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HYPOELLIPTIC FUNCTIONAL INEQUALITIES
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ABSTRACT. In this paper we derive a variety of functional inequalities for general
homogeneous invariant hypoelliptic differential operators on nilpotent Lie groups.
The obtained inequalities include Hardy, Sobolev, Rellich, Hardy-Littllewood-Sobo-
lev, Gagliardo-Nirenberg, Caffarelli-Kohn-Nirenberg and Heisenberg-Pauli-Weyl
type uncertainty inequalities. Some of these estimates have been known in the
case of the sub-Laplacians, however, for more general hypoelliptic operators almost
all of them appear to be new as no approaches for obtaining such estimates have
been available. The approach developed in this paper relies on establishing inte-
gral versions of Hardy inequalities on homogeneous Lie groups, for which we also
find necessary and sufficient conditions for the weights for such inequalities to be
true. Consequently, we link such integral Hardy inequalities to different hypoellip-
tic inequalities by using the Riesz and Bessel kernels associated to the described
hypoelliptic operators.
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2 M. RUZHANSKY AND N. YESSIRKEGENOV

1. INTRODUCTION

In this paper we are interested in developing approaches that allow one to derive
a variety of functional inequalities for general homogeneous invariant hypoelliptic
differential operators on nilpotent Lie groups. Inequalities of such type are important
by themselves but also play an important role in wider analysis, in particular in view
of the seminal results of Rothschild and Stein [30] linking the analysis of hypoelliptic
differential operators on nilpotent (Lie) groups to differential operators on manifolds.

To give an idea of the obtained results and to put them in perspective we start
by describing a collection of some of the obtained inequalities in the setting of sub-
Laplacians on stratified (Lie) groups (homogeneous Carnot groups).

1.1. Hardy-Sobolev-Rellich inequalities on stratified Lie groups. Hardy in-
equalities on stratified groups are extremely well investigated topic, with different
versions of such inequalities known, also with best constants. While we can not pos-
sibly give a comprehensive bibliography for it here, we can refer to the recent book
[37] for the literature reviews of the subject for the horizontal norm and for norms
given in terms of the fundamental solutions of the sub-Laplacian, respectively.
However, the starting point for the investigation of this paper is the following
version of the Hardy inequality recently obtained by Ciatti, Cowling and Ricci [0].
Let G be a stratified group of homogeneous dimension () and let £ be a sub-Laplacian

on G. Let |- | be homogeneous norm on G. We refer to Section 2 for more details of
this classical setting.
Let 1 < p < oo and let T, f := |- |7YL77/2f with 0 < v < Q/p. Then, as it was

shown in [6, Theorem A], the Hardy inequality for the fractional order operator £/2
can take the following form: the operator T, extends uniquely to a bounded operator
on LP(G), and we have

1T o) ey S 14+ Cy 4+ O(7?). (1.1)

We also refer to [6] for the history of (1.1).

Among other things, in this paper we extend the boundedness in (1.1) to the setting
of general homogeneous invariant hypoelliptic differential operators taking place of
the operator £. Moreover, we extend such estimates to the range of LP — L7 estimates
as well as give their critical versions in the case of v = Q/p.

Let us list some of such results still in the simplified setting of the sub-Laplacians.
First we observe that by combining (1.1) with Sobolev inequalities for the sub-
Laplacian, we have the following extended version of (1.1):

e (Hardy-Sobolev-Rellich inequalities on stratified groups) Let 1 < p <
g<ooand 0 <a< Q/p. Let0§b<Qand%:%—é+%. Then there
exists a positive constant C' such that

f

Pk

< CI(=L)% fllre) (1.2)

L4(G)

holds for all f € LP(G).

Here the space L?(G) is the homogeneous Sobolev space over LP of order a, based
on the sub-Laplacian £. The theory of such spaces has been extensively developed
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by Folland [19]. Consequently, more general results of this paper yield the following
new version of the critical case of (1.2) for a = Q/p:

e (Critical Hardy inequality for a« = QQ/p on stratified groups) Let 1 <
p<r<ooandp<qg<(r—1)p, where 1/p+ 1/p’ = 1. Then there exists a
positive constant C' = C(p, ¢, r, Q)) such that

f

IR
(1o (o))" lel ¥,

holds for all f € L) »(G)

Thus, (1.3) gives the critical case of the Hardy type inequalities in [0, Theorem A].

Actually, in Section 3 we obtain all of the above inequalities for more general
hypoelliptic operators on more general nilpotent groups, namely, on graded (Lie)
groups. As far as we are aware there are no other Hardy type inequalities known on
graded groups in the literature.

Note that the explicit best constants and explicit extremal functions to these in-
equalities are still an open problem, although some constants in their non-explicit
form for these and other inequalities in this paper can be described in terms of the

ground states of certain nonlinear PDEs and extremals of variational problems, see
[42] and [44].

< C(fllve + 1(=L)% i) (1.3)

1.2. Hardy-Sobolev-Rellich inequalities on graded Lie groups. The setting
of graded groups as developed by Folland and Stein [24] allows one to work efficiently
with higher order hypoelliptic operators, contrary to only sub-Laplacians appearing
on stratified groups.

We assume now that G is a nilpotent Lie group with a compatible dilation struc-
ture, i.e. a homogeneous (Lie) group. We refer to Section 2 for a precise (well-known)
definition. Let @ be the homogeneous dimension of G and let | - | be a homogeneous
quasi-norm on G. Let R be a positive left-invariant homogeneous hypoelliptic invari-
ant differential operator on G of homogeneous degree v. Such operators are called
Rockland operators. For instance, for the Heisenberg group, the sub-Laplacian and
its powers are Rockland operators. If G is a stratified group with a basis Xi,..., X,
of the first stratum ¢;, then the operators

R=(-1)"> a; X", a; >0,
j=1

are positive Rockland operators for any m € N, yielding the sub-Laplacian for m = 1.
More generally, for any graded group G ~ R™ with dilation weights v4,..., v, and a
basis X1, ..., X, of the corresponding Lie algebra g satisfying

DX, =r"X;, j=1,....,n, >0,

the operator
vy )

n vy 240
R=> (-1)%a;X;”, a;>0, (1.4)
j=1
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is a Rockland operator of homogeneous degree 21, where vy is any common multiple
of v1,...,v,. There are other examples of Rockland operators that can be adapted
to special selections of vector fields generating the Lie algebra in a suitable way, such
as for example the vector fields from the first stratum on the stratified groups. We
can refer to [20, Section 4.1.2] for many other examples and a detailed discussion of
Rockland operators.

In particular, the existence of such an operator is equivalent to the condition that
the group is graded, and such operators can be characterised in terms of the represen-
tation theory of the group by the celebrated result of Helffer and Nourrigat [28]. We
note that examples of graded groups include R", the Heisenberg group, and general
stratified groups. Again, for brevity, we refer to Section 2 for precise definitions.

Therefore, results for Rockland operators on graded groups can be viewed as the
most general differential results in the setting on nilpotent Lie groups. As far as we
know, none of the inequalities we now describe are known in such settings.

From now on we let R be a positive Rockland operator, that is, a positive left-
invariant homogeneous hypoelliptic invariant differential operator on G of homoge-
neous degree v. Its powers R® are understood through the functional calculus on the
whole of G, extensively analysed in [20, 21].

We start with the following analogue of (1.2), which we also call the Hardy-Sobolev-
Rellich inequalities since it contains the classical Hardy, Rellich and Sobolev inequal-
ities:

e (Hardy-Sobolev-Rellich inequalities on graded groups) Let 1 < p <
g<ooand 0 <a< Q/p. Let0§b<Qand%:%—%+%. Then there
exists a positive constant C' such that

f

Ek

< CIRE flluaey (1.5)
La(G)

holds for all f € L2(G).

In particular, for ¢ = p we obtain the general hypoelliptic family of the Hardy in-
equalities:

f

||

< CIR¥ fllr@), 1<p<oo, 0<a<Q/p. (1.6)
L?(G)

In particular, for a = 1 and a = 2 we obtain the hypoelliptic versions of Hardy
and Rellich inequalities, respectively, which in this form are new already on the
stratified groups since the operator R does not have to be a sub-Laplacian and can
be of any order. At the same time, for b = 0, (1.5) gives an alternative proof of the
Sobolev inequality obtained in [21]:

a 1 1
£y < CIR e 1<p<a<oca=Q(S=2). an
The homogeneous and inhomogeneous Sobolev spaces L?(G) and L?(G) based on
the positive left-invariant hypoelliptic differential Rockland operator R have been
extensively investigated in [21] and [20, Section 4.4] to which we refer for the details
of their properties. In these works, the authors generalised to graded groups the
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Sobolev spaces based on the sub-Laplacian on stratified groups analysed by Folland
in [19].

As a consequence of (1.5), we also get the following Heisenberg-Pauli-Weyl type
uncertainty principle for general homogeneous invariant hypoelliptic differential op-
erators:

e (Uncertainty type principle on graded groups). Let 1 < p < ¢ < o0

and 0 < a < Q/p. Let0§b<Qand%:%—%+£. Then there exists a
positive constant C' such that
a b

IR fllze ] fll o @) = C/@If(ﬂf)Ide (1.8)

holds for all f € L?(G), where 1/q +1/¢ = 1.
As in the stratified case, we have the following critical case of Hardy-Sobolev-Rellich
inequalities:
e (Critical Hardy inequality for a = @)/p on graded groups). Let 1 <
p<r<ooandp<gqg<(r—1)p, where 1/p+ 1/p’ = 1. Then there exists a
positive constant C' = C(p, q,r, Q) such that

f
— | <Clflly,
(og (e+ )"l |

holds for all f € L, (G).

Similarly to (1.9) was investigated in the Euclidean setting in [32].

/p(G) (19)

1.3. Caffarelli-Kohn-Nirenberg and Gagliardo-Nirenberg inequalities on gra-
ded Lie groups. First, let us recall the classical Caffarelli-Kohn-Nirenberg inequal-

ity [9]:

Theorem 1.1. Let n € N and let p, q, v, a, b, d, 6 € R such that p,qg > 1, r > 0,
0<6<1, and

1 1 b 1

) (1.10)
p mq nr o n

where ¢ = dd + (1 — §)b. Then there exists a positive constant C' such that
1 fllr @y < CH IV F I oy Ml £ Il oy (1.11)
holds for all f € C§°(R™), if and only if the following conditions hold:

1JFE:(S(LL@_l)+(1—5)(l+g)> (1.12)

r D n q n
a—d>0 if §>0, (1.13)
. 1 c 1 a-1
a—d<1 if 6>0 and -4+ —=-+ . (1.14)
ron p n

The techniques developed in this paper also allow us to derive general hypoelliptic
versions of Caffarelli-Kohn-Nirenberg and weighted Gagliardo-Nirenberg inequalities.
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e (Caffarelli-Kohn-Nirenberg inequalities on graded groups). Let 1 <
p,q<00,8€(0,1] and 0 <r < oo withr < ;% ford # 1. Let 0 <a < Q/p

and 8, v € R with §r(Q — ap — pp) < p(Q—{—r’y —rf) and B(1 —9) — da <
v < B(1—10). Assume that r(6Q+p(’8(;C_25)_7_a6)) + (1_;)r = 1. Then there exists
a positive constant C' such that

el Fllirey < CIRE £ gy 12l | o (1.15)

holds for all f € L2(G).

