

of these theories leads to the identification of a certain subclass of models with configurations of M2-branes

onZk orbifolds. These models give rise to a whole new gauge/gravity duality in the form of an AdS4/CFT3

correspondence. We also discuss mass deformations, higherderivative corrections, and the possibility of

extracting information about M5-brane physics.
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1. M-theory and M-branes: a brief review

M-theory is a proposed interacting quantum theory involving fields and extended objects (“branes”)

propagating in 11 spacetime dimensions. Its existence has been inferred from the properties of its massless

fields, including the spacetime metric, which couple to eachother via a specific classical lagrangian known

as “11d supergravity,” to be described in more detail below.In addition to the massless fields, M-theory

possesses two kinds of stable branes, namely 2-branes (equivalently referred to as “membranes”), and 5-

branes. These are dynamical objects that extend in two and five spatial dimensions respectively (as well as

time) and possess a characteristic tension and charge.

11d supergravity [1] is a locally supersymmetric lagrangian field theory involving massless bosons and

fermions. It is special in that eleven is the highest spacetime dimension in which a consistent supersymmet-

ric theory can be written down that has spins≤ 2 [2]. The theory has one 32-component spinor supercharge

in eleven dimensions and, if we allow no more than two-derivative interactions, its lagrangian is unique.

However, given the non-renormalisability of gravity in anydimension greater than or equal to four, it is not

obvious how to extend this lagrangian to an ultraviolet-complete quantum theory. For this reason, the role

of the 11d supergravity lagrangian in quantum physics remained unclear for many years.

The situation for supergravity theories in 10 spacetime dimensions is superficially similar. Type II super-

gravities have two spacetime supersymmetry charges, whichin turn singles out ten as the maximum allowed

spacetime dimension. With only two-derivative interactions and this amount of supersymmetry there is not

one unique lagrangian, but rather two possible lagrangianswith different field contents. These are referred

to as type IIA and type IIB supergravity. Again, because of non-renormalisability, these lagrangians by

themselves do not define an ultraviolet-complete quantum theory.

However, in these cases, an ultraviolet completion is known. Type IIA and IIB supergravities are the

low-energy limits of corresponding superstring theories.In particular, this is how type IIB supergravity

was originally discovered [3] and subsequently constructed [4, 5]. As shown in Ref. [3], there are two

superstring theories in 10 dimensions, type IIA and IIB. Quantisation of these strings reveals, in particular,

a spectrum of massless particles. Computations of string scattering amplitudes for these modes can be used

to read off their low-energy lagrangians, and the resulting theories are type IIA and type IIB supergravity.1

This fact, together with considerable evidence that stringtheory is ultraviolet finite, encourages us to think

of superstring theory as the ultraviolet completion of typeII supergravity. The full theory includes not just

the massless modes of supergravity but also extended objects, specifically strings. It was later understood

that the spectrum also includes extended branes. These havebeen studied from a variety of complementary

points of view: in terms of worldvolume field theories of the degrees of freedom bound to them, as charged

1Type IIA supergravity also arises by compactifying 11d supergravity on a circle [6–8], as we will discuss in more detail later.
3



extended soliton-like solutions in supergravity, and as one-dimensional matrix models.

This relation between superstring theory and 10d supergravity provides a basis to conjecture the ex-

istence of a theory that similarly completes 11d supergravity in the ultraviolet (UV). Indeed, it was long

expected that fundamental membranes play a role analogous to the one that strings play in completing ten-

dimensional supergravities (see for example Refs.[9, 10]). This idea was further stimulated by the discovery

that when compactifying 11d supergravity, wrapped membranes naturally turn into the fundamental strings

of type IIA superstring theory [11]. While it has not actually proved possible to quantise fundamental mem-

branes and derive 11d supergravity from them, it was argued via duality [12–14] that there is a consistent

UV completion of 11d supergravity and that stable membranesare an important part of this theory.

The details of this conjectured theory, called “M-theory,”will be described below. In addition, for

previous reviews on M-theory, its duality properties, compactifications, as well as complementary aspects

of membrane dynamics, we refer the reader to [15–20]. As we will see, 11d supergravity has no scalar

fields and no dimensionless couplings. Therefore in particular it has no tunable coupling constant. The

same must therefore be true of the hypothetical M-theory whose low-energy action is postulated to be 11d

supergravity. It follows that unlike string theory, M-theory has no perturbative expansion. This makes

it considerably harder to study than string theory. We believe in the existence of M-theory only because

of many different properties and relationships that have been uncovered in the last three decades. These

together provide convincing evidence for the existence of an elegant and internally consistent structure. In

this chapter and the next, we will attempt to exhibit this structure. A key feature will be the presence of

supersymmetric membranes and 5-branes.

The fact that 10d type IIA supergravity arises by dimensional reduction of 11d supergravity strongly

suggests that the ultraviolet completions of the two theories (explicitly known in the former case and con-

jectural in the latter) are related. Indeed it has been convincingly argued [12–14] that upon starting with

type IIA string theory and allowing the string coupling to become very strong, the resulting theory reveals

a hidden eleventh dimension and should be thought of as M-theory. Conversely, upon compactifying the

underlying eleven-dimensional spacetime on a spatial circle, M-theory reduces to type IIA string theory

with the string coupling being related to the radius of the circle. This comparison is more subtle and rich

than comparison of merely the low-energy effective actions. Indeed, here one keeps the Kaluza-Klein states

[7] arising on compactification, as well as states arising fromwrapped or unwrapped branes, and (as we

explain below) a perfect match ensues. Thus M-theory is in fact a limit of string theory: more precisely,

a novel and unexpected description of the dynamics of stringtheory in a strong-coupling region where the

familiar string formalism (specifically perturbation theory) is not applicable.

A major puzzle in M-theory has been to understand which, if any, of its degrees of freedom plays

a “fundamental” role analogous to that of the fundamental string in string theory. This is at least partially
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answered [11] by noticing that when M-theory turns into type IIA string theory upon compactifying a spatial

dimension, the membrane of M-theory wrapped on this dimension can be identified with the fundamental

string. In this sense the membrane appears to be the most fundamental object in M-theory, providing

renewed justification for earlier attempts to treat it thus.Indeed it is presumably the origin of the letter “M”

in “M-theory.” One must however be very careful about this interpretation because while quantisation and

scattering are well-understood (perturbatively) for the fundamental string, there is no simple analogue for

the membrane in M-theory.

A key feature of modern string theory is the dynamics of multiple D-branes [21], which are described by

the end points of open strings. This description provides a great deal of insight into the worldvolume dynam-

ics of the branes, which is described by familiar classes of gauge theories augmented by higher-derivative

corrections. It should not come as a surprise that the dynamics of multiple membranes (and also of multiple

5-branes) is more complex than that of multiple D-branes. Inparallel with our limited understanding of

everything else about M-theory, relatively little has beenknown about the degrees of freedom localised on

membranes and 5-branes. In the last few years, however, considerable progress has been made in under-

standing the interacting field theory on multiple membranesin M-theory. This constitutes the subject of the

present review.

We note that there have been various attempts to directly define an eleven-dimensional quantum theory

of gravity involving membranes. The first, well before the name M-theory was coined, aimed to quan-

tise membranes as one does for strings. However this was later found to be fraught with difficulties (see

e.g.[22]). A later definition involved reducing the degrees of freedom to those of matrices living on the

worldvolume of D0-branes in the so-called infinite momentumframe [23]. That both of these approaches

involve fundamental degrees of freedom that begin with the letter “M” is surely one of the reasons for the

current name: M-theory. There is a great deal of literature concerning a single, quantum, membrane in

eleven-dimensional supergravity; for example see the pioneering works [24, 25]. This review cannot claim

to do justice to this topic; rather we aim to give a review of recent results concerning the infrared quantum

description of multiple M2-branes in terms of novel highly supersymmetric gauge theories, analogous to

the role of Yang-Mills gauge theories on D-branes.

In the remaining part of this chapter we provide a pedagogical discussion of 11d supergravity and its

relationship to type IIA supergravity in 10d, along with a survey of the stable branes of M-theory. For the

latter, we start in historical order with their worldvolumedescriptions and go on to describe their appearance

as stable classical solutions of 11d supergravity. We then show how M-theory and type IIA string theory

branes are related.

The rest of this review is organised as follows. In Chapter2 we make precise the definition of multiple

membrane field theory and discuss the Basu-Harvey proposal,involving a triple-bracket, for the struc-
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ture of such a theory. We also review the basics of supersymmetric Chern-Simons theories which are the

foundation on which multiple membrane theories are built. In Chapter3 we develop the mathematical

structure of superconformal Chern-Simons field theories based on “3-algebras.” This includes the con-

struction of the Bagger-Lambert-Gustavsson (BLG) model, which was the first example of a maximally

supersymmetric lagrangian that was not a Yang-Mills theory, and the first description of multiple (albeit

only two) M2-branes. All these developments come together in Chapter4 where the Aharony-Bergman-

Jafferis-Maldacena (ABJM) action, the effective description for multiple membranes in M-theory placed at

an orbifold singularity, is presented. In Chapter5 we begin the analysis of various features of the ABJM

theory, including its relation to super-Yang-Mills via thenovel Higgs mechanism as well as its connection

to the BLG models. In Chapter6 we continue with some more advanced topics, covering the description

of M-theory momentum by monopole operators, as well as an extension of the theory through a mass de-

formation and its subsequent spacetime interpretation in terms of dielectric membranes. In Chapter7 we

consider more general superconformal Chern-Simons theories with reduced supersymmetry (N = 5, 4) and

give their 3-algebra description. In Chapter8 a few other potentially interesting directions are presented

where 3-algebra-based theories play a role, including Lorentzian 3-algebras, higher derivative corrections

and applications to M5-branes. Some closing remarks are presented in Chapter9. For a less technical

review, the reader is referred to [26].

1.1. Eleven-dimensional supergravity

A massless field with spin equal to 2 in four dimensions (and its analogues in higher dimensions) can

be consistently coupled in a field theory only if the couplings obey general coordinate invariance. The

spin-2 field is then identified with the metric of spacetime and upon quantisation becomes a “graviton,”

the mediator of the gravitational force. Moreover, interacting massless fields with spin greater than 2 are

believed to be inconsistent unless there are infinitely manyof them. Therefore in trying to construct a

supergravity theory we should look for a supermultiplet of bosonic and fermionic fields for which the

highest spin is 2.

Indeed, just assuming supersymmetry and a spin-2 field one deduces that the supersymmetry must be

local in spacetime. This arises from the fact that the anticommutator of two supersymmetries is a transla-

tion generator – in gravity, translations are promoted to local (general coordinate) transformations and the

supersymmetry generators accordingly must generate transformations that are local in spacetime. Theories

of this sort are called “supergravities.”

The metric or graviton field is denotedGMN with M,N = 0, 1, · · · ,D − 1. In D spacetime dimensions

this has1
2(D − 1)(D − 2)− 1 on-shell degrees of freedom. This counting comes from the fact that the little

group is SO(D − 2), and the on-shell graviton transforms in the symmetric traceless representation of this

6



group.

Supersymmetry requires that there be a superpartner for thegraviton, known as the “gravitino”ΨM, α.

The gravitino is the gauge particle of local supersymmetry (just as a Yang-Mills field is the gauge particle of

usual gauge invariance). It is a fermion with both a vector and a spinor index,M = 0, 1, · · · ,D − 1 andα =

1, 2, · · · , D̃. Here D̃ is the dimension of the irreducible spinor representation of the little group, which

depends in a complicated way onD. The gravitinoΨM, α has 1
2(D − 3)D̃ on-shell degrees of freedom. To

see this, note that a simple spinor ofD̃ components has12D̃ components on-shell while aD-component

vector hasD − 2 components on-shell. Thus a gravitino apparently has1
2(D − 2)D̃ degrees of freedom.

However due to the well-known properties ofΓ-matrices the “Γ-trace” of the gravitino field, defined as

(ΓMΨM)α ≡ ΓM
αβΨM, β, is clearly an irreducible representation by itself. Therefore to get an irreducible

representation one must remove this part by imposing “Γ-tracelessness”

(ΓMΨM)α = 0 , (1.1.1)

which subtracts12D̃ on-shell degrees of freedom, leaving the number quoted above.

To find a supermultiplet one can now compare the number of physical degrees of freedom of a graviton

and a gravitino and try to account for the difference – if any – by introducing additional fields. We look

for supermultiplets with the minimal amount of supersymmetry in a given dimension. From the discussion

above, it follows that there will be a single gravitino. We exhibit the degrees-of-freedom count for various

spacetime dimensions in the following table

Spacetime dimension Spinor dimension Graviton Gravitino Difference

D D̃ 1
2(D − 1)(D − 2)− 1 1

2(D − 3)D̃

4 4 2 2 0

5 8 5 8 3

6 8 9 12 3

7 16 14 32 18

8 16 20 40 20

9 16 27 48 21

10 16 35 56 21

11 32 44 128 84

12 64 54 288 234

The deficit can be made up by adding new bosons to the theory. However, once we reachD > 11 there

are so many bosons needed that we inevitably encounter “spin> 2” fields (we have not proved this here but
7



it is the content of a theorem to which we referred earlier). For D = 11, we need to add bosonic fields with

84 on-shell degrees of freedom to obtain a matching of on-shell degrees of freedom, a necessary condition

for supersymmetry. Fortunately there is an irreducible representation of the little group SO(9) that has

precisely this dimension. It is the antisymmetric 3-formCMNP. In general this has16(D − 2)(D − 3)(D − 4)

on-shell degrees of freedom, and forD = 11 this is precisely 84!

Thus we may hope to find an 11d supergravity theory containingthe massless fields

GMN, CMNP, ΨM,α . (1.1.2)

Indeed, it was shown by Cremmer, Julia and Scherk [1] that the following action is supersymmetric

S11d =
1

16πG(11)

[ ∫

d11x
√

||G||
(

R− 1
2
|G|2 + 1

6

∫

C ∧G∧G− i
2
ψ̄MΓ

MNPDN

(ω + ω̂

2

)

ψP

− i
384

(

ψMΓ
MNABCDψN + 12ψ

A
ΓBCψD

)(

GABCD+ ĜABCD

)

)]

. (1.1.3)

Here,G(11) is the Newton constant in 11 dimensions. It has dimensions of[length]9 and is often written in

terms ofℓp, the 11d Planck length, via

16πG(11) =
(2πℓp)9

2π
. (1.1.4)

The other quantities appearing in the above action are defined as follows.R is the Ricci scalar andDM(ω)

is the covariant derivative

DM(ω)ψN ≡ ∂MψN −
1
4
ωMABΓ

ABψN . (1.1.5)

The spin connectionsω andω̂ are defined in terms of the vielbeinEA
M (defined byEA

MEA
N = GMN) and the

gravitinoψM as

ωMAB = ω(0)
MAB(E) +

i
16

[

ψNΓ
NP

MAB ψP − 2
(

ψMΓBψA − ψMΓAψB + ψBΓMψA
)

]

ω̂MAB = ωMAB−
i

16
ψNΓ

NP
MAB ψP . (1.1.6)

with ω
(0)
MAB(E) being the usual Levi-Civita spin connection associated toEA

M . ω̂ has the property of being

supercovariant – its supersymmetry variation does not contain derivatives of the supersymmetry parameter.

Finally, the field strengthsG andĜ are defined as

GLMNP ≡ 4∂[LCMNP]

ĜLMNP ≡ GLMNP+
3
2

i ψLΓMNψP . (1.1.7)
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In form notationG = dC and

|G|2 = |dC|2 ≡ 1
4!

GLMNPGLMNP . (1.1.8)

The supersymmetry transformations, labelled by an arbitrary spacetime-dependent infinitesimal spinor

parameterǫ(x), are as follows

δEA
M =

i
2
ǭ ΓAΨM

δCMNP = −3
2

i ǭ Γ[MNΨP]

δΨM = 2DM(ω̂) ǫ +
1

144

(

Γ
PQRS

M + 8ΓQRSδ P
M

)

ĜPQRSǫ , (1.1.9)

where the antisymmetrised gamma-matrices are defined as2 ΓP1···Pn ≡ Γ[P1ΓP2 · · ·ΓPn].

The above action is general-coordinate-invariant (and actually, since it involves fermions, also local-

Lorentz-invariant), as one would expect of any action involving gravity. Additionally it is invariant up to a

total derivative under the “2-form gauge symmetry”

δC = dΛ , (1.1.10)

whereΛ is an arbitrary infinitesimal spacetime-dependent 2-form.

1.2. Relation to string theory

So far we have not exhibited any relationship between M-theory and string theory. A relationship

between them is strongly suggested by the compactification of 11d supergravity to 10 dimensions. For this,

we assume the eleventh dimensionx10 is compactified on a circle with periodicityx10 ≡ x10+2πR10 and find

the massless fields in ten dimensions by taking the eleven-dimensional fields to be independent ofx10. We

must also decompose tensors and spinors into irreducible representations of the ten-dimensional Lorentz

algebra. This is part of the process called Kaluza-Klein reduction (which additionally involves massive

fields in the lower dimension arising from non-constant modes over the compact space).3

Let us now use the indicesµ, ν, · · · to denote 10d spacetime indices anda, b, · · · for 10d tangent-space

2The action and supersymmetry transformations given above follow from those of Ref. [1] by rescalingψM andAMNP such that
a common factor of (16πG)−1 appears in front of all terms, and then sendingΓµ → iΓµ, Γµ → iΓµ, ∂µ → ∂µ, ∂µ → −∂µ, ψ̄ → iψ̄ to
convert from the “mostly minus” metric there to the “mostly plus” one used in the present review.

3For a review of Kaluza-Klein supergravity see [27].
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indices. Then the 11d metric and 3-form reduce as follows [7, 8, 13]

G(11)
µν = G(10)

µν + e2γAµAν, G(11)
µ 10 = e2γAµ, G(11)

10 10= e2γ

C(11)
µνρ = C(10)

µνρ , C(11)
µν10 = Bµν . (1.2.1)

The quantities on the right hand side of the equalities are all ten-dimensional (both in the sense that they are

representations of the 10d Lorentz group and that they depend on the 10d coordinates). This has not been

denoted explicitly by a label except where confusion may occur.4

The decomposition of the metric in the first line was chosen inpart so that, using the standard identity

for block matrix determinants

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∣

∣

∣

∣

∣

∣ A− BTD−1C
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣ D
∣

∣

∣

∣

∣

∣ , (1.2.2)

we have

√

∣

∣

∣

∣

∣

∣G(11)
∣

∣

∣

∣

∣

∣ =

√

∣

∣

∣

∣

∣

∣G(10)
∣

∣

∣

∣

∣

∣ eγ . (1.2.3)

The curvature term of the 11d action then reduces as

2π

(2πℓp)9

∫

d11x
√

∣

∣

∣

∣

∣

∣G(11)
∣

∣

∣

∣

∣

∣ R→ (2π)2R10

(2πℓp)9

∫

d10x
√

∣

∣

∣

∣

∣

∣G(10)
∣

∣

∣

∣

∣

∣

(

eγ
(

R− 1
2
|dγ|2) − 1

2
e3γ |dA|2

)

. (1.2.4)

Similarly the 3-form-dependent terms of the 11d action reduce as

− 2π
(2πℓp)9

1
2

∫

d11x
√

∣

∣

∣

∣

∣

∣G(11)
∣

∣

∣

∣

∣

∣ |G|2 → − (2π)2R10

(2πℓp)9

1
2

∫

d10x
√

∣

∣

∣

∣

∣

∣G(10)
∣

∣

∣

∣

∣

∣

(

eγ |dC(10)|2 + e−γ |dB|2
)

+ · · ·

− 2π

(2πℓp)9

1
6

∫

C ∧G∧G → − (2π)2R10

(2πℓp)9

1
2

∫

B∧ dC(10) ∧ dC(10) , (1.2.5)

where we are being schematic and have omitted terms that involve powers ofA. We notice that the bosonic

fields of the dimensionally reduced theory, that is a metricGµν, a scalarγ and a 1-form, 2-form and 3-form

A, B,C (we drop the superscript (10) from now on), are in one-to-onecorrespondence with the fields of

type IIA supergravity in 10 dimensions. The latter has a metric, a scalarΦ called the dilaton and a 2-form

B, all coming from the Neveu-Schwarz-Neveu-Schwarz sector,and 1-form and 3-form Ramond-Ramond

potentialsA andC.

4Note thatγ is a scalar field. The decomposition above anticipates that an exponential parametrisation for the scalar will be
natural.
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The bosonic part of the type IIA supergravity action is

SIIA =
2π

(2πℓs)8

∫

d10x
√

∣

∣

∣

∣

∣

∣G(10)
∣

∣

∣

∣

∣

∣

[

e−2Φ
(

R+ |dΦ|2 − 1
2
|dB|2

)

−
(1
2
|dA|2 + 1

2
|dC|2

)

]

− 2π

(2πℓs)8

1
2

∫

B∧ dC∧ dC+ · · · , (1.2.6)

whereℓs is the “string length” associated to type IIA string theory,of which this 10d supergravity is the

low-energy limit.

To match the two sides we may perform a Weyl transformation onthe metric and also a rescaling of

γ. However we are not allowed to absorb powers ofeγ in the gauge potentialsA, B,C as these will lead to

derivative couplings with the dilaton which are not presentin type IIA supergravity in the frame in which

we are working. It is now easy to see that with

Gµν → e−γGµν, Φ =
3
2
γ , (1.2.7)

the two actions match perfectly up to the overall constants in front of the integrals.

To match these constants, we first note that the 10d and 11d Planck lengths are related by virtue of the

relation between 10d and 11d metrics

G(11)
µν = e−γG(10)

µν = e−
2
3ΦG(10)

µν . (1.2.8)

This tells us that a given physical distanceL, when measured in units ofℓp, is related to the same distance

as measured in units ofℓs by
L
ℓp
= e−

1
2γ

L
ℓs
= e−

1
3Φ

L
ℓs
. (1.2.9)

From the dilaton dependence of the type IIA action above we can read off that the constant part or VEV of

the dilaton defines the string coupling via

e〈Φ〉 = gs . (1.2.10)

It follows that

ℓp = g
1
3
s ℓs . (1.2.11)

With this identification, we can match the coefficients if we set

(2π)2R10

(2πℓp)9
=

2π
(2πℓs)8

1

g2
s
, (1.2.12)

where on the RHS we have extracted the VEV ofe−2Φ from the integral. Substituting Eq. (1.2.11) in

11



Eq. (1.2.12) we immediately find

R10 = gsℓs . (1.2.13)

To summarise, we have seen in this section that 11d supergravity, when compactified on a circle to 10d,

is identical to type IIA supergravity. There is a definite relationship between the Planck lengths of the two

theories, and also between the radius of compactification ofthe 11d theory (a parameter absent in the 10d

description) and the coupling constant of the 10d theory (absent in the 11d description). At small radius

or weak coupling the type IIA description is more appropriate, while at large radius or strong coupling it

is the 11d description that is more appropriate. As we remarked earlier, since type IIA supergravity in 10d

has a consistent ultraviolet completion in the form of type IIA string theory, this strongly suggests that 11d

supergravity also has a consistent UV completion, which corresponds to the strongly coupled limit of type

IIA string theory. It is this hypothetical completion that bears the name “M-theory.”

1.3. Motivations to study extended objects

There are two distinct kinds of limitations in our understanding of M-theory. One is that we have

formulated it in a fixed spacetime background5 and it is not clear how to study M-theory in a background-

independent way. Of course an analogous problem holds also in the existing formalisms of string theory.

The other limitation is that there is no direct way toprovethe existence of a consistent ultraviolet completion

of 11d supergravity. In contrast, it can be quite convincingly demonstrated using the string perturbation

expansion that superstring theories in 10 dimensions are ultraviolet finite, so at least in perturbation theory

we can be sure they provide consistent UV completions of their low-energy supergravity theories. This

cannot be repeated in M-theory due to the absence of a coupling constant.

However, given that in string theory it is the string size that cuts off possible ultraviolet infinities, one

might suspect that something similar holds in M-theory, namely that it is a theory of not just point particles

but also extended objects, one or more of which somehow provides an ultraviolet cutoff. This provides an

important motivation to study extended objects orbranesin 11d supergravity, to which we turn our attention

in the following section.

Another related motivation to study extended objects in 11dsupergravity is that the spectrum of type IIA

string theory contains, besides the fundamental string, a profusion of other stable supersymmetric extended

objects. The latter include both Dirichlet branes (“D-branes”) that exhibit unusual and striking features,

as well as other more conventional branes. If the relationship that we have discussed above between 11d

supergravity and type IIA supergravity in 10d lifts to a relationship between the hypothetical M-theory and

5While here we have only chosen flat Minkowski spacetime, manyother noncompact and partially compactified backgrounds
are known and have been investigated.
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the UV-complete type IIA string theory, there must be a precise relationship between the stable branes in

the two theories. With this motivation in mind we construct branes of M-theory in the next section from two

points of view: as extended worldvolume field theories and assoliton-like extended solutions of classical

11d supergravity. Then we go on to discuss their relationship with branes of type IIA string theory in 10d.

As the title of this review indicates, the M-theory brane that will be of greatest interest to us is the 2-brane

or membrane.

1.4. Worldvolume actions for M-theory branes

Worldvolume actions for particles or extended objects determine (after quantisation) the quantum me-

chanical behaviour of these objects. Typically they are made up of kinetic terms and couplings to gauge

fields under which the object is charged. For M-branes, the worldvolume action crucially includes couplings

to the 3-form gauge field.

To understand the origin of such couplings, recall the well-known coupling of a particle to a gauge field

AM, which is
∫

AM dXM , (1.4.1)

integrated along the worldline of a particle. The worldlineitself is given by some functionXM(τ) whereτ

is a parameter. Then the above coupling can be better writtenas

∫

AM

(

X (τ)
) dXM

dτ
dτ =

∫

Aτ dτ , (1.4.2)

where

Aτ ≡ AM
dXM

dτ
, (1.4.3)

is the “pull-back” of the gauge field onto the worldline of theparticle.

In string theory we encounter a generalisation of this wherethe particle worldlineXM(τ) is replaced by

the string worldsheetXM(σ, τ) whereσ labels points along the string. The analogous coupling of the string

is to a 2-form fieldBMN
∫

BMN dXM ∧ dXN =

∫

Bµν dξ µ ∧ dξ µ , (1.4.4)

whereξµ = (ξ0, ξ1) = (τ, σ) and

Bµν ≡ BMN
dXM

dξ µ
dXN

dξ ν
, (1.4.5)

is the pull-back of theB-field to the string worldsheet.

In general, the rankr of the gauge potential is related to the spatial dimensionp of the charged object

by r = p + 1. In the examples above, we see that point particles (p = 0) are electrically charged under
13



1-form potentials, as is familiar in electromagnetism, while strings (p = 1) are “electrically” charged under

2-forms. Now as long as all dimensions are noncompact, the only gauge field in 11d supergravity is the

3-form CMNP. It follows that the only possible electrically charged objects in this theory are 2-branes, or

membranes, whose charge is manifested via the worldvolume coupling

∫

CMNP dXM ∧ dXN ∧ dXP =

∫

Cµνλ dξ µ ∧ dξ ν ∧ dξ λ =
1
6

∫

d3ξ ǫ µνλCµνλ . (1.4.6)

Here (ξ0, ξ1, ξ2) are the worldvolume coordinates, with the first one being worldvolume time and the last

two labelling points on the membrane, while

Cµνλ ≡ CMNP
dXM

dξµ
dXN

dξν
dXP

dξλ
, (1.4.7)

is the pull-back of theC-field to the 2-brane worldvolume.

While the above must be a term in the 2-brane action in M-theory, it cannot of course be the whole story.

As mentioned above we need to add kinetic terms. In addition,as we will explain later, the stable 2-branes

in M-theory are actually supersymmetric. Therefore we haveto supersymmetrise the worldvolume action.

We first present the bosonic part of the M2-brane action. It contains 11 scalar fieldsXM(ξ) representing

the brane coordinates, and a worldvolume metricgµν that is treated as an independent field. The 11d

supergravity fieldsGMN andCMNP are treated as fixed backgrounds and the action is [9]

Sbosonic
M2 =

∫

d3ξ

(

1
2

√

|g| gµνGMN ∂µX
M∂νX

N − 1
2

√

|g| + 1
6
ǫ µνλCMNP∂µX

M∂νX
N∂λX

P
)

. (1.4.8)

This is rather similar to the well-known action for a string worldsheet. Note however that while the world-

volume metric decouples for that case (in the critical dimension), here it remains a dynamical degree of

freedom. Moreover the cosmological term in the worldvolumemetric sets it equal, via the equations of

motion, to the pull-back of the spacetime metric onto the brane

gµν = GMN ∂µX
M∂νX

N . (1.4.9)

Supersymmetrising this action is most effectively done in superspace. To avoid going into all the

complexities of the superspace construction, we restrict ourselves at present to a flat target spacetime,

GMN = ηMN with vanishing 3-formCMNP, which will provide sufficient insight. In this case, the superspace

action is easily reduced to an action for the bosonic coordinatesX M and a set of fermionic coordinates

θα, α = 1, 2, · · · , 32. The latter are spinors in spacetime and scalars on the brane worldvolume. Although

the number of bosonic and fermionic coordinates is not equal, we will soon see that both of them are effec-
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tively reduced to 8 degrees of freedom thanks to various symmetries. The discussion that follows is based

largely on Ref. [28].

Let us define the quantity

ΠM
µ ≡ ∂µXM − iθ̄ ΓM∂µθ . (1.4.10)

The supersymmetric M2-brane action in flat spacetime with a vanishing 3-form gauge field is then

Ssusy
M2 =

∫

d3ξ

(

1
2

√

|g| gµνΠM
µ Π

N
ν −

1
2

√

|g|

+
i
2
ǫ µνλ θ̄ ΓMN∂µθ

[

ΠM
ν Π

N
λ + i ΠM

ν θ̄ ΓN∂λθ −
1
3
θ̄ ΓM∂νθ θ̄ Γ

N∂λθ
]

)

. (1.4.11)

Note that even though the background 3-formCMNP has been set to zero, the last term in the above action

resembles a 3-form coupling – in particular, it is independent of the worldvolume metric and therefore

topological. Indeed, it arises from a 3-form coupling in superspace.

The symmetries of this action under spacetime translationsand Lorentz transformations, as well as

under local worldvolume reparametrisations, are manifest. That leaves the fermionic symmetries, which

are of two types. One is a rigid supersymmetry transformation with a constant parameterεα, which is a

spacetime spinor and a worldvolume scalar. This transformation is

δX M = −iθ̄ ΓMε

δθ = ε

δgµν = 0 . (1.4.12)

We see that the worldvolume metric is neutral under this rigid spacetime supersymmetry. The other is alocal

fermionic symmetry, calledκ-symmetry, with an arbitrary worldvolume coordinate-dependent parameter

κα(ξ) that, like εα, is a spacetime spinor and worldvolume scalar. The worldvolume metric transforms

non-trivially under theκ-symmetry transformations. It is convenient to define the quantities

Π/ µ ≡ ΠM
µ ΓM

τ µ ≡ 1

2
√

|g|
ǫ µνλΠ/ νΠ/ λ

Γ ≡ 1

6
√

|g|
ǫ µνλΠ/ µΠ/ νΠ/ λ . (1.4.13)
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Theκ-symmetry transformations are then given by6

δX M = i θ̄ ΓM(1+ Γ) κ

δθ = (1+ Γ) κ

δ
(√

|g| gµν
)

= i gσ(µǫ ν)λρ κ̄ (1+ Γ) ∂σθΠ/ λ Π/ ρ (1.4.14)

+
2i

3
√

|g|
ǫ στ(µǫ ν)λρ κ̄Π/ α∂αθ

(

ΠM
σ ΠλM Π

N
τ ΠρN + Π

M
σ ΠλM gτρ + gσλ gτρ

)

.

We will return shortly to the question of gauge-fixing this local symmetry. It is useful to note at this stage

that theκ-symmetry variation ofΠM
µ , defined in Eq. (1.4.10), vanishes. As a consequence all the quantities

in Eq. (1.4.13) areκ-invariant.7

Let us now examine the equations of motion following from theaction Eq. (1.4.11). As already indicated

above in a bosonic context, the equation of motion for the worldvolume metric sets it equal to the pull-

back of the spacetime metric. In the present case the spacetime is flat but since we are dealing with a

supersymmetric theory, we find from Eq. (1.4.10) that the pull-back is implemented via the super-covariant

quantityΠM
µ

gµν = ΠµMΠ
M
ν . (1.4.15)

This equation ensures the useful relations

Γ2 = 1

τ µ = gµνΠ/ ν Γ = gµν ΓΠ/ ν

{τ µ, τν} = 2gµν . (1.4.16)

The equation of motion for the bosonic coordinatesXM is

AM ≡ ∂µ
{

√

|g| gµνΠM
ν − iǫ µνλ

(

θ̄ ΓMN∂νθ
)

(

ΠλN +
i
2
θ̄ ΓN∂λθ

) }

= 0 , (1.4.17)

while the equation for the fermionic coordinates is found tobe

(1− Γ) gµνΠM
µ ΓM ∂νθ = 0 . (1.4.18)

6We assume the membrane is closed and has no boundary.
7The factors of|g| cancel out against implicit powers in theǫ symbol.
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The latter equation can be rewritten, using both relations in Eq. (1.4.16), as

B = (1− Γ) τ µ ∂µθ = 0 . (1.4.19)

Note that both the above equations are invariant under the rigid supersymmetry transformations as given in

Eq. (1.4.12).

Using the equations of motion we can finally analyse the on-shell degrees of freedom of the super-

membrane. The reason we have given names to the LHS of the above equations is that it becomes easy to

display three relations among them

ΠM
µ AM = −2i

√

|g| ∂µθ̄ B . (1.4.20)

Since these equations involve only the canonical momentaΠM
µ of the bosonic coordinatesXM, without

any time derivatives of the momenta, they are not dynamical evolution equations. Instead, they amount to

constraints. In this way the 11 bosonic coordinates are reduced to 8 independent coordinates.

For the fermions, we started withθα which has 32 components. By virtue of the last equation of

Eq. (1.4.16), τµ acts like a gamma-matrix and therefore Eq. (1.4.19) is like a Dirac equation. However it

differs from a conventional Dirac equation by having the projection operator (1− Γ) in front. Indeed this

is what ensuresκ-symmetry, which acts by a shift inθ preceded by the orthogonal projector (1+ Γ) (the

remaining quantities are alreadyκ-invariant as we have noted.) This allows us to remove half the degrees

of freedom ofθα. The Dirac equation then has its usual effect of halving the remaining degrees of freedom,

so at the end we are left with 8 on-shell fermionic coordinates. The matching of on-shell Bose and Fermi

degrees of freedom is a necessary condition for supersymmetry.

To extract the physical degrees of freedom one must choose a suitable gauge that fixes worldvolume

reparametrisations andκ-symmetry. A convenient choice isstatic gauge, in which we choose the time and

two arbitrary spatial directions in the target spacetime and identify them with the worldvolume coordinates.

Thus, we first carry out a split and re-labelling

XM → (Xµ,XI ), µ = 0, 1, 2; I = 3, 4, · · · , 10 , (1.4.21)

and then impose the gauge-fixing conditions

Xµ = ξ µ, µ = 0, 1, 2 . (1.4.22)

For our purposes it is sufficient to assume this has been done locally. Whether these conditions can be

imposed globally will depend on the topology of the membrane.
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Once the static gauge has been chosen, we must re-examine thesymmetries of the theory. Those which

violate the gauge condition will, clearly, no longer be symmetries of the gauge-fixed theory. However some

linear combinations of them may preserve the gauge and thesewill be genuine symmetries. An example of

this is the combination of general coordinate transformations on the worldvolume (which can be represented

infinitesimally as local worldvolume translations) and spacetime Lorentz symmetry

δXM = η ν(ξ) ∂νX
M + ΛM

NXN . (1.4.23)

ChoosingM = µ, we see that each of these terms separately violates the gauge condition. However per-

forming both transformations together onXµ, we get

δXµ = η µ + Λ
µ
ν ξ

ν + Λ
µ
I XI . (1.4.24)

This variation vanishes for the special choice

η µ = −Λµν ξ ν − ΛµI XI . (1.4.25)

It follows that the gauge-fixed theory will be invariant under those combinations of worldvolume translations

and spacetime Lorentz transformations that satisfy Eq. (1.4.25) above, namely

δXI = −
(

Λ
µ
ν ξ

ν + Λ
µ
I X

I
)

∂µX
I + ΛI

JXJ . (1.4.26)

The first term on the right-hand-side corresponds to a worldvolume Lorentz transformation for a set of

scalars XI . To see this, note that under

ξ µ → ξ µ + ℓ
µ
ν ξ

ν , (1.4.27)

whereℓµν = −ℓνµ is the parameter of worldvolume Lorentz transformations, aworldvolume scalarφ(ξ)

changes by

δφ = ℓ
µ
ν ξ

ν∂µφ . (1.4.28)

This tells us thatΛµν is to be identified with−ℓ µν and the SO(2, 1) subgroup of the spacetime Lorentz group

SO(10, 1) is thereby identified with the SO(2, 1) worldvolume Lorentz group.

The last term on the RHS of Eq. (1.4.26) shows that theXI are vectors under rigid SO(8) rotations

of the spacetime transverse to the membrane worldvolume, generated by the parametersΛI
J. Finally,

the second term on the RHS of Eq. (1.4.26) is a non-linear transformation that parametrises the coset

SO(10, 1)/SO(2, 1)× SO(8).

The same combination of worldvolume general coordinate transformations and spacetime Lorentz trans-
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formations on the fermionic coordinateθ (which is a spacetime spinor and worldvolume scalar) becomes,

in the static gauge

δθ = −Λµν ξ ν∂µ θ +
1
4
ΛµνΓ

µνθ +
1
4
ΛIJΓ

IJθ , (1.4.29)

where we have written only those terms that depend on the SO(2, 1) × SO(8) parameters. The first two

terms in Eq. (1.4.29) give the transformation laws of a worldvolumespinor, while the last term is the

transformation law of a spacetime spinor under transverse SO(8) rotations in spacetime.

We have only gauge-fixed the worldvolume reparametrisations. It still remains to fix the localκ-

symmetry on the worldvolume. This may be achieved by imposing

(1+ Γ∗) θ = 0 , (1.4.30)

where

Γ∗ ≡ Γ1Γ2 · · · Γ8 . (1.4.31)

This projectsθ to a chiral spinor with respect to SO(8). In what follows we will assume the above steps

have been carried out and the fermionic coordinate is re-labelledψA, A = 1, 2, · · · , 8 corresponding to a set

of 8 real two-component worldvolume spinors transforming in the spinor of SO(8).

In parallel with the case of bosonic symmetries discussed above, we now find that the (rigid) spacetime

supersymmetry transformations are not by themselves invariances of the gauge-fixed action, but must be

accompanied by a compensatingκ-symmetry transformation as in Eq. (1.4.15). One can easily show that

the static-gauge theory has maximal orN = 8 global supersymmetry in 2+1 dimensions.

From here on we will always work in static gauge. The bosonic part of the action is

S static gauge
M2, bosonic = −TM2

∫

d3ξ

√

− det
(

ηµν +
1

TM2
∂µXI∂νXI

)

∼ −1
2

∫

∂µX
I∂µXI +

1
TM2
O(∂X)4 + · · · ,

(1.4.32)

whereTM2 = (2π)−2ℓ−3
p , and on the right hand side we have dropped a constant and restored the precise

dependence on the 11d Planck lengthℓp, as well as constant factors. We see that the action is an expansion

in powers of derivatives, where the leading term is simply the free kinetic term for 8 worldvolume scalars

XI .

The number 8 coincides with the number of spatial directionstransverse to the M2-brane. This is no

coincidence but can be derived by noticing that in the presence of a 2-brane, spatial translational invariance

of the bulk theory is broken from ten independent translations to only two (those along the brane). The

eight broken translations correspond to the directions transverse to the brane. From the worldvolume point

of view these appear as spontaneously broken symmetries, and we therefore expect – and find – an equal
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number of massless Goldstone bosons – the scalar fieldsXI .

The above action (after incorporating the fermion terms) represents a single M2-brane. The question

now is to understand what should be the action for multiple M2-branes. This is an interesting problem even

at lowest-derivative order, and is the main subject of this review. Before addressing it directly, we continue

by reviewing a different approach to M2-branes, wherein they are seen as stablesupersymmetric soliton

solutions of the bulk 11d supergravity.

1.5. M-branes as solitons

In this section we display the stable brane solutions of 11d supergravity. Their stability will be guar-

anteed by supersymmetry through a result of Witten and Olive[29], who showed that for charged config-

urations in supersymmetric theories, the charge in appropriate units typically provides an exact quantum-

mechanical lower bound on their mass (or tension, for extended objects). This bound was originally discov-

ered (in a classical, non-supersymmetric context) by Bogomolny, Prasad and Sommerfield [30, 31] and is

known as the BPS bound. The simplest BPS branes preserve halfof the 32 spacetime supersymmetries of

the supergravity theory. In addition to guaranteeing stability, this property will provide a relatively simple

method to discover the brane solutions.

In what follows it will be convenient to use the eleven-dimensional “Planck length”ℓp, as defined in

(1.1.4). The condition for a backgroundGMN,CMNP,ΨM,α to preserve supersymmetry is that there should

exist some nonzero spinor or spinorsǫ such that the supersymmetry variations on the given background

vanish. Since we only consider bosonic backgrounds (the fermions are set to zero), the supersymmetry

variations of the bosons vanish identically. Thus we only have to check the supersymmetry variations of the

fermions. Then the requirement for a supersymmetric solution is

δΨM ≡ DM(ω) ǫ − i
288

(

Γ
PQRS

M + 8ΓQRSδ P
M

)

GPQRSǫ = 0 , (1.5.1)

where we have dropped the hats onω andG4 because the fermionic terms have been set to zero. Being first

order, these equations are much easier to solve than the fullsecond-order equations of motion. Moreover,

because of supersymmetry, the corresponding configurations still satisfy the EOM.

Charged solutions carry the flux of some (generalised) gaugefield. The only possible flux in uncom-

pactified 11d supergravity comes from the 3-formC3, whose field strength is the 4-formG4 = dC3 defined

above. The spatial components of this 4-form,Glmnp, are analogous to a magnetic field while the compo-

nents with one time and three space indices,G0mnp, are analogous to an electric field. Accordingly, classical

solutions will be labelled “electric” or “magnetic” depending on which of these fluxes they involve. The
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electric field is conveniently studied by dualising it to a 7-form

G7 = ⋆G4 −
1
2

C3 ∧G4 . (1.5.2)

and then retaining the spatial componentsGlmnpqrsof this 7-form. TheC3∧G4 contribution ensures that on

shell,dG7 = 0 in the presence of the Chern-Simons term.

Let us first find the magnetically charged classical solution. As discussed above, this will have a non-

trivial flux Glmnp. The magnetic charge will be
∫

S4 G4 = Q(m). HereS4 is a 4-sphere that encloses the

charged object. This in turn tells us the dimensionality of the object, for inD spacetime dimensions (equiv-

alently D − 1 spatial dimensions), ad-sphere encloses aD − d − 2 dimensional object.8 Since we are now

considering a 4-sphere in 11 dimensions, the above formula tells us that the charged object must extend

along 11− 4− 2 = 5 dimensions. Therefore this is a 5-brane, henceforth referred to as theM5-brane[32].

By a similar argument involving spatial components of the 7-form flux defined above, we conclude that

an electrically charged object in 11 dimensions must extendalong 11− 7 − 2 = 2 dimensions. This is

therefore a 2-brane, called theM2-braneor membrane. In this case we will have a nonzero value of the

electric charge
∫

S7 G7 = Q(e) whereS7 is a 7-sphere enclosing the M2-brane [33].

There can be more general objects carrying both types of charges [34–36]. These would be interpreted as

bound states of M2- and M5-branes. They will turn out to preserve less supersymmetry than the individual

planar M2- and M5-branes. Note that in 11 uncompactified dimensions there are no other gauge fields and

therefore no other types of charges available. As a result wedo not expect to find any other stable, charged

solitonic objects in the theory. In particular, there are nostable strings, which is further evidence that 11d

supergravity is not the low-energy limit of a string theory.

1.6. The M2 and M5-brane tension

Let us now describe the M2-brane solution in some detail [33]. We take the coordinates along the brane

to beyµ = (y0, y1, y2) while the coordinates transverse to the brane are denoted9 xI = (x1, x2, · · · , x8). A

planar 2-brane will have a symmetry SO(2, 1)×SO(8) corresponding to Lorentz transformations within the

brane worldvolume and rotations of the space transverse to the brane. We also expect to have translational

invariance along the brane,i.e. in they-coordinates.

8In 3 space dimensions this is familiar as the fact that a 2-sphereS2 encloses a point, and a circleS1 encloses an infinitely
extended string.

9HerexI are just coordinates and not functions ofyµ, which is why we denote them by lower-case letters.
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These symmetries determine the M2-brane metric and electric flux to be of the form

ds2 = f(1)(r) dyµdyµ + f(2)(r) dxI dxI

G012r = f(3)(r) , (1.6.1)

wherer is the radial distance from the brane

r =
√

(x1)2 + (x2)2 + · · · + (x8)2 , (1.6.2)

and f(i)(r), i = 1, 2, 3 are functions ofr that need to be determined.

