MULTIDIMENSIONAL FRANK-LAPTEV-WEIDL IMPROVEMENT
OF THE HARDY INEQUALITY
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ABSTRACT. We establish a new improvement of the classical LP-Hardy inequality
on the multidimensional Euclidean space in the supercritical case. Recently, in [14],
there has been a new kind of development of the one-dimensional Hardy inequality.
Using some radialisation techniques of functions and then exploiting symmetric
decreasing rearrangement arguments on the real line, the new multidimensional
version of the Hardy inequality is given. Some consequences are also discussed.

1. INTRODUCTION

Nowadays, one of the most popular classical functional inequalities in the analysis
is the Hardy inequality

[y, o] 2
Ry |z N—p
which holds for all u € C2°(RY \ {0}). This range of p is called the supercritical case
of the Hardy inequality in literature. Note that the inequality is also valid for all
u € C®(RY) if N > p, that is, in the subcritical case. However, in the critical case
N = p such inequality is not possible.

The inequality (1.1) is an essential higher dimensional extension of the one-dimen-

p
/ |Vu(x)|P dz, N <p< o0, (1.1)
RN

sional inequality discovered by Hardy [I7]. The development of the famous Hardy
inequality (in both its discrete and continuous forms) during the period 1906-1928
has its own history and we refer to [22]. It is well-known that the so-called Hardy

p
constant ‘N%‘ is sharp and never attained (except trivial function).
p

Therefore, one may want to improve (1.1) by adding extra nonnegative terms on its
left-hand side. Say p = 2 and N > 2, one may ask about the existence of nonnegative
function W € L*(RY) such that the following inequality

W () |uf? da + / @ o, < <L> / Vau(x)? de
RN RN |I‘|2 - N — 2 RN ’

holds for all u € C°(RY). But the operator —Agn — (NZQ)Q# is known to be a

critical operator on R™ \ {0} (see [10]) and an improvement of such quadratic form
inequality is not possible. Also, see [11] for the optimal L Hardy-type inequalities.
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However, there is a huge set of references of works about improved Hardy inequalities
on bounded Euclidean domains after the seminal works of Brezis and Marcus [0] and
Brezis and Vézquez [7]. See also [1, 2, 32] and references therein.

The Hardy inequality (1.1) plays an important role in several branches of math-
ematics such as partial differential equations, spectral theory, geometry, functional
analysis, etc. Improvements of the Hardy inequality on bounded Euclidean domains
containing origin and improvements of such inequality on Riemannian manifolds have
attracted great attention and were investigated by many authors. Without any claim
of completeness, we refer an interested reader to [3, 1, 12, 15, 16, 28, 29] which are
excellent monographs for reviews of this subject and for the improvements of this
inequality.

Let p > N. In this paper, our main result states that for all u € C°(RY \ {o}),
the following new sharp inequality holds in terms of the polar coordinate structure of
RY:

o0 P o0 P
max{/ PNl sup / M do dr, / N1 sup / M do dr}
0 O<s<r Jgn-1 1P 0 r<s<oo JSN-1 spP

P /RN |Vu(x)P de. (1.2)

N —p
Here r is the distance between a point x € RY and the origin o and S¥~! is the
N-dimensional unit sphere. Clearly, we have (see Remark 4.1)

max{/ PNl sup / |u SU| / N-1 sup / —|u(sa)| dadr}
0 0<s<r JsN-1 r<s<oo JSN-1 spP

> / @ 4,

—JRrN |517|p

so that (1.2) gives an improvement of (1.1). The N = 1 case of (1.2) (see also
Theorem 4.1) was established in the recent paper [11], that is, the authors proved the
one dimensional LP-version of the improved Hardy inequality and gave an interesting
application in the theory of Schrodinger operators. So, our inequality (1.2) extends
the 1D Frank-Laptev—Weidl inequality from [14] to dimension 1 < N < p. The works
on the one-dimensional (similar) improvements of the Hardy inequality go back to
[19], and [31], see also the introductory discussions in [14] and [20] for the discrete
versions.

First, we study the results for radial functions and then continue the discussion for
the non-radial setup. One of the main tools we exploited is the norm-preservation
of the symmetric decreasing rearrangements and in principle, one can see that this
property holds on some Riemannian or/and sub-Riemannian manifolds. In the same
spirit, our results can be extended to more general manifolds/spaces. Here are a few
references [5, 8, 9, 13, 20, 25, 30, 33] to revisit the work on Hardy’s inequality in those
spaces.

Structure of the paper: In Section 2, we discuss some basic facts of symmetric
decreasing rearrangements. Section 3 is devoted to the main supporting lemmas, and
then a few necessary tools are discussed. In Section 4, we prove our main results

<
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related to developing the new multidimensional Hardy inequality. Finally, in Section
5, a novel uncertainty principle on Euclidean space is discussed.

