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Quadratic theories of gravity with second order equations of motion provide an interesting model for
testing deviations from general relativity in the strong gravity regime. However, they can suffer from a loss
of hyperbolicity, even for initial data that is in the weak coupling regime and free from any obvious
pathology. This effect has been studied in a variety of cases including isolated black holes and binaries.
Here we explore the loss of hyperbolicity in spin-induced scalarization of isolated Kerr black holes in a
scalar-Gauss-Bonnet theory of gravity, employing the modified CCZ4 formulation that has recently been
developed. We find that, as in previous studies, hyperbolicity is lost when the scalar field and its gradients
become large, and identify the breakdown in our evolutions with the physical modes of the purely
gravitational sector. We vary the gauge parameters and find the results to be independent of their value.
This, along with our use of a different gauge formulation to previous works, supports the premise that the
loss of hyperbolicity is dominated by the physical modes. Since scalar-Gauss-Bonnet theories can be
viewed as effective field theories (EFTs), we also examine the strength of the coupling during the evolution.
We find that at the moment when hyperbolicity is lost the system is already well within the regime where
the EFT is no longer valid. This reinforces the idea that the theories should only be applied within their
regime of validity, and not treated as complete theories in their own right.
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I. INTRODUCTION

Black holes (BHs) are ideal objects for testing funda-
mental physics through electromagnetic and gravitational
wave observations [1]. First, because their compactness
allows us to probe the highest curvature scales accessible in
nature, and second, because they are remarkably simple
objects, described only by their mass, charge, and spin in
the stationary case. Even in the presence of additional
fields, e.g., scalars, the Schwarzschild and the Kerr black
holes are equilibrium solutions in a number of theories.
This constitutes the basis of the no-scalar hair theorems [2].
Theories of gravity that evade these theorems and are

astrophysically relevant have attracted a lot of attention in
recent years [3]. Among the most prominent examples are
effective field theories (EFTs) that can be viewed as a low-
energy limit of quantum theories of gravity, containing an

additional scalar degree of freedom with nonminimal
couplings to curvature terms. These theories may admit
stationary BH solutions with non trivial hair, which can
be used to impose observational constraints on the cor-
responding theories. For example, hairy BHs are the
stationary end state in shift-symmetric or dilatonic
Gauss-Bonnet gravity [4–8], and in dynamical Chern-
Simons gravity [9–11]. A further mechanism for generating
BH hair that was recently identified is that of spontaneous
scalarization [12–14], similar to neutron star spontaneous
scalarization [15] (see [16] for a review). This occurs in
theories that coincide with GR in the weak field limit, but in
which one can trigger a nonlinear development of the scalar
field (i.e., a phase transition) when the compactness of the
spacetime or the curvature reaches a certain threshold.Due to
the fact that the sign of the Gauss-Bonnet term is spin-
dependent close to the black hole horizon, in some cases, the
trigger for scalarization can be a sufficiently rapid rotation of
the black holes, rather than their mass [17–20]. This latter
effect has been dubbed “spin-induced scalarization.”
The construction of equilibrium solutions in such the-

ories of gravity has advanced significantly in recent years,
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including the case of rapid rotation [19–22]. In dynamical
studies, the most widely used approach is the so-called
decoupling limit approximation where the scalar field is
evolved on top of the GR background (see, e.g., [23–27] for
the case of isolated objects and [28–33] in the case of
binaries). This method can give us important information
about the scalar field dynamics and their astrophysical
implications. Including the backreaction of the scalar field
on the metric (and on the fluid in cases with matter) is a
lower-order effect, and so is neglected in these works. It is,
however, essential if we want to study in detail the impact
of the scalar mode on the (tensor) gravitational waveforms.
Thanks to recent developments in well-posed formulations
[34,35], such studies have recently begun to be carried out
in parity invariant cases [36–40].
One key reason for the slow progress in performing

numerical evolutions of scalar-tensor EFTs is the question
of well posedness. Even when the field equations are of
second order and the theory is free from ghosts, as in
Gauss-Bonnet theories, it is not always clear that the theory
can admit a well-posed formulation [41]. In particular, the
question of well posedness is dependent on the gauge and
the initial conditions, although recent works have shown
that in spherical symmetry the breakdown experienced is
at least sometimes purely physical, and not related to the
gauge choice [42]. In the weak coupling regime, where
the EFT approach is justified, a Modified Generalized
Harmonic Coordinate (mGHC) formulation has been iden-
tified for which strong hyperbolicity (and therefore well
posedness of the initial value problem) was proven in
Lovelock and Horndeski theories of gravity [34,35]. The
implementation of nonlinear evolutions within this mGHC
formulation has since been performed in several works
[36,37,43]. The approach inspired a formulation within the
alternative CCZ4 framework, using singularity-avoiding
coordinates, which was proved to be well posed in the weak
coupling regime, and demonstrated to work in practice
in [39,40]. This latter formulation is the one used in the
present paper.
However, even if for some choice of initial data the

evolution is (locally) well posed, there is no guarantee that
the nonlinearities of the theory will not drive the system
into a strongly coupled regime, where local well posedness
need not hold. In fact, such a behavior should be expected
(and is frequently observed in practice) since the propa-
gation of the relevant fields is typically controlled by
effective metrics that depend on the field values and their
derivatives, just as in hydrodynamics, where shocks can
form from smooth initial data. When moving away from the
weak coupling regime one eventually encounters loss of
hyperbolicity both for isolated black holes [44–46] and
binaries [36,38–40]. The problems are not only due to
the nonlinearities of the theory—loss of hyperbolicity is
also observed when considering the perturbed field equa-
tions, although for a much narrower region in the parameter

space [47,48]. It is still not clear whether these problems
can be cured by a proper choice of the gauge or if they are
intrinsic to the theory, at least in the more general case
beyond spherical symmetry [42]. There are attempts to cure
the loss of hyperbolicity by “fixing” the system of
evolution equations [49,50] or by modifying the theory,
e.g., by adding an extra coupling of the scalar field to the
Ricci scalar [51,52].
In the present paper, we explore the loss of hyperbolicity