Imposing the equations of motion of 11d supergravity on the above ansatz, one finds that the three

functions f(1)(r), f(2)(r) and f(3)(r) are all determined by a single function

HM2(r) = 1+
(rM2)6

r6
, (1.6.3)

whererM2 is a constant andHM2(r) is harmonic in the eight transverse dimensions:∂I∂I HM2(r) = 0. In

terms of this function we have

f(1)(r) = HM2(r)−
2
3

f(2)(r) = HM2(r)
1
3

f(3)(r) = − ∂
∂r

(

HM2(r)−1
)

. (1.6.4)

We can evaluate the total charge of the solution by integrating the appropriate flux. Using Eq. (1.5.2)

and inserting the solution forG4 specified in Eqs. (1.6.1), (1.6.4) we find the dual 7-form flux to be

GJ1J2···J7 = 6 (rM2)6 ǫIJ1J2···J7

xI

r8
. (1.6.5)

In spherical polar coordinates (r, θ i ) with i = 1, 2, · · · , 7, G7 has components only in the angular directions

and can be written

Gθ1θ2···θ7 = 6 (rM2)6 ǫθ1θ2···θ7 , (1.6.6)

from which it follows that the electric charge of the M2-brane is

Q(e) = 6 (rM2)6Ω7 = 2π4(rM2)6 , (1.6.7)

with Ω7 =
1
3π

4 being the volume of a unit 7-sphere.
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By comparing the metric with Newton’s law in the weak-field approximation, we can obtain a relation

between the parameterrM2 in the solution and the tension of an M2-brane. The basic formula relates the

time-time component of a staticp-brane metric inD spacetime dimensions to the brane tension. For static,

pointlike sources, Einstein’s equations inD spacetime dimensions

Rµν −
1
2

gµνR= 8πG(D)Tµν , (1.6.8)

reduce to

R00 =
D − 3
D − 2

8πG(D) ρ . (1.6.9)

UsingR00 = −1
2∇2g00 to leading order in the Newtonian approximation, one gets

∇2g00 = −2
D − 3
D − 2

8πG(D) ρ . (1.6.10)

Comparing this with Newton’s equation

∇2φ = 4πG(D) ρ , (1.6.11)

we identify

g00 = −
(

1+ 4
D − 3
D − 2

φ

)

. (1.6.12)

For a pointlike source withρ(x) = MδD−1(x), one has

φ(x) = −
4πG(D)M

(D − 3)ΩD−2

1
rD−3

, (1.6.13)

and therefore

g00 = −
(

1−
16πG(D)M

(D − 2)ΩD−2

1

rD−3

)

. (1.6.14)

Since we assumed the source to be pointlike, this formula describes the Newtonian limit for black holes

in arbitrary spacetime dimensions. It is easily generalised to extended blackp-branes. In this case, we label

the coordinatesA, B = 0, 1, · · · ,D− 1 of which the subsetµ, ν = 0, 1, · · · , p lie along the brane. For a static

brane configurationTµν = ηµν ρ and hence Eq. (1.6.9) is modified to

R00 =
D − p− 3

D − 2
8πG(D) ρ , (1.6.15)

and therefore

g00 = −
(

1+ 4
D − p− 3

D − 2
φ

)

. (1.6.16)
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Moreover, Eq. (1.6.13) changes to

φ(x) = −
4πG(D)Tp

(D − p− 3)ΩD−p−2

1

rD−p−3
, (1.6.17)

whereTp is the tension of thep-brane, with dimensions of (mass)p+1. Combining these two results, we

have

g00 = −
(

1−
16πG(D)Tp

(D − 2)ΩD−p−2

1

rD−p−3

)

. (1.6.18)

Applying this formula to M2-branes in 11 dimensions and comparing with Eq. (1.6.1) we find

(rM2)6 =
8π
3

G(11)

Ω7
n2 TM2 , (1.6.19)

wheren2 is the number of 2-branes andTM2 is the tension of a single M2-brane. Using Eq. (1.1.4) we then

obtain

(rM2)6 = 128π4n2 ℓ
9
p TM2 . (1.6.20)

For the M5-brane [32], we take the coordinates on the brane to beyµ = (y0, y1, · · · , y5), and the coor-

dinates transverse to the brane to bexI = (x1, x2, · · · , x5). By reasoning similar to the M2-brane case, we

assume a symmetry SO(5, 1)× SO(5) and also translational invariance in they-coordinates. These symme-

tries fix the metric to be of the form

ds2 = g(1)(r) dyµdyµ + g(2)(r) dxI dxI . (1.6.21)

Herer is the radial distance from the 5-brane

r =
√

(x1)2 + (x2)2 + · · · + (x5)2 . (1.6.22)

Thus we need to find the functionsg(1)(r) andg(2)(r), and as before these are determined by a single function

HM5(r) = 1+
(rM5)3

r3
, (1.6.23)

whererM5 is a constant (that will be related to the magnetic charge of the 5-brane), andHM5(r) is harmonic

in the 5 transverse dimensions:∂I∂I HM5(r) = 0. In terms of this function we have

g(1)(r) = HM5(r)−
1
3

g(2)(r) = HM5(r)
2
3 . (1.6.24)
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Additionally the magnetic flux of the solution is

Gθ1θ2θ3θ4 = 3(rM5)3ǫθ1θ2θ3θ4 . (1.6.25)

The magnetic charge of the solution is

Q(m) =

∫

S4
G = 3 (rM5)3Ω4 = 8π2(rM5)3 , (1.6.26)

whereΩ4 =
8
3π

2 is the volume of a unit 4-sphere.

Finally, using the Newtonian approximation once more, we find the relation

(rM5)3 = 32π6n5 ℓ
9
p TM5 , (1.6.27)

wheren5 is an integer, the number of M5-branes.

Since M-theory has only one dimensional parameterℓp, we can predict on dimensional grounds that

TM2 ∼
1

ℓ3
p
, TM5 ∼

1

ℓ6
p
. (1.6.28)

Additional information on the actual values can be obtainedusing the Dirac quantisation condition, which

tells us that
1

16πG(11)
Q(e)Q(m) = 2πn , (1.6.29)

wheren is an integer [37]. Choosing single branes and the minimum quantum,i.e. n2 = n5 = n = 1, and

making use of Eqs. (1.6.7), (1.6.20), (1.6.26), (1.6.27) we find

2π

(2πℓp)9
Q(e)Q(m) = (2π)8ℓ9

p TM2 TM5 . (1.6.30)

Setting the RHS equal to 2π (because of the Dirac quantization condition), we find

TM2 TM5 =
(2π)2

(2πℓp)9
. (1.6.31)

In the next section, we will argue that the correct answers are

TM2 =
2π

(2πℓp)3
, TM5 =

2π

(2πℓp)6
. (1.6.32)

In the above solitonic description of branes it follows, using the techniques of soliton physics, that the
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translation symmetries broken by the brane are collective coordinates. Therefore the brane worldvolume

will support a corresponding number of massless scalar fields. The M2-brane theory should then have 8

massless scalars, which we have already encountered in a previous section, while the M5-brane theory

should have 5 massless scalars.

1.7. Relation to branes in string theory

If M-theory exists, the brane solitons we have found must be among its stable quantum excitations. The

relation to string theory suggested in the previous sectionthen tells us that after compactifying on a circle,

the M-theory branes must reduce to one of the branes in type IIA string theory [12–14, 38]. Indeed one

should be able to account forall stable branes in type IIA string theory from the M-theory perspective. This

is potentially a challenge, since type IIA string theory hasstable BPS D0, D2, D4 and D6-branes,10 as well

as the fundamental string and the NS5-brane, while M-theoryonly has M2 and M5-branes. At the same

time, we have already reproduced all the masslessp-form gauge fields under which the branes of type IIA

string theory are charged; this provides a hint that things should work out properly.

Recall that BPS Dp-branes in type II string theory have tensions

Tp =
1
gs

2π

(2πℓs)p+1
. (1.7.1)

In addition, there is a stable string (the fundamental string) and its electric dual, the NS5-brane. The

formulae for their tensions are as follows

TF1 =
2π

(2πℓs)2
, TNS5 =

1

g2
s

2π

(2πℓs)6
. (1.7.2)

We may now try to derive these results starting with M-branes. However there is a potential problem.

The tensions of string theory branes were calculated at weakcoupling. One might expect them to be

renormalised by the time we reach M-theory in the strong coupling limit. Fortunately here we may rely on

the fact that the branes under discussion are maximally supersymmetric. It can be argued that the tension

of such supersymmetric branes is exact [40] – an example of a non-renormalisation theorem. Therefore we

are free to proceed and compare BPS branes in the two theories.

Now when compactifying on a circle, the M2-brane can be either wrapped on the circle or transverse

to the circle. In the first case it looks (asR10 → 0) like a string or “1-brane.” In the second case it is a

2-brane. Doing the same thing for an M5-brane, we get a 4-brane when it is wrapped along the circle and

10It also has D8-branes but, being domain walls, these change the nature of the spacetime and render the low-energy theory
massive. It has recently been argued [39] that massive type IIA theory does not have a strong-coupling, weakly curved limit.
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a 5-brane when it is transverse to it. To match with the branesin string theory, the only possibilities are

that the wrapped M2 becomes the fundamental string (F1), thetransverse M2 becomes the D2-brane, the

wrapped M5 becomes the D4-brane and the transverse M5 becomes the NS5 brane.

This gives rise to a definite set of predictions. Let us start with the M2-brane. Above, we stated without

proof that its tension is

TM2 =
1

4π2ℓ3
p
. (1.7.3)

Assuming this to be true and wrapping on the circle, the tension of the resulting brane is

Twrapped
M2 = TM2 × 2πR10

=
1

4π2gsℓ
3
s
× 2πgsℓs

=
1

2πℓ2
s
, (1.7.4)

which is correct. This result basically serves to fix the tension of the M2-brane.

Now consider the transverse M2-brane. Its tension is

TM2 =
1

4π2ℓ3
p

=
1

4π2(g
1
3
s ℓs)3

=
1
gs

1

4π2ℓ3
s

= TD2 . (1.7.5)

This is a remarkable agreement, and a very precise test of theM-theory conjecture.

For the M5-brane, the story proceeds as follows. We have previously proposed that its tension is

TM5 =
1

32π5ℓ6
p
. (1.7.6)
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Wrapping on the circle, the tension of the resulting brane is

Twrapped
M5 = TM5 × 2πR10

=
gsℓs

16π4g2
sℓ

6
s

=
1
gs

2π

(2πℓs)5

= TD4 , (1.7.7)

which is correct, but again can be thought of as a determination ofTM5.

Finally, the transverse M5-brane gives

TM5 =
1

32π5ℓ6
p

=
1

g2
s

1

32π5ℓ6
s

=
1

g2
s

2π

(2πℓs)6

= TNS5 , (1.7.8)

which is again a successful test of the equivalence between M-theory and type IIA string theory.

This leaves the D0 and D6 branes. From Eq. (1.7.1), the mass of a D0 brane is

T0 =
1

gsℓs
=

1
R10

. (1.7.9)

What mode of M-theory can have this mass? A crucial clue comesfrom the fact that in string theory,

D0-branes are charged under the Ramond-Ramond 1-form gaugepotentialAµ. In comparing 11d and 10d

supergravity, we found thatAµ in the latter arises from Kaluza-Klein reduction of the metric of the former on

the M-theory circle. This suggests that D0-branes must arise from modes in M-theory carrying momentum

along the M-circle.

Indeed we now argue that a single D0-brane corresponds to themode of M-theory with one unit of

momentum along the compact direction. On a compact dimension of lengthL, the momentum is quantised

in integers as

p =
2πn
L

. (1.7.10)
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For massless particles in 11d, we have

E2 = p2
1 + · · · p

2
9 + p2

10 . (1.7.11)

After compactification, a fixed value ofp10 will appear as a mass. SinceL = 2πR10, we have that the 10d

mass of states carrying this momentum is|p10| = n/R10. Thus a single D0-brane (n = 1) can be identified

with an M-theory mode carrying a single unit of momentum along x10.

This leads to a new prediction. From the M-theory point of view there can be a momentum mode along

the compact direction for any integern. In type IIA string theory, this can only be a bound state ofn D0-

branes! This is a statement about string theory that we did not know before the discovery of M-theory. It

was subsequently verified directly within string theory [41].

To find D6-branes in M-theory, we first examine D0-branes in a little more detail. As mentioned above,

they carry an electric charge underAµ. This charge is the integral of a suitable differential form over a sphere

enclosing the D0-brane. In 10 dimensions, a 0-brane can be enclosed by an 8-sphere,S8, and therefore its

charge must be defined as the integral of an 8-form which, in turn, is the Poincaré dual of the 2-form field

strengthF = dA of the Ramond-Ramond 1-formAµ. As we just saw, from the M-theory point of view

Aµ arises as a Kaluza-Klein gauge field. One expects to find a dualobject which can be enclosed by a

two-sphereS2 and is a magnetic source for the same field strength. Such an object will be a 6-brane.11 A

magnetically charged object under a Kaluza-Klein gauge field is called a Kaluza-Klein monopole [42, 43].

We conclude that if the D6-brane of type IIA string theory is to arise in M-theory, it must be a Kaluza-Klein

monopole.

Let us first discuss such monopoles abstractly and later embed them into M-theory. Consider the metric,

known as multi-Taub-NUT, in 4 Euclidean dimensions [44]

ds2
Taub-NUT = U(~x) d~x · d~x+ 1

U(~x)

(

dy+ ~A · d~x
)2
, (1.7.12)

where~A is the vector potential for a magnetic monopole in 3 dimensions

~B = ~∇ × ~A , (1.7.13)

andU(~x) is a harmonic function in 3d determined by

~∇U = −~B . (1.7.14)

11Indeed, it is known that in type IIA string theory, the D6-brane is the magnetic dual of the D0-brane.
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It can be shown that this metric solves the 4d Euclidean Einstein equation without sources.

We choose a specific harmonic functionU depending on a real numberR, namely

U(~x) = 1+
R
2r

, (1.7.15)

wherer = |~x|. Thus the magnetic field is

~B =
R
2
~x

r3
. (1.7.16)

As r → 0 the metric written above is apparently singular due to the terms

R
2r

dr2 +
2r
R

dy2 . (1.7.17)

The singularity can be avoided as follows. Define

r̃ =
√

2rR . (1.7.18)

The dangerous terms then become

dr̃2 +
r̃2

R2
dy2 . (1.7.19)

Now the second term is non-singular ify is anangular coordinatewith periodicity precisely 2πR. Being a

non-singular metric with a monopole charge, this is called aKaluza-Klein monopole (more precisely it is

the spatial metric, but we can then add−dt2 to make it the describe the worldline). The monopole is located

at the core nearr → 0, where the Kaluza-Klein circle shrinks to zero size.

Let us now embed this solution in M-theory by taking the~x directions to bex7, x8, x9 and the Kaluza-

Klein direction y to be x10 with periodicity 2πR10. The resulting object is translationally invariant along

x1, x2, · · · , x6 so it is a 6-brane. And it is magnetically charged under the Kaluza-Klein gauge field arising

from compactification ofx10. So we have a candidate object in compactified M-theory that can be matched

with the D6-brane of type IIA string theory.

To compute the tension, we just integrate the energy density~∇2U along the four dimensions in which

the monopole is embedded. SinceU is independent of the compact direction, we get

TKK6 =
2π

(2πℓp)9
× 2πR10

∫

d3x ~∇2U

=
2π

(2πℓp)9
× (2πR10)

2

=
1
gs

2π

(2πℓs)7
= TD6 . (1.7.20)
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Thus we have successfully understood the D6-brane as arising from an object in M-theory. This completes

our survey of how D-branes of type IIA string theory arise from M-theory.

We can now see if type IIB string theory is likewise illuminated by M-theory. Supersymmetric branes

in type IIB string theory can be obtained from those of type IIA by circle compactification and T-duality. It

is easy to check that this reproduces the tensions of all the BPS branes of type IIB: D1, D3, D5, D7 as well

as F1 and NS5, given in Eq. (1.7.1) and Eq. (1.7.2). However we get some additional and highly nontrivial

information out of M-theory.

Recall that in type IIB there are two types of strings, F-strings of tension 1/2πℓ2
s and D-strings of tension

1/2πgsℓ
2
s. Based on a continuous symmetry of type IIB supergravity, ithas been argued that type IIB string

theory has a discrete S-duality symmetry group that (for vanishing Ramond-Ramond axionχ) includes the

nonperturbative strong-weak duality

gs→
1
gs
, ℓs→

√
gs ℓs . (1.7.21)

Under this “S-duality” symmetry, the F-string and D-stringare interchanged. An easy check of the proposal

is that the tensions of these strings get interchanged by theproposed duality. Additionally, it has been

shown thatp F-strings andq D-strings form stable bound states called (p, q) strings, if p, q are co-prime

[45]. These have tension

Tp,q =
1

2πℓ2
s

√

p2 +
q2

g2
s
. (1.7.22)

The above facts are difficult to prove rigorously because S-duality is intrinsically nonperturbative in nature,

exchanging a weakly coupled with a strongly coupled theory.We will now see that M-theory explains and

even predicts these results, in a beautifully simple geometric way.

Suppose we compactify M-theory on two circlesx9, x10 of radii R9,R10 to get type IIA string theory in 9

dimensions. From the above discussion it should be clear that the M2-brane wrapped onx10 is the type IIA

F-string, while the M2-brane wrapped onx9 is the D2-brane wrapped onx9. Now let us perform a T-duality

alongx9. This duality transformation maps type IIA string theory onto the type IIB theory. It can be shown

that in the process, fundamental strings are mapped to fundamental strings and D-branes to D-branes [21].

The dimension of branes decreases by one unit if they are initially wrapped on the T-duality direction, and

increases by one unit if they are initially transverse to this direction. Therefore under this T-duality, the type

IIA F-string becomes the type IIB F-string, and the D2-branewrapped onx9 becomes the type IIB D-string.

It follows that the interchange of the F-string and D-stringin type IIB string theory is just the interchange

of the directionsx9 and x10 in M-theory! But the latter is part of Lorentz invariance andis a manifest

geometrical symmetry of M-theory. S-duality can be extended to include the Ramond-Ramond axion field
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χ and then corresponds to the group PSL(2,Z). On the M-theory side, this is realised as the group of

modular transformations on the 2-torus (with the angle between the two sides being related to the type IIB

axion). This is therefore a “proof” of S-duality, though of course it requires us to believe in the existence

of M-theory and the validity of its proposed relationship totype IIA string theory after compactification,

facts which themselves have not been rigorously proven. Still it is satisfying that a highly consistent picture

emerges using M-theory.

Finally we address (p, q) string bound states. In the proposed relationship of M-theory to type IIB string

theory, it was shown [13] that

gs (IIB) =
R10

R9
, ℓs (IIB) =

√

ℓ3
p

R10
. (1.7.23)

This follows easily using the Buscher T-duality rules [46]. Next, suppose that in the same compactification

we wrap an M2-branep times alongx10 andq times alongx9. The result, after T-dualising onx9, is a

string-like object in type IIB theory that hasp units of F-string charge as well asq units of D-string charge.

The tension of the resulting string will be

Twrapped
M2 = TM2

√

p(2πR10)2 + q(2πR9)2

=
1

2πℓ2
s

√

p2 +
q2

g2
s
= Tp,q . (1.7.24)

Since the first line is just the total length of the (p, q) string, as follows from Pythagoras’ theorem, we see

that M-theory has geometrised the tension of (p, q) string bound states.
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2. Multiple membranes: background and early attempts

We will now focus our discussion on M2-brane worldvolume theories. As we have already mentioned,

the description of multiple M2-branes had been an importantopen problem since the discovery of M-theory.

In the following sections we will present various pieces of the relevant background and early ideas, which

led to the modern understanding of these configurations.

2.1. M2-branes as strongly coupled D2-branes

Let us return to the bosonic part of the single M2-brane action in static gauge,12 Eq. (1.4.32),

Sbosonic
M2 = − 1

(2π)2ℓ3
p

∫

d3ξ

√

− det
(

ηµν + (2π)2ℓ3
p ∂µXI∂νXI

)

, (2.1.1)

whereI = 1, · · · , 8.

The above action can be compared with the corresponding action for a single D2-brane in type IIA

string theory. The latter has seven scalarsXi , i = 1, · · · , 7 that transform under an SO(7) symmetry, as well

as an abelian worldvolume gauge fieldAµ. The bosonic part of this action in static gauge is

Sbosonic
D2 = − 1

(2πα′)2g2
YM

∫

d3ξ

√

− det
(

ηµν + (2πα′)2∂µXi∂νXi + 2πα′Fµν

)

, (2.1.2)

whereFµν = ∂µAν − ∂νAµ and the coupling constantgYM is related to the type IIA string couplinggs by

g2
YM =

gs√
α′

. (2.1.3)

Clearly the action is invariant under SO(7), representing rotations in the space transverse to the membrane.

Because D-branes are loci where open strings end, the above action can be directly derived using tech-

niques of open-string theory [47]. The factor of (gYM)−2 ∼ g−1
s in front of the entire action reflects the fact

that it is a tree-level open-string action. The coefficients of the∂X∂X andF terms have been chosen so that

upon expanding Eq. (2.1.2) in powers ofα′, the leading terms are of the canonically normalised form

1

g2
YM

(

−1
2
∂µX

i∂µXi − 1
4

FµνF
µν

)

. (2.1.4)

The single-D2-brane and single-M2-brane actions can be transformed into each other [48, 49] in a way

that mirrors the duality of the parent string theory and M-theory. We now demonstrate this explicitly for

12Recall that the 8 scalarsXI are supplemented by a set of fermionic coordinatesψA, A = 1, · · · , 8 with eachψA being a complex
2-component spinor on the worldvolume.
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the bosonic part of the actions. For this, we start with Eq. (2.1.2) and manipulate it using a transformation

calledabelian duality, in which it is replaced by the equivalent action

L = 1
2
εµνλBµFνλ −

1

(2πα′)2g2
YM

√

− det(ηµν + (2πα′)2∂µXi∂νXi + (2πα′)2g4
YMBµBν) . (2.1.5)

HereBµ is a non-dynamical field that appears in algebraic (rather than derivative) form in the action and

therefore in the equations of motion. It can be integrated out by solving its own equations of motion and

substituting the result back in the above action. Upon doingthis, one recovers Eq. (2.1.2).

We may instead choose to integrate out the gauge fieldAµ. Its equation of motion tells us that∂µBν −
∂νBµ = 0 and thereforeBµ is the gradient of a scalar, which we write as

Bµ → −
1

gYM
∂µX

8 , (2.1.6)

where the coefficient is chosen so that the eventual kinetic term forX8 is correctly normalised. Recalling

the relationℓ3
p = gsℓ

3
s = gs(α′)

3
2 (see Eq. (1.2.11) of Chapter1) and Eq. (2.1.3) above, and rescaling

Xi → gYMXi, we end up with the action

L = − 1

(2π)2ℓ3
p

√

− det(ηµν + (2π)2ℓ3
p ∂µXI∂νXI ) , (2.1.7)

where the new scalarX8 defined in Eq. (2.1.6) now appears symmetrically with the seven original scalars

Xi.

Apparently this action depends solely onℓp and has SO(8) symmetry. However quantisation of flux in

the original gauge theory imposes the periodicity condition

X8 ∼ X8 + 2πgYM , (2.1.8)

which violates SO(8) and introduces a dependence ongYM. It is only in the limit gYM → ∞ (which is

the same as the M-theory limitgs → ∞) that the dependence ongYM disappears and the fieldX8 becomes

noncompact like the remaining seven scalars. In this limit we indeed find the correct M2-brane action which

depends solely onℓp and has SO(8) invariance.

These manipulations teach us that the action for a single D2-brane gets transformed into that for a single

M2-brane in the strong coupling limit in which type IIA string theory transforms into M-theory. Moreover,

sincegYM is the coupling constant of the D2-brane theory, it emerges that the M2-brane field theory is the

strongly-coupled limitof the D2-brane theory. This is a very helpful insight, that can be used as follows.

Consider the low-energy limits of the M2-brane and D2-braneworldvolume actions. In the former, this is
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achieved by takingℓp→ 0 while in the latter it requiresℓs =
√
α′ → 0. The resulting field theories are (we

reintroduce the fermion terms at this stage)

Ssusy
M2

ℓp→0
=

∫

d3ξ
(

− 1
2
∂µX

I∂µXI +
i
2
ψ

A
γµ∂µψ

A
)

Ssusy
D2

ℓs→0
=

1

g2
YM

∫

d3ξ
(

− 1
2
∂µX

i∂µXi − 1
4

FµνF
µν +

i
2
ψ

A
γµ∂µψ

A
)

, (2.1.9)

where in the first action,A = 1, 2, · · · , 8 runs over the indices of the 8 real dimensional spinor representation

of SO(8), while in the second it takes the same values but should be identified with the spinor representation

of SO(7). In this lowest-derivative limit we have two free (quadratic) field theories and their equivalence

via abelian duality is simple to check by following the same steps that were used to go from Eq. (2.1.2) to

Eq. (2.1.1).

However, we can now do more. For D-branes in string theory, weknow the low-energy worldvolume

action not only for a single brane but for any numbern of branes. In this case we have open strings

stretching from one brane to itself (which give rise ton copies of the single-brane action) but also (oriented)

open strings stretching between each pair of distinct branes. These add 2× 1
2n(n − 1) degrees of freedom

so that altogether one hasO(n2) degrees of freedom. These are realised asn × n Hermitian matrices and

the action, in the limitℓs → 0, is that of U(n) Yang-Mills theory with seven scalar fields in the adjoint

representation as well as adjoint fermions whose couplingsfollow from theN = 8 supersymmetry.

The action in the second line of Eq. (2.1.9) is thereby generalised to the action ofN = 8 supersymmetric

Yang-Mills theory in 2+1 dimensions

Sn D2
ℓs→0
=

1

g2
YM

∫

d3ξ Tr
(

− 1
2

DµXiDµXi +
1
4

[Xi , X j]2 − 1
4

FµνFµν +
i
2
ψ̄

A
γµDµψ

A − ψ̄A
Γi

AB[Xi ,ψB]
)

,

(2.1.10)

whereX = XIT I , Aµ = AI
µT

I ,ψ = ψIT I with T I , I = 1, 2, · · · , n2 being the generators of the Lie algebra

U(n),

DµXi = ∂µXi − i[ Aµ, Xi]

Fµν = ∂µAν − ∂νAµ − i[ Aµ, Aν] , (2.1.11)

andΓi
AB are matrices which convert the product of two SO(7) spinors with indicesA, B into an SO(7) vector

with index i. These can be derived from 10-dimensional gamma-matrices.

We are finally in a position todefinethe field theory on the worldvolume of multiple membranes: Simply

consider theN = 8 supersymmetric U(n) Yang-Mills theory with coupling constantgYM and take the M-

theory limit gs → ∞, which impliesgYM → ∞. BecausegYM has dimensions of (length)−
1
2 in 2+1d, the
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strong-coupling limit is the same as the long-distance or infrared (IR) limit of the field theory. If there is

to be a nontrivial field theory of multiple membranes, it musttherefore be the (conformally invariant) IR

fixed point ofN = 8 supersymmetric U(n) Yang-Mills theory. The existence of such a Spin(8)-invariant

interacting IR fixed point for three-dimensional SYM was argued in [50] based on S-duality. Our ultimate

goal will be a lagrangian description of this field theory.

Of course this part of the discussion holds for the limit of small ℓs or ℓp in which higher-derivative terms

are ignored. When these terms are included, even the generalisation ofN = 8 Yang-Mills theory (which is

computable in string perturbation theory) is not fully known except to the lowest nontrivial order. Therefore

we will concentrate mostly on theℓp→ 0 limit for multiple membranes, though in some cases we will also

be able to obtain higher-derivative corrections to lowest nontrivial order inℓp.

2.2. Brane funnels

As we reviewed briefly above, a D-brane in string theory is characterised by the fact that open funda-

mental strings can end on it. This fact was used to derive the field theory on multiple D-branes. One may

wonder whether an analogous property holds for branes in M-theory and can be similarly used to learn

about M-theory branes. The analogues are easily constructed by thinking about M-theory as the strongly

coupled limit of type IIA string theory. Starting with a fundamental string ending on a D2-brane in type IIA,

the M-theory limit converts the D2-brane into an M2-brane and the F-string into another M2-brane with a

different orientation. It is easy to establish [38] that the two are smoothly connected into a single M2-brane.

It follows that multiple M2-branes can be connected to each other not by strings (which are in any case

absent in M-theory) but by M2-branes in such a way that the entire configuration is a single M2-brane with

several asymptotic regions describing both the initial parallel branes and the “connecting” branes.

Similarly, one may start with a fundamental string ending ona D4-brane and take the M-theory limit.

At the end one has an M2-brane ending on an M5-brane, with the common part of their worldvolumes

being a string. It was shown by Strominger [51] that M2-branes ending on M5-branes satisfy consistency

conditions for the worldvolume couplings and are supersymmetric whenever both sets of branes are indi-

vidually parallel and the M2’s are normally incident on the M5’s. This leads us to consider the possibility

that worldvolume field theories (perhaps for both M2and M5-branes) could be reconstructed or guessed

using brane intersections.

2.2.1. D-brane fuzzy funnels

In fact the M2-M5 relationship is similar to a relationship among D-branes in type IIB string theory.

There, one can use strong-weak duality (S-duality) to transform the supersymmetric configuration of an

open fundamental string ending on a D3-brane, a configuration known as a “BIon” [36, 52, 53]. The
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fundamental string turns into a D-string, while the D3-brane remains unchanged, so one ends up with a

supersymmetric configuration of a D-string incident normally on a D3-brane. This can be extended to

multiple parallel D-strings ending normally on multiple parallel D3-branes [54, 55]. This system carries

very useful information in the form of “Nahm equations,” as we will shortly see.

Before we do that, let us use a series of dualities to highlight the relationship between the intersecting

D1⊥D3 and M2⊥M5 systems. By compactifying an M2⊥M5 configuration on a circle within the M5 but

not within the M2, we obtain a D2⊥D4 system. A T-duality along the direction common to both, leads

us to type IIB string theory and the D2- and D4-branes become,respectively, D-strings and D3-branes; in

other words the D1⊥D3 system. This relationship motivated Basu and Harvey [56] to guess some aspects

of the multiple membrane worldvolume field theory. Their strategy was to conjecture a generalisation of

the Nahm equations that describe the D1⊥D3 system.

Let us first review these equations and their uses. The key point is that one can understand the D1⊥D3

system in terms of the worldvolume theory ofeither the D3-braneor the D-string. In the first picture

the D1-branes arise as a soliton “spike” in the D3 worldvolume theory, while in the second picture the

D3-brane arises as a “fuzzy” or noncommutative sphere in theD-string worldvolume theory. ConsiderN

coincident D1-branes in type IIB string theory oriented along x9 and ending on a single D3-brane spanning

the x1, x2, x3 directions. The latter has an abelian worldvolume gauge theory of DBI type, containing six

transverse scalars which we will labelX4,X5, · · · ,X9 in addition to a gauge field and fermions.13

This abelian field theory has been shown, seee.g.[55], to admit a classical monopole solution

X9 =
N
2r
, Fθφ = −r2∂rX

9 , (2.2.1)

wherer =
√

(x1)2 + (x2)2 + (x3)2 is the radial direction within the D3-brane. This solution carries a mag-

netic charge
1
2π

∫

F = N (2.2.2)

and has its energy density concentrated along a spike, extending in thex9 direction and located atr = 0. The

energy density is found to beN/2πgsα
′, which is precisely the tension ofN semi-infinite D-strings. Thus

this classical solution is identified withN D-strings, viewed as excitations of the D3-brane. The solution is

supersymmetric, as one would expect given the geometry of the configuration.

Seeing the D3-brane in the worldvolume theory ofN D-strings is a little less trivial. This time we use

the fact that the latter theory is non-abelian and has eightN×N matrix-valued scalar fieldsX1, X2, · · · , X8.

We choose the gaugeA9 = 0 and consider solutions for whichXi = 0, i ∈ 4, 5, · · · , 8. Then the equations

13As before, we use upper-case letters to denote fields and lower-case letters for the worldvolume coordinates.
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of motion can be reduced using supersymmetry from the usual second-order form to the first-order form

∂Xi

∂x9
= ± i

2
ǫ i jk [X j , Xk], i, j, k ∈ 1, 2, 3 . (2.2.3)

These are the Nahm equations. In terms ofN × N matricesαi that formN-dimensional representations of

SU(2), thereby satisfying

[αi ,α j] = 2iǫ i jkαk , (2.2.4)

a solution is given by

Xi = ± 1

2x9
αi , i = 1, 2, 3 . (2.2.5)

In the conventional D-brane interpretation, these worldvolume scalars parametrise the geometry transverse

to the D-string, and in particular can be thought of as discretised/noncommutative/“fuzzy” versions of the

usual Euclidean coordinates on a sphere. Hence, the physical radius of our fuzzyS2 is defined at a fixed

value ofx9 (a point on the D-string) as the appropriately normalised sum

R2 =
(2πα′)2

N
Tr

∑

i=1,2,3

(Xi)2 . (2.2.6)

This may be evaluated using the fact that theαi have a quadratic Casimir

∑

i=1,2,3

(αi)2 = N2 − 1 , (2.2.7)

and we find

R=
πα′
√

N2 − 1

x9
. (2.2.8)

Therefore the D-string description corresponds to a “fuzzyfunnel,” the “mouth” of which grows towards

smaller positive values ofx9 and eventually blows up into a D3-brane at zero.

At large N, the fuzzy sphere becomes a commutativeS2 and Eq. (2.2.8) can be equated to the formula

in Eq. (2.2.1) after identifying (R, x9) in the D-string problem with (r,X9) in the D3-brane problem. Other

properties of the D-string also match between the two descriptions. Importantly, the “fuzzy funnel” picture

is valid even inside the core, unlike the “BIon.”

2.2.2. The Basu-Harvey solution

As advertised, the above intersection can be generalised tothe case of M-theory. For M2-branes ending

on an M5-brane at a string, a classical solution analogous toEq. (2.2.1) was constructed by [36] and is

known as the “self-dual string soliton.” Instead of a “spike,” one now looks for a “ridge” solution to the
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M5-brane worldvolume theory. The spatial volume of the M5-brane is oriented alongx1, x2, · · · , x5 with all

the other coordinates vanishing. One takes the self-dual string to lie alongx5. The M2-branes will extend

alongx5, x10 thereby ending on a string atx10 = 0 as desired. The soliton of the M5-brane theory has the

profile

X10 ∼ N

r2
, (2.2.9)

where r =
√

(x1)2 + (x2)2 + (x3)2 + (x4)2 is the radial direction within the M5-brane. The challenge is

now to find an analogue of the Nahm equation, in the worldvolume theory of multiple M2-branes, which

reproduces the above profile.

The idea would be that, since the M2 and M5 branes are codimension 4 objects, this time one has

to construct a fuzzy 3-sphere rather than a 2-sphere. The fuzzy 2-sphere was relatively straightforward

to realise using irreducible representations of SU(2). However, for the 3-sphere it turns out that a more

complicated construction is required [57–59]. In particular, the SO(4)-covariant matrix constructionof the

fuzzy 3-sphere gives rise to more degrees of freedom than needed. One can perform a projection down

to the required subset, although this spoils the associativity of the matrix product,14 even for largeN. We

will see in Section6.4 that the realisation of the 3-sphere as a Hopf fibration is more appropriately suited

for the description of these systems [62–64], but we can nevertheless uncover several qualitative aspects of

membrane dynamics with the former approach, which was the one used in [56].

To proceed, consider the decomposition of the 3-sphere isometry algebraspin(4) ≃ su(2) ⊕ su(2). Its

representations are labelled by (j1, j2) with each entry being the spin of the representation of the corre-

spondingsu(2). The dimension of such a representation is (2j1 + 1)(2j2 + 1). Now choose an odd integern

and define the two representations

R+ =
(

n+ 1
4

,
n− 1

4

)

, R− =
(

n− 1
4

,
n+ 1

4

)

. (2.2.10)

The dimension ofR+ ⊕ R− is N = 1
2(n + 1)(n + 3). With this construction, the coordinates on the fuzzy

3-sphere areN × N matricesGi , i = 1, 2, 3, 4 that mapR+ ↔ R−.

Let PR+ ,PR− be the projection operators, respectively, onto the representationsR+,R−. Then one can

define a matrixG5 by

G5 ≡ PR+ − PR− . (2.2.11)

14A related discussion can be found in Appendix B of [60]. For a treatment of this non-associativity in the context of the M2⊥M5
system see [61].
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We also need a quantity called the “Nambu 4-bracket,” definedby

[A1,A2,A3,A4] ≡
∑

permutationsσ

sign(σ) Aσ(1)Aσ(2)Aσ(3)Aσ(4) . (2.2.12)

In terms of the above, the Basu-Harvey proposal for the equation describing an M5-brane in the worldvol-

ume theory ofN M2-branes is

∂Xi

∂x10
=

1
4!

b

8πℓ3
p
ǫ i jkl [G5, X j , Xk, Xl] . (2.2.13)

Here, i, j, k, l ∈ (1, 2, 3, 4) are indices labelling four spatial directions transverse to the M2-branes. They

are interpreted as the spatial directions of the M5-brane transverse to the string lying alongx5, with b an

arbitrary parameter to be determined. The above equation amounts to a conjecture that will be supported by

finding solutions with the desired properties. These solutions depend on the fuzzy 3-sphere coordinatesGi

referred to above, which are a set of fourN × N matrices for any integerN equal to1
2(n+ 1)(n+ 3) with n

odd.

We first briefly describe the construction15 of theGi . The smallest allowed value ofN is 4 (correspond-

ing to n = 1), and in this case, in terms of the 4× 4 Γ-matrices ofspin(4), we haveGi = Γi ,G5 = Γ5. The

case for generaln is built up using tensor products involving theΓi. Define

ρs(Γ
i) ≡ 1l ⊗ · · · ⊗ Γi ⊗ · · · ⊗ 1l, s= 1, 2, · · · , n , (2.2.14)

where we have ann-fold product of identity matrices except for a singleΓi appearing in thes’th place. By

summing overρs for all s from 1 ton, we construct the symmetrised object

n
∑

s=1

ρs(Γ
i) = (Γi ⊗ 1l ⊗ · · · ⊗ 1l) + ( 1l ⊗ Γi ⊗ · · · ⊗ 1l) + · · · + ( 1l ⊗ · · · ⊗ 1l ⊗ Γi) . (2.2.15)

This matrix has dimension 4n × 4n. Finally, we define

Gi = PR+
n

∑

s=1

ρs(Γ
iP−)PR− + PR−

n
∑

s=1

ρs(Γ
iP+)PR+ , (2.2.16)

whereP± = 1
2(1 ± Γ5) andPR± are the projection matrices defined above Eq. (2.2.11). Note that thePR±

project the matrix sandwiched between them from dimension 4n down toN = 1
2(n+ 1)(n+ 3).

15More details can be found in [56–59].
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Now that we have definedGi , the solution of Eq. (2.2.13) proposed by Basu and Harvey takes the form

Xi(x10) = i R̂(x10) Gi . (2.2.17)

Inserting this ansatz into Eq. (2.2.13), and using the identity16

ǫ i jkl G5GiG jGk = −2(n+ 2)Gi , (2.2.18)

one immediately finds that

R̂(x10) =

√

2πℓ3
p

(n+ 2)b x10
. (2.2.19)

By analogy with the D1⊥D3 case, the physical radius may be defined as17

R2 =
1
N

∣

∣

∣

∣

Tr
4

∑

i=1

(Xi)2
∣

∣

∣

∣

. (2.2.20)

InsertingXi from the solution above, we find

R=
√

N |R̂| . (2.2.21)

Finally, substituting the functional form of̂R from Eq. (2.2.19) and solving forx10 as a function ofR, we

find

x10 =
2πℓ3

pN

(n+ 2)b R2
. (2.2.22)

This qualitatively has the correct (quadratic) fall-off with distanceR within the M5-brane that is supposed

to be described by this classical solution, since a harmonicfunction in four spatial dimensions should go

like R−2 at largeR. However, theN dependence does not seem correct. The solution should scalelike N, at

least for largeN, representing the fact that it describesN M2-branes intersecting an M5. SinceN ∼ n2 this

scaling does not hold as long asb is held fixed. This implies thatb should vanish like 1/
√

N for largeN, or

equivalentlyb2N is held fixed in the large-N limit.

Next Basu and Harvey conjectured a form for the energy functional for such configurations. As we will

see, their conjecture inspires one to guess some of the termsin the lagrangian for multiple M2-branes. The

16This is derived in Appendix A of [56].
17An explicit ℓp-dependence, analogous to theα′-dependence of Eq. (2.2.6), is absent from the definition ofRhere because it is

already accounted for in̂R.
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Basu-Harvey functional is

E = TM2

∫

d2σ Tr

[ (

dXi

dx10
+

b

8πℓ3
p
ǫ i jkl G5X j XkXl

)2

+

(

1− b

16πℓ3
p
ǫ i jkl

{

dXi

dx10
,G5X j XkXk

} )2 ]
1
2

, (2.2.23)

whereTM2 = 2π/(2πℓp)3 is the tension of a single M2-brane, and the 4-bracket [G5, X j , Xk, Xl] has been

replaced by 4!G5X j XkXl , to which it is equal as long asXi is among the solutions we are considering.

The first term vanishes when the Basu-Harvey equation is satisfied, and in this case one has

E
∣

∣

∣

∣

BH
= TM2

∫

d2σ

(

1− b

16πℓ3
p
ǫ i jkl

{

dXi

dx10
,G5X j XkXk

} )

. (2.2.24)

The above expression is divergent due to the infinite length of all the directions in the problem. Recalling

thatσ represents the two coordinatesx5 (along the self-dual string) andx10 (transverse to the M5-brane),

we can introduce a parameterL to regulate the length of the self-dual string along the M2-M5 intersection.

It can then be shown [56] that

E = NTM2L
∫

dx10 + TM5L
∫

2π2R3dR , (2.2.25)

which is nicely interpreted as the sum of energies ofN M2-branes and one M5-brane (hereTM5 = 2π/(2πℓp)6

is the M5-brane tension). This result can be considered the best justification for the ansatz of the analogue

Nahm equation Eq. (2.2.13) as well as the energy functional Eq. (2.2.23).

The above expression for the energy suggests a set of terms inthe lagrangian of multiple M2-branes.

For this we define atriple-product

HKLM ≡ [XK , XL, XM] ≡ { [XK, XL], XM } + { [XL, XM], XK } + { [XM, XK], XL } , (2.2.26)

which is totally antisymmetric in the indicesK, L,M. The energy functional then leads to (part of) the action

[56]

S = −TM2

∫

d3σ Tr

[

1+ (∂aXM)2 − b2

12

(

HKLM
)2
+

b2

48

[

∂aX[K , HLMN]
]2

]
1
2

. (2.2.27)

We see that the proposed action contains a sextic scalar self-interaction, while the matrixG5 no longer

appears. Ref. [56] also showed that membrane fluctuations about the classicalsolution Eq. (2.2.13) pass

several physical consistency checks. Generalisations of the Basu-Harvey equations corresponding to M2-

branes ending on M5-brane intersections leading to calibrated geometries were considered in [65, 66].

We will stop the analysis of the Basu-Harvey equation here, but various of the features that came up in

the above discussion, most notably a version of the triple-product Eq. (2.2.26), will crucially re-emerge in
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subsequent chapters and the full description of multiple M2-branes.

2.3. Supersymmetric CS theories withN ≤ 3

We will now switch gears and discuss a set of interacting three-dimensional supersymmetric field theo-

ries. It will soon become clear how these could be potentially related to the theory of multiple membranes.

Pure Chern-Simons field theory in 2+1d has the lagrangian

LCS =
k

4π
Tr

(

A ∧ dA − 2i
3

A ∧ A ∧ A
)

. (2.3.1)

Here we use the matrix-valued fieldAµ defined above Eq. (2.1.11) and convert it to a differential 1-form via

A = Aµdxµ. Thus the lagrangian is a differential 3-form. We also allowT I , I = 1, 2, · · · , dimG to be the

Hermitian generators of an arbitrary Lie algebraG in the adjoint representation. Importantly, whenever the

associated gauge group is compact, the “Chern-Simons level” k assumes discrete values for the path integral

to remain invariant under global gauge transformations in the quantum theory. We will discuss this in more

detail in Chapter3.

Because the lagrangian is a 3-form, it can be integrated overa 3-manifold without the need to specify

a metric. The action obtained thereby is diffeomorphism-invariant even without coupling to a metric – in

other words, it has topological invariance [67]. The gauge field is non-propagating and the only physical

observables are Wilson loop expectation values. Coupling such a theory to scalar or fermionic matter

destroys the topological invariance, since a metric is needed to define the matter kinetic terms and couplings.

However, if carefully done it can preserve conformal invariance and/or any supersymmetry.

It is therefore natural to treat this class of theories as a starting point to think about the worldvolume

field theories on multiple membranes in M-theory, an effort initiated in [68, 69]. While our principal goal is

the study of superconformal theories withN ≥ 4, and their relevance to multiple membranes, this section is

devoted to reviewing status of theories with a modest amount(N ≤ 3) of supersymmetry, with an emphasis

on those that are conformal invariant.18

2.3.1. N = 1 supersymmetry

We start with the simplest supersymmetric Chern-Simons theory. TheN = 1 supersymmetry multiplet

in 2+1d consists of a gauge fieldAµ and a two-component (real) Majorana spinorχ. The Chern-Simons

18Though our emphasis here is on supersymmetry, quite generalnon-supersymmetric theories in 2+1d can be non-trivial and
exactly conformal invariant. For example, this is true whenthe matter consists of minimally coupled fermions [70] or scalars
[71] with a suitable choice of coupling constants. The argumentfor conformal invariance hinges on the impossibility of a flow to
triviality because the Chern-Simons coefficientk is quantised.
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lagrangian is simply

LN=1 =
k

4π
Tr

(

A ∧ dA − 2i
3

A ∧ A ∧ A − iχ̄χ
)

; (2.3.2)

it is invariant up to a total derivative under the transformations

δAµ = iǭγµχ

δχ = −1
2
γµνFµνǫ . (2.3.3)

Because the fermion is non-dynamical, this theory has no propagating modes. One has to couple matter

supermultiplets in order to have propagating modes in the theory.

TheN = 1 scalar multiplet consists of a real scalarφ, a 2-component Majorana spinorψ and a real

auxiliary fieldC. Since they will all transform in some definite representation of the gauge group, we assign

an indexa = 1, 2, · · · , dimR to them. Superspace techniques can be used [68] to find possible interaction

terms. To maintain scale invariance (at least classically), the potential must be sixth order in fields, and

to preserve gauge invariance, the coefficient of the superpotential must be invariant under the action of the

gauge group. At the end of the day, one finds that the followingmatter lagrangian is supersymmetric:

Lmatter
N=1 = −

1
2
∂µφ

a∂µφa +
i
2
ψ

a
γµ∂µψ

a +
1
2

CaCa + tabcdφ
aφb

(1
3
φcCd − 1

2
ψ

c
ψd

)

, (2.3.4)

wheretabcd is real, totally symmetric and invariant under the gauge group. The auxiliary fieldCa can be

eliminated via its own equations of motion. One sees by inspection that this leads to terms of orderφ6 in

addition to the termφ2ψ2 that is already present. Dimensional arguments tell us thatboth such terms have

canonical dimension 3, because [φ] = 1
2 and [ψ] = 1 in 2+1d. This confirms that the matter lagrangian

above is classically scale invariant. This is not, however,generically preserved at the quantum level.