2. PRELIMINARIES

Before stating the main results and their consequences, first, we will describe some
preliminaries on symmetric decreasing rearrangements. After that, in this section, we
will shortly discuss the polar coordinate decomposition and the radial version of the
classical gradient operator on the N-dimensional Euclidean space R .

2.1. Symmetric decreasing rearrangements. Below we will quickly recall some
definitions and facts about symmetric decreasing rearrangement. For more details,
we refer to [23, Chapter 3], for example.

Let © C RY be a finite Borel measurable subset. Then the symmetrization of
(denoted by Q) is defined by the open ball B(o; r) := {x € RY : |z| < r}, where
r= val/ Nvol(Q)MN is the radius, where vy is the volume of the unit N-dimensional
Euclidean ball and o is the origin as the centre of the ball. Here we are only concerned
with functions which vanish at infinity. For a real number 5 € R, the level set { f > 3}
of a function f is denoted as

{f>pB}={zeRY : f(z) > B}
We say that a function f vanishes at infinity if
vol({|f] > 7}) < oo for all 7 > 0.

Now for all z € RY, we define the symmetric decreasing rearrangement (or non-
increasing rearrangement) of f, denoted by f*, as follows

fia) = /0 X{i7sry () dT.

Then by definition, f* becomes a nonnegative, radially symmetric, and non-increa
-sing function. Therefore, for any x € RY, we have f*(z) = f*(|z|) and one can
consider f* as a real valued nonnegative function on [0,00). Irrespective of several
properties of f*, a useful property in our context is

vol({|f| > 7}) = vol({f* > 7}) for all 7 > 0.

By using the layer cake representation and the above property, we have the following
identity:

/ |f(x)|pdx:/ (@) dz for all p > 1. 2.1)
RN RN

This relation will be very useful in the proofs.
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2.2. Polar coordinates and radial gradient. Let RY be the N-dimensional Eu-
clidean space with Lebesgue measure dx. Then it admits the polar coordinate decom-
position with respect to the origin o € RY. In particular, for any f € L},.(RY) we

have
_ N-1
- f(z)dx = /0 /le f(ryo)r do dr, (2.2)

where for any z € RY we write z = (r,0) € [0,00) x S¥7! with r = o(z,0) (also
denoted as |z|) being the Euclidean distance between = and the fixed point o as the
origin. Here and after S¥~! = {x € RY : |z| = 1} is the N-dimensional unit sphere
with the surface measure do.

We say that a function is radially symmetric if it depends only on the radial part.
That is, if f(z) is a radial function, then for any x € RY, we have

f(x) = f(lz]) = f(r) where r = |x],

and f can be considered as a function on [0,00). Note that the radial gradient of a
differentiable function f(z) can be defined by

of (e
o @ = 1 VI @), (2.3)

is the scalar product and V is the usual gradient on RY.

W

where

3. SUPPORTING LEMMAS

This section deals with the establishment of some supporting results. First, we
describe the weighted version of the Hardy inequality on the half-line involving sym-
metric decreasing (or non-increasing) rearrangement of the function. The arguments
here follow [11] but extend those.

Lemma 3.1. Let 1 < p < co. Let g be any nonnegative function on (0,00). Assume
h is a strictly positive non-decreasing function on (0,00) such that sh(r) < rh(s) for
any r,s € (0,00) with r < s. Let f be a locally absolutely continuous function on

(0,00). Then we have
Kwﬂﬂ;g;nm{g%ymg}[fﬂwmpmw<lmmw;%Séﬂwwm1j$

where f* is the non-increasing rearrangement of f.

Proof. For any fixed r > 0, we have

1 1 5 1 1
sup |ming —, —— t)dt| < sup ming —, ——
oq&‘ {Mmh@}éf“>’ s wind e i @
The above follows from

KﬂWﬂS[VWﬁﬁévWNt

The advantage of f* is that it is non-increasing and this fact enables computing the
supremum.
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Case 1: Let 0 < s < r < oco. Then using the non-decreasing property of h, we

have
mm{%,ﬁ}/jﬂ(@ dt:%/osf*(t) at < %/Orf*(t) .

Case 2: Let 0 < r < s < oo. Then exploiting the increasing property of h and the
non-increasing nature of f* and a change of variable, we obtain

min{ﬁ,%} /05 fr(t) dt
_ %/0 £ dt < ﬁ/o F(rt/s) dt
_ %{S)/Orf*(v) dv < %/Orf*(t) dt.

Thus, combining both cases, for all r, s € (0,00) we have

mm{%,$}/:f*(t) at < %/Jf*(t) dr.

It yields
sup ‘min{L L} /S f(t)dt ’ < 'L/T fr(t)dt ’
0<s<oo h(r) h(s) ] Jo ~ |h(r) Jo ’
which completes the proof. U

Let us consider a special case in Lemma 3.1.