In the Euclidean case G = (R", +) with @) = n, if the conditions (1.10) are not
satisfied, then the inequality (1.15) is not covered by Theorem 1.1. So, this actually
also gives an extension of Theorem 1.1 with respect to the range of parameters. Let
us give an example:

Example 1.2. I[fl<p=qg=r<n,a=1,R=-Aandy = [(1—-6)— 9, then
(1.15) takes the form

el Fllogeey < €| -2)2 7]

[EE . (1.16)

Here, we can take e.g. f < —n/p ory < —n/p so that the conditions (1.10) are not
satisfied, then the inequality (1.16) is not covered by Theorem 1.1.

LP(R™)

We refer to [38] for the related analysis on stratified groups, [10] and [39] on ho-
mogeneous groups, namely, for Caffarelli-Kohn-Nirenberg type inequalities in terms
of parameters but with radial derivative operator or horizontal gradient instead of
Rockland operators.

We note that for 5 = v = 0, inequality (1.15) also recovers the Garliardo-Nirenberg
inequality (5.9) (see Remark 5.8), that is

I fller@e) < C||RY f||Lp(G 1f I ote (1.17)

for all f € L2(G) N LY(G), previously established in [11] with an application to the
global-in-time well-posedness of nonlinear damped wave equations related to Rock-
land operators on graded groups (see also [15] for nonlinear heat equations), where
a>0,1<p<Qfa,1<q<r<pQ/(Q—ap)andd=(1/g=1/r)(a/Q+1/q—1/p)""

We also refer to [1] for another type of Garliardo-Nirenberg inequality involving
Besov norms on graded groups.

In [12] and [11] the best constant in the Gagliardo-Nirenberg inequality (1.17) with
g = p and its critical version (a = @)/p) and the Sobolev inequality with inhomoge-
neous norm are expressed in the variational form as well as in terms of the ground
state solutions of the nonlinear Schrodinger equation.

1.4. Integral Hardy inequalities on homogeneous Lie groups. The described
hypoelliptic Hardy-Sobolev-Rellich inequalities and their critical versions on graded
groups follow from the following integral versions of Hardy inequalities that we can
establish in the setting of general homogeneous groups. For example, we can obtain
the Hardy-Sobolev-Rellich inequalities (1.18) by taking TV in the following result to
be the Riesz kernel o(f)a positive Rockland operator. Similarly, we obtain its critical
2) .

i

versions by taking 7™ in (1.20) to be a combination of Riesz and Bessel kernels.
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Thus, let now G be a homogeneous group of homogeneous dimension (), equipped
with any fixed homogeneous quasi-norm | - |. Then we have the following results:

e (Integral Hardy inequality on homogeneous groups) Let 1 <p < ¢ <

oo and 0 < a < Q/p. Let0§b<Qand%:%—é+£. Assume that

T (2)| < Ci]z]*=@ for some positive C; = Cy(a, Q). Then there exists a
positive constant C' = C(p, ¢, a, b) such that

holds for all f € LP(G).

e (Critical integral Hardy inequality on homogeneous groups) Let 1 <
p<r<ooandp<q< (r—1)p, where 1/p+1/p' = 1. Assume that for
a = Q/p and for every N > () we have

£V
] a

< Ol fllzre) (1.18)
L4(G)

|z|¢=@, for x € G\{0},

1.19
2|, for z € G with || > 1, (1.19)

732 (2)] < C {

for some positive Cy = Cs(a, Q). Then there exists a positive constant C' =
C(p,q,r, Q) such that

f = T(2)
O < O f oo (1.20)

1)) .2
(o8 (e 52)) " to1* .

holds for all f € LP(G).

In the proof of (1.18) and (1.20) the following characterisation of weighted integral
Hardy type inequalities plays an important role. In fact, the following results provide
the characterisation of pairs of weights for the integral versions of Hardy inequalities
to hold. For brevity, we only indicate the type of the obtained results referring to the
corresponding theorems for precise characterising conditions.

e (Integral Hardy inequality for p < ¢ on homogeneous groups) Let
{¢:}7_; and {t;}7_, be positive functions on G, and 1 < p < ¢ < oo. Then
we have

(/ (/B(O,m / <Z>dz>q¢l<x>dff); < Cy ( / <f<x>>pw1<x>dx)‘l’ (1.21)

and

< /G ( /@ o (z)dz)q ¢2(x)dx>}l <y ( /@ ( f(x))P¢2(x)dx) ’ (1.22)

hold for all f > 0 a.e. on G if and only if A;(¢;,¢;) < oo, i = 1,2, where
{A;}2_, are given in (3.3)-(3.4).

e (Integral Hardy inequality for p > ¢ on homogeneous groups) Let
{¢;}1_5 and {9);}}_; be positive functions on G, and 1 < ¢ < p < oo with
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1/6 =1/q — 1/p. Then we have

</ (/B(O,x,) / <Z>dz)q¢3<l’>dx); <G ( / <f<x>>pw3<x>dx)’l’ (1.23)

and

< /@ ( /G o (z)dz)q ¢4(x)dx>‘1' < Cy ( /G ( f(x))m(x)dx)’l’ (1.24)

hold for all f > 0 if and only if A;(¢;,v;) < oo, i = 3,4, where {A;}} 5 are
given in (3.22)-(3.23).

e (Weighted Hardy-Sobolev type inequality on homogeneous groups)
Let ¢5, 15 be positive weight functions on G and let 1 < p < ¢ < co. Then
there exists a positive constant C' such that

(/G ¢5(x)|f(:1:)|qu) v <C (/G 1/’5($)|R|x|f(a:)|pdx) v (1.25)

holds for radial functions f with f(0) = 0 if and only if As(¢s,15) < o0

where Ajs is given in (3.69) and R, := ﬁ is the radial derivative.

We note that Hardy, Rellich and other related inequalities with respect to the radial
derivative R, have been investigated in [37] and [13].

Y

1.5. Weighted Hardy-Littlewood-Sobolev inequalities. Let us give another il-
lustration of the method of applying inequalities on homogeneous groups to obtain
the corresponding hypoelliptic inequalities. First, in this paper we show that the
integral Hardy inequalities (1.18) and (1.20) imply the following weighted versions of
Hardy-Littlewood-Sobolev inequalities, still on general homogeneous groups:

e (Weighted Hardy-Littlewood-Sobolev, or Stein-Weiss inequalities
on homogeneous groups) Let 0 < A < @ and 1 < p,q¢ < oo be such
that 1/p+1/¢+ (a+ X)/Q =2 with 0 < a < Q/p’ and a + A < @, where
1/p+1/p" = 1. Then there exists a positive constant C' = C(Q, A, p, &) such
that

) dxdy

1 < Cllfllze@)llgll o (1.26)

holds for all f € LP(G) and g € LY(G).

e (Critical Hardy-Littlewood-Sobolev inequalities on homogeneous groups)
Let l<p<oo,1<qg<p <(r—1)¢ and ¢ <r < oo, where 1/p+1/p' =1
and 1/¢+1/¢ = 1. Let Tg/)p(a:) be as in (1.19). Then there exists a positive
constant C' = C(p, q,r, Q) such that

WIS (v ')
/ / Yt —dudy| < Clfllrollglnee (1.27)
log e+| | ) ]93|

holds for all f € LP(G) and g € LY(G).
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Consequently, similar to the outline of Section 1.4, by working with Riesz kernels
of positive Rockland operators, we subsequently obtain the following hypoelliptic
differential versions of Hardy-Littlewood-Sobolev inequalities:

e (Weighted Hardy-Littlewood-Sobolev inequalities on graded groups).
Let 1 < pg<o0,0<a<Qpand0 <b< Qg Let 0 < XA < Q,
0<a<a+Q/p and 0 < B < b be such that (Q — ap)/(pQ) + (Q — q(b —
B8))/(qQ)+ (a+A)/Q =2 and a+ A < Q, where 1/p+1/p’ = 1. Then there
exists a positive constant C' = C(Q, A\, p, @, 5, a, b) such that

/ / f ({)lg(yA) dudy
¢ Jo |||y~ zMyl
holds for all f € LE(G) and g € L{(G).
e (Critical Hardy-Littlewood-Sobolev inequalities on graded groups).
Let 1 <p,g<00,0<a<Q/p,0<<b<Q/g Ql/p+1/g—1)+ 5~

a—b >0, max{ Qfl?q({kﬁw E q(“+;’l;(éi2a?zé%(p +q)} < r < oo. Then there exists a

positive constant C' = C(p, q, a, b, 8,7, Q) such that

< Clfll gz lgll 2o (1.28)

f(@)g(y)Bgyey~ ')
|/ S drdy| < Cll e lgllige  (1:29)

g
(g (e+)) ™ Il

holds for all f € L2(G) and g € L{(G), where B, is the Bessel kernel from

(2.7).
Certainly, the Hardy-Littlewood-Sobolev inequalities is a very classical subject going
back to Hardy-Littlewood [26], [27] and Sobolev [50]. In the setting of homogeneous
groups, it was established by Folland and Stein [23] on the Heisenberg group, and
its sharp constants were also investigated in [29] and [1&] in the Euclidean and in
the Heisenberg group settings. As for the logarithmic Hardy-Littlewood-Sobolev
inequalities we can refer to e.g. [10], [30], [5] and the recent paper [15] as well as the

references therein. In the appendix in Section 6 we note a simple equality between
best constants in certain Hardy-Littlewood-Sobolev and Sobolev inequalities.

The organisation of the paper is as follows. In Section 2 we briefly recall the
necessary concepts of homogeneous Lie groups and fix the notation. In Section 3 we
introduce the weighted integral Hardy inequalities and in Section 4 we apply them
to obtain the Hardy-Littlewood-Sobolev inequalities on homogeneous groups. The
Hardy-Sobolev-Rellich and Caffarelli-Kohn-Nirenberg inequalities on graded groups
are established in Section 5. In the appendix in Section 6 we breifly discuss the best
constants in certain Hardy-Littlewood-Sobolev and Sobolev inequalities.

The authors would like to thank Fulvio Ricci for a valuable discussion.