The supersymmetry transformation laws are

δφa = iǭψa

δψa = −
(

γµ∂µφ
a −Ca

)

ǫ

δCa = −iǭγµ∂µψ
a . (2.3.5)

It is now straightforward to couple a scalar multiplet to theChern-Simons vector multiplet. One simply

converts the derivatives in the scalar and fermion kinetic terms to covariant derivatives

∂µφ
a→ ∂µφ

a − iAI
µ(T

I )abφ
b , (2.3.6)

where (T I )ab are the generators ofG in the representation of the matter supermultiplet. Additionally, there
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is a cubic Yukawa coupling between the gauge fermion, the matter scalar and the matter fermion

φaχ̄I T I
abψ

b . (2.3.7)

The full lagrangian and transformation laws can be found in [68].

2.3.2. N = 2 supersymmetry

Chern-Simons gauge theory can be extended to haveN = 2 supersymmetry [72] by choosingχ to be

Dirac instead of Majorana and adding two more scalars,σ and D, with the lagrangian

LN=2 =
k

4π
Tr

(

A ∧ dA − 2i
3

A ∧ A ∧ A − iχ̄χ + 2Dσ
)

. (2.3.8)

The supersymmetry transformation rules are now given in terms of a Dirac spinorǫ as follows

δAµ =
i
2

(

ǭγµχ − χ̄γµǫ
)

δσ = −1
2

(

ǭχ − χ̄ǫ
)

δD =
1
2

(

ǭγµDµχ + Dµχ̄γ
µǫ

)

− 1
2

(ǭ[χ, σ] + [χ̄, σ]ǫ)

δχ =
(

− 1
2
γµνFµν + iγµDµσ − i D

)

ǫ . (2.3.9)

TheN = 2 matter multiplet contains the fields (φaA, ψaA, FaA) just as in the familiar 3+1dN = 1 chi-

ral supermultiplet. Herea runs over the dimension of the representation of the gauge group in which the

multiplet transforms, whileA runs over theNf flavours of this supermultiplet. The corresponding antichi-

ral multiplet, obtained by complex conjugation, is denoted(φaA, ψaA, FaA). Henceforth we will suppress

the a index to make the notation more compact. Then, exactly as in 3+1d, one specifies a holomorphic

superpotentialW and writes the lagrangian

− 1
2
∂µφA∂

µφA + iψ̄Aγ
µ∂µψ

A + FAFA + (FAW,A+c.c.). (2.3.10)

HereW, A ≡ ∂W(φ)/∂φA. The lagrangian is invariant under the supersymmetry transformations

δφA = iǭψA

δψA = −γµ∂µφA + FAǫ∗

δFA = −iǭ∗γµ∂µψ
A (2.3.11)

and also under a U(Nf ) flavour symmetry. As before, in order to have classical scale invariance,W must be
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a quartic function of its argument.

These matter multiplets can be coupled to the gauge supermultiplet by replacing ordinary derivatives

with gauge-covariant derivatives via minimal coupling. Asbefore, one needs to add some extra terms in

order to achieve fullN = 2 supersymmetry for the coupled system. These are

− σIσJ(φAT I TJφA) + DI (φAT IφA) − iσI (ψ̄AT IψA) − φA χ̄
I T IψA + φAT I ψ̄Aχ

I . (2.3.12)

The full lagrangian and transformation laws can be found in [68]. Notice that the lagrangian is linear in

DI , which therefore acts as a Lagrange multiplier determiningσI as bilinears in theφ fields. This in turn

permits the elimination ofσ which, from theσ2φ2 term above, gives rise to sextic terms inφ.

In the absence of a superpotential, the final result is

LN=2,gauged= LCS +Lkinetic+Lscalar− f ermion− V(φ) , (2.3.13)

whereLCS is given by Eq. (2.3.1), Lkinetic are the standard minimally coupled kinetic terms of the scalars

and fermions, and the remaining pieces are [69]

Lscalar− f ermion = −4πi
k

(φAT IφA)(ψ̄BT IψB) − 8πi
k

(ψ̄AT IφA)(φBT IψB)

V(φ) =
16π2

k2
(φAT IφA)(φBTJφB)(φCT I TJφC) . (2.3.14)

Classical conformal invariance is of course generically violated by quantum corrections. In one higher

dimension, lagrangians with the same amount of supersymmetry (N = 1 in 3+1d) can easily be made

classically conformal invariant (by choosing a cubic superpotential) but quantum corrections generically

induce a nonzeroβ-function and the quantum theory is no longer conformal. Buthere we encounter a

miracle of 2+1 dimensions: the lagrangian above (with vanishing superpotential) is exactly conformal even

at the quantum level [69]. A brief sketch of the argument is as follows. If quantum corrections generated

a superpotential term, this would be holomorphic in the superfield ΦA (which containsφA, ψA) but such

holomorphicity is inconsistent with the symmetry of the above action underΦA → eiαΦA. Next, it is well

known (with or without supersymmetry) that the Chern-Simons levelk cannot be renormalised other than

by a finite 1-loop shift [73]. This only leaves the possibility of corrections to the Kähler potential of the

theory. However it can be argued that these are either irrelevant in the infrared or can be absorbed in a

rescaling ofΦA. The reader is referred to Ref. [69] for more details.

One can add a superpotential as in Eq. (2.3.10) (seee.g.[74]) but in this case quantum corrections will

generically induce a nontrivialβ-function and spoil conformal invariance. However there isa specific way
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in which this can be done while preserving and even enhancingsuperconformal symmetry, as we will see

in the following section.

2.3.3. N = 3 supersymmetry

The amount of supersymmetry present in Chern-Simons-matter theories can be further enhanced to

N = 3 [75] while maintaining conformal invariance. For this we introduce a pair of chiral superfields

Q, Q̃ transforming in conjugate representations of the gauge group, coupled to theN = 2 gauge multiplet

described above, and with a quartic superpotential

W(Q, Q̃) = α(Q̃TI Q)(Q̃TI Q) , (2.3.15)

whereT I are the generators of the gauge group in the chosen representation. Atα = 0 we have anN = 2

superconformal theory as described above. For any finite value ofα, as one would generically expect, the

theory develops aβ-function forα and conformal invariance is broken (of courseN = 2 supersymmetry

is maintained). However it has been argued [69] that the RG flow takes one to an attractive fixed-point at

α = 2π/k. At this fixed point it turns out [69, 75] that the supersymmetry is enhanced toN = 3 and the

resulting theory is exactly superconformal.

It was initially thought thatN = 3 was the maximum number of supersymmetries allowed for a Chern-

Simons-matter gauge theory [68, 75]. However this assumes a simple gauge group. We will see that, some-

what surprisingly, the construction of Chern-Simons-matter theories with more supersymmetry is possible

if the gauge group is not simple. Indeed, unlike supersymmetric Yang-Mills theories where the choice of

gauge group is arbitrary, the possible amount of supersymmetry of a Chern-Simons-matter theory is closely

linked with the choice of gauge group. A related observationis thatN = 3 is the maximum amount of

supersymmetry for which one can write down a Lagrangian including both Yang-Mills and Chern-Simons

terms [76].
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3. Three-dimensional CS gauge theories based on 3-algebras

Our task now is to try and construct an effective field theory for the worldvolume dynamics of multiple

M2-branes propagating in flat eleven-dimensional spacetime. The solitonic picture of M2-branes and their

relation to D2-branes, both discussed in Chapter1, tell us we should look for a theory that preserves half

of the 32 spacetime supercharges, leading toN = 8 supersymmetry on the worldvolume. Later we will see

that we should also allow for orbifolds which generically break more supersymmetry.

We will do this by searching for field theories with the correct symmetries and therefore our first task is

to determine what these symmetries are. We wantN = 8 three-dimensional theories with eight dynamical

scalars and fermions, but no other dynamical modes. In particular, we do not expect any dynamical gauge

fields. One way to see this is to note that the scalars and fermions together make up all the dynamical degrees

of freedom of the three-dimensional supermultiplet. However, as we shall see, this does not exclude the

possibility ofnon-dynamicalgauge modes.19 Indeed, we have already seen that in three dimensions there is

the possibility of having pure Chern-Simons theories, withor without dynamical scalars, and it was already

suggested in [68] that such theories could be suitable candidates for describing multiple M2-branes.

An additional criterion for selecting our candidate theories is that in the limit where gravity is decoupled

from the branes, we should end up with a conformal field theory. Perhaps the simplest reason for this is

that M-theory has no parameters and only one scale: the eleven-dimensional Planck scale. The gravity-

decoupling limit corresponds to considering vanishingly small energy excitations, or equivalently, taking

the eleven-dimensional Planck length to zero,ℓp→ 0. Hence, there is no scale in the decoupled theory. We

have already encountered another reason for this in Section2.1: since M-theory can be thought of as the

strong-coupling limit of type IIA string theory, M2-branesare the strong-coupling limit of D2-branes. D2-

branes are described by three-dimensional maximally supersymmetric Yang-Mills theories. These theories

are super-renormalisable, which means their coupling constant gYM has a positive scale dimension and

therefore it increases in the infrared. Thus the strong coupling limit is the same as the IR limit, and the

theory must either become free (which is ruled out on physical grounds) or reach an interacting conformal

invariant fixed point.

From the geometrical point of view, a stack of M2-branes in eleven dimensions breaks the SO(1, 10)

Lorentz group to SO(1, 2)× SO(8). While the SO(1, 2) factor becomes the Lorentz group on the worldvol-

ume, the SO(8) is identified with the R-symmetry and in particular rotates the scalar fields (and acts on the

fermions as well). Finally M-theory has a parity symmetry, which M2-branes in a flat background should

preserve.

19Here we refer to the degrees of freedom in the classical lagrangian. In the full quantum theory this distinction is somewhat
obscure, since in three dimensions a vector is dual to a scalar.
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In the rest of this chapter, we will look into the general construction of lagrangians with the above

properties andN = 8 orN = 6 supersymmetry. This will involve the introduction of an interesting algebraic

structure intimately connected with supersymmetry: 3-algebras, which generalise the notion of conventional

Lie algebras. During the course of our discussion we will findthat these 3-algebra theories also admit a

conventional Lie algebra formulation in terms of bifundamental matter fields in three dimensions. This

provides a connection to the theories of Chapter2 and sets the stage for the ABJM theory with U(n) ×U(n)

gauge symmetry of Chapter4. Superspace constructions of these theories are given in [77–82].

3.1. N = 8 3-algebra theories: BLG

To proceed we simply start from scratch and attempt to construct the theory that we are looking for.

This was done in [83–86] and is commonly known as BLG theory. The supersymmetries that are preserved

by the M2-branes can be taken to satisfy

Γ012ǫ = ǫ . (3.1.1)

In this section we work in conventions where our spinors are real 32-component spinors of eleven-dimensional

spacetime. This is a somewhat non-standard way to describe afield theory in 2+1d, where irreducible (Ma-

jorana) spinors are 2-component. However we use this notation because it greatly helps us relate symmetries

on the brane to those in the bulk.

The worldvolume fermions can be thought of as Goldstino modes for the supersymmetry broken by the

brane. They therefore satisfy the opposite supersymmetry condition Γ012Ψ = −Ψ. Let us call the scalar

fields XI and, as for D-branes we assume that they, along with the fermions, take values in some vector

space with a basisTa, in other words

XI = XI
aTa

Ψ = ΨaTa . (3.1.2)

HereI = 1, ..., 8 is an R-symmetry index. Despite the notation, we do not require theTa to generate a Lie

algebra; we will shortly see that they do something rather different.

For each value of the indexa, the scalars have 8 degrees of freedom due to the R-symmetry index. The

fermions have 32 degrees of freedom, reduced to 16 by the parity condition above, and further reduced to 8

on-shell. Hence the on-shell bosonic and fermionic degreesof freedom match and, as can be easily checked,

the free theory is invariant under the (on-shell) supersymmetry transformations

δXI
d = iǭΓIΨd

δΨd = ∂µX
I
dΓ

µΓIǫ . (3.1.3)
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To introduce interactions we need to include a term inδΨ that is non-linear in the scalar fields. Now

Ψ andǫ have opposite eigenvalues with respect toΓ012 and in addition it is easy to see that [Γ012, Γµ] = 0

but {Γ012, ΓI } = 0. Thus any term on the right hand side ofδΨd must have an odd number ofΓI factors.

Furthermore we wish to look for a conformal field theory. Since the scaling dimensions ofXI
a,Ψa andǫ are

1
2, 1 and−1

2 respectively we see that the interaction term we are lookingfor should be cubic inXI
a. Thus a

natural guess is

δXI
d = iǭΓIΨd

δΨd = ∂µXI
dΓ

µΓIǫ − 1
3!

XI
aXJ

bXK
c f abc

dΓ
IJKǫ . (3.1.4)

Here we have introduced coupling constantsf abc
d which, without loss of generality, are antisymmetric in

a, b, c. By analogy with normal Lie algebras, we propose to view themas structure constants for a “triple

product” or “3-bracket” that acts on the vector space spanned by Ta as

[Ta,Tb,Tc] = f abc
dTd . (3.1.5)

Thus we can say that the vector space in which the scalars and fermions are valued has aLie 3-algebra

structure, namely a totally anti-symmetric triple product(with certain additional properties, as we will see).

Next we must check that this supersymmetry algebra closes. In the more familiar case of D-brane

theories this happens on-shell, up to translations and gauge transformations. Here, if we compute [δ1, δ2] XI
a

we find

[δ1, δ2] XI
d = −2iǭ2Γ

µǫ1∂µXI
d − (2iǭ2Γ

JKǫ1XJ
aXK

b f abc
d)XI

c . (3.1.6)

The first term is simply a translation, as expected, with parametervµ = −2iǭ2Γµǫ1. The second term must

be interpreted as a new symmetry

δXI
d = Λ̃

c
dXI

c , Λ̃c
d = −2iǭ2Γ

JKǫ1XJ
aXK

b f abc
d . (3.1.7)

This must be a gauge symmetry, sinceΛ̃c
d depends explicitly on theXJ

b which in turn depend onxµ. By

multiplying both sides of the above equation withTd we can write the above transformation as

δXI = αJK[XI ,XJ,XK] (3.1.8)

with parametersαJK = 2iǭ2ΓJKǫ1. A general gauge symmetry transformation on an arbitrary vector X in

our vector space therefore has the form

δX = [X,A, B] (3.1.9)
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whereA, B are two more vectors in the same space.

In order for this symmetry to hold in the interacting theory,we require that it act as a derivation on the

triple product

δ[X,Y,Z] = [δX,Y,Z] + [X, δY,Z] + [X,Y, δZ] , (3.1.10)

which in turn requires that the triple product satisfy the “fundamental identity”

[A, B, [X,Y,Z]] = [[A, B,X],Y,Z] + [X, [A, B,Y],Z] + [X,Y, [A, B,Z]] , (3.1.11)

or equivalently

f abc
g f e f g

d = f e f a
g f gbc

d + f agc
d f e f b

g + f abg
d f e f c

g . (3.1.12)

Next we must introduce a gauge field for this gauge symmetry. Following the standard procedure we

define

DµX
I
d = ∂µX

I
d − Ãµ

c
dXI

c , (3.1.13)

and similarly forΨd. This is gauge covariant provided that

δÃµ
c
d = ∂µΛ̃

c
d + Ãµ

c
eΛ̃

e
d − Λ̃c

eÃµ
e
d (3.1.14)

under a gauge transformation. We can also compute the field strength from [Dµ,Dν] XI
b = F̃µν

a
bXI

a and find

F̃µν
a

b = ∂νÃµ
a

b − ∂µÃνa
b − Ãµ

a
cÃν

c
b + Ãν

a
cÃµ

c
b . (3.1.15)

These are familiar expressions from gauge theory and indeedthe fundamental identity (3.1.11) ensures that

the set of allΛ̃a
b form a closed set under matrix commutation. Thus the 3-algebra defines an ordinary Lie

algebra generated by the elementsΛ̃a
b that act naturally on the 3-algebra. The underlying gauge symmetry

of the theory is therefore that of an ordinary gauge theory based on a Lie algebra. We will give a more

mathematical treatment of 3-algebras below.

It remains to specify the supersymmetry transformation lawof the gauge field. This is easily done using

index structure and dimensional counting (noting that the above equations determine the canonical dimen-
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sion of Ãµa
b to be+1). We are thereby led to postulate the complete set of supersymmetry transformations

δXI
a = iǭΓIΨa

δΨa = DµX
I
aΓ

µΓIǫ − 1
6

XI
bXJ

c XK
d f bcd

aΓ
IJKǫ (3.1.16)

δÃµ
b

a = iǭΓµΓI X
I
cΨd f cdb

a .

A priori it is not at all obvious that these supersymmetries close into translations and gauge transformations

on-shell. In fact at this stage we do not even know what “on-shell” means since we do not know the

equations of motion of the theory we are seeking.

Fortunately, the requirement that the above supersymmetrytransformations close is very powerful. It

determines the equations of motion for some of the fields and also fixes the normalisation of the supersym-

metry variationδÃµa
b above, which could not have been determined by dimensional counting. At the end

one finds that

[δ1, δ2] XI
a = vλ∂λX

I
a + (Λ̃b

a − vλÃλ
b

a)XI
b

[δ1, δ2]Ψa = vλ∂λΨa + (Λ̃b
a − vλÃλ

b
a)Ψb (3.1.17)

[δ1, δ2] Ãµ
b

a = vλ∂λÃµ
b

a + D̃µ(Λ̃
b

a − vλÃλ
b

a) ,

wherevλ = −2iǭ2Γλǫ1 andΛ̃b
a = −2iǭ2ΓJKǫ1XJ

c XK
d f cdb

a, but only if the following equations of motion are

satisfied:

ΓµDµΨa +
1
2
ΓIJXI

cXJ
dΨb f cdb

a = 0

F̃µν
b

a + εµνλ(X
J
c DλXJ

d +
i
2
Ψ̄cΓ

λΨd) f cdb
a = 0 . (3.1.18)

In this way we have found the fermion and gauge-field equations of motion. To find the equation of motion

for the scalars, one takes the supersymmetry variation of the fermion equation above. The answer splits into

two sets of terms, one that vanishes by virtue of the gauge field equation above and another whose vanishing

implies the scalar equation of motion

D2XI
a −

i
2
Ψ̄cΓ

I
JXJ

dΨb f cdb
a +

1
2

XJ
bXK

c XI
eXJ

f X
K
g f bcd

a f e f g
d = 0 . (3.1.19)

The free parts of the above equations of motion, obtained by setting all terms involving structure con-

stants to zero, are respectively the massless Dirac equation, the equation of a flat gauge connection and

the massless Klein-Gordon equation. The first and last are asexpected, but the middle one is somewhat
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unusual – it is not the equation of motion for a Yang-Mills gauge field, but rather the one that follows from

a Chern-Simons action. Fortunately, it is just what we expected on grounds of conformal invariance.

It only remains to construct a lagrangian that gives rise to the full interacting equations of motion above.

For this we need to introduce an inner-product or metric on the 3-algebra20

〈X,Y〉 = habXaYb . (3.1.20)

Requiring invariance of this inner-product under the gaugetransformationsδXa = Λ̃
b

aXb, δYa = Λ̃
b

aYb

implies that the structure constants with the last index raised by the metricf abcd = hdef abc
e are totally

antisymmetric

f abcd = f [abcd] , (3.1.21)

The lagrangian can now be written as

L = −1
2

DµXaIDµXI
a +

i
2
Ψ̄aΓµDµΨa +

i
4
Ψ̄bΓIJXI

cXJ
dΨa f abcd− V +LCS , (3.1.22)

with a sextic potential

V =
1
12

XI
aXJ

bXK
c XI

eXJ
f X

K
g f abcdf e f g

d

=
1
12
〈[XI ,XJ,Xk], [XI ,XJ,XK]〉 (3.1.23)

and a “twisted” Chern-Simons term

LCS =
1
2
εµνλ

(

f abcdAµab∂νAλcd +
2
3

f cda
g f e f gbAµabAνcdAλe f

)

, (3.1.24)

Note thatLCS is written in terms of a gauge fieldAµab that differs from the “physical” gauge field we have

previously encountered in the supersymmetry transformations and equations of motion, being related to it

via

Ãµ
b

a = Aµcd f cdb
a . (3.1.25)

In general, this equation cannot be inverted to determineA in terms ofÃ, but one can check thatLCS is

invariant under shifts ofAµab that leaveÃµb
a invariant. It is therefore locally well-defined as a function of

Ãµb
a.

It is not hard to check that the lagrangian is gauge invariantand supersymmetric up to a total derivative

under the transformations (3.1.16). Note also that (3.1.22) contains no free parameters, up to a rescaling

20For an alternative approach which does not utilise a metric see [87].
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of the structure constants. In fact, given the presence of the Chern-Simons term, it is natural to expect the

f abcd to be quantised and we will argue below that this is indeed thecase.

The theory we have constructed is invariant under 16 supersymmetries and an SO(8) R-symmetry. It is

also conformally invariant at the classical level. These are all the continuous symmetries that are expected

of multiple M2-branes. Note that the Chern-Simons term naively breaks the parity that is expected to be

a symmetry of the M2-brane worldvolume. However, we can makethe lagrangian parity invariant if we

assign an odd parity tof abcd. In particular, if we invertx2→ −x2, we must then require thatXI
a andÃ a

µ b be

parity-even forµ = 0, 1; Ã a
2 b and f abcd be parity-odd andΨa → Γ2Ψa. This assignment also implies that

Aµab is parity-odd forµ = 0, 1, while A2ab is parity-even.

This would seem to be a complete success: We have a lagrangianwith all the required symmetries for

multiple M2-branes. One would expect the logical next step to be a determination of the possible consistent

structure constantsf abc
d which (following D-brane intuition) should be related to the number of coincident

M2-branes. However at this stage we encounter a problem. If we assume that the metrichab is positive

definite, so that the kinetic and potential energies are all positive, then there turns out to be essentially a

uniquechoice [88–90] for f abcd that is totally anti-symmetric and that satisfies the fundamental identity,

namely

f abcd=
2π
k
εabcd , hab = δab , (3.1.26)

wherea, b, ... = 1, ..., 4 andk is a (for the moment, arbitrary) constant.

The uniqueness of the structure constants rules out the possibility that the lagrangian written above

[85] describes an arbitrary number of coincident M2-branes. Nevertheless, it is an interesting theory on its

own. It provides the first example of an interacting lagrangian quantum field theory with maximal global

supersymmetry that is not of Yang-Mills type.21 Let us therefore study the theory in more detail.

The gauge algebra generated byΛ̃a
b is simply the space of all anti-symmetric 4× 4 matrices. This is

of courseso(4) ≃ su(2)⊕ su(2). The split is realised by noting that the self-dual and anti-self-dual parts of

Λ̃a
b commute with each other. Thus we write

Ãµ
a

b = Ã+µ
a

b + Ã−µ
a

b , (3.1.27)

whereÃ±µ
a

b is the (anti)-self-dual part of̃Aµa
b. Now the twisted Chern-Simons term can be written as [86]

LCS =
k

8π
ǫµνλ(Ã+µ

a
b∂νÃ

+
λ

b
a +

2
3

Ã+µ
a

bÃ+ν
b

cÃ
+
λ

c
a) − k

8π
ǫµνλ(Ã−µ

a
b∂νÃ

−
λ

b
a +

2
3

Ã−µ
a

bÃ−ν
b

cÃ
−
λ

c
a) . (3.1.28)

21One can alternatively arrive at this theory starting from (gauged)N = 8 supergravity in 3d [91] and taking the global-
supersymmetry limit [92, 93].
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The action of parity changes the sign of each of the two terms of LCS, and – as we saw above – flips the

sign for f abcd which in our new notation amounts to swapping the twosu(2) subalgebras. Combining the

two Chern-Simons terms indeed leads to a parity-invariant lagrangian [94, 95].

The (anti)self-duality constraint means that the independent gauge fields can be taken to be those whose

indicesa, b take only the values 1, 2, 3 and we relabel themi, j. Then we can further simplify the action by

defining the hermitian 2× 2 matrices

AL
µ =

1
2
ǫ

jk
i σk Ã+µ

i
j , AR

µ =
1
2
ǫ

jk
i σk Ã−µ

i
j , (3.1.29)

whereσk are the Pauli matrices. The gauge field action now reduces to the difference of two standardsu(2)

Chern-Simons actions, each of levelk,

k
4π
ǫµνλTr

[

(AL
µ∂νA

L
λ −

2i
3

AL
µAL

νAL
λ) − (AR

µ∂νA
R
λ −

2i
3

AR
µAR

νAR
λ)

]

. (3.1.30)

Moreover, the scalars can now be thought of as bi-fundamentals of the twosu(2) gauge algebras. In this

language they are denotedXI
αβ̇

with α, β̇ = 1, 2 and are defined in terms ofXa, a = 1, 2, 3, 4 by

XI
αβ̇
=

(

1
2

XI
4 1l +

i
2

XI
i σ

i
)

αβ̇

, i = 1, 2, 3 (3.1.31)

whereσi are the Pauli matrices. As a consequence, they satisfy the reality condition

X† Iαβ̇ = ǫαα̇ǫββ̇XI
βα̇ . (3.1.32)

The covariant derivative of Eq. (3.1.13) becomes

DµX
I = ∂µX

I − iAL
µXI + iX I AR

µ (3.1.33)

and the sextic scalar self-interaction is just

V(X) =
8
3

Tr
(

X[ I XJ†XK]XK†XJXI†) . (3.1.34)

In the above discussion, the constantk appears as an overall multiplicative coefficient, bearing the

standard normalisation for the level of a Chern-Simons action. As such it is expected to be quantised in

integers. To see this, consider first a singlesu(n) gauge fieldAµ and a Chern-Simons lagrangian

Lsu(2) =
k
4π
ǫµνλ Tr (Aµ∂νAλ −

2i
3

AµAνAλ) , (3.1.35)
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where Tr is the trace in the fundamental (n× n) representation. Under a large gauge transformation one has

[96]
∫

d3xLsu(n) →
∫

d3xLsu(n) + 2πkw , (3.1.36)

wherew ∈ Z is the winding number of the gauge transformation. In particular if we compactify spacetime

to S3 then a gauge transformation is a map fromS3 into SU(n) which always contains a non-contractible

3-cycle. As usual, for the quantum theory to be well defined, we require that exp
(

i
∫

d3xLsu(n)

)

remains

invariant under such a transformation. This fixesk ∈ Z. The same result holds in our case withn = 2 since

both terms in Eq. (3.1.30) are conventional Chern-Simons actions with the usual normalisation. As a result

we also findk ∈ Z.

To summarise, by exploiting all the desired symmetries we have found a lagrangian that appears to

have the correct properties to describe multiple M2-branes. Unfortunately, it is unique (up to the choice

of the integerk, whose interpretation we will discuss below) and is thus unable to capture the dynamics of

an arbitrary number of M2-branes. This issue will be addressed in the following section by relaxing the

supersymmetry constraints of our theory.

3.2. N = 6 3-algebra theories

It turns out that the most fruitful way to generalise the previous construction is to look for theories

with less supersymmetry. In three dimensions it is possibleto have field theories withN = 8, 6, 5, 4, 3, 2, 1

supersymmetry.22 Since we have seen thatN = 8 is very constrained and therefore likely to be of limited

utility in studying M2-branes, the logical next step is to consider the case ofN = 6. This is still a highly

supersymmetric theory but as we will see, it is not constrained to have a fixed gauge group. In fact this

direction leads to infinitely many interesting field theories, including the ABJM models [98] that describe

an arbitrary number of M2-branes.

The R-symmetry of anN = 6 superconformal field theory in 2+1d is SO(6)≃ SU(4). In fact we

will find theories with SU(4)R × U(1)B global symmetry that can be thought of as a subgroup of the SO(8)

R-symmetry of theN = 8 theory. The 12 supercharges transform in the6 of the SU(4), while the U(1)B pro-

vides an additional global symmetry – although it will eventually be gauged. The 8 transverse coordinates

are grouped into four complex combinations that transform as the4 of SU(4).

Accordingly, we introduce four complex scalar fieldsZA
a , A = 1, 2, 3, 4, as well as their complex con-

jugatesZ̄a
A. The symmetries of the problem dictate that we must similarly group the fermions into sets of

four complex 2-component spinorsψAa, with their complex conjugates being denoted by23 ψAa. A raisedA

22Indeed evenN = 0 if one is so inclined [97].
23Thereby we abandon the 32× 32 notation of the previous section. In particular, the gamma-matrices will henceforth be real

2× 2 matrices denotedγµ and satisfyingγ0γ1γ2 = 1.
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index indicates that the field is in the4 of SU(4); a lowered index transforms in the4̄. We assignZA
a andψAa

a U(1)B charge of 1. Complex conjugation of fields raises or lowers the A anda indices and flips the sign of

the U(1)B charge. The supersymmetry generators are denotedǫAB and are antisymmetric under exchange of

their indices. The reality conditionǫAB = 1
2ε

ABCDǫCD ensures that they are in the6 of SU(4). Their U(1)B

charge is taken to vanish.

Having established the setup, one can follow theN = 8 discussion above to arrive at the form for the

supersymmetry algebra that preserves the SU(4), U(1)B and conformal symmetries. We will not go through

the derivation here, but merely quote the result. Details can be found in Ref. [99] where it is shown that the

most general supersymmetry transformations are

δZA
d = iǭABψBd

δψBd = γµDµZ
A
d ǫAB+ f ab

cdZC
a ZA

b Z̄c
CǫAB+ f ab

cdZ
C
a ZD

b Z̄c
BǫCD

δÃµ
c
d = −iǭABγµZ

A
aψ

Bb f ca
bd + iǭABγµZ̄

b
AψBa f ca

bd , (3.2.1)

whereDµZA
d = ∂µZ

A
d − Ãµc

dZA
c is a covariant derivative.

The above transformations close into translations and gauge transformations, namely

[δ1, δ2] ZA
d = vλDλZ

A
d + Λ̃

a
dZA

a , (3.2.2)

for the scalars (and similar expressions for the other fields), where

vλ =
i
2
ǭCD
2 γλǫ1CD,

Λ̃a
d = Λc

b f ab
cd, Λc

b = i(ǭDE
2 ǫ1CE − ǭDE

1 ǫ2CE) Z̄c
D ZC

b , (3.2.3)

provided that the fields satisfy the on-shell conditions

γµDµψCd = f ab
cdψCaZ

D
b Z̄c

D + 2 f ab
cdψDaZD

b Z̄c
C − εCDEF f ab

cdψ
DcZE

a ZF
b .

F̃µν
c
d = −εµνλ

(

DλZA
a Z̄b

A − ZA
a DλZ̄b

A − iψ̄AbγλψAa

)

f ca
bd . (3.2.4)

As before, the scalar equations of motion can be obtained by performing a supersymmetry variation of the

fermion equation and using the gauge field equation to eliminate part of the result.

The structure constantsf ab
cd = − f ba

cd define a new triple product

[Ta,Tb; T̄c] = f ab
cdTd , (3.2.5)
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which must satisfy the following fundamental identity:

f e f
gb f cb

ad + f f e
ab f cb

gd + f ∗ga
f b f ce

bd + f ∗ag
eb f c f

bd = 0 . (3.2.6)

We see that in this case the triple product is linear and anti-symmetric in its first two entries, but complex

anti-linear in the third.

Note that the structure constantsf ab
cd are now in general complex, and we have defined

f ∗ab
cd =

(

f ab
cd

)∗
. (3.2.7)

Similarly, it is useful to define

Λ∗a
b =

(

Λa
b
)∗ . (3.2.8)

Note that in this notation, which differs from [99] and was introduced in [100], there are only unbarred

upper and lower indices. They can be contracted, but that implies that the inner product (the analogue of

Eq. (3.1.20)) is

〈X̄,Y〉 = X̄aYa . (3.2.9)

This seems like a special case, equivalent to choosinghab̄ = δab̄ on a complex manifold. One may consider

more general cases wherehab̄
, δab̄ by changing the definition of complex conjugation. We will not consider

such cases here.

In the special case that the structure constants are real, wecan treat the third index on par with the first

two (i.e.consider it to be a raised index) and ask whetherf abc
d is antisymmetric ina, b, c. When that is the

case, we recover the supersymmetry transformations of theN = 8 theory.

Let us now construct an invariant lagrangian. We have seen that the supersymmetry algebra closes into

a translation plus a gauge transformation. By complex conjugating Eqs. (3.2.2), (3.2.3), we find that under

gauge transformations

δΛZ̄d
A = Λ̃

∗
a

d Z̄a
A , (3.2.10)

with vλ andΛ̃a
d given in (3.2.3) and

Λ̃∗a
b =

(

Λ̃a
b

)∗
= Λ∗d

c f ∗ac
db . (3.2.11)

To construct a gauge-invariant lagrangian (or, for that matter, any gauge-invariant observable) we need
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inner products to be gauge invariant, namelyδΛ(Z̄a
AZA

a ) = 0. This gives us

Λ̃∗b
a = −Λ̃a

b . (3.2.12)

In addition this requires that

f ab
cd = f ∗cd

ab . (3.2.13)

This allows us to rewrite the fundamental identity as

f ge
f d f ab

cg = f ae
f g f gb

cd + f be
f g f ag

cd − f ∗c f
eg f ab

gd . (3.2.14)

From these equations, we learn that the transformation parametersΛ̃a
b are elements ofu(n). The fun-

damental identity ensures that they form a Lie subalgebra ofu(n), i.e. they are closed under ordinary matrix

commutation.

The first term in (3.2.2) contains a translation appearing as part of the covariant derivative DµZA
d =

∂µZA
d − Ãµc

dZA
c . The second piece of the covariant derivative is interpreted as a field-dependent gauge

transformation with parameterΛc
d = −vµÃµc

d. This implies that the gauge field also takes values inu(n).

With these results, it is not hard to show that the following lagrangian, invariant up to boundary terms,

reproduces the equations of motion:

L = −DµZ̄a
ADµZ

A
a − iψ̄AaγµDµψAa− V +LCS

−i f ab
cd ψ̄

AdψAa ZB
b Z̄c

B + 2i f ab
cd ψ̄

AdψBa ZB
b Z̄c

A (3.2.15)

+
i
2
εABCDf ab

cd ψ̄
AdψBc ZC

a ZD
b −

i
2
εABCDf cd

ab ψ̄AcψBd Z̄a
CZ̄b

D .

The potential is

V =
2
3
ΥCD

Bd Ῡ
Bd
CD , (3.2.16)

with

ΥCD
Bd = f ab

cd ZC
a ZD

b Z̄c
B −

1
2
δC

B f ab
cd ZE

a ZD
b Z̄c

E +
1
2
δD

B f ab
cd ZE

a ZC
b Z̄c

E . (3.2.17)

The twisted Chern-Simons termLCS is given by

LCS =
1
2
εµνλ

(

f ab
cd Aµ

c
b ∂νAλ

d
a +

2
3

f ac
dg f ge

f b Aµ
b

a Aν
d

c Aλ
f
e

)

. (3.2.18)

It satisfies
δLCS

δAλa
b

f ac
db =

1
2
ελµνF̃µν

c
d , (3.2.19)
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up to integration by parts, wherẽFµν
a

b = −∂µÃνa
b+ ∂νÃµa

b+ Ãνa
eÃµe

b− Ãµa
eÃνe

b. Just as before,LCS can

be viewed as a function of̃Aµc
d rather thanAµc

d.

3.3. FromN = 6 3-algebras to CS-matter theories

The lagrangian constructed above can be given a more standard interpretation as a Chern-Simons matter

theory, where the choice of 3-algebra determines the gauge group. In this section we will show how to

obtainN = 6 Chern-Simons theories with gauge groups SU(m) × SU(n) × U(1) for m, n, SU(n) × SU(n),

Sp(n) × U(1), and U(n) × U(n), all with matter in the bi-fundamental representation.

3.3.1. Gauge group determined by 3-algebra

We start with what is perhaps the simplest 3-algebra, constructed from rectangular complexm × n

matricesX,Y,Z, as follows

[X,Y; Z] = −2π
k

(XZ†Y − YZ†X) , (3.3.1)

where hereX† is the conjugate transpose ofX. The 3-algebra completely determines the gauge transforma-

tion of Xdl, whered andl are bifundamental indices, running from 1 tomandn, respectively,

δXdl = [X,Y; Z]dl = f aib j
ckdlΛ

ck
b j Xai

= −2π
k

(XdkZ
†kbYbl − YdkZ

†kbXbl) . (3.3.2)

This fixes the 3-algebra structure constants,

f aib j
ckdl = −

2π
k

(δa
dδ

b
cδ

i
kδ

j
l − δa

cδ
b

dδ
i
lδ

j
k) . (3.3.3)

The f aib j
ckdl have the correct symmetries and satisfy theN = 6 fundamental identity.

It is a simple matter to determine the corresponding gauge group. For the case at hand, we compute

δXdl = Λ̃
ai

dlXai = −
2π
k

(

δi
lΛ

a j
d j − δa

dΛ
bi

bl

)

Xai . (3.3.4)

The matrixΛ̃ai
dl has a nonvanishing trace form, n and a vanishing trace form= n. Therefore theN = 6

theory has SU(m) × SU(n) × U(1) gauge symmetry whenm, n, and SU(n) × SU(n) otherwise.

A second choice of structure constants is given by

f ab
cd = −

2π
k

(JabJcd + (δa
cδ

b
d − δa

dδ
b

c)) , (3.3.5)
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whereJab is the invariant anti-symmetric tensor of Sp(n). The structure constants also obey the fundamental

identity and have the correct symmetries. As above, the gauge symmetry can be determined from the gauge

transformation onXd,

δXd = Λ̃
a

dXa = −
2π
k

[(Λd
a + Λa

d) − δa
dΛ

b
b]Xa . (3.3.6)

This transformation contains two parts: The first is of the form δ′Xd = Λ̃
′a

dXa; the second is a phase. It is

not hard to check thatJabΛ
′b

cJcd = Λ′da, so the gauge group is Sp(n) × U(1).

For the rest of the discussion, we will show how to lift theN = 6 SU(2)× SU(2) theory toN = 8 with

the same gauge group, thus making a connection with Section3.1. We first write the fieldsZA
αα̇ in SO(4)

notation [101],

ZA
d = ZA

αα̇σ̄
α̇α
d , (3.3.7)

where the ¯σα̇αd are the Pauli matrices of [102] (except takingσ0 → iσ0 = iσ̄0 to make the gauge space

Euclidean). Because of the well-known identity

(σ̄aσbσ̄c − σ̄cσbσ̄a)α̇α = −2ǫabcdσ̄α̇αd , (3.3.8)

the matrix representation of the SU(2)× SU(2) 3-algebra given in (3.3.1) exactly reproduces theN = 8

3-algebra with24 f abcd= ǫabcd.

To find the full set of supersymmetry transformations, we start with theN = 6 supersymmetry transfor-

mations presented above, parametrised byǫAB, and construct two additional supersymmetries, parametrised

by acomplexspinorη of global U(1)B charge+2. It is a matter of algebra to find the full set of supersym-

metry transformations

δZA
d = iǭADΨDd + iη̄ΨA

d

δΨd
D = γµǫADDµZ

Ad+ γµηDµZ̄
d
D

+ ǫabcdZA
a ZB

b Z̄DcǫAB− ǫabcdZA
a ZB

b Z̄BcǫAD

− ǫabcdZA
a Z̄AbZ̄Dcη −

1
3
ǫABCDǫ

abcdη∗ZA
a ZB

b ZC
c , (3.3.9)

where gauge indices can be moved up or down because the gauge group is SU(2)×SU(2)≃ SO(4). Closing

24We absorb the constant of proportionality intoǫabcd.
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on the fermion gives

[δ1, δ2]ΨDd = vµDµΨDd + Λ̃
a

dΨDa

+
i
2
ǭCB
[2 ǫ1]CDEBd −

i
4
ǭBE
2 γµǫ1BEγµEDd (3.3.10)

+ iη̄[2ǫ1]CDEC
d −

i
2

(η̄[2η
∗
1] + η̄

∗
[2γ

µη1]γµ)EDd ,

as required, whereEDd denotes the fermion equation of motion. The same calculation also fixes the trans-

formation of the gauge field

δÃµ
ad = −iǫabcdǭBCγµΨ

B
bZC

c − iǫabcdǭBCγµΨBbZ̄Cc

+ iǫabcdη̄∗γµΨBbZ
B
c + iǫabcdη̄γµΨ

B
b Z̄Bc . (3.3.11)

Closing onÃµad imposes the constraint on the gauge field strength.

The above supersymmetry transformations are manifestly SU(4)×U(1)B covariant. However, they must

also be covariant under SO(8), theN = 8 R-symmetry group. As a check, therefore, one can compute their

transformations under the twelve remaining generators of SO(8)/(SU(4)× U(1)B), which we denotegAB,

with U(1)B charge 2. The transformations are

δZA
a = gABZ̄Ba

δΨBa = −1
2
ǫBCDEgDEΨC

a

δǫAB = gABη∗ +
1
2
ǫABCDg∗CDη (3.3.12)

δη = −1
2

gABǫAB ,

consistent with the fact thatZA
a , ΨBb andǫAB live in different SO(8) representations. The transformations

(3.3.12) close into SU(4)× U(1) transformations, as required by the SO(8) algebra. It can be shown that the

supersymmetry transformations (3.3.9) and (3.3.11) are covariant under (3.3.12), as they must be. Thus, for

the case of SO(4) gauge symmetry, the supersymmetry transformations (3.3.9) and (3.3.11) do indeed lift

theN = 6 theory toN = 8.

3.3.2. FromN = 6 3-algebras toU(n) × U(n) CS-matter theories

We finally show how to extendN = 6 theories with SU(n) × SU(n) gauge symmetry to U(n) × U(n).

We do this by gauging the global U(1)B and requiring supersymmetry. Towards that end, we introduce an
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abelian gauge fieldBµ and redefine the covariant derivativeDµ to be

DµZ
A
a = ∂µZ

A
a − Ãµ

b
a ZA

b − iBµ δ
b
a ZA

b . (3.3.13)

Similar expressions hold forDµψAa, DµZ̄a
A andDµψ

aA with a flip in the sign ofÃµ for fields with a lowerA

index,25 and a flip in the sign ofBµ for fields with an uppera index.26

Under the U(1)B gauge transformation we have

Bµ → Bµ + ∂µθ . (3.3.14)

Clearly, the action is now invariant under U(1)B gauge transformations, so the full gauge symmetry is

SU(n) × SU(n) × U(1)B.

Our next step is to make the lagrangian invariant underN = 6 supersymmetry. The transformations of

ZA, ψA andÃa
µb remain the same, except that the covariant derivative now includes theBµ gauge field. We

also needδBµ which we simply take to be

δBµ = 0 . (3.3.15)

Except for the covariant derivatives, the theory is the sameas in Eq. (3.2.15), so the supersymmetry variation

remains unchanged with the exception of terms involving [Dµ,Dν], which now includes a contribution from

Gµν = ∂µBν − ∂νBµ. Indeed, we find

δLgauged
SU(n)×SU(n) = −1

2
GµνǭABγ

µνψAaZB
a +

1
2

Gµνǭ
ABγµνψAaZ̄

a
B

= −1
2
εµνλGµνǭABγλψ

AaZB
a +

1
2
εµνλǭABGµνǭγλψAaZ̄

a
B , (3.3.16)

where we have usedγµν = εµνλγλ. To cancel this we introduce a new fieldQµ and a new term in the

lagrangian

LU(n)×U(n) = Lgauged
SU(n)×SU(n) +

k′

8π
ǫµνλGµνQλ , (3.3.17)

where the first term on the right hand side includes theBµ gauge field andk′ is an as-of-yet-undetermined

real constant. Comparing with (3.3.16), we see that the complete lagrangian is supersymmetric if we take

δQλ =
4π
k′
ǭABγλψ

AaZB
a −

4π
k′
ǭABγλψAaZ̄

a
B . (3.3.18)

The supersymmetry transformationδBµ = 0 implies [δ1, δ2] Bµ = 0, whereas one would have expected

25These transform in thē4 of SU(4).
26These have U(1)B charge−1.
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the commutator to close onto translations and possible gauge transformations. If, however, the equations of

motion areGµν = 0, then it is consistent to say that, on-shell,

[δ1, δ2] Bµ = vνGνµ vν =
i
2

(ǭCD
2 γνǫ1

CD) , (3.3.19)

which is a combination of a translation and a U(1)B gauge transformation.

We must also check the closure onQµ. Let us first define the abelian field strength associated toQµ by

Hµν = ∂µQν − ∂νQµ . (3.3.20)

We find that

[δ1, δ2] Qµ =
k′

4π
vνεµνλ(iZ

A
a DλZ̄a

A − iDλZA
a Z̄a

A − ψ̄A
aγ

λψa
A) + DµΛ , (3.3.21)

whereΛ = (k′/4π)(ǭAC
2 ǫ1BC − ǭAC

1 ǫ2BC)Z̄a
BZB

a . Therefore, if the on-shell condition is

Hµν = −
k′

4π
εµνλ(iZ

A
a DλZ̄a

A − iDλZA
a Z̄a

A − ψ̄A
aγ

λψa
A) , (3.3.22)

we again find a translation plus a U(1)Q × U(1)B gauge transformation

[δ1, δ2] Qµ = vνHνµ + DµΛ . (3.3.23)

Thus we see thatQµ, which started off life as a Lagrange multiplier for the constraintGµν = 0, naturally

inherits a U(1) gauge symmetry of its own. The closure on the other fields remains unchanged from the

SU(n) × SU(n) lagrangian, except that the connection now involves the U(1)B gauge field.

If we write Bµ = AL
µ − AR

µ andQµ = AL
µ + AR

µ , the new term in (3.3.17) can be written in the following

form, up to a total derivative:

LU(1)×U(1) CS =
k′

4π
ǫµνλAL

µ∂νA
L
λ −

k′

4π
ǫµνλAR

µ∂νA
R
λ , (3.3.24)

This is nothing but the Chern-Simon lagrangian for a U(1)× U(1) gauge theory.

