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Abstract

This paper complements the study of the wave equation with discontinuous coefficients
initiated in (Discacciati et al. in J. Differ. Equ. 319 (2022) 131-185) in the case of time-
dependent coefficients. Here we assume that the equation coefficients are depending on
space only and we formulate Levi conditions on the lower order terms to guarantee the exis-
tence of a very weak solution as defined in (Garetto and Ruzhansky in Arch. Ration. Mech.
Anal. 217 (2015) 113-154). As a toy model we study the wave equation in conservative
form with discontinuous velocity and we provide a qualitative analysis of the corresponding
very weak solution via numerical methods.
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1 Introduction

In this paper we want to study the well-posedness of the Cauchy problem for the inhomoge-
neous wave equation with space-dependent coefficients. In detail, we are concerned with

82u — a(x)d%u + by (x)d,u + by(x)du + bs(x)u = f(t,x), tel0,T], xeR,
u(0, x) = go, (€]
ou(0,x) =g,
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where a(x) > 0 and for the sake of simplicity we work in space dimension 1. The well-
posedness of (1) is well-understood when the coefficients are regular, namely smooth. In-
deed, the equation above can be re-written in the variational form

Uy — (@(X)uy)x + (@' (x) + b1 (X)) uy + by ()u; + bs(x)u = f(t,x), t€[0,T], xR,
u(0, x) = go,
ou(0,x) =g;.

This kind of Cauchy problem has been studied by Oleinik in [16]. Assuming that the co-
efficients are smooth and bounded, with bounded derivatives of any order, she proved that
the Cauchy problem is C* well-posed provided that the following Oleinik’s condition is
satisfied:!

(@ +b)<a.

Note that a’ is bounded by +/a as a direct consequence of Glaeser’s inequality: If a € C?(R),
a(x)>0forall x e R and ||a”| 1~ < M;, then

la'(0)? < 2Mya(x),

for all x e R.
Therefore, C* well-posedness is obtained by simply imposing on the lower order term
b, a Levi condition of the type

bt (x) < Maa(x), (@)

for some M, > 0 independent of x. It is of physical interest to understand the well-posedness
of this Cauchy problem when the coefficients are less than continuous. This kind of inves-
tigation has been initiated in [13] for second order hyperbolic equations with ¢-dependent
coefficients and recently extended to inhomogeneous equations in [3]. Here we want to work
with space-dependent coefficients with minimal assumptions of regularity, namely distribu-
tions with compact support. We are motivated by the toy model

82u(t, x) — 8, (H(x)d,u(t,x)) =0, te[0,T], x €R,
u(0,x) = go(x), x € R, 3)
ou(0,x) =g (x), x eR,

where g, g1 € C°(R) and H is the Heaviside function (H(x) =0ifx <0, H(x) =1ifx >
0) or more in general H is replaced by a positive distribution with compact support. Note
that the well-posedness of the Cauchy problem for hyperbolic equations has been widely
investigated when the equation coefficients are at least continuous, see [4-7, 11, 12] and
references therein. However, in presence of discontinuities distributional solutions might
fail to exists due to the well-known Schwartz impossibility result [17].

For this reason, as in [9, 13] we look for solutions of the Cauchy problem (1) in the very
weak sense. In other words we replace the equation under consideration with a family of
regularised equations obtained via convolution with a net of mollifiers. We will then obtain

IThere exists a constant D > 0 such that (@' (x) + by ()c))2 < Da(x) forall x € R.
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anet (u,), that we will analyse in terms of qualitative and limiting behaviour as ¢ — 0. The
paper is organised as follows.

In Sect. 2 we revisit Oleinik’s result in the case of smooth coefficients. We show how her
condition on the lower order term b; can be obtained via transformation into a first order
system and energy estimates. Note that the energy is provided by the hyperbolic symmetriser
associated to the wave operator. This system approach turns out to be easily adaptable to
the case of singular coefficients and in general to the framework of very weak solutions.
In Sect. 3 we pass to consider discontinuous coefficients. After a short introduction to the
notion of very weak solution, we formulate Levi conditions on the lower order terms which
allow to prove that our Cauchy problem admits a very weak solution of Sobolev type. Some
toy models are analysed in Sect. 4 where we prove that every weak solution to (3) recovers,
in the limit as ¢ — 0, the piecewise distributional solution defined in [8]. More singular
toy models, defined via delta of Dirac and homogeneous distributions, are also presented in
Sect. 4 and the corresponding very weak solutions investigated numerically.

2 A Revisited Approach to Oleinik’s Result
This section is devoted to the Cauchy problem
82 u — a(x)d%u + by (x)d,u + by (x)du + b3(x)u = f(t,x), t€[0,T], x €R,
u(0, x) = go, “)
au(0,x) = g1,

where a, by, by, b3 € B®(R), are smooth and bounded with bounded derivatives of any or-
der, and a > 0. We also assume that all the functions involved in the system are real-valued.
The C* well-posedness of (4) is known thanks to [16]. Here, we give an alternative proof
of this result based on the reduction to a first order system. Note that in the sequel with H*
well-posedness we mean that, for suitable initial data and right-hand side, the solution of the
Cauchy problem exists in C2([0, T'], H*(R)) and is unique. Because of the presence of mul-
tiplicities we will need to take initial data and right-hand side more regular (higher Sobolev
order) and we will therefore have some loss of derivatives. We refer the reader to [16] and
[18] for more details. Here we will work out the estimates which will be specifically needed
in the second part of the paper to deal with singular coefficients and very weak solutions.

2.1 SysteminU
In detail, by using the transformation,
U=U°U,U)=u,du,du,
our Cauchy problem can be rewritten as
U =AU+ BU +F,

U(O,x) = (g()v g(/), gl)T7

where
000 0 0 1 0
A=|001], B=]| 0 0 O and F=|0
0a0 —b3 —by —b, S

@ Springer
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The matrix A has a block diagonal shape with a 1 x 1 block equal to 0 and a 2 x 2 block
in Sylvester form and has the symmetriser

100
0=10a0],
001

ie., QA =A*Q = A’ Q. The symmetriser Q defines the energy
E(t) = (QU,U) .
Since a > 0, we have that the bound from below
E@0) = U132 + @Uy, Uz + Va2 = [U°72 + |1 U213

holds, for all ¢ € [0, T']. Assume that the initial data g, g, are compactly supported and that
f is compactly supported with respect to x. By the finite speed of propagation, it follows
that the solution U is compactly supported with respect to x as well. Hence, by integration
by parts we obtain the following energy estimate:

dE(t)
dt

=(Q0,U,U) 2 +(QU, AdU) 2 + (QU, BU) ;2 + (QU, F) 2
=(QA/U,U)2+(QBU,U) 2+ (QU, A3, U) 2 + (QU, BU) ;2 +2(QU, F) 2
=(QAU,U) 2+ (QBU,U) 2 + (A*QU, 8,U) ;2 + (B*QU, U) ;2 + 2(QU, F) 2
=(QA/U,U) 2+ (QAU,3,U);2 + (QBU,U) 12 + (B*QU,U) 2 +2(QU, F) 2
=(QA)U,U) 2 — (0, (QAU), U) 12 + (OB + B*Q)U,U) 12 +2(QU, F) 2
=—((QA)YU,U);2+(QB+ B*Q)U,U) 12 +2(QU, F),».

