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Abstract

Considerable evidence in past research shows size distortion in standard tests for zero
autocorrelation or zero cross-correlation when time series are not independent identically
distributed random variables, pointing to the need for more robust procedures. Recent
tests for serial correlation and cross-correlation in Dalla, Giraitis, and Phillips (2022)
provide a more robust approach, allowing for heteroskedasticity and dependence in un-
correlated data under restrictions that require a smooth, slowly-evolving deterministic
heteroskedasticity process. The present work removes those restrictions and validates
the robust testing methodology for a wider class of innovations and regression residuals
allowing for heteroscedastic uncorrelated and non-stationary data settings. The updated
analysis given here enables more extensive use of the methodology in practical applica-
tions. Monte Carlo experiments confirm excellent finite sample performance of the robust
test procedures even for extremely complex white noise processes. The empirical exam-
ples show that use of robust testing methods can materially reduce spurious evidence of
correlations found by standard testing procedures.
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1 Introduction

Correlation analysis of linear relationships between random variables of a univariate time
series or linkages between variables of multiple time series is an initial step in many empirical
analysis of economic and financial data. The widely used test for correlation at an individual
lag is the standard t¢-test developed by Gosset (Student (1908)). Ljung and Box (1978)
introduced a cumulative version of the test for non-zero correlation at multiple lags which
subsumes test results at individual lags within a broader maintained hypothesis. Haugh and
Box (1977) extended the methodology to test zero cross-correlation at individual and multiple

lags.

Cumulative statistic testing for zero correlation is a well-studied problem in the literature
when the uncorrelated process {x;} is stationary with a martingale difference structure or is
mixing. Hong (1996), Deo (2000) and Shao (2011) tested for constancy of the spectral density
function and work of Hong and Lee (2005, 2007) allowed for testing martingale difference noise
conditions. Robinson (1991) suggested diagnostics for serial correlation in regression distur-
bances and Guo and Phillips (2001) introduced a cumulative test for stationary martingale
differences that resembles our own test in this paper. Romano and Thombs (1996), Lobato,
Nankervis and Savin (2002) and Horowitz, Lobato and Savin (2006) among others, developed
portmanteau tests that involve kernel or bootstrap estimation. These tests require selection
of a bandwidth parameter, impose stationarity and mixing assumptions on the noise, and are
often not straightforward to implement. An additional concern in applications is that these
tests may suffer size distortions in finite samples and they require uncorrelated noise to be

stationary.

Testing for zero cross-correlation is less investigated and dates to Cumby and Huizinga
(1992) and Kyriazidou (1998). Their setting assumes stationarity and excludes unconditional
heteroskedasticity. However, it is well documented in the empirical finance and macroeco-
nomic literatures that assumptions such as constant conditional homoscedasticity or constant
unconditional variance in uncorrelated noise clashes with the data. Patton (2011), Goncalves
and Kilian (2004) and Cavaliere, Nielsen and Taylor (2017) provide examples and discussion

of the limitations of these conditions.

We focus in this paper on testing for the absence of correlation and cross-correlation
under general heterogeneity when non-stationary uncorrelated data can be decomposed as
Ty = Wy + hyer. Here, the uncorrelated noise €; is a stationary martingale difference process
which allows for stationary conditional heteroskedasticity and the scale factor h; allows for
the capture of general heterogeneity and changes in the unconditional variance. We also show
that our test procedure can be applied to regression residuals, thereby providing a general

approach to correlation and cross-correlation testing for empirical work.

It is well known that the size of standard tests can be significantly distorted by the

presence of heteroskedasticity and data dependence, more specifically when the data is not



a sequence of independent identically distributed (i.i.d.) random variables. Dalla, Giraitis,
and Phillips (2022) (subsequently, DGP (2022)) demonstrated that violation of the i.i.d.
property can lead to spurious detection of correlation. Instead, they provided a robust test
for the absence of correlation in heteroskedastic and possibly dependent time series, allowing
for heteroskedasticity (volatility) that takes the form of an evolving deterministic process.
While the robust testing methodology of DGP (2022) is attractive in its simplicity, the
requirement of smooth deterministic evolution in heteroskedastic behavior is restrictive and
can be unrealistic in some empirical settings where volatility is random and/or subject to
structural breaks. The present paper removes this requirement in testing for zero correlation
and zero cross-correlation. Our results show that the robust testing methodology is valid for
a broad class of uncorrelated non-stationary data in models with non-smooth deterministic
and stochastic heteroskedasticity. The assumptions of DGP (2022) are relaxed to such a
degree that verification of the validity of the limit theory requires significant new theoretical
developments in the proofs. Beyond the assumption of a martingale difference structure in

the primitive innovations £; only minimal additional conditions are required.

Simulations confirm good finite sample performance of the robust test procedures for
complex forms of univariate and bivariate innovations that substantially extend earlier find-
ings. These robust tests for correlation and cross-correlation are easy to implement and they
can be applied for a large class of uncorrelated noise processes. The tests are found to be
well-sized and their power is comparable with the size-corrected power of standard tests.
Additional experimental evidence is available on request, corroborating the limit theory that

outliers and missing data do not affect the good performance of the test procedures.

The paper is organized as follows. Sections 2 and 3 outline the framework and assumptions
for testing absence of serial correlation and cross-correlation, giving the asymptotic properties
of the robust test statistics and demonstrating that the tests remain valid when they are
performed on regression residuals. Section 4 reports simulations that corroborate the limit
theory and support finite sample implementations; this section also provides the robust testing
procedure for Pearson correlation. Section 5 presents several empirical applications. Section
6 concludes. Proofs, auxiliary lemmas, further simulation findings, and analyses of residual-
based testing, the impact of thresholding, heavy tailed data, and missing observations are all
provided in the Online Supplement in Sections 7-8. For further background information and

discussion of the approach readers are referred to DGP (2022).

An R package and an EViews add-in (named testcorr) are available to implement all the

testing procedures developed in the paper.!

The R package is available on CRAN, https://cran.r-project.org/package=testcorr. The EViews add-in
is available at https://www.eviews.com/Addins/addins.shtml.



2 Tests for zero autocorrelation

The autocorrelogram {p, = corr(z¢, x¢—j)}5e, contains key information about temporal
dependence in a time series x;. The empirical version of pp calculated from observations

{z; :t =1,...,n} is the sample autocorrelation
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providing consistent estimation of p; under general conditions. Traditional time series mod-
eling makes extensive use of the empirical correlogram {py}, an important element of which
is confirmation of lack of correlation {p; = 0} in either the observed time series or regression
residuals. Testing the hypotheses Hy : p = 0 for multiple values of k is a different problem
from estimation of the py and does not rest solely on the fitted sample autocorrelations py.
In fact, robust testing procedures for zero correlation discussed in DGP (2022) show the ad-
vantages of an approach that is based on tests constructed from t-type statistics rather than
the commonly used tests based on the sample autocorrelations py alone. These advantages
are particularly important when the observed series z; is no longer a simple i.i.d. sequence.
In practical work with economic and financial data the i.i.d. condition is strong and typically

unrealistic, even though it has the attractive asymptotic property
vnpr —p N(0,1), for all k > 1, (2)

which led to the commonly used tests of Hy : pr = 0 at individual lag k, starting with Yule
(1926).

Numerous authors have pointed out that the property (2) fails when the component
variables x; are uncorrelated but not i.i.d. In response to this concern DGP (2022) developed
a robust testing methodology within a wider setting for testing Hy : pr = 0 based on a robust
self-normalized statistic of the type suggested in Taylor (1984); Guo and Phillips (2001):

7= Z?:k—s-l €tk
(Z?:k—l—l e?k)l/z ’

e = (2 — &) (24— — T). (3)

Under very general conditions the adjusted pj statistic

tk:Pkck —)DN(O,l), Ck:ﬁ (4)

produces a valid confidence band for zero correlation at lag k. DGP (2022) explored the
advantages of the self-normalized statistic ¢, proving its asymptotic normality in settings
where uncorrelated random variables x; can be both dependent and nonstationary. Their
proofs of validity made use of strong smoothness restrictions on the scale (or unconditional

volatility) factor implicit in z;, although they conjectured that those restrictions might be



relaxed without affecting the limit theory and robustness of the testing methodology. The

goal of the present paper is to establish this broad robustness.

To fix ideas assume that serially uncorrelated heteroskedastic time series x; has the same
general structure as in DGP (2022):

Ty = W+ U, with Ut = htEt, (5)

where ¢; is a zero mean stationary uncorrelated noise, h; is a scale factor, and {h;} and
{e¢} are mutually independent. In our setting, the noise process {e;} allows for ARCH
type conditional heteroskedasticity and the scale factor h; > 0 accounts for heterogeneity.
As shown below, in this general setting, testing for correlation in x; reduces to testing for
correlation in ; and does not exclude instances when corr(xy, x;_x) is undefined, for example
when Ex? = oco. In that event the limit theory may not be Gaussian unless h; satisfies
Assumption 2.2. For instance, if h; is very heavy tailed then the limit theory might be

bimodal — see Section 9 in the Online Supplement.

Next we outline assumptions on the noise ¢; and the scale factor h; which provide a
framework for testing absence of correlation in a wide class of time series x;. As in DGP

(2022) we use the following restrictions on the noise process.

Assumption 2.1. {e;} is a stationary martingale difference (m.d.) sequence with respect to
some o-field filtration Fy:

Elet|Fi—1] =0, Ee} <oo, Ee?=1,

where the filtration Fy = o(es, s < t) is generated by some suitably broad random process

{es}

The primary example of F; is the natural filtration comprising the information set generated
by the past history F; = o(es, s < t). A typical example of &; in practical work is the
ARCH/GARCH class, so that (5) allows for conditional heteroskedasticity in z;. It is useful
in some contexts and in some technical arguments to employ a broader filtration than the
natural filtration, which is the reason why Assumption 2.1 allows for F; to be generated by

a more general process than ;.

The main novelty of the present paper is to widen the class of scale factors h; in the
analysis to include heterogeneous noise processes x; and allow for cases where the correla-
tion corr(z¢, z;—k) of the observed time series itself may not exist. Since the factor h: is
not observed directly and typically requires strong assumptions to facilitate estimation, test
procedures that permit generality in h; are desirable in applications. Our approach to testing

zero autocorrelation in the noise e; process of x; in (5) is to allow for both deterministic and



stochastic scale factors h; that enable considerable generality. Note particularly that

Elhihy—]
(Var(ht)vau"(ht,k))1/2

corr(xy, Tp_k) = corr(eg, €t—k),

so that corr(ey, e;—) = 0 implies corr(zy, x4—x) = 0 when corr(x;, z;_p) is defined. However,
our test procedure does not exclude instances where var(z;) = 0 (hy = 0), thereby allowing
for missing observations, or var(z;) = oo (var(h;) = o), allowing for observations with heavy

tails.

DGP (2022) introduced robust tests for zero correlation when h; is deterministic with the

following properties

n

max b = oD hf), D (h—hi1)t =0 h}). (6)
t=1 t=1

1<t<n
- t=2

These conditions facilitated the development of tests with a convenient asymptotic theory for
practical implementation. But while the first bound condition is weak, the second condition
is restrictive, requiring h; to have some degree of smoothness, such as a constant function, a
step function, or a smoothly varying function h; = g(t/n), where g is a continuous, bounded
function with bounded derivatives. Although the smoothness condition on the increments of
h; in (6) may not seem restrictive for much applied work, it does exclude certain cases such
as alternating sequences of the form {h; = 2,1,2,1,...} or volatility processes h; where the

scale factor has frequent jumps as in some financial data.

The main contribution of the present work is to relax assumption (6) and validate the
asymptotic theory without imposing smoothness on h;. The new condition involves a modified

version of the first bound condition of (6).

Assumption 2.2. {h, t = 1,...,n} is a deterministic or stochastic sequence with hy > 0

which for lag k satisfies
max h{ = op< Z h%h?_k) (7)

1<t<n
t=k+1

Condition (7) clearly holds for deterministic sequences h; that change abruptly and fre-
quently, such as hy = 1,2,1,2,1,2,.... Different from (6), (7) takes account of the specific
lag k. Thus, if hy = 1,0,1,0,1,0,... then (7) is satisfied for lags k = 2,4,6,... but is not
satisfied for lags k = 1,3,5,.... Importantly, condition (7) allows h; to take on zero values
at some t, and it does not impose moment restrictions on h; only a maximal bound condi-
tion. An example of a stochastic scale factor satisfying Assumption 2.2 is a unit root process
h = |Z§.:1 n;j| where n; is an i.i.d. A(0, 1) noise.

Formally, Assumption 2.2 does not require existence of finite moments of h; when the
sequence is stochastic. But the validity of (7) may be affected by heavy tailed distributions

of hy. In particular, for very heavy tailed distributions it is well known that self normal-



ized statistics often have bimodal distributions and these typically lead to conservative tests
when standard normal limit theory is mistakenly used for inference. This phenomenon arises
because large outlier observations dominate the self normalized ratio leading to some concen-
tration around modes, especially at +1, thereby moving mass from the tails of the distribution
towards these modes. Simulations reported below in Section 4 include an example of an i.i.d.
random sequence h; distributed as Student’s to where this phenomenon occurs and (7) does
not hold. Additional analytic and simulation findings given in the Online Supplement (see
Section 9 in the Online Supplement) show bimodality of the limit distribution of the test
statistic ¢ in such cases. For examples of related sources of bimodality and some past anal-
yses in the literature, see Logan, Mallows, Rice and Shepp (1972), Fiorio, Hajivassiliou and
Phillips (2010), and Wang and Phillips (2022).

In addition to Assumption 2.2, testing at lag k requires the following assumption on &;.
Here and elsewhere in the Online Supplement we use the notation z; as a working variable,

whose meaning may change according to location.

Assumption 2.3. The sequence z; = zj; = 5?5,52_k satisfies

Ez? <00, cov(zn,20) =0, h— oo. (8)

Our main result gives the limit theory of the test statistic ¢y.

Theorem 2.1. Let {z;} be an uncorrelated noise of the form given in (5), suppose k > 1,
and let Assumptions 2.1, 2.2 and 2.3 hold. Then, corr(e,ei—k) = 0, and

tr —p N(0,1). (9)

Notice that in model (5), corr(e¢,e¢—) = 0 for all lags £ > 1, which implies overall that
{x;} is serially uncorrelated if corr(z;,z;_i) is defined. Theorem 2.1 can be obtained from
the bivariate case in Theorem 3.1 below by replacing y; by x; and noting that such bivariate
series {z,y;} satisfies the assumptions of Theorem 3.1. All proofs are given in the Online

Supplement (see Section 7).

Cumulative test. The standard cumulative Ljung and Box (1978) test is based on the

statistic
LB, = 2 1
= (n+2)ny L (10)
k=1
and widely used for testing the joint null hypothesis Hy : p1 = ... = p;,y, = 0. Under Hp,

it is asymptotically x2, distributed when {z;} is an i.i.d series but it may suffer severe size
distortions when {x;} is not i.i.d. To overcome this limitation, DGP (2022) introduced the

robust cumulative test statistic (Q,, and its version @m with thresholding defined as:

Qm=1R"'T, Qn=1tR"'L (11)



Here, t = (t1,...,tm)’, and R = (Tjx) is an m X m matrix where 7, are a sample cross-

correlation of the variables {e;;} and {es}:

n
Zt:max(j,k)Jrl €tjCtk

Tjk =
(Z?:max(j,k)—l—l e?j)l/Q(Z?:max(j,k)—i—l etzk)l/Q 7

jk=1,..m. (12)

To improve the finite sample performance of the @, test, DGP (2022) suggested to use a
thresholded version R* = (7)) of R, where

T = Tid (|7 > A), (13)
A > 0 is a thresholding parameter, and 7 is a t-type statistic

n
Zt:max(j,k)—‘rl €tjCtk

Tjk - .
(Z?:max(j,k)—l—l e%jefk) 1/2

(14)

DGP (2022) assumed h; to be smooth and deterministic, which adds simplicity and trans-
parency to analysis of the cumulative robust testing procedure. In the next theorem we show
that the cumulative testing procedure at lag m is valid when scale factors are non-smooth

and stochastic. We make the following additional assumption.
Assumption 2.4. For any j,k=1,...,m,

(i) the sequence zy = 2y ji, = (e16¢—j)(€t€t—k), t = 1,2, ... satisfies

Bz < oo, cov(zg,zp) =0, h— oo; (15)

(ii) x¢ satisfies Assumptions 2.1 and 2.2.

The following theorem establishes the asymptotic behavior of the robust test statistics @y,

and @m used to test the cumulative hypotheses of absence of correlation at lags k = 1,...,m.

Theorem 2.2. Let {x:} be as in (5), m > 1, and Assumption 2.4 hold. Then, as n — oo,
for any threshold A > 0,

Qm —D X12n7 @m —D X72n (16)

Our empirical applications and Monte Carlo study use the thresholds A = 1.96 and A = 2.57
suggested in DGP (2022) which lead to well-sized testing procedures in finite samples.

Theorem 2.2 shows that the asymptotic distribution of the cumulative robust test va is
not affected by the threshold parameter A. It can be selected in advance and does not require
data-driven selection, for more details, see DGP (2022). The purpose of thresholding is assist
in achieving the correct size of the test @m in finite samples. We recommend using for A

the 90%, 95% and 99% critical values of the standard normal distribution. Simulations in



Section 8.2 of the Online Supplement, show that when the sample size is small, thresholding
is essential. In particular, the values A = 1.96, A = 2.57 stabilize test size; and, as the sample
size increases, thresholding can still help to improve the size of the @m test, but the choice

of the value A does not make a significant difference.

Consistency. It remains to show that under the alternative the robust test ¢, is able detect
the presence of correlation corr(eg,e0) # 0 at the individual lag k. Recall that the latter
implies corr(xy, z1—p) # 0 if corr(zy, z4—k) is defined. Under this alternative hypothesis, the
process {e;} is assumed to have short memory, as defined below.

o0
j=—o00

Definition 2.1. A stationary sequence {u:} has short memory if > |cov(uj,up)| < oo.

Theorem 2.3. Let xy = pg + hier, where {e} is a stationary sequence. Let k > 0 be such
that cov(eg,e0) # 0. Suppose that {e;} and {z; = eig1_x} are short memory sequences and
Assumptions 2.2 and 2.3 are satisfied. Then, as n — oo, i —p O0.

Simulations show that the choice of the value of A does not have a significant impact on the

power of the test.

2.1 Testing for zero correlation in regression residuals

One practical implementation of the robust test is residual-based testing for the absence of

correlation in the noise {u;} process of a linear regression model such as
fo=B'Zc +ur,  up = ey, (17)

where 3 is a px1 vector and Zy = (Z1 4, ..., Zp ) is a stochastic regressor with initial component
Z14+ = 1 to allow for an intercept. Under some additional conditions we now show that testing

can be based on the regression residuals
U= (BB Z+uy, (18)

where B is the ordinary least squares (OLS) estimate of f.

For a general analysis it is convenient to focus on the signal plus noise framework
Ty = Oé%Zt + {,ua; + Ut}, Ut = hte’ft, (19)

where the signal u; is observed with additive noise o, Z;. The residuals (18) from the regres-
sion model (17) can be written as z; = o/, Z; +u; with o, = 5 — B . The following assumption
assures the negligibility of a regression-induced additive term such as o/, Z; in (19). We

suppose that

(ki hihi_)" 4)

el = 0y T

(20)



for lag £ > 1 in Theorem 2.1 and lags k € {1,...,m} in Theorem 2.2. This assumption is

satisfied in the linear regression (17), as shown in Lemma A3 of the Online Supplement.