Corollary 3.1. Let 1 < N < p < oo. Then for all f € C°(0,00) the following
weighted inequality holds:
p

> 11 s
N-1 .
r sup |minq —, — t)dt
/0 0<s<poo {7’ 8}/0f() N—p

where f* is the non-increasing rearrangement of f.

/0 TN P dr, (3.2)

p
drﬁ‘

Proof. Let us set g(r) = r™~! and h(r) = r for r € (0,00). Substituting these in

Lemma 3.1, we have
p o] T
dr < / A / fr(t)de
0 0

r sup |ming —, — f(t)de
0 0<s<o00 r.s 0

Using the weighted one dimensional LP-Hardy inequality (see [18, Theorem 330], or
e.g. [27, Theorem 3.1]) for the function [ f*(t)dt and noticing the fact & [" f*(¢t)dt =
f*(r) which follows from the fundamental theorem of calculus, we obtain

p

00 r p o]
pN-p—1 / f(t) dt / N £ () [P dr 3.4
/ [ Lol [l (3.4
Applying this to the right-hand side of (3.3), we obtain (3.2). O

’ dr. (3.3)

p
drﬁ’




6 P. ROYCHOWDHURY, M. RUZHANSKY, AND D. SURAGAN

Remark 3.1. Inequality (5.2) is a key ingredient in our proof. However, we are
unable to prove this inequality when p < N. The reason is that the main tool in the
above proof, the Hardy inequality in that form is valid if and only if p > N (see, e.g.
[24, Example 1.1]). Therefore, the latter inequality (3.4) does not hold when p < N.
This technical challenge enables us to follow the Frank-Laptev-Weidl approach to
obtain an improved version of the multidimensional Hardy inequality in the subcritical
case p < N. It makes the subcritical improvement of the Hardy inequality an open
problem.

For a continuous function on a compact set, the supremum is attained, and exploit-
ing this idea, one can have the following result.

Lemma 3.2. Let g € C(RY) be a nonnegative function. Then, on a compact subset
K c RN, we have

(Sup g(x))p = (SUP gp($)>

zEKX zell
for1l <p< oo.

4. IMPROVEMENT OF THE CLASSICAL HARDY INEQUALITY

This section’s primary goal is to establish an improved version of the classical Hardy
inequality on the N-dimensional Euclidean space RY in the supercritical case. Our
strategy is first to develop it for radial functions, and then, by using the radialisation
technique, we settle the non-radial version.

4.1. Radial version of the results. First, we present the results for the compactly
supported smooth radial function space denoted as C2%,,,(RY \ {o}).

p
.

Theorem 4.1. Let 1 < N < p < 0o. Then we have
p p
/ max{ sup |u(y)| s |u(y)] }dx <P
RN Bloile\oy 2P Beoifa) P N —p

for all u € gjﬂad(RN \ {o}).

Proof. Since u € C2,,(RV\ {o}) we have u(y) = u(|y|) = u(s) for s = |y], that is,
u € C(0,00). Recall the polar coordinate decomposition x = (r,0) where r = |z| €
(0,00) and 0 = 7 € S¥=1. Then we deduce

P P
/ max{ sup M , sup M} dx
B(o; |z)\{o} |x|p Be(o; |z|) |y|p

P P
/ / pV-1 max{ sup M, sup M} do dr. (4.2)
SN-1 0<s<r TP r<s<oo sP

Before going further let us mention the following identity

sup ‘mm{1 1} a(s)|

0<s<00 rs

. Vu(zx)

]

(4.1)
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.11
= sup mm{r_l”s_?} lu(s)|?

0<s<o0

1 1 1 1
= 1 _ p 1 P p
max{os;igrmm{rp, sp} lu(s)|?, T<sll<poomln{rp, sp} lu(s)| }
P P
= max{ sup Juts)I” , sup Jus)I? }

0<s<r rP r<s<oo sP

By using this and continuing with the polar coordinate decomposition (4.2), we have

P p
/m{ ap MO, WP,
oo} 2P Beosfan  [YIP

p

11
/ / 1 sup ‘mln{ } u(s)| drdo
SN-1 0<s<o0
/ / N=1sup ‘mm{ } / t)dt dr do
SN-1 0<s<oo 0
Corollary%l [ ou P
< N—‘ /N 1/ < 7“) (r)| drde

dx

- NLp/ (am)p”
B Np—p /]RN %(@

dx
P
= -Vu
N-—p /]RN ] (@)

In the middle we have used Corollary 3.1 for f(t) = 2%(t). Finally, by using (2.1)

for the function 2 2 which vanishes at infinity because of the compact support of the
smooth function u and by using the identity (2.3) the desired result follows. O

‘@

dzx.

4.2. Non-radial setting of the results. Now we describe the non-radial version
of Theorem 4.1. Before that, it should be mentioned that in constructing some non-
radial inequality from the radial one, the radialisation method is one of the common
tools of functional inequalities. Let u € L'(RY), then for any 1 < p < oo, we define
the radial symmetric function @ as follows:

u(z) = a(r) = <L /SN_1 lu(ro)|P d0> " for any z € RY,

WN

where r = |z|, 0 = é—l, and wy is the surface area of the N-dimensional sphere S¥~1.

