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1 Introduction

While the original motivation for the microstate geometry program came from the black-
hole information problem, the study of microstate geometries has led to one of the most
remarkable and well-mapped-out holographic dualities, so much so, that this has become
a major enterprise in its own right. This involves the D1-D5 CFT (or the S-dual F1-NS5
CFT) with momentum excitations, whose dual geometries are known as superstrata and
microstrata. Over the last 15 years, progress has been driven by extensive interplay between
both sides of the holographic dictionary, see [1, 2] and references therein. Matching of VEVs
and correlators in the CFT against the fluxes and two-point functions of the geometries
has been achieved to a startling level of detail. As one might expect, much of this has been
achieved for supersymmetric geometries and CF'T excitations.

From the perspective of the black-hole information problem and for holography, it is
very important to move beyond supersymmetry and construct non-extremal microstate
geometries and map out the CF'T states that they capture. This is a much more difficult
enterprise even when focusing on states that can be described within supergravity. At the
technical level, one has to solve the full non-linear equations of the supergravity and, at
the conceptual level, these states will no longer be “protected” by supersymmetry, and will
be inherently more complicated and potentially unstable. Indeed, one ultimately expects
to see them decay into some analogue of Hawking radiation.

Despite these challenges, there have been two important breakthroughs in the con-
struction of non-supersymmetric microstate geometries. First, there are non-BPS bubbled
geometries [3—6], which are generically far from BPS, and even Schwarzschild-like. These
non-BPS solutions are somewhat similar in spirit to the original bubbled supersymmetric
microstate geometries of [7-9] in that they are supported by multiple topological bubbles.



While extremely interesting, the holographic dictionary for multi-bubbled backgrounds
remains unclear. This paper will focus on, and develop, the second breakthrough: the
construction of “microstrata” [10, 11]. The beauty of this approach is that it builds on the
success of superstrata and the precision holography that maps out the CFT states of the
D1-D5 system to which they are dual.

Since superstrata and microstrata are dual to coherent string excitations of the D1-D5
system, they are fundamentally solutions of IIB supergravity. The D5 is then wrapped on
a T* on which there are no excitations. This means they can be reduced to six-dimensional
supergravity, and this is where most of the work has been done [12-21]. The conformally
invariant vacuum of the D1-D5 background is dual to the global AdS; xS® geometry,
and is mapped under spectral flow to the maximally spinning supertube. The supergrav-
ity excitations that underlie superstrata and microstrata may therefore be considered as
large collective excitations of the six-dimensional supergraviton gas [22]. Their CFT du-
als are multi-trace operators whose elementary single-trace constituents are supergravity

operators.
Within the supergraviton gas, superstrata are the microstate geometries preserving
four supercharges — that will also be referred to as %-BPS — that are generated by

very specific left-moving momentum excitations. The right-moving sector remains in the
ground state, preserving four right-moving supersymmetries. Microstrata are the non-
supersymmetric geometries dual to states that, in the Ramond sector, carry both left-
moving superstrata excitations and right-moving “anti-superstrata” excitations. From the
CFT perspective, the elementary constituents of the multi-particle operator dual to the
geometry are mutually supersymmetric in superstrata, but for microstrata they are not.
However, at least at leading order in perturbation theory, we should be able to interpolate
the holographic dictionary of microstrata from our detailed knowledge of supertubes and
superstrata.

Since we now have a system with coherent left-moving and right-moving open-string
excitations, their collisions should result in copious quantities of closed string modes, and,
in supergravity, this means radiation into the gravity multiplet. Indeed, this should be
how such microstates decay into some analogue of Hawking radiation. However, such
decay means the solution is time dependent, and thus very challenging to construct. To
simplify the problem, we seek time-independent solutions with AdS3 boundary conditions:
this effectively puts the system in a box, and time-independence means that the open string
collisions will be in equilibrium with the radiation they produce. (One can then be more
adventurous and couple the microstratum back to flat space and watch it decay, but this
is for the future.) Even then, the most general microstratum will have fields and a metric
that depend on all five spatial variables. As such, it would seem hopelessly out of reach.
However, there are two huge simplifications that can be made in such a manner that one
still obtains microstrata with extremely interesting physical properties.

If one restricts ones attention to particular families of left-moving and right-moving
excitations, then it turns out that they can be compactified on the S to yield a consistent
truncation as a particular SO(4) gauged supergravity in three dimensions [23, 24]. The cru-
cial aspect of the consistent truncation is that if one solves the three-dimensional theory,



it produces an exact solution of the six-dimensional theory, and hence of IIB supergravity.
All the complexities of the dependence on the S? coordinates are handled by the machinery
of the consistent truncation. The problem is then reduced to the three-dimensional exci-
tations of the AdSs. Indeed, since we seek time-independent solutions, the problem now
only depends on the two spatial coordinates of the AdS3. However, one can now make a
further simplification using the “Q-ball” trick [25].

In three dimensions, all the complicated supergravity fields and interactions reduce to
a metric, some scalars and some vector fields. In essence, the “Q-ball” trick is to allow some
of the scalars to depend on time, 7, through a single phase and a frequency parameter, w,
but do so in such a manner that the phases all cancel in the currents and in the energy-
momentum tensor. To further simplify this we will use the “coiffuring trick” [12, 15, 26, 27]
(a spatial analogue of the “Q-ball” trick) to allow the same scalars to have only certain
specified phase-dependences on the angular coordinate, v, of the AdSs, so that these phases
also cancel in both the currents and the energy-momentum tensor. As a result of this, the
equations of motion can be reduced to a coupled non-linear system of functions that depend
solely upon the radial coordinate, £&. The only residue of the time and angular dependence
come through the frequencies, w, and the angular quantum numbers, n. While there are
quite a number of functions in this system of equations, it was solved in [10, 11] both
numerically and to very high orders in perturbation theory.

There are two technical points that are worth highlighting here. First, because the
three-dimensional supergravity is gauged and descends from string theory, the global sym-
metries are gauged. This means that any single phase dependence can be “gauged away.”
However, this involves a constant shift in the electric and magnetic potentials. The physics
lies in the gauge invariant combinations of frequency and electrostatic potentials and -
mode numbers and magnetostatic potentials. In particular, the supersymmetry breaking
is naively induced by the time dependence of the scalars, but is really the result of making
the gauge-invariant “w + ®” terms limit to values at infinity that are inconsistent with
supersymmetry. In this paper, unlike the earlier ones [10, 11], we will choose a gauge that
removes all space and time dependence but introduces the corresponding constant param-
eters in the electromagnetic potentials. While extremely convenient computationally, this
choice can conceal some of the important physics, as we will discuss in section 5.

Returning to the gauge with explicit time dependences, one finds that to implement
the Q-ball trick in the supergravity potential requires some scalar fields, encoded in a
matrix map, to have exactly twice the frequency of other scalar fields, encoded in a vector
x4.- This “phase-locking” is not a problem, a priori, but it appears that it may be the
source of singularities in the fully back-reacted system. As has been discussed in [10, 11],
the non-linear interactions and supersymmetry breaking of the microstrata result in fields
developing anomalous dimensions, which, in supergravity, means smoothness of the solution
requires frequency shifts away from the normal modes of the supersymmetric system. These
frequency shifts do not have to respect the 2:1 phase-locking required by the Q-ball Ansatz.
Thus there are two options: the Q-ball Ansatz results in singular solutions (plagued by
log-terms at infinity), or the smooth solution requires one to abandon the 2:1 phase-locking.
The latter will then violate the Q-ball Ansatz as there will be new, non-trivial time-



dependences. Simply put: the Q-ball solution can be singular once interactions begin
to enter into the higher orders in perturbation theory, and any possible smooth solutions
will be necessarily time-dependent.

We find two ways to avoid this problem, leading to two families of microstrata, which
we call the a-class and (-class. These names come from the amplitude parameters, «
and [, of the scalars in x4, and m 4p respectively. The §-class is the simplest because the
scalars, x 4, are all set to zero. From the perspective of six, or ten, dimensions, these scalars
describe metric shape modes on the S and, in the S-dual NS5-F1 frame, the solution lives
entirely in the NS sector of IIB supergravity. The resulting microstrata are smooth and
the only restriction on the parameter space is a “CTC bound” on the p-parameters.

The a-class solutions start with y 4 excitations. As noted above, they are phase-locked
to the scalars in map and have twice the mode-numbers of the scalars in x4, but with
arbitrary amplitudes, 8. It was found in [10, 11] that singular log terms started to appear
at third or fourth order in perturbation theory. However, it was shown in [11] that the
log divergences would disappear completely under one of two circumstances: a) if the
solution were supersymmetric, or b) if the supersymmetry was broken but the amplitudes
of the scalars in mp are quadratically locked to the amplitudes of the scalars in y 4. This
constraint on the amplitudes defines what we refer to as the “special locus”. It is only on
this locus that we obtain a family of microstrata with non-trivial left-moving and right-
moving modes for x4 and for which the Q-ball Ansatz (and its 2:1 phase-locking) results
in a completely smooth solution. As with the [-class, there is a “CTC bound” on the
parameters.

One of the purposes of this paper is to examine this special locus much more closely,
classify some of its properties in supergravity, and give some insight into what it means, in
terms of gases of supergraviton states, from the perspective of the dual CFT. We will also
generalize and extend the special locus to other sectors of the theory.

The first papers on microstrata [10, 11] were focused on “proof of concept:” find-
ing simplest example of a microstratum, exploring its phase space and pinning down the
holography as far as possible. This paper has multiple purposes. First, it is to exhibit and
explore a larger multi-parameter space of smooth microstrata that still fall into the Q-ball
Ansatz. We will map out the holographic dictionary on this larger space of microstrata
and exhibit another part of the special locus. We will also describe several new classes of
microstrata and compute the corresponding frequency shifts of their normal modes. As
was seen in [10, 11], these frequency shifts depend non-linearly on the amplitudes of the
excitations, and this is expected to lead to the chaotic spectrum in more typical non-BPS
microstate geometries.

In the language of superstrata, the microstrata of [10, 11] lived in the left-moving
and right-moving (1,0,7n) sector.! The larger families of microstrata that we explore here
involve both the (1,0, n) sector and the (1,1, n) sectors. This doubles the number of param-
eters available, and “doubles” the special locus. Even more significantly, the (1,0,7n) and

These quantum numbers label modes on AdSs and S° that are being excited, and encode precisely
which CFT operators are involved in creating the CFT state.



(1,1,n) sectors are “weakly coupled” to each other, interacting only through the gravita-
tional and electromagnetic sectors. This opens the way to new explorations of microstrata.
Indeed, the really interesting physics of superstrata emerges from “deep geometries” in
which the redshifts in the AdSy throat can be made arbitrarily large. Such superstrata in-
volve “large” values of the parameters and are hard to access perturbatively. Fortunately,
such superstratum solutions can be constructed exactly and analytically. Microstrata are
necessarily constructed perturbatively or numerically, and so microstrata with very high
red-shifts would be hard to access using the single sector employed in [10, 11]. However,
by doubling the sectors and exploiting their indirect coupling to one another, one has a
new route to microstrata at high red-shift: one can construct an exactly-known analytic
superstratum in the (1,1,n) sector and then add supersymmetry-breaking right-moving
microstratum excitations through the (1,0,7n) sector. Indeed, there is a two parameter
family of (1,1, n) superstrata on which one can superpose another one-parameter family of
smooth (special locus) microstrata in the (1,0,n) sector.

Most of the families of microstrata that we construct in this paper can be interpreted
through the framework of “almost-BPS” solutions [28-33]. As with a superstratum, the ma-
jority of the microstrata constructed here only involve left-moving momentum waves. The
supersymmetry is broken ab initio by spinning up the underlying supertube in a manner
incompatible with the supersymmetry of the momentum wave. Thus, as in the almost-
BPS story, these solutions are constructed out of competing BPS elements that possess
mismatched supersymmetries. For some of these solutions we find that these almost-BPS
microstrata have some special properties and some qualitative features in common with
the older almost-BPS solutions.

We begin in section 2 by reviewing the three-dimensional supergravity that results from
the consistent truncation procedure outlined above. In section 2.4, we implement a version
of the Q-ball/coiffuring Ansatz in the combined (1,0,7n) + (1,1,n) sectors of the theory
and arrive at a reduced system that is determined by 19 functions of the radial variable.
Since there is a residual gauge invariance in our reduced system, these 19 functions can
be parametrized in different ways and we describe the two gauge choices that will be used
in this paper. In section 2.5 we review and catalog some of the supersymmetric solutions,
superstrata, that lie within our reduced system, including a new family that comes from
two independent metric and flux deformations of the standard (1,0,n) superstratum. In
section 2.6 we define the “special locus” from the supergravity perspective.

In section 3 we construct a number of different perturbative microstrata. We start by
describing the boundary conditions in detail and how we select such that break supersym-
metry. We then explain our parametrization and construction of the perturbative solutions,
and especially the a- and [-class solutions. The former are more complicated and require
the special locus. We give the a- and -class solutions to third order in perturbation the-
ory and examine the accuracy and convergence by comparing one such solution against
high precision numerics. We conclude the section by doing WKB analysis of non-BPS
perturbations about an arbitrarily deep superstratum solution.

In section 4 we give an overview of the CFT states that are dual to the supergravity
geometries that we will construct. We set out the essential leading-order duality between



the CFT states and the supergravity excitations and outline how one extracts the holo-
graphic CFT data from the asymptotic behavior of the supergravity solution. In section 4.4
we take a quick dive into precision holography so as to obtain one of the central results
of this paper: the relationship between the “special locus” of supergravity and a gas of
multi-particle states in the CFT. Sections 2 and 4 are intended to orient the reader from
the supergravity and CFT perspectives and can be read in either order.

Section 5 contains a deeper exploration of the duality between the CFT and the super-
gravity. We rotate the supergravity solution to the canonical gauges required by holography
and read off the asymptotic charges. We then interpret these in terms of the quantum num-
bers of the CFT and obtain the relationships between the multiplicities, or the number of
copies, of the CF'T states and the supergravity amplitudes. From this we determine how the
energies of the microstratum states vary with these multiplicities. In CFT these yield the
anomalous dimensions of the states, while in supergravity they represent binding energies.

In section 6 we obtain a very high precision numerical solution to one of our [S-class
microstrata. This not only provides an excellent check on our perturbative results but also
allows us to explore microstrata at large parameter values with deep throats and large red-
shifts. We determine the anomalous dimensions, or binding energies, and examine their
limiting behavior as the geometries approach the maximal depth. Our numerical analysis
also shows that solutions with deep throats and large red-shifts do indeed exist and are
readily accessible to numerical exploration.

Section 7 contains our final remarks and a discussion of many future directions in which
one can explore microstrata. There are also three appendices. In appendix A we catalog
some of the geometric properties of the special locus. In appendix B we construct some of
the details of the uplift of our microstrata to six dimensions and in appendix C we give a
list of the equations of motion for the Zs-invariant (-class solutions that are used in some
of our most accurate and extensive numerical analyses.

2 The three-dimensional supergravity

Here we summarize the essential features of the underlying three-dimensional supergravity.
More details may be found in [10, 24]. Our presentation here will be closely parallel to
that of [34], except we will consider a more general truncation.

2.1 The field theory content

We will be working with an extended N =4 gauged supergravity theory in three dimen-
sions. This theory has eight supersymmetries and the spectrum consists of a graviton, four
gravitini, ¢;?, two sets of six vector fields, A{L‘] = —Ail and B/ﬂ‘] = —B;{I , 20 fermions,

7, and 20 scalars parametrized by the coset:

G SO(4,5)
= 50(1) < SO() 21)

The gauge group is an SO(4) x T® subgroup of G and the T gauge invariance is typically

fixed by setting six of the scalars to zero. The associated gauge fields, Bﬁj , can then be



integrated out. The result is an action for the graviton, the gravitini, the fermions, the
SO(4) gauge fields, AﬁJ , and 14 scalars.

Capital Latin indices, I, J, denote the vector representation of SO(4) and we use
small Greek letters, u, v, for spacetime indices. The scalars can be described by the non-
compact generators of a GL(4, R) matrix, P;’, and an SO(4) vector, x;. The theory then
has a remaining gauge symmetry SO(4) C G that acts on the x; and on the left of P;”,
along with a composite, local symmetry SO(4) C H that acts on the fermions and on the
right of P;”. The composite local symmetry is typically fixed by eliminating the compact
generators of P, thereby rendering it symmetric. Indeed, once all this gauge fixing is
done, the scalars are usually parametrized by a manifestly symmetric matrix, myy, and its

inverse, m!:
_ —I\IJ
mpy= PP, wml=(P P (2.2)
The gauge covariant derivatives are defined in terms of the SO(4)-dual vectors:
A‘ul‘] = %GIJKL ANKL, (23)
with minimal couplings
Dy X =0, X1 —2g0 A" Xy (2.4)
In particular, one has:
Dﬂmu:@Lmu—ngfluleKJ—2goﬁuJKm[K . (2.5)
The field strengths are thus
FWIJ _ %EUKL ﬁMVKL _ 8/LAI/IJ _ &/AMIJ — 24 (ANIL AL AMJL AVLI) . (26)

The gauge coupling has dimensions of inverse length, and is related to the charges of the
D1-D5 system via:

1
go = (Q1Q5) 1. (2.7)
We also define the following combinations of fields:
Yurs = x5 Duxs — X1 Duxa Ch = gupe” migmyL FL 2.8)
%JJ —pl,KpL C;i(L = gup P PIK P, L FKL. :
Our conventions for € can be found in appendix A of [35].
2.2 The bosonic action
Following [24], we will use a metric signature? of (+— —). The action may now be written
as [23, 24]:3
L=— %eR—i— éeg“”m” (Duxr) (Dyxs) + %6 eg" (m'™™ D,mg ) (m’F D, mpry)
—5eg" g migmyL F Fisb —eV (2.9)

+ e go (A" 0, 4,1 + 4 g0 AT AT AT + Ly R

2Section 2.7 of [24] discusses how to convert to the mostly positive signature.
3Note that the first reference uses different metric conventions.



The scalar potential is given by:

It is frequently convenient to fix the local SO(4) gauge symmetry by diagonalizing P
in terms of four scalar fields, p;:

P = diag(ef", ef?, e’ elt). (2.11)
The potential then reduces to:

V= %gg o2 (pr+patpstpa) {2 (1- % (XIXI))2 + (€401 4 P2 4 hrs y ohos)
e*PIXT + €2 X3 + e X + P ) (2.12)

(e2PL 4 e2P2 4 2P 4 62’)4)2} )
The supersymmetry leads to a superpotential:

W =} go (det(P)) ™" {2 (1 —i (XAXA)) — (P PT)]

(2.13)
= %go e P1—P2—P3—p4 {2 (1 _ % (XAXA)) _ <€2P1 + e2r2 + e2P3 + 62/)4) } ’
and the potential may be written as
g W
v =gt W OW g s OWOW o o (2.14)

Op; Op; X1 OxJ

The potential has a supersymmetric critical point* for pj = x1 = 0, where V' takes

the value
Vo=—-3g5. (2.15)

Setting all the other fields to zero, the Einstein equations give:
R;w =—4 VO Juv = 2 9(2) Iuv - (2'16)

and the supersymmetric vacuum?® is an AdS; of radius, g; 1. We therefore define

1
Rpqgs = —, (2.17)
390

and we will henceforth use this to set the overall scale of the metric.

4There are also non-supersymmetric flat directions extending from this supersymmetric critical point.
50One should note that because we are using a metric signature (+ — —) the cosmological constant of
AdS is positive, contrary to the more standard and rational choice of signature.



2.3 The metric

The coordinate conventions are inherited from the study of superstrata in six dimensions.
In particular, (u,v) are double null coordinates that are related to the time and circle
coordinates, (t,y), via:

1
u=s—(t—y), v=—(t+y), 2.18
(t—v) NAREL (2.18)
where y is periodically identified as
y=y+2rR,. (2.19)

It is convenient to compactify the radial coordinate, p, of AdSs and use the scale-free
coordinates:

p t V20
f = TS T= 7> 7/) =
Vpr+1 Ry R,
where 0 < £ < 1, 9 inherits the periodicity ¢ = ¥+ 27 from (2.19), and we have introduced

the coordinate o = o + 27, for later convenience.

=7+o0, (2.20)

As noted in [10, 24], the most general three-dimensional metric can then be recast in
the form:

k 2 02
2 0 2 2 2
0F (d¢+ - dw> ~a-er (dg” + &2 dy?) |, (2.21)

9 2
ds3 = Rijqgs

for three arbitrary functions €, 1 and k of the three coordinates, (7, &, ).
Part of metric regularity is to require that there are no closed time-like curves (CTC’s).
In particular, this means that the v-circle must always be space-like, and hence

ER -k > 0. (2.22)

If one returns to the coordinates (¢, p, v), one obtains the more canonical superstratum

metric:
i = 2 [ 8 (ar a2 Dkdo) — 2 (27 2 22 1yan 2.23
53—AdsR§<+ (P+)U>—OPQ+1+RZP(P+)U .- (223)
If one further sets:
2
P
Q=0 =1, k=¢2= 1| 2.24
o ¢ (p?+1) (2.24)
then (2.23) becomes the metric of global AdSs:
2 2 2 2 d02 2 7.2
dSSZRAdS (p +1) dT — m —p dU . (225)



2.4 The generalized microstratum truncation

In order to arrive at solutions that only depend on the radial coordinate, we are going
to impose invariance under 7-translations and -translations. To simplify the Ansatz
even further, we will also impose a Zo symmetry. Specifically, we impose the following
symmetries on the fields:

(i) Translation invariance under: 7 — 7 —«a and ¥ — ¢ — 8

(ii) Reflection invariance under ¢) — —t, 7 — —7, accompanied by a discrete internal
SO(4) rotation, 2 — —2, 4 — —4.

One should note that since we are reducing the fields to the singlet sector of a symmetry
action, the resulting truncation is necessarily consistent with the equations of motion. Our
Ansatz is more general than that used in [34], and, as we will see, it contains single modes
of the “double superstratum” that will be introduced shortly.

First, the invariance under 7- and t-translations means that g, 1 and k, can only
depend on &.

For the fields, x7, these symmetries imply

x1=x1(8), x3=x3(&), x2=x4=0. (2.26)

Following [10, 11, 34], we parametrize these scalars as:

X1=0(08) =y1-n(),  x3=100()=11-8n(). (2.27)

We have introduced v (€),v2(€) so as to handle the branch cuts in these fields at infinity
€=1).

The scalar matrix, m, must take the form:

mq 0 mes 0
m=| 0 me 0 ms) (2.28)
ms 0 ms 0

0 mg 0 my

and the m; can only be functions of &.
The gauge fields, A’/ , are classified as to whether they are even or odd under 2 — —2,
4 — —4: if they are odd, they can only have components along dr or di, and if they are
even then they can only have d¢ components. We therefore have:
1 1

Al? = o [D1(&)dr + Wi (§) dy ], A% = % [®@2(8) dT + Wa (&) dy |,
A% 910 [Ba(6) dr + Uy(€) dy], AN = 910 [®4(&) dr + Wa(&) ], (2.29)
A% = L) ae, A= Loy ae.

90 90

Note that we have introduced explicit factors of g, 150 as to cancel the go’s in the minimal
coupling and thus render the fields and interactions scale independent.

