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1. Introduction
1.1. Main theorems

Let p be a prime. It is a standard fact that SL,,(Z[1/p]) is dense in SL,,(R). Following
Ghosh, Gorodnik and Nevo [21,22], we wish to make this density quantitative.

Let H" := SL,(R)/SO,(R) be the symmetric space of SL,(R). Fix an SL,(R)-
invariant Riemannian metric dist on H™.

We define the height of v € SL,,(Z[1/p]) as

ht(v) = min {k € N | p*y € Mat,, (Z)},

where Mat,, denotes the space of n X n matrices.
Our work is based on the following definition, motivated by [22] (see Section 2 for
comparison).

Definition 1.1. The Diophantine exponent k(x,xo) of x,z9 € H™ is the infimum over
¢ < oo, such that there exists an €9 = &o(x,x0,() with the property that for every
€ < gg there is a v € SL,,(Z[1/p]) satisfying

+

2
dist(y "'z, 29) < € and ht(y) < Cn2n log,(e71).

The Diophantine exponent of rg € H" is
k(xo) = inf {7 | K(x,29) < 7 for almost every x € H"}.
The Diophantine exponent of H™ is
k =1inf {7 | K(x,x0) < 7 for almost every (x,x¢) € H" x H"}.
In [22] (in a more generalized context) the following is shown.

Proposition 1.2. For every xo € H™ and almost every x € H™ we have k(x,xq) = k(xq),
and for almost every x,zo € H™ we have k(x,xq) = k(xg) = K.

The artificial insertion of the factor "2—'22 in the definition of k(z,xg) is to ensure that

for every o € H" k(x9) > 1, and k>1

as we explain below. It is thus natural to wonder about a corresponding upper bound
for k(x0), namely whether

for every xg € H" k(x0) =1,
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and in particular, whether
k=1

In this case we say that k is the optimal Diophantine exponent.

In [22] the Diophantine exponents are studied in great generality for a lattice T' in a
group G, acting on a homogeneous space G/H, when H is a subgroup of G. In our case
I' = SL,(Z[1/p]), G = SL,(R) x SL,(Q,) and H = SO, (R) x SL,(Q,) (see Section 2
for details). The optimality of « is proved in [22] under certain crucial temperedness
assumptions of the action of H on L*(T\G). Unfortunately, in our particular situation,
the temperedness assumption is not satisfied. As we explain in Section 2, the arguments
of [22] imply the following non-optimal upper bounds on .

Theorem 1 (Ghosh—Gorodnik-Nevo, [22] and Section 2). Let n > 1 be a positive integer.

(1) Formn =2, assuming the Generalized Ramanujan Conjecture (GRC) for GL(2), for
every xg € H? we have k(xg) = 1. Unconditionally, for every xo € H? we have
k(zo) < 32/25.

(2) Formn >3, for every xop € H™ we have k(xg) <n — 1.

In particular, the same bounds also hold for k.

One of the goals of this paper is to substantially improve the upper bound of , in
particular, to prove that k is essentially optimal. Our main theorem is as follows.

Theorem 2. Let n > 1 be a positive integer.

(1) Forn =2 orn =3 we have k = 1.
(2) For every n > 4 we have

2,
<14
e T

where 6y, is the best known bound towards the GRC' for GL(n).

Remark 1.3. We refer to Subsection 4.4 for the precise definition of 6,,. From Equa-
tion (4.7) and Equation (4.8) we obtain that

< 11/8 for n =4,
TP+ 1)/(n?*—n)=1+0(1/n) forn>5

Notice that the bound on k gets better as n grows. A non-precise reason is that as n
grows, the Hecke operator on the cuspidal spectrum gets closer and closer to having
square-root, cancellation.
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We also show the optimality of x for any n assuming Sarnak’s Density Hypothesis for
GL(n) as in Conjecture 2 which is a much weaker version of the GRC for GL(n).

Theorem 3. For every n, assuming Sarnak’s Density Hypothesis for GL(n) as in Con-
jecture 2 below, we have k = 1.

We consider Theorem 3 as a proof of concept for the claim that the Diophantine
exponent is usually optimal, even without the temperedness assumption. This is in line
with Sarnak’s Density Hypothesis in the theory of automorphic forms, which informally
states that the automorphic forms are expected to be tempered on average (see discussion
in Subsection 4.4). Our result, at least on the assumption of the density hypothesis, also
negatively answers a question of Ghosh—Gorodnik—Nevo who asked whether optimal
Diophantine exponent implies temperedness; see [22, Remark 3.6] ([29] and [39] also
provide answers to this question, in different contexts).

Note that Theorem 1 is about x(xg) while Theorem 2 and Theorem 3 are about k.
The difference may seem minor but is crucial for the proof. In the general setting of
Ghosh—Gorodnik—Nevo, we expect that usually kK = 1 (e.g., when SL(n) is replaced by
another group), but x(x¢) may be larger, because of local obstructions.

An example, based on [19, Section 2.1], is the action of SO,,+1(Z[1/p]) on the sphere
S™, which we discuss shortly in Subsection 2.1. In our situation, we conjecture that for
every xo € H"” we have k(zg) = 1, but do not know how to prove it even assuming the
GRC, except for n = 2 (as in Theorem 1) and n = 3.

Theorem 4. For n = 3, assuming the GRC, we have k(xg) =1 for every xo € H™.
1.2. Almost-covering

Our proofs of Theorem 2 and Theorem 3 use the spectral theory of L?(SL, (Z)\H").
It is therefore helpful to understand the problem in an equivalent language that is more
suitable for the spectral theory and is of independent interest.

First, it suffices to assume that z,z¢o € X := SL,(Z)\H" as the Riemannian dis-
tance dist is left-invariant under SL,,(Z) and the height function ht is bi-invariant under
SL,,(Z). The set of points of the form SL,,(Z)yx¢ € X for v € SL,,(Z[1/p]) with ht(y) < k
is in bijection with the set R(1)\R(p*™), where R(p*") := {A € Mat,(Z) | det(A) =
pk™}. More precisely, there is a bijection

SL,(Z)\{~ € SLn(Z[1/p]) | ht(y) < k} = R(1)\R(p"")

given by multiplication by p*, and the bijection above holds for generic zq. In general,
we have a surjection from R(1)\R(p*") to the set on the left hand side above.
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It is well known that
|R(D\R(p*™)| = pFnn=1;

see Subsection 4.2 (and Subsection 1.6 for the notation x).

The parameter x(xo) measures the almost-covering of X by the set of points above.
Consider a sequence of natural numbers k = k(g), such that the e-balls around the
|R(1)\R(p*")| points in X of the form SL,,(Z)yz¢ with ht(y) < k cover all but o(1) of
the space X, when ¢ — 0 (compare [37, Proposition 3.1]). The number x(xo) is closely
related to the growth of k() as e — 0.

Therefore, it is required that as ¢ — 0,

m(B2)|R(D\R(P™)| = m(X) — o(1),

where m denotes the SL, (R)-invariant measure on X and m(B,) is the volume of a ball
of radius ¢ in H". We have m(B.) < ¢? where d := dimH" = % Thus, we
deduce that

k(e) >

> gy o)1 1),

The same argument shows that k() > 1. See Fig. 1 for a pictorial description.

We remark that one can also consider the problem of covering, where we would like
to cover an entire compact region of X by small balls of radius £ around the Hecke
points (unlike Theorem 2 and Theorem 3, which are essentially about almost-covering).
This is also the difference between part (i) and part (ii) of [19, Theorem 1.3]. See also
[14] for the covering problem of Hecke points around e € X. We will not discuss it
further in this work but mention that our methods, and in particular the arguments in
Theorem 4, can lead to a better understanding of the covering problem as well, but the
results are not expected to be optimal. For example, in the covering problem on the
3-dimensional sphere the spectral approach leads to a covering exponent which is 3/2
times the conjectural value (see [11] and the references therein).

1.8. Outline of the proof

We start by describing the work of Ghosh—Gorodnik—Nevo in [22] in our setting,
namely, on X := SL,(Z)\SL,,(R)/SO,(R). Their work crucially relies on the existence
and, in fact, an explicit description of the spectral gap for a certain averaging operator
(i-e., a quantitative mean ergodic theorem) on a certain homogeneous space arising from
a general reductive group. In our case, the situation is simpler and the relevant operator
turns out to be the (adjoint) Hecke operator T*(p™*), for certain k, acting on L?(X). By
a standard duality theorem for Hecke operators [15], the action reduces to an operator
from the Hecke algebra of SL,,(Q,) on L?(SL,(Z[1/p])\SL,(R) x SL,(Q,)).
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-06 -04 -0.2 0.0 0.2 0.4 0.6

Fig. 1. Covering of SLy(Z)\H? by balls around SL3(Z)\SL2(Z[1/3]). The height of the points is bounded
by 3, and the balls are of radius 373,

One can relate the spectral gap of this Hecke operator to the Diophantine exponent
(see Theorem 5). The spectral gap, using the theory of spherical functions, can be deter-
mined by a certain integrability exponent, which is parameterized by a number 2 < ¢ < co
(see Proposition 2.4). When the integrability exponent is ¢ = 2 (alternatively, an underly-
ing representation is tempered, see Section 2) one gets the optimal Diophantine exponent
k = 1. In general, the method of [22] only shows that x < ¢/2 (see Theorem 5).

Assuming n > 3, explicit property (7') implies that ¢ < 2(n — 1) (see the work of Oh
[36] for a nice proof). This gives the claimed result that k <n — 1. On the other hand,
the theory of Eisenstein series implies that ¢ > 2(n — 1) (see [15, Theorem 1.5]). As the
spectral gap cannot be further improved, the method in [22] is limited and we need a
different approach to improve the upper bound of .

One of the novelties in our work is to use the full spectral decomposition of L?(X)
and treat different types of elements of the spectrum separately. More precisely, we ac-
tually analyze the spectral decomposition of L?(Xg), where Xg := PGL,,(Z)\H". From
our experience, this maneuver usually gives more detailed knowledge of the sizes of the
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Hecke eigenvalues than that is provided by the spectral gap alone. The basic spectral
decomposition uses the theory of Eisenstein Series due to Langlands (see [34]) and pro-
vides a decomposition of the form L?(Xo) = L2, (Xo) & L;(Xo). The relevant Hecke
operator acts on each part of the spectrum and gives rise to certain Hecke eigenval-

ues.

2

cusp(Xo) decomposes discretely into irreducible representations.

The cuspidal part L
The Generalized Ramanujan Conjecture (GRC) predicts that all such representations
are tempered, i.e. the sizes of the Hecke eigenvalues can be bounded optimally. While
the GRC is completely open even for n = 2, good bounds towards it for each individual
representation are known; see [40]. This bound is used in our unconditional results for
n > 4. However, even for n = 2 and assuming the best-known bounds, we are unable to
reach Kk = 1.

To overcome this problem, we notice that one does not need optimal bounds for in-
dividual Hecke eigenvalues, but optimal bounds on average. In general, Sarnak’s Density
Hypothesis (see [42,43]) predicts (in a slightly different setting) that the GRC should
hold on average for a nice enough family of automorphic representations. In our condi-
tional result, we assume a certain form of the density hypothesis, namely Conjecture 1
which can be realized as a higher rank analogue of Sarnak’s Density Hypothesis (see
Proposition 4.12 and discussion there), and apply to our question. This approach was
already used in different contexts to deduce results of a similar flavor (see [41,10,24,25]).
The version that is relevant for us can be realized as Density relative to the Weyl’s law.
We refer to Subsection 4.4 for a complete discussion. This density property is known for
n = 2 and n = 3 by the work of Blomer [3] and Blomer-Buttcane-Raulf [7], respectively;
see Subsection 4.4.

Remark 1.4. Recently, Assing and Blomer in [2, Theorem 1.1] proved Sarnak’s density
hypothesis in a non-archimedean aspect, namely for the automorphic forms for princi-
pal congruence subgroups of square-free level. As an application they solved a related
problem in [2, Theorem 1.5] namely, optimal lifting for SL,,(Z/qZ) with square-free g,
conditional on a hypothesis [2, Hypothesis 1] about certain local L2-bounds of the Eisen-
stein series; see also [27, Theorem 4, §8].

Dealing with the Eisenstein part L2 (Xo) is less complicated arithmetically than the
cuspidal spectrum — the size of the Hecke eigenvalues can be understood inductively
using the results of Mceglin and Waldspurger [33]. However, the Eisenstein part is more
complicated analytically, because of its growth near the cusp. This problem can be
regarded as a Hecke eigenvalue weighted Weyl’s law. Similar to the proofs in [32,35]
we need to show that the contribution of the Eisenstein part is small compared to
the cuspidal spectrum. The problem is non-trivial due to the weights coming from the
Hecke eigenvalues, which can be quite large for the non-tempered part of the Eisenstein
spectrum. We show that the largeness of the Hecke eigenvalues for the non-tempered
automorphic forms is compensated by a low cardinality of such forms.
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The exact result that we need is estimates on the L2-growth of Eisenstein series in
compact domains, see Subsection 4.8 for a formulation. This result was proved by Miller
in [32] as the main estimate in his proof of Weyl’s law for SL3(Z), but was open for
n > 4. In a companion paper [27] we solve this problem; see Subsection 4.8.

