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1 Introduction

Self-dual Yang-Mills theory (SDYM) and self-dual gravity (SDG) are possibly the simplest
four-dimensional field theories with non-trivial S-matrices. The only non-trivial contribution
to the S-matrices is at one loop [1-5]. Moreover, these one-loop amplitudes are very special
in that they are rational functions of the kinematics of the external particles. It should
be noted that SDYM / SDG are well-defined helicity sectors of full Yang-Mills theory /
general relativity; see e.g. [6, 7].

Underlying the special features of quantum SDYM and SDG, somehow, is the integra-
bility of the classical theories. At tree level, the standard argument is that integrability is
associated to an infinite tower of symmetries, and this trivialises the tree-level S-matrix
because no amplitudes could obey all such symmetries. But the classical integrability has
also been argued — originally by W. Bardeen [8] — to underlie the simplicity of the one-loop
amplitudes, which are supposed to result from the anomaly of the classical symmetries.
Recent works [9-15] (related to parallel developments in celestial holography [16-28]) have
provided an explicit realisation of this idea by uplifting the theories to twistor space, which
is a natural framework for self-dual theories (see e.g. [29-31]). The anomaly is identified



as an obstruction to this uplift at one loop. A Green-Schwarz-type anomaly cancellation
mechanism overcomes the obstruction via the inclusion of an ‘axion’: the tree amplitudes
with axion exchanges cancel the loop amplitudes of the gauge bosons. Effectively, this gives
manifestly rational Feynman rules for the one-loop amplitudes in SDYM and SDG.

Prior to the recent twistorial progress, Bardeen’s suggestion motivated many inves-
tigations, e.g. [32-39]. Several of these works made use of light-cone gauge, which is a
natural choice in a spacetime approach, particularly for the self-dual theories. Manifest
Lorentz symmetry is broken, but for a good cause: one gets a ghost-free action involving
only the propagating degrees of freedom, and in the self-dual sector interactions are given
by a simple cubic vertex.

In this work, we will study the quantum-corrected light-cone-gauge formulation of
SDYM and SDG, building on the well-known light-cone actions [7, 40]. By quantum
corrected, we mean the inclusion of one-loop effective vertices after loop integration, instead
of working with loop integrands as in previous works (see [41-43] for recent examples).
Explicit versions of such effective vertices — and manifestly rational ones — are provided by
the twistorial works mentioned above. We will consider these vertices in light-cone gauge,
which will allow us to extend the already known vertices where needed — in particular,
for SU(N) SDYM. The great surprise is that (a subset of) the effective vertices of SDYM
‘double copies’ into the complete set of the effective vertices of SDG. This double copy
takes a similar form as the BCJ colour-kinematics duality prescription [44, 45], which is
particularly simple (and valid off-shell) for the self-dual theories [46]. At loop-level, the
BCJ prescription is aimed at the loop integrand [47], and again that can be made manifest
off-shell for the self-dual theories [48]. Here, unexpectedly, we find that a form of the double
copy applies to the (loop-integrated) amplitudes.

This paper is organised as follows. We discuss the basics of SDYM and SDG in
light-cone gauge in section 2, including aspects of classical integrability. In section 3, we
discuss the structure of the light-cone-gauge quantum-corrected action and the appearance
of the anomaly in the classical integrability currents. In section 4, we describe explicit
constructions of the quantum-corrected actions for SDYM and SDG, expanding on recent
results in the literature. We present in that section the unexpected double copy at the
level of the (post-loop-integration) amplitude. Finally, we present a brief final discussion in
section 5.

2 Basics of SDYM and SDG

Here, we briefly review some basic features of self-dual Yang-Mills theory (SDYM) and
self-dual gravity (SDG), particularly the light-cone formulations, the double-copy relation
and the structure of classical integrability.

2.1 Formulation in light-cone gauge

We will work with light-cone (in fact, double-null) coordinates z# = {u, v, w,w}, such that
the metric and the wave operator are

ds® = 2(—dudv + dwdw), O =2(—0,0, + 0u0s) - (2.1)



Let us start with SDYM. The action can be taken to be
Sspyni(B, A) = / tr(B A Fasp) . (2.2)

where B is a Lie-algebra-valued anti-self-dual 2-form, and Fagp is the anti-self-dual part of
the Yang-Mills field strength F'. We work in Minkowski spacetime, with the Hodge dual
satisfying > = —1; an anti-self-dual 2-form obeys «B = —iB. In the action, B acts as a
Lagrange multiplier enforcing the self-duality of F. In Minkowski spacetime, a self-dual
gauge field is necessarily complex, while split signature (2,2) admits real self-dual fields.
We adopt the light-cone gauge by imposing

A, =0. (2.3)

Since B is anti-self-dual, it has three independent components. Integrating out two of
them enforces

A, =0 and OuAy = OupAp - (2.4)

The second equation is an integrability condition implying
1 1
Av = *aw\I]7 ALTJ = *au\lja (25)
2 2
where we chose the numerical coefficient. We are left with the action [7] (see also [6, 8, 49])
Sspym (¥, ¥) = /d4$ tr U(OV + [0, ¥, 9, V]) , (2.6)

where U is the remaining component of B. The fields ¥ and ¥ should be thought of as
describing positive and negative helicity degrees of freedom, respectively.