There are residual gauge invariances that allow one to make ¢-dependent U(1) rotations
in both the (1,3) and (2,4) directions. There are two natural ways to fix the gauge:
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Diagonal gauge. Here one fixes the gauge by setting ms = mg = 0 in (2.28). We will
find it useful to parametrize the matrix, P, in this gauge according to

P = diag(e%(“ﬁ)‘l) , e3(m1=A1) , e3 (Hat2) , e%(”r)g)) with m=PPT, (2.30)

as in (2.2). The gauge with diagonal P is more convenient for the analysis of the super-
symmetry. In this gauge, the Ansatz involves the following nineteen arbitrary functions of

one variable, &:
]:E{I/l s Vo, U1, M2, )\1, /\2, @1,...,@4, \1’1,...,\116, Qo, Ql, k‘} (231)

Axial gauge. Here one fixes the residual gauge invariance by setting U5 = Ug = 0
in (2.29). We will find it useful to parametrize the matrix, m, in this gauge according to

el1t+At 0 ms 0
0 et1—M 0 me
m = ms 0 o2z 0 , (2.32)
0 meg 0 eh2—A2

Note that if ms = mg = 0, then this parametrization matches (2.30). As we will see, this
gauge is more convenient for the perturbative solutions to the equations of motion. The
Ansatz now involves the following nineteen arbitrary functions of one variable, &:

F={v, v, p1, p2, A, o, ms, me, @1,..., P4, Uy, ..., Uy, Qo, O, k}. (2.33)

Our goal in this paper is to construct some of the non-BPS solutions to the equations
of motion of the action (2.9) using the nineteen functions of (2.31) or (2.33). Before doing
this, we first review some of the BPS equations.

2.5 A set of BPS equations and BPS solutions

The supersymmetry transformations of the Lagrangian (2.9) were described in detail in [24]
and we will use that as a basis of our discussion here. The resulting BPS equations for
specific truncations were analyzed in [24, 34, 35]. Our goal here is to extend this BPS
analysis to a subsystem of the truncation defined in the previous section. This will make
a valuable reference point for the non-BPS solutions we construct later in this paper.

The BPS analysis starts by deciding which of the supersymmetries are to be preserved,
and a standard way to do this is to use projectors. Indeed, following [24] we will require
that any residual supersymmetries obey:°

(1-721"2)e=0,  (1+420%)e=0, (2.34)

which implies:
(1-1"%) e=0. (2.35)

Indeed, any two of the projectors from (2.34) and (2.35) imply the third.

5The 4* are space-time gamma-matrices, while the I'! are internal SO(4) gamma matrices. The details
may be found in [24].
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We also need to allow phase dependences in the supersymmetries:
de = T2 (n:dr + nyd)) e, (2.36)

for some constants 7, and 7,. Note that this phase dependence is consistent with the
discrete symmetries of section 2.4.

It is important to note that the projectors (2.34) and phase dependences are not
invariant under internal SO(4) rotations, and, in particular, not invariant under the 1 < 3
and 2 <> 4 rotations that remain in our truncation after the symmetries of section 2.4
have been imposed. Thus the projectors and phase dependences that we are imposing are
not the most general possibilities allowed by our truncation, and so we will only derive a
subsystem of all the BPS solutions. This subsystem includes the “double superstrata” and
some generalizations that will be important to our analysis later. A complete BPS analysis
of our truncation requires one to allow &-dependent, 1 <> 3 and 2 < 4 gauge rotations
of (2.34). Such an analysis is technically complicated and takes us far from the non-BPS
focus of this paper. We therefore leave it to future work.

2.5.1 Preserving and breaking supersymmetry through boundary conditions

The BPS equations are a combination of algebraic constraints and first order differential
equations. Moreover, at the boundaries ({ = 0,1) these differential equations can reduce
to further algebraic constraints involving the boundary conditions. Since we are dealing
with a gauged supergravity, the fields and the supersymmetries are minimally coupled, and
so such algebraic constraints will involve the gauge potentials. For example, it was noted
in [35] that the gauge invariant combinations appearing in the covariant derivatives of € at
the boundaries are:

N+ @2(1) = @1(1) and 7y + ¥2(0) — ¥(0). (2.37)

Smoothness combined with the vanishing of the gravitino variation imposes the constraints:

B () @)= -0 and gy W) - W(0) = 5, (239)
where, as we will discuss, the BPS equations require €21 to be a constant. We are going to
impose specific mode numbers for fields by fixing ¥;(0), (or ¥;(1) since these modes are
integer quantized) and thus (2.38) will generically determine 7.

Of more relevance here are the gaugino variations, which relate covariant derivatives of
scalar fields to variations of the superpotential. Since we are working in a gauge in which all
the fields are independent of 7, the 7-derivatives only involve the electrostatic potentials
;. At infinity, (¢ = 1), and for the charged gaugini, the vanishing of the variations
typically imposes relationships between the values of the electric potentials, ®;(1), and
the asymptotic values of the superpotential terms. If there are several charged gaugini,
with different minimal couplings, one will obtain independent constraints and, together
with (2.38), they restrict, or perhaps determine, the ®;(1).

Thus requiring supersymmetry imposes boundary conditions on the ®;(1), and, in
section 3, we will break supersymmetry by violating these conditions.
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2.5.2 The BPS equations

Because the supersymmetry transformations involve the scalar matrix, P, which is the
“square-root” of m, it is simpler to use the diagonal gauge, and work with (2.30).

The BPS equations lead to a set of algebraic constraints and first-order differential
equations. The simplest of the differential equations is ) = 0, and so € is constant. This
reflects the freedom to rescale the time coordinate, 7, and in some of the earlier papers on
three-dimensional superstrata and microstrata [35], 21 was simply set to 1. However, as
was pointed out in [11], this is not the best choice for holography, and so we will keep €y
as an arbitrary constant for now. The algebraic BPS equations then become:

Q Q
=0, D=t By=—e M, By=8=0,
v _sinh(\p) U5 + sinh(\;) Uy o — sinh(\1) U3 + sinh(\g) Uy (2.39)
§sinh()\1 — )\2) ’ {Sinh()\l — )\2)
To write the first order equations, it is convenient to define:
Hy = 8% g Ho Q3 e~ (mth2) — _4 Hy &, ®,
(1-€2)207" ' ’
k .
Then one has the scalar equations:
585/\1 —4 sinh()\l) Fl = 0, 585)\2 +4 Sinh()\g) F2 =0 y
272 sinh(\;)
ety — 2eMFy 1 MEFy 4+ eMFy) Dy =0
0 =2 i+~ gy (@ T et =0, (2.41)
2™ sinh(\g)
Oeira + 2 €2 Fyirg — My 4+ eMFy) i =0;
§0cy + 22 Foly Snh (v — M) (e F3 4 e Fy) i ;
the electromagnetic equations:
§8§F1 + 2 (Fg\I/5 — F4\I/6) + H COSh()\Q) =0,
f@gFg + 2 (F4\115 — Fg\I’ﬁ) - H COSh()\l) =0, (2 42)
E0cF3 — 2 (F W5 — FoWg) =0, '
EO0cFy — 2 (FoVs — F1¥g) =0,
and metric equations:
58591 = 07
k 2 M1 M2 1in2 | #2
£0e ie) o (e cosh(Ar) + €2 cosh(Xo) — (1 — 3(7 + V2))) H=0, (243)

£0clog(H) —4 (7]1/, — cosh(\1) Fy + cosh(A2) Fg) =0.

The phase parameter, 7y, only appears in the last equation and is determined by the
boundary conditions for F}, F» and H.
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There is also an elementary first integral of these equations
H sinh(\;) sinh(\g) = ¢ &M (2.44)

for some constant, cg.
We are going the require that the scalar fields vanish at infinity so that the solution
limits to the supersymmetric AdS vacuum. This means that supersymmetry imposes the

constraints:
Ny =0, P1(1) = 50, Py(1) = —5 0. (2.45)

2.5.3 The double superstratum

The double superstratum was obtained in [19] and recast in three-dimensional supergravity
in [23]. The fundamental scalars that create this solution involve setting

x1+ixz2 =\/1—&2Go((), X3 —ixa =1/1—8Gi(Q), (2.46)

where ¢ = &e™ and Gy and G are any holomorphic functions. The remaining fields are
then determined in terms of the G;.

To fit within the Ansatz of section 2.4, one must first restrict to “single modes,” by
taking Go(¢) = a1¢™ and G1(¢) = «a1("2, for some positive integers nj,ne and some
arbitrary constants «; and as. One must them make a gauge transformation so as to
remove the 1-dependence. This introduces ni and no as constants in ¥; and Wy. One
therefore starts from (2.27) with:

v =ag &M, vy = g £ U1(0) = 1, Uy(0) = —1ns. (2.47)

For convenience, we will also use a gauge transformation so as to make a; and as real. As
in [24], it is easiest to verify the supersymmetries with the projectors (2.34) if one makes
a further SO(4) rotation in the (1, 3) plane so as to obtain:

v =\ Ja?em £ a3em, 1y =0, (248)

This solution has A\; = A2 = 0, and so BPS equations degenerate, however the BPS
solution is given by:

nr =0, ny=131+ni+n2), A =0, A2 =0,
pp=log (1—5(1—=¢&)rf), p2=0, 1/12\/0&%52"14‘04%52"2,7/2:0,
Oy = L2 =L Dy = —Lem Py =D, =0,
qll:%nl_%(m_nz)a%f;”?’

2 ¢2n 2
L B =]
Uy =y ——5\115—5\1/6—;<n1—n2)0‘10‘2§:1+m,

1

(2.49)
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where we have assumed for simplicity ny < ns. The standard single superstratum is
obtained by setting ag = 0 (or a3 = 0 and relabelling).
We note that the CTC bound (2.22) is satisfied if

o2 +al < 4. (2.50)

Indeed, we also note that if the bound is strictly satisfied then the radius of -circle diverges
as (1 —&)7! ~ p?, and the metric is asymptotic to AdSs. If (2.50) is an equality, the radius
of the v-circle limits to ++/n Ry, and the metric is asymptotic to AdSy xS L

An important aspect of the double superstratum is that a non-trivial value of 7, is
essential to its smoothness. Setting 7, = 0 gives no = —(n1 + 1), which produces a smooth
solution if and only if a3 = 0 or ay = 0.

2.5.4 Abelian sphere deformations

The BPS equations can also be used to develop a new set of superstratum solutions based
on a two-parameter family of deformations of the S that is used to obtain the three-
dimensional supergravity from six dimensions. These S* deformations are parametrized
by the scalar matrix, map, and the family is “Abelian” because the only gauge fields we
allow are ®; and ¥;, j = 1,2. We therefore set ¥; =0, j = 3,4,5,6.

The algebraic BPS equations become:

Q
77-,-:0, ‘131:716

Dy =By =0, W3=U,=0Us5=Ws=0.

“H2 Dy = _& e H1,
2 (2.51)

The remaining first order equations are:

§8§A1—4sinh()\1)F1 =0, £8§A2+4sinh(>\2)F2:0, 585V1—26)‘1F1 v1 =0,
£Oevg +2eM2Fhuy =0, £0¢Fy + H cosh(M2) =0, €0:Fy — H cosh(\) =0,

Eag(k)_Q(eulcosh()\l)+e“2cosh()\2)—(1—}1(V%+V22)))H_0'

(1-¢?)

(2.52)
where H is determined via the integral of the motion (2.44). The functions p; and pg are
not fixed by the BPS equations, but are determined by their equations of motion.

This simplified system of BPS equations has two more integrals of the motion:

2

Vi = (M

-1), V22 =C2 (62)\2 —-1), (2.53)

for some constants, ¢; and co. In this sense these BPS solutions are driven by the evolution
of the A;.
To determine the evolution of the A;, note that:

Fi =} €0 log (tanh(3 A1), Fy =~} &0 log (tanh(} X)) (2.54)

The first five BPS equations in (2.52) thus reduce to (2.53) and two coupled, second order
equations in A; and As.
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It turns out that one can actually decouple the system. Define:
o+ = log (tanh(% /\1)) + log (tanh(% )\2)) , = —4co&* (coshoy +cosho ) (2.55)

The the equations for \; reduce to the decoupled system:

£ 0 (5 3€U:|:) = —al =4y 5477’/) sinhoy . (2.56)
Jdot
If ny = 0 then these equations can be integrated trivially, but smoothness at § = 0
generically requires 1, # 0, and these equations are not straightforward to integrate.

To obtain the supersymmetric solutions, one first solves (2.56), and determines the \;
and v; from (2.55) and (2.53). One then determines the Fj from (2.54). The p; have to
be determined from the equations of motion, and this determines the ®; from (2.51). One
can then disentangle the ¥; and €y from the F; and H. One then obtains k from (2.52).
This process is rather similar to the one in [34].

One should note that the solutions described here are not deformations of double
superstrata. This is because generic double superstrata necessarily have non-trivial gauge
fields ®;, ¥; for j = 3,4 (in both diagonal and axial gauge) but here we have set them to
zero. On the other hand, the single superstratum, with vo = 0 (or 1 = 0) has trivial gauge
fields ®;, j = 3,4 and V¥, , j = 3,4, 5,6 and so falls within the Ansatz here. Thus, setting
ca =0 (or ¢; = 0) will lead to a two parameter deformation (described by the A;) of the
single superstratum. This is a new class of superstrata that extend the solutions of [34, 35]
by including an extra deformation of the S3.

There are also interesting families of “3-class” BPS solutions with v1 = 15 = 0 obtained
by setting ¢; = ¢2 = 0. These involve only the scalars of m 45 and correspond to S-duals
of “pure NS sector” solutions of IIB supergravity, generalizing the family of such solutions
obtained in [34]. We will review “pure NS” solution of [34, 35] in section 2.5.6 and make
use of this family of BPS solutions later in this paper.

2.5.5 Some observations about BPS series solutions

It is instructive to examine the series solutions of the equations (2.56) as it further reveals
the crucial role of 1, in smoothness of double superstrata.
Suppose that as & — 0 one has:

\j ~ B €27 (2.57)

The metric function, €y, and the scalars, p; must be finite as £ — 0, and so it follows
from (2.40) and (2.44) that one must take:

Ny = +(n1 +n2+2). (2.58)

Assuming that ny > ns > 0 one then finds series solutions for o4 that take the follow-
ing form:
oy =log (2B182) + (n1 +na)log & + & (o + MmE +...),

2.59
o =log (185 1) + (n1 — n2) log € + €221 (50 45,62 +...). (259)

~16 —



(If ny > ny > 0, the second series starts at £2("1+1) ) These solutions then translate into
regular power series for \; that start with the powers in (2.57).

We conclude by noting that as £ — 1, the metric function, €y, and the scalars, p;
must be finite, and so it follows form (2.40) that one as £ — 1 one has:

H~(1-8672. (2.60)

Comparing this with (2.44), and noting the symmetric relationship between A\; and g, it
follows that, as £ — 1, one has:

Mg~ (1—€). (2.61)

As we will see, this is consistent with the conformal dimension of the operators dual
to the A;.

2.5.6 The “pure NS” superstratum

We conclude this section by summarizing a particular superstratum solution that we will
need in section 3.4.1, where we will construct microstrata by making non-BPS perturbations
of it. This solution corresponds to solving the BPS equations with v1 = 1o = A9 = 0 and
was originally described in [34, 35]. It is a “pure NS” superstratum in that its S-dual in
the NS5-F1 frame only involves fields in the NS sector of the IIB string.

The fact that A2 = 0 means that the integral of the motion (2.44) becomes trivial,
with ¢p = 0, and one must solve the system ab initio, as was done in [34]. This smooth
solution is given by:”

y o (A=AZECMHD) 4 X (@2n +1) €™ (1-€7)

T (1-A282@mAD)) — X (2ng + 1) €2 (1-€2)7
2 )2 (1 _ 52(2711—1-1))

M= =X=m;=mg=0,

e =1 — 2 >‘2 (1 - 52(2711-‘:-1))

ef? =1+

(1 + )\2)(1 — )2 52(2n1+1)) ’ (1 + )\2)(1 — )2 52(2n1+1)) ’
(2.62)
where
f1=2X2(2n1 +1), (2.63)
is an integration constant. The gauge fields are given by:
O 1 k
b= —e Uy, =—[(F ———e 3= T3 =
1 26 ) 1= 2< (£)+(1_§2)6 )> 3 3 07
Q1 _ 1 k
Py = —— — i Py =0, =
2 5 € =3 (G A= > ; 1=V, =0,
1+)\2 (2n1+1) 1+ 52 14+ 62
F@=2<21+D_4%Mmﬂ)1g] GlE) = FO) + -
(2.64)

"Our parametrization of time and normalisations of scalars differ from that of [34, 35]. In particular,
notice the presence of an additional factor of 2 in (2.63), reflecting the same factor in the definition of
A1 = 2#0.

17 -



and the metric functions are:

) _ (1= W) (14 N2 gt

U (14 A2)(1 — A\2£2@m+1))

2)2(1 — 20 +D) W 1y
X (1 - EBDI )\252(2m+1))> (1 — AN (2ny +1)%¢ = )\252(2m+1)>2> ;

f T @mE)a2@RmID (1 N2 (3 - g2CmIN(1 4 %)))
= [1 iy + (14 A2)(1 — A2£2@2m+1))2

} . (2.65)

There are several integration constants arising in the solution of the BPS system, but they
are fixed by smoothness and coordinate re-definitions.
The CTC bound (2.22) is satisfied if

A2 < 1

S Fr i f (2.66)

As before, if the bound is strictly satisfied then the radius of 9-circle diverges as (1—¢&)~! ~
p?, and the metric is asymptotic to AdSs. If (2.66) is an equality, then the radius of the -

circle limits to nl_l\/16nzf + 14n2 + Tny + 1R, and the metric is asymptotic to AdSy xS.

2.6 The “special locus”

The special locus will play an essential role in the construction of smooth non-BPS solutions,
and in section 4 we will discuss its holographic interpretation. Here we will introduce it
through its rather prosaic description in supergravity. This locus was first identified as
having special properties in [10] and its essential role in finding non-BPS solutions was
found in [11]. Further investigation of its properties for supersymmetric theories have been
carried out in [34, 35].

In supergravity, the special locus is defined by a very specific algebraic relationship
between the scalars x 7, the scalars mr; and the Maxwell fields, F; WI 7. On the special locus,
X7 is an eigenvector of myy, and the corresponding eigenvalue, mg, is the only non-trivial
eigenvalue of my;, with

1
mo =1 — 5 XIx1- (2.67)

All other eigenvalues of my; are equal to 1, and thus, it has an SO(3) invariance in the
directions orthogonal to y;. The matrix, myy, encodes the deformations of the S® on which
the parent supergravity theory has been reduced from six to three dimensions. However,
the SO(3) is typically broken by the gauge fields, A{/ .

On the CFT side, mj; corresponds to a matrix of dimension 2 operators and its form
on the special locus implies that many of their VEVs vanish. This results in a very satisfying
picture physically from the field theory perspective - namely the CFT state on the special
locus can be naturally interpreted as a multi-particle operator defined by the standard
OPE product between its single-particle constituents. This will be described in detail in
sections 4.2 and 4.4.
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Furthermore, on the special locus we find that y; is a null vector of the dual field
strengths.
Fu.'""x;=0. (2.68)

We should stress that these are “empirical” properties of the special locus that were
found through the construction of smooth non-BPS solutions. While its meaning in the
CFT is described in sections 4.2 and 4.4, the independent significance of the special locus
in supergravity remains somewhat mysterious.

2.6.1 BPS “special locus”, single sector solution

The special locus also admits a single-sector, BPS solution, given in section 2.8 of [34].
Since it is single-sector, it takes the same form in both diagonal and axial gauges. We
summarize it here, as it will be needed later on:

1 . 8 (21 +1) /64 (21 +1)2 — of 1m+2
eyt et (2n1+1)2—af&m2 48 (2n+1)2 a2 2m(1-€2)
8(2n1 +1)2a3 2™ (1 - €2)

64 (2n1 +1)2 — af £4m+2
£72m (64 (2ny +1)2 — af E4mH2)\
8af (2n1 +1)% (1 —&2) ) ’
m & (8(2n1 +1) —afg?m) §72M (64 (2n1 +1)2 — af ¢AmF2)N
S 2 TR+ (- &) ( B 8aZ(2n; +1)2(1—¢€2) ) ’
Py =By = U3 =y = U5 = ¥ =0,
8(2n1 +1)2a2 2™ (1 — &%) o £ ( C@2m+Defet™( 52)>
64 (2n1 + 1) —af ghm+2 7 M 64(2n; +1)2 — af ¢4m+2 )"

V2:Ov

s u2:A2:m5:m6:0,

H1 = A1 = —2 arctanh [

1
@12591, (I)QZQl<1—

Q=1-
(2.69)

This is the (1,0,n1) sector solution. Exchange of indices 1 <+ 2 produces the solution in
the (1,1, ng) sector.
One can verify that the CTC bound (2.22) becomes

8(2n1 + 1?8 —afe?™)? —dnfafeint? (2.70)
(1-€2) (64 (2n + 12 —afgdm¥z) = |

which is always satisfied for
8(2 1
(4 ny + 1)
Again, if the bound is strictly satisfied then the radius of -circle diverges as (1—&)~1 ~ p?,
and the metric is asymptotic to AdSs. Similarly, if (2.71) is an equality, then the radius of

the 1)-circle limits to \/n1 Ry, and the metric is asymptotic to AdS» x ST
One should note that because there are no fields that are minimally coupled to ®o,

(2.71)

one can shift it by a gauge transformation, and, in the conventions of [35] and [34], this
solution has n, = %Ql and ®2(1) = 0. One can always use a constant gauge to take this
to nr =0 and ®o(1) = —%Ql. See section 2.5.1 for further discussion of this issue.

~19 —



3 Non-BPS solutions

We now turn to the construction of non-BPS states. Our starting point will be the 19
functions (2.33) in the axial gauge of section 2.4. The equations of motion yield 19 second
order ODEs for these functions plus three first-order constraints. The constraints come
from the R, Einstein equation and from the radial components of the Maxwell equations
in the internal (1,3) and (2,4) directions. One can easily verify that these constraints are
simply integrals for combinations of the 19 second-order field equations.

We will show that the system has two classes of smooth “solitonic” solutions, which
we refer to as a-class and (-class. Each solution is defined by a locus with parameters:
(n1,ne, 1,2, (1,C2) where ni,ny € Z are “magnetic quantum numbers,” &1,y are dis-
crete frequencies of normal modes of oscillation and {; and (» are continuous parameters
that determine the magnitudes of various component fields. As one would expect, these
parameters emerge from the choice of boundary conditions that result in smooth solutions,
and so our task will be to isolate the locus of smooth solutions from the plethora of possible
boundary conditions for our 19 fields. There are two steps to achieving this. The first pass
will be to determine as many of the boundary conditions as we can without resorting to
any approximate methods. In particular, this will fix ni,ne € Z. The second pass will
pin down the solution locus exactly using perturbation theory. We will then return to the
possible characterizations of the parameters (1, and (o and finally, in section 5, we will
show how one extracts the energies, @y, @9, from the boundary data.

The simplest class of perturbative solutions is to start with global AdSs, which corre-
sponds to the CFT vacuum (we work in the NS sector,® as explained in section 4), and we
follow the procedure used in [10, 11]. We will subsequently use WKB methods to construct
near-extremal perturbations around a deep supersymmetric microstate geometry. This
uses the two somewhat decoupled (1,0,n1) and (1,1,n2) sectors to great advantage by
setting up the deep supersymmetric solution in one sector and adding non-supersymmetric
perturbations in the other. Finally, in section 6, we will construct numerical solutions to
the full non-linear system of equations in a further-symmetry-restricted subclass and thus
explore a deep non-BPS regime of our theory.