1.4. Generalizations and open problems

The questions in this work can be generalized to other groups, by replacing the un-
derlying group SL(n) by another semisimple simply connected algebraic group. Without
giving the full definitions, we expect that the Diophantine exponent s will be optimal,
even without the presence of an optimal spectral gap (compare the discussion in [22,
Remark 3.6]). Our proof certainly generalizes to SL,, (D), when D is a division algebra
over Q.

One can also wonder about the Diophantine exponents when H" is replaced with
SL,,(R), with some left-invariant Riemannian metric. The methods of this paper can, in
principle, be used for this problem as well, but the spectral decomposition, as well as
other analytical problems, is more complicated due to the absence of sphericality, and
we were not yet able to overcome them. However, one can show that in this situation
k(zo) = K, since we have a right SL,, (R)-action (the metric is not right-invariant, so this
is not completely trivial).

1.5. Structure of the article

In Section 2 we explain how our question is related to the work of Ghosh—
Gorodnik—Nevo, and prove Theorem 1.

In Section 3 we discuss the relevant local groups and their (spherical) representation
theory.

In Section 4 we discuss the global preliminaries that we need, and in particular discuss
Hecke operators, Langlands spectral decomposition, and the description of the spectrum.
In Subsection 4.4 we discuss the Density Conjecture that we require for this work, and
in Subsection 4.8 we discuss L2-bounds on Eisenstein series in compact domains.

In Section 5 we reduce the study of Diophantine exponents to a certain analytic
problem (cf. Lemma 5.12), in the spirit of [22].

In Section 6 we apply Langlands spectral decomposition and Proposition 4.20 to
reduce the spectral problem to a combinatorial problem.

In Section 7 we complete the proof of Theorem 2 and Theorem 3.

Finally, in Section 8 we prove Theorem 4.

1.6. Notation

The notations <, <,>>, O, o are the usual ones in analytic number theory: for a master
parameter T — oo and A, B depending on T implicitly we say A < B (equivalently,
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A = O(B), and B > A) if there is a constant ¢ such that A < ¢B for T sufficiently
large. We write A < B if A <« B < A. The implied constants may depend on n and p,
without mentioning it explicitly. Also as usual in analytic number theory, 6 and 7 (but
not €) will denote arbitrary small but fixed positive numbers, whose actual values may
change from line to line.

1.7. Acknowledgments

The authors thank Amos Nevo for various discussions and detailed comments about a
previous version of this work and thank Peter Sarnak for his motivation. The first author
thanks Shreyasi Datta for numerous fruitful discussions on various aspects of Diophantine
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Bonn where most of the work was completed during his stay there. The second author is
supported by the ERC under the European Union’s Horizon 2020 research and innovation
program (grant agreement No. 803711). Finally, we thank the anonymous referee for the
helpful comments which made the exposition of the paper a lot better.

2. The setting of Ghosh—Gorodnik—Nevo

The goal of this section is to explain how our question fits into the general framework
studied by Ghosh—Gorodnik—Nevo in a sequence of works [19-22]. Consequently, we give
a sketch of the argument which leads to a proof of Theorem 1. In this section we follow
[22, Section 2] and use its notations, which are not the same as the rest of this work, to
allow a simple comparison.

Let G := SL,(R) x SL,(Q,) and H := SO,(R) x SL,(Q,) < G. Also let I' :=
SL,(Z[1/p]), which we consider as embedded diagonally in G. Notice that T is a lattice
in G.

Let X := G/H = SL,(R)/SO,(R) = H". Also let dist be the natural Riemannian
metric on X, coming from the Killing form on the Lie algebra of SL,, (R). Notice that the
action of G on G/H preserves this metric. We fix natural Haar measures mqg, mg, mx =
ma/g on G, H, X, respectively.

We define D: SL,,(Q,) — R by

D(g,) = log(p)ht(gp) = log(p) min {]‘5 € Zxo | pkgp € Matn(Zp)} .

We extend D: G — Rsg by D(geo,9p) := D(g,) and denote |g|p := P9, which in our
case is simply the p-adic valuation of g,.

Definition 2.1 (/22], Definition 2.1). Given x, xy € X, the Diophantine exponent x1(z, xq)
is the infimum over ¢, such that there is an g = &(z, 8¢, () with the property that for
every € < g¢ there is a v € I satisfying

dist(’y_lx,aro) <eand |y|p < e~ <.
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Let us compare Definition 2.1 and Definition 1.1. The inequality |y|p = pht() < ¢
is equivalent to the inequality ht(y) < ¢log,(¢"). Therefore,

2n
n+2

k(x,x0) = k1(x, x0).

We claim that the choices of G, H, dist, and D satisfy the Assumptions 1 - 4 of [22,
Section 2]. First, dist is G-invariant so [22, Assumption 1] holds (in fact, [22] requires a
weaker “coarse metric regularity” condition). It also holds that for ¢ sufficiently small,

mx({z € X | dist(z,z0) < e}) < ¢,

where d := dim(X) = dim(SL,,(R)/SO,(R)) = (n+2)(n—1)/2. Therefore, [22, Assump-
tion 4] holds with local dimension d. Next, it directly follows from the definition that
D(g192) < D(g1) + D(g2), which means that D is subadditive. While [22, Assumption 2]
requires a weaker “coarse norm regularity” condition for D to hold.

Given t > 0, the set H; = {h € H | D(h) < t} is of finite Haar measure and moreover,
a simple calculation (see Subsection 3.4) shows that

mH(Ht) = en(n—l)t.
Therefore, [22, Assumption 3] is satisfied with an explicit exponent a := n(n — 1).

Remark 2.2. Our analysis is slightly different than [22], since the set Gy = {g € G |
D(g) < t} is not of finite Haar measure, as assumed in [22]. There are two ways to
overcome this minor difference. The first is to ignore it, since this assumption is not used
in the proof of [22]. Alternatively, one may define a different metric by

D1(9oo, gp) := D(gp) + l0g [|goo |,

where || - || is some submultiplicative matrix norm on M, (R).

Then it is not hard to show changing D to D; will give the same Diophantine exponent,
and Gy1 = {9 € G| D1(g) < t} will be of finite Haar measure. However, the relation
between D; and Hecke points is less transparent, so we prefer to work with D instead.

In [22] the authors made the following observation: x(x,x¢) is a I’ x I'-invariant func-
tion, and I'" acts ergodically on X, and therefore for every zy € X there are constants
kr(zo) and kg (zo) such that ki (xg) = k(zo, x) and kr(zo) = K(x, x0) for almost every
x. Similarly, there is a constant x such that k = k(x, z¢) for almost every x,zg € X.

We have the following lower bound of the Diophantine exponent 1 (z, xo).

Proposition 2.3 (/22], Theorem 8.1). For every xo € X and for almost every x € X,
k1(z,x0) > d/a =52, or alternatively k(z, o) > 1.
Therefore, for every g € X, kr(xg) > 1 and k > 1.
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We gave a sketch of the proof of this proposition in the introduction. We remark that
[22, Theorem 3.1] actually show that for every xg € X it holds that xp(z¢) > 1, but
the above statement follows either by the same arguments, or by replacing D with D/,
where D'(g) = D(g71).

To present upper bounds, we consider the right action of H on Y := I'\G, and
we endow Y with the natural finite Haar measure coming from G. Let 8, € C.(H),

mH

By = 111&‘) be the normalized characteristic function of H;. We consider the operator
of my (B¢) on L?(Y), defined by

1
(o (BN)) = s H/ () don ().

In this case, 7y (8;) can, in fact, be interpreted as a certain spherical Hecke operator for
which we have the following mean ergodic theorem.
For any measurable space X we denote

[3(X) = { fe I3(X) | /f(aa)dx: 0

X

Proposition 2.4 ([19], Theorem 4.2). There is an explicit ¢ = q(n) > 0 such that as an
operator on L3(Y)

17y (Be)llop <5 m(Hy)™9 '+,
for every 6 > 0.

The value ¢ in the above proposition is the integrability exponent for the action of H
on L3(Y). The integrability exponent ¢ is the infimum over ¢’ such that the Kpy-finite
matrix coefficients are in LY’ (H), where Ky is a maximal compact subgroup of H. We
have the following results on the integrability exponent.

(1) For n = 2, using Kim—Sarnak bound towards the Generalized Ramanujan Conjecture
(see [40]), one can take ¢ = 64/25. Assuming GRC, we have ¢ = 2.

(2) For n > 3, using explicit property (T') from [36] we have ¢ = 2(n — 1). Moreover,
this choice of ¢ is the best possible.

Using these bounds on the integrability exponents the following result is proved in [22].
Theorem 5 ([22], Theorem 3.3). For every xo € X and almost every x € X,

gd

k1(z, o) < 5
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Therefore, kr(xo) < q/2, and consequently, k < q/2.
This recovers Theorem 1 from the results of [22].
2.1. Diophantine exponents on the sphere

This subsection is independent of the rest of the article, and serves to discuss the
difference between k and k(xo).

The possible difference between x and k(xg) has similar origins as the failure of tem-
peredness, and also the failure of optimal L*°-bounds — embedding of a homogeneous
orbit of a subgroup in the space. For example, when xy = I, there is a homogeneous
orbit of SL,,_1(Z)\SL,,—1(R) C SL,(Z)\SL,,(R), and many points of the Hecke orbit of
SL,,(Z[1/p]) around I belong to the image of this homogeneous orbit in X. It seems that
this concentration is not dramatic enough to change k(I), but for other groups, this may
happen. The goal of this subsection is to give an example with SL(n) replaced by SO(n).

Let n > 5 and SO(n) be the algebraic group which is the stabilizer of the quadratic
from Q(z1,...,7,) =27 + -+ 22,

Replacing SL(n) by SO(n), one can study the equidistribution of SO,,11(Z[1/p]) in
SO, +1(R). This will help up explain the difference between x(x¢) and &, hinted at in
the introduction. For technical reasons, we restrict to p =1 mod 4.

We let G = SO,41(R) x SO,11(Qp), H = SO,(R) x SO,41(Q,), and I' =
SO,+1(Z[1/p]) a lattice in G. It holds that X := G/H = S™ and we let dist be an
SOy+1(R)-invariant Riemannian metric on X. We define D and the Diophantine expo-
nent x1(x,zg) as above. The relevant dimension is d = n, and the set H; = {h € H |
D(h) < t} satisfies

mp (Hy) < ™,
where

B n?/4 n even
a (n+1)(n+3)/4 nodd

We deduce that for every zg € X and almost every x € X it holds that k1 (z, x¢) > d/a.
The arguments of [22] imply that for every xg € X and almost every x € X it holds

that k1 (z, x0) < %, where

n n even
q= .
n+1 nodd

We conjecture that for almost every z,zo € X it holds that

ki(x,x0) = d/a.
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We plan to pursue this conjecture in a future work, using the methods of this work.
Now consider the point g = e = (1,...,0) € X. For this specific point, the cardinality
of the set of points of the form e with D(y) <t is at most the number of solutions to

it oy =ph
with xz; € Z and pk < e2t, It is standard that the last number is
<. et(n—1+s)_
Therefore, by the same arguments, for almost every x € X it holds that
ki(z,e) >d/(n—1).

Notice that this is a lot larger than d/a.
For n odd, Sardari [39, Corollary 1.7] indeed proved that, for almost every = € X it
holds that

ki(z,e) =d/(n—1).

The proof uses deep results from automorphic forms to show that the mean ergodic
theorem has actually a better spectral gap than given simply by explicit property (7).

The reader is also referred to [29] for calculation of the Diophantine exponents of
the SO,,+1(Q)-action on the sphere, which is proved by a different method, not directly
related to the spectral decomposition.

3. Preliminaries - local theory

In this section we describe some results about spherical representations and the spheri-
cal transform of SL,, (R) and SL,,(Q,). We mainly follow [17, Section 3] and [30, Section 3]
(see also [19, Section 3]).

3.1. Basic set-up

For any ring R the group GL, (R) denotes the group defined by the invertible elements
of the n x n matrix algebra over R, which we call Mat,,(R). Let PGL,(R) be the group
GL,(R)/R*. We have a map of algebraic groups GL,, — PGL,,.

We let v = 0o or v = p a prime, and let Q, be the corresponding local field, i.e.,
Qo = R or the p-adic field Q,,. Let | - |, be the usual valuation, i.e. ||, = |z| for x € R,
and [p'z[, = p~' for z € Z}.