=(@,(QU),U)2 4+ (QU,3,U) 2

Since

000
(QA'=1004a |,
0d 0

from Glaeser’s inequality (|a’(x)|> < 2M,a(x)) it immediately follows that
(QAYU,U) 2 =2(a'Uy, Up) 2 < 2]ld'Urll 2| Unll 2 < Ul + 102l (5)
<2M,(aUy, Up)p2 + 10217, < max(2My, DE(1).
Furthermore we have,

0 0 1-—0bs
OB+B*0=| 0 0 -b
1—by —by —2b,

Hence, using the Levi condition (2), bf (x) < Mya(x), we have

(QB+B*Q)U,U),2
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=2((1 = b3)Up, U®) = 2(b1Uy, Up) ;2 — 2(baUs, Un) 2

<211 = b))l 21U N2 + 20101 Uy | 2 1 Un 2 + 211 b2 lloo 1 U217

< 1A =)o (121172 + U 1172) + 161U 72 + (1 4 2[1b2ll ) 1 U213

= (1 = b3) o 1V 1172 + 1U°1172) + (b1 UL U + A+ 201 b2llo) |1 U217

< A+ 1531l 1U° 172 + Ma(@Uy, Uy) + 2+ 21lba [l + [1531l00) 1 V21172

< max(My, I +[1b3llec, 2 + 2[1b2lloc + 163 ll00) E(2). ©)

Finally,
2(QU, F)p2 =2(Us, f)i2 220Ul 2l flle S N02l2 + 1 F 152 S E@O + 1 f172. (D
Combining (5), (6) and (7), we obtain the estimate
dE )
s cE@) + 1 fll2s
where

c=max(ZM; + 1,2) + max(M, 1 + [[bslo, 2 4 2|2l + 1153 ]l00)
= max(max(2M, + 1+ M, 2M +2 + [|D3]loc, 2M1 + 3 + 2| 2]l + [1D3 ]l o).
max(2 + Mz, 3+ [|b3lloc, 4 + 21|b2lo0 + [1631100))
=max(2M, + 1+ M, 2M; + 2+ [|b3lloc, 2M1 + 3 + 2[|D2 [l oo + (153l oc,
2+ M5, 3+ [|bslloc, 4+ 2[102lloc + 1163 ]l0c)
=max(2M; + 14+ M>,2M; 4+ 3 4+ 2[|b2llcc + 153 llo0, 2 + M2, 4 4 2||b2 ]l o0 + 1153l 00) -

Using the bound from below for the energy and Gronwall’s lemma we obtain the following
estimate for U° and U,:

t
10O + 1001 < E) < (E(m + / T ds>e”.
0
In addition,
t
(E(O) + / 12 ds)e” <TI0, + e lalll U1 )25 + T (U0
0
t
beT / 1/ ()% ds
0

t
< Cz<||go||§ﬂ +llg1ll3, +f [FASIF ds>,
0

for all ¢ € [0, T']. Note that the constant C, depends linearly on ||a||« and exponentially on
T, M>, |la"lloc 1b2]lc and [|b3]loc- Indeed, setting M = [la” |,

Cy =e" max(flalloo, 1)
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— eMaXCM+1+M2 2M1+3+2(1b2 oo+ 1103/l 00, 2+ M2, 44 21Ib2 loo+163 ll00) T max(||ae, 1) )

Concluding,
t
U1, + 1003, < C2<||go||3,1 +lgill3» +/ £ )7, dS>~ )
0

2.2 L2-Estimates for U;

We now want to obtain a similar estimate for U;. To attain this, we transform once
more the system by taking a derivative with respect to x. Let V = (V°, Vv, V)T =
3,U°, 8,U,, 8,U,)". By getting an estimate for V, we also automatically get an estimate for
U, since V, = 9,U;. Indeed, we can do so by applying the fundamental theorem of calculus
and making use of the initial conditions. Hence, if U solves

8,U =Ad,U + BU + F,
U(0,x) = (g, & 81",
then V solves
8V =Ad,V+ (A +B)V+F,
V(0,x)=(g). 0. g7, where F=B'U+F,.

The system in V still has A as a principal part matrix and additional lower order terms. It
follows that we can still use the symmetriser Q to define the energy

E@0)=(QV, V)2 =IV°lI7> + @Vi, Vi) 2 + 1 Vall2,
for which we obtain the bound from below ||V°|1%, + || V4|17, < E (). Therefore,

dE(t)
7 =(0,(QV), V)2 +(QV,0, V)2

=(Q3V,V)2+(QV,Ad,V + (A + B)V)2 4+ (QV, F),2

=(QAQV + Q(A'+ B)V + QF, V)2 + (QV, Ad,V + (A" + B)V) 2
+(QV, F)p2

— (QADV, V)2 + (A*QV, 8. V)2 + (Q(A' + B)V, V), (10)
+(QV,(A'+B)V) 2 +2(QV, F),2

= (QAQV, V)2 + (QAV, 3, V)12 + 2(Q(A" + B)V, V)2 +2(QV, F) 2

=(QALV, V)2 — (0:(QAV), V)2 + 2(Q(A"+ B)V, V) 12 +2(QV, F) 2

=—((QAYV, V)2 4+2(Q(A" + B)V, V)2 +2(QV, F),2.

By direct computations
(QAYV, V)2 =2(a'Vi, V2) 2
2(QA"+ B)V, V)12 =2((1 = b3) V2, V) 12 + 2(a' Vi, Vo) 12 — 2(b1 Vi, Va) 12
= 2(b2Va, V)2
2QV, )2 =—=204U°, Vo) 12 = 261Uy, Va) 12 = 205U, Va) 2 + 2(Va, fi) 2.
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Hence,

dE(t)
dt

=2((1 = b3)Va, VO) 2 +2(Va, f) 2 — 2(b1 Vi, Vo) 2 — 2(b2 Vo, Vo) 12
—2(B5U°, Vi) 12 — 2(b\ UL, Va) 12 — 2(DyUs, V) 2.

Now,
1201 = b3)Va, V) 2| <201 + [1B3]10) (1Vall72 + 1VO1172) < 2(1 4 [1b3l00) E(2)
2(Va, fO2l S Vallhe + £l S E@ + (1 fell 32
12(b1 Vi, Va) 2| < b1 Vi 122 + 1Vall2s < Ma(aVi, Vi) 2 + ([ Vall7, < max(Ma, DE(),
1202 V2. Vo) 12| <212l [ Vall32 < 2Mlballo E (1)
2(6)U1, Va) 2| < 1B PN UL + Va2, < 1B I N UL, + E(r)

and using (9),

2(5U°, Vo) 2] < IBIIUC G2 + VA3

< cznbgnio(ngoni,l + gl + /O IF )32 ds) +E(1)
120040, Vo) 2| < 105121 Ua 1172 + 1 V272

< CZHbéuf,o(ngou%,l + gl + /0 £ I3, ds) +E®).

Therefore,

dE(t)

<6+ 2llbslloo + 2l1b2lloc + max(Ma, D)E@) + || £ @)I72 + IB N UL, (11)

t
+ Co(Ib5 1% + ||bg||io)<||go||§,l +llgil?, +f £ ()12 ds>.
0

Now we note that V, = 9, U, = 9,0,u = 9;0,u = 9,U;. By the fundamental theorem of
calculus we have

! 2
U1 @)1175 szntfl(r)—UI(O)niz+2||U1(0)||22=2Hf Vads| |+ 21U O]
0

By Minkowski’s integral inequality

! t
H/o VzdsHL2 5/0 | Va($) |l 2ds

and therefore by applying Holder’s inequality on the integral in ds we get
t 2
U1 < 2</ IIVz(S)||L2dS> +2[U10)]72 12)
0
t
=< 21/ IVa(s)1172ds + 21U (0) 17,
0
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10 Page8of31 M. Discacciati et al.

t
< 2T/ E(s)ds + 2| U1 (0)][3,.
0

Hence, estimate (11) becomes

dE(t)

t
< (64 2[bsllc + 211b2 ]l + max(Ma, D)E(t) + 2T |16y |I§o/ E(s)ds + || fe(0)]17
0

t
+ 205112101 O) 17> + C2(11B5 12, + IIbéllio)<||golli,1 + gl +/ If ()17 dS>.
0

For the sake of the reader we now recall a Gronwall’s type lemma (Lemma 6.2 in [18]) that
will be applied to the inequality (13) in order to estimate the energy.