3.1 General boundary conditions

First and foremost, we fix the geometry to be asymptotic to AdSs. This means that the
leading divergences in (2.21) must cancel as £ — 1, and this implies:

~ Q(1)
k()

(1) (3.1)

The metric now has divergences proportional to (1 —&)~! ~ p? that multiply the metric
in the (di,dr)-directions. This describes some, possibly boosted, asymptotically AdS
geometry.

80ne can move from the NS to the R sector by the usual spectral flow trasformation, which acts on the
gauge fields as &1 — &1 + %, Py — Py — %, Uy — Uy + %
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It is convenient to use the coordinate o, defined in (2.20). The components of (2.21)
then satisfy:

Joo + Grr — 2Gor = Q% ) (32)

for all £. The fixed canonical periodicity of o prevents it from being rescaled. On the
other hand, we have not yet fixed the rescaling of the time coordinate, 7 — ¢ 7 (along with
the concomitant rescaling of the electric gauge fields and metric functions).? In previous
work [10], this gauge was fixed by requiring ©;(§ = 1) = 1, however, as was pointed out
n [11], holography suggests a more natural choice. We want the asymptotic geometry to
be sectioned by canonically normalized (cylindrical) Minkowski slices with

ds3 ~ p*(dr* — do?). (3.3)
We therefore fix the scaling of 7 by requiring:

lim 977 = _1. (3.4)
§—1 grr
However, combining this with (3.2), one sees that this condition also removes the p? di-
vergent term in g,,, and so (3.4) sets the asymptotic metric to the unboosted, conically-
normalized, Minkowski-sliced AdS3z with (3.3).
We therefore use the boundary conditions (3.1) and (3.4) throughout this paper.
From (2.21) we see that we can also absorb a scale of )y into the definition of Raqs,
and thus we can, without loss of generality take:'°

Qo(1) =1. (3.5)

In order for the solution to limit to the supersymmetric vacuum at infinity, the scalar
fields must limit to the supersymmetric critical point of the potential. This means that x;
and mjy must vanish at infinity, which in terms of the fields of the ansatz translates to:

V172(1) = O(l) s /1,172(1) = )\1,2(1) = 0, TTZ576(1) =0. (36)

We are, of course, going to require that all the fields in (2.33) are smooth functions of
¢ on the whole interval [0, 1], including at the boundaries. In particular, this imposes some
conditions at the origin. Since we are working with 7 and v independent solutions, the
value at the origin of the potentials ¥; and Wy fixes the “modes,” or “magnetic quantum

numbers,” of our excitations. The other magnetic potentials must limit to 0 at the origin:!!
1 1

\111(0) == 5 ny, \1’2(0) == 5 nyg , \1’3(0) == \IJ4(0) =0. (37)

The periodicity of the 1)-circle and smoothness requires'? that n; € Z.

9P]recisely7 the change of coordinates 7 — c7 leads to the redefinitions 21 — c¢Q1, @12 = c P12, k —
c k.

10The overall scale, Raqs, is fixed by the equations of motion. Since we will actually set Raqs = 9o 1 the
condition ©(1) =1 will then emerge from the equations of motion.

"'We work here in the axial gauge. In the diagonal gauge, one also needs to impose ¥5(0) = ¥g(0) = 0.

12Combining (2.4) and (2.29), one sees that the minimal couplings of the gauge potentials inherit a factor
of 2, and hence all the factors of 1 in (3.7).

- 21 —



Finally, ensuring the regularity of the metric at the origin also requires that g and
Q1 remain finite at £ = 0 and that

k&) =0(%) as £€—0. (3.8)
3.2 Perturbative solutions

To make further progress, we need to employ perturbation theory, and we start with the
global AdSj solution, which has:

QAdS — 17 QAdS — 1’ kAdS —_ €2
AdS AdS AdS _ AdS
vip =0, prz” =0, Al2 mse =0,
AdS 1 AdS AdS 1 AdS
U9° = 5 ny, =0, ¢15° = 5w 2, =0, (3.9)

for some parameters wy 2.

The only regular and normalisable perturbations around this vacuum involve v1 2, A1 2
and my = ms + mg, and can be written in terms of hypergeometric functions whose
parameters are combinations of w; 2 and ny 2. Given that nyo € Z, these hypergeometric
functions can only be smooth for wy o € 27 — 1 for vy 2, or wi 2 € Z for Aj 2. (Smoothness
also excludes finite ranges for wy 2, depending on n; 2.) Here we focus on the solutions with
ni2 > 0 and wy 2 > 0, for which these linearised solutions have the form:

Vg =122 9F (1 —wi2)/2, 12+ (1 +wi2)/2, 1 +n129, &),
Mo = B128"2 9P (—wi2, 2012 +wig, 142019, £2),

B+ gnl—nz 2F1(‘“2§“1,n1 —nNg + w1;w2’ 1+n1— na, 52)7 ny > na,

m4 =
By M2 o Fy (U522 ng —ny — U522 14 ny —ng, €2), np < ng,

m_ = [_ §n1+n2 2F1( — (w1 —i—LUQ)/Q, ny + ng + (wl + wg)/Q, 14+ n1 + no, 62) . (310)

These are smooth for n12 > 0 and wy 2 € 27, — 1 for v 9, or w12 € Z4 for Aq .
Equations (3.10) provide the perturbative beginning of two classes of solutions, which
we will refer to as o and S class in reference to the coefficients in (3.10). Each complete
solution, at non-linear order, will be parametrized by (ni,na,&1,@2,¢1,¢2). The (; repre-
sent the “amplitude” of the solution, subsuming the linearized amplitudes, o and 8. The
magnetic quantum numbers n1, no have already been fixed. At first order, the frequencies
w1, Wy coincide with wy,ws, but the former will be corrected at higher orders in pertur-
bation theory. More precisely, higher orders in perturbation theory, when combined with
the smoothness requirement, will require a modification of the boundary conditions for the
gauge fields, ®;(1), which will be necessary to cancel the non-normalisable contributions to
some of the fields, and for the 3D metric, ©;(1) and k(1) subject to (3.1), which will ensure
a properly normalised time coordinate, according to (3.4). Both type of corrections will
reflect on the physical frequencies, and we will then have to disentangle the w1, &y from all
the perturbatively corrected boundary data. Nevertheless, the frequencies &1, will be
discrete, inheriting this property from the discreteness of the perturbative normal modes.
We write:
W12 = wi,2 + 0wy 2, (3.11)
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where dw; 2 is the correction, for which, in section 5, we will give an expansion in powers of
Ni,2/N using perturbation theory, whereas in section 6, we compute the exact value using
numerics, for a certain subclass of geometries.

The a-class of solutions is defined by turning on one, or both, of v 2 at linear order
(with A\j 2 = 0 at linear order), while the S-class is defined as the solutions in which either
one or both of A\ 2 are switched on at linear order (and vy = 0 at linear order). These
were already investigated in detail in [11] for the (1,0, n) solutions and their features in the
(1,1,n) sector are exactly the same, so we will only briefly go over them below. At linear
order the scalar perturbations, m4 are global SO(4) rotations of the 8-class perturbations.
However, at higher orders, they could lead to new branches of solutions. We choose not to
investigate this here and we will focus entirely on the a- and (-classes of solutions.

The identification of the bulk fields in (3.10) with CFT operators was done in [11] and
the complementary field theory interpretation of this gravitational story is in section 4,
where a more detailed take on it is presented - in particular, the operator map is given
in (4.3). The main difference with the approach in [10, 11] is that here we will, with one
or two exceptions, take'? wi,2 = 1. A generic combination of such fields will break all the
supersymmetry. However, if only one of the fields is turned on, then the result will be
supersymmetric: for w; = 1, the supersymmetry follows from the analysis of section 2.5,
while for wy = 1, the supersymmetry involves a flip in parity in the analysis of section 2.5.
Thus the individual constituents preserve particular supersymmetries, but the combined
excitation preserves none.

One can see this rather directly from the perturbative solutions (3.10). For w;2 = 1,
one has 112 = a1 2£"? and the solutions will, naively seem to become double superstrata
as in (2.47). However there is a critical difference in the boundary conditions on ¥;(0)
in (2.47) and (3.7), and the latter breaks the supersymmetry. If one takes ag = 0, then the
result is a superstratum that can be written in terms of the holomorphic variable, £ [19],
and if oy = 0 the result is a “anti-superstratum” that can be written in terms of the anti-
holomorphic (complex conjugate) variable, £e~™. (These excitations can be related by a
flip in (7, ¥) — —(7, v¢).) However, when both are excited together, there is no way to
write the solution in terms of a single holomorphic coordinate, and so supersymmetry is
broken [19].

There is, however, an interesting exception to this discussion. When ny = ng, a2 # 0
and 1 2 = 0, the resulting solution can be generated via a finite SU(2) g gauge rotation'* of
the single sector superstratum with as = 51 = B2 = 0. Such a rotation is inconsistent with
the projectors (2.34), and so falls outside the analysis of section 2.5. One should note that
the orbit of such global transformations will only access particular corners of the moduli
space of our general solutions and so such supersymmetry may be viewed as “accidental.”
This exception belongs to the alpha class of solutions, presented in section 3.2.2, and we
discuss the details in the paragraph after (4.20).

13This is equivalent to the choice wo = 0 in the notation and conventions of [10], and m = 0 in the
notation of [11].
1 One can think of this solution as holomorphic with respect to a different complex structure.
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As we will discuss in section 4.2, generic values of w lead to microstrata that carry
both left-moving and right-moving momentum waves. However, taking w; = wy = 1 means
that the microstratum is rather special in that it carries purely left-moving momentum.
The supersymmetry breaking then arises from the incompatibility of the supersymmetry
of such a left-moving wave with the supersymmetry of the supertube ground state.

3.2.1 Perturbation theory

To construct the perturbative solutions, we expand each field as:

X(€) = XA+ 3 F oy, (3.12)
k=1

XAdS are given in (3.9). For

where € is a bookkeeping parameter and the expressions for
the alpha class, the exponent, k, at each order is the sum of powers of a; and as. Similarly,
for the beta class, at each order, k equals the sum of the powers of 51 and (B3. As already
mentioned, we will work with wy 2 = 1 and ny 2 are identified with the two sectors (1,0, n1)
and (1,1, ng) respectively.

The equations at each order split in five sub-sectors: 1) the three metric functions Qg ;
and k; 2) the x! scalars v1,2; 3) the myy scalars py 2, A1 2 and ms¢; 4) the four gauge fields
®; 9 and Wq 2; and 5) the other four gauge fields ®34 and W3 4. These are easier to solve

using the redefinitions:

Mt = p1 = o, mt = ms + me, @$’2) = @1 & Py, \IIE’Z) =Wy £+ Uy,
P = s+ 0y, U =0y LU, (3.13)

We implement the regularity and boundary conditions described in section 3.1: we
impose (3.7) on the magnetic gauge fields and require the metric functions to obey
egs. (3.1), (3.4), (3.5) and (3.8). The scalar boundary conditions, (3.6), are imposed as:

/1172,)\172,777,576 = 0(1 — 52), V2= 0(1) as g — 1. (3.14)

This means that the scalars decay at infinity as normalizable perturbations.
At infinity, £ — 1, all the gauge fields are required to approach finite values, which are
fixed by regularity.

3.2.2 The a-class and special locus

Taking «;, i € {1,2}, to be non-zero and setting f12 = 0 in (3.10) at linear order gives
us the alpha class of solutions. It turns out that at second order in perturbation theory it
is necessary to turn on the corresponding A; field in order to have a normalisable solution
to the equations of motion. This is not an independent mode because at fourth order
regularity requires:

B;=——L. (3.15)
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This puts the solution on the special locus' introduced in section 2.6 with all its specific
properties being clearly verifiable within the perturbative expansion. Of course, we can
turn on both alphas at the same time and we get the expected result: A\; and Ay have to be
excited and their amplitudes locked onto a1 and s via (3.15). For the a-class solutions we
may parametrize them by identifying (12 for instance with oy 2. The CFT representation
of the resulting non-BPS state is given in (4.19).

The properties of my; on the special locus (see section 2.6) allow us to easily solve for
the scalar fields in the perturbative expansion. In fact, the perturbative solution suggests
certain relations between some of the scalar fields:

_ 2
11,2(§) = M 2(§) = %bg (1 1 25 V1,2(§>2),
ms() = —2 (1 =) (€ m(E). me(€) =0, (3.16)

with the only non-trivial eigenvalue of the m; given by (2.67). Remarkably, one can check
that these indeed hold in the full non-linear system of equations (on the special locus) by
substituting them in and then reducing the equations to a consistent set. What is more,
the gauge fields, as well as the metric function k(§), satisfy first-order, linear ordinary
differential equations. One can, furthermore, derive a first-order equation for a linear
combination of Q¢(§) and ;(£), in addition to a “Wronskian-like” constraint that relates
the first derivatives of v1(§) and v2(€). The equations are given in appendix A. We have
checked that solutions to this reduced system of equations also verify all the second-order,
non-linear equations of motion. We will make some comments about this in section 3.2.3.
Therefore, we only need to determine v 2, ®;, ¥; and the metric functions 2 ; and &k
on the special locus in order to satisfy the equations of motion. Here we will give the first
three orders of the solution for general n1,ns and provide the 4" order expressions (the
highest we have for arbitrary n; 2) in a Mathematica notebook as ArXiv auxiliary file.

At first order, only the v fields are non-zero:

W = a1 €™, Wiy = an g™,

W@, = W, =Wy, =Wk = 0. (3.17)
At second order v 9 receive vanishing contributions, while all the others are excited:

015 =0,

2(711—712 2

(n1+n2) (n1 +ng +1

5(2)@1:;[—01%4—&%(—14-

CIR——y —52"2(1—52)”,
2(711 — Ny 2

(n1+n2)(n1+n2+1

8

~ | [

5(2)@2:1[_034—&%(—1—1— (n14+n2+2) _52711(1_{2))1’

15Tn our previous papers, [10, 11, 35], (3.15) has 8 in the denominator because of the slightly different
gauge we use there. Specifically, A; here is equivalent to 2 o in the previous works.
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2
5(2)<I>3:ia1 a2§"1+n2<§ (ne+1)  ng )’

n +ne+2 ng+no

1 52 (n1 + 1) ny
6(2)@ - _ ni1+ne ( o )
! gt n+ne+2 np+ng)’

1 1
sy, = — < a% i) s@w, = -3 a% gr2m

a1 g (ng + 1) gratnat2
4(ny +ng+2)

o1 g (ng + 1) gmtmat2

@y, =
’ 0 4(711—}-7124—2)

§Dp, = —

?

1 1 2
5§20 = — S (- €2 (@2 2™ 1 ade?m), 520, = —Z(a% +a3), 6Pk= %(a% +a3).

(3.18)

Then at third order again only the v fields are non-trivial:

a2 n12 14 ny2) &2
5 2T [ - ai2 gme(1—¢%)+2 04371 (52”2’1 ( IR * (2 +nq +)n2 >

L (- n9)? (= &2 4 ng 1 £2721 B(E2, 1, na) + na; log(1 - €2))
na,1 (n1 +n2) (1 4+n1 4+ n2) (2+ ny + no)

2 (ny — ng)? a%ﬁl(m g+ %+ (n1 =) (v + w(o)(n2,1))) 310
* (n1 + 12) (L+ 71 + 112) (2 + 71 + 1) ’ (3:.19)
§3d; = 6O0; = 630, =Bk =0, (3.20)

where ®(z, s, a) is the Lerch transcendent, v is the Euler-Mascheroni constant and (™) (z)
is the polygamma function of order m. The function (°)(z) is also known as the digamma
function.

The solution is smooth. In particular, the log gets cancelled with a log part of the Lerch
transcendent, ®(£2, 1, na1), and the entire expression is a polynomial in &. Moreover, the
coefficients are all rational despite the appearance of ~ and w(o)(z). We see no issues,
in principle, to continuing this to arbitrarily high orders. Indeed, we have obtained the

8™ order for specific values of n; and ny and have encountered no problems.

solution to

In constructing these solutions we find that the asymptotic values at infinity of the
metric coefficient, €21, and the electromagnetic potentials, ®; and W;, get corrected in
terms of a2 at higher orders in perturbation theory. As we will discuss in section 5, this
results in an energy shift of the normal modes away from their AdS values, w2, to new,
lower energies represented by @w; . For this reason, a more physical parametrization of our

new solutions would be to identify (12 with @i 2 — w12 = dwi 2.

3.2.3 Almost-BPS solutions

Before describing more non-BPS solutions to our three-dimensional system, it is worth
stepping back and commenting on the somewhat surprising result summarized above and
in appendix A: some of the fields are algebraically related to others and some of the
equations of motion can be reduced to first-order, linear ordinary differential equations.
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A similar phenomenon has already played a significant role in the construc-
tion of special families of non-BPS solutions in higher dimensions. It was observed
in [28-31, 33, 36-38] that one could construct non-supersymmetric solutions by assembling
“locally supersymmetric components” whose individual supersymmetries are incompatible
with one another and so the solution preserves no supersymmetry when considered glob-
ally. At a computational level, this could be implemented by solving some algebraic and
first-order BPS equations in backgrounds that satisfied incompatible BPS conditions, or
backgrounds that break supersymmetry altogether. For example, one can find non-BPS
solutions by solving BPS equations for electromagnetic fields in a gravitational background
that has non-trivial, supersymmetry-breaking holonomy. The non-trivial result of such an
approach is to show that, despite the mismatched supersymmetry conditions, the back-
ground one creates is still a solution to the complete set of equations of motion.

Thus the construction of such “Almost-BPS solutions” typically involves solving a
combination of algebraic and first-order BPS-like equations and second-order equations
of motion. The results of section 3.2.2 are highly reminiscent of this process, especially
because one or two of the equations in appendix A display a close parallel to some of the
BPS equations.

We will not pursue this issue here, but it would be very interesting to revisit the
Almost-BPS approach in three dimensions and see, to what extent, some of our solutions
might be characterized as being Almost-BPS. Intuitively, the success of the Almost-BPS
procedure requires a “decoupling” between the distinct, but incompatible, supersymmetric
elements. While we do not expect our general non-BPS solutions to behave in such a
manner, the way we broke the supersymmetry by combining incompatible supersymmetric
elements from the (1,0,n1) and (1,1, ng) sectors is very suggestive. It is also possible that
the special locus might be characterized through Almost-BPS behaviour in supergravity.

3.2.4 The §-class solutions

This sector starts, at linear order, with a;2 = 0 in (3.10) and non-zero 3;, i € {1,2}.
There is no need of a special locus, and one finds v192 = 0 at all orders in perturbation
theory. (This is a simple consequence of a discrete parity invariance x; — —xr in the
three-dimensional action.) One also finds that ms g, P34, ¥3 4 vanish to all orders we have
checked. When both ;2 are turned on, the CFT representation of the resulting non-BPS
state is given in (4.21).

As with the a-class, the individual solutions with 81 = 0 or B3 = 0 are separately
supersymmetric, but the combined excitation breaks all the supersymmetry. Unlike the
a-class, there is no accidental supersymmetry for ny = ng: global SO(4) rotations of
a1 = as = B2 = 0 create additional background fields that move outside our Ansatz. We
have computed the perturbative solution for general 312 and n12 up to third order:

SN =4 EM (1-¢%), WA =582 (1-¢%),
§W o = 6Wd; = 6w, = 500y, =Wk = 0. (3.21)
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)

@) 1_62 (142 n2) 52 (142n1)
0 =y 2(1+ 2n2)2 -t 2(1+2n1)2’
50y — gp LU g1 - 2O
2(1+2n4)? 292(142n9)2°
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=
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F4(1—EY)(1+2n91) 1og(1 - 52)]

Bia (1 - €9 €22
12 (1 + 2711,2)2

R

1—1—2712

|

3
—+2na7; 52)

[(1 +2n12)2 €02 4 (1= 8nya (1 +my )2 (HH2m2)

(3.22)

(3.23)

{2 (1= (8n3, +6na1 + 1) 2F1(1, dng; 1+ 4ngy; €)

—&)(1+mp)) €1)

(3.24)

where H, is a harmonic number. We again find a smooth solution, and as for the a-
class, despite appearances, this is a polynomial in £ with rational coefficients. Hence, there
should be no issues, in principle, to continuing this to arbitrarily high orders. As before,
we also have examples for specific values of n; and ng that we have taken to 8" order
with no complications. We can therefore parametrize this class of solution by identifying

G2 with 31 2.
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Like the a-class solutions, the S-class solutions also develop non-trivial perturbative
corrections to the asymptotic values, at infinity, of the metric coefficient, 21, and the
electromagnetic potentials, ®; and W;. This also results in an energy shift of the normal
modes away from their AdS values, w2, to new, lower energies represented by @1 2. Again,
one could also use a more physical parametrization of our new solutions by identifying (i 2
with L:)LQ — W12 = 5&)1’2.

3.3 Perturbation theory comparison with numerical results

To examine the accuracy and convergence of our perturbative solutions, it is invaluable
to compare them to accurate numerical solutions of the full non-linear system of equa-
tions. Here we will make one such comparison, and defer the discussion of our numerical
integration methods to section 6.

We consider a simplified form of the §-class of solutions of section 3.2.4: we impose
an additional Zo symmetry between the two sectors, taking 81 = 82 = 8 and n; = ny = n.
That implies \; = Ag, g1 = pg, 1 = ®3, ¥; = Uy, in addition to all the vanishing
fields already mentioned in section 3.2.4. The reasons for this choice of simplification are
explained in the section on numerics. Importantly, for n # 0 the geometries are still
non-BPS.

It turns out that for small values of 3 the perturbative expansion to third order'¢ gives
remarkably good approximation to the full solution. This can be seen in figure 1, where we
show a comparison for all the relevant fields with 5 ~ %, n=ng=n=1and w; =wy = 1.
Note that the plots show « instead of k, defined via k = £ k. We also include the quantities
Ni/N = N3/N for later reference. They are defined on the CFT side and can be extracted
from the bulk using holographic renormalization, as detailed in section 6.

Figures 2 and 3 are analogues of figure 1, also with ny =ngs =n=1and w; =wy =1,
but with larger values of 8. They are meant to illustrate how the increasing amount of
“non-BPSness” deforms the solution, all the way to the CTC bound, (2.22). The fields
that change the most are ®1, 21 and k. In particular, k increases massively in value at
infinity, as one gets closer to the maximum value of 3, which together with (3.1) and (3.5)
implies that £2; decreases quickly towards 0 as & — 1.

For n = 1, the CTC bound sets a maximum value of § at ~ 2.05, and so while 8 ~ 1/4
is not infinitesimal, it is also not very large and the AdS throat will still be fairly shallow.
Given that we are using only third order perturbation theory, the accuracy is surprisingly
good, except for p1. The latter receives its first non-trivial correction at fourth order!'”
in 3, hence the visible disagreement on our plots. Moreover, at third order 2 is just a
constant, nevertheless, the horizontal scale shows that the fully back-reacted solution is
very close to that value.

Figure 3 displays the closest we have managed to get numerically to the CTC bound
in between all the families of geometries we have explored. Perturbation theory is clearly
not a good guide in this regime. At infinity (£ = 1), s has grown by 5 orders of magnitude

16WWe use the results from section 3.2.4, as we obtain numerical solutions for a few different values of
n1 = na.
"We have checked this for explicit values of n1 = na.
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to O(10°), with ; proportionally small by (3.1) and (3.5). Thus, were we to also show
the perturbative curve for €y, it will make the numerical result appear as identically zero.
Similarly, for ®1, hence we zoom these two graphs on the numerical results for clarity. As
discussed in section 6, the sign of the left-hand side of (2.22) at infinity is dictated by the
sign of )1 there, indicating that we are clearly close to the CTC threshold.