For SDG, the intermediate steps are more involved, but the story is similar. The steps
analogous to (2.3)—(2.5) lead to

ds® = 2(—dudv + dwdw) + 02¢ dv* + 02 ¢ di* 4 20,0,¢ dvdin . (2.7)

One obtains the action [40]

Ssoc(6:) = [ d'a $(0 ~ {0.6.0,0}) (2.8)

with the Poisson bracket
{f,g} = 8uf 6w9 - 8wf aug . (2.9)
The momentum-space Feynman rules for the actions (2.6) and (2.8) are very simple.
We follow a convention where all the particles in a vertex or diagram are taken to be

incoming, which allows us to speak unambiguously about their helicities. We have the
following Feynman rules.

o Propagator (+—): k% 6% in SDYM, and k;% in SDG.



o Cubic vertex (+ + —):
Vapym = X (k1 ko) f%2%, Vspa = X (k1, k2)?, (2.10)

with
X (k1, k2) = kiwkau — kiukaw = —X (K2, k1) . (2.11)

The spinor-helicity formalism is very convenient for computations. In this language,
we have

X (K1, k2) = (nlk1kz|n) , (2.12)

where |n) is the reference spinor of the light-cone gauge direction. We follow the
notation of [48].

« External state factors: given, in the spinor-helicity formalism, by (ni)¥2¢ for a +-
helicity gluon (s = 1) or graviton s = 2.

Using these rules, the only diagrams that one can draw are the following.

e Tree level: n-point diagrams with n — 1 positive helicity external particles, and one
negative helicity external particle.

e One loop: n-point diagrams with n positive helicity external particles, and no negative
helicity external particle.

These diagrams are precisely those that can be drawn in the full Yang-Mills theory or
general relativity for these loop and helicity choices, so SDYM and SDG are well-defined
sectors of the full theories. Unlike the full theory, though, it is not possible to draw any two-
and higher-loop Feynman diagrams in the self-dual theories, which are therefore one-loop
exact theories. In fact, the S-matrices are given by the one-loop amplitudes (non-trivial for
n > 4), because the tree-level amplitudes vanish due to classical integrability.!

One important feature of SDYM is that it provides a rare off-shell example of colour-
kinematics duality in gauge theory [44, 45], as described in [46, 48]; see also [51]. The
‘duality’ between the colour Lie algebra and a kinematic algebra is manifest in the SDYM
vertex (2.10). While f?19293 are the structure constants of the colour Lie algebra, which
we take to be SU(N), X(ki,ke) are the structure constants of the Lie algebra of area-
preserving (i.e. unit-Jacobian) diffeomorphisms in the u-w plane, generated by vector fields
Ly = {e** .}, Then, the SDG vertex (2.10) is the square of the kinematic part of the
SDYM vertex, i.e., it exhibits two copies of the kinematic algebra. Beyond the self-dual
sector, the colour-kinematics duality is a more intricate story; see e.g. [52-56] for recent
studies, and [45, 57-60] for related reviews.

The tree-level three-point amplitude is a special case: three-point on-shell kinematics requires the
complexification of the momenta (or analytic continuation to split signature). These amplitudes play a
crucial role in modern on-shell methods, e.g. [50], due to a combination of locality4unitarity and Cauchy’s
residue theorem.



2.2 Classical integrability

We will focus on reviewing SDYM here, and there is an analogous story for SDG. The
(classical) equations of motion are

0=0T+i[0,7,0,Y], (2.13)
0 =0T +i[0,7, 0, ] +i[0,F, 0, V] . (2.14)

The first equation is the self-duality condition on the gauge field, and holds also in the
quantum-corrected theory, due to it being enforced in the action (2.6) via a Lagrange
multiplier. Crucially, the second equation can be interpreted as a linearised deformation of
a solution to the first equation, ¥ — W + ¢ U. It can be expressed as the conservation of a
current, 0, J" = 0, if we define

J= (00 + 3[0.9,9]) 0y — (000 + 5[0, 9]) O, . (2.15)

The integrability of the classical theory is revealed by the fact that there is an infinite
tower of conserved currents,

J,=J®=A,), r=01,2,---, (2.16)

that is, there is an infinite tower {A, } of solutions to (2.14). Each solution can be interpreted
as a linearised deformation of a solution to (2.13), ¥ — W + €A,. The tower is formally
constructed as follows [61, 62]: one starts with a seed solution Ag, and then recursively
obtains the elements A, for r > 0 using the relations

8uAr+1 = 81DAT + %[8u‘lja Ar] ) 8wAr-l—l = 8UA7" + %[aw\lla Ar] ) (217)

equivalent to {A,;1, -} = J.. These relations at level r + 1 are compatible because U =A,
is a solution to (2.14):

Ow(Oulri1) = 0u(OwAri1) = (O A, +i[0uAr, 0, ¥] + i[0,F, OuA,]) = 0. (2.18)
It then follows that W = A, is also a solution to (2.14), by virtue of (2.13),
O A1 +i[0ulri1, 0w + i[04V, OpAria] = S[O0 +i[0,¥,0,¥],A;] =0.  (2.19)

Hence, given a solution to (2.14), we can in principle move in the solution space spanned
by the tower {A,}.

The integrability is also commonly expressed in terms of a Lax pair, which in our gauge
choice is given by

L=0u—X(05+50.9) ,  M=0y—2(0+ 30u7) (2.20)

where A\ € CP! is the spectral parameter. Then [£, M] = 0 reproduces equation (2.13).
The tower discussed above arises here from imposing

LA=0=MA on Az, \) = Z A ()" (2.21)
r=0



See ref. [30] for an overview of the classical integrability aspects of SDYM, and the
connection to twistor theory.

An implication of classical integrability is that there is no particle production at tree
level, i.e. the tree scattering amplitudes vanish. The intuitive notion is that no amplitude
can be defined that obeys the infinite tower of symmetries. The vanishing of the amplitudes
can be derived from the Feynman rules presented earlier. The proof follows by the inductive
construction of the perturbative solutions to (2.13) [6, 8].