Assumption 2.5. The following assumptions hold on (Z;,u:) in (19).
(i) The elements of {Z:Z}} are covariance stationary short memory processes.

(ii) For any k > 0, the elements of {Zie1_1}, {e+Zi_1} are zero mean covariance station-

ary short memory processes.

(111) {h:} is independent of {Z;,et}.

The following theorem provides conditions for residual-based testing of zero correlation. In
particular, the linear regression model (17) satisfies condition (20) and allows for such testing

using OLS residuals.

Theorem 2.4. Theorems 2.1 and 2.2 remain valid if instead of x; = pg + uy testing is based
on data xy as in (19), provided Assumption 2.5 is satisfied and condition (20) holds. In
particular, OLS residuals from fitting a linear regression model of the form (17) satisfy (20).

2.2 Testing for zero correlation when {/;} and {¢,;} are dependent

The framework (5) employed for the data assumes that noise can be decomposed as z; =
tg + higg, so that the scale factor {h;} and a stationary m.d. noise {g;} are mutually
independent. This covers a large variety of uncorrelated noise processes {z;}. Most ARCH
and stochastic volatility models in financial econometrics take the form of a simpler noise
process like x; = &4, where ¢, = oyey is a stationary m.d. sequence. In these models the
conditional heteroskedasticity o; term is a part of a stationary process ¢, and hy = 1. Hence,
in our setting, stationary conditional heteroskedasticity o; is covered by &;, while the scale

factor h; allows for modeling heterogeneity effects that may be present in the data.

Clearly a stochastic noise process {e;} is independent of any deterministic scale factor
{h:}. Tt is therefore natural to ask whether testing results remain valid when {h;} is itself
stochastic and dependent on {e;}. The answer appears to be: yes and no. In general, it is
difficult to construct an example of such a stochastic h; which is F;_1 measurable, so that
cov(xy, xs) = 0 for t # s, but for which the size of our testing procedures is distorted. In
fact, our Monte Carlo simulation findings corroborate the validity of the testing procedure

for most such h; scale factors.

In Theorem 2.5 we provide a model and additional conditions which enable application
of our testing procedure for zero correlation in the above case. The framework gives the scale
factor h; a unit root type structure. The design of this setting is inspired by the derivation of
the limit distribution in Phillips (1987) for general unit root testing, but with the difference

that in our case asymptotic normality is preserved.

The following assumption permits dependence between {h;} and the noise {;}.

10



Assumption 2.6. The scale factor satisfies hy = ’71’?5—1‘7 t =1,...,n where Et is a random

walk measurable with respect to the o-field Fy of Assumption 2.1. We suppose that
~ t ~
ht = Zfs + hOa (21)
s=1

where {&} is an m.d. sequence with respect to Fy, B[] < oo, and E[?Lg] < 00. Additionally,
{&}, {et} and {&erer—i}, k> 0 are all stationary ergodic sequences.

Assumptions 2.1 and 2.6 imply that cov(x¢, ;) = 0 for any & > 1. The validity of The-

orems 2.1 and 2.2 is guaranteed by the absence of cross-correlation between noise processes

{&, ek}, e,
cov(&s,erei—k) =0, forall t,s > 1 (22)

and for all lags k that are used in the test procedure. It is worth noting that for t # s (22) is
valid because {{;} and {e;} are m.d. sequences with respect to the same o-field F;. Therefore
(22) holds if E[éerer—i] =0 for t > 1.

Theorem 2.5. Let xy = p, + hiey where {h} and {e} satisfy Assumptions 2.1 and 2.6.

(i) If k > 1 satisfies (22), then Theorem 2.1 holds.

(ii) If k = my, ..., m satisfy (22), then Theorem 2.2 holds.

In the proof of Theorem 2.5, we show that the robust test statistic ¢; at lag k& > 1 has the
following limit theory property
- [ U?(s)dW (s)
b —=p =5 1/2
(Jo U*(s)ds)

=D N(O, 1)7 (23)

where U(s) and W(s) are two independent Wiener processes. We also verify that h; in

Theorem 2.5 satisfies Assumption 2.2 used in Section 2.

Our next example shows that Theorem 2.1 may not hold when {h;} and {&;} are mutually

dependent. We use a similar model setting as in Theorem 2.5.

Corollary 2.1. Let xy = piz +hiey where {&;} is an i.i.d zero mean sequence with Ele}] < .

Suppose that hy is defined as in Assumption 2.6 with & = .41 and hg = 0. Then,
- fol W2(s)dW (s)

(i wa(s)ds)
tr —»p N(0,1)  for k> 2,

(24)

where W (s) is a standard Wiener processes.

11



This example matches the setting of Theorem 2.5 except for condition (22). For k = 1,
cov(&r, erei—1) = var(§) > 0 and the asymptotic normality for ¢; does not hold. But for
k> 2 {&)} satisfies (22) and t;, is asymptotically normally distributed.

3 Testing for zero cross-correlation

We next discuss testing for cross-correlation between two time series {z;} and {y:}. Similar
to the univariate case, the sample cross-correlations p,,; at lags k& = 0,1,2,... based on

observed data x1,...,x, and y1,...,y, are given by

B = Yot (@ — )Yk — ) . 1 ix g = 1 iy (25)
xy,k — — —F - 1y - ty
Y \/Z?:ﬂxt —2)2 30 (g — 9)? [ L

allowing estimation of pyy 1 = corr(zs, y,—x). Again, the standard test for absence of cross-

correlation is built on the asymptotic property

\/ﬁﬁxy,k —D N(Ov 1)a (26)

which is commonly used for testing Hy : pgy x = 0 at an individual lag k. However, such tests
suffer size distortion when the two series {z;} and {y;} are either not i.i.d. or not mutually
independent. DGP (2022) developed a robust testing methodology based on

~ D t—ht1 Cay.th
tmy,k = — . , Wlth e:py,tk = (.fCt — i’) (yt,k — g) (27)
(Z?:k—l—l e?}y,tk)l/z

They showed that the statistic pg, , should be corrected for its variance as in

~ . A~ oy k
t:py,k = Pzxy,k Cxy,k —D N(O, 1)7 with Coyk = ﬁzy’k7 (28)
xy7

which leads to correct size and confidence bands for zero cross-correlation at lag k.

In developing this test DGP (2022) assumed the scale factors h, g: to be deterministic
and smooth. Here, we relinquish the smoothness assumption and allow the scale factors hy, g;

to be stochastic. Our model setup is as follows. Two time series are observed in which
Ty = iz + U, up =My, and  yr = py + 08, e = gene, (29)

where hy > 0, g; > 0 are (deterministic or stochastic) scale factors, {e;}, {n:} are stationary
time series with Fe; = 0, Ee? = 1 and En = 0, En? = 1, and ju, p1y are real numbers. We
assume that {h, g;} are mutually independent of {g;, 7;}. The absence of cross-correlation

between x; and y;_j is now determined by the absence cross-correlation between e; and 7.

12



Indeed,
cov(xy, Yek) = E[htgt—k]COV(Et, Ni—k) =0 if cov(es, p—x) = 0. (30)

As in the univariate case, testing for cross-correlation in the setting (29) (with scale factors)
reduces to testing for cov(eq, m—) = 0, which implies cov(z, ys—x) = 0 if cross-covariance

exists.

(i) Testing at individual lags. We start by outlining conditions on the noise processes
{et,m:} and scale factors {h, g;} that enable testing for absence of cross-correlation between
series {z;} and {y;} at an individual lag k¥ > 0. These are stated below for the lag at which

testing is conducted.

Assumption 3.1. {z; := gym_r} is a stationary m.d. sequence with respect to a filtration
Fi for which
E[z|Fi-1] =0, Ez} < . (31)

The leading sequence ¢; is assumed to be an m.d. sequence with respect to Fy, i.e. Eley|Fi—1] =

0, whereas ny—y, is an Fi—1 measurable short memory sequence, i.e. E[n_g|Fi—1] = m—k.-

This condition implies corr(e¢, m:—) = 0 and overall corr(zy, y;—) = 0 for all t. The key
requirement is (31). The m.d. property is imposed only on the cross-product z; = e;n;_p of
the noises. In particular, this setting allows testing for cross-correlation when both the leading
sequence {z;} and the lagged sequence {y;} are uncorrelated noises, e.g. regression residuals
as in Section 3.1. The lagged sequence may be also a stationary sequence y; = Evyi+(y1— Evyy),
since it may be written as in (29) with p, = Evy, hy =1, ne = yp — py.

The following is an example of a noise z; satisfying Assumption 3.1.

Example 3.1. Let {e;} be a stationary m.d. sequence with respect to some o-field F;, and
e = v(et—1,Et—2, ...) where v is a measurable function. Assume that Esf < oo and E?7ftl < 00.
Then, for any k > 0,

Elz|Fi—1] = Elegp—i|Fi-1] = Elerv(et—1—-k, €t—2—k, --.) | Fe—1]
= U(&tflfk, Et—2—k, ...)E[€t|Ft_1] = 0,
and Bz} < (E[/]EN!_])"? < cc.

The following condition on the scale factors h¢, g¢ is unrestrictive and stated for the lag
k > 0 at which testing is conducted. It allows for deterministic and stochastic scale factors,

and does not impose the smoothness restrictions that were used in DGP (2022).

Assumption 3.2. {h; > 0,g; > 0} have the following property

n n

4 _ 2 2 4 _ 2 2

12%}%ht —0p< E htgtfk)v 1I£tagxngt —0p< E htgtfk>' (32)
t=k—+1 t=k+1
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Notably, this assumption does not require the existence of finite moments of hy, g;.

Assumption 3.3. Sequence {v; = ein? ,} is covariance stationary and

cov(vp,vg) = 0, h— oo. (33)
The following result gives the limit theory for the test statistic %ny’k we use to test for zero
cross-correlation at lag k.

Theorem 3.1. Let {x, y:} be as in (29). Suppose that k > 0, and Assumptions 3.1, 3.2 and

3.8 are satisfied. Then, corr(es, mi—k) = 0 and, as n — oo,

teyk —p N(0,1). (34)
Under Assumption 3.1, corr(e¢, 7:—) = 0 which implies corr(a¢, y¢—x) = 0 for all ¢ such that
corr(zt, yr—k) is defined.

(ii) Cumulative testing. We next consider testing the cumulative hypotheses
Hy : corr(x, ys—x) = 0 for mg < k < m and all ¢, (35)

where 0 < mg < m. As pointed out in DGP (2022), the cumulative Haugh and Box (1977)

test for cross-correlation that is based on
m b\Q
HByym =n? Y —20E 36
zym — N Z n—k ( )
k=mg

assumes mutual independence of the time series {z;} and {y;} which is too restrictive for most
applications. Instead, to address this shortcoming and improve finite sample performance
DGP (2022) introduced the following robust cumulative test statistics

~

A>T R ~ Y- g
Qxy,m = txy Rg;y tmy7 Qacy,m = tg;y Rzy tmya (37)
where fxy = (’fzy,mo, ...,fmy,m)’ and Ryy = (Tuy,jk) jk=mo,...,m 1S @ matrix with elements

n
Zt:max(],k)—l—l eﬂCy,t] emy7tk

?xy,jk = 3 .
(Z?:max(j,k)+1 eiy,tj)1/2(2?:max(j,k)+l exy,tk)1/2

(38)

In applications, DGP (2022) suggested to use vay,m with the thresholded version }A%;iy =

/\* = .
(r$y7jk)j7k:m07_,.7m of Ry, given by

?;y,jk = ?vajk]—(h—xy,jk‘ > )\) with (39)

n

. . Zt:max(j,k)—‘rl Cay,tjCuy,tk

zy. gk n 2 2 1/27
(Zt:max(j,k)—l—l ea;y,tjex%tk) /

14



where A > 0 is the thresholding parameter, and 7, ;i is a t-statistic, see DGP (2022) for
more details. The asymptotic theory holds for any threshold values A > 0.

For testing the cumulative hypothesis Hy : corr(eq, m—) = 0 for k € [mg, m], we assume

that the variables e;,1; and hy, g; satisfy the following conditions for all lags k € [mg, m].

Assumption 3.4. For any j,k = mg,...,m,

(i) The sequence vy = (e¢my—j)(etm—r) s covariance stationary and

Ev} < oo, cov(vp, 1) — 0, h — oo. (40)

(ii) {et,n} satisfy Assumption 3.1.
(7ii) {he, g} satisfy Assumption 3.2.

Theorem 3.2. Let {z;} and {y:} be as in (29). Suppose that corr(e¢,m—1) = 0, k € [mo, m]
and Assumption 3.4 is satisfied. Then, as n — oo, for any X\ > 0,

2 ~ 2
Q:L‘y,m —D memo+17 Q:vy,m —D Xm—mOJrl' (41)

Recall, that under Assumption 3.4, corr(ey,m4—) = 0 for k € [mg,m] which implies
corr(zy, yi—k) = 0 for corresponding t, k if corr(zy, y;—k) is defined. Monte Carlo simulations
confirm good finite sample properties of the robust test statistic @xy,m. For applications,
testing for zero cross-correlation between two series of uncorrelated variables {x;} and {y;},
in finite samples we recommend using @x%m with A = 1.96 or 2.57. When the lagged series
{y+} is a stationary series of dependent variables, simulations show that thresholding might

be not needed and that evidence confirms that the best choice for A is zero.

(iii) Test Consistency. Finally, we show that the robust test ?xy,k at individual lag k
is consistent if corr(es, m—x) # 0. The latter implies corr(xy, yi—x) # 0 if corr(xy, ys—g) is
defined. In such cases, Flein—x] # 0, and, different from the null hypotheses of the absence
of correlation, we assume that z; = e, is a stationary short memory sequence. The

following result now holds.

Theorem 3.3. Let {zs,y+} be as in (29) and k > 0 be such that corr(es, n—i) # 0. Suppose
that {e¢}, {m} and {z; = eym—1} are short memory sequences and Assumptions 3.2 and 3.3

are satisfied. Then, as n — 00, tyy 1 —+p 0.
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3.1 Residual-based testing for zero cross-correlation

We consider residual-based testing for zero cross-correlation between noise sequences {u;}

and {v;} in two regression models

ft=0Zi+w, u = hey,

, (42)
st =V Vit v = gy,

where  and v are p x 1 and ¢ x 1 vectors, Zy = (Zi4,...., Zpy) and V; = (Vig, ..., Vyy) are
stochastic regressors, and the noise sequences u; and vy satisfy assumptions of Theorems 3.1

and 3.2. To allows for an intercept, we set Z1; =1, Vi, = 1.

Our primary interest is to determine conditions for testing zero cross-correlation between

the sequences {u;} and {v;} using residuals from the fitted regressions

U= fi— 8% = (B~ B)Z+u,

_ N o (43)
=8 —0UVi=w—-0)Vi + v,

where B and v are OLS estimates of § and v. The following development allows for a slightly

more general signal plus noise setting of the form

=), Ze + {pe +ut,  up = ey,

(44)
yr = oo, Vi +{py + 0}, v = g,

where the signals ji; + ug, py + v4 are observed with the additive noise processes {«,,Zs,
ab, Vi }. The residuals (43) of the fitted regression can be written as in (44) with

aln:ﬁ_ﬁa O‘Qn:V_’//\-

Conditions of negligibility for the additive noise in (44) are provided by assuming that

(Z?:kJrl h?gf_k)1/4
Vn

for lag k > 1 in Theorem 3.1 and lags k € {my,...,m} in Theorem 3.2. This condition is

Haan:OP< )7 =12 (45)

satisfied by the residuals of the fitted linear regression model (42).
Assumption 3.5. We make the following assumptions on Zy, Vi, ug, vy in (44).
(i) The elements of {Z;Z}} and {V,V/'} are short memory covariance stationary processes.

(ii) For any k > 0, the elements of {Ziei}, {Zyvi—r} and {Vimy}, {Vier—r} are zero mean

short memory covariance stationary processes.

(11i) {h} is independent {Z;, Vi, er} and {g:} is independent {Zy, Vi, i }.

The following theorem shows that testing for zero cross-correlation can be conducted using

regression residuals.
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Theorem 3.4. Theorems 5.1 and 3.2 remain valid if, instead of xy = pg+us and y; = puy+v¢,
testing is based on xy and yi as in (44), provided that (45) holds. In particular, residuals
obtained by fitting the linear regression model (42) satisfy (45).

4 Monte Carlo study

This section reports the findings from Monte Carlo simulations exploring finite sample size
and power performance of our robust univariate and bivariate tests for absence of correlation
in time series. We focus on models where the volatility scale factor is either non-smooth,
stochastic, or both, and thereby not covered by the findings of DGP (2022).

4.1 Size and power of tests for zero serial correlation

We use the robust and standard test statistics ¢ and ¢ to study empirical size of our testing
procedures for absence of autocorrelation at individual lag k, and the robust cumulative test
statistic va and the standard Ljung-Box test statistic LB,, for testing at cumulative lag
m. The rejection frequency of the null hypothesis is compared with the nominal significance
level 5%. We conduct 5000 replications and report testing results for the sample size n =
300. Results for n = 100, 500,2000 are available upon request. We perform testing at lags
k,m=1,...,30, and va is computed using the threshold A = 1.96.

To examine the properties of our testing procedures, we generate samples from
Tt :O.2+ht6t7 t= ].,...,’I’L (46)

using two types of scale factors h; (non-smooth deterministic, stochastic) and two types of

an uncorrelated noise {e;}:

er = e 1.i.d. model, (47)
et = oger, 02 =1+ 0.267_ +0.702_;, GARCH(1,1) model,

where {e;} is an i.i.d. N(0, 1) noise. The GARCH(1,1) noises {e;} are uncorrelated but not

independent. We use two models for {z;}.

Model 4.1. z; is as in (46), by = 2 [t/10], and {e;} follows (47).

The floor notation | z] is used to denote the integer part of z. This model generates a serially

uncorrelated time series {z;} with a deterministic non-smooth scale factor h;. The ratio

2
maxi<i<n ht

ik BTV

Ty = (48)
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was computed for k = 1,...,30 to check Assumption 2.2 on h; for Model 4.1. The ratio is

around 0.12, so the condition is satisfied.

Figure 1 reports the empirical 5% size of the robust tests ¢; and @m denoted by the solid
red line and the empirical 5% size of standard tests t; and LB, denoted by the solid blue
line for Model 4.1 when ¢, is i.i.d. N(0,1) noise. The nominal significance level & = 5% is
denoted by a gray dashed line. The plots reveal a striking difference in performance between
the standard and robust tests arising due to heteroskedasticity (the time-varying scale factor
ht). The rejection frequency of the robust tests t, and @m is close to the nominal 5% size,
so they allow relatively accurate testing for absence of correlation in {z;}. In contrast, the
standard tests ¢t and LB, are significantly oversized. Similar results for size were obtained
when &; is GARCH(1,1) noise.

—t—1 —_IB—0

(a) Size of ty, tg (b) Size of Qum, LBm

Figure 1: Empirical size (in %) of the robust tests £, and Q,, (red line) and the standard
tests tx and LBy, (blue line) at lags k,m = 1,...,30. Nominal size « = 5%. Model 4.1, g4 ~
iid. N(0,1).