Let G = G, := PGL,(Q,). If it is clear from the context we will drop v from the
notation. Let P be the subgroup of upper triangular matrices, N be the subgroup of
upper triangular unipotent matrices, and A be the subgroup of diagonal matrices. We



14 S. Jana, A. Kamber / Advances in Mathematics 443 (2024) 109613

have P = NA = AN. Let K be the standard maximal compact subgroup of G, i.e.,
K = K :=P0O,(R) when v = 00 and K = K, :== PGL,,(Z,) when v = p. We have the
Iwasawa decomposition G = PK. When v = oo denote dim(G/K) by d whose value is
g Do)

We normalize the Haar measure m = mg on G as in [30]. In particular, we give K
Haar measure 1. If v = p this normalization uniquely defines the Haar measure on G.
If v = oo, the Killing form on the Lie algebra g of G defines an inner product on the
tangent space of G/K, and defines a metric and measure on G /K. This uniquely defines
the Haar measure on G.

Let AT C A be the set consisting of the projection to PGL(n) of the elements of the
following form:

o When v = oo, A" := {diag(a1,...,a,) | a1 > -+ > a, > 0}.
e When v = p, AT := {diag(p",...,p») |1 <--- <1, }.

We have the Cartan decomposition G = KA'TK.

We let a := {z = (z1,...,2,) € R" | > 2; = 0} be the coroot space of PGL(n).
There is a natural map A — a, given by diag(ai,...,a,) — (log(|aily),-..,log(|an|s))
and further normalized to have sum 0.

Notice that a is the same space for all v. We give a an inner product using the case
v = oo. We identify a < g as the Lie algebra of the connected component of the identity
in A and let the inner product on a be the restriction of the Killing form to it. Thus
when v = oo the set By := K{expa | @ € q, ||| < b}K is the ball of radius b in G/K
around the identity. The inner product allows us to identify a with its dual a*. We let
ac = a* @R C, with the natural extension of the inner product.

For every p = (p1,...,pin) € ag, we associate a character x,,: P — C by

Hi
v

xu(n) = xu(@) = [ [ o
i=1
for a = diag(ay,...,a,) € Aand n € N. Let

pi=((n—1)/2,(n—3)/2...,—(n—1)/2) € a&

be the half sum of the positive roots. It holds that A = x», is the modular character of
P.

We denote the Weyl group of G by W which is isomorphic to the permutation group
of S,.

3.2. Spherical transform

Given g € G, we let a(g) be its A part according to the Iwasawa decomposition
G = NAK. We define the spherical function 1, : G — C corresponding to u € ag by
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Nu(9) = /X;H—p(a(kg)) dk.
K

Thus 7,, is bi-K-invariant. Moreover, it can be checked, via a change of variable, that
7y is invariant under the action of W on p. We can therefore, without loss of generality,
assume that for any 7, the parameter p is dominant, i.e., ®(p1) > -+ > R(py). In the
p-adic case we may also assume that 0 < I(p;) < 27/ log(p).

The spherical Hecke algebra of G is the convolution algebra on C°(K\G/K), i.e., the
convolution algebra of bi-K-invariant compactly supported smooth functions on G. For
h € C*(K\G/K), we let h: ai. — C be the spherical transform of h, defined by'

() = / h(g)m(9) dg.

G

We have the spherical Plancherel formula which states that for h € C*(K\G/K),
[ o) ag = [ Paiu) an
G ia*

and spherical inversion formula which states that

hg) = / R (@) () d. (3.1)

Here d(u) is a smooth function closely related to the Harish-Chandra’s c-function. For
v = 00, we will need the following estimate (see [30, Equation 3.4])

d(p) < (14 [p)* =Y = (1 + [|phme=D72, (3:2)
3.8. Spherical representations

We call an irreducible admissible representation 7w of G spherical if m has a non-zero
K-invariant vector. It is well known that such a vector is unique up to multiplication by
scalar.

We can construct all admissible irreducible spherical representations of G from the
unitarily induced principal series representations. Let p € ag and Indgxu denote the
normalized parabolic induction of x,, from P to G. It is an admissible representation and
has a unique irreducible spherical subquotient. Conversely, for any irreducible admissible
spherical representation m we can find a p. € ag such that 7 appears as a unique
irreducible subquotient of Indgxuw. In this case, we call . to be the Langlands parameter
of m; see [40].

! The normalization here is from [17], which is different from [30].
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Let 7 also be unitary. In this case, let v € m be a unit K-invariant vector. Then
it follows from the definition of the spherical function that the corresponding matrix
coefficient (7(g)v,v) is equal to 1, (g). If h € C.(K\G/K) then it holds that

w(ye = [ blg)(g)odg = hipe
G

This follows from the fact that 7(h)v is K-invariant and therefore a scalar times v. This
scalar may be calculated by evaluating (w(h)v,v). If u is Langlands parameter of some
irreducible, spherical and unitary representation, in particular if p € 2a*, then clearly we
have [1.(g)] < 1.

Let @ be a standard parabolic subgroup of G attached to the partition n = ny+- - -+n,..
The Levi subgroup Mg of @ is isomorphic to GL(n1) x - - - X GL(n,) modulo GL(1). We
let afy = {(A1,...,Ar) € R" | 370, N\in; = 0} which is embedded in a* C R", as

()\17'-'7)‘7‘)'_>()‘17-”7)\17"~7)\r7~--7)\r)7

where \; repeats n; times. Similarly, we have aoc =05 ® C embedded in ag. Given
A= (A1,...,A\) € ap ¢, it defines a character x of Mg by

xa(diag(gr, - -, g,)) = [[ | det(g)|™,  g; € GL(ny)

Given a spherical representation 7 of Mg of we construct the representation my = T®xx.
We realize ) as an representation of (Q by tensoring with the trivial representation of
the unipotent radical of ). We denote Indgﬂ',\ to be the normalized parabolic induction.
Here the normalization is via the character x,,, where pq is the half sum of the positive
roots attached to ). We express the Langlands parameters of Indgw)\ in terms of that
of m, and .

Lemma 3.1. The Langlands parameters of Indgw,\ are fhy + A.

Proof. Assume first that @) corresponds to an ordered partition n = nq + no. Therefore,
the Levi part M of @, modulo its center, is equal to PGL,, (Q,) x PGL,,(Q,). Thus,
the spherical representation 7 of M with trivial central character is a tensor product
of the representations of PGL,, (Q,) with Langlands parameters p = (u1,. .., ftn, ) and
PGL,,(Q,) with Langlands parameters p' = (u3,..., i, ).

The representation Indgﬂ)\ has a unique subquotient that is spherical. By the descrip-
tion of the spherical representations above and transitivity of induction, the Langlands
parameter of the resulting representation is p” = (p1,..., oy, ;- -+, tin,) + X The
general case follows by an inductive argument. 0O
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3.4. Bounds on spherical functions

In this subsection we will give uniform bounds on the spherical transform of some
spherical functions. We will only need the case when v = p is a prime and assume it for
the rest of the subsection.

As the spherical function 7, is bi-K-invariant, the value 7,,(g) depends only on the A™
part of g from the Cartan decomposition. We will therefore focus on elements g € AT,
which we will assume to be of the form

g = diag(pl17 A )pln)7
with {; <.+ <1,. As described above, we also assume that p is dominant, i.e., ®(uq) >
2o = R(pn)-
We record the following bound from [19, Lemma 3.3].
Lemma 3.2. Let g € AT, and p € af be dominant. We have
11.(9)] <5 X—p1—8)+5() (9),

for every 6 > 0.

Proof. Since our notations are different, we repeat the proof of [19, Lemma 3.3]. It holds
that

n(9)] < / Xpeipla(k))| dk = / Yt (a(kg)) xp(alkg)) d.

Since we assume that g € AT and p is dominant, from [12, Proposition 4.4.4(i)], we have

Xr() (@(kg)) < xn(u)(9)-

Therefore,

7(9)] < X0 (9) / xo(a(kg)) dk = xigw (@)0(9)-
K

Finally, ng is Harish-Chandra’s =-function, which is bounded for g € A" by
n0(9) = E(9) <5 X—p(1-5)(9),
see, e.g., [45,4.2.1]. O

We will also need an estimate of the measure of double cosets below. This is elemen-
tary, a proof can be found in [45, Lemma 4.1.1].
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Lemma 3.3. For every g € AT we have m(KgK) =< x2,(9).

We end this subsection with a discussion of spherical transform of a certain spherical
function, which will be needed for latter purposes.

First, we want a measurement of how far are parameters from ia*. In our context,
the relevant parameter is as follows. For dominant p € ag parameterizing a unitary
representation, we define

0(n) = max{|R(ps)[} = max{R(u1), —R(pn)}- (3-3)

We may assume that 0 < 6(u) < (n — 1)/2 since it is true for every spherical unitary
representation. Notice that 6(u) = 0 if and only if x4 € ia*. Such Langlands parameters
are called tempered.

Remark 3.4. For completeness, we write the relation between € and the integrability
parameter ¢ from Section 2. By [19, Lemma 3.2], given 2 < ¢ < oo, the following are
equivalent:

o For every £ > 0 it holds that 7, € L1¢(G).
o Forevery k=1,...,n—1,
k k
> OR() < (1=2/9) > pis
i=1 i=1
where p; is the i-th coordinate of p.?

Denote the maximal ¢ which satisfies the above equivalent conditions by ¢(u). Then, in
general, we have

o) > ) = s

while for n = 2 or n = 3 it holds that ¢(u) = q(p).

Given an integer [ > 0, consider the finite set of tuples 0 < [} < --- < [, such
that > 1, l; = I. Each such sequence defines a different element diag(p’,p’2,...,pl) =
diag(1,p'2=lr ... p'~h) € AT. We define

M@Y= || Kdagp",....p)K= || Kdiag(l,p> ™", ... p"EK.
0l <+ <lp, 0<l <<y
oy L=l n 1=l
(3.4)

2 We remark that [19, Lemma 3.2] has a typo which is fixed here.
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By applying Lemma 3.3 we obtain:
m(Kdiag(p",...,p"")K) = pri=1 li(nt1=20) (3.5)

Summing over all the possible choices of I; < --- < [, such that I; +---+ 1, = [, we
deduce that

m(M(p')) = p'*~Y (3.6)
where most of the mass is concentrated on the double coset with I = --- =1,,_1 = 0,
I, =1
We also define
1
hyi=———1 (K K .
pl m(M(pl)) M (ph) € Cc ( \G/ ) (3 7)

which is the normalized characteristic function of M (p'). This operator will correspond
to the usual Hecke operator T*(p') which we will define in Subsection 4.2.

Lemma 3.5. It holds that for i € ag
|ﬁpz ()| <s pl(9(u)*(n*1)/2+5)’

for every 6 > 0.
Alternatively, if we write

Mu(p') = Ry (m(M (p))p~' "= D72,
then we have
Au(ph)] <5 p! 00+,
for every 6 > 0.

Proof. Note that using the W-invariance of sz (p) it suffices to consider p to be domi-
nant.
From Equation (3.4) and the definition of A, we have

7 1 3 1 n 1 1 n
by (1) = Wl z:l m(Kdlag(pl o p )K) Ny (dlag(pl oy )),

where the sum is over 0 < [y < --- < [, with [y +---+ 1, = [. We use Lemma 3.2,
Equation (3.6), and Equation (3.5) to bound the above display equation by
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1 .
<5 W Z Xp(14+8)+R (1) (dlag(pll,m,pl"))o
Ll

l1,005ln

Each summand above is bounded by

pl(";1 +5+6(n))

Thus we obtain that }szz (1) is bounded by

pz(—"T*l+5+e(p))
l

Z 1.
il

1,

Noting that the last sum is bounded by I < p*® we conclude. O

Remark 3.6. If 1 is Langlands’ parameter of a unitary representation then trivially we
have |hy (1) < 1.

3.5. The Paley—Wiener theorem

In this subsection we will assume that v = co and discuss the Paley-Wiener theorem
for spherical functions. This is a common tool to localize the spectral side of a trace
formula (e.g. see proof of Weyl’s law in [35]). See [17, Section 3] for details of the results
in this subsection.

We define the Abel-Satake transform (also known as the Harish-Chandra transform)
to be the map C.(K\G/K) — C.(A) defined by

f=8Sfa— A(a)l/z/f(an)dn.
N

Since Sf is left K N A-invariant, it is actually a map on A°, the connected component
of the identity of A. We have the exponent map exp: a — A%, given by

(a1,...,q,) — diag(exp(ay), ... exp(ay)).
This gives an identification of a with A°. So we may as well consider
Sf e Ce(a)

after pre-composing with exp map.
It holds that Sf is W-invariant and Gangolli showed that

S: CX(K\G/K) — C>*(a)V
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is an isomorphism of topological algebras (see [17, 3.21]). Harish-Chandra showed that,
if we denote the Fourier-Laplace transform C.(a) — C(ag) by the map

hs h:pes /h(a)e’w‘ da,
a

then it holds that

Gangolli (see [17, eq. 3.22]) also proved the following important result.
Proposition 3.7. Let h € C°(a)" be such that supp(h) C {a € a| ||af| < b}, then
supp(ST'h) € By := K{expa | a € a, ||a| < b1 K.