The presence of the area-preserving diffeomorphism algebra is tightly connected to
the classical integrability. In fact, all classically integrable systems are conjectured to be
some ‘reduction’ of SDYM [63], which in the four-dimensional known cases simply means
substituting f*1929 in the cubic vertex by the structure constants of another Lie algebra.
In terms of scattering amplitudes, this can be understood from the following: in any theory
with a cubic vertex similarly exhibiting two algebras, if one is the kinematic algebra of
area-preserving diffeomorphisms, then the tree-level amplitudes in the theory vanish by
virtue of the double copy [24] (see also [64]).

3 General aspects of a quantum-corrected formulation

3.1 Quantum action

The actions (2.6) and (2.8) define SDYM and SDG. The computation of perturbative
quantum effects proceeds as usual from the Feynman rules with the consideration of diagrams
with loops. In the case of the self-dual theories, only one-loop diagrams arise, as we discussed.
The fact that the theories are one-loop exact means that we obtain a quantum-corrected
action (i.e. one for which quantum computations proceed in a classical-like manner) by
simply introducing new vertices associated to one-loop polygon (sub)diagrams, i.e., off-shell
diagrams with legs directly attached to the loop. Moreover, the Feynman rules for the
self-dual theories imply that all such one-loop vertices have only positive-helicity legs
attached. This leads to the general structure of the quantum-corrected SDYM action,

Sa.cspym(¥, ) = / d'z (tr U(O +i[0,¥, 0 ¥]) + Vioop[¥]) (3.1)

The new part Vi_o0p, Which is suppressed by a factor of h, depends only on ¥, not on o
(since it admits only positive-helicity legs attached), and is non-local. It contains all the
one-loop vertices:

o
Vioopl] = SV (W], where V") (@] ~ @™, (3.2)

-loop loop
=2

Here, Vl(_z) [¥] comes from an off-shell bubble diagram, ‘/1(—?1)())0p

loop [¥] from an off-shell triangle

diagram, Vl(_i)) Op[\Il] from an off-shell box diagram, and so on. We are just explicitly inserting
the loop sub-diagrams as vertices, so it is clear that the ‘tree’” amplitudes of the quantum-
corrected action give the complete amplitudes of the theory. Entirely analogous statements

apply to SDG.



As in any off-shell formulation of the theories, field redefinitions can lead to dramatically
different actions; in particular, Vi_joop is non-unique. Since the scattering amplitudes in
SDYM and SDG are rational functions of the external kinematic data, one may expect that
there exist choices of V}.joop Where these vertices are rational (albeit non-local) functions in
momentum space. Let us consider three very distinct examples of choosing Vi_jg0p.

e Momentum-space vertices arising from the anomaly cancellation in twistor space, as
achieved in [9, 10, 12]. These have beautiful properties, among which (i) the vertices
are rational functions of the external data, and (ii) the vertices Vl(?;z)p

only for m > 4, which matches the fact that the one-loop n-point amplitudes are

are non-trivial

non-trivial only for n > 4. This will be our main choice in this paper, where we
will partly generalise the SDYM results in [10] to SU(N), and uncover a double-copy
relation between the vertices in SDYM and SDG.

o A single ‘region-momenta vertex’ [34] arising from a specific reqularisation of the
one-loop bubble diagram [65—67]; see also [68] and [38, 39]. This procedure relies
on planarity and applies to the SDYM case. On the one hand, it gives simple and
manifestly rational rules for the computation of the one-loop amplitudes. On the other
hand, the region-momenta do not directly translate into a spacetime approach, and the
rules do not allow easily for the construction of perturbative solutions to the quantum
equations of motion using the Berends-Giele recursion, because the region-momenta
differ at each step in the recursion. We will not pursue this choice, though it would
be interesting to understand better how it connects with other developments.

e Momentum-space vertices arising directly from the light-cone-gauge Feynman rules,
in particular (2.10), after explicitly performing the loop integration of off-shell bub-
ble/triangle/box/etc diagrams using a standard regularisation. For illustration, this
brute-force approach is described in appendix A for SDYM, focusing on the first
few values of m in Vl(_rlré)op[\ll]. The basic features are: Vl(i))op[\ll] =0; Vl(_?l’())op[\lf] is
non-vanishing (even though the three-point one-loop amplitudes vanish) and naively
quite fearsome, involving dilogarithms, although a closer inspection reveals that a
usable rational vertex can be obtained. For higher m, the computations become
increasingly more challenging, but it appears that rational vertices can be obtained in

this manner.

3.2 Anomalous classical symmetries

Let us again focus on SDYM, since the SDG case is similar. The quantum-corrected
action (3.1) leads to the quantum-corrected equations of motion:

0=0W +i[0,V,0,7], (3.3)
5%-100})[\1]]

(3.4)

The first equation is unchanged from the classical case (2.13), as already stated. The
second equation is affected by the quantum correction. Crucially, while the first equation



is still integrable, the second equation is no longer a linearisation of the first equation
around a background, so the classical integrability of the complete theory is broken at the
quantum level.

One obvious question, first asked by Bardeen [8], is what happens to the infinite tower
of currents J, associated to classical integrability. If these currents are defined based only
on equation (3.3) and its linearisation, which are not quantum corrected, then the currents
are also conserved in the quantum theory. That is, the currents J, defined via J as in (2.16)
are still conserved. However, J itself, as defined in (2.15), is now not conserved because the
quantum correction in (3.4) results in

_1 6‘/1—100;)[\1]]

Bo—
Ot 2 o

(O +i[0,7, 0, V] + [0, P, 0, V]) = (3.5)

1
2
In order to obtain a conserved quantum-corrected version, let us notice first that the
quantum-corrected action is naturally chosen to depend on ¥ only through its derivatives,
and in particular its v and w derivatives; indeed, that is already the case for the non-
corrected action (2.6). We will see explicit examples of quantum-corrected actions later.
Hence, it follows from the variational integration by parts that

