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in the 1/c expansion, restored by nonperturbative corrections.
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Introduction

The contradiction between black holes and local quantum field theory, manifested in the in-

formation paradox and related puzzles, is sharpest for transient black holes that form by col-

lapse, slowly evaporate, and eventually disappear. In three or more spacetime dimensions,

AdS/CFT strongly suggests that information is recovered [1, 2]. In the three-dimensional

case, enhanced symmetries greatly simplify the problem of calculating quantum gravity

observables, so the 3d BTZ black hole [3] is perhaps the ideal arena to address information

loss. There is every reason to believe that the mechanism for information recovery in 3d

gravity is the same as in four dimensions (unlike the 2d case, which is exactly solvable but



qualitatively different [4]); after all, 3d gravity coupled to matter can capture a full higher
dimensional string theory [1, 2].

Black holes in AdS3 can, in principle, be treated nonperturbatively using the dual CFT.
An important first step is to derive the leading order, semiclassical gravity predictions
directly from CFT. Information loss is then a question of nonperturbative corrections to
this leading term.

Many of the predictions of pure 3d gravity — meaning the gravitational sector alone,
ignoring the contributions of matter fields — can already be derived from CFT. Early
successes include the calculation of black hole entropy [1, 5|, thermodynamics [6, 7], and
much more. Recently, these methods have been recast and extended to a set of general
techniques for computing observables in large-c conformal field theory, without reference
to a particular Lagrangian or other microscopic details [8-11]. (See also [12-15] for earlier
work in this direction, and [16-39] for related developments and applications.) This ‘1/c
expansion’ reflects the perturbative expansion in £pianer/fads ~ 1/c on the gravity side. It
relies on a large central charge ¢ and a sparse spectrum of low-dimension operators, two
ingredients universal to every theory with a gravitational dual (as discussed for example
in [40, 41]). In many cases, it also relies essentially on the Virasoro algebra, which is
connected to the topological nature of pure 3d gravity. However, the difficult and interesting
questions in quantum gravity, including the information paradox, require coupling gravity
to dynamical matter fields so that the theory is no longer topological. These additional
degrees of freedom must ultimately be incorporated into the 1/c expansion.

A technique for computing correlation functions of arbitrary heavy operators in the
1/¢ expansion was formulated in [8], using a monodromy prescription that was introduced
in classic work of Zamolodchikov [42, 43]. ‘Heavy’ means the scaling dimension is A > 1,
including states with A ~ ¢ that backreact on the geometry on the gravity side. The first
steps towards coupling gravity to matter, in CFT language, were made in [11, 21, 23],
where the monodromy method was used to calculate universal long-distance correlators
in high-energy eigenstates. The calculations give thermal CFT answers, which agree with
the corresponding calculations done in eternal black hole geometries on the gravity side,
so these heavy eigenstates are interpreted as black hole microstates. Similar methods were
used to calculate geodesic lengths and entanglement entropies in eigenstates and local
quench states [30]. All of these calculations involve a small number of local operator
insertions, interpreted on the gravity side as defects propagating on a fixed geometry.

These methods have not yet been applied to collapsing black holes, the most interesting
arena for information puzzles. In fact, to our knowledge, there has never been a CFT
calculation of dynamical quantities dual to a collapsing black hole in any dimension. The
aim of this paper is to fill this gap. We do so by incorporating the simplest form of smooth
matter into the 1/c¢ expansion: null dust. Null dust can be created by inserting local
operators in the CFT. By taking the limit of an infinite number of dust particles, holding
fixed the total energy, we construct CF'T states dual to collapsing black holes. The limiting
procedure replaces the large number of discrete particles by a smooth matter stress tensor
supported on a spherically symmetric collapsing null shockwave. It is dual, therefore, to
the Vaidya geometry in AdSs. This geometry is ideally suited to 1/c¢ techniques, since it



allows for a study of black hole collapse but is insensitive to the detailed dynamics of the
underlying matter fields.

In this dynamical CFT state, we develop large-c methods to compute probe observ-
ables, including n-point correlation functions and entanglement entropies. Unlike all of
the previous 1/¢ calculations described above, the stress tensor in the collapse state is not
meromorphic, so this requires essentially new techniques. The results match precisely with
numerous gravity calculations in the literature [44-50]. We also use our CFT methods
to predict new observables in AdS3-Vaidya, such as the equal space two-point function at
time-like separation in the global geometry. The non-trivial agreement, where gravity an-
swers are known, lends support to the claim that this state is dual to the collapse geometry.
Interestingly, these observables ‘see’ the geometry behind both the event horizon and the
apparent horizon of the collapsing black hole [45, 46]. Such probes have been discussed in
CFT before [51, 52|, though not in detail for black holes formed by gravitational collapse.

Our primary tool is the Virasoro vacuum block at large c¢. This fascinating object is,
roughly speaking, the sector of the CFT dual to the gravitational sector in the bulk [8].
On the one hand, Virasoro blocks are completely fixed by symmetry, but on the other
hand we use the vacuum block to extract truly dynamical quantities which are not fixed
by symmetry. This is possible in theories with a large gap in the spectrum of operator
dimensions, by making some reasonable assumptions about the dominant contributions to
the correlator in an operator product expansion. In the context of our collapse state this
means that we are able to study the nonlinear dynamics of a large number of ‘constituents’.
Such dynamics are clearly not determined by symmetry, although our large-¢ conformal
block techniques form a crucial ingredient. From a more fundamental perspective we thus
derive dynamics within a universal sector of 3d quantum gravity with matter which non-
trivially matches with semiclassical expectations from Einstein gravity. It is evident from
our results that the corresponding correlators in the theory at small ¢ look nothing like
semiclassical gravity, even though this case is constrained by conformal symmetry in exactly
the same way.

To treat a smooth matter distribution, as in shell collapse, the main technical challenge
is to generalize the notion of the Virasoro vacuum block, and the techniques for calculating
it, to an infinite number of operator insertions. We show that this problem simplifies
dramatically in the final limit, and leads to an intuitive calculation of the block that in
many ways resembles the dual gravity calculation.

Of course, reproducing gravity from CFT does not directly address the information
paradox. In fact, the situation is quite the opposite: our CFT calculation loses informa-
tion! In particular, the probe two-point function G(t1,t2) computed in the 1/¢ expansion
naively decays exponentially at late times, in agreement with the gravity side, but in vi-
olation of unitarity. Yet the CFT is in a pure state and the exact evolution is manifestly
unitary. This ‘paradox’ is easily traced to the approximation involved in the 1/c expansion,
since at late times, operator exchanges that were initially exponentially subleading ~ e~
(where S is the entropy) can come to dominate the correlator. This is similar to Malda-
cena’s information puzzle for eternal black holes [53]. It would be interesting to translate
Hawking’s paradox or the firewall paradox [54] into 2d CFT along similar lines, but these



require evaporating black holes at very late times, so go beyond the present paper. Further
remarks on information loss and what we may hope to learn from posing these paradoxes
in CFT are in the discussion section.

