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(SYM) with SU(N) gauge group, where (’)I(f) is a superconformal primary with charge
(or dimension) p and the superscript i represents possible degeneracy. These integrated
correlators are defined by integrating out spacetime dependence with a certain integration
measure, and they can be computed via supersymmetric localisation. They are modular
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is systematised by appropriately reorganising the operators. After this reorganisation of
the operators, we prove that all the integrated correlators for any N, with some crucial
normalisation factor, satisfy a universal Laplace-difference equation (with the laplacian
defined on the 7-plane) that relates integrated correlators of operators with different charges.
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1 Introduction

It has been shown in [1, 2] (see also [3-5]) that the four-point correlation function of
superconformal primary operators of the stress tensor multiplet in A/ = 4 supersymmetric
Yang-Mills (SYM) theory can be computed exactly when we integrate out the spacetime
dependence with a certain choice of the measure. Such physical observables are called
integrated correlators and they are related to the partition function of N' = 2* SYM on 5%,
which can be computed using supersymmetric localisation [6]. There are two known choices
of the integration measure [1, 2]. For one of these measures, the integrated correlator is
given by

Con (7, 7) = %ATE)E,L log Za (7, 7im)|_ (1.1)

where 7 = 0/(2r) +idw/g2 = 11 +iTy is the complexified Yang-Mills coupling, A, =
4720, 0; is the hyperbolic laplacian, and Zg, is the partition function of N' = 2* SYM
with gauge group G'n on S*, which can be viewed as N' = 4 SYM deformed by some mass



terms (denoted as m in the above formula) in the hypermultiplet. Due to supersymmetric
localisation, the partition function Z¢, can be expressed as an N-dimensional matrix-model
integral over Coulomb branch parameters with an integrand that contains both perturbative
and non-perturbative instanton contributions [6, 7]. It was found in [8-10] that Cq,, (7, T)
obeys a set of recursion relations, which were called Laplace-difference equations, that relate
the integrated correlators of different gauge groups.! For example, in the case of SU(XV)
that we will consider in this paper, the Laplace-difference equation takes the following form

A, Cn(1,7) = N(N —1)Cny1(7,7) — 2(N? = 1)Cn(7,7) + N(N + 1) Cy_1(7,7), (1.2)

where to simplify the notation we have denoted Csy(n(7,7) as Cn(7, 7).

Following the earlier proposal [1], the supersymmetric localisation computation has
been recently applied to more general correlators of the form <(’)2(’)2(’)1(f)(’)§,j )) [12],? where
(’)I(f) is a superconformal primary of dimension p that is charged under SU(4) R-symmetry
(so we will call p charge or dimension interchangeably).® In general, there are multiple
operators which have the same dimension p (when p > 3), and the superscript i is to label
the degeneracy. We will denote these more general integrated correlators as C](\?’j?) (1:7),
and they are modular functions of (7,7) due to Montonen-Olive duality of N'=4 SYM
with SU(N) gauge group [17]. When p = 2, it reduces to the integrated correlator Cn (7, T)
that appeared in (1.1) and (1.2). It was argued in [1, 12] that C](\i,i;) (1;7) for p > 2 can be
related to the partition function of ' = 2* SYM on S* deformed by the higher-dimensional
operators (’)Z(,i), which again can be computed via supersymmetric localisation. Certain
examples of integrated correlators for particular values of p as well as a particular class of
operators (called maximal-trace operators) were explicitly studied in [12]. Remarkably, as
demonstrated in [12], recurrence relations were found for certain examples of integrated
correlators, which relate integrated correlators of different ranks of the gauge group as well
as different charges, generalising the Laplace-difference equation given in (1.2).

In this paper, we will prove that the integrated correlators C](\?’j)) (1;7) for any p and
N obey a universal Laplace-difference equation that relates the integrated correlators of
operators with different charges. The localisation computation is performed on S*, where
there is mixing for operators with different dimensions due to the dimensionful radius of
S%. The mixing is resolved through the Gram-Schmidt procedure [1, 18]. To systematise
the Gram-Schmidt procedure and simplify the localisation computation, it is important to
reorganise the operators, as we describe in section 2.2. After this crucial reorganisation, the
four-point functions now take the following form,

(0,0,00, 000, with  OY), = (02?08, . (1.3)

where we have reorganised the higher-dimensional operators, which are now denoted as

01()2\/1‘ Here M =0, 3,4, ..., and superscript ¢ denotes possible degeneracy for a given M,

1See [11] for a recent SAGEX review on this topic.