We record the classical Paley~Wiener theorem, which asserts that for h € C°(a)"
with support in {« € a | ||« < b} we have

()| <. exp(OI RGN + [l = (3.8)

for every N > 0.
The following lemma is standard (compare, e.g., [17, Subsection 6.2]). We give a proof
because the lemma is crucial in our work.

Lemma 3.8. Let ¢ — 0. There exists a function k. € C.(K\G/K) that satisfies the
following properties:

(1) ke is supported on B, := K{expa | a € q,||a|]| < e} K.
(2) We have [ k.(g)dg=1.

(3) We have ||k.|, < e~ and ||k.|, < e=9/2.

(4)

4) The spherical transform satisfies for every p € ag with O(p) < (n —1)/2,

e ()] <n (L+elll) =,

for all N > 0.
(5) There is a constant C' > 0 such that for i € ag satisfying lp|| < Cet it holds that
ke (p)| > 1.

Proof. Choose a fixed h € C2°(a)", having the properties that

e h is non-negative,
. h(0)=1,
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« supp(h) C {a € a| [la < 1/2}.

By the Paley-Wiener theorem, as in Equation (3.8), and the third property above we
have

()| <n,w exp((|R()l1/2) (L + ul) .

In addition, by continuity of h and the second property above we can find a constant
C > 0 such that |h(p)| > 1/2 for ||| < C.

We define he(a) := e~ (™ Dh(a/e). Then we have ho(u) = h(ep).

Finally, we define

ke == C’;lS*l(hg), where C; := /Sil(he)(g) dg.
G

Hence, k. = C;lize.

Let us now prove the different properties of k.. Property (2) follows from the normal-
ization. By Proposition 3.7, k. is supported on B, proving property (1).

To estimate C, we first notice that the spherical function 7_, is simply the constant
function 1. So we have

C. - / 5L (he)(g) dg = / 5V (he) (@)= (9) dg = he(—p) = h(—2p).
G G

As h(0) = 1, we have C. < 1 as ¢ — 0. This implies that

ke (1) = |CZ he ()] = [ hep)| < exp(elR(u)N/2) (L + ellul)

so property (4) holds.

Similarly, for ||u|] < Ce™t,

k()| = [C M h(ep)] = CT1 /2> 1,

so property (5) holds.
Finally, using the spherical inversion formula as in Equation (3.1), we have

ke(g)] < / e ()] 17 (9)1 (1) L

Using the fact that [1,(g)| < 1 for every g € G and p € ia* unitary, property (4), and
Equation (3.2) we obtain that the above is bounded by

< / (Lt ellal)™ @+ )" dp

a*
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The above integral can be estimated by making N large enough as
oo
< /(1 +ex) Nadlde < 67
0

This shows that ||kc||cc < e~¢. The bound on ||k.||2 follows from the bound on ||kc||oo,
property (1), and the fact that vol(B.) < ¢?. O

4. Preliminaries - global theory
4.1. Adelic formulation

In this section, we describe global preliminaries in adelic language that are needed for
the proof. Temporarily in this section, p will denote a generic finite prime of Q.

Let A = R x H; Qp be the adele ring of Q, where H' means that if z =
(Zooy -+ Zp,...) € A then z, € Z,, for almost all p.

We recall the notations Ko, = PO,(R) and K, = PGL,(Z,). We denote K, :=
Ko x]] » K, which is a hyper-special maximal compact subgroup of PGL,,(A). We also
denote

X4 1= PGL,(Q)\PGL,(A)/Kx.

Recall that X := SL, (Z)\H" = SL,,(Z)\SL,(R)/SO,(R).

Let ¢: SL,(R) — PGL,(R) be the natural quotient map. This map defines an
action of SL,(R) on PGL,(R)/K., which is easily seen to be transitive, and since
¢ Y PO,(R)) = SO,(R) we can identify H" = SL,(R)/SO,(R) = PGL,(R)/K. By
considering the left action of SL,,(Z) on the two spaces we can identify

X 2 PSL,(Z)\PGL,(R)/K .

Similarly, by considering the transitive right action of SL, (R) on PSL,,(Z)\PGL,,(R) we
may identify SL,,(Z)\SL,(R) =2 PGL,(Z)\PGL,(R) and

X = PGL,(Z)\PGL,(R)/PSO,(R).
It is simpler for us to work with the space
Xg := PGL,(Z)\PGL,(R)/ K,
which is a quotient space of X by the group PGL,,(Z)/PSL,(Z) of size 2.

The following Lemma 4.1 allows us to identify X with X 4. The lemma is well known,
but essential for this work, so we provide a proof for completeness.
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Lemma 4.1. We have
Xo = Xu
as topological spaces.
Proof. Let Ky = Hp K, embedded naturally in GL, (A). It is enough to prove that
PGL,(Z)\PGL,(R) = PGL,,(Q)\PGL,(A)/K;.
By the fact that GL,, over Q has class number 1 (see [38, Proposition 8.1]) we have

GLn(A) = GL,(Q)GL,(R) [ [ GL(Z,)

Alternatively, this follows from the fact that

GLn(R) x GLn(Qp) = GLn(Z[1/p]) (GLn(R) x GLn(Zy)) , (4.1)

where GL,,(Z[1/p]) is embedded diagonally in the left hand side. Using the case n =1
which states

X _ QXRX HZ;’
P
we get

PGL,(A) = PGL,(Q)(PGL, (R) x Kj).

We deduce that the right action of PGL, (R) on PGL,(Q)\PGL,(A)/K} is onto. The
stabilizer of this action is PGL,(Z), so we get the desired homeomorphism. O

Remark 4.2. Alternatively, it holds that
Xg & GL,(Z)R*\GL,(R)/0,(R) (4.2)
and

Xy = GLH(Q)RX \GL,(A)/On(R) x H GL,( (4.3)

Remark 4.3. A similar proof using the action on PSL, (R) C PGL,,(R) identifies X with
the adelic space PGL,,(Q)\PGL, (A)/(PSO,(R) x Ky) (i.e., Koo = PO, (R) is replaced
with PSO,(R)).
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4.2. Hecke operators

We want to consider Hecke operators on L?(X4) (equivalently, on L?(Xy)) from a
representation theoretic point of view. This is standard (e.g., [15]), but since we work on
PGL(n), which is not simply connected, some modifications are needed.

Let I > 0 and p be any finite prime. Consider the infinite set

R(pY) = {z € Mat,(Z) | det(z) = p'}.

Recall that for every ring R we have a natural projection GL,,(R) — PGL,(R), and
we will write R(p') for the projection of R(p') to PGL,(Z[1/p]) € PGL,(Q). Notice
that R(p') is both left and right R(1) = PSL,(Z)-invariant. Let A(p') be a finite set of
representatives for R(p')/R(1). It is possible to explicitly describe the set A(p') (e.g., see
[23, Lemma 9.3.2] for right cosets), but we will not need this explicit description.

Lemma 4.4. It holds that K,R(p')K, = M(p'), where M(p') C PGL,(Q,) is (as in
Subsection 3./) the disjoint union of the double cosets of the form

Kpdiag(pll, e ,pl")Kp,

with0 <1y <---<lp and > 1; = 1.
Moreover, the elements of A(p') can be taken as representatives of the left K,-cosets
of M(p").

Proof. For 0 < Iy < --- <, and Y_l; = [ it holds that diag(p",...,p'") € R(p'). By
projecting to PGL,(Q,) it follows that M(p') C K,R(p")K,.

We check the other direction. For each element v € R(p') (i.e., v € Mat, (Z) with
det(y) = p') we can find, using the Cartan decomposition in GL,(Q,), two elements
ki,ke € GL,(Z,) and a = diag(p't,...,p'») with [ < --- < [, such that kivks = a.
Therefore, a € Mat,(Z,), hence [y > 0. Moreover, by comparing the determinants
we have Y.1; = I. By mapping to PGL,(Q,) we deduce that R(p') C M(p') and
K,R(pH) K, € M(p). i

Now, the natural embedding R(p') — M (p') extends to a natural embedding

R(p')/R(1) = M(p")/Kp.

We need to show that this map is surjective. By Equation (4.1), the action of
PGL,(Z[1/p]) on PGL,(Q,)/K, is transitive. Therefore, each left coset M (p')/K, has
a representative v € PGL,(Z[1/p]). Lifting to GL,(Q,) and applying the Cartan de-
composition, we can write v = kdiag(p',...,p")k’, for some k,k' € GL,(Z,) and
0<1l <---<l, with Y} l; = [. Therefore v € GL,(Z[1/p]) N GL,(Z,) C Mat,(Z).
Finally, det(y) = p’ implies that v € R(p'), as needed. O
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Definition 4.5. Let [ > 0. The Hecke operator T*(p') acting on L*(Xy) is defined as

> ey ).

YEA(p!)

(ol -

By the facts that A(p') are representatives for left PGL,, (Z)-cosets of PGL,,(Z)R(p')
which is right and left PGL,,(Z)-invariant, and ¢ is left PGL,,(Z)-invariant, the operator
T*(p') is well-defined, and does not depend on the choice of A(p!).

Remark 4.6. In analytic number theory, one usually defines the Hecke operator T(pl) as

(T(pl)‘P) (z) = ﬁ Z e(vz),

b ~ER(O\A(p)

pln=1)/2

see e.g., [23, §9.3.5]. If we define T'(p') := FOEE

adjoint of T'(p').

T(p') then T*(p') is indeed the

Remark 4.7. Alternatively, using Equation (4.2), we could have defined a Hecke operator
T¢1,(p') on the space L?(GL,(Z)R*\GL,(R)/O,(R)) by

1
D) P — Z p(y )
GL |R(p')/R(1)] ~ER(pY)/R(1)

This definition agrees with the other definition under the equivalence Equation (4.2).

Using Lemma 4.1 we may lift ¢ € L?(X() to a function pa € L?(X,), by

A (Goos (€)p) = P(goo)

where (e), == (1,1,...) € [[, GL,(Qp). We extend it to be left PGL, (Q)-invariant and
right Ka-invariant. Using such identification we can define certain averaging operators
on L?(Xy) using local functions h, € C.(K,\PGL,(Q,)/K,), such as

(R(hy)pa)(c ooy @yy...) == / ho(W)oal. .., Ty, ...)dy.
PGL,,(Q.)
Recall Equation (3.7)

hy = mnwl) € C.(K,\PGL,(Q,)/K,).

We show that the operators T*(p') and R(h,) are, in fact, classical and adelic versions,
respectively, of one another.
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Lemma 4.8. It holds that (T*(p')p)a = R(hy)ea.

Proof. From the definitions of the Hecke operator and the adelic lift above, we have

AT (P)9)a(900: ()a) = D 0a(r  goos (€)g) = D @al9oos (M (€)azp),

yEA(pY) yEA(pY)

where the second equality follows from the left PGL,,(Q)-invariance and the right Kj4-
invariance of 4. Once again using the right K4-invariance of @4 we can write the above
as

PA (goo 3 q;ép Z ]l'yK
PGL, (Q,) YEA(pY)

According to Lemma 4.4,

> T, = Lugh-

YEA(PY)
In addition, it holds that |A(p')| = m(M(p')). Therefore, for g € PGL,,(A) of the form
9 = (goos (€)4), it holds that

W0 = mrrs [ ealan) L () dy

y€PGL,(Q)

= (R(hyt)pa)(9),
as needed. 0O
Remark 4.9. One can similarly define Hecke operators on X, by identifying
X = PGL,(Z)\PGL,,(R)/PSO,,(R).
4.83. Discrete spectrum and weak Weyl law

We will need to use Langlands’ spectral decomposition of L?(X,). In this subsection
we describe the discrete part of the spectrum.
The discrete spectrum L3, (PGL,(Q)\PGL,(A)) consists of the irreducible repre-

sentations 7 of PGL, (A) occurring discretely in L?(PGL,(Q)\PGL,(A)). By abstract
representation theory, we may write

dle(PGL ( )\PGLn(A)) = EBT(VTH
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where V; is the m-isotypic component. By the multiplicity one theorem ([44] and [33]),
each representation m of PGL, (A) appears in the decomposition with multiplicity at
most 1, so V. spans a representation isomorphic to w. Moreover, 7 is isomorphic to a
tensor product of representations m, of PGL,(Q,) for v < oo (see [18]).

We restrict our attention to spherical representations 7, that is, those having a non-
zero K p-invariant vector. Since 7 is equivalent to a tensor product of local representations
7, and each local representation has a one dimensional K,-invariant subspace, the K-
invariant subspace 754 of 7 has dimension 1. We choose once and for all a unit

Pr € VTrKA

for each m with V. # {0}.
We denote the set of all such ¢, by B,. Then formally we have

LgiSC(XA) = @ Co.

pEB,

The discrete spectrum B,, decomposes naturally into two parts, the cuspidal part B, cusp
and the residual part B, res.