We have therefore constructed a family ofN = 6 Chern-Simons-matter lagrangians that have gauge

fields in U(1)×SU(n)×U(1)×SU(n) and are parametrised by two numbersk andk′, associated respectively

to the SU(n) and U(1) factors. From the point of view of supersymmetry the levelsk andk′ are arbitrary

and independent. Althoughk must be an integer in the quantum theory,k′ need not be (indeedk′ can be

absorbed into the definition ofQλ); see for example Ref. [103]. (The possibility of choosing different levels

for the SU(n) and U(1) factors was also pointed out in [98].)
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With the special choice

k′ = nk , (3.3.25)

we see that the addition of the U(1)× U(1) Chern-Simons term simply converts the SU(n) × SU(n) level

(k,−k) Chern-Simons termLCS with connectionÃa
b into a U(n) × U(n) level (k,−k) Chern-Simons term

with connectionÃL/R
µ + iAL/R

µ . In terms ofAL/R
µ , the supersymmetry transformations are simply

δAR
λ = δA

L
λ =

2π
nk
ǭABγλψ

AaZB
a −

2π
nk
ǭABγλψAaZ̄

a
B . (3.3.26)

To summarise, we have usedN = 6 3-algebras to construct a variety of Chern-Simons-mattertheories

[104], a big step forward from the singleN = 8 model of Section3.1. Their lagrangian is given by the set

of equations (3.2.15)-(3.2.18). One could look for further generalisations, including constructions with less

supersymmetry,e.g.N = 5, 4. We will come back to such theories in Chapter7. However, with the results

in hand, we have what we need to understand multiple M2 branes. Before we continue with their physical

analysis, we provide a brief mathematical description of 3-algebras.

3.4. Some mathematics of 3-algebras

We have seen how Euclidean 3-algebras have been instrumental in the construction of three-dimensional

Chern-Simons-matter theories withN = 8, 6 supersymmetry. Given their importance it is appropriate to

pause our analysis, pertaining to their relation to M2-branes, and do them (partial) justice by providing a

brief mathematical discussion of their properties.

Although perhaps novel to the mainstream string theory literature, 3-algebras have been studied in the

mathematical and physical literature for more than 50 years. They go by several names (Filipov algebras,

ternary algebras, triple systems...). A selection of papers is given in [105–110]. More recent and relevant

discussions for our purposes can be found in [81, 100, 111–117].

At the most general level, a 3-algebra is simply a vector spaceV with a triple product

[·, ·, ·] : V ⊗V ⊗V → V (3.4.1)

that is linear in each of the entries and satisfies a fundamental identity that generalises the concept of the

Jacobi identity. Although in the cases above we assumed thatthe triple product had various symmetry prop-

erties, this is not always required, and we do not require it in this section. Imposing symmetry properties

restricts the 3-algebra and leads to Chern-Simons-matter lagrangians with different amounts of supersym-

metry.

If the vector spaceV is real then we have a real 3-algebra. We can also introduce the notion of a
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complex 3-algebra by takingV to be a complex vector space and defining

[·, ·; ·] : V ⊗V ⊗ V̄ → V , (3.4.2)

whereV̄ is the complex (Hermitian) conjugate ofV. We also assume a similar map acting on the complex

conjugate space

[·, ·; ·] : V̄ ⊗ V̄ ⊗ V → V̄ . (3.4.3)

(Note that we use the same notation for both maps since choosing which is which is easily determined by

the elements on which it acts.)

Such maps preserve aZ2 grading where elements ofV have charge 1 and those of̄V have charge -1.

In this case we require that the triple product be complex linear in the first two entries and anti-linear in

the third entry. In addition, one can also introduce the notion of a quaternionic 3-algebra, but we will not

discuss it here.

A complex 3-algebra can be viewed as a special case of a real 3-algebra and conversely a real 3-algebra

is obtained from a complex 3-algebra by taking all the elements to be real (in cases wherēV is naturally

isomorphic toV) and restricting the field associated toV to beR. Thus in what follows we will only

consider complex 3-algebras since the results automatically apply to real 3-algebras as well.

The key defining feature of a 3-algebra is that the generalisation of the adjoint map should act as a

derivation. In particular if we fix any two elements ofU ∈ V, V̄ ∈ V̄, then these induce the linear map

ϕU,V̄ : V → V andϕU,V̄ : V̄ → V̄ defined by

ϕU,V̄(X) = [X,U; V̄] ϕU,V̄(X̄) = −[X̄, V̄; U] . (3.4.4)

(Note the minus sign which is chosen so that in the real, totally anti-symmetric case, the two actions ofϕU,V̄

agree.) We require that this map is a derivation in the sense that

ϕU,V̄([X,Y; Z̄]) = [ϕU,V̄(X),Y; Z̄] + [X, ϕU,V̄(Y); Z̄] + [X,Y;ϕU,V̄(Z̄)] , (3.4.5)

or, equivalently,

[[X,Y; Z̄],U; V̄] = [[X,U; V̄],Y; Z̄] + [X, [Y,U; V̄]; Z̄] − [X,Y; [Z̄, V̄,U]] , (3.4.6)

for all elements ofV. This is referred to as the fundamental identity and plays a role analogous to the Jacobi

identity in Lie-algebras.

Since we are interested in physical theories, we also require that the vector spaceV admits an inner-
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product that we denote by〈·, ·〉 and take to be complex linear in the second entry and anti-linear in the

first. This needs to be invariant with respect to the action ofthe mapϕU,V̄ in the sense that〈ϕU,V̄(X̄),Y〉 +
〈X̄, ϕU,V̄(Y)〉 = 0 or

〈[X̄, V̄; U],Y〉 = 〈X̄, [Y,U; V̄]〉 . (3.4.7)

Next we observe that a 3-algebra has a natural Lie-algebra associated to it. In particular, letG ⊂ GL(V)

be the vector space of all linear maps ofV spanned by elements of the formϕU,V̄ for some pairU ∈ V,

V̄ ∈ V̄. Furthermore, we observe that the fundamental identity canbe written as

[ϕU,V̄, ϕY,Z̄](X) = ϕϕU,V̄(Y),Z(X) − ϕY,ϕU,V̄(Z̄)(X) , (3.4.8)

and hence the commutator of two elements ofG is contained inG. Since the composition of maps in GL(V)

is associative the Jacobi identity is automatically satisfied. ThusG is a sub-Lie-algebra of GL(V).

In the case that [·, ·; ·] is either symmetric or anti-symmetric in the first two entries, the inner-product

〈·, ·〉 induces an invariant inner-product (·, ·) onG:

(ϕY,Z̄, ϕU,V̄) = 〈Z̄, [Y,U; V̄]〉 . (3.4.9)

The condition [X,Y; Z̄] = ±[Y,X; Z̄] implies that (ϕY,Z̄, ϕU,V̄) = (ϕU,V̄, ϕY,Z̄) as required for a metric. This

metric is gauge invariant and non-degenerate (assuming the3-algebra satisfies a certain semi-simple con-

dition) but is not the usual Killing-form on a Lie-algebra. In particular it is not positive definite in general.

This is clearly the case if [X,Y; Z̄] = −[Y,X; Z̄] since then (ϕU,V̄, ϕU,V̄) = 0. For example in the totally

anti-symmetric 3-algebra (3.1.26) whereG = so(4) � su(2)⊕ su(2), one finds the inner-product (·, ·) acts as

+4π/k times the Killing form on onesu(2) factor (self-dual gauge fields) and−4π/k times the Killing form

on the second (anti-self-dual gauge fields). This inner-product appears, through its inverse, in the action

through the Chern-Simons term and therefore is not requiredto be positive definite.

The notable feature of the Lie algebras generated in this wayfrom a 3-algebra is that they are not typ-

ically simple but have a product structure. Although this follows naturally from the 3-algebras, from the

point of view of the gauge theory this is something of a surprise and helps to explain why such highly su-

persymmetric Chern-Simons gauge theories took so long to discover; the amount of supersymmetry largely

depends on the choice of non-simple gauge group.

Stated another way, we see thatV is the vector space of a representation ofG. In fact we can turn this

around. Given any Lie-algebraG with invariant inner-product (·, ·) and a representationR : G → V with

invariant inner-product〈·, ·〉, we can construct a triple product onV that satisfies the fundamental identity.
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To see this we construct the Faulkner map [113]

ϕ : V × V̄ → G , (3.4.10)

which is defined as follows. We first note that for any two elements U ∈ V, V̄ ∈ V̄ we can construct an

elementϕ∗U,V of the dual spaceG∗ (i.e. the space of linear maps fromG to C) by

ϕ∗(g)U,V̄ = 〈V̄, g(U)〉 , (3.4.11)

whereg ∈ G. However sinceG has an inner-product we can identifyG∗ with G. In particularϕ∗U,V can be

realised by an element ofϕU,V ∈ G such that

ϕ∗(g)U,V̄ = (ϕU,V̄, g) , (3.4.12)

for all g ∈ G. Thus we have constructedϕ : V×V → G. Finally we observe that the Faulkner map defines

a triple product onV
[W,U; V̄] = ϕU,V̄(W) . (3.4.13)

By construction this map is linear in the first two entries andcomplex anti-linear in the third. Furthermore

the fundamental identity is just the statement that the Faulkner mapϕU,V̄ is equivariant:

[g, ϕU,V̄] = ϕg(U),V̄ + ϕU,g(V̄) , (3.4.14)

whereg is an element ofG.

It is perhaps helpful now to be a little less mathematical andillustrate the Faulkner construction using

symbols more familiar to physicists. Suppose that we have a Lie-algebraG with generators (Tr )a
b, r =

1, ..., rank(G) that act in some (typically reducible) representationV, wherea, b = 1, ..., dim(V). We further

suppose thatG andV have invariant, non-degenerate (but typically not positive definite) metricshrs and

gab. The Faulkner construction says that

ϕU,V̄(g)r = hrs(T
s)a

bUaV̄eg
be , (3.4.15)

and the triple product structure constants are

f abc
d = (Tr )b

e(T
s)a

dhrsg
ce . (3.4.16)

In terms of irreducible representations, where we can writehrs = cRκ
R
rs with κR

rs the Killing form andcR a
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constant, we have

f abc
d =

∑

R

cR(Tr )b
e(T

s)a
dκ

R
rsg

ce . (3.4.17)

Furthermore, since a Lie-algebra always has the adjoint representation, a 3-algebra is really an extension

of a Lie-algebra to include additional, preferred, representations. Indeed, one can think of a Lie-algebra as

a special case of a 3-algebra where the preferred representation is the adjoint. In this case the triple product

is simply

[X,Y,Z] = [[X,Y],Z] , (3.4.18)

where [X,Y] is the Lie-bracket. One can check that, as a consequence of the Jacobi identity, [[X,Y],Z]

satisfies the fundamental identity.

Thus 3-algebras can be viewed as encoding the data of familiar Lie-algebra representation theory. They

arise in Chern-Simons-matter theories since supersymmetry requires that the dynamical fields sit in dif-

ferent representations from the (non-dynamical) gauge fields – which are, as always, in the adjoint. In

particular, thinking in terms of 3-algebras enabled the discovery of new maximally supersymmetric gauge

theories. This stands in contrast to more familiar Yang-Mills theories with dynamical gauge fields, where

supersymmetry requires that matter fields be in the adjoint representation.
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4. The effective action of multiple M2-branes

We have thus far constructed a set of novel three-dimensional gauge theories withN = 8, 6 supersym-

metry based on 3-algebras, while also providing some rationale on why these have the correct features to

capture the low-energy dynamics of M2-brane configurationsin M-theory. In this section we will see ex-

plicitly how this connection arises and establish them as the gauge theories describing the CFT side of an

AdS4/CFT3 duality.

4.1. Brane derivation

Following the construction of theN = 8 SU(2)× SU(2) BLG model and, as we will shortly see, its

interpretation as describing two M2-branes [118, 119], theN = 6 models with gauge group U(n) × U(n)

were proposed by Aharony, Bergman, Jafferis and Maldacena (ABJM) in [98]. One way in which the result

can be derived is using brane constructions, from which one naturally obtains not only the above gauge

theories but also the precise M-theory system that they describe. This is a rather lengthy, but ultimately

insightful construction, which can be broken up into the following steps:

1. Construct a “base” type IIB brane configuration.

2. T-dualise to type IIA. Then lift to M-theory and take the near-horizon limit to obtain the candidate

dual geometry on the gravity side.

3. Start again with the “base” type IIB brane configuration and its associated low-energy theory.

4. Take the decoupling limit and flow to the IR to obtain anN = 6 Chern-Simons-matter theory.

In what follows, we will explain each of these steps in detail.

4.1.1. The ABJM brane construction

We begin with the classic Hanany-Witten configuration [120]. This is made up of intersecting D3, D5

and NS5-branes. Considern D3-branes extended along the{x0, x1, x2, x6} directions and suspended between

two parallel NS5-branes that lie along{x0, ..., x5} and are separated by a finite distancel alongx6. Because

of the latter, the low-energy theory on the D3-branes reduces to a certain three-dimensional U(n) Yang-Mills

gauge theory along{x0, x1, x2}.

To determine this theory, notice that the NS5-branes imposeboundary conditions on the worldvolume

fields, reducing the supersymmetry by a factor of 2. In 2+1d, theN = 8 vector multiplet decomposes

into the sum of anN = 4 vector and hypermultiplet. It can be argued [120] that the latter gets projected

out, leading to a theory with 8 supersymmetries. The bosonicfield content is then a three-dimensional
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Figure 1: The D3-brane segments can move independently.

gauge field along with three scalars that parametrise the fluctuations of the D3-branes along the NS5-brane

directions{x3, x4, x5}.

Let us now take thex6 direction to be compact with period 2πR. The D3-branes are now chosen to

wrap x6 and the NS-branes are located atx6 = 0 andx6 = πR. The D3-branes are free to move up and

down along the NS5-branes and furthermore they can split up into two independent sets ofn D3-branes (see

Fig. 1), corresponding to the segments 0< x6 < πR andπR< x6 < 2πR. Thus the low-energy gauge group

is U(n) × U(n).

This time the field content evidently consists of twoN = 4 U(n) vector multiplets, each containing a

gauge field, 3 scalars and fermions in the adjoint of U(n). In addition we get a hypermultiplet in the bi-

fundamental (n, n̄) of U(n) × U(n) corresponding to the open strings that stretch between thetwo segments

of D3-branes, as well as a hypermultiplet in the (n̄, n) for strings that stretch the opposite way. In terms of

N = 2 language these give two chiral superfieldsAi , i = 1, 2 in the (n, n̄) and two more chiral superfields

Bi, i = 1, 2 in the (̄n, n).

So far we just have a familiar U(n) × U(n) Yang-Mills theory in three dimensions, without any Chern-

Simons terms. However, it is possible to obtain the latter byintegrating out the massive fundamental

fermions. This is due to the fact that three-dimensional Yang-Mills theories with fundamental fermions

exhibit a parity anomaly at one loop. One can therefore integrate them out only at the expense of introducing

a parity-violating Chern-Simons term. The Chern-Simons level receives a contribution of±1
2sgn(mf ) for

each fundamental or anti-fundamental fermion respectively, with sgn(mf ) being the sign of the mass term

[121, 122].

Motivated by the above observation, we need to introduce some massive multiplets in the fundamental

representation. To do this we addk D5-branes along{x0, x1, x2, x3, x4, x9} but sitting atx6 = 0. These

intersect the D3-branes and one of the NS-branes (the one atx6 = 0), breaking a further half of the super-

symmetry down toN = 2. This addition leads tok chiral multiplets in the fundamental and anti-fundamental
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Figure 2: Introduction of D5’s and mass deformation.

representation of each U(n) factor, from the strings stretching between the D5-branesand each set of D3-

branes.27

To induce a mass term for these fundamental chiral superfields, we deform the NS5-brane/D5-brane

intersection into a (p, q) 5-brane web [123]. In particular, we break up the intersection in thex9 direction

and replace it by a (1, k) 5-brane along{x0, x1, x2, x2, x3, x4} and at a particular angleθ in the {x5, x9} plane

(see Fig.2). Supersymmetry determines the angleθ that the (1, k) brane makes with the NS5-brane [124].

Because of the minimal coupling between the charged matter fields and the vector multiplet

∫

d4θ Q†eVQ ,

∫

d4θ Q̃†e−VQ̃ , (4.1.1)

a VEV for the vector multiplet scalar associated with the D5’s results in a real mass with opposite sign

for the fundamental and anti-fundamental chiral superfields respectively. As a result, by integrating out the

3− 5 strings, one obtains a Chern-Simons term with levelk for the first U(n) factor and−k for the second.

Note that while each Chern-Simons term breaks parity independently, their combination does not as long as

it is accompanied by a simultaneous exchange of the two gaugefields.

We have therefore managed to find a complicated brane configuration, the effective theory for which

produces the desired Chern-Simons terms. The final step is tonote that by rotating the (1, k) five-brane

relative to the NS5 sitting atx6 = πR by equal anglesθ = arctan(k) in the {x3, x7}, {x4, x8} and {x5, x9}
planes, the supersymmetry is enhanced fromN = 2 toN = 3 [125, 126]. This completes the construction

of our “base” IIB brane system, though we will return to it shortly to discuss how the supersymmetry gets

enhanced beyondN = 3.

27Note that when the two sets of D3-branes touch atx6 = 0, the two types of 5-3 open strings can join up and form a 5-5 string.
Thus if one is in the fundamental of U(n) then the other is in the anti-fundamental.
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4.1.2. From branes to the ABJM geometry

The above brane construction can be related to M-theory and M2-branes through a series of duality

transformations. We first map to type IIA string theory by T-dualising alongx6. The D3-branes are now

D2-branes along{x0, x1, x2}. At the same time the NS5-brane is mapped to a Kaluza-Klein monopole along

{x̃6, x7, x8, x9}, wherex̃6 is the compact direction T-dual tox6. On the other hand, the (1, k) 5-brane gets

mapped to a bound state of a Kaluza-Klein monopole along withk units of D6-brane flux. Recall that this

object lies along{x0, x1, x2} and also lies at a fixed angleθ in the{x3, x7}, {x4, x8}, {x5, x9} planes.

The type IIA Kaluza-Klein monopoles that we have obtained are identical to the geometries which

we reviewed around Eq. (1.7.12), the only difference being that now the circle that plays a crucial role in

constructing the monopole isx6 rather than the M-theory direction. We have seen that they correspond to

purely gravitational solutions described by the metric [44, 98]

ds2 = Udxadxa + U−1(dφ + ωadxa)2 , (4.1.2)

wherea = {1, 2, 3}, φ = φ + 2π, ∂a∂
aU = 0 and∂aωb − ∂bωa = ǫabc∂

cU, with all the indices raised and

lowered with the three-dimensional Euclidean metric.28

As previously explained in Chapter1, this geometry describes a nontrivial circle fibration overR
3,29

where the circle shrinks to zero size at the origin. Moreover, requiring the absence of singularities imposes

an n ∈ Z “Dirac” quantisation condition on the flux ofω. A simple solution is whenU is a harmonic

function with

U = U∞ +
q

2|~x | (4.1.3)

whereU∞ is a constant parametrising the size of the circle at infinity(we had earlier just set this to 1, but

now it will become relevant), whileωϕ = 1
2qcosϑ. In the “near core” limit (|~x| → 0), U ∼ 1

2q|~x| and via a

coordinate change the geometry can be seen to reduce to aC
2/Zq orbifold.

It is now time to reap the rewards of our efforts by lifting the whole configuration to M-theory. By

going to strong coupling we decompactify thex10 spatial direction and the D2-branes turn into M2-branes

along {x0, x1, x2}. The Kaluza-Klein monopole associated with ˜x6 remains a Kaluza-Klein monopole in

eleven dimensions. But recall that upon decompactificationa pure D6-brane also turns into a Kaluza-Klein

monopole associated with the M-theory circle,x10. As a result, the initial (1, k) five-brane in our type IIB

configuration, which becomes a Kaluza-Klein monopole carrying k units of D6-brane flux after T-duality,

now becomes a “tilted” Kaluza-Klein monopole in which the circle is a linear combination of ˜x6 andx10.

28There is a slight change in notation from Chapter1. Here the vector field will be denotedω rather thanA and we will use
explicit index notation in place of vector notation (e.g.∂a instead of~∇).

29We will also use{|~x|, ϑ, ϕ} spherical coordinates forR3 in what follows.
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Therefore, the M-theory system constitutes exclusively ofM2-branes extending inR2,1 and prob-

ing a nontrivial 4-complex-dimensional background given by the superposition of the two Kaluza-Klein

monopoles. This type of transverse geometry has been investigated in the literature and goes by the name

of “toric hyper-Kähler,” in general preserving six bulk supercharges [127].

The metric, which we will shortly write down, is a generalisation of the Kaluza-Klein monopole that

was written down in (4.1.2) above. In place of the single harmonic functionU, we will now require a

positive-definite 2× 2 matrix of harmonic functionsUi j obeying

U i j∂a
(i)∂( j) aUkl = 0 . (4.1.4)

where∂a
(i) ≡ ∂/∂x(i)

a andU i j is the matrix inverse ofUi j . This condition can be shown to imply that each

entry ofUi j is harmonic. Correspondingly there will be a 2× 2 matrix of vector fieldsωa
i j that are related to

Ui j via a generalisation of the usual relation between a vector field and a harmonic function,

∂a
( j)ω

b
ki − ∂

b
(k)ω

a
ji = ǫ

abc∂( j) cUki . (4.1.5)

This relation is required for the metric to be hyper-Kähler.

Because the Kaluza-Klein monopoles are tilted with respectto each other, the two sets of coordinates

{x(1)
a } = (x3, x4, x5), {x(2)

a } = (x7, x8, x9) (4.1.6)

play complementary roles in the metric. Moreover the metrichas two angular coordinatesφ1 = x̃6 and

φ2 = x10, with period 2π, that label the two Kaluza-Klein circles in the problem and together parametrise a

2-torus. The modulus of this 2-torus is given by

τ = −U12

U11
+ i

√
detU
U11

. (4.1.7)

With these preliminaries in place, the metric for the geometry under consideration can now be written

as

ds2 = Ui j dx(i)
a dx( j)

a + U i j (dφi + ω
a
ikdx(k)

a )(dφ j + ω
b
jl dx(l)

b ) . (4.1.8)

Note that Eq. (4.1.5) implies the linear relation∂(i) aU jk − ∂( j) aUik = 0. Since the equations forU andω are

linear, linear superpositions of simple solutions are alsosolutions to the supergravity equations, a feature

that we will put to use below.

It is important to note that the modular parameterτ is acted upon by a set of SL(2,R) fractional linear

transformations which leave the torus invariant. Through Eq. (4.1.7) these induce a set of transformations
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on U, whereU → GTUG with G ∈ SL(2,R). It turns out that aG ∈ SL(2,Z) subgroup of the latter is a

symmetry, generating new solutions of the eleven-dimensional supergravity equations [127]. In fact, a more

general transformation ofU with G ∈ GL(2,Z) is still a symmetry of the theory, although this now leads to

a change in the asymptotic shape of the torus.

This knowledge can be put to work by allowing us to explicitlywrite down and study the geometry

in which we are interested. The Kaluza-Klein monopole associated with thex10 direction can easily be

embedded in this eight-dimensional framework by choosing

U1 = U∞ +
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0 0

















, h1 =
1

2|~x(1)| , U∞ =
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. (4.1.9)

It is a nice regular geometry (we have setq of Eq. (4.1.3) to one). The other monopole, corresponding to

what used to be the (1, k) fivebrane in the IIB picture, is given by [98]

U′2 = U′∞ +
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, h2 =
1

2|~x(1) + k~x(2)| , U′∞ =
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. (4.1.10)

This is also a simple geometry. To see this, apply a GL(2,Z) transformation that acts asU2 → GTU2G,

while simultaneously taking~x(i) → Gi
j~x( j) andφi → φ j G j

i to keep the line element invariant, with

Gi
j =
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−k−1 k−1

















. (4.1.11)

Under this, Eq. (4.1.10) is equivalent to

U2 = U∞ +

















0 0
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, h2 =
1

2|~x(2)|
, U∞ = k−2
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, (4.1.12)

with new angles{φ′1, φ′2} = {φ1 − φ2/k, φ2/k} and modified periodicity{−2π/k, 2π/k} respectively. The fact

that U∞ , 1l and that the periodicity of the circles parametrising thetorus has changed is a result of the

GL(2,Z) transformation, which as we have mentioned above does not preserve the torus.

The final step is to combine (4.1.9) and (4.1.10) by linear superposition, such that the solution is given

by U = U∞ + diag(h1, h2), with h1,2 =
1
2 |~x(1),(2)|−1. The nonzero elements ofω are then (ωϕ 11, ωϕ 22) =

1
2(cosϑ1, cosϑ2) and the periodicity of theφ′ angles is{−2π/k, 2π/k} as already discussed. In the limit

where both~x(1) and~x(2) become simultaneously small (the regime where the two Kaluza-Klein monopoles

“intersect” and we are near both cores) we can neglect the contribution fromU∞ to obtain the “near-core”
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metric

ds2 =
∑

i=1,2

( 1

2|~x(i)|d~x
(i) · d~x(i) + 2|~x(i) | (dφ′i +

1
2

cosϑi dϕi)
2
)

. (4.1.13)

Writing (d~x(i))2 = d|~x(i) |2 + |~x(i) |2(dϑ2
i + sin2 ϑdϕ2

i ), and through the change of variables|~x(i)| = 1
2r2

i , we

arrive at

ds2 =
∑

i=1,2

(

dr2
i + r2

i (dφ′i +
1
2

cosϑidϕi)
2 +

r2
i

4
(dϑ2

i + sin2 ϑi dϕ2
i )
)

. (4.1.14)

Because of the{−2π/k, 2π/k} identifications on theφ′i ’s, this looks like two copies ofR4/Zk for a parametri-

sation in terms of spherical coordinates, where the orbifold acts on the three-sphere andS3/Zk is realised

as the Hopf fibrationS1/Zk ֒→ S3/Zk
π→ S2.

Alternatively, we can make a final change of coordinates

z1 = r1 cos
ϑ1

2
e−iφ′1−

i
2ϕ1 z2 = r2 cos

ϑ2

2
eiφ′2+

i
2ϕ2

z3 = r1 sin
ϑ1

2
e−iφ′1+

i
2ϕ1 z4 = r2 sin

ϑ2

2
eiφ′2−

i
2ϕ2 , (4.1.15)

to obtain

ds2 =

4
∑

A=1

|dzA|2 . (4.1.16)

We see that the identifications{φ′1, φ′2} ∼ {φ
′
1, φ
′
2} + {−2π/k, 2π/k} can be simply expressed aszA ∼ e2πi/kzA

and we have arrived at aC4/Zk orbifold of M-theory.

Thus, to summarise this section, our base system defined by a brane construction is dual to M2-branes

transverse to aC4/Zk orbifold geometry. This orbifold has been studied previously in Refs. [128] and [129]

and was discussed in the context of M2-branes in Ref. [119]. For generalk ≥ 3 it is known to preserve

N = 6 supersymmetry in the bulk. This can be demonstrated using the following argument: The element

of Spin(1, 10) corresponding to theZk rotations is

eπ(Γ34+Γ56+Γ78+Γ910)/k (4.1.17)

and the preserved supersymmetries must be left invariant bythe action of this group element. For generick

this implies

(Γ34+ Γ56+ Γ78+ Γ910)ǫ = 0 . (4.1.18)

One way to solve this is to takeΓ3456ǫ = Γ78910ǫ = ǫ and another way isΓ3478ǫ = Γ56910ǫ = ǫ. In both

cases there are 8 components ofǫ that survive. Naively this gives us 8+8 = 16 preserved supersymmetries.
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However we have counted twice the supersymmetries that satisfy both conditionsi.e. Γ3456ǫ = Γ78910ǫ =

Γ3478ǫ = Γ56910ǫ = ǫ. There are 4 of these and thus we find 12 independent supersymmetries. Note

that these projectors implyΓ012ǫ = ǫ and therefore placing M2-branes at the fixed-point of the orbifold

does not break any more supersymmetry, as expected by the brane construction. Thus the corresponding

worldvolume theory should haveN = 6 supersymmetry, which is what we have already found. Of course

thek = 1, 2 cases are special. Fork = 1 there is no orbifold and fork = 2 the orbifold is simplyC4/Z2.

Hence in these cases the background preserves 32 and 16 supersymmetries respectively.

4.1.3. From branes to the ABJM gauge theory

Having established the connection to M2-branes, let us now return to the gauge theory discussion. Even

though at the end of Section4.1.1 we recovered a theory with two Chern-Simons terms with equalbut

opposite levels, we still have the presence of Yang-Mills kinetic terms. This is addressed by taking the limit

in which we decouple gravity from the brane worldvolume (α′ → 0) and then looking at the theory for very

low energies. Since in three-dimensions the standard Yang-Mills kinetic term is an IR-irrelevant operator,30

it drops out in this limit. One then arrives at a conformal Chern-Simons-matter gauge theory.

On general grounds the lagrangian of this theory must be captured by Eqs. (3.2.15)-(3.2.18) for some

choice of structure constantsf ab
cd. As we have already seen, it is possible to re-express theN = 6 3-

algebra results of Section3.2 in terms of a product Lie-algebra with bi-fundamental matter, by considering

a triple-product [ZA,ZB; Z̄C] = −(2π/k)(ZAZ̄CZB − ZBZ̄CZA). This re-expresses the twisted Chern-Simons

term as a difference of two Chern-Simons terms with the same level and gauge group U(n) × U(n). Thus

finally we have constructed the ABJM [98] theory

L = −Tr(DµZ̄A,DµZ
A) − iTr(ψ̄A, γµDµψA) − V +LCS

+
2πi
k

Tr(ψ̄AψAZ̄BZB − ψ̄AZBZ̄BψA) − 4πi
k

Tr(ψ̄AψBZ̄AZB − ψ̄AZBZ̄AψB) (4.1.19)

−2πi
k
εABCDTr(ψ̄AZCψBZD) +

2πi
k
εABCDTr(ψ̄AZ̄CψBZ̄D) ,

where the sextic scalar potential is

V =
1
3

Tr
(

4ZAZ̄AZBZ̄CZCZ̄B − 4ZAZ̄BZCZ̄AZBZC − ZAZ̄AZBZ̄BZCZ̄C − Z̄AZAZ̄BZBZ̄CZC
)

. (4.1.20)

The complex scalarsZA and fermionsψA transform in the bi-fundamental of the two gauge groups and also

30Three-dimensional Yang-Mills is weakly coupled in the UV and strongly coupled in the IR.
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carry an R-symmetry indexA = 1, ..., 4. The covariant derivatives act accordingly31

DµZ
A = ∂µZ

A − iAL
µZA + iZAAR

µ . (4.1.21)

Finally, the piece

LCS =
k
4π
εµνλ

(

Tr(AL
µ∂νA

L
λ −

2
3

iAL
µAL

νAL
λ) − Tr(AR

µ∂νA
R
λ −

2
3

iAR
µAR

νAR
λ)

)

, (4.1.22)

encodes the Chern-Simons terms for the U(n)×U(n) gauge fields. Note that the Chern-Simons levelk plays

the role of a (discrete) coupling constant in this theory.

We also collect the set of supersymmetry transformations that leave the above action invariant

δZA = iǭABΨB,

δψB = γµǫABDµZ
A +

2π
k

(ZCZ̄BZD − ZDZ̄BZC)ǫCD −
2π
k

(ZAZ̄CZC − ZCZ̄CZA)ǫAB

δAL
µ = −2π

k
(ǭABγµZ

Bψ̄A − ǭABγµψAZ̄B)

δAR
µ = −2π

k
(ǭABγµψ̄

AZB − ǭABγµZ̄BψA) . (4.1.23)

4.2. The ABJM proposal for AdS4/CFT3

We are finally in a position to see how the brane construction naturally leads to the formulation of an

AdS/CFT duality [130, 131] as proposed by ABJM [98]. The superconformal U(n)×U(n) CS-matter gauge

theory withN = 6 supersymmetry has a (discrete) gauge couplingg = 1/k. This theory is weakly coupled

for largek. For largen, it also admits an ’t Hooft expansion in powers of 1/n2. The planar diagrams have

an effective ’t Hooft couplingλ ≡ gn = n/k, which can be kept small whenk≫ n. The claim is that, as in

the correspondence betweenN = 4 SYM and string theory on AdS5 × S5, the ABJM theory is dual to the

geometry arising from the near-horizon limit ofn M2-branes on aC4/Zk orbifold singularity, which will

turn out to be AdS4 × S7/Zk. The CS levelk is identified with the rank of theZk orbifold.

In order to see how this comes about, let us look at the near-horizon geometry of M2-branes onC4/Zk,

which we derived in a previous section, in more detail. Let usstart withk = 1, i.e.no orbifold. The near-

horizon limit for the geometry generated byn M2’s in C
4 gives rise to AdS4 ×S7 in the presence ofn units

of 4-form flux [130, 131]. As originally pointed out in Ref. [132], it is convenient to think ofS7 as a Hopf

fibration: a fibre bundle whose one-dimensional fibre is a circle, S1, and whose base is the 3-complex-

dimensional manifold|||CP3. This is denoted in the mathematics literature asS1 ֒→ S7 π→ |||CP3. Reducing

31Note that, in contrast to our notation in Chapter3, we will work in “physics” conventions with hermitian generators when
dealing with CS-matter actions in the Lie algebra formulation.
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M-theory along the fibre, one recovers type IIA string theorycompactified on AdS4 × |||CP3. Notice that the

fibration defines a specific direction withinS7 to be the M-direction along which we compactify.

Interestingly, even though the M-theory description is maximally supersymmetric, this is not what the

IIA description sees. Following the recipe of Kaluza and Klein, zero modes cannot carry any momentum in

theS1 direction – in other words, they must be invariant under thisU(1). Since the circle fibration is realised

in a nontrivial manner, only some of the supercharges are invariant, and as a result the IIA theory ends up

with N = 6 orN = 0 supersymmetry, depending on the orientation of theS7 [132] (see also [128, 133]).

Here we will choose theN = 6 orientation, in order to match with the gauge theory result.

Now we can implement the orbifold actionzA → e2πi/kzA on the above construction. It reduces the

S7 factor in the near-horizon geometry toS7/Zk. This action commutes with, and therefore preserves, an

SU(4)× U(1) subgroup of the SO(8) isometry group ofS7. The U(1) subgroup acts as a common phase

on all thezA, while under SU(4) thezA transform in the fundamental representation. As one would expect,

SU(4)×U(1) is precisely the isometry group ofS7/Zk for generick. In terms of the Hopf fibration,Zk acts

only on theS1 fibre, reducing it toS1/Zk which is simply a circlek times smaller in circumference than

the original one. The U(1) factor of the isometry group acts as a shift along theS1 fibre leaving the base

unaffected, while the SU(4) factor acts purely on the|||CP3 base.32

To summarise, the gravity dual to the Chern-Simons-matter theory at levelk is AdS4 × S7/Zk, with

S1/Zk ֒→ S7/Zk
π→ |||CP3. This also suggests the existence of a parameter regime involving largek, in

which the gravity description should more appropriately bethought of in terms of IIA supergravity. Since

the original spacetime preserved 16 supercharges, while the orbifold for generick preserves only 12, this

is in line with usual AdS/CFT intuition which dictates that performing a quotient on the compact part of

the geometry will lead to reduced supersymmetry. The supercharges preserved by the orbifold action are

neutral under the U(1) and hence fork > 2 the IIA and M-theory descriptions now both have the same

amount of supersymmetry.

The metric of the near-horizon M-theory geometry has the form

ds2 =
R2

4
ds2

AdS4
+ R2ds2

S7/Zk
(4.2.1)

with

ds2
S7/Zk

=
1
k2

(dφ + kω)2 + ds2
|||CP3 , (4.2.2)

whereφ has period 2π, R= (25π2kn)
1
6 is the radius of the sphere in Planck units, and we also haveknunits

of 4-form flux. The 1-formω is related to the Kähler 2-formJ of |||CP3 by dω = J. The Fubini-Study |||CP3

32The isometry group of|||CPn is SU(n+ 1).
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metric and associated Kähler form are given in homogeneouscoordinates by

ds2
|||CP3 =

1

|z|4 (|z|2dzi d̄zi − z̄izjdzidz̄j )

J ∼ id
( zi

|z|
)

∧ d
( z̄i

|z|
)

, (4.2.3)

with |z|2 = zi z̄i .

The IIA geometry is closely related to the above via the usualreduction formulae. The string frame

metric and dilaton are given in string units by

ds2
IIA =

R3

k

(1
4

ds2
AdS4
+ ds2

|||CP3

)

e2Φ =
R3

k3
∼ 1

n2

(n
k

)
5
2
, (4.2.4)

with n units of four-form flux on AdS4 andk units of two-form flux on a |||CP1 ⊂ |||CP3.

Having established the geometry, let us see in which parameter regime each of the descriptions is valid.

The most conservative statement of AdS/CFT would be that the planar sector of the large-n ABJM theory

should be dual to supergravity on AdS4 × S7/Zk. In principle, we expect the supergravity description to

be good when the ’t Hooft coupling is large,λ ≫ 1, or k ≪ n. But when is the IIA description more

appropriate than the M-theory one? For that one needs to havethat the size of the circle in (4.2.1) be small,

i.e. R∼ (kn)
1
6 ≪ k or k5 ≫ n. Hence, in the strong ’t Hooft coupling regime there aretwo supergravity

descriptions of the theory depending on whetherk5 ≫ n (IIA) or k5 ≪ n (11d SUGRA). This establishes

all the theories involved in the conjecture and their respective regimes of validity.

The AdS4/CFT3 duality proposal has passed a great number of nontrivial of tests. For example, the

spectrum of supergravity fields is in complete agreement with the spectrum of chiral primary operators

from the gauge theory side [134]. This crucially requires the inclusion of monopole operators, which are

to be discussed in detail in Section6.1.1, after identifying the U(1) of the circle direction with U(1)B of

the gauge theory, (3.3.13). Moreover, at largen the full superconformal index of theN = 6 theory exactly

agrees with the index over supersymmetric gravitons in AdS4×S7/Zk [135, 136]. Details of the various tests

and successes of the AdS4/CFT3 correspondence, as well as a discussions of properties likeintegrability,

are beyond the scope of this work and the interested reader may wish to consult the reviews [137–139] and

references therein.

In summary, the planar sector of the ABJM theory (valid forn≪ k, when the theory is weakly coupled)

is dual to type IIA supergravity on AdS4 × |||CP3 (valid for k≪ n≪ k5) or eleven-dimensional supergravity

on AdS4 × S7/Zk (valid for n≫ k5).
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It is worth remarking that the ABJM theory reproduces the expected scaling for the number of degrees

of freedom forn M2-branes: When the gauge theory is put on a thermal circle, the dual description is in

terms of an AdS-black-hole geometry. The free energy of thisblack hole was estimated to scale asn
3
2 [140]

and this is easily extended to theZk orbifold case, for which it has been argued in Ref. [98] that the scaling

with n, k is ∼ n
3
2
√

k. This formula nicely reconciles then
3
2 scaling at fixedk (in particulark = 1) that was

predicted long ago in [140], and then2 scaling for the free energy of a large-n gauge theory at fixed ’t Hooft

couplingn/k which requires thatk scale liken.

These results are expected to be recovered by the statistical entropy of the massless modes on the

worldvolume theory. Recent results on localisation [141] have allowed for this to be explicitly verified –

albeit for the free energy of the Euclideanised ABJM model [142, 143] on S3 (rather thanS2×S1). This can

be reduced to a matrix model that has a strong coupling expansion, the leading term of which beautifully

reproduces both then
3
2 scaling behaviour at fixedk and the numerical coefficient of the gravity calculation

[144]. For more details of this fascinating direction, the reader may consult Ref. [145]. Other multiple

M2-brane and ABJM-related literature includes [146–152].

4.3. ABJ and discrete torsion

There exists a generalisation, due to Aharony, Bergman and Jafferis (ABJ) [153], of the ABJM model

to the case where the matter fields arem×n complex matrices in the bi-fundamental of U(m)×U(n). In this

caseAL andAR are U(m) and U(n) gauge fields. The form of the action is unchanged from the U(n) × U(n)

case.33 Let us assume without loss of generality thatn < m and writem= n+ l. Indeed, the action follows

directly from theN = 6 3-algebra theory.

To understand these theories we return to the brane construction given above. We can easily generalise it

to the case where the initial D3 segments involve different numbers of branesn andm, leading to U(m)×U(n)

Chern-Simons-matter theories which describe M-theory configurations withl = m− n units of discrete

torsion for the background 4-form. Form = n + l this has the interpretation ofn M2-branes along withl

fractional M2’s stuck on theC4/Zk orbifold singularity. Starting from the same U(m) × U(n) configuration

one can also place an O3 orientifold plane parallel to the D3’s, resulting in O(2m) ×Sp(n) and O(2m+ 1)×
Sp(n) theories corresponding to M2-branes on aC

4/D̂k singularity, whereD̂k is the binary dihedral group

of order 4k [153–155].

Since the discrete torsionl is only defined modulok, we see that for these models to match the super-

gravity we must make two conjectures:34

33Indeed, one can also consider the ABJM model with SU(n) × SU(n) gauge groups. The coupling to bi-fundamental matter
makes this a rather different theory with no generic spacetime interpretation. However, we will see in Section5.3 that for n = 2
these models are simply theN = 8 theories and in some cases are dual to the M2-brane gauge theories.

34Here the subscripts refer to the level of the corresponding Chern-Simons term in the lagrangian.
81



• U(n+ l)k × U(n)−k has no supersymmetric vacuum ifl > k

and

• U(n+ l)k × U(n)−k is dual to U(n)k × U(n+ k− l)−k .

Note that both these conjectures are at strong coupling since m/k = (n+ l)/k cannot be made small for the

models under consideration. We should also mention that in these models, the parity symmetry is typically

broken as it mapsk↔ −k.

In the rest of this review, we will largely just concentrate on the ABJM models. However almost all of

our discussion also applies to the ABJ models. But there are also interesting and subtle effects that arise in

the ABJ models (e.g.see [156–161]).
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5. Analysis of the theory I: basics

We have argued that the ABJM theory encodes the dynamics of multiple M2-branes probing aC4/Zk

singularity. We proceed to find gauge-theoretic evidence for this by analysing the vacuum moduli space of

the theory. We next look at the theory expanded around a particular point in the moduli space, obtained by

allowing one of the scalars to develop a large vacuum expectation value. This will lead, via a novel Higgs

mechanism, to the theory being recast in terms of three-dimensional super Yang-Mills after the scalar gets

eaten by the Chern-Simons gauge field. At the end of this chapter we clarify the relationship between the

N = 6 ABJM andN = 8 BLG theories.

5.1. Vacuum moduli space

The vacuum moduli space of a gauge theory is the space of vacuaof the theory modulo gauge trans-

formations. For D-branes in string theory, this is the spaceof vacua of supersymmetric Yang-Mills the-

ory in the appropriate space-time dimension. Consider for example the theory onn D3-branes, which is

N = 4 supersymmetric Yang-Mills theory in 3+1d with gauge group U(n). This theory has six scalar fields

Φi , i = 1, · · · , 6, all in the adjoint representation. The classical potential is −Tr[Φi ,Φ j ]2 and is minimised

by having all the scalars be diagonal matrices

Φi = diag(xi
1, x

i
2, · · · xi

n) . (5.1.1)

Therefore the moduli space is naively (R
6)n, but we must remember that the Weyl groupSn of U(n) permutes

the eigenvalues. Quotienting by it, one finds the moduli space of D3-branes in flat space-time to be

(R6)n/Sn ≡ Symn(R6) . (5.1.2)

This has a simple physical interpretation as the space ofn indistinguishable D3-branes, each one free to

move in 6 transverse spatial dimensions. Because of the highdegree of supersymmetry, this space does not

receive quantum corrections.

One would like to understand the corresponding vacuum moduli space in the ABJM theory, which

would provide a crucial test of the claim that it describes M2-branes. As we have seen, the structure of

ABJM field theory is quite different from Yang-Mills, and moreover there is an additional ingredient: aZk

orbifold. Therefore the moduli space needs to be computed and compared with that ofn indistinguishable

M2-branes on the transverse spaceC
4/Zk.

The vacuum moduli space was initially studied for BLG theoryin [95, 118, 119] and these methods

were then applied in [98] to study ABJM theory. We review these developments below, in this order.
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5.1.1. Moduli space for BLG theory

We start by reviewing the results of Refs. [118, 119] on the moduli space of theN = 8 theories.

Subsequent to these works, it was realised [104] that there are actually two infinite families of such theories.

Both havek ∈ Z but one has gauge group SU(2)×SU(2) while the other has gauge group (SU(2)×SU(2))/Z2.

Here we wish to consider both, as they share the samesu(2) ⊕ su(2) lagrangian, so we present an updated

version of the original analysis.

From the BLG sextic potential it is easy to see that the vacuummoduli space consists of 8 real scalars

that are diagonal 2× 2 matrices. We combine them into four complex scalarsZA and write them as

ZA = diag(zA
1 , z

A
2) . (5.1.3)

Gauge transformations takeZA→ gLZAg†R. There are two such transformations that keepZA diagonal. The

first is a discrete transformation, which up to conjugacy maybe taken to begL = gR = iσ1. This identifies

the configurations

g12 : diag(zA
1 , z

A
2 ) � diag(zA

2 , z
A
1) (5.1.4)

and results in aZ2 quotient of the moduli space.

The second is a continuous U(1) gauge symmetry, withgL = g†R = e
i
2θBσ3. For fields in the moduli

space, thesu(2)× su(2) lagrangian reduces to

L = −Dµz
A
1 Dµz1A − Dµz

A
2 Dµz2A +

k
2π
εµνλBµ∂νQλ , (5.1.5)

whereBµ = A3L
µ − A3R

µ gauges the U(1) symmetry,Qµ = A3L
µ + A3R

µ , andDµzA
1,2 = ∂µz

A
1,2 ∓ iBµzA

1,2. Note the

factor of 2 in the Chern-Simons term that arises from taking the trace over 2× 2 matrices.

