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Correlation and Spectral Density Functions in
Mode-Stirred Reverberation – I. Theory

Luk R. Arnaut, Senior Member, IEEE

Abstract—Auto- and cross-spectral density functions for dy-
namic random fields and power are derived. These are based
on first- and second-order Padé approximants of correlation
functions expanded in terms of spectral moments. The second-
order approximant permits a characterization of stir noise
observable at high stir frequencies in the autospectral density.
A relationship between stir imperfection and spectral kurtosis
is established. For the latter, lower bounds are established. A
novel alternative measure of correlation time for mean-square
differentiable fields is introduced as the lag at the first point of
inflection in the autocorrelation function. A hierarchy of Padé
deviation coefficients is constructed that quantify imperfections
of correlations and spectra with increasing accuracy and range of
lags. Analytical models of the spectral densities are derived and
their asymptotic behaviour is analyzed. The theoretical spectral
density for the electric field (or S21) as an input quantity is
compared with that for power (or |S21|2) as measurand. For the
latter, its inverted-S shape conforms to experimental stir-spectral
power densities. The effect of additive noise on the stir correlation
and spectral density functions is quantified.

Index terms — Autocorrelation, cross-correlation, mode stir-
ring, reverberation chamber, spectral density, spectral moment.

I. INTRODUCTION

Autocorrelation functions (ACFs) play a central role in the
characterization of second-order linear statistical dependence
in random electromagnetic (EM) fields. In the context of
mode-tuned reverberation chambers (MTRCs), for wide-sense
stationary (WSS) swept fields with lags τ , the ACF ρ(τ), its
moments, and the correlation length τ0 express the efficiency
of the field randomization process. This is often expressed
(but oversimplified) by an equivalent number of independent
samples (degrees of freedom) in applications to extreme value
statistics and uncertainty quantification of fields. This strategy
focuses on withholding only uncorrelated tune states and
discarding strongly correlated ones. It has been widely adopted
to make the mode tuning process and EMC testing more
efficient (cf., [1]–[5] and references therein). For continuous
stir processes, i.e., sweep traces in mode-stirred reverberation
chambers (MSRCs), there is also interest in the neighborhood
of extreme values, crossings and excursions above a set
threshold level [6], [7]. Their estimation requires a precise
functional characterization of ρ(τ), particularly for small lags
(τ ≪ τ0) [1], [7]–[9]. This perspective advocates oversampling
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with a view to accurately characterize correlation at small lags,
without discarding any serially correlated sampled data.

For random fields in free space or near an EM boundary,
analytic expressions for spatial ACFs have been derived [10]–
[12]. For stirred fields, the determination of ACFs has mainly
relied on empirical models based on measured data [1], [8]
or reduced-order time series models [3]. Characterization of
serial nonlinear and/or multipoint dependence (higher-order
correlation) requires more general statistical methods [13].

From a different perspective, the spectral density function
(SDF) of a stir process is related to its ACF via Fourier trans-
formation, based on the Einstein–Wiener–Khinchin (EWK)
theorem [1], [14]. The SDF provides an alternative characteri-
zation of the stir process, in terms of periodicities (stir frequen-
cies), offering additional insight about rates of field fluctuation
across stir states. This is relevant in performing diagnostics,
e.g., for a specific stirrer or drive mechanism, optimization of
stirrer design and performance (unstirred energy), filtering of
jitter, noise or harmonic EMI. To this end, the canonical stir
spectrum for an ideal stirred chamber needs to be established,
serving as a baseline for evaluating spectral distortions.

In [1], stir spectral properties of an MTRC were investigated
based on scalar measurements using an EM power sensor,
at a single CW frequency. Analysis and modelling of such
scalar data relied on an implicit assumption of circularity
of the complex EM field. When a sampling vector network
or spectrum analyzer (VNA/VSA) is available instead, the
stir-spectral characterization in MSRCs can be refined and
extended to greater accuracy in approaching a continuous stir
trace [7], [15], i.e., a time-continuous sweep of the local field
E(τ) representing a sample path in stir space. This is a further
motivation for the present work, revisiting [1].

In this article, a nonparametric approach to the analytical
modelling of ACFs, cross-correlation functions (CCFs) and
SDFs of a stir process is taken. The technique does not require
an I/O model driven by a fictitious or extraneous source of
random noise unlike, e.g., in autoregressive (AR) models [3].
Instead, it is based on spectral moments that can be estimated
from the stir sweep itself. It is shown that the simple model
proposed in [1] constitute a zeroth-order approximation that
can be extended consistently to higher orders by including
higher-order spectral moments [7]. Secondly, whereas the local
approximation of the ACF based on Taylor series expansion
is accurate for very small lags, a Padé approximation of equal
order is shown to exhibit a larger range of accuracy.

Throughout the text, single- and double-primed quantities
refer to real and imaginary parts of a complex quantity, respec-
tively; typically originating from a WSS [16] complex electric
field E = E′ + jE′′. For economy, E′(′) combines both cases



IEEE TRANSACTIONS ON ELECTROMAGNETIC COMPATIBILITY 2

E′ and E′′ in a single notation. For the spectral moments λm
of SDFs, λ′(′)m relate to ρ′(′)E and g′(′)E , and already incorporate
normalization by λ0 ≡ σ2

E , i.e., λ′(′)m ≡ λm/λ0. An exp(jϖτ)
dependence of the field is assumed and suppressed.

II. SPECTRAL EXPANSIONS OF RANDOM FIELDS

A. Spatial Random Fields

In a static overmoded cavity, the angular plane-wave expan-
sion of a random EM field E at a location r is given by

E(r) =
1

|K|

∫∫∫
K

E(k) exp(−jk · r)dk (1)

where r and k = ω
√
µϵ 1k form a Fourier pair of conjugate

spatial variables, and |K| is the volume of the spherical k-shell
of integration between radii |k1| and |k2|. For a narrowband
WSS field with spatial bandwidth ∆k = |k1− k2| ≪ |k| = k,
the triple integration in (1) reduces to a double integration
over 1k and solid angle Ω (surface of a spherical sector of
unit radius), yielding the expansion

E(r) =
1

|Ω|

∫∫
Ω

E(Ω) exp(−jk1k · r)dΩ. (2)

Spatially WSS E with respect to ||r|| and 1r (i.e., statisti-
cal spatial homogeneity and isotropy) exhibit delta-correlated
covariance and correlation functions of |k1 − k2| [16].

B. Stirred Random Fields

In a dynamic cavity, a random E is generated across
an ensemble of statistically equivalent cavities, e.g., through
independent stir states of one cavity that maintain equal
interior volume, surface area and edge length, to ensure
a constant average mode density for statistical equivalence
(equipartition). At an arbitrary interior location r0, the local
field at a (continuous) stir state1 τ can then be expanded as

E(τ) =

∫ +∞

−∞
E(ϖ) exp(jϖτ)dϖ (3)

where E(ϖ) is the stir process. Only a scalar component Ex

will be considered, thereby dropping the subscript. In continu-
ous real-time stirring, stir traces form continuous sample paths
in stir space and τ represents stir time t in [0, T ].