2. PRELIMINARIES

Following Folland and Stein [24, Chapter 1] and the recent exposition in [20, Chap-
ter 3] let us recall that a family of dilations of a Lie algebra g is a family of linear
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mappings of the following form
1

Dy = Exp(Aln)) =)~ —( (0
k=0

where A is a diagonalisable linear operator on g with positive eigenvalues. We also
recall that D, is a morphism of g if it is a linear mapping from g to itself satisfying
the property

VX, Y €g, A >0, [D,\X,D,Y] = D,[X,Y],

where [X,Y] := XY — Y X is the Lie bracket. Then, a homogeneous group G is a
connected simply connected Lie group whose Lie algebra is equipped with a morphism
family of dilations. It induces the dilation structure on G which we denote by Dyx
or just by Az.

We call G a graded Lie group if its Lie algebra g admits a gradation

=P
=1

where the g1, go, ..., are vector subspaces of the Lie algebra g, all but finitely many
equal to {0}, and satisfying

9, 9;] C @iy Vi,j €N

Every graded Lie group is also a homogeneous group with the dilation structure
induced by the commutator relations.
The triple G = (R", 0, D) is called a stratified group if it satisfies the conditions:

e For some natural numbers N = Ny, Ns,..., N, with N4+ Ny + ...+ N, = n,
the following decomposition R” = R¥ x ... x R is valid, and for each A > 0
the dilation D) : R — R" defined by

Dy(z) = Dy(«/, 2@, ..., 2™) = (\a/, A\22® . Amz™)

is an automorphism of the stratified group G. Here 2/ = 2z € RN and
z® e RN for k=2,...,r

e Let NV be as in above and let X7, ..., Xy be the left invariant vector fields on
the stratified group G such that X;(0) = %b for k=1,...,N. Then

rank(Lie{X1,..., Xy}) =n,

for each x € R", that is, the iterated commutators of Xi,..., Xy span the
Lie algebra of the stratified group G.

Note that the left invariant vector fields Xj,..., Xy are called the (Jacobian)
generators of the stratified group G and r is called a step of this stratified group
G. For the expressions for left invariant vector fields on G in terms of the usual
(Euclidean) derivatives and further properties see e.g. [20, Section 3.1.5].

As usual we always assume that G is connected and simply connected. If we fix a
basis {Xi,..., X, } of g adapted to the gradation, then by the exponential mapping
expg : § — G we obtain points z € G:

r=expg(r1 X1+ ...+ 2, X,).
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Let A be a diagonalisable linear operator on the Lie algebra g with positive eigenval-
ues. Then, a family of linear mappings of the form

D, = Exp(Alnr) = Z i(ln(r)A)k
k=0
is a family of dilations of the Lie algebra g. Each D, is a morphism of g, that is, D,
is a linear mapping from the Lie algebra g to itself with the following property
VX, Y eg,r>0, [D.X,DY]=D,[X,Y],

where [X,Y] := XY — Y X is the Lie bracket. We can always extend these dilations
through the exponential mapping to the group G by

D.(z) =rx = (ray, ..., 7"x,), x=(x1,...,2,) €G, >0, (2.1)
where v, ..., v, are weights of the dilations. The sum of these weights

Q=TrA=v1+ -+,

is called the homogeneous dimension of G. Recall the fact that the standard Lebesgue
measure dz on R" is the Haar measure for G (see, e.g. [20, Proposition 1.6.6]). The
continuous non-negative function

G 3z |z| €]0,00)

satisfying the following properties:
o [z7!| = |z| for any z € G,
e |\z| = \|z| for any z € G and A > 0,
e |z| =0 if and only if z = 0,
is called a homogeneous quasi-norm on G.
In the sequel we will need the following well-known facts, see e.g. [20, Proposition

3.1.38 and Theorem 3.1.39]:

Proposition 2.1. Let G be a homogeneous Lie group and let | - | be an arbitrary
homogeneous quasi-norm on G. Then there exists a constant Cy such that
|zy| < Co(lz] + [yl) (2.2)
holds for all x,y € G. At the same time, there always exists a homogeneous quasi-
norm |- | on G which satisfies the triangle inequality
|y < ||+ [yl (2.3)

forall z,y € G.
The quasi-ball centred at x € G with radius R > 0 can be defined by
B(z,R) :={y € G : |z 'y| < R}.
There exists a (unique) positive Borel measure o on the sphere
S ={2reG: |z|=1}, (2.4)
such that for all f € L*(G) there holds

/G f(x)ds = /0 h /@ Fry)r@do(y)dr. (2.5)
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We denote by G the unitary dual of G and by H:° the space of smooth vectors for
a representation m € G. If the left-invariant differential operator R on G, which is
homogeneous of positive degree, satisfies the following condition:

(Rockland condition) for every representation 7 € @, except for the trivial
representation, the operator 7(R) is injective on H°, that is,

Vo e HX, m(R)v=0= v =0,

then the left-invariant differential operator R is called a Rockland operator. Here,
m(R) := dn(R) is the infinitesimal representation of the Rockland operator R as of
an element of the universal enveloping algebra of G.

Different characterisations of the Rockland operators have been obtained by Rock-
land [31] and Beals [3]. We refer to [21] and [20, Chapter 4] for an extensive pre-
sentation about Rockland operators and for the theory of Sobolev spaces on graded
groups, and refer to [12] for the Besov spaces on graded Lie groups.

By Helffer and Nourrigat [28], we know that one can also define Rockland operators
as left-invariant homogeneous hypoelliptic differential operators on G, since this is
equivalent to the Rockland condition.

Since we will deal with the Riesz and Bessel potentials, let us recall them on graded
groups, and prove some useful estimates. Let R be a positive Rockland operator of
homogeneous degree v. Then, the operators R=%" for {a € R,0 < a < Q} and
(I +R)~*" for a € Ry are called Riesz and Bessel potentials, respectively. If we
denote their kernels by Z, and B,, then we have

To(x) = ﬁ /0 Uy ()t (2.6)

14

for 0 < a < @ with a € R, and

B,(z) = ! ) /0°° tvtethy(z)dt (2.7)

NG
for a > 0, where I' denotes the Gamma function, and h; is the heat kernel associated
to the positive Rockland operator R. We refer for more details to [20, Section 4.3.4].

Before using Z,(z) and B,(x), we recall the following results:

Theorem 2.2 ([20, Theorem 4.2.7]). Let R be a positive Rockland operator on a

graded Lie group G. Let | -| be a fized homogeneous quasi-norm. Let hy be a heat
kernel associated with the Rockland operator. Then each hy is Schwartz and we have
Vs, t >0 hyxhg = hyys, (2.8)
Vo € G,rt >0 huy(rz) = r 9hy(z), (2.9)
Vi € G hy(z) = hy(z7Y), (2.10)
/ hi(z)dx = 1. (2.11)

G

Moreover, we have
30 = Cune >0 VE € (0,1] sup |0/ Xhy(2)] < Cunt™ (2.12)

|lz|=1

for any N € Ng, a € Njj and ¢ € N.
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Lemma 2.3 ([20, Lemma 4.3.8]). Let R be a positive Rockland operator on graded
Lie group G and let hy be its heat kernel as in Theorem 2.2. Let |-| be a homogeneous
quasi-norm and o € Nj be a multi-index. Then for any real number a with 0 < a <
(Q + [a])/v there exists a positive constant C' such that

/ t ) X hy(z)|dt < C|a| =9 lelHva, (2.13)
0
Replacing a by a/v and putting a = 0 in Lemma 2.3, and using the representation

(2.6) for Z,(z), we obtain

Lemma 2.4. Let |-| be a homogeneous quasi-norm. Let 0 < a < Q and a € R. Then
there exists a positive constant C = C(Q,a) such that

IZ,(z)| < Cla|~@ . (2.14)

Now let us prove the following useful lemma for B,, which may be not optimal
(for example, the exponential decay is known on R", see [1]), but sufficient for our
purposes.

Lemma 2.5. Let |-| be a homogeneous quasi-norm. Let 0 < a < Q and a € R. Then
there exists a positive constant C' = C(Q,a) such that

|27, for z € G\{0},
B,(z)| < C 2.15
Ba(a)] < {|x\_N, forz € G with|z| > 1 (2.15)
for every N.
Proof of Lemma 2.5. We split the integral in (2.15) as follows
1 > 4
Ba(x) = m/ tgileitht(l')dt
») Jo
1 /f'” o1 Y (2.16)
= S\ tv e ht(l')dt—f— —a/ tv e tht(l')dt
L'(2) Jo L (8) Jay

=: Ji(x) + Jo(x).

To estimate J; using the property of homogeneity of h; in (2.9), we calculate

1 ",
=7av / tg_le_t|:L‘|_Qh|m|—ut (i) dt
(%) Jo 7|

1 o
< x|~ su he, / tvtdt
- F(2)| | <|y=1,0£t1§1| t(y”) 0 (2.17)

| Ju(2)] =

v

_ v a-Q
= x sup he, (y
al’ (g) | | (y|=1,0St1S1 ‘ t ( )’)

14

< Cla]* @,

where we have used that ~ sup |k, ()| is finite by (2.12).
ly|=1, 0<t:1<1
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Now we estimate Jo. A direct calculation gives that

L /OO tv e thy(z)dt

L(3) Jiap

<1 /ootﬂlt?ml(tix)ydt
T(3) i

1 &0 a Q
< —al\hl\le(@/ tv v dt
(%) |

< O]9,

| Ja(2)| =

(2.18)

x|V

where we have used that ||h1]|ze(g) is finite since hy is Schwartz. Combining (2.16),
(2.17) and (2.18), we obtain (2.15).

On the other hand, when |z| > 1, using that hy is Schwartz, one has for every N
that

|x|l’ a— 1
11 (2)] < / 5% 1o th, (t’?x) dt
0

ol
r§|:L’|N/ £ e tdt
0

(2.19)
< |x|_N/ = ety
0
< |27,
and, again using the first line in (2.19), and that h; is Schwartz, we get
| Jo(z)| < / 5oty < / £y, (2.20)
|| ||~

showing that B,(z) is rapidly decreasing at co. Combining (2.16), (2.19) and (2.20),
we obtain (2.15) for |z| > 1. O

3. WEIGHTED INTEGRAL HARDY INEQUALITIES ON HOMOGENEOUS LIE GROUPS

In this section we introduce various types of weighted L” — LY inequalities for the
Hardy operator on homogeneous groups for different ranges of indices 1 < p, g < oo.
We obtain necessary and sufficient condition on weights for such inequalities to be
true. Subsequently, we apply them (Theorem 3.1) to obtain an integral Hardy in-
equality on general homogeneous groups which will be crucial for the further inves-
tigation of this paper. For a version of this result on more general metric measure
spaces with polar decomposition see also [10].