Figure 2 reports test results for a single sample of the white noise Model 4.1 generated
with GARCH(1,1) noise ¢;. The panel on the left contains the correlogram. The robust 95%
and 99% confidence bands (CB) for zero correlation denoted by dashed and dotted red lines
are overall wider than the standard confidence bands denoted by dashed and dotted gray lines.
The robust CB’s do not confirm presence of correlation at the lags k = 1, ..., 30, detected by
the standard CB’s. (The robust CB’s are based on the property (4) while the standard CB’s
on the property (2).) The panel on the right reports the values of the cumulative robust
test Qp (red solid line) and the standard Ljung-Box test LBy, (blue solid line) at the lags
m = 1,...,30. Both tests have the same 5% and 1% critical values (denoted by the dashed
and dotted gray lines). The robust test statistic @m lays below the 5% critical value line
and does not detect presence of correlation at cumulative lags m =1, ..., 30. In contrast, the
standard Ljung-Box test detects spurious correlation in the samples of x; generated by the

white noise Model 4.1. Similar results were obtained for a single sample of the Model 4.1
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031 60

(a) Correlogram (b) Cumulative tests

Figure 2: Left panel: sample autocorrelation py, standard 5% and 1% (gray) and robust
(red) CB’s for non-significant correlation at lags k = 1,...,30. Right panel: standard (blue)
and robust (red) cumulative tests LBy, Qn and their 5% (dashed) and 1% (dotted) critical
values at lags m = 1,...,30. Single simulation. Model 4.1, e, ~GARCH(1,1).

when &; is i.i.d. M(0, 1) noise.

We also compared sizes of the robust tests with the Hong (1996) and Shao (2011) tests
based on Hong’s statistic
n
Ty =Y K*(j/mn)if. (49)
j=1
We used Bartlett, flat, and Gaussian kernels and bandwidth parameters m, = {n°%3 n%?
n%6}. In all cases, Hong’s test statistic produces distorted size from 20% to 57%. For details

see Table 8 in the Online Supplement.
To examine test power we used the AR(1) model z; = 0.2 + Sz;—1 + hiey with 5= 0.25

and repeated the previous calculations for n = 300. Since the standard tests are oversized,
we computed size-corrected power for these tests. For lag 1, the power of the robust test
t1 is 88.84% and the size-corrected power of the standard test t; is 86.36%. The power of
the robust cumulative test @m is comparable with the size-corrected power of the Ljung-Box
LB,, test for 15 lags, see Table 2 and Table 3 in the Online Supplement. The robust tests
show good power properties also for other values of 5 and sample sizes n and those simulation

results are available on request.

Model 4.2. z; is as in (46), hy = |Z§.:1 njl, {ee} follows (47), and ny ~ i.3.d. N(0,1) noise
independent of {e¢}.

In this model h; is the absolute value of a non-stationary stochastic unit root process. Vari-
ables x; generated by Model 4.2 are clearly uncorrelated. Figure 3 shows typical plots of
samples of x;. This kind of data is commonly seen in empirical research, and robust testing

for the absence of correlation requires the investigator to be agnostic about its structure.
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Figure 3: Plots of h; and x; = 0.2 + hse;. Model 4.2, n = 300.
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Figure 4: Empirical sizes (in %) of the tests iy, f; (left panel) and Q,,, LB, (right panel).
Nominal size a = 5%. Model 4.2, ¢, ~GARCH(1,1).

In Figure 4, we report empirical sizes of the tests tj, t, and the cumulative tests va
and LB, for absence of correlations in Model 4.2 when ¢; is GARCH(1,1) noise based on
5000 replications. The rejection frequency of the robust tests (at individual lag) and va
(at cumulative lags) fluctuates around the gray dashed line of the nominal size o« = 5% for
all lags which confirms our theoretical results. The size of the standard tests t; and LB, is
significantly distorted by h; (heteroskedasticity) or dependence in {&;} in z;. The cumulative
test LB, is overwhelmingly oversized and its rejection frequency is increasing with the lag
m. Hence, with high probability this test will falsely detect correlation in the series z; of
uncorrelated random variables. The Monte Carlo average values of I'y in (48) based on 5000
replications are around 0.18 for all k£, which suggests that h; satisfies Assumption 2.2. Similar

results for size were obtained when ¢, is i.i.d. N (0, 1) noise.

Figure 5 reports test results for a single sample of Model 4.2 when &, is i.i.d. N(0, 1) noise.

The standard test t; detects the autocorrelation at many lags. For example, serial correlation

20



is significant at lags k = 1,7, 14, 21 (significance level a = 5%), see panel (a). The cumulative
test statistic LB,, displayed in panel (b) also confirms the existence of autocorrelation in {z},
which contradicts the fact that {z;} is a white noise. The robust confidence bands for zero
correlation in the left panel are wider than those of the standard test, and all correlation
coefficients are not significant at level « = 5%, i.e. there is not enough evidence to reject
absence of serial correlation in {x;}. The values of the robust cumulative test statistics va
on the right panel lay below the line of 5% critical level values, and confirm absence of

correlation. Similar test results were obtained when ¢; is GARCH(1,1) noise.

— — Standard CB(95%) — — Robust CB(95%) Il AC ——LB — = cv(5%)
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(a) Correlogram (b) Cumulative tests

Figure 5: Correlogram (left panel) and standard and robust cumulative test statistics (right
panel) at lags m = 1,...,30 for a single simulation. Model 4.2, &; ~ i.i.d. N(0,1).

These simulation experiments confirm that the robust tests achieve good size performance
in testing for absence of correlation in the white noise settings studied in the present paper.
The results show that time variation and randomness in the scale factor h; as well as latent

dependence in the error term ¢; are clear sources of size distortion in the standard tests.

In Model 4.2, the Hong test statistics also produce distorted size from 23% to 54%.
Further examination of the power of the tests for sample size n = 300 are made by modifying
the white noise Model 4.2 to an AR(1) process z; = 0.2 + Sxi—1 + her, = 0.25. The
power of the robust test t1 is 83.52% and the size-corrected power of the standard t; test is
82.96%. The power of robust test ¢ and the robust cumulative test @m is comparable to the
size-corrected power of the standard test ¢, and LB,, for 15 lags, see Table 4 and Table 5 in
the Online Supplement for details.

Our final experiment explores the impact of the violation of Assumption 2.2 on h; on the

size of the robust tests. We use the model

Tt = 0.2+ ht5t7 Et ~ i.0.d. N(O, 1), (50)
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where the scale process {h:} is stochastic and independent of {¢;} with settings

] = and (22) hy = L t j
@ b= ol ana ) = |25 (51)

We assume that 7; are i.i.d. Student t random variables with two degrees of freedom. In
both (i) and (ii) h: has a heavy tailed distribution. We employ the ratio I'; in (48) to check
the crucial Assumption 2.2 on h;. The Monte Carlo average of 5000 replications of I'y is
around 12 for (i) and around 0.16 for (ii). Thus, h; in model (i) does not satisfy Assumption
2.2. Figure 6 shows that robust tests become undersized, as may be expected for a bimodal
distribution with modes around +1, so the asymptotic properties of the robust tests are no
longer valid in this case. In contrast, hy in model (ii) does satisfy Assumption 2.2 and the

empirical size of the robust tests is close to nominal, see Figure 7.

—t—1 — IB—0

e e o

5 1‘0 1‘5 20 23 36 5 1‘0 1‘5 20 25 36
(a) Size of Ty, tx (b) Size of Qum, LBm

Figure 6: Empirical size (in %) of tests iy, tj, (left panel) and Qyn, LBy, (right panel). Nominal
size a = 5%. Model (50)-(51)(i).

4.1.1 Size and power of residual-based tests

One of the practical implementations of the robust test for zero correlation is that it can
be applied to regression residuals. We now examine performance of the robust test on the

residuals from fitting the linear regression model

Model 4.3. y; = 0.5x; + uy where uy = hiey and xp = 0.5x,-1 + €.

We assume that {;} and {e;} are mutually uncorrelated i.i.d. N'(0,1) variables and consider

two examples of deterministic h;. Then the noise process {u;} is uncorrelated.

For n = 300, 3,000 arrays of OLS residuals u; = y; — th, t =1,...,300 were generated
and simulations conducted to explore whether residual-based robust tests for absence of

correlation in {u;} achieve the nominal 5% size. Table 1 reports empirical size of the robust
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Figure 7: Empirical size (in %) of tests tx, i1, (left panel) and LB, Qm (right panel). Nominal

size o = 5%. Model (50)-(51)(ii).

and standard tests for two scale factors. The findings show that for h; = 1 the rejection

rate both for robust and standard tests is close to 5%. In the presence of heterogeneity, for

hs = 0.5sin(2xt/n) + 1, the robust tests ¢ and Q,, achieve the correct size, whereas the size
of the standard tests ¢t and LB,, is clearly distorted.

The power of these tests is reported in the Online Supplement. The results in Table 12

show that the residual-based tests have overall good power properties.

ht =1 ht =0.5 SiH(27Tt/n) +1
k h te Qm LB, th te Qm LB,
1 4.93 4.60 4.93 4.63 4.63 9.27 4.63 9.33
2 4.80 4.30 4.40 4.37 5.03 9.70 4.77 11.83
3 5.30 4.97 4.30 4.37 4.33 8.47 4.37 12.63
4 4.17 4.03 4.00 4.47 4.97 9.33 4.00 14.10
5 4.43 4.33 4.13 4.63 4.83 8.90 4.07 15.70
6 4.90 4.47 4.30 4.57 5.03 9.43 4.30 16.23
7 4.80 4.47 4.30 4.63 4.37 8.40 4.07 17.60
8 5.10 4.80 4.33 4.40 4.83 9.40 4.13 18.73
9 4.03 3.60 4.13 4.60 5.07 8.53 3.93 19.37
10 5.10 4.30 4.50 4.50 5.00 9.37 3.80 20.87
11 4.60 3.93 3.97 4.10 4.97 9.47 3.83 21.80
12 4.37 4.17 3.80 4.27 5.13 9.37 4.10 23.07
13 4.60 4.17 4.27 4.63 4.70 8.67 4.07 23.87
14 5.27 4.90 4.00 4.77 4.90 8.97 4.10 25.13
15 4.87 4.37 4.23 4.97 4.67 9.03 4.27 26.20

Table 1: Empirical size (in %) of the residual-based tests for linear regression Model 4.3.

Nominal size o = 5%.
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4.1.2 Test size when {h;} and {¢;} are dependent

In this section we calculate the size of tests for uncorrelated noise x; generated by

t—1
Model 4.4. z; = hyey with hy = | Y €|, where e¢ ~ i.i.d. N(0,1).
j=1

The variables {h;} and {e;} are dependent and satisfy the assumptions of Theorem 2.5 with
& = ¢, for any lag k > 1. So the robust testing procedures are valid whereas standard tests

are distorted by the heteroskedasticity factor h;. Figure 8 plots the size of the robust and

—t —1 — LB —20
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(a) Size of Ty, tx (b) Size of Qum, LBm

Figure 8: Empirical size (in %) of tests y, tj, (left panel) and Q,,, LB, (right panel). Nominal
size o = 5%. Model 4.4.

standard tests for n = 300 computed from 3,000 replications. The results shows that the
robust tests ¢, and @m manifest stable correct size whereas the standard tests are significantly
oversized. More details can be found in Table 13 of the Online Supplement. The same table
reports empirical size for the noise process x; considered in Corollary 2.1. In line with the
theory, it confirms size distortions (1.27%) for ¢; at lag 1 while £, remain correctly sized for
k> 2.

4.2 Size and power of tests for zero cross-correlation

The problem of testing for zero cross-correlation between two time series {x;} and {y.;} is
more complex than testing for autocorrelation. In this section Monte Carlo experiments are
performed to corroborate the validity of the asymptotic theory of the robust tests %;y,k and
@zy,m in Section 3, and to compare their finite sample size properties with the standard tests

oy and HBgy . Samples of {x¢, v, t = 1,...,n} are generated using the model

Model 4.5.
xr = 0.2 4 hyey, ye = 0.2+ gy,

t
_ 3,1 172
ht—ﬁtloja gt_‘n JZ:ICJL
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where {&;}, {n:} and {(;} are mutually independent i.i.d. N(0, 1) noises. This model includes
a non-smooth deterministic scale factor h; and a stochastic scale factor g;. Such models were
not covered in DGP (2022). Arrays {xt, y, t = 1,...,n} are series of uncorrelated random

variables and they are not cross-correlated.

We use sample size n = 300, set the significance level to o = 5%, conduct 5000 repli-
cations, and employ the threshold A = 1.96 in @xy,m. The Monte Carlo average values

of
maxi<¢<n h? maxi<¢<n gf

n 2.2 an, n 212
D tmkr1 NEGi g D otk1 9i i,

are around 0.0044 and 0.5, which confirms that h, g; satisfy Assumption 3.2.
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Figure 9: Empirical sizes (in %) of tests txyvk,ftvx%k (left panel) and H Bxym,@z%m (right
panel). Nominal size « = 5%. Model 4.5.

Figure 9 shows that the robust tests tny’k and éa:y,m achieve accurate size (red line),
whereas the rejection frequencies of the standard tests ¢, 5 and H By m (blue line) deviate
significantly from the 5% level. Notably, the size performance of the cumulative Haugh and

Box’s test H B,y deteriorates as the lag increases.

The poor performance of the standard tests in these examples warns against application
of standard testing methods for uncorrelated random variables that are not i.i.d. Additional
Monte Carlo results for {x;, 3} with various scale factors and sample sizes are available upon
request. They all confirm the good finite sample performance of the robust tests and their

ability to detect absence of cross-correlation between general white noise series such as those
in Model 4.5.

4.3 Testing for Pearson correlation

This section introduces a robust testing procedure for zero Pearson correlation between two
random variables € and 7, which allows for heteroskedasticity. We assume that the component

variables € and 7 are not observed directly and testing is based on independent pairs of
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observations {x;,y;}, i = 1, ..., n, for which
T = fig + hig, Yi = Iy + 97

where ¢; and 7; are i.i.d. copies of ¢ and 1, EFe; = En; = 0, Ea“;1 < 00, En;1 < 00, the scale
factors h; and g; are either deterministic or independent random variables, satisfy Assumption

3.2 and are mutually independent of {&;,7;}.
Observe, that x;,y; satisfy assumptions of Theorem 3.1. Thus, to test the hypothesis

Hy : corr(e,n) = 0, we can use the robust test statistic for cross-correlation at lag k = 0:
2 i1 Cayi0

teyo = : 0 = (z; — &) (y; — 7). 52
zy,0 (Z?:l e;%«y,i(])l/2 Cay,i0 (:Ul x)(yl y) ( )

By Theorem 3.1, under Hy, ty0 —p N(0,1).

To compare the size and power performance of the robust Pearson test /tvx%o with the
standard Pearson test, tzy0 = v/Npry0, we consider four simple data generating models
X1 — X4 for paired data {z;,vy;}, i =1, ..., 300,

Model X1: ;= ¢? Model X3: x; = hig;, hy = (—=1)" + 2
Model X2: x; = | Model X4: x; = hie;, hy = |ni| + %

where {¢;} and {n;} are mutually independent i.i.d. N (0, 1) noises. Observations {x;,y;} are
independent but not i.i.d. Among these models, X1 is correlated with X2; X3 is correlated
with X4, but X1, X2 and X3, X4 are mutually uncorrelated. In the latter case, %vzyp —D
N(0,1).

Figure 10 displays testing results for pairs of models X j, Xk based on one sample. The
first row of each block reports the sample correlation coefficient and the second row reports
the corresponding p-value (in parentheses). According to the p-value, we fill the grid with
different shades of colour showing the significance levels of the test. The darker the colour,
the smaller the p-value, and the more significant the Pearson correlation is. Since we already
know whether there exists a Pearson correlation between pairs of models or not, comparing
Figures 10(a) and 10(b), we can see that the standard Pearson testing procedure causes many
false detections of spurious correlations. In contrast, the robust tests for Pearson correlation

produce good finite sample performance.

5 Empirical application
In empirical work the composite structure of the time series data under consideration is

typically unknown. Considering the complexity in the generation of real-world data, similar

to that in a synthetic Monte Carlo study, we may expect failure of standard tests to detect
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Figure 10: Pearson correlation and p-value

absence of correlation. Below we consider examples of empirical time series that are expected

to have positive or no cross-correlation.

5.1 Example 1: Petroleum stock prices

The share prices of petroleum companies are closely related to the fluctuation of the interna-
tional oil market. When there are common factors, such as weak demand or a sudden rise in
prices, companies competing in the market will be affected similarly by the market shocks.
Hence, the stock prices of different petroleum companies may be positively correlated during
the same period. In this empirical experiment, XOM denotes the log return of the daily
closing prices of the stock of Exxon Mobil Corporation, and RDSB is the log return of Royal
Dutch Shell PLC. The sample range is from 24/05/2017 to 20/05/2021, and it contains 1005
observations. We tested for absence of correlation in XOM and RDSB returns. Robust and
standard tests lead to contradictory conclusions. The cumulative robust test does not reject
the null hypothesis of zero correlation at the 5% significance level whereas the Ljung-Box test
rejects the null as does Hong’s test which produces a p-value close to 0.00. We also test for
cross-correlation in {XOM, RDSB} and {RDSB, XOM} using both standard and robust

testing procedures.

27



— — Standard CB(95%) — — Robust CB(95%) Il CC ——HB - = ¢cv(5%)

- Standard CB(99%) - Robust CB(99%) —0Q o ev(1%)

0.8
0.6 -

04+

0.2+

/\_

Jl- L-,-.ﬁh

——~/\ -~ /\<\.'\V/‘

02 =
/.

0.4 1 . . . . . .
0 5 10 15 20 25 30

(a) Correlogram (b) Cumulative tests

Figure 11: Testing for cross-correlation in bivariate time series XOM and RDSB.

The left panel in Figure 11 reports standard and robust confidence bands for cross-
correlation between XOM and RDSB. Standard bands indicate presence of cross-correlation
at lag k = 0,2,3,6,7,8,11,13,15, 18,24, 29 at significance level a = 5%. According to the
robust confidence bands, there is no evidence of significant correlation except for lag k = 0
at both @ = 5% and 1% level. It is natural to expect series XOM and RDSB to be
cross-correlated positively at lag k& = 0. In the right panel, the robust cumulative test
HBxom,rpsB,m allows us to conclude that XOM is uncorrelated with RDSB at lags k >
1. The standard cumulative test HBxon,rpsB,m Still reveals presence of cross-correlation.
Similar test results were obtained for {RDSB, XOM} when RDSB is the leading sequence.

Significant correlations detected by standard tests at lags k # 0 for both these series
seem to be spurious when evaluated against the results from robust test procedures. On the
basis of this empirical analysis, we therefore conclude that XOM and RDSB have positive

contemporaneous cross-correlation at lag k = 0 and are not cross-correlated at lag k # 0.

5.2 Example 2: Log volume and returns in the S&P 500

Next we use the robust and standard approaches to test for cross-correlations between the
daily log return 7, and the log volume V; of S&P 500 index from 02/01/2018 to 31/12/2019,
sample size n = 501. We fit to V; a causal stationary AR(2) model

Vi = 9.9593 + 0.4142V; 1 + 0.1328V; o + (;

which can be written as V; = ag + ZJ ° 0 ajG—; with Y72 2 < .

7=0 %
Figure 12 displays plots of r; and V;. These suggest that the mean EV; might be time
varying. Figure 13 reports the correlogram of V; and the residuals ;. Some minor correlation

in residuals ¢; is evident at lag 5 and 11, and strong correlation (long memory property) in
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Figure 13: Testing for autocorrelation in log volume V; and residuals (;

Vi which might be spurious due to changes in the mean EV;.
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Figure 14: Testing for cross-correlation between log returns r; and residuals (;.
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Figure 14 reports testing results for zero cross-correlation at lag k£ > 0 between the log
return {r;} and the residuals {(;}. The robust confidence bands (left panel) and the robust
cumulative test érc,m (right panel) detect some minor cross-correlations at the significance
level a = 5%, and no significant cross-correlation at o = 1%. On the contrary, the standard
confidence bands detect presence of significant cross-correlation at lags k& = 0,1, 14, 20, 26
with o = 5%, and the finding is confirmed by the standard cumulative test statistic H B¢,
(right panel). In addition, we verified that {(;, r+} are not cross-correlated when the leading

sequence is {(;}.

