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1 Introduction and outline

The exact expressions for certain integrated correlators of four superconformal primary
operators of the stress tensor multiples in N' = 4 supersymmetric Yang-Mills (SYM) theory
with gauge group G can be determined by localisation in terms of the partition function,
Zay (1,7,m), of N' = 2* SYM that was derived by Pestun [1] in terms of the Nekrasov
partition function [2]. The N = 2* theory reduces to the N' = 4 theory in the limit
m — 0, where the parameter m is the hypermuitiplet mass and Zg, (7,7, m)|m=0 = 1.
In [3] the expression

_ 1 _
Cay(1,7) = ZATO% log Zg (1, 7,m)|m=0, (1.1)

was argued to be proportional to an integrated correlator of four superconformal stress-tensor
primaries with a specific integration measure. The quantity A, := 4720, 0; is the laplacian

on the hyperbolic plane parametrised by the coupling constant 7 = 71 + i19 := % + ig%” ,
YM

with 0 the theta angle and g,,, the Yang-Mills coupling constant.



The first few terms in the large-N expansion of Cq, (7,7) in the 't Hooft limit (in
which A = gf/MN is fixed) for SU(V) gauge group were studied in an expansion in powers of
1/X in [3] and similarly for general classical groups in [4]. As shown in [5], the coefficients
in the perturbative 1/N expansion at fixed 7 are modular functions that make SL(2,Z)
Montonen-Olive duality [6] (also known as S-duality) manifest. These coefficients are sums
of non-holomorphic Fisenstein series with half-integer index. The perturbative pieces of the
correlator can be extracted relatively easily from the localised expression for Zg, (1,7, m)
for any value! of N [4, 15, 16], but extracting the explicit instanton contributions that are
contained in the Nekrasov partition function is more involved.

However, in [17-19] a novel expression for the integrated correlator was proposed that
is valid for any classical gauge group G and finite 7.2 This takes the form of a double
lattice sum,

CGN (Ta 77_) = Z / [e_tymn(7—77:)Bé’
(m,n)eZ? 0

(8) + Y G2 B2 @), (12)

N

where we have defined the quantity

2
Yo (7, 7T) == WM . (1.3)
T2

The coefficient functions BéN (t) and BéN (t) are rational functions of the following form,

Bg, (t) = L(t) (1.4)
(t+1)"cn

where ¢ = 1,2, nEN is an integer and Q’éN (t) is a degree niGN— 2 polynomial with the
“palindromic” property QiGN (t) = tanN_IQiGN ().

For simply-laced groups Gy = SU(N), SO(2N) the correlators are expected to be
invariant under the SL(2,Z) action 7 — v - 7 = 22 with v = (2 %) € SL(2,Z), which is
a consequence of Montonen-Olive duality. In these cases, B%N (t) = 0 and only BéN (t) is

non-trivial,® and (1.2) is manifestly invariant under SL(2,Z). For the non simply-laced
classical groups Gy = USp(2N), SO(2N + 1) (1.2) is only invariant under the congruence
subgroup I'g(2) C SL(2,Z).* Furthermore BéN (t) obeys the following relations

Bispan) (t) = Bioen+1)(t) Bispan (t) = Bsoan11)(t) (1.5)

which make Goddard-Nuyts-Olive (GNO) duality [24] of (1.2) manifest.

Tt was shown in [7] that the perturbative contribution of integrated correlators has an interesting
intepretation in terms of periods of certain conformal Feynman integrals and agrees with explicit perturbative
computations [8-14] up to four loops.

2See [20] for a recent review, as well as [21, 22] for the extension to higher-point maximal U(1)y-violating
correlators and [23] for the generalisation to integrated four-point correlators involving operators with higher
conformal weights using SL(2,Z) spectral theory.

3To simplify the notation, for these cases we will simply drop the superscript “1” and write BéN (t) =
Bgy (t) when discussing Gy = SU(N),SO(2N).

“The elements of the congruence subgroup I'g(2) are given by v = (¢ %) € SL(2,Z) with ¢ = 0 (mod 2).



For example, for the SU(NV) theory, it was conjectured that [17, 18]

Qsuv)(t)
Bsun)(t) = W ’

(1.6)
and
QSU(N) (t) = _EN(N—l)(l—t)Nfl(l_Hg)NJrl
[prssaonrt (5 oo o (26).
(1.7)

expressed in terms of Jacobi polynomials Péa’b) (z). The integrated correlator satisfies a
Laplace difference equation that takes the form

ArCqu(ny (T, 7) — desuy [CSU(NH) (7,7) = 2Csuw) (7, 7) + Csun—1)(T, f)}
— (N + 1) CSU(N—l)(Ta 7_') + (N — 1) CSU(N—i—l)(Ta ) =0, (1.8)

where A; = 735(92 + 92)) is the SL(2,Z)-invariant hyperbolic laplacian and cgy(n) =
(N2 — 1)/4 is the central charge. Upon iteration, this equation relates the integrated
correlator for the theory with gauge group SU(N) to the integrated correlator for the SU(2)
theory (with the boundary condition Cgy(1)(7,7) = 0). Similar Laplace difference equations
were also obtained for the integrated correlators with general classical gauge group Gy [19],
with the result that all Cq, (7, 7) are determined in terms of Cgy2)(7, 7).

While it is much easier to analyse the dependence of the integrated correlator on
the parameters 7 and N starting from (1.2) than from the original expression (1.1), the
dependence on N is not transparent. This will be remedied in the present paper, in which
we will take the further step of introducing a generating function for the N-dependence.
This generating function is defined as

(z;7,7) Z Cay(T,7) (1.9)

where the subscript G indicates that this generates the integrated correlator for the Gy
gauge group for all values of N. The expression (1.9) may be inverted to give

_ Calz;7,7T) dz
Cay (7, 7) :%CZN'H 9’ (1.10)

where C' denotes a contour encircling the pole at z = 0 in an anti-clockwise direction and
not encircling other singularities. From (1.2) we can equivalently define the generating
functions for the rational functions Bé (t)

B (2t Z B, (t) 2", (1.11)
and hence introduce

Clz7,7) = Z / e—tYmn(T,?)Bé(Z;t)dt’
(m,n)eZ? 0
(1.12)

Ci(z;7,7) = / e_tYm”(%’%)B?;(z;t)dt.
(m,n)ez? 0

-3 -



One of the advantages of introducing a generating function such as C4(z;7,7) is that it
has a much simpler form than CéN (7,7). This makes C5(2;7,7) extremely convenient for
analysing the large- N properties of the integrated correlators.

In section 2 we will determine the generating function Bgy(z;t) (which generates
Bsu(v (t) for all N) by relating the integrated correlator to hermitian matrix model integrals
and, in particular, this will lead to a proof of the previously conjectured expression (1.6).
The proof relies on deriving the Laplace difference equation (1.8) from the hermitian matrix
model and utilising the explicit result of the SU(2) correlator in [18], which is the initial
condition for the recursion relation (1.8). Furthermore, we will show that the generating
function Bg(z;t) satisfies a second order partial differential equation which leads to the
Laplace difference equation (1.8). The generating function will streamline the analysis of
properties of the integrated correlator in different regions of parameter space by distorting
the integration contour C' in different ways. Some relevant properties of the hermitian
matrix model and its connection to the integrated correlator with SU(N) gauge group are
summarised in appendix A.

As will be demonstrated in section 3, the generating functions Csy/(z; 7, 7) and Bgy(z;t)
lead to an efficient procedure for determining the large- N behaviour of Cgy(n)(7, 7). This
is not only a more efficient procedure for determining results that were previously derived
in [18] but also leads to new results. We will see that the large-N expansion consists of
three pieces. The first is a term proportional to N2 with a constant coefficient. The second
piece is an infinite power series in half-integer powers of 1/N with coefficients that are sums
of half-integer non-holomorphic Eisenstein series that depend on 7,7. These two pieces
simply reproduce the previously determined behaviour of the integrated correlator.

The third novel piece is non-perturbative in N in the large-N limit and has a leading
term proportional to the modular invariant function

N2 Z exp<—4\/NYmn(T,%)>:N2§: Z exp(—4€\/]\77727r|p—|—q7'|).
1
(

(m,n)#(0,0) (=1 ged(p,q)=
1.13)

Whereas the power behaved terms in the 1/N expansion holographically correspond to
the o/-expansion of type IIB string amplitudes in AdSs x S°, the exponentially suppressed
terms displayed in the above equation are related to a sum of (p,q)-string instantons
(i.e. euclidean (p, ¢)-string world-sheets wrapping a two dimensional manifold). The complete
non-perturbative contribution with leading behaviour (1.13) is given by a sum of new non-
holomorphic modular functions, Dy (s; T, 7T), which are generalisations of non-holomorphic
Eisenstein series that are exponentially suppressed at large N and fixed 7. Some properties
of these functions are discussed in appendix B.

The formal sum of the asymptotic power series expansion in half-integer powers of 1/N
and these novel non-perturbative terms provides the complete large- N transseries expansion
of the integrated correlator Csy(n)(7, 7). The Borel-Ecalle resummation of this transseries
produces a well-defined and unambiguous analytic continuation for all values of N. In
particular it coincides with the finite N € N results.

The presence of a third, non-perturbative, piece was previously arrived at in the 't
Hooft limit, in which N — oo with A = ggMN fixed, by use of a resurgence argument based



on the non-summability of the large-A expansion [18, 25, 26]. In section 4 we demonstrate
how the SL(2, Z)-invariant expression for the non-perturbative contribution reduces to such
an expression in a suitable limit. We also consider the same non-perturbative terms in the
regimes A = O(N?), or A = O(1), where a different picture emerges and we retrieve the
large-N non-perturbative expansions obtained in [26] by exploiting resurgence arguments
for the large genus behaviour of the perturbative genus expansion. When A = O(N?) the
non-perturbative terms take a form that resembles the effects of electric D3-branes that arise
in [27] in the holographic description of Wilson loops. When A = O(1) the non-perturbative
contributions resemble the magnetic D3-branes also discussed in that reference. Details of
these expressions will be given in appendix C.

The generating functions for the integrated correlators with gauge group SO(n) are
derived in section 5, and analogous large-N properties are found for these more general
gauge groups. In particular, the integrated correlator for the theory with simply-laced group
SO(2N), again receives (p, q)-string instanton corrections. For the non simply-laced gauge
group SO(2N + 1) there are not only SL(2,Z)-invariant contributions from (p, ¢)-string
world-sheet instantons, but also I'g(2)-invariant contributions from (p, 2¢q)-string instantons.
This restriction is due to the fact that ' = 4 SYM with gauge group SO(2N + 1) is
only S-duality invariant under a congruence subgroup of SL(2,Z), namely T'g(2). The
same statements apply to the integrated correlator with gauge group USp(2NV), which is
related to the SO(2N + 1) case by GNO duality. A detailed description of the derivation of
the generating function for the integrated correlator with gauge group SO(n) is given in
appendix D.

2 A generating function for all SU(IN)

The form of the function Bgy(n)(t) given in (1.6) and (1.7) was conjectured in [18, 19] based
on the analysis of the perturbative part of Csy(n)(7,7) (1.1) and the explicit evaluation
of a variety of non-perturbative instanton contributions for a wide range of values of V.
In this section we will first determine the generating function for SU(N) starting from
the conjectural functional form (1.6)—(1.7) of Bsy()(t). We will then prove that the
same generating function can be derived from properties of correlation functions in N x N
hermitian matrix models.