experienced following an exit from the weak coupling
regime in a scalar-Gauss-Bonnet (sGB) theory of gravity
that admits spontaneous scalarization. This problem has
recently been studied in detail in spherical symmetry for the
case of standard scalarization [41,42]. Here we study in
detail the spin-induced case beyond spherical symmetry in
3þ 1D numerical relativity simulations using the modified
CCZ4 gauge of [39,40], expanding on previous work using
the mGHC formulation in [36]. While the lower symmetry
of this case compared to standard scalarization makes the
results more general, it means that, technically, it is more
difficult to compute explicitly the propagation speeds of all
the modes. However, we can still identify loss of hyper-
bolicity through two quantities related to the effective
metric, and we study these, and the condition for weak
coupling, in this work.
The paper is organized as follows: Sec. II sets out the

background for scalar-Gauss-Bonnet theories, and Sec. III
describes the modified CCZ4 formulation that is used. The
criteria used to identify whether the theory is hyperbolic,
and in the weakly coupling regime, are discussed in Sec. IV.
Section V explains the coupling used, Sec. VI sets out
numerical implementation details, and the results are
presented in Sec. VII. We conclude in Sec. VIII.

II. SCALAR-GAUSS-BONNET
THEORY OF GRAVITY

We consider the scalar-Gauss-Bonnet theory having a
general form of the action

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

2
∇μφ∇μφ − VðφÞ

þ 1

4
λfðφÞR2

GB

�
; ð1Þ

where R is the Ricci scalar with respect to the spacetime
metric gμν, R2

GB is the Gauss-Bonnet invariant defined as
R2

GB ¼ R2 − 4RμνRμν þ RμναβRμναβ, φ is the scalar field,
and VðφÞ is the scalar field potential. The coupling between
the scalar field and the Gauss-Bonnet invariant is controlled
by the λfðφÞ coefficient, where λ is a constant having
dimensions of length2. For completeness, in this section,
we include a scalar potential VðφÞ, but in our simulations,
we set VðφÞ ¼ 0 for simplicity.
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After varying the action with respect to the metric and
the scalar field, one obtains the following field equations,

Rμν −
1

2
Rgμν þ Γμν ¼

1

2
∇μφ∇νφ −

1

4
gμν∇αφ∇αφ

−
1

2
gμνVðφÞ; ð2Þ

∇α∇αφ ¼ dVðφÞ
dφ

−
λ

4

dfðφÞ
dφ

R2
GB; ð3Þ

where Γμν is defined as

Γμν ¼ −
1

2
RΩμν −Ωα

α

�
Rμν −

1

2
Rgμν

�
þ 2RαðμΩνÞα

− gμνRαβΩαβ þ Rβ
μανΩβ

α ð4Þ
with

Ωμν ¼ λ∇μ∇νfðφÞ: ð5Þ

In order to study spin-induced scalarization, we need to
choose a coupling function fðφÞ that is quadratic to first
order. The exact form we use is given in Sec. V.

III. MODIFIED CCZ4 FORMULATION

In our numerical evolutions we employ the modified
CCZ4 formulation of [39,40], which was proven to lead to
a strongly hyperbolic system of equations in the weakly
coupled regime for the four-derivative scalar-tensor theory
of gravity (4∂ST) (which includes the scalar-Gauss-Bonnet
theory as a subset). Here we will summarize the key points
of the method—see [39,40] for further details.
In this formulation the equations are rendered well posed

by adding a set of terms that vanish when the constraints
hold (Zμ ¼ 0) to the equations of motion of the metric part
in (2), as in [53]. Specifically, we perform the following
replacement,

Rμν −
1

2
Rgμν → Rμν −

1

2
Rgμν þ 2

�
δðμα ĝνÞβ −

1

2
δβαĝμν

�
∇βZα

− κ1½2nðμZνÞ þ κ2nαZαgμν�; ð6Þ

where ĝμν and g̃μν are two auxiliary Lorentzian metrics that
ensure that gauge modes and gauge condition violating
modes propagate at distinct speeds from physical modes, as
in [34,35].1 They can be defined as

g̃μν ¼ gμν − aðxÞnμnν ĝμν ¼ gμν − bðxÞnμnν; ð7Þ

where aðxÞ and bðxÞ are arbitrary functions such that 0 <
aðxÞ < bðxÞ and nμ ¼ 1

α ðδμt − βiδμi Þ is the unit timelike

vector normal to the t≡ x0 ¼ const hypersurfaces with α
and βi being the lapse function and shift vector of the 3þ 1
decomposition of the spacetime metric, namely

ds2 ¼ −α2dt2 þ γijðdxi þ βidtÞðdxj þ βjdtÞ: ð8Þ

Note that aðxÞ ¼ bðxÞ ¼ 0 leads to the usual CCZ4
formulation [53], including the damping terms in (6),
whose coefficients κ1 > 0 and κ2 > − 2

2þbðxÞ guarantee that
constraint violating modes are exponentially suppressed
[39,40]. In most of our simulations, we set aðxÞ ¼ 0.2 and
bðxÞ ¼ 0.4 as in [36], but have also explored the sensitivity
of our results to changes in these values, as detailed below.
In [39,40] the evolution equations for the 3þ 1 formal-

ism are derived and specified, and we do not reproduce
them here (see also [54]). The versions of the 1þ log
slicing and Gamma-driver evolution equations that result in
the modified puncture gauge are

∂tα ¼ βi∂iα −
2α

1þ aðxÞ ðK − 2ΘÞ; ð9Þ

∂tβ
i ¼ βj∂jβ

i þ 3

4

Γ̂i

1þ aðxÞ −
aðxÞα∂iα
1þ aðxÞ ; ð10Þ

where Θ ¼ Z0, K is the trace of the extrinsic curvature of
the induced metric γij, and Γ̃i ¼ γ̃klΓ̃i

kl, with Γ̃i
kl being the

Christoffel symbols associated to the conformal spatial
metric γ̃ij ≡ χγij, where χ ¼ detðγijÞ−1=3.