Aside from applications to black holes, our method also provides a new way to study
thermalization in quantum field theory. There are very few situations where thermalization
can be studied analytically, especially at strong coupling. A famous exception is the work
of Calabrese and Cardy on sudden quenches [55, 56], where the Hamiltonian Hy of a
gapped system is suddenly tuned to criticality Hy — Hcrr at time ¢ = 0. This process is
modeled by a boundary state [55, 56], which is a state in the CFT with no long-distance
correlations at ¢ = 0. Our calculation, on the other hand, corresponds to a different type
of equilibration, where we start in the CFT vacuum, then at ¢ = 0 inject a large amount
of energy into the system. The injected matter has only short distance correlations, but
unlike a boundary state, the initial state also has the long range correlations that were
already present in the vacuum. Thermalization occurs as the injected matter equilibrates.
Our calculations produce the detailed correlators throughout this process, from energy
injection to complete thermalization. The Cardy-Calabrese calculations were in rational
CFT, where individual modes can appear thermal but true thermalization does not occur.
Our setup is a strongly coupled non-rational theory with ¢ > 1, and such 2d CFTs truly
thermalize, much like higher dimensional quantum field theories (see [31] for a discussion
in the context of entanglement). We give explicit formulae for various two-point functions
during the collapse, but our methods also allow for the calculation of higher-point functions.
It would be interesting, therefore, to apply them to the study of quantum chaos along the
lines of [57-59], but far from equilibrium.

We will consider only the contributions to the correlators coming from the Virasoro
vacuum block at leading order in 1/c. As discussed in detail, this is expected to be the
dominant contribution in a theory with a sparse spectrum, but we do not have a precise
definition of ‘sparse’ in this context. The question of when the vacuum block approxi-
mation is valid, and how to systematically incorporate perturbative and non-perturbative
corrections, remains an important open problem.

2 The collapse state

2.1 Motivation from the gravity side

We will construct a collapsing shell state |V) in CFT by inserting a large number of local
primary operators. To motivate this construction, we begin by reviewing the well known
gravity calculation. The simplest model for black hole formation is the null collapse of a
shell of pressureless dust,' with stress tensor

Th e = pufu”, (2.1)

matter

L Although we do not consider this possibility here, the 3d black hole can also be formed by colliding a
small number of heavy particles [60]. The resulting geometry could be studied in the 1/c¢ expansion of the
dual CFT, but it lacks spherical symmetry, so we do not expect a simple analytic formula for the probe
correlators. The relationship between the colliding particle geometries and spherically symmetric Vaidya
collapse was studied recently in [61].
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Figure 1. A shell made up of individual null dust particles collapses to form a BTZ black hole.
We have labelled the particles by their dual operator insertion on the boundary in anticipation of
our CFT construction in this paper.

where p is the energy density and u* is the velocity field. Take the metric ansatz
ds? = —F(r,v)dv? + 2dvdr + r2dp? . (2.2)

The coordinate v parameterizes an ingoing null direction and the boundary is located at
r — 00. In the bulk, v is an ingoing null coordinate, but at the boundary v is identified
with ordinary Lorentzian time ¢ in the dual CFT. The energy momentum tensor of an
infalling thin shell of null dust is then

8GNm + 16(v — o)
Tmatter — 51} 51} 2.3
v 167Gy r pove (23)

where m is the mass of the final black hole. In fact, we require m > 0, as going below this

bound would correspond to a conical singularity, rather than a black hole in the final state.
The solution of the Einstein equations with a source given by (2.3) is the Vaidya metric,
2 2

F(r,v) =1+ 2 (1 + E) O(v — ), (2.4)
where we have defined r | = £1/8GN m. This is the solution for the case where the boundary
CFT lives on S'. One can also unwrap the ¢ coordinate to obtain the metric of Poincaré
Vaidya, which has conformal boundary R'! and thus corresponds to the dual CFT on
the line.

In order to construct the CFT dual, the idea is to model the null dust by a large
number of individual particles, each of which will be created by a corresponding operator
insertion in the CFT. This is illustrated in figure 1. The advantage of this approach is that
existing large-c techniques in CF'T can be applied to a finite number of operator insertions;
we will then take the limit of an infinite number of particles, holding the total energy fixed,
to derive the dual to null dust.

On the gravity side, a standard calculation shows that pressureless dust is identical to
a large number of noninteracting particles traveling on geodesics. In order to produce the



thin-shell Vaidya geometry, with matter stress tensor (2.3), the individual dust particles
should start at the boundary of AdS at time ¢ = 0, spaced uniformly around the ¢ circle.?

2.2 Definition of the collapse state |V)

We will derive properties of the Vaidya geometry by considering the large-c limit of CFT
observables in 1 + 1 dimensions, meaning that we construct a quantum state |V) whose
expectation values reproduce those computed in the gravity background (2.2) through
holography. We now embark on this CFT calculation by first defining the state |V).

We will define the collapse state in radial quantization, which is in Euclidean signature.
Later, we will analytically continue to Lorentzian time since our goal is to understand real
time dynamics. The gravity discussion above motivates the following construction. Denote
by z the complex coordinate of the CFT in radial quantization, so that states of the
Euclidean CFT on S! are defined on the circle |z| = 1. For each dust particle located at
z = e, with &k = 1,...,n, we roughly need to insert a primary scalar operator ¥ (eg, éx)
with conformal weight hy (and }_Lw = hy) on the unit circle. Such a state, however, is
not normalizable, and so we regulate it by inserting the operators instead on the circle
|z| = 1 — o for some o > 0, eventually taken to be small. Distributing the n operators
uniformly on the circle, a natural guess for the collapse state is then

V)= lim_ /7 [T¢tenelo) . en=(1— o)t/ (2.5)
k=1

where N, is a normalization and |0) is the conformal vacuum. The limiting procedure that
defines this somewhat formal expression will be described in detail. We can then compute
the expectation values of arbitrary local operators Q using

(V[Q1 (21, Z1) - Qp(2p, 2p)|V)

= lim ]N E <<H e;%w:%wd)( )) Qi (z1,21) - Qpl2p, 2p) (H@ZJ Ck; €k >>

(2.6)

where the expectation value on the right-hand side is taken in the vaccum. We will take
the scaling dimension of the ‘probe operators’ Q; to be hj, h; < ¢, so on the gravity side,
these insertions do not backreact on the geometry.

A few comments are in order. In radial quantization, the conjugate of a real operator
is defined as O(z,2)7 = 22hz=2hO (71 271), which to leading order in o results in an

2There is a subtlety in how we interpret the order of limits that defines the Vaidya spacetime. In the
gravity context, it is most natural to consider G as a fixed, small parameter, and take a large number of
dust particles n — oo with Gn held fixed. With this order of limits, the mass of an individual dust particle
Maust Must be taken to zero so that the total energy stays finite. However, we will interpret Vaidya as a
different order of limits: first Gy — 0, then n — oo, or in other words 1 < n < 3 ZAdS . In this limit we can
treat the spherical shell as a very large number of massive particles with mdusté AdS >> 1, while still holding

fixed the total energy. The limits commute, so either order can be interpreted as the Vaidya geometry on
the gravity side, but it is the latter point of view that will be taken in the dual CFT, as discussed in detail
in section 3.3. This will allow us to treat the dust operators as heavy insertions in the CFT.



operator inserted at the same phase angle but on the circle of radius 1+ o. Primary states
in radial quantization are defined by inserting a primary operator at the origin. However,
this is not what we want, since primaries are energy eigenstates on the cylinder, with trivial
dynamics. The state |V) has operators inserted elsewhere, so it is clearly not primary and
will have true dynamics.

Evidently the expression (2.6) instructs us to find an ‘infinite-point’ correlation func-
tion. This sounds daunting, but the main technical result of our paper is that a correlation
function of the type (2.6) with n — oo becomes easy to calculate at large central charge.
Although the derivation of the prescription is somewhat technical, the actual calculations,
technique in hand, turn out to be efficient and simple — easier than the gravity calculations
that we will reproduce.

We will choose the total energy above the threshold where black holes form, rather
than conical defects. For an explicit comparison between CFT and gravity data, the reader
should consult section 3.5.2.