The angular frequency in the stir spectral domain, ϖ,
is typically much lower than the CW excitation frequency,
ω = 2πf [8]. Analogous to (2), interest is here in narrowband
stirring, i.e., relatively slow temporal variations of the field
envelope (instantaneous amplitude of E(τ)). Conversely, E(ϖ)
is the complex spectral density of E(τ) as its Fourier transform

E(ϖ) =

∫ +∞

−∞
E(τ) exp(−jϖτ)dτ. (4)

For a bilinear product, the spectral expansion is

E(τ1)E
(∗)(τ2) =∫∫ +∞

−∞
E(ϖ1)E(∗)(ϖ2) exp[−j(ϖ1τ1 ∓ϖ2τ2)]dϖ1dϖ2

(5)

1For multistirring, an extension to a d-D stir vector τ can be made [7].

in which upper and lower signs refer to E(τ1)E
∗(τ2) and

E(τ1)E(τ2), respectively. Ensemble averaging across all stir
states results in the second-order (pseudo-)moment of E(τ).
For a WSS ϖ-differentiable stir process2 and Kronecker δ(·)

⟨E(ϖ1)E∗(ϖ2)⟩ = ⟨|Eϖ
0 |2⟩δ(ϖ1 −ϖ2) (6)

⟨E(ϖ1)E(ϖ2)⟩ = 0 (7)

ρE(τ1, τ2)
∆
=

⟨E(τ1)E
∗(τ2)⟩√

⟨|E(τ1)|2⟩⟨|E(τ2)|2⟩

=

∫ +∞

−∞
gE(ϖ) exp[jϖ(τ1 − τ2)]dϖ (8)

for arbitrary τ1, with ⟨|E(τ1)|2⟩ = ⟨|E(τ2)|2⟩
∆
= σ2

E for
assumed ⟨E(τ1)⟩ = ⟨E(τ2)⟩ = 0, where τ1 − τ2

∆
= τ and

gE(ϖ1 −ϖ2) =
⟨E(ϖ1)E∗(ϖ2)⟩

σ2
E

δ(ϖ1 −ϖ2) (9)

is the normalized spectral density function (SDF) of E(τ). Eq.
(8) shows that ρE(τ1 − τ2) and gE(ϖ1 −ϖ2) form a Fourier
conjugate pair and as such is a statement of the Einstein–
Wiener–Khinchin (EWK) theorem.

For noncircular E(τ), the pseudo-ACF ⟨E(τ1)E(τ2)⟩/σ2
E

is the inverse Fourier transform of the pseudo-SDF
⟨E(ϖ1)E(ϖ2)⟩/σ2

E in (7) and extends the concept of the
pseudo-correlation coefficient for τ = 0 [17] to nonzero
lags in non-WSS fields. Such nonstationary fields may point
at nonuniformity of stir speed, inhomogeneous sampling,
nonequilibrium, etc. For elliptic fields, the ACF and pseudo-
ACF permit a complete second-order characterization of E(τ).

In summary, (1) and (3) represent separate marginal field
expansions of E(r, τ), as a function of r for arbitrary τ0
and as a function of τ for arbitrary r0, respectively. The ex-
pectations, ⟨E(k)⟩ and ⟨E(ϖ)⟩, and the (pseudo-)covariances,
⟨E(k1)E(∗)(k2)⟩K and ⟨E(ϖ1)E(∗)(ϖ2)⟩ of the respective
spectral processes are in general different.

III. ACF AND CCF OF STATIONARY COMPLEX E

A. General Case

The ACF ρ′E(τ) and crosscorrelation function (CCF) ρ′′E(τ)
of a WSS complex E(t) can be expressed as

ρE(τ) ≡ ρ′E(τ) + jρ′′E(τ)
∆
=

⟨E(0)E∗(τ)⟩
σ2
E

(10)

=
σE′,E′(0, τ) + σE′′,E′′(0, τ)

σ2
E′ + σ2

E′′
+ j

2σE′′,E′(0, τ)

σ2
E′ + σ2

E′′
. (11)

Eq. (11) holds for general WSS fields (σ2
E′(′)(0) =

σ2
E′(′)(τ)

∆
= σ2

E′(′) ), noting that σE′′,E′(0, τ) = σE′,E′′(τ, 0) =
−σE′,E′′(0, τ). For ideal circular E, we have that σ2

E′ = σ2
E′′

and σE′,E′′(0, τ) = 0, whence (10)–(11) simplify to

ρE(τ) = ρ′E(τ) = [ρE′(τ) + ρE′′(τ)]/2 = ρE′(′)(τ). (12)

2The reference value of ⟨|Eϖ
0 |2⟩ for E(ϖ) is not necessarily the same as

⟨|Ek
0 |2⟩ for E(k). Similarly, the functional expression for ⟨E(ϖ1)E(∗)(ϖ2)⟩

does not necessarily coincide with that for ⟨E(k1)E(∗)(k2)⟩.
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For quasi-circular E, provided3 that ρE′,E′′(0, τ) ≃
−ρE′′,E′(0, τ), eq. (11) can be approximated as

ρE(τ) ≃
1

2
{ρE′(τ) + ρE′′(τ) + j [ρE′′,E′(τ)− ρE′,E′′(τ)]}

≃ 1

2
[ρE′(τ) + ρE′′(τ)] + jρE′′,E′(0, τ) (13)

≃ ρE′(′)(τ) + jρE′′,E′(0, τ). (14)

Thus, (11), (12) and (14) permit an interpretation of ρ′E(τ)
and ρ′′E(τ) in terms of the in-phase/quadrature (I/Q) auto- and
cross-covariance or -correlation functions for quasi-circular
fields. They further demonstrate that ρE(τ) is Hermitean
conjugate, i.e., ρE(τ) = ρ∗E(−τ).

B. Taylor Series Spectral Expansions

1) ACF: For WSS ideal random fields, the I/Q CCF van-
ishes for any τ , whence the ACF is a real even function, i.e.,
ρE(τ) = ρ′E(−τ). Its functional form can be obtained from
spectral expansion, as follows. Substituting the Fourier series
E′(τ) =

∑
iEi cos(ϖiτ + φi) or E′′(τ) =

∑
iEi sin(ϖiτ +

φi) into (10), followed by transitioning to a continuum of
frequencies (i.e., ∆ϖ = 2π/N → dϖ for N → +∞) yields

σE′,E′(0, τ) = σE′′,E′′(0, τ) = σ2
E

∫ +∞

0

g′E(ϖ) cos(ϖτ)dϖ.

(15)

Applying a Taylor series expansion for cos(ϖτ), eq. (15)
results in a spectral expansion of σE′(′),E′(′)(0, τ) as

σE′,E′(0, τ) = σE′′E′′(0, τ)

= σ2
E′(′)(1− λ′2τ

2/2! + λ′4τ
4/4!− . . .), |τ | ≤ τ ′c (16)

and hence yields the spectral expansion of the ACF as

ρ′E(τ) = 1− (λ′2/2!)τ
2 + (λ′4/4!)τ

4 − . . . , |τ | ≤ τ ′c. (17)

in which the radius of the region of convergence, τ ′c, depends
on the moments λ′2i, where i = 1, 2, . . .