IV. WEAK COUPLING REGIME
AND WELL POSEDNESS

The formulation of [39,40] has been proven to be
strongly hyperbolic for sGB (and thus well posed) in the
weakly coupled regime, where the contributions of the
Gauss-Bonnet term to the field equations, measured by
the coupling

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf0ðφÞp

, are smaller than the two-derivative
Einstein-scalar field terms. This yields the following weak
coupling condition,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλf0ðφÞj

p
=L ≪ 1; ð11Þ

where L−1 ¼ maxfjRijj1=2; j∇μφj; j∇μ∇νφj1=2; jR2
GBj1=4g

is the inverse of the shortest physical length scale character-
izing the system, i.e., the maximum curvature scale.
In this work, we explore the validity of the EFT by

monitoring the condition (11) during the evolution. This
condition is, in a sense, more important than hyperbolicity,
since once breached one can no longer trust the EFT.
Nevertheless, it is interesting to explore the interplay
between the two conditions and how closely they coincide
in practice for generic classes of initial conditions.

1Note that g̃μν is hidden in the definition of the constraints Zμ

(see [39,40] for further details).
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It was shown in [39,40] that the contribution from the
Gauss-Bonnet sector to the principal part of the evolution
equations only affects the physical modes (and not the
gauge modes). These can be separated into purely gravi-
tational modes and mixed scalar-gravitational ones [55].
Therefore, strong hyperbolicity (and thus, well posedness)
fails when the eigenvalues corresponding to those modes
become imaginary.
In [39,40] all the physical eigenvalues were computed

perturbatively. However, the eigenvalues from the purely
gravitational sector can be derived exactly in the full
theory, given that they lie on the null cone of the effective
metric [55],

gμνeff ¼ gμν − Ωμν: ð12Þ
Hence, one can find that the determinant of the effective
metric (normalized to its value in pure GR) is given by

detðgμνeffÞ
detðgμνÞ ¼

�
1

1þ Ω⊥⊥

�
2

det

�
1

χ

�
ðγij −ΩijÞð1þ Ω⊥⊥Þ

−
2

α
Ω⊥ðiβjÞ −Ω⊥⊥ βiβj

α2
þΩ⊥iΩ⊥j

��
; ð13Þ

where Ωij ¼ γiμγ
j
νΩμν, Ω⊥i ¼ −nμγiνΩμν and Ω⊥⊥ ¼

nμnνΩμν. When the value of the ratio in (13) becomes
negative, this tells us that strong hyperbolicity no longer
holds. The eigenvalues of these modes of the system have
become imaginary, and when this occurs outside of the
apparent horizon the evolution cannot continue. It is also
possible that in the strongly coupled regime, strong hyper-
bolicity could be violated in the mixed scalar-gravitational
sector; in this case the diagnosis of the problem is less easy to
formulate.2

When hyperbolicity is lost, as discussed in [56] (see also
[57]), the equations change character from hyperbolic to
parabolic or elliptic. This behavior can be described by
analogy with two model equations, namely the Tricomi
equation,

∂
2
yuðx; yÞ þ y∂2xuðx; yÞ ¼ 0; ð14Þ

where the characteristic speeds go to zero at y ¼ 0 and the
equations become parabolic, or the Keldysh equation,

∂
2
yuðx; yÞ þ

1

y
∂
2
xuðx; yÞ ¼ 0; ð15Þ

where the characteristic speeds diverge at the transition line
y ¼ 0. Finding out if loss of hyperbolicity happens due to a
Tricomi or Keldysh-type transition is of interest since the
cure is different for each type. For instance, one can choose
a different gauge for a Keldysh-type transition or add
derivative self-interactions for a Tricomi-type transition,
see the discussion in [58] for more details.

V. SPIN-INDUCED SCALARIZATION
AND THE COUPLING FUNCTION

The specific choice of sGB theory is controlled by the
coupling function fðφÞ and the potential. In what follows
we will assume VðφÞ ¼ 0.
Loss of hyperbolicity has been considered in several

classes of sGB gravity, including the shift-symmetric case
with fðφÞ ¼ φ [42,44] as well as the quadratic case,
fðφÞ ¼ φ2, which allows for spontaneous scalarization
in black hole spacetimes [42,45]. The first results for
spin-induced scalarization were reported in [36], where
quadratic-quartic (fðφÞ ¼ λ

2
φ2 þ σ

4
φ4) and exponential

[fðφÞ ¼ λe
6
ð1 − e−3φ

2Þ] couplings were considered. In the
present paper, we further explore the loss of hyperbolicity
for spin-induced scalarization scenarios, investigating
the type of hyperbolicity loss, and the role played by the
gauge choice.
Spin induced scalarization happens only for sufficiently

rapidly rotating BHs and a coupling that is quadratic at
leading order, with λ < 0, see Eq. (1). If a subclass of
sGB gravity admits spontaneous scalarization, then Kerr
is always a solution of the sGB field equations. The
scalar field development is sourced by the Gauss-Bonnet
invariant—considering the scalar field perturbations in (2)
on top of the GR background, one obtains

ð∇α∇α −m2
effÞδφ ¼ 0; ð16Þ

where the scalar field effective mass is defined as

m2
eff ¼ −

λ

4

d2fðφÞ
dφ2

				
φ¼0

R2
GB: ð17Þ

When m2
eff < 0 there is a tachyonic instability, and the

scalar field grows exponentially until it is quenched by
nonlinear effects. For static black holes, we always have
R2

GB > 0 and, thus, scalarization is only possible when
λd2fðφÞ=dφ2jφ¼0 > 0. On the other hand, for rapidly
rotating Kerr black holes with a=M > 0.5, R2

GB becomes
negative close to the poles around the black hole horizon. In
such cases, a coupling function with λd2fðφÞ=dφ2jφ¼0 < 0

can lead to negative m2
eff in some regions. For a given black

hole mass and large enough λ (the exact threshold depends
on the value of a) the scalar field perturbations will become