One may naturally ask why we are defining the collapse state by inserting operators
in Euclidean time rather than by adding a source to the CFT. We discuss the equivalence
between these two pictures in more detail in appendix A.

3 CFT technology

3.1 Conformal block expansion

We will compute the probe correlators defined in (2.6) using the conformal block expansion,
as formulated for holographic theories in [8]. In principle, this means iteratively applying
the OPE between pairs of operators, until left with a product of 3-point coefficients c;jy.
There are many ways to take this OPE, but in the end, crossing symmetry requires any
channel to produce the same correlator.

For concreteness, consider the 2-point function of identical probe operators,

GQ(Zl,ZQ) = <V|Q(21,51)Q(22,22)‘V> . (3.1)

(The results readily generalize to any even number of probes.) We choose to expand in the
channel summarized by the diagram

VoY oy Yy

That is, we first contract the two probes with each other, and each dust operator ¢ (ex)
with its conjugate 1 (ex)T, then contract the resulting operators as indicated. The internal



Figure 2. Two different OPE channels for a given four-point function. These two channels have
the same trivalent graph, but correspond to two distinct conformal block expansions. They differ
by moving one insertion point around another.

indices i, j, k,... run over all of the primary operators in the CFT. More explicitly, this
diagram stands for the expansion

Ga(z1, 22) = Z aijk. Fijk.. (21, 22) Fijr. (21, Z2) , (3.3)
0,y e

where the function ;. . is the appropriate Virasoro conformal block, and the constant
is the product of OPE coefficients, a;jr... = cggicyyj---. The blocks encode the position
dependence of the correlator, and are entirely fixed by the Virasoro algebra. Though not
written explicitly, they also depend on the choice of channel, the central charge, the internal
weights h;, hj, ..., the external weights h, and hg, and the insertion points of the dust
operators, e in (2.5). Conformal invariance could be used to fix three of the operator
positions, customarily to 0,1, 00, but it will be more convenient to leave them as written.
A similar computation arises if one is interested in the entanglement entropy of a number of
disjoint intervals in heavy eigenstates [62]. In this case one needs to determine a correlator
involving two heavy and an arbitrary number of light operators and the dominant channel
is given by pairwise fusion of the light operators.

Note that the diagram (3.2) does not uniquely specify the OPE channel. To specify it
uniquely, we must say not only which operators are contracted, but also the set of paths I"
used to bring these operators together on the complex plane. For example, figure 2 depicts
two distinct OPE channels for a four-point function. These two possibilities correspond to
two distinct sums over conformal blocks, so we will refer to them as different channels.

3.2 It from Id

Since we want to model pressureless dust in the bulk, the particles dual to v should interact
only via gravity in the low energy bulk effective theory. Therefore we can assume that no
light operators other than the identity and those built from the stress tensor appear in the
Y OPE. In complete generality, it is impossible to say more. The spectrum of primaries
and the OPE coeflicients depend on the microscopics of the CF'T, so at this point we need



to specialize to a class of CFTs that can be expected to have holographic duals. To this
end, we now state the main technical assumption of this paper:

In the OPE channel (3.2), the dominant contribution at large ¢ comes
from the identity Virasoro block, that is the unit operator 1 and all its
Virasoro descendants running on the internal lines: T,0T, T2, TOT, etc.
This continues to apply in the limit n — oo.

This should be viewed as a statement about the type of CFT which admits a large-c
limit with emergent gravity. For certain correlators in a special class of CFTs, it can be
derived from first principles [8, 10], but we will not restrict to such cases, leaving open
the question of exactly what class of theories is captured by this approximation. Roughly
speaking, these are theories with large ¢ and a sufficiently sparse spectrum of low dimension
operators. This is motivated by the observation that in the large-c limit, the Virasoro block
for heavy external operators exponentiates as [42, 43]

Fre ol (3.4)

where f depends on the internal and external conformal weights and the central charge
only in the ratio h/c. The sum over conformal blocks (3.3) is then a sum of exponentials,
and by the usual saddlepoint logic, we expect this sum to be well approximated by the
largest term. If there are very few primaries of low dimension, then this is the one with the
strongest singularity as the operators come together, which is the identity block, denoted

Fore ol (3.5)

This block encodes the contribution of the unit operator and all of its descendants. Other
light operator exchanges can give comparable contributions to the correlator, but since
these have h/c — 0, they have the same conformal block in the large-c limit, and so affect
only the coefficient of e~ 50 which is subleading at large c.

The assumption that a given OPE channel is dominated by the identity block can only
hold within some finite range of kinematics — it cannot hold for arbitrary positions of
the operators. This would violate crossing symmetry, since the identity in a given channel
does not account for the identity in a different channel or vice-versa. This means that
as we vary the kinematics, we expect ‘phase transitions’ where the identity operator and
the heavy operators in a given channel exchange dominance [14]. The minimal possibility
consistent with crossing symmetry is that the exact correlator is approximated by the
identity contribution in whichever channel is largest. This is exactly what was proved for
the torus partition function in [10], and we will assume the same applies to the correlators
considered here.

In summary, we assume

C C -
Ga(z1,22) = Max exp | — 6f0(21722) - 6f0(51,52) . (3.6)

The maximum is taken over channels I' of the type (3.2). All of these channels have the
same trivalent graph, but as discussed above, differ in the paths used to define the OPE.



This gives universal results for 2D CFTs with sparse spectrum at large central charge,
which translate to a universal sector of quantum gravity theories in AdSs in the semiclas-
sical limit. This approximation will reproduce the gravity answer, but cannot be the full
story from the CFT point of view, and indeed we will argue that it must break down at
late times.

3.3 A zoo of limits

Before proceeding to the calculation of the Virasoro vacuum block, we pause to clarify the
various limits involved in the definition of the collapse state |V) and the probe correlators
that we aim to compute. A variety of limits are needed:

e ¢ — 00, the holographic limit;
e n — oo to produce a smooth matter distribution from the discrete dust particles;

e 0 — 0, so that the spherical shell of matter starts exactly from the boundary at time
t=0;

hy/c — 0, in order to keep the energy E ~ hyn/o of order ¢ in the above limits;

and hg — o0, since we intend to compare the CFT correlators to the geodesic
(WKB) approximation on the gravity side (but hg/c — 0 so that we can ignore the
backreaction of the probe particles).

How to define the precise order of limits is guided by two considerations: applicability of the
exponentiated formula for the Virasoro conformal block, and ensuring that £/c ~ hyn/(co)
is fixed in the limit in order to agree with the finite mass black hole. With some foresight,
the limit we will take to compute the leading large-c dependence of the correlator G is

1 __
Go ~ exp <c lim lim — log]-'g]-"0> (3.7)
n—00 c—00 C
where we scale
€
hg ~ec, hy~ —c (3.8)
n

for some fixed € <« 1. This can be done at finite o, but for comparison to Vaidya, we are
interested in E ~ ¢ (as in the black hole) so choose o ~ €. All of the final results of the
paper, such as the eventual matching of CFT correlators to geodesic lengths, should be
understood in the sense of equations (3.7)—(3.8).

3.4 Semiclassical conformal blocks and the monodromy

Our task is to compute the large-c¢ Virasoro identity block with n — oo dust operator
insertions and two (or more) probe insertions. For any finite n, the large-c block can
be computed, at least in principle, using a monodromy method introduced by Zamolod-
chikov [42, 43] (and reviewed in [8, 63]). We first state the general procedure to compute the
vacuum block, then describe how to implement it when the operators Q are light compared
to the combined effect of the operators i) defining the state.

