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Mini-BFSS matrix model in silico
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We study a mass-deformed N = 4 version of the Banks-Fischler-Shenker-Susskind (BFSS) matrix
model with three matrices and gauge group SU(2). This model has zero Witten index. Despite this, we give
numerical evidence for the existence of four supersymmetric ground states, two bosonic and two fermionic,
in the limit where the mass deformation is tuned to zero.
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I. INTRODUCTION

This paper concerns itself with the supersymmetric
quantum mechanics of three bosonic SU(N) matrices
and their fermionic superpartners. The model in question,
introduced in [1-3], has four supercharges and describes
the low energy effective dynamics of a stack of N wrapped
D-branes in a string compactification down to 3+ 1
dimensions. When the compactification manifold has
curvature and carries magnetic fluxes, the bosonic matrices
obtain masses [3]. When the compact manifold is Calabi-
Yau and carries no fluxes, the matrices are massless.

This theory has flat directions whenever the matrices are
massless, and hence is a simplified version of the Banks-
Fischler-Shenker-Susskind (BFSS) matrix model [4],
which, for the sake of comparison, has nine bosonic
SU(N) matrices and 16 supercharges and describes the
non-Abelian geometry felt by D particles in a noncompact
(9 + 1)-dimensional spacetime. We hence dub the model
studied here: mini-BFSS (or mini-BMN [5], for Berenstein-
Maldacena-Nastase, in the massive case). The Witten index
W, has been computed for mini-BFSS [6-10] and vanishes,
meaning that the existence of supersymmetric ground states
is still an open question. Even the refined index, twisted by
a combination of global symmetries and calculated in [9],
gives us little information about the set of ground states due
to the subtleties associated with computing such indices in
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the presence of flat directions in the potential. This is in
stark contrast with the full BFSS model, whose Witten
index W; = 1, implying beyond doubt the existence of at
least one supersymmetric ground state. The zero index
result for mini-BFSS has led to the interpretation that it may
not have any zero energy ground states [6,10], and hence no
holographic interpretation. The logic being that, without a
rich low energy spectrum, scattering in mini-BFSS would
not mimic supergraviton scattering in a putative super-
symmetric holographic dual [11]. Of course a vanishing W,
does not confirm the absence of supersymmetric ground
states—as there may potentially be an exact degeneracy
between the bosonic and fermionic states at zero energy.

We weigh in on the existence of supersymmetric states in
mini-BESS by solving the Schrodinger equation numeri-
cally for the low-lying spectrum of the N = 2 model, in the
in silico spirit of [12]. To deal with the flat directions we
numerically diagonalize the Hamiltonian of the mass-
deformed mini-BMN matrix model, for which the flat
directions are absent, and study the bound state energies as
a function of the mass. A numerical analysis of mini-BFSS
can also be found in [13,14], which use different methods.

What we uncover is quite surprising. As we tune the
mass parameter m to zero, we find evidence for four
supersymmetric ground states, two bosonic and two fer-
mionic, which cancel in the evaluation of W;. This result
seems to agree with plots found in [13,14]. It must be said
that our result does not constitute an existence proof for
supersymmetric threshold bound states in the massless
limit, but certainly motivates a further study of the low-
lying spectrum of these theories. We reiterate that the
Witten index of mini-BFSS vanishes at any N, and while
we have only given evidence for the existence of zero-
energy states at N = 2, this encourages us to determine if a
similar cancellation between bosonic and fermionic states

Published by the American Physical Society
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occurs for N > 2. If this turns out to be the case, it would
provide a new addition to the exceedingly small list of
matrix models with a potential holographic limit at large N.

The organization of the paper is as follows: in Sec. I we
present the supercharges, Hamiltonian and symmetry gen-
erators of the mini-BMN model for arbitrary N. In Sec. III
we restrict to N =2 and give coordinates in which the
Schrodinger equation becomes separable. In Sec. IV we
provide our numerical results, and in Sec. V we derive
the one-loop effective theory on the moduli space in the
massless theory. We conclude with implications for the
large-N mini-BFSS model in Sec. VI. We collect formulas
for the Schrodinger operators maximally reduced via sym-
metries in Appendix A and compute the one-loop metric on
the Coulomb branch moduli space in Appendix B.

II. SETUP

A. Supercharges and Hamiltonian

Let us consider the supersymmetric quantum mechanics
of SU(N) bosonic matrices X/, and their superpartners A4,.
The quantum mechanics we have in mind has four super-
charges':

Q, = (=idyi —imX}, — iW)64 Ly,

A
O’ = il6, (=idy + imX'y + iWY). (2.2)
The parameter m is simply the mass of X/,. The massless
version of this model was introduced in [1] and can be
derived by dimensionally reducing N' =1, d =4 super
Yang-Mills to the quantum mechanics of its zero modes.
The mass deformation was introduced in [3] and can be
obtained from a dimensional reduction of the same gauge
theory on R x §3. We direct the reader to [2,3] for an
introduction to these models. This quantum mechanics
should be thought of as a simplified version of the BMN
matrix model [5] (mini-BMN for brevity). The massless
limit should then be thought of as a mini-BFSS matrix
model [4]. The lowercase index i = 1, ..., 3 runs over the
spatial dimensions (in the language of the original gauge
theory), and the uppercase index A =1,...,N> — 1 runs
over the generators of the gauge group SU(N). The &' are
the Pauli matrices, and greek indices run over @ = 1, 2. In
keeping with [1], we have defined W', = W /X', where

g i j
W= ngBceiijAXéka (2-3)

]S_pinors and their conjugates transform, respectively, in the 2
and 2 of SO(3). Spinor indices are raised and lowered using the
Levi-Civita symbol €% = —e,; with ¢'> =1. Thus in our
conventions
Cae™ =50, (2.1)

(1/76)(1 = 1[17670” (€W)a = eayl//Y’

and f,pc are the structure constants of SU(N). The
gauginos obey the canonical fermionic commutation rela-

tions {14, Zg} = 5,60, and hence the algebra generated
by these supercharges is [3]

{00, 0P} = 2(6LH — go% XX G, + mokPIb),

{0 0} = {04, 04} = 0, (2.4)
with Hamiltonian
1 Lo viva i i
HE—EaXAaxx‘i‘im (XA) +mXAWA
92 i 3 s 3
+Z (fapcXpXt)™ — Z’"MAJA] + ig9f apcia X6 2.
(2.5)

The operators G, and J* appearing in the algebra are,
respectively, the generators of gauge transformations and
SO(3) rotations. These are given by

Gy = ~ifapc(XpOxi + Aplc).

