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1 Introduction

Let G be a connected Lie group, let p and A denote aright and left Haar measure on G, §
the modular function on G so that dA(x) = s (x)dp(x),x € G.Let X = (X1, ..., Xp)
be a collection of left-invariant vector fields on G satisfying Hormander’s condition.

Let x denote a positive continuous character and e the identity element on G, and
define y = xp and let A, be the differential operator

=Y (XF+X;00()X)). (1.1)

J=1

It was shown in [11] that A ,, when initially defined on Cgo((G), is essentially self-
adjoint in L? (11, ) and conversely, if u is a positive Borel measure on G such that
A1 — X is essentially self-adjoint in L2(w), where X is a left-invariant vector field,
then there exists a positive continuous character x on G such that X = A; — A, and
1 = y. By a common abuse of notation, from now on we will denote the unique
self-adjoint realization of A, by the same symbol. Thus, the family of sub-Laplacians
with drift A, turns out to be “the” natural family of second-order differential operators
for which it is reasonable to apply functional calculus results and methods to define
and study function spaces, and regularity of solutions of differential equations. In
particular, when x = §, so that u, = A is the left Haar measure, then A; is the
intrinsic sub-Laplacian, introduced by Agrachev, Boscain, Gauthier and Rossi [1].

Sobolev spaces defined in terms of A, were introduced and studied in [3], where
various embedding and algebra properties were proved. When 1 < p < coando > 0,
the Sobolev spaces LY (,u x) were defined as the completion of C§°(G) with respect
to the norm

LP(py)

17002y = 1 ey + |22 ]

These spaces, in particular these measures, appear naturally in embeddings and algebra
properties, where the case x = 4, thatis, u, = A, plays a fundamental role. In the
case when G is a unimodular group and with x = 1, we note that the spaces L (1 x)
coincide with the Sobolev spaces defined by A} = — Z;’: 1 X? (see [6]). In the case

X # 1, we note that this operator A is not symmetric on L2(u ), so that a Sobolev
space adapted to j,, when x # 1 cannot be defined by means of fractional powers of
Aq. For more details, we refer to [11, 14] and [3].

It became natural to study geometric inequalities for the scale of Sobolev spaces
L§ (py), atleast in the cases 1 < p < coand a > 0.

In the unimodular case and with x = 1, for embedding theorems for these Sobolev
spaces, we refer to [7] on stratified group, and to [8] and [9] on graded groups, as well
as to [21] for the weighted versions. On general homogeneous groups, we refer to [15]
and [16].

In the non-unimodular case, we refer to [23] for the first-order Sobolev spaces when
x is a power of 8, and to [3] for the higher order case.
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For algebra properties of the Sobolev spaces, we refer to [6] on unimodular groups,
and refer to [14] and to [3] on non-unimodular groups.

In this paper, we obtain a number of (versions of) classical geometric inequalities
on Sobolev spaces in a unified way, in the setting of general Lie groups, for an ample
class of sub-elliptic differential operators.

As usual, in this paper, A < B means that there exists a positive constant ¢ such
that A < c¢B.If A < B and B < A, then we write A & B. In these notations, if the
left and right-hand sides feature some functions f, the constant (using this notation)
does not depend on f.

Let us begin with the following Hardy—Sobolev—Rellich inequality on general
connected Lie groups:

Theorem 1.1 Let G be a connected Lie group. Let e be the identity element of G, and let
X be a positive character of G. Let |x| := dc (e, x) denote the Carnot-Carathéodory
distance from e to x. Let d be the local dimension of G as recalled in (2.3) and o > 0,
0<pB<d, 1< p,q < oo. Then, we have

f

[
x|

S 2260,) (1.2)

Lq(ﬂxq/pgl*q/p)
forallqg > p suchthat 1/p —1/q < a/d — B/(dq).

Remark 1.2 Note that in the case @ > d/p the condition 1/p — 1/qg < a/d — B/(dq)
automatically holds true since

which means the inequality (1.2) holds for all ¢ > p when @ > d/p.

Note that Theorem 1.1 when 8 = 0 implies the Sobolev embedding on general
connected Lie group

Lg(,U«X) — Lq(ﬂxq/palfq/p) (1.3)

The Sobolev embedding (1.3) was proved in [3] in the noncompact case. We also refer
to the very recent work [4] for the investigation of the behaviour of the Sobolev embed-
ding constant on a general connected Lie group, endowed with a left Haar measure.
On nilpotent Lie groups, we refer to [20] and [18] for the best constants in Sobolev,
Gagliardo-Nirenberg and their critical cases for general left-invariant homogeneous
hypoelliptic differential operators.

Furthermore, for ¢ = p and /g = «, the inequality (1.2) gives the following
inhomogeneous Hardy inequality on general connected Lie groups:

f

x|

SNANLe g,y (1.4)
Lp(ﬂx)
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where 0 < o < d/p. In particular, for x = 1 and x = § (respectively, with u; = p
and s = A), this gives both right and left versions of Hardy inequalities, respectively.
We note that the inequality (1.4) was obtained for x = 1 on stratified (hence also,
in particular, nilpotent and unimodular) Lie groups in [5]. Note that when oo = 2 the
inequality (1.4) yields the following inhomogeneous Rellich inequality on general
connected Lie groups:

f

NE SN2y X W Loy + 8% fLoge,) - 0=2p <d. (15)

LP(uy)

Since the inequality (1.2) contains the Hardy, Rellich and Sobolev inequalities, we
call this inequality Hardy—Sobolev—Rellich inequality. The remaining cases of the
inequality (1.2) can be thought of as Sobolev embeddings in weighted L9-spaces.

Moreover, we establish the Hardy—Sobolev—Rellich inequality (1.2) in the critical
case 8 = d that involves a logarithmic factor in the weight:

Theorem 1.3 Let G be a connected Lie group. Let x be a positive character of G. Let
l<p<r<ooandl/p+1/p = 1. Then, we have

f

L4
(log <e + ‘1—|>>q |x|4
* Lq(ﬂxq/p51—q/1’)

foreveryq € [p, (r — 1)p").

S ”f”LZ/pr) (1.6)

When x = §, Theorems 1.1 and 1.3 give the weighted embeddings with the same
measure, namely with the left Haar measure (see Theorem 3.2 and 3.4), which is the
unique case when such embeddings hold true as in the unweighted case. Moreover,
for ¢ = p, this gives the following critical Hardy inequality on general connected
Lie groups:

f

(10 (e n l))% Ix|?
AN LP (1)

where | < p < r < oo, which is a critical case @« = d/p of the Hardy inequality
given in (1.4).

<
SN2, oy (L7)

Remark 1.4 First, we will prove the above theorems in the noncompact case. Conse-
quently, in Sect. 4, we show that these Theorems 1.1 and 1.3 with § = 1 hold on
compact Lie groups (which are automatically unimodular) as well.