*Note the four-point correlator (O2 Oz (’)I(f) (’)é‘”) is non-trivial in ' = 4 SYM only if p = q, see
e.g. [13-15].

3See also [16] for recent related work on these integrated correlators in the planar limit.



which happens when M > 6. We will simply omit the index i for M < 6. When M = 0,
(@)

Opjo = L is the identity operator, and in general OOI s 1s a dimension-M operator that is

defined recursively in (2.15). Therefore 01(32\3\4 has dimension 2p 4+ M, and for the correlators
to be non-trivial, we must have 2p+ M = 2p’+ M’ (so p' is not an independent variable). We

will denote the integrated correlators associated with the four-point functions given in (1.3)
S C](VA’/Z[;M i )(7', 7). It will be shown that it is crucial to normalise the integrated correlators

appropriately, and the integrated correlators including this important normalisation factor
é\(M M| )(

will be denoted as T,T).

We will then prove that remarkably CA(M Ml )(

T,T) obeys a universal Laplace-difference
equation that relates the integrated correlators with different charges p,* which takes the

following form,

~—

A CN]\iM/‘i7i,)(7',7_') = (p+1+5) (p+a+1)é\(N]\;[27_~]\_/fllli,i’)(T 7—_)+p(p_i_a_’_(s)é\(N]\iﬁ/fl’\i,i’)(Tﬂ__

—[2p(p+a)+(2p+a+1)(6+1)]5(MM ) (7 ) = 460 0101 Oy (7, 7).
(1.4)
where

_N2+M+M’—3 M- M
- 2 ’ 2 ’

and the “source term” Cy (7, 7) is the integrated correlator that appeared in (1.1), whose

(1.5)

expression is known exactly, and obeys its own Laplace-difference equation as given in (1.2) [8,
9].> The Laplace-difference equation (1.4) is a recursion relation that completely determines
CA(NAf[p’M/'i’i,)(T, 7) for any p in terms of the initial condition CA(N%’M/|i’i,)(T, 7).

The rest of the paper is organised as follows. In section 2, we will introduce the
integrated correlators involving operators with general charges and their computation using
supersymmetric localisation. The localisation computation is performed on S*, which
leads to mixing of operators with different dimensions. Such mixing is resolved by a
standard Gram-Schmidt procedure. We will reorganise the operators into towers as well as
subtowers, which are associated with M and ¢ in (1.3) respectively. Crucially, the operators
in different (sub)towers have a vanishing two-point function on S*, which implies the
Gram-Schmidt procedure only needs to apply to the set of operators in a given (sub)tower.
However, precisely because of the vanishing of these two-point functions, a naive definition
of integrated correlators from localisation following [14] would lead to 0/0 for the integrated
correlators involving operators in different (sub)towers. We will carefully treat this issue
and appropriately normalise the integrated correlators, so that 0/0 is avoided and symmetry
properties of the integrated correlators are made manifest. In section 3, we will prove
that the integrated correlators with the normalisation factor defined in section 2 satisfy
the universal Laplace-difference equation (1.4). We will find that the precise form of the

4To be precise the total charge of Oz(:\>M is 2p + M. We will mostly be interested in the situation with
fixed M and different p’s, so we will loosely call p the charge.

5Note Cy (7, 7) is the integrated correlator associated with four-point function (O2020203), so in our
notation it is equivalent to Cp ©. 0)( 7). Namely, this corresponds to M = M’ = 0 and p = 1, for which there

(0, 0)(

is no degeneracy. To unify the notation, we will denote Cn(7,7) as Cy';” (T, T), where we have omitted the

2
indices 4,47’. Furthermore, as will become clear later, we have C](V,l (r,7) = %55&‘?(7—, 7).



partition function of AV = 2* SYM that enters in the localisation computation of the
integrated correlators is in fact not important for the integrated correlators to obey the
Laplace-difference equation. The validity of the equation relies only on the reorganisation
of operators and the Gram-Schmidt procedure, as well as some very basic properties of
the partition function such as its power behaviour as a function of 7. In section 4, we
will give some details of the supersymmetric localisation computation and provide explicit
perturbative results of certain integrated correlators. In particular, we will find that
interestingly the perturbative contributions to integrated correlators involving operators
in different (sub)towers start at higher loops. We will mainly focus on the perturbative
contributions, but we will also comment on the SL(2,Z) completion of the integrated
correlators and their lattice-sum representation. We will conclude and comment on future
directions in section 5. The paper also includes an appendix A, in which we will provide
exact expressions for the initial conditions (i.e. the integrated correlators with p = 0) of the
Laplace-difference equation for the integrated correlators that are considered in section 4.