Imposing the condition of mean-square differentiability of
E(τ) [16] implies that ρ̇′E(τ = 0) = 0 [18] and leads
to the absence of a term proportional to |τ | in (17) [19].
This condition excludes certain idealized ACF models, e.g.,
ρE(τ) = exp(−τ/τ0) for the Ornstein–Uhlenbeck process
relying on ideal white noise, but can be extended to discrete
(mode tuning) processes by analytic continuation for τ → 0.

2) CCF: In a similar way, the imaginary part ρ′′E(τ) ≡
ρE′′,E′(0, τ) can be expressed in terms of the odd-order
spectral moments of E(τ). Substituting the above Fourier
series expansions of E′(τ) and E′′(τ) yields

σE′,E′′(0, τ) = σ2
E

∫ +∞

0

g′′E(ϖ) sin(ϖτ)dϖ. (18)

3Unlike for σE′,E′′ and σE′′,E′ , this condition between ρE′,E′′ and
ρE′′,E′ is not guaranteed to be satisfied because of the possibility of small
different values of σE′ and σE′′ in the denominators of ρE′,E′′ and ρE′′,E′ .

For sufficiently small ∆ϖ, the E′(τ) and E′′(τ) form a
conjugate Hilbert pair with E′′(τ) = Ė′(τ) ≡ dE′(τ)/dτ =
jϖE′(τ). A Taylor expansion of sin(ϖτ) in (18) results in

σE′′,E′(0, τ) = −σE′,E′′(0, τ) ≡ σĖ′,E′(0, τ)

= σ2
E′(′)(λ

′′
1τ − λ′′3τ

3/3! + λ′′5τ
5/5!− . . .), |τ | ≤ τ ′′c (19)

whence

ρ′′E(τ) = λ′′1τ − (λ′′3/3!)τ
3 + (λ′′5/5!)τ

5 − . . . , |τ | ≤ τ ′′c .
(20)

If E(τ) is purely real then ρ′′E(τ) = 0, g′′E(ϖ) = 0, gE(ϖ) =
g′E(ϖ), and λ′′2i+1 = 0.

Since the complex CF and SDF form a Fourier transform
pair (generalized EWK theorem; cf. sec. IV-B), these results
are commensurate with general relationships between Fourier
transforms, the derivative at τ = 0 and the first spectral
moment [20]. Since ρ̇′E(0)/ρ

′
E(0) = jλ′′1 and 2σ2

E′(′) = σ2
E , it

follows that ρ̇′E(0) = 0 and ρ̇′′E(0) = λ′′1 .
As shown in part II, odd-order spectral moments can be

computed in the stir domain, without recourse to gE(ϖ), based
on the CCF between E(τ) and its odd-order derivatives, e.g.,

σE′,Ė′′(t, t) = −σĖ′,E′′(t, t) = λ′′1 ≡ σ2
E

∫ +∞

0

ϖg′′E(ϖ)dϖ.

(21)

For numerical evaluation through finite-differenced sampled
E(τ), higher-order spectral moments become increasingly
sensitive to noise. In practice, this limits the order of expansion
and spectral moments that can be extracted precisely. These
sampling and noise effects on λ′(′)m are analyzed in part II.

C. Padé Approximants for Series Expansion of ACF

For experimentally determined CFs, the accuracy of the
truncated Taylor series within its interval of convergence
may be severely limited, restricted to a narrow range in the
immediate vicinity of τ = 0. As demonstrated in part III, an
alternative Padé approximation [21] offers better convergence
over a wider range of τ and larger interval of ordinates ρE .
This range increases with increasing order of the series.

The (0, 1)-order (in τ2) Padé approximant of ρ′E(τ) is

ρ̃′E(τ
2) ≡ [0/1]ρ′

E
(τ2)

∆
=
(
1 + a′τ2

)−1

= 1− a′τ2 +
(
a′τ2

)2 − . . . (22)

showing that the linear (in τ2) model of this Padé denominator,
inspired by (17), permits a nonlinear model for ρ̃′E(τ

2) overall,
with an infinite number of expansion terms. Identifying equal
powers of τ2 in (17) and (22) to first order in τ2 shows that

a′ = λ′2/2. (23)

For higher-order power terms, further identification yields
λ′4 = 6(λ′2)

2, λ′6 = 90(λ′2)
3, etc., in this (0, 1)-order approxi-

mation. For ideal stirring (i.e., circular complex E), this Padé
approximant offers an accurate model of the ACF for |τ | ≤ τ ′c
through just a single parameter λ′2, as clarified in sec. IV-C1.

Unlike the first-order Taylor approximation 1 − a′τ2, eq.
(22) contains points of inflection at τ = ±τ ′i where the decay
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of the correlation switches from accelerating (i.e., concavity of
¨̃ρ′E(|τ | < τ ′i ) < 0) to decelerating (i.e., convexity of ¨̃ρ′E(|τ | >
τ ′i ) > 0) as |τ | increases. The deceleration is essential in order
that lim|τ |→+∞ ρ′E(|τ |) = 0 and it enables ρ̃′E(τ) to track the
empirical ρ′E(τ) for longer. Thus, τ ′i is a natural measure of
correlation length τ0 and is given, in this first-order model, by

τ ′i = ¨̃ρ′
−1

E (0) = (3a′)−1/2 = (3λ′2/2)
−1/2. (24)

The (0, 2)-order Padé approximant in τ2 is the biquadratic

[0/2]ρ′
E
(τ2) =

(
1 + a′τ2 + b′τ4

)−1
. (25)

Termwise identification between the Taylor series for (25) and
ρ′E(τ

2) ≃ 1− (λ′2/2!)τ
2 + (λ′4/4!)τ

4 results in

a′ = λ′2/2, b′ = −(λ′2/2)
2κ′ (26)

where the second-order deviation coefficient κ′ is

κ′ ≡ − b′

(a′)2
=

(λ′4/4!)− (λ′2/2!)
2

(λ′2/2!)
2

=
λ′4

6(λ′2)
2
− 1. (27)

With reference to the corresponding double-sided SDF, this κ′

measures the deviation of the spectral kurtosis from its value
for ideal stirring (cf. sec. IV-C1). For smooth continuous stir
traces, κ′ ≥ −5/6 because λ′0 ≡ 1 and (λ′2)

2 ≤ λ′4 on account
of the Cauchy–Schwarz inequality [22][∫ ∞

0

ϖ2g′E(ϖ)dϖ

]2
≤
∫ ∞

0

g′E(ϖ)dϖ

∫ ∞

0

ϖ4g′E(ϖ)dϖ.

(28)

The lower bound, κ′ = −5/6, is reached for either a purely
deterministic field or a random phase field, i.e., E(τ) =
a0 exp[j(ϖ0τ +ϕ)] with fixed a0 and ϖ0 but fixed or uniform
ϕ, for which E(ϖ) = a0 exp(jϕ)δ(ϖ − ϖ0) and g′E(ϖ) ∝
E(ϖ)E∗(ϖ) = |a0|2δ(ϖ − ϖ0). Application of (28) then
yields λ′4 = (λ′2)

2 = 3|a0|4. Alternatively, representing a
deterministic field as a Gaussian field with zero variance, an
application of Isserlis’s theorem yields the same result. By
extension, a value of κ′ between −5/6 and 0 may indicate
a partially randomized field, i.e., a superposition of an ideal
circular random (stirred) field (random a and/or ϖ) and a
deterministic (unstirred) field. As shown in part II, a negative
κ′ can also arise as an artefact of finite-difference sampling.