At this point we eliminateQµ in favour of its field strengthHµν = ∂µQν − ∂νQµ. We then treatHµν

as an independent field, subject to the Bianchi identityǫµνλ∂µHνλ = 0, which we impose via the Lagrange

multiplier σ:

L = −Dµz
A
1 Dµz1A − Dµz

A
2 Dµz2A +

k
4π
εµνλBµHνλ +

1
4π
εµνλσ∂µHνλ . (5.1.6)

Integrating outHνλ leads to the identificationBµ = ∂µσ/k. The Lagrange multiplierσ can now be absorbed

in thezA by the redefinition

wA
1 = eiσ/kzA

1 , wA
2 = e−iσ/kzA

2 , (5.1.7)
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yielding the lagrangian

L = −∂µwA
1∂

µw1A − ∂µwA
2∂

µw2A . (5.1.8)

We will now show that the fieldσ is periodic. This arises from the fact that the fluxes ofFL/R
µν , the field

strengths ofAL/R
µ , satisfy the Dirac quantisation condition. To see this, consider some fieldΨ that couples

to a U(1) fieldAµ throughDµΨ = ∂µΨ − iAµΨ. Let us now carry out parallel transport ofΨ over a closed

pathγ. The resulting fieldΨγ is related to the initial oneΨ0 by a U(1) transformation

Ψγ = ei
∮

γ
A
Ψ0 . (5.1.9)

Now using Stokes’ theorem we have
∫

γ
A =

∫

D
F whereD is a two-dimensional surface whose boundary is

γ. Hence we may write

Ψγ = ei
∫

D
FΨ0 . (5.1.10)

However the choice ofD is not unique. Given any two such choicesD andD′ we require that the phase,

viewed as an element of the gauge group U(1), is the same. Thisimplies that

ei
∫

D−D′ F = 1 (5.1.11)

and hence
∫

Σ
F ∈ 2πZ, whereΣ = D − D′ is any closed surface.

Applying this to the fieldH, we have the quantisation condition

1
4π

∫

Σ

H ∈ Z , (5.1.12)

where the extra factor of 2 comes from the fact thatH is the sum of two independent field strengths. This

holds in the SU(2)× SU(2) case, while in the (SU(2)× SU(2))/Z2 case the phase above must be equal to 1

only up to aZ2 action so the right hand side can be a half-integer or integer, which we denote by12Z.

Converting the integral ofH over a surface into an integral ofdH (in components,12ε
µνλ∂µHνλ) over the

entire 3-volume,35 we find in the SU(2)× SU(2) case that

1
4π

∫

εµνλ∂µHνλ ∈ 2Z , (5.1.13)

35For this manipulation it is best to temporarily continue to Euclidean 3-space.
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whereas for (SU(2)× SU(2))/Z2 we have

1
4π

∫

εµνλ∂µHνλ ∈ Z . (5.1.14)

From the lagrangian Eq. (5.1.6) it follows thatσ must have the periodicityσ ∼ σ + π for SU(2)× SU(2)

andσ ∼ σ + 2π for (SU(2)× SU(2))/Z2.

The result is the identification

gSU(2) =















zA
1 � eπi/kzA

1 zA
2 � e−πi/kzA

2 SU(2)× SU(2)

zA
1 � e2πi/kzA

1 zA
2 � e−2πi/kzA

2 (SU(2)× SU(2))/Z2

, (5.1.15)

which corresponds to aZ2k or Zk quotient of the moduli space respectively.

The identificationsg12 from (5.1.4) andgSU(2) above do not commute; they generate the dihedral group36

D4k for SU(2)×SU(2) orD2k for (SU(2)×SU(2))/Z2. It follows that the moduli spaces of the two theories

are:

(C4 × C4)/D4k for SU(2)× SU(2)

(C4 × C4)/D2k for (SU(2)× SU(2))/Z2. (5.1.16)

In general, these moduli spaces do not have an obvious space-time interpretation in terms of M2-branes.

However, we will see in Section5.3.2 that such an interpretation can indeed be provided for the special

valuesk = 1, 2 and 4.

5.1.2. Moduli space for ABJM theory

We now move on to consider the vacuum moduli space of ABJM theory. Here we must consider the

minima of the potential Eq. (3.2.16). Because the potential is a perfect square, the scalars must satisfy

ΥCD
B = 0. Contracting overB and D implies that [ZD,ZC; Z̄D] = 0 and substituting back intoΥCD

B = 0

shows that [ZC,ZD; ZB] = 0 or

ZCZBZD − ZDZBZC = 0 , (5.1.17)

for all B,C,D. Clearly this is solved if all theZA commute. Hence by a gauge transformation we can assume

that

ZA = diag(zA
1 , ..., z

A
n) . (5.1.18)

36The dihedral group of order 2m is given byD2m = Z2 ⋉ Zm.
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To see that this is the generic solution one can compute the mass matrix for the off-diagonal components

and see that it is positive definite for generic vacua. However, as is familiar from D-brane theories, there are

special points in the moduli space with enhanced gauge symmetry and extra massless states.

We must now quotient by the surviving gauge symmetries. In addition, unlike the case of D-branes, the

vacuum is also invariant under continuous transformationsgenerated by the U(1)n Cartan subalgebra. These

gauge transformations are trivial in the adjoint representation but not in the bi-fundamental representation.

In particular, eachzA
i couples to a U(1) gauge fieldBi

µ = ALi
µ − ARi

µ obtained from the diagonal components

of the gauge fields:

AL
µ = diag(AL1

µ , ...,A
Ln
µ ), AR

µ = diag(AR1
µ , ...,A

Rn
µ ) . (5.1.19)

The lagrangian for the vacuum moduli becomes

L = −1
2

n
∑

i=1

Dµz
A
i Dµzi

A +
k

4π
εµνλ

n
∑

i=1

Bi
µ∂νQ

i
λ (5.1.20)

whereQi = ALi
µ + ARi

µ andDµzA
i = ∂µzA

i − iBi
µz

A
i (no sum oni). Note that the last term of the lagrangian

above has an extra factor of1
2 compared to the analogous term in BLG theory.

Now, just as we did for that case, we introduce 2-formsHi and Lagrange multipliersσi which imply the

Bianchi identitiesdHi = 0, from which locallyHi can be written asdQi for a set of 1-formsQi . Then the

above lagrangian is equivalent to

L = −1
2

∑

i

Dµz
A
i Dµzi

A +
k
8π
εµνλ

∑

i

BiµHiνλ +
1
8π
εµνλ

∑

i

σi ∂µHiνλ . (5.1.21)

In this lagrangian, theHi are independent fields. We can integrate them out, after performing an inte-

gration by parts in the last term, to findBi = dσi/k. Finally, σi can be eliminated by defining the fields

wA
i = e−iσi/kzA

i whereupon the action becomes

L = −1
2

∑

i

∂µw
A
i ∂

µwi
A , (5.1.22)

Under the gauge transformationBi → Bi + dθi , zA
i → eiθi zA

i we haveσi → σi + kθi. ThuswA
i are gauge

invariant coordinates on the moduli space.

As before, the fieldH satisfies the condition

1
8π
εµνλ

∫

∂µHiνλ ∈ Z , (5.1.23)
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where the integral is over 3-space. It follows that in the lagrangian Eq. (5.1.21), the contribution of the last

term to the path integral is periodic under shifts ofσi by 2πn for any integern, or in other words we must

identify σi ∼ σi + 2π.

Returning to our gauge invariant variableswA
i we see that they are subject to the identification

wA
i � e2πi/kwA

i . (5.1.24)

Eachwi parametrises notC4 but rather the orbifold spaceC4/Zk. The collection of all then wi ’s then naively

parametrises the product space
(

C
4/Zk

)n
. However at this point we again recall that we must quotient by

the Weyl group, which is the symmetric groupSn and permutes then copies in the product. As a result the

moduli space of ABJM theory is

Mk =
(

C
4/Zk

)n
/Sn ≡ Symn

(

C
4/Zk

)

. (5.1.25)

This has precisely the right form to be physically interpreted as the moduli space ofn indistinguishable

M2-branes moving in aC4/Zk transverse space.

5.2. A novel Higgs mechanism

Let us re-examine the BLG theory, namely theN = 8, su(2) ⊕ su(2) theory of Section3.1. While we

have not yet provided a definitive physical interpretation for it, it will be argued in Section5.3.2that for the

special valuesk = 1, 2, 4 it describes a pair of M2-branes inR8 or R8/Z2. We now show [162] that upon

giving a VEV to a scalar, it can be rewritten as maximally supersymmetric U(2) Yang-Mills theory in 2+1d

with infinitely many corrections. In the process the pair of non-propagating Chern-Simons fields of BLG

theory “eat up” a scalar and give rise to a singlemasslesspropagating vector field. Thus on the Coulomb

branch, BLG theory has a propagating Yang-Mills field. This provides a key relation between its 3-algebra

structure and the more familiar Lie algebra structure of Yang-Mills theories. The above considerations will

then be extended to the ABJM case, where some new features arise. The novel Higgs mechanism provides

a useful check of these theories and tests detailed featuresincluding the somewhat baroque Chern-Simons

structure.

5.2.1. A simplified version

We first present a simple example of the novel Higgs mechanismthat does not involve supersymmetry

or 3-algebras. It is a property of a certain class of Chern-Simons theories in 2+1d, particularly those with

difference-type actions.
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Consider the SU(N)k × SU(N)−k Chern-Simons theory

LCS =
k
4π

Tr
(

A∧ dA+ 2
3A∧ A∧ A− Ã∧ dÃ− 2

3Ã∧ Ã∧ Ã
)

, (5.2.1)

whereA = AaTa and TrTaTb = −1
2δ

ab. We would like to induce a particular type of mass matrix via the

Higgs mechanism. Such a term arises by choosing a Higgs fieldΦ in thebi-fundamentalrepresentation, for

example the (N, N̄) of SU(N) × SU(N), which transforms as

δΦ = −ΛΦ + ΦΛ̃ . (5.2.2)

The covariant derivative on the Higgs field is then

DµΦ = ∂µΦ + AµΦ − ΦÃµ . (5.2.3)

For convenience we normalise the scalar kinetic term as

k
4π

Tr(DµΦ
†DµΦ) (5.2.4)

where this trace is, formally, unrelated to that in the gaugefield action – here it just sums over two pairs

of repeated indices in the fundamental representation, onepair being associated to each factor of SU(N) ×
SU(N). This kinetic term gives rise to the interaction:

k
4π

Tr
∣

∣

∣

∣

AµΦ − ΦÃµ
∣

∣

∣

∣

2
. (5.2.5)

With a Higgs VEV proportional to the identity,〈Φ〉 = v1l, the mass term is equal to

k
4π

v2Tr(Aµ − Ãµ)
2 , (5.2.6)

where now the trace is over the Lie algebra of SU(N) after identifying the two factors in SU(N) × SU(N).

It is convenient to go to a different basis of gauge fields by taking the linear combinations

B = 1
2(A− Ã), C = 1

2(A+ Ã) . (5.2.7)

In these variables, and with the mass term, the lagrangian is

L = k
π

Tr
(

B∧ F(C) + 1
3B∧ B∧ B− v2B∧ ∗B

)

, (5.2.8)

whereF(C) = dC+C∧C is the standard non-abelian field strength for the vector field Cµ. From this follows
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the equation of motion forB

F(C) + B∧ B− 2v2 ∗B = 0 . (5.2.9)

We see that the fieldB is algebraic. However, because of the quadratic term, it cannot be eliminated in a

straightforward fashion. Instead one can solve the above equation recursively, to get:

B = − 1

2v2
∗F(C) − 1

2v2
∗(B∧ B)

= − 1
2v2

∗F(C) − 1

8v6
∗(∗F(C) ∧ ∗F(C)) + · · · .

(5.2.10)

The terms in the ellipsis above contain all powers ofF(C) and the orders in this expansion are counted by

the parameter 1/v2.

We may now insert Eq. (5.2.10) back into the lagrangian of Eq. (5.2.8) to find:

L = k
π

(

− 1

4v2
F(C) ∧ ∗F(C) − 1

24v6
∗F(C) ∧ ∗F(C) ∧ ∗F(C) + · · ·

)

. (5.2.11)

In this process, a pair of non-propagating Chern-Simons gauge fields have been replaced by a singlepropa-

gating, masslessYang-Mills type gauge field. Its single polarisation was gained by “eating” a component of

the Higgs field. This is the novel Higgs mechanism [162]. The Yang-Mills coupling constant is
√

4πv2/k.

Note, however, that there are still higher-order terms inF(C). Takingv→ ∞ allows us to ignore them,

but then the Yang-Mills term becomes very strongly coupled.This can be avoided by simultaneously scaling

k → ∞, v → ∞ keepingk/v2 fixed [119]. In this latter limit the higher-order terms do drop out andthe

Yang-Mills coupling∼ v/
√

k remains finite and can be chosen arbitrarily.

We now continue to describe the novel Higgs mechanism in BLG and ABJM theories where we will

encounter both some subtleties – and a nice physical interpretation for the effect.

5.2.2. The Higgs mechanism for BLG theory

Recall that the BLG lagrangian is

L = −1
2

DµXaIDµXI
a +

i
2
Ψ̄aΓµDµΨa +

i
4

fabcdΨ̄
bΓIJXcIXdJΨa

− 1
12

(

fabcdX
aIXbJXcK

) (

f d
e f g XeIX f JXgK

)

+
1
2
εµνλ

(

fabcdA
ab
µ ∂νA

cd
λ +

2
3

f g
ae f fbcdgA ab

µ A cd
ν A e f

λ

)
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where

DµXaI = ∂µX
aI + f a

bcdA
cd
µ XbI .

The structure constants are given by the 4-index totally anti-symmetric symbol f abcd = fεabcd, with

a, b, c, d ∈ {1, 2, 3, 4}, and with the Chern-Simons coefficient quantised asf = 2π/k, wherek ∈ Z. We

also fix the Chern-Simons level to the valuek = 1 for the remainder of this section.

Consider the situation in which one of the transverse dimensions, sayXa(8), develops a VEV. Because

of SO(4) invariance it is possible to rotate the scalar field that gets a VEV to have only the component

X4(8). Thus the four indices split intoa ∈ {1, 2, 3} plus 4, and this amounts to considering〈X4(8)〉 = v. Note

that〈X4(8)〉 preserves supersymmetry as long as no other field has a VEV. Tosee this, consider the fermion

supervariation (3.1.16). The first term on the RHS is zero because the scalar VEV is constant while the

gauge field VEV is zero. The second term vanishes becauseX4(8) can occur at most once and the other

two scalar fields have vanishing VEV. Therefore the theory expanded about this scalar VEV has maximal

supersymmetry.

Now let us examine the various terms in the lagrangian and show how they reproduce the desired U(2)

SYM theory. To begin with, consider the sextic potential. Introduce the labelsA, B,C ∈ {1, 2, 3} as well as

i, j, k ∈ {1, 2, ..., 7}. Then the potential is

V(X) =
1
12

8
∑

I ,J,K=1

(

εabcdε
d

e f g XaIXbJXcKXeIX f JXgK
)

=
1
2

7
∑

i< j

(

εabcdε
d

e f g XaiXb jXc(8)XeiX f jXg(8)
)

+
1
2

7
∑

i< j<k

(

εabcdε
d

e f g XaiXb jXckXeiX f jXgk
)

=
1
2

v2
7

∑

i< j

(

εAB4Dε
D

EF4 XAiXB jXEiXF j
)

+ v O
(

X5
)

+ O
(

X6
)

.

(5.2.12)

In the last line we have inserted the VEV〈X4(8)〉 = v, which leads to a term quartic in the remainingX’s.

Note that in this term, onlyXAi appear whereA ∈ {1, 2, 3} andi ∈ {1, 2, ..., 7}. The terms of ordervO(X5) and

O(X6) have not been written explicitly because they decouple in the limit v→ ∞, which we will eventually

take.

UsingεABD4 ≡ εABD where the latter is the 3-index totally anti-symmetric symbol and structure constant
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of ansu(2) Lie algebra, we see that the quartic term becomes

1
2

v2
7

∑

i< j=1

(

εABCε
C

EF XAiXB jXEiXF j
)

, (5.2.13)

which is precisely the quartic scalar interaction of maximally supersymmetric SU(2) Yang-Mills theory in

2+1d.

Following the same procedure, it is easy to check that the 2-fermion, 2-scalar coupling reduces to the

Yukawa coupling of 2+1d Yang-Mills, plus terms with two fermions and two scalars

i
4
εabcdΨ̄

bΓIJXcIXdJΨa =
i
2

vεABCΨ̄
BΓiX

CiΨA + O
(

X2Ψ2
)

. (5.2.14)

We see that the only scalars and fermions appearing in the first term (which will be the leading term in the

limit of large VEV) areΨA andXAi.

Since kinetic terms are unaffected by a scalar VEV, it only remains to understand the gaugefield terms

including couplings of gauge fields through covariant derivatives. On the face of it this should be the major

stumbling block, for the gauge field in the 3-algebra theory only has Chern-Simons couplings while the

D2-brane Yang-Mills theory requires a dynamical gauge field. As we are committed to make no additional

assumptions to account for the dynamical gauge field, we simply work out the full content of the theory

in the presence of the VEV of the scalar fieldX4(8). As before, we will see that the Higgs mechanism and

the original Chern-Simons coupling conspire to provide thedesired dynamical gauge field with all the right

properties.

In view of our split of indicesa, b ∈ {1, 2, 3, 4} into A, B ∈ {1, 2, 3} and 4, it is natural to break up the

gauge fieldAab
µ into two parts

A A4
µ ≡ A A

µ and
1
2
εA

BCA BC
µ ≡ B A

µ . (5.2.15)

Each of these is a triplet of vector fields. We can now re-writethe two terms in the Chern-Simons action as

follows

1
2
ǫµνλεabcdA

ab
µ ∂νA

cd
λ = 2ǫµνλεABCA AB

µ ∂νA
C
λ = 4ǫµνλ B A

µ ∂νAλA

1
3
ǫµνλ ε

g
ae f εbcdgA ab

µ A cd
ν A e f

λ
= −4ǫµνλ εABCB A

µ A B
ν A C

λ −
4
3
ǫµνλ εABCB A

µ B B
ν B C

λ .

(5.2.16)
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We also need to consider the couplings arising from the covariant derivative onXA(I). We have

DµXAI = ∂µXAI + εA
bcdA

cd
µ XbI

= ∂µXAI + 2εA
BCA C

µ XBI + 2B A
µ X4(I)

(5.2.17)

and

DµX
4I = ∂µX

4I − 2BµAXAI . (5.2.18)

Inserting these in the lagrangian (but ignoring fermions) and using the VEV〈X4(8)〉 = v, we find the follow-

ing terms involvingB A
µ

Lkinetic = −2v2B A
µ BµA − 2B A

µ X4I D′µXI
A − 2vB A

µ D′µX(8)
A

−2BµAXAIBµBXBI − 2BA
µBµAX4I X4I + 2BµAXAI∂µX4I + ... ,

(5.2.19)

where we have defined a new covariant derivative which depends only onAA
µ

D′µXAI = ∂µX
AI − 2εA

BCAB
µXCI . (5.2.20)

Notice that the first term looks like a mass forB A
µ , as might be expected from the Higgs mechanism, but we

will see in a moment thatB A
µ is not in the spectrum of the theory.

The terms involvingBA
µ that come from the gauge field self-couplings are

LCS = 2ǫµνλ B A
µ F′νλA −

4
3
ǫµνλ εABCB A

µ B B
ν B C

λ + ... , (5.2.21)

where we have also defined

F
′A
νλ = ∂νA

A
λ − ∂λAA

ν − 2εA
BCAB

ν AC
λ . (5.2.22)

ThusB A
µ is an auxiliary field appearing without derivatives. It can therefore be eliminated via its equation

of motion. We can extract the leading part of such solution bytemporarily neglecting the quadratic term in

BA
µ coming from the cubic self-interaction as well as terms coming from higher interactions with scalars.

Later we will show that these would have led to higher-order contributions that are suppressed in the strong-

coupling limit. We therefore consider the set of couplings

L = −2v2B A
µ BµA − 2vB A

µ D′µX(8)
A + 2ǫµνλ B A

µ F′νλA + higher order (5.2.23)

and find that

B A
µ =

1
2v2

ǫ
νλ

µ F
′A
νλ −

1
2v

D′µXA(8) . (5.2.24)
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Thus one of our gauge fields,B A
µ , has been set equal to the field strength of the other gauge field A A

µ

(plus other terms). EliminatingB A
µ gives rise to a standard Yang-Mills kinetic term forA A

µ ! This is the

miracle that promotes the Chern-Simons gauge fieldA A
µ into a dynamical gauge field.

Continuing with the computation, the sum of the Chern-Simons gauge field action and the scalar co-

variant kinetic terms becomes (up to a total derivative)

− 1

v2
F
′A
µνF

′µν
A −

1
2
∂µX

4I∂µXI
4 −

1
2

DµXAiDµXi
A + O(BX∂X) + O(B2X2) + O(B3) . (5.2.25)

The redefinition

A→ 1
2

A , (5.2.26)

leads to

D′µXAI → DµXAI ≡ ∂µXAI − εA
BCAB

µXCI (5.2.27)

and

F′Aµν →
1
2

FA
µν ≡

1
2

(

∂µA
A
ν − ∂νA A

µ − εA
BCA B

µ A C
ν

)

. (5.2.28)

Thus Eq. (5.2.25) finally becomes

− 1

4v2
FA
µνF

µν
A −

1
2
∂µX

4I∂µXI
4 −

1
2

DµX
AiDµXi

A +
1
v
O (X∂X (F/v+ DX))

+
1
v
O

(

X2 (F/v+ DX)2
)

+
1

v3
O

(

(F/v+ DX)3
)

.

(5.2.29)

The terms inBA
µ that we had neglected will lead to higher interactions with increasingly higher powers of

(F/v+ DX) in the numerator andv in the denominator.

For the fermions, we easily find that

i
2
Ψ̄aΓµDµΨa→

i
2
Ψ̄AΓµDµΨA +

i
2
Ψ̄4Γµ∂µΨ4 + higher order, (5.2.30)

whereDµ on the LHS is the 3-algebra covariant derivative whileDµ on the right is the Yang-Mills covariant

derivative.

The theory we have obtained now has an interacting SU(2) Yang-Mills piece supplemented with some

decoupled fields as well as a variety of higher-order terms.37 The action can be written in the form

L = LSU(2)+LU(1) (5.2.31)

37The original 3-algebra still makes its presence in the higher-order terms, to be understood geometrically in the next section.
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where

LU(1) = −
1
2
∂µX4I∂µXI

4 +
i
2
Ψ̄4Γµ∂µΨ4 . (5.2.32)

For the SU(2) part, we rescale the fields as (X,Ψ)→ (X/v,Ψ/v), to find the action

LSU(2) =
1
v2
L0 +

1
v3
L1 + O

(

1
v4

)

, (5.2.33)

whereL0 is the action of maximally supersymmetric 2+1d SU(2) Yang-Mills theory

L0 = −
1
4

FµνAFµν A − 1
2

DµX
AiDµX i

A +
1
4

(

εABCXAiXB j
) (

ε C
DE XDiXE j

)

+
i
2
Ψ̄A /DΨA +

i
2
εABCΨ̄

AΓiXBiΨC ,

(5.2.34)

with the field strength and covariant derivative defined as

FA
µν = ∂µA

A
ν − ∂νAA

µ − εA
BCAB

µAC
ν and DAB

µ = ∂µδ
AB+ εAB

CAC
µ . (5.2.35)

In the above,L0,L1, ... are all completely independent ofv. Taking the limitv → ∞, only theL0 term

remains. The interacting part of the surviving theory is precisely SU(2) Yang-Mills, the low-energy theory

on two D2-branes. Then, since scalar fields have canonical dimension1
2, we can identifyv ≡ gYM; this is

the correct mass dimension for the Yang-Mills coupling in 2+1d, and it is in agreement with the fact that

this theory is weakly coupled in the UV and strongly coupled in the IR.

Note thatB a
µ has disappeared from the theory, whileA a

µ no longer has a Chern-Simons coupling but

rather a full-fledged SU(2) Yang-Mills kinetic term. The fields that survive in the D2-brane action have the

correct couplings to the newly-dynamical gauge field. Note that the terms corresponding to the modesXA(8)

have disappeared; they played the role of the Goldstone bosons that gave a mass toBA
µ , and at the end were

transmuted via the Higgs mechanism and the Chern-Simons coupling into the single physical polarisation

of A A
µ .

One might be alarmed at the fact that the original gauge symmetry SO(4)≃ SU(2)× SU(2) appears to

have been Higgsed to SU(2)× U(1) by a VEV of a field in the4 of SO(4). That is not quite the case. The

Higgs mechanism breaks SO(4) to SO(3)≃ SU(2) as it should, since the scalarX4(8) that develops the VEV

breaks SU(2)× SU(2) to a diagonal SU(2). However, several free scalars areleft over and the U(1) gauge

field is obtained by dualising one of them.

The final theory also contains 8 non-interacting scalarsX4I . Of these,X4i , i = 1, 2, ..., 7 correspond to

the centre-of-mass modes for the D2 worldvolume theory. Thelast scalarX4(8), the one which originally

developed a VEV, can now be dualised via anabelianduality to yield an extra U(1) gauge field. The free
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abelian multiplet is completed byΨ4, so the full gauge group is SU(2)× U(1). Note that the entire multiplet

comes from a direction that wasnot centralin the original 3-algebra (in the sense that it does not satisfy

[T4,T I ,TJ] = 0 for all I , J).

Whenv = gYM → ∞, the theory on the D2-branes becomes strongly coupled.38 As we have already

seen, the physics of strongly coupled Yang-Mills in 2+1d is expected to be captured by M2-branes. Hence,

in this limit of U(2) Yang-Mills one expects to recover the low-energy physics of 2 M2-branes in flat space

[162].

While the novel Higgs mechanism plays a specific role in the context of M2-branes, as described above,

it occurs quite generically in a class of Chern-Simons field theories in 2+1 dimensions. It is closely asso-

ciated to the well-known phenomenon of topological mass generation in 2+1d and stems from a conflict

between diagonalisability of kinetic and mass terms that arise in Chern-Simons type theories [163].

5.2.3. The Higgs mechanism for ABJM theory

We next turn our attention to applying the above mechanism tothe case of the full U(n) × U(n) ABJM

theory [164–166]. Here, however, the bifundamental nature of the matter fields makes the technical dis-

cussion slightly different; it further involves a subtlety relating to the treatment of the abelian parts of the

matter and gauge fields [167]. For the sake of simplicity, we focus our attention on the bosonic part of

the action. In this case we will also reintroduce thek-dependence. In fact, we will consider the Higgsing

process in a limit where not only the VEVv but also the Chern-Simons level is taken large, in such a way

thatv/k→ fixed.

Consider once again the ABJM lagrangian (4.1.19)

L = −Tr(DµZ̄A,DµZ
A) +

k
4π
εµνλ

(

Tr(AL
µ∂νA

L
λ −

2
3

iAL
µAL

νAL
λ) − Tr(AR

µ∂νA
R
λ −

2
3

iAR
µAR

νAR
λ)

)

−1
3

Tr
(

4ZAZ̄AZBZ̄CZCZ̄B − 4ZAZ̄BZCZ̄AZBZC − ZAZ̄AZBZ̄BZCZ̄C − Z̄AZAZ̄BZBZ̄CZC
)

(5.2.36)

where

D̂µZ
A = ∂µZ

A − iAL
µZ + iZAAR

µ . (5.2.37)

We would like to see what happens under a perturbation schematically of the form

ZA = vδA4 + zA , (5.2.38)

38We remind the reader that at this stage we have fixed the Chern-Simons level, which is an otherwise free parameter of the
theory, tok = 1. In the next section we will relax this assumption.
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with A = 1, ..., 4, or more precisely in terms of the real parts39

ZA = vδA4 1lN×N +
1
√

2
XA + i

1
√

2
XA+4 . (5.2.39)

For the Higgsing it is appropriate to define

A+µ =
1
2

(AL
µ + AR

µ ) , A−µ =
1
2

(AL
µ − AR

µ ) , (5.2.40)

which, observing thatAL
µZA − ZAAR

µ = [A+µ ,Z
A] + {A−µ ,ZA}, translates into

D̂µZ
A = DµZ

A − i{A−µ ,ZA}
DµZ

A = ∂µZ
A − i[A+µ ,Z

A]

F+µν = ∂µA+ν − i[A+µ ,A
+
ν ] . (5.2.41)

Note that the abelian gauge fields do not appear in the covariant derivativeDµ. In terms of these new

variables the Chern-Simons part of the lagrangian becomes

SCS =

∫

d3x
k

2π
ǫµνλTr

(

A−µF+νλ −
2i
3

A−µA−ν A−λ
)

. (5.2.42)

The fields aren× n matrices which can be expanded in terms of a complete basis ofU(n) generators as

follows40

ZA = ZA
0 T0 + iZA

a Ta ,

AL
µ = AL0

µ T0 + ALa
µ Ta ,

AR
µ = AR0

µ T0 + ARa
µ Ta , (5.2.43)

and subsequently, including the VEV and writing things in terms of real components,

ZA =













XA
0√
2
+ vδA,4













T0 + i
XA+4

0√
2

T0 + i
XA

a√
2

Ta − XA+4
a√

2
Ta . (5.2.44)

39Here the fieldsXA after Higgsing aren× n hermitian matrices which will be expanded in a basis consisting of the unit matrix
and a hermitian set of SU(n) generators.

40Here we normalise the SU(n) generators as Tr(TaTb) = δab, with T0 = 1ln×n.
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As a result one gets for the covariant derivative

D̂µZ
A =

∂µXA
0√

2
T0 −

DµXA+4
a√
2

Ta +
i∂µXA+4

0√
2

T0 +
iDµXA

a√
2

Ta

−2ivA−µaTaδA4 − i
√

2A−µaXA
0 Ta +

√
2A−µaXA+4

0 Ta − A−a
µ dabcT

cXA+4
b

+iA−a
µ dabcT

cXA
b − 2ivA−µ0T0δA4 − i

√
2A−µ0XA

0 T0 +
√

2A−µ0XA+4
0 T0

+
√

2A−µ0XA
a Ta + i

√
2A−µ0XA+4

a Ta , (5.2.45)

where [Ta,Tb] = i f ab
cT

c, {Ta,Tb} = dab
cTc. Then we obtain

Tr|D̂µZ
A|2 = N

(∂µXA
0 )2

2
+













(DµX)A+4
c√

2













2

+

(

2vA−µcδ
A4 −

(DµX)A
c√

2

)2

+N

(

1
√

2
∂µX

A+4
0 − 2vA−µ0δ

A4
)2

+ subleading. (5.2.46)

Adding the following two terms, which are equal to zero by theBianchi identity,

− k
2π
ǫµνλ

1
v

1

2
√

2
(DµX)4

aF+a
νλ −

nk
2π
ǫµνλ

1
v

1

2
√

2
(∂µX

8
0)F+0

νλ (5.2.47)

and with the inclusion of the Chern-Simons terms, we get thatthe action becomes

S =

∫

d3x

[

k
2π
ǫµνλTr

(

A−µF+νλ −
2i
3

A−µA−ν A−λ
)

− Tr|D̂µZ
A|2

]

=

∫

d3x

[

k
2π
ǫµνλ

(

A−µa −
1
2v

1
√

2
(DµX)4

a

)

F+a
νλ +

nk
2π
ǫµνλ

(

A−µ0 −
1
2v

1
√

2
(∂µX)8

0

)

F+0
νλ

−
(

2vA−µa −
1
√

2
(DµX)4

a

)2

− n

(

1
√

2
∂µXA+4

0 − 2vA−µ0δ
A4

)2

−1
2

(DµX)I ′
a (DµX)I ′

a −
1
2

n∂µXA
0∂

µXA
0 + higher order

]

, (5.2.48)

where I ′ = {1, 2, 3, 5, 6, 7, 8}. The higher order terms also include a contribution proportional to (A−µ )3.

However, these terms are subleading in the limitk, v→∞ and can be ignored.

At this point we can perform a shift in theA−µa and in the abelian componentA−
µ0 of the gauge field

A−µa→ A−µa +
1
2v

1
√

2
(DµX)4

a and A−µ0→ A−µ0 +
1
2v

1
√

2
(∂µX8

0) , (5.2.49)
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which leads to

S =

∫

d3x
( k
2π
ǫµνλ(A−µaFa+

νλ + NA−µ0F+νλ 0) − 4v2A−µaA−µa − 4nv2A−µ0A−µ0

−1
2

(DµX)I ′
a (DµX)I ′

a −
1
2

n∂µXĨ ′
0 ∂

µXĨ ′
0 + higher order

)

, (5.2.50)

whereĨ ′ = {1, ..., 7}.

It is interesting to observe that in the above expression, both theX4
a and theX8

0 components vanish to

leading order. These fields make up the Goldstone modes that render, respectively,A+µa andA+
µ0 dynamical

to give back a U(N) gauge field. Without the vanishing of theX8
0 one would have ended up with excessive

degrees of freedom. We will see shortly that this also has an interpretation in terms of the M2’s moving in

the orbifold geometry.

We can now integrate out both the abelian and non-abelian components ofA−µ to obtain

A−µ =
k

16πv2
ǫµνλF

+νλ + higher order (5.2.51)

and upon plugging into (5.2.50) this gives

S =
∫

d3x
[

− Tr
( k2

32π2v2
F+µνF+µν

)

− 1
2

(DµX)I ′
a (DµX)I ′

a −
1
2

n∂µX
Ĩ ′
0 ∂

µXĨ ′
0 + higher order

]

. (5.2.52)

Then using the definition
k2

32π2v2
=

1

4g2
YM

(5.2.53)

and taking the limitk, v→ ∞, with k/v = fixed, the higher order terms drop out. Combining the remaining

traceless part ofX8
a with the trace part ofX4

0, we find the bosonic kinetic terms for U(n), three-dimensional

Yang-Mills theory.

Regarding the bosonic potential terms, we observe that all terms scaling likev6, ..., v3 vanish, so one is

left with a potential that is of orderv2/k2 ∝ g2
YM, and hence fourth order in the scalar fields, as expected.

The remaining terms are subleading inv and vanish in thev→ ∞ limit. The surviving term in this limit is

− V6→ −
g2

YM

4
Tr

(

[XI ′ ,XJ′ ][XJ′ ,XI ′ ]
)

. (5.2.54)

In this way we have recovered the full bosonic content of three-dimensional U(n) Yang-Mills by Higgsing

the U(n) × U(n) ABJM theory.
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5.2.4. Higgsing and large-k compactification

We now proceed to assign a spacetime interpretation to the field-theoretic mechanism that we have thus

far described in the ABJM case. We have already established in Section4.1.2that the orbifoldZk acts as

ZA→ e2πi/kZA on the complex coordinates transverse to the M2-brane worldvolume. SettingZ1,2,3 = 0 for

simplicity reduces us toC/Zk ask→ ∞, with41

Z4→ Z4e2πi/k ≃ Z4
(

1+ 2πi
1
k
+ ...

)

≃ Z4 + 2πi
Z4

k
. (5.2.55)

Expanding aroundZ4 = v+ i0 with (v/k)T
− 1

2
M2 ≡ R, we see that

Z4T
− 1

2
M2→ Z4T

− 1
2

M2 + 2πiR (5.2.56)

should be an invariance of the theory, or by writingZ4 = X4 + iX8, that X8 is compactified with radius

R. This is the radius of the M-theory circle. By letting (v/k)T
− 1

2
M2 = R → 0, one recovers the theory of

D2-branes of type IIA string theory in flat space.

In particular, since three-dimensional Yang-Mills involves seven (as opposed to eight) scalars, it is

natural to expect that one of the Goldstone modes that renderthe gauge fields dynamical in the ABJM

theory should be preciselyX8
0, corresponding to the centre-of-mass motion of the branes in that direction.

On the other hand, for theN = 8 BLG model, the scalar degree of freedom that disappeared was exactly

the one that developed the VEV. For our particular choice of VEV, this corresponds toX4
0 being singled

out, as opposed toX8
0, as implied by (5.2.56). This is a sign that the orbifold picture is not an appropriate

dual description of the BLG model for generic values ofk. We will explicitly see in Section5.3 that this is

indeed the case.

The relation between the novel Higgs mechanism and large-k compactification can also be understood

as follows:C4/Zk can be thought of as a cone overS7/Zk. The orbifold action leads to an opening angle that

shrinks like 1/k. In the limit wherek→ ∞, this opening angle approaches zero, so at some point infinitely

far out on the moduli space the local geometry approaches that of a cylinderS7/Zk×R, where the former is

always realised as a Hopf fibration. However,S7/Zk then involves a|||CP3 base of infinite volume, while the

S1/Zk fibre has a finite, tunable radius (which can be taken to be small) because of the action of the orbifold.

Moreover, the nature of the fibration is locally trivial and the cylinder is reallyR6×S1
small×R ≡ R

7×S1
small.

The scaling limitk→ ∞, v→ ∞ with gYM → fixed and small, precisely takes the M2-branes out into this

cylindrical space, where they should behave like D2-branesin type IIA string theory. So at low energies we

expect a finitely coupled U(n) Yang-Mills theory – and that is exactly what we find [119, 167].

41The trace parts of the field theory scalars are related to spacetime coordinates by multiplication with a factor ofT
− 1

2
M2 .
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It is worth mentioning that the discussion in the limit of large-orderZk orbifolds bears a strong re-

semblance to the ideas introduced in [168, 169] and used in the deconstruction approach to M5-branes

[170, 171]. In those works the order of the orbifold grows large in a similar way and the D-branes are

simultaneously moved far away from the fixed point, so that they effectively end up propagating on a cylin-

der. It is important to note that, compared to the starting quiver gauge theory, the deconstructed theory is

higher dimensional and has enhanced supersymmetry. Another interesting point is the implementation of

the Higgs mechanism for the ABJM model coupled toN = 6 conformal supergravity, or “topologically

gauged ABJM theory” [172]. The Higgsed theory [167] has broken conformal invariance and reduces to 3d

“chiral supergravity” in the sense of [173]. The latter has an AdS3 vacuum and should also admit a CFT2

boundary description. Hence, the Higgs mechanism relates AdS4/CFT3 to AdS3/CFT2 in something that

might be called “sequential AdS/CFT” [174, 175].

5.3. Relation of ABJM to BLG

At this stage we can close the circle of ideas by asking the following question: What is the relation of

the original BLG theory of Section3.1 to the ABJM models?

We first remind that forn = 2 we can chose a basis for the 3-algebra of 2× 2 matrices given by

Ta =

{

− i
√

2
σ1,−

i
√

2
σ2,−

i
√

2
σ3,

1
√

2
1l2×2

}

, (5.3.1)

wherea = 1, 2, 3, 4 andσi are the Hermitian Pauli matrices:σiσ j = δi j + iǫi jkσk. In this basis the structure

constants and metric of the triple product defined in (3.3.1) are

f abcd =
2π
k
ǫabcd and Tr(TbTa) = δa

b . (5.3.2)

Thus f abcd is real and totally anti-symmetric. In fact one can check that the n = 2, N = 6 lagrangian

constructed from this 3-algebra is theN = 8 lagrangian with gauge symmetry SO(4)≃ SU(2)× SU(2) but

written in complex notation:ZA = (XA + iXA+4)/
√

2, for A = 1, 2, 3, 4. (See Section3.3.1.)

Here we need to reiterate a subtlety that will be important for our discussion: The lagrangians are defined

only in terms of the data of the Lie algebra and not the gauge group. This data is encoded by the 3-algebra.

However to define the quantum theory we need to specify the gauge group and the choice of the latter has

an effect through the flux quantisation conditions. Since more than one group can have the same Lie algebra

we see that more than one theory can be associated to a lagrangian. To make this distinction clear in this

section we refer to the lagrangian in terms of its Lie algebra, e.g. u(n) ⊕ u(n) or su(n) ⊕ su(n), but we will

refer to the theories in terms of their gauge group,e.g. U(n)×U(n), SU(n)×SU(n) or (SU(n)×SU(n))/Zn.
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We have seen in Section3.3that the U(n)×U(n) N = 6 models can be derived from the SU(n) ×SU(n)

models by gauging the global U(1). We now describe how to go backwards: namely integrating out the U(1)

gauge field of the ABJM lagrangians leads tosu(n) ⊕ su(n) lagrangians, along with aZk orbifold action on

the fields. In the case withn = 2 we will show that the ABJM model can be related to theN = 8 lagrangian

with an additionalZk orbifold. However there is global information that needs tobe taken into account and

this only works whenk andn are relatively prime [104]. Let us next see how that happens.

5.3.1. Fromu(n) × u(n) to su(n) × su(n) CS-matter theories

To begin let us go back and rewrite the ABJM lagrangian as

Lu(n)×u(n) = Lgauged
su(n)×su(n) +

nk
4π
εµνλBµ∂νQλ . (5.3.3)

As in Section5.1.1, we introduce a Lagrange multiplier term

Lu(n)×u(n) = Lgauged
su(n)×su(n) +

nk
8π
εµνλBµHνλ +

n
8π
σεµνλ∂µHνλ . (5.3.4)

Integrating the last term by parts we find

Lu(n)⊕u(n) = Lgauged
su(n)⊕su(n) +

nk
8π
εµνλBµHνλ −

n
8π
εµνλ∂µσHνλ . (5.3.5)

We can now integrate outHµν to see that

Bµ =
1
k
∂µσ . (5.3.6)

Thus under a U(1)B gauge transformation one has that

σ→ σ + kθ . (5.3.7)

Substituting back we find that theu(n) ⊕ u(n) lagrangian is equivalent to thesu(n) ⊕ su(n) lagrangian with

new variables:

Lu(n)⊕u(n)(Z
A, ψA, Ã

a
µb, Bµ,Qµ) � Lsu(n)⊕su(n)(e

iσ/kZA, eiσ/kψA, Ã
a
µb) . (5.3.8)

The variableŝZA = eiσ/kZA andψ̂A = eiσ/kψA are U(1)B gauge invariant.

Most of the steps that we have outlined do not rely on the global choice for gauge group. The exception

to this is the last step (5.3.8) where the infinitesimal gauge transformation was exponentiated to a finite

group element. Thus we should be careful with some global issues. In particular, although the Lie-algebra

decomposes asu(n) ≃ su(n)⊕u(1) it is not true that U(n) � U(1)×SU(n). Rather one finds that U(1)×SU(n)

is ann-fold cover of U(n). To see this, we note that the group homomorphismω : U(1) × SU(n) → U(n)
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defined byω(eiθ , gSU(n)) = eiθgSU(n) covers U(n) n-times. In fact, the determinant satisfies det(gU(n)) = einθ,

but this only determinesθ modulo (2π/n)Z. Thus we have U(n) � (U(1)× SU(n))/Zn, whereZn = Ker(ω)

is the centre of U(n).

The upshot is that although (5.3.8) links the lagrangian of theu(n)× u(n) theory to that ofsu(n)× su(n),

the gauge group is (SU(n)×SU(n))/Zn and not SU(n)×SU(n).42 As we will now see this leads to modified

flux quantisation rules that affect the physical interpretation.

We next need to determine the periodicity ofσ in (5.3.8), which follows from a quantisation condition

on the fluxH. In this case the standard Dirac condition
∫

Σ
F ∈ 2πZ is modified. In particular, the gauge

group is (U(1)× SU(n))/Zn and we need only require that
∫

Σ
F ∈ (2π/n)Z, i.e. the U(1) phases computed

by two different pathsD andD′ must be equal moduloZn. Thus we see that the quantisation condition is

∫

dFL/R ∈ 2π
n
Z . (5.3.9)

As we have emphasised, this fractional flux quantisation condition arises because the gauge group is

(SU(n)×SU(n))/Zn instead of SU(n)×SU(n), with Zn the relative centre of the two SU(n) factors. Thus we

refer to the resulting Chern-Simons matter theory as the (SU(n) × SU(n))/Zn-theory. This is distinct from

a theory with the sameLsu(n)⊕su(n) lagrangian but global SU(n) × SU(n) gauge symmetry and no fractional

flux quantisation, which we refer to as the SU(n) × SU(n)-theory.

After integrating outH, we are left with the conditionB = dσ/k. This is analogous to what we obtained

for the moduli space calculation with the difference that now we are in the full theory, not just the moduli

space. Locally,FL − FR = dB vanishes so thatFL andFR must have the same flux. Note that we do not

require thatσ is globally defined so there can be a non-zero Wilson line for the gauge fieldB. However,

sinceFL − FR = dB = 0 in any open set whereσ is single-valued, it follows thatFL = FR globally. This

generalises the flux quantisation argument of [176] to allow for a non-vanishing but trivial gauge field and

applies to the full theory, not just the moduli space (but only for the overall U(1) fluxes). SinceH = FL+FR

we have
∫

dH =
∫

1
2
ǫµνλ∂µHνλ ∈

4π
n
Z (5.3.10)

andσ has period 2π. Note that sinceeiθ is a U(n) transformation,θ also has period 2π. Thus we can fix

the U(1)B symmetry using (5.3.7) and setσ = 0 mod 2π. However, this periodicity imposes an additional

identification on the U(1)-invariant fields

ẐA
� e2πi/kẐA and ψ̂A � e2πi/kψ̂A . (5.3.11)

42One might have expected (SU(n)/Zn) × (SU(n)/Zn) but only the relativeZn factor acts non-trivially.
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We are therefore told that the U(n) × U(n) ABJM theory is equivalent to aZk identification on the

(SU(n) × SU(n))/Zn-theory. Note that theZn quotient arises here as the relative part of the twoZn factors

from U(n) ≃ (U(1)× SU(n))/Zn.

However we need to be careful since there could be obstructions at a global level. To look for the latter

it is insightful to compute the moduli space of the (SU(n) × SU(n))/Zn-theory along with aZk orbifold and

compare it to the U(n) × U(n) result.

For a generaln the vacuum moduli space is obtained by setting

ZA = diag(zA
1 , ..., z

A
n) . (5.3.12)

If we consider gauge transformations of the formgL = gR thenZA behaves as if it were in the adjoint of

SU(n) and hence cannot tell the difference between the SU(n) and U(n) theories. The result is that the

gauge transformations which preserve the form ofZA simply interchange the eigenvalueszA
i leading to the

symmetric group acting on then M2-branes, just as is the case in D-brane theories.

Next we can consider transformations in the diagonal subgroup of SU(n) or U(n). These act to rotate

the phases of thezA
i , however in the SU(n)-theory they only do so up to the constraint that the diagonal

elements must have unit determinant. In the U(n)-theory this is not the case and there aren independent

U(1)’s, one for eachzA
i , and each of these U(1)’s leads to aZk identification on the moduli space. Thus for

U(n) we indeed see that we findn commuting copies ofZk along with the symmetric group acting on the

zA
i .