2In this paper we only identify when loss of hyperbolicity is
observed in the purely gravitational modes. Since the loss of
hyperbolicity in these modes appears to coincide with the
breakdown of the simulation, we do not investigate further the
mixed scalar-gravitational ones. While the latter are the “fastest”
modes [55], it is not necessarily the case that hyperbolicity loss
should occur first in their sector. Further work is needed to
understand at what level they contribute to the loss of hyper-
bolicity we observe.
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unstable, leading to the development of scalar hair around
the black hole [17].3

The simplest coupling function that can satisfy the
conditions for spin-induced scalarization is fðφÞ ¼ φ2

with λ < 0. However, this leads to unbounded instabilities,
which are undesirable (from a numerical point of view)—
they cannot be followed to a stable end state.4 We therefore
choose an exponential form of the coupling, namely

fðφÞ ¼ 1

2β
½1 − expð−βφ2Þ�; ð18Þ

where β is a constant. In the vicinity of φ ¼ 0 this coupling
has the same leading order expansion as the pure quadratic
coupling. Thus, the phenomenology of spontaneous scala-
rization in both cases is very similar. However, the
exponential term introduces higher-order corrections that
lead to a saturation of the instability above a certain
amplitude of the scalar field. In particular, with this choice,
the value of the dimensionless coupling λ=M2 controls
whether, for a fixed initial a0=M, a given Kerr black hole
can scalarize and, if so, the timescale of the growth of the
scalar cloud. The constant β in the coupling function (18)
controls the scalar field amplitude in the final equilibrium
state; namely, larger β leads to a weaker scalar field in the
final state. In [36] the exponential coupling studied
corresponded to a fixed value of β ¼ 6, whereas we allow
this parameter to vary.

VI. NUMERICAL IMPLEMENTATION
AND METHODS

In order to study the loss of hyperbolicity and its relation to
violation of the weak coupling condition we have performed
3þ 1 nonlinear evolutions of spin induced scalarization for
isolated rotating black holes. We use the GRChombo code
[60,61] andmore specifically itsmodification to include sGB
gravity with singularity avoiding coordinates [39,40], in
contrast to other recent studies that make use of mGHC [36].
Using different gauge formulations helps us to explore the
possibility that these are physical breakdowns in the theory
and not related to gauge issues. The code testing against
known results and the convergence tests are discussed in the
Appendix.
The size of the computational domain is L ¼ 256M

along each of the coordinate directions and we use 6
refinement levels (so 7 levels in total), with a refinement
ratio of 2∶1. The rest of the parameters are fixed to
κ1 ¼ 2.0=M, κ2 ¼ −0.1, while the Kreiss-Oliger numerical

dissipation coefficient is set to σ ¼ 2.0 (see [61] for the
precise definition of these parameters).
Our initial conditions are isolated Kerr black holes in

quasi-isotropic coordinates (see [62] for details) with initial
angular momentum parameters a0=M ¼ 0.6 and a0=M ¼
0.8 respectively. On top of the GR background, we add a
scalar field perturbation in the form of a small Gaussian
pulse located at a distance of 30M from the center of the
black hole with an amplitude of 10−5 and zero initial
momentum. Due to the use of the puncture gauge, our
initial data is not a stationary solution of the 3þ 1 evolution
equations and the variables need a characteristic time of
∼10–20M to settle to a nearly stationary state. This is
demonstrated in the left panel of Fig. 1 where the evolution
of the conformal factor χ is plotted. This figure shows that χ
grows on a timescale of ∼10–20M and reaches a roughly
constant state before the scalarization begins. We note that
the addition of the scalar pulse violates the constraints by a
small amount, and we rely on the constraint damping terms
in the equations of motion to get rid of this error during
the evolution. However, for our choice of scalar amplitude
the initial constraint violations are small compared to the
truncation errors introduced by the discretization of the
equations. By the time the scalar pulse “hits” the black
hole, the initial period of gauge adjustment is over and the
constraints are well satisfied, as we can see in Fig. 1. Here
the Hamiltonian constraint is

H ¼ H −
1

2
ðK2

ϕ þ ð∂iϕÞ2Þ −ΩH þ 2HklΩkl; ð19Þ

where Hij ¼ Rij þ KKij − KikKk
j , Ωij ¼ γμi γ

ν
jΩμν, H ¼

γijHij, and Ω ¼ γijΩij.
In our simulations, jλ=M2j is chosen large enough such

that the corresponding Kerr black hole undergoes spin-
induced scalarization. The small scalar field perturbation
grows exponentially until it settles into an equilibrium
distribution. In an astrophysical setup, this exponential
growth would happen during stellar core collapse to a black
hole. In that case, the curvature quickly grows as the stellar
core compactifies and this would trigger the scalar field
development [46]. Thus, while the setup we consider is
somewhat artificial, it is a reasonable proxy for the
astrophysical processes that could produce scalarized black
holes. As we will see below, the strongest violation of the
hyperbolicity and weak coupling condition happens during
the exponential growth of the scalar field in the inter-
mediate stages of evolution, so this is the phase that should
constrain theories most strongly.
As already observed in 1þ 1 nonlinear simulations in

the spherically symmetric case, the nonhyperbolic region
first develops inside the black hole horizon. As the
evolution proceeds it can emerge above the horizon leading
to an ill-posed initial value problem [63,64]. Even though a
nonhyperbolic region would not, in principle, be a problem

3Note that in the presence of matter, e.g., for neutrons stars, we
can have scalarization for both signs of λd2fðφÞ=dφ2 even in the
static case.

4For other types of instabilities potentially present for scalar-
ized black holes see [59].