We have similar plots for all the families of geometries we have constructed numerically,
but these are looked at in more detail in section 6. Here we just wanted to give the reader
an indication of the accuracy of the perturbation theory, as well as show that in certain
regimes we have fully back-reacted geometries, providing confidence in our results.

3.4 Perturbation theory around the pure-NS superstrata solutions

In the previous sections, we explored the construction of microstrata using perturbation
theory around the vacuum. However, given that we have analytic solutions for BPS mi-
crostate geometries for any amplitude, it is natural to ask whether one can build new
microstrata as perturbations on top of these BPS geometries.

This kind of analysis is, in general, difficult to achieve because the BPS geometries
are complicated and perturbations theory involves systems of very complicated, coupled
differential equations. However, this work is facilitated in many ways by our ansatz. A first,
trivial reason is that the ansatz reduces the problem to solving equations involving functions
of only one variable. This alone is not sufficient, as the resulting equations can be arbitrarily
complex and highly-coupled. Another simplification comes from a remarkable property of
the ansatz: the near-decoupling of two sets of mutually incompatible, BPS sectors. This
lets one build an analytic BPS solution in one sector, and add supersymmetry-breaking
excitations through the second sector.

The first step is thus to choose the BPS geometry that will be used as a base for the
perturbation. Because it is very simple and already well-studied, it would be tempting
to use the standard single-sector superstratum geometry, found by setting as = 0 in the
double-sector solution (2.49). However, as we have noted, the construction of non-BPS,
a-class solutions require excitations along the special locus. Thus the proper starting
point for such an analysis is the “special locus” solution in (2.69). This can then be used
as a base to construct non-BPS linear excitations of the scalar 15, and using the set of
reduced equations on the special locus in appendix A, one finds that at first order, the
problem reduces to a system of first-order differential equations for the fields vo, @34, U3 4
(see appendix A.1).

It is, however, simpler to use the “pure-NS” solution of section 2.5.6 as a base. Indeed,
at first order in the Bo-perturbation, one finds that only one field receives a contribution: the
scalar Ay. We consider the solution given in section 2.5.6, where we fix 21 by requiring (3.4).
There is still a symmetry that shifts the fields @ and Ws. In accordance with the discussion
in section 2.5.1, we first need to introduce the mode numbers of the Ss-perturbation by
applying shifts to the gauge fields:'®
% + Cps Uy — Wy + %ng . (3.25)
18We first subtract £;/2 from ®, so that the shifted field satisfy ®2(£ = 1) = cg,.

Py — Py —
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where, as will be explained in section 5, holography can be used to unravel the relation
between the constant cy, and the frequency:
(2n1 + 1)ﬂ% w9

= —; 3.26

this relation is valid at first order in S8y but is exact in ;.
At first-order, the problem reduces to solving a single linear differential equation:

£0¢(§0eA2) + Vo(§)A2 =0 (3.27)

where the function Vj is defined in terms of the fields of the “pure-NS” BPS solution of
section 2.5.6. Using the notation introduced in the section 2.5.2,

Vo(€) = 16(F3 + Ho®3) — 4Ho} (efz’“ — e M17H2 ¢osh )\1) ) (3.28)

We wish to find bound states of the scalar A9, where the excitation lives entirely in
the throat of the geometry, and compute the normal modes of these excitations. These
normal modes, once fully back-reacted, translate to shifts in the energy of the microstratum.
Thus, solving the problem defined by the equation (3.27) with suitable boundary conditions
(which will be discussed below) on the scalar Ay, one can have access to the first-order
corrections to the energy of these non-BPS microstates, and, on the CFT side, to the
anomalous dimension of the constituent operators of the microstratum.

3.4.1 The WKB approximation

One cannot solve equation (3.27) exactly, so one has to resort to approximations. We will
use the WKB method, which is well-suited to dispersive or dissipative problems with large
separation of scales: the potential must vary slowly with respect to the oscillations of the
scalar. This method has often been used to compute normal or quasi-normal modes, and
has recently been applied successfully to the computation of the quasi-normal modes of
superstrata in [39, 40]. Here we will review the basics of the approximation. Its application
to the problem at hand will be explained in the next section.

Since the WKB approximation is typically only accurate for large frequencies, we will
have to take wo > 1. In most of the rest of this paper we have taken wo = 1 and so our
results here will probe a different extreme of the microstratum solution space.

The WKB method has been originally developed for equations in the Schrédinger form:

2
T v =o. (3.29)

da?

One can easily transform any second-order linear equation, such as (3.27), into the
Schrédinger form, by making a change of variables of the form

=€), Al = M) f(2(E)), (3.30)

for suitably chosen functions x and A.
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The WKB method consists in approximating the solutions of (3.29) by

Fornla) = Ca V(@) e (2 [ V() ay) (3:31)

where Cy are integration constants. Formal estimations of the quality of this approximation
can be done (see, for example, [41] for a detailed review). For the approximation to be
close to the exact solution, the potential must obey

‘V(w)_3/2V’(az)‘ < 1, (3.32)

which ensures the separation of scales between the oscillations of the solution and the
variation of the potential.

Notice that if V(z) > 0, the solutions (3.31) are exponentially growing or decaying,
while if V(x) < 0, they are oscillating. The solutions break down at the turning points of
the classical motion, that is, when V' (z) = 0. It is also easy to see that the conditions (3.32)
cannot be satisfied in the neighbourhood of the turning points. It does not mean however
that one must give up on using the WKB approximation: one can use a different approx-
imation to construct the solutions in the problematic regions, then match with the WKB
solution at the edges of these domains.

Assuming that the first derivative of the potential does not vanish, one can approximate
the potential around a turning point z, by a linear function V(z) ~ V'(z,)(x — x). The
solutions to the Schrodinger equation for a linear potential are well known and can be
expressed in terms of the Airy functions

fulw) = CLA(V (20 (@ = 2,)) + CoBi(V/ ()@ — ). (3.33)

One can then construct the full solutions to the problem in patches. Away from the
turning points, the solution is well-described by (3.31). Around each turning point, one
uses the solution (3.33). It is then necessary to ensure that the solutions are regular, by
relating the integration constants of neighbouring patches to each other. These conditions
are called connection formulas.

For any matching to be possible, it is of course necessary that the domains of validity
of the solutions (3.31) and (3.33) overlap. This leads to another condition on the slope and
curvature of the potential near the turning points:

V()3 (2,) < 1. (3.34)

3.4.2 Quantization condition

To obtain WKB approximations to Ao, and find the possible frequencies, ws, one starts
by rewriting (3.27) in the Schrédinger form. There are many possible choices for (3.30)
and this choice of variable z(£) can affect the precision of the WKB method as well as the
simplicity of the treatment of boundary conditions. We make the same choice as in [39, 40],
as it makes the boundary conditions relatively simple:

3
z(§) = log<m> =logp. (3.35)
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Figure 4. Shape of the potential for Ao, written in terms of the variable z introduced in (3.35).

The specific curve plotted here corresponds to n; = 2, ny = 4, 51 = 2, and we have chosen to fix
arbitrarily &g = 5.

After this change of variable, the function f defined by

A2 (8) = /1 =& f(=(£)) (3.36)
satisfies the Schrodinger equation (3.29) with potential
1

where Vj was defined in (3.28). This potential depends on several parameters: the initial
BPS superstrata parameters 51,n1, and the mode numbers for the excitation ne, and ws
through cg,. Figure 4 depicts the typical shape of the potential. It has two turning points
noted 1 and w2; it limits to 1 at positive infinity, and to 4n3 at negative infinity.

One can see numerically that the potential satisfies the conditions (3.32) and (3.34)
around each turning point when the frequency of the scalar, ws, is large. In practice, we
find that we ~ O(10—100) is sufficient to obtain a good approximation.

The solutions away from the turning points are given by

V(x )1/4< exp(/ de) +c! exp( /m mdy» , <Xy,
f@)={ (V@) (e exp(z'/ VVidy) + P exp(—if mdy)) 11 <z<32,
V(a:)l/4< T exp(/ de) +c® exp( /j mdy>> , o < X,

(3.38)
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where Cj([] ) are constants of integration. All these constant are of course not independent:

the solution to a second-order differential equation is determined by only two constants.
Looking at the neighbourhood of each turning point, the solution is well described in
terms of Airy functions (3.33), and imposing that the solution is smooth leads to relations
between the integration constants on both sides of the turning point. The details of the
computation can be found in [41], one finds that the connection formulas are given by

1 . .
Cf) = 56”/4053) + e_”/4C’(_1) , Cf) = —sin® CJ(FI) + 2cos© C’(_l) ,
A , (3.39)
c? = %e—”/ﬂtcﬁ) +emio® oW = % cos© O +sine
where

o= /x JIV)ldy. (3.40)

We must now impose the boundary conditions. First, the excitation must be localized
in the throat, and have a finite energy. As a consequence, the growing mode at infinity must
be cancelled Cf’) = 0. Moreover, contrary to excitations over a black hole background, we
must impose a smoothness condition at the origin, as the objective is to construct smooth
microstate geometries. This translates to C’S_l) = (. One integration constant, C'(_l), is not
fixed. This constant is the strength of the perturbation, and must be infinitesimally small
compared to (1.

Combining these boundary conditions with the connection formulas leads to a quanti-

zation condition:
1 [ 1
0=0 <= —/ Vy)|dy =2 —, 2mg €N, 3.41
cos = VIV(y)ldy my g, 2my (3.41)

where mg has been introduced so as to match the conventions of (4.24). This equation has
to be understood as an implicit quantization condition for the frequency @s, which in turn
determines the first-order correction to the energy of the microstratum. We are working
in an approximation that is valid in the limit mo > 1.

3.4.3 Normal modes of )\

We first look at a simple application of the quantization condition: set the background
to be empty AdS by putting the amplitude of the superstratum to zero, $; = 0. The
perturbation theory around this background has been studied in section 3.2.4, we know
that the frequencies @y = w9 of the normal modes of Ao must be positive integers. If we
additionally impose ny = 0, the integral in (3.41) can be computed explicitly, and one finds:

1 1 /72 1 1 1 1
9 St dy = Jw2 =~ — = ~wp— = — —— ... 42
ms+ w/m IV@lldy = s =5 =5 ~en—5 -5+ (3.42)

From that relation and the quantization condition, we find that 2ms = ws — 1, and that
the error of the WKB approximation is of order 1/(16msy).

Returning to the general case, 81 # 0, we can now solve (3.41) numerically, and find
the quantization conditions on @ws. For the purposes of the numerics, we choose as an
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Figure 5. The ratio between the shift in the frequency dws and 1 4+ ws, as a function of 3y, for
n1 = 2, ng = 4, and for several values of wy. Up to the precision of the WKB approximation, the
curves superimpose.

example n; = 2, ng = 4. We are mostly interested in the limit where the geometry develop
a very long throat, mimicking the geometry of a black hole. This is obtained when
dn1+2 10

vang +1 _?

The value 6%0) also corresponds to the CTC bound: all the geometries with 57 > B%O) have
closed timelike curves at the boundary.

B — B = (3.43)

Figure 5 shows the evolution of

5(4}2 :@2—(02
wa+1  wy+1

(3.44)

as a function of Sy, for different values of ws. We first note that dws < 0, which, as we will
see in section 4, is expected from the fact that this quantity is interpreted in the CFT as
a binding energy. We also note that w‘i“fl seems to be independent of ws.
At the CTC bound, the WKB results suggest that Wy — —1. This can be understood

without resorting to the WKB approximation: the potential V' of the scalar field Ao un-

dergoes a transition when @ — —1, that is visible on figure 6. Indeed, when @y > —1, and
sufficiently close to the CTC bound, there is always a region where the potential is nega-
tive, it is therefore possible to form a bound state. That is no longer true when @wo = —1,
because the potential reduces to

Viz)=1+——
(@) =1+ (14 e2®)
41+ 2n0) (1 + 20y — 2np — 2e2w)>

1 — (1 + e-20)—(2m+1) (L)Q

1
5 ((3 +4ny — 2ny)(1 + 4n; — 2ng — 4e2?)
(3.45)

4dn1+2
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Figure 6. The potential V' of the scalar Az, close to the CTC bound, f; = 5%0) — 1073, and with
n1 = 2,no = 4. To the left, a typical plot of the potential when the parameter @s is chosen very
close but above the limit —1, here at &y = —1 4 3 x 1073, It is possible to form bound states in
this range of parameters. To the right, at @y = —1, the potential is everywhere positive, there is
no bound state.

which is everywhere positive. We will come back to lower bounds on @, in section 4.2.3
after discussing the CF'T interpretation of the dual states and then in section 6.2 as part
of our numerical analysis.

In the perturbative regime, we can make a further check on these numerical results,
by comparing them to the perturbative solution around the vacuum. Indeed, the terms
proportional to 32 and (7 in the shift dwy can be accessed by the perturbation theory
around the vacuum: we can reproduce the computations of section 3.2.4, that were done
for wy = 1, for different values of we. The general analysis is complicated, but we can
restrict ourselves to the case ny = 2, ng = 4.

The main interest of the WKB approximation is that its results are valid for finite
values of (1, while the perturbation theory is only giving access to expansions around
the vacuum. Nevertheless, we can check the validity of the WKB approximation in the
perturbative regime using perturbation theory. It can also teach us about the perturbation
theory in the regime wy > 1, that is hard to attain with perturbatively.

Figure 7 shows the agreement between the WKB results and the perturbation theory:
we plot simultaneously the values of dws computed using the WKB method, and its per-
turbative expression'? at order 2. In table 1, we compare the exact coefficient of order 37
appearing in dws from perturbation theory, with the ones obtained by fitting a polynomial
in B1 through the WKB results: we see that the error is reduced when wy is large.

We can also extract perturbative information from the WKB results. For example, on
figure 5, we have seen that the quantity dws/(1 + ws) is independent of wy. By fitting the
results obtained at large wo and for ny = 2,ny = 4 with a quadratic function, we find

Swy =~ —0.0843(1 +w2)B7+ ... . (3.46)

This coefficient, along with the functional dependence of dws in wsy, constitute predictions
that a more advanced perturbative expansion, in which ws is kept free, could check.

19This computation is detailed in a few examples in section 5.
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wy | From WKB | From vacuum perturbation theory
1| —0173513 5 017143
. 35 ~~ .
14844427
—0.5202 - ~ —0.51901
5 0.520276 58601650 0.5190
102879754
—0.8624 —— =~ —0.861
9 0.862479 119409675 0.86157
154958717
1 —1.20262 ——— =~ —1.20191
3 026 128927388 019
2066874954282
17 —1.54174 —————— =~ —1.54116
1341119288509

Table 1. Comparison between the computations of the frequency shift from the WKB analysis,
and from the perturbation theory around the vacuum, for a few values of wy. The numbers shown
correspond to the term proportional to 37 in the expansion of dws.
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I T A Y N A 14 Ao
RIIE I a o T oA %5 RRR
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* e hc .
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T 5w,

m=2n,=4 * Y m=2n,=4
Wy =1 A WKB ----- Pert ™ wy =1 A WKB ----- Pert
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w, =9 WK8 Pert \*Q 8 wy =9 WKB

Wy =13: & WKB ----- Pert wy, =13: & wks

Wy =17: % WkB ----- Pert wy =17: % wks

B B

Figure 7. The shift in the frequency, dws, as a function of g, for several values of wo. The points
are the numerical results from the WKB approximation, while the dashed lines are the perturbative
results, exact up to order $7. The left figure is a zoom of the right figure in the perturbative region.
Despite the smallness of the values for wy, the WKB approximation is accurate.

4 The CFT interpretation

The three-dimensional supergravity that underlies our work can be embedded in Type
IIB string theory compactified on a 4-dimensional Calabi-Yau M times a circle S'. The
four-dimensional compact space will play no role in our analysis and can be taken to be
either T* or K3. The remaining six-dimensional space-time has AdS3 x S3 asymptotics and
thus our solutions are holographically dual to states of the D1-D5 CFT. In this section we
review the operator content of this CFT and describe the heavy states that are dual to
the geometries discussed in this work. As we will see it is sometimes convenient to refer
to the CFT free locus, where the theory reduces to the orbifold MY /Sy (N = nins is
the product of the numbers of D1 and D5 branes and Sy is the permutation group). The
characterisation in terms of orbifold is useful because the elementary constituents of our
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heavy states, even the non-BPS ones, are by themselves BPS and thus are expected to be
stable across the moduli space of the CFT. Convenient observables to compare the gravity
and the CFT free locus pictures are the expectation values of chiral primary operators in
the states dual to the geometries: when the states are supersymmetric, these expectation
values do not depend on the moduli. We will adopt the common nomenclature and refer
to these expectation values as vacuum expectation values (VEV), but it should be kept in
mind that they are not computed in the NS vacuum but in non-trivial states; equivalently
these VEVs can be thought as 3-point correlators and they will be the focus of section 4.4.

4.1 Supergravity operators of the D1-D5 CFT

The six-dimensional supergravity obtained by compactifying type IIB on M contains a
gravity multiplet, o, and N; tensor multiplets, s with Ny =5 or 21 if M =T* or K3.
The scalar chiral primary operators (CPO) of the D1-D5 CFT are dual to the S3-harmonics

of these fields, and are denoted respectively as o, and sgf ), they have conformal dimension

(h, ﬁ) = (%, %), with n a positive integer starting from 1 for the tensor fields sglf), and from
2 for the gravity fields o,,.

The three-dimensional truncation we use does not allow all these operators to have
freely tunable VEVs: only the operators dual to the fields that admit homogeneous and
normalisable solutions of the three-dimensional supergravity equations can take arbitrary
expectation values. This does not imply that the other operators necessarily have vanishing
VEVs, but these VEVs will be determined in terms of the freely tunable ones by the non-
linearity of the three-dimensional supergravity equations. Thus only a subset of the D1-D5
states can fit in our truncation. However, as we have seen, this subset is large enough to
encompass non-trivial non-BPS states, including non-supersymmetric deformations of BPS
states with long AdSs throats.

For the restricted U(1)? truncation considered in [10, 23], the possible homogeneous
deformations and the dual operators where identified in [11]. In that restricted truncation,
only two fields, ;1 and A1, have normalisable homogeneous modes. The dual of v; is the
component of spin (%, 1) of one of the tensor multiplet CPOs,? 557). At the orbifold locus,
557) is described by a bilinear of free fermions (see for instance [43, 44] for a summary of
the orbifold CFT construction) that we schematically indicate as

11 (r)
2,2> +o, (4.1)

N

11
55_7)(272) ~ Z

r=1

where the sum is over the N copies of the sigma-model on M and the dots stand for
possible corrections where the elementary fields act on different copies.?’ Analogously, we
denote by Oél’l) the state of spin (1,1) dual to A1, which is a linear combination of the
(1,1) components of the operators 326 and os:

Oél’l) = \/5556)(1’1) — 0'51’1) ~ Z 1, 1>(T1T2T3) 4+ ... (4.2)

20For the supergravity fields, we follow the notation of [42] and references therein, which is motivated by

the analysis of the six-dimensional supergravity sketched in appendix B.
*'Tn the K3 case such corrections are absent for the low dimension field in (4.1), while for the dimension
2 states in (4.2) they are spelled out explicitly in [42].
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In the orbifold CFT picture, 556)(1’1) and 051,1) are two orthogonal linear combinations
of the supersymmetric twist field of order 3 and of an operator that is quadrilinear in
the elementary fermions. The state in (4.2) is such that the single-trace terms with four
fermions cancels. Thus, the leading term on the right-hand side of (4.2) is build by gluing
three copies and the sum is over the possible 3-cycles (rirars).

The more general truncation we use in this paper contains a larger set of homogeneous
modes, including also the fields v, Ao and ms 4+ mg, in addition to v; and A;. The states
dual to these new modes are different spin components of the states introduced above.
Indeed SO(4) rotations, dual to the SU(2)z, x SU(2)r R-symmetry of the CFT, permute
the fields v, and v, and the fields A\, ms & mg and Ao. The full holographic map?? is
summarised below:

11 1 _1
vy — 8§7)(272) , vy — 557)(2’ 2) , (4.3a)
MOS8 msme —» OV ms —mg— 08 A= 08TV (4.3D)

where as before the superscript (j, j) denotes the spin of each operator with respect to the
R-symmetry group SU(2)z, x SU(2)g.

4.2 Heavy states

The states described above are “light”, having a conformal dimension that does not scale
with the CFT central charge ¢ = 6/N. We will also refer to such light operators as single-
particle (or single-trace) operators, as they are dual to elementary supergravity fields.
Supergravity solutions like the ones described in section 2, that are large deformations of
AdS3 x S3, are dual to “heavy” states whose conformal dimension grows like ¢ in the large
central charge limit.

Heavy states can be realised as multi-particle (or multi-trace) operators made by a
large (of order ¢) number of single-trace constituents. For supersymmetric states, a precise
characterisation of the multi-particle operators dual to the supergravity solutions can be
given in the language of the M /Sy orbifold sigma model [45-48]. We first introduce the
basic formalism for a simple geometry, the single two-charge superstratum corresponding
to the solution of section 2.5.3 with ag = 0 and n; = 0, and then generalise to three-charge
and non-BPS solutions.

4.2.1 Two-charge states

The single superstratum geometry depends on one continuous parameter o and, at linear
order in a1, the only field excited is v; which, as we have seen, is dual to the state in (4.1).
This indicates that the heavy state dual to the geometry for finite values of oy is a multi-

particle state made by many copies of a basic constituent of spin (%, %) that we indicate

*The map depends on the choice of phase for the fields: for example the state |1, —1) turns into |— 3, 1)
if one conjugates the field v2. The map given here corresponds to the choice of phase used in the non-BPS
solutions of this article.
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11

as |3,3). A more precise definition is given by the following coherent-like state [45-47]

Mo v (|1 1\ o L2\ 12
— — N— . - - !
)= AL AL p<’2,2>>*(\o>) P with Al_\/N2,A0_\/N< _4> ,

p=0
(4.4)
where [0) is the NS-sector?® vacuum and (|3, 3))} denotes a multi-particle state made by p
%, %>, which will be more explicitly defined below. In the large N limit,
the sum over p in (4.4) is peaked over the average value

copies of the state |

af _

5— A2 = N
b 1 4

Nip. (4.5)
This can be checked by calculating the norm of the summands in the state (4.4), see for
instance [48]. For many purposes it suffices to approximate the sum with its average:

11\ N A}
|a1>~<‘2,2>> with Wl:—l' (4.6)

the precise form of the state (4.4) is however needed to compute expectation values of

operators that mix the constituents |, 1) and |0) in the heavy state.
11
202
must recall a few basic facts about the orbifold MY /Sy. All operators must be invariant

A crucial point for us is the definition of the product (‘ >)p and, for this purpose, we
E3

under the exchange of the copies of the sigma-model on each M: a simple way to achieve
this for the heavy state is to define each term in (4.4) as

1 1\\” 11\ 1\ 1\
oY) = S O e O 47
(23).= 2 F2) [52) ) (o
r1#r2./.Tp
so that any of the N copies is either occupied by one CPO \%, %>(T) or by the vacuum.