Lemma2.1 Let ¢ € C'([0, T]) and v € C([0, T1) two positive functions such that

‘P/(f)SBlw(f)'i‘Bz/ o) ds+ v,  tel0,T],
0

for some constants By, B, > 0. Then, there exists a constant B > 0 depending exponentially
on By, B, and T such that

w(t)§B<<p(0)+/ W(s)ds>,
0
forallt €[0,T].

Hence, combining the bound from below for the energy E(¢) with Lemma (2.1), we
obtain that there exists a constant C3 > 0 depending exponentially on ||5; ||, |03l o, [|161]] go,
M, and T such that

VOO, + 1Va)Il2 < E@) (13)

t s
Sca(E(0)+ / (nfx(s)niz + GBI, + 185]12) / TG dr) ds
0 0
+ 2T (1B 121U O) 125 + CT (15515 + 15512 (llgoll3, + llgt ||’iz))
t
§C3<||V0(0)||iz + lallooll VIO I3, + IV2(0) 12, + C2T (1B 112, + 155112, / £ ()22 ds
0
t
+f I fe ()22 ds + 2T 15} 12 Nlgi 12 + CoT (D5 1% + 16512 (goll + llgs ||§2))
0
t
sca(ngoni,l +llallsligol?y + gl +max(CT (1b5 1% + 16512), 1) / I £ ()13, ds
0

+2T 115,115 811172 + C2T (163115 + 16515 (llgoll 3 + N8y ||2Lz))
<Cymax(|lalloo, CoT D513, CoT D512, 1, 2T 16} 11%,)

t
x <||go||i,2+||g1||i,. +/ ||f(s>||§,lds),
0
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for all ¢ € [0, T, with C, as in (8). Noting that V? = U, we have that

1U, ()17, <Cymax(llallo, CoT 165112, CoT 1B 1%, 1, 2T 116} 112,) (14)

t
x <||go||§,z + gl +/ I ()11 dS)-
0
2.2.1 Systemin W

Analogously, if we want to estimate the L2-norm of V; we need to repeat the same proce-
dure, i.e., to derive the system in V with respect to x and introduce W = WO, Wy, wy)T =
3, V0, 9, Vi, 8, Vo)T. We have that if V solves

8V =Ad,V+ (A +B)V+F,
V(0,x)=(g), g, &)", where F=B'U+F,,
then W solves
GW =Ad W + QA+ BYW + F,
W0, x) = (g, g g)T.  where F'= (A" +2B")V + B"U + Fy,.

Again, by using the energy E(t) = (QW, W)2 = [WO[2, + (aWyi, W1),2 + [Wa|?, and
following similar steps as in (10), we have
dE(1)
dt

= (0:(QW), W) 2 + (QW, 3, W),2

— —((QAYW,W),> +2(0QA + BYW, W), +2(0W, F) >
By direct computations we get
(QAYW, W), =2(a'Wy, Wa) 2
2(QQRA +BYW, W) 2 =2((1 — b3)W°, Wp) 2 + 4(a' Wy, Wa) 12 — 2(by Wi, Wa) 12
—2(by W, W2) 2
20W, F)p2 =2a" Wa, Vi) 2 — 4B, Wa, VO) 12 — 46, Wa, V1) 2
— 4Dy W, V) 12
—2(BWa, U 12 — 2(BWa, Up) 12
— 2By W2, Un) 2 4 2(Wa, fix) 2.
Hence,

dE(1t)
dt

=2(a'Wi, Wa) 2 4+ 2((1 — b3)Wa, WO) 12 — 2(b1 Wi, Wa) 12 — 2(ba Wa, Wa) 2

+2(a"Wa, Vi) 2 — 4B\ Wa, V1) 12 — 4By Wa, Va) 2 — 2(B5Wa, U)o
— 2B Wa, Uy) 2 — 2(By Wa, Ua) 2 + 2(Wa, for) 2 — 405 Wa, VO) 2.
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10 Page 100f31 M. Discacciati et al.

Now,

12(a' Wy, Wa) 12| < 2[la' Wil 2| Wall 2 < 2M i (@Wy, Wi) 2 + [ Wa 12, < max(2M;, DE(t)
1201 = b)WO, Wa) 2] < (1 + [1531ls) WO 122 + 1W2172) < (1 + [1B3]100) E(0)

12(b1 Wi, W) 12| < 2(1bs Wil 2| Wall 2 < Ma(@Wy, W) 2 + [ W7, < max(Ma, DE(t)
1202 Wa, Wa) 12| < 2012 [l Wall? 2 < 2llballoc E (1)

12(a"Wa, Vi) 2| < lla" 12 I Wa 22 + Vi3, < lla" 1 E@) + Vi 12

[4(bsWa, VO) 2] <2152 E@) + 21 VO3,

4B, Wa, Vi) 2] < 2001 12 IWalI2, + 211 V1112, < 2016512 E () + 201 Vi 1%

14Dy Wa, V) 2| < 21D5 15, E @) + 2[ Vall7.

265 W2, U®) 2| < D515 IWa 72 + MU, < DS E@) + 1U°I13,

126 W2, U) 2] < 1BV E@) + 1UL 112

12005 Wa, Un) 2] < IS E@) + 10212

2(Wa. feo) 2| S UWall3s + [ fexll}2 < E@) + 1l fixll32-

Therefore,

dE(t)
dt

<3IVillz2 +20VO005: 4+ 21Vall. + 1015 + UG + 10205 + | fecll72 (15)
+ max(2lla”oo: Ma. (1 + [163]l00)- 201 D2l oo lla” 120 21157 112,
20165012, 2116512 157 1365 155112 1515 E (1),
From estimates (9), (13), and (14), we get

20VOUZ +20Valga + 1U° N7 + UG + 10217 (16)

t
< c4<||go||§,2 + 181113, +/ [FASIF ds)
0

where C4 > 0 depends linearly on 7, [lall, [16}112., I16511%, 165112, and exponentially on
T, [162llso, 1551100, 16} ||§O, M, ||a” || . It remains to estimate 3|| V; ||iz. Since 9,V = W, we

can write

2 t 2
< 6”/ o, Vi(s)ds
0

t
3Vill;, = 3”/ 3, Vi(s)ds + V;(0) +6[Vi(0)]7, (17)
0 2

L

t 2 t
§6</ ||W2<s)||des> +6||V1<0)||izs6t/ IWa(s)I2, ds + 611 V1 (0)]12,
0 0

t
< 6T/ E(s)ds +6]/gol%,-
0
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Combining (16) with (17), we rewrite (15) as

dE(1)
dt

t t
<6T f E(s)ds+max(6,c4><||go||i,z+||g1||§,.+ / ||f(s>||%,lds)+||fu||iz
0 0

+max(2[la”lloos M2, (1 4 1D5]l00), 21152 lloo, lla” 12, 2115112,
2065112 218512 157112, 165112, 1D512) E (2).