To begin with we will determine various properties of the relevant generating func-
tions. The function Csy(z;7,7) (1.9) can be obtained by substituting the expression for
Bsywv)(t) (1.7) into Bsy(2;t) := >-¥-1 Bsu(w) (t)zN and making use of the generating
function for Jacobi polynomials,

> PP (2)2" = 27 RV (1 — 2+ R) (1 + 2+ R) ™", (2.1)
n=0

where R = /1 — 2x2z 4 2z2. The result is the generating function for Bgyn(t) (1.4),

3t22 [(t—3)(3t — 1)(t +1)% — 2(t + 3)(3t + 1) (t — 1)?]
21— 2)3 [(t+1)2 — (t — 1)22]7

)

(2.2)

Bsy(z;t) == Z BSU(N)(t)zN =
N=1



which leads to -~
Coulzim7)i= Y / =t Ymn (™) B (2 ) d (2.3)
(m,n)eZ? 0
For future reference we notice that the generating function (2.2) has a branch-cut located

on the interval z € [1, giﬂgz}

This generating function satisfies several properties of note,

Bsu(z;t) =t 'Bsy(zt™), Bsu(z;t) = —Bgu (271 1),
* Bgsy(z;t) /OO 22 S NIN-1) y
Zsu\Bb) g, Boy(zitydt = —— =S 2 TN
0 Vit 0 su(t) 4(1 - 2)3 Nz::1 8

(2.4)
The first of these equations is an inversion relation that follows automatically from the
lattice sum definition of the integrated correlator (1.2), as was pointed out in [25] where the
lattice sum was re-expressed in terms of a modular invariant spectral representation. The
second equation in (2.4) is an inversion relation in the variable z which relates the SU(V)
correlator with coupling gf,M to the SU(—N) correlator with coupling —g?/M, as previously
discussed in [19].
The Laplace difference equation (1.8) satisfied by the integrated correlator Csy(n) (T, T)
translates into a partial differential equation in (z,t) for Bsy(z;t),

t02(tBsy (2;t)) =2(2 4+ 142) Bsy (2;1) +2(2—1)(224+1)0, Bsy (2;t) + (2 —1)%20? Bsy (2;1),
(2.5)

or equivalently, in (z,7,7) for Csy(z;7,7)
A;Csy(z7,7) =2(27+142)Csu/(2;7,7)+2(2—1)(22+1)0.Csu (27, 7) (2.6)
+(2=1)%20°Csp (27, 7). ’

2.1 Derivation from the hermitian matrix model

We will now prove that the generating function is indeed given by the conjectured form (2.2),
and that the integrated correlator, Cq,, (7, 7T), satisfies the Laplace difference equation (1.8),
using properties of correlation functions in the Nx/N hermitian matrix model. Our procedure
will be based on the analysis of the perturbative contribution to the integrated correlator
Cay (1,7). It was argued in [18, 19] (see also [25]) that once the correlator is known to
have the form in (1.2), the functions BE;N (t) are completely determined by the perturbative
contributions to Cgy (7, 7). Given complete knowledge of Csy(a) (7, 7) [18], this will uniquely
determine the SL(2,Z) invariant form for Cq, (7, 7). Although we will continue to present
the SU(V) case in this section, the results extend straightforwardly to a general classical
gauge group, Gy .
As shown in [19], the perturbative terms lead to the relation

Bsuv)(t) = 7t/ e 329, {x%(?zISU(N)(:U)} dz, (2.7)
0
where the function Igy(n)(z) is defined in (A.12) and determines the perturbative part of

Cé’f}"(tN) (1,7) via (A.10). The generating function Bgy(z;t) can then be expressed as

By (z;t) = —t/ e 220, [xgaxlgy(z;az)] dz, (2.8)
0



where Igy(z; @) == Y- Isuv)(x) 2. As explained in appendix A, Isy(y)(x) can be
obtained from a specific combination of one-point and two-point correlation functions in
the N x N hermitian matrix model [15], as reviewed in (A.11). Using this relation and the
expression for the generating functions of the hermitian matrix model correlators given

n (A.8) and (A.9), we have
z _ z x urug — 1 duq dus
Isp(zia)= ——— |1—e )= ¢ —— = _exp (= e
sulz2) = G2 [( ) 7{% wrus(uius — 2) P (2 1 —w)(l— uQ)) 2mi 2m‘]
%7{ (urug + 2) (x uLug — 1 ) du dug
exp | =
(urug — 2)3 2 (1 —u)(1 —ug)/ 2mi 2mi

where the first line is the contribution arising from the matrix model two-point function and

the second is from the square of the one-point function. Upon performing the uo contour
integral around uy = 0 and ug = z/uy the result is

Isy(z2) = 1_Z{ fexp< 1};(3(;?u1)>$}
7?{ (u%—ulxz—ZQ)eXp(x( uy(z —1) )dul

x(ug — 2)4 1—wu)(z—wuy)/ 2mi

(2.9)

Substituting the above expression for Isy(z;x) in (2.8) and performing the x integral leads
to an expression that has a pole at ¢(u; —1)(u; — 2z) +u1 (1 —z) = 0. The u; contour integral
picks up the residue at this pole, and gives the previously conjectured expression (2.2).

The above argument provides a proof that Bgrs(z;t) obeys the differential equation (2.5).
This proof was based on an analysis of the perturbative terms in the localised integrated
correlator (these are the terms that arise from the one-loop determinant in Pestun’s
analysis [1]). This automatically ensures that the perturbative part of Csy(ny (7, 7) satisfies
the Laplace difference equation (1.8) with the Laplace operator replaced by 75 82 since
perturbation theory is independent of 7.

Invariance under SL(2,Z) is restored in a unique manner by simply extending the
differential operator 7302 to the Casimir operator A, = 73 (02, + 02)) = 4750,0z, and the
perturbative Laplace dlfference equation leads to (1.8). Importantly, in [18] it was explicitly
verified that the initial term Cgsy(9)(7,7) is indeed given by (1.2). Therefore, with this
initial condition and the recursion relation (1.8), the SL(2,Z) invariant expression (1.2) for
Csu(n) (T, 7) follows.

2.2 Fourier mode decomposition of the generating function

We will now comment on some properties of the generating function, in particular its Fourier
expansion with respect to 7. This is obtained by performing a Poisson resummation that
transforms the sum over m in (2.3) into a sum over m,” giving

S o a2 .
Csu(zm,7) = Y. e (zm) = Y e2mimnm / e—rnin= 2t T2 Bsu (1) 4
kEZ (,n) €72 0 Vit
(2.10)

5Recall that Poisson resummation tranbformb Z e f (m) into Em cz f (h) where f denotes the Fourier
transform of f and it is given by f f e~ TmmI £ (m)dm



In order to analyse the large- N expansion it will prove useful to transform (2.10) from an
integral over ¢ in the range (0, 00) to the range (1, 00).

For this purpose we split the ¢ integral into the domains ¢ € (0,1) and ¢t € (1,00). The
change of variables t — t~! maps the (0,1) interval into (1,00). We may then rewrite
this integral using the inversion property t~'Bgy(z;t~!) = Bsy(z;t), together with the
interchange (7i2,n) — (n,m). This results in the following Fourier series,

CsulziT,7)=2 Y emmmm /Oo e*“t"QTQ*@—\/TEBSU(Z; 2 dt
(1h,n)E€Z2 1 Vit

=2 ) / et Ymn(mT) Borr (2; ) dt (2.11)

(m,n)€Z?

where the second line follows from a Poisson resummation back to the original variables
(rm,n) = (m,n).

For future reference, we note that the zero Fourier mode of Cgy/ (7, 7) is given by the sum
of two kinds of terms. The first kind consists of a sum of terms in the second line of (2.11)
with m = £ € Z, n = 0. The second kind consists of a sum of terms with m =0,n=/¢ € Z
in the first line of (2.11), which is equivalent to a sum over all m € Z and n = ¢ € Z with
£ # 0. The resulting zero mode can be expressed as

7rf
(z;72) —2/ Bsy(z;t) dt+4Z/ [ : _7”%272\/\/? Bsy(z;t)dt, (2.12)

where we have used the property

/loo */\/?BSU(Z; Dt = /01 \/\/?BSU(z;t)dt ~0. (2.13)

We also note

o g, Az (1-2) X [N? T(N+1/2) >
/1 Bsy (z;t)dt = 8- Z) ZZ:I[ S AVET(N } 2101
(2.14)
1 . _72(1—2 (1-2) > N T(N+1/2) = .
/O Bgu(z;t)dt = 8(1— z) Zl[ 4[1“( } _Nz::l ?
(2.15)

We will return to these expressions when we consider the large- N expansion in the next
two sections.

3 Large-N expansion at fixed T

The large-NN expansion of the integrated four-point correlator has a close relation to the
o’-expansion of the integrated four-graviton amplitude in AdSs x S®. These properties were
elucidated in [3, 5, 16] where the 1/N expansion was considered in both the 't Hooft limit
(in which A\ =

= gf,MN is fixed) and in the limit in which g,,, is fixed. In this section we will



Figure 1: (a) The contour C' encircling the pole at z = 0. (b) The distorted contour C’
encircles the cut, together with the contour at infinity, Cs,, which gives a vanishing contri-
bution.

see that the large-N expansion of Cgy(y) (7,7) is streamlined when expressed in terms of
the integral representation given by the contour integral

Csu) (T, T)—2 Z / et Ymn(T7) j{CBSU(Zt)dZ]dt, (3.1)

ez N+ 9

as follows from (1.10) and the second line of (2.11). Furthermore, we will see that this
provides a natural procedure for determining the non-perturbative terms that complete the
1/N expansion.

We proceed by splitting the sum in (3.1) into the (m,n) = (0,0) component and the rest

_ (/7 Bsy(z;t) dz
Coun(r7) = 2(N) +2 Z / e § %%}dt (3.2)

where the constant term c¢;(N) is given in (2.14). The integration contour C, shown in
figure 1(a), can be distorted into the sum of the contour at infinity, C, together with the
contour C’ surrounding the branch cut, as shown in figure 1(b). The contour at infinity does
not contribute since Bgy(z;t) = O(1/2%) as |z| — oco. The resulting integral is given by

_ _ (r7 Bsy(z;t) dz
Csuny(n7) =2 (N)+2 Y / ¥imn (7,7) [ }{ / SfNil) e (33)
(m,n)#(0,0)

where the new contour of integration C” is a clockwise contour surrounding the branch-cut

2
located on the interval z € [1, 8252] The discontinuity across the branch-cut can easily

be computed

DiscBgy(z;t) = el_i:%l+ {BSU(z+ie;t) —BSU(z—ie;t)} (3.4)
Bt [(t—3)(t+1)2(3t—1)— (t—1)%(t+3)(3t+1)2] (t+1)2
=—-2 3 7 ) z € 17
2(z—1)2 [(t+1)2—(t—1)2z]? (t—1)°



Although we would like to write

2
Bsu(z;t) dz % DiscBgsy(z;t) dz
Bsu)(t) = f, N1 9 :/1 N+l 90

the discontinuity is not quite an integrable function due to the end-point singularities
7
(z — 1)7% and (z; — 2z)” 2 with

(3.5)

2
= 8132 (3.6)

However if we regularise the integral by replacing the singular end-point factors by (z —1)~¢
and (21 — 2) 77 and then take the limit o — 3/2 and 3 — 7/2 after integration, the result is

-3+ 1)°Bt—1) - (t -1t +3)(3t +1)z] dz

21 22
Bsyn(t) = lim /1 (—ap32 1

a3 Byl 2z — 1)[(t+1)2 — (t — 1)22)7 2N+ 2
_ w [(t St 4 3)(3t + D)o Py (;N 2401 — zl>
—2(N+2)t(t2+1)2F1<;N+3;5|1 —zlﬂ. (3.7)

This expression is perfectly regular and it is straightforward to check that it reproduces the
correct answer since it is identical to (1.6) for any value of N € N.

3.1 Saddle-point analysis

In order to analyse the behaviour of Cgy(ny(7,7) at large N we will find it convenient to
consider the distinct contributions of different regions of the z integration. We will see
that the region near the endpoint z ~ 1 produces the series of terms that are perturbative
in 1/N, while the region near the endpoint z ~ z; produces terms that are exponentially
suppressed in N.