We also show that Theorem 1.1 gives the following fractional Caffarelli-Kohn—
Nirenberg type inequality:

Theorem 1.5 Let G be a connected Lie group. Let e be the identity element of G, and let
X be a positive character of G. Let |x| := dc (e, x) denote the Carnot-Carathéodory
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distance from e to x. Let 1 < p < 00,0 < g,r < ooand 0 < 6 < 1 be such that
0> —gq)/rand p < q0r/(q — (1 —0)r). Let a and b be real numbers and o > 0
suchthat) < qr(b(1—0)—a)/(q—(1—0)r) <dand1/p—(q—(1—-0)r)/(qro) <
a/d — (b(1 —0) —a)/(0d). Then, we have

<
N1 e g ar) SN WX WG e (1B

where q = erll;fe)r.

Remark 1.6 Note that when = 1 then 8 > (r — q)/r automatically holds, § = r,
p <q0r/(qg — (1 —0)r) gives p < r, while conditions 0 < gr(b(1 —0) —a)/(q —
(1-=06)yr)y <dand 1/p—(q— (A —=0)r)/(gro) < a/d — (b(1 —0) — a)/(0d) are
equivalentto 0 < —ar < d and 1/p — 1/r < «/d + a/d, respectively. Then, in this
case, the inequality (1.8) has the following form

W1 U2yt S 118 ay-

which is (1.2).

Remark 1.7 We note that if we take a = b = 0 in (1.8), then it gives the Gagliardo-
Nirenberg type inequality on general connected Lie groups: Let 1 < p < 00,0 <
q,r <00,0 <0 <landao > Obesuchthat® > (r —q)/r, p < q0r/(q —
(1—-6)y)yand 1/p — (g — (1 — O)r)/(qrd) < a/d. Then, we have the following
Gagliardo-Nirenberg inequality:

P oy <
W02 im0 S MW IV 3 (19)

qro

where a = q—(l——H)r

Similarly, from (1.6), we can obtain the inequality (1.8) in the critical case a =
b(1—-0)—d(g— 1 —06)r)/qr:

Theorem 1.8 Let G be a connected Lie group. Let x be a positive character of G. Let
beRl1l<p<r<oo0<gq,r<ooand0 < 60 <1 be suchthatd > (r —q)/r
andp <g <@ —Dp' withp =p/(p—1)andq := q—(qlr—fe)r' Then, we have

b(1-0)—do/q
% Pz SUFIp o NNty e (110)

where w, := (log(e + 1/|x|)5|x|.
We also introduce the following Hardy-Littlewood-Sobolev inequality:

Theorem 1.9 Let G be a connected Lie group. Let e be the identity element of G, and let
X be a positive character of G. Let |x| := dc (e, x) denote the Carnot-Carathéodory
distance from e to x. Let | < p,g < oo, > 0and0 < B <d/q. Let0 < a; <
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dp/(p+q), a2 > 0with0 < 1/p—q/(p+q) <a/dand1/q —p/(p+q) <
(az — ay)/d. Then, we have

FgMGS, (v ~'x)
[G [ 2t Dt rarmsr-ormn AP0 S 11201811801,

x|at]y|P
(1.11)
where Gy, . is defined in (2.8). In particular, Gy, , is the convolution kernel of the
operator (A, +cI)™?/2 je. (Ay +cl)™ @2 f = f x G, 5

Moreover, we show that Theorems 1.1 and 1.3 imply the following uncertainty
type principles:

Corollary 1.10 Let G be a connected Lie group. Let x be a positive character of G.
Letl/p+1/p =1and 1/qg+1/q = 1.

e [f0< B <d 1 <p,q<ooanda >0, then we have

B
24 , > 2
”f”Lg(Mx)mx'q Fllq (yq/psi—aip) ™~ ”f”LZ(P«Xq/pal—q/ﬂ) (1.12)

forallq > p suchthat 1/p —1/q < a/d — B/(dq), where |x| := dc (e, x) is the

Carnot-Carathéodory distance from the identity element e to x;
o Ifl < p <r < oo, then we have

1\\7 «
<log <e+—>> |x|? f
| x|

forallg € [p, (r — 1)p").

2
2 Iz

”f”LZ/p(Mx) (ﬂxq/ﬂal—q/IJ)

(1.13)

Lq/ (Blsl/vxq/p,;l—q/p)

On compact Lie groups, note that all the above results still hold true with § = 1,
which we will discuss in Sect. 4.

The main novelty of the paper is the extension to the case of general connected Lie
groups and to the case of sub-Laplacians with drift, of results proved by various people,
including the authors of this paper, in the cases of stratified, and general nilpotent Lie
groups, and also compact groups, in the case of sub-Laplacians. , The organisation of
the paper is as follows. In Sect. 2, we briefly recall some known properties of Sobolev
spaces on connected Lie groups. Then, in Sect. 3, we prove Theorems 1.1, 1.3, 1.5,
1.8, 1.9 and Corollary 1.10. Finally, in Sect. 4 we discuss the obtained results of Sect.
3 on compact Lie groups.

2 Preliminaries

In this section, we very briefly recall some known properties of Sobolev spaces on
connected Lie groups.
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Let G be a noncompact connected Lie group with identity e. Let us denote the right
and left Haar measure by p and A, respectively. Let § be the modular function, i.e. the
function on G such that

dr =3ddp. 2.1

Then, recall that § is a smooth positive character of G, i.e. a smooth homomorphism
of G into the multiplicative group R™. Let x be a continuous positive character of G,
which is then automatically smooth. Let 11, be a measure with density x with respect
to p,

diy = xdp. 2.2)
Then, by above (2.1) and (2.2), we see that us = A and 1 = p.
Let X = {Xy,..., X} be a family of left-invariant, linearly independent vector

fields which satisfy Hormander’s condition. We recall that these vector fields induce
the Carnot-Carathéodory distance dc (-, -). Let B = B(cp, rp) be a ball with respect
to such distance, where cp and rp are its centre and radius, respectively. We write
|x] :=dc(e, x).If V(r) = p(B,) is the volume of the ball B(e, r) =: B, with respect
to the right Haar measure p, then it is well-known (see e.g. [10] or [23]) that there
exist two constants d € N* and D > 0 such that

vir)~r¢ vre(0,1], (2.3)
V(r) <eP” vre(,o00). (2.4)

We say that d and D are local and global dimensions of the metric measure space
(G, d¢, p), respectively. Recall that d is uniquely determined by G and X, while the
set of D > 0 such that (2.4) holds is independent of X but does not have a minimum
in general, see e.g. [0, p. 285], [24, Chapter 4] or [4]. We fix a D > 0 such that (2.4)
holds. One can observe that the metric measure space (G, dc, p) is locally doubling,
but not doubling in general.

We shall denote by A; the smallest self-adjoint extension on L2(p) of the “sum-
of-squares” operator

A = —anxf
j=1

on Cgo (G). We shall denote with P (-, -) and p, the smooth integral kernel of e 1A
and its smooth convolution kernel (i.e. e 2! f = f x p,) with respect to the measure
p, respectively, where * is the convolution between two functions f and g (when it
exists), i.e.

frgk) = [G Fy He»mdp ().
Recall the following relation
Pi(x,y) = p:(y'0)8(y) Vx,y €G.
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It is also known that the generated semigroup e ~*2x on L?(u ) admits an integral
kernel P* € D'(G x G) with respect to the measure My

81 1w = [P FOIy ),
and admits a convolution kernel p,X e D' (G)
0 f ) = frpt )= [ Syl 0)p)
For P/ and p}, we have

PX(x,y) = pr o 0x T mso).