To sum up, different from the findings based on standard correlation tests, robust testing
procedures do not show evidence to support a conclusion that log returns r; and residuals
(¢ are cross-correlated. This outcome together with the causal representation of V; = ag +
Z;'io a;Ci—; suggests that log return r; and log volume V; are not cross-correlated over this

time period.

6 Conclusion

In empirical research economic and financial data do not always meet the requirements of
modeling and inferential methodology. DGP (2022) demonstrated that standard testing
procedures for absence of correlation and cross-correlation have limited applicability under
the heteroskedasticity or dependence that is often present in real data. This paper shows
that the robust testing procedures introduced in DGP (2022) are applicable in a far wider
class of heteroskedastic white noises than those with the smoothly changing deterministic
scale factors that were studied in DGP (2022) and that these methods apply equally well
in tests on regression residuals. The simulation findings here reported confirm that the
robust tests achieve accurate size in models with very complex heteroskedastic structures,
thereby extending their empirical reach. In addition, outliers and missing data are not
found to compromise the good sampling performance of these robust testing procedures. A
robust test for Pearson correlation is also introduced and, as expected, this enables more
accurate detection of zero Pearson correlation than the standard test. The two empirical
examples studied show that the robust testing procedures for zero cross-correlation produce
meaningful findings that assist in revealing potentially spurious correlations in financial time
series detected by standard testing methods that ignore the effects of heterogeneity and

dependence.
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7 Appendix. Proofs

7.1 Proof of theorems

Theorems 2.1, 2.2, and 2.3 in Section 2 contain results on testing for the absence of serial
autocorrelation in a univariate sequence {z; = i, + hiet ;. These test statistics form a special
case of the bivariate tests for the absence of cross-correlation between two series {x;} and
{y:} with {y; = x+}, presented in Section 3. We show first how the results of Section 3 imply

those of Section 2.

Proof of Theorem 2.1. It suffices to verify that under Assumptions 2.1, 2.2 and 2.3 of
Theorem 2.1, the bivariate series {xy, y;} with y, = x; satisfies Assumptions 3.1, 3.2 and 3.3
of Theorem 3.1. Indeed, in the case g: = hy and 1y = &4, Assumptions 3.2 and 3.3 are the
same as Assumptions 2.2 and 2.3. In addition, Assumption 3.1 is also satisfied, since under
Assumption 2.1, for k > 1, z; = €;64_}, is a stationary m.d. sequence of uncorrelated random
variables such that Ez? < oo and Y22 __|cov(ej,e0)| = var(eg) < oo. Thus (34) of Theorem

j=—o00

3.1 implies (9) of Theorem 2.1. O

Proof of Theorem 2.2. Under Assumption 2.4 of Theorem 2.2 bivariate series {z, y:}
with y; = z; satisfy Assumption 3.4 of Theorem 3.2. Indeed, as seen above, in such a case
Assumptions 2.1 and 2.2 imply Assumptions 3.1 and 3.2 and Assumptions 2.4(i) coincides
with Assumption 3.4(i). Thus (41) of Theorem 3.2 implies (16) of Theorem 2.2. O



Proof of Theorem 2.4. Recall that
Ty =l + N 2 U, up = ey

Assumptions of Theorem 2.4 imply that bivariate series {z;,y;} with y; = x; satisfy the

assumptions of Theorem 3.4. Hence, Theorem 3.4 implies the claims of Theorem 2.4. U

Next we proceed to the proof of the main results of Section 3 for bivariate tests for the

absence of cross-correlation.
Proof of Theorem 3.1. This proof is based Lemmas A1 and A6.

We need to prove the convergence

teyk =D N(0,1). (A1)
Denote
n
Ak =10 Ak, o= (Y higi )V Ap = (Bletni_ ). (A.2)
t=k+1
Write
~ E?:kJrl Cxy,tk Nk = Cxy,tk = e:?:y,tk
ta:y,k = n 9 1/2 = 1/27 ng = Z A . , Vg = Z A2 . (A3)
(Zt:kJrl exy,tlc) Uk t=k4+1 " t=k+1 1k
Denote
~ & Ctk ~ = CtQk
ng = A k= > A2 Sth = Ul (A.4)
t=ht1 "k t=h+1 —nk
We will show that
vy = 140,(1), (A.5)
t~:1:y,k = n,+ Op(l). (AG)

Notice that (A.6) and (A.9) imply (A.1).

Proof of (A.5). Lemma A6 established that vy, = vy + 0,(1). This together with (A.8) of
Lemma A1 proves (A.5).

Proof of (A.6). Lemma A6 shows that n, = ng +0,(1). By (A.9) of Lemma Al, g = Op(1).
Since by (A.5), v, = 14 0,(1), this implies (A.6), viz.,

~ Nk ng + op(1) ~
te k= = =ng+o (1) (A?)
TR (L4 (1)1 ’
This concludes the proof of the Theorem 3.1. O



Lemma A1l. Under the assumptions of Theorem 3.1,

o =y 1, (A.8)
ﬁk —D N(O,l). (AQ)

Proof of Lemma A1l. We start with the proof of (A.8). Notice that (i = (hier)(ge—rM—k)-
Write

n
. -4 —2 2 2
U= Y Bz Be=rohigion 2= AR (el
t=k+1

By assumption the sequences {f;} and {z;} are mutually independent. Observe that

Y Bi=1, du=_max B =op(1). (A.10)

t=k+1,...,
t=k+1 Fhen
The first claim is obvious, while under Assumption 3.2, as n — oo,

2.2 4 4
maX¢—k+41,...,n ht 9k maxi—1,..n ht + maxi=1,..n 9;

Op = < = 0p(1), (A.11)
! Dtk DG Dkt PG g
which proves the second claim. Moreover, for any v > 0,
E[§)] =0(1), n — oc. (A.12)

The claim (A.12) follows from convergence by majorization using the properties §,, < 1 and

dn = 0p(1) of the random variable J,.

Recall that by Assumption 3.3 {z;} is a covariance stationary sequence with Ez; = 1 such
that
cov(zg,20) > 0 as k — oc.

Hence, the terms 3; and z; in the sum v, satisfy the assumptions of Lemma A4, which implies
U = Z Bi)Elzi] + 0p(1) = 14 0p(1),
t=k+1
proving (A.8).
Proof of (A.9). Write

~ " h €
e = Z tgt— k th—k Z oy (A.13)

t=k+1 t=k+1
-1
Ct*k = bypwik, by = Tk htgt—ka Wtk = Ak EtMt—k-

By Assumption 3.1, {ws} is an m.d. sequence with respect to the o-field F; = o(es, s < t) :



Elwi|Fi—1] = 0. Denote by F; = o(es, s < t; hj,g; <n).

Then ¢} = bywyy is an m.d. sequence with respect to the o-field F;". Indeed,
ElG|Fia] = Elbwwul Fi 1] = b Elww] Fi—1] = 0.

Hence, ny is the sum of m.d. variables (5. Therefore, by Theorem 3.2 of Hall and Heyde
(1980), to prove (A.9), it suffices to show

Z G =1, (b) t:]?—li-?,)i.,n’Ctk‘ —p 0, (A.14)
t=k+1
*21 _
(©) Bl_max Gl =0(1),

Instead of (c), we will prove a slightly stronger claim

(<) Bl _max (5] =o(1).

The claim (a) is shown in (A.8). The claim (b) follows from (¢’). Indeed, by (¢’) for any
€ >0,

P(,_max |G| =€) < B[ _max (¥ =o(1).

Next we prove (¢’). Denote r, = max;—41,..n g‘ka. We will show that for any € > 0,
ElrpI(r, >¢€)] =0, n— oo.

Then Er, <&+ E[rnI(rn > e)] = e+ o(1) for any arbitrarily small ¢, which proves (¢’). We

can bound

Elrpl(r,>€)] < € 'Ery < ﬁflEL:]ﬁ?f’ \Cikk|4}

EflE[ > bfkwfk} <e Z (b B i)

t=k+1 t=k+1

IN

By Assumption 3.3 of theorem, E[wj,] = Elwj,] < co. We can bound b, < d,by. Noting
that ;" 4 b, = 1, we obtain

Elrl(ra =] < ¢ 'EWi]E[s, Z b| = ¢ Bl L8] = o(1)
t=k+1

by (A.12), which completes the proof of (¢/) and (A.9). This completes the proof of the

lemma. OJ



Proof of Theorem 3.2. This proof uses Lemmas Al, A2, A6, A7 and AS8.

(1) First we show that
Qaym =D Xon—mot1- (A.15)
Recall that
Qx‘ym = nyﬁa;ylzxy = (E:;ylﬂzwy)l(ﬁ;g}ﬂgxy)v
where %ny = (fx%mo, ...,%ny,m)’, and ]%xy = (Tay,jk)j,k=mo,...,m 1S @ matrix with elements as in
(12). Hence, to prove (A.15), it suffices to show that, as n — oo,

Ry}t —p N(0,1), (A.16)

where I is (m —mg + 1) x (m —mgo + 1) identity matrix.

Denote Mgy = (Mmg; -+, tn)’ Where i = 37, byrwyy, are defined as in (A.13). For simplicity

of notation, set
g =0 fort<O0. (A.17)

Then byjby, = (hegi—j)(hegi—i) = 0 for t < max(j, k).

Denote by W = (wj)j k=mo,...,m & matrix with entries

n n

wjp = thjbtkajkz Z bijbik 0k, (A.18)
t=1 t=max(j,k)+1

ojk = FElwgwy] = corr(eimi—j, e1m—k).

In (A.71) of Lemma A8 it is shown that
ﬁ;ylp =Wy op(1), w2 = Op(1).

By (A.6) and (A.9), we have

Foy = Tiay + 0p(1),  Tigy = Op(1). (A.19)

This implies

RV, = (W Y24 0,(1)tey = W21, + 0,(1) (A.20)
W2 (fgy + 0p(1)) + 0p(1) = W25, + 0,(1)
which together with (A.23) of Lemma A2 implies (A.16). This completes the proof of (A.15).

(2) Next we show that

@ccy,m —D X%n—m0+17 (A‘Ql)



%k

~ S mer S ‘ ‘ o B
where Quym =ty Ry ey and Ry, = (T3, i1)jk=mo,.,m 1S & matrix with elements 7 ., =

Tay,ikd (| Ty ji| > A) as in (39). In Lemma A8 below we prove that for any A > 0,

~

ﬁéy =W+ o0p(1), Ry =W + 0p(1). (A.22)

Together with (A.15), this implies (A.21):

~ ~ -1 -~
Quym = t;cy (W + Op(1)> tey = tf’cyR:;yltry + 0p(1)
= Qacy,m + Op(l) —D X?nmeJrh
completing the proof of the theorem. O
Lemma A2. Let assumptions of Theorem 3.2 on {ug, v} hold. Then

WY, —p N(0, ). (A.23)

Proof of Lemma A2. By the Cramér-Wold device, it suffices to show that for any vector

a = (Qpg, .-, )" of real numbers the following holds:
Sn 1= a'W 7,y —p N(0,]|a][?), |la|]* = al, + ... + a2, (A.24)

Denote d = /W~ = (dpg, ..., d). As shown in (A.70) of Lemma A8, the smallest eigen-
value of W is bounded from below by b > 0. Hence, the smallest eigenvalue of W1/2 is
bounded from below by b'/2.

Therefore, the largest eigenvalue of W~1/2 has the property Amas < 1 / b/2. Tt is known that
the absolute values of the elements of the matrix W~1/2 do not exceed Aoz (or the spectral
norm of W~1/2"). Therefore,

|d;| < (|ame| + - + |am|) Amaz < co = (|ame| + ... + lam|)(1/6'?). (A.25)

Write, using (A.13),

Sp = Z din, = Z di, Z Cik

k=mg k=myo t=k+1
= Y & &= dilpIt=k+1). (A.26)
t=mp+1 k=mgo

Proof of the convergence (A.24) is similar to the proof of (A.9) of Theorem 3.1. Recall that
¢ is an m.d. sequence with respect to the o-field 7} used in the proof of Lemma Al, and
dy is F; measurable. Hence, {{} is a martingale difference sequence with respect to F;.

Therefore, by the same argument as in the proof of (A.9), to verify (A.24) it suffices to show



that

S & llalP @), max &l =0, (A.27)
t=mo+1 T e
21
() Bl_max &)= o(1).

To verify (a), write

n

t=mo+1 k,j=mo t=max(j,k)+1 t=1

where the last equality holds because of (A.17). By (A.73) shown below,
fijk = wik + op(1).

Together with (A.25) and definition of d;, this implies

Z £ = Z djdk(wjk—l—op(l)): Z djw;pdy, + op(1)
t=mo+1 Jj,k=mo J,k=mo

dWPWW 20+ 0,(1) = [[al[? + 0p(1),

which proves (a). Next, notice that (b) follows from (c). To show (c), bound

E[ max ¢ =E max {Z dpCh I(t >k + 1)}

t=mo+1,....,n t=mo+1,...,n
k=mg
< > < o2 *2]
_mEt max {Z 22Tt >k + 1)} < cdm Z E[t:lﬂ?{..,n@k] o(1)
k=mg k=mg
by (A.25) and (c) of (A.14). This completes the proof of (¢) and the lemma. O

Proof of Theorem 3.3. In (A.6) we showed that, under Assumptions 3.2, 3.3 for short

memory sequences {&;} and {n;}, we have
tayk = Tk + 0p(1), (A.29)

where

hy €t
nE = Z Ctk Z bipwir, with by, = gt F and w Z; k,
Tnk k
t= k+1 t=k+1

is as in (A.4). By assumption, the sequences {b;;} and {wy} are mutually independent, and

{wy} is a covariance stationary sequence such that > °o |cov(wjk, wor)| < 0o. Moreover,

’]_700



>t ki1 b3 = 1. Hence, by Lemma A5,

ﬁk = Z btkwtk = (Z btk>Ew1k + Op<(z b?k)1/2> = (Z btk‘)Ewlk + Op(l)‘ (A3O)
t=1

t=1 t=1 t=1

We now show that

g Dttt Megi—k
qn ‘= bk = —=n — —p OO. (A.31)
tz_; (>t hfgf_k)m 8

Because Fwip # 0, this together (A.29) implies ?xy,k —p 0o. It remains to show (A.31).
Recall that by assumption, h; > 0, g; > 0. Therefore,

q*4 _ (Z?:k-&-l hfgf_k)Q < ( max h2-g2~ )(Z?:k:-i—l htgt—k)2
" (Z?:kﬂ htgt—lc)4 = =kt Y gk (Z?:k;_l,-l htgt—k)4
maXj—k11,..n higjz_k man:l,...,n(h;¥ + 9;-1) 0
I O DI 17/ L DA N ¥/ "
by Assumption 3.2. This implies (A.31) and completes the proof of the theorem. O

Proof of Theorem 3.4. Without loss of generality, we focus on the case p = ¢ = 1 of

univariate time series

/
Ty = g+, U, up = ey,

Yt = Myt O/Qth + v, U= Gy,

given in (44). To verify Theorem 3.1 is suffices to show that these variables satisfy Lemmas
Al and A6. Clearly Lemma A1 holds and validity of Lemma A6 is shown in Lemma A9.

To verify Theorem 3.2 is suffices to show that Lemmas Al, A2, A6, A7 and A8 are valid.
Clearly Lemmas Al and A2 hold, while validity of Lemmas A6, A7 and A8 is shown in
Lemma A9.

For a linear regression model (42), property (45) for ai, and ai, follows from Lemma A3

and Assumption 3.2. O

Lemma A3. Suppose that noises {us} and {v:} in the linear regression model (42) satisfy

the assumptions of Theorem 3.1 or 3.2 and Assumption 3.5 holds. Then,

18— BH =0y (”_1(2?:k+1 h%)lﬂ) =0p (n_1/2 maXi=1,..,n ht)’

A | (A.32)
I =711 = Op (™ (Sis1 69)7/2)) = Op (/2 iz, g1



Proof of Lemma A3. We prove (A.32) for 5 — B. (The proof for v — v is similar). Denote
Z = (2, ..., Zy), where Zy = (Zy4, ..., Zp)' is p x 1 vector. Then,

B = 22V h, (A.33)
t=1

n n n
6—/8 = (ZZ/)ilzZt’U,t = (ZZ/>71<Z th’U,t, ...,ZZptut>.
t=1 t=1 t=1

Under Assumption 3.5, the elements Zy;Zy; of Z' are covariance stationary short memory

processes. Therefore, by Lemma A5 it follows that, as n — oo,
(n1zz)' =, ¥ = E[Z,7]),

where ¥ is positive definite matrix. Moreover, under Assumption 3.5, Zpu; is a zero mean

covariance stationary short memory process. Hence, Lemma A5 implies that for each j =
1,...,p,

n n

S Zuw=0,(( Y 1))

t=1 t=k+1
which proves (A.32). O
Proof of Theorem 2.5. To prove (i), i.e., the claim of Theorem 2.1 here, we need to show
that

tx —p N(0,1). (A.34)

Denote zx; = e8¢, A = (B[z3,]))'/? = (E[e3e2_,])'/?, A¢ = (E[¢}])"/?. Using the notation
e = (2t — T)(i—p — T), Gt = Wey—t = hehy_p2pe, write
- roe
t = %t—kﬂ;’“l 7 (A.35)
(Zt:k+1 e
D tekg1 Stk D i €tk — Gik) ng + Ry,

(Zt k+1 Ctk + 2 k—i—l(etk Ctk))l/Q N (Tk + Qi)

where

ik = (AgAg)'n T2 Z Gy Ri = (A24,) 032 Z (eor — Cor)s (A.36)

t=k+1 t=k+1
Te o= (AZAR) 770 > (R Qe=(AFA) T D (el — Gh).
t=k+1 t=k+1



By Lemma All,

= Jo U)W () +op(1) (A37)
(Jo U*(u)du + 0,(1))'/2 :
L _ o UP)aw (w)

(fy UH(u)du)?/?’

where U(-) and W (-) are two independent Wiener processes. Since

L=p (/01 U4(u)du>1/2/\/<0,/01 U4(u)du) =N(0,1),

this proves (A.34). The validity of (ii), i.e., the claims of Theorem 2.2, can be shown using

similar arguments combined with those used in the proof of Theorems 2.2 and 3.2. O

Proof of Corollary 2.1. Let k > 2. By definition & = e44_. Denote zp; = e1g4_. For
k > 2, assumption (22) is satisfied, i.e. cov(s, 2zx¢) = 0 for s # t and Theorem 2.5 implies
tr —p N(0,1). On the other hand, for k = 1 we have & = z1;. In this case, the proof of
Theorem 2.5 shows that

E oy W2(s)dW (s)
(Jy Wi(s)ds) ">

where W (s) is a standard Wiener processes. O

7.2 Auxiliary lemmas

The auxiliary lemmas given here are used in proving the main results of Subsection 7.1. We
start with Lemmas A4 and A5 which provide useful bounds for sums of weighted random

variables.

Lemma A4. Let S, = >, Bize. Suppose that a triangular array of random variables

Bt = Bn,t have property
dIBl <1, E[ max |5,]] = o(1) (A.38)
t=1

and {z} is a covariance stationary sequence such that v, = cov(zg,z0) — 0 as k — oo.

