HYPERBOLIC SYSTEMS WITH NON-DIAGONALISABLE
PRINCIPAL PART AND VARIABLE MULTIPLICITIES, III:
SINGULAR COEFFICIENTS

CLAUDIA GARETTO AND BOLYS SABITBEK

ABSTRACT. In this paper we continue the analysis of non-diagonalisable hyperbolic
systems initiated in [25, 26]. Here we assume that the system has discontinuous
coeflicients or more in general distributional coefficients. Well-posedness is proven
in the very weak sense for systems with singularities with respect to the space
variable or the time variable. Consistency with the classical theory is proven in the
case of smooth coefficients.

1. INTRODUCTION

This paper continues the analysis of hyperbolic systems with non-diagonalisable
principal part and variable multiplicities started by Gramchev and Ruzhansky in [27]
for 2 x 2 hyperbolic systems and continued by the first author, Jah and Ruzhansky
in [25, 20] for systems of arbitrary size. Here we assume that the system coefficients
are singular, i.e., distributional in x but still continuous with respect to ¢t or when
smoothness is assumed in the space variable we allow singularities in time. Let us
briefly summarise what is known about hyperbolic systems with non-diagonalisable
principal part. Let

u(0,z) = g(x),

where A is an upper triangular m x m matrix with real eigenvalues and L is the matrix
of the lower order terms. Note that the eigenvalues might coincide and therefore we
are dealing here in general with a hyperbolic system with multiplicities and non-
diagonalisable principal part. It is also not restrictive to assume that the matrix
A is upper-triangular since conditions are given in [25] which allow the reduction
into upper-triangular form of the system above. For a non exhausting overview on
hyperbolic problems with multiplicities we refer the reader to [1, 2, 3, 4, 5, 6, 7, &, 9,

) 7 ) ]'
Combining the results proven in [25, 26, 27] we have that the Cauchy problem above
is well-posed in anisotropic Sobolev spaces of any order provided that the entries of

{Dtu = A(t,z, Dy)u+ L(t,z, D)u+ f(t,z),  (t,z) €[0,T] x R™,
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A = (a;;) are symbols in C([0, 7], S*(R*")) and the entries of L = (¢;;) are symbols
in C([0,T], S°(R*") fulfilling the following Levi type condition:

li; € C([0,T], S77(R*"))

for ¢ > j. In addition, when A depends only on x and assuming intersection of finite
order at points of multiplicity one can obtain a representation formula for the solution
which leads to results of propagation of singularities. See [26] for more details. The
results above heavily rely on the fact that the system coefficients are smooth in space
and at least continuous on time. This is due to the fact that the system is solved
making use of symbolic calculus and Fourier integral operators methods [30)].

When the system coefficients are less than continuous in time or less than smooth in
space it might be difficult even to define a notion of solution. Indeed, as a consequence
of Schwartz’s impossibility result such system might fail to have a distributional
solution [31, 34, 35]. For this reason, we want to prove here well-posedness in a very
weak sense. Note that the desire to drop the regularity assumption of the system
coefficients has physical motivation, since this kind of systems naturally arise in wave
propagation into a multi-layered medium, like the Subsoil, or in conical refraction in

crystals, see [19] and references therein.
The notion of a very weak solution has been introduced by the first author and
Ruzhansky in [19]. It is based on the idea of replacing the original problem with a

regularised one, where the coefficients and initial data are regularised via convolution
with suitable mollifiers. This generates a net of hyperbolic problems with smooth
coefficients depending on the regularising parameter ¢ € (0,1). The corresponding
net of solutions (u.). is said to be a very weak solution if it satisfies some specific
behaviour with respect to the parameter, that we will refer to as moderate. Note that
the notion of very weak solution is inspired by the theory of algebras of generalised
functions [11, 15, 23, 28, 35] however, here we work with nets of functions rather than
equivalence classes and we have full flexibility of regularising coefficients and initial
data with different mollifiers and scales, basing our choice on the intrinsic properties
of the problem we are studying. Moderateness will also be measured according to
different norms or seminorms which are determined by the function space where we
aim to prove well-posedness: C'*°, Sobolev spaces, Gevrey classes, etc.

In the sequel we list the main results obtained in this paper.

We begin by focusing on the Cauchy problem

Dyu = A(t,x, Dy)u+ L(t,z, Dy)u + f(t, ), (t,x) € [0, T] x R",
with initial data u(0,z) = g(z), where,
Z@—l Alj(t,.flf)Dx. alg(t,.T,Dz)
A t D(E — = 7 n ;
e ¥ eyt 2)Ds,

and

621 (t, .ﬁE) <DI>_1 EQQ (t, [L’)
We assume that the matrices A and L are defined by pseudo-differential operators
of order 1 and 0 respectively, with symbols which are not smooth in z. Namely,
we assume that the system coefficients are continuous in ¢ but distributional with
compact support in z. As a toy model one could think about a discontinuous function

L(t,z,D,) = { tn(t, ) 512(75,93)} _
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in x or a Dirac distribution in z. After regularisation, i.e. convolution with a suitable
mollifier

ww(e) (I‘) = w(g)inw(w<€)ilx>7

where w(e) — 0 as € — 0, we work on

Dy = Ac(t, x, Dy)ue + Le(t, v, Dy)ue + fo(t, ), (t,2) € [0,T] x R™,
u:(0,2) = g-(), z € R,

Where UE(OJ $> - [gl,s<‘r>7 g2,€(x>]T and fE(ta l‘) - [fl,e(ta .Z‘), f2,5(t7 x)]T7 and the SyStem
matrices are

A.(t,z,D,) = {Z?:l Aje(t, ) Dy, a2 (t,z, Dy) } 7

0 Z?:l )\2j,5(t, .T)D:C]
and

o gll,e(ta LE‘) £1275<t,$)

Le(t,z, D) = [ﬁgl,e(t,xXDmfl 522,6(15,95)} :
By the theory of Fourier integral operators [25, 26] we know that the solution u. =
[u1 ¢, u2.]" can be written explicitly via action of FIOs or integrated FIOs on the
initial data, that we will denote here with G?ﬁg and G, ., respectively, with ¢ = 1, 2.
The corresponding phase functions, ¢;. can be also explicitly calculated by solving
the Eikonal equation determined by the system eigenvalues. It turns out that to
guarantee Sobolev mapping properties of the operators involved in our proof (see
[38]) we need nets of symbols of order 0 as well as some bound on the phase function,
namely,

|8§¢i,€(tax7€> - a§¢z,8(t7y7€)| Z C(E)|5E - y| for x,y S Rna 5 € Rna
|ay¢i,s<t7y7£) - ay(bi,‘f(tu y777>| Z C(€)|£ - 77| fOI' Yy € Rn? 577] € Rn7

for © = 1,2. In particular, it is crucial to study the e-behaviour of the composition
operator

Q%E =G0 (a120 + lize) 0Gop 0 521,5<Dx>_1-

Summarising, we identify the following set of hypotheses which guarantees the hy-
perbolicity of the system as well as its solvability in the very weak sense:

(H1) the coefficients (A1;.). and (Agj.). are real valued and C([0,7],C*(R"))-
moderate for 7 = 1,...,n with compact support in z;

(H2) (OkA1jc)es (OkA2je)e and (€4 ). are logarithmic moderate for k,7 = 1,...,n
and 7 =1, 2;

(H3) the nets of constants (C(¢)). and (C~'(¢)). are moderate and

1GY N o —ms = O(1).