To see this it is convenient to perform the change of variables z = e* and consider

_ [* DiscBgsy(z;t) dz _/logzl _ny DiseBsy (e )
Bsu(n)(t) —/1 N om e — dp. (3.8)

We will separate this integral into the sum of two pieces by writing Bgy(n)(t) = BéDU( N) (t)+
Bévép(N) (t) where
ooie DiscBgy (et; t)
By = [ e DB (), |
su) (@) ) € 9l 1 (3.9)

and

cotie . DiscBgy(et;t
By = [ evn DECESLIE (3.10)

og 21 2me
where the superscripts P and NP indicate the pieces that contain terms perturbative and
non-perturbative in 1/N in the large-N regime.

Note that the discontinuity DiscBgyr(#;t) in (3.4) itself has a discontinuity along the
interval z € [z1,00) with z; given in (3.6). For this reason, when we extend the upper
limit of the domain of integration from z € [0,2;] — z € [0,00 £ 7€) in (3.9), we have
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to specify on which side of the branch cut we are integrating. Equation (3.9) can be
thought of as a lateral Borel resummation with respect to the complexified parameter NN,
where the integrand DiscBgy(e#;t)/(2mi) plays the role of Borel transform for the large- N
perturbative expansion (see e.g. [28] for a recent introduction to resurgence).

The +ie deformation in the upper limit of (3.9) will become irrelevant when we only
consider the formal, asymptotic large- N expansion of (3.9). As expected from resurgence
theory, both lateral resummations defined in (3.9) will give rise to the same formal asymptotic
power series in N. However, precisely due to the branch-cut singularity of the integrand
DiscBgy (e#;t)/(2mi), there is an “ambiguity” in resummation of the perturbative expansion,
reflected by the +ie in (3.9). This ambiguity in resummation has to be compensated by
the non-perturbative corrections which are fully encoded in (3.10), which in resurgence
language can be related to the Stokes automorphism.

From a resurgence point of view, when we correlate the resummation of the perturbative
expansion, (3.9), with the corresponding non-perturbative corrections, (3.10), we obtain the
unambiguous and exact result (3.8), usually called median resummation. As will become
clear shortly, this is a manifestation of the similar ambiguity and median resummation in
the 't Hooft coupling resurgent expansion described in [18].

Let us first focus on re-deriving the large- N perturbative expansion, previously derived
in [17, 18]. Rescaling ;1 — u/N and then expanding DiscBgy (e ;) around the point
pu/N =0 (i.e. near z = 1) leads to

3 _3 1 1 s s
DiscBgy (e%;t) _ Z.3N2 (1756;; t?) i15Nz g;; +t2)
2048 N>

+
(3.11)

We now substitute this expansion into the integral for BéDU( N) (t) (3.9) taking care to make

the modification /f% — u~%, as explained earlier. Setting a = % after performing the
integral we obtain

B0 34er) 15(¢3e3)  [315 (1 E44E) —39 (173 443 B
Bloon (=N =g 2+ 128y7NE 8192,/7N TOWT),
(3.12)

which agrees precisely with equation (5.56) in [18] (allowing for a factor of 2 change in our
normalisation conventions).

Upon substituting this asymptotic expansion into (3.2) we see that the constant term
c1(IN), defined in (2.14), combines with a Dirichlet regularisation for the lattice-sum in the
zero-mode sector, thereby reproducing the correct constant N2/4. What is left leads to an
infinite series of terms that contribute to the large-N perturbative terms of Csy(n)(7, 7)-
These remaining non-constant terms are power behaved in 1/N and with coefficients given by
finite rational sums of non-holomorphic Eisenstein series of half-integral index, reproducing
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the results of [17, 18]:°

Clon(m ) =2a1(N)+2 Y / e YWD BEG vy (B)dt
(mn)#£(0,0) 7!
/2] (3.13)

N2
=+ SN by B(340,42m; 7, 7)
r=0 m=0

where 9, = 0 for even 7 and 0, = 1 for odd r and the coefficients b, ,,, can be found in those
references, or can be obtained from BéDU( N) (t) as expanded in (3.12).

As previously mentioned, the large-N expansion of BéDU( N) (t) produces a purely per-
turbative yet formal, asymptotic power series at large N and it is insensitive to the tie
deformation of the contour of integration (3.9). The ambiguity in resumming (3.12) to (3.9),
or equivalently in resumming (3.13), is compensated by the change in non-perturbative
corrections exponentially suppressed in N at large N and fully captured by Bé\{f( N) (t)
in (3.10). This may be exhibited as follows,

ootic DiscBgy(2;t) dz
NP _ su(z;
Byt (t) /z1 N1 9 (3.14)

0o 22 _ 2 1Y (+__1)\2 > >
_ (+0) lim (_22,)315 [(¢ 3)(t+§1) (3t—1)—(t—1) (t;S)(St—i—l) ]di"
BT 2(z2—1)2 [—(t+1)2+(t—1)22]7 2N+1 2mi

Substituting this expression into (3.3) leads to a ¢ integral that is dominated by a saddle
point when N > Y;,,,,(7, 7). This integral has the form

[e'e] _ S8 t 1
/1 h(N,t)e_tYm"(T’T)zl_th:/l h(N,t)eXp{—tYmn(T,T)—2Nlog( + ﬂdt,

t—1
(3.15)
where we have expressed Bé\gj(N) (t) as h(N,t)z; N (note z; = gigz from (3.6)), and h(N, 1)
contains only power-behaved terms at large N. The integrand has two saddle points

located at

po — VAN 4 Yiuu(7,7) VAN 4 Yo (1,7)
! Yo (75 7) Yo (75 7)

A simple thimble analysis shows that only the saddle ¢} is connected with the contour of

; ty = (3.16)

integration of interest.” The “on-shell” expression for such a saddle is given by

exp | — t]Yyun(r, 7) — 2N log (é f 1) | =exp |- NA( sz(”)ﬁ , (3.17)

where the function N A(x) is the saddle-point action and A(z) is given by

A(z) = 4(1’\/ 24+ 14+ arcsinh(x)) . (3.18)

5Note that thanks to the results of section 2.2, the ¢ integral now runs over (1, 00) rather than (0, co) so
that both the ¢* and ¢!~ terms in (3.12) are integrable when multiplied by e~*¥™" ("™ with (m,n) # (0,0).

"This is a consequence of the fact that the ¢ integral was defined to span the domain (1, 00) as discussed
in section 2.2.
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This expression is identical to that recently found in a resurgence analysis of the Fourier
zero mode of the integrated correlator in [26]. As pointed out in that paper, the function
A(z) coincides with the D3-brane action discussed in [27] in the evaluation of Wilson loops
in large representations of the SU(N) gauge group. We will return to a discussion of this
connection shortly. For now, we note the behaviour of A(x) in the small x is given by,

4 1
A(zr) =8z + gfL’?’ - 5955 +.... (3.19)

Since the lattice sum over (m,n) in (3.3) is convergent, in the large-N limit with 7 fixed
we may expand the summand first. In particular, to leading order we have

Ymn 7_ [&.°]
oxp [ - (22T )| Y sty Yo7 = e (g 2 ).

(3.20)
In order to understand the behaviour more generally we need to determine fluctuations
of the exponent (or the “action”) in (3.15)

1
S(E) = t Yin (7, 7) + 2N log (i:) , (3.21)

around the saddle point value ¢ = ¢]. Denoting the fluctuation of ¢t by ¢t = {7 + N 16 we have
S(th + N16) = S(t?) + k26% + O(N~15%) , (3.22)

where ¢ is given in (3.16), the on-shell action S(¢7) appears in (3.17), and

3
2

Yon (7, T
k2 = 7( m"(z’ ) (1+0O(NY). (3.23)
Upon expanding the exponential of the action in powers of § and performing gaussian
integrals over J, we obtain the exponentially suppressed terms in the large-N limit. In
the 1/N expansion, these terms are given by a sum over new non-holomorphic modular

invariant functions Dy (s;7,7),

CSU( ) (7, 7) =2 Z / tYm””B (N)(t)dt

(m n)#(0,0) 3 (3.24)
iy N mzzo drom Dy (2m = 57,7)
where Dy (s;7,7) takes the following form
Dy(sim,7) = > exp( =4/ NV (7, 7)) Vun(7,7))°
e ot ~ (3.25)
= ;gcd%)ﬁ xp ( 4V Nl NG )7r3 2s]p j g
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Some basic properties of Dy (s;7,7T) are discussed in the appendix B. The explicit form of
the first few coefficients d, ,, in (3.24) are

doo = —2,
1 9
dipg= 3 dyg = 1
P P Pt | (3.26)
2,0 — 367 2,1 — 87 2,2 — 64 ’
1 7 77 489
d3,0 = 618’ dzq = 160" dz2 = 123" 83= "r 19

In fact, once the leading coefficients d,, are specified all other coefficients are determined
by the Laplace difference equation (1.8).% This is very similar to the pattern of coefficients
of the perturbative series of N 37" terms in (3.13) for which all b, ,,, are determined by the
Laplace difference equation, except b,.|,/2), which has to be specified [18]. In other words
the coefficients of the terms in the second line of (3.29) are all determined once we input
the coefficients with value of m = 0. Furthermore, as was noted in [18], the perturbative
coeflicients b, |, /2 are determined by the leading N 2 term in the 't Hooft limit. The same
is true for the coefficients d,., that are also determined by the N 2 term in the 't Hooft limit.
Such a contribution was determined in [18] using resurgence methods,” and it was shown
(equation (5.39) of [18]) that d,, is given by

(078

dr,r = _47"4-1 )

(3.27)
where a, is determined by the following recursion relation,

r(r—4)(r+2)(2r+2r—9)a, +3(2r* = 17r* +9r+39) a1 +2(r+2) (2r —2r—9)a, 42 =0,
(3.28)
with ag = 8, a1 = 36. Given the values of d,, all the other d,,, are determined by the
Laplace difference equation (1.8).
In conclusion, by summing both the perturbative (3.13) and non-perturbative (3.24)
contributions in the 1/N expansion we find that the large-N expansion of the SU(V)
integrated correlator (1.2) has the following structure,

N2 o0 1 [r/2]
CSU(N) (7—7 77_) = a + Z N27" Z br,mE(%+5r+2m§ T, 77_)
r=0 m=0 (329)
. > _r " 3r _
:l:zz:N2 P Z drmDn (2m — ?;T,T) )

r=0 m=0

This expression has to be understood as the formal yet complete large-N transseries
expansion of the integrated correlator Csy(n) (7, 7). The first line of (3.29) is an asymptotic
series in the large-N expansion, which was obtained in [5, 18]. The second line gives the
exponential corrections that are discussed in this paper and encoded in Bé\{f( N) (t). It should

8The action of Laplace operator on the modular function Dy(s;7,7) is given in (B.7).
9The ’t Hooft limit of (3.24) is discussed in details in section 4 and appendix C.
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be stressed that the apparent +i ambiguity in (3.29), i.e. the jump in the Stokes constant,
has to be understood from a resummation point of view. The first line of (3.29) is a formal
asymptotic power series which can be resummed using (3.9), while the seemingly ambiguous
non-perturbative terms given by the second line of (3.29) can be resummed using (3.10).
The sum of these two resummations produces our unambiguous starting equation (3.8), i.e

Csun)(7,7) = CéDU(N) (7,7) + CL%P(N) (7.7)

=2c1(N)+2 > / ~Ymn (T BE vy (B dt
(m,n)#(0,0)

+2 > /1 e~ Ymn (T BOE o () dt
b )

(m,n)#(0,0

2 ¥ / e~V ("7) Beyy o (1)t (3.30)
(m,n)#(0,0) 71

Note that although the transseries has been obtained at large-V, its Borel-Ecalle resum-
mation does indeed provide a well-defined analytic continuation for all values of IV in the
complex wedge Re N > 0, and, in particular, it does coincide with equation (1.10) for
finite V € N.