Ji = _ieiijJAaXQ + %ZAOJ},A. (26)
In solving for the spectrum of this theory, we must impose
the constraint G, |y) =0, V A. In the above expressions,
whenever fermionic indices are suppressed, it implies that
they are being summed over.

Let us briefly note the dimensions of the fields and
parameters in units of the energy [£] = 1. These are
[X] =-1/2, [)] =0, [g] =3/2, and [m] = 1. Therefore,
an important role will be played by the dimensionless
quantity

U=

F. (2.7)

We consider here the mass deformed gauge quantum
mechanics because, in the absence of the mass parameter
m, the classical potential has flat directions (see Fig. 1).
Turning on this mass deformation gives us a dimensionless
parameter v, to tune in studying the spectrum of this theory,
and allows us to approach the massless limit from above.

B. Symmetry algebra

Let us now give the symmetry algebra of the theory. The
components of J satisfy

o : 1
[Jl,.]]] = leijk‘]k’ [Jl, Qa] = _zaayQ}/,

. R

72, J]=0, [J,0% = 5Qﬂa;ﬁ. (2.8)

There is an additional U(1), generator R = 144, which
counts the number of fermions. It satisfies
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[R.J] = 0.
(2.9)

[Ra Qa] - _Qam [R’ Qa] = +Qa7

The Hamiltonian also has a particle-hole symmetry,

12 = —€1p = 1»
(2.10)

bl 77
A4 = €7y, Ara = Ax€pa €

where € is the Levi-Civita symbol. This transforma-
tion leaves the Hamiltonian invariant but takes R —
2(N? = 1) — R and effectively cuts our problem in half.

One peculiar feature of the mass deformed theory is
that the supercharges do not commute with the Hamiltonian
as a result of the vector J appearing in (2.4). It is easy to
show that

H.QJ=50n [HON=-70" (11
Thus, acting with a supercharge increases/decreases the
energy of a state by +%. This is a question of R frames,
as discussed in [3]. Essentially we can choose to measure
energies with respect to the shifted Hamiltonian H,, =
H + % R, which commutes with the supercharges, and write

the algebra as

{Qav Qﬂ} = 2{6! <Hm _%R) _go-ll;ﬁXﬁGA + ma(’;ﬁ‘]k}.

(2.12)

C. Interpretation as D particles

The v — 0 limit of this model can be thought of as the
world volume theory of a stack of N D-branes compactified
along a special Lagrangian cycle of a Calabi-Yau threefold
[2]. The X/, then parametrize the non-Abelian geometry felt
by the compactified D particles in the remaining non-
compact (3 + 1)-dimensional asymptotically flat space-
time. The addition of the mass parameter corresponds to
adding curvature and magnetic fluxes to the compact
manifold [3], changing the asymptotics of the noncompact
spacetime to AdS,. This interpretation was argued in [3,15]
and passes several consistency checks. Hence we should
think of the mass deformed theory as describing the
nonrelativistic dynamics of D particles in an asymptotically
AdS, spacetime and the massless limit as taking the AdS
radius to infinity in units of the string length.

To be more specific, it will be useful to translate between
our conventions and the conventions of ;3]. One iden-
tifies m=Q, ¢>=1/m,, {X.2},s =m/ {X, 2 }ypem in
units where the string length [, = 1. Reintroducing [, this
dictionary implies that ¢*> = g,/3v/2x, with g, the string
coupling, gets set by a combination of the magnetic fluxes
threading the compact manifold, and similarly £ 45 = 1/m

gets set by a combination of these magnetic fluxes and the
string length. For AdS, x CP? compactifications dual to
the Aharony-Bergman-Jafferis-Maldacena (ABJM) theory
this was worked out in detail in [3,16], and they identify

_ (322°N\i s (N %l
9s = k5 s AdS — 87[2]( s

where k and N are, respectively, integrally quantized
magnetic 2-form and 6-form flux. In this example taking
v =1/2x(k*/N)"/? = 0 while keeping g, fixed takes the
AdS radius to infinity in units of /.

The main focus of the next sections is on whether this
stack of D particles forms a supersymmetric bound state,
particularly in the v — O limit. There the Witten index
W; = Try{(=1)ReH} has been computed [6-10] and
evaluates to zero. This is in contrast with the full BFSS
matrix model, whose index is W; =1, confirming the
existence of a supersymmetric ground state. We will use the
numerical approach of [12] and verify if supersymmetry is
preserved or broken in the SU(2) case. We find evidence
that supersymmetry is preserved in the v — 0 limit, and that
there are precisely four ground states contributing to the
vanishing Witten index.

(2.13)

III. QUANTIZING THE SU(2) THEORY

A. Polar representation of the matrices

We are aiming to solve the Schrodinger problem
H,|w) = &, lw). We will not be able to do this for arbitrary
N, and from here on we will restrict to gauge group SU(2)
for which the structure constants f,gc = €4pc- In this case
the wave functions depend on 9 bosonic degrees of freedom
tensored into a 64-dimensional fermionic Hilbert space. It
is thus incumbent upon us to reduce this problem maxi-
mally via symmetry. To do so, we exploit the fact that the
matrices X, admit a polar decomposition as follows:

Xi = LagApM", (3.1)

where

L= e—i(p1L3e—i(p2LZe—i(p3£3’ M = =L pmih L =i L

’

(3.2)

and [L']; = —ie;; are the generators of SO(3). The
diagonal matrix

A = diag(x;, X,, X3) (3.3)
represents the spatial separation between the pair of
D-branes in the stack. The ¢; and §; represent the

(respectively, gauge-dependent and gauge-independent)
Euler-angle rigid body rotations of the configuration space.
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This parametrization is useful because the Schrodinger
equation is separable in these variables, as we show in
Appendix A.