5V1—loop[\Ij]

where V* and V¥ are (minus) the coefficients of the variations of 9, ¥ and 9,,V, respectively;
this splitting is not unique because there are appearances of 0,0, ¥, but it is possible. This
leads to the quantum conserved current

JO¢ = (00 + 50,9, 9] + 3V") 0 — (00 + 30,0, 0] = 1 V") 0. (37)
In analogy with (2.16), this suggests that we define
JAC = Jr(W =A,), r=0,1,2,---. (3.8)

By construction, these currents have a universal anomaly:

1 5V1-loop [\I’]

M 7q.c. _
0T 2 ow ’

Vr. (3.9)
To summarise, the breaking of integrability at the quantum level suggests that the tower
of classically conserved currents should be quantum-corrected so that those currents are
no longer conserved, and this is should be tied up with the quantum-corrected equation
of motion (3.4). We have made here a proposal for how this works. The anomaly can
be thought of as generating the one-loop amplitudes. The m-point one-loop vertices are
associated to ((;EP%VLIOOP‘\P:O = 2(5(3;;7;1,18“J§'°,i‘\p:0, and the amplitudes are obtained as
a sum over these vertices dressed with trees.

It would be interesting to relate this proposed definition of the anomalous integrability
currents to a twistor-based construction. Notice, however, that our definition is not unique,

because Vi_jo0p is not unique.



3.3 Off-shell amplitudes as vertices

There is another approach to the quantum action, which eliminates the ‘tree’ vertex
WUV in (3.1) in favour of turning the one-loop ‘off-shell amplitudes’ directly into vertices.
Following [33, 69], we perform a field redefinition where we write ¥ as a function of ¥, by
perturbatively solving

0¥ +i[0, ¥, 0, %] = OV (3.10)
This redefinition was introduced in the context of the tree-level MHV rules in the full
Yang-Mills theory [70, 71]. For SDYM, we obtain

Seespym (¥, T) = / d'z (tr YO0 + Vhsoop[¥]) | (3.11)

where f/l_loop[\il] = Vl_loop[\ll(\il)] . Effectively, we are dressing the previous vertices with
trees, so that the n-point amplitude is obtained directly from the new n-point vertex
ﬁ(_?gop[\i/] ~ U".2 In this approach, the classical theory is trivialised. While this brutal
‘integrable=free’ redefinition of the classical theory is not generally well defined, the new
action is perfectly valid for the computation of scattering amplitudes (with real kinematics
in Minkowski spacetime, so as to avoid the tree-level three-point amplitude). The analogue
of the conserved current (3.7) is simply

Jae. = (050 + 2 V) 0y — (0,0 — 1 V") 0, . (3.12)

D=

In the following, we will consider actions of the type (3.1), rather than (3.11).

4 Explicit quantum actions

In this section, we will present explicit quantum-corrected actions for SDYM and SDG,
building on the works [9, 10, 12]. In these works, modifications of SDYM (for restricted
gauge groups) and of SDG with vanishing loop amplitudes are presented that can be lifted to
twistor space at quantum level. The extension is the inclusion of an ‘axion’ that couples to
FAF in SDYM or to RA R in SDG, realising a Green-Schwartz-type anomaly cancellation
whereby the tree exchanges involving the axion cancel the loop diagrams involving only
the gauge bosons. Building on these works, we can obtain quantum-corrected actions for
SDYM and SDG by (i) integrating out the axion exchange to obtain non-local effective
vertices, and (ii) flipping the sign of the vertices. The sign flip follows from the vanishing of
the amplitude:

loop diagrams of gauge bosons + effective diagrams for axion exchange = 0,
hence
loop diagrams of gauge bosons = — effective diagrams for axion exchange.

We will now see how this works in practice.

2The amplitude is the on-shell vertex times the external helicity factors discussed in section 2.



4.1 Quantum Feynman rules for SU(N) SDYM

In [9, 10], the following theory was described,
1
Sp_SDYM(B,A,p) = /tr (B A Fasp + d*x §(Dp)2 +apF A F) , (4.1)

which is a modification of the action (2.2) for SDYM to include p, called axion because of
how it couples to the gauge field; a is a coupling constant. The cancellation mechanism
between loop contributions of the gauge field and tree exchanges of the axion restricts the
colour gauge group to be SU(2), SU(3), SO(8) or one the exceptional groups; for each of
these choices the coupling a takes a particular value that ensures the cancellation.
Following the reasoning at the beginning of the section, this implies that the quantum
action of SDYM for those particular gauge groups (hence the prime S’) can be taken to be?

=2
a1 .y 2
Sqespym (B, A) = /tT(B A Fasp) + d'z 3(5 tr(e” pAFuquA)) . (4.2)
The steps towards obtaining a light-cone-gauge version of this action are exactly the same
as in (2.3)—(2.5), because integrating out components of B is not affected by the non-local
term. The result is simply

_ _ 1 PN 2
Stespym (¥, ¥) = /d4x tr (U (OV +i[0,V, 9, V])) +a (Dtr(\lf PQ\IJ)> . (4.3)

The coupling a is @* up to a numerical factor, which is fixed by the normalisation of the
one-loop amplitude. Notice that a is proportional to h. We used the differential operator

— — =
P=0,0p— 0wy, (4.4)

which in momentum space turns into the kinematic structure constant (2.11). This action
is of the form anticipated in (3.1), since Vj.joop depends on ¥, not . However, it only has
a four-point ‘one-loop vertex’, and this is where the restriction of the gauge group operates.
Under this restriction, there are identities among colour traces that significantly simplify the
amplitudes beyond four points.* Still, let us consider the Feynman rules arising from (4.3),
where we will define our normalisation of the one-loop amplitudes by setting a = 1.

o Propagator (+—): k% graz
o HO-vertex (+ + —)Z X(kl, kz) f19293  with X(kﬁl, kg) = <T]|k1k32|77> .