Theorem 3.1. Let G be a homogeneous Lie group of homogeneous dimension ). Let
{¢: Y2, and {W;}2 | be positive functions on G, and let 1 < p < q < oco. Then the
inequalities

(/ (/B(om / <Z>d2)q¢1<fﬂ>dw); <Gy ( / (F(@)yin <x>daz>’l’ (3.1)
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and

(/ </G\B<o,x|) d ““Z)q@(@dﬂf); < Cy ( / <f<w>>pw2<x>dx)” (3.2)

hold for all f >0 a.e. on G if and only if, respectively, we have

Aq :=sup (/ ¢1(x)dx) ’ (/ (wl(:c))(pll)dx> i < 00 (3.3)
R>0 \J{|z|>R} {lz|[<R}

Az 1= sup ( /{ o @(@dx)é < /{ x|>R}(w2(m))_(”/_l)dx) oo (34)

Moreover, if {C;}\_5 are the smallest constants for which (5.1) and (3.2) hold, then

and

e

A< C < (p)TpiAs i =34 (3.5)
Remark 3.2. In the abelian case G = (R", +) and @ = n, if we take ¢ = p > 1 and
¢1(x) = |B(0, |2|)| ™" and ¢, (x) = 1 in (3.1), then we have A; = (p — 1)~/? and
b oNE ;
w) < Lo ([sara) o)
_ o

(/R" m /B(0,|x) fz)dz p

where |B(0, |x|)| is the volume of the ball B(0, |z|). The inequality (3.6) was obtained
in [8].

Proof of Theorem 3.1. We prove (3.1)<(3.3), the case (3.2)<(3.4) can be proved
similarly.

First, we show (3.3)=-(3.1). Then, using polar coordinates on G and denoting
r = |z|, we write

/G 61() [ /B y f(z)dzrdx
= /0 N /6 r9 ¢y (ry) { /0 r /6 SQ‘lf(sy)da(y)dS}qda(y)dr-

s ={[ [ sQ1<wl<sy>>1p’dsda@)}l/(ppl) , (38)

and using Holder’s inequality, we calculate

/Or/GsQlf(Sy)dU(y)ds:/G/oT S(Qfl)/pf(sy)(?/h<Sy))1/pg(s)s(Q*1)/p'
X ((1/11(59))1/1)9(3))_1 dsdo(y)

< ( /G /0 SO [f(sy) (1 (sy)) P g(s))” ds da(y))l/p (3.9)
X (/6 /0’" sQ-1 [(%(sy))l/pg(S)}—p’ deO'(y))l/p/‘

(3.7)

Setting
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If we define U,V and W; by

U(s) = / @ (f(sy) (1 () 79(5))" do (), (3.10)

") = / r / @ (41 () 7 s)) " do(y)ds, (3.11)
r) = r@-1 1(ry)do(y), .

Wi(r) / b (ry)do(y) (3.12)

for s, > 0, respectively, then plugging (3.9) into (3.7) we obtain

/G b1 () ( /B o f(z)dz)qu < /0 h Wi(r) ( /0 ' U(s)ds)q/p V()P dr.  (3.13)

Now we need to use the following continuous version of Minkowski’s inequality (see
e.g. [14, Formula 2.1]): Let # > 1. Then for all fi(x), fo(x) > 0 on (0,00), we have

/000 fi(x) (/Ox fz(z)dz)gdx < (/OOO fa(2) (/:O fl(x)dx) v dz)e. (3.14)

Using this with 8 = ¢/p > 1 on the right-hand side of (3.13), we get

/¢1 </ 0T)f(z)dz>qd:c
( [oe (o d)d> 1)

In order to simplify the right-hand side of above, denoting

T(s) := / @ (g (s)) 7 do(y),

and using (3.8), (3.11), the integration by parts, (3.3) and (3.12) we compute

0= [ [ st ([ [ @ >dt>_1/pdsda<>
(o) e 40
([ ) —y ([ sQ—1<wl<sy>>1-ﬂda<y>ds)W
o[ | ¢1<sw)da(w)ds>‘”q:p%1 ( /vam(s)ds)_l/q.
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Similarly, applying the integration by parts and (3.3), we have from above

/ Wi (r)(V (r) ¥ dr
-1/p’
(P Ar) q/p/ Wi (r (/ Wi(s ) dr
A1 ( Wi(r d>
= / 3 (3.16)
1/p
pA q/p (//quﬁl’ryda))
—q/('p)
< /A q/p’ AQ/;D( Q-1 1—p’d d)
< (A7 pAT / " / (1 () do(y)dr

= A{(p)"" p(g(s)) 7",

where we have used (3.8) in the last line. Putting (3.16) in (3.15) and recalling (3.10),
we obtain

q/p

; b1(x) (/B(O’T) f(z)dz>q dr < (/OOO U(S)Alf(p')p—lpp/q(g(s))—pds)
A

yielding (3.1) with Cy = A (p/)/? pl/a.
Now it remains to show (3.1)=>(3.3). For that, we take f(z) = (¢1(2))* 7 x(0.8)(|7])
with R > 0 to get

([ nsre) " (f oty a) v
- (e v (f SRwl(w»l-p’dx)_l/p 1 (3.18)
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Consequently, by (3.1) we have

o[ uwuwre) " (f e <w>>1p’dx)_l/p
> ([e ([ B i) de) " ( / ISR%@))M/M)‘””
q 1/q -1/p
- ([ e ( /| |g|x|f<z)dz> ) ( /| ISR(%(@)W’daz) |
- (/xlzR qbl(z)dw) ) (/zKR(wZ))l_p/dz) : - (319)

Combining (3.18) and (3.19), we obtain (3.3) with C' > A;. O

Now we show the case ¢ < p of Theorem 3.1. For a (later) version of this result on
metric measure spaces see also [17].

Theorem 3.3. Let G be a homogeneous Lie group of homogeneous dimension Q).
Let {¢;}i_s and {;}}_5 be positive functions on G, and let 1 < q¢ < p < oo with
1/6 =1/q—1/p. Then the inequalities

(/G (/B((),ID d (z)dz>q¢3<x>df”>; =G ( /G (f (m))pws(x)daﬁ); (3.20)

(L 0) ¢4<$>dx)é <o [ea@rowe) e

hold for all f > 0 if and only if, respectively, we have

As = /G (/G\B(O,|x) ¢3(z)dz) . (é(07x|)(w3(z))1—p’dz) 7 (1h3(z)) 7 da < oo

and

) (3.22)
A= /@ (/B(O 2l @(Z)dz) : </<G\B(0 xn(w(z))l_p,dz) " (ha(a))' ™ do < o
’ ’ (3.23)

Proof of Theorem 3.3. We show (3.20)<>(3.22), the case (3.21)<>(3.23) can be proved
similarly.
First, we prove (3.22)=-(3.20). Denote

Wa(r) ::/GTQ_qug(ry)da(y) (3.24)
and

G(s) = / @ sy) (s (s)) 7 dor(y) (3.25)
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for h > 0 on G. Then using polar coordinates on G, we calculate

[0 ([ M0 )
//“3 omate) ([ [ tonusen) datuyas) ar
v fasye
<o e ([[awar)” ([ minar) o

—q// s9 " h(sy) (s(sy))" (//Qhrw (¥3(rw))* ())q1
(/iLV m>daw()

_q/i/ 59U (sy) (1) )

Jo Ji th ¢< W) drdo(w)\
fefo ro-1 rw)) = drdo(w)

((/1/ (a(rw))* ™ drdo(w ) 1(meﬂwm)>dwa@)

Here, using Holder’s inequality (with three factors) for % + ‘1;71 + Z% =1 we get

/¢3 (/ 3 )) p' Z) dISquKQK;),, (326)
B(0,]=|)
where

K, = ( LI sQ1<h<sy>>P<w3<sy>>1p’dsdo—<y>) v ( / (h@))%(x»w'dx) "

(3.27)
= " ga 1-p' Je fos r@h(rw) (Y3 (rw)) 7 drdo (w) b o
Ky = (/6/0 s%7 (13(sy)) ( f6 fos Q=L (s (rw)) ¥ drdo (w) ) dea(y))
(3.28)
and

(¢=L)p

om (s ([ vt ™
</IV y dsdo(y )p.@w)
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We have for K5 that

g=1

o= (/@ (fB(o,£|1)p(31/(§()5)_ip’dz)p (/B(o,un(%(Z))I_p/h(z)dzydx) R

To apply (3.1) for Ky with ¢ = p, f(2) = (¥3(z))' P h(z) and
7 = (V3(2)) 7 (1-p")(1—p)
) a7z 1) =

we need to check the condition that

A(R) = ( [ ([ ey ras) dm) "

X (AKR(Qﬁg(J}))l_p/dI)l/p, < oo (3.30)

holds uniformly for all R > 0. Indeed, once (3.30) has been established, the inequality
(3.1) implies that

Ko < ([ alo) 0 (o) ) T e ([a@r@aey~a)

q—

(3.31)
To check (3.30), denoting S(s) = [y s~ (¢3(sw))' ' do(w) and using the integration
by parts we compute

Ai(R) = // (g (rw))? '(/OTS(s)ds> drdo(w ) </S )
_ /R ( /O ' S(s)ds> v S(r)dr) " ( /O ’ S(s)ds) "
< ﬁ (/OR S(s)ds) 1_,,> (/R S(s)ds) " —(p—1)""" < .

Next, for K3, taking into account 1 = = % and using (3.22), we have

[e=]

1
q

o ([ o) ([ s i)

<59ty () do(y)ds)

pP—q

N </G </(G\B(0,|z) ¢3(2)d'z) " </B(o,|x|)(w3(z>>lpldz) " (%(:U))lp'dx) !

= A:? < 00.
(3.32)
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Now, plugging (3.27), (3.31) and (3.32) into (3.26), we obtain

‘é¢ww<é@“ﬁwxwwnl“”yQISCA?qQéwu»%wwnlmm)ﬁ%i

which implies (3.20) after the setting = fy£ .
To show (3.20)=(3.22), as in the Euclidean case [11, Theorem 2.2] we put the

functions
3/ (pa) §/(pa")
= d =g )
(=) </|22|w #5(2) Z) (/oszZISImI(wS(Z)) ’

X (3(@)" " Xapso (2l), k=1,2,...,
instead of f(x) in (3.20) to get (3.22), where 0 < ay, < B with ag, N\, 0 and S 7~ 00
for kK — oc. 0

Now we introduce another integral Hardy inequality.