The metric on configuration space can be reexpressed as

3
> dXidXi = " dx2 + 1,(dQ2 + dw?) — 2K ,dQ,dw,,
Al a=1

(3.4)

Ia = XpXp — Xg’ Ka = |€abc|XbXC‘ (35)

The angular differentials are the usual SU(2) Cartan-
Maurer differential forms defined as follows:

1 1
dwa = _Eeuhc [LT . dL]bC9 dQu == Eeﬂhc' [MT : dM]bL

(3.6)

The volume element used to compute the norm of the wave
function is

3 3 3
[[axi axii = A(x,) [ [ dx;sing, [ [ de; sin 9, [ [ a9
i=1 j=1 k=1

| (3.7)

where A(x,) = (x? — x3)(x3 — x3)(x3 — x}) is the
Vandermonde determinant with squared eigenvalues. To
cover the configuration space correctly, we take the new
coordinates to lie in the range [17]

X3ZX1Z‘X2|207 T>@y,8, 20,

2 > Pi+2, 191'7(:2 > 0. (38)

The generators of gauge transformations G, and rotations
Ji are given in (2.6). These satisfy

[JI,JJ] = ieijk.]k,
72, 7] =0,

[Ga, Gp] = iespcGes

[J7,G,] = 0. (3.9)

To label the SU(2)gyee X SO(3); representations of the
wave functions, it is useful to define the “body fixed”
angular momentum and gauge operators P=M"-J and
S=L"'-G, which satisfy

P22 e
[Piij] = _ieijkpka [Sa» Sg] = —i€apcSc,
[P, J/] =0, [S4,Gg] = 0. (3.10)

-

Unlike the generators of angular momentum, P is not
conserved. However, as we explain in Appendix A, it is still
useful for separating variables.

Let us give expressions for the bosonic parts of J and P,

which we call 7 and P, respectively, in terms of the angular
coordinates. These are

3
J' = —i[ —cos 9, cotd,0y —sind, 0, +@_188 ,
! 2 sing, %

ind
J? = —i(— sind; cot 9,0y, + cos 9,0y, + s?n l ('),93>,
> osind,
(3.12)
J? = —id,,, (3.13)

and

9
Pl = <— A 0y, +sin 930y, + cot I, cos 193(9193>,

sin 192
(3.14)
5 . sin 193 .
7) = —1 -—88 —+ cos 1936'9 - COt192 Sin 19383 s
sind, ! 2 }
(3.15)
P3 = —idy,. (3.16)

Similarly let us define G4 and S, as the bosonic parts of the
G, and S, operators. The G, are related to the J' by
replacing 9; — ¢;. It is easy to guess that the S, are then
related to the P’ via the same replacement.

We are now ready to give expressions for the momentum
operators and the kinetic energy operator in terms of the
new variables. These are [18]

—iax;" = _iLAaMib{éabax” +i Cabe (Xapc + szc)},

x2 —x3
(3.17)
1 1
_Eaxzaxz - _ﬂaxaAaxn
1 G~ 1, (P2 4 82) + 2K, P4S,
+§Z . (3.18)

a=1 15 - K%l
It is also straightforward to write down the bosonic
potential V in terms of the new variables:

2

1
V= QmZXaXa + 3gm X X2X3 + % (x3x3 + x7x3 + x3x3).

(3.19)
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FIG. 1.

Contours of constant potential energy V = 2 in units where g = 1 as a function of x,. The left-hand figure is evaluated at

m = 0, whereas the right-hand figure is evaluated at m = 1. The long spikes in the left figure are indicative of the flat directions along

the moduli space. These flat directions get lifted for any finite m.

As expected it is independent of the angular variables. We
have depicted constant potential surfaces in Fig. 1.

Apart from the coordinates x, the following nonlinear
coordinates will often appear in the equations below:

1, 1 el X2 + x2
= 5——>= — < |€ — 5 »
Vo= ok T2 (kg —x2)?
Ka XpX,

z,=

2_K2 |€abc\(xi_—xg)2- (3.20)

With these definitions the kinetic term can be written as

1 1
—53)(;\3)(; - _ﬂaxaAaxa

1
+ 5 [ya (fpa2 + ‘S%) + zza,PaSu}'

Notice that the term 23:1 yo P is the kinetic energy of a
rigid rotor with principal moments of inertial y;'. Unlike
the ¢ = 1 matrix model, the angular-independent piece of
the kinetic term cannot be trivialized by absorbing a factor

of /A into the wave function [19]. Instead, we have

1 11,
—ﬂaxaAaxa——E(\/—Zﬁxa\/K—l-T), (3.21)

where
r=%y, = XPHx3 | Xi4x3 X 4x3
—7 (xi-x3)? (xp-x3)? 0 (x5 -x3)7

(3.22)

and its appearance in the Schrodinger equation acts as an
attractive effective potential between the x,.

B. Gauge-invariant fermions

Because the operators G, in (2.6) have a nontrivial
dependence on the gauginos A,,, it is not sufficient to
suppress the wave function’s dependence on gauge angles
@, entirely. Instead, we can write down a set of gauge-
invariant fermions that will contain the entire dependence
on the gauge angles [20]:

)_(ﬁ = LBA’Ig'

XAa = Lpalpa, (3.23)

These satisfy {y4q. ;‘/;} = 85,352, but no longer commute
with bosonic derivatives. Defining &0 =Micl?, we can

now write the supercharges in terms of the new para-
metrization. These are

066023-5
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b g . €ap
Qa = —l0gq y)(ay (5ab{8xb + mXp + 5 |€bst|xsxr} + lﬁ (XaPC + Xb86)> ’

e y ~b 9 . €qp
Qﬂ = —l)(}(;o'}, ﬂ(éab{axb — mxy, —z |€bst|szt} + lxz aoc

where we have put the gauge-invariant fermions to the left
so as to remind the reader that the bosonic derivatives are
not meant to act on them in the supercharges. The
Hamiltonian H (not H,,) in the new parametrization is

_ 1 1 a2 2 a
H= 2A axu Aaxu + D) [Ya (P + Sa) + zzup Sa]