Lemma 4.1. Let 1 < p < oo and let f be any nonnegative measurable radial function
on RY. Then for any u € C'(RY), we have

. @l s [ gD

where u(x) is the earlier defined radial symmetric version of u(x).

p

-Vi(x) -Vu(zr)| dz, (4.3)

Jz] Jz]
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Proof. Let u € C*(RY). By using the Holder inequality, we have

1 v
By V(—/ lu(ro)[? da)
|$| WN JsN-1

_ m% < /S utro)p da>;_l /S P lu(ro)P ) - Vutra) do

1-p

< m (/SN lu(ro) P da) " x _1
(/SN_l |u(r0)|pda)pp(/SN 1
gl

Now multiplying both sides by f(z) and exploiting the above we derive

/. @ o
S ARG
SwN/OOOf(r) rN‘li (/SN

= [ (L
_ / S| Ful)

Starting with the polar coordinate decomposition, in between, we have used Fubini’s
theorem to arrive at the inequality (4.3). O

HVU():

T
— - Vu(ro)
]

» 1
da)

— - Vu(z)

]

p

-Va(z)| de

Now we proceed with another important lemma.

Lemma 4.2. Let 1 < p < oo and let f be a nonnegative measurable radial weight
function on RN . Then for any u € C.(RY \ {0}), we have

P
max{/ flr)yr™™ sup/ Mdadr,
0<s<r JSN rP

p
/ f(r PNt sup / [u(so)] dadr}
r<s<oo JS§N-1 sP
<

p 7 p
< f(zx) max{ sup ) ,  sup [ily)] }dx, (4.4)
RN Blosle\{o}  |ZPP " Be(osfepy  [YIP

where u(x) is the earlier defined radial symmetric version of u(x).
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Proof. Setting s = |y| and r = |z| and using polar coordinates, we compute

f(x)max{ sup !ﬂ(y)!’” sup Iﬁ(y)l”} e

Bloslzh)\{o} %P " Be(osjapy |YfP

ee N-1 d N-1 "d
— / f(r) PNl max{ sup fS [u(so)Pdo sup fS [u(so)Pdo } dr
0

Y

Bloife)\{o} [P Be(ojal) P
:/ max{f(r) 'erl sup fSNfl |U(SO'>|p do
0 0<5§7" Tp )
fr) ¥ su Jox-s [uls0)|” do dr
T§S<poo sP

> p
[ [ g,

0 0<s<r J§N-1 rP

o0 P
/ f(r)yr™=1 sup / Jutso)l® do dr}.
0 r<s<oo J§N-1 sP

Here we have used the fact [ max{a(z),b(z)} dz > max{ [ a(x) dz, [b(z) dz}. O

We are now in a position to derive the non-radial version of the result from the
previous subsection which is the main contribution of this note.

Theorem 4.2. Let 1 < N < p < co. Then, for all u € C=(RN \ {o0}), we have

max{/ V7 sup / M do dr, / V71 sup / M do dr}
0 0<s<r JSN-1 rP 0 r<s<oo JSN-1 sP

P P/ p
RN

_ dz, 4.5
e : (15)
with the sharp constant. More precisely, the Hardy constant ’NL_p‘p 15 sharp n the
sense that no inequality of the form

o0 P o0 p
max{/ N1 sup / M do dr, / 1 sup / M do dr}
0 o<s<r Jgn-1 1P 0 r<s<oo JSN-1 spP

P
30/
RN

dz,
[e%e) p
holds, for all u € CZ(RN \ {o}), when C < ||

. Vu(x)

]

% -Vu(x)

Proof. Let u € C°(RY \ {0}) and @ be the radial symmetric function associated to
it. Then exploiting Lemma 4.2 with f(z) = 1 and then substituting the result into
Theorem 4.1, we deduce

oo P o0 P
max{/ V71 sup / M do dr, / rV1 sup / M do dr}
0 0<s<r JSN-1 P 0 r<s<oo JSN-1 sP

v P Y p
S/ max{ sup u(y)| sup [ (y)| }dx
RN Blo:le)\o} |TIP " Be(os ey YIP
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p
L.

Next, using Lemma 4.1 with f(z) = 1, we have

p
[ vl |
RN RN

Finally, combining the above two estimates we obtain

(e.) P o0 P
max{/ V1 sup / M do dr, / V71 sup / M do dr}
0 o<s<r Jgn-1 1P 0 r<s<oo JSN-1 spP

P P/ p
RN

— d

N-—-p “
which is the desired result (4.5). The sharpness follows from the known sharp constant
in the classical setup. O

T p

P
N-—p

|

p

- Vu(z)| dz.