Finally, it would be interesting to re-derive the non-perturbative corrections in (3.29)
from the large- N expansion of the spectral decomposition of (1.2) discussed in [25]. Presum-
ably, the large-N expansion of the spectral overlaps {Csy(n), Es} of the integrated correla-
tor (1.2) with the Eisenstein series Es = F(s;T,T), contains terms which are exponentially
suppressed in N and are responsible for the novel modular invariant functions Dy (s; 7, 7).

3.2 Holographic interpretation

We will now briefly discuss the holographic interpretation of the terms that are exponentially
suppressed in the large-IV limit. This is the large- IV limit in which contributions of Yang-Mills
instantons, which are of order e 2™ are not suppressed, whereas they are exponentially
suppressed in N in the 't Hooft limit. Such contributions arise in the non-zero Fourier
modes of the Eisenstein series in the first line of the expression for Cqyn)(7,7) in (3.29),
and are dual to the contributions of D-instantons to terms in the low energy expansion of
the holographically dual string theory.

Contributions to the integrated correlator in the large- N limit with fixed gf,M of the
form (3.17) are exponentially suppressed in the large-N limit. The holographic string
theory interpretation of such contributions uses the identifications giM = 4ngs = 4w /1o and
\/ g” N = L?/d/, where gs is the string coupling constant, o’ is the square of the string
length scale, and L is the scale of the AdSs x S° space [29-31]. Therefore, the large-N
expansion of the correlators with fixed g,,, translates into the small-o’ expansion of string
amplitudes with fixed gs. The existence of the terms that are exponentially suppressed in
N reflects the fact that the o/ expansion of string amplitudes with fixed string coupling is
an asymptotic series.
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After these replacements the expression (1.13) has the form of a sum over instanton
contributions that correspond to ¢ coincident euclidean world-sheets of (p, g)-strings (with
ged(p, ¢) = 1) wrapped on a two dimensional manifold of volume L2. Here we are identifying
the tension of a (p, q)-string [32, 33] with

Tpq :=Trlp+qrl, (3.31)

where ged(p, ¢) = 1and Ty g = TF := 1/(2ma/) is the fundamental string tension. Translating
to string theory parameters, the exponential terms in (1.13), or equivalently (3.24), become

o0 o

Y exp ( — 47TL2£W) =Y > exp(—4nL*T,,). (3.32)

=1 gcd(p,q)=1 =1 gcd(p,q)=1
The sums in this expression include a sum over multiple copies (indexed by /) of euclidean
(p, q)-string world-sheets. When g5 < 1 (i.e. near the cusp 7o > 1) the fundamental string
world-sheets dominate while other (p, ¢)-string instantons dominate for other values of g
obtained by the appropriate action of SL(2,Z) on 7. The complete exponentially suppressed
contributions are given in (3.29) in a modular invariant form.

We have not evaluated the contribution of these instantons explicitly from string theory,
but the factor of 47 L? in the exponent in (3.32) suggests the contribution of ¢ coincident
(p, q)-string euclidean world-sheets wrapping a great two-sphere, S2, on the equator of the
five-sphere, S®. Although it is not obvious how such configurations would be stabilised, it
is notable that their contribution to the integrated correlator (3.29) has an overall factor of
i, which is characteristic of a negative fluctuation mode (more generally, an odd number
of negative modes). Indeed, a two-sphere on the equator of the five-sphere would provide
a saddle point that is reminiscent, from a resurgence point of view, of uniton solutions in
the principal chiral model [34, 35]. The semi-classical origin of such contributions certainly
deserves further study.

Similarly, it would be interesting to develop a more detailed understanding of the
holographic interpretation of the saddle-point action NA(y/Ym,/4N) that arose in (3.17)
with A(x) defined in (3.18). As pointed out in [26] the same function appeared in the
analysis [27] of multiply-wrapped Wilson loops in /' =4 SU(N) SYM in the ’t Hooft limit,
which is holographically described in terms of a minimal surface bordering the loop and
embedded in AdSs. In that case the argument of A(x) was given by z = % with k£ being
the winding number of a wound Wilson loop. According to [27], such a multiply wound
Wilson loop can be effectively described by a four-dimensional embedded euclidean D3-brane
carrying electric flux, with an action given by N A(x). In the present context the holographic
connection with the contribution of a D3-brane is hinted at by a naive application of the
AdS/CFT dictionary, which includes the identification N = L4/(47a/%g,) = 2r2L*Tps,
with Tps the D3-brane tension. This suggests that when x is a fixed constant, the quantity
NA(x) should be identified with the action of a euclidean D3 world-volume wrapped on a
four-manifold.

We now turn to consider special large- N limits in which the 't Hooft coupling A = gf,MN
is chosen as the independent coupling so giM may depend on N. In this way we will see
how the non-perturbative results that were previously obtained by resurgence techniques
in [18, 25] and [26] can be viewed as special limits of the SL(2, Z)-invariant expression (3.24).
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4 Correspondence with resurgence results

We will now consider the large- N expansion in which A = N ggM = 47 N/19 is an independent
parameter in the range 1 < A < N, which is the familiar strongly coupled 't Hooft limit.
In this case, the contributions of Yang-Mills instantons with instanton number k are
O(e_QWkN / )‘). In other words, in this regime Yang-Mills instantons, which are present at
every order in the 1/N expansion, are exponentially suppressed in N. However, order
by order in 1/N, the large A perturbative expansion is not Borel summable, but can be
completed via a resurgence argument. In [18] this argument was shown to give rise to

_2\/X)'

Here we will see that this completion follows very simply from the SL(2,Z)-invariant

further exponentially suppressed contributions of order O(e

expression obtained in the previous section. For A in the range 1 < A < N the dominant
contributions to the exponentially suppressed terms are those associated with the m = ¢,
n = 0 terms (the (¢,0) terms) in (3.24). In the holographic interpretation (3.32) these
correspond to the contribution of ¢ coincident (1,0)-string (i.e. fundamental string) world-
sheet instantons. Since ¢ = 0 for these contributions they are independent of 71 and only
receive contributions from the zero mode of the integrated correlator, Cé(g( N)(TQ), which can
be extracted from the zV term in (2.12). As emphasised earlier, the (¢,0) terms contribute
the first term in parentheses in (2.12). The non-perturbative contribution of this term is
given by (3.24) upon substituting p = 1, ¢ = 0 into the definition of Dy(s;7,7) in (3.25).
The zero mode of this piece of Dy (s;7,7) is DJ(\?)’i(s; 7o), which is defined in (B.10).
In this range of A\, we can rearrange these terms to take the form

NP,F o~ [ =L o~ A2
Couiny(T2) =4 /1 e 7 BiF vy (t)dt = > N*72ACW()), (4.1)
=1 g9=0

where the superscript F' indicates that here we are considering only F-string (i.e. (1,0)-
string) world-sheet instantons. The functions AC@(\) (denoted by £iAG¥)(X)/2 in [18])
contain all the exponentially suppressed large-\ terms of the form

ACY(N) = +i i e 2V f (VN (4.2)
(=1

where f,(£v/)\) is a perturbative series in 1/v/\.
The second term in parentheses in (2.12) is the remaining contribution to the zero
Fourier mode of the modular function Cé\{f( N) (1,7) appearing in (3.24). This involves the

zero-mode term Dgg)’ii(s; 72) defined in (B.13). As emphasised before (2.12) this contribution
is obtained by the zero mode of the sum over all values of (m,n) with the exception of terms
with n = 0 or, in other words, by the zero mode of the infinite sum over all the multiple
copies of (p, q)-strings with ¢ # 0. We will now see that this contribution is proportional to
e=8mN/VX with ¢ € N and ¢ #0.

These remaining terms can be rewritten as

o~ [ e, VT2 S 120 A A(a) /S
Cavim(72) =43 /1 e Q*QB%’(Z;t)dt:ZNl WACD(R),  (4.3)
(=1 g=0
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where we have defined the “dual” 't Hooft coupling A = (4wN)2/\. The superscript R
denotes the sum of the contribution of all terms that remain in the zero mode of the
non-perturbative completion (3.24) apart from the (¢,0) sector.

The functions AC(X) (denoted +iAG¥)(X)/2 in [26]) contain all the terms that are

exponentially suppressed in the “dual” ’t Hooft coupling, which have the form e*%ﬁ =
e=8™N/VA with £ € N and ¢ # 0.10 By contrast with the (1,0)-string case, these remaining
non-perturbative terms do not have a simple holographic interpretation since they arise
from the zero-mode contribution of the infinite sum over all the multiple copies (labelled by
?) of (p,q)-strings with ¢ # 0. The contributions (4.1) to the zero mode were also found
in [18, 26] from resurgence arguments at large-\, while the terms (4.3) were found in [26]
from similar reasoning at large-\, i.e. 1 < A < N or equivalently N < A < N2.11
However, it should be stressed that the non-zero Fourier modes, which depend on 71,
cannot be determined easily by resurgence. These contributions are suppressed relative
to the (1,0)-string instanton contribution, CS]\{JP(’%(TQ), but they contribute with the same

magnitude as Cég(’ﬁ) (12) ~ 6_2\/§ defined in (4.3). This is illustrated in (B.20).

Up to now we have considered approximations in which the saddle-point action N A(x)
has been expanded in small fluctuations of its argument (3.19). However, in the regimes A\ =
O(N?) (i.e. A = O(1)) and A = O(1) (i.e. A = O(N?)) the non-perturbative completion (3.24)
of the integrated correlator can be rearranged to produce different expansions. We focus
again on the zero-mode contributions discussed above and start by considering the non-
perturbative F' terms in the regime A\ = O(N?) (i.e. A = O(1)). This is the regime in
which the on-shell saddle-point action A(z) should not be expanded for = small as in (3.20).
Schematically we obtain

ok —NA(ZL) ol
CoTR () = £ S N*EY e ﬁFk(ﬁ), A= OV, (44)
k=0 /=1

where the precise details of the expansion coefficients Fj(x) are presented in (C.14).

A similar analysis applies to the remaining contribution to the zero Fourier mode
when A = O(1) (i.e A = O(N?)). In that case the non-perturbative R contribution can be
rearranged to give the expansion

7
VA

where details of the coefficients Fj(z) are presented in (C.23).

Coh (r) = iy NFEY e N B (L2, A=0(1), (4.5)
k=0 /=1

In these regimes, the two zero-mode contributions to (3.24) expanded as in (4.4) and (4.5)
become identical to the expressions in [26], which were obtained from the asymptotic
behaviour at large order of the large-N genus expansion in the large-\ or large-) regimes
respectively, i.e. from the large-g behaviour of (4.3) and (4.1) respectively.

9The existence of such non-perturbative terms were first predicted in [25].

" The exponential factor 6_2\/§ coincides with the leading factor contributing to a (0, 1)-string world-sheet
instanton when 71 = 0, This coincidence may be the reason that these contributions are referred to as
“D-string instantons” in [25, 26].
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In [26] the non-perturbative factors e‘NA(h/ﬁ) and e~ NAUT/VA) iy (4.4) and (4.5)
were called “electric” and “magnetic” D3-brane instanton contributions in analogy with
the results for multiply wound electric Wilson loop and magnetic 't Hooft loop derived
in [27]. However, although the first zero-mode contribution (4.4) does indeed come from
the complete sum overl ¢ coincident (1,0)-string instantons, the second term arises as
the zero-mode contribution from the infinite sum over ¢ coincident dyoonic (p, g)-string
instantons with ¢ # 0.

Finally, more generally there are contributions from the non-zero modes that are also
exponentially suppressed. In particular, the non-zero Fourier modes of Dy (s; 7, T) are given
n (B.13) and (B.19). These are the contributions from (p, ¢)-string instantons for which
the exponential suppression is consistent with S-duality. We will not discuss these explicitly
since their analysis involves a straightforward extension of the zero-mode analysis.