1
+5 m’x,X, + 3gmx,X,X3

2
g 3
+ 5 (x3x3 + x3x? + x3x2) - Zmb(A,;(A]

+ igearcaXi6 . (3.25)

IV. NUMERICAL RESULTS

To calculate the spectrum of the Hamiltonian (3.25), we
must reduce our problem using symmetry; that is, we
should label our states via the maximal commuting set
of conserved quantities: H,,, J°>, 12, R. Because of the
discrete particle-hole symmetry (2.10) we need only con-
sider R =0,....3. In Appendix A we construct gauge-
invariant highest-weight representations of SO(3), in each
R-charge sector. This means we fix the wave functions’
dependence on the angles 9; and ¢; and provide the
reduced Schrodinger operators that depend only on xa.2

Our numerical results for the lowest energy states of H,,
for each R and j are presented in Fig. 2 and were obtained
by inputting the restricted Schrodinger equations of
Appendix A into Mathematica’s NDEIGENVALUES com-
mand, which uses a finite element approach to solve for
the eigenfunctions of a coupled differential operator on a
restricted domain. We have labeled each row by the fermion
number R and each column by the SO(3), highest weight
eigenvalue j (i.e., /) = j(j + 1)ly) and JPly) = jlw)).

A few comments are in order:

(1) The most striking feature of these plots is the
seeming appearance of zero energy states for
(R,j)=(2,0) and (R,j)=(3,1/2) as v—0.
Since the Witten index W; = 0, and since the states
in the (2,0) and (3, 1/2) sectors seem to have
nonzero energy for any finite v, it must be the
case that these states are elements of the same
supersymmetry multiplet. This must be so for the
deformation invariance of W;.

‘We only provide a small set of these reduced Schrodinger
operators, as they increase in size with increasing SO(3),
eigenvalue j.

066023-6
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3

“

(&)

Since we know, by construction, that the lowest
energy (R,j) = (2,0) and (R,j) = (3,1/2) states
are related by supersymmetry, we can use the
difference in their numerically obtained energies
as a benchmark of our numerical errors. Obtaining
the (R,j) = (2,0) ground state energy required
solving a coupled Schrédinger equation involving
15 functions in 3 variables. For the (R, j) = (3,1/2)
state, the number of functions one is numerically
solving for jumps to 40. In the latter case, it was
difficult to reduce our error (either by refining the
finite element mesh or by increasing the size of the
domain) in a significant way without Mathematica
crashing. This is despite the fact that we had 12 cores
and 64 Gb of RAM at our disposal. In Fig. 3 we plot
the percentage error in the H,, energy difference
between these two states as a function of v. We find
that the energy difference between these states is
around 13% of the total energy as a function of v.
For comparison, we also do this for the lowest
(R,j) = (0,0) and (R,j) = (1,1/2) states, where
the numerics are more reliable as a result of solving a
much simpler set of equations. There the difference
between the computed energies is at most 2%.
Our results suggest that there are four supersym-
metric states, two of which are bosonic and two of
which are fermionic, which would cancel in the
evaluation of the index. Explicitly, the two bosonic
states are j = 0 singlets in the R =2 and R =4
sectors (recall the discrete particle hole symmetry of
the theory) and the two fermionic states are the j =
1/2 doublet in the R = 3 sector. It is interesting to
note that there are not more states in this multiplet;
for example, numerically studying the (R,j) =
(0,1) sector reveals no evidence for a supersym-
metric state in the v — 0 limit.

The massless SU(2) model was studied using a
different numerical approach in [13,14], and their
plots for the ground state energies seem to approach
ours, particularly Figs. 2 and 5 of [14].

Our numerical evidence for these supersymmetric
states does not constitute a proof since we will never
be able to numerically resolve if this state has exactly
zero energy. However, the result is highly suggestive
of a supersymmetry preserving set of states at v = 0,
and there is no contradiction with the analytically
obtained Witten index result W; = 0. It would be
interesting to analyze the existence of these states
analytically in future work.
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FIG.2. Lowestenergy eigenvalue for R = {0, 1,2,3} and j = {0, 1/2} as a function of v. Each row corresponds to a different value of
R up to 3, and the columns are labeled by j = 0 or j = 1/2. Note that for v = 0 there are £ = 0 energy eigenstates in both the R = 2 and
R = 3 sectors of the theory. This implies the existence of four supersymmetric ground states at v = 0, a fermionic j = 1/2 doublet in the
R = 3 sector, and two bosonic j = 0 singlets in the R =2 and R = 4 sectors.
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FIG. 3.

04f o ]
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-0.2+F 4

Ly ]

0.0 0.5 1.0 1.5 2.0

Left: Percentage energy difference between the lowest (R, j) = (0, 0) state and the lowest (R, j) = (1, 1/2) state. As expected

by supersymmetry their energies match to within 2%. Right: Percentage energy difference between the lowest (R, j) = (2, 0) state and
the lowest (R, j) = (3, 1/2) state. These energies match to within 13%. The percentage error is larger for low v since the energy is

approaching zero.

V. EFFECTIVE THEORY ON THE MODULI
SPACE OF THE SU(2) MODEL

To get a better handle on the previous section’s numerical
results, we will now study the v — 0 limit of the matrix
model analytically. Since the full problem is clearly quite
difficult even for N = 2, we will study the massless model
in some parametric limit. This is possible because the
theory has a moduli space’—a flat direction where the
D-branes can become well separated, and along this moduli
space certain fields become massive and can be integrated
out. We will parametrize this moduli space by the coor-
dinates (x3,9,,9;) and will henceforth label them
(x3,8,,8;) = (r,60,¢) for the remainder of this section.
The parametric limit we will take is the limit of large r.

To derive the effective theory along the moduli space,
we will first take (r, 0, ¢) to be slowly varying and expand
H=HY 4+ HY ... in inverse powers of the dimen-
sionless quantity gr’. We will compute the effective
Hamiltonian in perturbation theory by integrating out the
other fields in their ground state, in which (r, 6, ¢) appear
as parameters. Similar analysis to this was performed in

[20-25]. Defining 9= (axl,a,h), the Hamiltonian, to
lowest order, is

- -
HY=—— —— 9.(x*-x3)0
Trr L
1
_W [(X% + X%)(@?% + 6420?) +4X|X26338¢3]
P
+3r2(X%+X%) — igrespeX p6 x (5.1)

where 657 = Miis” depends explicitly on (9;,9,,9;). It
is straightforward to show that H(®) admits a zero energy
ground state given by

3Also sometimes called a Coulomb branch.