In detail, we prove that

e if (H1), (H2) and (H3) hold then the Cauchy problem above has a very weak
solution (a solution (u.). which is C(]0, 7], C*>°(R™))-moderate) and it is well-
posed in the very weak sense (Theorem 3.2, Corollary 3.3);

e if A is diagonal and L upper-triangular then (H1) and (H2) are sufficient to
get very weak well-posedness (Corollary 3.4);
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e if A and L are both upper-triangular then the Cauchy problem is well-posed
in the very weak sense provided that (H1), (H2) hold and the nets of constants
(C(g))e and (C~'(g)). are moderate (Corollary 3.5);

e the last two results are easily extendable to matrices of size m x m.

This paper is organised as follows: in Section 2 we collect some preliminaries on
regularisation and very weak solutions for hyperbolic equations. The main results
are proven in Section 3. In Section 4 we prove that very weak solutions recover the
classical solutions in the limit as € — 0 in the case of smooth coefficients. We also
discuss some examples and we show how to adapt our methods to coefficients which
are singular in time rather than in space. The paper ends with an Appendix devoted
to the L2-boundedness of Fourier integral operators [33]. In particular, we formulate
precise bounds for FIOs depending on ¢ of the type encountered in the paper.

2. PRELIMINARIES: REGULARISATION AND VERY WEAK SOLUTIONS

In this section we recall the notion of very weak solution as introduced in [19].
The main idea, which goes back to algebras of generalised functions, consists in
regularising the equation coefficients via a Friedrichs type mollifier ¢ (¢ € C°(R™),
v > 0 with f 1 = 1). In other words, given a compactly supported distribution u on
R™, we generate a net of smooth functions (u.)., where € € (0, 1], by writing

Ue = U * ww(eﬁ

where

o) (1) = w(e) "p(z/w(e)),
and w(e) is a positive function converging to 0 as ¢ — 0 with w(e) > c£* for some
¢,a > 0, uniformly with respect to €. It is clear that u. converges to u as ¢ — 0. In
addition, the net (u.). fulfills some extra properties with respect to the parameter

¢ that are illustrated in the proposition below. For a detailed proof of we refer the
reader to [19, 28, 35] and reference therein.

Proposition 2.1.

(1) If u € E'(R™) then there exists N € Ny and for all « € Nj there exists ¢ > 0
such that

0% (u % o)) ()] < cw(e) N1,
for all z € R™ and € € (0, 1].
ii) If f € C°(R™) then for all « € N} there exists ¢ > 0 such that
( ) ff c 0
|0°(f * Yue) (@) < ¢,

for all z € R™ and € € (0, 1].

(iii) If f € C°(R™) and mollifier v has all the moments vanishing, i.e., [o, ¥(z)dr =
1 and [g, x*¢(x)dx = 0 for all multi-index v with || # 0, then for all o € N§
and for all g € Ny there exists ¢ > 0 such that

|0°(f * ey (x) = f(2))] < cwl(e)?,
for all z € R™ and € € (0, 1].
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It follows that the nets obtained via convolution with a mollifier are moderate or
negligible with respect to the seminorms of C'*°(R") (see Definition 2.1). Analogously
one can replace C*°(R"™) with C*°([0,7] x R™). In the sequel, K € R" stands for K
is a compact set in R”.

Definition 2.1.
(i) A net (v.). € C=(R™)®1 is C*-moderate if for all K € R™ and for all o € N}
there exists N € Ny and ¢ > 0 such that

|0%e(z)| < sV,

uniformly in 2 € K and € € (0, 1].
(ii) A net (v.). € C®(R")®U is C>-negligible if for all K € R", a € Nj and
q € Ny there exists ¢ > 0 such that

0% ()| < ce?,

uniformly in # € K and € € (0, 1].
(iii) A net (v.). € C*([0,T] x R™)©U is C*-moderate if for all K € R™ and for
all [ € Ny and a € Njj there exists N € Ny and ¢ > 0 such that

|0f8°‘vg(t, x)| < eV,

uniformly in ¢t € [0,7], x € K and ¢ € (0, 1].
(iv) A net (v.). € C=([0,T] x R*)®1 is C>-negligible if for all K € R", k € N,
a € Njj and g € Ny there exists ¢ > 0 such that

|afa%5 (t,z)| < cet,

uniformly in ¢t € [0,7], x € K and ¢ € (0, 1].
(v) A net (v.). € C([0,T],C®R™) O is C([0, T], C=(R"))-moderate if for all
K € R" and for all o € Njj there exists N € Ny and ¢ > 0 such that

|05 (t, z)| < eV,

uniformly in ¢t € [0,7], z € K and € € (0, 1].
(vi) A net (v.). € C>®([0,T] x R is C([0, T], C=(R"))-negligible if for all
K e R", a € N§ and ¢q € Ny there exists ¢ > 0 such that

|0%v(t, z)| < ce?,
uniformly in ¢ € [0,7], x € K and ¢ € (0, 1].

Remark. If we are dealing with nets of numbers then we will measure moderateness
and negligibility in terms of the module in C or R and we will simply talk of moderate
and negligible nets. Analogously, we can state the definitions above for vectors by
replacing C*(R™) with C*°(R™)™. We will still talk of C*°-moderatenss and C>-

negligibility.
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2.1. State of the art on hyperbolic equations with low regular coefficients.
In this subsection we give a brief state of the art on hyperbolic equations with low
regular coefficients, with particular focus on the very weak well-posedness of the
corresponding Cauchy problem.

We begin by recalling that the Cauchy problem for ordinary differential equations
has been investigated already in [28] in the context of Colombeau algebras of gener-
alised functions. The results obtained there (Theorem 1.5.2 [28]) can be rewritten at
the net level as follows, for the Cauchy problem

Z.(t) = Fo(t, z.(t)),

z:(ty) = Zo e,

(1)

where t € R, (F.). is a net in (C*°(R'™))" and (z.). is a net of initial conditions.
In the sequel we are making use of the standard norm in R'*" that for the sake of
simplicity we will continue to denote with | - |.

Proposition 2.2. Let (F.). be a net in (C(R™"))" such that
(i) for all k € Ny and o € N} there exists N € Ny and ¢ > 0 such that

OFOFF(t, )] < ce™ N (14 |(t, 2))Y,

for all (t,z) € R x R™ and ¢ € (0, 1].
(ii) there exists ¢ > 0 such that

||va€(t, (E)HLoo(RlJrn) = O(| In E|)

For all e € (0,1] the Cauchy problem (1) has a unique solution z. € C°°(R™)"
such that if (zo.)e is moderate then (x.). is C*(R)-moderate as well. The solution
(x:)e is unique modulo, negligible perturbation, i.e., if we perturb the initial data
with a negligible net (i.e., xo. + ne, where (n.). is negligible) then the corresponding
solution will differ from (x.). by a C*-negligible net.

For the sake of simplicity we say that (V,F.). is logarithmic moderate, i.e., it is
moderate on (0, 1] and fulfilling logarithmic type near 0. Note that one can reformu-
late the proposition above on a finite time interval [0, 7] and replace the polynomial
bound in (i) with an assumption of compact support with respect to the z-variable.

Proposition 2.2 can also be stated for nets that are only continuous with respect
to t. This means to set k& = 0 and replace C* with C([0,7], C*(R™)). Continuity
with respect to t € [0,7] and smoothness with respect to x will be the standard
assumptions throughout this paper for our nets of functions.

Let us now consider the scalar case, i.e., the Cauchy problem for first order hyper-
bolic equations. In detail, let

Dyw, = Z aje(t,x)Djw. + ap.(t, x)w:, (2)
j=1
w5(07 ZE) = Wo,e,

where D; = D, , the coefficients a;. are real-valued for all j = 1,...,n. The equation
coefficients are compactly supported distributions with respect to x regularised by
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convolution with a mollifier ¢ that we assume non-negative and with integral 1. In
detail,

- a; € C([0,T] x E'(R™)),
a4y € O([0,T] x &
- Wy € Sl(Rn)

and

Definition 2.2. We say that the Cauchy problem

Dyw = Z aj(t,x)Djw + ap(t, x)w,
j=1
w(0,z) = wy

admits a very weak solution (w.). if the net (w.). solves the regularised problem (2)
and it is C(]0, T], C*(R™))-moderate.