Theorem 3.4. Let G be a homogeneous Lie group of homogeneous dimension (). Let
| -| be an arbitrary homogeneous quasi-norm. Let 1 <p < g < oo and 0 < a < Q/p.
Let 0 < b < Q and & = % - % + %. Assume that |T¢§1)(x)| < C1|x]*=9 for some
positive Cy = Cy(a, Q). Then there exists a positive constant C = C(p,q,a,b) such
that

< C|fllere) (3.33)

L1(G)

Pk

holds for all f € LP(G).
Proof of Theorem 5.4. We split the integral into three parts:

e

LI+ T @S < 300 + M+ ), (3.34)
where )
_ dx
o= [([ ool
¢ \Jg2ly|<lzl} ||
T dx
w= [ (f T )
G \J{jz|<2lyl<4z]} ||
and

© dx
M; = T (y! d) —,
3 A(@mmu(y@mmy|w

First, let us estimate M;. We can assume that |- | is a norm without loss of generality
because of the existence of a homogeneous norm (Proposition 2.1) and since replacing
the seminorm by an equivalent one only changes the appearing constants. Although
we could give a proof without this hypothesis, it simplifies the arguments below.
Then, by the reverse triangle inequality and 2|y| < |z| we have

2| _ |2

vl 2 Jal — lyl > el - 5 = 2, (335)
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which is |z| < 2|y~'z|. Taking into account this and that Ta(l)(x) is bounded by a
radial function which is non-increasing with respect to |z|, we calculate

1 ! dx
M, < d Tél) —
/G(/{2y|<|m|} T y) <{|flgfz|}| w) | z]°

q |x|>(a—Q)q dx

c dy) (2 o

= /G</{2|y<|x}‘f(y)| y> (2 |z[°

In order to apply (3.1) for My, let us check the condition (3.3), that is, that

1

(an)q % I
/ (M) d_xb ( / d:p) < A (3.37)
(2R<|zl} \ 2 || {|z|<R}

—i—%, hence (a—Q)q—b+Q =

holds for all R > 0. Indeed, taking into account % =
—% # 0, we have

1_1
P q

1
ol

’x‘ (a—Q)q dr J -
— — dx)
/{2R<x|} ( 2 ) | [? (/{|.Z'<R}
1
< CRV (/ <m>(a_@q di) q
B {2R<[al} \ 2 " (3.38)

1

< CRg (/ |x|(aQ)qbdx) q
{2R<|z[}

< CRgR(a*@;l*bJrQ
<C,
since (a — Q)g—b+Q = —% #£0.
Thus, we have checked (3.37), then we can apply (3.1) for M; to obtain

1
7

1 1
M < (p")7 pa Av| fl o (c)- (3.39)

Now let us estimate Ms. Without loss of generality, we may assume again | - | is the
norm. Then, similarly to (3.35) we note that 2|z| < |y| implies |y| < 2|y~'z|. Taking
into account this we obtain for M3 that

|y|)<a—@ " de
M. — d —.

To apply (3.2) for M3, we check the following condition:

(a—Q)p’ i
( / d—ﬁ) / (%) dr | < As. (3.40)
{|lz|<R} |z {2R<|z|}

Q=
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Taking into account @) # ap, one gets

1

|x’ (a—Q)p’ » ) ﬁ o
/ (—) dz go(/ |a:|<a—Q>de> <CR" 7, (341
{(2R<lzl} \ 2 {2R<|x[}
that is,
(o) (o () ) e <c
{|z|<R} |z|° {2R<|z|} -

Q=

since b < Q and a — Q+Q b—()dueto—zi—%—l—q%
Thus, we have checked (3 40), then we can apply (3.2) for M3 to get
1 1
M < (p )7 s Ao fl| o (3.42)
Finally, we estimate M. We write
(1) (-1 ' de
My =Y T, =) fWldy ) -
= Jize<lai<oriy \Jqal<alyl<aialy ]
Since |z| < 2|y| < 4]z| and 2% < |z| < 281 we have 2871 < |y| < 252, As in (3.35),
assuming | - | is the norm and using the triangle inequality, we have
Bla| = |a| + 2Jz| = [a] + |y| = |y~ "a], (3.43)

which implies 0 < |y~ 'z| < 3|z| < 3- 281 If we denote I (z) := Cy|z|°"Q, then
\Tél)(x)\ < I,(z). Taking into account these, applying Young’s inequality (well-

known, see e.g. [20, Proposition 1.5.2]) for 1—1—5 = %4—% with r € [1, 00] we estimate
Mg by
M2 < Z 2- kb/ f . X{Qk—1<|_|<2k+2}] * E)(x))qu
keZ
= Z 2_ka[f ) X{Qk—lg\-|<2k+2}] * Ia“%q(@)
keZ

< Z Q_kaIa : X{0<\~|<3~2k+1}||%r(q;)||f : X{Qk—1<\~|<2k+2}||%p(g)

keZ
g9

— C 2—kb (/ T (a_Q)de) " . _ T q

1; S 17 Xercweraline 5 4y,

)

< 022 (3. ght1) (S +Q)rete= 1 x g 1<fal<2v+23 | o )

keZ
= 022 M3 2M f X{2k*1<|x\<2k+2}||%p((;)

keZ

<C Z Hf : X{2k*1<|x|<2k+2}"%p(<{;)

kezZ
< Clila
since Loy pq-i—p q L te= pq+p q >0and g2>p.
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Thus, (3.39), (3.42) and (3.44) complete the proof of Theorem 3.4. O

Remark 3.5. Let us now very briefly discuss an alternative proof of Theorem 3.4 by
using Schur’s test [22].

In the case ¢ = p, we have b = ap from & = %—%+%. Let Sof := |z|~%P(f*|z|*=9),
then S¥g := (|z|™%Pg) * |z|*=9, where (f,S*g) = (S.f,g). Since the integral kernel
of S, is positive, by Schur’s test we see that instead of proving the estimate

1Saf ey < AYY B2\l fll 1o

for all f € LP(G), it is enough to exhibit a positive function h and constants A, , and
B, such that

Sa(h?)(x) < Awp(h(@))? and S;(A")(z) < Bay(h(x))?

for almost all z € G.
Let us take h.(z) := |z|°"? with ¢ > 0 and consider the convolution integrals

B |2|*=9 and (Ja|~*PRE) + |2)*79,
which arise in the computation of S,(h?’) and S’(h?). We see that the homogeneity
orders of kP and |z|~*Ph? are (¢ — Q)p’ and (¢ — Q)p — b/p, respectively. Then,
the homogeneity of h?' * ||*=9 and (|z|~*Ph?) * |2~ are a — Q + (c — Q)p’ and

a—Q+ (c—Q)p—b/p, respectively. Therefore, these convolution integrals converge
absolutely in G\{0} if and only if 0 < (c—Q)p'+Q < Q@—a and 0 < (c—Q)p—b/p+Q <

@ — a, that is,
a a
max<g,—+g) <c<Q—
pp p p
since b = ap. This condition is true if 0 < a < Q/p.
Thus, we have obtained

=2 (f * 2*= o) < Ay BalZ N flloo),
where 0 <a < Q/p, 1 <p<oo, f e LP(G) and b = ap.
Taking into account this and |T(§1)(a:)| < C|z|*=9, we obtain

[f] | T8V

EE

<C
LP(G)

Pk

LP(G)
< Ol f1 # 121" ooy < Cllf ). (3.45)

In the case ¢ > p, the operator in (3.33) is dominated pointwise by

ol (1% Ks) K ).

where K,(z) = |2|79%?, and the above is the composition of g — g * K, », which
q

maps L into LY, followed by h +— ]x\_g <h * Kg) which falls in the ¢ = p case.

Now we also show the critical case a = @Q/p of Theorem 3.4.
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Theorem 3.6. Let G be a homogeneous Lie group of homogeneous dimension ). Let
| - | be an arbitrary homogeneous quasi-norm and let 1 < p <r < oo and p < q <
(r—1)p', where 1/p+1/p' = 1. Assume that for a = Q/p we have

=@ forz € G\{0}
T (@) < ¢y 415 ’ 3.46
77 (@)] < G |z|~N, forz € G with |x] > 1, ( )
for some positive Cy = Csy(a, Q) and for every N > Q). Then there ezists a positive
constant C = C(p, q,r, Q) such that

FxT®
Qe < O f oo (3.47)

Q
(o (e+ )" ],

holds for all f € LP(G).

Proof of Theorem 3.6. Let us split the integral into three parts

d
/| T ) () ’ <3Ny + Na+Ny),  (3.48)
Q
tog (e )| I«
where .
3 dz
vo= [([ e smi)
6 \J {2yl <[]} ‘log (e+ )‘ j2]@
B 1 dx
_%:/(/ T (y mﬂw@> r
& \J{Jo|<2lyl<4lal} ‘log (e+ﬁ)‘ [
and

o 1 dx
M= /G (/{|y>2x|} | Q/p( :c)f(y)]dy) ‘log (e + gﬂ) ‘T |:U|Q.

First, let us estimate N;. Similar to (3.35) from 2|y| < |z| we get

_ e X
] > Ja] — yl > Jo| — 20 = 12 (3.49)
2~ 2
which is |z| < 2|y~'z|. Denote
~ =Q for z € G\{0}
T ()| < B,(z) := C "%, ’ 350
T (@) < Balz) 2 2|V, for x € G with |z| > 1, ( )

)

for every N > (). Since T, p

respect to |z|, then using

q ! dx
M= /(G (/{2|y|<x|} |f(y)’dy> (“S'EE' '}l Tl )|> ’bg <e+ |71\> ‘ 2I°
q T\\ 4 dz
= /«; (/{2|y|<x|}|f<y>|dy> (BQ/p< >) llog( ll)‘ ja|o

x) is bounded by Bo,(x) which is non-increasing with
Q/p
3.49) we get

A@’\

(3.51)
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To apply (3.1) for Ny, we need to check the condition (3.3), that is, that

L

5 T\\? dx ! o
/{2R<|z} <BQ/p <§>> ’10g <e n _) ‘7" e (/{|x<R} da:) < A (3.52)

1
||

holds for all R > 0. In order to check this, let us consider two cases: R > 1 and
0 < R < 1. Then, for R > 1 using the second equality in (3.50) and N > @, one
calculates

1
q 1
!

(/{2R<|x} (e @))q log (e +d;> ‘ ]2 </{;v|<R} dx) ”

<CRY ( /{ oy (Bon(5)) \;%) 7 (3.53)

1
— CRV </ |x|_N‘1_de> '
{2R<|=[}

< CR VRV
<C

Q=

Now let us check (3.52) for 0 < R < 1. We write
~ T\\¢ dz
Joeay (B (3)) o7
{2R<]a[} ’log (e + m) ’ || @
~ T\ \4 dx
= Lo (B (3))
{2R<|z|<2}

‘10g <e+ ﬁ)\ 12]@

~ AN dx
" /{Iw>2} <BQ/p <§>> ‘log (e + ﬁ) ' |SC|Q‘ .