Denoting by := % (Z?:l cl.z)l/2 with ¢; = (X; x)(e), we also have

e _
pix) = e X pi(x)x 2 ), 2.5)
so that P and p; are smooth on G x G and G, respectively.

According to [3], we now recall some useful properties of L% (tty). For every
1< p<oo,aa>0andc > 0, wehave

122 e,y = 1 +eD Fllr ey (2.6)

and
1Ay 4+ D fllirg,) < 1A, +eD* 2 fllirg,)

when o) > ap, i.e. Lgl (Hy) = ng(,ux).

Denote by J the set {1, . .., n}. Let 3" be the set of multi-indices J = (ji, ..., jm)
such that j; € J for every m,i € N, and let X; be the left differential operator
X;=Xj...Xj, forJ € "

Proposition 2.1 [3, Propositions 3.3 and 3.4]

o Letk e Nand 1 < p < oo. Then, we have

Ay > D0 IXsfllerge.

JeJm m<k

e Foreverya > 0and 1 < p < 0o, we have

fe L5+](/«LX) & feLlb(uy) and X;f € LE(iy)
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for everyi € 7. In particular,

n
ALe, oy RPNz + DX f 2y
i=1

Proposition 2.2 [11, Proposition 5.7 (ii)] Let G be a noncompact connected Lie group.

Let | X|| = (ZLI ciz)l/2 with ¢; = (X;x)(e), i € 3. Then, for every r € RT, we
have

sup x (x) = el X,

xXeB,

We also recall that for every character y and R > 0, there exists a constantc = ¢(x, R)
such that
X)) = x(») < ex(x) Yx,y €G st de(x,y) <R, 2.7

which means that the metric measure space (G, dc, ty) is locally doubling.

Lemma 2.3 [3, Lemma 2.3] Let G be a noncompact connected Lie group. Then, we
have

() e "2« is a diffusion semigroup on (G, My)s
(ii) Let x be a positive character of G. Then, we have fBr xdp < eUXIEDY o every

r> 1, where | X| = (X0, )" with ¢; = (Xix)(e), i € 7.

i
(iii) Furthermore, there exist two positive constants w and b such that, for everym € N
and J € 3™, we have | X ; pf (x)| < X_1/2(x)t_(d+m)/ze‘”[e_b|x|2/’,for allt > 0
and x € G.

By virtue of the next proposition, proofs of Theorems 1.1 and 1.3 can be reduced to
proofs of Theorems 3.2 and 3.4, respectively:

Proposition 2.4 [3, Proposition 3.5] Let p € (1, 00) and o > 0. Then, we have
1A N2y = 1P Fllp -
We note (see also [3]) that the function

GG, (x) = C(a) f - 122 =< pX (x)dt (2.8)
0

is the convolution kernel of the operator (A, + ¢/ )y~/2 e,

(Ay+cD)™Pf=fxGS . (2.9)

where ¢ > w and w is from Lemma 2.3.
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Lemma 2.5 [3, Lemma 4.1] Let b and w be as in Lemma 2.3. Let ¢ > w and ¢’ =

%«/b(c — w). Then, we have

Ix|¢ if 0<a <d and |x| <1,

G, l=<C ,
|Gl = x 12(x)e ! when |x| > 1

(2.10)

Jfor some positive constant C.
We will also use Young’s inequalities in the following form:

Lemma2.6 [3,Lemmad4.3]Lletl < p <qg <ooandr > 1 besuchthat1/p+1/r =
1 4 1/q. Then, we have

If % gllzacy < IF leraAEIE, g, 2.11)

where §(x) = g(x~1).

Remark 2.7 For a simpler version of Young’s inequality on general locally compact
groups, we refer to [13, cf. Lemma 2.1].

The following integral Hardy inequalities on general metric measure spaces, which
are the special cases of [12, Theorems 2.1 and 3.1 (a)] (see also [22]), play important
role in the proof of the main results:

Theorem 2.8 Let X be a metric measure space with a o -finite measure. Let O be a
fixed element of X and |x| = d(0, x). Let 1 < p < g < o0. Let {qzb,-}%:l and {x[f,-}%zl
be positive functions on X. Then, the inequalities

1 1
q a v
(/ </ f(z)dz) ¢>1(X)dX> = A </ (f(x))pl/fl(X)dX> (2.12)
x \JB(0,]x]/2) X

1 1

q q P
(/ (/ f(Z)dZ> ¢>2(x)dx> < A (/ (f(x))pwz(x)dx> (2.13)
X \JX\B(0,2/x]) X

hold for all f > 0 a.e. on X if we have

1
By = sup (f ¢1(x)dx)q (/ (l/fl(x))lp/dx> " < (2.14)
R>0 \J{|x|>R} {lx|<R}

and

and

1 1
By := sup (/ ¢2(x)dx) ! (/ (@bz(x))lp,dx) "< 00, (2.15)
R>0 \J{|x|<R} {lx]=R}
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respectively. Moreover, if {A,-}l.zzl are the smallest constants for which (2.12) and
(2.13) hold, then ‘ ‘
CtlBl' <A; < ClzBl', i=1,2. (2.16)

Remark 2.9 In the setting of metric measure spaces, first Theorem 2.8 was proved in
[19] on metric measure spaces possessing polar decompositions. We can also refer to
[2] for the analysis of polar decompositions in metric measure spaces. To avoid such
technicalities, we will be using this result as it follows from [12].

3 Proof of Main Results
3.1 Proof of Theorem 1.1

In this section, we prove Theorems 1.1, 1.3, 1.5, 1.8 and Corollary 1.10 when G is
noncompact, and in the case when G is compact we refer to Sect. 4 for the differences
in the argument in this setting.

Before starting the proof, we need to prove the following lemma:

Lemma3.1 Leta,s € Randr > 0. If ¢’ > 0 is sufficiently large, then we have
/ 18955 e <" dp < oco. 3.1
Bf

Actually, the proof of this lemma follows from the proof of [3, Corollary 4.2], but to
be more precise, let us give it.

Proof of Lemma 3.1 Taking into account Lemma 2.3 (ii), a direct calculation gives that

M2

f 89y seWrdp =Y e / (8())" (x (X)) dp(x)
Bf {2k <|x|<2k+1}

<

k=0

_ 0k 0k
cmeC2<

e 00,

WK

~
Il
=}

since ¢’ is large enough. O

Once we prove the special case x = § of Theorem 1.1, then we can immediately
obtain Theorem 1.1 by Proposition 2.4. Therefore, let us prove the following theorem:

Theorem3.2 Leta > 0,0 < B <dand 1 < p,q < oco. Then, we have

f

|x|

5 “f“L,’;(A) (3.2)
L1(})

B
q
forallg > p suchthat 1/p —1/q < a/d — B/(dq).
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Remark 3.3 When 8 = 0, in [3, Sect. 4], it was shown that an embedding of the form
Lg(MX) — Lq(MX)v 1 < p <00, 2 Ov q € (1’ oo]\{p}

for some positive character x may hold only if u, = A is the left Haar measure of G.
In the exactly same way, one can show that the same statement is true for the weighted
Sobolev embedding case. However, this is different for ¢ = p, see (1.4).