The following result, is the net-version of the well-posedness results obtained in
[14, 29, 34]. Tt shows that a transport equation with singular coefficients admits a
very weak solution under suitable choice of the regularising scale. In the sequel we say
that a net of function is logarithmic moderate if its L>°([0, 7] x R™)-norm is estimated
by a logarithmic scale.

Proposition 2.3. Let the coefficients (a;.). be C([0,T],C*(R™))-moderate for j =
L,...,n with compact support in x. Suppose that (a;.). are real valued and (Opa;.):
as well as (ap)- are logarithmic moderate (k,j =1,...,n). Then,

(i) the Cauchy problem above admits a very weak solution (w.). which is com-
pactly supported with respect to x.
(i) If ap. as well as wy. are real-valued then the solution (w.). is real valued as
well.
(iii) Negligible perturbations of the coefficients and initial data lead to a negligible
perturbation in the very weak solution.

In [14] the authors investigated further the properties of the very weak solution
(w.)e and proved that it can be written as the action of a Fourier integral operator
(FIO) on the initial data (wq).. We summarise here the main steps of their argument,
mainly to solve the Eikonal equation to determine the phase function of the FIO and
to solve a certain transport equation to determine its symbol. As expected, we will
work with nets of FIO’s, phase functions and symbols depending on the regularising
parameter ¢ € (0, 1].

2.2. Nets of phase functions. We begin by constructing the phase function of the
FIO making use of the characteristic curves associated to the principal part of the
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equation. This means to solve the linear Cauchy problem

n

at¢e<t7x7§> - Zajyé(tax>aj¢€(tax7§) (3)
j=1

0:(0,2,8) =x - &

Under the assumptions on coefficients (a;.). in Proposition 2.3, the Cauchy problem
above is solved by a C([0,T], C*(R"™))-moderate net (¢.). which can be written as

Gt 2, 8) = Y wielt, 2)&,
=1

where w; . with [ = 1,...,n are solutions of the Cauchy problem
Oune(t,x) = ajc(t, x)0jwo(t, @), (4)
j=1

wie(0,2) = ;.

We recall that the characteristic equations associated with the Cauchy problem (4)
are given by

d
%7[,5(1'7 ta 3) = _al,a(sa P)/l,a(xv t7 8)7 cee afYn,E(x7 t, S))7 (5)

Melx,t;t)y =2, for 1=1,...,n,
The solutions 7 ¢, ..., 7n.e are the components of the characteristic curve

Ye = (71,57 cee 77n,6)

associated the differential operator 2?21 aje(t,z)D;. The following proposition has
been proven in [11] in the context of generalised functions of Colombeau type. For
the advantage of the reader we present here a detailed proof at the net level.

Proposition 2.4. Let the coefficients (a; ). be real valued C(]0,T], C*°(R™))-moderate,
compactly supported in x and let (Ogaj.). be logarithmic moderate (k,j =1,...,n).
Then, the solution w;.(t,x) of the Cauchy problem (/) can be written as

t
wlﬁ(ta LC) = ’7[’5("1,’, ta 0) =T +/ al,é‘(Ta 7176(37775; 7-)7 cee 77n75<x7t; T>>d7—7
0
forl=1,... n.

Proof. From Proposition 2.3 it is easy to show that there exists a real valued solution
wie. It remains to prove that wy.(t,z) = v (2, t;0). This comes from the fact that
wi e is constant along the characteristic curves 7. (z,t; s)

d

Ewl,s<57 71,6<I7 t; S), ce 77n,E<I7 t; S)) =0.

Hence,

wl76<t7 Vl,e(ma ta t)a cee 7771,5(1.7 ta t)) = wl,&(Oa 71,5(1‘7 ta 0)7 s 77n,8(xa ta 0))
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for each ¢t € R. This implies w;.(t,z) = v(x,t;0). By solving directly the char-
acteristic equations and making use of Proposition 2.2 we know that v, .(z,¢;0) is
C*-moderate and it has the following form

Nz, tys) =x — / e (Tye(x, 7)o e, 7)) dr,
t

then

t
wie(t, z) = y(2,60) =z + / (T, e(x, 7)o e, 7))
0
This completes the proof. O

As a straightforward consequence we obtain the following result for the Eikonal
Cauchy problem (3)

Corollary 2.5. If the coefficients (a;.). are real valued C(]0,T], C*(R™))-moderate
with compact support in x with (Oxa; ). is logarithmic moderate (k,j =1,...,n) then
the phase function

Ge(t,z, &) = Zwlgt:c& Z’ns&?tofz,

— Z &+ fl/ are (T, e, t57), o e, t;7))dr,
=1 0

solves the Eikonal Cauchy problem (3).

2.3. The transport equation in this context. We now pass to solve the transport
equation, in other words to solve the Cauchy problem (2) with initial condition set
to 1. i.e.,

(6)

Dib-(t,2) =377 aj(t,2) D;jb(t, ¥) + ao(t, ¥)be(t, ),
b:(0,-) = 1.

The characteristic equations of the Cauchy problem (6) have the form

d
%ﬁylﬁ(x? t; 3) = —0475(8, ’7178@77 t; 5)7 e 7771,5(3:7 t; S))’

Melx, b t) = ;.
and therefore

Melx,tys) =x — / (T, (T, 7)o ez, ty7))dT
¢

forl=1,...,n. By solving

d )
%Z(S) = Za075<37 ")/175(1‘, t; 3)7 cee a7n75<x7 t; S))Z(S),

z(0) =1,

we deduce that
ba(t, ZIZ’) _ ei fg ao,s(r,'ylﬁ(:c,t;T),...,'ynys(ac,t;’r))d’r‘ (7)

Using Proposition 2.3 and integrating along the characteristics we have the following
result.
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Proposition 2.6. Let the coefficients (a;.). be C([0,T], C>°(R"))-moderate for j =
L,...,n with compact support in x. Suppose that (a;.). are real valued and (Opa;.):
as well as (ap): are logarithmic moderate (k,j =1,...,n), then the solution (b.). of
the Cauchy problem (6) is expressed by

bE<t, $) _ ei fg @0, (8,71, (T,;8) ey ¥n,e (T,t;8) ) ds (8)
and is C([0,T], C*(R™))-moderate.

We are now ready to write the solution of the Cauchy problem for first order
hyperbolic equations in terms of a FIO formula. In other words we prove that the
Cauchy problem in Definition 2.2 admits a very weak solution which is the action
of a family of parameterised FIO’s on the initial data. The results of the following
subsection are extracted from [11] where were originally stated in the context of
generalised functions of Colombeau type.

2.4. Fourier Integral Operator formula.

Proposition 2.7. Let the coefficients (a;.). be C([0,T], C>*(R"))-moderate for j =
1,...,n with compact support in x. Suppose that (a;.). are real valued and (0. ).

as well as (apc)e are logarithmic moderate (k,j =1,...,n). Then the solution (w.).
of the Cauchy problem (2) is C([0,T], C*(R™))-moderate and can be written as

weltyz) = Fan(b) (o)t 0) = [ €%, 1,0y () (9)

n

where the phase function ¢. is defined by Corollary 2.5 and symbol b. by Proposition
2.6.