L Va(z) o

|z]

% - Vu(z)

Remark 4.1. On the left-hand side of (4.5), we have
[e%e] p oo p
max{/ V1 sup / M do dr,/ V71 sup / M do dr}
0 0<s<r JSN-1 P 0 r<s<oo JSN-1 sP
o0 P
0 SN—1 TP
[ bty
Ry |Z[? .
By using Gauss’s lemma on the right-hand side of (4.5), we get

Sy Vu(z)

o < [Vua)|.

Combining the above two facts, we conclude that (4.5) is an improvement of the sharp
Hardy inequality.

5. UNCERTAINTY PRINCIPLE

In this section, we focus on the Heisenberg-Pauli-Weyl (HPW) type uncertainty
principle, which can be obtained immediately from the obtained new version of the
Hardy inequality. The HPW uncertainty principle has several physical and mathe-
matical applications. In physics, uncertainty principles may be used for establishing
the stability of matter. In quantum mechanics, the uncertainty principle implies that
both the momentum and the position of an object cannot be exactly measured at
the same time. The most well-known mathematical formulation of the uncertainty
principle is probably the HPW uncertainty principle. First, we present the result for
radial functions and then for the non-radial setting.
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Theorem 5.1. Let 1 < N < p < oo. Then, for any u € CZ,,(RY \ {o}), the
following uncertainty principle holds:

max{ [ s e [ s |u<y>|pda:}
RN B(o;|z|)\{o} RN B<(o; |x|)

p—1

g‘ P ‘mx{( [, s |x|p’%|u<y>|pdm)”,
N-—p RN B(o; |2l)\{o}

P

- N
([, 5w wara) " (| )
RN B<(o; |z]) RN

(RY \ {0}) we estimate each term separately. Let us begin with

. Vu(zx)

|z]

Proof. For u € C°

c,rad

/ sup  Ju(y)[P da
RN B(o;|z])\{o}

</ ( sup |x||u<y>|p-1)( sup ’“(y”)dx
BV \ B(o: |z))\{o} Blo: [e)\(o}  |Z]

p p—1

= B P 7
(Lo oY ) ([ (L )
BV \ B(o: |z))\{o} BV \ B(o: ja)\{o} |7]

p—1

p p %
([ wp b0y
EN Blo: o)\ [0} |ZIP

;1
sup  |z|7 T u(y) | dx) X
o; lz)\{o}

1

p P P

(/ max{ sup [u(y)|  sup lu(y)| }dx)”
RN Blo:le)\o} |1ZIP " Be(os ey |YIP

p—1 1

. 5 » »

( [ |x|w|u<y>|pdx) ( || dx)
RN B(o;|z|)\{o} RN

In the above we have used the Holder inequality, Lemma 3.2 twice, and finally The-
orem 4.1 step by step. Exploiting the similar steps as earlier, we compute

/ sup [u(y)P dz
RN B¢(o; |x|)

< /RN (BC?B;pr |y||u(y)|”‘1) <B§3}Tx| iT) |
: (/RN (Bc?;l;pw') |yIIU(y)Ip‘1) ) (/ ( s ;?J’)’)pdx)p

pP—

1

) E P P

([ s W) T ([ M)
RN B¢<(o;|z|) RN B¢(o;|z|) |y|p

sup [l fuly)? dx)
o; |z])\{o}

]

\ \
E\

U:J |

- Vu(z)

N P |37|
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p—1

= ([, oo P as) " x
RN B<(o; |z[)

P P
([ DO b))
RN Blo:leh\fo} TP Be(os ey [P

3=

p=1 » 1
p / _p_ P x P
< sup |y|#=T|u(y)|P da:) (/ — - Vu(x) dx) )
’N—P‘( RN B(o; |a) ry || 7]
Finally, combining both cases, we arrive at the desired result. U

Now we state the version for non-radial functions.

Theorem 5.2. Let 1 < N < p < co. Then for any u € C®(RN \ {0}), the following
uncertainty principle holds:

o0 P o0 P
max{/ rN=1 sup / M do dr, / rV1 sup / M do dr}
0 o<s<r Jsn-1 TP 0 r<s<oo Jsn-1 8P

p—

p=1
< ' b ‘max{(/ V1 sup / ro T |u(so)|P do dr) ,
N—p 0 o<s<r JgN-1

p

(/ V1 sup / s71|u(so) P do dr) ’ }(/
0 r<s<oo JS§N-1 RN
Proof. Let u € C°(RY \ {0}) and using polar coordinates we have
/ V1 sup / |u(so)|P do dr

0 0<s<r JSN-1

/ V1 sup / [u(s0)| -7 Ju(so) [P~ do dr
0 SN-1

0<s<r r

. Vu(z)

]

P\
dx) .