By Lemma 2.1, we conclude that there exists a constant Cs > 0, depending exponen-
tially on 7, [|a" [locs M2, [1D2]loos 1B31l0cs la@” 15, 154125 16511205 116511305 167 112, 1B5 113, and
16511, such that

IWOl7. + W27, < E()

t s
<Cs <E<0) + / max (6, c4><||go||3,2 +llgi I3 + f £, dr)+||f”<s>||iz ds)
0 0
t t
< Csmax(6, Cy) (E(0> + T/ £ ()13, ds +/ I fex (122 ds + T (l1goll,» + ||g1||§,]>>
0 0
t
< Csmax(6, Cy) <E(0) +T /0 £ )32 ds + T (lgoll% + llgs ||§,1))
< Cs max(6, c4><||W°(0>||iz + llalloo | Wi (O)]I72 + I W2(0) 172+
1
Tf IfN32ds + T (lgoll + ||g1||§,1)>
0
1
< Csmax(6, C4)<||go||§,z + llallollgoll?s + llgi . + T / £ ()13, ds
0
+T (lgoll’y + g ||§{1))
t
< Csmax(6,Cq, T, ||a||oo><||go||i,3 +llgil%. + / £ )13, ds)
0

t
=cg<||go||§,3 +lgil3 +/ 1) ds).
0

Note that the constant C} depends linearly on T,2 llalloo 2IIbQ 12, ||b’2||go,2||b§ 2, and expo-
nentially on 7', [|a”|lcos M2, 1b2llocs [1631l00s @ 1205 15711205 16511505 10511205 167 1205 165115,
and ||y ]|%,. Noting that W° = V;, we have that

t
Vi3 < c;(||go||§,3 + llg1l3 +f £ ()13 ds>. (18)
0

2.3 Sobolev Estimates
Bringing everything together, we have proven that if U is a solution of the Cauchy problem
0, U =Ad,U + F,

U(0,x) = (g0, &0» 81",
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then ||U, (1)||3, is bounded by

C3 max(||allo, CaT B3 113, CaT D513, 1, 2T 16 112,)
x (ngoni,z + g1l +/0[ £ (I3, ds)
and
U122 + U201} < cz<||go||§,1 + gl + fo t Lf )12 ds>.
It follows that

t
Uiz, < Ao(”é’o”i,z +llgili +/ QI dS)
0

where A, depends linearly on T, [a ||, [|15] ||go, ||b’2||(2>o, (165 ||§o and exponentially on 7', M;,

la” lloos 1641155 152lloos 1163l co-
Passing now to the system in V we have proven that

t
IVi)li7. < C§<|Igollf,3 +llgil3 +/ £ )2 dS),
0

IVOOIZ, + V20122 < Cymax(l|allco, C2T 1B 112, C2T b5 112, 1, 2T 115} 11%,)

t
x (IIgolli,z + gl +f 1 ()31 dS>,
0

and tllerefore there exists a constant A; > 0, deper;ding linearly on T, ||a||§c, (4 ||§o, ||b/2||§o,
3 /
165112, and exponentially on T, Ma, [la” llsc. la” . 1B2locs 163lo0s 157120 1155112 16512
2 2 2
161205 165125 1153 12, such that

t
U @) 1131 §A1<|lgo||i,3 + gl +/ 1 )1 dS>-
0

This immediately gives the estimates

t
@i < Ak<||80||§1k+2 + g1l +/ I ()1 dS>,
0

k+D@2—k)

for all r € [0,T] and k = —1,0,1, where A; depends linearly on T 2, |a|co,

|6 155FDER ) | EFDER 1 p | D@0 and exponentially on T', Ma, [|a” |, lla” KD,
2 k(k+1 k(k+1 k(k+1 k(k+1 Kk(k+1

D12, IBVIESHD  B2lloos IBSIEEHD, DS IEETD, (1B ]lo, I1D5IIEEHD, 165 155D,

2.4 Conclusion

We have obtained H*-Sobolev estimates for the Cauchy problem (4) for k =0, 1, 2, pro-
vided that a > 0 and a, by, b,, b3 € B®(R). We can obtain existence of the solution via a
standard perturbation argument on the strictly hyperbolic case (see [18] and the proof of
Theorem 2.3) and from the above estimates we can obtain uniqueness. This argument can
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be iterated to obtain Sobolev estimates for every order k. The iteration will involve higher-
order derivatives of the coefficients. More precisely, if we want to estimate the H*-norm
of U(t) then we will derive the coefficients a; up to order k 4 1. We therefore have the
following proposition.

Proposition 2.2 Assume that a > 0 and a, by, by, b3 € B®(R). Then, for all k € Ny there
exists a constant Cy depending on T, M, and the L*°-norms of the derivatives of the coeffi-
cients up to order k + 1 such that

U@ < ck(ugoni,m + 1181 71 + /0 [ 1 &) k0 ds>, (19)
forallt €[0,T].
2.5 Existence and Uniqueness Result
We now prove that the Cauchy problem (4)
32u — a(x)d%u + by (x)d,u + by(x)du + bs(x)u = f(t,x), tel0,T], x eR,

u(0, x) = go,
0u(0, x) = g1,

is well-posed in every Sobolev space and hence in C*°(R). We will use the estimate (19)
which we will re-write in terms of u.

Theorem 2.3 Let a > 0 and a, by, by, by € B*(R). Assume that gy, g1 € C(R) and f €
C([0,T],C*(R)). Then, the Cauchy problem (4) is well-posed in every Sobolev space HF,
with k € Ny, and for all k € Ny there exists a constant Cy, > 0 depending on T, M, and the
L*>-norms of the derivatives of the coefficients up to order k + 1 such that

t
U301 < Ck<||go||’i,k+z + 118111300 + f £ ()11 ds>, (20)
0

forallt €[0,T].
Proof
(i) Existence. Assume that f € C([0, T], C°(R)) and let
P(u) = 3*u — a(x)d2u + by (x)d,u + by (x)d,u + b3 (x)u.
The strictly hyperbolic Cauchy problem

Ps(u) = d}u — (a(x) + 8)du + by (x)dcu + by(x)du + by (x)u = f,
1(0,x) = go(x) € C(R),
9u(0,x) =g (x) e CC(R),

has a unique solution (us)s defined via (Us)s, the corresponding vector. Since, we can
choose the constant

A=A(T, My, la+8llcc, la"lloc, [152]l0s 1D3llsc, 167 lloos D3]l 165 ]10) > O
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independent of § € (0, 1), and the same conclusion holds for the constants Cy in (19) for
all k, by the Ascoli-Arzela Theorem one gets the compactness of the net

Us = (U}, Uy s,Us ) € C([0, T1, H*(R))?

for all k, when gg, g:1(x) € C°(R). Note that the needed estimates on d,U can be ob-
tained directly from the equation. Therefore there exists a convergent subsequence in
(C([0, T], H*(R)))? with limit U e (C ([0, T], H*(R)))? that solves the system

U =Ad,U + BU + F,
U(0, x) = (g0, 8- 81",

in the sense of distributions.
(i1) Uniqueness. The uniqueness of the solution u follows immediately from the estimate
(20). a

As a straightforward consequence we get the following result of C* well-posedness
which is consistent with Oleinik’s result [16]. As we have bounded coefficients, we obtain
global well-posedness instead of local well-posedness.

Corollary 2.4 Let a > 0, a, by, by, b3 € B*(R) and let f € C([0,T],CX(R)). Then the
Cauchy problem (4) is C*°(R) well-posed, i.e., given gy, g1 € C°(R) there exists a unique
solution C*([0, 1], C*(R)) of

3 u —a(x)d2u + by (x)du + by(x)du +by()u = f(t,x), te€[0,T], xR,

u(0, x) = go,
ou(0,x) =g;.

Moreover, the estimate (20) holds for every k € Nj.

Note that one can remove the assumption of compact support on f and the initial data,
by the finite speed of propagation.

3 The Inhomogeneous Wave Equation with Space-Dependent Singular
Coefficients

When dealing with singular coefficients, one can encounter equations that may not have a
meaningful classical distributional solution. This is due to the well-known problem that in
general it is not possible to multiply two arbitrary distributions. To handle this, the notion
of a very weak solution has been introduced in [13]. In [13], the authors were looking for
solutions modelled on Gevrey spaces. However, in this paper we will instead prove Sobolev
well-posedness. This motivates the introduction of very weak solutions of Sobolev type.