1
o hl-vertex (4 4 ++): X (ki1,ko)? = X (K3, kq)? 091925939 | with s19 = (kg + ko)?.
12

o External state factors: (ni)T? for a 4-helicity gluon.

3Notice that integrating out the axion in (4.1) gives the opposite sign for the second term, so the sign
flip discussed above provides the positive sign.
“This is used in the step from (11.0.7) to (11.0.8) in [10].

~10 -



One-loop diagrams have a single one-loop vertex (h'), any remaining vertices being tree-level
ones (h°). Recalling (2.12), the four-point all-plus one-loop result follows from

() 7 et - LB DB

This is the s-channel contribution, and there is also the t-channel contribution, which
coincides with the former because the on-shell expression above turns out to be permutation
invariant in the four particles.

One may proceed to calculate the one-loop higher-point amplitudes using the rules
above, but a puzzle arises: they are not gauge invariant beyond four points, because they
depend on the reference spinor |n). The solution to the puzzle is precisely the restriction of
the colour group: the colour structures that are taken to be independent for SU(N) are not
independent in this case; so while the full (colour-dressed) amplitude is gauge-invariant, the
naive colour-ordered amplitudes are not.

In order to extend the Feynman rules above to SU(N), additional vertices must be
included. In fact, there are two classes of vertices: ones that extend the four-point vertex
above, and additional vertices carrying the permutation symbol. The SU(V) colour-ordered
amplitudes, conjectured in [1] and proven in [2], were already in [1] observed to split in
such a manner:

AW (123--n) = M, (i1ig) [ii](izia)[1ai1]
S 1§z‘1<i2§3<i4§n (12)(23) - -- (nl)

E(123---n) +0(123---n)

= M, , 4.6
" (12)(23) - - - (n1) (46)

where M, is a numerical normalisation constant, while
E(123---n) = > (i1i2)[i2i3](i3i4)[i4i1] + [i172](i2i3) [i3i4](i4i1) (4.7)

1<41 <i2<i3<i4<n
and
0(123---n) = Z (11i9)[i03] (igig)[1471] — [i112](ii3)[i5i4](i471)
1<i1<i2<i3<i4<n
= — Z 6(i1,’i2,i3,i4) = — Z 5<i1a7;27i37i4)a (4'8)
1<41<19<i3<i4<n 1<41<12<i3<i4<n—1

with the last step following from momentum conservation. Notice that the O-part of the
amplitude vanishes at four points. Notice also that the two parts arise from sets of vertices
that are independent, because each contribution to the one-loop amplitude carries a single
one-loop vertex. In the following, we will consider the colour-dressed amplitudes,

A= Y et AQ L (6(o@)0@) o), (g
UESn71/R

where the sum is over non-cyclic permutations, up to reflection of the list . We employ

the notation
410203 Gn fb1a1b2fb2a2b3fb3a354 e fbnanbl (4.10)
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2 : : 3 2 : : 4
1 4 1 5
Figure 1. Diagrammatic representations of eqs. (4.13) and (4.14) respectively. The dots represent

a squared X and the crosses represent the squared Mandelstam variable. Notice that the one-loop
vertex is the full line between the two dots.

for the cyclic n-gon colour factors. It will be useful to denote by claraz)as - an gnd clarazlas-an
the symmetrisation and antisymmetrisation, respectively, of the indices (without % factor).
We will similarly define

C[(alaz)ag]a4~~~an — C(a1a2)a3a4“'an _ 003(‘11“2)a4“'an i (4.11)

By trial and error, we guessed a set of m-point one-loop vertices that lead to the E-part
of the amplitude (checked numerically up to seven points). The Feynman rules are those
given above equation (4.5), except that the four-point hl-vertex there is substituted by the

following A'-vertices of multiplicity four or higher.

o hl-vertices (+ 4 -+ +)°

m—2 i—1 m—2
X(kyo ks 1 X(kyo 11k
ZX(k17k2)2<H (k. g ]H))SQ ( H —( Ll=l Z)>X(/€m—17km)2

=2 j=2 Slej Ti \ =541 81..0
. ll-l(araz)as]-Jail @it [ [am—2(am—1am)]-]] (4.12)

It is important to notice that the structure of the colour factors reflects that of the kinematic
numerators. As an illustration, the four-point vertex is simply

1

X (K1, k2)? == X (K3, kq)? clarez)(sas) (4.13)

S12

and a contribution of this vertex at five points takes the form

1 X (ks k
X (K1, k2)® = X (ks, by + Kg)? clme2)leat) (34 o) o
12 45

1 X (ky, k
= X (k1,k2)? - X (k3 ka + k5)? X(k1,K5) (@0 asfasas) (4.14)
S12 545

It is helpful to introduce the diagrammatic notation where (4.13) and (4.14) are represented,
respectively, by the diagrams in figure 1. By giving the one-loop vertices a representation
as a dressed line, we are able to indicate with a dot and a cross the squaring of X and
the propagator, respectively. For instance, the colour-ordered FE-part of the six-point

*We denote s1...; = (k1 4+ ko + - -- + k)2,
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amplitude is

E—part

3 4

1
’Aé S)DYM

1
2

4
1 6
9 3 4 5 9 3 4 5 X
N }L&< N }LJ_< -
1 6 1 6 1 6
4 4
1 6

[\V]
w
N

(@38

+1 -
2 4

+permutations{123456} . (4.15)

The numerical coefficients are symmetry factors compensating the overcounting. The first,
second and third lines have, respectively, one-loop vertices of multiplicity six, five and four.