Another approach, more natural at a generic point in the CE'T moduli space, is to consider
the (non-singular) OPE product of p single-particle operators

1 1\\? 11 11
(’2,2>> = lim s{” 22 (zy) 722 () 10). (4.8)

z;i—0

This is not the definition of the multi-particle operator in (4.7): to obtain the latter one

11

must remove the copies where more than one operator |3, 1)(") acts simultaneously and

202
also the multi-trace corrections mentioned in (4.1). For example for N = p = 2 we have
11\ 1 1\ 1\ @
e =2|-, = =, = 4.9
<’2’2>>* ‘2’2> 2’2> ’ (4.9)

Z3We represent the states in the NS sector in this article. Of course an alternative representation can be
given by spectrally flowing to the R sector. As far as one works with asymptotically AdS solutions the two
representations are equivalent, but one should keep in mind that only the R-sector states can be extended
to asymptotically-flat solutions.
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(7)

while the definition through the OPE limit yields extra terms where two operators s’ act
on the same copy
11

1 1\\?_ 1 1\W
Q2’2>) =2 2’2> 272
The fact that the superstratum geometry is dual to the state (4.4) with the definition (4.7)
has been confirmed by several precision-holography checks [42, 48-50], where the difference

)
> + 11, 1Y 10)® 4+ |0y D1, 1)) (4.10)

between (4.7) and (4.8) plays a crucial role.

This raises a very interesting question: what is the gravity dual of a heavy state defined
in terms of the multi-particle excitations (4.8) that is more natural from the OPE point
of view. As discussed in section 3, in the three-dimensional truncation there is a family
of supersymmetric solutions parametrised by the two parameters oy, 31: at one extreme is
the geometry with 81 = 0, whose dual is the state ;) in (4.4); at the other extreme is the
so-called “special-locus” solution, with 5 = —%%, that exhibits a remarkable simplicity
and, in particular, its scalar matrix m has a single non-trivial eigenvalue and thus it enjoys
an SO(3) symmetry. As we will explain in section 4.4, this structure of the matrix m is

naturally explained by assuming that the state dual to the “special-locus” geometry has

the leading order form?*
N
L1\ N1 203
~ (== ith — = 4.11
o~ (|53) WY =g (411)
where the multi-particle (|3, 3))* is defined as in (4.8). This identification of the holo-

graphic dual of the special locus is one of the central results of this paper.
The precise form of the state |a1)s;., analogous to (4.4), has not yet been determined,
but it is important to keep in mind that (4.11) represents only the leading order term of
202
is spread around the average value Np; these terms are relevant when computing generic

the state and, like in (4.4), the actual state also contains terms with (‘ L 1>)p, where p

1-point functions of CPOs in the state |ag)g..

4.2.2 Three-charge states

It is straightforward to generalise the CFT description of the states to the 3-charge BPS
geometries and then to the non-BPS solutions constructed in the previous section. For
simplicity, and since it will be sufficient for the scope of this paper, we will only give the
leading order form of the state, in the spirit of (4.6) and (4.11). Adding the momentum
charge n amounts to replacing the CPO |1, 1) by its descendant L™, |3, 1). Thus the three-

272 272
charge superstratum, (2.49) with as = 0, and the special locus, (2.69), solutions are dual to
N 2
~ (L=, = th —=— 4.12
|O[1,n> ( —1 272>>* w1 N 4 Y ( a‘)

N-
11 1 N 2(2 1)a?
>> with — = (2n + 1oy

~ Ln — — - @@ v -

(4.12b)

241t is easier to derive the relation between the supergravity parameter a; and N; by looking at 3-charge
case (4.12) and (4.12b), where it is possible to use (4.27) to match the momentum of the gravity solution
with that of the corresponding CFT state. The 2-charge result is obtained simply by setting n; = 0.
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respectively, and the multi-particle operators are defined as in (4.7) and (4.8). One also
has the “pure NS” superstratum of section 2.5.6, which depends on the single parameter
p1 associated with the CPO defined in (4.2). We thus expect the heavy state dual to the
pure NS superstratum to be of the form

Ny (2ng + 1)1

~ (L2701, 1) with — = :
Brma) ~ (LYIL )T with 5 4(2ny +1)2 + 7

(4.13)

We conjecture that the multi-particle constituents appearing in this state are defined as
in (4.8). For instance, for n; = 0 the coherent-like sum (4.4) should run over the states

p
(L) = lim o8 (z1) ... 0% (2,) 10) . (4.14)

This is to be contrasted with the geometries defined through the Lunin-Mathur profile [47]
which involve linear combinations between single and multi-trace operator that are different
from the one needed to define Oél’l), see [42, 49]. We do not present, however, any direct
check of this conjecture, since this would require computing the VEVs of dimension-four
CPOs, a task that is unfeasible with our current holographic tools.

It is interesting to compare the CFT identification of the states in (4.12) and (4.13)
with the CTC bounds, (2.50), (2.66) and (2.71), derived from the dual geometries. One

can see that for the “a-class” solutions (4.12) the maximum value of % allowed by the

bound is N
Wl = 1 (a—class) , (4.15)
and for the “[-class” (4.13)
Ny 1
— == —class) . 4.1
N lmax 2 (6 ¢ aSS) ( 6)

In two-dimensional theories with an N > 2 superconformal algebra the “stringy exclusion
principle” of [51, 52] bounds the conformal dimension of operators: for chiral primary
operators with h = j the bound is

h=j<-=N, (4.17)

(=28 e

which applies to both the left-moving and the right-moving sectors of the CFT. It is
immediate to see from (4.12) and (4.13) that the stringy exclusion bound implies

N 2 «a—class,
M ow owith w={" ° (4.18)
N 1 [—class.

The supergravity solutions given in section 2 thus cover only half the allowed range of
conformal dimensions, for both the a- and the (- class of supersymmetric states. One
wonders what are the supergravity duals of the remaining half of the allowed states. These
are easily derived from the solutions of section 2 by the following chain of transformations:
i) start from the solutions of section 2 written in the NS sector, which have 0 < jyg < %;
ii) flow to the R-sector, obtaining states with —% < jr < 0; iii) flip the sign of all the gauge
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fields, ®&; — —®;, ¥; — —WV,, thus reversing the sign of the angular momenta: 0 < jr < %;
iv) flowing back to the NS sector gives states with % < jns < N, which provide precisely
the missing half of the states.

We would also like to point out a qualitative difference between the solutions with the
maximum value of N7 allowed by the supergravity CTC bound of section 2, for the (1,0,n)
superstratum, (4.12a), and for the special locus or the purely NS superstratum, (4.12b)
and (4.13). Due to the definition of the “starred” multi-particle operator, (4.7), when
Ny = N the (1,0,n) superstratum state (4.12a) is made by N identical strands of type
‘%, %> this is reflected by the vanishing of the VEV of the operator 357), which, as we will
see in (4.36), goes to zero when o = 4 < Ny = N. By contrast, in the special locus
state, the operator SY) is allowed to act once or twice on each strand, and thus even when
N1 = N the state contains strands of different type — some in the vacuum, some in the
state |3, 3) and some in the state J©;|0) ~ (357)(%’%))2]0% as a consequence the VEV of
357), computed in (4.44), does not vanish when o = 8 <& N; = N. A similar phenomenon
is expected to hold for the purely NS superstratum with Ny = %: this could be verified by
looking at the VEV of Oél’l).

The non-BPS microstates we construct in this paper are obtained by starting from one
of the BPS solutions described in section 2.5 and adding single-particle constituents that
do not preserve the same supercharges of the original constituents. Hence, though each
single-particle component is by itself BPS, and as such it is dual to a certain supergravity

mode, the supersymmetry of the full state is broken by the non-trivial interaction between
11
272
different supercharges on the right sector but the same on the left sector, and thus a multi-

the mutually non-BPS constituents. For example the states |1,1) and |1, —3) preserve

particle state containing both states is still BPS; to break the remaining supersymmetries

one can excite the left sector by acting, for instance, with some power of the Virasoro
generator L_1. One is thus led to consider the state?

11 N1 1 1 N>
-z ™|z = 4.1
9’ 2>> ( -1 2’ 2>) ) ( 9)

where the relation between the microscopic quantities, Ny, Ny, and the macroscopic ones,

|Oé1, 2, Ny, 7’L2> ~ (Lil

a1, a9, should have the general form
N 2(2ng + 1)a?
N 8(2n1 +1) +a?

Ny 2(2ng + 1)a3
N 8(2n2+1)+ a2

+ O(a%a%) , + O(a%ag) : (4.20)

we will provide a derivation of the first non-trivial correction terms of order O(a?, a3) in the
next section. While the state |aq, g, n1,n2) is non-BPS for generic values of ny and ng, it is

%In the Ramond sector, the CPOs, such as |%, %), are mapped to ground states, while the super-
descendants become states with a non-trivial momentum: for instance |%, —%) is mapped to a state with an
extra J_, insertion. Thus it is clear that in the Ramond sector the state (4.19) carries both left-moving and
right-moving momentum due to the L_; and j__1 insertions respectively. Note also that, while the OPE
between the states |%, %) and |%, 7%) is now singular, the multi-particle state is defined by keeping only the
leading regular term of the OPE. In the OPE between mutually non-BPS states, such as the constituents
in (4.19), there are generically no regular terms and the multi-particle state relevant for our supergravity
solutions appears in the singular term ~ €%%12, where € is the distance between the two colliding operators
and dui2 should match the supergravity result (5.9) in the strong coupling regime of the CFT.
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BPS for n; = ng, since it can be obtained by acting with a finite SU(2) g rotation generated
by jo_ on the supersymmetric state |ag,n1)s;. (this follows from jo_|%, 3) =13, —3) and
(Jo)¥3,%) = 0 for k > 1). It is important to clarify why, in (4.19), we have used the
multi-particle definition (4.8) rather than the one in (4.7). Both options lead to perfectly
acceptable heavy states which should have a dual representation in supergravity. It is
however a non-trivial outcome of the supergravity analysis of section 3.2.2 that only the
state in (4.19), which is a non-BPS deformation of the special locus geometry, fits in the
Q-ball Ansatz. A rough explanation of this finding rests on two facts: first, the Q-ball
Ansatz requires the phase associated with the A; mode to be exactly twice the one of the
v1 mode (and the same for A2 and o) and, second, the scalar matrix of the special locus
geometry enjoys an SO(3) symmetry. This symmetry, as we will explain in section 4.4,
implies that the VEVs of all dimension two operators vanish and thus it guarantees that
the supergravity fields satisfy the particular relations needed for this vanishing. Hence, it
is somehow this symmetry that protects the ratio of the phases of the scalar modes against
the non-BPS corrections and locks it to the value required by the Q-ball Ansatz.
Analogously one can consider the “pure NS” non-BPS state

1 B, )~ (L2 1) (B2, 1) (421
where
N 2 1 N- 2 1
P vowsy, - BB Lomm. )

This state is non-BPS for the same reason explained before (4.19) but, contrary to the
state |aq, a9, n1,mn2), it remains non-BPS even for n; = ng # 0. Indeed, since j0_|1, 1) =
11,0) and (J;)?|1,1) = |1, —1), acting with a finite rotation generated by .J; on the BPS
state |f1,n1) produces both copies of type |1,0) and |1,—1) and does not yield the state
|81, B2, 1, ).

4.2.3 Frequencies and momentum excitations

The major part of this paper will be concerned with the CFT states (4.19) and (4.21), and
their geometric duals. These states have purely left-moving momentum excitations and are
obtained by choosing the perturbative frequencies to be w; = wo = 1.

More generally, it follows from the results of [11] that the perturbative states of

1IN T\
2 2>) (L—21+ 2L—12 27_2>> ’ (423)

should be identified with the a-class solutions for w; = 2m;+1 and wy = 2mgy+1. Similarly,
the perturbative states of the form:

the form:

(Lnl +m1 Lmll

N:
(L (111+m1 L2m1|1 1>> 1(L (1le+m2 L2m2|1 _1>) 27 (4.24)

should be identified with the -class solutions for w; = 2m; + 1 and we = 2mo + 1. Most
of our results will focus on m; = mg = 0, but it is sometimes straightforward to generalize
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to different values of m;, as we have done in section 3.4, and will do in section 6.2. In the
WKB analysis of section 3.4.3, we considered the state (4.24) with ny =2, ng =4, m; =0
and mo > 1. The right moving dimension of such a state is h =N + woNo, where we
already included the effect of the interactions between the mutually non-BPS constituents
since we used w9 at the place of wy. In the regime N > No, which applies directly to the
WKB analysis, h is always positive.

4.3 The holographic charges

We start by briefly reviewing the relevant holographic formulas (following [11, 46]) needed
to extract the angular momenta, J%, J% and the conformal dimensions, h, h, from the
geometry. To compute these quantities one only needs the three-dimensional Einstein
metric ds3 (2.21) and the gauge fields A7 (2.29). We will replace our radial coordinate,
¢, with the more usual AdS3 radial coordinate z. The coordinates z#* = {7,0} on the
boundary, where 7 coincides with the coordinate used in (2.20) up to a rescaling, while the
normalisation of o cannot be changed since we need to preserve the periodicity 2w. The
relation between £ and z is chosen in such a way that the three-dimensional metric (2.21)
has the asymptotic form as z — 0 [53, 54]

—ds% _ dz2 —dr? ;i—da2

2 + gl(fy)dx“dx” +0(2%). (4.25)

The z (or &) component of the gauge fields should vanish at z = 0 (£ = 1) and the
asymptotic values of the 7 and ¢ components are denoted by <I>Z(-OO , g (i =1,2,3,4).

7
In terms of these asymptotic values, the SU(2); x SU(2)g angular momenta J¢, J% (a =

3,+) are

N o0 oo [e.e] oo N o0 o0 oo o0
7= = (@ + o 1203 4 0f)) gt = (05 + o) 4 2005 + 0()),
(4.26a)
- N x N
3 _ (00) . (00) + (00) . (00)
J=—7 (o1 — o), Tr=7 (25 — o). (4.26b)
The values of the left and right conformal dimensions, h and h, are computed from
N (J3)2 4+ JTJ~
_ (2) (2) (2) v
h=> (1492 + 2612 +g2)) + ¥ : (4.272)
- N (J3)2 4+ JHJ-
- (2) _ 9,2 (2) wJ e v
h = 4 (1 + 9r7 2gTU + gaa) + N . (427b)

Note that the formulas (4.26) assume the gauge given in (2.29), but the result in any other
gauge follows simply by transforming (4.26) under the appropriate SO(4) rotation. Under
a generic transformation U the matrix of the gauge fields, A, transforms as

~ ~ 1
A UAU + §czuu—l . (4.28)
In particular, for a block-diagonal phase rotation of the form

Uu; 0 . cos 51’ —sin 51’ .
. (0 ng) with U (Sin@ cos d; ) an i THOY (4.29)
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the angular momenta transform as

N .
TP P (O] 05 12067 +8y)), JE o SO,
N - (4.30)
J3 N J3 + Z((SI o 55)’ J:I: N J:i:ezl:z(él—ég) )

One should recall that in section 2.4 we imposed a gauge choice that made all our
fields independent of 7 and v and encoding the mode numbers into the electromagnetic
potentials. The gauge transformations defined by (4.28) and (4.29) will undo our original
gauge choice and make some of the scalars depend explicitly on 7 and . Since this gauge
transformation is based on holographic identification of states, we will view the resulting
mode numbers and frequencies of the fields as being the “physical quantities.” In particular,
this will lead to the physical frequencies, @;, of the fields.

4.4 Precision holography tests for supersymmetric states

In this section we provide some explicit checks supporting the identification between the su-
pergravity solutions discussed in section 3 and the heavy states introduced in the section 4.2.
In order to have a precise, quantitative check, we focus on protected physical observables,
such as discrete quantum numbers and supersymmetric 3-point correlators [55]. In partic-
ular for the 3-point correlators we follow the approach initiated by [45-47]: we extract the
expectation values of the BPS operators dual to single particle states from the asymptotic
expansion of the supergravity solutions at the AdS boundary and then match these results
against those obtained in the CFT description. The main goal of this section is to show how
the different definitions of the multi-particle heavy states are reflected in the corresponding
supergravity solutions, thus providing support for our proposed identification.

In section 4.4.1 we focus on the solutions that can be studied in the gauged-fixed
approach summarised in appendix D of [42], which requires to write the geometry as a
fibration over a 4D base metric in the coordinate system where it is explicitly the flat
Euclidean space (see [C.1] of [42]). This is always possible in the two-charge case (n; =
n = 0), while for the three-charge solutions (with n; = n # 0) it has to be checked on a
case by case basis.?® For instance, the gauged-fixed approach can be used for the three-
charge superstratum of section 2.5.3, but not for the special locus solution of section 2.6.
However it is possible to see the main feature we wish to highlight, and one of the primary
results of this paper, already in the two-charge case: the special locus constraint 5, = —aé
is directly related to the standard definition of multi-particle states (4.8). In contrast,
the more familiar solutions with 5; = 0 are dual to the states such as (4.4) and (4.12a)
as discussed in [15, 47]. This information is derived from the expectation values of the
operators of dimension 2 [42, 49]. Of course the expectation values of dimension 2 operators
are related to subleading terms at the AdS boundary with respect to the contributions
relevant for dimension 1 operators and so one needs to perform a careful analysis of the
relevant supergravity solutions.

26In this section we focus on single-mode configurations, so we set az and ns to zero when relevant.
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In section 4.4.2 we show that this pattern holds also for the geometries with ny # 0
where again the VEVs of BPS operators are protected thanks to the fact that a chiral part of
the supersymmetry is preserved. However, for the three-charge special locus solution (2.69)
we cannot use the gauged-fixed approach and we need to revert to the full gauge-invariant
discussion of [46, 47]. So we will briefly review the main ingredients needed to calculate the
expectation values of the operators of dimension 1 and 2 in a gauged invariant way. The
main result is that, in direct contrast to the standard superstratum geometry (2.49), for
the special locus geometry (2.69) all operators of dimension 2 have a vanishing expectation
value for any choice of ny. This is consistent with the dual state (4.11) since these vanishing
expectation values are proportional to extremal 3-point correlators or equivalently 2-point
correlators between a single and a double-particle state. These quantities are known to be
sensitive to the mixing between multi-particle operators [56] and they vanish when using
the natural holographic dictionary [57, 58] derived from the standard OPE product (4.8).
This is to be contrasted with what happens for the state (4.4), where one can use the free
orbifold description to check that there are non-zero expectation values for operators of
dimensions 2. Thanks to the non-renormalisation properties of these observables [55], we
can match the CFT results with those obtained from the solution with 8; = 0 and check
that there is a non-trivial agreement as done in [42, 49]. Thus the solutions with 8; = 0
and 1 = —%% are dual to (4.12a) and (4.12b) respectively for any value of n showing
that the dressing with the L” insertions that carry momentum do not alter the relation
between the two products (4.8) and (4.7) and the two extreme values of ;. For non-BPS
heavy states, such as (4.19) and (4.21), these expectation values are not protected and so
we cannot perform the same quantitative analysis, but we expect the same pattern to hold
as the heavy states are still constructed in the same way as the BPS states but just with
different momentum carrying excitations.

4.4.1 A gauged fixed approach to the holographic VEV

In this section we use [D.2] and [D.4] of [42] to read the holographic expectation values.
We start from the six-dimensional uplift of appendix B and use, for instance, [C.1] of [42]
to read the functions Z; 24. Note that to compare with solutions of [42] we need to work
in the Ramond sector. From the scalars parametrised as in (B.1) and (B.13) we have

(x%+24), P=sizy—72=Dnz2.

Zy B Q1X Zl_VQ_Ql
Qs

7~ """ 50

(4.31)
Looking now at the six-dimensional Einstein metric dsZ (B.9), we should rewrite it in the
form of [C.1] of [42]. In order to apply the gauged-fixed approach of that reference, we first
need to fix the constant 21 and perform an appropriate gauge transformation (4.29) on the
three-dimensional gauge fields so as to reproduce the values expected for the CFT in the
Ramond sector. Then we should choose coordinates such that the four-dimensional metric
in [C.1] takes the explicitly flat form dp* + p? (d6* + sin? Odp? + cos? 0dp3), where the
relation between £ and p is given in (2.20). In general this requires a change of coordinates
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that we can derive perturbatively around the AdS boundary

QAAZ‘ A é7Ai 'éaAi
H f"(’@)Jr...), 6—>9+7f9(2(p)+..., ¢j—>¢j+7f¢]( 2)

(4.32)
where the dots stand for subleading terms in the large p expansion.
We start with the configuration (2.49) for ag = ng = 0. In order to satisfy (3.4) we
need to perform a rescaling of 7 which amounts to choosing

2
O =1-20 (4.33)
4
while to reproduce the Ramond-sector angular momenta from (4.26) we need to perform
the SO(4) rotation (4.29) with parameters?”
ST=0, /=ny, 6¥=-1. (4.34)

)

Finally, the required change of variables (4.32) is:

oz% A 1 AL 1 Ot% .
o= \[1- 2L 10,60 = S0 +2c0s20) folg0) = — (1 O sin(20).

(4.35)
while f,. = 0. This change of coordinates becomes singular when a? = 4, which is exactly
the CTC bound (2.50) (remember, we have set ag = 0).

For the %—BPS solution with n; = 0, this analysis was first performed in [47] where the
dual interpretation in terms of the state (4.4) was also introduced. For this geometry, we see
that Zs does not depend on the S® coordinates. Using (B.8), and the explicit expressions
in (2.49), in the equations above, one can expand % in spherical harmonics®® and read

(7)

from (D.4) of [42] the leading order result for the expectation value of the operator s;"’:

wmﬁp_m.c _Q)f“ _of
(89 >—\/§%I_)Hi py/1—¢ =7 1 1 (4.36)

Moving to the harmonics of order 2, one can check that the operator O, has vanishing
expectation value in the solution defined by (2.49). The only components that can be
potentially non-trivial are (+1,+1), but there is a cancellation between the two terms
in (4.2) that are separately non-zero

6)(+1,+1 1 (x1,41 1 of o3 +1,41
sé ) ):%Ué ) _ 2\/§Zl (1_41> = <O§ )>:0_ (4.37)
Then the orthogonal combination
Céil’il) — \/go_éﬂ:l,:tl) + Sgﬁ)(:tl,:tl) (4.38)

2"In the Neveu-Schwarz sector we have 5§b = 0 and the potentials ¥; » vanish at £ = 0.
28We also follow [42] for the conventions of the spherical harmonics, see their appendix A.
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has a non-trivial expectation value in the heavy state dual to (2.49):

2 2
CELEDy M (g 9T 4.39
(o8 = 2 (1-5 (1.39)

Now consider the %—BPS version of the “special locus” solution discussed in sec-
tion 2.6.1. In order to satisfy (3.4), we have to use the freedom to rescale 7 so to fix

Q7 as
203 (2n1 + 1)

O =1--"L=2T
! 8+ 16n; +a?

(4.40)

The SO(4) gauge transformation needed to obtain the Ramond-sector angular momenta is

a? +4(a? —4)ny — 8
2 (a? + 1611 + 8)

8] =0, 05 = , V=0, ¥=-1. (4.41)
For the “special locus” solution with n; # 0, the four-dimensional base metric is not
flat, and thus the change of coordinates (4.32) that was used above for the superstratum
geometry in (2.49) cannot be defined; however one can use the asymptotic expansion (4.25)
to define the holographic radial coordinate p = 1/z

1
8(2n1 + 1) + af 2
D = . 4.42
Pl G <8(2n1+1)—(4n1+1)a§ (442)

This change of coordinates becomes singular when the supergravity solution develops CTC,
since the denominator in (4.42) vanishes when the equality in (2.71) is satisfied.