Assume that sequences {B:} and {z;} are mutually independent. Then,

Zn: Brze = (Zn: ﬁt)Ezl + 0p(1). (A.39)
t=1 t=1

10



Proof of Lemma A4. Write

Sn =Y BBz +) Bz —Ez) = (D B)E= + an. (A.40)
t=1 t=1 t—=1
We show that
Gn =) Bilz — Ez) = 0,(1), (A.41)
t=1

which proves (A.39). Since {3} and {z:} are mutually independent and |3;| < 1, we have

Eqi = Zﬁt 2t — EZt = Z BiBs E — Ezt)(zs — EZS)H

t,s=1

E[ Z |/6tﬁs’ |’Yt—s”- (A‘42)

t,s=1

IN

Let L > 0. Set G, = maxg>r, |7/, and recall that |y;| < 0. Using these bounds, we obtain,

Eq, < E[ > 1BBIGL]+E[ Y. 1BBsl]
t s—1'|tfs|>L t,s=1:|t—s|<L
< GLE| Z |85 +70E[( max |ﬁs’) > 18]
t,s=1 ts—1'|t—s|<L
< GLE| Zwt ] +70(2L +1) E[( max - 1840) Z]ﬁt

t=1

Hence, by assumption (A.38), for any fixed L, as n — oo, it holds that

Eq?

< Gr+E[ max |5[](2L +1) = G +o(1),

s=1,....,n
where Gy, — 0 as L — oo by assumption. Since L can be selected arbitrarily large this
implies Eq2 = o(1), which proves (A.41). O

Lemma A5. Let S, =Y ;" Brzr. Assume that sequences {3} and {z} are mutually inde-

pendent, and {z} is a covariance stationary sequence such that

[e.9]

Z |cov(z, z0)| < o0. (A.43)

k=—o00

Then

En: Prar = (i 5t)Ez1 +0p ((fj B 2)- (A.44)
t=1 t=1 t=1

11



In particular, if Ez; =0, and maxi—1,.n|5t| = 0p(1), then
> Bz = 0p(n'?). (A.45)
t=1

Proof of Lemma A5. Denote r, = (3.7, #7)'/2. In view of (A.40), to prove (A.44) it
suffices to show that

rotgn = Op(1). (A.46)

Then, ¢, = rn(gn/rn) = Op(ry). Together with (A.40) this implies (A.44). To show (A.46),
notice that by (A.42),

E[ > 1(Be/ra)Bs/ra)l —sl] < 2E[ D (Be/rn)® [ye—sl]

E(qn/mn)? <
t,s=1 t,s=1
< Zﬁt/rn Z sl] =2 Z [s| < oo,
t=1 §=—00 §=—00

noting that "3 | (8¢/rn)? = 1, and using (A.43). This proves (A.46). Clearly, (A.44) implies
(A.45). 0

The following lemmas contain various bounds and approximations used in the proofs of
Subsection 7.1.

Lemma A6. Under the assumptions of Theorem 3.1,

nE = ng + Op(l), (A47)
v = Uk + 0p(1). (A.48)
with ng, v, as in (A.8) and ng, v, as in (A.4).

Proof of Lemma A6. Proof of (A.47). Recall the notation A, = r2 A in (A.2) and
notation (= uve—g. Set (oyik = (¢ — fa) (Ye—k — fy). Then

n

Ak(nk - ﬁk) = 7‘7:]3 Z (exy,tk: - Ctk) = Jn1 + Jn2, Where (A'49)
t=k+1
n n
Jn1 = 7“7;]3 (gxy,tk - Ctk)a Jn2 = T;;? Z (emy,tk - ny,tk)'
t=k+1 t=k+1

To prove (A.47), it suffices to verify that

Jn1 = op(1), (A.50)
Jn2 = op(1). (A.51)



Notice that in Theorem 3.1, (zy & = (s and therefore j,1 = 0. We will use the terms j,1, jn2

to prove the results of this lemma under settings of other theorems.
To evaluate jy2, we split the proof of (A.51) into two steps.
First we show that (A.51) holds if the variables

§t = T;kl(ﬂﬁt — lz), V= Tr:kl(yt — ly)

satisfy the following properties:

£= op(n_l/Q)7 U= op(n_l/Q), (A.52)
& =o0p(1), vy =o0p(1) for any t. (A.53)
Indeed, we can write
Pt Cayik = Coyak) = T d(@ = 2) Wik — 9) = (20— 1) Wik — 1y)}
= (& — Wk — D) — LUy, (A.54)

= —&u— v+ ED.

Hence,
gz = D (& =Wk — ) — i) = (n— k)0 — D (V& + Evy),
t=k+1 t=k+1
where

n

n k n
Z ft:ng_zgtv Z Vi—k =NV — Z Vt-
t=1

t=k+1 t=k+1 t=n—k+1

So, we obtain

k n
gz = (n—k)EP—MEr+pY G+ Y m=oy(1) (A.55)

t=1 t=n—k+1

by (A.52) and (A.53).
Next we show that (A.52) and (A.53) are valid in Theorem 3.1.

Proof of (A.52). We prove the claim for 7 (the proof for ¢ is similar). Recall that 7 =
nS v =n" (300, Bim) where B = 7, lg;. By Assumption 3.2 we have

maxi<i<n !9t| maxj<t<n \gt!

max |B = = (A.56)
t=1,...n Tnk (Z?:k+l h%gt{k)lﬂ
maxj<¢<n Q? 1/4

= a2 ) =)

n 2.2
Zt:k-H hig;

13



By Assumption 3.1 of Theorem 3.1, {n;} is a covariance stationary sequence with En, = 0

and such that ) 2 |cov(ng,nmo)| < co. Hence, using (A.45) of Lemma A5 we obtain

Z Bene = Op(n1/2)7
t=1

which implies 7 = 0,(n~'/2) and proves (A.52).

Proof of (A.53). We prove it for & (the proof for v; is similar). We have,

(el = [Breee] < ( max |61 4])]er] = 0p(1),

-----

by (A.56), noting that E|e;| < co. This completes the proof of (A.53) and (A.47).

Proof of (A.48). Observe that

n
Aglor =Tkl <t Y ledy ik — Gl = dns.
t=k+1

It remains to show that
Jn3 = Op(l)‘ (A57)
Notice that

ik — G = (Caytk — Cor)” + (Cayik — Ctk)%tky

3 < T Z Caytk — Gik)’ + 27 Z |(€ay,tk — Ge)Geel-

t=k+1 t=k+1
By Cauchy inequality,
n n 12, X 1/2
S Meaper — Gl < (3 (e — ) (X )
t=k+1 t=k+1 t=k+1
Hence,
sl < Dk +2DL2sM2 where (A.58)
n n
Dy, = Z T (Cay ik — Gik)?, Snk = Z oG
t=k+1 t=k+1
Next, using
(escy,tk - Ctk)z = ({ea:y,tk - C:cy,tk} + {Ca:y,tk - Ctk})z
< Q(Gmy,tk - Cmy,tk)2 + Q(Czy,tk - gtk)27

14



we bound

an < 2(an,1+an,2)7

Dy = Z ot (Coyatke — Cik)?s Dnko = Z ot (eaytk — Coytk)?
t=k+1 t=k+1
We will show that
an,l = Op(l)v (A59)
an,Q = Op(l)v (A6O)
Snk = Op(l)’ (A.61)

which together with (A.58) implies (A.57).

Notice that in Theorem 3.1, {4y = (o and therefore D1 = 0. We will use the terms

Dyj1, Dyk,2 to prove the results of this lemma under different setting in this paper.

We split the evaluation of D, 2 into two steps. First we show that (A.52) and (A.53) together
with

D & =opn), D vi=o0yn) (A.62)
t=1 t=1
imply
an’g = Op(l).

Then we show that (A.62) is valid under assumptions of Theorem 3.1.

Proof of (A.60). From the equality (A.54), using (a + b+ ¢)? < 3(a® + b? + ¢?), we obtain
{rok (Caytk = Coyat) Y = (€0 = P& — Evip)® < B(E0° + P77 + E0y).

Hence,

n
Dnra < 3 ) (80 +0° + 807 )
t=k+1

= 3(n— k)&% 4302 Z &2 + 382 Z V2, =o0p(1)
t=k+1 t=k+1

2

using (A.62) and noting that by (A.52), €2 = o,(n1), ¥? = 0,(n71).

I
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It remains to verify (A.62). We have
n n n n
S = S e < (max 1220 ) = 0y (1Y ) = o),
t=1 t=1 - - t=1 t=1

by the same argument as in (A.56), noting that E[Y> ;. &7] = nE[e}] implies > 7 =
Op(n). The proof of the claim for 7 in (A.62) is similar. This completes the proof of (A.60).

Proof of (A.61). Write

n

n
—4,2 —4;2 2 2.2
Snk = E Tk Gike = Z Brzt, B =71 MGk, 2= €M
t=k+1 t=k+1

Notice that
n n
Yo b=l Y higi =1
t=k+1 t=k+1
Moreover, by (A.11) and (A.12),

B B = (D), Bldn] = o(0),

and by Assumption 3.3 of Theorem 3.1, {z;} is covariance stationary sequence such that

cov(zk, 2z0) — 0 as k — oco. Hence, by (A.39) of Lemma A4,

Snk = ( Z Bt)Ezl +0,(1) = Ez1 4 0p(1), (A.63)
t=k+1
which proves (A.61). This completes the proof of the lemma. O

To state the next lemma, rewrite the element 7, j of Emy given in (38) as

n n 2

~ njk Z Cxy,tjCay,tk Z Cay,tj
J rY,ty -2y, Yt
Txy,jk = /375> njk = — Ujk = N (A.64)
(VR )1/ AnjAnk A
JRERG t=max(j,k)+1 t=max(j,k)+1 ™

where Ay; is defined in (A.2). Set again j, = p, = 0. Recall the notation (A.28):

n

A= S Sl (A.65)

t—max(j,k)+1 AnjAnk
Lemma A7. Under the assumptions of Theorem 3.2,
njk = Nk + op(1), vjr = 14+ 0p(1), (A.66)

with nji, vk as in (A.64) and nji, as in (A.65).

16



Proof of Lemma A7. We start with the proof of the first claim in (A.66). We have

n

(ecc tj€x ,k_C Ck)
> o) e
njn,

njk — njk =
t=max(j,k)+1

Using the equality

(eccy,tje:py,tk - Ctthk) = (exy,tj - Ctj)(e:ry,tk - Ctk:) + (e:cy,tj - Ctj)(tk + (e:vy,tk - Ctk)ctja

we obtain

n n

Z (ea:y,tjexy,tk: - Ctthk) = Z (exy,tj - gtj)(ezy,tk - Ctk)

t=max(j,k)+1 t=max(j,k)+1
n

+ D (e — G Y (Cayar — GGy
t=max(j,k)+1 t=max(j,k)+1

Applying the Cauchy inequality, we can bound
n n n

Yo Meayts = G ek — Gl < D (Cayty — G20 (Cayar — Cu)*)Y?,

t=max(j,k)+1 t=j+1 t=k+1
n

Z |(exy,ti — Ctj) el < ( Z (exytj — Cii)*)M 2 Z Gi) 2.

t=max(j,k)+1 t=j+1 t=k+1
Recall the notation D, and sk, used in (A.58). Then,

Jna = AjAg|ng, — Nyl
n
-2 -2
< Tnj Tnk Z (ewy,tjexy,tk - Ctthk)‘
t=max(j,k)+1
1/2 1/2

1/2 ~1/2 1/2 1/2 .
< Dn]an +Dnj8nk +an8nj _Op(l)

since by (A.60) and (A.61), Dy; = 0p(1) and s,; = Op(1), which proves the first claim in

(A.66), Njk = ﬁjk + Op(l).

To prove the second claim, v;, = 1 + 0p(1), write

n
— -2 2 — . .
vk = A7 Y €y = 0T g

t=max(j,k)+1
n n n
A2 2 A2 _ 2
v = A E : Crytjr  nj = Dy ( )e:cy,tj'
t=j+1 t=max(j,k)+1 t=j+1

The sum v; is the same as in (A.3), and we showed in (A.5) that v; = 1+ 0,(1). It remains

17



to show that ¢,; = 0p(1). If j > k, then ¢,; = 0. Let j < k. Then,

k k k
_ -2 2 _ —2 2 2 -2 2
g = A Cayt; = —O07 D (e — )+ A7 Y @
=511 =511 =511

n k
-2 2 2 -2 2 _.
gnjl < AL Z €2yt —Ctj“"Anj Z Cij = Pni + Pn2-
t=j+1 t=j+1

We showed in (A.57) that p,1 = 0p(1). On the other hand,
k
pna = A Y highieini ;= op(1)
t=j+1

by (A.53). This completes the proof of the lemma.

O

In the following lemma, 7j;, and wj; are defined as in (A.65) and (A.18), respectively; and

the matrices Ry, and R}, are as in (38) and (39).

Lemma A8. Suppose that assumptions of Theorem 3.2 are satisfied. Then,

Ry = W op(1),
E;y = W+o,(1) for any A > 0.
Moreover, there exists b > 0, such that for any a = (amg, ..., am)" and n > 1,

a'Wa > bllal)?.

Moreover,

Ry =W 4 0,(1), W2 =0,(1).
Proof of Lemma A8. Proof of (A.68). It suffices to show that

?vajk’ = wjk + Op(l) fOI’ j? k € [m()v 7m]

By (A.64) and Lemma A7,

Tavdk = o) 72 (L 0p(1))

Njk Nk + 0p(1)
3

Below we verify that
Mji = wjk +0p(1),  wji = Op(1).
This implies
~ wik +op(1) ,
Tay,jk = (1+ 0p(1))1/2 = Wjk + op(1),

18
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which proves (A.72).

Proof of (A.73). Let by and wyy, be defined as in (A.13). Taking into account notation (A.17),

we can write

A= Y. bybpwywi = Y byjbuwrjwik. (A.74)
t=max(j k)+1 t=1
Then,
Njk = Wjk+ Wik, where (A.75)

n
Wik = § bijbikojr, ok = Elwijwg] = corr(e1mi—j, e1mi—k),
=1

n
Wi = E bize, by = b, 2 = wijwy — Elwijw].
=1

Start with the first claim, 1, = w;i + 0,(1), of (A.73). By (A.75), it suffices to show that
Wy = op(1). (A.76)

To evaluate the sum w;, = » ;" bz, we use Lemma A4. By Assumption 3.4(i) of the
theorem, {2} is a covariance stationary sequence with Ez; = 0 and such that cov(zg, z9) — 0
as k — co. On the other hand,

NE

b < OO )P =1,
t=1 t=1

1 =

~+~
I

because >, bfj = i1 bfj = 1, and under Assumption 3.4(iii) of theorem, (A.12) implies

E[ max [by[] < (B[ max 03))'/*(E[ max b}])!/? = o(1). (A.77)

=1,...,n =1,..., =1,...,

Hence, by (A.39) of Lemma A4, wj;, = 0p(1) which proves (A.76).
Finally,

n
wjk < lojel Y b < lojil,
t=1

which implies wj, = Op(1) and completes the proof of (A.73).

Proof of (A.69). Recall the element 77, . = Ty jkI(|[Tzy,j6| = A) of the matrix ]?Z;y given in
(39). To prove (A.69), we need to show that for any A > 0,

oy ik = Wik +0p(1)  for j,k € [mo,...,m]. (A.78)
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Noting that by (A.68), T4y jk = wjk + 0p(1), to verify (A.78) it suffices to show that
Tay,jk — Toyjk = Op(1). (A.79)
Observe that
Tay.gk = Tay ik = Taygk = Teyjkd ([Tayjk) > A) = Tay ik L (| Tey k] < A).

Let € > 0. Then, |7y k| < €+ [Toy jk|L(|T2y ji| > €). Hence,

sk

|?my7jk - r:cy,jk| < e+ |?fcy,jk|l(|7xy,jk| <A |?ccy7jk| > 6)-

By (A.72) and (A.73), |72y jk| = wjr +0p(1) = Op(1). We will show that for any A > 0, € > 0,
it holds

I(|Tay ikl < X [Pay k| > €) = 0p(1). (A.80)

This implies
Fay ik = Tay il < €4 Op(1)op(1) = €+ 0p(1),

for any arbitrarily small e, which proves (A.79). Use the bound

A Tay,ik
I(’Txy,jk’ < )\7 ’ra:y,jk’ > 6) = I(‘Txy,jk’ < )\7 ’Txy,jk" Y. ’ > €>
| Tay,jkl
S I<)\|sz7jk:| > 6) — I(|T‘xy7j:l<:| Z 6/)\)7 (A81)
| Ty, k] |Tay.jk|

and we will show that

[Payil _ 0,(1), (A.82)

| Ty, k| a

which together with (A.81) implies (A.80). Definitions of 7y jr and 7.y ;1 given in (38) and
(39) imply that

~ n 2 2
[Tayikl ( Z1ﬁ=m‘ru<(j,/’f)+1 Cay,tjCay th )1/2 _ ( Vnj )1/2
o n 2 n 2 - ) .
| Tay,jkl Zt:max(j,k:)—i-l €ry.tj Zt:max(j,k)—H €ay,tk UjkUkj
where ) ) )
n n
Vo — e:py,tjewy,tk R ewy,tj
njk — § : A2 A2 Uik = § : A2
t=max(j,k)+1 nj—nk t=max(j,k)+1 ™

By (A.66), vjr = 14 0p(1). So, we obtain

. 1/2
Foyikl — Vaje

[Taygkl 1+ 0p(1)
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To prove (A.82), it remains to show that

Write

n

2.

ank

t=max(j,k)+1

Tn,1 =

To verify (A.83), it suffices to show that

Vi = op(1). (A.83)
2 2
Cry,tj Cay tk
xy2 2 2@/2 ="7Tn1+ Tn2,
nj nk
n 2 n 2 2
wy,tj acy tk Ctjgtk . Ctthk:
Z A2 A2 v T2 = Z 2 A2
t=max(j,k)+1 nj—nk t=max(j,k)+1 ™ nk
T = 0p(1),  Tn2 = o0p(1). (A.84)

First we evaluate 7, 1. Notice that

2
exy,tj my tk —

Ctj Ctk

Set
an

Ctj ) ( :Ey,tk

( Caytj

n
= A;I? Z |eo20y,tk: - <t2k|v

t=k+1

() + Cth(eiy,tk

(%

k=00 >

t=k+1

By (A.57), Qui = 0p(1), and by (A.8), 0y, = 1+ 0,(1). Therefore,

1Tn,1] < QnjQnk + 0jQnk + TxQnj = 0p(1).

2 2 (.2
- Ctk) + Ctk(exyﬂfj

2
tj/-

2
G-

Next we evaluate r,, 2. Recall that kaij = h?gtz_ j gt2_ kl/f where vy = sgnt_jnt,k. By Assump-

tion 3.4(i), {v;} is a covariance stationary sequence, and Ev? = Ev? < co. By assumption

{vi} is independent of {h, g;}. Therefore,

r = higt 9t
Ern72 = E Z 7t ; ]2t kl/t]
~t=max(j,k)+1 |~ nk
r - htgi— ;97
- e[ ¥ 72? . }E[ul]
~t=max(j,k)+ nk
< E_d o htgt kg
< Bl Z k] B,
ax(j,k)+ nk
where 6,, = A;].Q Max;—ji1,..n hfgf_j. y (A.11), E[d,] = o(1).
(A.2),
n h2 2
> tAgz?*’f < A2 < .
t=k+1 nk
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Hence,
Erna < E[6,)E[v7] = o(1),
which proves 2 = 0,(1). This completes the proof of (A.69).