~10 -



The monodromy method was originally stated for heavy operator exchange in a four-
point function [42, 43]. It can be extended to heavy operator exchange in higher-point
functions, but we will consider only identity exchange, where the procedure is simpler.
Despite the fact that the identity is a light operator, the method still applies with no
significant changes [8]. Perturbation theory of the monodromy equation, used to compute
probe correlators, was introduced in [11].

3.4.1 The general procedure

For a general Euclidean correlator of heavy operators (O1(z1) - - - Op(2m)), with m finite,
the monodromy method to compute the large-c vacuum block is as follows:

1. Consider the following differential equation on the complex plane:

X'(2) + Tu(2)x(z) =0, (3.9)

where

Td(z>=§mj( bhife ) (3.10)

— (z—21) z—2z

and hy is the conformal weight of operator Q0. The numbers ¢ are called accessory
parameters and will be fixed below.

2. A channel is defined by contracting the external operators in pairs, Ok(zx)Oi(z) —
1.2 To contract two operators to the identity representation, they must have the
same scaling weight, hi = h;. These contractions are indicated in the complex plane
by drawing non-intersecting closed contours around pairs of operator insertions. We
denote the set of all such cycles defining a given channel as I'. Two examples of
different channels are illustrated in figure 3.

3. The second order differential equation (3.9) has two independent solutions, say x1
and xo. These solutions may undergo a monodromy as we follow them along a closed
loop ~ around singular points of the differential equation,

(;‘:) — M, (’;) , (3.12)

3This pairing completely determines the vacuum block, but this would not be the case for a conformal

block involving the exchange of non-vacuum primaries. For general operator exchange, we would also need
to specify how these exchange operators themselves are paired, and so on. This is not necessary for the
vacuum block because after pairing the external operators, we have a correlator made entirely of stress
tensors. Such correlators are fixed by the Virasoro algebra and are independent of the fusion channel. In
other words, we are exploiting the fact that

(3.11)

viewed as a subgraph inside any OPE diagram.

- 11 -



Figure 3. Two different OPE channels contributing to the correlator (2.6). The differential
equation (3.9) is required to have trivial monodromy around each cycle indicated in red. The
dashed circle is at |z| = 1.

where M, is a two-by-two invertible complex matrix. The accessory parameters cj, are
fixed (as a function of ¢ as well as the hj and z;) by demanding that the monodromy
matrix around each cycle v € T" is trivial,

M, =1lays . (3.13)

4. The semi-classical conformal block in a given channel I' is determined by integrating
the partial differential equations

Ofo(z1,- -+, 2m)

pu— .14
sz Ck (3 )

subject to the boundary condition that fo has the correct singularity near coincident
points. The leading singularity as 2z — 2 is (2 — 2;) "2, so comparing to (3.5), this
boundary condition is

12~y

fo(z1, ..oy 2m) ~ log(z; — z;) as 2z — 2k . (3.15)

As a byproduct, this method also computes for us the expectation value of the CFT stress
tensor. In the case that the correlator is dominated by the vacuum block, the relation
is simply

()01 (1) (22) -~ O ()} = {;w n 0<c°>} (O1z1) - Omlzn)) . (3.16)

The necessity of the factor ¢/6 is apparent from the coefficient of the leading singularities
in (3.10), which is hy for the usual normalization of the CFT stress tensor.
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3.4.2 Heavy-light perturbation theory

To compute correlators for probe operators of equal weight hg in the collapse state |V),
the relevant differential equation has the following Ti;:

2n C C Ne C CQ
() =3 ((26@;)2 - _kxk> iy ( Gho/ . _ka> . (3.17)

k=1 o\ 2)

Here we have split up Tg(z) into the contributions from the insertions v defining
the state, and from the probe insertions Q. The singular points zj are taken to be
Tlyeeo Ty = €1,...,6n and Tpy1,...,22, = 1/€1,...,1/€,, while at this stage z1,..., 2k
are left arbitrary.

Suppose that the second contribution in (3.17) is parametrically smaller than the first.
Later on, we will choose the dimension of the dust operators to scale so that the first term
is O(c%), so we should choose the probes to have scaling dimension hg ~ ec with ¢ < 1.
In other words, 1 < hg < c¢. In gravity-inspired language we view the 1’s as creating a
background which is probed by the Q’s. A method to solve the monodromy problem in this
limit, with a finite number n of background insertions, was introduced in [11]. We split
up the energy momentum tensor into a heavy background contribution and a light probe
contribution

Ta=Tg+eTt, (3.18)

corresponding to the two terms in (3.17). We then want to solve the differential equa-
tion (3.9) perturbatively in . Let us define

X=v+ew. (3.19)
Working to first non-trivial order in ¢, the differential equation yields

V" +Tyv = 0, (3.20)
w’ + Tqw = —Tv. (3.21)

Let V = (v1,v2)" denote a two-vector of linearly independent solutions of (3.20). Then
the solution at O(e) can be determined by the method of variation of parameters, and is
given by
z
x(z) = (1 + 5/ dz'F(z')) V(z), (3.22)
20
where F'is a 2 X 2 matrix with components

Ui6jkvk

Fi = i, (3.23)

V1vh — vV
with €'? = 1. The lower limit of integration in (3.22), 2, is an arbitrary complex number —
we can choose whatever starting point is convenient, and this defines the basis of solutions.
The basis also depends on a choice of path in the complex plane, implicit in (3.22).

A very nice feature of (3.22) is that we can compute first-order monodromies with
minimal effort. Suppose we are interested in the monodromy of y around one of the probe
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insertions, zx. The zeroth order solutions V have no monodromy around this point, so only
the [ F term in (3.22) can contribute. If we start with the solution x(z) in a neighborhood
of the point zp, and analytically continue this solution along a closed curve that encircles
the singularity and returns to a neighborhood of zy, then after traversing this loop the

X—><1+6§I§F+s/ F)V. (3.24)
zZi Z0

In regions where Ty and 77, are both meromorphic, so is F', and the first integral in (3.24)

solution is

gives a residue. So in these regions, the monodromy matrix on this path is
M., =1+ 2micRes,, F . (3.25)

This technique was applied to a meromorphic stress tensor in [11], and the residues com-
pletely fix the conformal block. As we will see, our situation is more complicated, since
Ty is not meromorphic globally, and the calculation will in general require more than
just residues.

3.5 Continuum monodromy method
3.5.1 The stress tensor at O(e°)

In the limit n — oo there is an infinite number of 1) insertions and only a finite number
of light operators. At O(e?) we thus want to solve the monodromy problem for an infinite
number of operators. We now describe how to tackle this limit directly, leading to a
drastic simplification of the calculation. We start by writing the stress tensor® in the limit

n — o0 as

Tu(z,7) = / 2w s(w, @) [ (f}fb{u ‘;2 _ dsyw @] (3.26)

Z—w

where s(w, w) is a weighting function for the source insertions, and c[s; w; w] is an ‘accessory
functional.” The normalized weight is iw = nhy, which is held fixed as n — co. Note that
s(w,w) could be traded for a space-dependent scaling dimension, iL('LU, w), so all that really
matters is the scaling weight density. The form of this stress tensor can be derived by the
usual limiting procedures from the sum (3.17) and represents the same limit described in
section 3.3. Although (3.26) looks formally like a holomorphic function of z, this is not the
case; it has non-holomorphic dependence on the source location w,w and after performing
the integral this will introduce a manifest dependence on z. In particular, 9T # 0, and the
non-holomorphicity is not limited to isolated points as it would be for a meromorphic stress
tensor. (This qualitatively new feature is what prevents us from adopting the simplified
approach to heavy-light blocks developed in [21].)