The solution of the inhomogeneous Cauchy problem

Dyw.(t,x) = Z aje(t,v)Dyw:(t, z) + ap(t, v)w.(t, ) + fo(t, x), (10)

j=1
w:(0, ) = wo (),
where the net (f.). is C([0, 7], C*°(R™))-moderate with compact support in z, can

also be expressed into FIO form. We begin by noting that Fourier integral operator
Fy_(b.) of Proposition 2.7 is given by

Fo (be)(wo ) (t, x) = / e BT (¢, 2)io,. (€)dE

n

= b.(t, ) / eN=@E0Cop (€)dE

= b.(t, x)wo (V= (z, ; 0)).
It defines, for each t € R, a map
Ue(t) = Fo. (b:)(t) - woe = Fo. (be)(woe)(t, ),
such that U.(0) = I and
1

v
be(t,7e(x, 0;1))
Hence, we obtain the following statement.

U-Mt) v — (7e(z,0;1)).
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Theorem 2.8. Let the coefficients (a;.). be C([0,T],C®(R"™))-moderate for j =
L,...,n with compact support in x. Suppose that (a;.). are real valued and (Opa;.)e
as well as (ape): are logarithmic moderate (k,j =1,...,n). Then the solution (w.).
of the Cauchy problem (10) is C([0,T], C>®(R™))-moderate and can be written as

[ 1 ,
we(t,z) = Fy, (be)(t) (w0,€ + Z/[; be (7, 72 (-, O;T))fs<7—a Ve (- 0; T))dT) (), (11)

where the phase function ¢. is defined Corollary 2.5 and symbol b. by Proposition
2.6.

In the rest of the paper we will focus on hyperbolic systems with irregular coef-
ficients. More precisely, we will formulate conditions on the principal part and the
lower order terms matrix (Levi conditions) which will guarantee the existence of a
very weak solution. Our analysis will also investigate different levels of singularity of
the system coefficients and how they relate to the corresponding very weak solution.

3. HYPERBOLIC SYSTEMS WITH IRREGULAR COEFFICIENTS
We want to study the Cauchy problem for 2 x 2 systems of the type
Dyu = A(t,x, Dy)u+ L(t,z, Dy)u + f(t,x), (t,x) € [0, 7] x R",
with initial data u(0,z) = g(z), where,

27}_1 Alj(t,x)Dm. alg(t,x,Dz)
A t D$ — = 7 n y
(t, @, Da) [ 0 S Ayt 2) D,

and

(11 (t, ) lia(t, @)
L(t,z, D) = |:€21(t,$)<Dx>1 Egz(t,x)] ’

are matrices of pseudo-differential operators of order 1 and 0, respectively, and \;; € R
fori = 1,2 and j = 1,...,n. Differently from [25] we drop here the assumption of
smoothness with respect to x, so the entries of the matrices above are assumed to
be low regular in x, namely discontinuous or in general distributional. Passing to
regularisation via convolution with a mollifier we are lead to study the regularised
Cauchy problem

{Dtu€ = A.(t, 7, Do)ue + Le(t, 2, D)ue + fo(t,3),  (t,2) € [0,T] x R,

u:(0, ) = g-(z), r e R, (12)

Where US(O,ZL‘) = [gl,s(x)ng,e(x)]T and fs(twr) = [fl,s(tam>7f2,s(t7x)]Ta Wlth
S Aje(t, x) Dy, ai2e(t, z, Dy)
Az—: t? 7DI = 7= ' ’ n ’ )
( . ) |: 0 Zj:l )\2]‘,5(75,.17)ij

and

. 511,s(t7 37) 512,5@7 15)
Ls(ta x; Dgg) - |:£21,5(t7 ZU) <Dx>—l 622,6(257 .T) )

where (A1), (Agjc)e € C([0,T),C=(R™)OY for j = 1,...,n, are real-valued and
(a12,¢): and (lirc)e are nets of symbols of order 1 and 0 respectively, i.e., (a12.): €
C([0,77, 51 o(R™ x R")) O and (€4.). € C([0,T7], 57 o(R™ x R")) O for i, k = 1,2.
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We will prove that the original Cauchy problem admits a very weak solution by
carefully analysing the Sobolev well-posedness of the regularised Cauchy problem
(12). This will require some preliminary work inspired by [25] and the notions of
Sobolev moderateness and negligibility.

3.1. Preliminaries: Fourier integral operators and Sobolev norms. For each
Nije, @ =1,2, 7 =1,...,n we will be denoting by G7_ w, the solution to

{tha - Z;‘lzl Aij,é(ta I')ijwa + Eii,s(ta x, Dx)wsa (13)

w:(0, ) = woc(x),

and by G, . f. the solution to

ths = 2721 )\ij,s<t7 x)Da:jws + gii,s(ta z, Dx)ws + fs(ta [IZ’),
w:(0,x) = 0.
These are Fourier integral operators where the phase function ¢; . is defined by Corol-

lary 2.5 and symbol

b’i E(t x) — 67; fg gii,e (3771,E(Ivt§5)a~~~77n,a (557t§5))d3
, s

Y

by Proposition 2.6 for ¢ = 1,2. Namely, for
n t
Gre(t,x, &) =26+ ¢ / Nije (7,79 (@, 8 7))dr = i (, £ 0),
=1 70
the operators G, and G, i = 1,2, are given by

Gowoe(t,x) = Fy, (b;c)(wo)(t, ) := / 0By (¢, 2 )ido (€)d,

= bi,z—:(ty I)wo,e(%’,s (Z‘, t; 0))
and

Gi,afa(tax) = F¢i,a (blﬁ)(t) (7’/(; b, ( 1

377i,€('703 S))
[ 1

—icltea) (i G o el 0. 0550
1

t
=9 e ie (71,6 (,50),0;5)€—iy& bi (£, ) . (5. ) dydeds
/0 /RQ" bi (5, %i(Vie(2,t;0), 05 5)) e(t:2)fels,y)

¢
:/ /2 ei%’f(%’f(z’t;o)’O;s)E_iyEAm(s,t,x)fs(s,y)dydfds.
0o JRr2n

Combining Proposition 2.7 with Theorem 2.8 we easily obtain the following propo-

0

sition which describes the mapping properties of the operators G; . and G; .

fs(sm,a(vO;S))dS) (x)

Proposition 3.1. Assume that
(H1) The coefficients (Nije)e are C([0,T], C*(R™))-moderate for i = 1,2 and j =
1,...,n with compact support in x.
(H2) The coefficients (Nijc)e are real valued and (OpNijc)e as well as (Uj;.). are
logarithmic moderate for k,j =1,... ,n andt1=1,2.
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The operators G} and G;. map C([0,T],C>*(R"))-moderate nets with compact sup-
port in x into nets of the same type. The same holds with moderate replaced by
negligible.

We recall that pseudo-differential operators are a special kind of Fourier integral
operators so in the sequel we will also deal with nets of pseudo-differential operators
which will therefore have the same mapping properties of G?’E. More precisely, we
will work with the following nets of symbols, where the symbol class S7(R" x R™)
is defined as the set of all a = a(z, &) € C°(R™ x R"™) such that

Vo, B €Np, 3Cop >0 1 [0207a(x,€)] < Cop(®)™? V(x,€) €R" x R™.

Definition 3.1.
(i) A net (ac). € C*=(R™ x R")®1 is 5% (R™ x R")-moderate if for all K € R"
and for all o, 8 € Njj and there exists N € Ny and ¢ > 0 such that
(©OV™Masofac(x, ) < eV,
uniformly in { € R", x € K and € € (0, 1].
(ii) A net (ac). € C*(R™ x R")@1 js ST (R™ x R")-negligible if for all K € R”
and for all o, 8 € Njj and there exists ¢ € Ny and ¢ > 0 such that
(OVI=™a80fac(x, )| < cet,
uniformly in { € R", x € K and € € (0, 1].

Finally, we denote by C([0,T], S7,(R™ x R™))®1 the space of net of all sym-
bols (a-(t,z,€)). € S7H(R™ x R™)® which are continuous with respect to ¢ and
in analogy with the definition above we can define moderate and negligible nets in
C([0, 7], Sy (R™ x R™)) (1 by employing uniform estimates with respect to ¢ € [0, 7.