5 Integrated correlators with other classical gauge groups

The expression for the SU(N) integrated correlator, Csu(n), was extended to correlators
for theories with general classical gauge groups Gy = USp(2N) and Gy = SO(n) (with
n=2N,2N + 1) in [19]. Recall that S-duality (Montinen-Olive duality) in the SU(V) case
is generalised to Goddard-Nuyts-Olive (GNO) duality [24] for general Lie groups. The
correlators considered here are only sensitive to local properties of S-duality and not to
global features that involve the centre of the gauge groups and their duals. Such global
properties are an essential feature of more general considerations, but here we only need to
consider transformations associated with the Lie algebras. These duality transformations
correspond to the following interchanges,

su(N) <> su(N), 50(2N) <> s0(2N), s50(2N + 1) <> usp(2N), (5.1)

which relate the expressions for the integrated correlators in [19] to each other, so we
need only focus on SO(n) gauge groups (in addition to the SU(N) case described earlier).
Furthermore, recall that GNO duality implies invariance under the action of SL(2,Z) on
the complexified coupling 7 in the correlators with SU(N) and SO(2N) gauge groups, while
in the SO(2N + 1) and USp(2N) cases the correlators are invariant under I'g(2), which is a
congruence subgroup of SL(2,7Z).

The corresponding generating functions are defined by

Byol(zit) Z Biom(t)=",  Bio(zt) Z Biom(1)2", (5.2)

where Béo(n) (t) and B§O(n) (t) are related to Cgo(p) in (1.2). In this section (and appendix D),
we will derive the generating functions Bl (z;t) and B%,(z;t), and study the large-N
properties of the integrated correlators.

5.1 Generating functions for other classical gauge groups

We begin by considering the generating function B2, (z;t). Recall, that BSO(2N) (t) =0,
so we will focus on SO(2N + 1) gauge groups. As shown in [19], BSO(2N+1)( ) can be
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expressed as

U [ 4 3 3
Bio@n+1)(t) = —5/0 e 120, [W@zfgo(zzvﬂ)(ﬂc)} d (5.3)
where
ISO(2N+1 e’ Z Lai1(22), (5.4)

and L; is the Laguerre polynomial. To proceed, we use the contour integral representation
of the Laguerre polynomial,

e—mtl/(l—tl) dtl
Li(z :j'{ c o 5.5

where the contour C' circles the origin once in a counterclockwise direction. We can then
perform the integration over x in (5.3), which leads to

312N (BN = 1) it — 1) + 11 + 1] gy,
B2 (t) = — f dty
SO@N+1) c 2t1 (1 —t) + ¢+ 1)4 omi’

and the generating function is given by

2N+ t2—1 Sty — 1)+t +1]  dy
*7{2 tl(l—t)+t+1] (12 — 22) 2mi
(5.7)
The relevant poles are located at t; = +z, and the sum of their residues gives the final result

(5.6)

Béo(zt) Z Bio@n1)(t

3t(t+1)23 [(t +1)2(3t2 — 10t + 3) — 2(t — 1)2(2 + 10t + 1)22 — (¢t — 1)424]
2[(t+1)2 — (t —1)222)* '

Biol(zt) =

(5.8)
As mentioned earlier, Bgo(n)(t) vanishes for n = 2IN. This is reflected in the above expression
for B%O (z;t), which is an odd function of z, and therefore only receives contributions from
SO(2N + 1). It will prove important that the singularity structure of B%O(z; t) is rather
simple, with just two poles in z located at

(t+1)

=4 5.9
s (5.9

with equal and opposite residues since B (z;t) = —B2,(—2;t).
We will now consider Bl (z;t) :== 302, Béo(n) (t)z", where Béo(n) (t) is given by [19]

U [ 4 8 3
Blom(t) = —3 et |220: Loy (@)] de, (5.10)
and
al 2j—2i 2i—-2j
Lo (@) =™ 3 (Laia(w)Laj-a(w) = L3 (2) Ly, 5 (2))

b=t (5.11)

—T

:MZ

Loy (@) = (Lai1 (@) Loja(2) — LT (2) L5 7 (@) ) -

i,j=1
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Using combinations of the relations between sums of bilinears of Laguerre polynomials given
in (D.11) and making use of the contour integral representations of Laguerre polynomials
leads to the generating function

1
Blo(zt) = 5 Bsu(zit) + Fa(zt) + t R (5t + Fa(zst) +t 7 Rzt Y, (5.12)

where Bgy(z;t) is the generating function of the SU(/NV) integrated correlator given in (2.2),
and the functions Fj(z;t) and Fy(z;t) are given by,

U3t [t(z = 1) +2(2 + 1)]

Fi(z;t) == 5 , (5.13)
and
Fy(z;t) =
322 [8(z+1)2(1_z)2 2 (312348122 +812+31) (1-2)3
2[(t+1)2— (t—1)22]? at @

(21124455623 + 70622 45562 +211) 7 (592°+12324 +1382% 1382241232+ 59)

(1—z)3a2 (1—z2)%z

1
—m(x5—4(72+2)x4+2 (1062°+1252+12) 2° —2 (3832° +7972° +4512+17) 2
zZ\l—2z)2

+(15832" +42862° + 44462+ 17582+ 23) 2 —2 (101325+2813z4+3752z3+2888z2+1051z+3))] :

(5.14)

where = ¢(1 — z) + 2(z + 1). Given the above expressions, it is easy to see what the
singularity structure of (5.12) is. There are two poles located at

(t+2) (1+2t)
- "/ = 5.15
Th-2) Ta-ay (5.15)
as well as the same branch points as for the SU(N) case, located at
t+1\
=1, s=a= () (5.16)

It is straightforward to verify that B%,(z;t) satisfies the following homogenous differ-
ential equation,

1 N2
t o} (tB%O(z; t)) ~ 1 {22822 (Bgvo(z;t) (z -z 1) ﬂ =0, (5.17)
while B}go(z; t) obeys an inhomogeneous differential equation given by
1 2
to? (tBlo(zt)) — = {2283 (Béo(z;t) z— 271 ﬂ
i )3 ( ) (5.18)
— {2282 (zilBgU(z; t)) — 20, (zBSU(z;t))} =0,
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where Bgpr(z;t) is the generating function of the SU(N) correlator given in (2.2). These
differential equations imply a Laplace difference equation for the integrated correlator'?
Cso(n) (7, T) (with ‘source terms’ Cgy(y,)(7, 7)) as found in [19]

ArCs0(n)(T,T) — 2¢30(n) {CSO(n+2) (7,7) = 2Cs0(n) (7, T) + Cs0(n—2) (T, f)}

—nCsun-1)(7,7) + (n = 1) Csy(n(7,7) =0, (5.19)
where the central charge is cgo(,) = n(n — 1)/8, and a similar equation for USp(n)
(with n = 2N)

ATCUSp(n) (7-3 77_) - 2CUSp(n) {CUSp(n—l—Q) (Ta 77_) -2 CUSp(n) (7_7 77_) + CUSp(n—Q) (Ta 7:)}
+n CSU(TL+1)(27—7 27_') - (n + 1) CSU(n) (27’, 27_') =0 N (520)

with central charge cygpn) = n(n 4+ 1)/8. The above Laplace difference equation uniquely
determines Cgo(y)(7,7) and Cuygp(n)(7,7) for any n in terms of Cqy(z)(7,7) [19]. Just as
we argued previously in section 2.1 for the SU(NN) case, this ultimately leads to the
expression (1.2) for the integrated correlator with SO(n) and USp(2N) gauge groups.

5.2 Large-IN expansion for other classical gauge groups

It is well known that NV = 4 SYM with SO(n) gauge group is dual to type IIB string
theories in an orientifold with background AdSs x (S°/Zsy) [36, 37]. In considering the
large-n expansion of the integrated correlators with SO(n) gauge group, it was seen in [19]
that it is important to consider the expansion in inverse powers of the combination

N := i(2n —1), (5.21)

which is the total RR flux in the holographic dual theory, and we have (L/fs)* = 2¢2 N

(where /4 is the string length scale). It is easy to see that the contribution from Bgoz)l(t)
decays exponentially in the large-N limit [19]. Powers of 1/N arise only from the large-N
expansion of BéO(n) (t), and were obtained in [19] (see also [4]). They take exactly the
same form as in the large- N expansion of the SU(N) correlator (3.13) but with N replaced
by 2N,

Lr/2]

(2N)2 - T\ 1 7 3 = 5.22
+ Z(QN)z Z brmE(2+0,4+2m;1,7), (5.22)
r=0 m=0

4

2C§O(n) (1,7) =

where, again, 6, = 0 for even r and J, = 1 for odd r and the superscript P indicates that
these are the perturbative contributions in 1/N. This expression can be derived from the
generating function B} (z;t) following the procedure given in section 3 for the SU(N) case.
The coefficients Er,m are also determined by the Laplace difference equation (5.19), and
some examples of them can be found in [19]; in fact i’r, lr/2) 1s identical to by, /o) of the
SU(N) correlator in (3.29), as emphasised in [4, 19].

2Note that for the special case SO(3), the integrated correlator is given by Cso(s)(7/2,7/2) rather than
Csos)(7,7) [19].
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We will now focus only on terms that decay exponentially and, since the analysis is
very similar to that of the SU(N) correlator, we will only list the results. Repeating the
argument leading to (3.3) from (3.1), we proceed by closing the z contour of integration, C,
at infinity and collect the various contributions from the singular points of Bi,(2;t) in the
complex z-plane. We begin with the contribution from B2,(2;t) given in (5.8), which has

two poles in z located at z = + giﬂ; as shown in (5.9). In the large-N expansion, this leads

to exponentially decaying terms of the form

2NP (o MVT S~ N5 3 g 3r 3. ..
Coo(m(T:7) =1 — (- TZ 172 ZdanN(Qm—?—Z;QT,zT), (5.23)

m=0
where n = 2N or 2N + 1 and the superscript NP indicates that these are non-perturbative
terms in N at large N. We see that Cso(2 N)( 7) vanishes as expected. Importantly,

the non-holomorphic functions that appear in C 7) have arguments 27 and

SO(2N+1)(
27, which means that they are only invariant under the congruence subgroup I'g(2) of
SL(2,Z), as expected from GNO duality. Correspondingly, the exponential factor in
Dg(2m — 3 — 3:27,27) has the form exp( ZWEWMD + 2¢7|) and so only the (p,2q)-
string World Sheet instantons contribute.

We have evaluated the Jnm coefficients to very high orders. The following are some

low-order examples,

doo =2,
- 9 ~ 1
10 = "51 11="3,
- 39 - 15 S (5.24)
dao = 510 da1 = 55 da2 = 36’
~ 45 ~ 357 ~ 37 ~ 1
d3,0—ﬁ, d3,1—277 82= ~eioo d3,3——@-

It is straightforward to show that Cg’é\éi) (1,7) obeys the homogenous Laplace difference
equation,

ACEOE (7,7) = 2650(n) [Cai sy (T:T) = 2CE00 (72 7) + Codh_yy (1, 7)| =0, (5.25)

which can be used to determine the coeflicients dr,m once the leading coeflicients JM
are given.

The second contribution Bi,(2;t) (5.12) contains both poles located at z = (t+2)

(t=2)
and at z = 833, as well as two branch points, located at z = 1 and z = z; (recall

z21 = Eijgz) Just as in the SU(N) case, the expansion near the branch point z = 1
produces the perturbative asymptotic expansion in 1/ N with coefficients given by finite
rational linear combinations of Eisenstein series of half-integer index, i.e. (5.22) previously
derived in [4, 19].