For expectation values in global Vaidya (2.6) we take s to have support on the two
shells of radius 1 4+ ¢ and 1 — o where operators are inserted. More specifically, we choose

s(w,w)=06(w|—1—0)+(lw—1+4+0). (3.27)

“In the present case the continuum stress tensor can be arrived at by taking the continuum limit of
27y .
eq. (3.17), so that ex, = (1 +0)e nl o e(0) = (1+0)e”, and 3, — 2= [ df. However, the method applies
much more widely, resulting in the general continuum expression (3.26).
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Splitting into the inner and outer shells,

T — /027F déo [ 6ﬁ¢/0 th/c C+(9) 67(9)

2m [ (z—(1+0)e®)? " (z—(1—0)e?)?2 z—(1+0)e? 2z—(1—0)e?
(3.28)
Now we need to fix the accessory functions cy. Our task is to implement the continuum
version of the channel depicted in figure 3, where each 1 is contracted with its conjugate.
In the continuum limit, this channel has a rotational symmetry which can be used to fix

c+(0) up to overall coefficients:’
i (0) =—c_(0) = Ke (3.29)

where K is a constant that will shortly be fixed. This allows us to rewrite Ty in terms of
a differential operator acting on a simpler integral, namely

6hy O A0 1 1
T Z)=|———-K —e " — — , . 3.30
(= 2) [ ¢ Oo ] /0 o z—(1+o0)e? z—(1—0)e? (3:30)
The remaining integral evaluates to zero for |z| < 1 — o, to —Z%(l — 0) in the annulus

1—0 < |z| <140, and to %g for |z| > 1+ 0. Acting with the differential operator on

these expressions gives Tj. Regularity at infinity requires Tj ~ z~4, which sets
6hy,

co

K = (3.31)

The contributions of the derivative in front of (3.30) as well as additional delta-function
contributions to the integral from |z| = 1 4+ o are subleading in the Vaidya limit |o| < 1.
Therefore we find for the final answer in this limit

Tu(z,5) = ge (2l =14 0)O (1|2 +0) . (3.32)

We have thus found that the stress tensor is piecewise holomorphic. The dependence on
|z| spoils the holomorphicity of the stress tensor explicitly.

Since the accessory functions ¢t were completely fixed by symmetries and regularity,
what we have just constructed must be the continuum limit of the channel where each
is contracted with its conjugate, as in figure 3. This will be confirmed below by explicit
calculation of the monodromies.

3.5.2 Matching parameters to the gravity side

The heavy stress tensor (3.32) is simply a constant supported on a narrow annulus around
the unit circle where Ty(2) = K/2?. The total dimensionless energy E associated to this

E=2 (C? - ;4) . (3.33)

stress tensor is

5In cylinder coordinates z = €%, the residues should be independent of the angle Im w. Translating
K z;l

Tww ~ -+ —E— 4+ ... to the plane using T,. = Z%Tww + - -+ gives the residue . The factor of z[l is

w—w; z—z;

the origin of the ¢™*? in (3.29). The first equality ¢c" = —c~ comes from imposing regularity of the stress
tensor at infinity.
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The factor of 2 comes from adding the anti-holomorphic contribution (since everything
we have done applies also to Ty), the factor & in the first term comes from the relative
normalization of Ty and (T') (see (3.16)), and the shift by —J7 is the usual Casimir energy
in going from the plane to the cylinder.

On the gravity side, the total energy is the mass m of the black hole, and the central
charge takes the Brown-Henneaux value ¢ = %. There is a relative factor of £ in the usual
conventions for CFT energy and bulk energy to account for the units: E = m#. Therefore
the identification of parameters, in order for our state |V) to produce a black hole of mass
m, is

1

K =2mGx + ;- (3.34)

From this we conclude that K must be larger than 1/4 in order to create a black hole
rather than a conical defect.

3.5.3 The stress tensor at O(¢)

Let us now assume that the Q insertions are light so that we may take 6hg/c = € as a
small parameter. We then have an expression of the form of eq. (3.18), where Ty is given

by (3.32) and

1 1 b1 ba
_ _ 3.35
(z—21)2+(z—22)2 z2—21 22—z (3.35)

TL(Z) =

where the by are related to the usual accessory parameters via b, = ckg /€. At this stage we
have specialized to Ng = 2, i.e. a two-point function in the collapse background, though
the method naturally generalizes to any finite number of probe insertions.

3.6 Solutions of the monodromy equation

3.6.1 Solutions at order &°

Now that we have the stress tensor, the next step is to solve the differential equa-
tions (3.20), (3.21). The first equation is simple. We choose the basis of solutions inside

the annulus
5 (1=ip)
Vi(z) = , 3.36
= yoem (3.36)

where

p=ViAK — 1. (3.37)

(There is a branch cut in (3.36), but we will only use this basis locally so this is not a
problem.) Outside the annulus, where T3 (2z) = 0, we choose the basis

V(z) = (i) . (3.38)

We will need to solve (3.20) along contours that cross from inside to outside the annulus,
by matching the solution of the differential equation on both sides. This matching depends
on the crossing point z.. A given solution inside the annulus must match onto some linear
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combination of our basis solutions outside the annulus, so we can define a matching matrix
J that relates the solution V inside to a solution JV outside. For a general value of o, this
matching will require solving across the delta function. This can be done, but to simplify
the calculation we assume from here on that

o<1, (3.39)

which is the Vaidya limit on the gravity side. Then we see from (3.32) that the disconti-
nuity induced by the delta function is subleading, and we can define the matching matrix

simply by
V(ze) = Jo(ze)V (2e) V'(ze) = Jo(ze) V' (2e) . (3.40)
This yields
L1 _1 i
(20) = & 2070 ip) 21— ip) (3.41)
Jo(ze) = 5 1 ) 1 ) 3.41
2 zg(lﬂp)(l —ip) zcii(lﬂp)(l +ip)

Now we can use these solutions to confirm that the heavy stress tensor (3.32) indeed
corresponds to the continuum limit of the channel where each v is contracted with its
conjugate, as in figure 3. The differential equation (3.9) should have trivial monodromy
along a path that encloses any number of ¢’s and their conjugates. Two examples of such
loops are shown in figure 4. To compute the monodromy, we need to construct a solution
to the differential equation along such a loop. Let us start with the solution V inside the
annulus. Matching to the exterior, |z| > 14 o, the solution is Jo(z., )V, where z, is the
crossing point indicated in the figure. Continuing in this way, we follow the solution all
the way around the contour. When we get back to the starting point, the solution is MV
with monodromy matrix

M = JO(zq)J0(202)71‘]0(263)‘]0(2'04)71 ) (3-42)
where (see figure 4)
Zey = (14 0)e?) 2o, = (14 0)e'®?, 2., = (1 —0)e'®?, 2z, = (1+0)e® . (3.43)

Using (3.41) gives trivial monodromy M = laxo + O(0), as claimed. (As a side remark,
including the delta functions in the matching matrix gives exactly M = 1layo for finite o.)

3.6.2 Solutions at order e

Using the notation of subsection 3.4.2, the general solution of the order-¢ equation is now
provided by (3.22),

Xin (2) (3.44)

I
7 N\
—_

_|_
™
\N
=
N~—
<
O

xwﬂd::<1+a/%ﬁ>9@) (3.45)
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Ly

Figure 4. Two different cycles v; and ~;; with trivial monodromy for eq. (3.9) using the expres-
sion (3.32) for the stress tensor. In fact any loop straddling the annulus in this fashion has trivial
monodromy for the stress tensor (3.32).

where the matrices F' and F', defined in (3.23), are

F(z) = M (;lj _Zip> . F(z2) =Tu(2) (; _1> : (3.46)

ip —1 —2

To fully specify the solutions in (3.44) we must also choose a basepoint and path for the
integrals. These are chosen in different ways below according to the details of the situation.