We can now go back to our regularised Cauchy problem. As explained in detail in
[25] the solution of the Cauchy problem (12) can be written as

Ule = Uﬁg + G e((a12,e + o )uae), (14)
Uge = US,E + Go (o1 (Dy) g ), (15)

where
U). =G} gic+ Gic(fie), 1=1,2. (16)

We want to prove that a smooth solution exists by proving that it belongs to every
Sobolev space H®. This means to make use of the Sobolev mapping properties of all
the operators involved above.

Plugging (15) in (14), we obtain

Ure = Uﬁg + Gre(a12,:Goe(bo1,e(Dy) Mure)) + Gre(liz,Gae(lor(Dy) tur ), (17)
where 3
U, = GY g1 + Gre(fre) + Gre((arze + l12)U3 ). (18)
By employing Proposition 5.2 in the Appendix we have that

|Gicv||lgs < TC'(e) sup  sup HafAi’E(s,t,:C)HLoo(]R;;)H’UHH.e,
t,s€[0,T] |B|<2n+1

(19)

e <C'(e) sup  sup  ||00b; (¢, )| peo(r ||V
t€[0,T7 |8]<2n+1

Hs,

IG3cvl



14 CLAUDIA GARETTO AND BOLYS SABITBEK

where C'(e) depends on the positive nets C(e), C,,i(¢) and Cg,(¢) appearing below:
|a§¢i,e(ta x>€) - 8{¢i,5<t7y7£>’ Z C(é‘)‘l‘ - y‘ for z,y € Rna 6 € Rna
|ay¢i,6(t7 Y, 5) - ay¢i,€(ta Y, 7])| Z C(€)|€ - T]l for ) € Rn’ 57 n € Rn7

and

1050 - (£, y, €)| < Cai(e),
10,08 di-(t,y, )| < Cpi(e),

for all t € [0, T, for 1 <o, |f| <2n+2and i =1,2.
In the sequel, we introduce the concept of H*-moderate, H?®-negligible nets, and a
very weak solution of Sobolev order s.

Definition 3.2.

(i) A net (v.). € H*(R™)®1 is H*-moderate if there exists N € Ny and ¢ > 0

such that
||ve ()]

N
Hs(Rn) S CE,

uniformly in € € (0, 1].
(ii) A net (v.). € H*(R")® is He-negligible if for all ¢ € Ny there exists ¢ > 0
such that
[|ve ()]

uniformly in € € (0, 1].

Analogously, one can replace H*(R™) with C([0,7], H*(R™)) and state the corre-
sponding notions of C([0, 7], H*(R™))-moderate and C([0, 7], H*(R"))-negligible net.

This will appear in the following notion of very weak solution of Sobolev order s.

Hs(Rn) S ng,

Definition 3.3. We say that the Cauchy problem
Dyu = A(t,x, Dy)u+ L(t,z, D,)u + f(t,x),
{u(&x) — gol)
admits a very weak solution (u.). of Sobolev order s if the net (u.). solves the regu-
larised problem (12) and it is C'([0, 7], H*(R™))-moderate.

We are now ready to investigate the Cauchy problem (12) more in detail.

3.2. Hyperbolic systems with non-diagonalisable principal part. Consider
the regularised hyperbolic system of type
Dy, = A.(t,x, Dy)u. + Lo(t, x, Dy)ue + fo(t, x), (t,x) € [0,T] x R™,
u:(0, ) = g-(z), r e€R™,

where UE(O, 33‘) = [gl,a<x)7 92,5($)]T and f5<t7 .CI?) = [fl,s(t> l'), f2,5<t7 m)]T’ with the Aa<t7 T, Dx)
and L.(t,x, D,) given by

A.(t,z,D,) = {271 Atje(t, 1) Dy, aio(t,z, D,) } |

0 Z?:l )\Qj,s(t, I‘)DI]
and

o U1 (L, ) liac(t, x)
Lg(t, Z, Dz) - |:£21,5(t7 I)<Dx>71 £2278(t7 I) )
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where (A1jc)e, (Agjc)e € C([0,T],C®(R™) O for j =1,...,n and (a12.). and (i )-
are nets of symbols of order 1 and 0 respectively, i.e., (a12.)- € C([0,T7],5](R™ x
R™)) @ and (L) € C([0,T7], 89 o(R™ x R™)) @ for i, k = 1,2.

The net of solutions (u.). of this hyperbolic system can be formulated in terms of
operators G and G, introduced in Subsection 3.1 if the following hypotheses hold:

(H1) The coefficients (A1jc). and (Ag;.)e are real valued and C([0,T], C>(R"))-
moderate for j = 1,...,n with compact support in z.

(H2) Also, (OkAije)es (OkA2je)e and (¢;.). are logarithmic moderate for k,j =
1,...,nand72=1,2.

Note that these assumptions allow to write (u1.). and (us2.). as in (14) and (15).
More details can be found in Theorem 2.8.

In order to prove the existence of a very weak solution we start from the component
u; . and the equation

Uy e = [7{),5 + Gl,a(a12,aG275(£217a<D:(:>_1u1,a)) + Gl,e<£127aG2,a(€21,a<Doc>_1u17a))7
where
URE = G(l],ggl,s + Gi:(fre) + Gre((aine + 512,5)(]35)-

We make use of the Banach fixed point theorem assuming the additional hypothesis:

(H3) The operators G7, and G; . map H*-moderate and C([0, T], H*(R"))-moderate
nets into themselves, respectively and

g?,g i= G0 (a12,6 + l12,c) 0 Goo 0 la1 (Dy) 7!
has the operator norm in H? strictly less than 1
1G) I mesms = O(1).

Note that GY . acts continuously on H* since it is of order 0.

Let us now work on better understanding the hypothesis (H3). We have that (H3)
holds if

||G1,5 SEGDRERS G2,e o 621,5<Dw>_1|

Hs—Hs S TCl(S)Al(5)&12(8)02(6)142(8)[/21(6) = O(l),
and

||G1,5 o 612,5 © G2,€ o 621,€<Dx>_1|

HSs—sHs S TCl(8)141(8)L12(€)02(6)A2(8)L21(5) = 0(1),
where
Az(g) ‘= Sup sSup ||85Ai,€(87t7 x)HL‘X’(RZ) for = ]-7 2a
t,5€[0,T] |8|<2n+1

aja(e) := sup sup H(é">’18gafa12£(t,a:,f)HLoo(Rngg),
te[0,T7] |al,| 8| <2n+1

Ly5(e) == sup sup ||35512,a(t,$)||L°°(Rg)7
t€[0,T] |8|<2n+1

Loy(e) == sup  sup [[020a o(t, 2)]| oo (ry).
te[0,T]|8|<2n+1
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and Cj(e) and Cy(e) include the combination of constants C(e), Cyi(e) and Cg,(e)
from

|a£¢i,s(t7 Z, g) - a§¢i,€<t7 Y, g)’ Z C(E)‘I‘ - y‘ for x,Yy € Rn7 f € Rna
10y0ic(t,y,€) — Oydic(t,y,m)| = Ce)|€ —n| for y eR", {,neR,
and that
|a;a§¢z,e(t) Y, §>| S Ca,i(6)7 |ayagqbi,€<t7 Y, 5)’ S Cﬁ,i<€)7
for 1 <|al,|f| <2n+2andi=1,2.

We refer the reader to the appendix at the end of the paper for the Sobolev mapping
properties of Fourier integral operators that we have employed above. Note that the
nets of constants C, ;(¢), Cj,(¢) are automatically moderate while C(¢) and C~!(¢)
are assumed to be moderate to make sure that our operators have the right Sobolev
mapping properties. The stronger hypothesis (H3) is required to allow a fixed point
argument independent of the parameter e. We therefore conclude that (H3) can be
written as

(H3) the nets of constants (C(¢)). and (C~*(¢)). are moderate and
1GY |l a5 s = O(1).