Comparing to the action (4.3), the vertices (4.12) follow from substituting the last term
in the integrand by

be cb
((\p?%y) ! )( ! (\1:?%1/)). (4.16)

10— ad o 10— ad o
v P v P

The arrows notation indicates the action of the derivatives. We define®

1 <—>2 be
ﬁ (\I]al P \I]az ) TalTa2 =
TH-ad,p

|
O

éfb(aﬂe‘fe\ag)c (\I/al ?2 \I]ag)_'_(fbagdfd(al\efe|a2)c_fb(a1|6fe\a2)dfdagc) 1 <\I/a3; l_’ (\I/al ?)2 WQQ))
]

Lwprlwprrwy)

+O(ffff%(\I/PD - ), (4.17)

where we indicated schematically the next term in the geometric series. Focusing on the
second term on the right-hand side, notice that the colour structure will contribute towards
a colour factor ¢ 1#3(@102)]  while the ]HD derivatives will contribute towards a kinematic
numerator --- X (ks, k1 + ko) X (k1, k2)?, replicating the form of the vertices (4.12). The
squared Mandelstam variable in the denominator of the vertices corresponds to (72, arising
from the overall ! and O~ in the left and right factors of (4.16), respectively.

We did not find it as easy to obtain the vertices leading to the O-part of the amplitude.
Notice that there is no such vertex at four points due to momentum conservation, while at

6This takes the form of the (inverse) action of the double covariant derivative D*D, with gauge
field (2.3)—(2.5).
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five points a valid vertex can be obtained by taking the O-part of the amplitude off-shell:

X (k1, ko) X(ko, k3) X (k3, k) X (kg, ks5) X (ks, k1)

512 523 534 S45 551

£(1,2,3,4) (102030405 (4.18)

One may obtain the six-point vertex in a similar manner, by taking the O-part of the
amplitude off-shell” and subtracting the contribution from the five-point vertex dressed
with a tree. Higher-point vertices can be obtained similarly. However, we did not find a
nice formula for these vertices, so the problem remains of obtaining a decent closed-form
expression for the complete SU(N) quantum-corrected action. We take comfort from the
fact that the E-part of the SDYM amplitude turns out to be the one that connects to SDG
via the double copy.

4.2 Quantum Feynman rules for SDG from the double copy

Now we consider the quantum-corrected action for SDG. This follows from the work [12],
which provided the gravity counterpart to the twistor construction of [9, 10]. Here, however,
we will follow a different route: the double copy. We have reviewed the very simple tree-
level story SDG ~ (SDYM)? in equation (2.10), following [46]. This is an off-shell story,
which extends to the loop-integrand of the one-loop amplitudes [48]. However, there is no
indication there, or anywhere in the vast literature on one-loop colour-kinematics duality
(e.g. [72-86]), that such a prescription extends in some form to the final expression for the
amplitude, i.e. after loop integration. This is the surprise that we will discuss here, which
we may speculate to be part of a bigger story, beyond SDG, even though loop amplitudes
are generically not rational.
We recall that we seek the action

Sq.c.SDG(¢a Qg) = /d4$ (&(ng - {au¢7 aw¢}) + Vl—loop[¢] ) y (4'19)

Analogously to the SDYM case, we consider the following Feynman rules.
o Propagator (+—): k% .
o Ml-vertex (++ —): X(k1,ko)? = (n|kika|n)?.

o External state factors: (ni)T* for a £-helicity graviton.

To these, we add the vertices arising from Vj_joop[¢]. Our double-copy prescription, based
on the tree-level story, is simply to square the numerators of the SDYM vertices (4.12),
while leaving the denominators untouched:®

o hl-vertices (++ -+ +):

"The cyclic product of factors 1/(ij) is continued off-shell into the cylic product of factors X (ki, k;)/s4j,
times the external state factors that eliminate the |n) dependence.

8In terms of the amplitudes, the external state factors are also squared from SDYM to SDG, so the full
‘numerators’ of the diagrams are squared.
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m—2 i—1 2 m—2 2
X(ky... :.k; 1 X(k1...1-1.,k
X(kl,k2)4<H GEREL/SY >S2 ( II By, o1, 1) >X(km—17km)4'

=2 j=2 B1j Lei \ j=i41 51
(4.20)
This leads to expressions that, after including the external state factors, have vanishing
weight in the reference spinor |n); the complete on-shell cancellation of the amplitudes
dependence on |n) is not trivial. These vertices can be straightforwardly encoded as

2

W-loop[(b] = (|:1|¢ (¢ $4 (b) )2 = ( (¢ }—3)4 ¢)> ; (421)

-
O-(¢P2)
where [, is the wave operator on the background (2.7). We have verified that this action
reproduces the SDG one-loop amplitudes constructed in [4], by making numerical checks up
to six points.? Perhaps surprisingly, the SDG action is simpler than the SDYM one, where
only the E-part of the vertices arises from (4.16).

We have connected here the E-part of the SDYM amplitude to the SDG amplitude. In
fact, a similarity between these objects, when written in a particular way, had already been
pointed out in [4]. We are showing here that this similarity can be written as a double copy.
It is not clear to us at present why the O-part of the SDYM amplitude, which contains
€uvpx, Plays no role in the relation between SDYM and SDG. This may be an important
clue to a broader understanding of this type of loop-integrated-level double copy.

In analogy with the SDYM case, we can write the quantum-corrected action in a
covariant form as

2
1 Epz\aw
Sq.C.SDG = SSDG + b / d4$\/ |g| ( |:T (\/’? RuylgA RV“U&))) 5 (422)
g9

where b is a constant setting the normalisation of the one-loop amplitudes, and [, is the
wave operator on the curved background with metric g,,,. This form of the action is easily
seen to follow from the anomaly-free theory obtained in [12] via a twistor construction,
after integrating out the ‘axion’ p and flipping the sign of the resulting interaction term:

1 -
S,—spa = Sspa + / <d4x\/ lg] 5([]9 p)2 +bpRF, N R”M> , (4.23)

where b = %52 (recall the sign flip). Therefore, the result of [12] already encodes the
quantum-corrected action of SDG. We arrived at the same answer in a different way, based
on the double copy.