In summary, a Padé approximation provides a ‘pull-up’ in
the ACF model beyond its first point of inflection, offering a
better approximation to the experimental ACF across a wider
interval of τ , compared to a Taylor series of equal order. In the
(0, 2)-order approximant, κ′ serves as a spectral measure of
stir imperfection as stir-spectral kurtosis. Examples and results
for different orders of Taylor and Padé approximations for
ACFs of measured data will be given in part III.

IV. FIELD SPECTRAL DENSITY FUNCTIONS

A. Terminology

In this article, a slight departure is made from commonlu
used terminology that associates second-order SDFs with
“power” (or energy) being the SDF output quantity. For
reasons to be clarified in sec. V, it is advantageous in MSRCs
to be able to determine the SDF also from |E|2 – rather

than just E – as the input quantity (measurand). Therefore,
“field SDFs” (FSDFs) here refer to SDFs that take E as input
quantity (output of a VNA or VSA), which is conventionally
denoted as the (power) SDF, reserving the term “power SDFs”
for SDFs that assume |E|2 (or energy, or power) as the SDF
input quantity (output of a power meter). For FSDFs, further
distinction is made between the auto-FSDF (ASDF) and cross-
FSDF (CSDF). For power SDFs, the cross-SDF is zero, owing
to real |E|2, whence the PSDF is always an auto-PSDF.

B. Auto- and Cross-Spectral Density Functions

In (18), the imaginary part g′′E(ϖ)
∆
= F [ρ′′E(τ)](ϖ) repre-

sents the I/Q-based CSDF (quadrature cross-SDF) associated
with the quadrature field CCF. The generalized EWK theorem
follows as the Fourier transform relationship

gE(ϖ) ≡ g′E(ϖ) + jg′′E(ϖ)
∆
=

∫ +∞

−∞
ρE(τ) exp(jϖτ)dτ.

(29)

This holds on account of the even symmetry of the ACF E′(′)

and odd symmetry of the CCF between E′ and E′′, resulting
in a separation between the purely real ASDF and purely
imaginary CSDF (quadrature cross-spectrum) because E′(τ)
and E′′(τ) differ in phase by π/2. Therefore, the ASDF and
CSDF as real and imaginary parts of gE(ϖ) are related to the
ACF and CCF via

g′E(ϖ) =

∫ +∞

−∞
[ρ′E(τ) cos(ϖτ)− ρ′′E(τ) sin(ϖτ)] dτ

→
∫ +∞

−∞
ρ′E(τ) cos(ϖτ)dτ (30)

g′′E(ϖ) =

∫ +∞

−∞
[ρ′′E(τ) cos(ϖτ) + ρ′E(τ) sin(ϖτ)] dτ. (31)

The asymptotic expression in (30) contains only contributions
by the ACF. This limit is reached for ideal stirring, where
ρ′E(τ) = δ(τ) (Kronecker).

As an alternative to the EWK theorem, which relies on
obtaining the entire ACF and CCF first, the SDF, ASDF and
CSDF can also be obtained directly from the Fourier transform
of the data-based periodogram (for finite data sets), viz.,

gE(ϖ) = ⟨E(ϖ)E∗(ϖ)⟩ = ⟨(E ′(ϖ))
2⟩+ ⟨(E ′′(ϖ))

2⟩
+ j2⟨E ′(ϖ)E ′′(ϖ)⟩ (32)

where E(ϖ)
∆
= F [E(τ)](ϖ) and ⟨E ′(ϖ)E ′′(ϖ)⟩ → 0. Since

the periodogram is generally more efficiently computed than
the covariance matrix for sampled data, an efficient com-
putation of ρE(τ) is offered by (32) followed by inverse
transformation of (29), i.e.,

E(τ)
FT−→ E(ϖ)

(32)−→ gE(ϖ)
IFT−→ ρE(τ). (33)

C. ASDF Based on Padé Approximated ACF

1) First Order: The ASDF model based on the (0, 1)-
order Padé approximant (22) is obtained by its Fourier cosine
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transformation. Its poles are z′0 = −z′1 = j
√
2/λ′2, whence

g′E(ϖ) follows as

g̃′E(ϖ) =
1

π
Fc

(
2/λ′2
τ2 + 2

λ′
2

)
(ϖ) =

√
2

λ′2
exp

(
−

√
2

λ′2
ϖ

)
(34)

valid for ϖ > 0. The corresponding double-sided4 ASDF,
s̃′E(ϖ) = g̃′E(|ϖ|)/2 for −∞ < ϖ < +∞, is a Laplacean
with mean λ′1 = 0 and kurtosis λ′4/(λ

′
2)

2 = 6, for which
κ′ = 0. Thus, κ′ is the excess spectral kurtosis with reference
to an ideal Laplacean ASDF, scaled by a factor 1/6.

Eq. (34) represents the ASDF for ideal stirred fields. A
complex circular Gaussian probability distribution of E(τ)
transforms to a complex circular Gaussian5 E(ϖ) with or-
thogonal frequency components. Therefore, for ϖ ̸= 0, the
non-normalized SDF GE(ϖ)

∆
= E(ϖ)E∗(ϖ) has a scaled χ2

2

distribution when the degrees of freedom tend to +∞.
Departing from this limiting χ2

2 ASDF, when E(ϖ) and
g′E(ϖ) are restricted to a finite stir bandwidth B, this affects
the ACF and its Padé approximants. In particular, a rectangular
SDF g′E(ϖ) = 1/B corresponds to

ρ′E(τ) = sinc(Bτ) (35)

approaching a unit impulse ACF in the limit B → +∞.
For small |τ |, (35) remains quadratic to leading order, viz.,
1 − (Bτ)2/6, similarly to (22), but now with an increased
correlation length. The functional form (35) with kr replacing
Bτ is recognized as the familiar ideal spatial ACF [10].

2) Second Order: For κ′ > 0, the squared poles of (25) are
z′20,1 = (−a′ + s′)/(2b′) and z′22,3 = (−a′ − s′)/(2b′) where

s′
∆
=

√
a′2 − 4b′ = (λ′2/2)

√
1 + 4κ′ ≥ a′ > 0. One pole z′0

lies on the positive imaginary axis; two others are real, viz.,

z′0 = −z′1 = j

√
s′ − a′

2|b′|
, z′2 = −z′3 =

√
s′ + a′

2|b′|
. (36)

Integration of ψ′
E(z)

∆
= ρ̃′E(z) exp(jϖz)/π along a contour

that is closed in the upper half of the z-plane (z ∆
= τ + jξ,

ξ ≥ 0) by a semi-circle enclosing z′0 yields, upon application
of the residue and Cauchy limit theorems in z′2 and z′3

g̃′E(ϖ) = lim
ϵ2,ϵ3→0

(∫ z′
2−ϵ2

−∞
+

∫ z′
3−ϵ3

z′
2+ϵ2

+

∫ +∞

z′
3+ϵ3

)
ψ′
E(τ)dτ

=
exp (−|z′0|ϖ)

s′|z′0|
+

sin (z′2ϖ)

s′z′2
, ϖ > 0. (37)

Fig. 1 shows the envelope of g̃′E(ϖ) in (37) for selected
κ′. When 0 < κ′ ≪ 1/4, i.e., for 0 < 4|b′|/a′2 ≪ 1, with

4Recall that spectral moments of even order can be expressed equivalently
based on single- as well as double-sided ASDFs [18].