The non-perturbative terms are captured by the expansions near the other singular
(t+2)

points. Let us begin with the pole contributions. From the first pole at z = =2) We find
1,NP Z r 2m—IL+ 55 3r 3_ _
Csom) (T T)L o = \FZ i3 Z 22m=5+4d, D (2m — 5—1,7,7), (5.26)
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where interestingly the coefficients Jnm are precisely the one we found from C;é\%@ﬂ 27)

as given in (5.24). From the second pole at z = 833 we obtain
1.NP s ~7 r r T 5 ~ 3T 3
CS’O(n)(T, %)‘zm(1+2t) = (—1)"ﬁz Ni~z 25*2m*zdr7mD§ (2m — ?—Z; T, T),
(1-2t) r=0 m=0
(5.27)
where again the coeflicients d~r,m are given by (5.24). Furthermore, just as in the case of

C;’é\éﬁ) (7,7), the pole contributions given in (5.26) and (5.27) obey the homogenous Laplace

difference equation (5.25).

Finally, just as in (3.14), in the case of SU(N) gauge groups, the discontinuity of the
Borel transform (5.12) along z € [1, z1] has a branch-cut of its own along z € (z1,00) and
this contribution takes exactly the same form as for the SU(N) correlator (3.24)

o0 T
1,NP _ L o T i 3r
2Cs5) (T, 7) e +i ;(21\7) 2 mZ::o d), Dy (2m — 5T 7, (5.28)

which obeys the inhomogenous Laplace difference equation (5.19). A few examples of the
coeflicients are given by

6,0 = -2,
7 9
/1,0:77 dll,lz_fv
3 4
, 37 , 15 , 1z (5.29)
2,0 — 36 ’ 2,1 — 8 ) 2,2 — 64 ’
, 88T , 2 S o) 48
307 3240 3171607 327 1928”7 337 5127

Furthermore the particular coefficients d;,,r appearing in the above equation are identical
to the coefficients d,., of Cé\gj(N) (,7) as given in (3.24)(3.26). This phenomenon should
be compared with the perturbative terms given in the second line of (3.13) for SU(/V) and
in (5.22) for SO(n), for which we have an analogous relation between the coefficients i)r, /2]
and b, |, /2|, namely BnLr/QJ = by |r/2)-

Summing (5.26), (5.27) and (5.28), we obtain the complete non-perturbative
contributions:

LNP =\ _ LNP - LNP . - e
Cso(m) (7 7) = Csom) (T 7). 22 + Csom) (T:7) .. a2+ Cson (7:7)

(5.30)

zr~z1

The leading large-N non-perturbative contributions to Cé’é\gz) come from (5.27), and are

schematically of the form

2N Ip + qr|
exp ( — 20, 7_72|p + q7'|) = exp ( — 27TL2€W) = exp(—27L*(T,,), (5.31)

with T}, , the (p, ¢)-string tension defined in (3.31), and where we have generalised the
holographic dictionary to the case of SO(n), so that 72 = 47/g%,, and \/293MN =L%/d.
We see that the exponent in (5.31) is half that of the SU(V) result (3.32). This can be
understood by recalling that the SO(2/N) and SO(2N + 1) (and USp(2N)) theories are
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holographic duals of the type IIB string in an orientifold background AdSs x (S°/Zs) that
emerges from the near horizon geometry of N coincident parallel D3-branes coincident with
a parallel orientifold 3-plane (O3-plane). Hence, just as the SU(NV) result (3.32) can be
understood in terms of £ (p, q)-string world-sheets wrapping an equatorial S? inside S°, (5.31)
should correspond to # (p, q)-string world-sheets wrapping a maximal S? inside S°/Z. Given
the explicit expressions (5.23), (5.26) and (5.27), the semi-classical configurations responsible
for such non-perturbative corrections should have different semi-classical origins. They may
be local minima of the action or saddle points with an odd or even number of negative
eigenvalues associated with the one-loop determinants.

Starting from the preceding large- N, fixed 7 results we can extract the large- N limit with
fixed Ago(n) = 2932/M]\7 = 81N /2. The argument is similar to one we provided for the SU(N)
case in the preceding section and appendix C.1. The result is that the leading exponential

1,NP
= Cy

terms contributing to the saddle-point approximation to Cé\gj( ) = Cso(m) T+ CSO( ) are given

by the zero-mode contribution D](\(,])’i of equations (5.23), (5.26), (5.27) and (5.28) and
their leading behaviour takes the form ¢ V0t ¢~ V2s0m)  ¢=VAs0(m) and ¢~ 2V 500

respectively. We can also define the “dual” ’t Hooft coupling S\SO(H) = 4(47TN)2/)\So(n) =
(0),i¢

8Ny, and consider the contributions from Dy in the large-N limit with fixed S\SO(n)

as discussed in appendix C.2. There are again four contributions, which are given by!?

6_2\/>\SO(">, e_\/Q)‘SOW, e~ VAsom) and e 2V Asom) respectively.

As stressed earlier, since these results were obtained starting from the manifestly

duality-invariant large-N limit with fixed 7, these different non-perturbative corrections
are just facets of the sum over (p,q)-strings when expanded in different corners of the
double-scaling limit of the parameter space (N, 7).
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A Hermitian matrix model and the integrated correlator

We will here review a few basic properties of correlators of the Nx/N hermitian matrix model
and their connections with the integrated correlator [15]. Following [38],14 the connected

13Note that the non-perturbative term Cso n>(7', 7) in (5.23) is the only term that is not invariant under
SL(2,Z), although it is invariant under I'o(2). The fact that S\SO(n) is related to Ago(n) by T2 — 1/72, which
is a transformation not contalned in T'0(2), accounts for the fact that the large-Aso(n) behaviour and the

large- )\so(n) behaviour of C2; (’7‘ 7) are different.

SO(n)
14YWe are grateful to Matteo Beccaria and Arkady Tseytlin for pointing out this reference.
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m-point correlation functions of the matrix model are defined by,
Kil:-~~7im (N) = <tr¢il e tIﬂgbim>conn
1 ) .
= /exp (—2tr¢2> tr(¢™) - - tr(¢")d¢ — disconnected parts,

where the integration is over the space of N x N hermitian matrices, and the measure is

(A1)

normalised such that (1) = 1. One may introduce a partition function,

Zn({te}) = / exp (-imﬁ - Ztmk) do, (A.2)
k

in terms of which K, _; (V) is given by
am

K. i, (N)=——F—logZn({t .
11,...,2m( ) 8ti1 — 8tim 0og N({ k})‘{tk}%{()} (AS)
Following [39], it is convenient to introduce a generating functions for K;, _; (N) of
the form ‘
= PR i
en(w1,...,xy) i= Z Ki17...,im(N)ﬁ' (A.4)

15 yim =0

It is known that ey obeys Toda equations [38]. For example, ey (x1) and en(z1, z2) satisfy

2
€T
€N+1(931)—2€N($1)+€N—1($1)=ﬁleN(ml%
r1+x9)? 1T
€N+1(-9U1;332)_2€N($17$2)+€N—1(x1;332):(1]\72)eN(«Thl?)_ ];2261\7(961)@(3:2),
(A.5)

where the initial (N=1) values are

2 2 2
e1(x1) = exp <$1> , e1(x1,x2) = exp (W) (e™*2 —1) . (A.6)

2 2
It is useful to introduce a generating function for the N-dependence of ey (x1, ..., zy) [38,
40] that is given by
oo
e(r1,...,xn;2) = Z en(x1, ... xn)2N . (A.7)
N=0

The one-point function ey (z1) was first obtained by Zagier and Harer [39], and the generating
function e(x1;2) is also known explicitly, [38, 40]

z 231+ 2
e(z1;2) = A= exp <211 i— z) . (A.8)

The generating function for the two-point function e(xi,z9;z) is given by an inte-

gral representation,

)= = ex 2arta2)* e1(z1,x
e(x1,29; )—(1_2)2{ p( 1 ) 1(z1,22) (A.9)

_/Z f{f{ 1 oxp (x1+x2)2(z—t)+mj1+m+xé1+u2 dl%dié al
0 (t—ujuz)? (I1—2)(1—t) 2 1-u; 2 1—uy/) 2mi 2mi

The contour is around the poles at u; = 0 and ug = 0 after expanding e(x1,x2;2) as a

polynomial in z.
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We will now discuss the connection between the perturbative part of the integrated
correlator and the matrix model correlators. The perturbative contribution to the integrated
correlator (1.2) of the SU(N) theory can be expressed in the form

oo 2
pert _ W 9.9 w”
CsU(N) (y) = /0 2sinh2wy 9, Isu(v) ( ; ) dw , (A.10)

where y = 772. Importantly, it is known from [15] that Igy(n) (%2) is related to the matrix

model two-point and one-point functions introduced above by,'®
7 w? L w Lw n Lw ? (A11)
suny | — | =en | t—F=, —1— env |i— | , )
Wy VI VY VY

a relation that enters in (2.9) in the main text. Using the recursion relations (A.5) for
eN (1%) and ey (1%, —z%) and the initial N=1 conditions (A.6) results in the expression,

w? L2 w? w? w? w?
Isuymy|— | =2e v » (N—=i)|Li-1 | — | Li | — L (=17 (=),
() < y ; T \y )y My )y
(A.12)
where L](z) is the generalised Laguerre polynomial. Interestingly, the above expression for

Isy(ny has a simpler form than the expression that was previously determined in [15, 16]
(see, for example, equation (A.39) in [16]).

B Some properties of Dy(s;T,T)

In this appendix we will study some basic properties of the non-holomorphic modular invari-
ant functions Dy (s; T, 7), defined in (3.25), which enter into the exponentially suppressed
terms that complete the large-N expansion. Recall Dy (s;7,7) is defined as'®

Dy(s;7,7) = Z exp ( — 4\ NY, (T, %))Ymn(T, T)® (B.1)

(m,n)#(0,0)
1 TS
— . B.2
) s £25|p+q7.|23 ( )

= Z Z exp (—4\/m€ [+ a7]
{=1gcd(p,q)=1 VT2

It follows from the second line of this equation, (B.2), that the function Dy(s;7,7) can be
expressed as the Poincaré sum

Dn(s;7,7) = Z dn(s;y -1,y -7), (B.3)
~EB(Z)\SL(2,Z)

where the seed function is given by

dy(s;T,7) = (E>SL125 <6_4\/§) , (B.4)

s

15The matrix model one- and two-point functions ey (1), en(x1,x2) also have interesting applications to
circular Wilson loops in N/ = 4 SYM [41, 42].

1$Non-holomorphic modular invariant functions analogous to Dn(s;7,7) have recently appeared in
another context [43].
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with Lig(z) = 322, 2°/¢° denoting the polylogarithm function and 75 = Im 7. This seed
function satisfies the periodicity relation dy(s;7 + n,7 +n) = dy(s;7,7) for all n € Z.
Consequently the sum in (B.3) is over SL(2,7Z)

ab at +b
= L(2,Z T = —— B.

modulo the Borel stabiliser

B(Z) = {(iol L) ‘n € Z} C SL(2,7). (B.6)

It is well known that the coset space B(Z)\SL(2, Z) is isomorphic to {(p, q) € Z? | ged(p,q) =
1} so that (B.2) equals the Poincaré sum (B.3).
It is straightforward to show that Dy (s;7,7) obeys the Laplace equation,

A, Dn(s;7,7) — s(s — 1)Dn(s;7,7) = (45 — 3)VNDy(s — 1;7,7) + ANDn(s — 1;7,7).
(B.7)
When N =0, Dy (s;7,7T) reduces to the non-holomorphic Eisenstein series E(s;7,7) and
the above differential equation reduces to

ALE(s;7,7) —s(s—1)E(s;7,7) =0, (B.8)

which is the well-known Laplace eigenvalue equations for the non-holomorphic Eisenstein
series. For N > 0, the exponential part plays the role of a regulator, which ensures that the
lattice sum (B.1) is convergent for all s.

We will now consider the Fourier mode decomposition

Dy(s;7,7) = > ™D (s;7) (B.9)
kEZ

and focus on the zero mode, D](\(,))(s; 72). There are standard methods (see e.g. [44, 45]),
that allow us to derive the Fourier modes of a Poincaré sum (B.3) in terms of an integral
transform of its seed function (B.4), but we will follow a different route here.