Proof of (A.70). Notice, that the matrix ¥ = (04); k=m,,...m 15 positive definite. Indeed, by
Assumption 3.4(i), the stationary sequence z; = e111—; has properties Ez; = 0, Ezjz < 00,
and ), [cov(ng,mo)| < oo, so that the sequence {7;} has a spectral density. In Lemma 3.1
in DGP (2022), it is shown that under these assumptions, the matrix ¥ is positive definite
for mg = 1. The proof of that lemma shows that X remains positive definite also for mg > 1.

Hence, there exists b > 0, such that for any real numbers a,,, ..., am,

m
> ajojear = bl lall? = ad, + .+ al,
j’k:mo

Therefore, by the definition of W = (wj), see (A.75), for a = (amg, ..., am)’,

m m

n
aWa = ;WA = aj{ btjbtkajk}ak
J,k=mgo J,k=mgo t=1

n m m

= ST 1Y @bolarba)] =03 [ S (asbi)?]

t=1 jk=mg t=1 j=mg

= b ) a0 =b ) aj=bllal (A.85)
t=1

Jj=mo Jj=mgo
Hence, (A.70) holds and W is positive definite.

Proof of (A.71). Notice that by (A.68) of Lemma AS, Ezy = W +0,(1). Matrices ﬁzy and W
are symmetric and, thus, have real eigenvalues. By (A.70), the eigenvalues of W are positive
and the smallest eigenvalue Ay ,in of W satisfies Ay, min > b for some b > 0. Therefore,
the smallest eigenvalue A, of the matrix W1/2 has the property Apmin = A%Qmm > pl/ 2,
so that W~1/2 is positive definite. In turn, the largest eigenvalue AW, maz Of W1 satisfies
AW,maz = A;[/%min < 1/b. This implies that W~! = O,(1). Similarly, the largest eigenvalue
Amaz of W12 satisfies Aoz = A;ﬁn < l/bl/g. This implies that W~—1/2 = Op(1). Hence,

the inverse matrices W1 and W—1/2 exist and

B2 = (W) C w2 (1w xo,) = w2 (14 0,0)

= W21+ 0,(1)) = W2 4 ,(1).

—-1/2
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Lemma A9. Suppose that

Ty = g+ OQp121e + U, Ut = htEt, (A86)
Yo = Myt OQn222t TV, Vp = Gile, (A.87)

and that {u;} and {v} satisfy the assumptions of Theorem 3.1 or 3.2. Then Lemmas A6,

A7 and A8 remain valid under the following conditions:
(i) {z1¢} and {z9:} are covariance stationary sequences,

(it) for any k > 0, {e1224—1} and {z1m—1 } are zero mean covariance stationary short memory

sequences,

(iii) with rpy = (Z?:k-u h%gf_k)l/‘l,
rtant? = o0,(1), o lanen'/? = o0,(1). (A.88)

Corollary 7.1. In Lemma A9, to verify Lemmas A6, A7 and A8 it suffices to show that
variables ¢, yt, ur, v satisfy properties (A.50), (A.52), (A.53), (A.59) and (A.62).

Proof of Corollary 7.1. This corollary states the claims that are needed to verify for z;
and y; as in (A.86). O

Proof of Lemma A9. According to Corollary 7.1, it suffices to verify (A.50), (A.52), (A.53),
(A.59), (A.62) and (A.8). First we show that (A.88) implies

ngganl(z .9152)1/2 = Op(l)v ngganQ(Z h%)1/2 = Op(l)' (A.89)
t=1 t=1

Write

n

reom (Y gHY? = (rtamn!?) (T gt )
t=1 t=1

< (r;klanlnlﬂ)(r;kltirllax gt)-

greey

By Assumption 3.2 used in Theorems 3.1 and 3.2, T;k} max;—1,.n gt = 0p(1). This together
with (A.88) implies the first claim in (A.89). The proof of the second claim is similar.

Proof of (A.50). We need to show that j,,1 = 0,(1). We have

Ca:y,tk — Gk = (xt - Mas)(ytfk - My) — UtVt—k
= (ani1z1t + w) (2221 + Ve—k) — WV—i;

= W22k + 1 2140k + Q1 221422 4k - (A.90)
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Hence

: -2
Jnl = T (Coytk — Cik)
=kt 1

n n n
-2 -2 -2
= T, On2 5 UtZ2 t—k + Tpp Onl E Vt—k21,t + Ty OnlOn2 E 21,622 t—k-
t=k+1 t=k+1 t=k+1

By assumption, {e;22; 1} is covariance stationary short memory sequence with Elesz9 ;1] =
0. Therefore, by Lemma A5,

Z W2tk = Z hierza i = Op(( Z h?)l/Q)-

t=k+1 t=k+1 t=k+1

Similarly, it follows that 37, 4 ve_g21,e = Op (X711 97)Y/?). In addition,

> i1 21,622,k = Op(n) since

n n
Eln™' > Jaezaill < 0t Y 2EZ, + Bz, )
t=k+1 t=k+1

< 2Bz, + EZ3y ) < oo
Using (A.88) and (A.89), this implies

n

n
ju = Op(rafans( Y W)V 4r2an( Y g))?
t=k+1 t=k+1

+(T;k}ozn1n1/2)(r;klozngnl/z)> = op(1).
Proof of (A.52). We need show that

E=ry (@ — 1) = 0p(n~"/%)

t=k+1

and the proof for 7 is similar and omitted. We have

n

c -1, —1
§ = rn (an1z1t + ut)
t=k+1
n n
-1 -1 -1, -1
= TN E 21t 1 g Ut-
t=k+1 t=k+1

In the proof of (A.52) above we showed that

n
Tt Y0 w=op(n”'V?).

t=k+1
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Clearly, n ™t 377, 1 210 = Oy(1). By (A.88), 7, a1 = 0,(n~Y/2). This implies
€ =1 0mOp(1) + op(n” %) = 0p(n~1/?).

Proof of (A.53). We need to show that & = 0,(1). The proof for 4 is similar and omitted.
We have

&l = ol — pal = gt lomiza + .
n (A.53) above we showed that r!|u;| = 0,(1). Notice that |z1;] = Op(1) since E|z14| <
(Ez})Y? = (E2}))Y/? < 0o. Using (A.88), this implies

&t = T;;ianlop(l) +0p(1) = 0p(1).

Proof of (A.59). We need to show that

n

D1 = Z T;:(ny,tk — Gu)® = op(1).

t=k+1
By (A.90),

(Cogtk — Ck)® = (Wpom222.4—k + 1 2100—k + Qp1Ona211294—k)°

2 2 2 2 2 2 2 2 2 2
< Bupagezy g k;+3an1'z1tvt—k+3anlan2zlt22,t—k7

n
74 2 —4 2 2 2 2
Tk On2 Z ht5t22,t—k+3Tnkan1 Z Gtk 21—k
t=k+1 t=k+1

an,l

IN

—4 2 2 2 2
37 1 X2 Z 21t 22 t— k-
t=k+1

We will show that

n

n n n n
Z hgffzit—k = Op(z hf), Z gf_kamf_k = Op(z th)a Z Z%t Z%,t—k = Op(n2)-

t=k+1 t=1 t=k+1 t=1 t=k+1
(A.91)

This together with (A.88) and (A.89) implies

n

n
Dppa < r;:aizOp(Z h?) + T‘nk a2,0, (Z 2) + rn,j‘aila22n2 = 0p(1).
t=1 t=1

We will show the first claim in (A.91). (The proof of the second claim is similar). Set
By = h2/(2] 1 hj) and note that ;" , | B = 1. Since {h;} is independent of {e¢, 2}, we
obtain:

n n
2 2.2
E ht5t22t k= E hi) E 5t5t22,t—k>

t=k+1 t=k+1 t=k+1
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n

E[ ) Bieizhsil = Y ElBE[2, ]

t=k+1 t=k+1

Z BB 51221 K = E[E%Z%l—k]’

t=k+1

This implies that

Y Beeiziy = O0p(1),

t=k+1

which proves the first claim in (A.91). To prove the third claim, recall that by assumption it
holds E[z3,] = E[2}], E[23,] = E[23,]. Hence, it follows from

n

n n
[n=? Z Z%tzg,t—k] < E[n! Z B! Z Z%,t—k] < E[211]E[23)] < oc.
t=k+1 t=k+1 t=k+1

Proof of (A.62). We need to show that > 1, & = op(n). (The proof of the second claim is

similar.) We have,

n

n n
ST = 2N @) =t (e u)?
t=1

t=1 t=1
n n
-2 2 2 -2 2
< 2r pag, E 21 + 21, E Uy .
t=1 t=1

Notice that

(7 Lan1v/n)*{ Zzlt} =op(1

since rtal \/n = 0,(1) by (A.88), and E[n~' Y7 | 23] = E[z}] < oo. In (A.62) we showed
that r 2 S°1" u? = 0,(n). This proves > 1, & = op(n).

Proof of (A.8). Under the assumptions of Theorems 3.1 and 3.2, (A.8) holds by Lemma A1l.
(]

The following Lemmas A10 and A1l are used in the proof of Theorem 2.5.
Define stochastic processes S, |nu|, S¢,|nu), 0 < u < 1 by setting

Sz,[nuj A 1n_1/ Z 2ty Sﬁ lnu|] = A n —1/2 Zf (A.92)

t=1

We will denote by Sy, (u) = fqq S(u), 0 < u < 1 convergence of finite dimensional distributions
of a process Sy, (u) to those of a limit process S(u), 0 < u < 1.
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Lemma A10. Suppose that Assumptions 2.1 and 2.6 hold. Let k > 1 be such that (22) is
satisfied. Then,

(Sz,LnupS&I_nujv 0<u< 1) —7 fdd (U(U), W(u)y 0<u< 1)7 (A93)

where U(-) and W (-) are independent standard Wiener processes.

Moreover, hy satisfies Assumption 2.2:

4 _ 272
max hy = op (t_;rl h; ht—k)' (A.99)

Proof of Lemma A10. Proof of (A.93). Without loss of generality, assume that E¢Z = 1
and Ez? = 1, which implies that A =1 and Aj = 1. By the Cramér-Wold device, to prove
convergence of the finite dimensional distributions in (A.93), it suffices to show that for any

p > 1, any real numbers a;,b;,j = 1,...,p and any 0 < u; < ... < up < 1 the following holds

p p
an ‘= Z (ajSz,LnujJ + bjS&\_ntJ) —Dq:= Z (ajW(uj) + bjU(uj))' (A.95)
j=1 Jj=1
We can write
g = Z Tnt, Tt = bgnt&t + bzt 2kt
t=k+1
p p
bzmt = n71/2 Z ajI(t < LntJ), bﬁmt = 7’7,71/2 Z bj‘[(t < LTZU]J)
j=1 i=1

Under Assumptions 2.1 and 2.6, r,; is an m.d. sequence:

Elrn| Fi—1]) = b E2kt| Fie1] + be ne E &t Fi—1] = 0.

Notice that ¢ ~ N(0, Eq?), where

p k
Eq® = E[( Y (a;W () + b;U(w;))’] = Y (ajas + bjbs) min(uy, uy). (A.96)
j=1 j,s=1

Similarly as in (A.14), by Theorem 3.2 of Hall and Heyde (1980), to prove (A.95), it suffices
to show
n

(a) D7 i —p B, () E[_max 3] =o(1). (A.97)
t=k+1
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First we prove (a). Write

ZT = n1+Pn2+2Pn3a nl— Z bznt’zkb
t=k+1 t=k+1
n n
2 2
Pn,2 — Z bgmtfta Pn,3 = Z bz,ntbf,ntgtzkt-
t=k+1 t=k+1

We will show that

P
P,1 —p Zajasmin(uj,us), (A.98)

)

J,s=1

p
Poa —p Y bibemin(uj,u), Pag 0,

)

J,s=1
which implies (a):
n p
Z r121t Hp Z (ajas + b]bs) min(uj, us) = Eq2
t=k+1 j75:1

First we verify (A.98) for P, ;. Observe that,

n P min(LntJ,\_nusj)
Poy = Z (n_1/2 Zajl(t < [nuy))) Zkt Z ajasn Z Z(A.99)
t=k+1 j=1 7,s=1 t=k+1

By assumption, {e;} is a stationary ergodic sequence which implies that Zkt = e%e?ﬁk is a
stationary ergodic sequence with E[zZ,] = E[z},] < oo. Therefore, |nu]™! Zth,i 1% —p

Ez2, = 1. Since [nu|/n — u, this implies (A.98):

P
Poi—p Z ajas min(u;, ug).
j,8:1
The proof for P, 2 and P, 3 is similar noting in addition that in case of P, 3, by assumption
{& 211} is a stationary ergodic sequence, and E[& 2] = 0 by assumption (22). This completes
the proof of (a).

Next we prove (b). Notice that

R, = max 72 < (C max n"HER + 22
" t=ktlon t=k+1.m (& + 2ir)

< On V4 max 0 MEIE > n'/?) 4+ 2,1(, > n'2),

t=k+1,....,n
B[R, < Cn'P4Cn™' Y EGIE >n'?) + 24124, > n'/?)]
t=k+1
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= On VP C{B[GIE > )] + B[ 1( > n')]} = o(1),

because under assumptions of lemma, F [ﬁf] <oocand E [zil] < 00. This completes the proof
of (b) and (A.93).

Proof of (A.94). Under Assumption 2.6 it holds that
Elh|Fio1] = Elhy-1|Fi—1] = |Elhy—1|Fo-1]| = |hu—2| = he_1.
Therefore, h; is a discrete-time submartingale, and by the Doob submartingale inequality,
P( max h; > c) < ¢ 'Eh,,.

t=1,....n

Notice that,

n—1 n—1 n—1
(Ehn)? < E[hy] = El(ho + ) &)%) < 2ER§ +2E[() | &)?) = 2ER§ +2E[) ] < Cn.
t=1 t=1 t=1
Hence,
P(tznax he > ¢) < ctont/?, (A.100)
max hy = Op(n*/?),  max hi=0,(n?.
t=1,...,n t=1,...,n

On the other hand, (A.93) together with assumption E|ho| < oo implies that
(A Phipu), 0<u < 1) =p (Uw), 0 <u< 1), (A.101)

This yields
n 1 1
Ag4n_3 Z hZh? . = / (Agln_l/QthuJ)‘ldu +0,(1) = / Ut (u)du + 0p(1).  (A.102)
t=k+1 0 0
This together with (A.100) proves (A.94) and completes the proof of the lemma. O

Lemma A11. Let ny, Ry, vk and Qy, be as in (A.36). Then, under assumptions of Lemma A10,

1

ng = /UQ(u)dW(u)—i—op(l), (A.103)
01

v = /U4(u)du+0p(1), (A.104)
0

Ry = op(1), Qi =o0p(1), (A.105)

where U(.) and W (.) are two independent Wiener processes.
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Proof of Lemma A11. Without restriction of generality assume that Ac =1, A, = 1 and
ﬁo = 0. We start with the proof of (A.103). Let M > 1 be an integer. We split the interval
[0,1] into a grid 0 = uy < uy < ... < upy = 1 where u; = jM~L, j = 0,..., M. Denote
tj = |nu;l, j =0,...,M. Write

12
ik o= n%? Z hihi—gzie = 3/22}%] L Z 2kt (A.106)
t=k+1 t=t; 1+1
_3/22 Z (hihy—i — 1>zkt = Apn1 + Anrn.
j=1t=t;_1+1
We will show that as n, M — oo,

1
Anrnt —/ U? (u)dW (u) +0,(1), (A.107)

0
Atz = op(1), (A.108)

which together with (A.106) proves (A.103).
Proof of (A.107). Using notation (A.92), and Lemma A10, we obtain that, as n — oo,

M M
Ay = ZS§2’|_nuj71J (Sz,Lnu]j - Sz,Lnt_1J Z u] 1 .7) - W(ujfl)) + Op(l)
j=1 j=1
M w1
_ Zzﬂ(uj_l) / AW (u) + 0p(1) (A.109)
- / U?(w)dW (u) + 0p(1) + Sprn,  Oar = Z/ 2(uj_1) — U*(u))dW (u).

Notice that U?(u) —U?(uj—1) = (U(u) — U(uj-1))*+2(U(u) — U(uj—1))U(u;j—1). Recall that

U(u) = U(uj-1) ~ N(0,u —uj-1),
= U(uj—1))?] = u—uj_1, E[U(uj-1)*] = uj-1,
— U(uj-1))"] = 3{E[(U(u) — U(uj-1))’]}? = 3(u — u;j—1)*

Hence,

BI(U () — U(uj1))?] < 2B{(U ()  Uug1))*] + 8EI(U ) — Uug1))’)E[U (a1
= 6(u — Uj,1)2 + 8(u — Ujfl)uj',l = 14(uj - Ujfl) < 14M~1,
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Therefore,

/ u E[(U(uj_1) — U*(w)) )du (A.110)

Uj—1

B = >
]M

IN

»
Z/ D AM ldu = 14M 50 as M — oo

j=1""i-1
Hence, dps = 0,(1) as M — oo which together with (A.109) implies (A.107).

Proof of (A.108). Tt suffices to show that, as n, M — oo,
E[A3,5] — 0. (A.111)

Recall that zys are uncorrelated variables, and by assumption E[z},] = E[z},] < co. Then,

M t;
E[A}] = 0733 3T El(hher - hE )R]
j=1t=t;_1+1

M t;
< 073y N {Bl(hiher — ) B[

7j=1 tztj,1+l

M t;
(B2 N {E(hehey — b3 )32

j=1t=t;_1+1

IN

Next, write

hehi — b, = (he = he; Dok + by, (heog = hey ), (A.112)
(hihe—r = hi, )" < A(he = by ) By + A (g — hey )Y,
E((hihi—x — i, )" <HE[(hy — b, )P ERE 32 + A E[(hyr — ey )P B[RS M2,

We will show that for 0 < s <t <mn,
E[(hy — he)®] < C(t — s)4, (A.113)
where C' does not depend on ¢, s,n. This bound also implies
E[h3] < 8{E[(ht — ho)®] + E[h3]} < Ct*, (A.114)

since E[h§] < oo by assumption. We apply these bounds in (A.112) for t;_; < ¢t < ¢;. Note
that ¢ — tj,1 < tj — tj,1 < n/M We obtain:

E[(hihs i —hi, )" < C{(t—tj-1)> + (t — k — t;1)*}? < C(n/M)*n®.  (A.115)
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Therefore,

M tj
E[A%0] < Cn*?’z Z (n/M)n=CM 071> Z 1=CM™' =0, M- oo,
j=1t= tj 1+1 j=1t= tj 1+1

which proves (A.108). To verify (A.113), observe that by Assumption 2.6,
e = hsf® = [[Be—t] = gl [* < [[Re—r = o[
t—1
= 126

Lemma 2.5.2 in Giraitis, Koul and Surgailis (2012) implies that if {£;} is a stationary m.d.
sequence such that E[|&|P] < oo for some p > 2, then

E|Y &P < CnPP(BlG )P,
i=1

where a constant C' depends only on p. Applying this bound with p = 8 we obtain (A.113).
This completes the proof of (A.108).

Proof of (A.104). We use a similar approach as that in the proof of (A.103). Write

tj

W= n Z G =n"" Z hihi 2z =n 3thj L Z 22, (A.116)

t=k+1 t=k+1 t=tj_1+1

J
+TL_3 Z Z (h?h?_k - hzlj—l)zlzt = A?Wnl + A}(\JnQ

j=1t=t; 141
It remains to show that as n, M — oo,
1
Ay = /0 Ut (u)du + 0y(1), (A.117)
Ao = 0p(1). (A.118)

Together with (A.116) this implies (A.104).