Recalling from Subsection 3.3, for every place v we may attach the Langlands param-
eter fy o = pix, to ¢. When v = oo we denote

Ve 1= lip.coll (1.4)

By [17, Equation 3.17] ¢ is an eigenfunction of the Laplace—Beltrami operator and its
eigenvalue is

ol = 1R (.00 1 + 113 (prp.00) 117

2

In particular, for v, > 1 the Laplace eigenvalue of ¢ is =< v.

We will also denote

Op,p = 0(tipp),

according to Equation (3.3).
We define

Fr={p € By cusp | Vp <T}. (4.5)

We record the statement of Weak Weyl law due to Donnelly, which gives an upper bound
of the cardinality Fp as T — oo.

Proposition 4.10 (/16]). We have |Fr| < T¢ as T — oo.
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As a matter of fact, using the corresponding lower bounds by Miiller in [35] and
Lindenstrauss—Venkatesh in [30], we know that as T — oo

|Fr| = CT%(1 + o(1)), (4.6)
for some explicit constant C', but we will not need this stronger result.
4.4. The generalized Ramanujan conjecture and Sarnak’s density hypothesis

Let ¢ € B, be a spherical discrete series. For every h, € C.(K,\PGL,(Q,)/K,) one
has the operator R(h,), as defined in Subsection 4.1, and it holds that

R(hy)o = ho(pp0)e,

where h, denotes the spherical transform of h,. When v = p, combining Lemma 4.8 and
Lemma 3.5 we obtain that for every z € X

T* (P )p(z) = Ap(p)p 11/ 2(2)

such that for all 6 > 0
A (p')] <5 p!Per ™),

Let ¢ € By ,cusp be a spherical cusp form. The Generalized Ramanujan Conjecture
(GRC) predicts that the Langlands parameter of ¢ at every place v is tempered, which
is equivalent in our notations to

The GRC at the place v = p implies essentially the sharpest bounds on the Hecke
eigenvalues, in the following form. For every p prime, [ > 0, and § > 0,

Ao (p)] <5 0",

as p! — oo.

The GRC is out of reach of current technology, even for n = 2. However, we have
various bounds towards it; see [40] for a detailed discussion.

The bounds of Hecke eigenvalues can be understood in terms of the bounds of 0, .
For n = 2, the best bounds are due to Kim—Sarnak [28], for n = 3 and n = 4, the
same are due to Blomer-Brumley [6, Theorem 1], and for n > 5, they are due to Luo—
Rudnick—Sarnak [31]. For GL(n), these bounds are given by

10pp| < 6 (4.7)
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where
7 5 9
02_6_4703_ﬁ794_§u
and
1 1
O0p,=-— ———, > 5. 4.
3 w1 20 (4.8)

Our problem requires estimates of the Hecke eigenvalues which is stronger than Equa-
tion (4.8). On the other hand, we do not require a strong bound of individual Hecke
eigenvalue, but only the GRC on average. In general, one expects Sarnak’s Density Hy-
pothesis to hold; see [43,42,25,4,26,2] for various aspects of this hypothesis.

The hypothesis asserts that for every § > 0, for a nice enough finite family F of cusp
forms, one has

> e <5 (P1F) (1749100 (4.9)

peF

uniformly in p,! and as |F| — co.

Informally, the above says that larger Hecke eigenvalues occur with smaller density.
Note that the above follows from GRC. On the other hand, the occurrence of the sum-
mand p'"~1 represents as if the trivial eigenfunction appeared in F. The hypothesis
above is an interpolation between the two cases. As a matter of fact, we expect that it
will hold for natural families of discrete forms, not only for cusp forms.

In this paper we will work on a specific kind of family F, namely, Fr as defined in
Equation (4.5) whose cardinality is < T via Equation (4.6). We will need a hypothesis
in the following form.

Conjecture 1 (Density hypothesis, Hecke eigenvalue version). Let p be a fized prime. For
everyl >0 and T > 1 one has

Z |)\sa(pl)‘2 <Lp,s (Tpl)5 (Td +pl(n71)) ’
pEFT

for every § >0

Remark 4.11. Conjecture 1 should be compared to the orthogonality conjecture which
asserts that

D AP PE) ~ 8 T
pEFT

as T — oo; see e.g., [26, Theorem 1, Theorem 7], [4, Theorem 2] for more details.
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Motivated by the original density hypothesis of Sarnak (see [43]) one can propose an
analogous density hypothesis in terms of the Langlands parameters in higher rank; see
[4,26]. In fact, Conjecture 1 is nothing but a reformulation of Sarnak’s density hypothesis
for higher rank which we describe below.

Conjecture 2 (Density Conjecture, Langlands parameter version). For every 0 < 6y <
(n—1)/2 and T > 1 one has

d _ 20¢g F)
{oeFrllpp =0} <5p T (1 "*1)'*' ,

for every § >0
Following [4] here we prove the equivalence of Conjecture 1 and Conjecture 2.
Proposition 4.12. Conjecture 1 and Conjecture 2 are equivalent.

Proof. Assume that Conjecture 1 holds. Given T sufficiently large, summing over [ such
that pl("_l) < T4 we get

>y |)\g,(pl)\2 Lps T,

PEFT I:ptn=1)LTd

By [4, Lemma 4], for kK > n + 1 we have

Mo (P)]” >, p2oer.

1M

Therefore, for T > p(n—D(n+1)/d

200.p
n—1
s

Z |)‘so(pl)|2 >p T

l:pl(n—l)STd

and

200p,p
E T <, 5 T,
peFT

and this implies Conjecture 2.
For the other direction, assume Conjecture 2. By Lemma 3.5,

Z |)‘¢(Pl)|2 <5 Z P00 +0),

pEFT peFT

Using partial summation, this is bounded by the main term
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(n—1)/2
<ps / g € Fr | 0y > 6} g,

(s 20
<p,5 (plT)é / Td(l—,%_%)pmo 6,
0

plus the secondary terms

Frlp" + {o € Fr | 0, > (n—1)/2}p/" 71+,

For 0 <6y < ”51 we have

0
Td(l—%)pzwo < T4 4+ pln=D),

Therefore, the main term is bounded by (p'T)(T¢ + p!(»~V). Similarly, using Con-
jecture 2, the secondary terms are also bounded by the same value. We therefore get
Conjecture 1. 0O

Conjecture 1 is actually a convexity estimate, just as Conjecture 2. As a matter of
fact, one can replace in it B,, cusp by By, as we will essentially show in Subsection 7.1 that
the residual spectrum also satisfies this bound. However, for the cuspidal spectrum itself
one should expect better than what Conjecture 1 asserts, i.e. the subconver estimates,
which are indeed available for n = 2 [7, Lemma 1] and n = 3 [13, Theorem 3.3]. For
n > 3 Blomer [4] has proved a subconvex estimate for Hecke congruence subgroups in
the level aspect. Recently, Blomer and Man [9] (improving upon the work of Assing and
Blomer [2]) proved subconvex estimates for principal congruence subgroups, again in the
level aspect.

We describe the results for n = 2, 3 here which we will use latter. Although, we only
need the convexity estimates for our proofs, we record the strongest known estimates.
Let m be of the form p' for some fixed prime?® p.

Proposition 4.13. Let n = 2. We have

> D) <5 (Tm)” (T4 m2),
pEFT

for every § > 0.

The result follows from [7, Lemma 1] and the discussion following it for the bound on
L(1,sym? uj). It is stronger than the density estimate given in Conjecture 1. In fact, it

3 The results below are also true for the extension of Ay to a multiplicative function on N.
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leads to the following subconvex bound using the same methods as in Proposition 4.12:
for every 0 < 0y < 1/2 and T > 1 and we have

{p € Fr|0,, > 00} <5, T?174000F0 (4.10)
for every § > 0. Equation (4.10) is slightly stronger than [7, Proposition 1].

Proposition 4.14. Let n = 3. We have

Z |)\¢(m)|2 <s (Tm)‘S (TS + m5/4) 7
pEeFT

for every 6 > 0.

The result can be obtained from [13, Theorem 3.3] and upper bound of the adjoint
L-value as in [7, Equation (22)].* This result can be used to prove a considerably stronger
statement than Conjecture 2.

Proposition 4.15. Let n = 3 and p fized. For every 0 < 6y <1 and T > 1 we have
o € Fr[0pp > 0o} <sp T5(17890/5)+57
for every 6 > 0.

Proof. We use the same arguments as in Proposition 4.12. For T' large enough we sum
the estimate in Proposition 4.14 with m = p' and [ such that p' < T*. Then using [4,
Lemma 4] we get

pEFT

and this implies the proposition. O
This substantially improves both [7, Theorem 1] and [7, Theorem 2].
4.5. Fisenstein series

Let P be a standard parabolic in G := PGL(n) attached to an ordered partition
n =mni+---+n,. Let M be the corresponding Levi subgroup and N be the corresponding
unipotent radical; see Subsection 3.3, where we denote a general parabolic by Q.

Let Ths be the connected component of the identity of the R-points in a maximal
torus in the center of M. Let M(A)! be the kernel of all algebraic characters of M (see

4 Conjecture 1 for n = 3 can actually be deduced from [3].
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[1, Chapter 3]). It holds that M(A) = M'(A) x Tys. Following [1, Chapter 7] we give a
brief sketch of the construction of the Eisenstein series on G(A), constructed inductively
from the elements of L3, (M (Q)\M(A)!).

We follow the construction of induced representation as in Subsection 3.3. Given an
representation m of M (A) occurring in L3, (M (Q)\M (A)') and X € a},  we consider the
representation 7y := m® x of M(A) and extend it to P(A) via the trivial representation
on N(A). Then we consider the normalized parabolic induction

Ipr(N) = Indggiiﬂk.

The representation will be unitary when X € iap.

When 7 is the right regular representation then we denote Zp » as Zp. One can realize
the Zp(\) on the Hilbert space Hp (which is A-independent) defined by the space of
functions

¢: N(A)M(Q)Tu\G(A) = C

such that for every € G(A) the function ¢,: m — ¢(mz) belongs to L3, (M (Q)\
M(A)Y), and

loll? == / / (o(mk) P dk dm < oo,

M(Q\M (A Ka

Let H% C Hp be the subset of Ka-finite vectors. For each element ¢ € HY% and
A € a}, o we define an Eisenstein series as a function on G(Q)\G(A) by

Bisp(p, N (@)= > @0(@)Xppia(a(r2)), z € G(A).
~eP@\G(Q)

The above sum converges absolutely for sufficiently dominant A and can be meromorphi-
cally continued for all A € a}, ¢ by the work of Langlands. Moreover, Zp »(A) intertwines
with Eisp, in the sense that,

Eisp(Zp(A)(9)e, A)(x) = Eisp(p, N)(zg), x € Xa,g € G(A).

In particular, if Eisp(p, A) is K-invariant then ¢ € ’Hg‘*. Consequently, ¢ can be

realized as an element of L2, (M (Q)\M(A))KanM(A),

We have the decomposition
HEY — @D
™

where 7 runs over the isomorphism classes of irreducible sub-representations of
M(A) occurring in the subspace L3 (M (Q)\M(A)!). By the Iwasawa decomposi-

disc

tion G(A) = M(A)N(A)K,, we have an isomorphism of vector spaces Hg‘* =
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L2 (M(Q)\M(A)H)Ema £ {0}, where Kpra = Ka N M(A). Similarly, we have
Hf.f*}r = KA which is one-dimensional by the multiplicity one theorem. In this case we
choose ¢, € ’Hg‘jr to be a vector of norm 1. We let Bp be the set of such vectors ¢, when
we go over all the possible representation 7 of M (A) appearing in L3, (M (Q)\M(A)!)
with 7Haa o£ 0.

Let us describe the last set more explicitly. Each irreducible representation of M (A)
appearing in the decomposition of L3, (M (Q)\G(A)) has a central character x of the
center Z(M (A)), trivial on Z (M (A))NM (Q). If the representation has a K s o-invariant
vector then x must also be trivial on Z(M(A)') N Ky a. Every central character of
GL,, (A) which is trivial on GL,, (Q) and the maximal open compact subgroup O, (R) x
[, GLn,(Zp) is trivial. Since M is essentially a product of GL,
trivial. Therefore, Bp is in bijection with irreducible subrepresentations of

we deduce that y is

i)

Liisc(PGLy, (Q) x -+ x PGLy, (Q))\(PGLy, (A) x - - x PGLy, (A)),

having a K,, o X --- X K, a-invariant vector, where K, o is the maximal compact
subgroup in PGL,, (A).