TESTING THE LIMITS OF SCALAR-GAUSS-BONNET GRAVITY … PHYS. REV. D 108, 084017 (2023)

084017-5



from a physical point of view if it is hidden inside the
apparent horizon, from a numerical point of view it still
leads to problems continuing the evolution in a horizon-
penetrating puncture gauge (in the mGHC approach one
excises the region inside the black hole horizon from the
evolution domain [41,45]). We fix this by changing the
equations of motion inside the apparent horizon, smoothly
switching off the coupling constant as in [39,40,57,65].
This means that our interior is effectively Kerr and thus
hyperbolic, while outside the horizon the full sGB system
of equations is evolved. This approach is justified as long as
we turn off the Gauss-Bonnet term fully inside the horizon
and the details of how we switch off this term do not
influence the physics of the system on and outside the
horizon. To achieve this, the coupling function that we have
employed in practice has the form

fðφÞ ¼ forigðφÞ=ð1þ e−βexðr−rexÞÞ; ð20Þ

where forig is the original coupling defined in (18). In our
simulations, we have set βex ¼ 400 while rex is a parameter
smaller than the calculated black hole apparent horizon
radius. For relatively weak scalar fields, the value of rex
would depend mostly on the initial a0=M. We have checked
that the scalar field evolution outside the apparent horizon
remains unchanged (if hyperbolic) with the decrease of rex.
Since, as discussed above, unstable regions often develop
within the horizon and gradually extend beyond it, then in
order to determine the limiting parameters for loss of
hyperbolicity in the exterior of the BH we have to choose
the maximum possible rex inside the apparent horizon. Thus,
for initial a0=M ¼ 0.6 we have worked with rex ¼ 0.75M
while for a0=M ¼ 0.8, the excision radius rex ¼ 0.54M.
A final comment on rex concerns the fact that the

apparent horizon radius for the final rotating black holes
states may not be exactly spherical after the gauge

evolution. Thus, using a spherical excision radius might
introduce an error in the measured values. Our aim in the
paper is to make an order of magnitude estimate of the
threshold for hyperbolicity loss and the validity of the weak
coupling condition, and so we consider our approach to be
appropriate for this goal.

VII. RESULTS

A. Hyperbolicity loss threshold
and weak coupling condition

In order to determine the hyperbolicity loss threshold, for
each value of a0=M we have performed a series of
simulations where we vary the parameters λ=M2 and β
in turn. The goal is to determine the threshold of β for each
combination of a0=M and λ=M2 where loss of hyper-
bolicity is observed. The results are summarized in Table I.
We see that βthreshold is typically of the order of 102–103 for
values of jλ=M2j close to the minimum value that ensures
scalarization. The value of βthreshold increases rapidly for
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FIG. 1. Time evolution of the conformal factor χ at the pole of the apparent horizon (left panel) and the L2 norm of the Hamiltonian
constraint at the apparent horizon (right panel). The simulations are performed for a0=M ¼ 0.8, λ=M2 ¼ −50, and β ¼ 500. We see that
the gauge evolution has roughly settled by t ¼ 30M, as has the initial constraint violation on the horizon. At this point, the scalar pulse
hits the BH, and the scalar field starts to grow strongly just before t ¼ 50M. This is associated with further evolution of the metric and
some growth in the constraints, but this stabilises when the field saturates the instability.

TABLE I. Threshold for loss of hyperbolicity calculated for
several combinations of the initial angular momentum a0=M and
λ=M2. The third column represents the minimum βthreshold for
which the simulations are still hyperbolic while the last one is the
ratio λ=ðM2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthreshold

p Þ at the threshold, which is roughly a
constant for every value of a0=M.

a0=M λ=M2 βthreshold λ=ðM2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthreshold

p Þ
0.6 −200 1000 −6.3
0.6 −400 5000 −5.7
0.6 −800 20950 −5.5

0.8 −50 240 −3.2
0.8 −100 1150 −3.0
0.8 −200 4650 −2.9
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higher jλ=M2j since larger jλ=M2j leads to faster and stronger
development of the scalar field. Thus, one has to increase β in
order to saturate the scalar field at a lower value and keep the
system in the hyperbolic region. One can also verify that for
each a0=M the ratio λ=ðM2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthreshold

p Þ is roughly a constant
as seen in the last column of Table I. This empirical trend can
be understood by considering the coupling function used, for
which the maximum value of f0ðφÞ (for any φ) is limited
from above for positive β and scales as f0ðφÞmax ∼ 1=

ffiffiffi
β

p
.

Thus the quantity λ=ðM2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthreshold

p Þ acts as an effective
coupling at the threshold. We see that λ=ðM2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthreshold

p Þ
decreases for larger a0=M, which is expected since the
absolute value of R2

GB at the pole increases (recall that the
negativeR2

GB around the poles of the apparent horizon is the
source of the spin-induced scalarization).
For the threshold models listed in Table I, in Fig. 2 we

show the evolution of the scalar field on the horizon as well

as the weak coupling condition defined in Eq. (11). Both
quantities are displayed as their L2 norm at the apparent
horizon in the left panel. In the right panel, we depict the
time evolution of the maximum value of the scalar field and
the weak coupling condition. For the scalar field φ, this
maximum typically occurs at the pole of the apparent
horizon where the Gauss-Bonnet invariant is most negative.
We, therefore, plot φ at the pole. The extremum of the weak
coupling condition happens away from the pole and its
position slightly varies with time; we plot its maximum
value on the apparent horizon as a function of time. The
profiles of these quantities outside the black hole horizon
will be shown in more detail in the next subsection.
Let us first consider the scalar field evolution in the top

panels of Fig. 2. We see that the scalar field behavior
(specifically its L2 norm across the apparent horizon and
at the pole of the apparent horizon) is very similar for all
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FIG. 2. Time evolution of the models from Table I that are just above the hyperbolicity loss threshold. Top: the scalar field at the
apparent horizon taken either as the L2 norm (left) or at the pole of the apparent horizon, where it has its maximum (right). Bottom: the
weak coupling condition [given by Eq. (11)] at the apparent horizon taken as the L2 norm (left) and its maximum value at the apparent
horizon (right).
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cases—after a phase of exponential growth, small ampli-
tude oscillations are observed until the scalar field settles to
a constant profile. The value of the scalar field at the pole of
the horizon S2, which corresponds to the maximum, is
roughly twice the size of the averaged L2 norm.
The differences between the plots in the left and the right

panel are more pronounced for the weak coupling con-
dition. In order for the EFT approach to be justified, the
weak coupling condition defined in (11) should be much
less than unity. As one can see in the left panel, the weak
coupling condition given by Eq. (11) is less than unity, i.e.,ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf0ðϕÞp

=L≲ 1, for all threshold models if one looks at the
L2 norm. Its maximum value can reach much larger values
though, more than twice the average ones. In addition, at
intermediate times, as the scalar field is still rapidly
evolving, we observe spikes in the weak coupling con-
dition, especially in its maximum value on horizon.