Proof of Theorem 3.2 Notice that we may reduce to prove Theorem 3.2 when 0 < « <
d, since when @ > d we may find 0 < o’ < d such that

a/
___>1__>___
d

so that the condition 1/p — 1/q < &’/d — B/(dq) holds. Then, we apply Theorem
32t0 o’ € (0,d) and use the Sobolev embedding L& (1) € LY, (1) (see (1.3) when
q = p and u, = A). Therefore, it is enough to prove Theorem 3.2 when 0 < o < d.

By (2.6) and (2.9), we note that to obtain (3.2) it is enough to prove the following

. di(x)
/(}I(f*Ga,X)(X)Iq T S

For this, let us split the left-hand side of above inequality into three parts as follows

dh
1 G D < 3oty + v+ 0, (33)
G x|
where
. 7 dx
= ([ 168,07 rm ) 5
¢ \Jlyl<lx)) |x]
T dx
wi= [ (f Ga 00 )
G \J{lx|<2lyl<4|x]} |x]
and

o 4 da(x)
M = / ( / G, (v x)f(y>|dx<y)> =
G \J{iylz2ix)) x|

Let us start by estimating the first term Mj. By using the reverse triangle inequality
and 2|y| < |x|, we have

- x| Ix
y=xl = x| =yl > x| = = = -,

2 2
-1 3|x]
ly >l = Il + 1yl < ==

(3.4)
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Taking into account this, for M1, we write

q “ an
My < / ( / If(y)ld)\(y)) ( sup |Ga,x<z)|) Sy
G 2lyl<lxl} {

Ix|<2lz]<3lx]} x|#

In order to apply the integral Hardy inequality (2.12), let us check the following
condition (2.14):

1
q q 1
dr(x)\’ 7
f sup |G, (2) (ﬁ) (/ d/\(x)>’ <00 (3.5)
2ro<lxl} \tlxI<2lzl<3lx1) x| {Ix<2r0)
for all 7o > 0. Indeed, once (3.5) has been established, the integral Hardy inequality
(2.12) implies
1
M <ClfllLray.
where C does not depend on f.
Now, let us check (3.5). By Lemma 2.5, we have

(3.6)

a=d f ( d and |z| <1,
swp (G5 = fi SO ses el = 3.7)
{lx]<2lz|<3|x|} ’ e“2le= X2 |zl > 1

where we have used sup x " V2(2) < e“2*I by Proposition 2.2.
{lx1<2lz|<3|x[}

For this, we consider the following cases: rg > 1 and 0 < rg < 1.

In the case ro > 1, we have 2 < 2rg < |x| < 2|z|. Then, using (3.7) one has

q a0
di q9¢ 7 'l
/ sup IG(CX,X(z)I (2) < Cle 7 / e ¢ qTeC2q|x‘dk(x)
(2ro<|x} \{lx|<2lz|<3|x]} x| r (2ro<|x]}

—gc’0 o0
e 93

D

x]
/ e 4T 24 g5 ()
k=0 {28+l rg <|x| <2K+2rg)

Cy

NS

e 4¢

00
<C Z e—c’q2"_1roeC22k+2r0q f

— 119
dnx) SrgPe19d, (3.8)
0 k=0 {2k o <|x| <2621}

where the sum is finite since ¢ (hence ¢’) is large enough.
By Part (ii) of Lemma 2.3, for ro > 1, we also have

/ dr(x) = / sdp(x) < e*Cr, (3.9)
{lxl<2ro) {lx]<2ro)
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Then, plugging (3.8) and (3.9) into (3.5), we obtain

1

q : 1

i dr(x)\? 7

/ s 165,01) T ([ aw)
Rro<lxl) \{lx|<2lz|<3lxl} |x| {lxI<2ro)

B r
-7 —¢0 2c%
Srpfe e M < o0, (3.10)

since ¢ (hence ¢’) is large enough.

Now, we check the condition (3.5) for 0 < rg < 1. As noticed above, when |z| > 1
due to the exponential decay Gy, 5 (@) from (3.7), we can easily obtain (3.5). So, let us
discuss the case |z| < 1. In this case, taking into account |x| < 2|z| < 2, we write

q
dr(x)
/ sup |G, () =5~
2ro<ixl) \{lx|<2lz|<3lx]} |x|

q
. di(x)
= sup |Gy, @) —5
/{2r0§|X|§11 ({x|<2z|<3x|} o ]

. T dnix)
+ sup  |Gg, (@) 7 (3.11)
{1<lx]<2} \{lx|<2lz|<3[x]} | x|

Using estimate (3.7), one can observe that the last integral is finite. To estimate the first
integral on the right-hand side of (3.11), we split it into two cases: (¢ —d)q—B+d # 0
and (¢ — d)q — B + d = 0. In the first case, taking into account (3.7), we calculate

q

di(x
/ wp 165,01) T [ x| D98 ()
2ro<lxl<1} \{lxI<2lz|<3lx]} |x| {2ro<|x|<1}

1
< / M(afd)qfﬁudfldu
2ro

(a—d)q—pB+d
0 .

S+
(3.12)
For the inequality of passing from the integral with respect to d A to the one with respect
to u, we first observe that the left Haar measure is absolutely continuous with respect
to the Riemannian measure. Indeed, if one considers a full form on the Lie algebra
of G, it can be moved around by the group action to yield the left Haar measure on
G. By the uniqueness of the left Haar measure, one gets the absolute continuity as
above, with the left Haar measure being a smooth multiple of the volume measure.
Consequently, dA is absolutely continuous with respect to the radial measure, see e.g.
[2, Corollary 2, p. 81], but the question of the Jacobian remains. However, for an
estimate (as opposed to the exact equality), we can give a short direct argument.
Let B, denote the ball, centred at a fixed point, of radius r with respect to the
Carnot-Carathéodory distance, thatis, x € B, if |x| < r. Let us introduce the function
s = s(r) givenby s(r) := M(B)Y/4, where d) is the left Haar measure on G, and d is
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the local dimension of G. Let us identify the balls with radii given by s(r) and r, by
writing B; = B,. Then, we have A(B;) = A(B;) = s¢. Since ABy) < cr?, we have
that

s = M(By) = A(By) < cr,

that is, s < cr for some ¢ > 0. Consequently, for any y > 0, we have r =7 < ¢cs™7
for some ¢ > 0, and By, C By, for so = s(r¢). Consequently, we can estimate, with
r = |x|, and using that now we have the equality A(B;) = 54,

so/c

/ rVdA(x) < c/ sTVdAa(x) < cf sV s < oo, (3.13)
B’O B-‘O/f 0

provided that y < d. Applying and adapting arguments of this type here and in the
sequel justify local estimates like the one in (3.12).
Taking into account (3.11) and (3.12) in (3.5), we have for any 0 < r9 < 1 that

1
q : 1
dr(x)\? »
f sup |Gy, (@) <=5~ / di(x)
2ro<ixl) \{lx|<2lz|<3lx[} |x| {lx|<2ro}

d (@a=d)g—p+d

<crl'(l+ry, © )<oo G.14)

since 1/p —1/q < a/d — B/(dq).
Now, in the case (¢ — d)qg — B+ d = 0, from (3.12) and noting the fact that
d

v 1
rg Nogrgls — 0asrg — 0 we have

1
. 1
i)\’
/ s 1Gg,01) T2 ([ aw)
2ro<ixl) \{lx|<2lz|<3lx[} |x| {Ix|<2ro}

d
v 1
< Crqg llogrol? < o0 (3.15)

forall0 < rg < 1.