The last space decomposes into a linear span of ¢ ® -+ ® ¢, @; € By,. We conclude
that Bp is in bijection with B, x --- x B,

If py, 0 is the Langlands parameter of ¢; as the place v then we embed it in ag
in(ny+---+mn;_1+1,...,n1 + -+ n;)-th coordinates. Consequently, the Langlands
parameter of Eisp(p, \) at the place v is

Poaw = (Hpsvs - Hgrw) + A E Ag,
which follows from Lemma 3.1. In particular, for A € ia}, we have®
Opv = O0px0 =0l rp) = max Opi ps (4.11)
where 6., is as defined in Equation (3.3). We also have
V2= gl = 02, o4 02, + P, (4.12)

where v, is as defined in Equation (4.4). We also abbreviate (and slightly abuse nota-
tions) v, = vy 0.
If h, € C°(K,\PGL,,(Q,)/K,), then

R(hU)EiSP((pa /\) = Eisp (IP,‘n'(/\) (hU)QD, )‘) = ﬁ(ﬂg&,)\,v)EiSP (<,07 >‘)7

where R(h,) is defined as in Subsection 4.1.

5 Notice that 04, x,p does not depend on A, so we discard it from the notations.
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In particular, if f € C°(Ka\PGL,,(A)/Ky) is of the form

£(9) = F((90)0) = Foo(g0) Fp(gp) T ] 1, (90), (4.13)
q#p
then we have
R(f)Eisp(o,\) = Bisp(Zp. (h)p, A) = foo(lipx.00) fp (H1pxp)Eisp (0, A). (4.14)

4.6. Spectral decomposition

We can describe Langlands spectral decomposition following [1, Section 7].

We denote by C° (K5 \PGL,,(A)/Ky) the space that is spanned by functions of the
form f =[], < fo, with f, € CX(K,\PGL,(Q,)/K,), and f, = 1g, for almost every
v. Given f € C®(K4\PGL,(A)/Ky), we will consider the operator

R(f): L*(X4a) = L*(Xa),

defined by
RPe@ = [ f@etan)dy = [ Kien)e)dy,
PGL, (A) Xa
where
Ki(w,y):i= Y,  fla '), (4.15)
~v€PGL,(Q)

Note that the compact support of f ensures that the above sum is finite.
Finally, we record the spectral decomposition of the automorphic kernel K.

Ki(e) =Y Co 3 [ Biso(@ra, (o N@ESrZ WA (110)

WEBPia»;D

Notice that when P = G then Bg = B, there is no integral over A, and Eisp(p, \) is
simply ¢. The constants C'p are certain explicit constants with Cg = 1, and are slightly
different than in [1], since we normalize the measure of ac differently.

We will also need the L2-spectral expansion in the following form.

Proposition 4.16. Let f € C°(Ka\PGL,(A)/K4) be as in Equation (4.13). For xg €
Xa, let Fyy € CSO(XA) be

Fuy (@) = K (20, 2)
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Then

IFallZ =) Cr > /Ifoo(usa,x,oo)\Qpr(uw,A,p)IQ\EiSP(%A)(Jﬁo)\QdN
P

€Bp,;
PESPiqx,

where the notations are as in Equation (4.16).

Proof. Denote f*(g) := f(g~ 1), and f; := f = f*. We notice that for notations as in
Equation (4.16), using Equation (4.14)

Eisp(Zpr, (f1)p, ) = Eisp(Zpr, (f)Ipx, (f")es A)
= [ foo (ko x00) 1o (1o, 20) PEisp (0, A). (4.17)
We next claim that
||FI0||3 :Kf1(x07x0) (418)

Then the proof follows from Equation (4.16), Equation (4.17) and Equation (4.18).
To see Equation (4.18) we note that,

| F 3 = / Fy () o (@) dz = / S fagtve) S g de
Xa X

, 7EPGL,(Q) 71 EPGL,(Q)

Both of the above sums are finite. Exchanging order summation and integration, and
unfolding the X, integral we obtain the above equals

> Fagtve) (g o) dg.

PGL,(A) ~EPGL, (Q)

Once again exchanging finite sum with a compact integral we obtain

> (f =) (g vao),

vePGL, (Q)

which concludes the proof. O

We will now use Proposition 4.16 to prove a version of a local weak Weyl Law, which
will be needed in our proof.

Proposition 4.17. Let Q C X 4 be a compact subset. Then for every xg € Q it holds that

See X [ Esee e <a T
P

PEBP Vo <Ty\ciqn |A|<T

as T tends to infinity.
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Proof. Let ¢ < T~! with a sufficiently small implied constant. Choose f., = k. where
ke is of the form described in Lemma 3.8, and f, = 1f,. Construct f; and F,, as
in (the proof of) Proposition 4.16. Note that fi, is again 1, and fi,. is supported
on K, Bs. K, which follows from property (1) of Lemma 3.8. Then we claim that for
xg € Q)

||FTO||% < ”foo”% < Td.

Notice that the second estimate follows from property 3 in Lemma 3.8.

First, we choose some fixed liftings of zg,2 € PGL,(A), whose p-coordinates
Zo,p,Tp are in K, and their oo-coordinates are in a fixed fundamental domain of
PGL,(Z)\PGL,(R). This is possible by Lemma 4.1.

If fl(xalfy:c) # 0 it implies that 1 g, (xa;’yxp) # 0 for all p. Hence, v € K, for all p,
which implies that v € PGL,(Z). In addition, fl,oo(x&iov%o) # 0, which implies that
96(;)(1)07!1000 € KooBa: K. Clearly, the number of v € PGL,(Z) with m&})ovxoo € By, is
<q L.

Using the proof of Proposition 4.16 we obtain

12013 <@ [1f1,00]lo0-

Applying Cauchy—-Schwarz we see that the above is bounded by || fsl||2, as needed.
First notice that for v, < T and ||A|| < T it holds that

o a0l = Vor < T = el

with a sufficiently small implied constant. Thus using property (5) of Lemma 3.8 we get
that

| foo (fton,00)] > 1.

Therefore we have

e Y / |Bisp (@, A)(x0)[2 dA

P LpEBP7V¢ST>\Eiu}‘:7|)\‘§T
<<ZCP Z |f00(ﬂtp,>\7oo)|2|EiSP(<PvA)(x0)|2d)\'
P LPEBP)\G’L'O};

Applying Proposition 4.16 we conclude. 0O
4.7. The residual spectrum and shapes

Moeglin and Waldspurger in [33] described the residual spectrum By, yes as follows.
Let ab = n with b > 1 and let ¢ € B, cusp- Consider the standard parabolic subgroup



S. Jana, A. Kamber / Advances in Mathematics 443 (2024) 109613 39

P corresponding to the ordered partition (a,...,a) of n, and let ¢’ € Bp correspond to
(@,...,p) € By x -+ xBy. Construct the Eisenstein series Eisp(¢’, A) for A € a}, . This
is a meromorphic function, and it has a (multiple) residue at the point

)‘:pb:((b_1)/2v(b_3)/2a"'»_(b_1)/2)ea;({:v

where we temporarily identified a}, » with a subset of C b and recall that it embeds in
ac by repeating each value a times. The residue can be calculated as
w/ = lim ()\1 — Ao — 1) BRI ()\b—l — Xy + 1)EiSp((pl, /\)
A= pp

After normalization, ¢ = ¢'/||¢'|| is an element of By, res, and every element of B, yes
can be constructed this way for some ab =n, b > 1, ¢ € B,. Thus we deduce that

Bn = |_| Ba,cusp-

aln

From the above description it follows that on the level of Langlands parameters we
have

Hapo = Bt pp0 = (Hpyos - -+ s Hpv) + Pb-

In particular, we have
Opp =0Opp + (b—1)/2,

and if v, > 1 then vy < v,,.

Each ¢ € Bp is parameterized by a shape (a1,b1),..., (a,,b,.) where a;,b; > 1 with
>, a;b; = n, and P corresponds to the ordered partition n = »_._, a;b;. Moreover, if ¢
corresponds to (¢1,...,9r), @i € By,, then ¢; corresponds to a cuspidal representation
in By, cusp-

Given a shape S = ((a1,b1),...,(ar, b)), we let Bg C Bp be the set of forms ¢ € Bp
of shape S. We have the following estimates.

Lemma 4.18. For every ¢ € Bg, it holds that
Opp < max{(b; —1)/2+ 0, , },

where 04, p is the best known bound towards the GRC at the place p for the cuspidal
spectrum of PGL(a;).

Indeed, the lemma follows from the claim above about the behavior of 6 of residual
forms and Equation (4.11).
The following estimate combines Weyl’s law for a given shape.
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Lemma 4.19. We have
{p € Bs | v, <T}H < T%,
where dg = > (a; +2)(a; — 1)/2.

Proof. As described above, there is a bijection between Bg and Bg, cusp X - -+ X B, cusp-
Moreover, under this bijection, by combining the estimates for v of residual forms above
and Equation (4.12) we have

ve +1x m%lxyw + 1.
i—
The estimate now follows from Proposition 4.10. O
4.8. Local L*-bounds of Eisenstein series

Let ¢ € Bp and A € ia}p, and let Eisp(p, ) € C*°(X) be the corresponding Eisenstein
series. It is known that the Eisenstein series grow polynomially near the cusp. It is a
natural and challenging problem to find good pointwise upper bound of Eisp(p, \).

A more tractable approach is to take a compact subset 2 C X of positive measure and
ask the size of ||Eisp(¢, A)|a|l2 as vy, — oo. In this paper we need an upper bound of
|Eisp (o, A)|al|3 on an average over A in a long interval. One may deduce certain bounds
of such an average from the local Weyl law (cf. Proposition 4.17) or via the improved
L*°-bounds in [8], but such bounds are not sufficient for our purposes.

One expects that ||Eisp(p, A)|q|l2 remains essentially bounded in v, , which is an
analogue of the Lindel6f hypothesis for the L-functions. More precisely, we expect that

/ IEisp (0, 1) (@)|” de < log™ (1 + vy.0). (4.19)
Q

Note that for n = 2 the above is classically known. We refer to [27] for a detailed
discussion.

We remark that a recent result of Assing—Blomer [2, Theorem 1.5] on optimal lifting for
SL,(Z/qZ) also requires such a bound on the local L2-growth but in a non-archimedean
aspect; see [2, Hypothesis 1].

Proving Equation (4.19) seems to be quite difficult. A natural way to approach the
problem is via the higher rank Maass—Selberg relations due to Langlands, at least when
@ is cuspidal. Among many complications that one faces through this approach (see
[27, §1.3]) the major one involves standard (in v, x aspect) zero-free region for various
GL(n) x GL(m) Rankin—-Selberg L-functions, which are available only in a very few cases.

A relatively easy problem would be to find upper bound of a short A average of
|Eisp (¢, A)|all3- In fact, we expect
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/ Bisp(p, \)(z)|? dzdN <q log" (1 + v,.). (4.20)

IV =A< @

In a companion paper [27] we study these problems in detail for a general reductive
groups.

For the current paper we only need to find an upper bound of ||Eisp (¢, A)|a|/3 on an
average over \ over a long interval so that the bound in the ¢ aspect is only polynomial
in v, with very small degree. However, it is important for us that the bound is uniform
over all ¢, cuspidal or not. We describe the required estimate below.

Proposition 4.20. For every ¢ € Bp we have

/ |Eisp(p, \)(2)[? dz dX <q log(1 + T+ )"~ trdimer,

A€iap, [|AIST ©

forany T > 1.

The theorem should be compared to the simple upper bounds using the local Weyl
law as in Proposition 4.17), which allows us to deduce a similar statement, but with
Tdimar replaced by T¢, which is insufficient for our purpose.

We remark that for n = 3, Proposition 4.20 was proved by Miller in [32], as one of the
main ingredients in proving Weyl’s law for SL3(Z)\SL3(R)/SO3(R). Therefore, for n = 3
(and n = 2) the results of this paper are unconditional on the result of the companion
paper. Proposition 4.20 generalizes Miller’s result to higher rank, and similarly implies
Weyl’s law in the same way. However, we heavily rely on [35], so this does not lead to a
new proof.

Proof of Proposition 4.20. We find {nj}§=1 € iap with k < T9m97 and ||n;|| < T so
that

{Aedap | Al < T} € Ui {A € dap | (1A = nyll < 1}

Clearly, we can majorize the integral in the proposition by

k
> / /|EisP(g0,)\)(x)|2dxd>\.
=1 a\ciat,  Q

IA=n; <1

We apply [27, Theorem 1] to each summand on the right hand side above with g = ¢
and Ag = 7; to conclude that the integral in the proposition is bounded by

<q kmaxlog(1+ v, + ||In;])™ .
j

We conclude the proof by employing the bounds on n; and k. O
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5. Reduction to a spectral problem

In this section, we finally begin proving the main results Theorem 2 and Theorem 3,
and we will reduce it to a spectral problem. Then we will apply a few different reductions
to simplify the problem even further.

Consider the set

S(k) == {v € SLn(Z[1/p]) | ht(7) < k}.
Lemma 5.1. The image of S(k) in PGL,(Q) is equal to R(p™).