W) 974 (x24xd)

N
2 2
X Z {)?36)?3 - iz€33d_(353()_(c€)}|0>’ (5.2)
B c=i

where |0) is the fermionic vacuum and we have normalized
¥ with respect to

) 2 2r
/ dxl/x‘ dxz/ d83/ dps(x2 = x2).  (5.3)
0 —x, 0 0

Similarly we can expand the supercharges Q, = QS,O)—I—
Qg) + .-, where

2
0 . ~ 9
Q(<1) =1 E GZ y)(ay <5ab{axb +§|€bsl|xsxt}

a,b=1

. €abe c
+ lm (Xap + XbSc)) s (54)
(1 _ by g
Qa = —l0a " )3y <53b{ar + E |€3st|xsxt}
+ i€3—:c(77” + SC)>. (5.5)

It is easy to check that Q' W(©) = QOAPO) = 0. We are
now tasked with finding the effective supercharges QS =
<Q£,1) )y + - - - that act on the massless degrees of freedom
(r,0,¢) along the moduli space. At lowest order we find
the supercharges (acting on gauge-invariant wave func-
tions) are those of a free particle in R3 and its fermionic
superpartner,

Q/e}ff = _il/_/yvi 5:;//), 5

Ot = —iVz - 64w, (5.6)

where we have labeled (r, 0, ¢) in Cartesian coordinates as
well as defined (y,, ") = (3. )_(g ). Since the remaining
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gauge angles (¢, ¢,) have no kinetic terms in the effective
theory along the moduli space, we need not consider them
as dynamical variables and can treat y, as a fundamen-
tal field.

Let us now compute the effective theory to next order in
perturbation theory. Instead of computing this in the
operator formalism, let us first invoke symmetry arguments
to constrain what the answer should look like. The low
energy effective theory on the moduli space should be a
supersymmetric theory with four supercharges and an
SO(3) R symmetry; therefore, it should fall in the class
discovered in [26,27],

1 52 f— . > I~ m
L =5 X +i@y =) + D?) +35 (VifJeunX o™y
D

=D (Ve) 5w+ (V) o) (oly), (57)

which is invariant under

8D = & = &y

To preserve the SO(3) symmetry, f should be a function of
r = |X|. Notice that (5.7) reduces to the theory of a free
particle and its superpartner when f = 1. Therefore we
should find that at one-loop order f = 1 + -, since (gr’)~!

is our expansion parameter, with ¢ to be determined.
A calculation [22,23] reproduced in Appendix B gives
¢c=-3/2or

3
=1-—.
! 2gr3

(5.8)
Analytic evidence for the numerically found supersym-
metric ground states can be obtained by studying the
Schrodinger problem associated with (5.7). We do not
do this here, but we can gain some intuition by studying the
existence of normalizable zero modes of the Laplacian on
moduli space [28]:

3
ds* = (1 - —3> (dr* + r?dQ3). (5.9)
2gr

We can construct two normalizable zero modes as follows.
The zero form

r 1 3 \-12
wy = / dr’ﬁ (1 _—2gr/3>

is a zero mode of the Laplacian, but is not normalizable. To
construct normalizable forms, we take

(5.10)

0, = dw, W, = *w;. (5.11)

These are normalizable within the domain r € [(3)'/, co].
Since there exists zero modes in this toy-moduli-space
approximation, it would be interesting to study the set of

ground states of (5.7) in more detail.

VI. DISCUSSION

In this paper we have studied the mini-BFSS/BMN
model with gauge group SU(2) and uncovered numerical
evidence for a set of supersymmetric ground states in the
massless limit of the theory. In the massless limit the
matrices can become widely separated. The effective theory
on the moduli space has nontrivial interactions governed by
a metric that gets generated on this moduli space at
one loop.

Our numerical evidence for zero energy ground states
is limited to the N =2 case, but we can now safely
establish that the vanishing Witten index of mini-BFSS
does not conclusively imply supersymmetry breaking,
even for N > 2. This should renew our interest in deter-
mining if supersymmetric states continue to exist at large
N. Let us now discuss what may happen in the SU(N) case
at large N. The quartic interaction in (2.5) can be rewritten
as a commutator-squared interaction (fapcX5X%)* ~
Tr([X', X])?, where X' = X!z, and 7, are the generators
in the fundamental of SU(N). Therefore, at tree level, along
the moduli space there will be a set of N —1 massless,
noninteracting, point particles in R® (and their super-
partners), each one corresponding to an element of the
Cartan of SU(N). At one loop there will be a correction
to the moduli space metric, depending on the relative
distances between these particles. Just as in the SU(2) case
these corrections will come at order |r, — r;,| . One dif-
ference, however, is that there may be an enhancement of
order N to this correction. It would certainly be interesting
to see if we can isolate the |r, — r,|™ corrections to the
moduli space metric by taking a large N limit, as can be
done in the DO-D4 system [28] and in the three-node
Abelian quiver [29]. Perhaps we can adapt the methods in
[30] for these purposes. The analysis in [22] seems to
suggest that such a decoupling limit at large N is possible.

Interestingly, it was shown in [29] that the one-loop
effective action on the Coulomb branch of the three-node
Abelian quiver exhibits an emergent conformal sym-
metry at large N. This conformal symmetry depends on
the delicate balance between the form of the interaction
potential and the metric on the moduli space, which has a
similar |r, — r,|™ form as in (5.8). It would be interesting
to establish whether the SU(N) generalization of the model
studied in this paper also has a nontrivial conformal
symmetry at infinite N, broken by finite N effects. We
save this problem for future work, but list here some
reasons why this would be worth studying:
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The BFSS matrix model has a holographic inter-
pretation [11,31-33]. At large N it is dual to a
background of DO branes in type IIA supergravity. In
BFSS there is no correction to the moduli space
metric and neither side of this duality is conformal.
The BFSS matrix model is thus a theory of the 10D
flat space S matrix. It would be interesting to
understand the large N version of mini-BFSS in
the context of holography along similar lines.
Because of the large number of coupled degrees
of freedom at large N and the reduced supersym-
metry, the effective theory along the moduli space of
mini-BFSS has a nontrivial metric and may poten-
tially exhibit a nontrivial conformal fixed point
along this moduli space, as happens for quiver
quantum mechanics models with vector rather than
matrix interactions [29,34]. To answer this question
definitively we will need to compute the effective
theory along the Coulomb branch for N > 2 and
check whether it is conformal.