Note added. While we were finalising this paper we learned about [19] where the large-
charge properties of integrated correlators with maximal-trace operators were analysed.

2 Integrated correlators of operators with general charges

In this section, we will briefly review the definition of the integrated correlators for the four-
point correlation functions <02020g)0g )>, and their computation using supersymmetric
localisation. Because the localisation computation is on S%, there is a mixing for operators
with different dimensions, which is resolved through a Gram-Schmidt procedure [1, 18].
To systematise the Gram-Schmidt procedure and simplify the localisation computation, it
is crucial to reorganise the operators appropriately [18]. The operators will be organised
into different towers, and each tower may further contain subtowers. We will perform
the Gram-Schmidt procedure and determine the mixing coefficients that are associated
with these reorganised operators. We will then introduce the normalisation factor for the
integrated correlators, which will play an extremely important role in obtaining a universal
Laplace-difference equation for the integrated correlators.

2.1 Integrated correlators from localisation

We are interested in correlation functions of four half-BPS superconformal primary operators
in N/ = 4 SYM. These operators will be denoted as Oz(f), where p refers to the scaling
dimension that is protected by supersymmetry. The superscript ¢ denotes the degeneracy,
which happens when p > 4. Often, the superscript 7 is omitted if there is no degeneracy. The
operator O,(,i) transforms in the [0, p, 0] representation of the SU(4) R-symmetry, therefore
we also may refer to p as charge. Explicitly, in terms of fundamental scalar fields ®! (here
I=1,---,6is the SO(6) R-symmetry index), the operators have the following forms: for

the single-trace operators, we have®

(2, Y) = ;Yh YT (9 (@) 0P () (2.1)

®Here for the normalisation of the operators, we follow the convention of [12].



where Y7 is a null SO(6) vector; the multi-trace operators are given by

Ty pu(2,Y) = qul (@,Y) T, (2,Y), (2.2)
where p = >1"; p;. It is clear that for a given dimension p > 4, there are in general more
than one distinguishable operator. For example, Oy, which appears in the definition of
the integrated correlators, is simply 75, and at dimension four, one may choose Ofll) =1,
and 0512) = T272.

We now consider the correlation functions of these operators. Two- and three-point
correlation functions are protected by supersymmetry [20], and the first non-trivial case
is the four-point correlators. We will consider a special class of correlators of the form
(O3 Oy (’)}(f) O;,()j )>. Because of the constraints from superconformal symmetry, the correlators
can be expressed as [21, 22]

(Oa(21, Y1) (22, Y2) O (3, Y3) O (24, Y1) = Gio) (2, Y) + T, YYHW (U, V7, 7).

(2.3)

where we have separated the result of the correlator into a free part, gf(f(;?, that is independent

of the coupling and can be computed simply by free-field Wick contractions, and a part

that non-trivially depends on the dynamics of the theory. For the dynamic part, one can

further factor out the R-symmetry dependence, denoted Zy(x,Y") (the expression can be

found in [1, 12]), which is completely fixed by the symmetry. The function 7-[%’7;)(& Vi, T)

is our main focus, which is a modular function of the complexified Yang-Mills coupling 7
and the cross ratios,

U— 335295%4 %435

T13T24

) V=

2y, (2.4)
It also depends on the rank of gauge group NV, the dimension of the operator p, and the
degeneracy indices (4, 7).