To obtain the Fourier decomposition of (B.1) we first separate the sum over
(m,n) # (0,0) into two terms:

(i) The sum over (m,0) with m # 0;
(ii) The sum over (m,n # 0) for m € Z.

Case (i) is straightforward, giving

D§3) (s;72) Z /exp< 4\/m>ym”(77 )" tdmy = QZ 74m\/7ﬂ(7rm2)5’

m#0,n=0

(B.10)

since when n = 0 the variable Yy, (7, 7) reduces to mm?/m which is independent of 71.
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In order to consider case (ii), it is useful to eliminate the square root in (B.1) by
introducing an integral representation for Dy (s;7,7),

0o _ s=1 (1 l ,ﬂ AVNE— 5 Fy (B _g:3|_4N
Dn(s;7,7)= Z / e~ tYmn(T,7) [t ! 1(1“(5 ) _AANETH (1 21) EA )]dt.
(mvn)¢(00 2

We can now use standard Poisson resummation to obtain the Fourier series for case (ii),
which takes the form

D (s;7,7) = (B.12)
.2 3
- o o Be4nt) | T2 Fi(1-s;5—-2)  AVNETTHF(E -5 3|20
\/772 Z e2mmm—1/ e 7”-2( T ) l 1 1(F(S‘)9’2 ¢ ) VN lr(ls(jl) i ¢ ) dt .
MEZ,NAD 0 2
The zero mode is given by setting m = 0, giving
.. sl oo 5~ 2 Fi(1 __ 4N A4/ Nt~ 2 F é_ .3|_4N
Dg\(f))v“(s;Tg):Q\/BZ/o e*ﬂ"rgn2 l 1 1(F(s‘)972| ) VN 1F(15(_2§) i5l=7) dt .
n=1

(B.13)

Note that this second contribution can equally well be obtained from the zero-mode
contribution of the sum over all the remaining terms (m,n) with m,n € Z and n # 0, i.e.

DY (sm) =3 % / exp (= 4y/NYun(7,7)) Yon(r, 7) " . (B.14)
n#0 meZ 2
As an example we can consider s = 0 and perform the ¢ integral to obtain,
DY (0;m) =23 20K (4ny/Nrr) (B.15)

n=1

which, in the large-N limit this is O(e V™ 7). More generally, using the asymptotic
properties of 1 F, we see that

Dg\e)’ii(S;Tz) _ 0(6—4\/7%). (B.16)
The complete Fourier zero mode is given by
D](\(,])(s; Ty) = D](\?)’i(s; T9) + D](\(,])’M(s; 7). (B.17)

When expressed in terms of the 't Hooft coupling A and the “dual” coupling A = (4TN)2 /N,
the exponential behaviours (B.10) and (B.13) become

6_2\/X and 1‘3_87”\7/\A = 6_2\/i. (B.18)

Finally, the k-th non-zero Fourier mode, DJ(\lf)(s;Tg), is determined by considering
k = 1n (with 7m,n # 0) in (B.12). For example, when s = 0 we find

(B) (0 7) = 2. | N
DN (077'2) = 2712']{:4771 T2 ml(l (2\/7T7'2(4n2N + k27T7'2>) s (Blg)
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where the sum runs over the positive divisors n of k. Here we have assumed k > 0 since
D](\’f)(s; Ty) = DJ(V_k)(S;TQ) given that Dy(s;7,7), defined in (B.1), is real-analytic. At large
N and fixed 7 we have that

D (sim2) = O(e™N™), (B.20)

which for fixed A in the regime 1 < A < N becomes O(e*BWN/ﬁ) = 0(6*2‘5), so it is of
the same order as Dg\?)’ii(s; 72).

Finally, it is straightforward to enlarge the space of non-holomorphic modular functions
Dy (s;7,7T) to the space of modular forms with holomorphic and anti-holomorphic weights
(w,w’), by acting on Dy (s;7,7) with appropriate covariant derivatives. This is analogous
to the construction of non-holomorphic Eisenstein modular forms that entered in the
expressions for maximal U(1)y-violating correlators considered in [22]. In that case the
relevant forms had weights (w, —w). We would therefore expect that the large- N expansions
in that reference should require a non-perturbative completion by a series of weight (w, —w)
modular forms D](\qf)(s; 7,7). Following [22], a weight (w, —w) modular form D%U)(s; T,T)
is obtained by applying a chain of w covariant derivatives of the form D%U)(S;T,’f) =
Dw-1...Do Dn(s;7,7T), where the covariant derivative acting on a weight (w,w’) form is
defined by

. o
Dy =1 (7’287_ - z?) , (B.21)

and transforms it into a (w + 1,w" — 1) form.

C Saddle-point analysis of contributions to the zero mode

This appendix presents details of the saddle-point analysis of the contributions to the

zero mode,
1

Cé(g(zv)(ﬁ) =/ Csu(w) (T, T)dT1, (C.1)

[N

in the 't Hooft limit in which N — co with 1 < A < N. As remarked in the main text
the expression for the zero mode of the generating function, (2.12), consists of two types
of terms:

(i) the sum over m = ¢ € Z, n = 0, which is holographically dual to ¢ coincident
(1,0)-string world-sheet instantons;

(ii) the zero mode of the sum over m € Z and n = ¢ # 0 € Z, i.e. the zero mode of the
infinite sum over all the multiple copies (labelled by ¢) of (p, q)-strings with g # 0.
This is equivalent to setting m = 0 and summing over n = ¢ contributions, where m
is the integer conjugate to m in the Poisson summation.

We stress that, unlike the (1,0)-string sector (i), the zero-mode contribution (ii) does not
have a simple holographic interpretation although it was called the D-string instanton sector
in [25, 26]. Since the D-string is usually defined to be the (0, 1)-string and depends on 7 in
an essential way (3.32), this designation does not seem appropriate.
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C.1 The (1,0)-string world-sheet instanton contribution

We now turn to details of the exponentially suppressed behaviour of the first non-constant
term in the zero-mode integral (2.12), which corresponds to the contribution of the (1,0)-
string (or F-string) world-sheet instanton. In order to consider the large-N contributions
we need to consider the saddle-point contribution to the contour integral

NP,F o [ =2 o np
Cau(vy(72) =43 /1 e 7 Bgyq(t)dt
=1
[0 _mu? ootie Disc Bgy(2;t) dz
=4 ™ — | dt C.2
2/1 ¢ {/zl 2N+l 2mi| (C2)

where the superscript F' denotes the contribution of the F-string instantons. We will see
that the large-N expansion of this contribution at large 't Hooft coupling A, produces a
genus expansion N2729, with g > 0, of exponentially suppressed corrections at large .
These were identified in [18] by applying resurgence analysis to the asymptotic large-\
perturbation expansion of the genus expansion.

The large-N, large-A expansion of Cévlf(’f,) (7,7) is controlled by a saddle point which, in
the regime 1 < A < N, is located at

VI6NZ + 2\ AN

t — t* = ~Y + ey C3
! eIV T8y (©3)
and with an exponentiated action given by
2 *
,SF(t*): _Wt’l(g —2N1 (t1+1):| _ |:—NA(€ T >:|
¢ e . e\e 1 P N vy
_ IeMAﬂ ( )
—exp[ NA( AN exp 20VA ),
(C.4)

where we have substituted the saddle-point action N A(x) that was defined in (3.18). Note
that this is precisely the exponential of the on-shell action (3.21) evaluated for (m,n) = (¢,0).
In the second line we have further used the definition of the 't Hooft coupling and kept the
leading term of A(z) = 8z + O(x3) in the large-N limit under consideration.

In order to consider the fluctuations around the saddle point we write ¢t = 7 + /\3%5
and expand the saddle-point action (C.4) in powers of d, and using the expression (2.2) for
Bgsi(z;t) into (C.2) and the integration over ¢ leads to the final expression order by order

in the 1/N expansion. At leading order, we obtain

N2Ac<0>(A):i%N2Ze—2m [8+ 18 U7, 489 5915 (C.5)

— J2VAN + 402 )\ + 1653)\% * 25604 )\2 T

— 2N a1 (VN L (e ).
2 /=1

This is identical to the expression for +iAG)())/2 found in equation (5.39) in [18] and the
coefficients a,, with r > 0, are precisely related to the leading coefficients d,, = —2_2(T+1)ar
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in (3.24). According to the holographic correspondence such a term corresponds to a
contribution to tree-level string theory associated with F-string world-sheet instantons,
and the higher order terms in 1/ VA correspond to the o/-expansion in string theory. It
is straightforward to extend the above analysis and determine the next term in the 1/N
expansion, which is a term of order N°. Following the same logic as above we arrive at

; ) 32 2
12 2
NOAC(l)(A):i%NQZe_%ﬁ l_e AT BN TTOVA 127 92T 3897

6 8 64 ?+2125ﬁ_214£2x+'” ’
(C.6)

(=1

which again agrees with the resurgence result +iAGM1(\)/2 found in [18].17

We therefore see that the N? and NV terms in the large-N expansion of the zero mode
of Csu(w)(7, 7) that are non-perturbative in A are consistent with a topological expansion
of the form

X [ w2 [°°F€ Disc By (z:t) dz >
iy () =13 [T Doplest) 21— 3 NTHAC (),
(C.7)

with AC9(\) (denoted by £iAG@ ()\)/2 in [18]) containing the exponentially suppressed
large-A terms of the form

ACYW(N\) = +i fj e 2V ¢ (V) (C.8)
/=1

where f,(¢+/\) is a perturbative series in 1/v/A. Combining these terms with the perturbative
large-\ expansion obtained from (3.13) one obtains the transseries expansion

Csu(w) (T, 7) ~ C(\) = i N229[c@(\) + ACO ()], (C.9)
g=0

where all the non-perturbative contributions AC() (A) can be found from a resurgent analysis
argument applied to the large-\ expansion of C(g)(/\) as discussed in [18], or equivalently
using (C.7). Equation (C.9) ignores corrections that are exponentially suppressed in N at
large N, which will be discussed shortly.

For fixed )\, the large- N expansion of correlators corresponds to the genus expansion of
string amplitudes. Therefore the exact expression A(%) for the on-shell action (C.4) can
be interpreted as the result of resumming the genus expansion around the minimal surface.
As discussed earlier, exactly the same function appears in the study of Wilson loops [27],
and once again higher order terms in A(z) can be thought as genus expansions around the
minimal surface formed by the Wilson loop. Furthermore, in the case of Wilson loops, the
parameter x is proportional to the electric charge k of the Wilson loop, which may be tuned
to scale with N. Therefore in the region where x is not small, higher-order contributions
to the expansion of A(z) become important. In this case the string world-sheet thickens
and an alternative description of A(x) in terms of euclidean D3-brane instantons is more
appropriate [27].1

"The first three terms in the parenthesis were missed in [18], as pointed out in [26], see in particular
equation (4.44) of [26].
18The present parameter z is synonymous with the parameter x in the Wilson loop calculation in [27].
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This transition between the small-z and finite-x descriptions is illuminated by expressing
x in terms of the fundamental string (or F-string) and D3-brane tensions,

g VA T
AN ArI2Tps

(C.10)

where Tp = VA/(2nL?) < Tps = N/(2n2L*) is the fundamental string tension.