Now let us estimate M3. Similarly to (3.4), it is easy to see that the condition
2|x| < |y| implies |y| < 2|y~'x| < 3|y|. Then, taking into account this and (3.7), we
obtain for M3 that

. T arnx)
M3 <C [f DI sup |G,y @IdAY) | ——5
6 \J(yi=20x)) {Iy1=21z1<311} x|
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Here, we now apply the conjugate integral Hardy inequality (2.13) for M3, for which
we need to check the following condition (2.15):

-7

P

1 P
di q
() sup G @) dan | <oo
(x|<2rg) 1XIP X
<210} 2ro<iyl) \{lyl=2lzI<3ly1)

(3.16)
for all ro > 0. Indeed, once (3.16) has been established, the conjugate integral Hardy
inequality (2.13) yields

My < CllfliLray. (3.17)
where C does not depend on f.
For this, we again consider two cases: ro > 1 and 0 < rg < 1. When rg > 1, hence

|z] > 1, then as in (3.8), we have

p/
/ sup |G2,X<z)|) di(y) < CePF, (3.18)
{2ro<Iyl}

{Iy|=2lz|=3|yl}

Applying Part (ii) of Lemma 2.3, one gets for ro > 1 that

di(x) di(x)
< + di(x)
txi<2r) X1 T Jym<y 1P Jicp<ang

1
< Cf u1"Pau +/ 8dp(x) < Cz + €40
0 {lx=<2ro}

(3.19)

for some positive constants C3 and C4. Then, putting (3.18) and (3.19) in (3.16), we
obtain

1
, 2

1 p 4
di(x)\ ¢
(/ —lg> / sup |Gy , (@) dr(y)
{lxl<2ro) 1] ©ro<lyl}y \(lyl=<2lzI<3y}

1 Y2y
< C(C3 +eC40)ge=F < o0 (3.20)

since ¢ (hence ¢’) is large enough.

Now, let us check the condition (3.16) for 0 < rop < 1. When |z| > 1, we readily
obtain (3.16) because of the estimate (3.7). In the case |z] < 1,asin (3.11) and (3.12),
we obtain for (@ — d)p’ + d # 0 that

/

P
/ sup 1G5, @) dr) < 4P, (3.21)
2ro=lyl} \llyI=2lzI=3y1)
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Using this in (3.16) implies for 0 < r¢p < 1 that

1
! o

1 p P
dr(x)\ ¢ .
</ —,3> / sup |Gy @) dr(y)
{lxl<2rg) 1] 2ro<lyl) \{lyl=2lzI<3Iy}

/ 1 d—p
< CU+r DT T < 0 (3.22)

sinced > fand 1/p—1/q <a/d — B/(dq).
Note that (3.22) is still finite for (¢ — d)p’ +d = 0 and 0 < ry < 1, since as in
(3.12) and (3.15), we have

1
/ -

1 p p
di(x)\ 4
(f ﬂ) / sup 1G5, (@) day)
{lxl<2rg) 1] 2ro<lyl) \{lvI=<2lzI<3Iy]}

1 4B
< Cllogro|”"ry? < o0 (3.23)

1 4=
since |logro|” ry? — Oasrg— Owhend > .
Now, it remains to estimate M,. We rewrite M» as

E - 7 dxr(x)
M GC 1 d)\, ) arx)
o /2‘<|x|<2k+1 (/{|x|szy|s4|x}| ax VO DAW )

keZ

We obtain that 281 < |y| < 2K*2 from |x| < 2|y| < 4|x| and 2% < |x| < 2¢+! Let
us show that Gé‘é,x e L" (L) for r € [1, oo] such that 1 + % = % + %, which is useful
in the rest of proof. Indeed, by Lemmata 2.5 and 3.1, we see that

/G IGE (I dA(x) = f“ Ge, a0 + f IGS,, (O da(x)

{lx|=1}

1
< ¢ f u@Dryd=lgy, + 62/ (x ()" ?e " sdp(x) < oo
0 {lx[=1)

(3.24)

for some positive € and &, since o > d(1/p —1/q) and ¢ (hence ¢’) is large enough.
Similarly, one can show that 5
GG lILray < oo, (3.25)

where G (x) = G§_, (x1).
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Then, taking into account (3.24) and (3.25), and applying Young’s inequality (2.11)
for 1 + ql = % + % with r € [1, oo], we calculate

q
<C GC -1 d)\ ) d)\
" Z:/"<|Xl<2k+1 </{|x|§2y|s4|x|}| ax (DO )

< CY IS - Xt <p<akiny] % GG gy

keZ
< CIGS NNGE ey DI - Xt <py<aiy 1956
keZ
q
P
—cy. ( / If(x)lpdk(x)>
o \J(2k<|x|<2k+1)
= C”f”ip(x)-
(3.26)
Thus, (3.6), (3.17), (3.26) and (3.3) complete the proof of Theorem 3.2. O

3.2 Proof of Theorem 1.3

We now prove the critical case 8 = d of Theorem 1.1 on Bj.
As in Sect. 3.1, we first show the special case x = & of Theorem 1.3, that is,

Theorem3.4 Let 1 < p <r <ooand 1/p+ 1/p’ = 1. Then, we have

fl g ||f||LP/ ) (3.27)
(1o (e 7)) "1t |,
foreveryq € [p, (r — 1)p").

Once we prove Theorem 3.4, then by Proposition 2.4 we obtain immediately Theorem
1.3. Therefore, we only prove Theorem 3.4.

Proof of Theorem 3.4 As in the proof of Theorem 3.2, we split the integral into three
parts

. di
/ I(f % Gy )N (f)
G ‘log <e + W)

— SF Wi NNy, (328)
x|

where

. _q a dr(x)
mi= [ ( [ 165,,0 x)f(y)m(y)) —
e \Jeiyi<i ‘log<e+ﬁ>‘ x|
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a dx
N, ::/ <[ | fz/p,x(yIX)f(y)ld)\(y)> Sy 7
G \J{x|<2lyl <4ix)) ‘log<e+ﬁ)‘ x|

and
. a da(x)
N; = / f 1G5y 7 FOIAAG) —
G \J{jyl=21x)) ‘1og(e+‘;—|)‘ x|

First, we estimate N;. As in the case of M, taking into account (3.4) and (3.7), we
have

a . ! dA(x)
N S/ (/ If(y)ld/\(y)> sup |Gd/p,x(z)| r ’
¢ \Jepyi<) (Ixl<2lzl<3x1) ‘log(e—i— i)‘ x|

x|

(3.29)

Here, we will apply the integral Hardy inequality (2.12), for which we need to check
the following condition (2.14):

q
di(x)
f sup |G§,/,,,X<z)|) ;
{2ro<lx[} \{lx|<2lz|<3|x[} )log (e—i—l,lc—‘)‘ |x|4

1
( / dk(x)) " < (3.30)
(Ix<2ro)

holds for all o > 0. Indeed, once (3.30) has been established, the integral Hardy
inequality (2.12) gives

Q=

N{ < Clfllre. (3.31)

where C does not depend on f.