5For a discrete time series of Ns samples E(τn) with sufficiently rapidly
decaying p-point correlations of any order p ≥ 2, this result also holds
asymptotically for its Ns-point discrete Fourier transform, i.e., asymptotic
Gaussianity of E(ϖk) for each k = 0, . . . , Ns − 1 when Ns → +∞ [23].

Fig. 1: Envelopes of theoretical ASDFs g̃′E(ϖ), based on general-κ′

(solid) and approximate small-κ′ (dashed) [0/2]-order Padé approxi-
mant, at selected κ′, for (λ′

2)
1/2 = 100 rad/s and ∆ϖ = 0.01 rad/s.

(s′ − a′)/(2|b′|) = (
√
1 + 4κ′ − 1)/(κ′λ′2) ≃ 2(1 − κ′)/λ′2

and (s′ + a′)/(2|b′|) ≃ 2/(κ′λ′2), eq. (37) becomes explicitly

g̃′E(ϖ) ≃

√
2

λ′2

(
1− 3κ′

2

)
exp

(
−

√
(1− κ′)

2

λ′2
ϖ

)

+

√
2κ′

λ′2
sin

(√
2

κ′λ′2
ϖ

)
. (38)

The second term in (37) and (38) is governed by the real poles
τ2 = −τ3 ≃

√
2/(κ′λ′2) that emerge when extending the order

of the Padé approximation for ρ′E(τ) from [0/1] to [0/2]. For
0 < κ′ ≪ 1/4, these poles are situated far from the origin, at
locations where ρ′E(τ2) is dominated by correlation noise and
thus exhibiting rapid fluctuations with τ . In other words, the
second term in (37) and (38) represents HF stir noise with a
relatively small spectral amplitude

√
2κ′/λ′2 compared to the

exponentially decaying first term that dominates near stir DC.
Recall that (37) is a functional approximation to the actual
g′E(ϖ) because it is derived from the [0/2]-order approximant
(25). For ϖ ≪ ϖ′

c or ϖ ≫ ϖ′
c (cf. (44)), the envelope of (38)

is approximately

g̃′E(ϖ) ≃√
2

λ′2

[(
1− 3κ′

2

)
exp

(
−

√
(1− κ′)

2

λ′2
ϖ

)
+

√
κ′

]
(39)

which is also shown in Fig. 1 for comparison.
When further higher-order terms as powers of τ2 are in-

cluded in the expansion of (25), more pairs of poles arise that
contribute additional terms to g̃′E(ϖ). This gives rise to higher-
order deviation coefficients for the departures of the ACF from
ideal stirring at large lags, to mth order in τ2, as

κ′m
∆
=
λ′2m/(2m)!− (λ′2/2!)

m

(λ′2/2!)
m =

2mλ′2m
(2m)! (λ′2)

m
− 1 (40)

for m ≥ 0, including κ′0 = κ′1 = 0 for vanishing zeroth- and
first-order deviations owing to λ′0 ≡ 1, as well as κ′2 ≡ κ′.
Since these κ′m are associated with increasing powers of the
delay τ as m increases, they constitute a hierarchy of ACF
and SDF deviations of increasing order as a function of τ .
Such deviation coefficients are useful for relatively long-range
correlation, e.g., at relatively low CW frequencies, inefficient
stirring, high EM absorption, etc.
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Higher-order terms in g̃′E(ϖ) perturb the stir DC value
and the stir LF rate of decay of g̃′E(ϖ) when κ′m ̸= 0.
They also produce a progressively finer structure in the SDF,
superimposed onto the dominant exponential first term in (37).
This finer detail becomes significant only at exceedingly small
and large |ϖ|, when the exponential term that decays at a rate√
2(1− κ′)/λ′2, has become sufficiently small.
3) Asymptotic Behavior: Several asymptotic results can be

deduced from the approximants, as follows.
a) Levels:

• Near stir DC (ϖ → 0+), the first term in (37) approaches

g̃′E(ϖ → 0+) ≃ 1− |z′0|ϖ
|z′0|s′

≃

√
2

λ′2

(
1− 3

2
κ′
)
− 2π

(1 + 2κ′)λ′2
ϖ.

(41)

Formally extended to ϖ = 0 itself, its value is lower for
realistic stirring (κ′ > 0) than for ideal stirring (κ′ = 0).

• For continuous stir traces and efficient stirring (0 < κ′ ≪
1/4), the envelope associated with the dominant second
term in (37) in the [0/2]-order approximation for ϖ →
+∞ approaches the asymptotic value

|g̃′E(ϖ → +∞)| = (z′2s
′)
−1 ≃

√
2κ′/λ′2. (42)

Consequently, the relative level drop of the SDF from its
level near stir DC (ϖ = 0+) to that at ϖ → +∞ is then

g̃′E(+∞)

g̃′E(0+)
=

|z′0|
z′2

=

√
s′ − a′

s′ + a′
≃

√
κ′ (43)

indicating that the explicit dependence of both g̃′E(+∞)
and g̃′E(0+) on

√
λ′2 cancels in their ratio, in this second-

order approximation. Thus, a nonzero HF level of the
ASDF represents stir imperfection (stir noise κ′ ̸= 0).
By contrast, in the first-order approximation, i.e., ideal
stirring, g̃′E(+∞)/g̃′E(0+) approaches zero on account
of g′E(ϖ) ∝ exp(−|z′0|ϖ).

• A “corner” stir frequency ϖ′
c for the ASDF can be

defined, where the LF exponential decay of g′E(ϖ) tran-
sitions to HF stir noise. Equating the first term of (37)
and the envelope of the second term in magnitude yields

ϖ′
c =

√
2|b′|
s′ − a′

ln

(√
s′ + a′

s′ − a′

)
≃ −

√
λ′2

8(1− κ′)
ln(κ′).

(44)

This ϖ′
c defines a duration T ′

c = 2π/ϖ′
c ∝ 1/

√
λ′2 that

can be interpreted as a stir autocorrelation time measure.
b) Rates:

• In the [0/1]-order model (34), the slope at ϖ = 0+ is
−2/λ′2. For the dominant first term in (37), the slope is

dg̃′E(ϖ ≪ ϖ′
c)

dϖ
= − 1

s′
exp

(
−

√
s′ − a′

2|b′|
ϖ

)
(45)

≃ − 2

λ′2
(1− 2κ′) exp

[
− (1− κ′)

√
2

λ′2
ϖ

]
. (46)

This indicates a slower decay with ϖ for stir imperfec-
tions (κ′ > 0) compared to ideal stirring (κ′ = 0).

• For ϖ ≪ ϖ′
c and 0 < κ′ ≪ 1/4,

dg̃′E(ϖ ≪ ϖ′
c)

dϖ
= −(s′)−1 ≃ − 2

λ′2
(1− 2κ′) (47)

indicating that the rate of exponential decay diminishes
as κ′ increases from zero. For ideal stirring (κ′ = 0), it
follows again that dg̃′E(0+)/dϖ = −2/λ′2.