Proof. The map S(k) — R(p™*) defined by  ~— p*~ is a bijection. Therefore, the images
of them in PGL,,(Q) are the same. O

Below we identify X := SL,(Z)\H" = PSL,(Z)\PGL,(R)/K. This implies that
the action of v € SL,(R) on H"™ depends only on the image of v in PGL, (R).

Definition 5.2. Let 2,29 € X which we identify with some lifts of them in H" =
PGL,(R)/K. Also, let ¢ > 0 and k € Z>o. We say that the pair (z,z0) is (¢, k)-
admissible if there is a solution v € R(p™) to dist(z, vzo) < e.

Notice that since R(p"™") is left and right PSL,, (Z)-invariant, the above definition does
not depend on the lifts of x, x¢o € H".
Unraveling Definition 1.1 and Definition 5.2 we get the following.

Lemma 5.3. Let x, xg € X. The Diophantine exponent k(x, o) is the infimum over ¢ < oo

such that there exists eqg = eo(x, xo, () with the property that for every e < ey the pair

(z,20) is (,("%t2 log, (e 7)) -admissible.

Let k. € C*° (K \PGL,(R)/K ) be as in Lemma 3.8. For zy € X, let K§IO € C*(X)
be the automorphic kernel

KX, ()= Y k(ag'yv "y).
~v€PSL,,(Z)

It is simple to see that
[EEwa= [ kg -t
X PGL,(R)

Recall the Hecke operator T*(p*) from Subsection 4.1, and the fact that it acts on
functions on X by Remark 4.9.
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Lemma 5.4. Assume that

T (p"™* )T (") KX, () # 0,
then the pair (z,xo) is (¢, k1 + ke2)-admissible.
Proof. We have

0T (") T (") KX, (z) = > > > kelag g ).

Y1 EA(P"FL) y2 €A(pnk2) vEPSLA(Z)

So there is a v := 71927y such that k. (x5 v/~ x) # 0. It holds that v/ € R(pn(*1+k2)),
By the assumption of the support of k., we have

dist(zy 'y "'z, e) = dist(x,7'20) < ¢,
as needed. 0O
Let mx = % be the L'-normalized characteristic function on X.

Lemma 5.5. Let g € X. Assume that

*(, N * (o nks c
|IT* (p™ )T (p™*) KZ,, = mxll2 < :
m(X)

Then there is a subset Y C X, such that
m(Y) > m(X)(1 - c?),
such that for all x € Y the pair (x,x0) is (€, k1 + k2)-admissible.

Proof. Let Y := {x € X | T*(p"*)T*(p"*2) KX, (x) # 0}. By Lemma 5.4, each z € Y

£€,Z0

is (g, k1 + k2)-admissible. On the other hand,

1T (" )T (") KZ,, — mxll3 > /Wx(w)zdév:m(X\Y)/m(X)Q-

€,T0

x\v
We deduce that m(X \ Y) < ¢2m(X), as needed. O

Lemma 5.6. Let xg € X and § > 1. Assume that there is o > 0 such that for every
6 > 0 there is g9 > 0, such that for every 0 < € < gg there are ki, ko with ki1 + ko <

(1+6)8%2log, (™), such that we have

[T (p™* )T (p*2) KX, —mx |2 <™.

&,%0

Then k(zg) < S.
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Proof. Let § > 0. For ¢ fixed, let Z. s C X be the set of z € X such that the pairs (z, zo)
are not (e, k)-admissible with k& < (1+6)3%2 log,(¢7!). Using Lemma 5.3 it suffices to

2n
prove that for almost every = € X, for €y small enough depending on z,d, and € < gy we
have x ¢ Z. 5.
Let ¢ := e~ for some ¢ > 0 sufficiently small relatively to . Then for £ small

enough, there is ¢; such that Z. 5 C Z., 5/2. Therefore, it suffices to prove that for
almost every z € X, for m € Z>( large enough, = ¢ Z., s/2- Using the Borel-Cantelli
lemma it is enough to prove that

Zm(ZEj’(;/Q) < 0. (5.1)

By the assumption and Lemma 5.5, there is g > 0 such that for €; < €,
m(ZE“;/g) < 8?‘15 = ¢~ 2]
This shows that Equation (5.1) holds, as needed. O

We now add an additional average over xg. Let  C X be a fixed compact subset of
positive measure.

Lemma 5.7. Let f > 1. Assume that there is o > 0 such that for every § > 0 there is gg >
0, such that for every 0 < e < gg there are ki, ko with ki + ko < (1 4+ 90) "2—J;2 logp(s_l),
such that we have

&,T0

/”T*(pnkl)T*(pnkz)KX _TrX”%de < €a6'
Q

Then k < (3.

Proof. Let § > 0. Let Z. 5 C X x X be the set of (z,29) € X x Q that are not (e, k)-

admissible, for k < (1+ 6)3%2 log, (e 7).

Since k = k(x,x) for almost every z,zo (see Section 2), using Lemma 5.3 it suffices

to prove that for almost every zy € 2 and almost every x € X, there is an g such that
for € < g¢ the pair (z,z0) ¢ Z. 5. Using the same argument as in the proof of Lemma 5.6,
we may assume that € = ¢; = e~%, and using Borel-Cantelli it is enough to prove that

Z m(Ze,s) < oo.
J

For € < ¢p small enough, let Y 5 C € be the set of g € € such that for k£ as in the
assumption of the lemma

||T*(pnk1)T*(pnk2)KX _ WX”% < 6046/2.

&,Z0
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We claim that m(Q — Y 5) < €2%/2. Indeed,

€,%0

/ 1T ()T () KX, — mg 2 daig = 0/ 2m(Q — Yeg),

Q-Y. s

50 £9/2m(Q — Y. 5) < e giving the desired estimate.
Now, for zy € Y, 5 by Lemma 5.5 we have

m({x € X | (z,20) € Zo5}) < /2.

Therefore,
m(Ze5) < m(Q = Yes)m(X) +m(Ye,5)s"? < 22,

Using the last estimate we get
Zm(Ze,-,é) < 00,
J
as needed. 0O

We now discuss a further reduction, which allows us to prove bounds of x but with
weaker assumptions than that of Lemma 5.6 and Lemma 5.7. First, we will need the
following estimates, which play a major role in the work [22], and which we already
discussed in Proposition 2.4 using different notations.

Lemma 5.8. For all n > 2 there is an o > 0 such that as an operator on L%(X)
17" (") llop < 7"

Moreover, forn > 3 any o < 1/2 and for n = 2 (resp. under the GRC) any o < 25/64
(resp. oo < 1/2) work.

Proof. Using Remark 4.9, the proof follows from bounds on the integrability exponents
of the action of PGL,(Q,) on L?(PGL,(Q)\PGL,(A)), as in Proposition 2.4 and the
discussions after it. O

Some remarks are in order now.

(1) By combining Lemma 5.6 and Lemma 5.8 we may deduce Theorem 1. Indeed, we
essentially recovered the arguments in [22] for our specific case.

(2) For n > 3, by [15, Theorem 1.5], Lemma 5.8 is optimal in the sense that for every
§ > 0 there exists f € L3(X), with
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1T (") fll2 5 p~" V22| fllo-

This shows that to prove Theorem 2 one needs stronger tools than spectral gap
alone.

Lemma 5.8 allows us to give the following versions of Lemma 5.6 and Lemma 5.7.

Lemma 5.9. Let 5 > 1. Assume that there is an €y > 0 such that for every 0 < & < &g
there is k < B2 log,(e™!) such that we have

1T (") K2y, ll2 <y €77,

€,x0

for every m > 0. Then r(xg) < 8.

Proof. By the assumption, there is an ¢y such that for ¢ < ¢¢ and for some kg <
B2 1og,(e71), it holds that

1T (") Ky ll2 < 7"

g,T0

Since T*(p"™*2) is an average operator and [y K2 m( z)dx = 1 we have

T (p"*)KX, — mx € L§(X).
Let § > 0. Let ky = [36%2 log,,(7*)]. Notice that ki + ko < B(1 4 6) %52 log, (7).
Applying Lemma 5.8 we find some « > 0 such that
T ()T (p"*2) K,y = 7l = 1T (0" (T (") K2, — )12

g, €,Z0

< €a5||T*(pnk2)KX 7TX||2 <<77 {_:aéf'r].

€,T0

ad/2

By choosing &), n small enough, for £ < g{, the above is < ¢ . The lemma now follows

from Lemma 5.6. O

Our final reduction will allow us to replace the space X by the nicer space Xg. For
zo € Xo, let KXo € 0®(X() be

E,T0

KX ()= > ke(zg'y ).

~EPGL,,(Z)

Let ®: X — Xy be the covering map. Then we can define a push-forward map
P, L*(X) = L%*(Xy), defined for f € L?(X), y € X as

B.(f)(®(y)) = ) e

~EPGL, (Z)/PSL,,(Z)
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We have the simple norm estimate on push-forward maps for non-negative f,

£l < (1 fll2, (5.2)

where on the left-hand side the norm on L?(X) and on the right-hand side the norm is
on L?(Xo).

Lemma 5.10. Let x¢ € X. Then it holds that

X _ X
Ks %(zo) @ KE »Zo
and similarly
n X *( n
T (KX, = (T KR, )

Proof. It is sufficient to prove the second estimate. Indeed, unwinding the definitions we
get that

T ( nk)K§xo( ): Z k€(‘ral’y_1y)v
YER(pmF)

and similarly,

T*(p™) KX, (y) = > > ke(zg YY)

v/ €PGL,,(Z)/PSLy, (Z) e R(pm*)

The lemma follows. O

Finally, combining Lemma 5.9, Lemma 5.10, and Equation (5.2), we deduce the fol-
lowing.

Lemma 5.11. Let § > 1 and xg € X. Assume that there is an €y > 0 such that for every
0 < e <eo and for some k < BE2 log,(e™!) we have

I (o) 1,

e,®(zo)

2 <y e,
for every n > 0. Then k(xg) < 0.

The same set of arguments, with Lemma 5.7 in place of Lemma 5.6 will give:
Lemma 5.12. Let Q2 C Xy be a compact set of positive measure. Let f > 1. Assume

that for every § > 0 there is eg > 0 such that for every 0 < e < &g there is k <
(1406)3%t2 log, (1) such that
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* nk X —-n
/ 1T (") K%, |3 dag <y 7,

for everym > 0. Then k < .
6. Applying the spectral decomposition
Consider the adelic function f € C°(Kp\PGL,,(A)/K4) defined by

F((9)) = Ee(goo) e () [ | 1, (90);
q#p

where h,n. is as in Equation (3.7) and k. is given by Lemma 3.8.
Given zg € Xy, identify it by a slight abuse of notations as an element xzg € Xj,.
Consider the function

Fﬂﬁo(m) - Z fl(xalfyilx%

~EPGL,(Q)

where f; is the self-convolution of f, as defined in the proof of Proposition 4.16. Using
the discussion in Subsection 4.1, we see that Fj, is the adelic version of the function
T* (p”k)K§go. Therefore,

*(, M X
IT*(p™) K20, 115 = 1 Fao |13,

E,X0

where the underlying space on the left-hand side is X and on the right-hand side is X4 .
We apply Proposition 4.16 to Fj,, and obtain that

1T (") K25, 113 :ZCP > / ke (i 00) [ [Frps (t1,0,) [P B p (9, A) (o) [* dA

‘PGBPW

(6.1)
= Z |];€(u¢700)|2|ﬁp"k (/Lw,p)|2‘9@(x0)|2

PEBG

e Y / e (1o 00) P ot (1059 2| Eis p (9, ) () [2 A
P#G  @€Bpias

Using Lemma 3.8 we get that for every N > 0,

ke (g p00)] i (L evpn) ™Y < (L4 evp) V2 (14 €A TY2,

k 6.2
ke (bp,00) | <nv (1 +ev,) V. (6.2)

Also using Lemma 3.5 we get that for every n > 0,
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‘Bp"’c (/‘tp,%p” <y pkn(9¢,p—(n—1)/2+n)’ |Bp”’€ (Nw’p” = p_kn(n_l)/2|)‘<p (pnk)‘- (6.3)
Thus we arrive at the following proposition.

Proposition 6.1 (Truncation). Let Q C Xg be a fized compact set. Then for every xg €
and §,m > 0 we have

IT* ™) KX 13 <anms Y, TG0 Ple(ao)|?
¢E€BG v,<e1-8
+> Cp Y P @eemmbin / [Eisp (9, A) (20) 2 dA + &V
PAG peBpuesem™ Aeiap, Al <10

for every N > 0.

Proof. We notice that the proposition follows from Equation (6.1) and Equation (6.3),
if we can show that the contribution of ¢ € Bp with v, > ¢~179 and the contribution
of p € B, for P # G and X with p <7172 and ||A|| > e717°% are Oq ys(eV).

We use the estimate

|hp"’C (ﬂtp,)x,p))‘ <1,

which follows from Remark 3.6, throughout the proof.