We conclude that the range of parameters where
hyperbolicity breaks down is actually well into the
regime where the weak coupling condition is violated
and the effective field theory treatment is no longer
justified. We can explore how large β should be for fixed
λ=M2 and a0=M in order to maintain the maximum weak
coupling condition value less than unity. For that pur-
pose, we have chosen one combination of parameters,
namely a0=M ¼ 0.8 and λ=M2 ¼ −50, and increased β
starting from its threshold value given in Table I. The
results from the corresponding time evolutions are
depicted in Fig. 3. As one can see, in order to maintainffiffiffiffiffiffiffiffiffiffiffiffiffi
λf0ðϕÞp

=L ≪ 1, β needs to be at least two orders of
magnitude larger than the minimum one that preserves
hyperbolicity. The effect on the scalar field magnitude is
less pronounced, and the two limiting cases in the figure,
β ¼ 240 and β ¼ 32; 000, have roughly one order of
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FIG. 3. Time evolution of models with a0=M ¼ 0.8, λ=M2 ¼ −50 and varying β starting from the threshold for hyperbolicity loss in
Table I and reaching values for which the weak coupling condition is much less than unity. Top: the scalar field at the apparent horizon
taken either as the L2 norm (left) or at the pole, where it has a maximum (right). Bottom: the weak coupling condition [given by Eq. (11)]
at the apparent horizon taken as the L2 norm (left) and its maximum value at the apparent horizon (right).
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magnitude difference in the equilibrium value of the
scalar field after saturation.

B. Illustration of diagnostics on 2D slices

In this subsection, we will present the evolution of the
three main diagnostic quantities—the scalar field, the weak
coupling condition and the determinant of the effective
metric, in the form of 2D slice plots. This provides further
context on the hyperbolicity loss and weak coupling
condition violation. In the figures below we will plot the
normalized determinant

Geff ¼
detðgμνeffÞ
detðgμνÞ ð1þ Ω⊥⊥Þ2; ð21Þ

which typically has values of order one and is normalized to
unity in the absence of any scalar field.
In Figs. 4–6 we have depicted x − y and x − z slices

of the three quantities. Five equally spaced characteristic
times during the evolution are represented starting from the
moment when the initial scalar field seed pulse has arrived
at the black hole (when the scalar hair starts growing), until
it settles into an equilibrium profile. On each figure, the

FIG. 4. The scalar field profile at several equally spaced coordinate times during the scalarization. In the upper panels we have
represented the scalar field taken on a x − y slice, while in the lower panels x − z slices are depicted. The x − z slices cross the center of
the BH while the x − y slices are taken at z ¼ 0.4 above the center (marked with gray dotted lines in the lower panels), where the scalar
field is strongest. The dashed white line represents the position of the apparent horizon. Note that in the black hole interior the Gauss-
Bonnet term is completely turned off, thus the inner region does not represent a solution of the sGB field equations. The values of the
employed parameters are a0=M ¼ 0.8, λ=M2 ¼ −200, and β ¼ 10; 000.

FIG. 5. The same configuration as in Fig. 4 but illustrating the evolution of the weak coupling condition given by Eq. (11).
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position of the apparent horizon is indicated with a dashed
white line. The simulations shown correspond to the case of
initial angular momentum a0=M ¼ 0.8, λ=M2 ¼ −200,
and β ¼ 10; 000.
The scalar field depicted in Fig. 4 has a maximum on the

rotational axis and it forms a bulb shape there, while close
to the equator it has a minimum. The weak coupling
condition has a different distribution as seen in Fig. 5—it
has a maximum at a ringlike structure around the pole. This
is because the maximum of the weak coupling condition is
influenced not only by the scalar field maximum but also
by its derivatives.
Let us now consider the normalized determinant of the

effective metric depicted in Fig. 6. As discussed above,
the moment when hyperbolicity is lost is associated with
the determinant becoming zero. Since inside the black hole
interior we turn off the Gauss-Bonnet coupling term, the
value of the determinant is unity there. The values of a0=M,
λ=M2, and β are chosen in such a way that the models we
evolve are above the threshold for loss of hyperbolicity, so
the determinant remains positive outside the apparent
horizon. It reaches a minimum value (closer to hyper-
bolicity loss) at intermediate times, when the scalar field
grows fastest. At that point of evolution, the weak coupling
condition is also at its maximum. At late times the
determinant approaches larger values (close to unity), that
is, further away from hyperbolicity loss. This effect is
expected since both the determinant and the weak coupling
condition are influenced by the scalar field time and spatial
derivatives. Thus, the loss of hyperbolicity will depend not
only on the final stationary solution but also on the
dynamical evolution that leads to it.
In our simulations of models with smaller β, in a

regime for which the evolution is stable but closer to the
threshold for loss of hyperbolicity, we observe a transient
period where hyperbolicity is lost within the horizon.

Specifically, inside the apparent horizon, but still outside
the region where the Gauss-Bonnet coupling is turned off,
the determinant has negative values at intermediate times.
Since this happens inside the apparent horizon for a
relatively short time, the evolution manages to continue.
This is consistent with the observations made in the 1þ 1
nonlinear evolution of [63].