If (H3) holds, then we will apply Banach’s fixed point theorem in the space X (t) :=
C([0,t], H*(R™)) for t € [0,T] with the norm

[urellx@ = sup [|luie(T,-)]
0<r<t

HS.

Note that we can rewrite the equation for u; . as
770 0
Ule = Ul,a + gl,eulﬁ‘

Using composition of Fourier integral operators and hypothesis (H3) we have that
the 0-order Fourier integral operator G7, maps X (t) continuously into itself and for

small time interval it is a contraction, in the sense that there exists T* € [0, T] such
that

167 - (w = )lx(r+) < CT*[Ju = vl x (7, (20)
with CT* < 1. The existence of a unique fixed point u; . for the map g{{e is provided
by Banach’s fixed point theorem and is equivalent to say that the operator I — g%e
is invertible on [0, 7] for all values of e. It therefore follows that (u;.). inherits the
moderateness properties of (URE)E. Note that as already observed in [25] the constant
C does not depend on the initial data so the argument can be iterated to cover the
full interval [0, T].

We have therefore proven the following general result.

Theorem 3.2. Let us consider the Cauchy problem

{Dtu — A(t,z, Dy)u+ L(t,x, D.)u+ f(t,z),  (t,x)€[0,T] x R",

u(0,z) = g(z), z € R, (21)

where .
Z. Alj(t,il?)ij alg(t,l’,Dz)
0 Z?zl Agj(t, ) Dy,
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15 an upper triangular matriz of first order differential operator and

. gll(ta %) glg(t, ZL’)
Lt 2. Da) = 1y, (1,2)(D) " bt 2)
1s a matriz of pseudo-differential operator of order 0 with {15 of order —1, continuous
with respect to t and such that
(i) all coefficients of A(t,x, D) and L(t,z, D,) are in C([0,T],E"(R™)) with com-
pact support in x,
(i) the initial data g;(x) € E'(R™) and the source term fi(t,x) € C([0,T],E"(R™))
with compact support in x fori=1,2.

Assume that (H1), (H2), (H3) are satisfied. Let the nets of reqularised initial
data (gic)e and the right-hand side (f;.)e be H"""'-moderate and C([0,T), H*"~1)-
moderate for i = 1,2, respectively. Then the net of solutions (u.). is a very weak
solution of anisotropic Sobolev type, i.e. u;. is C([0,T], H**""1)-moderate fori =1,2.

Remark. Note that when regularising a distribution with compact support with a
mollifier which is also compactly supported we automatically get a moderate net of
smooth functions with compact support and therefore a moderate net of any Sobolev
order.

The existence of a very weak solution in the sense of Definition 2.2 follows from
the following corollary.

Corollary 3.3. If (H1) and (H2), (H3) hold then the Cauchy problem (21) has a
very weak solution (ug)e, i.e., a net (u.). which solves the reqularised Cauchy problem
and it is C([0,T], C*°(R™))-moderate.

Remark. Negligible perturbations of the system coefficients and the initial data leads
to a negligible perturbation in the solution. This follows from the fact that our nets
of operators maps negligible nets into negligible nets. For this reason we say that our
Cauchy problem is well-posed in a very weak sense.

3.3. Special cases of the hyperbolic system in (21). In this subsection, we anal-
yse some special cases of Theorem 3.2. First, we assume that the matrix L(¢,z, D,)
of the lower order terms is upper triangular and that A(¢,z, D,) is either diagonal
or in upper triangular form. In both these cases the hypotheses (H1) and (H2) are
sufficient to prove Theorem 3.2.

Corollary 3.4. Let us consider the Cauchy problem (21) with a diagonal matriz of
first order differential operators A(t,x, D,) and an upper triangular matrixz of 0-order
pseudo-differential operator L(t,z, D,) as

27‘11 /\1j(t7x)D$' 0
A(t,x, D,) = | == Ty ’
(t,z, Dy) [ 0 > i1 Agj(t, ) Dy
and Uy (t,x) lo(t, )
_ [ttt z) Looft, o
L(t,z,D,) = { 0 fzg(t,x)} ’
where

(i) all coefficients of A(t,x, D) and L(t,z, D,) are in C([0,T],E"(R™)) with com-
pact support in x,
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(ii) the initial data g;(x) € E'(R™) and the source term f;(t,z) € C([0,T], & (R™))
with compact support in x fori=1,2.
Assume that (H1) and (H2) are satisfied. Then the net of solutions (u.). of the
regularised problem is a very weak solution, i.e. (u;.). is C([0,T], C*(R™))-moderate
fori=1,2 and can be written as

0

Ure = Gngl,e + Gl,sfl,sa
0

U2 = G27592,5 + G2,€f2,e~

Corollary 3.5. Let the matrices A(t,z, D,) and L(t,z, D,) in the Cauchy problem
(21) be both upper triangular. Let
(1) all coefficients of A(t,z, D,) and L(t,z, D,) are in C([0,T],E (R™)) with com-
pact support in x,
(ii) the initial data g;(x) € E'(R™) and the source term f;(t,z) € C([0,T], & (R™))
with compact support in x fori=1,2.
Assume that (H1) and (H2) are satisfied. Assume that there exist moderate nets
of constants (C'(e)). and (C~'(e)). such that

|a§¢i,a(t>$a€) - a&¢i,£(taya§)| 2 0(6)’23 - y’ f07“ T,y € Rna S € Rna (22)
|ay¢i,€(t7 Y, 5) - ay¢i,6(t7y7 77)| Z 0(8)’5 - T]| fOT Yy e Rn? 577] € an

for all i = 1,2. Then the net of solutions (uc). of the reqularised problem is a very
weak solution of anisotropic Sobolev type for all s € R, i.e. (u;.). is C([0,T], H**1)-
moderate for i = 1,2 and can be written as

Ule = G(l)fgl,e + Grefie +Gie((ar2e + ﬁlz,s)US,E),
U2 = U3,5 = Gg,ggls + G2,5f2,e7

where U3 _ is defined in (16).

Remark. Tt is important to note that Corollary 3.4 is independent of the hypothesis
(H3) and that Corollary 3.5 only requires the hypothesis on the phase function which
guarantees the right Sobolev mapping properties for our Fourier integral operators.
This is due to the fact that the Banach fixed point theorem is not required for the
proof of Corollaries 3.4 and 3.5. It is also clear that Corollary 3.4 and 3.5 hold for
m X m-systems as well. It is indeed sufficient to formulate the hypotheses (H1) and
(H2) with ¢ = 1,...,m and assume that (22) holds for i =1,...,m.

We now focus on 2 x 2-systems where the hypothesis (H3) is needed to prove the
existence of a very weak solution. For the sake of the reader we reformulate Propo-
sition 5.2 for the operators involved in (H3). This will apply to a scenario where the
matrices A(t,z, D,) and L(t,x, D,) are not as in the previous two corollaries. Let
Gie(t,x, &) = vie(x,t;0)6. We have that if there exists constants C, C,, Cz indepen-
dent of € € (0, 1] such that

”V’L,E(Jjﬂuo) - fyi,€(y7t; 0)| > C’l’ - y’ for t € [OvT]v T,y € Rn7
|8y7178(y7t70) ’ (g - 77)| Z C|§ - 77| for ¢ € [O7T]a Yy € Rna 5777 € Rn7
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and
|ag7’)/i,€(yvt; 0)| S COM ‘aya?(7278(yata 0) : €)| S Cﬁa fort € [OaTL (TS Rna

for 1 <|a|,|8] < 2n+2 and i = 1,2, and the lower order terms (15, and £ . have
derivatives up to order 2n + 1 which are bounded with respect to the parameter ¢ as
well, then the hypothesis (H3) is automatically fulfilled. This corresponds to a case
of higher regularity of the coefficients which is treated in the next corollary.