We first handle the contribution to Equation (6.1) from ¢ with S < v, < 2S5, with
S > ¢7179. Notice that in this case (1+ev,) > 59" for some &' depending on 8. Applying
Equation (6.2) we see that the contribution of such ¢ is bounded by

<Ng Y > SN /(1+s\|/\||)—N|EiSP(<p,A)(xO)FdA.

P peBp,S<v,<2S iah

Take N large enough, use Proposition 4.17, and apply integration by parts. Then the
inner integral is bounded by < e~ for some absolute L;. Making N large enough the
entire sum is bounded by

<ans >, . SV

P peBp,S<v,<28
Using Proposition 4.10 and Lemma 4.19 we have
{p € Bp,S < v, <28} < 5™

for some absolute Ly. Once again making N sufficiently large the entire contribution is
bounded by «q n,s S—N . Summing over § > ¢~ 179
entire contribution from v, > =179 is bounded by <anseN.

in dyadic intervals we deduce the
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We next deal with the case when v, < ¢7'7° and ||| > e~'7%. Applying Equa-

tion (6.2) we see that the contribution is bounded by

<Y Y e / (14 AN~ [Eisp (0, A) (o) [2 .

~1-5
P peBpv,<e Aiap [\ >e~1

Using Proposition 4.17, applying integration by parts, and making N large enough, the
inner integral is bounded by <q s eN. Therefore, the entire sum is bounded by

<Q,N,6 eN Z Z 1.

P geBp,v,<e=1-%

Applying Proposition 4.10 and Lemma 4.19 again, and making N sufficiently large, this
is bounded by <q nse¥. O

A similar proposition treats the averaged version.

Proposition 6.2. Let 2 C Xy be a fized compact set. For every d,m > 0 we have

/ I () KXo [Bdeo <anms Ym0
Q

wEBG v, <e—1-3

+ E Cp E 57(1+5+77)dima};pkn(29¢,,p7(nfl)+n)+€N,
P#G pEBp,v,<e~1-9

for every N > 0.

Proof. We integrate both sides of the estimate in Proposition 6.1 over zg € Q. Apply
Proposition 4.20 to bound

/ / |Bisp(p, \)(20)|? dA dzg <, e~ A+ dimap,

Q Aeiap, | A <e1-5
for v, < e717°. The claim follows from the fact that ¢ € Bg are L?-normalized. O

7. Proof of Theorem 2 and Theorem 3

The goal of this section is to prove Theorem 2 and Theorem 3. By Lemma 5.12; to

prove that kK < 8 := ﬁ it is sufficient to prove that for £y small enough, for every

e < &o and for k = [f%2log,(e71)]

/ 17 (™) KX, ) dary < €,
Q
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for every n > 0.
Using Proposition 6.2 and standard modifications, it is sufficient to prove that under
the same conditions that

p k=l Z ‘)‘w(pnk)F <Lye ", (7.1)

LPEBG,V¢§671

and for every standard parabolic P # G

Z e dim uppkn(Zé%p—(n—l)) <<77 5_’7’ (72)
pEBp,v,<e~!

for every n > 0.
7.1. The discrete spectrum

We start by handling Equation (7.1). We can further divide Bg according to shapes,
as in Subsection 4.7. Each such shape is of the form S = ((a,b)), for n = ab. We can
uniformly bound

Opp < (b—=1)/2+ 0a,
where 6, is the best known bound towards the GRC for GL,. So by Lemma 3.5 we have
Ao (p"F)| <, prR((b=D/240atn)

We have 6, = 0 for @ = 1, and by Equation (4.8) f, < § — a2—1+1 By Lemma 4.19, we

have
#{p € Bs,v, < e '} < g~ (@tDa-1)/2,
Therefore, applying the above bounds we get

p*kn(nfl) Z |)\¢(pnk)|2 < 67(a+2)(afl)/2pnk(bflf(n71)+20a+n),

pEBs,v,<e

plugging in k = |3 ”;;Lz logp(&:*l)J7 the last value is

- 677]67(a+2)(a71)/27['3(n+2)(bflf(n71)+29a)/2'
Making n small enough it suffices to show that
Bn+2)(n—1—-(b—-1)—20,) — (a+2)(a—1) > 0. (7.3)

For a = 1, b = n we have 6, = 0. Hence Equation (7.3) is obvious for any 8 > 1.
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For 1 < a <n,b=n/a we have 20, < 1. Then n+2 > a + 2 and
n—b—20,>n/2—1>a—1.

So Equation (7.3) still holds for any 8 > 1.
Finally, for a =n,b =1, Equation (7.3) will hold for as long as

n—1

>
ﬂ_n—1729n

Now, assuming Conjecture 1 for n > 4 and using Proposition 4.13 and Proposition 4.14
for n = 2 and n = 3, respectively we can handle a =n, b =1 for § = 1. Indeed, in this
case Bs = By, cusp- We have

pfkn(nfl) Z |)\Lp(pnk)|2 <, pfkn(nfl)(eflpnk)n(gfd +pnk(n71))'
p€EBs,v,<e~!

Assuming =1, i.e., k = [%t2log,(¢7!)], then

d

nk(n—1) - E(n+2)(n71)/2 =9,

p

so the above is <, €77, as needed.
7.2. The continuous spectrum

In this subsection we prove Equation (7.2) for every 8 > 1, which is enough for our
purpose.

We further divide into shapes, as in Subsection 4.7. Let S = ((a1,b1),....,(ar,b.)) be
a shape, and let Bg C Bp. Notice that in this case dimap = r — 1. Since we assume that
P # G, we assume that r > 1.

We need to prove that for every shape S, it holds that

PEBs <!

Without loss of generality, we assume that it holds that
max{(b; —1)/2+0a,} = (b = 1)/2+ 0o, -
Then by Lemma 4.18 we have 6, , < (b1 —1)/2 + 6,,. Using Lemma 4.19, we deduce

Z Ef(rfl)pkn@@%pf(nfl)) < 67(7”71)72::1(ai+2)(ai71)/2pkn(b171+29a1 —(n—1)) )

peBs,v,<e
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We plug in k = L"2—'f logp(s_l)J, and deduce that it is sufficient to prove that for every
shape S it holds that

—r—1)- g +2)(as— /24 T2 (- 1)~ (b - 1)~ 260,,) 20

We start by noticing that

r

T+Zaz+2 i—1)/2=> ((ai +2)(a; - 1)/2+1) = Zazaz+1

=1

We have the following simple lemma

Lemma 7.1. Assume that 2;2 a; < M. Then
> ai(ai +1)/2 < M(M +1)/2.
i=2

Proof. The polynomial p(z) = z(x + 1)/2 satisfies for z1,22 > 0 that p(z1) + p(z2) <
p(z1 + x2). The lemma follows. O

In our case, we have 2;22 a; <n —aiby. So we deduce that
Zai(ai +1)/2 < (n—a1b))(n —aiby +1)/2.

i=1

We deduce that it is sufficient to prove the following.
Lemma 7.2. Denote
F(a,byn) =2+ (n+2)(n—0b—20,) —ala+1) — (n—ab)(n —ab+1).

Then for every positive integers n > 2 and a,b such that ab < n it holds that F(a,b,n) >
0.

Proof. We show by case-by-case analysis. First, it is easy to see that the claim holds for
n = 2, since then a = b =1 and 6, = 0.
Now, assume that a = 1. Then 6, = 0, and it holds that

F(1,b,n) =2+ (n+2)(n—b)—2—(n—b)(n—b+1)=(n—>b)(n+2—(n—b+1)) > 0.

Next, assume that a > 1. We first take care of the case n = 3. Then we only need to
consider a = 2,b = 1 case. It holds that
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F(2,1,3) =24 5(2—265) — 6 — 2 = 4 — 1065.

Plugging in the Kim—Sarnak’s bound 6y < 614 we get the desired result.
Now assume that a > 1 and n > 4. We will use the bound 6, < 1/2 which follows
from Equation (4.8). Then

F(a,b,n) > G(a,b,n) =24+ (n+2)(n—b—1)—ala+1) — (n —ab)(n —ab+1).
First consider the case b = 1. Then
G(a,1,n) =24+ (n+2)(n—2)—ala+1)—(n—a)(n—a+1).

The values of G(a,1,n), when n is fixed and a varies, lie on a parabola with negative
leading coefficient. To prove lower bounds in the range 2 < a < n — 1 it is sufficient to
check the extreme values, namely a =1 and a =n — 1.

We see that

Gn—1,1,n) =G(1,1,n) =2+ (n+2)(n—2)—2—(n—1)n=n?*—4—n?+n=n—4>0,

as we assumed that n > 4.

Finally, we are left with the case a > 2,b > 2. In this case we have n > ab+1 > 5
and a < (n — 1)/2. Fix a and n. Then G(a,b,n) as a function of b is again a parabola
with negative leading coefficient. So it suffices to check the extreme cases b = 1 and
b = (n —1)/a We already proved that G(a,1,n) > 0, so we are left to show that for
2<a<(n—-1)/2,

G(a,(n—1)/a,n) >0

Indeed, we get
G(a,(n—1)/a,n) =2+ (n+2)(n—(n—-1)/a—1) —a(a+1) — 2.
Using (n —1)/a < (n—1)/2 and a < (n —1)/2, we get

Gla, (n —1)/a,n) > (n+2)((n—1)/2— 1) — (n— 1)(n+1)/4
2(n+2)(n—3)—(n*—1) n*—2n-11

4 4

The last value is non-negative since n > 5. O
8. Proof of Theorem 4

We start the proof for n general, assuming the GRC for GL,, for all m < n. The
proof is similar to the last section, but we use Lemma 5.11 instead of Lemma 5.12. It is
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therefore sufficient to show that for every zy € X, for € < &g, for k = |42 log, (7)1,
it holds that

1T (") K2, Nl <y e,

€,Z0

We choose a compact subset 2 which contains xy. Using Proposition 6.1, we reduce to
proving that

Z Cp Z pFn(0ep—(n=1) / |Eisp (o, A)(z0)[PdN < e . (8.1)
P

—1
peBp Vo se A€iap, A <e1

We can then further divide the above sum into shapes as done in Section 7. The basic
observation is that for a shape S = ((a1,b1),...,(ar, b)), if b; = 1 for all i (i.e., the
shape is cuspidal), then by Lemma 4.18 for every ¢ € Bg the GRC implies that 6, = 0.
Therefore, for cuspidal S, assuming GRC,

S pn@en—(-D) / |Bisp(p, A)(20)]? dA
PEBs,v,<e1 A€iap,[|A][<e—?

IS / [Bisp (g, ) (0)[2

PEBs Ve S xeiap A <e
Using Proposition 4.17, the last value is
<q pfkn(nfl)efd,

and plugging in the value of k the last value is <« 1.

We, therefore, deduce that assuming the GRC, we are only left with non-cuspidal
shapes to deal with.

For S = ((1,n)), the only representation ¢ € Bg is the constant L?-normalized func-
tion g. In this case 0, , = (n — 1)/2, and its contribution is

pkn(29¢01p*(”*1))§00(z0) < 1.
Now, let us fix n = 3. In this case, the only non-cuspidal shapes are S = ((1,3)) and
S =1((1,2),(1,1)). Following the above, we are left with the shape S = ((1,2),(1,1)). In

this case there is exactly one element ¢, € Bg with 6, , = 1/2. We have the following
result.

Proposition 8.1. For every A € iap and every n > 0, it holds that

|Eisp (01, M) (20)| <nppmo A¥/ 477
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The result follows from the functional equation of Eisp(p1, A), standard bounds of the
Riemann ¢-function, and the Phragmén—Lindel6f convexity principle. This is explained
in [5]. As a matter of fact, [5, Theorem 1] proves a stronger and far deeper result where
the exponent is 1/2 instead of 3/4.

Now, using Proposition 8.1, we deduce that

Z psk(20¢,p72) / |Eisp (e, /\)(5'30)|2 dA

pEBs,vp<e1 A€iap,|[A]|<e—t
—3k_—5/2—
<<n,a:0 p € / n-

5/6

In this case p*¥ = £75/6, so we conclude.

Remark 8.2. The argument above using the local L>°-bound of the maximal degenerate
Eisenstein series extends to the shapes of the form S = ((1,n — 1),(1,1)) for any n.
However, for n = 4 we do not know how to handle shapes of the form S = ((1,2), (1,2))
or S = ((1,2),(2,1)) or S = ((2,2)). In all cases, we need good uniform bounds for

Eisp (@, A) (o).

Remark 8.3. Without assuming the GRC we do not know, even for n = 2, whether
k(zg) =1 for all zy € X. The problem reduces to the following local version of Sarnak’s
density conjecture, which we state for general n: for every 2o € X and I >0, T > 1

Z P‘W(pl)f ‘¢($0)|2 <5.p,20 (Tpl)5 (Td +pl(n—1)) ’
pEFT

for every & > 0. This version is open even for n = 2 but can be proven for some x( using
different methods. This result will appear elsewhere.
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