p—1

1
o0 p P P
/ N1 sup (/ Mda) (/ oot u(so)|? d0> dr
0 0<s<r SN-1 rP SN-1
* u(so)l” 1\’ : &
/ N1 sup (/ —da> sup </ ro=1|u(so)|? da) dr
0 o<s<r \ Jsv-1 TP 0<s<r \ JsN-1
1
e} _ P o
/ {TN,,I sup (/ Mdg)"}x
0 0<s<r SN-1 rP
p=1
(N=1)(p—1) P
{7‘ » sup (/ rooT lu(so)|? da) }dr
0<s<r SN-1
1
oo P >
(/ N1 sup / [ulso)l” do dr)px
0 0<s<r JSN-1 rP
- -
</ N1 sup / roT |u(so)|P do dr)
0 0<s<r JSN-1

IA

IA

IN
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oo p
< (max{/ V71 sup / Mda dr,
0 0<s<r JSN-1 rP
1
oo p .
/ N7 sup / Mda dr})px
0 r<s<oo J§N-1 sP
(/ V1 sup / Tﬁ]u(sa)]p do dr)
0 0<s<r JsN-1
» 1 - p=1
p p
(/ dx> (/ V=1 sup / o1 |u(so)|P do dr) :
N p RN 0 0<s<r JgN-1

In the above, we have exploited the Holder inequality, Lemma 3.2, and finally Theo-
rem 4.2 step by step. Following the similar steps as earlier, we compute

/ rN1 sup/ lu(so)|P do dr
r<s<oo JS§N-1

N=1sup / [u(s0) -5 Ju(so) [P~ do dr
SN-1

r<s<oo S

p—1
p

- Vu(z)

Jz]

p—1

1
o0 p P P
/ N1 sup (/ Ju(so)l® da) (/ s71|u(so) [P da) dr
r<s<oo SN-1 sP SN-1
oo P e T
/ N1 sup (/ Ju(so)l® da) sup (/ s71|u(so) P da) dr
r<s<oo SN-1 sP r<s<oo SN-1
1
oo p P
/ { P osup (/ Md(j)p}x
0 r<s<oo SN-1 sP
(N-1)(p—1) P
{7“ » T sup (/ sﬁ|u(30)|p da) } dr
r<s<oo SN-1
1
< /OOTN_l sup / Mdadr "%
B r<s<oco J§N-1 sP
p=1
9] N1 b -
sup sr=1|u(so)|P do dr
0 r<s<oo JS§N-1
00 p
(max{/ N=1sup / M do dr,
0 0<s<r JSN-1 rP
1
o P o
/ N7 sup / Mda dr})px
0 r<s<oo JS§N-1 sP

IN

IN

IN

p—1

' sup / 57T |u(so) [P dadr) ’
r<s<oo JS§N-1
p—1

p 1 o) p—1

p ? N-1 p_ »

< |\ dz / r su / sr—1 |u(so)|P do dr) .
‘N—p'(/ > ( 0 TSS<poo SN—1 | ( )l
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By combining both cases, we immediately arrive at the desired result. 0

ACKNOWLEDGEMENTS

The authors would like to thank Rupert Frank for pointing out a problem in the
first version of this paper. This project was discussed when the authors met at
the Ghent Analysis & PDE Center at Ghent University in the Summer of 2022. P.
R. and D. S. would like to thank the university for their support and hospitality.
The authors were supported by the FWO Odysseus 1 grant G.0H94.18N: Analysis
and Partial Differential Equations and by the Methusalem program of the Ghent
University Special Research Fund (BOF) (Grant number 01M01021). M. R. was
also supported by EPSRC grant EP/R003025/2. This research is funded by the
Committee of Science of the Ministry of Science and Higher Education of the Republic
of Kazakhstan (Grant No. AP23488549) and by the Nazarbayev University grant
20122022FD4105. P. R is also supported by National Theoretical Science Research
Center Operational Plan (Project number: 1121.104040).

REFERENCES

[1] Adimurthi, N. Chaudhuri, M. Ramaswamy, An improved Hardy-Sobolev inequality and its
application, Proc. Amer. Math. Soc. 130 (2002), no. 2, 489-505, MR 1862130.

[2] Adimurthi, A. Sekar, Role of the fundamental solution in Hardy-Sobolev-type inequalities, Proc.
Roy. Soc. Edinburgh Sect. A 136, (2006), 1111-1130, MR2290126.

[3] G. Barbatis, S. Filippas, A. Tertikas, A wunified approach to improved LP Hardy inequalities
with best constants, Trans. Amer. Soc, 356 (2004), 2169-2196, MR2048514.

[4] G. Barbatis, S. Filippas, A. Tertikas, Series expansion for LP Hardy inequalities, Indiana Univ.
Math. J. 52 (2003), 171-190, MR 1970026.

[5] E. Berchio, D. Ganguly, P. Roychowdhury, Hardy-Rellich and second-order Poincaré identities
on the hyperbolic space via Bessel pairs, Calc. Var. Partial Differential Equations 61, no. 4,
Paper No. 130. (2022), MR4417395.