New results have shown that a certain class of
disordered quantum mechanics models, known as
SYK for Sachdev-Ye-Kitaev, exhibits phenomenol-
ogy of interest for near-extremal black holes (see
[34—41] and references therein as well as [42—45] for
models without disorder). These phenomena include
an emergent conformal symmetry in the IR, maximal
chaos [46], and a linear in 7T specific heat. Despite
the successes of these models, they are not dual to
weakly coupled gravity. BFSS is a large N gauged
matrix quantum mechanics dual to weakly coupled
Einstein gravity but, as we previously mentioned, it
does not have an emergent conformal symmetry and
remains a model of D particles in flat space. It would
certainly be interesting if mini-BFSS fell in the
universality class of quantum mechanics models
with emergent conformal symmetry in the IR and
maximal chaos, such as the SYK model and its
nondisordered cousins, but remains dual to weakly
coupled gravity. Recently [47,48] advocated the
study of such matrix models for similar reasons.
In the same vein the authors of [49] study classical
chaos in BFSS numerically.

If this model, like SYK, is at all related to the
holography of near-extremal black holes, then we
can try to study its S matrix to gain some insight into
the real time dynamics of black hole microstates.
A numerical implementation of such a study in the
context of similar supersymmetric quantum mechan-
ics models with flat directions can be found in [50].
The slow moving dynamics of a class of super-
symmetric multicentered black hole solutions in
supergravity is a superconformal quantum mechan-
ics [51-54] with no potential, provided a near
horizon limit is taken. It would be interesting to
understand if there is some limit in which the

multicentered black hole moduli space quantum
mechanics and the large N matrix quantum mechan-
ics on the moduli space coincide, perhaps as a
consequence of nonrenormalization theorems as
in [2].
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APPENDIX A: REDUCED SCHRODINGER
EQUATION

In this Appendix we construct gauge-invariant highest-
weight wave functions of SO(3), in each R-charge sector
(up to 3) and use these to maximally reduce the
Schrodinger equation via symmetries.

1. R=0

This sector of the theory was studied in [55-57],
although without access to numerics. We repeat their
analysis here. We wish to separate variables using the
SO(3), symmetry. We therefore want to write down the
highest weight state satisfying J3|y), = jlw), and
JHw)y =0, with J*=J' £iJ% The rest of the spin
multiplet can be obtained by acting on |y), with J~ up
to 2j times. This, however, does not entirely fix the angular
dependence of the wave function, as these two conditions
only fix the dependence on up to two angles. Recall,

however, that the operators P commute with J and P> = J 2,

but [H, 13] # 0. We will then write |y), as a sum of terms
with definite P* eigenvalue. That is, we write |y), as

NP A 9
— ¢l¥gin/9 ipdscott [ 22 ) £P(x ). Al
ho = esinsd; 37 eror () 17(x,). (A1)

p=-—j

Since the number of terms in the wave function grows with
J, it will be cumbersome to give the reduced radial
Schrodinger equation for arbitrary j. Instead, we will give
the expressions for j = 0,%, 1. Before giving the reduced
Schrodinger equations, it is worth noting that it has long
been known that there exist no supersymmetric states in this

sector [1]. The reason is that the supersymmetry equations
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Qulw)o = OPlw) =

0 are easy to solve and give

m
y)5USY ~ exp {9X1X2X3 + 2xaxa}, (A2)

which is non-normalizable. It is also known that the
spectrum in this sector is discrete [57].
For parsimony let us define

A 1
H=- 2A8 Ady, +V

(A3)
with V defined in (3.19). Then for j =0 the reduced
Schrédinger equation, obtained from H,,|w), = &,,[w)o, is
simply

(A4)

<H+ m)f0 = Enf0(x

For j = 1/2 there is no mixing between the f*!/2(x
each satisfies

), and

(H+9m+ )fﬂﬂ( ) = Enf(x,). (AS)

where T was defined in (3.22). Finally, for j = 1 we have

9 1 Y3 0 Yi =¥y
H + m+— 1 + 1 0 T — 2y; 0
Yi— ) 0 Y3
f—l f—l
X fo = gm fo (A6)
f+1 f+l
2.R=1

Continuing on from the last section, we want to write
down wave functions in the R = 1 sector that are gauge
invariant, and satisfy J3|y), = jly), and J*|w), = 0. To
do so, we will write our wave functions as

J
) = e¥Pisin/9, Z eip’%COtp( >an)( 0), (A7)

p=-J

where |0) is the fermionic vacuum and each term in the sum
has a definite P* eigenvalue. The functions f%, that satisfy
these conditions are

9 9,
f§1 —e_l%{e IZCOS<2>L2A 1(Xq)

5. (9
— ¢ sin <?2> LgA(xa)}, (A8)
A. 9y
fh= el%{e_lz Sln<2>L§A 1(X4)
9 39
+ /7 cos (?2) LgA(xa)}. (A9)

We remind the reader that the ¥4 are the gauge-invariant
fermions defined in (3.23). The reduced Schrodinger
equation for j = 0 (and hence p = 0) is

LY Ly
. 5
{H+m+T+A} Sl =& | (A10)

where A is a 6 x 6 matrix that can be written in terms of
2 x 2 blocks as follows:

, iy, 1 —(29x3+23)0° (29%,+12,)0°
AE% (2g9x3+123)0° iy, 1 —(2g9x,+2,)e' |.
~-(29x%,+25)6° (29%,+2;)6" iy31

(A11)

where the coordinates y, and z, (nonlinearly related to x,)
were defined in (3.20).