Proof of (A.117). Since (y, is a stationary ergodic sequence and E[(?,] < oo, then

tj tj
—1 2 -1 2
n E et = E Elzj4] + 0p(1)
t:tj,1+1 t=tj71+1

= n7 () — o)) +0p(1) —p uj — ujoa
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Using (A.92) and Lemma A10, we obtain that, as n — oo,
M M
Mot = DS g ) (= w1 4 0p(1)) = > U (uj1)(uy — wjo1) + 0p(1)
j=1 j=1
M wi1
= ZU4(uj1)/ du + op(1)
j=1 Uy
1 M Uj—1
_ / U4 (u)du + op(1) + 65y 8l = Z/ (U (uj—1) — U*(u))du.
0 , .
J=1""

Similarly as in (A.110), it can be shown that E[0%?] — 0 as M — oo which implies 6%, = 0,(1)
and completes the proof of (A.117).

Proof of (A.118). Denote H,, = max—1,..nhi. Using (A.112) we can bound

‘htht*k - ht2j,1’ = ’(h‘t - htj—l)ht*k + h‘tj—l (ht*k - htj—l)’
S Hn(’ht - htj_1‘ + ’ht,k - htj_1‘)7
T B R |

A

2H2(’h‘t - htj—l‘ + ‘ht—k - ht]-_lD.

Hence

IN

M t;
-3 212 4 2
n Z Z ‘ht -k — htjfl ‘Zkt

j=1t=t;_1+1

| Al
M t;
< Hpn0n3, Spyi=Y Y (lhe = by [+ [heok — ey [) 27
j=1t=t;_1+1
By (A.100), H,, = O,(n'/?). We will show that
Sz = Op((n/M)"/*n). (A.119)

This implies (A.118):

|Abnal = 1730, (0)0p ((n/M)Y?n) = Op(M~?) =, 0, M — cc.

To verify (A.119), notice that by Assumption 2.6, for s < ¢, it holds that

t—1 t—1
Bl(h — )] < (Y €) < 3 BIE) < Ot = ).
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Hence, for t;_1 <t < t;, we obtain

E[(|ht_htj—1’+|ht*k_htj—1‘)zlzt] < {E[(‘ht_ht]’—1|+|ht*k_htj—1‘) ]}1/2< [ ])1/2
< {QE[(ht - htj—1)2] + 2E[(ht*k‘ - htj—l) ]}1/2( [ ])1/2
S C‘tj—tj_1|l/2 SC(TL/]\J)l/2

Therefore,
B3] < C(n/M) 1/22 Z L= C(n/M)"*n,
j=1t= t _1+1
which proves (A.119) and completes the proof of (A.104).

Proof of (A.105). We again assume for simplicity of notation that A¢ = 1 and A = 1. Set
ok = n3/* and rewrite R,, and Q,, in (A.36) as

Ry = 7"7;;? Z (et — Ck), Qr = 7“;;? Z (efk - <t2k)

t=k+1 t=k+1

Denote n
& = rgkl(:ct — Ug) = rgklhtst, E=n"! th.
Verification of properties Ry, = 0p(1) and Q) = 0,(1) is equivalent to the proof of (A.47) and

(A.48) in Lemma A6.

Proof of R, = 0p(1). The proof of (A.47) in Lemma A6 shows that it suffices to verify (A.52)
and (A.53), in other words to show that

(a) &€ = op(nfl/Q), (b) & = 0p(1), forany 1 <t <n. (A.120)

The first claim (a) follows noting that &s are uncorrelated random variables, and therefore

n

EEP =El(n™"') &)l =nY ElG]=n"?r2> E[his).
t=1 t=1

t=1

Using by (A.114), it follows
E[hie;] < (B[R)P B[ < (B[R] (B < Ct.

Therefore,

n

FE? =073 B < Ot 3o O = (A.121)

This implies £ = O,(n~%/*) which proves (A.120)(a).
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On the other hand, for 1 <t < n,

Ble| = 1o Elhe| < roMER2)YA(E2)Y?
r (et ?) (BIE2)V? < Cn~3/4n /2 = o(1),

IN

which implies (A.120)(b).

Proof of Qi = o0p(1). The proof of (A.48) in Lemma A6 shows that to verify this claim,
besides (A.52) it suffices to verify (A.62) and (A.61), that is

(@) > & =0p(n),  (B) suk=rpp > Ci=0p(1). (A.122)
t=1

t=k+1

The claim (a) follows from (A.121), noting that

n

E[) &) =n’E[¢? < Cn'? = o(n).

The claim (b) follows from (A.104).
This completes the proof of (A.105). We showed that the claim (A.34) of Theorem 2.1 remains

valid under assumptions of Theorem 2.5. O

8 Supplementary simulation results

This section contains more details concerning the Monte Carlo simulations.

8.1 Size and power of robust tests

Here we examine the finite sample performance of robust and standard tests for zero cor-
relation and zero cross-correlation. We use Monte Carlo simulations to confirm that the
robust test are correctly sized and their power is comparable with the size-corrected power

of standard tests.

8.1.1 Size and power of robust tests for zero correlation

We study the size of tests for Models 4.1 and 4.2 which take the form x; = 0.2 4+ hieq, as

given in the main paper. To analyse power performance, we amend these to an AR(1) model

Ty = 0.2+ /B,Itfl + htgt-
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In addition, we conduct testing on samples from

t
>N

1
Model 8.1. z; = 0.2 + hyey, hy = ‘
VS

s Ety, Mt ~ 1.1.d. N(O, 1)

of uncorrelated noise as well as using the MA(1) model z; = 0.2 + Bhi—16¢-1 + hie of

temporally dependent variables.

We performed simulations with sample sizes n = 100, 300, 500,1000 and AR(1) or MA(1)
parameters S = 0.15,0.2,0.25,0.3,0.5. When § and n are very small, both robust and
standard tests have low power, and the power of the robust tests is a bit lower than standard
tests. The power of the robust tests improves as 8 or n increases and is about the same or

even higher than the size-corrected power of standard tests. We report testing outcomes for
B =0.25, n = 300.

3

Tables 2 and 3 report size and power results for Model 4.1 (with h; = —[¢/10]), Tables 4
n

and 5 for Model 4.2 (with h; = | ijl n;|) and Tables 6 and 7 for Model 8.1.
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Size (8 =0) Power (8 = 0.25) Size-corrected
k th th tr th power of
1 5.10 14.18 88.84 95.54 86.36
2 4.56 12.36 12.06 24.72 17.36
3 4.54 12.52 6.34 16.20 8.68
4 4.84 13.74 5.90 15.46 6.72
) 4.96 12.80 5.90 15.06 7.26
6 4.62 12.04 6.78 14.86 7.82
7 5.42 13.18 5.38 14.08 5.90
8 4.78 12.22 6.60 14.88 7.66
9 4.38 11.92 6.20 14.36 7.44
10 5.54 13.12 6.64 14.96 6.84
11 5.00 12.48 6.74 14.00 6.52
12 4.78 12.34 5.98 13.66 6.32
13 4.96 11.18 6.48 14.14 7.96
14 4.62 11.26 5.96 12.76 6.50
15 4.44 10.82 5.94 13.46 7.64

Table 2: Empirical size (in %) of the tests ty, t. Nominal size a = 5%. Model 4.1, n = 300.

Size (8 =0) Power (8 = 0.25) Size-corrected
k Qm LB, Om LB, power of LB,
1 5.10 14.44 88.84 95.58 86.14
2 4.12 17.00 81.74 93.64 81.64
3 4.18 20.26 75.92 92.54 77.28
4 4.20 23.66 71.04 91.74 73.08
) 4.14 26.30 66.62 91.26 69.96
6 3.76 27.42 62.50 90.70 68.28
7 4.22 30.18 59.20 90.50 65.32
8 4.32 32.24 56.82 90.74 63.50
9 4.32 33.96 54.30 90.64 61.68
10 4.50 36.44 01.84 90.24 58.80
11 4.78 38.92 49.62 90.10 56.18
12 4.98 40.50 47.76 90.40 54.90
13 4.66 41.82 46.34 90.28 53.46
14 4.90 43.06 44.28 90.44 52.38
15 4.98 44.16 42.82 90.38 51.22

Table 3: Empirical size (in %) of the cumulative tests. Nominal size @ = 5%. Model 4.1,
n = 300.
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Size (5 =0) Power (8 = 0.25) Size-corrected
k th th tr th power of
1 5.00 15.96 83.52 93.92 82.96
2 5.06 16.46 11.22 26.00 14.54
3 4.38 14.84 6.38 17.66 7.82
4 4.94 16.02 6.36 17.52 6.50
) 4.22 14.66 6.30 16.94 7.28
6 4.86 14.54 6.14 16.50 6.96
7 4.70 14.46 6.00 16.06 6.60
8 4.62 13.96 5.82 15.54 6.58
9 5.18 13.94 5.90 15.40 6.46
10 4.60 12.98 5.54 14.68 6.70
11 5.04 13.40 6.02 14.68 6.28
12 5.34 13.00 6.14 14.52 6.52
13 4.68 11.88 6.24 13.76 6.88
14 4.76 11.30 6.38 14.66 8.36
15 4.88 11.74 6.58 13.52 6.78

Table 4: Empirical size (in %) of the tests ¢y, tx. Nominal size & = 5%. Model 4.2, n = 300.

Size (8 =0) Power (8 = 0.25) Size-corrected
k Qm LB, Qm LB, power of LB,
1 5.00 16.16 83.52 93.98 82.82
2 4.72 22.68 74.68 92.94 75.26
3 4.56 26.10 69.00 92.22 71.12
4 4.14 30.06 63.48 92.10 67.04
) 4.26 32.98 59.84 91.90 63.92
6 4.52 35.00 56.30 91.58 61.58
7 4.32 37.32 54.06 91.10 58.78
8 4.46 38.98 50.76 91.10 57.12
9 4.50 41.16 48.36 90.90 54.74
10 4.52 42.94 46.24 90.68 02.74
11 4.50 44.80 44.24 90.68 50.88
12 4.84 46.02 42.64 90.52 49.50
13 4.96 46.90 41.36 90.70 48.80
14 5.22 47.54 40.30 90.34 47.80
15 5.32 48.82 39.22 90.32 46.50

Table 5: Empirical size of the cumulative tests. Nominal size o = 5%. Model 4.2, n = 300.
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Size (8 =0) Power (8 = 0.25) Size-corrected
k th th tr th power of
1 4.56 16.80 80.66 93.32 81.52
2 4.64 16.38 4.84 17.12 5.74
3 4.60 15.78 5.70 17.84 7.06
4 4.42 14.78 6.06 17.92 8.14
) 5.04 15.56 6.14 16.48 5.92
6 4.92 14.84 5.70 16.68 6.84
7 4.94 14.04 6.10 16.82 7.78
8 4.64 13.42 5.90 16.00 7.58
9 4.68 13.08 6.46 15.78 7.70
10 4.72 13.22 6.22 15.44 7.22
11 4.84 12.48 6.20 15.44 7.96
12 5.00 11.98 6.20 15.40 8.42
13 4.66 12.12 6.14 13.76 6.64
14 4.20 11.32 6.02 13.70 7.38
15 4.86 12.20 6.20 13.48 6.28

Table 6: Empirical size (in %) of the tests ty, tx. Nominal size a = 5%. Model 8.1, n = 300.

Size (8 =0) Power (8 = 0.25) Size-corrected
k Qm LB, Om LB, power of LB,
1 4.56 16.98 80.66 93.42 81.44
2 3.76 22.28 70.96 93.04 75.76
3 3.96 26.52 64.42 92.08 70.56
4 3.84 29.86 59.16 91.58 66.72
) 4.26 32.98 54.14 91.14 63.16
6 4.22 35.50 50.60 91.14 60.64
7 4.20 38.02 47.28 90.84 57.82
8 4.40 40.52 45.24 90.54 55.02
9 4.42 41.98 43.08 90.02 53.04
10 4.24 43.12 41.12 90.00 51.88
11 4.42 44.92 39.12 89.84 49.92
12 4.16 45.92 38.08 89.64 48.72
13 4.40 47.34 36.66 89.36 47.02
14 4.52 48.08 35.30 89.52 46.44
15 4.50 49.38 34.72 89.76 45.38

Table 7: Empirical size of the cumulative tests. Nominal size o = 5%. Model 8.1, n = 300.

Table 8 shows the size performance of Hong’s test statistic 7;, as in (49) in Model 4.1
and Model 4.2. We used Bartlett, Flat, and Gaussian kernels and bandwidths m, =

{n%3 1% n06}  Evidently T}, suffers substantial size distortion.
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Model 4.1 Model 4.2
Bartlett Flat Gaussian Bartlett Flat Gaussian

my, =n%%  20.38 26.9 29.32 2394  31.66 34.8
m, =n%®  32.72 43.4 47.54 39.66  47.18 50.52
m, =n%%  41.98  52.76 57.44 48.68  52.12 54.82

Table 8: Size of Hong’s test statistic 7;,. Nominal size o = 5%. Model 4.1, Model 4.2,
n = 300.

8.1.2 Size and power of robust tests for zero cross-correlation

We make further comparisons of size and power between robust and standard tests for zero
cross-correlation. In Model 4.5 of the main paper, series {z;} and {y;} are not cross correlated.

To investigate the power of tests, we use two modifications of Model 4.5.

First, we include a term ¢x; into equation for y;:

Model 8.2.

Tt = 0.2 + htsl"t, Y = 0.2+ (ZSZCt + gtEy ts (A123)
t
3|t 1
he=2|1 — 3"y
A %
Here {e;:} and {g,+} are mutually independent i.i.d. N (0, 1) noises.

Second, we use cross-correlated noises:

Model 8.3. {xz;,y:} are generated by equation (A.123) of Model 8.2 with ¢ = 0 and ey =
et + e, where {e:} and {54} are mutually independent i.i.d. N'(0,1) noises.

We compare Monte Carlo simulation results for sample sizes n = 100, 300, 500, 1000 and
¢ = 0.15,0.2,0.25,0.3,0.5. When ¢ and n are very small, both robust and standard tests
have low power. The power of robust and standard tests is about the same and improves, as
(B or n increases.

Table 9 reports the size for Model 4.5. Table 10 displays the power of tests for Model 8.2 for
¢ = 0.3 and n = 300 and Table 11 for Model 8.3 for ¢ = 0.25 and n = 300.

40



’tvacy ?yx tay tyz @:cy @y:c HBqy HBy:
5.28 5.28 10.22 10.22 5.28 5.28 10.22 10.22
4.62 5.38 9.04 9.74 4.76 5.08 11.48 12.24
4.22 5.20 8.58 9.24 4.58 5.30 13.28 14.34
4.52 4.64 8.72 8.64 4.56 4.88 14.90 14.96
4.72 5.12 8.52 9.24 4.50 5.18 15.98 16.98
4.84 5.44 9.12 9.20 4.62 5.44 17.40 18.28
5.36 4.70 9.52 8.20 4.54 4.98 18.68 19.08
5.16 4.82 9.08 8.58 4.74 4.54 19.62 20.20
4.96 4.28 8.30 8.28 4.56 4.84 21.08 21.64
4.92 4.96 8.84 7.86 4.60 4.50 22.58 22.10
4.26 4.74 8.30 8.26 4.62 4.56 22.96 23.20
4.96 5.36 8.76 8.34 4.38 4.46 24.82 23.82

CE 0w ok w— o

12 4.62 4.70 8.68 8.10 4.38 4.28 25.64 24.48
13 4.26 4.62 7.68 7.08 4.24 4.24 26.36 24.84
14 4.98 4.76 8.92 7.86 4.42 4.38 27.38 25.88
15 4.78 5.28 8.14 7.84 4.54 4.42 27.90 26.82

Table 9: Empirical size of tests for cross-correlation. Nominal size o = 5%. Model 4.5,
n = 300.

k tNLy tNyz tay tyz @Ly @yz HBqy HByx
0 41.44 41.44 48.20 48.20 41.44 41.44 48.20 48.20
1 4.92 4.74 9.28 9.26 35.06 34.90 44.94 44.46
2 4.90 5.08 9.68 8.78 31.46 32.18 43.06 42.92
3 4.80 4.98 9.06 9.04 29.36 29.10 41.78 42.30
4 4.22 4.96 8.64 8.96 27.38 27.10 41.58 41.00
) 4.70 5.36 9.56 9.56 25.90 25.92 41.68 41.42
6 4.96 4.92 9.56 9.28 24.22 24.72 41.32 41.18
7 5.04 4.78 9.22 8.88 23.20 23.68 41.00 40.78
8 4.78 5.04 8.74 8.10 21.94 22.50 40.98 41.28
9 5.04 5.24 9.04 7.88 21.32 22.00 41.78 41.72
10 4.70 5.12 8.58 8.24 20.68 21.32 41.66 42.06
11 4.34 4.90 7.92 7.96 19.70 20.38 42.32 42.56
12 5.18 4.94 8.98 8.36 19.44 19.94 43.10 42.30
13 4.62 4.42 8.32 7.58 18.54 18.76 42.86 42.32
14 4.78 4.96 8.44 7.56 18.68 18.30 42.96 42.54
15 4.72 4.54 7.78 7.26 17.94 18.00 43.34 42.02

Table 10: Power of tests for cross-correlation. Nominal size o = 5%. Model 8.2, n = 300.
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Tay Tya tay tys Quy Qya HBa, HBy,
87.40  87.40  91.26  91.26 | 87.40  87.40 91.26 91.26
5.30 4.82 10.00 9.18 79.18  79.64 86.82 86.16
4.88 5.00 9.64 9.44 72.92  72.98 83.26 82.40
4.72 4.66 8.96 8.84 67.80  67.60 80.94 79.68
4.26 4.68 8.44 8.72 62.98  63.46 78.58 77.98
4.98 5.12 9.78 9.18 59.52  59.20 76.12 75.64
4.78 5.22 9.18 9.20 56.74  56.10 75.20 73.90
4.96 5.14 9.06 8.92 53.68  53.02 73.52 72.96
5.28 5.18 9.34 8.98 50.16  50.90 71.92 71.78
4.24 4.80 8.50 8.72 4752 48.02 71.46 70.80
4.46 4.98 8.18 8.48 45.32  45.98 70.58 69.74
4.92 5.18 8.32 7.88 43.24  43.76 69.72 69.22

—_ =
P e ©®0-1o ok w = o

12 4.98 5.04 8.18 8.10 41.42 42.08 69.40 68.10
13 5.32 5.62 8.82 7.98 39.74 41.06 69.56 67.44
14 4.86 4.80 8.20 7.60 38.70 39.54 68.44 67.00
15 5.22 5.12 8.80 7.78 37.40 37.82 68.78 66.58

Table 11: Power of tests for cross-correlation. Nominal size o = 5%. Model 8.3, n = 300.

8.1.3 Size and power of residual-based tests

Next, we evaluate the power of residual-based tests. We generate data using

Model 8.4. y; = 0.5x¢ + uy where uy = hyey. Regressor xy = 0.5xi—1 + €.

We assume that ¢; is an AR(1) process e; = 0.25¢;_1 + & where {&} and {e;} are mutually

uncorrelated i.i.d. AM'(0,1) noises and the h; are the same as in Model 4.3.

Table 12 reports power of tests based on residuals u; = y; — ,/6’\33,5, t=1,...,300. For hy =1,
robust and standard tests both achieve good power above 98%. When h; = 0.5sin(27t/n)+1,
standard tests have slightly higher power than robust tests. Bearing in mind, that standard
tests are oversized, the robust and size-corrected standard tests are expected to have similar

power.