We note that the second integral on the right-hand side of (3.54) is integrable by the
second equality in (3.50). Then, using the first equality in (3.50) we get for the first

integral that
~ x
/ B (3)
{2R<|z|<2}

q dx

’10g <e + Vll)‘ |z|@

~ T
< / Bair (3)
{2R<|z|<2}

<C |x|7Qq/pLde
{2R<|z|<2}

< CR-Qa/P"

7 dx
|z|@
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Q=

1
o

It implies with (3.54) that
- d
/ B (5) : (/ dm)
{2R<a]} ‘log <e+ )‘ 2| {lo|<R)
<C[R 9" + )R < C

for any 0 < R < 1. Thus, we have checked (3.52), then applying (3.1) for N; one gets

L 11
Ny < ()7 pr Al flle ). (3.55)

Now we estimate N3. Without loss of generality, we may assume again that |-| is the
norm. Similarly to (3.49) we obtain |y| < 2|y~ x| from 2|z| < |y|. Then, we have for

Ns that
N y q dx
2 [[ ([ o Q0] e

In order to apply (3.2) for N3, we need to check the following condition:

1

d ! N RN
oty Uy Gen @) ) 0 0

To check this, let us consider the cases: R > 1 and 0 < R < 1. Then, for R > 1 by
the second equality in (3.50), we get

(/ (EQ/,, (f>)p dx)p <C (/ |x|—NP'dx> <CR7. (357
{2R<|a[} 2 {2R<|a[}

Moreover, we have

Y e

/ dx / dx
{|z|<R} ‘log (e—I— >‘ |z|@ {lzl<3} ‘log (e—i— )‘ |z|@
/ dx
+ —
{s<iei<n} flog (e+ 4 )| 1219

and we note that the first summand on the right-hand side of above is integrable
since r > 1. For the second term, we get

d d
/ v < / S5 < C(1+1logR). (3.58)
{1<|ac|<R} ‘log (e + >‘ ’x‘Q {%§\$|<R} |$|
Combining (3.57) and (3.08), we have for R > 1 that
dx ! ~ x\ [P 7
/ ( Ly [P (5) dl")
{le|<R) ‘log (e + )( 2| {2R<al}

<CR »(1+logR)7 < C.
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Now let us check the condition (3.56) for 0 < R < 1. We split the integral

~ T p’ ~ €x p’ ~ X 14
Sy Ben () o= [ (Bon (5)) e [ (Ban(5)) @
{2R<|x|} {2R<|z|<2} {|z|>2}

(3.59)
We note that the second integral on the right-hand side of above is integrable by the
second equality in (3.50). Then, using the first equality in (3.50) we get for the first
integral that

=~ xXr p/ 7Q ].
<BQ/p <§)> de < C |z|"%dx < C'log =)
{2R<|z|<2} {2R<|z|<2}

which implies with (3.59) that

/{2R<x|} (Bar (g»p dr=c (1 +log (é)) ' (3.60)
/|m|<R} ’10g <e +d:v > <C (log (e+ %))0‘1)’

and (3.60), and taking into account r > 1 and ¢ < (r — 1)p’ we obtain that

Since

1

1

/|x<R} ‘1Og (e jx )‘ 2|9 | </{2R<Iw|} <§Q/p (%))p dx) F

1

ol )" (<)

e

)

<C.
(3.61)
Thus, we have checked (3.56), then applying (3.2) for N3 we obtain
1 11
Ny < ()7 pi Ao fll () (3.62)
Now let us estimate No. We write
(2) 1 dx
Ny=>" Ty~ ) f(y)|dy —
< Jircial<r oy \J(jai<aiyi<afol} ’log (c+ ﬁ)‘ )@

,
Since the function <10g <‘ |)> |z|9 is non-decreasing with respect to |z| near the

origin, there exists an integer ky € Z with ky < —3 such that this function is non-
decreasing in |x| € (0,2%*1). We decompose N, with kq as follows

Ny = Nay + Na, (3.63)

where
ko

B 1 dx
va=Y [ (/ [T ) )l r
heeo {2 <lal <201} \J {Jaf<ly|<dlal} ‘log (e+ﬁ>‘ ||
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and
= I dx
Vo Y (/ [T 07wy —
o Jerslat<aney \Jqei<apyl<aen )bg <e+ ﬁ)‘ |z|@
Let us first estimate Noy. Since |z < 2|y| < 4|z| and 2F < |2] < 2¥1) we have

2k=1 L |y| < 2k+2. Before starting to estimate Nyo, using (3. 46), N > Q and q > p,
let us show that

Lrgera= [ g wras [ g wr

_ Qa(p— _ _Npg
< (Y |£L‘| Pa+p—q dgj + |x| ratr—ady | < 00,
|z|<1 |z|>1

where 7 € [1,00) is such that 1+ =7 + ..
Then, (3.64) and Young’s inequality (e.g. [20, Proposition 1.5.2]) for 1 +% =14
with 7 € [1, 00) imply that

o q
va<e Y | ( / T2 () fly |dy) e
2 {2+<lel<2b1} \J {Jal<2ly|<dlal} oty D)

k=ko+1

(3.64)

1
p

<0 Z H[f'X{2k*1<\-|<2k+2}] Q/pHLq(G)

k=ko+1
<O ey Do If - xqzmrayerny o
k=ko+1 (3.65)

oy (/ i)

h=ko+1 \Y{2F<[z[<2k 1}
<c(x] f(@)Pde

kez Y 12k<z|<2R 1}

= C|Iflliec

To complete the proof it is left to estimate Ny;. As in (3.49), assuming | - | is the
norm and using the triangle inequality, we have

Blz| = [a| +2Jz| = |2] + [yl = |y~ "=l (3.66)

T
where we have used |y| < 2|z|. Since (log (ﬁ)) |z|9 is non-decreasing in |x| €

(0, 2%+ 1) and 3|x| > |y~ tx|, we have

1\)" 1 y
(e (7)) 1= (o 2y ) ) 15
3
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Then, these and (3.46) yield

ko

o q
vasey | (/ ol 1l )
kz_:oo {2h <ol <2k 1} \J {Ja|<2lyl<dfol} <log<| )) ||

k -1,.-2
s XO: / / e A L) | N
= 1
oo ¥ (2P < |z <2k +1} {lz|<2|y|<4|z|} <<log <ﬁ>>r |m|Q>E
ko —1 7Q/ '
2l ()l dy | d

Z /2k<a: 2h+1 /x<2 <4z - a
he—oo /(2P <lal<2t 41y | J (|l <2ly|<4lz]} <<log<|(y )/3\)) I(y 1x)/3|Q>q
Since |z| < 2Jy| < 4|z] and 2% < |z| < 2! with k < kg, we get 2871 < |y| < 2k+2

and |y~ lz| < 3|z| < 3.2+ < 3/4 by (3.66) and kg < —3. Taking into account these
and setting

<C

XB3(0)

(s (1))

Qs

z)
g(w) == T o

ol "

we have for N9y that

ko
kzz_oo {2h<laf<2t+1} | J{lal<2lyl<alol} (log(l )) ly—ta| TV

ko
<C Z H[f ) X{Qk—1§|-\<2k+2}] *QHqu(Q

k=—0o0

Since p < g < (r — 1)p/, we use Young’s inequality for 1 + % = % + % with 7 € [1, 00)
to get

ko
Not < Cllgllfsg D I - Xigpearny ey < Cllflfney, — (3.67)
k=—oc0
provided that g € L7(G). Since (% + g) T =Q, %7: = pfﬁ’r/q and g < (r — 1)p/, then

changing variables, we obtain

F dx o dt
9l @) = - =C — < 00.
BO3/4) (log (1)) |2|Q log(3) ¢#'+a

Thus, (3.55), (3.62), (3.63), (3.65), (3.67) and (3.48) complete the proof of Theorem
3.6. 0

As an application of Theorem 3.1, we can also obtain the following weighted LP— L4
differential Hardy-Sobolev type inequality with the radial derivative:
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Theorem 3.7. Let G be a homogeneous Lie group of homogeneous dimension ). Let
05,5 be positive weight functions on G and let 1 < p < g < co. Then there exists a
positive constant C' such that

(/G ¢5(x)|f(x)\qu) v <C (/G wg,(:z:)mlm'f(x),pdm) o (3.68)

holds for all radial functions f with f(0) =0 if and only if
1/p'

womgu(f ) ([ (o) o)<

(3.69)

where Ry 1= W 1s the radial derivative.

In the abelian case G = (R",+) and () = n, (3.68) was obtained in [11] and in [19].
Proof of Theorem 3.7. If we denote f(r) = f(z) for r = |z| and

B(r) = / G (ry)do(y), () = / rO Ly (ry)do(y),

then using f = 0 we have

(/ 85(0)| (o |qu) =(/ [ttty >2
([ ()\f()|"d7“) ([ e )

o B P 1/p 1/p
<C </ U(r)|R.f(r) dr) =C (/ 1/15(x)|7€|zf(x)|7’dx)
0 G
if and only if the condition (3.69) holds by Theorem 3.1, namely by (3.1) and (3.3). O

Rf )dr

4. HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES ON HOMOGENEOUS LIE
GROUPS

In this section we apply the integral Hardy inequalities from the previous section
to obtain the Hardy-Littlewood-Sobolev and logarithmic Hardy-Littlewood-Sobolev
type inequalities on homogeneous Lie groups. We also discuss the reversed Hardy-
Littlewood-Sobolev inequalities on general homogeneous Lie groups.

Now we start with the Hardy-Littlewood-Sobolev inequality (see [20], [27] and
[50]). We also refer to [23] for the case of the Heisenberg group and to [29] and [15]
for sharp constants of the Hardy-Littlewood-Sobolev inequality. Here, we investigate
the weighted Hardy-Littlewood-Sobolev inequalities on general homogeneous groups.

Theorem 4.1. Let G be a homogeneous Lie group of homogeneous dimension QQ and
let | - | be an arbitrary homogeneous quasi-norm. Let 0 < A < Q and 1 < p,q < o©
be such that 1/p+1/q+ (a+N)/Q =2 with 0 < a < Q/p and o + X\ < Q, where
1/p+1/p' = 1. Then there exists a positive constant C = C(Q, A, p, ) such that

f(@)g(y) N
// alelytap

< Ol fller@)ll9llLae) (4.1)
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holds for all f € LP(G) and g € LY(G).