Using the above definitions it is straightforward to write
down the equations for j = 1/2. These are

i 7 3, A+B | C
{ My +< c | A—B)}

L L
L L;*
x| ¢ =€ (A12)
L L
L L
with
1 y;6°  2izz1 0
B=-|2iz1 yi6° 0 (A13)
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and
| yi6! — iy,6° 0 22,1
C= 1 0 yi6' — iy,6° —2iz,1
—22,1 2iz, 1 y6!' —iy,6°
(A14)
3.R=2

As we can see, the number of equations keeps increasing
with fermion number and spin. Therefore in this section
and the next, we will only give the reduced Schrédinger

|

fﬁAlZ = Lﬁ(xa),

—is

e . 9 . 39
fﬁBlZ = N sind, YzB(Xa) + cos? (f) R£B<Xa) — sin’ (72) SﬁB(Xa) -

—i9s

e . . 9 9 e’y
fﬁle =75 sin §, YZB(Xa) — sin’ (5) Rﬁ;B(Xa) + cos? (5) SﬁB(Xa) ) sin 9, UﬁB(Xa>,

equations for j = 0. As before the general highest weight
R = 2 wave function admits a decomposition:

S 9 e
|l//>2 = elJl?]San&Z Z elpl%COtp <72>f£3(1ﬂ){x){/;|0>
p==J

(A15)

To avoid overcounting let us set f% pap = O Whenever
B <A and similarly f% sqp =0 (n0 sum on indices)
whenever < a. Imposing that J3|y), = jly),, J5|w), =
0 and that each term in the sum has definite P? eigenvalue
imposes that the functions f’, pap take on a particular form.
These are (no sum on indices and A < B)

(A16)

i
sin 9, UL 5(x,), (A17)

9
(A18)

. . 39 1. I 9
fhe = e {8_1830052 <?2> Yip(x,) = 5 s 9, (R p(x0) + Shp(X,)) + /3sin® <?2> UﬁB(Xa)}v (A19)

. o 39 1 . ) 9
Shgn = € {3_1835m2 (72) Yhp(x,) + 5 Sm 9 (Rip(X4) + Shp(x,)) + eicos? <72> UﬁB(Xa)}‘

(A20)

Notice that even for j = 0, determining the spectrum will involve solving a set of 15 coupled partial differential equations.
We will label the set of functions Y, = Y7 _, . and so on for the remaining functions. We also define the following vector

of functions:

WO = (L%, ... RO, .80 . U ... Y, )T

The j = 0 Schrodinger equation is then

L5 3
{H+§m+ZT+D+L +gM}‘P9ez =&, ¥

where D, L, and M are 15 x 15 matrices that can be written in terms of 3 x 3 blocks as follows:

d! 0 0

0 d? d' —2%1
D=| O dl—%ﬂ d?

0 0 0

0 0 0

(A21)
(A22)
0 0
0
0 , (A23)
—d? Ly, —ya)1
Ly —y)1 —d’
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2>y, | L9 0 0 0 0
1 0 0 0 Z1£1 —+ iZ2£2 Z1£1 — iZ2£2
L= ) 0 0 0 2, L' i, £ 7, L' — iz, L | (A24)
0 2, L' —iz, £ 2, L' — iz, C? —22;L3 0
0 2, L' +i, L% z7,L' + iz, L? 0 22, L3
0 X3m3 X3m3 lel + ern2 X2m2 — lel
X311131r —X3£3 0 X2d2 deZT - chl
M= x;m>" 0 x5 L3 —x, L' — x,d?*f —X,d? (A25)
x;m!" + x,m?f x,d* —x, L' — x,d? x5 L3 0
x,m* —x;m!'" x,d> -x,L! —x,d? 0 —x;L3
|
In these definitions, the £ are the 3 x 3 generators of Vi apap, =0 i f<a, (A30)
SO(3) defined below (3.1). The d' are ) .
0 0 0 Sappap, =0 iy <p. (A31)
d = <Z _ ya> Sup a@2=(o0 o o], Because of the fermionic statistics f% , aapy = 0 identically.
4 10 0 Imposing the highest weight condition forces ff%aﬁy to
1 1 take the following form:
&’ = 3 (Ya - 5)’3) Oaps (A20) 2
) f[l)23aﬁy = Z FSbc(Xa)”aa(&)”ﬂb('g)uyc(‘9>7 (A32)
and the m’ are a.b,c=1
0 0 O 0 -1 0 with
m=|i 00|, m>=|0 0 0], . 9
i 0 0 0 10 o) = 00 (1 = o=l eos ()
0 0 (9
mi=lo o il (A27) + (a—a)sin <7> } (A33)
000 Furthermore
Whenever a matrix appears in an absolute value symbol » » L e » 5y =
| - |, the absolute value is to be applied to the entries of the ! AABafy — Ujas(Xa)y (lﬁy(&) + YAAB(Xa)ya/}y('g)’ (A34)
matrix. » o L2 » s 2
The Schrodinger operator for j = 1/2 will be a gener- S Apsapy = Uhss(Xa)Yap, (9) + Yipn(Xa)yap, (). (A35)
alization of the above operator to one acting on 30 where
functions. We do not provide expressions for it here, but
analyze its spectrum in the main text. - (=)™ (=1)P+(=1)1)9, -85}
yaﬂy(g) = 2
4. R=3 9 9
2 . 2
The highest weight R = 3 wave functions take the form x [(4 — affy) cos (7) + (afy —2) sin (?)] ’
NP A 9 (A36)
= e'/%1sin/ 9 e'P%cot? (—2> A V7R |0).
v)s 2 p:Z—j > fABCaﬂyXA)(/;Zd ) - 1P+ 17)8,195)
(A28)
(D )
To avoid overcounting we set X | (afy —4)sin 0 + (afy —2) cos 5|
fhscapy =0 f C<B or B<A, (A29) (A37)
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Notice that for j = 0 the reduced Schrodinger equation is a
set of 20 coupled partial differential equations. We will give
the Schrodinger operator acting on the following vector of
functions:

0 — 0 0 0 0 0 0 0 0
‘PR:3 = (F122’F211’F121’F212’F221’F112’F111’F222’
0 0 0 0 0 0 0
U113’ U223’ Y113’ Y223’ U112’ U233’ Y?12’ Y233’
0 0 0 0 \T
U122’ U133Y122’ Y133) . (A38)
|

With W%_, defined, we are tasked with solving the
following set of differential equations:

3111
{H+—m+—(—T—y3)—I+J+JT+K}\P%=3
27 T4\2
= E,¥%_s. (A39)

where I, J, and K are 20 x 20 matrices that can be written
in block form as follows:

Yilax
Y2lax2 0
Y3loxo
I= 1 +¥2) T2 . (A40)
%()ﬁ +¥2) Laxa
0 S(T+152) 14
LT -1,
and J and K can be written in terms of 4 x 4 blocks as follows:
0 0 z3a®+2gx;b3 2,a> + 2gx,b? z,a' +2gx,b!
o o 0 —2,a% + 2gx,¢? z,e' +2gx;c!
J Eé 00 0 o' ® (2,1 +29x,6°) —6> ® (206" — 2igx,6?) |. (A41)
0 0 0 0 6’ ® (231 — 2gx36°)
0 0 0 0 0
(T -5y;)6' @ 6! 1(yis +yat) 0 0 0
iyis+yat) (i -w)e' ®1 0 0 0
K= 0 0 -y;1 @ 6! 0 0 : (A42)
0 0 0 -v,1 ® 6! 0
0 0 0 0 -v;1 ® 6!

where we have implicitly defined

1/0 0 1/0 0
1 _ ' S S .2, 3
a'= 2<1 1)@(1] a)+2<1 _1)®( ic*+06°),
/-1 1 /11
a’= 2<0 0)@(1] o-)+2<0 0)@(16 +067),
-1 1 0 0
35'2 3 , b3=—1]
a 16®<0 0)—1—0‘@(_1 1) ®
as well as

bl_1<—1 1)
210 0

00 L0 0N
_—§<1 1>®(ﬂ+6)+§<1 _1>®(10' +6%),

1/1 1
®(ﬂ+61)—§<0 0)®(i62+o‘3),

=2
)
|

<00> 1®<1 1)
11)72%0 o)
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and finally

w
I
7 N
O =
O =
N—

The Hamiltonian acting on the R=23, j=1/2 wave
function will be a generalization of the above operator
to one acting on 40 functions. We will not give the
expression here, but we analyze the spectrum of the
R =3, j = 1/2 sector numerically in the main text.

APPENDIX B: METRIC ON THE
MODULI SPACE

To determine the one-loop effective action for the
v =0 theory, we follow [28,58,59] and pass to the
Lagrangian formulation of our gauge-quantum mechanics,
including gauge-fixing terms and ghosts. We will use the
background field method [60,61]—that is, we will expand
the fields X!, = B!, + X', where B, is a fixed background
field configuration and X', are the fluctuating degrees of
freedom. We choose B, = 843X such that it parametrizes
motion along the moduli space.

The gauge-fixed Lagrangian is

L = Luos, + Leerm. + ‘Cg‘f‘ + £ghost (Bl)
with
1 i\2 g i yviy2
‘Cbos. = E (DIXA) - Z (fABCXBXC) s <B2)
Lierm, = i(2aDids — 9f ancia X565 2c), (B3)
1
Los = ~2¢ (DEA,)°, (B4)
Lhost = Ca(=84507 — 9f acp0:(Ac)
+ ¢*facofpeBEX)CB., (B5)
and

DX} = Xﬁ; + 9f apcApXle. Didag = /.?'Aa + 9f aBcABAcas
D?gAA =-A,+ 9f apcBpX. (B6)

i<00
2\1 -1

1/0 0 L0 0N
§<1 _1>®(1]+0')+§<1 1>®(zo' +0°),

c2£_i<0 O)®(1+al)—

® (ic? + 6°),

We further set £ = 1, corresponding to Feynman gauge. We
can obtain the correction to the metric on moduli space by
choosing a background field X as follows [28]:

X = (b, 1,0), (B7)
where b is to be thought of as an impact parameter for a
particle moving at speed v. We now Wick rotate t — —ir,
v — iy, and A, — iA, and expand the action to quadratic
order in fluctuating fields about the background field
B, = §43X. The idea is to integrate out all fields that
obtain a mass, through interaction with the background
field, at one loop.

Following this procedure, it is easy to show that all fields
with color index A = 3 remain massless, while the rest
obtain time dependent masses. After diagonalizing the
mass matrix for the bosonic fields, we find the contribution
to the Euclidean effective action coming, respectively, from
the bosonic, fermionic, and ghost determinants:

58bs = —2Trlog (—0? + ¢*(b* + y*7%))
— Trlog (=07 + ¢*(b* + y*7*) — 2g7)

= Trlog (=07 + ¢*(b* +r°7°) + 2g7), (B8)
. 0 - ib
sSferm. — Tr log( o glre +i )>
—g(YT - lb) a‘r
0 —ib

+Tr log( o glyr =i )>, (B9)

g(yr + ib) 0,
5SS — 2Trlog (—0% + (b2 + 1272)). (B10)

Note that the ghost determinant cancels against the con-
tribution coming from four of the eight massive bosons. Up
to a diverging constant, which will cancel between the
bosonic and fermionic terms, we can replace log(4) =
— | %e‘” and, summing over the spectra of the above
differential operators, we find
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© d >
8SE = / —se‘bzg"(cosh(Zgys)csch(gys) — coth(gys))
0 N
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Let us now wick rotate back to Lorentzian time and use

—b2g’s
e _ / dt g/ue_sgzrz’
s VTS

(B11)

(B12)

rr=b>+ 0%,  (B13)

to write down the Lorentzian action to O(v?):

. . v? ds gus\ . (3gvs
zSL:l/dt{?—gv/ﬁe‘39z’zsec<7> s1n< 3 )}

(B14)

. 1 3
_l/dti <l_ﬁ> v2+0(v4), (BIS)

which is the same correction as found in [22,23]. It also
resembles the correction to the moduli space metric in the
D0-D4 system [28], albeit with a different coefficient
and sign.
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