For the rest of this section we focus on the i—BPS “special locus” geometry given
in (2.69) with ny = 0, which fits in the general ansatz of [C.1] of [42] with a flat four-
dimensional base metric, so we can apply the gauge fixed approach spelled out there.

Then (4.42) reads
8 +a? |
p— p (4.43)
8 —a?

and the expectation value for the operator (4.1) now reads

(7)(£3,21) 442
= . 4.44
(s1 ) =3 7 (4.44)

Moving to the harmonics of order 2, one can start again from [D.4] of [42] and evaluate the
second equation in (4.31). The surprise is that it does not depend on the S* coordinates
and so the expectation value of sg6) vanishes for the i—BPS “special-locus” solution. The
analysis of the expectation values for o is more involved. For the (£1,+1) components, the
terms proportional to the second harmonics of Z; 2 and those proportional to the square of
the first harmonics of Z, are separately non-trivial, but cancel in the combination in [D.4]
of [42]. For the (0,0) component, also the term proportional to the square of the first
harmonic of the vectors contributes, but again there is a non-trivial cancellation when all
contributions to [D.4] are combined.

To summarize, all components of o vanish, which implies (Cy) = (O2) = 0, and so
there are no dimension 2 expectation values for this “special locus” solution.
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4.4.2 A gauge-invariant approach to the holographic VEV

We start by briefly reviewing some key ingredients needed to read the holographic VEVs
in a gauge-invariant approach, see [42, 46, 47] for more details. Again we use the six-
dimensional uplift of appendix B and then decompose the six-dimensional fields in 53
spherical harmonics. In particular, we need the components of the metric, the 3-forms
along the S3 and the scalars, whose decomposition reads

_ (D1 (1) I (I) I
has) = D_ Pk Yitap) T PrcoyPiaYis) + i PaDp)Yi »
k,I

ZW vl GW|g = ZAkUéT)(I)Yk[7 Z¢(mr
k1

(4.45)

Here the subscript (af) denotes the symmetric traceless part and Yk] , Yk]a, Ykl( g) are scalar,

vector and tensor harmonics of order k. The coefficients, pé ), p,(f(z)), pé()s) W,(f), U,Er)(l) and

qﬁl(cmr)(l), in this expansion are functions on AdSs3, and their asymptotics at infinity deter-

mine the VEVs we are seeking to extract. The most direct way to extract the coefficient

p,(f(l) is to use the transversality of the tensor and vector harmonics:

« (0% A
D®DPhys Zpk(s D*DP D, Dy, = —QZA (1 - 3’“) P Yi (4.46)

where Ay = k(k +2) and —Aj + s is the eigenvalue of the Laplacian for the scalar (s = 0),
vector (s = 1) and tensor (s = 2) harmonics. The coefficients of the spherical harmonics
are functions of the AdS3 coordinates and in particular of the radial coordinate p: the
leading term for large p goes like p—* for the coefficients of spherical harmonics of order k;
for any field <I>kl) one denotes this leading term as

01"] = lim o). (4.47)

p—00

Clearly the numbers {@,(CI)

] depend on the normalization of the coordinate p and this is
fixed, as discussed around (4.42), by requiring that at leading order the AdSs part of the
metric reduces to the canonical form (4.25) (with p = 1/z). The formalism is invariant
under coordinate re-definitions, as far as (4.25) is satisfied. To lighten the notation, we will
omit the square brackets in the following and simply denote {@,&I)} as <I>§CI).

Scalar operators of the CFT come from tensor multiplets, sg)(]) (k > 1), or from
the gravity multiplet, a,(C ) (k > 2). The VEVs of tensor multiplet operators are (propor-
tional to)

SO0 _ Vk ( H)
VS

For the gravity multiplet the recipe is more complicated: one first defines

Dyok+2u"")  (r=6,7). (4.48)

I k(k—1)

S _ (1)
o = ST (6(k +2)0; #) (4.49)
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where U,gS)(I) and 7?,(61) are the gauge-invariant combinations, which are given for k = 2 by

5 sy 1o NE I I
0" = UQ()()*?)Q(Z), Wé)zﬁg)+1\2l)g(l)' (4.50)

Then the VEV of the single particle gravity operator of dimension (1,1) is (proportional

to) [59]

~ (I () i 7'
O'g ) = 02 24\[ TZ(” )@ arij (4.51)

where ay;; are the triple overlap coefficients of scalar spherical harmonics
ary = [ d0svIYiYy (4.52)

with df23 the round S® measure normalised such that [dfd3 = 1. The overlaps that are
relevant for us are
_ 2 = _ ! (4.53)
n-3-3)(-5-3) T 37 “00(55)(-5-3) T Y00(-3-3)(33) T /3 '

Starting from the scalar sector, we use (B.2), (B.3), (B.13), (B.14) evaluated for the
solution (2.69) with generic ny and obtain

¢ =0, GO|u=0, (4.54)
since ) W
X GWgs Qs
ALl 1 ) 4.55

and this implies that the VEVs of all the tensor multiplet operators s,(f)(l) vanish (as

discussed after (4.44) in the gauged-fixed approach)

sOD —0 i, (4.56)
The computation of the VEV of the gravity multiplet operator 6;1) is a bit more laborious
and we summarise below some relevant steps. The properly normalised radial coordinate
p is related to & by (2.20) and (4.42): for convenience we recall this relation for the case at
hand below

p 1+2 2
P AN S| e 0V e i S (4.57)

/1+c%’52 P 8(1+2n1) — (1 +4nq)a?

The coefficients extracted from the asymptotic expansion of the metric are (in the equations
below spherical harmonic index I is either (£1,+1) or (0,0))

¢§57)(i%,i%) _ 2U1(7)( +1) _ 2001 (2nq + 1)
cp\/64(2n1 +1)2 —aof
(D(E43) 4201 (201 + 1)
1 - )
cp\/64(2n1 +1)2 —aof

(4.58a)
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() _ () _ _ope)n) _ __ 4ai(2m+1)?

- N - =
Pa(s) = T2 2 \/30%(64(2711 +1)2—ad) -

A0 _ _gpew _ _12v3ai(2m + 1)? .

2 2 03(64(2711 + 1)2 _ 0/11) )
44202 (2 1)2
aéf) - _ 2\[&1( ni +2) . - a,é[) —0. (458¢)
3v/3c2(64(2n1 + 1) — af)

We conclude that both dimension-two operators Séﬁ)u) and 6&” have vanishing VEVs in

the special locus geometry with generic values of n.

5 The holographic analysis of non-BPS microstates

The non-BPS solutions constructed in section 3 are holographically related to the heavy
CF'T states reviewed in section 4.2. Supersymmetry is broken because, for generic values
of the parameters, these states contain mutually non-BPS constituents. In section 4.4 we
focused on the regime where supersymmetry is restored and extracted information about
the 3-point functions in order to characterize the special locus within the CFT. We now
extend the holographic analysis to the generic non-BPS case: the main goal is to extract
some dynamical holographic data in the strongly coupled (supergravity) regime of the
CFT. In particular we will determine the binding energies between the mutually non-BPS
constituents or, in the CFT language, the (average) anomalous dimension of some multi-
particle operators.

When dealing with non-BPS configurations the set of precise-holography tools that has
been used to conjecture and verify with great accuracy the map between asymptotically
AdS3 geometries and D1-D5 supersymmetric states [42, 46-49] shrinks considerably. This
is because three-point functions where some of the operators break all supersymmetries
generically depend on the CFT moduli and their values at the gravity point are unknown.
The only available link between gravity and CFT is provided by few quantised charges,
the momentum charge, n, = h — h, and the SU(2);, x SU(2)x angular momenta, J® and
Ja (a = 3,+). The gravity computations of section 3 have been performed in a particular
gauge where all the dependence on the worldsheet coordinates 7 and i has been gauged
away. The quantised charges computed in this gauge do not reproduce the values expected
from the CFT and thus a first step for a holographic interpretation of our gravity solutions
is to perform the appropriate SO(4) rotation that yields the values of the angular momenta
predicted by the CFT.

A further step is finding the relation between the microscopic quantities, N1, No,
and the gravity parameters, oy, ag or 1, 32, expressed by the perturbative relations (4.20)
and (4.22). To this purpose we will need to match the momentum charge h — h but also the
energy h + h. This second point requires some clarification: unlike the quantised momen-
tum, the energy is a non-protected (moduli-dependent) quantity, which receives corrections
from the interactions between the mutually non-BPS single-particles constituents of the
heavy states (4.19), (4.21). From the CFT perspective, these corrections correspond to the
anomalous dimensions of the non-BPS multi-particle operators formed by the interacting
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single-particles and are interesting dynamical data that are, generically, unknown. These
energy corrections can be read off from the geometry in two different ways: from the 7-
dependence of fields and from the asymptotic behaviour of (7,%) component of the metric
(the precise formulas will be reviewed below). Thus, though we cannot predict the energy
corrections from the CFT, requiring the consistency?’ between these two ways of extract-
ing them imposes a non-trivial constraint, which allows us to completely determine the
holographic dictionary and the energy corrections order by order in perturbation theory.
A schematic summary of our procedure is as follows:

i) Start from the solutions of section 3 and perform an SO(4) rotation so that: a) the
angular momenta of the rotated solution have the values expected from the CFT, b)
the &-components of the gauge fields vanish at infinity, £ = 1 (this is the gauge where
one usually computes the angular momenta), and c¢) the 1)-components of the gauge
fields vanish at the origin, £ = 0 (this is needed for regularity, since the 1 coordinate
degenerates at the origin);

ii) Extract the conformal dimensions h, h from the metric (with the holographic formulas
reviewed below) and determine the relation between Nj, Ny and the supergravity
parameters (a1, az or 31, f2) by matching the momentum h — h with the CFT value
and the energy h + h with the value inferred from the frequency of the supergravity
fields.

The procedure outlined above cannot actually be carried out exactly for the non-BPS
states. The matching of the angular momenta between gravity and CFT, done in point
i) to identify the SO(4) rotation, requires the knowledge of the relation between Ni, N
and aq, ag (or 1, f2), but this relation is determined only in point ii). One can resort,
however, to a perturbative approach, where one uses in i) the relations, (4.12) or (4.13),
valid in the supersymmetric limit, and one computes in ii) the first order corrections to
these relations in the non-BPS parameter. In principle this procedure could be iterated to
any arbitrary perturbative order.

5.1 The «o-class

We focus here on the gravity solution constructed in section 3.2.2 and show that, after an
appropriate SO(4) rotation, it is dual to the heavy state described schematically in (4.19).

Our guides in finding the correct gauge are, as we outlined above, the CFT quantised
charges, that can be easily extracted from (4.19):

1 - 1 -
JP=S(Ni+ No), J5 =0, J = (N1 = No), J* = =0, 0, VNN,
n, =h— h =niNy + naNs . (5.1)

There is a point that needs some clarification: the value of J=: it can be understood by
remembering that the heavy states are actually defined by coherent state superpositions of

29Tn the solutions of [11], the problem was already constrained enough to allow for an independent check
of this consistency requirement; in this article, we turn things around and impose by hand the consistency,
as a way to infer the relations (4.20) and (4.22).
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multi-particle states with a different number of elementary constituents and by noting that
the state Jg (L™} 3.—3)) = L™|3, %) is orthogonal to L™ |4, 1) unless ny = no; hence,
when n; = ny acting with J* on the heavy state gives a state that has non-vanishing overlap
with itself, but this does not happen for the non-BPS state with n; # ny. This shows that
we have to treat the BPS and non-BPS cases separately in the a-class of solutions and we
cannot simply set n; = ng in the expressions (in contrast, for the -class, n; = ng is still
non-BPS, as explained after (4.22), and there is no such issue). In the following we will
mostly focus on the non-BPS solutions with ny # ne.

Comparison of the CFT predictions (5.1) with the supergravity values computed from
the holographic formulas (4.26), (4.27), requires the dictionary between the CFT variables,
N1, N2, and the gravity ones, ay, as, which is only known in the BPS limits, a; = 0 or
a = 0 (see (4.20)), while the corrections have to be inferred order by order in the double
perturbative expansion in aq, as. Already at zeroth order in both a7 and as one sees that
the gauge used in the supergravity construction is not the one that describes a proper CF'T
state. At this order, the non-vanishing gauge fields are constants:

1 ni ng

D1 =Py==—, U=—, Uy=—1. 5.2
1 2 2 ) 1 2 ’ 2 9 ( )
The constant gauge potentials are singular at the origin and so we must make a gauge
transformation to arrange ¥;(0) = 0, and hence, at this order, ¥; vanishes everywhere.
Moreover, the CFT requires, at this order, J3 = .J3 = 0 and thus, via (4.26), we must also
make a gauge transformation that yields @goo) = @goo) = 0. Hence, one has to apply a

gauge rotation of the form (4.29) with
h=17+my, d=71+nyy, (5.3)

to cancel the constant parts of the gauge fields. Note than when this transformation acts

on the SO(4) vector x7, as x — U, it induces the phases x1+ix2 ~ €1 and y3+iys ~ €92

which are the phases expected for the states L™, %, %> and L% ‘ %, —%>, respectively, based
on the values of the energy and momentum. Turning things around, this is the reason why
in the supergravity construction one has chosen the constants (5.2) for the gauge fields, as
otherwise the equations of motion depend on (7, ¥) as well.

The gauge transformation (5.3) has the effect of making the mode numbers of the
scalar fields appear explicitly in terms of modes and frequencies. In particular, we view w;
as the classical frequency. At leading order in the large N limit, holographic CFTs reduce
to generalized free theories, so the properties of the composite states can be derived by
summing up the contributions of the individual constituents. As we will see, the interactions
between two individual but mutually non-BPS constituents induce corrections of order 1/N
in the binding energy duis (see (5.9)), so the classical frequency will typically undergo a
shift, dwq 2 that is proportional to No jdu12. The field will then have a physical frequency
w; = w; + dw;.

The “non-abelian” gauge fields, ®;, ¥; with i = 3,4, first appear at order ajas and
are given in (3.18). Using the holographic formulas (4.26) to extract the values of the
angular momenta from the asymptotic values of these gauge fields we obtain J* # 0 and
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J* = 0, while for the non-BPS states with n; # ns one expects both J* and J* to vanish
(see (5.1)). This signals the necessity to perform a further gauge transformation to rotate
J* away. The regularity condition that ¥;(¢ = 0) = 0 and the requirement for vanishing
&-components of the gauge fields at £ = 1 partially constrain the transformation, and a
possible choice is

0 0 w1 0

€Mt ((ng +n2)é% —(n1+na+2) | 0 0 0 u
2(n1 —ng)(n1 +n2)?(ni+n2+2) | —u; 0 0 0
0 —u2 0 O

U=14 ajas s (54)

where u; = nj +ng +2n1 ng and ug = ny (n1 +1) +n2 (ng+1). This transforms the gauge
fields to

n? —nd + (n1 —na) £ ((ny + n2)é? — (N1 +n2 + 2))
4 (n1 +n2)?(n1 +n2 + 2)
(n2 + 1)(n1 g+ €M (24 (1 - €%)(n + n2)))
4(n1 +n2)(n1 + ng + 2)
(n + 1) (n1 + o+ €472 (24 (1= €2)(n1 + o)) ) (5.5)

4(n1 +n2)(n1 + ng + 2) ’
(n1 +n2 +2n1n2)

O3 =Dy =1 09

)

\1’3 = —(01 (g ’

Uy =aja

Vs = ag o (1—¢)gmtnat,
A(ng — n3)
ni(ni+1)+ng(n2+1) 2\ gny+ny—1
\116:a1a2 (1—{){”1 n2 .
4(nf — n3)

It appears that W5 are singular at the origin for ny = ng, but, in fact, the state is then
BPS, whereas the transformation above applies only in the non-BPS case. The former is
discussed below.

Having obtained the expected values of J* and J*, one should also consider J3 and
J3: discarding terms of order a3 ~ Ny and higher, one should have J3 = J3 = % ~ N %%,
where we stop at order O(a?) for now. At this order, the existence of a normalisable
solution for vy requires adjusting the constant term in ®5 and the asymptotic values of the

gauge fields are corrected with respect to the zero-th order values (5.2) to (see (3.18))

2 2
() _ 1 af () _ 1 1 2(n1 —na) 5
S R o i R :
1 2 8 2 2 8 (nq + ng)(nl +ng+1)(n1 +n2 +2) A
2
\I,goo):ﬂ \I,gw):@_ﬂ. (5.6)

27 2 8

Then, to obtain the expected values of J3 and J3, one has to supplement the SO(4)
rotation (5.4) by a gauge transformation of the form of (4.29) where the phase d2 has to
be corrected, with respect to the classical value (5.3), to

0o — (1 + 5&)2) T4+ ng (57)
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with

N _ 2
g — 21 (1 = o)

1_
N [ (n1 +n2)(n1 +n2+1)(n1 +n2 +2)

Ni Ny /N1 \?
O(NN’(N) ) for ny # ny.

(5.8)
This quantity has an important microscopic meaning: it represents the interaction energy
%, —%> with the N; particles of type L™} %, %
the binding energy duio between a single particle in the first sector and a single particle in

of a particle of type L"% > Thus we can read

the second sector

St — (n1 — ng)?
uz =—— 1-
N (n1 4+ n2)(ny + ng + 1)(n1 + ng + 2)

+0 (;) (59)

As expected, this quantity is symmetric in the exchange of the two constituents and this
provides a first check of the result since in the derivation this symmetry was not manifest.
In CFT language, this binding energy is related to the anomalous dimension of the non-BPS
double-trace operator : 8"1sgl)(%’%)ﬁmsgl)(%’i%) i

Since this energy shift originates from the attractive interaction between oppositely
charged particles, one expects dws < 0, in agreement with the expression in (5.8), for any
ni,no > 0. One could wonder why dwsy does not vanish for the BPS state with n; = no.
The point is that, as we emphasised after (5.1), the limit n; — ng is not smooth and the
analysis above only applies when 1y # ny. When ny = ny one has J*= # 0 (see (5.1)), and
this requires modifying the gauge-transformation (5.4) to

0 0 0 a2

1T 0 0 — Q9 0
U=1+— , 5.10
+ 4 0 a9 0 20&1 ( )

—Q 0 —2a1 0
which is é-independent but 7-dependent and it changes the energy shift dws at order a? to
dwy =0 for mny=n9, (5.11)

as expected for a supersymmetric state.

Both the supergravity and the CFT pictures have a symmetry under the exchange of
the states L™ |3, 1) and L™%|3, —1), which interchanges the labels 1 and 2. This implies
that the energy of the particles of type L™ |4 1> is shifted by

-112°2
Ny Ny [ Np\?
O<N1NZ’<N2> > for ny # no,

(5.12)
when interacting with the Ny particles of type L% %, —%> Moreover the total energy of

N. . 2
dwi = 92— (1 = n2)

N (n1 +n2)(n1 +n2 + 1)(n1 +ng + 2)

the non-supersymmetric bound state should be given by the (1-2) symmetric expression

N1N, (n1 — ng)?

N [1 " (n1 4 n2)(n1 +ng + 1)(n1 4 ng + 2)
(5.13)

h+h=(ni+1) N1+ (ng+1) Ny — 2

)
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up to higher order corrections in N1/N, Ny/N. The first two terms describe just the
total energy of the particles in the free theory, which is obtained by summing up the free
conformal dimension of all constituents. The final term is the attractive interaction energy.
Since from the holographic point of view we are describing a multiparticle state with weakly
interacting constituents, this interaction energy has to be proportional, at leading order in
the N;/N < 1 regime, to the numbers of particle N7 and Ny and to the three-dimensional
Newtons’s constant Gg ~ 1/N.

One could try to verify the relation (5.13) by extracting the energy h+h from the three-
dimensional metric ds3, computed up to order afa3, using the holographic formulas (4.27).
However one faces a difficulty: the prediction (5.13) is expressed in terms of the microscopic
numbers N, Ny, while the holographic computation yields h + h as a function of the
gravity parameters aj, ag. The comparison thus requires the relation between (Np, N2)
and (ag,az) up to order a?a?. Taking into account the (1-2)-exchange symmetry, this
relation could have the general form

2 2
& Ozl N2 0[2

N = Temm2)atal+0(at, afa), =T +elna,m)afal +0(af, afal),
(5.14)

where the first term is the BPS value (ag = N2 = 0) obtained in (4.12a), while the function
¢(n1,n2) (that should be neither symmetric nor anti-symmetric under the exchange of n;
and ng) describes the first subleading correction when N; /N are small. The only constraint
one has on ¢(ny,ng) is the one coming from the momentum h — h:

~ 2 2
h_h:nlNI_‘_nzNZ:W

+ (n1 ¢(ny,n2) + no c(ng, 1)) atas + O(o/ll, oé) ,

(5.15)
which can again be computed from the gravity solution using (4.27). This lone constraint
is not sufficient to determine c(n1,n2). One can, however, turn things around®’ and as-
sume both (5.15) and (5.13), and thus determine ¢(n1,n2). Computationally, this requires
obtaining the perturbative solution for general n; and ns to at least fourth order. We man-
aged to do this only for the a-class of solutions, due to the simplifications of the special

locus. We have:

1 4n3 _5n1(n1—|—2)+ 1 2(2ny +1)? 4(ny +1)2

C(nth) - TG (m + n2)2 ny + no ny —no (n1 + n9 + 1)2 (n1 + no + 2)2

2+2n1(5n1(n1+3)+8) (n1+1)(5n1(n1+3)+4)
4+ _
ny(ny +ng + 1) ny (n1 +n2 + 2)
(n1 = n)? (¥ (n1 + nz) — 0 (ny))
8 (n1 + n2)(n1 +ng + 1)(n1 +ng +2)’

(5.16)

where ("™ (z) is the polygamma function of order m. For m = 0, (9 (z) is also known as
the digamma function.