• For ϖ ≫ ϖ′
c, the slope of the envelope for the second

term in (37) approaches

dg̃′E(ϖ ≫ ϖ′
c)

dϖ
= − (z′2s

′)
−1 ≃ −

√
2κ′/λ′2. (48)

Since
√
λ′2 is proportional to the CW excitation fre-

quency f in the limit of continuous or alias-free sampled
stir traces (∆τ → 0) (cf. parts II and III), it follows that,
to first order in κ′, the quasi-DC and HF parts of g̃′E(ϖ)
decay at rates proportional to 1/f2 and 1/f , respectively.

The ASDF (37) for κ′ > 0 can be extended to the range
κ′ < 0. Negative κ′ arise, in particular, for sampled stir data
when the sampling rate is relatively low or after data decima-
tion (cf. part II). In such cases, stir HF content is captured
with a reduced accuracy. Specifically, for −1/4 ≤ κ′ < 0, a
derivation similar to the foregoing leads to

g̃′E(ϖ) =

√
2b′

s′

exp
(
−
√

a′−s′

2b′ ϖ
)

√
a′ − s′

−
exp

(
−
√

a′+s′

2b′ ϖ
)

√
a′ + s′


(49)

which can be expressed for −1/4 ≪ κ′ < 0 as

g̃′E(ϖ) ≃
√
2/λ′2

1− 2|κ′|

[
exp

(
−

√
2

λ′2
ϖ

)

−

√
|κ′|

1− |κ′|
exp

(
−

√
2

λ′2

1− |κ′|
|κ′|

ϖ

)]
. (50)

For −5/6 ≤ κ′ ≤ −1/4, the ASDF is

g̃′E(ϖ) =
j

(z′
2

0 − z′
2

1 )b′

[
exp (jz′0ϖ)

z′0
− exp (jz′1ϖ)

z′1

]
(51)

=

√
|κ′|

|κ′| − 1/4
exp(−y′ϖ) [x′ cos(x′ϖ) + y′ sin(x′ϖ)]

(52)

where z′0,1 ≡ ±x′ + jy′ are the poles in the upper half-plane

z′0,1 =

√√
a′2 + r′2

2b′
exp

{
j

2

[
tan−1

(
∓ r

′

a′

)
+ π

]}
(53)

x′
∆
=

√
2

λ′2
√
|κ′|

sin

(
1

2
tan−1

(√
4|κ′| − 1

))
(54)

y′
∆
=

√
2

λ′2
√
|κ′|

cos

(
1

2
tan−1

(√
4|κ′| − 1

))
(55)

in which upper and lower signs refer to z′0 and z′1, respectively,
r′

∆
=
√
4b′ − a′2 = (λ′2/2)

√
4|κ′| − 1 and (z′

2

0 − z′21 )b′ = jr′.
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D. CSDF Based on Padé Approximated CCF

For the CSDF g′′E(τ), corresponding results are similarly
obtained by Padéapproximation of the truncated expansion
(20) for ρ′′E(τ), leading to the following results.

1) Zeroth Order: A basic model for g′′E(ϖ) can be obtained
from a linear approximation6 of the CCF for very small τ , i.e.,

[1/0]ρ′′
E
(τ) = λ′′1τ, |τ | ≪ τ ′′c (56)

based on (20). Its Fourier transform

g̃′′E(ϖ) =
λ′′1
ϖ

[
sin(ϖτ ′′c )

ϖ
− τ ′′c cos(ϖτ ′′c )

]
(57)

may be used to estimate λ′′1 when τ ′′c is known.
2) First Order: The Padé approximant of order [1/2] in τ

(i.e., with first-order denominator in τ2) for (20) is

[1/2]ρ′′
E
(τ) =

c′′τ

1 + a′′τ2
(58)

where a′′ = λ′′3/(6λ
′′
1) and c′′ = λ′′1 by identification. Fourier

sine transformation of (58) results in the first-order model

g̃′′E(ϖ) =
6(λ′′1)

2

λ′′3
exp

(
−

√
6λ′′1
λ′′3

ϖ

)
. (59)

A formal analogy betttween (59) and (34) can be seen by
noting that g̃′E(ϖ) is governed by the stir time constant β′ ∆

=√
2!λ′0/λ

′
2, whereas g̃′′E(ϖ) depends on β′′ ∆

=
√
3!λ′′1/λ

′′
3 .

3) Second Order: Starting from the second-order (in τ2)
Taylor approximation of the CCF (20), i.e.,

ρ′′E(τ) ≃
λ′′1τ

1!

(
1− λ′′3

3!λ′′1
τ2 +

λ′′5
5!λ′′1

τ4
)
, |τ | ≤ τ ′′c (60)

its Padé approximant of order [1/4] in τ is

ρ̃′′E(τ)
∆
= [1/4]ρ′′

E
(τ) =

c′′τ

1 + a′′τ2 + b′′τ4
. (61)

Identification of (60) with the Taylor expansion of (61) up to
order τ5 results in

a′′ =
λ′′3
6λ′′1

, b′′ = −
(
λ′′3
6λ′′1

)2

κ′′, c′′ = λ′′1 (62)

where, by the same token as (27)–(28)

κ′′ ≡ κ′′2
∆
=

3λ′′1λ
′′
5

10(λ′′3)
2
− 1 (63)

leading to κ′′ ≥ −7/10 on account of (λ′′3)
2 ≤ λ′′1λ

′′
5 .

Expressions for g̃′′E(ϖ) follow along similar lines as
for g̃′E(ϖ), now by contour integration of ψ′′

E(z)
∆
=

ρ̃′′E(z) exp(jϖz)/π. For κ′′ > 0, the poles of (61) are

z′′0 = −z′′1 = j

√
s′′ − a′′

2|b′′|
, z′′2 = −z′′3 =

√
s′′ + a′′

2|b′′|
(64)

where s′′ ∆
=
√

(a′′)2 − 4b′′ =
√
1 + 4κ′′λ′′3/(6λ

′′
1) and (s′′ ±

a′′)/(2|b′′|) = 3(
√
1 + 4κ′′ ± 1)λ′′1/(κ

′′λ′′3). This results in

g̃′′E(ϖ)=
λ′′1
s′′

[exp (−|z′′0 |ϖ)− cos (z′′2ϖ)] , κ′′ > 0. (65)

6Strictly, (56) is not a Padé approximant, for its definition requires the
denominator to be of minimum order one in τ .

Explicitly, for 0 < κ′′ ≪ 1/4, it follows that

g̃′′E(ϖ) ≃ 6(λ′′1)
2

(1 + 2κ′′)λ′′3

[
exp

(
−

√
(1− κ′′)

6λ′′1
λ′′3

ϖ

)

− cos

(√
6λ′′1
κ′′λ′′3

ϖ

)]
(66)

whose asymptotic envelope is

g̃′′E(ϖ) ≃ 6(λ′′1)
2

(1 + 2κ′′)λ′′3

[
exp

(
−

√
(1− κ′′)

6λ′′1
λ′′3

ϖ

)
+ 1

]
.