For the SU(n)-theory, even including theZk action of U(1)B, this will not always be the case. In par-

ticular, note that since the determinant of the gauge transformations coming from SU(n) is always one we

have, for an arbitrary element of the moduli space orbifold group,

det(glB
U(1)g0) = det(glB

U(1)) = e2πinlB/k . (5.3.13)

Hereg0 represents a generic element of the moduli space orbifold group obtained in the (SU(n)×SU(n))/Zn-

theory. On the other hand, the moduli space orbifold group ofthe U(n)-theory generated byn independent

U(1)’s has

det(gl1
1 ...g

ln
n ) = e2πi(l1+...+ln)/k . (5.3.14)

If these two theories are to give the same moduli space then wemust be able to havee2πi(l1+...+ln)/k = e2πinlB/k

for any possible combination ofl i ’s. Thus we are required to solve

l = n lB modk , (5.3.15)
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for lB as a function ofl, n, k, wherel = l1 + ... + ln is arbitrary. Hence, if this equation can be solved for

lB theng0 = e−2πil B/kgl1
1 ...g

ln
n is an element of SU(n) and can arise from the vacuum moduli space quotient

group of the (SU(n) × SU(n))/Zn-theory.

We will now show that (5.3.15) has solutions for alll if and only if n andk are co-prime. In general the

solution islB = (l − pk)/n for any p ∈ Z; however we require thatlB is an integer. It is clear that we may

view l, k andp as elements ofZ/Zn and we are therefore required to solve the following equation for p

l = pk modn . (5.3.16)

This always has solutions if the mapϕ : p 7→ pk is surjective onZ/Zn. SinceZ/Zn is a finite set this will

be the case if and only ifϕ is also injective. Thus we wish to show thatpk = p′k modn implies p = p′.

This is equivalent to showing thatqk = 0 modn impliesq = 0 modn. Now suppose thatqk = rn. If k and

n are co-prime then all the prime factors ofk must be inr and all the prime factors ofn must be inq. Thus

q = 0 modn. On the other hand ifk andn have a common factord then we find a non-zero solution by

takingq = n/d andr = k/d. Thusqk = 0 modn has no non-trivial solutions forq if and only if n andk are

co-prime.

This result can been restated as follows: Although locally U(n) ≃ U(1)×SU(n), this is not true globally.

Even though the lagrangian is defined by local information atthe Lie-algebra level, the map we constructed,

reducing the U(n) × U(n)-theory to aZk quotient of the (SU(n) × SU(n))/Zn-theory, involves finite gauge

transformations and is therefore sensitive to global properties of U(n). The above discussion shows that

the vacuum moduli space quotient group of the U(n) × U(n) theories is not of the formZk × G0, where

G0 ⊂ SU(n), unlessn andk are relatively prime [104].

We have therefore shown that ifn andk have a common factor then the vacuum moduli spaces for the

two theories do not agree, as there is a global obstruction tomapping the U(n)×U(n)-theory to aZk quotient

of the (SU(n)×SU(n))/Zn-theory. On the other hand, ifn andk are co-prime then the vacuum moduli space

calculated in the (SU(n) × SU(n))/Zn-theory, along with theZk identification coming from U(1)B, agrees

with the vacuum moduli space of the U(n) × U(n)-theory. This suggest that there is no global obstruction

and in these cases the U(n) × U(n) theories areZk quotients of the (SU(n) × SU(n))/Zn theories. Thus one

can conjecture that:

• U(n)k×U(n)−k is equivalent to aZk quotient of (SU(n)k×SU(n)−k)/Zn if k andn are relatively prime .

5.3.2. Connecting to the BLG models

We are finally in position to connect this discussion with themoduli space results for BLG theory,

obtained in Section5.1.1. Our analysis implies that forn = 2 andk odd, theN = 6 ABJM models can be
105



viewed asZk orbifolds of theN = 8 model with gauge group (SU(2)× SU(2))/Z2. Clearly, fork = 1, the

ABJM model for two M2-branes inR8 is precisely theN = 8 (SU(2)× SU(2))/Z2 model of [83–86].

One can also find a connection, which does not fit the above pattern, when the moduli space is (C
4 ×

C
4)/D8. This arises from (5.1.16) for k = 2 in the SU(2)× SU(2) theory and fork = 4 in the (SU(2)×

SU(2))/Z2 theory. It can be identified with the moduli spaces of two M2-branes inR8/Z2 by introducing

rA
1 = zA

1 + zA
2 , rA

2 = i(zA
1 − zA

2 ) , (5.3.17)

so that in the language of Section5.1.1,

g12 : rA
1 � rA

1 , rA
2 � −rA

2

g12 g2
SU(2) : rA

1 � −rA
1 , rA

2 � rA
2 (5.3.18)

gSU(2) g12 : rA
1 � rA

2 , rA
2 � rA

1 .

These are indeed the identifications expected for the modulispace (R8/Z2 × R8/Z2)/Z2 of two M2-branes

located at aZ2 orbifold singularity of M-theory.

Hence we have seen that fork = 1, the (SU(2)×SU(2))/Z2 theory is precisely the ABJM model at level

k = 1. We have also seen that thek = 2 SU(2)× SU(2) theory [118] and thek = 4 (SU(2)× SU(2))/Z2

theory [177] both have the correct moduli spaces to describe two M2-branes inR8/Z2. Indeed, there are

two such theories expected, corresponding to the presence or absence of discrete torsion. Therefore it is

natural to identify them with thek = 2 U(2)×U(2) ABJM andk = 2 U(2)×U(3) ABJ models respectively.

In summary, the followingN = 6 ABJ(M) theories are dual toN = 8 BLG models:

• U(2)× U(2) is dual to (SU(2)× SU(2))/Z2, both atk = 1;

• U(2)× U(2) is dual to SU(2)× SU(2), both atk = 2;

• U(2)× U(3) atk = 2 is dual to (SU(2)× SU(2))/Z2 atk = 4 .

These proposed dualities have also been tested non-trivially by showing that their superconformal indices

agree [177].
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6. Analysis of the theory II: advanced topics

In this section we continue to analyse ABJM theory by investigating some of its most puzzling fea-

tures. We start by focusing on the special role of momentum along the M-theory circle and its relation to

“monopole” or “ ’t Hooft” operators. After this we discuss hidden symmetries arising at low values of the

Chern-Simons levelk. We then include couplings to Ramond-Ramond background fields in the ABJM la-

grangian and discuss the ensuing mass-deformed version of the theory. Finally, we discuss the physical and

geometric interpretation for the vacua of the mass-deformed ABJM theory in terms of dielectric M2-branes

in M-theory.

6.1. 11D momentum, fluxes and ’t Hooft operators

Let us look more carefully at some subtle features of the ABJMlagrangian. For this we initially work

with the U(1)× U(1) theory and decompose the complex scalars into their magnitude and phase:43 ZA =

RAeiθA
/
√

2. Then the bosonic part of the lagrangian is

L = −1
2

4
∑

A=1

∂µR
A∂µRA − 1

2

4
∑

A=1

(RA)2(∂µθ
A − Bµ)(∂

µθA − Bµ) +
k
4π
εµνλBµ∂νQλ , (6.1.1)

where as before we have definedBµ = AL
µ − AR

µ andQµ = AL
µ + AR

µ . Under a U(1)B transformation we have

θA → θA + λ andBµ → Bµ + ∂µλ. Thus the centre-of-mass componentθ =
∑

A θ
A can be set to zero by

a gauge transformation. As we have already seen, this direction (the common phase of the four complex

coordinates) plays the role of the M-theory circle. This leads to a puzzle: where has the eleven-dimensional

momentum gone?

To answer this we compute the corresponding hamiltonian. The conjugate momenta are

ΠRA = ∂0RA

ΠθA = (RA)2(∂0θ
A − B0) (6.1.2)

ΠQ j =
k
4π
ǫ i j Bi

ΠQ0 = ΠB0 = 0 ,

43Theseθ’s should not be confused with theϑi coordinates introduced above Eq. (4.1.13).

107



wherei, j = 1, 2. Thus the hamiltonian is

H =

∫

d2x















1
2

∑

A

Π2
RA
+

1
2

∑

A

(RA)−2Π2
θA +

1
2

∑

A

(∂iR
A)2 +

1
2

∑

A

(RA)2(∂iθ
A − Bi)

2 (6.1.3)

− k
4π

F12Q0 +















∑

A

ΠθA +
k
4π

H12















B0















,

whereH = dQ= dAL + dAR andF = dB= dAL − dAR.

We see that, as is always the case in gauge theories, the Hamilton equations forB0 and Q0 impose

constraints. In particular we have that

F12 = 0 , (6.1.4)

so that the magnetic fluxes ofAL andAR are always equal. However, we also find

H12 = −
4π
k

∑

A

ΠθA . (6.1.5)

Thus we have established that turning on momentum around theM-theory circle is equivalent to turning

on H = dAL + dAR magnetic flux. Indeed, sinceFL andFR have quantised fluxes, we have
∫

d2x FL =
∫

d2x FR ∈ 2πZ and hence
∫

d2x H12 ∈ 4πZ ,

so that
∑

A

PθA ∈ kZ ,

wherePθA =
∫

d2xΠθA is the total momentum. This is consistent with theZk orbifold which projects out

momentum modes that are not a multiple ofk.

Let us now repeat this analysis for the general U(n) × U(n) ABJM model. The lagrangian is

L = −Tr(DµZ
ADµZ̄A) − iTr(ψ̄AγµDµψ) +LYukawa− V (6.1.6)

+
k

4π
εµνλTr

(

AL
µ∂νA

L
λ −

2i
3

AL
µAL

νAL
λ

)

− k
4π
εµνλTr

(

AR
µ∂νA

R
λ −

2i
3

AR
µAR

νAR
λ

)

,

whereLYukawarepresent the Yukawa-type terms of the form̄ψZZψ. The hamiltonian is given by

H =

∫

d2x Tr(ΠZAΠZ̄A
) + Tr(DiZ

ADiZ̄A) − LYukawa+ V (6.1.7)

+Tr

(

iZAΠZA − iΠZ̄A
Z̄A + iψAψ

A − k
2π

FL
12

)

AL
0 + Tr

(

iZ̄AΠZ̄A
− iΠZAZA − iψAψA +

k
2π

FR
12

)

AR
0 .
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Thus we find the constraints

k
2π

FL
12 = iZAΠZA − iΠZ̄A

Z̄A + iψAψ
A

k
2π

FR
12 = iΠZAZA − iZ̄AΠZ̄A

+ iψAψA . (6.1.8)

Let us look at the massless centre-of-mass modes. As was noted in the moduli space analysis of the

previous chapter, in a generic vacuum theZA all commute. Thus we can write

ZA =















































zA
1

zA
2

. . .

zA
n















































, (6.1.9)

and set the massive off-diagonal fields and fermions to zero. If we writezA
i = RA

i eiθA
i /
√

2, we find

FL
12 = FR

12 = −
2π
k















































∑

AΠθA
1

∑

AΠθA
2

. . .
∑

AΠθA
n















































, (6.1.10)

which generalises the previous U(1)× U(1) case to the centre-of-mass motion of each of the M2-branes.

Thus we see once again that to include momentum modes around the M-theory circle we must turn on

magnetic fluxes. In particular for the centre-of-mass coordinates we must turn on magnetic fluxes in the

Cartan subalgebra, but more generally for any component of the fields we can introduce a corresponding

flux to give it M-theory momentum [98, 178].

6.1.1. Group theory analysis of ’t Hooft operators

So far our discussion has been classical. However the relations (6.1.5) and (6.1.8) are constraints and as

such we must also impose them in the quantum theory. Therefore we continue to identify flux quantisation

with the momentum around the M-theory circle. However in thequantum theory we will need to include

operators that create or destroy units of momentum and henceflux.

Such an operator is called an ’t Hooft operator (or sometimesa monopole operator). They were first

introduced into gauge theories in [179] and can be specified by saying that they create a given flux through

closed surfaces around some insertion point. So in other words the ’t Hooft operator is specified by giving

the (Euclidean) spacetime pointx0 and flux – or equivalently, the singular behaviour of the gauge field at
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that point (in Euclidean space)

F = ⋆
QM

2
d

(

1
|x− x0|

)

+ nonsingular, (6.1.11)

whereQM ∈ u(n) × u(n) is the magnetic flux, and is subject to the standard Dirac quantisation condition

e2πiQM = 1 . (6.1.12)

These operators should be viewed as prescribing the behaviour of the fields at the insertion point in the path

integral and hence are local.

A famous result of Goddard, Nuyts and Olive (GNO) [180] asserts that the solution to the Dirac quan-

tisation condition is such thatQM is determined, up to a gauge transformation, by a dominant weight of

the “magnetic” dual gauge group.44 This dual gauge group is more commonly referred to (especially in the

mathematical literature) as the Langlands dual. Therefore, for a gauge group denoted byG, the Langlands

dual will be denoted byLG. The Dynkin diagram and hence the Lie algebra of the dual gauge group is

obtained by mapping the simple roots~αi of the original gauge group to the “co-roots”:~α∨i ≡ 2~αi/|~αi |2. To

obtain the actual dual group one notes that the weights obtained from the fluxQM are in general a subset

of all possible weights, corresponding to a dual group that is a quotient of the universal simply connected

group associated to the dual Lie algebra. For example, as we will see shortly, the Langlands dual to U(n) is

U(n) but the Langlands dual to SU(n) is SU(n)/Zn.

Let us illustrate this in the case at hand and for gauge group U(n). By conjugation, which is simply the

action of the gauge group, we can choose to haveQM in the U(1)n Cartan subalgebra

QM = ~q · ~H + q1l , (6.1.13)

where~H generates the Cartan subalgebra of SU(n) and 1l is the abelian U(1) generator (i.e. the identity oper-

ator). We can think ofQM as a diagonaln×n matrixQM = diag(q1, ..., qn) in the fundamental representation

with highest weight~λ1. The states in this representation are given by the orthogonal basis

|~µ1〉 = |~λ1〉 , |~µ2〉 = |~λ1 − ~α1〉 , |~µ3〉 = |~λ1 − ~α1 − ~α2〉 , . . . , |~µn〉 = |~λ1 − ~α1 − ... − ~αn−1〉 , (6.1.14)

where~αi , i = 1, ..., n− 1 are the simple roots of SU(n). In particular the diagonal components are45

qi = 〈~µi |QM |~µi〉 = ~q · ~µi + q, i = 1, ..., n (6.1.15)

44We will have to assume some knowledge of group theory concepts at this stage, which can be founde.g.in [181].
45Note that we are usingi to indicate the rangei = 1, ...,n− 1 as well asi = 1, ...,n to avoid introducing additional symbols.
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and the quantisation condition is simply thatqi ∈ Z, i = 1, ..., n.

Following GNO,~q should be a weight ofLSU(n) so we start by writing~q = wi
L~λi. The L~λi , i =

1, ..., n− 1 are called the “fundamental” weights ofLSU(n) and are by definition dual to the SU(n) roots~αi :
L~λi · ~α j = δi

j .
46 Fundamental weights form a basis in which we can expand any weight of the group. To

determine the coefficientswi in terms of the fluxes we note that, fori = 1, ..., n− 1, we havewi = ~q · ~αi. On

the other hand we see that, from the basis (6.1.14) and definition (6.1.15),

wi = ~q · ~αi = ~q · (~µi − ~µi+1) = qi − qi+1 , i = 1, ..., n− 1 . (6.1.16)

Thus we find

~q = (q1 − q2) L~λ1 + (q2 − q3) L~λ2... + (qn−1 − qn) L~λn−1 , (6.1.17)

which is indeed a weight ofLSU(n) since theqi ’s are quantised. We also need to specify the abelian U(1)

chargeq. To fix this we see that by tracing over Eq. (6.1.13) we get
∑n

i ~µ
i = ~0 and therefore

q =
1
n

(q1 + ... + qn) . (6.1.18)

The observation of GNO is that within the Cartan subalgebra we can still act with gauge symmetries

(which are just conjugations) in the Weyl subgroup to order the diagonal components,q1 ≥ q2 ≥ ... ≥ qn. In

this case~q is what is called a “dominant” weight ofLU(n). An important result in representation theory states

that dominant weights are in one-to-one correspondence with finite dimensional irreducible representations

of the group. Hence, appropriate choices of fluxesqi fully characterise irreducible representations ofLU(n),

with the coefficients of (6.1.17) playing the role of Dynkin labels.

In fact, for U(n) we have no restrictions onQM and one can clearly arrange for any weight by choosing

theqi appropriately. Moreover, for this particular choice of group and in our normalisations,L~λi = ~λi and

thus the Langlands dual to U(n) is LU(n) = U(n).

However, it is interesting to note that all weights need not always arise: Consider SU(n), where we must

impose the constraintq1 + ... + qn = 0. In this case one can show that~q can also be written as

~q = q1~α1 + (q1 + q2)~α2 + ... + (q1 + q2 + ... + qn−1)~αn−1 (6.1.19)

and~q is therefore also a root of SU(n).47 Roots are weights of the adjoint representation, which in turn is

blind to the centre of the group. This means that the only representations that appear are those of SU(n)/Zn

46The~λi that we used in (6.1.14) are the fundamental weights of SU(n) and dual to the co-roots.
47One can recover the expansion (6.1.17) from (6.1.19) by simply using the root inner products. These can in turn beread off

from the Cartan matrix of SU(n).
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and the Langlands dual to SU(n) is LSU(n) = SU(n)/Zn.

Since dominant weights arise as the highest weights of finitedimensional irreducible representations,

GNO also conjectured that monopoles come in representations of the dual group with highest weight~q.

To see how this works in a familiar physical example, consider 4-dimensional maximally supersymmetric

SU(2) gauge theory. The perturbative spectrum contains gauge fields in the adjoint representation. The

nonperturbative spectrum includes monopoles corresponding to a given flux. In particular the monopole

and anti-monopole haveQM = ±diag(1,−1), but are both mapped by the GNO prescription to the single

highest weight 2~λ1. Nevertheless these monopoles are physically distinct, despite the fact that their fluxes

can be mapped to each other by a gauge transformation, because the theory is also specified by the VEV of

the scalar fields. In other words, the monopole is determinedby a scalar field of the form

Φ = diag(v,−v) +
QM

4πr
+ . . . (6.1.20)

and thus the gauge transformation that mapsQM → −QM also changes the vacuum. If we ask that we

keep the vacuum fixed then we can no longer use gauge transformations to mapQM into the form with

q1 ≥ q2 ≥ ... ≥ qn. In this case one sees that the monopole and anti-monopole, along with the zero-flux state,

form a representation of SU(2)/Z2 with highest weight 2~λ1 corresponding to the adjoint representation.

Another example is the case of U(3) with highest weight~q = 2~λ1 and chargeq = 2, corresponding to

the symmetric representation. The fluxes in this representation are easily found to be
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. (6.1.21)

Although some of the fluxes can be mapped to each other using gauge transformations, they correspond to

physically distinct monopoles in the gauge theory. Such gauge transformations also act on the VEVs of the

scalar fields, so they cannot be used to identify fluxes. Therefore in a generic vacuum, the fluxes within a

representation are physically distinct. This implies thatthe ’t Hooft operators assemble into multiplets that

transform under the dual gauge group. In the next section we will see that in a Chern-Simons gauge theory,

the ’t Hooft operators transform in representations of the dual gauge group that are indeed determined by

the fluxes.
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We also note that the second flux in this representation:































1 0 0

0 1 0

0 0 0































, (6.1.22)

is already ordered toq1 ≥ q2 ≥ q3 and thus maps to the dominant weight~λ2. One may try to view this as

the highest weight of the anti-fundamental representationof SU(3). However since it has U(1) charge 2 this

cannot be viewed as a representation of U(3) (but rather SU(3) × U(1)).

6.1.2. ’t Hooft operators in ABJM

Let us now consider ’t Hooft operators in Chern-Simons theories and in particular ABJM. More detailed

discussions can be found in [134, 182–193]. In particular, let us take the Euclideanised theory and denote

byMQM (x) an ’t Hooft operator which creates a flux

1
2π

∫

S2
FL =

1
2π

∫

S2
FR = QM ∈ u(1)n , (6.1.23)

on arbitrarily small spheres surrounding the pointx. An alternative view of ’t Hooft operators can be found

in conformal field theory using the operator-state mapping.In particular, through conformally mappingR3

toR ×S2 one can replace the insertion of an ’t Hooft operator at a point to the creation of a state att = −∞
which carries magnetic fluxQM throughS2.

Our first observation is that, because of the Chern-Simons term, a single ’t Hooft operator is not invariant

under gauge transformations. Since the flux lies in the Cartan subalgebra, the ’t Hooft operator breaks the

gauge groupG = U(n)×U(n) down to the diagonal U(1)n×U(1)n subgroup. To see how the ’t Hooft operator

transforms under this group, consider an infinitesimal gauge transformation generated byωL(x), ωR(x),

which we assume to vanish at infinity. Although the fluxQM remains unchanged, because of the Chern-

Simons term we find

MQM (x) → e(ik/2π) tr
∫

(DωL∧FL−DωR∧FR)MQM (x)

= eik tr((ωL(x)−ωR(x))QM )MQM (x) . (6.1.24)

Thus an ’t Hooft operator that creates a given fluxQM is not gauge invariant. However, by taking several

such ’t Hooft operators together, we can create a multiplet of local operators that transforms under some

representation of the gauge group. To obtain the transformation ofMQM under the full U(n) × U(n) gauge

group, we use the method of induced representations, based on the charges of ’t Hooft operators under the

U(1)n × U(1)n subgroup. Hence we see that, following the GNO map from charges to weights constructed
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above, we can identify a multiplet of ’t Hooft operators withthe various operators obtained from fluxes that

appear in an irreducible representation with highest weight

~Λ = k~q⊕ −k~q . (6.1.25)

In particular, the U(1)n×U(1)n charges of the states in this representation agree with (6.1.24), essentially by

construction. We note that the second factor is not a dominant weight but rather the negative of a dominant

weight. We therefore identify the representation of the U(n)R factor as the Cartan dual representation of

U(n)R (whose lowest weight is−k~q) and in order to avoid unnecessary notation we will not always write

out the two factors of the highest weight. Thus taking the multiplet of operators corresponding to the fluxes

found in the representation with highest weightk~q⊕ −k~q we obtain an ’t Hooft operator

M~Λ
(x) , (6.1.26)

which transforms under gauge transformations in the representation of U(n) × U(n) with highest weight

k~q⊕ −k~q.

Secondly, we want to considersupersymmetric’t Hooft operators. This means that the classical field

configuration near the insertion point needs to preserve some fraction of the supersymmetry. As we will see,

this means that in addition to a singularity in the gauge field, we must also require a singularity in the scalar

fields. Assuming that the fermions vanish and that the scalarfields remain in the vacuum moduli space -i.e.

commuting but not necessarily constant - the supersymmetryvariation is

δψA = γ
µDµZ

BǫBA .

To proceed we note that we are looking in the Euclidean regime. In such cases we do not need to look for

real solutions. In particular if we expandZA = (XA + iYA)/
√

2 in terms of real scalars then when we look

for solutions in the Euclidean regime we no longer require that XA, YA be real. This means that we should

not identifyZA andZA as complex conjugates of each other but rather as independent fields. Similarly we

no longer require thatǫ∗AB = ǫ
AB, although we still imposeǫAB = 1

2ε
ABCDǫCD [185].

With this in mind we can find supersymmetric configurations bytaking a single scalar, sayZ1, and

setting

DµZ
1 = 0 ,

but notDµZ̄1 , 0. This will then preserve the supersymmetriesǫ1A, A = 2, 3, 4 i.e. half. Note that since we

do not assume thatǫ∗AB = ǫ
AB the remaining supersymmetriesǫAB, A, B , 1 andǫ1A are not related toǫ1A

and hence can still be non-vanishing.
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The equations of motion for the gauge field can now be written as

k
2π
εµνλF

νλ
L = iZ1DµZ̄1 = Dµ(iZ

1Z̄1) (6.1.27)

k
2π
εµνλF

νλ
R = iDµZ̄1Z1 = Dµ(iZ̄1Z1) .

Note that ifZ1 remains in the vacuum moduli space,i.e.commuting, thenFL = FR. In addition the Bianchi

identity implies thatDµDµ(Z1Z̄1) = 0. Thus a supersymmetric ’t Hooft operator is determined by an

harmonic function which takes values in the Cartan-subalgebra and whose pole defines the magnetic charge

QM, c.f. (6.1.11):

Z1Z̄1 = −
2πi
k

QM

|x− x0|
+ nonsingular. (6.1.28)

The ’t Hooft operators can be used to construct important observables in ABJM. As we have seen they

are crucial for obtaining states with momentum around the M-theory circle. Indeed the circle action corre-

sponds to U(1)B rotations which have been gauged. Thus if we try to constructgauge invariant operators out

of the local fields then they must be neutral with respect to U(1)B and hence have zero momentum around

the M-theory circle. For example if we concentrate on the scalars then the only gauge invariant operators

are analogues of spin-chains in the AdS5/CFT4 correspondence:

Tr(ZAZ̄BZC....) . (6.1.29)

But these all carry zero U(1)B charge and hence are invariant under rotations of the M-theory circle. How-

ever, we can rectify this by allowing operators such as

Tr(M~Λ
ZA1ZA2ZA3....ZAp) (6.1.30)

so long asM is an ’t Hooft operator with U(1)B charge−p and is in the dual to thepth symmetric represen-

tation of U(n) × U(n). This corresponds to highest weight vector

~Λ = p~λn−1 , (6.1.31)

and hence toq1 = ... = qn−1 = 0, qn = −p/k. Note once again that this exists as long asp is a multiple ofk,

i.e. it only allows for eleven-dimensional momenta that are multiples ofk, in agreement with expectations

from theZk orbifold projection.
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6.1.3. Abelian ’t Hooft operators

The ’t Hooft operators that we have discussed might seem somewhat abstract in nature. So let us try

to shed some light on these operators in the simpler abelian case. In fact, we have already seen examples

of abelian ’t Hooft operators – the exponentialseiσ(x) – in the moduli space computation of Section5.1.

Imagine now that we are working with U(1)n × U(1)n ABJM theory.

Let us first write down the total charges under the groups U(1)i
B and U(1)iQ obtained by taking the

difference and sum, respectively, of the gauge fields in the original groups

Qi
B =

k
4π

∫

Hi
12+ ΣAΠθA

i

Qi
Q =

k
4π

∫

F i
12 . (6.1.32)

Both of the total charges are constrained to be zero by gauge invariance. The second equation says the fluxes

associated toALi ,ARi are equal while the first equation equates the common flux to the charge coming from

the matter current (which in turn we have identified with momentum in the M-direction).

Now recall from the analysis following Eq. (5.1.21) that the fieldsσi obtained by dualisingHi are

shifted bykθi under theith U(1)B subgroup. It follows that

Mi = eiσi (x) , (6.1.33)

has chargek under this subgroup. Furthermore insertingp factors ofeiσi (x) into the path integral

Z =
∫

[dzA
i ][dAL

i ][dAR
i ]ei

∫

d3xL , (6.1.34)

with L given by (5.1.21), is equivalent to shifting

1
8π

∫

d3yεµνλ∂µHiνλ(y)→ 1
8π

∫

d3y
(

εµνλ∂µHiνλ(y) + 8πpδ(x− y)
)

, (6.1.35)

i.e. it has createdp units of flux in theith U(1)L and U(1)R subgroups with the singularity located atx. The

gauge invariant coordinatewA
i = e−iσi/kzA

i on the moduli space is then identified withM−1/k
i zA

i .

In this simple abelian case we also see that the ’t Hooft operator is just a Wilson line for theith U(1)B

gauge field

eiσi (x) = ei
∫

γ
dσi = eik

∫

γ
Bi , (6.1.36)

where we used the fact, derived after Eq. (5.1.21), that Bi µ = ∂µσi/k. The integral is over a curveγ that

ends at the spacetime pointx with some some starting fixed reference point (that we could take to be at
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infinity). However such an interpretation is not possible inthe non-abelian theory and one must use the

definition above in terms of singularities of the fields in thepath integral.

In the abelian example we can also see some important quantumproperties of ’t Hooft operators that we

expect to also be valid in the non-abelian case. One such property is that the ’t Hooft operator is covariantly

constant

Dµe
iσi = (i∂µσi − ikBµi)e

iσi = 0 . (6.1.37)

This is more generally true for anyeipσi , an operator that has chargekp, since the covariant derivative

changes accordingly. Because of the absence of singularities (see below) this can be thought of as the

product ofp coincident ’t Hooft operators.

A related point is that, in conformal field theory,eiσi has dimension zero. This is clear classically since

Bµi = ∂µσi/k should have dimension one, but one may wonder whether or not it holds in the quantum theory.

After all, in perturbative string theory we are used to the notion that, due to normal ordering effects, the free

boson vertex operatoreikX is not dimensionless but rather has conformal dimensionα′k2. However in the

present case, since the momentum conjugate toBi
µ = ALi

µ − ARi
µ is ε0µν(k/2π)Qi

ν = ε0µν(k/2π)(ALi
ν + ARi

ν ),

there is no normal ordering ambiguity in the definition ofeipσi , and therefore it has dimension zero also in

the quantum theory.

In fact this argument strongly suggests that ’t Hooft operators have dimension zero in the full ABJM

theory. To see this first consider a vacuum where the scalar field VEV’s have been sent to infinity. Here

the theory is purely abelian and as above the ’t Hooft operators have dimension zero. Let us now allow for

finite scalar VEV’s. Since the scalar VEV’s have conformal-dimension1
2 in three-dimensions, the conformal

dimension of ’t Hooft operators cannot depend on them. Hencethe ’t Hooft operators remain dimension zero

at finite values of the scalar VEV’s in the full ABJM theory. For alternative and more detailed discussions

on the dimensions and R-charges of ’t Hooft operators in Chern-Simons gauge theories, see [186].

It is important to remember that although ’t Hooft operatorshave dimension zero, they can still have non-

trivial OPE’s with other local operators. In the abelian case one finds thateiσi does not commute withHµνi =

∂µQνi − ∂νQµi, leading to a non-vanishing OPE representing the creation of magnetic charge at the insertion

point of eiσi . In the non-abelian case we should expect ’t Hooft operatorsthat are, roughly speaking,

constructed fromAL
µ − AR

µ , to have non-trivial OPEs with local operators constructedfrom AL
µ + AR

µ . Since

such ’t Hooft operators are not the identity, these Chern-Simons models describe logarithmic conformal

field theories and hence are not unitary. This is due to the indefinite metric associated to the gauge fields

which, although non-unitary in a formal sense, still leads to a unitary physical theory.
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6.2. Hidden symmetries at k= 1, 2

The derivation of the ABJM model applies even whenk = 1, 2. However, in that case the M2-branes are

propagating inR8 orR8/Z2 so their worldvolume theory should preserveN = 8 supersymmetry. This is not

manifest in the lagrangian formulation. On the other hand, the brane derivation of the ABJM model implies

that the fullN = 8 supersymmetry must somehow be present. The first step towards resolving this issue

is to note that fork = 1, 2 the theory is strongly coupled. Therefore the quantum theory can in principle

have quite different properties to the classical theory, including additional symmetries.48 Consequently, one

can propose that the additional supersymmetries, even if not manifest in the lagrangian, are present in the

quantum theory.

We start with the observation that the two extra supercurrents are charged under U(1)B. Naively, there

are no gauge invariant local observables that can carry sucha U(1)B charge. Therefore, to make them gauge

invariant, we must introduce ’t Hooft operators. Let us see how this works in the special case ofk = 1, 2.

First note thatk = 1, 2 the ABJM model should have an SO(8) R-symmetry. There is a manifest SU(4)

symmetry which at the quantum level is generated by the currents

JA
µ B = Tr(ZADµZ̄B − DµZ

AZ̄B + iψAγµψB) . (6.2.1)

To enhance this to SO(8) we need currents of the form Tr(ZADµZB − DµZAZB + iεABCDψCγµψD) but these

are not gauge invariant. However, we can rectify this by including ’t Hooft operators with U(1)B charge−2

and which are in the symmetric representation (so thatJAB
µ = −JBA

µ )

JAB
µ = Tr((M2~λn−1)(Z

ADµZ
B − DµZ

AZB + iεABCDψCγµψD)) , (6.2.2)

where 2~λn−1 is the highest weight of the symmetric (anti-fundamental) representation. This is obtained by

taking the fluxq1 = q2 = .... = qn−1 = 0, qn = −2/k and only exists precisely whenk = 1, 2.

In addition there should be an extraN = 2 supersymmetry current atk = 1, 2. In this case we can

construct

Tr(M2~λn−1DµZ
AψA) , (6.2.3)

which has all the desired properties.49

Finally atk = 1 there should be a current that generates translations along the M-theory circle. A natural

48This is rather like the opposite of an anomaly, in the sense that the classical lagrangian does not have all the symmetriesof the
quantum theory.

49For related treatments see [187, 188, 194].
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candidate for this is

Tr(M~λn−1Z
A) , (6.2.4)

where~λn−1 is the highest weight of the anti-fundamental with U(1)B charge−1 and can only arise atk = 1

with q1 = q2 = ... = qn1 = 0, qn = −1.

Thus we see that there are candidate operators that can enhance supersymmetry and translational invari-

ance exactly as expected on physical grounds whenk = 1, 2. These operators necessarily involve ’t Hooft

operators in an important way. It is a different matter to rigorously prove that the operators constructed

above actually achieve the desired result, a task we will notattempt here.

6.3. Background fields

For a single M2-brane propagating in an eleven-dimensionalspacetime with coordinatesxM, the full

non-linear effective action including fermions andκ-symmetry was discussed in Section1.4. The bosonic

part of the effective action is [9]

S = −TM2

∫

d3σ
√

−det(∂µxM∂νxNgMN)

+
TM2

3!

∫

d3σ ǫµνλ∂µxM∂νx
N∂λxPCMNP . (6.3.1)

So far the topic of this review has been on the non-abelian generalisation of the first term, in the de-

coupling limit TM2 → ∞ while keepingXM =
√

TM2xM finite, corresponding to multiple M2-branes

propagating in flat space (or orbifolds of flat space). We now switch gears and focus on the generalisation

of the second term, namely the coupling of multiple M2-branes to the background M-theory gauge fields.

In the well studied case of D-branes, where the low energy effective theory is a maximally supersym-

metric Yang-Mills gauge theory with fields in the adjoint representation, the appropriate generalisation was

given by Myers [195]. In the case of multiple M2-branes, the scalar fieldsXI and fermions now take val-

ues in a 3-algebra which carries a bi-fundamental representation of the gauge group. Here we will follow

closely reference [196] and we refer the reader there for more technical details. Inaddition we will restrict

ourselves to terms which survive underTM2 → ∞. For alternative discussions of the coupling of multiple

M2-branes to background fields, including terms that do not survive this limit, see [197–200].

6.3.1. BLG theory

Let us first consider the maximally supersymmetric case. Assuming that there is no metric dependence

we start with the most general form for a non-abelian pull-back of the background gauge fields to the
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M2-brane worldvolume

SC =
1
3!
ǫµνλ

∫

d3x
(

a TM2Cµνλ + 3bCµIJ Tr(DνX
I ,DλX

J)

+12c CµνIJKL Tr(DλXI , [XJ,XK,XL])

+12d C[µIJCνKL] Tr(DλX
I , [XJ,XK ,XL]) + . . .

)

, (6.3.2)

wherea, b, c, d are dimensionless constants that we have included for generality. The ellipsis denotes terms

that are proportional to negative powers ofTM2 and hence vanish in the limitTM2→ ∞.

Let us make several comments. First note that we have allowedthe possibility of higher powers of the

background fields. In D-branes the Myers terms are linear in the Ramond-Ramond fields, but they also

include non-linear couplings to the NS-NS 2-form. Since allthese fields come from the M-theory 3-form

or 6-form, this suggests that we allow for a non-linear dependence in the M2-brane action.

Also note that gauge invariance rules out any terms where theC-fields have an odd number of indices

that are transverse to the M2-branes. Fork = 2, 4 this is expected from the spacetime interpretation, where

theN = 8 theory with gauge group SU(2)×SU(2) or (SU(2)×SU(2))/Z2, respectively, describes M2-branes

on aC4/Z2 orbifold, as discussed in Section5.3.2. For these cases we must set to zero any components

of C3 or C6 with an odd number ofI , J = 1, ..., 8 indices. Therefore, in what follows, we will restrict our

attention to the case withk = 2. (Similar results hold fork = 1. However, in that case, ’t Hooft operators

play an important role in restoring translational invariance.)

The first term in Eq. (6.3.2) is the ordinary coupling of an M2-brane to the background 3-form. Hence

we should takea = n for n M2’s. The second term leads to a non-Lorentz invariant modification of the

effective three-dimensional kinetic energy. It is also present in the case of a single M2-brane action (6.3.1),

where we findb = 1. We will assume the same to be true in the non-abelian theory. The final term,

proportional tod, in fact vanishes because Tr(DλX[ I , [XJ,XK,XL]]) = 1
4∂λTr(XI , [XJ,XK,XL]) which is

symmetric underI , J↔ K, L. Note that we have allowed the M2-brane to couple to both the 3-form gauge

field and its electromagnetic 6-form dual, defined byG4 = dC3, G7 = dC6 whereG7 is defined in (1.5.2).

The equations of motion of eleven-dimensional supergravity imply that dG7 = 0. HoweverG7 is not

gauge invariant underδC3 = dΛ2. ThusSC is not obviously gauge invariant or even local as a functional of

the eleven-dimensional gauge fields. We would like to find an expression that is manifestly gauge invariant.

To discuss the gauge invariance underδC3 = dΛ2, we first integrate by parts and discard all boundary
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terms. We find

SC =
1
3!
ǫµνλ

∫

d3x
(

nTM2Cµνλ

+
3
2

GµνIJ Tr(XI ,DλX
J) − 3

2
CµIJ Tr(XI , F̃νλX

J) (6.3.3)

−c GµνλIJKL Tr(XI , [XJ,XK ,XL])
)

,

where we have used the fact thatCµνI and CµνλIJK have been projected out by the orbifold and hence

GµνIJ = 2∂[µCν] IJ andGµνλIJKL = 3∂[µCνλ] IJKL. We see thatSC contains a coupling to the worldvolume

gauge field strength̃Fνλ, but this term is not invariant under the gauge transformation δC3 = dΛ2. However,

it can be cancelled by adding the term

SF =
1
4
ǫµνλ

∫

d3xTr(XI , F̃µνX
J)CλIJ (6.3.4)

to SC. Such terms involving the worldvolume gauge field strength also arise in the action of multiple

D-branes.

Next consider the terms on the third line of Eq. (6.3.3). AlthoughG7 is not gauge invariant, the combi-

nationG7 +
1
2C3 ∧G4 is. Thus we also add the term

SCG = −
c

2 · 3!
ǫµνλ

∫

d3xTr(XI , [XJ,XK,XL])(C3 ∧G4)µνλIJKL (6.3.5)

and obtain a gauge invariant action.

To summarise, we find that the total flux terms are, in the limitTM2→ ∞,

S f lux = SC + SF + SCG

=
1
3!
ǫµνλ

∫

d3x
(

nTM2Cµνλ +
3
2

GµνIJ Tr(XI ,DλX
J) (6.3.6)

−c (G7 +
1
2

C3 ∧G4)µνλIJKL Tr(XI , [XJ,XK,XL])
)

.

We will argue later thatc = 2 by comparing the higher order terms in fluxes that are demanded by super-

symmetry with those obtained because the supergravity background is no longer flat at quadratic order.

Now let us supersymmetrise (6.3.6) in a fixed (but gauge-invariant) background.50 Thus we consider a

background in which

L f lux = cG̃IJKL Tr(XI , [XJ,XK ,XL]) , (6.3.7)

50Similar calculations appear in [201–203] where the flux-induced fermion masses on D-branes were obtained.
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where

G̃IJKL = − 1
3!
ǫµνλ(G7 +

1
2

C3 ∧G4)µνλIJKL

=
1
4!
ǫIJKLMNPQGMNPQ (6.3.8)

andGIJKL is assumed to be constant. After supersymmetrisation, one finds the lagrangian to be

L = LN=8 +Lmass+L f lux , (6.3.9)

whereLN=8 is the lagrangian (3.1.22) and

Lmass= −
1
2

m2δIJ Tr(XI ,XJ) − ic
16

Tr (Ψ̄ΓIJKL,Ψ) G̃IJKL , (6.3.10)

with

m2 =
c2

32 · 4!
G2 (6.3.11)

andG2 = GIJKLGIJKL.

Next we need to modify the supersymmetry transformationsδ→ δ+ δ′ to accommodate the flux terms.

One finds that the required choice is

δ′XI
a = 0

δ′Ãµ
b

a = 0 (6.3.12)

δ′Ψa =
c
8
ΓIJKLΓMǫ XM

a G̃IJKL .

Invariance follows ifG̃ is self-dual and

GMN[ IJGKL]
MN = 0 . (6.3.13)

The superalgebra can be shown to close on-shell.

We close by noting that setting

G = µ(dx3 ∧ dx4 ∧ dx5 ∧ dx6 + dx7 ∧ dx8 ∧ dx9 ∧ dx10) (6.3.14)

leads to the mass-deformed lagrangian of [204, 205]. This is an interesting extension of the BLG theory

that we will investigate shortly in its ABJM realisation.
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6.3.2. ABJM theory

Let us now consider the more general case ofN = 6 supersymmetry and in particular the ABJM [98]

and ABJ [153] models. Following the discussion of the previous section,we start with

SC =
1
3!
ǫµνλ

∫

d3 x
(

nTM2Cµνλ +
3
2

Cµ
A

B Tr(DνZ̄A,DλZ
B) +

3
2

CµA
B Tr(DνZ

A,DλZ̄B)

+
3c
2

CµνAB
CD Tr([DλZ̄D, [Z

A,ZB; Z̄C]) +
3c
2

Cµν
AB

CD Tr([DλZ
D, [Z̄A, Z̄B; ZC])

)

. (6.3.15)

Integrating by parts we again find a non-gauge invariant termproportional toǫµνλF̃νλCµ
A

B which is canceled

by adding

SF =
1
8
ǫµνλ

∫

d3x Cµ
A

B Tr(Z̄A, F̃νλZ
B) +CµA

B Tr(ZA, F̃νλZ̄B) . (6.3.16)

As was the case with theN = 8 theory, we must also add

SCG = − c
8 · 3!

ǫµνλ
∫

d3x (C3 ∧G4)µνAB
CD Tr(Z̄D, [Z

A,ZB; Z̄C]) (6.3.17)

to ensure that the last term is gauge invariant. Thus in totalwe have

S f lux = SC + SF + SCG

=
1
3!
ǫµνλ

∫

d3x
(

nTM2Cµνλ

+
3
4

Gµν
A

B Tr(Z̄A,DλZ
B) +

3
4

GµνA
B Tr(ZA,DλZ̄B) (6.3.18)

−c
4

(G7 +
1
2

C3 ∧G4)µνλAB
CD Tr([Z̄D, [Z

A,ZB; Z̄C])
)

.

Continuing as before, we wish to supersymmetrise the action

L = LN=6 +Lmass+L f lux , (6.3.19)

whereLN=6 is theN = 6 Chern-Simons-matter lagrangian Eq. (4.1.19). We restrict to backgrounds where

L f lux =
c
4

Tr([Z̄D, [Z
A,ZB; Z̄C])G̃AB

CD , (6.3.20)

with

G̃AB
CD = − 1

3!
ǫµνλ(G7 +

1
2

C3 ∧G4)µνλAB
CD

=
1
4
ǫABEFǫ

CDGHGEF
GH . (6.3.21)

123



We can supersymmetrise this term if we takeLmassto be

Lmass= −m2 Tr(Z̄A,Z
A) +

ic
4

Tr(ψ̄A, ψF)G̃AE
EF (6.3.22)

and include the following modification to the fermion supersymmetry variation

δ′ψAd =
c
4
ǫDFZF

d G̃AE
ED . (6.3.23)

We then find that supersymmetry requires

G̃AE
EBG̃BF

FC =
16m2

c2
δC

A. (6.3.24)

It also restrictsG̃ to have the form

G̃AB
CD =

1
2
δC

BG̃AE
ED − 1

2
δC

AG̃BE
ED − 1

2
δD

BG̃AE
EC +

1
2
δD

AG̃BE
EC , (6.3.25)

with G̃AE
EA = 0. As a consequence, we find that

m2 =
1

32 · 4!
c2G2 , (6.3.26)

whereG2 = 6GAB
CDGAB

CD = 12GAE
EBGBF

FA.

ChoosingG̃AB
CD to have the form (6.3.25) with

G̃AB
BC =













































µ 0 0 0

0 µ 0 0

0 0 −µ 0

0 0 0 −µ













































, (6.3.27)

gives the mass-deformed ABJM lagrangian of [206, 207].

6.3.3. Background curvature

It is interesting to understand the physical origin of the mass-squared term in the effective action

Eq. (6.3.22), which is quadratic in the flux. Note that this term is a simple, SO(8)-invariant mass term

for all the scalar fields. Furthermore it does not depend on any non-abelian features of the theory. Therefore

we can derive this term by simply considering a single M2-brane and compute the unknown constantc.

We can understand the origin of this term as follows. We have just seen that it arises as a consequence

of supersymmetry. For a single M2-brane, supersymmetry arises as a consequence ofκ-symmetry andκ-
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symmetry is valid whenever an M2-brane is propagating in a background that satisfies the equations of

motion of eleven-dimensional supergravity [9].

The multiple M2-brane actions implicitly assume that the background is simply flat space or an orb-

ifold thereof. However, the inclusion of non-trivial flux implies that there is now a source for the eleven-

dimensional metric, which is of order flux-squared. Thus forthere to beκ-symmetry and hence supersym-

metry it follows that the background must be curved. This in turn will lead to a potential in the effective

action of an M2-brane. In particular given a 4-form fluxG4, the bosonic equations of eleven-dimensional

supergravity are

Rmn−
1
2

gmnR =
1

2 · 3!
GmpqrGn

pqr − 1
4 · 4!

gmnG
2

d⋆G4 −
1
2

G4 ∧G4 = 0 . (6.3.28)

At lowest order in the fluxes we see thatgmn = ηmn andG4 is constant. However at second order there

are source terms. To start, we assume that, at lowest order, only GIJKL is non-vanishing. To solve these

equations we introduce a non-trivial metric of the form

gmn =

















e2ωηµν 0

0 gIJ

















, (6.3.29)

whereω = ω(xI ) = ω(XI/T
1
2
M2) andgIJ = gIJ(xI ) = gIJ(XI/T

1
2
M2).