As shown in [1] (see also [12] for further clarification, including the non-perturbative
instanton effects), this particular type of correlator can be computed by supersymmetric
localisation, once the space-time dependence has been integrated out with a certain measure.
More concretely, we define the integrated correlators as [1]

00 ™ 3 qin2 .
i) (r,7) = —i/o dr/o a6 —5— WD, V77, (2.5)
with U = 1 — 2rcos(f) + 72 and V = 72, and C](\i,’j;) (1,7) can be related to the partition
function Zy (7, 7/;m) of N'=2* SYM on S* (now deformed by higher-dimensional operators
Oj(f)) in the following manner. It is convenient to factorise C](\i,”;) (7,7) into the following
form [12],
N R
Oy (7 7) = =T O (7, 7). (2.6)

where the prefactor R%’i} is independent of 7, and is determined by the two-point function via

. . i (Y- Yo\
(O 1,¥1) O (w2, 12)) = 1) (F22)

(2.7)
T12



and CA(J\Z,;) (7,7), which is a highly non-trivial function of (7,7), can be obtained from the
partition function Zy (7, 7};m),

i e ,
vph )" 0r1 Oz, Opy log Zn (7, Ty m) ]m:ﬂ:o

Cry (r.7) =

2.8
vt O 0z log Zn (7,743 0)| (2:8)

/=0
Note in the above expression the repeated indices p, v are summed. The vectors ’UZZ';“ , @gj”
are the so-called mixing coefficients, which are named as such due to the fact that on
S4, operators with different dimensions can mix because of the additional dimensionful
parameter, i.e. the radius of S* [18]. We will discuss the mixing coefficients in more
detail later.

The connection between the integrated correlators and the partition function of N/ = 2*
SYM can be roughly understood as follows. Two derivatives in mass m bring down two
Os’s, and the derivatives v};“(‘)m and 17%7”8;; lead to the associated dimension-p operators

Oz(f) and (’)}(,j ). Since all the operators are brought down from the action, they are integrated
over spacetime. The partition function Zx(7,7/;m) is computable by supersymmetric
localisation, and can be expressed as [6]

ZN(T,Thym) =

(2.9)
/dN Lg exp ZWTZG —|—zZ7rp/2 'Za Zl—loop(a;m) ‘Zinst<7_77—,aa§ m)‘Q )
p>2

where the integration variables a; are constrained by Zi]il a; = 0, and Zj_150p gives the
perturbative contributions and Zi,st leads to non-perturbative instanton contributions.
Explicitly, the perturbative term is given by

[1i<; a3 H? (aij)

V() [, H{a - ) (2.10

Zl —loop (a m)

where a;; = a; —a;, m is the mass of the adjoint hypermultiplet, and H(z) = e~ (1+7) Z2G(1 +
iz)G(1 — iz) with G(x) being the Barnes G-function. The Nekrasov instanton partition
function Zj,¢ gives non-perturbative instanton contributions, which is well understood
when deformation is not turned on, i.e. 7y = 0 [7]. For general non-vanishing 7/, which is
of interest to our consideration, results may be found in [23], which were utilised in [12]
in the study of the integrated correlators CJ(\Z}:%) (1,7). When m = 0, we have the N’ = 4

supersymmetry, and Zi_ioop(a;0) = Zinst (7,7, a;0) = 1, and therefore,

2
Zn(T,74;0) = /dN a lexp mTZa + szp/Q ’Za . (2.11)
p>2

In general, all the operators we consider are linear combinations of T), ... ,, that are

defined in (2.2). For the localisation computation, one can insert the operator T, p, . p,

by taking the derivative
= ('“)7/18712 O (2.12)



where each 8 ~ represents inserting the operator 7). It is important to note that, as
the Lh.s., the r h.s. in the above definition should be understood as a single derivative,

for example,

5, log Zx(r, s m) — Oy ZN(1,7ly;m) _ 071/31871/72 O ZN(T, Th;m)
P1:P25ePn Zn(1,7ly;m) ZN(T,7);m)
(2.13)
As we commented earlier, the appearance of the vectors vzi;“ , 17%7” is due to the Gram-
Schmidt procedure to resolve the mixing of operators on S* [18]. In general, a dimension-p
operator on S* could mix with operators of dimensions (p—2), (p—4) etc. Such mixing
is resolved through the Gram-Schmidt procedure by requiring the connected two-point
functions of operators with different dimensions to vanish. To simplify the Gram-Schmidt
procedure, we will reorganise the operators into different towers (as well as subtowers) in
the next subsection.