(67)

Fig. 2 compares (67) with (59) at selected values of κ′′ > 0,
λ′′1 and λ′′3 . First- and second-order approximations are seen
to merge when κ′′ → 0, while the level drop g̃′′E(ϖ →
+∞)/g̃′′E(ϖ → 0+) is relatively small compared to g̃′E(ϖ).

Fig. 2: Envelopes of theoretical CSDFs: [1/2]-order (dot-dashed
black), [1/4]-order general-κ′′ (solid), [1/4]-order small-κ′′ approx-
imative (dashed), and [1/4]-order HF asymptotic (dotted) Padé ap-
proximant based g̃′′E(ϖ) as a function of ϖk = k∆ϖ, at selected κ′′

for λ′′
1 = 0.5 rad/s, (λ′′

3 )
1/3 = 8.55 rad/s, ∆ϖ = 0.01 rad/s.

For −1/4 ≤ κ′′ < 0, all poles z′′i are imaginary whence

g̃′′E(ϖ) =
c′′

a′′

[
exp

(
−
√
a′′ − s′′

2b′′
ϖ

)

− exp

(
−
√
a′′ + s′′

2b′′
ϖ

)]
(68)

≃ 6(λ′′1)
2

λ′′3

[
exp

(
−

√
6λ′′1
λ′′3

ϖ

)

− exp

(
−

√
1− |κ′′|
|κ′′|

6λ′′1
λ′′3

ϖ

)]
(69)

where the latter approximation holds for −1/4 ≪ κ′′ < 0.
In analogy with κ′m in (40), deviation coefficients can be

similarly defined for the CCF and CSDF. These are associated
with higher-order departures of the [1/4]-order ρ̃′′E(τ) from the
[1/2]-order approximant and are found as

κ′′m
∆
=

λ′′
2m+1

(2m+1)!λ′′
1
−
(

λ′′
3

3!λ′′
1

)m
(

λ′′
3

3!λ′′
1

)m =
6mλ′′2m+1(λ

′′
1)

m−1

(2m+ 1)! (λ′′3)
m

− 1

(70)

for m ≥ 0, including κ′′0 = κ′′1 = 0. Unlike for the ACF,
however, the [1/2]-order approximant does not represent ideal
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stirring, for which ρ′′E(τ) = 0. Therefore, (70) only measures
departures with respect to this [1/2] approximant.

Corresponding results for asymptotic levels and slopes of
the CSDF at low and high stir frequencies as for the ASDF
can be derived mutatis mutandis, upon replacing single-primed
quantities with corresponding double-primed counterparts.

4) CSDF vs. ASDF: Comparing the CSDF (59) and ASDF
(34) at low stir frequencies, the ratio of the cross- to autospec-
tral density levels is

g′′E(ϖ)

g′E(ϖ)
=

6
√
2λ′2(λ

′′
1)

2

λ′′3
(71)

which is independent of the excitation frequency f , to leading
order, on account of (λ′m)1/m ∝ f for continuous stir traces.
Similarly, the ratio of their respective rates of LF decay, i.e.,√

3λ′′1λ
′
2/λ

′′
3 , is again independent of f .

V. POWER SPECTRAL DENSITY FUNCTIONS

A. First-Order Approximation

When stir sweep data derive from direct measurements
of the scalar power cU using a power sensor, rather than
the complex field E using a VSA or complex S21 using a
VNA, the corresponding ACF ρU differs from ρE , as shown
next. In analogy with the EWK theorem applied to ρE , the
Fourier transform of ρU can be taken and is denoted now as
a power SDF (PSDF), gU (ϖ). In [24], the transformation of
spectral moments for various nonlinear (including square-law)
envelope detectors with input gE(ϖ) was studied. In [8], the
empirical best-fit model for the ACF of U ∝ |E|2, based on
measured complex E, was found – among several alternative
candidate mean-square differentiable models – as

ρU (τ) ≃

[
1 +

(
τ

2τc

)2
]−2

(72)

confirming experimental results in [1] obtained using a power
sensor. The model (72) conforms to the theoretical relationship
ρU (τ) ≃ ρ2E(τ) for ideal random fields [25], but with different
correlation lengths and bandwidths. It has the form

ρ̃U (τ) ≡ [0/1]ρU
(τ2) =

[
1 + (τ/β′

U )
2
]−2

. (73)

The first-order Padé approximation for the PSDF follows by
integration of

ψU (z) = π−1 exp(jϖz)/[1 + (z/β′
U )

2]2 (74)

along a closed contour with a centered semicircular arc in the
upper half-plane (z = τ + jξ; ξ ≥ 0), enclosing the double
pole at z0 = jβ′

U whose residue is

Rz0 [ψU (z)] = −jβ′
U (1 + β′

Uϖ) exp(−β′
Uϖ)/(4π). (75)

Application of Jordan’s lemma along the arc whose radius
is extended to infinity and using [26, eq. (17.34.8)] yields a
polynomial-exponential PSDF model for U , viz.,

g̃U (ϖ) = π−1Fc[ρ̃U (τ)](ϖ) =

∫ +∞

0

cos(ϖτ)

π[1 + (τ/β′
U )

2]2
dτ

= β′
U (1 + β′

Uϖ) exp (−β′
Uϖ) /2 (76)

in contrast to the pure exponential ASDF (34) for E. The
approach of (76) to stir DC is markedly different from that for
the ASDF, because ˙̃gU (ϖ → 0+) = 0 and ¨̃gU (ϖ → 0+) < 0,
whereas ˙̃g′E(ϖ → 0+) < 0 and ¨̃g′E(ϖ → 0+) > 0.

In contrast to the zeroth-order PSDF model [1, eq. (7)]

g̃U (ϖ) = β′
U exp(−β′

Uϖ) (77)

the improving first-order model (76) features spectral flatten-
ing at low stir frequencies, owing to the additional polynomial
factor. This produces an increased stir-HF spectral density
and a higher cut-off stir frequency. Physically, this flattening
arises because (|E(ϖ)|2)2 for gU (ϖ) produces more extreme
values than |E(ϖ)|2 does for gE(ϖ), leading to an increased
spectral density at HFs. This effect parallels the fact that the
χ2
4 probability distribution of |E|4 has a larger mean than the
χ2
2 probability distribution of |E|2.

B. Second-Order Approximation

A second-order model for g′U (ϖ), based on the [0/2] Padé
approximant of ρU in τ2, i.e., ρ̃′U (τ

2) = (1+ a′τ2 + b′τ4)−2,
follows similarly as before, now by integration of

ψ′
U (z) = π−1 exp(jϖz)/(1 + a′z2 + b′z4)2 (78)

along the same contour as used with ψ′
E(z). This results in

g̃′U (ϖ) ≃
1

2s′2|z′0|3

[(
1 +

4|b′||z′0|2

s′
+ |z′0|ϖ

)
exp(−|z′0|ϖ)

]
+

1

2s′2(z′2)
3

[(
1 +

4|b′|(z′2)2

s′

)
sin(z′2ϖ)− z′2ϖ cos(z′2ϖ)

]
(79)

for ϖ > 0. In this order of approximation, the envelope of
g̃′U (ϖ) acquires its typical inverted-S shape when 0 < κ′ ≪ 1,
as observed in [1, Fig. 1], based instead on a higher-order
exponential curve fit.