8.1.4 Size of tests when {h;} and {¢;} are dependent

Table 13 reports the size results of the tests for Model 4.4 discussed in the main paper. In
this model, {h;} and {e;} are dependent. The simulation results support the asymptotic

theory that the robust tests for zero correlation remain valid for this model.

In addition, we compute the size for the model described in Corollary 2.1:

t—1
Model 8.5. z; = hyey. We set hy = | Y €jej-1|, where g; ~ i.1.d. N'(0, 1).
j=1
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hy =1 hy = 0.5sin(27t/n) + 1
k th te Qm LB, th te Qm LB,
1 98.77 98.63 98.77 98.70 94.13 97.17 94.13 97.17
2 16.00 16.23 96.93 96.97 12.97 20.30 89.27 94.83
3 6.60 6.53 95.03 95.73 6.63 11.70 85.43 93.40
4 6.27 6.20 93.53 94.50 6.27 10.80 80.97 92.13
5 6.57 6.27 91.53 93.20 6.07 11.30 77.87 91.63
6 6.90 6.80 89.43 91.77 6.10 11.33 74.10 90.50
7 6.77 6.30 87.40 89.80 5.93 10.77 71.00 89.97
8 7.10 6.37 85.13 88.23 5.67 10.97 68.03 89.47
9 6.47 6.13 83.60 86.83 6.13 11.07 64.97 89.10
10 6.23 5.70 82.00 85.83 5.90 11.10 62.93 88.33
11 6.40 5.60 80.03 84.80 6.13 10.77 60.37 87.93
12 6.27 5.70 77.97 83.50 5.80 10.40 59.33 87.47
13 6.03 5.47 76.00 82.10 6.03 10.03 57.20 86.90
14 7.17 6.33 74.90 80.97 6.60 10.83 55.77 86.53
15 6.73 5.83 72.97 79.83 5.57 10.10 54.30 86.47

Table 12: Power (in %) of residual-based tests for linear regression Model 4.3.

In this case, recall that the robust test statistic ¢, is normally distributed only for lag k > 2.
Table 13 confirms that ¢, has size distortion at lag k = 1, but achieves correct size at other
lags. It is worth noting that the size of the standard test t; is distorted for all £ > 1.

To verify the asymptotic normality of ¢, we also computed the Q-Q plot, which is shown in
Figure 15, and the p-values of the Jarque Bera test, which are 0.000 and 0.4924 for ¢; and ¢,
respectively, both of which affirm the above finding.

Model 4.4 Model 8.5
k th te Qm LB, th te Qm LB,
1 4.93 16.97 4.93 17.03 1.27 12.90 1.27 13.00
2 5.13 17.23 4.97 23.53 5.27 16.80 2.70 19.03
3 4.60 16.30 4.40 27.40 4.60 16.33 3.13 25.13
4 4.67 16.63 4.23 32.23 5.23 17.83 3.33 29.27
5 4.70 15.63 4.00 35.63 4.87 17.63 3.47 33.87
6 4.50 16.17 4.20 38.23 4.60 16.53 3.63 37.43
7 4.43 15.70 4.60 41.07 4.70 17.37 3.90 40.90
8 4.23 15.63 4.27 43.87 4.33 15.50 3.57 42.43
9 4.60 15.40 4.03 46.07 5.23 17.70 3.67 46.53
10 4.57 15.97 4.23 47.70 4.97 15.57 3.73 49.00
11 4.40 15.17 4.37 50.00 4.23 16.20 3.87 50.73
12 4.50 14.77 4.57 51.80 4.90 15.20 4.00 52.57
13 5.20 16.37 4.43 54.03 5.57 16.27 3.73 55.33
14 4.73 15.33 4.40 55.97 4.63 15.67 3.70 56.80
15 5.13 15.10 4.63 57.73 5.43 15.80 3.90 58.30

Table 13: Size performance in tests for serial correlation when {h;} and {¢;} are dependent.
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(a) t1: non-normal distribution (b) t2: normal distribution

Figure 15: Q-Q plot of t1 and fy in Model 8.5.

8.2 Impact of the threshold on size of the robust cumulative test

From the limit theory the asymptotic distribution of the cumulative robust test @m is un-
affected by the threshold parameter A. It can be selected in advance and does not require
data-driven selection. We used Model 8.1 to evaluate the impact of A on the size of @m
test in finite samples. We calculated the empirical size of the cumulative test va based on
5,000 replications computed with threshold Ay = 0 (no thresholding), A; = 1.64, Ay = 1.96,
A3 = 2.57 for sample sizes n = 100, 300, 500, reporting the results in Table 14. From this
table it is evident that when the sample size is small, thresholding is essential: in particular,
the values Ao = 1.96, A3 = 2.57 allow to stabilize the size of the test. As the sample size
increases, thresholding can still help to improve the size of the @m test, but the choice of the

value of A does not make a significant difference.
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n =100 n = 300 n = 500
L3 S VRS VEREEED VEED VAN IS VAR VIREED VAR VAR N5 VAR VRS VD W
1 |5.04 504 504 504]| 48 4.8 4.8 4.8 | 4.7 4.7 4.7 4.7
2 1432 4.62 484 482 | 48 458 4.62 4.68 | 4.72 4.68 4.68 4.7
3 1364 444 486 4.96 | 4.72 5.02 5 5.14 | 4.46 4.5 456 4.6
4 | 3.06 428 4.86 520|394 4.42 474 484|448 4.82 4.86 4.88
5 1256 438 496 5.36 | 3.72 448 4.74 4.94 | 4.18 4.58 4.78 4.86
6 | 2.00 4.16 4.78 5.04 | 3.68 456 4.78 5 3.9 4.62 486 5.1
7 1162 396 446 480|334 428 442 514|366 4.72 51 5.3
8 | 168 4.02 496 526 | 3.3 414 458 518 | 3.7 454 518 5.26
9 | 150 4.10 4.70 520|258 42 464 544|344 44 476 5.32
10 | 1.48 4.60 4.66 5.38 | 258 4.14 452 55 | 3.3 438 4.8 528
11| 1.44 468 4.92 546|238 416 4.6 556 | 3.02 432 4.82 5.3
12 | 1.08 542 496 5.84 | 238 4.44 454 544 | 3.1 4.6 4.72 5.12
13| 1.02 6.08 5.50 6.28 | 224 466 4.76 568 | 2.64 4.38 4.66 5.1
141096 640 5.70 6.14 | 222 506 5.06 596 | 2.68 4.48 4.76 5.28
15 1.06 726 6.04 6.60| 196 574 542 598|274 4.6 4.66 b5.44
16 | 1.04 788 6.02 658|192 582 54 583 | 2.3 448 4.94 544
171 1.02 844 6.20 6.72| 1.8 6.06 55 6.04]234 4.62 4.74 5.6
181 096 8.60 6.36 6.88|1.84 6.3 538 596 | 2.1 4.64 4.74 5.7
19| 1.16 9.38 6.42 6.88 | 1.64 648 542 6.18 | 1.96 4.64 4.6 5.62
20 | 1.18 956 648 7.14| 1.6 694 55 6.14 ] 206 496 4.68 5.68
21 | 1.38 10.10 6.52 6.76 | 1.5 7.1 522 624|188 51 4.86 5.54
22 | 1.54 10.68 6.52 6.94 | 1.4 736 526 6.14 | 162 534 52 554
23 | 1.64 1128 6.88 7.14| 1.2 766 5.58 6.22|1.68 562 5.24 5.7
24 | 1.68 11.72 7.02 7.14|1.12 808 572 638|166 584 53 5.86
25 | 1.86 1218 7.32 7.06 | 1.04 862 584 6.7 | 158 6.2 548 5.9
26 | 2.16 1256 7.48 7.12|1.08 898 6.06 6.54 | 1.64 6.48 5.46 5.98
271236 1270 768 730 | 1.1 974 642 648 | 1.6 7.02 55 6.08
28 | 278 13.20 7.58 7.34|0.84 1044 6.44 646 | 1.5 7.34 5.48 6.18
29 | 3.04 13.80 7.76 7.46 | 0.8 10.5 6.96 6.7 | 1.4 758 552 6.32
30 | 3.46 1478 7.76 7.20|0.82 11.1 6.76 6.64 | 1.32 7.82 556 6.18
Table 14: Impact of the threshold A on empirical size of the cumulative test @m Nominal

size o = 5%. Model 8.1.

8.3 Performance of the tests in the presence of outliers

This section includes additional simulation findings on the performance of both the robust and

standard tests for absence of serial correlation for time series with outliers. We first explore

the finite sample size performance of tests for zero correlation based on 5000 replications of

n = 300 uncorrelated observations from the following model

x: =0.2 + hsey,

e ~id.d. N(0,1),
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3, te[151,160]
hy =

1, otherwise

where outliers in x; are generated by a block of high values of the scale factor h;. The length

of the block is 10. Figure 16 gives illustrative plots of h; and x; from the above model.
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(a) Plot of hy with 10 outliers (b) Plot of z¢
Figure 16: Plots of h; and x;
Table 15 below reports size of the robust and standard tests at nominal significance level 5%.

The presence of outliers clearly leads to over-rejection by the standard tests tp and LB,,,

whereas the robust tests fk and @m continue to control size close to nominal.

k th th Qm LB, k th te Qm LB,
1 4.52 15.72 4.52 15.88 16 5.04 4.20 4.60 20.60
2 3.90 14.76 3.46 19.90 17 4.56 3.80 4.74 20.22
3 4.16 13.72 3.70 22.92 18 4.68 3.52 4.94 19.76
4 4.40 11.92 3.86 24.58 19 4.90 3.80 5.06 19.36
5 4.46 11.20 4.02 26.14 20 5.58 4.46 5.08 19.04
6 3.84 8.80 4.24 26.42 21 5.22 4.26 5.08 19.02
7 4.50 8.50 4.20 27.10 22 5.08 4.00 5.04 18.68
8 5.14 7.36 4.32 26.90 23 4.24 3.48 5.14 18.48
9 4.50 5.06 4.56 26.16 24 5.66 4.66 5.20 18.10
10 4.98 4.46 4.48 25.20 25 5.00 3.92 4.94 17.96
11 4.64 4.16 4.62 24.14 26 5.08 3.94 5.10 17.68
12 4.52 4.04 4.56 23.60 27 4.66 3.44 5.10 17.16
13 4.76 4.18 4.58 22.92 28 4.92 3.76 5.04 17.18
14 4.82 3.98 4.68 21.92 29 4.76 3.76 4.94 16.96
15 4.38 3.76 4.74 21.24 30 4.72 3.82 4.84 16.68

Table 15: Empirical size of the residual-based tests for zero serial correlation in the presence
of outliers with data generated by model (A.124), n = 300.
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8.4 Performance of the tests in the presence of missing data

Missing data is another feature of real-world data that can lead to poor performance in
standard tests for correlation. For example, in the model for x; below, we may set hy = 0
for some values of ¢ and treat the corresponding observation x; as missing. To explore the
finite sample properties of the correlation tests in such missing data cases we generate 5000
replications of samples of 300 uncorrelated observations. In each sample 50 observations are

missing (and set to the average value of the time series). We use the following model:

x: = 0.2 + hiey, (A125)
er = ey, 02 =140.262 | +0.702 1, e; ~ i.i.d. N'(0,1),

1 ¢ ..
|—= > njl, mj ~i.id N(0,1)
’I’szl

0, t chosen randomly.

Here, I';, is 0.2, so Assumption 2.2 still holds. Figure 17 gives illustrative plots of observations

of hy and z; generated by the above model.
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(a) Plot of hs (b) Plot of z;
Figure 17: Plots of h; and x;. Model (A.125).
Simulation results are reported in Table 16. The standard test t;, seriously over-rejects except
for very large k and the cumulative test LB, seriously over-reject for all m. By contrast

the robust tests are well sized for all k¥ and m and provide reliable control for testing with

missing data at individual and cumulative lags.
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k T tr Qm LB, k th te Qm LB,
1 4.68 24.46 4.68 24.82 16 4.26 11.24 4.72 60.12
2 4.46 22.18 4.18 33.44 17 4.48 10.68 4.50 60.98
3 4.60 21.92 4.50 39.90 18 4.60 10.18 4.52 60.96
4 4.76 20.06 4.20 43.78 19 4.64 9.86 4.72 60.50
5 4.96 18.84 4.20 47.36 20 4.72 9.78 4.60 60.76
6 4.44 17.64 3.86 49.82 21 5.18 9.68 4.82 61.08
7 5.08 17.82 3.80 52.00 22 4.44 8.10 4.72 60.20
8 4.56 16.06 4.04 54.14 23 4.78 8.88 4.94 60.18
9 5.36 15.38 4.44 55.56 24 4.36 8.62 5.04 60.54
10 4.60 14.30 4.56 56.86 25 4.64 7.62 5.06 60.42
11 3.94 13.92 4.38 57.40 26 4.70 7.64 5.08 60.46
12 4.78 13.40 4.30 57.96 27 4.08 7.54 5.16 60.62
13 4.50 12.94 4.48 59.00 28 4.84 7.68 5.32 60.68
14 4.24 11.20 4.44 59.70 29 4.58 7.10 5.40 60.48
15 4.30 10.32 4.46 59.88 30 4.80 7.10 5.62 60.36

Table 16: Testing for zero serial correlation in presence of missing data. Model (A.125).

9 Further comments on test assumptions

The analytic and simulation findings of the paper and this supplement show that the robust
test statistic ¢ has good asymptotic and finite sample properties in detecting absence of

correlation at lag k in time series of uncorrelated variables generated by the model
Tt = W + htt?t, (A126)

satisfying Assumptions 2.1 and 2.2, so that {£,} is a stationary martingale difference sequence
with Ee} < oo, and the scale factor h; is a sequence of deterministic or random variables with
the property
n
4 _ 272

max B = op( 3 b ht,k). (A.127)

== t=k+1
Below we provide examples of scale factors h; with Eh? = oo that satisfy condition (A.127)
and therefore allow testing for absence of autocorrelation in {g;}, even though series z; has
infinite variance var(z;) = co. We also provide examples which show that failure of condition
(A.127) may lead to failure of the test .

Assume that {e;} in (A.126) is a sequence of i.i.d. A(0,1) random variables and consider the

following two settings for hy:
1
(@) he=1Iml,  0) he=]—=) _mi|, t=1,..n, (A.128)

where {7} is an i.i.d. sequence of random variables. We consider three cases where n; has (i)
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a standard normal, (ii) a standard Cauchy C(0, 1) or (iii) a standard Student ¢ distribution.

Example 9.1. Suppose that hy = n; where n; are i.i.d. C(0,1) random variables. Then Eh?
is undefined and (A.127) does not hold.

Indeed, Cauchy C(0, 1) random variables h; have probability density p(z) = 7= (1 + 22)!
It is well-known that

n~! max || —p M,
t=1,...,n

where M has an inverse exponential distribution probability distribution function e /7.

Then

n~% max hf —p M2
t=1,....n
In addition, we will show that
n~ Z h2h? . = o,(1), (A.129)
t=k-+1

which implies that (A.127) does not hold. Denote by 4, the left hand side of (A.129). It

suffices to show that for any ¢ > 0, as n — oo,
P(lin| >€) — 0.

Bound

n

P(lin| >€¢) = P(Z hZh? . > ent) < ZP(h?h?_k > n’e)
t=1 t=1

= nP(|hihZ_;| > ne) = nP(|hihi_i| > n/2/?).

It is known, that for k£ > 1, the variable z; = hih;_; has probability density

log 22
p(2) = 22 —1)

The density of z; is symmetric, has an asymptote at the origin, and has tail behavior of the

form p,(z) ~ log(

as |z| — oo, giving the density heavier tails than the Cauchy distribution
by virtue of the slowly varying factor log(|z|). The density of z; is shown against the standard

Cauchy density in Figure 18 below.

Therefore, as n — oo,

oo [e§) 1 2
P(|hehe—y| > n3/261/2) = 2n/ px(z)dz < 2n/ 8% 1.

3/2¢1/2 3/2¢1/2 22

e 1 2
< 2/ 22/3%&2 = o(1),
n3/2£1/2 z
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Figure 18: Density of z; = hihy—j (black) and density of the standard Cauchy (green).

2/3

using the bound n < 2%/ in the penultimate integral.

So, for hy = |n¢|,me ~ 1.i.d. C(0,1) both (A.127) and Assumption 2.2 fail. The Gaussian limit
theory for the self normalized statistic ¢, also fails and instead the limit theory is bimodal
with modes around +1. Figure 21(a) shows the estimated probability density for sample
size n = 100 based on 50,000 replications. The results are nearly identical for sample size

n = 1000 as seen in Figure 22(a). Moreover, the ratio

maxi<i<n th

(O ipp hERE_ )2

is reported in Table 17 for several k& based on 50,000 replications. The results show values

Ty =

of 'y that are much larger than unity for all £ and grow as the sample size n increases,
confirming that (A.127) is not satisfied. Similar results hold for h; = |n;| with ¢5 distributed
noise (iii), although the divergence rate of I'y as n increases is not as dramatic as in the
Cauchy case. Evidently, the findings in Table 17 and Figures 23(a), 24(a) confirm the failure

of Assumption 2.2 and the Gaussian limit for ¢

In contrast to these findings for heavy tailed noise, persistent unit root scale factors h; =
|n—1/2 Zzzl n;j| produce small 'y, < 1 ratios that evidently decline towards zero as the sam-
ple size n increases. And in this case with unit root scale factors, the estimated probability
densities shown in Figures 21(b)-22(b) and 23(b)-24(b) confirm that the statistic #;, is well-
approximated by the standard normal even with Cauchy noise (ii) and ¢ noise (iii) innova-
tions. These results corroborate the asymptotic theory of the robust statistic ¢ with data
involving these persistent scale factors in spite of the fact that for the Cauchy noise case Eh?

is undefined.
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Figure 19: Probability densities of t), with ne ~ N(0,1), n=100.

—k=1 —k=2
—k=10-- N(0,1)

(a) he = |n:]

Figure 20: Probability densities

Density
s o o o o
[\S] w S W (=}

=
=

—k=1 —k=2
—k=10--N(0,1)

=
w

-1 9
ty

(B) he = | 2 0, ]

of 1}, with n; ~ N(0,1), n = 1000.

o1



—k=1 —k=2
—k=10-- N(0,1)

0.8

(a) he = |n:l

s o o
i W (=)}
: ]

Density
(=1
w

—k=1 —k=2
—k=10-- N(0,1)

Mo |

(B) he = | 2 7, ]

Figure 21: Probability densities of ¢ with 7, ~ C(0,1), n = 100.
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Figure 22: Probability densities of ¢ with 1, ~ C(0,1), n = 1000.
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Figure 23: Probability densities of ¢, with 7, ~ t2, n = 100.
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Figure 24: Probability densities of fk with n; ~ t2, n = 1000.
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Sample size n Fl FQ FlO
e~ iid. N(0,1)

100 0633  0.603 0.711
he = [ny 1000 0.320 0320  0.312
100 0167  0.168  0.180

he = |2= >0 ]
t= 15 2j=1) 1000 0.036  0.036  0.036
100 13518  12.647  9.519
he = [ny 1000 103.916 141.472 44.359
100 0459 0475  0.586

he = | 2= >0 ]
t =175 2uj=1" 1000 0072 0072  0.073

77,5 ~ lld tz

100 3963 2775 6.330
he = |my 1000 13.274 12,682  T7.477
100 0274 0281  0.319

he = | gz Y51 il
t =175 2uj=17 1000 0.056  0.057  0.057

Table 17: Values of I'y, for different innovations 7; and two scale factors h;.
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