2.2 Organisation of operators

The localisation computation and the Gram-Schmidt procedure are greatly simplified by
reorganising the operators appropriately. We will organise all superconformal primary
operators as [18]
(4) (4)
Op‘M (Tg)p(90|M, (2.14)
where (75)P denotes the multi-trace operator Tho 2 as defined in (2.2), i.e. it has p copies

of T (which has also been called O3). The operator O(()&\/[’ which will be defined shortly,
() i)

has dimension M and consequently O oM has dimension 2p + M. To define O(l M
by considering a general operator Tp, p,...p. as given in (2.2) with all p; > 2 (namely, T is

we begin

excluded). These operators are ordered according to their dimensions, which are labeled as

Bg\? with dimension M and ¢ denotes possible degeneracy. In the case of no degeneracy, we

may simply omit the ¢ index. The first few examples are By = I, By = T3, By = T}, and

By = T (there is no degeneracy for M < 6). For M = 0, we define Oyg = By = I, which is
the identity operator, and then O(&M with M > 3 are defined recursively as

‘) O(J’) /

Ol =B}~ X T

M'<M j 6\M”OO\M’> 4

I (2.15)

where we have used the definition (2.14) for O((;j\))w/a and the summation over j is restricted
to j < i when M’ = M. Here § = (M — M')/2 so that (’)g@w has the same dimension as

B](\Z). The two-point function on S* is defined as

Ory Oy 2N (7, T3 0) ., g (2.16)
ZN (T’ Ov 0) 7

with Zx(7,7/4;0) given in (2.11). Importantly, the operators Oé@w constructed in this way

(Op,Og)ss =

obey the following orthogonality condition,

<Oéﬁ}\311 ) Oéﬁ\ifﬁgzl =0, wunless M;=DM; and i =1is, (2.17)



which further implies for any pi,ps [18]

<(9[()il‘3\41 , (9}(722')]\42>54 =0, unless M; =My and i =is. (2.18)

The first few examples of Oéﬁw are given by,
2N%-3 5(N?-2)

Ooo=L. Oog=Ts,  Oou=Ti~ggayyTee:  Oos=T~jyep)

2,3 -

(2.19)
For M < 6 there is no degeneracy, and these operators actually coincide with the so-called
single-particle operators Sys [14], which are defined to have vanishing two-point functions
with all the multi-trace operators, namely

(Sar Torgg) =0, for  n>2. (2.20)

There is non-trivial degeneracy when M > 6. For example, when M = 6, we can choose
Bél) =T33 and Bé2) = Tg, and we find,

9 3(AN%+1)
o) =Ty3— T T
0[6 33 T N2 g7 42 + N(NZ13)(N2+7) 2,2,2
@) 3N* — 11N? + 80 6(N? — 4)(N? +5) 7(N? —7)
O =T6 — 33— Ty 222,
016 N(N*+15N24+8) """ N(N*+15N24+8) 7" N4 4+ 15N2 48 °°
(2.21)
where 08‘22; is again the single-particle operator at dimension six [14], whereas Oé‘lg, which

is orthogonal to 7529 and T4 2 but not 733, may be thought as the “next-to-single-particle
operator”.

In this way, we organise the operators into different towers, and within a given tower,
()

p|M
) are also known as the maximal-trace

there may be also subtowers. In particular, O

the M-th tower. The operators Opo (and Op3

operators [12], as they contain a maximal number of traces for operators with a given

(for any p) is in the i-th subtower of

dimension 2p (and 2p + 3). The property (2.18) implies that operators in different towers as
well as different subtowers are orthogonal to each other on S*. Therefore, the Gram-Schmidt
procedure only needs to be applied to operators within a given subtower, which greatly
simplifies the procedure and consequently the localisation computation.

2.3 Gram-Schmidt procedure

In this subsection, we will determine the mixing coefficients vg M for all the operators Og)M
that are defined according to (2.14). As we have emphasised, because of the important
orthogonal property (2.18), we only need to apply the Gram-Schmidt procedure for the
operators in the same subtower. The mixing coefficients vg 0 ATe determined by requiring

@ pO \ _ : B
<“§|MOM|M ) Oq|M>C =0, with ¢=0,1,...,p—-1, (2.22)



where, again, the repeated index u is summed over, with 4 =0,1,...,p, and when u = p,
we have vg M= 1. The connected two-point function is defined as

(Opiae O ), = {Ohtaa O ) 52 =(Optoe ) 54 {Opiar ) -

0_w 0_an ZNn(1,74;0) ) ZN(7,74;0) O_ary Zn(T,74;0)
— p|M

T T
p|M  p/ p/| M’

A
7,=0

)

(2.23)
which can be further expressed in terms of

. . (i)
where 87/;)» ) is to insert the operator OP| M

Tp1 po,...pn using the definition (2.14) and (2.15) (see examples in (2.19) and (2.21)). The
insertion of the operator Tj, ,, .. p, is then given by (2.12), as we described previously. Note