Let us now verify the condition (3.30). For this, we consider the cases: ro > 1 and
O<rp<1.

In the case rg > 1, we have 2 < 2r¢ < |x| < 2|z|. For ro > 1, by (3.7) and (3.8),
one has

q
di(x)
/ sup 1G5, @) ;
2ro<|x|} \{lx|<2|z|<3|x|} ‘log (e+|}c—|)‘ |X|d
< u d Z
@ro<iel) \(xl<2lzl <3y P x|

—d —gc'0
Srode a“a,
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Then, as in (3.10), plugging (3.32) and (3.9) into (3.30), we obtain

1
. 1
dr(x)\?
sup |G/, , (2] (/ dk(x))
(/{mSIXI} <{|x<2|z<3|x} /X x| (Il<ro)

—q _C,ro CO
Srpfefre M <00 (3.33)

L
4

since ¢ (hence ¢’) is large enough.

Let us now check (3.30) for 0 < rop < 1. When |z| > 1 using the exponential decay
estimate of G‘/p (z) from (3.7), it is easy to verify (3.30). So, let us show the case
|z| < 1. In this case, taking into account |x| < 2|z| < 2, we write

q

di(x)
/ sup IGZ/p,X(Z)I
(2ro<lx|} \{Ix|<2lz|<3|x|} ‘log(e—i— )‘ |x |4

q
di(x)
:/ ( sup |G2/p,X(Z)|) -
(@ro<lxI<1) \(lx<2lz|<3Jx) ‘log(e—}—ll—l)’ x|
di(x)

q
4 / sup 1G5, ()
(1<Pe1<2) \ {131 <2l <3 log (¢ + 1)

We see from (3.7) that the second integral on the right-hand side of (3.34) is finite.
For the first integral on the right-hand side, noting (3.7) we deduce that

. (3.34)
|x|4

q
da(x)
/ sip 1G5, (@) r
@ro=ixI<1) \(Ixl<2lz/<3x]) log (e + 1) [ 11

= up Z —_—
Cro<lei=) \(l<2izl<3iey /7% x4

< f x| ~49/P' =4 g3 (x)
{2ro<|x|<1}

—dq/p’
S/ r() ’

which implies with (3.34) that

1

q
. di(x)
/;2r< ( sup IG:j/[,’X(Z)I) T (/ dk(x))
o=lxl) \(lxl<2lz|<3lx1) ‘log(e—{—m)’ x| {Ix]<2ro)

<ce " P <c

forany 0 < rp < 1.
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Now we estimate N3. As in the case for M3, we have for N3 that

dA(x)

q
N < / ( / If(y)|< sp |G (z)|> dMy))
& \Jiy=21x1) I flog (e + 117 )| pwid

For N3, we apply the conjugate integral Hardy inequality (2.13), for which we need
to check the following condition (2.15):

/ d(x)
{lxl<2ro) log<e+ )‘ ]

U

b4 i
X / ( sup |G2/p,X(Z)|) dr(y) < 00 (3.35)
{2ro<Iyl}

{lyI=2lz|=3|yl}
for all ro > 0. Indeed, once (3.35) has been established, the conjugate integral Hardy
inequality (2.13) yields
1
N3 < Clifllroys (3.36)

where C does not depend on f.
In order to check this, we consider the cases: rop > 1 and 0 < rg < 1. If we write

/ dx / dx
Ty e ey
dx

+/\l 1 T da
{3si=2n} flog (e + L)| 1

then we see that the first summand on the right-hand side of above is finite since r > 1.
For the second term, using (3.9) we have

di(x) <f dr(x) < 2dCsro (3.37)
‘ xjd [ =iizan)

/{<Ix<2ro ‘log(e—l— ) el

for some positive constant C5. Combining (3.18) and (3.37), one obtains for ry > 1
that

1 1
q

’ 4

14 P
dx
/ @ / ( sup |cg,/”<z)|) di(y)
{Ix|<2r0) ‘log(e—k‘ |)‘ x| {2ro<lyl} \(IyI<2lz|<3Iy1) ’

0]

= U
<@ +2deC5r0)qe_C * < oo,
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since ¢ (hence ¢’) is large enough.
Now we check the condition (3.35) for 0 < rg < 1. As above, for |z| > 1 using
(3.7), it is straightforward to get (3.35). So, for |z| < 1, we write

!

p
f sup  |Gg,, @I di(y)
2ro=lyl} \lIyI=2lzI<3|y1)

q

P
= f sup 1G5, @) dA)
{2ro<lyl=1} \{IyI=2|z|=3|yl}

/

P
+/ ( sup |Gf,/p’x(z)|) dr(y). (3.38)
{Iy>1)

{lyI=2]z|=3|y[}

We note from (3.18) that the second integral on the right-hand side of above is finite.
Then, by (3.7), we get for the first integral that

p

: _ 1
/ ( sup IGQ/,,_X(Z)> dr(y) < C/ lyI~?dr(y) = Clog (*)
2ro=lyl=1} \{lyl=2lz<3Iy1} ' {2roslyl<l) "o

It follows with (3.38) that

/

14
, 1
/ sup 1G5, @1 dA(y) §C<1+10g <—)) (3.39)
2ro=lyl) \(lyl<2lzI<3(yl} ro

Since we have

dx 1 —(r=D
= <C|logle+ — ,
{IxI=2r0} |log (e + plc_\> |x|9 ro

and (3.39), then taking into account r > 1 and ¢ < (r — 1) p’, we obtain that

1 1
/ -

dA(x) ! d ’
/ 7 / ( sup |Gg/p,x<z)|> dr()
{lx|<2ro) ‘]og(e—k‘;—l)‘ x| 2ro<lyl} \{IyI<2lz|<3Iy])

1

e ) ()

<C.