C. Gauge dependence of hyperbolicity loss

As discussed in the previous sections, the breakdown in
hyperbolicity that we observe appears to be linked to the
physical modes. These are gauge invariant [55], and so we
do not expect a change in gauge to prevent the breakdown
observed. However, it is possible that in the strongly
coupled regime the gauge modes themselves may become
problematic. It is also interesting to explore the effect of the
modified puncture gauge choice (which is newly developed
and little explored) on the accuracy and resolution of the
numerical simulations. For that purpose, in this section we
explore the impact of modifying the gauge, by adjusting the
free functions aðxÞ and bðxÞ that determine the auxiliary
metrics [see Eq. (7)].
In previous sections we have worked with constant

aðxÞ ¼ 0.2 and bðxÞ ¼ 0.4, values similar to those used
in [36]. This choice is by no means unique, and we have
tried several other combinations of constant aðxÞ and bðxÞ,
keeping always bðxÞ > aðxÞ and κ2 > − 2

2þbðxÞ as required
in the modified puncture gauge. We focus on simulations of
black holes with a0=M ¼ 0.8 and λ=M2 ¼ −50. The com-
binations of faðxÞ; bðxÞg we have tested are f0.05; 0.1g;
f0.1; 0.2g; f0.2; 0.4g;…; f1.6; 3.2g, as well as f0.2; 0.3g
and f0.2; 0.6g. For all cases, the threshold for loss of
hyperbolicity is found consistently to be at β ¼ 240, with
any deviations lying within our numerical uncertainties.
A practical observation is that, despite the wide range of
faðxÞ; bðxÞg that we have considered, we were able to

FIG. 6. The same configuration as in Fig. 4 but illustrating the evolution of the normalized determinant of the effective metric Geff , as
defined in Eq. (21).
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perform evolutions for all of the combinations men-
tioned above, keeping the same value of the damping
and dissipation parameters, κ1, κ2 and σ respectively, as for
the f0.2; 0.4g case.
We now highlight another interesting observation not

directly related to the loss of hyperbolicity. While exper-
imenting with the values of aðxÞ and bðxÞ we have noticed
that changing their values in turn changes significantly the
coordinate size of the apparent horizon radius, as we can
see in Fig. 7. For example the difference between the two
limiting cases we have considered, namely faðxÞ; bðxÞg ¼
f0.05; 0.1g and faðxÞ; bðxÞg ¼ f1.6; 3.2g is roughly twice,
as evident from Fig. 7. The coordinate radius of the
apparent horizon increases further with the increase of
aðxÞ and bðxÞ. This might be helpful for some simulations,
as it may provide a way to improve the resolution at the
apparent horizon. Another positive outcome concerns the
violation of the Hamiltonian constraint, that always occurs
near the puncture in singularity avoiding coordinates.
When we increase aðxÞ and bðxÞ the size of this constraint
violating region grows slower compared to the growth of
the apparent horizon radius. As a result, in the simulation

FIG. 7. An x − z slice of the apparent horizon at t ¼ 400M
once the BH has settled to a stationary gauge. The simulations are
performed for a0=M ¼ 0.8, λ=M2 ¼ −50, β ¼ 2000 and differ-
ent combinations of the gauge parameters aðxÞ and bðxÞ.

FIG. 8. Time evolution of a model just below the threshold of hyperbolicity loss with a0=M ¼ 0.8, λ=M ¼ −50, and β ¼ 200. Several
equally spaced coordinate times during the scalarization are plotted, capturing the evolution just before the code breaks down due to
hyperbolicity loss. In each figure, both x − y and x − z slices are depicted, as in the figures above. The apparent horizon is plotted as a
white dashed line. Top: time evolution of the normalized determinant of the effective metricGeff defined by Eq. (21). Negative values are
depicted in black. Bottom: time evolution of 1þ Ω⊥⊥. Negative values are depicted in black.
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with faðxÞ; bðxÞg ¼ f1.6; 3.2g, the constraint violating
region is further away from the black hole apparent horizon
compared to the standard faðxÞ; bðxÞg ¼ f0.2; 0.4g case.
This should improve the accuracy of the evolution outside
the horizon for a fixed resolution, since the separation (in
terms of grid points) between the apparent horizon and the
region with sizeable constraint violations is increased.
These results, while not definitive, suggest that the hyper-

bolicity loss that we observe does not strongly depend on the
choice of the functions aðxÞ and bðxÞ, and is dominated by
the physical sector of the eigenmodes (rather than the gauge
modes). This also follows from our observation that the
breakdown of the simulations is usually preceded by the
determinant of the effective metric turning negative, which
indicates that some of the eigenvalues from the physical
sector have become complex. Thus, the results are consistent
with the theoretical investigations in [55].

D. Reasons for loss of hyperbolicity

In this subsection we investigate whether the hyper-
bolicity loss happens because of a Tricomi or a Keldysh-
type of transition. Since the eigenvalues that we can directly
compute lie at the null cone of the effective metric, one can
show that their propagation speeds will only diverge if the

quantity 1þΩ⊥⊥ vanishes, thus this indicates a Keldysh-
type hyperbolicity loss. If instead the determinant of the
effective metric vanishes with the quantity 1þ Ω⊥⊥ remain-
ing positive, the propagation speeds remain finite but they
become equal, which indicates a Tricomi-type hyperbolicity
loss (see [66] for a more detailed discussion).5

In order to test the type of transition, we have performed
two simulations that lose hyperbolicity at a certain point
with fixed a0=M ¼ 0.8, λ=M2 ¼ −50, and varying β ¼
f100; 200g. While β ¼ 200 is only slightly below the
threshold given in Table I, for β ¼ 100 the hyperbolicity
loss happens faster with the formation of a larger region of a
negative determinant of the effective metric.
The quantity 1þ Ω⊥⊥ behaves differently in the two

cases. For β ¼ 200, it is always positive as seen in Fig. 8.
Thus, the hyperbolicity loss is caused by a Tricomi-type
transition, as was observed in other simulations in sGB
gravity [41]. Note that the normalized determinant of the
effective metric, depicted in the same figure, is negative

FIG. 9. As in Fig. 8 but for a model far beyond the boundary of hyperbolicity loss with a0=M ¼ 0.8, λ=M ¼ −50, and β ¼ 100.
Negative values of the determinant of the effective metric and the quantity 1þ Ω⊥⊥ are depicted in black.