Proof of Theorem /.1. Let Tf’)(x) = |2]%79 with 0 < a < Q/r for some 1 < r < oo.
Then, using Holder’s inequality we calculate

3)
g*T A (@)

VIR gdy| = /f M QA

// || Iy‘1 |A ||
Q*Tégzx

]

(4.2)
<|[fllzr )

L7 (G)

Note that the conditions a« + A < Q and 1/p+ 1/q+ (o + \)/Q = 2 imply g < p/,
while 0 < A< Q,a<Q/p and 1/p+1/q+ (a+ N)/Q = 2 give

1 1 1 1
0<Q—)\:Q—Q(2————)+Q<Q—Q<2————)+9:Q/q.
p g p q
Since we have 1 < ¢ <p' <00, 0<ap <Q,0<Q —-\N<Q/gand (Q—N)/Q =
1/q—1/p"+ a/Q, using Theorem 3.4 in (4.2) we obtain (4.1). O

Let us now introduce the critical case & = Q/p’ of the Hardy-Littlewood-Sobolev
inequality (4.1):

Theorem 4.2. Let G be a homogeneous Lie group of homogeneous dimension () and
let |-] be an arbitrary homogeneous quasi-norm. Let 1 <p < oo, 1 <q<p < (r—1)¢

andq < r < oo, where1/p+1/p' =1 and1/q+1/q¢ = 1. LetT( ) (x) be as in Theorem

Q/p
3.0. Then there exists a positive constant C' = C(p, q,r, Q) such that
TS (v ')
/ / Yt dady| < Ol I9ll o) (4.3)

log e+ | | > ]x|
holds for all f € LP(G) and g € LI(G).
Proof of Theorem /.2. By Holder’s inequality we have

T | STHI@
// gt LT e+7»“m d

log e+|| ) !33\

(2)
g *TQ/
< fllme =

1 1 P Q/ .
(tog (e +)) " el |,
(4.4)

Since we have 1 < ¢ <r < 0o and ¢ < p’ < (r — 1)¢’, then by applying Theorem 3.6
we derive (4.3) from (4.4). O

Remark 4.3. Let us make some remarks concerning the reversed Hardy-Littlewood-
Sobolev inequality on homogeneous groups (see [16], [31] and [13] for the recent
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Euclidean analysis of such inequalities). Namely, let us look at the validity of the
inequality

/ / F@)ly~ 2P f(y)dady > Conpl F1% e 11255, (4.5)

for any 0 < f € L' N L?(G) with f # 0 and 0 < p < 1, where A > 0 and 0 := (2Q —
p(2Q + 1))/ (Q(1 — p)). When G = (R™, +), hence @ = n, the case p = 2n/(2n + \)
is investigated in [16] and [31], and the case p > n/(n + A) is studied in [13].

We show that in the case 0 < p < Q/(Q + A) the inequality (4.5) is not valid,
namely we show that (4.5) fails for any Cgp , > 0. This is showed in the Euclidean
case in [7] when p < n/(n+ \) and in [13] when p < n/(n+ A).

We consider

fo(2) := f(z) + AeOh(x/e),

for a non-negative function f with compact support and for a non-negative smooth
fuction h with the property [, h(z)dz =1, and for some A > 0. Suppose (4.5) holds
for some Cg 5, > 0. Putting this f. in the inequality (4.5), we obtain

G < deJo F-ly 1 )y
S VAT FATF A

fG Jo f( |y M f(y )dﬂi?/ +2A [, |z} f(x)dx
(fo f(@)dx + A)°( [, (f(z))pdx)-0)/r

as € = 04, where we have used [, fe(z)dx = [ f(z)dz + A, and when ¢ — 0, the

following facts
/ fe(@))Pdz — / )Pdx

and
/ / Fo(@) g~ ) dady = / / F@)ly ol f (y)dady
+2A//f (e7 ') Lz h(y)dedy + A% —2Q// dxdy
= / / F(@)ly~ 2 f(y)dady + 24 / (2 f ()

since [, h(z)dz = 1. Note that we can take the limit as A — 400 in (4.6), since it is
valid for all A > 0. Then, when 6 > 1, ie., p < Q/(Q + \), taking A — +o0 in (4.6)
we see that Cg ., = 0. In the case § = 1, that is, p = Q/(Q + ), taking again the
limit as A — +o0 in (4.6) we get

(4.6)

2 Jg |w|Af

CQa)\ap — fG pdl’ 1/p (47)

Now we show that the right-hand side of (4.7) goes to zero when R — oo if we put
there the function

—@+N for1 < |z| <R
fR<x>={"”' forl<lal <R, (48)

0, otherwise,
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for any R > 1. Indeed, taking into account p = QQ/(Q + ) we obtain from (4.7) that

2 [ || fr(x)d

Jo 121/l >1/ = 2(|6|log R)™2 — 0 (4.9)
(f@(fR(x»pdx) P
as R — oo, where |&] is a @) — 1 dimensional surface measure of the unit quasi-sphere
in G.

Thus, we have proved that the reversed Hardy-Littlewood-Sobolev inequality (4.5)
is not valid with any positive constant Co », for 0 < p < Q/(Q + A).

Coap <

5. HYPOELLIPTIC HARDY, SOBOLEV, RELLICH, CAFFARELLI-KOHN-NIRENBERG
AND HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

In this section we obtain Hardy-Sobolev-Rellich inequality on graded groups, which
implies Hardy, Sobolev and Rellich inequalities on graded groups. Moreover, we
establish Caffarelli-Kohn-Nirenberg and Hardy-Littlewood-Sobolev inequalities, and
uncertainty type principle on graded Lie groups.

Since we have (2.14) for the Riesz kernel Z, from (2.6), taking Ta(l)(aj) =Z,(z) in
Theorem 3.4 and noting that R™% f = f % Z, by [20, Corollary 4.3.11], we obtain the
following Hardy-Sobolev-Rellich inequality:

Theorem 5.1. Let G be a graded Lie group of homogeneous dimension () and let
R be a positive Rockland operator of homogeneous degree v. Let |- | be an arbitrary
homogeneous quasi-norm. Let 1 <p < qg< oo and0<a < Q/p. Let 0 < b < Q and

s —1_ % + %. Then there exists a positive constant C' such that

Q D
f
Ek

< CIR" fllzne) (5.1)
19(G)

holds for all f € LE(G).

Remark 5.2. In the case b = 0, the inequality (5.1) implies the Sobolev inequality
on graded groups [20, Proposition 4.4.13, (5)]: Let l <p<g< oo and 0 < a < Q/p

with & = 1% — é. Then there exists a positive constant C' such that

1/l Loy < CIRY flloney (5.2)
holds for all f € LE(G).

Remark 5.3. In particular, for ¢ = p from (5.1) we derive the general hypoelliptic
family of the Hardy inequalities:

f

J[*

< CIRY fllv), 1<p<oo, 0<a<qQ/p, (5.3)
L7(G)

for all f € L?(G).

Remark 5.4. In the case ¢ = p, the inequality (5.1) gives on graded groups the
Hardy inequality

/
|

| <CIR fllne), 1<p<Q, feLXG), (5.4)

LP(G)
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when a = 1, and the Rellich inequality
S

2 Q
3 < CHRVfHLp(G), l<p<
||

50 [ €L(G), (55)
LP(G)

when a = 2.

Similarly, putting 7. () = B, () in Theorem 3.6 and using (2.15) with the Bessel
kernel B, from (2.7), by noting (I +R)™+f = f * B, by [20, Corollary 4.3.11], we
obtain the critical case a = Q/p of Theorem 5.1:

Theorem 5.5. Let G be a graded Lie group of homogeneous dimension ) and let
R be a positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary
homogeneous quasi-norm and let 1 < p < r < oo and p < q < (r — 1)p’, where
1/p+1/p' = 1. Then there exists a positive constant C = C(p,q,r, Q) such that

f
g SCHfHLg/p(G) (5.6)
(tog (e 5p)) " 117 |, o,

holds for all f € L7, (G).

The Hardy-Sobolev-Rellich inequality (5.1) implies the following Heisenberg-Pauli-
Weyl type uncertainty principle for general homogeneous invariant hypoelliptic dif-
ferential operators:

Corollary 5.6. Let G be a graded Lie group of homogeneous dimension ) and let
R be a positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary
homogeneous quasi-norm. Let 1 <p < qg<oo and 0 <a < Q/p. Let 0 < b < Q and

a _ 1 _

6= > é + %. Then there exists a positive constant C such that

a b
IR flllel o = € [ 1#@)Pds (5.7
holds for all f € LP(G), where 1/q+1/¢ = 1.
Proof of Theorem 5.0. Using Holder’s inequality and (5.1), we have
f b
lle fllpr @ = C | |f(x)|dz,
L1(G) G

a b
IR flle@lllzle flle @y = Ol 7
which is (5.7). O

||t/

As another consequence of Theorem 5.1, we also obtain a family of extended
Caffarelli-Kohn-Nirenberg inequalities on graded groups.

Theorem 5.7. Let G be a graded Lie group of homogeneous dimension () and let
R be a positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary
homogeneous quasi-norm. Let 1 < p,q < oo, 0 € (0,1] and 0 < r < oo with r < 45
ford #1. Let 0 <a < Q/p and 3, v € R with §r(Q —ap— p) < p(Q+rvy—rp) and
Bl —=9)—da <~ <p(l—43). Assume that T(JQ+p(ﬁ(;éé)_7_a5)) + (1_;)T = 1. Then
there exists a positive constant C' such that

Nl Fller@ < C [ RE £ e 21 Flsmcs, (5.8)
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holds for all f € LP(G).

Remark 5.8. We note that the conditions 8 = v = 0, a > 0, 1 < p < Q/a,
1<q<r<pQR/(Q—ap)and 6 = (1/q —1/r)(a/Q + 1/q — 1/p)~! satisfy all the
conditions of Theorem 5.7. Indeed, 6 = (1/q¢ — 1/r)(a/Q + 1/q—1/p)~1, r > q and
Q—ap > 0imply r < 1%, while r < pQ/(Q—ap) gives 617(Q—ap—pBp) < p(Q+ry—rf3)
since 8 = =0 and § < 1. In this case, § = (1/q — 1/7)(a/Q + 1/q — 1/p)~" and
: F0Q+p(B(1-0)—1~ad)) | (1=8)r __
B(1 —0) —da <y < B(1—0) are equivalent to ] ++—— =1and
ad > 0, respectively. Thus, (5.8) recovers also the Gagliardo-Nirenberg inequality
previously obtained in [11] and [12] on graded groups

HfHU < C HR f”LP(G) HfHLq(G) (5'9>

for all f € L?(G) N LI(G).

We also note that when G = (R",+), @ = n and R = —A, in the special case
p =¢q = 2 and a = 1, the inequality (5.9) essentially gives the classical Gagliardo-
Nirenberg inequality [25] and [33].

Note that another type of Garliardo-Nirenberg inequality involving Besov norms
on graded groups was obtained in [1].

5.7. Case § = 1. Notice that in this case, (5Q+p(5(;g?6)_7_a5)) +
= 1 gives % = 1 -1 @, which implies that the condition §r(Q — ap —
5p) <p(@Q+ry—r1p) 1s equivalent to the trivial estimate pQ) < p@). The condition
B(1—6)—da < v < [(1-9) gives —a < v < 0, which implies r > pwith & = =i_1_2
Taking into account these we see that (5.8) is equivalent to (5.1).