(3.40)
Now it remains to estimate N,. We rewrite N, as

Ny =

@ Springer



Hardy-Sobolev—-Rellich, HLS and CKN Inequalities on Lie Groups Page230f28 223

1 dx
» / ( / |Gd/p(y‘x>f<y>|dx<y>) ©
(¢ <txl<2t+1) \J{ix <21yl <dix]) ‘1og (e + )‘ x|

keZ

-
Since the function (log (I)lc_\» x| is non-decreasing with respect to |x| near the
origin, then we can say that there exists an integer kg € Z with kg9 < —3 such that
this function is non-decreasing in |x| € (0, 2k0+1). We decompose N, with this kg as
follows

Ny = Naj + Nop, (3.41)
where
Npp =
3 4 dx
2 /k fil </ 1Gg,, (V™ X)f(y)ld)»(y)> )
oo 128 <Ix] <261 \{lx| <21y <4lx} ‘log <e+ \xl)‘ |x|4
and
N22

k=ko+1

4 d)\. X
R e ‘log (e + |71\)‘ |x|d

Let us first estimate N»». Using (3.26), we obtain the following estimate for Noy

o0 q
Ny <C f ( / 1G5 1x)f(y>|dy) dx < CIf1 0.
k=%:+1 st <20ty Syejapyizapey /7Y He)

(3.42)

To complete the proof of Theorem 3.4, it is left to estimate N5 . Note that the condition
|y] < 2|x| implies

3lx] =[xl +20x| > x| + |yl = [y~ 'x]. (3.43)

,
Since <log (ﬁ)) Ix|¢ is non-decreasing in |x| € (0, 2k0+1y and 3|x| > |y~ x|, we

get
.
d 1
(10g< )) |x|“ > | log
x| )_Y"x

3

" d
y X
3

‘—1

Then, these and (3.7) give

Ny <
ko
di(x)

d q
C f (/ |y*‘x|7|f(y>|dx<y)) AR
:X_:OO 2k <l <2441} \J(lx| 2ly|<4lx]} (k,g(lxl)) x|

k
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q
ko —1 -4
_ oy /k N / O ol e
—_ {2k <|x|<2k+1} {lx]=<2]y|<4|x|} 1
k= 1 d
= ((l"g(m)) &l )
q
il =L 101
<C Z/ f = aro.
k—=—o0 {2k <|x|<2k+1} {lx[<2]y|=<4|x|} y- 7

3

((10 (|>3 |))r : d>q

Since the conditions |x| < 2|y| < 4|x| and 2% < |x| < 2K with k < ko imply
2k=1 < |y| < 2K+2 while (3.43) and kg < —3 yield |y~ 'x| < 3|x| < 3-2ko+! < 3/4,
By these and setting

XB;(O)(X)
&2 (x) = 7

L dyd’
(1og (7)) 14177

we obtain for N;; that

N2y
q
di
<c Z / / 1 OIdA) e
2k <x|<2k+1y | J{Ix|<2)y|<4Ix]} d+d
=21=H (1og (A )) =L

ko
<C Y0 xprrepea)] % 8l

k=—o00

Since p < ¢ < (r — 1)p’, we apply Young’s inequality (2.11) for 1 + ql = % +
with 7 € [1, co0) to get

ko
Nat < Cligallfs g D 1 - xizpieroy oGy < CUFIT0Gy  (344)

k=—o00

i r i d d\g_g 1T 1P
provided that g € L"(A). Since (q + p,) r=d, 7 = 71
the change of the variable ¢ = log (ﬁ) gives

I ”,7 / di(x) <C /00 dt o
821l 73y = - = Yy < oC.
@ Jp0.3/4) 5 (%) ;75

(o)

Thus, (3.29), (3.36), (3.41), (3.42), (3.44) and (3.28) complete the proof of Theorem
3.4. O
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3.3 Proof of Theorems 1.5, 1.8, 1.9 and Corollary 1.10
First, let us prove Theorem 1.5, using the Hardy—Sobolev—Rellich inequality (1.2).

Proof of Theorem 1.5 Since 6 > (r — q)/r, using Holder’s inequality for q*(]q—*e)r +
(1=6)r

7 = 1, we calculate

1
|f ()17 If(x)l(1 or '
a J—
X1 UL o g1 = (/G x|fG=0)—a) | [br(1=6) dityispsi=ase (X)

|x
g—(1-6)r
/ Lo =i J ) !
Myq/psi—4/p (X
G |)c|r(b(l - a)qf(lfe)r x
1
a=er\ r

q

|f o) IO T
X B —

d,apsi-ap (X)
q sl=q/p
G |x|—br(l—0)7(179)r X

0
f

b(1— 6) a

A T
x|

qrb ~ ~
L 4—(1=0)r ("Xq/psl—q/P

Now, since we have a > 0, p < gOr/(q — (1 —0)r),0 < qgr(b(1 —0) —a)/(q —
(1-6y)y<dand1/p—(g— 0 —=0)r)/(gr0) <a/d — (b(1 —6) —a)/(6d), then
applying (1.2) we obtain (1.8).

Similarly, one can obtain Theorem 1.8 from Theorem 1.3.
Now let us give the proof of Hardy-Littlewood-Sobolev inequality (1.11) on general
Lie group:

Proof of Theorem 1.9 Using Holder’s inequality for g /(p +¢) + p/(p +¢) = 1, one
has

FX)egGE, (v 'x)
x| |y|ﬂ

dMX (p+9)/pq §1—(p+9)/pq (x)dp(y)

IX\" * Ga2 x) (x)
= f(x) dMX(p+q)/pq51—(ﬁ+q)/Pq (x)

x]e

|x|ﬂ * Gaz X

A

= W N Lo+ G gy rpagi—orarsva) x|t

L(pw)/p(MX(II+q)/pq5I—(ﬁ+q)/pq)

(3.45)
Sincea > 0,1/p—q/(p+¢q) < a/d,and the factthat0 < 1/p — q/(p + q) implies
(p +9)/q = p, then applying unweighted version of the Hardy—Sobolev—Rellich
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inequality (1.2), we have
”f”L(p+q)/q(/‘X(erq)/pqal*(erq)/pq) S ||f||Lg(ﬂx)' (3.46)

Since 0 <a; <dp/(p+¢q),ap >0and 1/g — p/(p+q) < (ap —ay)/d, then (1.2)

implies

P * Gln.x
x|

8

|x[#

<

Slglizaquy,), 347)

q
L(p+q)/p(/‘X(erq)/pqal*(erq)/pq) Lo

where we have used (1.4) in the last inequality since 0 < 8 < d/q. Thus, plugging
(3.46) and (3.47) into (3.45), we obtain (1.11).

Now we prove Corollary 1.10.
Proof of Corollary 1.10 By (1.2) and Holder’s inequality for 1/¢ +1/q’ = 1, we obtain

B
02V T oy

f

[
x|«

2
= 112,

8
l[x 4

LGty q/pst—a/p)

>

~

f””/(ﬂxq/p,sl—q/p)

(qu/1;51—q/p)’

which is (1.12).
Similarly, Theorem 1.3 implies the second part of Corollary 1.10.

4 Appendix: The Case of Compact Lie Groups

In this section, we show that the obtained results on noncompact Lie groups actually
hold also on compact Lie groups in a similar way. In the setting of compact Lie
groups, we have § = 1 hence dA = dp, and the continuous positive character x must
be identically equal to 1. We refer to [17] for the background material as well as the
Fourier analysis on compact Lie groups.

Let us recall the following result:

Theorem 4.1 [24, VIII.2.9 Theorem] If G has a polynomial growth, there exist two
positive constants C1 and Cy such that

C1V (VD) exp(Calx /1) < pi(x) < C2V (V1) exp(—Cix|? /1) (4.1)

forallt > 0andx € G.