3%Tn [11] an independent check of a relation analogous to (5.13) was performed: the non-supersymmetric
states studied in that article depended on a single parameter o and thus the constraint coming from the
momentum charge was sufficient to completely determine the gravity-CFT map. The non-triviality of that
check, gives us further motivation for assuming (5.13) in our context.
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The coefficients ¢(n1,n2) do not have an intrinsic physical meaning, they just encode
the dictionary between gravity and CFT, but their knowledge is useful because it allows
us to push the computation of the energy shifts, dwi, dws, one step further and include the
corrections proportional to Ny Na:

No (nl _ n2)2 NN,
dwy = —2—= |1 — dns,
w1 N l (’nl + ng)(nl + ng + 1)(?7,1 +ng + 2) N2 (n1 ng) (5 17)
dwg = —2& 1-— (n1 — np)? NN d(na,ny) |
i N (nl+n2)<n1+n2+1)(n1+n2+2) N2 2,101),

where we have again implemented the (1-2) symmetry and introduced the unknown coef-
ficients d(n1,m2). The procedure to determine these unknowns is conceptually the same
we used to arrive at (5.8). One first computes the corrections of order aZa3 to the gauge
fields, and in particular to the constant part of ®1, ®5 (see (5.6)), which is needed to have
normalisable solutions for vy (resp. v2) at order aja3 (resp. a?a3). One then determines
the corrections to the phases, 01, d2, of the gauge transformation (4.29) in such a way as
to obtain the CFT-expected values of the angular momenta J and J2 in (5.1) — it is at
this step that one needs the map (5.14). The energy shifts, dw;, dws in (5.17), follow from
the rotation parameters 61, d3. As with ¢(n1,n2), we only have an expression for d(nj,ns)

for generic ni, ny for the a-class of solutions, namely:

d(nl,ng) =
160  8n}(5n1+2) 4n? 4ny (n2(ny (14n1+31)+26)—3)
B (n1+n2)3 (nq +n2)2 n9 (n%+3 n1+2)2 B (2 n1+1)(n1+n2)
4(3n1+1)32 4 (3n1+2)%(n1(n1+6)+4) 42m+1)* 16 (ng+1)*

(ni+1)2(2ni+n2+1)  (ni+1)2(n1+2)2(2ni+n2+2) (ni+ne+1)3  (n1+n2+2)3

+4 (2n1+1)%(n1(n1+1)(2n1 (311 +5)+7)+1) N 16(n1+1)%(ng (n1 (n1+4)+6)+2)
ny (n1+1)(n1+n2+1)2 ny (n1+2)(n1+n2+42)2
+4 (n1+1)(n1 (n1 (1 (n1 (n1 (2n1 (311 (1001 +67)+527)+1373)+914)+244) —68) —72) — 16)
n%(nl +2)2(2 n1+1)(n1+n2+2)
201 (n1 (n1 (n1 (211 (1611 (n? —9)—329)—727) —460) —165) —30) —4
n?(n1+1)2(n1+n2+1)

47 (n1—n2)?(n3+(3ng+4) n2+(ng (3ng+4)+2) ny +na(nz(na+4)+2))

_l’_
(n14n2)?(n1+n2+1)%(n1 +ng+2)?
4nd N (2n+1)4 4(n1+1)4} <4¢(1)<n1)_2772>
ni+ng ni+ng+1 ni4ng+2
4 (n1—n2)2 9 (n1+ny) (n1—ng)?

(n1+n2)(n1+n2+1)(n1+n2+2) ( B (n1+n2)(n1+n2+1)(n1+n2+2))
4(n1—n2)?(n3+(3ng+4) n2+(ng (3ng+4)+2) ny+na (n2 (ng+4)+2))
(n1+n2)2(n14+n2+1)%(ny +n2+2)2
4(n1—n2)?(n$+(3n2+2) N2+ (n2 (3n2+8)+2) ni+ny (n2 (n2+2)+2))

N (0)
(n1+n2)?(ni+n2+1)%(n1+ng+2)? ¥ (n2)

+

+

(@ (ny)

(p+n1—1)2 (2n1+p+2)*
+¥ <8(p—m—S)(p—m—2)(p—n1—1)(p+n2—1) +8p2(p+1)2(p+2)2(n1+n2+p+2))’
(5.18)
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where 7 is the Euler-Mascheroni constant. Somewhat surprisingly, the result is non-
vanishing, implying that the strands of type 2 feel a force proportional to the number
of strands of the same type, in the presence of strands of type 1 (and the same with
1 and 2 interchanged, of course). In other words, the strands of type 1 deform the
strands of type 2 in such a way that they are no longer mutually BPS with each other.
From a CFT point of view, as the term proportional to IN; in dws is identified with
the anomalous dimension of the double-trace operator mentioned after (5.8), the term
of order N1Ny computes the anomalous dimension of a triple-trace operator of the form

11 1

. 67110.55’5)67120_1(5’_%)87120_1(%’_%) .

5.2 The (-class

A similar analysis can be performed for the non-BPS state (4.21), whose charges readily
follow from its CFT representation:

J3:N1—|—N2, J:t:(), j3:N1—N2, ji:(), np:h—fL:2n1N1—|—2n2N2.
(5.19)

The non-BPS perturbation, at first order in the perturbation parameter (o, is con-
trolled by a single field Ao and this greatly simplifies the linear-order analysis: in particular
one can study the perturbation at first order in fo and all orders in 81 using a WKB ap-
proach that is discussed in section 3.4. Here we briefly comment on the double-perturbative
approach in 81 and fs, along the lines of the previous sub-section.

At first order in (32, the fact that all the “non-abelian” gauge fields ®;, ¥; with i = 3,4
vanish, trivialises the agreement with the constraints J* = J* = 0. A non-trivial input
comes from the CFT-gravity matching of J%, J3. At lowest non-trivial order in f;, the
asymptotic values of the gauge fields are

() _1 B (00) _ M1
1 2 4(2n1+1)’ it =g
() 1 (n1 +ng — 1) B (c0) M2 57
O =~ — o) == L 2
2 2 420 +1)(ng+ng+1)° 2 2 4(2n1+1)° (5:20)

where, in particular, the constant part of @4 is determined by the existence of a normalisable
solution for As. The angular momenta implied by these gauge fields are consistent with
the ones predicted by the CFT only after a gauge rotation (4.29) with

n1 + neo
(2n1 + 1)(711 + no + 1)

32 g N1tz
L Nni+no+1°

Sy = — (5.21)
Note that, due to the form of the six-dimensional ansatz, the phase of the field Ao is
20w, and thus (5.21) represents half of the interaction energy between a particle of type
L?"2|1, 1) and Ny particles of type L*"!|1,1). It is a non-trivial consistency check that this
interaction energy, when expressed in terms of the microscopic number Ni, is symmetric
under exchange of ny and ne, and also that it is always negative, as expected on physical
grounds. In CFT terms this energy shift encodes the anomalous dimension of the double-
trace operator : 9™ (/3 s§2)(1’1) - Uél’l))(?”?(\/g 552)(1’71) - agl’fl)) ;. Following the same
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steps explained in the previous sub-section for the a-class of solutions, one can include the
corrections of order 3?32 to the energy shift:
N1 nip+ng n NiNo =

dwyg = —4— d .22
w2 Nni+no+1 N2 (n17n2), (5 )

where the coefficients J(nl,ng) capture the triple-trace anomalous dimension. We have
found it technically challenging to compute analytically the coeflicients CZ(nl,ng) for the
beta class of solutions. However we can evaluate the energy perturbation dws in comple-
mentary regimes by different methods: the WKB approximation of section 3.4.1, which is
valid for small 85 and large wo, and the numerical analysis that we will carry out in the
next section, where we will be able to take arbitrary values of 51 = B2 and finite values of
the frequencies w1 = wo.

6 Numerical results

Apart from foreshadowing, in section 3.3, the results to be presented in this section, all
our results so far have been obtained through perturbative methods. However, we can
also solve the full system of non-linear equations numerically and in this section we will
outline our scheme for doing so, illustrate the method by computing a strongly non-BPS
example, with a “deep throat,” and make comparisons with what we already know from
perturbation theory.

For simplicity, we will focus on the Z, symmetric S-class of solutions described in
section 3.3. That is, we take ny = no = n and 1 = P2 = 5. As noted in section 3.2.4,
these solutions, and the dual CFT states, are non-BPS. We make this simplifying choice,
not because we cannot perform the numerics more generally, but because this is a scenario
in which we know how to map the CFT parameters to bulk supergravity quantities using
the holographic dictionary. To elaborate (see also the end of the introductory words to
section 5), if ny # ng, for either the a- or f-class of solutions, we have different numbers
of constituents of the given species in the two sectors: Ny # N,. Perturbatively, these
are related to the gravity amplitudes that drive the bulk solution via (4.20) and (4.22).
Unfortunately, we cannot obtain exact expressions for Ny 2 in terms of gravity parameters
(or even as an expansion in the gravity amplitudes that we can then attempt to re-sum), as
that requires the precise form of i+ h in terms of the full energy shifts dw; 2, thus making
it impossible to read off Ny o from the bulk, numerical solution.

If one imposes 75 symmetry, then N; = N>, and so we only need a single relation,
which we get from h—h = nyp, This is a quantized charge, thus preserved under the breaking
of supersymmetry, given by n, = 4n Ny, and so we can determine Ny = N from the value
of h — h given by the supergravity solution. One can then extract the energy shifts, or
anomalous dimensions, in terms of constituents CFT states by reading off h + h from the
supergravity solution.

The equations we will solve are given in appendix C, and, specifically, (C.1). These
are seven second-order, ordinary differential equations. The reduced number comes about
because n; = no = n and f; = B2 = f imply that pu1 = pa, Ay = Ag, &1 = $9 and V1 = Uy,
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Figure 8. Maximum of the absolute value of the Einstein constraint, Fr_,, over the whole integra-
tion domain for a highly non-BPS state as a function of the number of points used in the numerics,
Ng. W1 =Wy = 1.

as easily seen in perturbation theory. We should note that a linear combination of the ®q,
¥, and k equations of motion leads to a first-order, differential equation, given in (C.2).
This is a genuine equation of motion for one of the fields, but we did not use it in the
numerical procedure, as it seemed to have slightly worse convergence properties.

As discussed in section 3, our system of equations also contains three first-order con-
straints. The ones coming from the Maxwell sector are automatically satisfied. Only the
constraint from Einstein equations, Er_,, remains and it is a constant of motion. We use
it to monitor the convergence of our solutions, as seen in figure 8, where the maximum
value of the constraint over the whole space is plotted as a function of the number of
grid points, Ng, for a highly non-BPS solution. All results presented in this work have
max |Eg_,(£)] <107,

We solve for {1, u1, @1, U1, Qo, 1, k} as functions of the radial variable ¢ € [0, 1],
where k is defined via & = £ k. The numerical integration is carried out by using spectral
collocation methods on a Chebyshev-Gauss-Lobatto grid and implementing a standard
Newton-Raphson iteration (see [60] for a review of such methods applied to gravity) with
increased precision (50 digits). We need to impose appropriate boundary conditions to
ensure a well-posed problem. These were discussed in detail in section 3.1, but we will
briefly outline them here for completeness.

At the origin, £ = 0, regularity enforces Neumann boundary conditions on almost all
fields, except3! for ¥, and &:

aéX(g)‘gzo = 0? for X € {>‘17 M1, q)h QO> Ql}>

RE=0)=0, Ti(£=0)= 7.

31Remember that k(¢ = 0) ~ &2 and we have defined k(&) = & x(€).

(6.1)
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In fact, it can be shown that the first 2n — 1 derivatives of A; vanish at the origin, in
agreement with expectations from perturbation theory.

Our spacetime is asymptotically, locally AdS [54, 61] and at the AdS boundary, { =1,
we are free to choose the conformal class of the boundary metric. As before, eq. (3.3), we

impose:
1

K(E=1)

The scalars are fixed by demanding that, in addition, we approach the supersymmetric

QE=1)=1, Y(E=1)= Oe ey = 1. (6.2)

vacuum at the boundary, so that:

ME=1)=0, mE=1)=0. (6.3)

Our solutions is specified by 2 parameters, n and 5. The former is set at the ori-
gin, (6.1). In the perturbation theory, we identify 5 with the 2n-th derivative of Aj.
However, enforcing a boundary condition at the origin with so many derivatives is very
hard to implement numerically, especially if we want to access values of ny =no =n > 1.
Therefore, for g1 = B2 = 3, we have found that numerically it is easiest to use the value of
®; at infinity as the free parameter. Thus, we set

®1(E=1) =i, (6.4)

and use ¢~1 to explore the moduli space of solutions for fixed n. Nevertheless, we need the
value of 8 to compare our numerical results with the perturbative predictions. To extract
it precisely we resorted to obtaining our solutions with extended precision of 50 digits, so
that we can trust the derivatives.

We do not need to provide a boundary condition for ¥; at infinity since the existence
of (C.2) implies that we have in fact 6 second-order differential equations and 1 first-order
equation, and, even though, we do not integrate (C.2) explicitly, it can be used to argue
that a single boundary condition on Wy at the origin is sufficient, as numerically we are
solving for smooth functions.

6.1 Holographic extraction

To extract the holographic quantities from the numerical solutions, we first need to expand
the fields in series about the conformal boundary, £ = 1, using

X= (- 4¢P, forX e {\, 1, &1, Vi, Q, Q, £} (6.5)
k=0

Some of the coefficients in these expansions get fixed by the equations of motion, (C.1),
together with the boundary conditions. The ones that remain unspecified are:

1 1 0 2
0V, 4@, a8 af), o). 4. (6.6)

We then write the metric in Fefferman-Graham form for an asymptotically, locally AdS
space, (4.25). The conformal boundary is located at z = 0. In odd bulk dimensions, (as
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we have here), there is a logarithmic term in the expansion that is linked to the conformal
anomaly of the boundary CFT. However, for a conformally flat, boundary metric, as we
have chosen here because we want a holographic (1 + 1)-dimensional field theory, the
conformal anomaly vanishes and the logarithm is not present [54].

To obtain (4.25) we change coordinates asymptotically using

£ = i ar 2", (6.7)
k=0

where the coefficients a; are determined order by order in z by taking our metric
ansatz,? (2.21), plugging in the function expansions (6.5), applying the above coordinate
transformation and matching with (4.25). For our purposes we only need:

1 1
a3 =0, ay4=

o - (6.8)
24\ 8 (¢)?

ap=1, a1 =0, ay=
Finally, we use (5.19), which, because of the Zs symmetry, reduce to3? J3 = 2 Ny, J? = 0.
These are automatically satisfied since ®1 = ®5. We also use n, = h — h = 4n Ny to

determine N1/N = N/N and dw; = dws as functions of the gravity parameters. The
result is that we have equal numbers of equations and unknowns, and we find:

dw = dwy = dwa = =1+ 2(¢y +2q\1,(0)) + K,
1
K

Nl/N:Ng/N:g—i—Z, (6.9)

where
1
1 4 N2 ~ 2 12 2 112 2\ ]2
= [ () 0 s r2ne 5]
(6.10)

Furthermore, the expression for the total energy in terms of bulk quantities can be deter-
mined from (4.27) as

1
N:2<1(q’g)))2>+n<2n+K). (6.11)

6.2 Results

For the (-class of solutions, half-integer values of n 5 are also allowed (see (3.10)). We have
obtained numerical results for six different values: ny = ny =n € {3, 1, 3, 2, 3, 3} with
w1 = wy € {1,2}. All of them have qualitatively the same behaviour, except for n = %,
which will be discussed further below.

The space of geometries is explored by using the perturbative solutions as seeds to

the Newton-Raphson method. We start from gb~1 ~ w1 /2, which is true3* for f < 1, and

32Remembering that for the numerics we use k(&) = & x(&).
33 7% and JT don’t change.
34From perturbation theory we know that for the Z, symmetric S-class we have: Pi(€=1) =wi/2—

(nf%)/(1+2n)* + O(5*).

— 64 —



0.030F 2 &
N/N = N,/N .
A
Bi=pB=8
ni=ns=n
0.025| A
A
&

- ¥ . -
0020 A Num.n = Ly Num,n=2 +
o Ps

P, g s /é 2%
0.015+ 4+ Num,n=1 # Num,n= 3 g;,
O P Py ,'Q ¥ -
2 3 ) LK e
* Num.n = = % Num,n=3 ¢ P
0.010} 2 4,45 SR S~ SN~ 11
@ L%
0.005-
0.000f | . 1
0.4 0.5

Figure 9. N;/N as a function of § for six different values of n and w; = ws = 1. We focus on
small 8 to compare with the perturbative result, P,, given by dashed curves and additional hollow
markers to facilitate the comparison. Solid markers indicate the numerical results.

decrease its value, as [ increases. In practice, we will present our results as a function
of the fraction of single-particle constituents, N;/N = N3/N, hence we start with a plot
of Ni/N = Ny/N as a function of 51 = 2 = . The latter is read off from the gravity
solutions as

5 _ i a2n

= — O ,\1(520, (6.12)

whereas the former is given by (6.9). When extracting /3, we make sure that the value we
get is stable to 107°° when varying the grid size.

The results, for small 3, are shown in figure 9. This shows the good agreement of
our numerics (solid markers) with the perturbative expression (dashed curves and hollow
markers, which are added to make the comparison easier), given as P, in the plot. The
perturbative results are obtained from (4.22) by expanding for f; = 2 = 8 < 1 and setting
ni = no = n. As [ increases the exact and perturbative results deviate significantly.

The theoretical limit to decreasing ¢; is the point at which CTCs become present in
the spacetime. In the single-sector, BPS solution, section 2.5.6, one can obtain an analytic
expression for the bound, (2.66). Here, we monitor the value of ©; at £ = 1, which
approaches zero, where the bound is attained and changes sign once CTCs are present.
That can be easily seen by expanding the left-hand side of (2.66) at infinity, using the
boundary conditions from section 3.1, resulting in 20 (1) (1 — &) + O((1 — £€)?). We have
pushed the numerics the most for the n = 1 solutions, reaching Q;(1) ~ 9 x 107°.

Moreover, close to the CTC bound, one sees the development of a long, BTZ-like throat,
as depicted in figure 10. As n increases, larger values of /3, or N1/N, become attainable
before hitting the bound. Our observations suggest that one reaches the CTC bound at
lower value of 3, or N1 /N, in the non-BPS solutions compared to the BPS solutions.
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Figure 11. The energy shift dw; = dws as a function of the momentum charge n, for six different
values of n and, on the left, wy = ws = 1 while, on the right, w; = wy, = 2. For n > 1 the curves

approach the limiting value —w; = —wsy, as we get close to the CTC bound. The first curve, with
n = 1/2, is an exception and our numerics suggest that the limit, —w;, will not be reached.

The energy shift of our solutions is also very interesting. A non-zero value indicates
that the state is indeed non-BPS. Figure 11 demonstrates that all our solutions break
supersymmetry. One only has dw; = dws = 0 for § = 0 or n = 0. The former is just
the AdS3 vacuum, and the latter is a non-trivial supersymmetric deformation of the round

supertube carrying no momentum. In figure 11 we plot the energy shifts, or anomalous
dimensions, as a function of the momentum charge. For n > 1 and w; = wy = 1, the curves

approach dw; = dwy = —1 as n, grows and our numerics approach the CTC bound. To

test this phenomenon further, we also examined wy = wy = 2 and found that for n > 1 the
curves approach dwi = dwe = —2.
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The fact that dw; = dws can limit to —w; = —ws is intriguing because it means that
the physical frequencies, @; defined in (3.11), are going to zero. In terms of the dual CFT,
one should recall that the momentum charge, n, = h—h, is quantized and does not undergo
a shift, whereas the energy, h + h, is not protected and the “twist”, h for h > h, is given
by Ni(2w + dw) for Ny = N. Thus, while the physical frequency is vanishing, the twist,
h, still limits to a positive integer value.

In microstrata, the CTC bound represents the geometry with maximal red-shift to the
cap, and for superstrata this is a black-hole limit in which the red-shift becomes infinite.
Thus the decrease of physical frequencies as the throat gets deeper, and the vanishing
of such frequencies in the maximal limit, makes intuitive sense. On the other hand our
definition of physical frequencies, which is based on the holographic match of the angular
momenta, is not directly related to the physical energy of the heavy state, which should
be encoded in the 3D part of the geometry according to the recipe recalled in (4.27). Thus
this simple picture of red-shifts and vanishing physical frequencies is a little naive.

To elaborate on this point it is useful to look at the WKB results of section 3.4,
where we considered a superstratum with a very large amplitude and a small non-BPS
perturbation of it. The frequency shifts are given by (3.44) and shown in figure 5. As one
approaches the CTC bound one has @y — —1. The frequency of the perturbation is thus
limiting to negative integer value. However, this does not imply that the physical energy
becomes negative as a small perturbation cannot wipe out the effects of a large background
superstratum (whose physical frequency is @; = w; = 1) and so extracting the physics at
the CTC bound is going to be more of a challenge. It is tempting to conjecture that in this
limit the non-BPS perturbations should combine with some of the BPS sector to create a
sector of the theory that is indeed red-shifted to become time independent. However, such
an analysis is well beyond the scope of our current investigation.

We also note that the energy shifts for n = 1/2 display a different behaviour in that they
do not approach the limit of —w;. The numerics for n = 1/2 are the most challenging, as
the gradients in the functions are the steepest, and we are currently not sure if it is possible
to reach —w;. The closest we have got to the CTC bound for n = 1/2 is Q1(1) ~ 1074
with w; = 1, which, even if not as good as for n = 1, has been much harder to achieve.
Exploring the phase space close to the CTC bound requires very small steps in é1, thus also
in # (and N;/N), as the gradients in the functions near the asymptotic boundary become
steeper and steeper. At the same time, it appears that for smaller n the CTC limit is
approached slower. Specifically, the appearance of what we believe is qualitative behaviour
in its vicinity - namely the formation of a visibly long throat as in figure 10, or dw; — —w;
might require attaining values of k(§ — 1) significantly larger than for higher values of n.
Hence, in combination with the steeper gradients for n = 1/2 and our current method for
generating numerical solutions, obtaining geometries that probe the CTC bound closely
enough will take time and resources beyond our current capabilities. Therefore, we cannot
determine why the energy shifts for n = 1/2 should exhibit this different kind of behaviour.
Note, however, that we do not have any physical reason to expect such behaviour.

Before moving to other observables, the agreement of the numerical data with the
predictions from perturbation theory for the energy shift, (5.21) with ny = ng = n, for
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Figure 12. The energy shift dw; = dws in comparison with our perturbative results, P,, given by
dashed curves and additional hollow markers to facilitate the comparison, for six different values of
n and w; = we = 1. Both graphs use solid markers for the numerical results. P, is given in (5.21)
with nq1 = ny = n.
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Figure 13. The total energy (h + h)/N as a function of N;/N for six different values of n and
w1 = wg = 1. On the right we zoom in for small N;/N and show a comparison with the perturbative
result, P, given by dashed curves and additional hollow markers to facilitate the comparison. Both
graphs use solid markers for the numerical results.

small values of Ni/N (small ) is shown in figure 12. We have omitted the perturbative
results from the main plot, figure 11, for clarity.

Finally, we also show a plot of the total energy, (6.11), of our states, figure 13. The
right plot again depicts the excellent agreement with our perturbative results for small
values of N1/N, whereas on the left we have all the numerical data.

7 Final comments

We have used both perturbative and numerical methods to construct and analyze several
families of microstrata. The most general such families are characterized by six parameters
(n1,ng, 01,2, (1, C2), the first four of which are discrete and the last two are continuous
“amplitudes.” We have matched the CFT data to the supergravity data and extracted
the physical frequencies, @;, from the supergravity solutions. The difference between the
classical frequencies, w;, and the physical frequencies, @; gives the anomalous dimensions
of the states in the CFT. We have chosen to focus primarily on solutions that start from
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w; = 1, but we have found that it is straightforward to generalize our numerical analysis
to other values of w;.

Apart from showing that microstrata exist as well-behaved, smooth solutions to su-
pergravity, even at large amplitudes at which they approach the CTC bound, there are
several other important conclusions coming out of our work.

We have shown that the normal mode frequencies depend non-linearly on the ampli-
tudes of the excitations and that the anomalous dimensions are generically negative. Such
a lowering of the energy below its classical value reflects the fact that one expects a non-
BPS state to become more strongly bound once back-reaction is incorporated. We have
illustrated this in figure 14 using our perturbative result (5.13) for a-class microstrata. To
arrive at this figure we vary the individual quantum numbers Ni, N3, n; and ne while
keeping the momentum charge, np, fixed. We also fix the central charge, 6N, and require
np < N so that perturbation theory is valid. One sees very explicitly how the classical
degeneracies of states are then split3® and moved universally downwards, revealing how su-
persymmetry breaking causes a transition away from an evenly spaced rational spectrum
to a broader, generic spread of frequencies.