3.1 Very Weak Solutions of Sobolev Type
In the sequel, let ¢ be a mollifier (¢ € C°(R"), ¢ > 0 with fgo =1) and let w(¢) a positive
net converging to 0 as ¢ — 0. Let ¢, ) (x) = w(e) "p(x/w(e)). K € R" stands for K is

a compact subset of R”. We are now ready to introduce the concepts of H*-moderate and
HF-negligible nets.
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Definition 3.1
(i) A net (v,), € H*R") O is H*-moderate if there exist N € Ny and ¢ > 0 such that
l[0e QO gk ey < ce™, (21

uniformly in € € (0, 1].
(ii) A net (v,), € H*@®R")®is H*-negligible if for all g € Nj there exists ¢ > 0 such that

llve CO Nl gk ny < e, (22)
uniformly in € € (0, 1].

Since we will only be considering nets of H* functions, we can simply use the ex-
pressions moderate net and negligible net and drop the H*-suffix. Note that Biagioni and
Oberguggenberger introduced in [2] spaces of generalised functions generated by nets in
H>®(R")O! As a consequence, their notion of moderateness and negligibility involves
derivatives of any order.

Analogously, by considering C*([0, T1; H*(R"))®! instead of H*(R")®Y, we formu-
late the following definition.

Definition 3.2

(i) A net (v,), € C*([0, T]; H*@®R™))®1 is moderate if for all / € Ny there exist N € Ny
and ¢ > 0 such that

19 ve (2, )l ey < 8™, (23)
uniformly in € [0, T] and ¢ € (0, 1].
(i) A net (vy), € C*([0, T]; H*(R™"))®1 is negligible if for all / € Ny and ¢ € N, there
exists ¢ > 0 such that
19 e (e, )l gy < ce7, (24)
uniformly in ¢ € [0, T] and ¢ € (0, 1].
In order to introduce the notion of a very weak solution for the Cauchy problem (1),
82 u — a(x)d%u + by (x)d,u + by (X)du + bs(x)u = f(t,x), t€[0,T], x eR,
u(0, x) = go,
0u(0, x) = g1,

where a > 0 and in general all coefficients, initial data and right-hand side are compactly
supported distributions, we need some preliminary work on how to regularise our equa-
tion. We will provide estimates in terms of L>- as well as L>-norm and we will focus on
coefficients and initial data in L (R"), £&'(R") and B®(R").

Proposition 3.3 Let ¢ be a mollifier and w (¢) a positive function converging to 0 as ¢ — 0.

(1) Ifve L®@R"), thenVe € (0, 1), v * ¢, € BX(R") and

Va € Nj, 8% * @ue)lloo < @ (@) llo 8%l
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(ii) Ifve &' (R"), then Ve € (0, 1), v * @u(e) € BX(R") and

Vo € Np, [10% (v 5 Qo)) lloo < @(&) " > " ligglloolld* Pl

|Bl<m

where m € Ny and gg € C.(R") come from the structure of v.
(iii) If v e B®(R"), then Ve € (0, 1), v * @u() € B (R") and

Va € Nj, [10% (v * @oe) lloo < 109Vl

Proof (i) By the properties of convolution,

”aa(l} *(pw(e))“oo - ||U (a w(e))”oo L()(S) “ ”” ( ) ( . ) “
— ES (%} a)(a)

— w(e) | /R o= 5)) (—) d€ 1o

w(e)

=@ N | v(—w(©)2)(@%) (2)dzllw
R?

<o) vllclld*pllL1-

(i) By the structure theorem of compactly supported distributions, there exists m € Ny and
gp € C.(R") such that

1% % Pue)lloo = 1Y 97 8p) * (0 Puie)lloo = | Y (078 % 0" Puie)) oo

[Bl=m [Bl=m

=11 D (@ * 0 PPl < Y 1125 % 9P uie) oo

|Bl=m |Bl<m

<o) TN Jigp x (07 g) (—) loc
|Bl<m o(e)

<0@™ > ligplloo 3Pl

[Bl=m

(iii) Putting the derivatives on v, we get

0% (v @ue)) lloo = 1(3°V) * Purie) lloo < 107 Vlloc | @ere) I 1
= 0%Vl O

By employing Theorem 2.7 in [2] we get the following result of L2-moderateness, where
¢ and w(¢) are defined as above.

Proposition 3.4 Let w € £&'(R"). Then, there exists m € Ny and for B € Njj there exists C > 0
such that,

197 (w s @ue (Dl 2 < Caor(e) P,

where m depends on the structure of w.
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Proof By the structure theorem of compactly supported distributions, there exists m € Ny
and w, € C.(R") such that w = Zlalim 0“w,. For B € Njj, by Young’s inequality we get

197 (W % @y N2 < D Iwall 218 @uellr =D llwall 2 18Pl 1o (e) "+,
|| <m lee|<m

O
Note that if f € C([0, T], £'(R") then the net

(f (. -) * Qoge)) (x)

fulfils moderate estimates with respect to x which are uniform with respect to ¢ € [0, T].
We now have all the needed background to go back to the Cauchy problem (1) and for-
mulate the appropriate notion of very weak solution. We work under the assumptions
that all the coefficients are distributions with compact support with a positive distribution,
f€C(0,T],E(R)) and go, g1 € £'(R). As a first step, by convolution with a mollifier as
in Proposition 3.3, we regularise the Cauchy problem (1) and get

atzus - as(x)afus + bl,s(-x)axus + b2.s(-x)alu£ +b3,£(x)u£ = fs(t’ x)7
ue (0, x) = o, (%), (25)
atus(oy )C) :g|,8(x)7

where t € [0, T], x €R, a; = a * Qu(s), b1,e = D1 * Quo(s)> D2,e = D2 % Pun(e)> D36 = 3 % Qn(e)s

Je@t,x) = f(t,)) *Que)(X), 80.e = 80 * Pur(e) AN 1.2 = &1 * PYp(s)- We also assume that the
regularised nets are real-valued (easily obtained with our choice of mollifiers).
We also impose the Levi condition

bl,a(x)2 =< MZ,gas(x)' (26)

This will guarantee that the regularised Cauchy problem above has a net of smooth solutions

(te)e.

Definition 3.5 The net of solutions u. (¢, x) is a very weak solution of Sobolev order k of
the Cauchy problem (1) if there exist N € Ny and ¢ > 0 such that

—N
lue @, Mar@ <ce™,

forallz € [0,T] and € € (0, 1].

In other words, the Cauchy problem (1) has a very weak solution of order k if there
exist moderate regularisations of coefficients, right-hand side and initial data such that the
corresponding net of solutions (u.), is Sobolev moderate of order k. This definition is in
line with the one introduced in [13] but moderateness is measured in terms of Sobolev
norms rather than C*°-seminorms.

Remark 3.6 Uniqueness of very weak solutions is formulated, as for algebras of generalised
functions, in terms of negligible nets. Namely, we say that the Cauchy Problem (1) is very
weakly well-posed if a very weak solution exists and it is unique modulo negligible nets. We
will discuss this more in details later in the paper.
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3.2 Existence of a Very Weak Solution

In this subsection we want to understand which regularisations entail the existence of a very
weak solution.
By using the transformation,

Us = (Ugoa UIA,sa UZA,S)T = (I/tg, axusa atus)Ta
we can rewrite the above Cauchy problem as
atUs = Asang + BSUS + Fg;

UE(O, X)= (80,87 g(/)’{g’ gl,a)Ta

where
000 0 0 1 0
A=]1001]}, B= 0 0 0 and F=|0
0 ae 0 _b3,s _bl.s _b2.g fs

The symmetriser of the matrix A is

100
Q.=10a0]|,
001

and the energy is defined as follows:
Eo(1) = (Q:Ue, Uo) 2 = U172 + (@:Une, Ure) 2 + | Uzel 72

Note that since both a and ¢, are non-negative we have that a, > 0 and therefore the bound
from below

U217 + 1Unell}2 < E(0)
holds. By arguing as in Sect. 2 we arrive at

dE (1)
dt

= _((QEAS),UES US)LZ + ((QEBE + B: Qs)Ua" US)L2 + Z(QsUsa FS)L2~ (27)

Estimating the right-hand side of (27) requires Glaeser’s inequality. However, since we are
working with nets, we have that

la, (0)* < 2M, .a.(x),

where
My =]l
Hence,
((Q:A)'Ue, Up) 2 =2(a,Ur e, Une) 2 <20l a,Unell 2|1 Uz el 2 (28)

<NaUrell72 + 1U2ell72 <2Mi e (@ U e, Ure) 2 + [Unells2
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<max(2M, ., )E.(¢).
Making use of the Levi condition (26),
bre(x)* < My cac(x),
arguing as in Sect. 2 we obtain

((QSBS + B: Qs)Uss Ue)L2 (29)
=max(Mae, L+ b3 e lloos 1 4 201026 lloos 2 4 201626 lloo + 1D3,6l00) E (2).