Now we give an analogue of Lemma 2.5 on compact Lie groups when 0 < o < d,
since we have actually used only this case of Lemma 2.5 in the noncompact case:
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Lemmad4.2 Let0 < o < d. If ¢ > 0 is sufficiently large, then we have
G| < Clx*™ (4.2)

for all x € G and some positive constant C.

Proof of Lemma 4.2 Taking into account Theorem 4.1 with (2.3) and (2.4) as well as
the relation (2.8), we have

o0
|G ()] = 'cm) / 1412 1™ py(x)dt
0
1
§/ t(afd)/ZflefctefC\xlz/tdt
0

00
+/ t(a,D)/Z—lefctefclx\z/td[ =:G1(x) + G2 (x).
1

It is easy to see that G2(x) < 1, since c is large enough.
In the exact same way as in the proof of Lemma 2.5 (see [3, Proof of Lemma 4.1]),
using the change of variables |x|?/f = u, we arrive at

1 o0
2 d—a du
Gi(x) 5/ (=) /21 =ClxI/t gy _ |x|°‘*d/ W5 e dt
0 x|? u

which gives the estimate (4.2). O

Since we have Lemma 4.2, sup x (x) = const and fB xdp = const for every r > 1,
X€EB, "
which play key roles in the proof of Theorems 1.1 and 1.3, then we also have these

Theorems 1.1 and 1.3 with § = 1 on compact Lie group.

Note that in the proof of Theorems 1.5, 1.8 and 1.9, and Corollary 1.10, we only
use Holder’s inequality, and Theorems 1.1 and 1.3. Therefore, since now we have
Theorems 1.1 and 1.3 with § = 1 on compact Lie groups, then Theorems 1.5, 1.8 and
1.9, and Corollary 1.10 also hold on compact Lie group, with § = 1.

Acknowledgements The authors would like to thank the anonymous referees for their helpful and con-
structive comments that greatly contributed to improving the final version of the paper. The authors would
also like to thank Zhirayr Avetisyan for discussions.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

223  Page 28 of 28 M. Ruzhansky, N. Yessirkegenov
References
1. Agrachev, A., Boscain, U., Gauthier, J.-P., Rossi, F.: The intrinsic hypoelliptic Laplacian and its heat

17.

18.

20.

21.
22.
23.
24.

kernel on unimodular Lie groups. J. Funct. Anal. 256(8), 2621-2655 (2009)

. Avetisyan, Zh., Ruzhansky, M.: A note on the polar decomposition in metric spaces. J. Math. Sci. 280,

73-82 (2024)

. Bruno, T., Peloso, M.M., Tabacco, A., Vallarino, M.: Sobolev spaces on Lie groups: embedding

theorems and algebra properties. J. Funct. Anal. 276, 3014-3050 (2019)

. Bruno, T., Peloso, M.M., Vallarino, M.: The Sobolev embedding constant on Lie groups. Nonlinear

Anal. 216, Art. No. 112707 (2022)

. Ciatti, P, Cowling, M., Ricci, F.: Hardy and uncertainty inequalities on stratified Lie groups. Adv.

Math. 277, 365-387 (2015)

. Coulhon, T., Russ, E., Tardivel-Nachef, V.: Sobolev algebras on Lie groups and Riemannian manifolds.

Am. J. Math. 123(2), 283-342 (2001)

. Folland, G.B.: Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat. 13(2),

161-207 (1975)

. Fischer, V., Ruzhansky, M.: Quantization on Nilpotent Lie Groups. Volume 314 of Progress in

Mathematics. Birkhduser/Springer (2016)

. Fischer, V., Ruzhansky, M.: Sobolev spaces on graded groups. Ann. Inst. Fourier 67, 1671-1723 (2017)
. Guivarc’h, Y.: Croissance polynomiale et périodes des fonctions harmoniques. Bull. Soc. Math. France

101, 333-379 (1973)

. Hebisch, W., Mauceri, G., Meda, S.: Spectral multipliers for Sub-Laplacians with drift on Lie groups.

Math. Z. 251(4), 899-927 (2005)

. Mynbaeyv, K.T.: Three weight Hardy inequality on measure topological spaces. Eurasian Math. J. 14(2),

58-78 (2023)

. Klein, A., Russo, B.: Sharp inequalities for Weyl operators and Heisenberg groups. Math. Ann. 235(2),

175-194 (1978)

. Peloso, M.M., Vallarino, M.: Sobolev algebras on nonunimodular Lie groups. Calc. Var. 57, Art. No.

150 (2018)

. Ruzhansky, M., Suragan, D.: Hardy and Rellich inequalities, identities, and sharp remainders on

homogeneous groups. Adv. Math. 317, 799-822 (2017)

. Ruzhansky, M., Suragan, D., Yessirkegenov, N.: Extended Caffarelli-Kohn-Nirenberg inequalities, and

remainders, stability, and superweights for L ,-weighted Hardy inequalities. Trans. Am. Math. Soc.
Ser. B 5, 32-62 (2018)

Ruzhansky, M., Turunen, V.: Pseudo-differential Operators and Symmetries. Background Analysis and
Advanced Topics, Volume 2 of Pseudo-Differential Operators. Theory and Applications. Birkhéduser
Verlag, Basel (2010)

Ruzhansky, M., Tokmagambetov, N., Yessirkegenov, N.: Best constants in Sobolev and Gagliardo-
Nirenberg inequalities on graded groups and ground states for higher order nonlinear subelliptic
equations. Calc. Var. 59, Art. No. 175 (2020)

. Ruzhansky, M., Verma, D.: Hardy inequalities on metric measure spaces. Proc. R. Soc. A 475,20180310

(2019)

Ruzhansky, M., Yessirkegenov, N.: Critical Gagliardo-Nirenberg, Trudinger, Brezis-Gallouet-Wainger
inequalities on graded groups and ground states. Commun. Contemp. Math. 24(8), 2150061 (2022)
Ruzhansky, M., Yessirkegenov, N.: Hypoelliptic functional inequalities. arXiv:1805.01064 (2018)
Sinnamon, G.: Hardy inequalities in normal form. Trans. Am. Math. Soc. 375(2), 961-995 (2022)
Varopoulos, NTh.: Analysis on Lie groups. J. Funct. Anal. 76(2), 346—410 (1988)

Varopoulos, N.Th., Coulhon, T., Saloffe-Coste, L.: Analysis and Geometry on Groups. Cambridge
Tracts in Mathematics, vol. 100. Cambridge University Press, Cambridge (1992)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1805.01064

	Hardy–Sobolev–Rellich, Hardy–Littlewood–Sobolev and Caffarelli–Kohn–Nirenberg Inequalities on General Lie Groups
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proof of Main Results
	3.1 Proof of Theorem 1.1
	3.2 Proof of Theorem 1.3
	3.3 Proof of Theorems 1.5, 1.8, 1.9 and Corollary 1.10

	4 Appendix: The Case of Compact Lie Groups
	Acknowledgements
	References