We can perform a similar saddle-point analysis by considering the regime where the
argument x (C.10) of the on-shell action (C.4) is kept constant in the large-N limit. This
means considering the regime A = O(N?) or equivalently the regime where the dual 't Hooft

coupling A\ = 4r N7y = M is kept fixed (i.e. A = O(1)) as N becomes large. In this case

xr = % = 7|¢|/V'X is also O(1) and the saddle point (C.3) is modified to

V1+ a2

ty =
! x

(C.11)

The fluctuations around the saddle point are obtained by writing ¢t = t] + N =34 and
expanding the saddle-point action (C.4) in powers of &

ST + N725) = NA(z) + 42°V1 + 226% + O(N26%). (C.12)

Upon expanding both the effective action and the integrand of (C.4) at large-N, or
equivalently small ¢, and performing gaussian integrals over §, we arrive at what can be
called the “electric” D3-brane expansion:

> 4
ity () = > GE(N, \a) : (C.13)
(=1
GEO(N, z) := +8i e V@) Z Nz_kL)g . (C.14)
k=0 [Bz(1+ 2?)2]*

The expressions (C.13)—(C.14) coincide with the results of [26] (where x was called y). In
particular the coefficients hy(z), which are polynomials of order 4k in x, were presented
in [26] for k£ < 3. Higher-order polynomials can be determined straightforwardly from the
saddle-point expansion. For example, the £k = 4 term is given by

28256216 5651271 10808z'2 13664210 54928 ¢ 3185x4
ha(z) = — — - — - + 3402° +
1215 405 45 45 5
140722 3915
—. 1
ST (C-15)

Higher order corrections, hi>s5(x), can easily be computed from our saddle-point expansion.
We stress that in the impressive analysis of [26], the equations (C.13) and (C.14), together
with the expressions for hi<3(z), were obtained from the asymptotic behaviour at large
genus of the large-N genus expansion in the large-\ regime. From our discussion, it is
now manifest that the electric D3-instanton reduces to the world-sheet instanton in the
’ Hooft limit.
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C.2 The remaining zero-mode contributions

The second non-constant contribution to the zero mode in (2.12) is given by

NP,R [0 e T2
Cau(v)(2) = 42/1 e QWBéVLI?(Z;t)dt
—

0 o ootie Disc B 1) d
_ 42/1 e—mz?m\/\/?[/z Mi]dt’ (C.16)
=1

L 2N+ 2mi

where the superscript R denotes the remaining terms in the non-perturbative zero-mode
contribution once the (m,0) terms have been subtracted out. As we have seen, this
corresponds to the summand in (3.2) after performing a Poisson summation that replaces
m by m and then setting (m,n) = (0, £).

The leading factor in the saddle-point analysis of this contribution is obtained by noting
that the saddle-point solution ¢ in (3.16) now takes the form

AN + 72 A+ (272
g VAN £ 7l VAL Er? (C.17)
VTl Ty ||
The exponentiated saddle-point action is given by

* H 1
e—SR(tl) = exp [— ﬂt{fQTQ — 2N10g <ti + >:| = exXp [ NA(M’ WTQ)]
tr—1 4N

- )] o (203
—exp[ NA( N exp 2\€|\6 ,
where, following [25, 26], we have introduced the parameter A = (47N)2/\ = 4t N1, and

consider the regime in which 1 < A < N.
Higher order corrections can be obtained straightforwardly resulting in the expansion

(C.18)

o0
AR (7, _42 / et VT2 B Pzt =3 N'"2ACO (). (C.19)
g=0
The functions AC()\) are analogous to (C.5) and (C.6) and contain all the exponentially
suppressed terms in the “dual” 't Hooft coupling of the form e*%ﬁ = ¢~ 8TN/VA with
¢ € N and ¢ # 0. In particular, these results precisely agree with the function Aé(g)()\)
obtained in [26] (and denoted by +iAG(@ (X)/2 in this reference) by resumming, order by
order in 1/N, the asymptotic large-\ expansion using resurgent analysis.

Just as in the discussion in section C.1, we can consider a saddle-point analysis in the
regime where the argument & = % = w|¢|/v/A of the saddle-point action (C.18) is kept
O(1) in the large-N limit. This means that we are here considering the regime in which
A = O(N?), or equivalently, A = O(1). The saddle point (C.17) can then be rewritten as

1 72
=T (C.20)

and the quadratic fluctuations are obtained from the large- N expansion, or equivalently
small-§ expansion of the effective action

SH(tr + = NA(F) + 483V/1 + 1262 + O(N~25%). (C.21)
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These expressions are similar to the “electric” results (C.11)—(C.12) upon exchanging & — z.
However, we see that (C.16) contains an important additional factor of /72 /t resulting
from the Poisson summation over m. Expanding the saddle-point action at large-N and
performing gaussian integrals over ¢, produces the expression

> . (
CNPE (1) = ZG(N ﬂ) (C.22)
SU(N ’ ’
(N) T N
.3 0o ~
G(N, &) = +16i—— e NAD N N T 1) (C.23)

V(L +2)i = [8%(1 + #2)7 )k’

which is a different expansion from the “electric” case (C.13)—(C.14). The expressions (C.22)-
(C.23) again coincide with the results of the [26] (modulo renaming # by = and G by
G™28)) 19 The coefficients g (%) are polynomials of order 4k in # that were determined
in [26] for k& < 3. Higher-order terms can again be determined straightforwardly. For
example, the k = 4 term is given by

28256716 56512714 32188712 1504410 102233@8+181:z6+27909£4

94(%) = =515 405 135 3 240 16 256
181532 343035
. 24
39 32763 (C.24)

As in the “electric” case, in [26] these expressions were determined by analysis of
the asymptotic behaviour of the large-N genus expansion at high genus in the large-A
regime and they reduce to (C.19) in the regime N < A < N2 i.e. the “dual” 't Hooft
regime 1 < A < N.

To conclude this section, we emphasise that the two distinct non-perturbative terms,
(C.4) and (C.18), are the two parts (B.10) and (B.13) of the zero Fourier mode of the
SL(2,Z) invariant function Dy (s; 7, 7). Indeed, (C.5) and (C.6) can be obtained directly
from (3.24) by replacing Dy (s; 7, 7) with its zero mode (B.10). Similarly, the expansion for
the non-perturbative terms at large-\ (C.18), derived in [26], is recovered from (3.24) by
replacing Dy (s; 7, 7) with the remaining zero-mode contribution (B.13).

Therefore, the sum (3.24) contains all the non-perturbative terms obtained by resurgence
at large-A and large-X in [17, 18, 25, 26], and from resurgence at large N in [26]. We see that
despite the fact that the manifest S-duality of (3.24) is obscured in considering the different
large-N ’t Hooft limits of the F-string (C.4)—(C.13) and of the zero mode of the sum over
all remaining (p, ¢)-strings with ¢ # 0 (C.18)—(C.22), these results contain remnants of the
relations implied by SL(2,Z).

D Generating functions for general classical groups

This appendix presents some of the details used in deriving the generating functions for
the integrated correlators for theories with general classical groups given in section 5. The
methods used in the SU(N) case in appendix A and section 2.1 do not generalise to general
classical groups in an obvious manner so we will use a method that applies to all cases.

9In [26] these non-perturbative terms e~ ¥(®) were called “magnetic D3-brane instantons”. However,
since these terms arise as the zero mode of the infinite sum over all multiple copies (labelled by ¢) of

(p, q)-string instantons with ¢ # 0, the nomenclature “magnetic D3-brane” does not seem appropriate.
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In order to evaluate the generating functions it is necessary to reduce the double
sums in (5.11) to single sums. This can be achieved by using a representation of Laguerre
polynomials in terms of creation and annihilation operators (as in [46]),

(ifev=(erD] 5) = (3evs)]i) = ﬁ L9 (<) (D.1)

where

af)"
[a, aq =1, al0) =0, k) = {/%‘m (D.2)

We begin by inserting the projector (1 & (—1)%)/2 in (5.11), which leads to

2N—1
o (@) = i > [t2-0 ()] (L)L) - @)L (@)
i,j=0
2N-—1
Hoein(@) = 3¢ 3 [1=2(-1)" + (1)) (L) L) — 1)1 ()
i,j=0
! (D.3)
Each term in the above equations can be simplified by using (D.1). For example,
= S U e = X (v e |5) e ) 0.1
1,j=0 7,j=0
N-1
=S (il ayeV e )] | ) (v mtatal)|
Z_J__OW,@ ey
N-1 /N-1
- (Gl e )i
j=0 \'i=0

where we have utilised the symmetric property of the inner products and the follow-
ing relation,

) g oAora)] = o) of] oo

This leads to an expression with one less summation index to be summed

H

N—
N .
Z LI (@)L ( - LZ N@) LN 1) (D.6)
,j=0 =0

Focussing now on the term with the alternating sign (—1)7,
N-1 N-1

e Y ()T @)L (@) = Y (<) (i |Vl ) (levmeler ]y o)

i,j=0 1,j=0
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we can consider the x derivative of this double sum,

F

P e o) e

3

~0, ( 3 V@)L <x>) -

-
<.
Il

0
1

2

Pk R DI B

VL[V D]g) (e D) .

The sum over ¢ is now straightforward and leads to the expression,

N1 o - N-1 N .
o, (e—ﬂﬂZ(—sz1<w>L;J<x>>=e—z DL @I @) (D)

i,j=0 i=0
Similarly, we have

2N—-1

e " Z Loi(x) Loj(x ie—x > (Li@)Lyj(@)+2(=1) Li(@) Lj(2) + (~ 1) Li(z) Ly (=) )

1,j=0 ,5=0

1 . 2 . :Ee—:l?//2
:4le (Bva@) =22 L @) [ Ly (@)

2
+</ 12/2L2N (l)dl'/)j
Y[ e, ] 0

where we have used the recurrence relation for Laguerre polynomials L& = Lo+! — o+l
and completed the square.

The above considerations lead to the following simplified relations that are useful for
evaluating generating functions in the main text,

_ 1 o 2
‘ Z Laits(x)Lajs(z) = § [/ YRSy _ays(a)dal|
t,j=0
—x = J—1 i—7] —x NﬁlN N—1—1 i—N
ey L (@)L (z) =e ") - L () Ly " (),
i,j=0 i=0
N-1 N-1
—x -1 ZLJ—Z LZ—] _ * —x -1 N—lﬁLN—l—i /Li—N / d /!
ey ()L T (@)L () = [ e (=) 5L (@) Ly (27) da’
i,j=0 i=0
N-1 N-1
e—:’C Z (_1)1_‘7.[/]72(.'17)_[/27‘7(:1?) _ /CE e—;t’ (_1)N—1+iELN7171( /)LifN(x/) dl',
( J - o N )
,J=0 i=0

(D.11)
where § is either 0 or 1. In order to determine the generating function Bi,(z;t), we need

to evaluate the integral (5.10) for each term given in (D.3). For example, for the last term
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n (D.11), we have to compute

: N-1 A . ,
Z —t/ {ama / e " Z(—I)N_H’E/Lfv_l_z(x')inN(x') dw’}szx.

i=0 t
(D.12)
We start by making use of the last expression in (D.11) and the relation
LY () LN (a }1{]{ exp (—o (P +15%))  dn (D.13)
’ 1 — t) V=it (1 — )= N1V 2 270

which follows from the contour integral representation of Laguerre polynomials (5.5). The
summations over ¢ and N and the integration over z in (D.12) are all elementary, leading to

f{ dtldtzt(tl—1)2(152—1)2,2(t(t1—1)(t2—1)+3t1t2—3) (t3(ta—1)ta+t122—22) dt; dts
4(t(t1—1)(ta—1)—t1ta+1)3(z—t1t2)?(z —t1(t2+2—1))? i 2mi
(D.14)
The contour integrals are performed as follows. We first perform the contour integral over t;
around the pole at t; = z/ty. This leaves a contour integral over to, for which the relevant
poles are at t(ta — 1)(ta — z) + ta(z — 1) = 0. The resulting residues at these poles lead to
the final expression for (D.12), which is given by

3tz (tH(z—1)2—283(2—1)%(2+1)+ 142 (2 — 1)z +2t (23 =522 —5z+1) — 23— 322+ 32+ 1)
20z—1)3 [(t—1)22— (t+1)2]2

(D.15)
Similarly, one can determine all the other contributions in (D.3) to the generating function
Bi,(2;t). We have also rederived the function Bgy(z;t) using this method.
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