; (4) (4) _ /n® —0;
by the construction of the operators (’)p|M, we have <OP|M>S4 = <(9pM , (90|0>S4 =0 if
M > 0, therefore

0,y 0w Zn(T,74;0)|, _
> _ Tl Twimr 4 ‘TA*O (2.24)
c Zn(7,0;0) ’

(2) (@)
<OP|M ’ OP’IM’

if M #£0or M'#0. When M = M’ =0, we will need to keep both terms in (2.23).
The set of equations (2.22) uniquely determine v}’; e We find the mixing coeflicients

v}’j M for the operators OS&V[ are in fact independent of the index ¢. Explicitly, they take

. <p> (= +”)p—u (2.25)

the form

= \) T i

where (), is the Pochhammer symbol. Note that p,p both start from 1 when M = 0, but
they start from 0 when M > 0.7 When M = 0 it reproduces the result given in [12], with
the first few examples as given below,

'U1|0 = {1, 0, 0, O, .. } s

(N +1
V210 = {_Z(—i_)a L 0, 0, .. } )

27y (2.26)
3(N?+1)(N?+3) 37 (N?+3)
U3j0 = — 5 , ——————= 1, 0, ...p.
16 15 4719
Generally, for M > 0, we have,
'l}0|M = {1, 0, O, 0, .. } s
i (N2 +2M — 1
U1|M:{_Z( h )a 1> 07 07 } s
479
(N24+2M —1) (N2 +2M +1) i (N2 42M +1)
VoM =\ — 16 2 s T ; 17 Oa
TS 279
(2.27)

"This is because for M = 0, the first non-trivial operator is Ts, which according to our definition is O10,
ie M=0,p=1.



We will now prove that the mixing coefficient v}’f‘ s given in (2.25) is indeed the solution
to the equations (2.22). Consider the M # 0 case, for which we will use (2.24). We first note,

8 ,(z) 8 _/() ZN(T TA,O)| A = 8 aV8 ,(3) 8 /(i) ZN(T, 71/4;0)|qu:0’ (2‘28)

T ulm v|M/! OUVI To|n’

and
_ N24oMm-—1
A, 00 2ZN(T, T 0)| , _g~1 2 (2.29)

oM To|m TA

The behaviour (2.29) can be shown as follows. Recall from (2.11), when m = 7y = 0, the

partition function is simply,

N21

~N(7,0;0) /dN ! a? exp( 271'7'22(1>N7' . (2.30)

1<z<j<N

©)

0| M which gives an

Each differential operator 9 ) inserts a dimension-M operator O
T olm

additional factor of 7, M/2 , therefore together with (2.30) we find the right behaviour as
given in (2.29). From (2.28) and (2.29), we have

 N242M-—1
0 o) 0_,w Zn(T, TA, 0)| _a~ OO Ty 2 , (2.31)
M gl Ta=0
which can be evaluated explicitly and gives
) - 1) N242M—1
o o T;% _ (-1 ( 2 >“+qT2N2+§Ml#q' (2.32)

(—2i)+a

Using the above expression and v]‘; M given in (2.25), we find,

N242M—1
(1)1 <72 )qF(p—Q)T EITITR
2 ’

K 8 a (% Z ,0 ~
Uplm Yy A N(mTas0)l, ) =0 2r+aT (—q)
(2.33)
which vanishes identically for 0 < ¢ < p. One can similarly prove the result for the

M = 0 case.

2.4 Normalisation of integrated correlators

We have now appropriately organised the operators and determined the corresponding
mixing coefficients, and so we will now consider the integrated correlators that are associated
with the four-point functions of the following general form

(00,0, 05),). (2.34)

Note that the operators (’);Z&M, and (’)](j';\/[, need to have the same dimension, i.e. 2p + M =

2p' + M, therefore one may remove the dependence on p’. We will denote these integrated