5Note that in Tricomi equation the propagation speeds go to
zero as explained in Sec. IV. However, the determinant of the
effective metric can also vanish for the more general case in
which both propagation speeds become equal with an analogous
behavior to the Tricomi-type loss of hyperbolicity.
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only in a small region outside the apparent horizon. As may
be expected, shortly after this region forms, the numerical
evolution cannot be continued.
As depicted in Fig. 9, for β ¼ 100 the quantity 1þΩ⊥⊥

can become negative outside the apparent horizon, which
means that the propagation speeds diverge. Interestingly, in
the region where this happens, the determinant is positive.
Thus, one can speculate that in the region with a negative
determinant (in black in the upper panel of Fig. 9, around
the pole of the apparent horizon), the hyperbolicity loss is
again of the Tricomi-type since the propagation speeds are
finite there. However, the appearance of another region
with diverging speeds (in black in the bottom panel of
Fig. 9) implies that a second “problematic” region develops
away from the pole, causing a loss of hyperbolicity of
the Keldysh-type. Further investigation is required to
confirm that the loss of hyperbolicity happens because
Tricomi-type and Keldysh-type-of transitions occur simul-
taneously in different regions of the spacetime, or whether
one is dominant.

VIII. CONCLUSIONS

In this work we performed 3þ 1 nonlinear evolutions
of rotating black holes in sGB theories of gravity that
admit spin-induced scalarization. This is a mechanism to
endow black holes with scalar hair, with the trigger for the
scalar field development being a sufficiently fast black hole
rotation (a=M > 0.5) and a sufficiently strong coupling λ.
The 3þ 1 evolution is performed with a modified version
of the public GRChombo code and the newly developed
modified CCZ4 gauge. Apart from the scalar field develop-
ment, we monitored two important quantities. The first is
the determinant of the effective metric, which, if smaller
than zero, indicates that the hyperbolicity of the field
equations is lost. The second one is the weak coupling
condition, which, if larger than one, indicates that treating
sGB gravity as an effective field theory is no longer
justified. We investigated in detail the threshold and
dynamics of hyperbolicity loss, the influence of our chosen
gauge, and how these issues connect to the regime of
validity of the model as an effective field theory.
We focused on two initial black hole angular momenta—

a0=M ¼ 0.6, which is close to the threshold for the develop-
ment of spin-induced scalarization, and a0=M ¼ 0.8, which
is a sufficiently fast rotation that rapid scalar field develop-
ment occurs even for moderate values of the coupling
parameters. The initial data is a Kerr black hole with a small
scalar field pulse superimposed on it. For a particular
coupling function, being quadratic in the scalar field at
leading order, we have determined the threshold for hyper-
bolicity loss. We find that the determinant of the effective
metric reaches its smallest values in the early period of scalar
field growth, before an equilibrium state is reached. This
means that hyperbolicity is typically lost during the formation
of the scalar cloud. We have also examined whether the loss

of hyperbolicity happens because of a Tricomi or a Keldysh-
type of transition. For models close to the scalarization
threshold, it is clearly of Tricomi-type (i.e., some character-
istic speeds go to zero). On the other hand, if we consider
models deep inside the strongly coupled regime, i.e., having
faster and stronger scalar field development, the transition
appears to change to a Keldysh-type (i.e., some characteristic
speeds diverge) or a mixture of both developing in different
regions of the spacetime.
The physical modes are gauge invariant [55] and so the

breakdown we observe should persist for other gauge
choices. However, it is possible that a change of gauge
or formulation may create additional instabilities in the
strong coupling regime. We have not, however, seen any
change in behavior for the gauge choices we have consid-
ered. Methods such as “fixing” should make a difference to
the physical modes because they change the theory,
introducing new degrees of freedom, see [49], but we do
not investigate such methods here. Performing an exhaus-
tive analysis of all gauges is not possible, but we have
checked that simple gauge changes do not influence the
hyperbolicity loss threshold, which is consistent with [55].
Interestingly, the change of gauge can have other benefits,
even in pure GR, such as an increase of horizon radius that
can potentially lead to better resolution at the apparent
horizon. The constraint violation region inside the black
hole also shrinks relative to the black hole size for those
gauge choices.
If we consider sGB gravity not as a stand-alone theory,

but instead as an EFT that arises as a low energy limit of a
more fundamental theory, the physically relevant question
is at what point during the evolution the theory exits the
domain of validity of EFT, i.e., when higher-derivative
corrections cannot be neglected. In order to quantify this we
defined a weak coupling condition. Our results show that
this condition reaches values much larger than unity for
models on the threshold of scalarization (these are typically
the models with the strongest deviation from GR). Keeping
the weak coupling condition much less than one in the
simulations requires adjustment of the coupling parameters
so that the resulting scalar field is roughly an order of
magnitude smaller than the scalar field of the hyperbolicity
loss threshold model.
These results are consistent with the results in the

alternative mGHC gauge [36], and indicate that spin-
induced scalarization leads to a similar violation of hyper-
bolicity as the case of standard scalarization. The effect
appears general, and only weakly dependent on the par-
ticular flavor of sGB gravity and the source of the scalar
field. However, the more physical condition is the weak
coupling condition, which we have consistently found to be
strongly violated prior to loss of hyperbolicity for the class
of initial conditions that we have considered. Therefore, as
long as one considers sGB to be an EFT and only applies it
within its regime of validity, a consistent and stable
evolution should be achievable.
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APPENDIX: CODE TESTING AND
CONVERGENCE

The sGB modification of the GRChombo code was tested
in [40]. In addition, for this work we have verified that the
code produces the correct scalar field evolution in the case

of isolated black holes both in the case of shift-symmetric
sGB gravity and for sGB theories admitting spontaneous
scalarization. Both the growth time of the scalar field and
its equilibrium value match well to known results in
[12,25,47]. As a second step, the code was compared to
results in the decoupling limit approximation for isolated
rotating black holes [25]. A very good agreement was
demonstrated both for the standard scalarization and the
spin-induced one up to the level of accuracy in [25].
Apart from testing against known results, we have

also performed convergence tests. Namely, we have fol-
lowed the black hole evolution for fixed a0=M ¼ 0.8,
λ=M2 ¼ −50, β ¼ 500, and three different resolutions. A
comparison between the results for the scalar field develop-
ment in the three cases is shown in Fig. 10. As seen, the
convergence matches well to fourth order as also expected
from [39].
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