[6] H. Brezis, M. Marcus, Hardy’s inequalities revisited, Ann. Scuola Norm. Sup. Cl. Sci. (4) 25,
217-237 (1997) MR1655516.

[7] H. Brezis, J. L. Vézquez, Blow-up solutions of some nonlinear elliptic problems, Rev. Mat.
Univ. Complut. Madrid 10 (1997), no. 2, 443-469, MR1605678.

[8] G. Carron, Inegalites de Hardy sur les varietes Riemanniennes non-compactes, J. Math. Pures
Appl. (9) 76 (1997), 883-891, MR 1489943.

[9] L. D’Ambrosio, S. Dipierro, Hardy inequalities on Riemannian manifolds and applications,
Ann. Inst. H. Poincaré C Anal. Non Linéaire 31 (2014), no. 3, 449-475, MR3208450.

[10] B. Devyver, M. Fraas, Y. Pinchover, Optimal Hardy weight for second-order elliptic operator:
an answer to a problem of Agmon, J. Funct. Anal. 266 (2014), no. 7, 4422-4489, MR3170212.

[11] B. Devyver, Y. Pinchover, Optimal LP Hardy-type inequalities, Ann. Inst. H. Poincare. Anal.
Non Lineaire 33 (2016), 93-118, MR:3436428.

[12] S. Filippas, A. Tertikas, Optimizing improved Hardy inequalities, J. Funct. Anal. 192 (2002),
186-233, MR1918494.

[13] J. Flynn, N. Lam, G. Lu, S. Mazumdar, Hardy’s identities and inequalities on Cartan-
Hadamard Manifolds, J. Geom. Anal. 33 (2023), no. 1, Paper No. 27, 34 pp, MR4510505.

[14] R. L. Frank, A. Laptev, T. Weidl, An improved one-dimensional Hardy inequality, J. Math. Sci.
(N.Y.) 268 (2022), no. 3, Problems in mathematical analysis. No. 118, 323-342, MR4533300.


https://doi.org/10.1090/S0002-9939-01-06132-9
https://doi.org/10.1017/S030821050000490X
https://doi.org/10.1090/S0002-9947-03-03389-0
https://doi.org/10.1512/iumj.2003.52.2207
https://doi.org/10.1007/s00526-022-02232-5
http://www.numdam.org/item?id=ASNSP_1997_4_25_1-2_217_0
http://eudml.org/doc/44278
https://doi.org/10.1016/S0021-7824(97)89976-X
https://doi.org/10.1016/j.anihpc.2013.04.004
https://doi.org/10.1016/j.jfa.2014.01.017
https://doi.org/10.1016/j.anihpc.2014.08.005
https://doi.org/10.1006/jfan.2001.3900
https://doi.org/10.1007/s12220-022-01079-8
https://doi.org/10.1007/s10958-022-06199-8

[15]
16]
17]
18]
19]
20]
21]
22]
23]
24]
25]
26]
27]
28]

[29]

[30]

MULTIDIMENSIONAL HARDY-FLW INEQUALITY 15

F. Gazzola, H. Grunau, E. Mitidieri, Hardy inequalities with optimal constants and remainder
terms, Trans. Amer. Math. Soc. 356 (2004), 2149-2168, MR2048513.

N. Ghoussoub, A. Moradifam, Bessel pairs and optimal Hardy and Hardy Rellich inequalities,
Math. Ann. 349 (2011), 1-57, MR2753796.

G. H. Hardy, Notes on some points in the integral calculus, LX. An inequality between integrals,
Messenger of Math. 54 (1925) 150-156.

G. H. Hardy, J. E. Littlewood, G. Pdlya, Inequalities. 2d ed., Cambridge, at the University
Press, (1952), MR0046395.

I. S. Kac, M. G. Krein, Criteria for the discreteness of the spectrum of a singular string, lzv.
Vys. Ucebn. Zaved. Matematika (1958), no. 2 (3), 136-153, MR0139804.

I. Kombe, M. Ozaydin, Improved Hardy and Rellich inequalities on Riemannian manifolds,
Trans. Amer. Math. Soc. 361 (2009), no. 12, 6191-6203, MR2538592.

A. Kufner, L. Maligranda, L. E. Persson, The Hardy inequality: About its history and some
related results, Vydavatelsky Servis, Plzen, (2007), MR2351524.

A. Kufner, L. Maligranda, L. E. Persson, The Prehistory of the Hardy Inequality, Amer. Math.
Monthly 113 (2006), no. 8, 715-732, MR2256532.

E. H. Lieb, M. Loss, Analysis, Second edition. Graduate Studies in Mathematics, 14. American
Mathematical Society, Providence, RI, (2001), MR1817225.

L. E. Persson, S. G. Samko, A note on the best constants in some Hardy inequalities, J. Math.
Inequal. 9 (2015), no. 2, 437-447, MR3333874.