Lastly,

2(Q:Ue, Fo) 2 =2(Use, fo) 2 = 21Uz ell2 | fell 22 (30)
< Uzellja + 1 fell2 < Ec@) + 11 fell 2.
Therefore from (28), (29) and (30), we obtain
dE,

< CsEa(t) + ”fs”LZ,
where

Ce = max(le,s + 1 + M2,£7 2Ml,£ + 3 + 2||b2,8||oo + ||b3,a||007 2 + M2,£7 4
+ 2||b2,s ”oo + ||b38||00)

Applying Gronwall’s lemma and using the bound from below for the energy, we obtain
the estimate following estimate

t
U117, < Cs<llgo,e||§,1 +llg1el7s +/ [FAG] dS>, 3D
0

where the constant C, depends linearly on ||a.|l~ and exponentially on 7T, M, ., M, .,
162,60 and ||b3.¢ || oo In particular,

C, =T max(]|a; oo, 1)
(32)

XML Mp ¢ DM 34200, oo+ 153 elloo, 24 Mo, 442052, eloo 163,000 (11t oo 1)

By looking at the estimate above it is natural to formulate three different cases for the
coefficients.

o Case 1: the coefficients a, by, by, b3 € L*°(R) and a(x) > 0 for all x € R.
o Case 2: the coefficients a, by, b», b; € £'(R) and a > 0.
o Case 3: the coefficients a, by, by, b3 € B (R) and a(x) > 0 for all x € R.

The analysis of these cases will require the following parametrised version of Glaeser’s
inequality, that for the sake of completeness, we formulate in R”. We recall that in R”,
Glaeser’s inequality is formulated as follows: If @ € C*(R"), a(x) > 0 for all x € R” and

n
2
Y I9Zalle < My,

i=1
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for some constant M; > 0. Then,
|05,a(0]* < 2Mya(x),
foralli=1,...,nand x € R".
Hence, we immediately obtained its parametrised version for a, = a * @), where ¢ be

a mollifier (¢ € C°(R"), ¢ > 0 with ['¢ = 1) and w(¢) a positive net converging to 0 as
e — 0.

Proposition 3.7

(1) Ifa € L*(R") and a > 0 then
|axiae(x)|2 < 2Ml¢sas(x)s

foralli=1,...,n,x e R" and Ve € (0, 1), where

M=o lalle Y 11070l

i=1
(ii) Ifa € E'(R") and a > 0 then
|05, e (0> < 2M) ca. (x),

foralli=1,...,n,x e R" and Ve € (0, 1), where

Mic=o@E) 7" Y lgglo Y 100l

|Bl=m la|=2

and m € Ny and gg € C.(R") come from the structure of a.
(iii) Ifa € B*(R") and a > 0 then

18, a: (1) * < 2M)a, (x),
foralli=1,...,n,x e R" and Ve € (0, 1), where M, = Z?:l ||8§ia||oo.
In the rest of this section we will analyse the three different cases above and prove the
existence of a very weak solution. In the sequel we say that w(g)~! is a scale of logarithmic

type if w(e)~! < In(e~"). In the different cases below we will precisely state which kind of
net is required to get the desired moderateness estimates for the solution (u,),.

3.3 Case1

We assume that our coefficients a, by, by, b3 € L*°(R) and a(x) > 0 for all x € R. From
Proposition 3.7 (i), My, = @(&) ?[|allec[9*@ll,1 and [|aelloo < llalloos D26 lloo < (152100
[183.¢ oo < I|b3]l0o from Proposition 3.3 (i). The above calculations in combination with (32),

(31) and Proposition 3.4 show that we have proven the following theorem.
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Theorem 3.8 Let us consider the Cauchy problem

82u — a(x)d%u + by (x)d,u + by(x)du + by (X)u = f(t, x),
u(0,x) = go, (33)
3u(0,x) = g1,
where t € [0, T], x € R. Assume the following set of hypotheses (Case 1):

(i) the coefficients a, by, by, bz € L*(R) and a(x) > 0 for all x € R,
(i) feC(0,T],E[R)),
(lll) 80,81 € g,(R)

If we regularise
g = A * Piy(e)s bie=b1*x ¢, by =% @, b3, =b3 x @,
Je=F,)*Qe, 80.e =80 % Pe, 816 = &1 * P,
where w(e)™? is a scale of logarithmic type and the following Levi condition
bie(x)? <In(e™Na, (x),

is fulfilled for € € (0, 1], then the Cauchy problem has a very weak solution of Sobolev order
0.

3.4 Case2

We assume that our coefficients a, by, by, b3 € £'(R) and a > 0. From Proposition 3.7 (ii),
M, =w(e) M > pmy 18a.p oo 10#20]| .1, where m, € Ny and g, 5 € C.(R) come from
the structure of a. Analogously, from Proposition 3.3 (i), |aclleec <
0@ Y g 18apllocll Pl Nbrelle < w(e)™™ Z;;Smbz 186,68 loc 1070l 1,
163.¢llo0 < w(g)™"3 Zﬂﬁmh ll byl |l 8%¢|| ;1. The above calculations in combination with
(32), (31) and Proposition 3.4 show that we have proven the following theorem.

Theorem 3.9 Let us consider the Cauchy problem
2u — a(x)d2u + by (x)d,u + by(x)du + by (x)u = f(t, x),
u(0, x) = go, (34)
du(0,x) = g1,
where t € [0, T], x € R. Assume the following set of hypotheses (Case 2):

(i) the coefficients a, by, by, bz € £'(R) and a > 0,
(i) feC([0,T],&R)),
(iii) go, g1 € E'W).

If we regularise

e =A% Q(e), D1e = b1 % ooy, D2e = Do % Que), D36 = D3 % Qune)s

fszf(t7')*(p57 80,6 = 80 * Ps, 81,6 = 81 * Qs
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where w(e)™" is a scale of logarithmic type, h = max{2 + my, myp,, My, }, and the following
Levi condition

bye(x)* <In(e™"a, (x),

is fulfilled for € € (0, 1], then the Cauchy problem has a very weak solution of Sobolev order
0.

3.5 Case3

We assume that our coefficients a, by, b, b3 € B®(R) and a(x) > 0 for all x € R. This
corresponds to the classical case in Sect. 2.1. In the next proposition we prove that the
classical Levi condition on b; can be transferred on the regularised coefficient b, ,.

Proposition 3.10 Let

2u — a(x)d%u + by (x)d,u + by(x)du + by (x)u = f(t, x),
u(0, x) = go,
du(0,x) = g1,

where a, by, by, by € B®(R) and a > 0. Suppose the Levi condition
bi(x)* < Maa(x),
holds for some M, > 0. Then the Levi condition also holds for b, ., i.e.,
bie(x)* < Maa, (x),
for some constant M,, independent of €.