For 0 < κ′ ≪ 1/4, eq. (79) can be expressed as

g̃′U (ϖ) ≃ 1√
2λ′2

×

[
1 +

3κ′

2
+ (1− 3κ′)

√
2

λ′2
ϖ

]
exp

(
−

√
(1− κ′)

2

λ′2
ϖ

)

+ 5

√
κ′3

2λ′2
sin

(√
2

κ′λ′2
ϖ

)
− κ′

λ′2
ϖ cos

(√
2

κ′λ′2
ϖ

)
(80)

reducing to (76) in the limit κ′ → 0.
The asymptotic envelopes of (79) and (80), obtained by

approximating sin(·) and − cos(·) by 1, are shown in Fig.
3 for selected values of κ′ with

√
λ′2 = 1000 rad/s. If κ′ → 0

then g̃′U (ϖ) acquires an inverted-S shape, a mean decay rate
of
√
2/λ′2, a higher value of ϖ′

c,U , and a flattening of the stir
HF part where only the dominant first term in (79) or (80)
remains. It then also approaches (76). This first-order model
already exhibits flattening at low stir frequencies, but with
an unrestricted exponential decay at high stir frequencies, in



IEEE TRANSACTIONS ON ELECTROMAGNETIC COMPATIBILITY 9

Fig. 3: PSDF g̃′U (ϖ) for [0/2]-order Padé approximation based
ACF ρ̃′U (τ) at selected values of κ′, for (λ′

2)
1/2 = 1000 rad/s and

∆ϖ = 0.01 rad/s. Solid: envelope of (79) for general κ′; dashed:
envelope of small-κ′ approximation (80), reducing to (76) for κ′ → 0.

contrast to the second-order model. Both LF and HF flattening
on average were observed experimentally in [1, Fig. 1].

In summary, the doubling of the multiplicity of the poles
in the [0/2]-order Padé approximated ACF ρ̃′U (τ) in (78),
compared to ρ̃′E(τ) in (25), has the effect of flattening the SDF,
both near stir DC (observable in both the first- and second-
order approximations of gU (ϖ)) and at high stir frequencies
(in the second-order approximation only). In the stir domain,
this HF flattening represents whitening and translates to a
tightening of ρ′U (τ) around τ = 0 compared to ρ′E(τ).

VI. ACFS AND SDFS FOR ADDITIVE WHITE NOISE

The foregoing models were based on an indiscriminate
cause of the HF departure from g′E(ϖ) = β′ exp(−β′ϖ). We
shall further drop the primes for simplicity. When stir noise or
electrical noise are separable from the stirred field, an extended
model and representation can be obtained by superposition
of their respective ASDFs, resulting in a composite ASDF.
In practice, stirred fields and their measurement are typically
affected by ambient EMI and various sources of noise [25].

Let the observed field E(t) be the linear superposition of a
noiseless stirred excitation field E0(t) and a noise field N(t)
of unspecified origin at an observation time t, i.e.,

E(t) = E0(t) +N(t). (81)

Both E0(t) and N(t) are assumed to be WSS, independent,
circular random fields of unlimited bandwidth with respective
variances σ2

E0
and σ2

N . Their ACFs ρE0
(τ) and ρN (τ) may

exhibit different functional forms and correlation lengths,
τc,E0

and τc,N . Substituting (81) into (10) yields ρE(τ) as
a variance-weighted sum of ρE0(τ) and ρN (τ), i.e.,

ρE(τ) =
σ2
E0
ρE0

(τ) + σ2
NρN (τ)

σ2
E0

+ σ2
N

(82)

= ρE0
(τ)

1 + (σ2
N/σ

2
E0

)ρN (τ)/ρE0
(τ)

1 + (σ2
N/σ

2
E0

)
(83)

which is a function of the stir-to-noise ratio (SNR) of their
RMS levels, σ2

E0
/σ2

N , and the correlation ratio ρE0
(τ)/ρN (τ)

at equal stir and noise delay, τ . For relatively high SNR levels
(σ2

N/σ
2
E0

≪ 1), eq. (83) is approximated as

ρE(τ) ≃ ρE0
(τ)− σ2

N

σ2
E0

[ρE0
(τ)− ρN (τ)] . (84)

Typically, τc,N ≪ τc,E0
and |ρN (τ)| ≤ |ρE0

(τ)|, which results
in (84) exhibiting a reduced ACF value of E compared to E0.
The associated ASDF of E then follows from (82) as

gE(ϖ) ≃
(
1− σ2

N

σ2
E0

)
gE0(ϖ) +

σ2
N

σ2
E0

gN (ϖ),
σ2
N

σ2
E0

≪ 1.

(85)

In particular, (85) shows that weak additive white noise, i.e.,
ρN (τ) = δ(τ) and gN (ϖ) = 1, gives rise to a constant noise
floor σ2

N/σ
2
E0

for gE(ϖ) when ϖ → +∞. It also reduces
gE0

(ϖ) by a factor 1 − σ2
N/σ

2
E0

. Evaluation of the HF stir
noise floor level can be used to adjust the slope of the SDF
to infer the true gE0

(ϖ) if noise cannot be isolated from E0.
For the corresponding energy U , starting from noiseless

circular E0, i.e., ρ|E0|2 ≃ ρ2E0
, it follows from (83) that

ρU (τ) ≃
(
1− 2

σ2
N

σ2
E0

)
ρ2E0

(τ) + 2
σ2
N

σ2
E0

ρE0(τ)ρN (τ) (86)

whence the noise reduces the stir content in the PSDF, viz.,

gU (ϖ) ≃
(
1− 2

σ2
N

σ2
E0

)
gU0(ϖ) + 2

σ2
N

σ2
E0

gE0(ϖ) ∗ gN (ϖ)

(87)

in which ∗ represents linear convolution.

VII. CONCLUSION

In this part I, auto- and cross-spectral density function mod-
els for fields and power were obtained based on Padé approx-
imants for their corresponding correlation function models.
These functions depend solely on the normalized spectral
moments λ

′(′)
m as parameters, which can be independently

evaluated from stir sweep data. The approximants reveal
the presence and extent of stir noise, whose effect can be
expressed via a hierarchy of stir spectral distortion coefficients
κ
′(′)
m . Depending on the particular value of κ′(′) ≡ κ

′(′)
2 , rela-

tively simple explicit expressions of the SDFs were obtained.
A further model was presented in which the overall ASDF

is explicitly represented as a sum of individual ASDFs for a
stir process and a noise process. Both methods need not be
mutually exclusive: a Padé approximation can be applied to a
composite spectral process before adding additional sources
of noise. Conversely, a Padé approximant could be further
decomposed into a set of elementary ASDF components.

The analysis started from a serial expansion and approxima-
tion of CFs in terms of λ′(′)m , with the SDF following by Fourier
transformation. Conversely, one may start by expanding a
continuous ensemble or sample ASDF expressed in terms of
the autocorrelation moments

θ′n =

∫ +∞

−∞
|τ |nρ′E(τ)dτ, n = 0, 1, 2, . . . (88)

The expanded ASDF can then be assigned its own (stir
spectral) Padé approximation g̃′E(ϖ), followed by an inverse
Fourier cosine transform to ρ̃′E(τ). A similar approach can be
applied to extracting a sample CCF from a series expansion
of a sample CSDF.
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