Corollary 3.6. Let us consider the Cauchy problem (21) with given a diagonal ma-
triz of first order differential operators A(t,x, D,) and a matriz of 0-order pseudo-
differential operator L(t,z, D,) as

2 j—1 A1 (t, ) Dy, 0
A(t,x, D,) = | == Ty ’
( » L, ) |: 0 Zj:l >\2j(t7 .CC)DxJ
and (19(t, 1)
. 0 12 t,SU
L(t,x, D) = {521(?5,%) 0 ] ’
where

(i) the diagonal elements \ij, Moj € C([0,T],C*(R™)) for j = 1,...,n and
k > 2n + 1 with compact support in x;
(i) the initial data g(x) € E'(R™) and the source term f;(t,z) € C([0,T],E(R™))
with compact support in x, for 1 =1,2;
(iii) the non-diagonal elements €15(t,x), b (t, z) € C([0,T], C*(R™)) with compact
support with respect to x.
Then the net of solutions (u.). of the regularised problem is a very weak solution
of Sobolev type for all s € R, i.e. (u;c)e is C([0,T], H®)-moderate fori=1,2.

Proof of Corollary 3.6. The enhanced regularity of the coefficients allows (H1), (H2),
and (H3) to be satisfied automatically with constants that do not depend on . Under
assumptions (H1) and (H2), we can express the (u.). components as:

Ure = G(1)7591,5 + Gl,afl,a + G17£(£12,8u2,5)ﬂ
Ug e = Gg@gzg + Goefore+ Goc(lorur ).

By substituting us . into the equation of u; ., we get

Uy e = (735 + QSEULE,
where
ﬁﬁe =G g1e+ Grefie + Gre(lizoGY gac) + Gre(liz 0 Gorfor),
g?,e = Gl,e © 412,5 0 Gy 0l
Note that g%a is a zero-order operator. In other words it is not necessary in this

specific case to assume that the entry below the diagonal in the matrix L(t,x, D,)
is of order —1. Thus, one can prove that gﬁe has the operator norm in H*® strictly

less than 1 due to (H3) and the argument previously seen in (20). Moreover, U7, is
H*-moderate. By applying the Banach fixed-point theorem, we prove the existence
of very weak solution (u; )., i.e., (u1.)c is C([0,T], H*)-moderate. Finally, we obtain
Ug. by substituting u, . into the equation for us .. O



20 CLAUDIA GARETTO AND BOLYS SABITBEK

4. CONSISTENCY AND APPLICATIONS

In this section, we prove that our result is consistent with the classical well-
posedness result obtained in [25] when the system is regular enough. In detail, we
show that every very weak solution converges to the classical solution when it exists,
namely when the system has smooth coefficients with respect to x. In addition, we
discuss some examples of physical relevance.

Theorem 4.1. Consider the Cauchy problem (21), where A(t,x, D,) is an upper tri-
angular matriz of first-order pseudo-differential operators and L(t,x, D,) is a matriz
of zero-order pseudo-differential operators, continuous with respect to t, of the form

ZT.L_l )\1]<t7$)DI a]_Q(t,.’,E,Dx)
Alt,z,D;) = J= ! n
(t, 2, Da) [ 0 > i1 Agj(t, ) Dy

and

Cu(t, @ biolt, @
Lt Do) = Lm(t,x()(l?ifl 522275755;} '

Assume that all coefficients of A(t, x, D,) and L(t,x, D,) are continuous in t, smooth
and compactly supported with respect to x, the initial data g;(z) € C*(R™) and
fit,x) € C([0,T],C*(R™)) fori=1,2 and s € R. Hence,

(i) the Cauchy problem (21) has a unique solution u with components u; €
C([0,T], C*(R™)) fori=1,2;
(i) the Cauchy problem (21) has a very weak solution (u.)e, i.e., the components
(tie)e are C([0,T], C=(R™))-moderate fori=1,2.
(iii) the net uc(t,-) converges to u(t,-) as e — 0 in L*(R?) uniformly with respect
tot e [0,T7].

Proof of Theorem 4.1. (i) The well-posedness of the Cauchy problem can be derived
from the results presented by the first author, Jih, and Ruzhansky in [25].

(ii) The existence of a very weak solution of anisotropic Sobolev type is obtained
from Theorem 3.2. Note that since the coefficients are smooth the hypotheses (H1)-
(H3) are fulfilled with constants independent of .

(iii) Let (u.). and u be a very weak solution and the classic solution of our Cauchy
problem, respectively. Our argument is independent of the choice of the mollifier and
the scale we are using in our regularisation, so we namely prove that every very weak
solution produced in this way is convergent to the unique classical solution.

We now compare the classical Cauchy problem with solution u, with the regularised
one with solution (u.).. It follows that

{Dtme —u) = Ac(uc —u) + Lo(ue —u) + (fo = f)+ R, (t,z) € [0,T] x R™,
(ue —u)(0,2) = (g — 9) (), z € R",
where

R.(t,z) = [(A. — A)(t, 2, Dy) + (L. — L)(t, z, Dy)]u(t, z).

Repeating the argument in Theorem 3.2, we arrive at

Vie= Uﬁg + G0 (12 + liae) 0Gop 0 52175<Dz>_1V1,57
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where

Vie = w1 —uy,
U, =GV (91e — 1) + Gre([fre — fil + Ruc)
+ GLE © <a1275 + £1275) o [Gg,a(gle - 92) + GQ,E(fZ,E - f2> + G2,5R2,5]7

and

Ryc:=[Aec— M)t x, Do)uy + (ar2e — ar2)ug + (b1 — C1)ug + (broe — i2)us),
Ry = [(A2e — A2)(t, 2, Dy)ug + (lo1 . — 621)<Dx>_lu1 + (lag,c — la2)us).

By using the hypothesis (H3) and the Banach fixed-point theorem with CT < 1, we
get

||‘/1,5||L2(Rg) = ||URsHL2(Rg) + ||G1,6 o (au,s 4 l15.) 0 Gy 0 £217€<Dz>_lvl,e||L2(Rg)
< Ul |2y + OVl |2z
S ||U1075||L2(RTZ”)'

Note that because of the regularity of the coefficients the operators involved above
fulfill estimates which are independent of the parameter € € (0, 1]. We therefore have
that [|U7,||z2@py — 0 as € — 0 since |[g1. — g1ll2@n) = 0, [|f1e — fillr2@yy — 0,
||>\z‘,s - >\z'||Loo(Rgg) — 0, ||<§>71(CL12,5 - G12)||Lw(Rngg) — 0, and ||€ij7€ - ginLOO(Rg) — 0
for i,j = 1,2 as € — 0. This gives that ||ui. — u1|[r2(rn) — 0. From the continuity
assumption we have that all the limits above hold uniformly with respect to t € [0, T.
This yields to [Ju. — u||p2rp) — 0 as € — 0 uniformly with respect to ¢ € [0,7]. O

We conclude this section with the analysis of few examples where the system coef-
ficients are less than continuous or in general distributions with compact support.