Proof We begin by writing
2 2

bie(x)* = / bi(x = 8)¢ue(6)dE| = / 1b1(x — &) Yo (e (§)dE

SUPP(Po (c)) SUPP(Pe (e))
2

L
< / M3 a2 (x — £)@u ) (§)dE

SUPP(Pw ()

(35)

< 1 (SUPP(Pue))) / Maa(x — )i (€)2dE

SUpP(@ey (e))

where in the last step we used Holder’s inequality. The right-hand side of (35) can be esti-
mated by

=w(e)CM, / a(x — &) Qo) (£)2dE

SUpP(@ey (e))
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1
=w(e)CM, / a(x—é)ww@)@)@‘p(wi))dg

SUpP(@ey (e))

<CM, f a(x = £)Pue)(E)CdE = Mra * @uye) (x) = Maae(x),

SUPP(Pa(e))
for some constant C > 0 independent of ¢. ]
From Proposition 3.7 (iii), M) = [[8*alle and [laclloo < llalloos I1b2elloc < 1121005

[163.6llc0 < |63l from Proposition 3.3 (iii). The above calculations in combination with
(32), (31), Proposition 3.4 and Proposition 3.10 show that we have proven the following
theorem.

Theorem 3.11 Let us consider the Cauchy problem

82u — a(x)d%u + by (x)d,u + by(X)du + by (X)u = f(t, x),
u(0,x) = go, (36)
0u(0,x) = g1,
where t € [0, T], x € R. Assume the following set of hypotheses (Case 3):

(i) the coefficients a, by, by, bz € B®°(R) and a(x) >0 for all x e R,
(i) feC(0,T], CX(R)),
(iii) go, g1 € C°(R),

and that the Levi condition by (x)*> < M»a(x) holds uniformly in x. If we regularise
g = a * Qg, bl,s = bl * Qe bZ,a = b2 * Qe b3,s = b3 * Qe
Je=f(t, )% Qe 0o = 80 % Per G1e = G1 * Qe

then the Cauchy problem has a very weak solution of Sobolev order 0.

Theorem 3.11 proves the existence of a very weak solution when the equation coefficients
are regular. Now, we want to prove that in this case every very weak solution converges to the
classical solution as & — 0. This result holds independently of the choice of regularisation,
i.e., mollifier and scale.

Theorem 3.12 Let
02U — a(x)d%u + by (x)d,u + by(X)du + bs(x)u = f(t,x), t€[0,T],x R,
u(0, x) = go, (37
0u(0, x) = g1,

where a, by, by, by € B¥(R) and a > 0. We also assume that all the functions involved in the
system are real-valued. Let g and g, belong to C°(R) and f € C([0, T]; C°(R)). Suppose
the Levi condition

bi(x)* < Maa(x)
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holds. Then, every very weak solution (u,), of u converges in C([0, T], L>(R)) as & — 0 to
the unique classical solution of the Cauchy problem (37);

Proof Let u be the classical solution. By definition we have

07U — a(x)d2u + by (x)d, 1 + ba(X) 3, + b3 (x)ii = f(t,x), t€[0,T], xR,
(0, x) = go, (38)
0,40, x) = g1.
By the finite speed of propagation of hyperbolic equations, # is compactly supported with
respect to x. As before, we regularise (37) and by Proposition 3.10, the Levi condition also

holds for the regularised coefficients with a constant independent of €. Hence, there exists a
very weak solution (u.). of u such that

atzua - ae(x)afus + bl,@(x)axua + b2,s(x)atue +b3,s(x)”e = fe(ts X),
tel0, T],x eR,
(39)
“e(os x) = 80,¢»

atus(oy X) = &l.e»

for regularisation of the coefficients via convolution with a mollifier as done throughout the
paper. We can therefore rewrite (38) as

07 — @ (X)07U + by e (X)Ox T + by e (X)3 11 + b3 o (X)i = fo (1, X) + ne(t, X),
(0, x) = go, (40)
8ZE(07‘X:) =481,

where
nx(x) = (f - fF) + ((1 - a&‘)afN_ (bl - bl,s)ax’lz_ (bZ - bZ,g)alg_ (b3 - b3,£)gv

and n, € C([0, T], L>*(R)) and converges to 0 in this space. Note that here we have used
the fact that all the terms defining n, have L2-norm which can be estimated by & uniformly
with respect to ¢ € [0, T]. Hence, ||n.||;2 = O(¢) and n, converge to 0 in C([0, T], L2(R))
as ¢ — 0. From (40) and (39) we obtain that & — u, solves the equation

O —ue) — a ()7 (@ — u,)
+b1s ()03 (1 — 1z) + bo o ()3, (U — ue) + b3,e (X) (U — up) = ne(t, x),
which fulfils the initial conditions
(@ —u.)(0,x) = go — go.e»
(01 — 9ue)(0, x) = g1 — &1.e.

Following the energy estimates Sect. 2.1 and as in the proof of Theorem 3.11, after reduction
to a system, we have an estimate of || — u, ||i2 as in (31), in terms of (& — u,)(0, x),
(8,4 — d,u,)(0, x) and the right-hand side n. (¢, x). In particular, since go — go . and g; — g1
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tends to 0 in the H! and L? norm, respectively as ¢ tends to 0, and noting that the constant
C. in (31) is independent of ¢ in this case, we immediately get

t
& = uell7> < C<||go — ol + g1 —g1ell}2 +/ Ine ()17 dS)-
0

Since n, — 0 in C([0, T], L%(R)) as well, we conclude that u, — % in C([0, T], L*(R)).
Note that our argument is independent of the choice of the regularisation of the coefficients
and the right-hand side. O

Concluding, we have proven the existence of very weak solutions of Sobolev order 0
since in the next sections we will mainly work on L2-norms. However, very weak solutions
of higher Sobolev order can also be obtained with a suitable choice of nets involved in
the regularisation process by following the techniques developed in Sect. 2. In analogy to
Sect. 7 in [3] it is immediate to see from the estimate (31) that perturbing the equation’s
coefficients, right-hand side and initial data with negligible nets leads to a negligible change
in the solution, where with negligible we intend negligible net of Sobolev order 0. So, we
can conclude that our Cauchy problem is very weakly well-posed.

4 Toy Models and Numerical Experiments

The final section of this paper is devoted to a wave equation toy model with discontinuous
space-dependent coefficient. This complements the study initiated in [3] where the equa-
tion’s coefficient was depending on time only. In detail, we consider the Cauchy problem

8,2u(t,x) — 0, (H(x)0,u(t,x)) =0, tel0,T], x eR,
u(0,x) =go(x), x eR, 41
ou(0,x) =g (x), x eR,

where go, g1 € C2°(R) and H is the Heaviside function with jump at x = 0. Classically, we
can solve this Cauchy problem piecewise to obtain the piecewise distributional solution i.
First for x < 0, then for x > 0 and then combining these two solutions together under the
transmission conditions that u, d,1uz, H0,u are continuous across x = 0, as in [10]. Problems
of this type have been investigated in [8] for a jump function between two positive constants.
Here, we work with the Heaviside function which is equal to zero before the jump and then
identically 1.

In the next subsection we describe how the classical piecewise distributional solution
of the Cauchy problem (41) is defined.

4.1 Classical Piecewise Distributional Solution
In the region defined by x < 0, our equation becomes
32u = 0.

Integrating once we get d,u = g;(x). Integrating once more, we get u (¢, x) =g (x)+ go(x).
From this we obtain that 9,u(t, x) = g;(x) and d,u(z, x) = tg}(x) + gy(x). We first do a
transformation into a system

v=w=20u, vo(x)=wp(x)=gx).
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Note that from the equation we get that d,v = d,w = 0 and hence we have that v(z, x) =
w(t,x)=g(x) forx <0.
In the region x > 0, the equation becomes

Pu—d*u=0.
We first do a transformation into a system
v=1(0; — 9 )u, w=(0;+ d)u,
vo(x) = g1(x) — go(x),  wo(x) = g1 (x) + gy(x).