V. H. Nguyen, New sharp Hardy and Rellich type inequalities on Cartan-Hadamard manifolds
and their improvements, Proc. Roy. Soc. Edinburgh Sect. A. (2020), MR4190097.

P. Roychowdhury, D. Suragan, Improvement of the discrete Hardy inequality, (2022),
arXiv:2209.05288.

M. Ruzhansky, A. Shriwastawa, B. Tiwari, A note on best constants for Weighted Integral
Hardy inequalities on homogeneous groups, (2022), arXiv:2202.05873.

M. Ruzhansky, D. Suragan, Hardy inequalities on homogeneous groups, 100 years of Hardy
inequalities. Progress in Mathematics, 327. Birkhduser /Springer, Cham, (2019), MR3966452.
M. Sano, F. Takahashi, Scale invariance structures of the critical and the subcritical Hardy
inequalities and their improvements, Calc. Var. Partial Differential Equations 56 (2017), no.
3, Paper No. 69, 14 pp, MR3640647.

D. Suragan, A Survey of Hardy Type Inequalities on Homogeneous Groups, In: Cerejeiras,
P., Reissig, M. (eds) Mathematical Analysis, its Applications and Computation. ISAAC 2019.
Springer Proceedings in Mathematics and Statistics, vol 385. (2022) Springer, Cham, Link.
G. Tomaselli, A class of inequalities, Boll. Un. Mat. Ital. (4) 2 (1969), 622-631, MR0255751.
J. L. Vazquez, E. Zuazua, The Hardy inequality and the asymptotic behaviour of the heat equa-
tion with an inverse-square potential, J. Funct. Anal. 173 (2000), no. 1, 103-153, MR1760280.
Q. Yang, D. Su, Y. Kong, Hardy inequalities on Riemannian manifolds with negative curvature,
Commun. Contemp. Math. 16 (2014), no. 2, 1350043, MR3195155.

PRASUN ROYCHOWDHURY:

MATHEMATICS DIVISION

NATIONAL CENTER FOR THEORETICAL SCIENCES

NTU, CosmoLoGy BuUILDING, No. 1, SEC. 4, ROOSEVELT RD., Tarper CiTy 106
TATWAN

E-mail address prasunroychowdhury1994@gmail.com

MICHAEL RUZHANSKY:

DEPARTMENT OF MATHEMATICS: ANALYSIS, LOGIC AND DISCRETE MATHEMATICS
GHENT UNIVERSITY, KRIJGSLAAN 281, BUILDING S8, B 9000 GHENT

BELGIUM

AND


https://doi.org/10.1090/S0002-9947-03-03395-6
https://doi.org/10.1007/s00208-010-0510-x
https://mathscinet.ams.org/mathscinet/search/publdoc.html?agg_year_1952=1952&batch_title=Selected%20Matches%20for%3A%20Items%20authored%20by%20Hardy%2C%20Godfrey%20Harold&fmt=doc&pg1=INDI&s1=81295&searchin=&sort=newest&vfpref=html&r=2&mx-pid=46395
http://mi.mathnet.ru/eng/ivm/y1958/i2/p136
https://doi.org/10.1090/S0002-9947-09-04642-X
http://ltu.diva-portal.org/smash/record.jsf?pid=diva2%3A989676&dswid=-5078
https://doi.org/10.2307/27642033
https://doi.org/10.1090/gsm/014
https://doi.org/10.7153/jmi-09-37
https://doi.org/10.1017/prm.2019.37
https://doi.org/10.48550/arXiv.2209.05288
 https://doi.org/10.48550/arXiv.2202.05873
https://doi.org/10.1007/978-3-030-02895-4
https://doi.org/10.1007/s00526-017-1166-0
https://link.springer.com/chapter/10.1007/978-3-030-97127-4_4
https://mathscinet.ams.org/mathscinet/search/publdoc.html?pg1=INDI&s1=270307&sort=Newest&vfpref=html&r=2&mx-pid=255751
https://doi.org/10.1006/jfan.1999.3556
https://doi.org/10.1142/S0219199713500430

16

P. ROYCHOWDHURY, M. RUZHANSKY, AND D. SURAGAN

SCHOOL OF MATHEMATICAL SCIENCES
QUEEN MARY UNIVERSITY OF LONDON
UniTED KINGDOM

FE-mail address michael.ruzhansky@ugent.be

DURVUDKHAN SURAGAN:

DEPARTMENT OF MATHEMATICS
NAZARBAYEV UNIVERSITY

KAZAKHSTAN

E-mail address durvudkhan.suragan@nu.edu.kz



	1. Introduction
	2. Preliminaries
	2.1. Symmetric decreasing rearrangements
	2.2. Polar coordinates and radial gradient

	3. Supporting lemmas
	4. Improvement of the classical Hardy inequality
	4.1. Radial version of the results
	4.2. Non-radial setting of the results

	5. Uncertainty principle
	Acknowledgements
	References