4.1. Examples. For the sake of simplicity we work in space dimension 1. Let us
consider the Cauchy problem

Doy — H(x)Dx alZ(tyxny) u gn(f,%) Elz(t,x) "
S H(x)D, Cor (8, 2] (D) oot )|
u(0,z) = g(x),

where (t,z) € [0, T] xR, u(0,z) = [g1(x), g2(x)]T with g1, go € £'(R) and the operators
a12 and /;; are pseudo-differential operators of order 1 and 0 respectively continuous
with respect to t. For the moment we assume that only the coefficients on the diagonal
of the matrix A are non-regular, i.e., H is the Heaviside function (H(z) = 1forz >0
and H(x) = 0 for x < 0). One could in principle replace H with any discontinuous
but bounded function. Note that already in this situation the system is not treatable
within the classical theory of hyperbolic systems with multiplicities that as in [25, 20]
requires smoothness with respect to the variable x. It is therefore meaningful to look
at the regularised problem and at the net (u.). of its solutions. In detail,
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H€($>Dx alg(t,l’,Dm) éll(t,l’) gu(t,[ﬁ)
0 Ho)Ds | lon(t,2) (D)) lon(t, )|

He(x) = (H * o) (2),
gl,e(x) - (gl * 2/}5)('75)7
92.2() = (g2 % P2 )(2).
We will choose the scale w(e) later in order to make sure that the hypothesis (H2)

holds.

We can reformulate the regularised problem in terms of Fourier integral operators
follows

Ut = G?,ggl,e + Gre((arg + lra)uae),
Uge = Ggﬁgze + G2,€(£21<Dw>_1u1,5)-

where
G?,a ge(t, ) = / iz +He(2)1)E S0 (ra+He(z)7)dr G;-(6)de
R
— ol zjj(T,x+Hg(x)T)dng78(x + H.(2)t),
Giehttr) = [ [ etssmensol tiastons s ey
0 R
= /t els Cig(ratHe(@)m)dT ¢ (g ¢ 4 H_(x)(t — 5))ds,
0
for j =1,2.

Let us now set w™'(e) = In(e™!). Note that in this case the assumptions (H1)
and (H2) are immediately fulfilled. Indeed, (H.). is real-valued and moderate and
H! = 1), is logarithmic moderate. In addition ||H.| 7~ < 1.

In the special case when both the matrices of the principal part and the lower
order terms are diagonal the assumption (H3) is not needed. In detail, if a;5 = 0 and
612 = 821 = O, then

T efg 611(-r,x-i—HE(x)T,Dm)dTgl’E(x + Ha(x)t),
Upe = ef(f EQQ(T,I-I—Ha(x)T,DI)dTgls(x + H5($)t)
In general for a full matrix L one would need the assumption (H3) to be fulfilled as

well. This is investigated in the following example where we also handle singularities
in time.
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Let
D — |MOD: alg(t,x,Dx)]u [ ute)  lolta)|
' 0 Ao (1) D, U (t,2)(Dy)™Y lon(t, )|
u(0,2) = g(),

where (t,z) € [0,7T] x R, X\;; ¢ = 1,2, are distributions with compact support in
[0,7], and the coefficients of the matrix of the lower order terms are distributions
with compact support in ¢ and smooth in x. For the sake of simplicity we assume
that a; € C([0,T7, S (R*")). As usual we have that u(0,z) = [g1(z), g2(x)]" with
91,92 € E'(R). Instead of regularising in = this time we regularise in ¢ and restrict
the domain of our nets to the interval [0, T after regularisation. We obtain

li1.(t, o) lioc(t, )

)\17€(t)D$ a12<t7$7DZ‘) U
521,5(t7$)<Da:>_1 522,5(15@) -

0 Ao (t) Dy
u:(0, ) = g-(z),

Dtug = Ue +

where

)\i,s(t) = )\z * ww(s)a
for t € [0,7]. In order to guarantee that (H1) and (H2) are fulfilled we assume
that the coefficients \; are real valued for ¢ = 1,2 and we regularise the coefficients
lii, 1 = 1,2 via a logarithmic scale, i.e., w'(¢) = In(e!). It is easy to solve the
corresponding Eikonal equation and compute the phase functions ¢; .. Indeed,

t
bt €) =€ € [ M) ds
0
It follows that
|8§¢i,€(tax7€> - a§¢z,e<t7y7€)| = |1" - y| for x,y S Rn7 5 € Rna
|ay¢i,€<t7y7£> - ay(bi,‘?(tu y77]>| = |£ - 77| fOI' Yy € Rn? 5777 € Rn?

and therefore the net C(e) required in (H3) is identically equal to 1. In addition,
since the regularisation is not effecting the variable x all the constants involved in
(H3) are independent of the parameter ¢ are therefore (H3) is trivially satisfied. It
follows that our Cauchy problem is well-posed in the very weak sense.

5. APPENDIX: L?-BOUNDEDNESS OF FOURIER INTEGRAL OPERATORS

In this appendix we state an important theorem by Ruzhansky-Sugimoto [38] on the
global L? boundedness of FIO for amplitudes which are independent of the variable
x. This theorem will be later applied to integrated FIOs.

Theorem 5.1 (Ruzhansky-Sugimoto [38]). Let operator T be defined by

0= [ [ e gy, uty)yde, (23)

where A(y,§) € C*(R) x RY), and ¢(y,§) € C*(R}) x RY) is a real-valued function.
Assume that |8;8§A(y,§)| is uniformly bounded for |al,|B] < 2n+ 1. Also assume
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that

10ep(x,€) = 0ep(y,€)| = Clo —y|  for z,y €R", £ €RY, (24)
0y0(y, &) — Oyd(y,m)| = ClE —n| for y €R", §,neR”,
and that
19506y, )] < Cas 10,0{6(y,6)| < Cp, (25)
for 1 < |al|,|8] < 2n+2. Then the operator T is L*(R")-bounded, and satisfies

T[22 <C" sup Ha;afA(y,f)HW(Rngg),
lee],|Bl<2n+1

where C' depends on the constants in (24) and (25).

Note that since I'; = I'y, = R" in Theorem 5.1, we may write the following assump-
tion
| det 0,0,¢(x,y)| > C >0, forall z,y € R",

instead of (24).
Let us now consider operators of the type

¢
Gu(t,x):// T A(t, s, x)a(s, €)déds
0 n

t
:// / e OETO=WEA(t s ) u(s, y)dydEds
0 n n
¢
:/ Ku(t,s,x)ds,
0

where
Ku(s,x) = / / T WEA(t s ) u(s, y)dydE.
It follows that
|Gu@®)| 2y = /Ot K g()||L2@pyds < K| L2 2 |ul| Lo moy 2 )

=t K| 2o 2 |0 | oo o L2 R -

In order to apply Theorem 5.1, we compute the adjoint of operator K

(Ku,v):/ / / T WEA(t s 2 uls,y)dydE(s, x)dx

et )= A(t, s, x)v(s, x)drdlu(s, y)dy

LLJ

:/ / / e WETOTWEL(t 5 2 (s, x)drdEu(s,y)dy
R Jrn JR
(u, K*

where
K*v(t, s, x) = / / eI At s, y)o(s, y)dydé.

Now the adjoint operator K* has the same form as the operator 7" in Theorem 5.1.
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Proposition 5.2. Let operator K* be defined by

K*u(t, s, z) = / / eIV A (¢, s, y)u(s, y)dydé, (26)

where A(t, s,y) € C*(R}) is continuous with respect to t,s € [0,T] and ¢(t,y,§) €
C=(Ry x RY) is a real-valued function continuous with respect to t € [0,T]. Assume
that |0) A(s, t,y)| is uniformly bounded for |y| < 2n + 1. Also assume that

0c0(t, 7,8) — Oco(t,y, )| > Clo —y| for t€[0,T], 2,y eR", L€ R",  (27)
10,0(t,y, &) — 9yd(t,y,m)| > ClE —n| for t€[0,T],y eR", §neR,
and that
|050eb(t,y, )| < Ca, 10,07 6(t,,€)| < Cp, (28)

for1 <|a|,|B] < 2n+2, uniformly with respect to all the variables. Then the operator
K*(t,s,-) is L*(R")-bounded, and satisfies

sup ||K*(t,s,)||z2502 < C7 sup  sup  [|0]A(L, 5, Y)|| Lo r),
t,5€[0,T t,s€[0,T] |v|<2n+1

where C" depends on the constants in (27) and (28).
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