A more canonical treatment would require one to fix the other thermodynamic vari-
ables, like the total angular momentum of the state, however in our very simple family of
microstrata this would completely fix the classical energy to a single level. Were we able
to construct richer classes of microstrata, we could fix all the thermodynamic variables
and we expect that the energy level plots would have a structure much like that shown in
figure 14.

The non-linear dependence of the energy shifts on the amplitudes of the fields suggests,
but does not prove, that there is a transition to chaos. To see more evidence of a chaotic
spectrum would require a solution with multiple independent modes. This would go well
beyond our simple Ansatz because turning on more than one independent frequency, and
allowing for independent frequency shifts, when combined with the non-linearities of the
equations means that one should expect an infinite range of frequencies to be activated.
One must therefore find solutions that are fully functions of at least two variables.

There are two natural approaches to this problem. First one can simply embrace the
need to solve the system as a function of two variables. Given the success of the numer-
ical analysis presented here, we expect that this should be quite feasible. An intriguing
alternative is to use perturbation theory about one of our microstrata, and controlling the
introduction of new frequencies order by order in perturbations. Indeed, there is one ex-
ample that could potentially produce some very interesting physics: perturbing away from
the special locus.

Our a-class “Q-ball” solutions make critical use of the 2:1 phase locking between two
of the scalar fields in the Ansatz. We then find that regularity requires that the amplitudes
of these two scalars must be locked together on a special locus. In supergravity, we believe
(but have not proven) that moving away from the special locus will result in a “de-tuning”

35The non-BPS levels are at least doubly degenerate because of the Zy symmetry under 1 < 2 sector in-
terchange. There could also be further degeneracy coming from CFT states that lie outside our supergravity
analysis.
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Figure 14. Splitting of the rational CFT degeneracies for the a-class solutions. This plot shows
the total energies, (5.13), of CFT states for wy = we = 1, and various values of N1, N3, ny and ng
but with fixed central charge (N = 1000) and fixed momentum charge (np = 50). The left side
of each plot shows (in red) the rational, classical energy levels, given by the first term in (5.13),
and the right side of the plot shows the perturbative splitting given by the complete expression
in (5.13). The second, right-hand plot shows detail from a part of the spectrum. Note that the
perturbative energies are universally shifted below their classical values.

of the frequencies of these two different fields, with the emergence, through non-linear
interactions, of all the non-trivial combinations of frequencies of these underlying modes.
The expression (3.15) for the special locus suggests very natural perturbative parameters:
€ = P + %2. New frequencies would then be introduced order by order in ¢;.

The CFT characterization of the special locus in terms of multi-particle states defined
through the standard OPE is one of the primary results of this paper. As discussed in
section 4.2, this is a novelty with respect to the CFT description of the superstrata of
section 2.5.3 (see [62] for a recent review of such solutions): in these superstrata multi-
particle states are defined in terms of the orbifold locus by making symmetrized products of
constituents that act on different copies of the CFT. To move off the this class of “standard”
superstrata one must take into account situations in which the elementary constituents act
more than once on the same CFT factor. When exactly the combination corresponding to
the OPE of single-particle operators is used, then one reaches the special locus. In general,
different definitions of the multi-particle states involves operators with a distinctly different
set of traces over the Hilbert space, and it is likely that such CFT operators with different
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trace structures will develop different anomalous dimensions. If so, then one should expect
the non-BPS supergravity description of states that are not on the special locus to develop
a range of frequencies corresponding to all the different trace structures of the operators
that make up a multi-particle state that only involves symmetrized products of single
constituents. This is why we expect that deviating from the special locus in supergravity
must, of necessity, result in a spread of frequencies that go well outside the Q-ball Ansatz.
It would be extremely interesting to try to track this process, using perturbation theory in
€;, in both the CFT and in supergravity,

In this paper we have also chosen to focus on solutions with w; = wo = 1. We made this
choice because we expected the solutions to be relatively simple because they only involve
left-moving momentum excitations. We also suspect that some of these solutions may be
accessible to using almost-BPS methods in supergravity. Based on experience [10, 11] (and
some limited calculations done while developing the work presented here), the perturbative
and numerical construction of solutions for other values of wi,ws does not pose a signifi-
cantly higher level of difficulty. It would, of course, be extremely interesting to construct a
much more general time-dependent solution, and see how it relaxes towards a ground state.

Our numerical work and WKB analysis has enabled us to construct solutions very close
to the CTC bound. The expectation is that such solutions should closely approximate a
black hole and thus have a large red-shift along the throat. In our numerical examples
there were an equal number of BPS and non-BPS elements (N; = N3), and we found
that &; = w; + dw; — 0. However, in our WKB analysis of non-BPS excitations around a
superstratum, we found wo — —1. It is intriguing that these limiting values are integers,
however, one would like a deeper interpretation in terms of black-hole-like behavior. With
our limited families of examples, it is difficult to come up with a compelling conjecture
and so it would be very interesting to gather more data from a broad range of solution
that lie near the CTC bound. One would also like to understand the CTC bound from the
CF'T perspective. While this is probably very challenging for generic non-BPS states, one
might be able to gain insight from a systematic study of non-BPS perturbations around
superstrata that near the CTC bound.

There are also interesting questions about how the results we present here connect to
other areas of research.

Within the microstate geometry programme, one of the imperatives is to uplift these
results to six-dimensional (and thence to I1IB) supergravity. There are several motivations
for this. First, the consistent truncation to three dimensions rests on restricting to some
of the simplest modes on the S3. It would be very interesting to see if the methodology,
like the Q-ball Ansatz, can be extended to other modes on the S3, and then look at the
holography and perhaps find new special loci. Of even more interest is that it is only after
performing such an uplift that one can look for asymptotically-flat microstrata. That is,
the consistent truncation is locked to AdSs asymptotics, but some really interesting physics
should emerge from coupling microstrata to flat space-times. We expect such geometries to
be time dependent because they should decay by some analogue of “Hawking Radiation.”
This is especially true of states with w; > 1 because such CFT states contain both left-
moving and right-moving quanta, whose collisions will create states in the gravity multiplet

71—



that are no longer trapped in an AdS “box.” As a first step one might use perturbation
theory to perform some tunneling calculations like those in [40, 63—66]. It is also intriguing
to conjecture that the states presented here, with w; = 1, and hence only left-moving
momenta, will also be unstable when coupled to flat space, but the instability will be akin
to that of the JMaRT solution [63, 64, 67—69] and its ergo-region instability.

The uplift and coupling to flat space will also facilitate all manner of string probes,
like those of [70-72]. Moreover, the fact that our S-class solutions are S-dual to excitations
that live purely in the NS sector of IIB supergravity means that one might also be able to
use world-sheet methods [73-77] to explore these solutions at the stringy level.

It is also important to note that a generic “Q-ball” Ansatz is the mechanism that
underlies the construction of Bose stars. The important distinction, however, is that the
scalar is the only mechanism to support a Bose star, and the mass of the star is entirely
determined by the mass of the scalar. While Bose stars are interesting in their own right,
they have very few microstates, especially compared to a black hole of the same mass, and
so cannot begin to address the black-hole information problem. The whole point behind
microstate geometries is that they are primarily supported by fluxes [78], and provide a
framework that can be used to construct geometric duals of vast numbers of black-hole
microstates. [1, 2, 79]. Moreover, in microstate geometries, the “Q-ball” Ansatz is simply a
mathematical device to find a simple, solvable system of equations and it is not an essential
part of the overall infrastructure. We cannot help but feel that the depth and range of
Bose stars might be greatly extended by an infusion of some of the essential elements that
underpin microstate geometries, such as higher-dimensions and magnetic fluxes.

It is also evident from our work here that the supergravity solutions are outstrip-
ping our ability to perform the dual CFT calculations. The problem is simply that once
supersymmetry is broken, correlators are no longer protected by supersymmetry and com-
putations using the orbifold CFT are of limited value in the black-hole regime. One really
needs a new infusion of ideas and methods. In this context, it is important to remember
that the supergravity theory requires large N, and perhaps there are some as yet undis-
covered large-N methods that might be found. Perhaps there could be some conformal
bootstrap techniques that could be used to compute some of the anomalous dimensions we
computed here? It is also possible that one might make progress with CF'T correlators at
large frequencies, w, where WKB works well in supergravity.

What is evident from the work presented here, is that our microstrata represent an
important starting point for a more systematic exploration of non-BPS black-hole mi-
crostructure within the framework of microstate geometries, fuzzballs and holography.
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A Reduced equations on special locus

The special locus in supergravity is introduced in section 2.6. For completeness, we will
restate the relations characterising it, namely:

1 1—¢£2
MLQ = )\172 = 5 log (1 — 25 V%’2>,

1
my = —5(1 — 52) V1 vy, me = 0, (Al)

which reduce the matrix m in equation (2.32) to
1—3(1 =87 0 —3(1 =€) rimn 0
0 1 0 0

m = , A2
—3(1 - 01-31-6)13 0 (2-2)
0 0 0 1
with only one non-trivial eigenvalue, given by
1 1
mo:1—§Xm:1—5(1—52)(V12+V§). (A.3)
Moreover, x is a null vector of F
F;WIJ xJs =0, (A4)
which results in the following algebraic relation between the gauge fields
P WUy 4+ P53V — Py W3 — Dy Uy =0. (A5)

Substituting the relations above in the equations of motion leads to a reduced set of
“almost BPS” equations. The procedure is tedious, so we will only present the final results.
It will prove convenient to define the following complex vectors:

Fy +iFy D) + 1Dy
0 0
F ®
v —F3 4+ 1Fy ’ v —®3 + 1Py ( )
0 0
where the functions F; have been defined in (2.40). We will also define
2\(, 2 2 £ 08
A=2mog=2—-(1-&)vi+v5), Hy=—"—=5-=. (A.7)
b (1-¢2)%]
The gauge fields all satisfy first-order linear ODEs:
) V1-=E&v , ) V1-=&v ,
(@1 +iy) = VIS0 W ek — i) = IS0y
: 1—-&2v :
686(\1’1 +Z\I’4) = A/\EZQl(ZX[)( §2VI +H0VI)
) V1 —E2yp ) k
£0¢(V3 — V) = % Q4 (ix; )( fQVI + HyV; )
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The above equations also imply:

qu),l—IJQCI)g:O, VQ(I)/2+V1(I)£1:07
121 \I’ll — Uy \I/é =0, 1) ‘11,2 + 1 \I’ﬁl = 0. (AS)

The equation for k is also first-order and linear:
k
0 585 (1_§2) + 8((1)1 by + O3 Py — /i)HO =0, (A.g)

where k is a constant of integration, that can be determined order by order in the perturba-
tive expansion using the regularity constraints. One can also derive a first-order equation
for Hy, and through it the metric fields g and 2;:

k
Q4 585 10g<H0) — 8((131 Fo+ Py Fy + P Fy + Py Fg) — 16,%1_762 +w =0, (AlO)
where w is another constant of integration. Notice the similarity of these two equa-
tions (A.9) and (A.10) with (2.43), where w plays the role of 7,. The metric sector of
the equations does not fully reduce to first-order, hence one has to complement (A.10)
with the second-order equation of motion for ;:

£0¢ (£0¢) A+2 —2( k )2 8 3|2
2 -2 Q H, — - = =0. A1l
QIHO A 1 + 0 6851_52 A‘X]VI ‘ 0 ( )
Finally, we need equations for v; 2. One can derive a Wronskian type of constraint
for them:
£(1 - &)

A (VQ l/i — U I/é) =4 ((1)4 Uy — P, 0y + O30y — Py \1’3), (A12)

which is to be supplemented by one second-order differential equation from the equations
of motion of 11 and 1o, that we can write in terms of the eigenvalue A:

3A -4 2 F 2 P 2
£0¢(§0:A) + m(faﬁf\) + (§0¢ log Ql)(fa&A)—S‘XIVI ’ + SHO‘XIVI ‘
2
—|—32(2AA)Q2(@1\I/4 + OoUg — PgWy — ‘1)4\1/1)2 + 2(2 — A)Q%H@ =0, (Al?})
- 1

A.1 Linear equations

We can simplify these equations by looking at a particular linearisation. We start with the
special locus (2.69) in the (1,0, n) sector parametrized by a1, that we treat as a background,
and linearise the equations at first order in as. The fields that receive corrections are:
va, ms, mg, P3, g, U3, ¥y. The fields my and mg are fixed by the algebraic equations (A.1),
and for the rest we find a system of coupled equations:

-
42— (1 -&f)

(1/21/1 — 1/11/5) = QU + P3Wy — Ugdy — Uy Py, (A14a)
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/ 11— 52 Q
ol = _g(é = EQ);%) (oFy + 1 Fy) | (A.14D)

;= . w o,

4= E2- (11— o R (A.14c)
/ 1-H Q

Uy = _5(; — é zyéj)i%) [1 s (vaFay + v1Fy) + Ho(ra®2 + 11 P4) | (A.144)

r (1_52)7/17/291 k V2
i = £2—-(1-8)) (1—52F1+H0‘1’1> - ¥y (A.14e)

B Uplift to six dimensions

The solutions of the three-dimensional gauged supergravity can be uplifted to type 11B
supergravity compactified on a four-dimensional compact space M, which can be either
T* or K3. The latter is the appropriate framework to interpret the solutions as bound
states of D1 and D5 branes and to perform the holographic analysis of sections 4 and 5.
The compact space M plays a trivial role in our solutions and one can conveniently focus
on the remaining six-dimensional directions, which we describe, following [42, 47, 80], by
the six-dimensional Einstein metric dsZ, the three-forms G() and the scalars ¢(™). In
our solutions the only non-trivial fields sit in the gravity multiplet, which contains the
three-form G, and two tensor multiplets, which add two more three-forms, G(®, G(7),
and two scalars, $(°®), 57 From the ten-dimensional perspective the non-trivial fields
are: the RR forms, Cy, Csy, Cy, the NSNS two-form, Bs, the dilaton, ®, and the volume of
M, Vy; since the RR four-form has only a component along M, plus the six-dimensional
component needed for self-duality, we will simply denote by Cy4 the scalar giving its M-
component; we will also denote by Cg the two-form in six-dimensions obtained by reducing
on M the six-form dual to Cy. The four scalars, ¢, Vy, Cy, C4, are related by

29 29
. — (B.1)

Ci= oy O, .
1 e2®C2? +1 4 e2®C2 +1

The relation between the ten-dimensional and six-dimensional quantities is

1 Q5 Cy Q1 Co
(56) — = |, /x4 |10 67 =/ B.2
¢ 2[ Q1 Co Q5C4]’ ¢ . (B2)
a® _ QG+ 067 )  GY - 060 g GY (B.3)
2Q:1Qs 7 2Q1Q5 ’ V@Q1Q5’
with ) ] ]
GV =2dCy, G =2dCs, GW=—dBy; (B.4)

Q1 and Qs are the D1 and D5 supergravity charges that determine the magnetic (S%)
components of the three-forms at infinity: G(M|gs — Q5, G?|gs — Q1.
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The general uplift formulas were given in [23]: we would like to make these formulas
explicit for the generalised microstratum truncation introduced in section 2.4; we will work
in the axial gauge specified by the functions in (2.33). It is convenient to define

[y = edicos® p; + e Msin?; (i=1,2), (B.5)

A = eMTsin? 6 4 e#2Ty cos? 0 + 2 (ms cos p1 cos o + Mg sin 1 sin ) sin 6 cos b,
(B.6)
det(m) — (6M1+M2 _ €—>\1—>\2m§)(6u1+u2 _ e/\1+>\2m%)’ (B.7)
X = /1 — &2 (v1 cos 1 sin 0 + v cos g cos ) . (B.8)

Then the six-dimensional Einstein metric is
ds? = — (det(m)) Y2 A2 ds2 4+ R34 (det(m))/? A~1/2 (GQB Dy® Dy5> , (B.9)

where ds? is defined in (2.21) and the components of the S3 metric are

-1 2 Al a3 2
Gea _ eNQ e COS™ 1 €7 S~ 1 COS2 9
6u1+u2 _ 67)\1*)\277)% 6M1+M2 — e)\l+)\2m%

+ et

e~ cos? g e*2 sin? 2 g
Sin
6#1+H2 — 6*)\1*)\27’)7% eﬂ1+ﬂ2 — 6A1+)\2m%

—A1—A2 A1+A2 ; ;
e mg COS Y1 COS Y2 e Mg SIN 1 S11N P2 .
+2 )\cp)\ 290 )\SO)\ ;0 sinfcosf, (B.10a)
eM1TH2 — p—A1— 2mi eM1tp2 — pAl+ 2mg
i —A1 o2 A 2
G s e sin” 1 e’ cos” 1 in20 B.10b
pre1 = € p1+p2 —A1—A2y2 H1+p2 A1+A290,2 sm-o, ( ’ )
e —e m; e —e mg
[ —A2 o312 A 2
a _om e "28In” 9 e™2 cos” o 2 B.10
pap2 = € p1pe —A1—A2n2 w12 Mtram2 | %Y (B-10c)
e —e m; e —e mg
G o e n e i in § cos 0
(& — Sin COS S1n U COS
01 ehitpe e—)\1—>\2m§ eHitpe e>\1+/\2m€23 #1 1

B.1
eH1tp2 6_)\1—)\2mg eb1tuz 6/\1+)\2m% ( Od)

e M2 ms sin (01 COS (P2 eMTA2 e cos 1 sin 902] 2
Y

—)\2 >\2

G M1 ¢ €
—e _
9902 ey,ler,Q _ 67A1*A2mg 6M1+M2 — e)\l+)\2 m%

] sin @9 €OS w9 sin 6 cos 0

—A1—A\ : A1+A :
Le T2 mycosprsingy e 1TA2 1mg sin 1 cos g9 <in? (B.100)
eM1tp2 e*/\1*>\2m% eM1tp2 6)\1+)\2m% ) '
—A1—A\ : : A1+
o _ e M 2mg sinpy siny €M T2mg cos 1 cos g | 0 cosl B.10f
Pre2 T Hitp2 —A1—A22 B1tp2 A2 2 Sy cosy, (B.10f)
e —e mé e —e ma
and the S one-forms are
AlJ
Dy* =dy* — go K7y A™, (B.11)
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with the S? Killing vectors (K¢, = —K9;)

0 0
Kio=—, K3g=+—,
01 0p2
. 0 . 0
K13 = cos 1 cos py — — sin @1 cos @o cot § —— + cos 1 sin g tan  — ,
90 D1 2
) 0 . . 0 0
K14 = cos 1 8in (g — — sin 7 sin g cot @ —— — cos @1 cos o tan  — | (B.12)
a0 O D2

. 0 0 . . 0
Koz = sin ¢y cos o 20 + cos (p1 cos o cot § (97901 + sin 1 sin o tan 0 67@2 ,

. . 0 . 0 . 0
Koy = sin ;g sin g 20 + cos (p1 sin o cot 0 8—@1 — sin 7 cos po tan 6 87902 .

All the scalars can be reconstructed from the dilaton and axion, which are given by

2 Q1 (X2 +2A)2 2Q5 X
_ N e L B.1
T 10, A0 O Q1 X2 +2A (B.13)

Formulas for the three-forms are considerably more cumbersome and are not needed in

this article. We will only give the results that are used in the holographic computation
of sections 4.4.1 and 4.4.2, i.e. the components, G(I)|53, of the three-forms along the S3
(divided by the volume of the round 53) for the restricted ansatz with puo = Ao = 1p =
m5:m6:<1>3:\113:¢4:\114:0:

Q1 A1 —A\1 w1 p2A1 2 —2A1 w32 — eH2T
G0 = Qsett et +e” M el(e*Mcostpr te sin® 1) — et2T sin0| | (B.14a)
A 2 A
Q1 cos26 eIy —et? |
G =Q — ?(1 — &2 [6“2 ( A A2 sin? @ cos? 0> cos® 1
1 in(2
- Z@i (W) (M~ sin? 0 + M2 cos? 9)} , (B.14b)
#1
1 1 w2 in26 2 (pA1 -1 20
GOl = X e _)\1_2(6 + eM2I'y) sin® 0 + eF2 (e 4 e7) cos® 0) ‘ (B.14c)
2v2A A

C 7, symmetric B-class equations for numerics

Here are the equations for the Zo symmetric case of the [S-class of solutions — that is,
ny=ng =n, f1 = P2 =5 and u; = po, A1 = Ao, &1 = ®3 and ¥; = ¥s. For numerical
convenience, we have defined k = £ k. The equations follow:
B = € (1~ 0304 06 (€01 ) 4¢3 (1-€)2 3 (¢ 1 @~ (1-€) W)
+4e (1= P +4 e Q0T (1-€*1) =0,
By = €(1-6)2 Q1 0 (€01 \) ~2 sinh (2 01) (403 (€5 @1~ (1-62) 01)" ~4€203 03) =0,
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Eo, =~ 4€2 sinh (A1)” @1 Q4 Qe € (1-¢2)2 0F (—€ 9 Y+ (1428 14) Pl +€ ) )
—(1-€2) 03 [-2608 (€5 @ —(1-€) W)) +¢2 @ (1462
+E1-E) ) (Er D) —(1-€2) ¥1)| =0,

By, = =k Q3| =2£0 (6n 01— (1-6) W)) +€2 O (14€3) 4+ (1-€%) ') (€ £ 01— (1-€%) W)
e Qg @ [—€ (1-62) Qo O (k+€R)+2€ 5 (€ (1-€2) 2 R+ Q0 (=€ (1-€3) ) )|
— 2 (1-€%) Qg [26 (1-€2) 00 W) Q020 (W (@ (14382 -2¢(1-€%) 1) ~¢ (1-€) @)
—£(1-€) Q0| -2€2 0f @) —dgsinh (M) 0104 01 =0,

B, = 2601 [~€(1-€2)2 0 QF + Q3 (46 Q1+ (1-€1) 00) +(1-6)% Qo (0% (1 +€ ) +€ 2 0f) |

— O (142 R+£(1—€2)r') 2 +3202 02 sinh (M) (€ kD1 —(1-€2) ;)
+8(1-€2)22 022 2 4 4 m 20802 (1-262) =0,

Eq, = —32¢2 sinh (A)” @30 +4 ¢4 20802 (1-262#1) 402 (14+2) k+€ (1-62) 1)

~8(1-€)PQF e (€r 21— (1-67) W) +26 (1-€PPOF % (A +£9) =0,
B, =32¢ sinh (A\)* &y (€8 @1 —(1—€2) Uy) Q3+8¢ (1—-€2)2 Qg 21 ® (¢ £ D) —(1—2) T})
— (1= D 269 (1467 k+6 (1—€%) W)Y+ (=3¢ (1+€2)r+E (1-€) W) O
— (1=, (—m+§(m’+§n”)))] =0. (C.1)

These are the equations we integrate numerically. However, one can show that a linear

combination of Eg,, Ey, and Fy reduces to a first order equation, namely:

(18P0 (5 8 - 1)
€03

_ 2203
(15)91(%(15% ) P +807 —c, =0, (C.2)

& 02 y2

where ¢,; is a constant of integration. Equation (C.2) generalizes to the ny # ng [-class
and we treat it as the equation of motion for the W gauge field, implying that the latter is
governed by a first-order differential equation. It is not related to the 3 constraint equations,
discussed at the beginning of section 3. The latter reduce to a single constraint for the
B-class(for general n; 2), as the ones coming from the Maxwell equations are automatically
satisfied. Only the Einstein constraint remains non-trivial and we omit it here, as it is
rather cumbersome. We use it to monitor the convergence of our numerics.
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