5 Conclusion

We have investigated the form of the quantum-corrected actions of SDYM and SDG,
focusing on light-cone gauge and building on recent work on the twistor formulation of these
theories [9, 10, 12]. We discussed how the classical integrability currents can be defined in
the quantum theory, such that they exhibit the anomaly suggested by W. Bardeen. Finally,

9For clarity, our procedure is to take the E-part of SDYM, e.g. (4.15) at 6 points, and apply the
double-copy prescription for each diagram to obtain the SDG gravity result.
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we discovered an unexpected manifestation of the double copy at the level of the one-loop
effective vertices of the quantum-corrected actions.

It would be interesting to investigate how the anomaly affects the full (non-self-dual)
theories. One interesting question is how the anomaly relates to rational parts of the
amplitudes more generally; see e.g. [87]. Another question concerns gravity in particular:
the two-loop divergence of pure gravity was connected in [88] to the one-loop same-helicity
(e.g. all-plus) amplitudes. This raises the question of what happens if we subtract the
anomaly explicitly, by considering an action

2
1 é_p)\aw
S = SEinstein-Hilbert — b/d4$ |9!<< RY,,\ RY aw)) , (5.1)
st Vil g\ o e

where b ~ h is a constant fixed by the normalisation of the one-loop amplitudes. In our
previous discussion, (minus) the added term is identified as the quantum correction to the
SDG action. Here, instead, it is added to the ordinary Einstein-Hilbert action in order to
eliminate same-helicity one-loop amplitudes. One may speculate that, if the findings of [88]
happen to generalise so that all the ultraviolet divergences of pure gravity are related to the
anomaly we discussed, then eliminating this anomaly could eliminate the divergences. In
fact (as often emphasised by Z. Bern), the only two explicitly known ultraviolet divergences
in four-dimensional pure (super)gravity are associated to anomalies. These are the two-loop
divergence in pure gravity we mentioned, and the four-loop divergence in N' = 4 supergravity
studied in [89-93].

Setting a lower bar of ambition, it would be nice to connect the anomaly explicitly
to known properties of the amplitudes in the self-dual theories. One example is the one-
loop ‘dimension-shifting’ formula [3, 94] relating SDYM to the MHV sector in maximally
supersymmetric Yang-Mills theory, a theory that is thought to be quantum-integrable
(in the planar limit, which at one loop determines also the non-planar contribution).
In [77], similar structures based on the self-dual kinematic algebra were seen to arise in
the two theories. Another example is the conformal invariance of the SDYM amplitudes
demonstrated in [95], which should find a natural explanation in the twistor approach.
Another direction is to consider amplitudes in related theories, e.g. self-dual Einstein-Yang-
Mills amplitudes [37, 85, 96] or chiral higher-spin theories [24, 97-105].

Our most surprising finding is the appearance of an explicit double copy after loop
integration. One question is whether there is a gauge-invariant version of this double copy.
There exist studies of related structures, e.g. [106], which may benefit from our results
regarding the E/O splitting of the SDYM amplitudes. Naturally, the loop amplitudes we
considered here are rational functions, so they are very special. The notion of double copy
we employed is similar to the tree-level story, and does not straightforwardly extend to
functions with branch cuts, which are the generic case. It is difficult to say at this stage
whether our finding is the first evidence of a more general story.
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A Brute-force one-loop vertices

In this appendix we briefly illustrate the brute-force approach to computing the one-loop
effective m-point vertices in SDYM and SDG. For each m, this involves computing the
one-loop diagram with m off-shell external legs directly attached to the loop, using the
light-cone gauge Feynman rules in eq. (2.10), by explicitly performing the loop integration
in a given regularisation scheme. Here, we demonstrate this procedure for the m = 2, 3,4
colour-ordered vertices in dimensional regularisation, using the “X” Mathematica package
to perform the loop integrals.

Al m=2
At two points, the relevant diagram is the bubble, given by

Ve 26/ APl X(Lk)X(L+k,—k) 25/ a2l X(1,k)?
SDYM — M (271.)D l2(l{7—|—12) =K (27T)D l2(k—|—l2)'

Here k and [ are the external and loop momenta respectively, and u is the regularisation

(A1)

scale. The loop momenta is (4 — 2¢)-dimensional. We now employ some standard techniques.
Firstly, we introduce the Feynman parametrisation,

1 1 1 1
Bl / de 7= / dx o
Pk+12) Jo " [24z((k+1)—12) 0 [(l+xk)2 = A]
where A = —zk?(1 — x). Then, we perform the shift [ — [ = [ + xk, such that eq. (A.1)
becomes

(A.2)

L dPl X(I,k)?

v :_2e/d/ 2 A.
SDYM gy 4 2m)D (12 — A)? (A.3)
= Gl ki) alo ki [ o [ Ll (A4)

=—\n mn nk 0 (27T)D (1*2 _ A)z‘ :

The denominator is symmetric in [, and thus we can make the replacement
~ ~ 1~

Ly — =1 (A.5)

D
The metric contracts with the indices in the prefactor, and by applying the identity
OhaT 55 = 2€ap€ss, we find that

(nlokln) (nloykln) o< X (k, k) = 0. (A.6)

We see, therefore, that VS%)YM = 0 even off-shell. There is a subtle issue of regularisation (see
e.g. [38, 39]), but our choice here is consistent with the following higher-point computations.