Case § € (0,1). We write

- D" @I N
" fllzr @) = </(}|$W |f(z)| dw) (/ |2 [rBA=0=) [z [-Br(i=) dr ) .

Note that 6 > 0, @ > ap and S(1 — ) — v > 0 imply r(6Q + p(B(1 — ) — v —
ad)) > 0, while dr(Q — ap — Bp) <p@+ry—rp), d <1andr < L5 give

Proof of Theorem
(=t

TGO ,6’(119? ) >1 and > 1, respectively. Then by using Holder’s inequal-

: r(6Q+p(8 (1 8)—y—ad)) (1*5)
ity for o) + =

= 1, we obtain

6Q+p(B(1—6)—~v—ad) B

|f(z 6Q+p(6(1 S e |f(x)] KB
2" fllzr ) (/ pQ(B(1=8)—~) dx || —Pa d
|| FQFpEI=0)=7=a8) G

1-5
% o | x{ 5 : (5.10)
|z LIRS (G L1(G)
We also note that the conditions 5Q+p(5(‘i’i%_7_a5) 2 or > 0and (1 —0)—~ >0
imply
) 1-96)—
pQ BAL=0) -7, (5.11)

0Q+pBI-0)—y—ad) & T
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while Q > ap and § > 0 give

) 1-96)—
Q+pB-0—r—a) 3

Then, (5.11), (5.12) and

a 1 1 N ﬁ(l_;)_'y

2 _Z_ =

QP amEe D @
with v > (1 — §) — da imply 5Q+p(ﬁ(‘;’i%_7_a5) > p, so that we can use Theorem 5.1
in (5.10) to obtain (5.8). O

Now we show the weighted improved Hardy-Littlewood-Sobolev/Stein-Weiss in-
equality on graded groups. Note that in this version we can put derivatives on the
right-hand side.

Theorem 5.9. Let G be a graded Lie group of homogeneous dimension ) and let
| - | be an arbitrary homogeneous quasi-norm. Let 1 < p,q < oo, 0 < a < Q/p
and 0 < b < Q/q. Lt 0 < A< Q,0< a<a+Q/p and 0 < 5 < b be such

that (Q — ap)/(pQ) + (@ — q(b — 8))/(qQ) + (@ + A)/Q = 2 and a + A < Q, where
1/p+1/p = 1. Then there exists a positive constant C = C(Q, \,p, a, 5,a,b) such

that
/ / f(ﬂi)lg(zi) _dudy
¢ Je |z]oly~ Myl

holds for all f € LE(G) and g € LY(G).

Proof of Theorem 5.9. We first prove it for a # 0 and b # 0. We want to use Theorem
4.1 on the left-hand side of (5.13) to get

f(@)g(y)
dxd
QLLuMymwwxy

where p; = Qp_%p and ¢ := #Qb_ﬁ).
4.1. Note that 0 < a < @Q/p together with 1 < p < oo implies 1 < p; < oo, while
0<b<@/qgand 0 < B <bgivel < ¢ < co. We also note that 0 < a < a+Q/p' =
0<a<@/pywithpy =pi/(p1 — 1) and 2 = (Q — ap)/(pQ) + (Q — q(b— 5))/(¢@) +
(a+AN)/Q = 1/p1 + 1/¢1 + (a+ A\)/Q. Thus, since we also have 0 < A < @ and

a+ A <@, we obtain (5.14).

< Clifllzpell9llioe) (5.13)

< Ol fllzer ) ) (5.14)

L1 (G)

‘ 9
PE

For this, let us check conditions of Theorem

We have 1 < p < py <oo,0<a<@/pand%:%—pilsincepl: prip, then
applying the Sobolev inequality (5.2) on graded groups (or [20, Proposition 4.4.13,
(5)]) we get

1fllzr @) < Cllfllize)- (5.15)
Since Q@ —q(b—p) > 0 and Q —gb > 0 we have 0 < Q—itng—ﬁ) < @, thatis, 0 < gy < @
since ¢; = #%_5)' We also have b/Q = 1/q — 1/q1 + B/Q since ¢; = #%—6) and
1 < ¢ <q <oo. Then we can use (5.1), i.e.
g
— < Cllgllza(c- (5.16)
’|y|ﬁ L91(G) 1(©)
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Finally, putting (5.15) and (5.16) in (5.14), we obtain (5.13).

In the case a = 0, the inequalities (5.16) and (5. 14) give (5.13).

When b = 0, we have § = 0 since 0 < § < b, then (5.14) with (5.15) implies
(5.13). O

Let us now discuss the critical case « = a+ @Q/p’ of the Hardy-Littlewood-Sobolev
inequality (5.13) on graded Lie groups.

Theorem 5.10. Let G be a graded Lie group of homogeneous dimension @ and let |- |
be an arbitrary homogeneous quasi-norm. Let 1 < p,qg<o0,0<a<Q/p,0<p<

b<Q/q. Q1/p+1/q=1)+B—a—b> 0, max{gelr., UCL-AEATLRIIY < < oo,

Then there ezists a positive constant C' = C(p,q,a,b, 3,7,Q) such that

wa-aren —,40dY| < Cllfllzgelglliye  (5-17)
(log(e+2)) ™l Iy

holds for all f € LP(G) and g € LY(G), where Bgp is the Bessel kernel from (2.7).

/ f(2)9(y)Boe(y'x)
GJG

Proof of Theorem 5.10. As in the previous case, let us first show it for a # 0 and
b # 0. If we use Theorem 4.2 on the left-hand side of (5.17), then we obtain

F()9(y)Bays(y ')
/ & o dady| < C| fllzr ) PE ’6 , (5.18)
e (o 2)) B e
where p; = Q{%p and ¢ = —Qfggfﬁ). For this, we need to check conditions of

Theorem 4.2. Observe that 0 < a < Q/p and 1 < p < oo give 1 < p; < oo, while

0 <b< Q/gand 0 < g < bimply 1 < ¢ < oo. We also note that Q(1/p +

l/g—1)+p—a—b>0, Q > bq, p,qg > 1,a > 0and § > 0 yield ¢; < p), while
a+b 2

max{Q bq+5q>pq( +pq(g:ac)2) o QEt)Y < < oo gives p} < (r— )¢} and ¢ < r < 0o

since @ — bq + g > 0 and Qq(p — 1) + apg > 0. Thus, We obtain (5.18).

Since we have 1 < p < p; < o0, 0<a < @Q/pand & ) —5—p— then we can use the
Sobolev inequality (5.2) on graded groups (or [20, Proposition 4.4.13, (5)]) to get

[fller @) < Cllfllize)- (5.19)

Note that 0 < Q—i%l?—ﬁ) < @ due to Q@ —q(b— ) > 0 and @ — gb > 0, that is,

0 < Bqi < Q since q; = #Qb_ﬁ). Moreover, we have b/Q = 1/q — 1/q1 + 3/Q
and 1 < ¢ < ¢; < oo. Then, the Hardy-Sobolev-Rellich

in virtue of ¢; = #%_5)
inequality (5.1) yields

9
| o S Cllslige (5.20)
Finally, using (5.19) and (5.20) in (5.18) implies (5.17).
When a = 0 we obtain (5.17) from (5.20) and (5.18).
In the case b = 0, we have = 0 since 0 < 5 < b, then (5.18) with (5.19) concludes
(5.17). O
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6. APPENDIX: ON BEST CONSTANTS IN HLS AND SOBOLEV INEQUALITIES

In this section we discuss the relation between the best constants of Sobolev and
Hardy-Littlewood-Sobolev inequalities on graded groups for certain families of pa-
rameters.

Since the homogeneous order of I (y~'z) (where I, is the Riesz potential for a
positive Rockland operator R, see (2.6)) and |y~'z|=* is —\, then putting p = ¢,
f=gand A\=Q —2a for 0 < a < Q/2in (4.1) with o = 0 we obtain the following
version of the Hardy-Littlewood-Sobolev inequality on graded groups

[ [ s T )y < CUFIE g (6.1

Q+2a (G)

for all f € LQQTQ%(G).

Let Cyrs be the best constant in (6.1). We show the relation between this constant
and the best constant Cyg in the Sobolev inequality (5.2) with p = 2Q/(Q + 2a),
0 <a<@®/2, and ¢ = 2, that is, Cs is the best constant in the ineqality

1 llz2e) = CIAIL (6.2)

o g
for all f € L?LQ/(QHG)(G).

We note here that the Riesz potential I, as well as homogeneous Sobolev spaces
norm in (6.2) above correspond to the particular fixed positive Rockland operator
R of homogeneous degree v, and is defined by [|f|l iz = IRY f|lzr(c)- While it is
known [20, 21] that these Sobolev spaces are independent of the choice of a positive
Rockland operator R, the best constants clearly depend on the precise expressions
of the norms.

Theorem 6.1. Let G be a graded Lie group of homogeneous dimension @), and let
0 <a< Q/2. Then the Hardy-Littlewood-Sobolev (6.1) and Sobolev (0.2) inequalities
are dual. Moreover, we have the equality between their best constants,

Cs = Cyrs. (63)
Remark 6.2. In the Euclidean case, we refer to [29], [5], [17] for the best constant
in Hardy-Littlewood-Sobolev inequality, and refer to [35], [2], [0!] and [29] for the

best constant in Sobolev inequality. We also note that according to our knowledge
the best constant in the Hardy-Littlewood-Sobolev inequality is not known yet on
general stratified groups (beyond the Heisenberg group). Indeed, in [18], Frank and
Lieb found the value of the best constant in the Hardy-Littlewood-Sobolev inequality
on the Heisenberg group, however, using |y~'z|™ instead of the Riesz potential in
(6.1). Although the homogeneous functions ||~ and Ig_,(-) are equivalent, the best
constant in the Hardy-Littlewood-Sobolev inequality does depend on the choice of
this weight. In our case, it is the use of the Riesz potential that implies the validity
of Theorem 6.1.

Remark 6.3. In [52], [I 1] and [12] the best constant in the Sobolev inequality with
inhomogeneous norm for the parameters different than those in (6.2) is expressed in
the variational form as well as in terms of the ground state solutions of the nonlinear
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Schrodinger equation when G is (R", +), the Heisenberg group, and a general graded
Lie group, respectively.

Proof of Theorem 6.1. Taking into account that R™vf = f % Z, (see [20, Corollary
4.3.11]), we rewrite the left-hand side of (6.1) as

-1 -3 —(R~%
[ty @y = | [ TRE pan =i wEpl
=R RVHI =R flliee):
Putting (6.4) in (6.1), we arrive at
1/l 2 < Crusl A1l (6.5)

Q+2EL (G) ’

Since Cy is best constant in (6.2), that is, Cs is the best constant in (6.5), we have
Cs < Cyrs- On the other hand, similarly, one can obtain (6.1) with the constant Cg
from (6.2) using (6.4), which means that also Cyrs < Cs. O
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