4 Calculation of CFT correlators

Now that we’ve set up the necessary formalism and determined Ty to leading order in €,
we turn to the explicit computation of real-time correlation functions in the state |V). The
procedure is summarized as follows. First, with light probe operators inserted at complex
(Euclidean) points z; and z9, we fix the accessory parameters by, in 71, by demanding that
solutions to (3.9) have trivial monodromy around a given path 7 encircling both points. We
then use (3.14) and (3.5) to obtain an expression for the semiclassical identity conformal
block, which will depend nontrivially on . The dominant contribution will come from
the path that maximizes (minimizes) Fo (fo). We then analytically continue the insertion
points 212 to Lorentzian times.

We will exhibit this method in two examples of increasing difficulty. The first is the
equal-space auto-correlation function G(t1,t2) with times taken before and after a global
Vaidya quench. We find a simple analytic formula for this correlator in a CFT living on
a circle of size R. The finite-R result has never been calculated on the gravity side, but
taking R — oo, our CFT result precisely matches a planar Vaidya-AdSs geodesic length,
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Figure 5. Path 7 defining the channel of our correlation function. The black solid lines are the
shockwave insertions at |z| = 1 + 0. The path v actually crosses the shockwave twice at the same
point, but the crossings are separated in the figure for clarity.

as computed numerically in [46] and analytically in [49]. The second example is the growth
of the entanglement entropy Sgg of an interval of length L following the Vaidya quench.
Our calculations again match the known gravity results [45, 47, 48, 50].

4.1 The equal-space auto-correlation function G(t1,t2)

We wish to compute G(t1,t2) for t; < 0 < tg, where the Vaidya quench occurs at Lorentzian
time ¢ = 0. This correlator probes the physics of thermalization. The Euclidean correlator
of interest thus has probe insertions at points z; and zo along the imaginary axis with
z9 inside the annulus where Ty = K/ 2%, and z; positioned outside the annulus, where T
vanishes. The reason for this choice is the following: had we inserted both points below the
strip |z;| < 1 — o, the monodromy prescription would give the vacuum answer (as expected
for Lorentzian times ¢; < t2 < 0). Had we instead inserted the probe operators inside the
strip 1 — 0 < |zi| < 1+ o, we would simply find the thermal auto-correlation function (as
expected for 0 < t; < ta).

To find the identity block, the first step is to compute the monodromy along the
contour in figure 5. The crossing points in this diagram are actually all equal,

o=z} =2, =25 =2, (4.1)

but they have been separated in the figure to illustrate how they lie on different points
along the contour v. We will construct the global solution of the differential equation along
this contour, X = (1, x2)¢, following section 3.6.2. A basis of solutions inside and outside
the annulus is

Xin(2) = (1+5 / F> V(z), (4.2)
Xout(2) = <1+5 / F> V(z) . (4.3)
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In all of the expressions that follow, the integral is taken along a short, topologically trivial
path connecting the upper and lower limits of integration. As discussed in section 3.4.2,
for a meromorphic stress tensor 7 the monodromy matrix would come directly from
the residues of F and F around the singularities z;. Since T, is not meromorphic, we
must include contributions from matching the solution across the annulus. Let us see how
this works.

To construct a global solution along the path ~, we start at the base point zQ;. In a
neighborhood of this point, choose the solution

X (2) = xin(2) (z ~ z;g) ) (4.4)

Now, follow the path counterclockwise around 29 to get to the first crossing point zzg. The
solution in a neighborhood of z{ is then

X(z) = <1 + 2mic Res,, F + 6/ F> V(z) = (1 4+ 2mic Res,, F) xin(2) , (4.5)
Zc

where we have picked up the residue of F' by integrating around zs and have neglected
terms of O(g?) in going from the first to the second line. We now match the solution across
Ze,. Define the matrix J(z,) such that xin(27) = J(2c;)Xout (2, ). This matching matrix
J(z.) is related to the zeroth order matching matrix Jy(z.) given in (3.41) by

J(zc) = Jo(ze) +eJi(zc) + - .. (4.6)

Hence
X(z;,) = (14 2mie Res., F) J(2e; ) Xout (¢, ) - (4.7)

Next, integrate around the point z1 up to the second crossing point z_,, producing

X(z_,) = (1+ 2micRes,, F) J(2¢,) (1 + 27ie Res,, F + 5/ °2 f?) V

co _
1
= (14 2mieRes,, F') J(zc,) <1 + 2mie Reszlﬁ’> Xout(2ey) - (4.8)
Finally, to get the monodromy matrix M, we match once more across z.,, resulting in

M = (1 + 2mic Res,, F) J(z.) (1 + 2rmie Res,, F) Tz . (4.9)

It is then easy to check by plugging (4.6) into (4.9) (and using J ' = Jy ' —eJy P Jy t+...)
that J; does not contribute to M at O(g). To leading order, the monodromy matrix is

M =1+ 2mie <Resz2 F + Jg(zc)(Reszlﬁ')Jo_l(zc)) . (4.10)
Now to compute the identity block we must impose trivial monodromy, which means solving
Res., F + Jo(2e)Res;, FJy H(2:) = 0 (4.11)

for the b;. The next step is to solve the differential equation

h
Ofo _ Gho, 2 i=1,2. (4.12)

0z; c
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By symmetry, the dominant path ~ will cross the heavy insertions at z. = i(1 — o). The
solution to (4.12) in the o — 0 limit is

Ly 1 3
) _eF {1+ip—i(1—ip)z1} zﬁuﬂp) + const. .

(4.13)
The constant is fixed by demanding that fy give the correct behavior for a vacuum correlator
as zg — 4, that is fo ~ % log(z1 — 7). This fixes

12h =5 (i+p)
const. = . 2 log (H . (4.14)

12h L4
fo= chog {1—Z'p—z'(1+z'p)21}222(1 P

2p

The holomorphic identity block is Fy = exp (—g fo). To go from this to (the dominant
contribution to) the Euclidean correlator, we simply multiply it by the analogous anti-
holomorphic contribution:

G(ZZ', 51) ~ ]:0(21')]:—0(22') ~ exp < — %fo(zl, 22) — gfo(zl, 52)) . (4.15)

This is the answer on the Euclidean plane. We are actually interested in the correlation
function on the cylinder, which means we must invert the map w — z = e". This gives a
Jacobian factor in G(w;, w;):

G(w;, w;) = ehe (Wit +wy+is) exp ( — %f@ (e™1,e"?) — %fo (ewl,e@) ) . (4.16)

Now to obtain the Lorentzian correlator, we take w; = iw/2+ 7, and w; = —iw/2+ 7, then
continue to Lorentzian times 7; — it;. The final result is:

9 EDYNS
Gty tg) = i728e <p cos <t21> sinh <p2752> — 2sin (t21> cosh (’02752)> . (4.7

This is the autocorrelation function of an operator of dimension Ag in a CFT on a circle
of radius R = 1, with t; and ts, respectively, before and after a global Vaidya quench.