A similar calculation can be carried out in SDG, where the integrand is constructed
following the double copy prescription discussed in [48]. We find, similarly, that VS%)G =
off-shell.
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A2 m=3

At three points, the relevant diagram is the triangle, given by

@ o [ APl X(1,1)X(1,2)X(1+2,3)
VSDYM_ ? /(27‘(‘)D l2(l—/{71)2(l+k‘2)2 ’ (A-7)

where X (1,1) = X(I, k1), etc. Due to the linearity of X (k, k") in its arguments this reduces
to a sum of a rank-3 and a rank-2 tensor integrals. These integrals can be evaluated with
Passarino-Veltman reductions using the “X” Mathematica package, with the result

2
3
Vibvn = 155X [Z a;In ( T ) +bSe, (K3, k3, k3) +R|, (A
where the coefficients are
k2
ar = g1 [(B3 + R)(K3 + k3 — kD) + ASKE (RS + k — kD)
+18KTRFRE (k3 + kf — k7) — 24Kk3K4] (A.9)
a2 = a1|k1<—>k27 (AlO)
as = a1k, ks (A.11)
2k2k2k3 4 2 401.2 2 2 4,12 2 2 21.21.2
b= TG [KHRS + k3 — kD) + RS (3 + kT — K3) + K3 RT + A3 — k3) + 4RTR3R3)
(A.12)
Here, A = \(k?, k3, k3) is the Kéllén function
A =2(ki + k5 +k3) — (K + k3 + k)2 (A.13)
Finally, we have the rational part
R = W (L3 + k3 — k) + k3 (k3 + k3 — k3) + K3 (k3 + k3 — k) + 14k3k3K3] ,  (A.14)

and the scalar function

K+ k3 — k3 + VX
Sco(k%akgak?%) = . 2 2

1
RS Lia (
\/X cyc(1,2,3) [ k% + k% - k§ - \/X

2 2 1.2
—Lis K+ k3 — k5 — VA , (A.15)
k2 4+ k3 — k3 +V

where Lis is a dilogarithm and the sum is over cyclic permutations.
In the limit where two legs are taken on-shell, only the rational part survives and we

are left with
i X(2,3)3

3) _

When the final leg is taken on-shell this vanishes due to 3-point massless kinematics. This
is as expected, since the 3-point all-plus amplitude vanishes.
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The expression (A.7) for the 3-point one-loop vertex is not exactly appealing. It turns
out that keeping only the rational part of the vertex, proportional to R, is sufficient, as we
checked explicitly by computing the 3-point vertex contribution to the 4-point amplitude.
While this is an improvement, we should note that the 3-point amplitude vanishes, so it is
unhelpful to use a formalism where a vertex exists at this order. This is the reason why in
the main body of the paper we used the vertices associated to the twistor constructions,
which appear firstly at 4 points.

The same computation can be done in SDG, where we square the numerator in eq. (A.7).
This yields rank-four, -five, and -six tensor integrals, which can be evaluated in Mathematica.
The result takes a similar form to the SDYM case in eq. (A.8), but with more complicated

6

coefficients and an overall factor of X (2,3)°. Taking two of the legs on-shell, only the

rational part survives, and we obtain

X (2,3)6
Vs(s) (2,3)

DG k2 k20 X 7]{:% ) (A.17)

up to a numerical factor. This vanishes when the final leg goes on-shell, as expected.

A3 m=14

At four points, the computation is significantly more involved. The relevant diagram is
the off-shell box. Once the loop integral is evaluated, the result has a similar structure as
at three points, containing a rational part, logarithms, and dilogarithms, albeit with a far
greater number of these terms.

We will not write here the resulting vertex, but to illustrate a point we consider instead
the colour-ordered ‘off-shell amplitude’ (without external state factors). This is given by
the sum of the 4-point one-loop vertex and the four diagrams with the one-loop 3-point
vertex attached to the tree-level 3-point vertex. Taking all but one legs on-shell, only the
rational parts of the loop vertices contribute, and after some massaging we obtain the
following expression

X(1,2)X(3,4)3 N X(2,3)3X(4,1)

I 4 ] x
SDYMI k2 ,k2,k2 0

5%4 533
X(2,3)X(3,4
L X(23)X3.4) [X(1,2)X(2,3) + X(3,4)X(4,1) + X(1,2)X(4,1)].
523534
(A.18)
This collapses in the fully on-shell case to
2 X(1,2)X(2,3)X(3,4) X (4,1)
7 A.19
SDYM‘k%,k%,k%,k‘Z—}O x 512523 ’ ( )

which leads directly to the correct 4-point amplitude. The fact that only the rational parts
contribute in these limits means that the rational parts can be taken as the vertices at this
multiplicity. It is possible that this extends to any multiplicity and that, therefore, this
procedure can lead to rational vertices to all orders. However, we have clearly highlighted the
disadvantages in this appendix. Such a brute-force approach is even less feasible for SDG.
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The reason why we included expressions (A.16) and (A.18) is that these objects with
one leg off-shell (and after dividing by 1/k?) are the one-loop Berends-Giele currents in
this approach. These currents are associated to perturbative solutions to the equations of
motion. In particular, the one-loop Berends-Giele currents above are one-loop contributions
to the perturbative solution for ¥ in the quantum-corrected theory. The quantum part of
the solution for ¥ is generated only by W sources, i.e. positive-helicity sources. (While the
field ¥ has negative helicity as a solution, when we think about a diagram the ‘measured’
field is outgoing, while the sources are incoming, so this does correspond to an all-plus
diagram when we take all legs to be incoming.) We tried without success to find a closed-
form solution to the quantum-corrected equation of motion (3.4), which we hoped could
have similar features to the known (see [6, 8]) perturbative solution to the equation of
motion (3.3); the latter equation is unchanged from classical to quantum level. Nevertheless,
we note that even in this brute-force approach, the one-loop currents are rational functions
up to 4 points, a property which we presume extends to higher points (and is likely related
to the results of [107]).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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