From this we can recover that
1
ou = E(v +w), ou==(w-—v).

Note that the system satisfies
(0, +0,)v=0
@, —3,)w=0
v(0, x) = vo(x), w(0, x) = wy(x).

We therefore have that v(f, x) = vo(x — t) for x >t and w(t, x) = wy(x + t) when
O<x<torx>rt(.e. x>0).

We now compare the values of v and w on both sides of x = 0. We denote by v_, w_
and v, w, the values of v, w for x < 0 and x > 0, respectively. Using the conditions that
the values of u, and u, should not jump across x = 0, we get that

vy +wy=v_+w_(=2v_=2w_)
Wy —Vp = 0
along x = 0. Substituting the value of w, and v_ we get
vt +g1(1) + g (1) =281 (0)
g1(1) + gy (1) — vy =0.
Rearranging with respect to v, we have
v =281(0) — g1(1) — gy (1)
v =gi(t) + go(t).
This gives us the condition
81 (1) + go(t) — £1(0) = 0. (42)

This condition on the initial data can also be found in [1, Sect. 2]. Concluding we get that,

g1(x), for x <0,
v(t,x) = 1281(0) — g1(t —x) — go(t —x), for0<x <t,
vo(x — 1) =g1(x —t) — go(x — 1), for x > ¢,
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and

g1(x), for x <0,
w(t,x) =
gi(x +1)+ gy(x +1), for x > 0.

Using that d,u = “5% we get that

g1(x), forx <O,
L(gy(x +1) — gyt —x))
w(t,x)=1 +3i@@x+0—g@—x)+g(©), for0<x<t, (43)
(g (x +1) — gyx —1))
+ i+ +gi(x — 1), for x > 1.

Note that (43) is continuous on the lines x =0 and x =¢.
Integrating and using the initial conditions, we conclude that the solution of (41) for
tel0,T]is

go(x) +1g1(x), for x <0,
1(go(x +1) — go(t — x))

+ 1 g1 (9)ds + g0(0) + (1 —x)g1(0),  forO<x <t,
Heox +0) +gox =) + 3 [ g1(s)ds, forx > 1.

u(t,x) = (44)

Note that (44) is continuous on the lines x = 0 and x = ¢ and hence u € C'([0, T] x R).
Furthermore we have that u(0, x) = go(x) and 9,u(0, x) = g;(x).

The Cauchy problem (41) can also be studied via the very weak solutions approach. In
the sequel, we prove that every very weak solution obtained after regularisation will recover
the distributional solution # in the limit as ¢ — 0.

4.2 Consistency of the Very Weak Solution Approach with the Classical One

Let
Btzug(t, x) - ax(Hs(x)axus([7 X)) =0, re [0, T),xe R,
ue (0, x) = go(x), x€R, (45)
0 (0, x) = g1(x), x eR,
where H, = H * @) With @,y (x) = @ () "lp(x /w(e)) and ¢ is a mollifier (p € C(R™"),

¢ > 0 with f ¢ = 1). Assume that w(¢) is a positive scale with w(e) — 0 as ¢ — 0 and that
the initial data belong to C°(R).

Theorem 4.1 Every very weak solution of Cauchy problem (41) converges to the piecewise
distributional solution u, as € — 0.

Proof Let (u.). be a very weak solution of the Cauchy problem (41), i.e. a net of solutions
of the Cauchy problem (45) which fulfills moderate L2-estimates. Since the initial data are
compactly supported, from the finite speed of propagation, it is not restrictive to assume that
(u.) vanishes for x outside some compact set K, independently of ¢ € [0, T'] and ¢ € (0, 1].
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By construction we have that u, € C*°([0, T], C°(R)). The rest of the proof is an easy
adaptation of Proposition 6.8 in [10] and for the sake of simplicity it will not be repeated
here. ]

4.3 Numerical Model

We conclude the paper by investigating the previous toy-model numerically. We provide
numerical investigations of more singular toy-models by replacing the Heaviside coefficient
with a delta of Dirac or an homogeneous distribution. Our analysis is aimed to have a better
understanding of the corresponding very weak solutions as ¢ — 0.

4.3.1 Heaviside

We solve the Cauchy problem (41) numerically using the Lax—Friedrichs method [15] after
transforming it to an equivalent first-order system. We consider ¢ € [0, 2], x € [—4, 4], and
compactly supported initial conditions

) —x* = D*x+ DA, ifx] <1,
X)=
g0 0, if x| > 1,

A3 — D*(x + D*+4x*(x — D2+ D 4+ 4x*(x — D*(x + 13, if x| < 1,
gi1(x) = .

0, if x| >1,
satisfying condition (42). For the space and time discretisation, we fix the discretisation
steps Ax = At = 0.0005. For different values of &, we compute the numerical solutions u,
and we compare them with the piecewise distributional solution & obtained in Sect. 4. In
particular, we compute the norm ||u, — i|| 2(_4.4) at ¢ =2 and show that it tends to 0 for
& — 0 as in Theorem 4.1.

We consider the mollifier ¢, (x) = 1 ¢() with

1
L e s
ox) = oaase Vs f <1,

, if x| > 1.

Note that we do not expect that a change in the mollifier will impact our results as we have
shown similarly in [3].

Figure 1 shows the exact solution u and the solutions u, at t =2 for ¢ = 0.1, 0.05, 0.01,
0.005, 0.001, 0.0005 (left), a close-up around x = O (right) and the computed L? error norm
for the various values of ¢ (bottom). We can see that the solutions u, better approach the
exact solution u as ¢ is reduced and that the error norm decreases for ¢ — 0 as expected.

4.3.2 Delta

We now focus on the Cauchy problem (41) where we replace the Heaviside function H,
by a regularised delta distribution §.. We consider the same setting and discretisation as
in the previous test, we compute the numerical solutions u#, and we calculate the norm
lluell 2j—a.4p at £ =0.05 and show that it grows to infinity as ¢ — 0. As a result, u, cannot
have a limit in L?([—4, 4]) since if it did, ||u, | .2((—a.47) Would have to converge.

In Fig. 2 we depict the computed L? norm at + = 0.05 for ¢ = 0.1, 0.05, 0.01, 0.005,
0.001, 0.0005. As expected, this seems to confirm the blow-up of the L? norm in the case of
coefficients as singular as delta.
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Fig.1 Exact solution & and numerical approximations u, for ¢ = 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005 (left);
a close-up around x = 0 (right); norm |jug — ﬁlle([74 4 A= 2 versus ¢ (bottom)

Fig.2 Norm [lugll;2(_4 4} at
t =0.05 versus &

4.3.3 Homogeneous Distributions
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We finally study numerically the Cauchy problem (41) where the coefficient is replaced by
the regularisation of the homogeneous distribution x¢, as defined in [14]

o

X

_ X
T+ 1)
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Fig.3 Norm ”uS”L2([ff‘:4D at 10150 .
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Following [14], we recall that when o =0, x¢ corresponds to the Heaviside function and
when o = —1, x§ corresponds to the delta distribution. As before, we consider the same
setting and discretisation. For different values of o between 0 and —1, we compute the
numerical solutions u, and we calculate the norm |[u,||;2(_4.4;) at ¢ = 0.05 and compare
how it grows compared to the previous cases. In Fig. 3 we depict the computed L? norm at
t =0.05 for ¢ = 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005 and for @ = 0, —0.1, —0.25, —0.5,
—0.75, —0.9, —1. As expected, this seems to confirm a faster blow-up of the L? norm as
o — —1 (¢ = —1 corresponds to the case of delta). Note that for the case « = —1, we have
used the information from the prior analysis in the previous section.
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