From this expression we can read off the answer for a CFT on an infinite line by
reintroducing the radius of the circle R and taking the limit R — co. Before taking the
limit, let us briefly discuss the interpretation of p = /4K — 1. In (3.34) we related K to the
mass of the final state black hole in the bulk dual, meaning that p is the bulk dimensionless
temperature p = 27w¢/fpuk. Via the usual AdS/CFT dictionary, we should then identify
p =2mwR/( in the CFT, with 8 the temperature of the late time equilibrium state. We can
now take the R — oo limit:

2R t t t " —2A¢
. — —2A o li “stv 71 inh P2 _9 . 71 h P2
Ghine(t1,t2) =@ Rl_r)réo ( P cos <2R) sin <2R Rsin 5B cos R ,

—2A
— ;200 (f sinh <7T;2> — t1 cosh (77;2)) : . (4.18)

This matches precisely with the geodesic calculation on the gravity side in [49].6

5The prefactor s~ 222 does not appear in [49]. This is due to a different choice of operator normalization.
We have normalized operators so (O(21)O(z2)) = |21 — 22|22 on the plane, whereas operators in [49] are
normalized so that (O(w1)O(w2)) ~ |w1 — w2| 22 as w1 — w2 on the cylinder.
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Figure 6. Path on the z plane which defines the Euclidean OPE channel in the calculation of
entanglement entropy. The solid lines are the boundaries of the annulus 1 — o < |z] < 1+ 0. We
impose trivial monodromy on the path v to calculate the block in a given channel. The dominant
contribution is obtained by maximizing over z.,, z,.

In the analytic continuation to Lorentzian signature, we implicitly chose a prescrip-
tion for analytically continuing past branch cuts. (In the finite-n correlator, these appear
whenever the probes hit the lightcones of the dust operators.) This choice of analytic con-
tinuation is equivalent to a choice of ordering for timelike separated operators (see [64] for
a detailed review). The prescription we chose above, i.e., the naive analytic continuation

2mi 2y, corresponds to the op-

of (4.13) without inserting any additional factors of zo — e
erators ordered as written in (2.6). This out-of-time-order correlator has the appropriate

ordering for expectation values in the state |V).

4.2 Entanglement entropy

We now move on to our second example: the entanglement entropy growth of an interval
of length L in the Vaidya state. The ingredients of the calculation are very similar to
those in the last section, so we will be more brief. The result can also be interpreted as an
equal-time spatial correlation function G(x1,t;x2,t) of probe operators.

Our goal is to compute the entanglement entropy of an interval of length L in the the
state |V). To do so, we use the usual replica trick and compute a correlation function of
twist operators G (21, 22) = (V|04 (21)0a(22)|V) where o, and 6, are conformal primaries

ha = i <a - ;) : (4.19)

The entanglement entropy is related to the correlation function of twist operators via

of dimension

1

—

Sgg = lim log Gy (21, 22) - (4.20)
a—11

We need to compute the monodromy matrix M of a solution to (3.9) around the path ~
shown in figure 6. It is not difficult to see that the monodromy matrix for this path is

M = (1 +2micRes,, F) J(2e)) AT H(2ey) (1 + 2mic Res,, F) J(26,) A T Hzey)  (4.21)
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where A is the matrix that integrates the solution yous from z., to z.,. However, A can
be written as A = 1 + edA, and it is straightforward to show that dA drops out of the
expression for M at O(e). Therefore to leading order

M =1+ 2mie [Res,, F + Jo(2e,) g (2e5) (Resz, F) Jo(26,)J5  (2e1)] - (4.22)

Until now we have treated the crossing points z., and z., as arbitrary. However, in com-
puting the dominant contribution to the correlator, we are instructed to maximize the final
answer over these crossing points. One can argue by symmetry that the dominant path ~
should be symmetric about its middle, that is for z., = (1 —0)e® then z., = (1 —o)e!E=9)
with ¢ € [0,L/2]. A similar phenomenon happens for geodesics in Vaidya — those that
cross the shell of null dust are symmetric about the middle. It is satisfying to find a similar
condition arise in CFT.

Following the procedure outlined previously, we solve for the b; that set M = 1242 and
thereafter integrate them to obtain fy. We find (labeling z; = €%):

fo ( 201 ei@g) _ Ghy log | — 4e(LF20)(i+p)+i(01+62)

’ c
2. (L P

X < 2(p+1)*sin 54 cosh §(L — 61— 6)

L

—i(p—i)%sinh [(2 - q> (p+1i)+ g(el - «92)] (4.23)

+i(p +i)2sinh [(5 _ q> (0—i) + 561 - 92)] }T + const..

We again fix the integration constant by demanding that the block give the vacuum answer

in(L—
when v lies entirely outside of the strip, that is fy = 120ha log [5111(2 q)] for 1 = q and

euv/2
02 = L —q. Here eyy is a UV cutoff that regulates the definition of the twist operator [65].
Finally, the entanglement entropy is

1
=1
SEE a1~>rnll—0£

<— %fo (e"1,e"?) — gﬁ) (ewl,é@) + ho(wy + w1 + we + wg)) . (4.24)

with w; = i6; and wy = i(0; + L). To continue to Lorentzian times we simply take 6; = ¢.
We are not yet done, as we still need to maximize Sgg over the free parameter ¢ labeling
the point where v crosses through background insertions. This cannot be solved in closed
form for ¢, however we can solve 9Sgg/0q = 0 for t and obtain a parametric expression
for the entanglement entropy growth of the interval. Once the dust settles we find (for
q €[0,L/2)]):

_ B -1 27Tq 21 R L_ q . 27‘(‘q
t= p cosh {cosh <ﬁ) + R tan ( 2 7 ) sinh (ﬁ)} , (4.25)

L_ 2 L_ L_
sin ( 2Rq> cosh (%) + % {1 + %{1 + (%) }tan2 ( ZRq)} cos (27(]) sinh (%)

C
SEE = g log

~ 93 -



We have reintroduced the radius of the CFT circle R in the final answer and replaced p
with 2rR/(. This answer was calculated via a bulk geodesic length in [45, 50]. Taking
the R — oo limit of the above answer gives the planar Vaidya geodesic length calculated
in [47, 48].

This formula for the growth of entanglement after the Vaidya quench is only valid for
0 < L < 7wR. For L > 7R one simply replaces L — 27 R— L in the above formula, implying
that the entanglement entropy of the interval of length L is equal to the entanglement
entropy of its complement, as expected in a pure state.

5 Discussion of information loss

The exact CFT calculation is obviously unitary, but the leading term in the 1/c expansion
at early times may not be. In fact, since it agrees with the gravity side, we expect the
telltale signs of information loss in the approximate CFT calculations. In eigenstates, this
was demonstrated for 2-point functions in [11] (see also [21, 23]), and discussed in terms of
entanglement entropy in [30]. The story for black holes forming by dynamical collapse is
similar. Information is lost at large ¢, but restored by non-perturbative corrections in the
1/c expansion. Such a picture for information loss and recovery is expected from general
arguments — it has been observed in toy models for the information paradox, such as
matrix quantum mechanics [66], and related behavior can be argued to occur in large-
N gauge theory [67]. Here we confirm this expectation for our detailed model of the 3d
black hole.

Correlators. Consider the late-time behavior of the correlator (4.17):

G(t) ~ exp (-2”§Qt> , (5.1)

where we have set t; = 0,to = t. This permanent exponential decay is incompatible with

quantum mechanics, as pointed out in the case of the eternal black hole by Maldacena [53].
This follows on general grounds for any system with finite entropy (see for example [68]).
Intuitively the reason is that in a pure state |¥) = > ay|n), if we decompose the correlator
as a sum over eigenstates,

G(t) = (¥|O)0(0)|¥) = Y = F)lay (n]Olk) (k|O] W) , (5:2)
n,k

then the large phases in this sum at late times can make the correlator very small, but
cannot cancel exactly.