Let us look at an M2-brane in this background. The first term inthe action (6.3.1) is

S1 = −TM2

∫

d3x
√

−det(e2ωηµν + ∂µxI∂νxJgIJ)

= −TM2

∫

d3x e3ω
(

1+
1
2

e−2ω∂µxI∂µxJgIJ + . . .

)

(6.3.30)

= −
∫

d3x

(

TM2e3ω +
1
2

eω∂µX
I∂µXJgIJ + . . .

)

.

Next we note that, in the decoupling limitTM2→ ∞, we can expand

e2ω(x) = e2ω(XI /
√

TM2) = 1+
2

TM2
ωIJXI XJ + . . . (6.3.31)

and

gIJ(x) = gIJ(XI/
√

TM2) = δIJ + . . . , (6.3.32)
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so that

S1 = −
∫

d3x

(

TM2 + 3ωIJXI XJ +
1
2
∂µXI∂µXJδIJ + . . .

)

, (6.3.33)

where the ellipsis denotes terms that vanish asTM2→ ∞. Thus we see that in the decoupling limit we obtain

the mass term for the scalars. Similar mass terms for M2-branes were also studied in [208] for pp-waves.

To compute the warp-factorω we can expandgmn = ηmn+ hmn, wherehmn is second order in the fluxes,

and linearise the Einstein equation. If we impose the gauge∂mhmn− 1
2∂nhp

p = 0, then Einstein’s equations

reduce to

∂I∂
Ie2ω =

1
3 · 4!

G2 (6.3.34)

and hence, to leading order in the fluxes,

e2ω = 1+
1

48 · 4!
G2δIJ xI xJ . (6.3.35)

ThusS1 contributes the term

S1 = −
∫

d3x
1

32 · 4!
G2X2 (6.3.36)

to the potential.

Next we must look at the second term, the Wess-Zumino term, in(6.3.1)

S2 =
TM2

3!

∫

d3xǫµνλCµνλ . (6.3.37)

Although we have assumed thatCµνλ = 0 at leading order, theC-field equation of motion implies that

GIµνλ = ∂ICµνλ is second order inGIJKL. In particular if we writeCµνλ = C0ǫµνλ we find, assumingGIJKL

is self-dual, the equation

∂I∂
IC0 =

1
2 · 4!

G2 . (6.3.38)

The solution is

C0 =
1

32 · 4!
G2δIJ xI xJ . (6.3.39)

Thus we find thatS2 gives a second contribution to the scalar potential

S2 = −
∫

d3x
1

32 · 4!
G2X2 . (6.3.40)

Note that this is equal to the scalar potential derived fromS1 in Eq. (6.3.36). Therefore if we were to break

supersymmetry and consider anti-M2-branes, where the signof the Wess-Zumino term changes, we would

not find a mass for the scalars.

126



In total we find the mass-squared

m2 =
1

8 · 4!
G2 . (6.3.41)

Comparing with (6.3.13) we see thatc2 = 4, e.g. c= 2.

6.4. Dielectric membranes

Having obtained the explicit form of theN = 6 supersymmetric lagrangian for the mass-deformed

ABJM model, Eq. (6.3.19), we can proceed to study the physics it describes. We recallthat the undeformed

ABJM action is given by the expression

SABJM =

∫

d3x

[

k
4π
ǫµνλTr

(

AL
µ∂νA

L
λ +

2i
3

AL
µAL

νAL
λ − AR

µ∂νA
R
λ −

2i
3

AR
µAR

νAR
λ

)

− Tr
(

DµZ̄ADµZA
)

+
4π2

3k2
Tr

(

ZAZ̄AZBZ̄BZCZ̄C + Z̄AZAZ̄BZBZ̄CZC + 4ZAZ̄BZCZ̄AZBZ̄C − 6ZAZ̄BZBZ̄AZCZ̄C

)

]

,

(6.4.1)

where on the first line we have the Chern-Simons gauge field andthe matter kinetic terms, while on the

second we have the sextic scalar potential. Focusing on the purely bosonic sector will prove enough for our

purposes.

By splitting ZA = (Rα,Qα), whereα = 1, 2, the mass deformation (6.3.27) changes the potential to

V = |Mα|2 + |Nα|2 , (6.4.2)

where

Mα = µQα +
2π
k

(2Q[αQ̄βQ
β] + RβR̄βQ

α − QαR̄βR
β + 2QβR̄βR

α)

Nα = −µRα +
2π
k

(2R[αR̄βR
β] + QβQ̄βR

α − RαQ̄βQ
β + 2RβQ̄βQ

α) , (6.4.3)

which in principle also involves a mass term for the fermions. Note that the expressions in (6.4.3) couple

Rα with Qα and break the SU(4) invariance. Nevertheless, in the full scalar potential (6.4.2), the terms

that coupleRα andQα cancel out [207]. As a result, we will keep a different notation for their respective

indices, withRα andQα̇ for α̇ = 1, 2. We conclude that the R-symmetry is broken down to the subgroup

SU(2)× SU(2)× U(1).
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6.4.1. Vacua of the mass-deformed theory

From the previous sections we see that the supersymmetric vacua of the mass-deformed theory satisfy

1
2

MB
CǫCDZD +

(

[ZC,ZD; ZB] + [ZE,ZC; Z̄E]δD
B

)

ǫCD = 0 , (6.4.4)

whereMB
C has the form

MB
C =













































2µ 0 0 0

0 2µ 0 0

0 0 −2µ 0

0 0 0 −2µ













































. (6.4.5)

For maximally supersymmetric vacua we require that this is true for allǫCD = −ǫDC

1
4

MB
CZD − 1

4
MB

DZC + [ZC,ZD; ZB] +
1
2

[ZE,ZC; Z̄E]δD
B −

1
2

[ZE,ZD; Z̄E]δC
B = 0 . (6.4.6)

Taking the trace overB,D implies that

1
2

MB
CZB = [ZD,ZE; Z̄E] . (6.4.7)

Substituting back we find that Eq. (6.4.6) is only satisfied ifMB
CZB = 2µZC or MB

CZB = −2µZC.

Thus the mass-deformed theory has two sets of ground states expressed in terms of the scalarsRα and

Qα̇. One set corresponds to havingQα̇ = 0 andRα satisfying

Rα =
2π
µk

(

RαR̄βR
β − RβR̄βR

α
)

, (6.4.8)

as can be easily seen from (6.4.2)-(6.4.3). This can be solved by the ansatz

Rα = fGα , (6.4.9)

where f 2 = µk/2π and theGα’s are a set of complex, constant,n× n bi-fundamental matrices satisfying

Gα = GαḠβG
β −GβḠβG

α . (6.4.10)

There exist irreducible solutions to the above equation, explicitly given by [207]

(G1)m,l =
√

m− 1 δm,l

(G2)m,l =
√

(n−m) δm+1,l

(Ḡ1)m,l =
√

m− 1 δm,l
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(Ḡ2)m,l =
√

(n− l) δl+1,m . (6.4.11)

Another set hasRα = 0, Qα̇ = fGα̇, with the Gα̇’s satisfying once again (6.4.10). Moreover, one

can easily construct reducible solutions using the above irreducible representations to form block diagonal

matrices with block sizes that add up ton. It is also possible to construct reducible solutions wherebothRα

andQα̇ are turned on, as long as the block components ofRα are zero when the respective ones ofQα̇ are

not, and vice-versa so that (6.4.10) is satisfied for each block [207].

What is the expected physical interpretation of these vacuain the context of M2-branes? By taking

into consideration the background geometry that gives riseto the mass-deformed theory in the previous

section, one would anticipate that we have described an M-theoretic version of the “dielectric” Myers effect

[195]. That is, in the presence of the 4-form flux, then M2-branes are supposed to puff up into a fuzzy

(or non-commutative) 3-sphere in the transverse 8-dimensional space, with the non-commutativity scale set

by 1/n. In the large-n limit, the resulting configuration is an M2-M5 bound state and should also admit an

equivalent interpretation in terms of a single M5-brane wrapping theS3 [209]. In the following we will

confirm this expectation.

6.4.2. Geometric interpretation and Hopf fibration

Let us examine how this picture emerges from the matrices (6.4.11) for our initial configurations with

Rα = fGα, Qα̇ = 0. At closer inspection, as seen from (6.4.11), G1 = Ḡ1 and one has three real degrees

of freedom, as opposed to the four needed for the descriptionof the expected 3-sphere. Moreover, the R-

symmetry of the mass-deformed theory is only SU(2)× SU(2)× U(1) so the 3-sphere cannot be realised in

the familiar SO(4)-invariant way.

The key observation is that the following matrix combinations [62]

Jαβ = GαḠβ and J̄α
β
= ḠαG

β (6.4.12)

aren× n adjoint matrices and U(2) symmetry generators. One can extract the SU(2) parts as follows

Ji = (σ̃i)
α
βG

βḠα = (σ̃i)
α
βJβα ≡ (σi)β

αJβα

J̄i = (σ̃i)
α
βḠαG

β = (σ̃i)
α
β J̄α

β ≡ (σi)β
α J̄α

β
, (6.4.13)

whereσ̃ are the transpose of the Pauli matrices. TheJi andJ̄i ’s then satisfy the SU(2) commutation relations

[Ji , J j ] = 2iǫi jk Jk and [J̄i , J̄ j] = 2iǫi jk J̄k . (6.4.14)
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Using these relations along with (6.4.10), one finds that theGα, as well as all bi-fundamental fields, trans-

form under the combined action

JiG
α −Gα J̄i = (σ̃i)

α
βG

β, (6.4.15)

and as a result only asinglediagonal SU(2) survives as a symmetry of the system.

In order to further analyse the geometry, one can use the wellestablished fact that the algebra of large

matrices, transforming in irreducible representations ofa given symmetry group, approximates the algebra

of functions on spaces with the same isometries. Or conversely, the matrix algebras can provide a finite-

dimensional truncation/discretisation/quantisation of the continuous, “classical” geometry. Hence, one can

define to leading order in the large-n limit

xi ≃
Ji

n
and x̄i ≃

J̄i

n
, (6.4.16)

which play the role of standard Euclidean coordinates on two, at-first-sight-different,S2’s.

One can similarly define

gα ≃ Gα

√
n

and g∗α ≃
Ḡα√

n
(6.4.17)

as some yet-to-be-understoodcommutingclassical objects. In terms of the above definitions, the relations

(6.4.13) become

xi = (σ̃i)
α
βg

βg∗α
x̄i = (σ̃i)

α
βg
∗
αgβ , (6.4.18)

i.e. in this limit xi ≃ x̄i and one has two versions of the same Euclidean coordinate on asingle sphere. This

is in line with our previous observation, stating that the solution has only one SU(2) symmetry.

How does all this information fit together? The answer lies inrecognising that (6.4.18) is nothing but the

expression for the familiar first Hopf mapS3 π→ S2 from the unit 3-sphere to the unit 2-sphere. Note that in

the above construction the 2-sphere coordinatesxi , x̄i are invariant under multiplication of the classicalgα’s

(chosen such thatg1 = g∗1) by a U(1) phase. Using the latter, one could define some ˆgα = eiα(~x)gα which

would then describe a unitS3 with ĝαĝ∗α = 1. However, in our case thegα’s are already defined modulo

such a phase and they are just describing a different parametrisation of theS2 in terms of so-called Hopf

spinors [210].

It is interesting to note that in the same way that the SU(2) irreducible representationsJi are “fuzzy”

coordinates that “discretise” the classical 2-sphere coordinates, defined byxi xi = 1, the bifundamental

matricesGα “discretise” the classical Hopf spinorsgα. The latter are in fact equivalent to Killing spinors on
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S2 and theGα’s can be thought of as “fuzzy Killing spinors”. We refer the interested reader to [63, 64] for

a detailed discussion of their properties.

6.4.3. Brane interpretation

The various pieces of our geometric analysis are now fallinginto place: It is clear that for a dielectric

M5-brane to be emerging from this picture à la Myers, theS3 that it is wrapping should be realised in terms

of anS1 ֒→ S3 π→ S2 Hopf fibration. However, in the ABJM model the M-theory direction is modded out

by theZk orbifold action, which in turn implies that the Hopf fibration is insteadS1/Zk ֒→ S3/Zk
π→ S2. In

the weak coupling limit,k→ ∞, the fibre shrinks and this is reflected by the fact that the vacuum solutions

Gα only capture theS2 base of the Hopf bundle.

As a result, the emerging dielectric brane is a D2-D4 bound state in type IIA onR2,1×S2, obtained from

an M5 onR2,1×S3/Zk in thek→ ∞ limit. This can also be verified by a small-fluctuation analysis around

the irreducible vacua at largen and leads to an abelian 5d worldvolume theory for the action of fluctuations

[62, 63]. In turn, the latter also has an interpretation in terms of fluctuations around a D4-brane partially

wrapping the (fuzzy) sphere with a worldvolume flux that provides the coupling to the D2-brane charge. To

complete the lift to the full M5-brane description, additional momentum modes along the M-theory circle

must arise in a manner similar to the discussion in Section6.1, via U(1)B fluxes in ABJM that give rise to

’t Hooft operators [178].

In order to further characterise the D2-D4 bound state, we note that there is a natural invariant that one

can construct: First, we useZA = T
1
2
M2zA to convert theZA kinetic term of the action (6.4.1)

S = −
∫

d3x Tr(DµZ
ADµZ̄A) (6.4.19)

to the physical form

Sphys= −TM2

∫

d3x Tr(Dµz
ADµz̄A) . (6.4.20)

Now thezA are spacetime coordinates with dimensions of length and we can define a “physical radius” for

the emerging sphere geometry

R2
ph =

2
n

Tr(zAz̄A) = 8π2n f2ℓ3
p . (6.4.21)

This answer in terms of the M-theory constants can be furthermassaged through the structure of the Hopf

fibration: In an appropriate parametrisation, for anS3 radiusRph, the fibre has radiusRph, while the base
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S2 has radius51 1
2Rph. Since the fibre plays the role of the M-theory circle, it is further modded out by the

orbifold to give

R11 =
Rph

k
. (6.4.22)

Then, using the M-theory – type IIA relationsR11 = gsℓs, ℓ3
p = ℓ

3
sgs and f 2 = µk/2π, (6.4.21) becomes

R2
ph = 4πknµR11ℓ

2
s = 4πnµRphα

′ (6.4.23)

and hence the radius of theS2 is

Rph = 2nµλ , (6.4.24)

with λ = 2πα′, i.e. for fixedµ it is simply a linear function in the size of the matricesn.

Even though all of the above discussion has primarily been for the case of the irreducible solutions

that lead to a single higher dimensional brane description,the reducible solutions follow suit: Reducible

representations ofm blocks withn1 + n2 + . . . + nm = n correspond to concentric configurations of multi-

centre D4’s of different sizes. Of particular interest are the possibilities with m copies ofnm × nm equally

sized blocks, wherem nm = n. Since in that case all radii have the same value and the branes are therefore

coincident, one expects a worldvolume gauge symmetry enhancement U(1)m → U(m). This provides

a compelling starting point for studying multiple fivebranes in M-theory [178]. Works in this direction

include [212].

It is important to add that our interpretation for the vacua of the mass-deformed ABJM theory can be

confirmed by means of the gauge/gravity duality. The gravity solutions describing the M2-M5 bound state

in C
4/Zk, were found in [213] and are given in terms ofZk quotients of the smooth bubbling geometries

of [214, 215]. The latter emerge as expected in thek = 1 limit, preserve 16 bulk supercharges and are in

one-to-one correspondence with partitions ofn.52 It can indeed be shown that the evaluation of the index for

supersymmetric vacua from the gauge theory side at anyk reproduces exactly the counting expected from

gravity, including the partitions ofn result fork = 1 [220].

6.4.4. Fuzzy funnels revisited

Finally, we can now go full circle and reconsider the fuzzy funnel system of Basu-Harvey in the con-

text of ABJM. Namely we considern M2-branes ending on an M5-brane. Here the M2-branes are in the

x0, x1, x2 plane and the M5-brane sits alongx0, x1, x3, x4, x5, x6. The M2-branes preserve supersymmetries

Γ012ǫ = ǫ whereas the M5-brane preservesΓ013456ǫ = ǫ. Thus the common preserved supersymmetries

51Seee.g.the relevant geometric discussion in [211].
52For k = 1 the mass-deformed M2-brane theory is also related to the BFSS Matrix theory description of IIB string theory on

the pp-wave [50, 207, 216] and tiny graviton matrix theory [217–219].
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satisfyΓ2ǫ = Γ3456ǫ. If we let XI ′ , with I ′ = {3, 4, 5, 6}, denote the fluctuations of the M2-branes that are

tangent to the M5-brane, then we look for solutions where only these are non-vanishing and depend onx2 –

the direction of the M2-branes that is orthogonal to the M5-brane. It will also be sufficient to set the gauge

fields to zero.

Let us consider the BLG theory first for simplicity and look for 1
2-BPS solutions. Here the condition

Γ2ǫ = Γ3456ǫ is equivalent toΓI ′J′K′ǫ = εI ′J′K′L′Γ2Γ
L′ǫ. Thus the conditionδΨa = 0 can be written as

0 =

(

∂2XL′
a −

1
3!
εI ′J′K′L′ f cdb

aXI ′
c XJ′

d XK′
b

)

Γ2Γ
L′ǫ . (6.4.25)

From here we can read off the BPS equation [83, 85]

dXI ′

dx2
= − 1

3!
εI ′J′K′L′ [XJ′ ,XK′ ,XL′ ] , (6.4.26)

which is essentially the Basu-Harvey equation [56], in this case for just two M2-branes.

We can of course also do this for the ABJM theory [62, 207, 221, 222]. In this case we need to set

Z3 = Z4 = 0. We then find (again assuming that the gauge fields vanish)

0 = γ2∂2ZαǫαB + [Zγ,Zα; Z̄γ]ǫαB + [Zγ,Zδ; Z̄B]ǫγδ , (6.4.27)

whereα, β = 1, 2. We can consider two cases. FirstB = β′ = 3, 4 which gives

0 = γ2∂2Zαǫαβ′ + [Zγ,Zα; Z̄γ]ǫαβ′ . (6.4.28)

This tells us that, assumingγ2ǫαβ′ = −ǫαβ′ ,

dZα

dx2
= [Zγ,Zα; Z̄γ] =

2π
k

(ZγZ†γZα − ZαZ†γZγ) . (6.4.29)

In the second caseB = β and we find

0 = γ2∂2Zαǫαβ + [Zγ,Zα; Z̄γ]ǫαβ + [Zγ,Zδ; Z̄β]ǫγδ , (6.4.30)

Next we note that since onZ1 andZ2 are non-vanishing, and [Zγ,Zδ; Z̄β] is anti-symmetric inγ, δ,

[Zγ,Zδ; Z̄β]ǫγδ = 2[Z1,Z2; Z̄β]ǫ12

= 2εβα[Zγ,Zα; Z̄γ]ǫ12 (6.4.31)

= −2[Zγ,Zα; Z̄γ]ǫαβ ,
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whereεβα = −εαβ is the two-dimensionalε-symbol. Thus, given Eq. (6.4.29), Eq. (6.4.30) is satisfied if

γ2ǫαβ = ǫαβ and half of the supersymmetries are preserved.

We are now just left with Eq. (6.4.29). To solve this equation one can use the same bi-fundamental

matrices as in our dielectric M2/M5 configuration, with the difference that the functional dependence of the

solution is now in terms of the “spike” direction,x2. Our ansatz is

Zα = f (x2)Gα , (6.4.32)

where theGα satisfy Eq. (6.4.10). We then find the simple equation

d f

dx2
= −2π

k
f 3 , (6.4.33)

so that, ignoring the free translational zero-mode alongx2,

f =

√

k
2π

2
√

x2
. (6.4.34)

As discussed in Section2.2this reproduces the correct behaviour for both the radial profile and the energy, to

account for the self-dual strings on the M5-brane worldvolume. Furthermore one can consider an M-theory

version of the Nahm construction for self-dual strings [223–226].

134



7. Superconformal CS theories with reduced supersymmetry

In the previous chapters, we studied theN = 8 andN = 6 superconformal Chern-Simons theories

in three spacetime dimensions. We found that the most general such theories could be described in terms

of 3-algebras. For the case ofN = 8, the 3-algebra structure constants turned out to be real and totally

antisymmetric,

f abc
d = f [abc]

d, ( f abc
d)∗ = f abc

d.

For the case ofN = 6, the constants were found to be complex, obeying

f ab
cd = − f ba

dc = − f ab
cd, ( f ab

cd)∗ = f cd
ab .

In each case the structure constants obey a fundamental identity, the analog of the Jacobi identity for an

ordinary Lie algebra. In this section we consider three-dimensional Chern-Simons theories withN = 5 and

N = 4 superconformal symmetry [153, 206, 227–229]. We will see that they too are described by a set of

3-algebras [101, 113, 115, 230–236]. In this section we closely follow the presentation of [101].

7.1. Superconformal CS theories withN = 5

We start with the case ofN = 5. ForN = 8 andN = 6, the R-symmetry group is SO(8) and

SO(6)≃ SU(4), respectively. ForN = 5, the R-symmetry group is SO(5)≃ Sp(4). Therefore we take

the supersymmetry parameterǫAB to be a spacetime spinor in the five-dimensional anti-symmetric tensor

representation of Sp(4), with

ǫAB = −ǫBA, ǫABωAB = 0 , (7.1.1)

whereA, B = 1, ..., 4 andωAB is the invariant anti-symmetric tensor of Sp(4), withωABωBC = −δA
C and

ωAB = (ωAB)∗. The Sp(4) indices are raised and lowered using the antisymmetric tensorsωAB andωAB,

respectively. In particular, this implies

ǫAB = ωACωBDǫ
CD , (7.1.2)

whereǫAB = (ǫAB)∗.

For theN = 5 theory, the matter fields are in the four-dimensional spinor representation of Sp(4).

The bosonic fields are scalars, which we write asZA
a , whereA = 1, ..., 4 and the indexa runs over the

gauge group. The fermionic fields are spacetime spinors, which we write asΨAa. The fields obey reality

conditions,

(ZA
a )∗ = Z̄a

A = −JabωABZB
b

(ΨAa)
∗ = ΨAa = −JabωABΨBb , (7.1.3)
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whereωAB is the Sp(4) invariant tensor, andJab is an invariant (anti-symmetric) tensor of the gauge group,

with JabJbc = −δa
c. The minus sign in the second term is chosen to render the constraint consistent with

theN = 5 supersymmetry transformations.

With these conventions, theN = 5 supersymmetry transformations take the following form

δZA
d = iǭADΨDd

δΨDd = γµǫADDµZ
A
d + habc

dZA
a ZB

b ZC
c ǫABωDC + jabc

dZA
a ZB

b ZC
c ǫDCωAB , (7.1.4)

where the gauge-covariant derivative is given by

DµZ
A
d = ∂µZ

A
d − Ãµ

a
dZA

a . (7.1.5)

The tensorshabcd = ωdehabc
e and jabcd= ωde jabc

e are real with

(habcd)∗ = habcd = ωaeωb fωcgωdhh
e f gh

( jabcd)∗ = jabcd = ωaeωb fωcgωdh je f gh, (7.1.6)

and, without loss of generality, they are anti-symmetric intheir first two indices.

Closing on the scalar, we find

[δ1, δ2]ZA
d = vµDµZ

A
d + Λ̃

a
dZA

a , (7.1.7)

with

Λ̃a
d = ihabc

dZB
b ZC

c ωDCǭ
DF
[2 ǫ1]BF , (7.1.8)

and

jabc
d =

1
2

(hbca
d − hacb

d) . (7.1.9)

This implies

δΨDd = γµǫADDµZ
A
d + habc

dZA
a ZB

b ZC
c ǫABωDC − hacb

dZA
a ZB

b ZC
c ǫDCωAB .

Closing on the fermion gives

[δ1, δ2]ΨDd = vµDµΨDd + Λ̃
a

dΨDa −
i
2
ǭAC
[1 ǫ2]ADECd +

i
4

(ǭAB
1 γνǫ2AB)γνEDd , (7.1.10)
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with the following fermion equation of motion:

EDd = γ
µDµΨDd − habc

d(ΨDcZ
A
a ZB

b + ΨDbZA
a ZB

c )ωAB+ 2habc
d(ΨAbZ

A
a ZC

c + ΨAcZ
A
a ZC

b )ωDC = 0 .

For these results to hold, the gauge field must transform as follows,

δÃµ
a

d = −i(hacb
d + habc

d)ωBEǭECγµΨBbZ
C
c . (7.1.11)

Closing on the gauge field imposes additional constraints:

habc
g(hedg

f + hegd
f )Z

A
a ZB

b ZC
c ZD

d ωADωBC = 0

habc
g(hedg

f + hegd
f )Z

A
a ZB

b ZC
c ZD

d ξ̄AB[1γ
µξ2]CD = 0 . (7.1.12)

TheN = 5 fundamental identity must be such that these constraints are satisfied.

Up to now, we have worked in complete generality. To proceed further, we impose additional symme-

tries on the structure constantshabc
d. One choice is to take

habe
dJce = f ab

cd = − f ba
cd = − f ab

dc . (7.1.13)

The notation suggests that thef ab
cd are structure constants of theN = 6 3-algebra, and indeed the con-

straints (7.1.12) can be shown to be satisfied on account of theN = 6 fundamental identity (3.2.6).

It is not hard to show that thisN = 5 is just anN = 5 subalgebra ofN = 6. We first use the constraint

(7.1.3) to eliminateωAB andJab from the lagrangian and transformation laws. We then removethe constraint

so thatZ̄a
A andΨAa become theunconstrainedcomplex conjugates ofZA

a andΨAa. With this interpretation,

the transformations (7.1.4) are precisely those ofN = 6 supersymmetry algebra,

δZA
d = iǭADΨDd,

δΨDd = γµǫADDµZ
A
d + f ab

cdZ
A
a ZB

b Z̄c
AǫBD + f ab

cdZ
A
a ZB

b Z̄c
DǫAB

δÃµ
a

d = −i f ab
cd(ǭBCγµΨBbZ̄

c
C + ǭBCγµΨ

CcZB
b ) . (7.1.14)

Indeed, the “sixth” supersymmetry transformation, withǫAB = −iωABη, is explicitly broken by the constraint

(7.1.3). When the constraint is removed, the full supersymmetry isrestored.

A second choice for the structure constants is to take

habc
d = gacb

d − gbca
d, (7.1.15)
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where

gacbd = gcabd= gbdac. (7.1.16)

This choice generates a set ofN = 5 theories that are not restrictions ofN = 6. The conditions (7.1.12) are

satisfied if

g(acb)d = 0 (7.1.17)

and

Jg j(g
a f bgg jchd + ga f gdgh jbc + ga f hgg jdbc + ga f gcgb jhd) = 0. (7.1.18)

Equation (7.1.18) is nothing but theN = 5 fundamental identity.

TheN = 5 supersymmetry transformations are found by substitutinggabc
d for habc

d in (7.1.4), (7.1.10)

and (7.1.11) [101, 231]

δZA
d = iǭADΨDd

δΨDd = γµǫADDµZ
A
d − gabc

dZA
a ZB

b ZC
c ǫDBωAC + 2gabc

dZA
a ZB

b ZC
c ǫACωDB

δÃµ
a

d = 3igbca
dω

BEǭECγµΨBbZ
C
c . (7.1.19)

These transformations close into a translation and a gauge variation, with parameter

Λ̃a
d = −

3i
2

gbca
dZB

b ZC
c ωDCǭ

DF
[2 ǫ1]BF. (7.1.20)

They also leave invariant theN = 5 lagrangian [231]

L = −DµZ̄a
ADµZ

A
a − iΨ̄AaγµDµΨAa− V +LCS

− 3i gacbdωABωCD (ZA
a ZB

b Ψ̄
C
cΨ

D
d − 2ZA

a ZD
b Ψ̄

C
cΨ

B
d) (7.1.21)

up to a total derivative, where

V =
12
5
Ῡd

ABCΥ
ABC
d (7.1.22)

with

ΥABC
d = gabc

d

(

ZA
a ZB

b ZC
c +

1
4
ωBCZA

a ZD
b ZDc

)

. (7.1.23)
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7.2. N = 5 gauge groups

In this section we constructN = 5 gauge theories, built from the symmetric structure constants gabc
d,

with gauge transformations

δZA
d = Λ̃

a
dZA

a = gbca
dΛbcZ

A
a . (7.2.1)

We will see that there are a host of such theories, including some with free parameters or exceptional gauge

groups, in vivid contrast toN = 6 or 8.

We start by constructing a set ofgabcd = Jdegabc
e that lead to an Sp(n) × SO(m) gauge group. There are

four combinations of the invariant tensors of Sp(n) and SO(m) that have the symmetries (7.1.16):

gaib jckdl
1 = (δacδbd − δadδbc)Ji j Jkl (7.2.2)

gaib jckdl
2 = (Jik J jl + J jk Jil )δabδcd

g(±)aib jckdl
3 = (δacδbd ± δadδbc)(Jik J jl ± J jkJil ),

wherei, j, ... = 1, ... n are Sp(n) indices, anda, b, ... = 1, ... mare SO(m). However, there are only two linear

combinations that satisfy (7.1.17) and the fundamental identity (7.1.18):

gaib jckdl = −2π
k

[

gaib jckdl
1 − gaib jckdl

2

]

(7.2.3)

gaib jckdl = −2π
k

[

g(+)aib jckdl
3 + g(−)aib jckdl

3

]

.

Let us look at the first case first. The structure constants are

gaib jckdl = −2π
k

[

(δacδbd − δadδbc)Ji j Jkl − δabδcd(Jik J jl + J jk Jil )
]

. (7.2.4)

They give rise to the following gauge transformation:

δZAdl = −2π
k

[

(δbaδcd − δbdδca)J jkJil − δbcδad(J ji Jkl + JkiJ jl )
]

Λb jckZ
A
ai

= −2π
k

[

(Λa jdk − Λd jak)J
jk Jil − δad(J ji Jkl + JkiJ jl )Λb jbk

]

ZA
ai. (7.2.5)

The two terms are Sp(n) and SO(m) transformations, respectively, with matter in the fundamental represen-

tations of each [153, 229, 230].

For the second case, the structure constants are simply

gaib jckdl = −2π
k

[

Jik J jlδacδbd + Jil J jkδadδbc
]

. (7.2.6)
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The indices are in standard direct product form, so the theory has gauge group Sp(mn), with matter in the

mn-dimensional fundamental representation.

For the special case of SO(4)× Sp(2)≃ SO(4)× SU(2), it is possible to add another term to the structure

constants [229, 230]:

gaib jckdl = −2π
k

[

gaib jckdl
1 − gaib jckdl

2 + αεabcdJi j Jkl
]

. (7.2.7)

Hereεabcd is the totally antisymmetric SO(4)-invariant tensor. The resultinggaib jckdl satisfy (7.1.17) and the

fundamental identity, for any choice of the parameterα. The gauge group is SO(4)× SU(2) forα , ∞. In

the limit α→ ∞, the gauge group is SO(4), and the resulting theory lifts toN = 6 and 8.

There are also two “exceptional” theories withN = 5. The first arises from the tensor

gaib jckdl = −2π
k

[

gaib jckdl
1 − gaib jckdl

2 + βCabcdJi j Jkl
]

, (7.2.8)

wherea, b, ... = 1, ... 7 andi, j, ... = 1, 2 are SO(7) and SU(2) indices, respectively. HereCabcd is the totally

antisymmetric tensor that is dual to the octonionic structure constants53 Ce f g,

Cabcd=
1
3!
εabcde f gCe f g. (7.2.9)

The tensor (7.2.8) satisfies (7.1.17) and the fundamental identity forβ = 0 orβ = 1
2.

Whenβ = 0, thegaib jckdl are just the Sp(2)× SO(7) structure constants discussed above. Whenβ = 1
2,

the gauge group is G2 × SU(2). In this case, the structure constants take the form

gaib jckdl = −2π
k

[(

δacδbd − δadδbc+
1
2

Cabcd
)

Ji j Jkl − δabδcd(Jik J jl + J jkJil )
]

, (7.2.10)

with i, j, ... = 1, 2. The gauge transformation is then

δZAdl = gb jckaidlΛb jckZ
A
ai

= −2π
k

[

Jil
(

δbaδcd − δbdδca+
1
2

Cbcad
)

J jkΛb jck − δad(J ji Jkl + JkiJ jl )Λb jbk

]

. (7.2.11)

The second term is clearly an SU(2) transformation. The firstis a G2 ⊂ SO(7) transformation, as can be

seen by recognizing that the operator

Pabcd
14 =

1
3

(

δabδcd − δacδbd +
1
2

Cabcd
)

(7.2.12)

53For a concise introduction to G2, SO(7) and the octonions, as well as a host of useful identities, see Section 2 and Appendix A
of [237].
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is a projector from the adjoint21of SO(7) to the adjoint14 of G2,

Pabcd
14 Cbce= 0. (7.2.13)

This proves that the gauge group is G2 × SU(2), recovering the result found in [229, 230].

The second exceptional theory has SO(7)× SU(2) gauge symmetry with matter transforming in the

spinor8 of SO(7) [229, 230]. The structure constants are

gaib jckdl = −2π
k

[

δabδcd(JikJ jl + J jkJil ) − 1
6
Γab

mnΓ
cd
mnJ

i j Jkl
]

, (7.2.14)

wherea, b, ... = 1, ... 8 and i, j, ... = 1, 2, andΓab
mn =

1
2(ΓmΓn − ΓnΓm)ab is built from the SO(7) gamma

matrices. The structure constants have the correct symmetries and satisfy the fundamental identity. The

gauge transformations are

δZAdl = gb jckaidlΛb jckZ
A
ai

= −2π
k

[

δad(J ji Jkl + JkiJ jl )Λb jbk −
1
6

JilΓad
mnΓ

bc
mnJ

jkΛb jck

]

ZA
ai. (7.2.15)

The gauge group is SO(7)× SU(2), with the matter fields transforming in the spinor representation of each.

In fact, theN = 5 theories presented here are in one-one correspondence with the Lie superalgebras

OSp(m|n), D(2|1;α), G(3) and F(4) [227, 230, 231, 233, 238]. The 3-algebra structure constants can be built

from the superalgebra structure constants as follows,

gabcd= hmn(τ
ma

eJbe)(τnc
f Jd f ) , (7.2.16)

wherehmn is the invariant quadratic form on the algebra. Thegabcd obey the correct symmetries because

τma
eJbe = τmb

eJae. They satisfy theN = 5 fundamental identity because of theτma
b satisfy the superalgebra

Jacobi identity.

7.3. LiftingN = 5 toN = 6

In this section, we show how to lift two theories withN = 5 supersymmetry toN = 6, along the lines

of the lift fromN = 6 toN = 8. In particular, we lift theN = 5 theories with Sp(n) × SO(2) and SO(4)×
SU(2) gauge symmetry toN = 6 theories with Sp(n) × U(1) and SO(4) gauge symmetry, respectively. As

we showed previously, the latter theory can then be lifted toN = 8 [101].
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To carry out the lifts, we first define unconstrained complex-conjugate scalar fieldsZA
a andZ̄a

A,

ZA
a = ZA

a1 + iZA
a2

Z̄a
A = Z̄a1

A − iZ̄a2
A . (7.3.1)

Supersymmetry then requires that the superpartnerΞAa be defined as follows:

ΞAa = ΨAa1 + iΨAa2

Ξ∗Aa = ΨAa1 − iΨAa2. (7.3.2)

The indices 1 and 2 refer to either SO(2) or SU(2), whilea refers to Sp(n) or SO(4), respectively. The

definitions

Z̄ai
A = −ωABJabδi j ZB

b j

ΨAai = −ωABJabδi jΨBb j [for Sp(n) × SO(2)] (7.3.3)

and

Z̄ai
A = −ωABδ

abεi j ZB
b j

ΨAai = −ωABδabεi jΨBb j [for SO(4)× SU(2)] (7.3.4)

allow us to write the complex-conjugate expressions (7.3.1) and (7.3.2) in terms of the original fields. Note

that this construction only works when one of theN = 5 gauge groups is SU(2) or SO(2).

We first consider the theory with Sp(n) × SO(2) gauge symmetry, wherea, b, ... = 1, ... n are Sp(n)

indices, andi, j, ... = 1, 2 are SO(2). The conjugate scalar̄Za
A takes the form

Z̄a
A = −ωABJab(ZB

b1 − iZB
b2) , (7.3.5)

and likewise for the conjugate spinorΞ∗Aa. With these definitions, theN = 5 transformations, with

gaib jckdl =
4π
3k

[

(δikδ jl − δilδ jk)JabJcd − δi jδkl(JacJbd + JbcJad)
]

, (7.3.6)

coincide with theN = 6 transformations, with

f ab
cd = −

2π
k

[

JabJcd + (δa
cδ

b
d − δ

a
dδ

b
c)
]

, (7.3.7)
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for five of the six supersymmetries.

To find the sixth, we plugǫAB → −iωABη into (7.1.14) and collect terms. After some calculation, we

recover:

δZA
dl = −ωADη̄ΨDdl

δΨDdl = −iγµωADηDµZ
A
dl + i f ab

cd(ωABωCD − ωACωBD) × (εikε jl + ε jkεil + iδi jεkl)Z
A
aiZ

B
b jZ

Cc
k η

δÃµ
aidl = i f abcd(η̄γµΨBb jZ

B
ck − η̄γµΨBckZ

B
b j)(δ

jkεil + ε jkδil ) , (7.3.8)

whereεi j is the antisymmetric, invariant tensor of SO(2). This is theextra supersymmetry transformation

that lifts theN = 5 theory with Sp(n) × SO(2) gauge symmetry to theN = 6 theory with Sp(n) × U(1).

Finally, we consider theN = 5 theory with SO(4)× SU(2) gauge symmetry, withgaib jckdl given in

(7.2.7), in the limitα→ ∞. In this limit, the structure constants reduce to

gaib jckdl→ αεabcdεi jεkl, (7.3.9)

wherea, b, ... = 1, ... 4 are SO(4) indices,i, j, ... = 1, 2 are SU(2), andεi j is the antisymmetric, invariant

tensor of SU(2). We first compute the gauge transformation. Using (7.1.8), we find

δZD
dl → αεabcdε jkεilΛb jckZ

A
ai. (7.3.10)

This is a pure SO(4) gauge transformation (the SU(2) is not gauged in this limit). Equation (7.3.10) suggests

that the SO(4)× SU(2) invariantN = 5 theory, in theα → ∞ limit, can be lifted to the SO(4) theory with

N = 6 and 8.

We now construct the lift. We first define the complex-conjugate scalarsZA
a andZ̄a

A. For the case at

hand,Z̄a
A is

Z̄Aa = −iωABδab(Z
B
b1 − iZB

b2) (7.3.11)

and likewise for the spinorΞ∗Aa. As above, it possible to show that theN = 5 transformations, with

gaib jckdl =
4π
3k
εabcdεi jεkl, (7.3.12)

coincide with theN = 6 transformations, with

f abcd = −2π
k
εabcd, (7.3.13)

for five of the six supersymmetries.
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The sixth supersymmetry is derived in the same way as before.PluggingǫAB → −iωABη into (7.1.14)

and collecting terms, we find:

δZA
dl = −ωADη̄ΨDdl

δΨDdl = −iγµωADηDµZ
A
dl −

4π
k
εabcdωABωCD δikδ jl ZA

aiZ
B
b jZ

C
ckη

δÃµ
aidl = i

4π
k
εabcdεil η̄γµΨBb jZ

B
c j . (7.3.14)

Note that the interaction term explicitly breaks the globalSU(2) symmetry. The transformation is just what

we need to lift theN = 5 theory with SU(2)× SO(4) gauge symmetry, in theα → ∞ limit, to theN = 6

theory with SO(4) gauge symmetry. In Section3.3.1, we showed that this theory can again be lifted to

N = 8.

7.4. Superconformal CS theories withN = 4

In this section we use the results of the previous section to construct three-dimensional superconformal

theories withN = 4 supersymmetry. We exploit the fact that theN = 4 R-symmetry group is SO(4)≃
SU(2)×SU(2). Following Gaiotto and Witten [227], we take the bosonic matter fieldsZA

a to be in the (2, 1)

representation of SU(2)× SU(2), and the spinor fieldsΨȦa to be in the (1, 2). The notation is such that

A = 1, 2 spans the spinor of the first SU(2), whileȦ = 1, 2 spans the spinor of the second. Indices are raised

and lowered with the antisymmetric tensorsεAB, εAB = (εAB)∗ andεȦḂ, εȦḂ = (εȦḂ)∗, with εABεBC = −δA
C,

and likewise for the dotted indices.54

ForN = 4, the supersymmetry parameter is a vector of SO(4), or equivalently, in the (2, 2) representa-

tion of SU(2)× SU(2). Therefore we describe the supersymmetry parameter by a 2× 2 matrix

ηAȦ =

















a b

−b∗ a∗

















, ηAȦ = εABεȦḂηBḂ =

















a∗ b∗

−b a

















. (7.4.1)

With these conventions, the bosonic supersymmetry transformation takes the following simple form,

δZA
d = iη̄AȦΨȦd . (7.4.2)

The indexd runs over the representation of the gauge group, exactly as inN = 5 andN = 6.

The allowed gauge groups are determined by the 3-algebra structure constants. There are essentially

two choices, depending on whether the fields are real or complex. For real fields, the gauge groups turn out

54Note that the dotting of spinors has nothing to do with complex conjugation.
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to be those ofN = 5, while for complex fields, they are those ofN = 6.

To see how this works, we first consider the case with complex fields. We map theN = 4 fields into the

N = 6 fields as follows:

















ZA
a

0

















→ ZA
a

















Z̄a
A

0

















→ Z̄a
A

















0

ΨȦa

















→ ΨAa

















0

ΨȦa

















→ ΨAa , (7.4.3)

where the R-symmetry indices run from 1 to 4 in the case ofN = 6, and from 1 to 2 forN = 4. In a similar

fashion, we embed theN = 4 supersymmetry parameters in theN = 6 parameters as follows,

















0 ηAḂ

−(ηT)ȦB 0

















→ ǫAB ,

















0 ηAḂ

−(ηT)ȦB 0

















→ ǫAB , (7.4.4)

which amounts to definingηȦA = −ηAȦ, and likewise for the lower indices. With these conventions, it is not

hard to extract theN = 4 supersymmetry transformations from (7.1.14),

δZA
d = iη̄AḊΨḊd

δΨḊd = γµηAḊDµZ
A
d + f ab

cdZA
a ZB

b Z̄c
AηBḊ

δÃµ
a

d = −i f ab
cd(η̄CḂγµΨḂbZ̄c

C + η̄BĊγµΨ
ĊcZB

b ) . (7.4.5)

These transformations close when thef ab
cd are theN = 6 structure constants. In Chapter3 we found the

allowed gauge groups to be SU(n) × SU(n), SU(n) × SU(m) × U(1) (whenn , m), and Sp(n) × U(1).

When the fields are real, we proceed in a similar fashion. We take the reality condition to be

(ZA
a )∗ = Z̄a

A = −JabεABZB
b

(ΨȦa)∗ = ΨȦa = −JabεȦḂΨḂb , (7.4.6)

whereJab is the antisymmetric invariant tensor introduced previously. As above, we extract theN = 4

supersymmetry transformations from those ofN = 5.

To find the transformations we must embed the SU(2) invarianttensors into the invariant tensor of Sp(4).

We choose
















εAB 0

0 εȦḂ

















→ ωAB ,

















εAB 0

0 εȦḂ

















→ ωAB , (7.4.7)
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where the index conventions are as before. The supersymmetry parameter remains as in (7.4.4).

With these conventions, theN = 4 supersymmetry transformations can read directly from (7.1.19). We

find

δZA
d = iη̄AḊΨḊd

δΨḊd = γµηAḊDµZ
A
d + gabc

dZA
a ZB

b ZC
c ηBḊεAC

δÃµ
a

d = −3igbca
dε

ḂĖη̄CĖγµΨḂbZC
c , (7.4.8)

where thegabc
d are theN = 5 structure constants. The supersymmetry transformationsclose because the

gabc
d enjoy the correct symmetries and obey theN = 5 fundamental identity. The gauge groups are those

of N = 5, namely Sp(n) × SO(m), SO(4)× Sp(2), G2 × SU(2), and SO(7)× SU(2).

The Gaiotto-Witten models can be readily generalised by exploiting the fact that theN = 4 R-symmetry

group contains two completely independent SU(2) factors [206, 228]. To see how this works, we embed the

N = 4 fields in theN = 6 fields as follows:



















ZA
a

ZȦ
ȧ



















→ ZA
a



















Z̄a
A

Zȧ
Ȧ



















→ Z̄a
A

















ΨAȧ

ΨȦa

















→ ΨAa

















ΨȦa

ΨȦa

















→ ΨAa , (7.4.9)

where the R-symmetry index runs as before, but now the gauge indices are free to run over different values

for each of the SU(2) factors. In the literature, theZA
a are called hypermultiplets, while theZȦ

ȧ are sometimes

called “twisted” hypermultiplets [228].

Formally, one can extract theN = 4 supersymmetry transformations from those ofN = 6 andN = 5.

For complex fields, one finds

δZA
d = iη̄AḊΨḊd

δZȦ
ḋ
= −iη̄DȦΨDḋ

δΨḊd = γµηAḊDµZ
A
d + f ab

cdZA
a ZB

b Z̄c
AηBḊ + f ȧb

ċdZ
Ȧ
ȧ ZB

b Z̄ċ
Ȧ
ηBḊ − 2 f ȧb

ċdZ
Ȧ
ȧ ZB

b Z̄ċ
Ḋ
ηBȦ

δΨDḋ = − γµηDȦDµZ
Ȧ
ḋ
− f ȧḃ

ċḋZȦ
ȧ ZḂ

ḃ
Z̄ċ

Ȧ
ηDḂ − f aḃ

cḋZA
a ZḂ

ḃ
Z̄c

AηDḂ + 2 f aḃ
cḋZA

a ZḂ
ḃ

Z̄c
DηAḂ , (7.4.10)

and likewise for the gauge fields. The structure constants are purely formal because the dotted and un-

dotted gauge indices run over different values. Nevertheless, it has been shown that the supersymmetry
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transformations close into theN = 4 algebra precisely when

f ab
cd = hmnτ

ma
cτ

nb
d , f aḃ

cḋ = f ḃa
ḋc = hmnτ

ma
cτ

nḃ
ḋ , (7.4.11)

where theτma
c are structure constants of the Lie superalgebra OSp(2|n) or U(n|m) (or its relatives SU(m|n)

and PSU(m|n)), andhmn is the invariant quadratic form [239]. The structure constants obey all the necessary

identities because of the superalgebra Jacobi identities.When the dotted and undotted indices are identified,

the transformations describe theN = 4 subalgebra ofN = 6.