Returning to the first step in the CFT calculation, it is obvious what went wrong —
we kept only a single term in the conformal block expansion (3.2). Under our assumptions
about the spectrum, this term is exponentially dominant at early times, but it cannot be
the full answer, since the vacuum block alone (or indeed any individual conformal block)
violates crossing symmetry. In general, it is not possible to compute the subleading terms,
which come from heavy operator exchange and depend on the details of the CFT. But we
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can eagsily see from crossing symmetry that they must exist, and dominate at late times.
The decomposition (5.2) in the state |¥) = |V) can be viewed as an OPE channel,

Y Y VoY

¢= Y Y ‘ “ , “ ‘ Y, (5.3)

primaries

Q Q

where the 1’s on the left half of the diagram are the ones inserted at |z| = 1 + o, and
the 1’s on the right are those inserted at |z| = 1 — . Then the same general reasoning
that applies to (5.2) also applies to this correlator, so it cannot go exponentially to zero.
Crossing symmetry then implies that the heavy operators in the original channel (3.2)
produce a finite, late-time tail that resolves the tension with unitarity. At early times, the
contributions of these heavy operators are suppressed nonperturbatively in 1/c.

Of course, this does not explain how information is recovered in the bulk — Hawking’s
paradox is a problem with bulk effective field theory, so must ultimately be solved on the
gravity side. It does, however, sharpen the problem, since in the CFT (unlike in Hawking’s
calculation) we made a controlled approximation to a well defined exact calculation, and
confirmed that this approximation breaks down before unitarity is violated. In gravity
language, this supports the standard expectation that information should be restored by
effects nonperturbative in Gy.

Entanglement entropy. Entanglement entropy is also a delicate probe of unitarity. In
a pure state,
Sa = Sxc (5.4)

where A is the complement of region A. Even Hawking’s original calculation of black
hole evaporation in asymptotically flat spacetime can be viewed as a violation of (5.4),
taking region A to be a portion of null infinity. In this case A contains the early Hawking
radiation, and A® contains the late Hawking radiation, so (5.4) holds if the total state of
the radiation is pure.

In our case, region A is a segment of the CF'T circle at fixed time. The calculations of S 4
and Syc are obviously identical, since they both correspond to the same twist correlator.
On the bulk side, this means that the answer we have derived allows the entanglement
geodesic to be taken through the black hole horizon. For an eternal black hole, this would
be disallowed by the homology condition for the extremal surface, conjectured in [44] and
derived in [69]. However, for a collapsing black hole, the homology condition (in this case
only a conjecture, since [69] does not apply) allows us to deform the extremal surface into
the past, behind the formation of the horizon, and onto the other side of the black hole [70].
The choice of channels in the CFT calculation directly mimics this procedure and confirms
this expectation directly from CFT. The bulk geodesic that goes the ‘long way’ around the
horizon corresponds to the identity block in a subdominant OPE channel of the CFT; these
two channels exchange dominance when region A is exactly half the system size, L = wR.
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Figure 7. The CFT calculation dual the null shell collapse in AdSs gravity employs the in-in
formalism. The time evolution contour is indicated in red: the state is prepared by a Euclidean
path integral on the unit disk, with operators inserted at |z| = 1 — o, followed by forward-backward
evolution along the Lorentzian part of the contour. The final part of the evolution is over the
outside of the Euclidean disk, with operators inserted at |z| = 1 4 0. In practice we construct all
quantities via analytic continuation from the Euclidean block.
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A Sources vs. states

The reader may wonder whether it is more natural to perform a different calculation:
instead of inserting primary operators offset in Euclidean time, we could instead add to
the CFT a source term deforming the action,

S—= S+ /dzx J(t,x)O(t, ), (A1)
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where O is a scalar operator and J(t,z) is its classical source. Performing a spatially
homogeneous quench means that J = J(¢), and, following the gravity calculation of [71],
we take J(t) to be compactly supported in time, that is we choose a smooth function J(t)
such that J(t) = jo # 0 on an interval of size n centered on ¢t = 0 and zero otherwise. After
the source turns off, the system is simply the original CFT in some excited state.

Under our assumption that correlators are dominated by stress tensor exchange, all
that matters is the value of (T') in this excited state — if it agrees with (V|T'|V) computed
in section 3, then all probe observables will agree in these two approaches. The calculation
with sources appears to be more difficult, however, since a finite, exponentiated source
produces UV divergences that need to be regulated and resummed. We will not attempt
the full calculation, but in what follows, we describe the setup in the approach (A.1) and
check that the leading term for |jo| << 1 — the collapse of a small mass black hole, for
which resummation is not necessary — agrees with our calculations in the state |V).

In the presence of a source (A.1), correlation functions are computed in the interaction
picture as

I I
(Qi(t1) -~ Qp(ty)) = (UT(t, —00) Qf(t1) - .. Qp () U (t, 20)) , (A.2)
where ¢t = max(t1,...t,) is the largest time of any of the operator insertions and the
superscript ‘I’ denotes that the corresponding operator is in the interaction picture with
respect to the decomposition (A.1). The evolution operator is

tp

U(tp,ta) =T exp (—i H](t’)dt’> : (A.3)

ta
Such amplitudes are computed in the ‘in-in’ formalism, starting and ending in the CFT
vacuum. This follows from the perturbative expansion of (A.2). In essence the time
evolution operators in (A.2) prescribe a sum over different time orderings of the operators,
each of which can be reconstructed using a suitable € prescription from the Euclidean
correlation function. One may similarly view the ‘state’ computation as an in-in correlator,
whereby the state is produced by Euclidean evolution for a time o (the insertions on the
circle of radius 1 — o) before switching to Lorentzian evolution to compute the expectation
value for Q(t). The overlap with the conjugate state (V| then corresponds to backwards
time evolution, as for the ‘in-in’ prescription (see figure 7).

Let us illustrate the procedure following from the expression (A.2) by computing the
expectation value of the stress tensor to leading order in the perturbative expansion. We
focus on the second-order contribution

Q)2 = —/_ dtz/_2 dtr ([H(t), [H(t2), Q@)I])J (t1)J (t2) (A.4)

where the quench Hamiltonian is

Hy(t) = / dyJ (4. )O (. 1) (A.5)

and Q(t) is the operator whose time evolution we wish to determine. The term (A.4) will
be the leading contribution when zeroth and first-order contributions vanish. If we are
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interested in energy density, we should take Q = Tyy. Then this integral contains a U.V.
divergence ~ (202724 where ¢ is a regulator (see [72]), and A is the conformal dimension
of O. Tt follows that (Q) ~ ©(t)n>~?A+U.V., which coincides with the result for a marginal
operator in the gravity calculation of [71].

Similarly we can compute the entanglement entropy of an interval of size L with
endpoints ¢; and /o, in which case we take Q(t) = o,(¢,¢1)d,(t,¢2) in (A.4). Now the
leading contribution to the Rényi entropy near n = 1 comes from the heavy-heavy-light-
light four-point function (Q0,6,0), which was computed in [30], suitably continued to
reproduce the Lorentzian orderings in (A.4). From this one can recover the entanglement
entropy in the limit n — 1. We have calculated the resulting double integral over sources
numerically and found agreement with the full answer (4.25) to leading order in the small-
mass expansion FL < 1, where F x jg / n*A=2 is the energy of the final black hole. Such
energy scaling has previously been pointed out by [73, 74].
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