A similar story holds when the fields are real. The reality conditions are

(ZA
a )∗ = Z̄a

A = −JabεABZB
b

(ZȦ
ȧ )∗ = Z̄ȧ

Ȧ
= −JȧḃεȦḂZḂ

ḃ
, (7.4.12)

and likewise forΨDḋ andΨḊd. HereJab andJȧḃ are antisymmetric tensors, possibly of different dimensions.

The supersymmetry transformations can be extracted from those ofN = 5,

δZA
d = iη̄AḊΨḊd

δZȦ
ḋ
= −iη̄DȦΨDḋ

δΨḊd = γµηAḊDµZ
A
d + gabc

dZA
a ZB

b ZC
c ηBḊεAC − 3gȧḃc

dZȦ
ȧ ZḂ

ḃ
ZC

c ηCȦωḊḂ

δΨDḋ = −γµηDȦDµZ
Ȧ
ḋ
− gȧḃċ

ḋZȦ
ȧ ZḂ

ḃ
ZĊ

ċ ηDḂεȦĊ + 3gabċ
ḋZA

a ZB
b ZĊ

ċ ηAĊεDB ,

and similarly for the gauge field. As before,N = 4 closure occurs when

gabcd = hmnJ
ebJ f dτma

eτ
ncb

f , gabċḋ = hmnJ
ebJ ḟ ḋτma

eτ
nċ

ḟ , (7.4.13)

where theτma
c are structure constants of the Lie superalgebra OSp(n|m), or one of the exotics D(2|1;α),

G(3) and F(4). As before, the dotted and undotted indices canrun over different representations of the

superalgebra.

TheN = 4 construction gives rise to a host of models. For Gaiotto-Witten theories, with just hyper-

multiplets, the story is relatively clear. The only possible theories are those ofN = 5 and 6, with all matter

fields in the same representation of the superalgebra gauge group. The U(n|m) and OSp(n|m) theories can

be described by a quiver diagram with a single link, as shown in Fig. 3a. The hypermultiplets are in the

bifundamental representation, joining the two gauge groups.

For more general theories, containing both hyper and twisted hypermultiplets, the story is more inter-
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Figure 3: a) A simple quiver from Gaiotto-Witten theory withhypermultiplets. The gauge groups can beG1 = U(n1), G2 = U(n2)
or G1 = Sp(n1), G2 = SO(n2). b) A longer quiver from a theory containing both hyper and twisted hypermultiplets. The gauge
groups can beGi = U(ni), G j = U(nj ) or Gi = Sp(ni), Gi+1 = SO(ni+1). The quiver can also be closed into a circle.

esting. Since the dotted and undotted indices are independent, they can span different representations of

the superalgebra. For U(n|m) and OSp(n|m), one can exploit this fact to construct quiver theories, with the

hyper and twisted hypermultiplets in bifundamental representations of the gauge groups [228]. In essence,

the twisted hypers link together different Gaiotto-Witten theories, as shown in Fig.3b. At its heart, this

construction works because forN = 4, the hypers and twisted hypermultiplets transform independently

under the two SU(2) factors of the R-symmetry group.
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8. Further 3-algebra directions

In this review we have emphasized the 3-algebra approach to classifying supersymmetric gauge theories

in three dimensions. We found that it leads naturally to a description of multiple M2-brane systems. Even

though one can recast the former in terms of conventional gauge theory language, the presence of 3-algebras

is intriguing and one might wonder about their deeper connections to string and M-theory in general.

In this chapter we will briefly discuss some alternative and interesting applications of 3-algebras less

directly related to M2-branes. These will include 3-algebras with Lorentzian signature, their use in obtaining

higher-derivative corrections to membrane theories, and the emergence of 3-algebras in a six-dimensional

example.

8.1. Lorentzian 3-algebras

In Section2.1 we saw how to transform the field theory for a single D2-brane into an M2-brane field

theory. In the process, a vector field is exchanged for its dual scalar. Because this applies to a single brane,

the operation is known as “abelian duality.” One may wonder whether the same process can be carried

out starting with multiple D2-branes, and performing something like a “non-abelian duality.” This would

perhaps provide an alternate route to finding multiple membrane field theories.

As we will show below, this is possible using an elegant generalisation of abelian duality. Moreover the

resulting theory has a 3-algebra associated to it, and turnsout to be precisely theN = 8 theory described

in Section3.1 – but withLorentziansignature in field space. This change of signature evades theN = 8

uniqueness theorem, so the structure constants are no longer restricted as in Eq. (3.1.26) [240–242].

Let us now describe this non-abelian duality, at first in the usualα′ → 0 limit of the multiple D2-brane

action [243]. We start withN = 8 supersymmetric Yang-Mills theory in 2+1d, based on any simple Lie

algebraG. Next, we introduce two new adjoint fields, a vectorBµ and a scalarφ. The non-abelian duality

transformation [244] is

− 1
4gYM

2 FµνFµν → 1
2ǫ

µνλBµFνλ − 1
2

(

Dµφ − gYMBµ

)2
, (8.1.1)

whereDµ is the covariant derivative with respect toA.

To prove that the right hand side of the above is equivalent tothe left hand side, note the existence on

the RHS of a newnoncompact abeliangauge symmetry in addition to the usual gauge symmetryG. The

new symmetry acts as

δφ = gYMM, δBµ = DµM , (8.1.2)
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whereM(x) is an arbitrary matrix in the adjoint ofG. Now let us use this symmetry to setφ = 0. Then

integrating outBµ gives the usual Yang-Mills kinetic term forFµν.

After the duality transformation, the action of the original N = 8 super-Yang-Mills theory becomes

L = Tr
(

1
2ǫ

µνλBµFνλ − 1
2

(

Dµφ − gYMBµ
)2 − 1

2DµXiDµXi − gYM
2

4 [Xi , X j]2 + fermions
)

. (8.1.3)

This still only has SO(7) invariance, while the expectation(as in the abelian case) is to obtain SO(8) invari-

ance in the end. To this end, we renameφ asX8. By defining a constant vectorgYM
I = (0, . . . , 0, gYM), we

can unify all the scalar kinetic terms as

− 1
2D̂µXI D̂µXI = −1

2

(

∂µXI − [ Aµ, XI ] − gYM
I Bµ

)2
. (8.1.4)

Let us now replacegYM
I by an arbitrary 8-vector of magnitude||gYM

I || = gYM. As a result the kinetic

terms become formally invariant under an SO(8) that acts simultaneously on the fields and the coupling-

constant vector. This is not a true symmetry of the theory butinstead can be used to rotategYM
I back to its

original form. Therefore we so far have changed nothing fromYang-Mills.

Similarly the interaction term can be written in a formally SO(8)-invariant way

gYM
2

4
[Xi , X j ]2 =

1
12

(

gYM
I [XJ, XK ] + gYM

J[XK , XI ] + gYM
K[XI , XJ]

)2
. (8.1.5)

Again, one can rotate the vectorgYM
I by an SO(8) transformation back to the form (0, . . . , 0, gYM) whereupon

the interaction term becomes that of the original Yang-Mills theory.

The final step is to promote the vectorgYM
I to a new scalar field. Introduce an 8-vector of new (gauge-

singlet) scalarsXI
+ and make the replacement

gYM
I → XI

+(x) . (8.1.6)

This is legitimate if and only ifXI
+(x) is rendered constant via an equation of motion, in which case we

recover the original theory on-shell by writing〈XI
+〉 = gYM

I . Constancy ofXI
+ is imposed by introducing a

new set of abelian gauge fields and scalars:CI
µ,X

I
− and adding the following constraint term to the lagrangian

LC = (Cµ
I − ∂

µXI
−) ∂µX

I
+ . (8.1.7)

This lagrangian in turn has a shift symmetry

δXI
− = λ

I , δCI
µ = ∂µλ

I , (8.1.8)
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which, since it acts as an abelian gauge symmetry onCI
µ, removes the negative-norm states potentially

associated to that field.

We have thus ended up with the action

L = Tr
(

1
2ǫ

µνλBµFνλ − 1
2D̂µXI D̂µXI − 1

12

(

XI
+[XJ, XK ] + XJ

+[XK , XI ] + XK
+ [XI , XJ]

)2 )

+ (Cµ I − ∂µXI
−)∂µX

I
+ + Lgauge−fixing +Lfermions . (8.1.9)

As the notation suggests,+ and− correspond to null directions in field space, as we will next explain.

In fact the above action is a 3-algebra action withN = 8 supersymmetry but based on a Lorentzian-

signature 3-algebra: The interactions depend on the tripleproduct

XIJK ≡ XI
+[XJ, XK] + XJ

+[XK , XI ] + XK
+ [XI , XJ] . (8.1.10)

Thus the 3-algebra structure constants are

f +abc = f abc, f −abc = f +−ab = f abcd= 0 , (8.1.11)

where f abc are the structure constants of the original Lie algebraG. A detailed study of 3-algebra theories

with two or more time-like directions can be found in [111, 114].

The above action, Eq. (8.1.9), has manifest SO(8) invariance as well asN = 8 superconformal invari-

ance [245, 246]. However, both are spontaneously broken by giving a VEV〈XI
+〉 = gYM

I and the theory

reduces toN = 8 Yang-Mills with coupling||gYM
I ||. The final theory has seven massless scalars, which can

be thought of as the Goldstone bosons for the spontaneous breaking SO(8)→ SO(7).

The derivation of 3-algebras via non-abelian duality is striking. Unfortunately, in the end the theory

so obtained seems to be just the original one re-written in a new way. To actually describe M2-branes we

would need to find a way to take the VEV〈XI
+〉 → ∞ and this has not yet been understood.55

Another interesting application for a class of 3-algebras with q+ 1 time-like directions follows from the

fact that the resulting BLG model can be identified with D(2+ q)-branes onTq [250, 251]. In particular,

consider the 3-algebra with generators (Ta
~m
,T+,T+i ,T−,T− j) wherei, j = 1, .., q, ~m ∈ Z

q and totally anti-

55A related discussion can be found in [247]. Interesting connections to ABJM theory have been investigated in [248, 249].
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symmetric triple product whose non-vanishing components are

[T+,T+i ,Ta
~m] = miTa

~m

[T+,Ta
~m,T

b
~n] = miT−ihabδ~m,−~n + i f ab

cT
c
~m+~n (8.1.12)

[Ta
~m,T

b
~n ,T

c
~p] = −i f abcT−δ

~m+~n+~p,~0 ,

where f ab
c are the structure constants of a Lie-algebraG. This satisfies the fundamental identity. Further-

more an invariant inner-product is given by

〈T+,T−〉 = 1

〈T+i ,T− j〉 = δi
j

〈Ta
~m,T

b
~n〉 = habδ~m,−~n , (8.1.13)

with all other terms vanishing andhab the usual invariant metric ofG. Expanding the fields in term of the

generators one finds that again the components parallel toT−,T−i S satisfy a shift symmetry that can be

gauged to remove them as physical fields [245, 246]. As a result the components of the fields parallel to

T+,T+i are set to constants. The remaining physical components parallel to Ta
~m

can then be interpreted as

the Fourier modes of the fields of a D(2+ q)-brane with Lie-algebraG wrapped onTq.

8.2. Higher-derivative corrections

It is natural to ask if higher-derivative corrections to M2-brane actions (governed by the expansion

parameterℓp) can be written down. For the abelian case the full higher-derivative M2-brane theory was

written down in Chapter1, in the DBI approximation. For the non-abelian case, one canno longer work

to all orders inα′ because the starting point, a non-abelian analogue of DBI, is still not known for multiple

D2-branes. One approach would be to extend the duality transform of Section8.1 by incorporatingα′

corrections. Indeed it has been shown [252] that one can extend the non-abelian duality above to convert

the multiple D2-brane field theory with leadingα′ corrections into an SO(8)-invariant form for the leading

higher-derivative corrections to multiple M2-branes.56

Subsequently, the leading higher-derivative correctionsto theN = 8 theory were calculated for both

choices of 3-algebra signature [254], using the novel Higgs mechanism of Ref. [162]. The result, which

we review below, strongly suggests that not just the leadingterm but also the higher-derivative corrections

to M2-brane actions are governed by 3-algebras, reaffirming the relevance of this mathematical structure to

M2-branes.

56See also [253] for an alternative proposal.
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The strategy of Refs. [252, 254] is to assume thatℓp corrections admit an organisation in terms of the

3-algebra product. Therefore one starts with the ansatz that the leadingℓp corrections take the most general

form that can arise using 3-algebra “building blocks,” but with arbitrary coefficients. One then uses the

novel Higgs mechanism to uniquely determine the value of these coefficients by matching to the leadingα′

corrections in the low-energy theory of two D2-branes. As explained in the introduction, these corrections

areO(ℓ3
p) in M-theory andO(α′2) for the corresponding D2-branes in string theory. Following Ref. [254],

we first carry out this derivation for the SU(2)× SU(2) BLG theory and then briefly exhibit how it works

for the Lorentzian 3-algebra theory.

8.2.1. Bosonic part of theSU(2)× SU(2) theory

We concentrate on the bosonic content of the theory. Our ansatz for the BLG theory will contain all the

terms built out of 3-algebra “blocks” that are gauge/Lorentz invariant, dimension six and lead to expressions

contained in the D2-brane effective action upon Higgsing. However some adjustments mustbe made for

the fact that, unlike for the D2-brane theory, our fieldsXI and the corresponding triple-product

[XI ,XJ†,XK ] = 1
3

(

X[ I XJ]†XK − X[ I XK†XJ] + XKX[ I†XJ]
)

(8.2.1)

are complex in the bi-fundamental formulation of Ref. [95]. As a result we first need to re-examine the

definition of symmetrised trace. We propose that this definition be extended, for bi-fundamentals, to a

symmetrisation of the objects while keeping the daggers in their original place. Explicitly

STr(AB†CD†) = 1
12Tr

[

A
(

B†CD† + B†DC† +C†DB† +C†BD† + D†BC† + D†CB†
)

+ h.c.
]

. (8.2.2)

Note that this reduces to the conventional definition for hermitian fields, for which adding the complex

conjugate is not necessary.

There is one simplification in the BLG theory that should be noted at this stage. Because of the low

rank of the gauge group, SU(2)× SU(2), the following three (XIJK)4 terms are proportional to each other:

STr
[

XIJKXIJL†XMNKXMNL†] = 2 STr
[

XIJMXKLM†XIKNXJLN†]

= 1
3 STr

[

XIJKXIJK†XLMNXLMN†] , (8.2.3)

where

XIJK = X[ I XJ†XK] (8.2.4)
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Using this, we can write down the following general ansatz for theO(ℓ3
p) corrections to the BLG-theory

(DX)4 : k2 STr
[

aDµXI DµX
J† DνXJ DνX

I† + b DµXI DµXI† DνXJ DνX
J†]

XIJK(DX)3 : k2 εµνλ STr
[

cXIJKDµXI†DνX
J DλX

K†]

(XIJK)2(DX)2 : k2 STr
[

d XIJK XIJK† DµX
L DµXL† + eXIJK XIJL† DµX

K DµXL†]

(XIJK)4 : k2 STr
[

f XIJK XIJK† XLMN XLMN†] , (8.2.5)

wherea, b, c, d, e, f are constants which we will determine. The sum of all terms above will be denoted∆L.

Note the absence of pure gauge field terms in Eq. (8.2.5). Higher dimension combinations of CS terms

would break invariance under large gauge transformations.Higher powers of the field strength would ex-

plicitly break supersymmetry, which is expected to remain maximal in theℓp expansion.

The next step is to Higgs the terms in Eq. (8.2.5) and compare them with the derivative-corrected D2-

brane theory, following our treatment of Section5.2. It turns out that one can summarise the effect of the

Higgsing through a set of substitution rules. For the bosonic fields, they are57

DµX8→ 1
v f µ , DµXi → 1

vDµXi , Xi j8→ − 1
4v Xi j , Xi jk → O

(

1
v3

)

DµX8† → −1
v f µ , DµXi† → −1

vDµXi , Xi j8† → 1
4v Xi j , Xi jk† → O

(

1
v3

)

, (8.2.6)

where fµ = 1
2ε

µνλFνλ andXi j = [Xi , X j ]. In principle, these rules could be modified once higher-derivative

corrections are included. However, as shown in Ref. [254], which the reader should consult for more details,

these rules in fact turn out to need no modification.

Through the substitutions Eq. (8.2.6) the various terms in the bosonic action become

Sb
a = a

(

k
v2

)2
∫

d3x STr
[

DµXiDµX jDνXiDνX j + 2DµXiDνXi f µ f ν + f µ f µ f ν f ν
]

Sb
b = b

(

k
v2

)2
∫

d3x STr
[

DµXiDµXiDνX jDνX j + 2DµXiDµXi f ν f ν + f µ fµ f ν f ν
]

Sb
c = c

(

k
v2

)2
∫

d3x STr
[

3
4ε

µνλDµXi f νDλX j Xi j
]

Sb
d = d

(

k
v2

)2
∫

d3x STr
[

3
16DµXiDµXi X jk X jk + 3

16 fµ fµXi j Xi j
]

Sb
e = e

(

k
v2

)2
∫

d3x STr
[

1
8DµXi Xi j Xk jDµXk + 1

16 f µ f µXi j Xi j
]

Sb
f = f

(

k
v2

)2
∫

d3x STr
[

9
256Xi j X ji XklXlk

]

(8.2.7)

57We have put adjoint fields in boldface. Also, by abuse of notation we have used the symbolDµ on the LHS for the covariant
derivative of bi-fundamental fields, as defined in Eq. (3.1.33), while on the RHS it is the covariant derivative on adjoint fields. The
distinction should be clear from the context.
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plus terms inO(1/v), where we are usingXi j = [Xi , X j]. Note that terms involvingX8 are absent. This is

as it should be, since these Goldstone degrees of freedom need to disappear from the action. Putting back

the factorℓ3
p in the above terms and using

(2π)2ℓ3
p

(

k

2πv2

)2

=
(2πα′)2

g2
YM

(8.2.8)

it is now straightforward to compare with the appropriate terms coming from the D2-brane theory.

The precise form of the low-energy effective action for multiple parallel D-branes is still not known to

all orders. However, up to orderα′2 it has been explicitly obtained using open string scattering amplitude

calculations58 and the result agrees with Tseytlin’s proposal for a DBI action with a symmetrised prescrip-

tion for the trace [258]. Starting from D9-branes, the prescription requires symmetrisation over the gauge

field strengths. For lower dimensional branes, T-duality requires that this carries on to scalar covariant

derivatives and scalar commutators [195, 259]. This proposal fails at orderα′4 [260] but is good enough for

our purposes.

The form of the relevant action for two D2-branes is given at this order by an appropriately modified,

dimensionally reduced version of the D9-brane answer provided in59 [255]:

Sb
α′2
=

(2πα′)2

g2
YM

∫

d3x STr
[

1
4 FµνFνρFρσFσµ − 1

16FµνFµνFρσFρσ − 1
4DµXiDµXiDνX jDνX j

+ 1
2DµXiDνXiDνX jDµX j + 1

4 Xi j X jk XklXli − 1
16Xi j Xi j XklXkl

− FµνFνρDρXiDµXi − 1
4 FµνFµνDρXiDρXi − 1

8 FµνFµνXklXkl

− 1
4DµXiDµXi Xkl Xkl − Xi j X jkDµXkDµXi − FµνD

νXiDµX j Xi j
]

. (8.2.9)

Note that for U(2), one has the additional simplification:

STr
[

Xi j X jk Xkl Xli
]

= 1
2STr

[

Xi j Xi j XklXkl
]

. (8.2.10)

It is then straightforward to compare the coefficients for all of these terms to finally obtain60

a = 1
2 , b = −1

4 , c = 4
3 ,

d = −4
3 , e= 8 , f = 16

9 .
(8.2.11)

58Seee.g.[255–257] and references therein.
59Note that the coefficients here are twice their value given in [255] because the normalisation of the trace used there is

Tr (TaTb) = δab while we consistently use Tr (σaσb) = 2δab.
60We note a sign difference in the value of thec coefficient compared to Ref. [254].
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It is important to note that the fixing of coefficients by the above comparison is nontrivial. There are

3-algebra terms of Eq. (8.2.7) that, after Higgsing, give rise to terms in the D2 action Eq.(8.2.9) that

come from different index contractions (that is, ultimately, different index contractions of the D9-brane

theory before dimensional reduction). Also in some places,two terms in the 3-algebra theory lead to the

same term in the D2 action. Hence, it was not obvious at the outset that there would be any values of the

coefficients in the above expression that would lead to the D2 theory upon Higgsing. The fact that we find

a consistent and unique set of coefficients is therefore very satisfying.

The Higgsing of the fermion terms follows the above discussion closely and for this reason we will not

review it here.

8.2.2. The four-derivative corrections in 3-algebra form

In this section we will re-cast our results in 3-algebra language. There are several important reasons

to do so: One is that we will uncover some new properties of 3-algebras, arising from the fact that at

order ℓ3
p we encounter traces of as many as four 3-algebra generators for the first time. Another is that

corrections of orderℓ3
p are already known [252, 253] for the special case of Lorentzian 3-algebras. By re-

writing the derivative corrections of SU(2)×SU(2) BLG theory in terms of 3-algebra quantities, we will be

able to compare them with the results of Refs. [252, 253]. Indeed, it is natural to hope that all BLG theories

(including both SU(2)×SU(2) and Lorentzian sub-classes) originate from a common 3-algebra formulation,

even though they were obtained using completely different procedures. As we now have all the necessary

data for determining what that formulation is, we will compare the two classes of theories explicitly. After

dealing with some issues of normalisation we will find that there is indeed complete agreement.

Yet another reason to re-express our results in 3-algebra language is to open the possibility of extending

this investigation to theN = 6 3-algebras of Refs. [99, 261] which encode, among other things, the ABJM

field theory. In the final section we will make some general comments on how this might be done.

We have obtained the four-derivative action in bi-fundamental notation and we now want to express it

in 3-algebra form. For this purpose we will make use of the dictionary between the two languages that we

described at the end of Section3.1. Additionally, we have to deal with evaluating the symmetrised trace of

four 3-algebra generators. Symmetry restricts its form to be

STr
(

TaTbTcTd
)

= m h(abhcd) , (8.2.12)

wherem is an as yet undetermined numerical coefficient. However, the Lorentzian 3-algebras can help

us determine the latter as follows: Lorentzian 3-algebras include a set of generators corresponding to a

compact subgroup of the theory’s whole symmetry group. One is then free to choose them as the generators

156



of any semi-simple Lie algebra,e.g.SU(2). In turn, tracing over the latter leads to a flat Euclidean block

in the 3-algebra metric,hi j = δi j . In any four-derivative Lorentzian 3-algebra action therewill be terms

with components for which the generators in Eq. (8.2.12) run over this subset. In that case, and once again

taking into consideration the appropriate definition of thetrace, one can explicitly evaluate the following

expression for the particular case of SU(2)

STr
(

T iT jTkT l
)

= 2 STr
(

σi

2
σ j

2
σk

2
σl

2

)

= 1
4 δ

(i jδkl). (8.2.13)

This fixesm= 1
4.

Equipped with the above fact, we can finally rewrite our results and obtain the leading derivative cor-

rections to the bosonic part of the SU(2)× SU(2) BLG theory in 3-algebra form

Sb
ℓ3

p
= (2π)2ℓ3

p

∫

d3x STr
[

1
4 DµXI DµX

JDνXJDνX
I − 1

8DµXI DµXI DνXJDνX
J

+ 1
6 ε

µνλ XIJKDµXI DνX
JDλXK

+ 1
4 XIJKXIJLDµXKDµX

L − 1
24XIJKXIJKDµXLDµXL

+ 1
288 XIJKXIJKXLMNXLMN

]

, (8.2.14)

where now

XIJK = [XI ,XJ,XK] . (8.2.15)

8.2.3. Derivative corrections in the Lorentzian theory

In Ref. [252] the equivalent four derivative terms were constructivelyobtained for Lorentzian 3-algebra

theories and it was conjectured there that the SU(2)× SU(2)-theory should also be expressed in the terms

of the same 3-algebra structures at four derivative order. We will now verify this conjecture.

Let us start by quoting the result found there for the higher-derivative corrections to Lorentzian 3-algebra

theories. To avoid confusion with the Euclidean signature theory we have been discussing so far, we will

henceforth denote all Lorentzian 3-algebra variables witha hat symbol on top. Accordingly, our notation for

the field variables is that the eight adjoint scalars are denoted X̂I , the fermionŝλ, the sixteen gauge-singlet

scalars and fermionŝXI
±, λ̂± and the pair of gauge fields iŝAµ, B̂µ.

As we saw in Section8.1, due to constraints the fieldŝXI
−, λ̂− decouple and the fieldŝXI

+, λ̂+ are fixed

to be a constant and zero, respectively. It was shown in Ref. [252] that the bosonic part of theℓ3
p correction
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can be written entirely in terms of the building blocks

D̂µX̂
I = ∂µX̂

I − [Âµ, X̂
I ] − B̂µX̂

I
+

X̂IJK = X̂I
+[X̂

J, X̂K] + X̂J
+[X̂

K , X̂I ] + X̂K
+ [X̂I , X̂J] . (8.2.16)

To simplify formulae, we present the results in symmetrised-trace form. Then Eq.(3.14) of Ref. [252] is the

sum of the following four terms61 (we only write theO(ℓ3
p) corrections, dropping the lowest-order terms)

(D̂X̂)4 : 1
4 STr

(

D̂µX̂I D̂µX̂
JD̂νX̂JD̂νX̂

I − 1
2D̂µX̂I D̂µX̂I D̂νX̂JD̂νX̂

J
)

X̂IJK(D̂X̂)3 : 1
6 ε

µνλ STr
(

X̂IJKD̂µX̂I D̂νX̂
JD̂λX̂

K
)

(X̂IJK)2(D̂X̂)2 : 1
4 STr

(

X̂IJK X̂IJLD̂µX̂KD̂µX̂
L − 1

6X̂IJK X̂IJK D̂µX̂LD̂µX̂L
)

(X̂IJK)4 : 1
24 STr

(

X̂IJM X̂KLMX̂IKN X̂JLN − 1
12X̂IJK X̂IJK X̂LMNX̂LMN

)

. (8.2.17)

Here, the trace is defined using Tr (TaTb) = δab wherea, b are adjoint Lie algebra indices.

Note that the above expression involves all possible terms one can write down at this order usinĝDµX̂I

andX̂IJK as building blocks, with one apparent exception: The (X̂IJK)4 terms could have contained one more

distinct index contraction, namely the one withX̂IJK X̂IJLX̂MNKX̂MNL. However, it is easy to demonstrate

the identity

STr
(

X̂IJK X̂IJLX̂MNKX̂MNL
)

= STr
(

4
3X̂IJM X̂KLMX̂IKNX̂JLN + 1

9X̂IJK X̂IJK X̂LMNX̂LMN
)

, (8.2.18)

as a result of which only two of the three possibleO(X̂IJK)4 terms are independent.

8.2.4. Universal answer for the BLG theory

We can now recover a universal answer for the four-derivative action to BLG theory for general 3-

algebras. A reasonable guess would be to see whether Eq. (8.2.14) provides the answer by simply replacing

the SU(2)× SU(2) structure constants and metric with their Lorentziancounterparts inside the expressions.

One then finds that all terms and coefficients in Eq. (8.2.17) can be readily obtained except forO(X̂IJK)4.

This discrepancy is easily traced back to the difference between the identities obeyed by quartic powers

of triple-products in the two cases and is resolved by noticing that Eq. (8.2.3) is actually a special case of

Eq. (8.2.18), due to the particularly simple nature of the SU(2)×SU(2) structure constantsεabcd. Therefore,

at least within the class of BLG theories we are considering,we may assume that Eq. (8.2.18) holds in

general, thereby dropping the hat in this equation.

61We have corrected a few of the coefficients.
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This raises the interesting question, which to our knowledge has not yet been resolved, of whether this

identity is also obeyed by other indefinite-signature BLG theories, notably those with multiple time-like

directions as discussed in [111, 114, 250]. If the answer turns out to be in the affirmative, we would have

found a new relation for quartic products of structure constants that holds for a genericN = 8 3-algebra.

With these observations we can at last write a common expression for both SU(2)×SU(2) and Lorentzian

BLG theories

Sb
BLG,ℓ3

p
= ℓ3

p

∫

d3x STr
[

1
4

(

DµXI DµXJDνXJDνX
I − 1

2DµXI DµXI DνXJDνX
J
)

+ 1
6 ε

µνλ
(

XIJKDµXI DνX
JDλX

K
)

+ 1
4

(

XIJKXIJLDµXKDµX
L − 1

6XIJKXIJKDµXLDµXL
)

+ 1
24

(

XIJMXKLMXIKNXJLN − 1
12XIJKXIJKXLMNXLMN

)]

. (8.2.19)

It is very satisfactory that one can obtain the precise coefficients of Eq. (8.2.11) as well as Eq. (8.2.17) from

this expression upon specifying the 3-algebra.

In a similar manner, one can write down corrections for the fermion terms in 3-algebra form, the details

of which are presented in Ref. [254]. The resulting theory is expected to be supersymmetric, and some initial

results in this direction appeared in [262]. The full set of next-to-leading-order corrected supersymmetry

transformations (to lowest order in the fermions) that leave the SU(2)× SU(2) BLG lagrangian invariant

were presented in [263]. Computing the derivative corrections to theN = 6 ABJM theory is an interesting

and important problem that remains open at the time of writing.

8.3. Applications to M5-branes

We now switch gears and discuss an application of 3-algebrasto the theory of M5 branes. We have

already seen several times how one can attempt to make a connection between M2 and M5-brane theories

through M2⊥M5 funnels and “dielectric” configurations. This is because, compared to M2-brane systems,

the formulation of an M5-brane theory is difficult at best: Even for the case of a single fivebrane it does not

seem possible to write down a six-dimensional action with conformal symmetry because of the self-duality

of the three-form field-strength [264]. In addition, the theory of multiple M5-branes is given by aconformal

field theory in six-dimensions with mutually local electricand magnetic states and no coupling constant. All

of these features are difficult to reconcile with a lagrangian description.62 However, the covariant equations

of motion for the abelian M5-brane have been known for some time [270–272].

62However, note that there exist proposals for lagrangian descriptions which relax some of the original assumptions and involve
sacrificing manifest 6d Lorentz invariance [265, 266], introducing a non-dynamical auxiliary scalar field [267, 268] or imposing
the self-duality condition directly at the level of the quantum theory [269].
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In this section we investigate a potential direct relation between 3-algebras and multiple M-theory five-

branes by studying the equations of motion of a non-abelian (2, 0) tensor multiplet. Starting with the set

of supersymmetry transformations for the abelian M5-brane, one can write an ansatz for a non-abelian

generalisation. However, apart from the expected non-abelian versions of the scalars, fermions and the anti-

symmetric three-form field strength, it turns out that one needs to also introduce a gauge field as well as a

non-propagating vector field that transforms non-trivially under the non-abelian gauge symmetry and has a

negative scaling dimension. Curiously, the ansatz involves “structure constants” with four indices that can

be associated to a 3-algebra [273].

8.3.1. A non-abelian(2, 0) tensor multiplet

We start by giving the covariant supersymmetry transformations of a free six-dimensional (2, 0) tensor

multiplet

δXI = iǭΓIΨ

δΨ = ΓµΓI∂µX
Iǫ +

1
3!

1
2
ΓµνλHµνλǫ

δHµνλ = 3iǭΓ[µν∂λ]Ψ , (8.3.1)

whereµ = 0, ..., 5, I = 6, ..., 10 andHµνλ = 3∂[µBνλ] is self-dual. The supersymmetry generatorǫ is

chiral: Γ012345ǫ = ǫ and the fermionsΨ are anti-chiral:Γ012345Ψ = −Ψ. This algebra closes on-shell, with

equations of motion

Γµ∂µΨ = 0 , ∂µ∂
µXI = 0 , ∂[µHνλρ] = 0 . (8.3.2)

We note that, from the point of view of supersymmetry, it is sufficient to write the algebra purely in terms

of Hµνλ, and not mentionBµν.

We wish to try and generalise this algebra to allow for non-abelian fields and interactions. To this end

we again assume all fields take values in some vector space with a basisTa, so thatXI = XI
aTa, etc, and

promote the derivatives to suitable covariant derivatives

DµX
I
a = ∂µX

I
a − Ãb

µaXI
b , (8.3.3)

whereÃb
µa is a gauge field. We wish to have a system of equations in six-dimensions with (2, 0) supersym-

metry and an SO(5) R-symmetry.

In order to obtain a term analogous to the [XI ,XJ] for δΨ in (8.3.1), we need to introduce aΓµ matrix

to account for the fact thatǫ andΨ have opposite chirality. A natural guess is to propose the existence of a
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new fieldCµ
a. Starting from a suitably general possibility one then findsthat the following ansatz works

δXI
a = iǭΓIΨA

δΨa = ΓµΓI DµXI
aǫ +

1
3!

1
2
ΓµνλH

µνλ
a ǫ − 1

2
ΓλΓ

IJCλ
bXI

cXJ
d f cdb

aǫ

δHµνλ a = 3iǭΓ[µνDλ]Ψa + iǭΓIΓµνλκC
κ
bXI

cΨd f cdb
a

δÃb
µ a = iǭΓµλC

λ
cΨd f cdb

a

δCµ
a = 0 . (8.3.4)

Here again we see the appearance of 3-algebra-likef cdb
a “structure” constants. As with the abelian case we

also impose self-duality on the 3-form,Hµνλa =
1
3! ǫµνλτσρH

τσρ
a.

The closure computation works in spirit much like the cases in Chapter3. To summarise the results,63

one finds that closure of (8.3.4) is on-shell and subject to the equations of motion

D2XI
a =

i
2
Ψ̄CCν

BΓνΓ
IΨd f cdb

a +Cν
bCνgXJ

c XJ
eXI

f f e f g
d f cdb

a

D[µHνλρ] a = −1
4
ǫµνλρστC

σ
b XI

cDτXI
d f cdb

a −
i
8
ǫµνλρστC

σ
b Ψ̄cΓ

τΨd f cdb
a

ΓµDµΨa = −XI
cC

ν
bΓνΓ

IΨd f cdb
a

F̃µν
b

a = −Cλ
cHµνλ d f cdb

a , (8.3.5)

as well as the conditions

Cρ
cDρX

I
D f cdb

a = 0 , DµC
ν
a = 0

Cρ
cDρΨD f cdb

a = 0 , Cµ
cCν

d f bcd
a = 0

Cρ
cDρHµνλ a f cdb

a = 0 . (8.3.6)

Furthermore one finds that the structure constants are anti-symmetric: f abc
d = f [abc]

d and obey the fun-

damental identity: f [abc
e f d]e f

g = 0. These are precisely the structure constants for a real 3-algebra. We

additionally need to endow the 3-algebra with an inner-product Tr(Ta,Tb) = hab with which one can con-

struct gauge-invariant quantities. This in turn implies that f abcd = hdef abc
e is anti-symmetric inc, d and

hence anti-symmetric in all ofa, b, c, d.

The consistency of the above set of equations with respect totheir scaling dimensions gives

[H] = [X] + 1 , [Ã] = 1 , [C] = 1− [X]

63Full details of the calculation can be found in [273].
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[ǫ] = −1
2 , [Ψ] = [X] + 1

2 , [X] , (8.3.7)

so one could still make this work with a set of noncanonical assignments that are related to the choice of

[X]. However the canonical choice is [X] = 2, [H] = 3, [Ψ] = 5
2 , [C] = −1. In particular, we see that the

new fieldCµ
a has scaling dimension−1. The theory does not have any a priori dimensional or dimensionless

parameters. Therefore if we compactify it on a circle of radiusR, we expect the expectation value ofCµ
a to

be proportional toR, purely on dimensional grounds.

What is the physical content of the above equations? One seesimmediately from (8.3.6) that the fields

cannot depend on the coordinate that is parallel toCµ
a. Thus the system is more of a five-dimensional

theory than a six-dimensional one. However this is not entirely so. One can compute the six-dimensional

energy-momentum tensor [274]

Tµν = DµXI
aDνX

Ia − 1
2
ηµνDλX

I
aDλXIa

+
1
4
ηµνC

λ
bXI

aXJ
cCλgXI

f X
J
e f cdbaf e f g

d +
1
4

Hµλρ aHν
λρ a

− i
2
Ψ̄aΓµDνΨ

a +
i
2
ηµνΨ̄aΓ

λDλΨ
a − i

2
ηµνΨ̄aC

λ
bXI

cΓλΓ
IΨd f abcd (8.3.8)

of this theory and find that it does carry all six momenta [274]. In particular one finds that the momentum of

associated to the missing coordinate parallel toCµ
a is given by the instanton number of the gauge fields over

the purely spatial submanifold. Since this is discrete, we see that one can in principle interpret the system

as applying to a case where one dimension has been compactified on a circle.

8.3.2. Relation to five-dimensional SYM and DLCQ

As we have already seen in Section8.1, 3-algebras can be classified according to the signature of

the metric in group space. We next investigate the vacuum solutions of our six-dimensional equations

for both Lorentzian and Euclidean possibilities. Let us begin with a Lorentzian-signature 3-algebraTa =

{T+,T−,TA} with structure constants given by

f +AB
C = f AB

C , f ABC
− = f ABC , (8.3.9)

where f AB
C are the structure constants of the Lie algebraG and all remaining components off abc

d van-

ishing. We look for vacua of this theory in the particular case of G = su(N) by expanding around the

point

〈Cλ
A〉 = gδλ5δ

+
A , (8.3.10)
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while all other fields are set to zero. One then has from the fourth line of (8.3.5) that

F̃αβ
B

A = −gHαβ5 D f DB
A , (8.3.11)

with µ = {0, 1, 2, .., 5}, α = {0, 1, 2, 3, 4} and all other components of̃Fµν
A

B vanishing. As a result, the latter

correspond to flat connections that can be set to zero up to gauge transformations, while the second equation

in (8.3.6) reduces to∂µg = 0, renderingg constant.

The rest of (8.3.5)-(8.3.6) become:

0 = D̃αD̃αXI
A − g

i
2
Ψ̄cΓ5Γ

IΨd fCD
A − g2XJ

CXJ
EXI

F f EF
D fCD

A

0 = D̃[αHβγ]5 A

0 = D̃αHαβ5 A +
1
2

g fCD
A(XI

CD̃βX
I
D +

i
2
Ψ̄CΓβΨD)

0 = ΓµD̃µΨA + gXI
CΓ5Γ

IΨD fCD
A

0 = ∂5XI
D = ∂5ΨD = ∂5Hµνλ D , (8.3.12)

whereD̃αXI
A = ∂αXI

A − ÃαB
AXI

B, while one also has from (8.3.4) that

δXI
A = iǭΓIΨA

δΨA = ΓαΓI D̃αXI
Aǫ +

1
2
ΓαβΓ5Hαβ5

A ǫ − 1
2
Γ5Γ

IJXI
CXJ

D fCD
Aǫ

δÃ B
α A = iǭΓαΓ5Ψd f DB

A . (8.3.13)

We immediately see that with the identifications

g = g2
YM , HA

αβ5 = −
1

g2
YM

FA
αβ , Ã B

α A = Aα C fCD
A , (8.3.14)

we recover the equations of motion, Bianchi identity and supersymmetry transformations of five-dimensional

SU(n) super-Yang-Mills theory. In particular sinceg has scaling dimension−1, we see thatgYM also has the

correct scaling dimension. Furthermore the fundamental identity reduces to the Jacobi identity for the struc-

ture constants ofsu(n). Hence the off-shell SO(5, 1) Lorentz and conformal symmetries are spontaneously

broken to an SO(4, 1) Lorentz invariance.
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However, we also have the additional equations

0 = ∂µ∂µX
I
±

0 = ∂[µHνλρ] ±

0 = Γµ∂µΨ± , (8.3.15)

with transformations

δXI
± = iǭΓIΨ±

δΨ± = ΓµΓI∂µX
I
±ǫ +

1
3!

1
2
ΓµνλH

µνλ
± ǫ

δHµνλ ± = 3iǭΓ[µν∂λ]Ψ± . (8.3.16)

These comprise two free, abelian (2, 0) multiplets in six dimensions.

Thus for the choice of a Lorentzian 3-algebra, the vacua of the theory correspond to the ones for

five-dimensional super-Yang-Mills along with two free, abelian (2, 0) multiplets which are genuinely six-

dimensional. Presumably one must be gauged away in order to have a well-defined system of equations

with positive definite energy. How about the case of a Euclidean 3-algebra? It turns out that this behaves in

a qualitatively similar manner. On the other hand, taking 3-algebras with more than one timelike direction

has been shown to lead to descriptions of various otherp-branes in string theory [275, 276] in a manner

similar to the BLG case above.

One can also study this system of equations when the reduction is performed on a time-like or null

direction. For the latter case we introduce lightcone coordinatesxµ = {x+, x−, xi} and takeCµ
a = gδµ+δ

+
a ,

in which case the constrains (8.3.6) lead to supersymmetric system where the fields depend on 4 space

(xi) and one null dimensionx−. The equations that follow from (8.3.5) in this case are rather novel, for

example the scalar potential vanishes, and yet they are invariant under 16 supersymmetries and an SO(5)

R-symmetry. It was shown in [274] that these equations can be reduced to one-dimensional evolution on an

instanton moduli space, wherex− plays the role of time. Time evolution is then generated by the conserved

momentumT−− and this leads to geodesic motion on moduli space, modified bythe inclusion of a potential

and background gauge field when the scalars have non-vanishing VEVs. This system can then be quantised

and this leads to the DLCQ description of the (2, 0) theory given by [277, 278].

We therefore see that with the help of 3-algebras, it is possible to go from a conventional description of

five-dimensional super-Yang-Mills, the low-energy theoryon the D4-brane worldvolume, to an equivalent

3-algebraic version with off-shell SO(5, 1) and conformal symmetries, as was also the case for D2-branes
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in Section8.1. Furthermore, this approach naturally includes the DLCQ quantisation of the M5-brane.

Thus the system (8.3.4)-(8.3.6) seems capable of describing M5-branes in the case that one dimension is

compactified on a circle. Hopefully in this way new light can be shed on M5-branes by re-formulating D4-

branes in terms of a (2, 0) system. This might be pertinent given the recent conjectures stating that the (2, 0)

theory should bedefinedas the strong-coupling limit of five-dimensional super-Yang-Mills [279, 280].

In any case, these results should be viewed as exploratory interms of applications to M5-branes. Even

if we had achieved complete success in writing down a fully six-dimensional system of equations it would

still not be enough to define the quantum theory without also giving a lagrangian or some quantisation

prescription. Nevertheless it is of interest to try and see what structures might be at play. The role of 3-

algebras, and in particular totally anti-symmetric Lie 3-algebras, was not an assumption but rather emerged

through the demands of supersymmetry. It is tempting to notethese 3-algebra structures seem related

to 2-groups and 2-Lie algebras which have arisen in the mathematical literature (e.g.see [281–283] and

references therein).

We should also mention that the M5-brane has been associatedmore directly with the M2-brane theories

of Chapter3, where the 3-algebra is taken to be the Nambu bracket associated to a 3-manifoldΣ [284–290].

There have also been other approaches to the M5-brane that wehave not been able to review here [170, 291–

295].
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9. Closing remarks

In this review we have attempted to explain some of the key developments regarding membranes in

M-theory over the last five or six years. These largely concern the formulation of 2+1 dimensional quan-

tum field theories with extended superconformal invariancethat describe multiple M2-branes. Conformal

Chern-Simons gauge theories form an essential part of such field theories.

In contrast to Yang-Mills gauge theories, the amount of supersymmetry of a Chern-Simons gauge theory

is largely controlled by the choice of the non-simple gauge group. Furthermore the matter fields do not sit in

the same, adjoint, representation as the gauge fields. We have seen that a key property of multiple membrane

theories is the central role played by the mathematical structure of 3-algebras, which are generalisations of

the usual Lie algebras that define the more familiar Yang-Mills theories. Specifying a 3-algebra is equivalent

to giving a Lie-algebra along with a preferred representation. The symmetry properties of the 3-algebra are

relatively directly related to supersymmetry and they explain the seemingly odd choices of gauge group that

are required by extended supersymmetry.

Another key aspect, which enabled the analysis of these theories at a remarkable level of detail, is that

the quantised Chern-Simons levelk defines the coupling constant 1/k of the theory, so that in the limit of

largek the theory becomes weakly coupled. From the bulk sidek is associated to the rank of an orbifold

group, so one is really considering M2-branes propagating in a family of different backgrounds labeled by

an integer, which atk = 1 reduces to the flat, trivial background. On the other hand, in the limit of largek

there exists a duality between these field theories and AdS4 backgrounds in type IIA string theory/M-theory,

constituting a new and tractable example of AdS/CFT. These insights have made it possible to break fresh

ground in recent years in a subject that dates back over a decade and a half.

Naturally, the angle through which these developments werepresented was influenced by the authors’

own contributions and interests. Several important developments in this area have been omitted from

this review, a significant one being the study of integrability in the AdS/CFT correspondence, of which

AdS4/CFT3 forms an important recent class of examples with the CFT in question being one of the theories

we have described here. This is a subject on its own, with its own language, motivations, features and re-

sults. For a review of M2-branes and AdS/CFT see [137]. Furthermore we refer the reader to the overview

[138] of integrability in string theory, and more particularly to Ref. [139] which is devoted to integrability

in AdS4/CFT3.

Using the results that we have covered as a starting point, the most urgent area of investigation is clearly

the dynamics of multiple M5-branes. Here we have surveyed some recent progress in this direction but

it is likely that much more will come in the near future. Thereare of course many other open questions

within the vast and beautiful structure of M-theory; we hopethat their resolution will continue to benefit
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both mathematics and physics.
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