~10 -



correlators as C&%qu,) (1,7). However, the definition of (?(Nj\ﬁ;M,'i’i,)(T, 7) following (2.8) in

general is problematic now. Following (2.6), we would naively write,

R(M,M’|i,i’)
MaM/ ‘»‘/ —= N, MzM/ '7./ = .
Chy 0 (r,7) = M (7). (2.35)
where (?(MM [ )(T, 7) according to (2.8) would be given by
ot vy ,8, 8_, i 8 log Zn T,T ; ,
sy, _ o e Oy, O On 108 2N (T M lner=o
N (7.7) = ot 00w O log Zn (1,7 0){ ’ (2.36)
pIM Vp | M Y@ O 108 2N A 7, =0

p|M |M/

where again 0 /L » represents inserting operator o' |)M, with u=0,1,...,p for M > 0, and

with p=1,...,pif M =0; and R(M M) i determined by the two-point function via
i i M, M’'|ii V- Yo\ P HM
(O (@1, Y1), 08 (s, Y2)) = R ( et 2) . (2.37)
12

However, (2.36) is only valid for the special cases with M = M’ and i = 4'; for other cases

the denominator in the expressmn is zero, precisely due to the orthogonality property (2.18).
The integrated correlators Cy (M Mlisi )(7', 7) are of course in general non-zero and well-defined,
(MM li,i") (@) (i)

~ (Opar Oy
of (2.8) vanishes. Therefore we have the issue of 0/0 in these cases.

because the prefactor Ry ) also vanishes when the denominator

To deal with this issue when (’)1()2\/[ is not identical to 01(51&\4” we first note the four-point

function (O O9 oY (9( “) ) can be written as

p|M | M
0y 0, 09 O v — 10, 0,09 09y 1 (0,0,0% O (2.38)
< 2 U2 p|M pllM/>_< 2 U2 p|M p|M> < 2 V2 p|M d) .
where Oy = OS]L, — OS}VI. Applying the above relation to the integrated correlators,
h
we have . AOLAMid) ) i
C](V]\?p,M |4,4 )(T, 7) = N7p4 é‘(NI\i,M\l,z) (r,7) + ffd Co,(7,7), (2.39)
where the second term schematically denotes the integrated correlator associated with
(02 Oy (’)Z(ﬁw Og). Using (2.8) from supersymmetric location, CA(NA?p’Mh’Z) (r,7) and CA@d (1,7)
can be expressed as
ot 0% 0 6 O 02, log Z : ,
P M]ii) (r,7) = pIM Up|M () Tad) Cm g 2N (7, 74 )|m:TA:0
va ? - H 7] . . )
Upin UZ|MBT’S|)M 8%5&\)/1 log Zn(7,7/4;0) |7_;1:0
(2.40)

2 /.
p|M 06,0 ,(z aﬁ‘odam log Zn (T, T4; m)|m=7;1:0

Co,(1,7) = :
p\M UOda‘r’(i)M af’ilod 10g ZN (7—7 TA’ O) |7_1/4:0
The mixing coefficient v/ bIM is given in (2.25), and we have used 00, 0= 7 0, to schematically

denote the insertion of the operator O;. We will not explicitly perform the Gram-Schmidt

procedure on Oy, as the details of v, and 8;/‘0 are not needed for the following arguments.
vi¥d

- 11 -



Note neither R(M Mlii) , Ro, nor the denominators of CA(M Mlii) (7,7) and €@d (1,7) given

in the above vanish, so each term is well-defined. Importantly, because of the vanishing of

the two-point function, <(9(|3\/[ ) O(Z&W> = 0, we have

R%M\i,i) + Ro, =0, (2.41)

’\(MM|1 i)

and the denominators of Cy (,7) and Co ,(1,7) are also related to each other via

— — /
’UgleleaT,(i‘)A 0._ ) log Zn (T, TA,0)| _ 0+vg|Mv(”9d87,<i‘)M8;/ IOgZN(T’TA;O)}ngo:O'
" "

VU\/[ v|O4
(2.42)
Therefore, the relation (2.39) reduces to
oM M 00 O 02, log 2 : ,
C(M’M/”’il)(,r 77—) R( li)) | v p|M Up|M l(\M u\]ef g N(T TA )|m=TA=O
N, ) —

D 4 p\M lea |>M8 ,i<|;\)/1 IOgZN(T TA,O)| =0

(2.43)

[~ 2 .
vp|M UodaT,/(jl)Ma;L‘Odam log ZN(T, TA, m) |m:7'1’4:0

—+

[ 7 /.
Vo, 00,0 ) O, log Zn (1,70 0)| ., _
p|M Vp|M TIH\M TL|M ( » LAY )|7-1’4_0

Using the fact that Ol(jll) =04+ (’)(i) the numerators can be combined, which leads to

M’ p|M>
(M,M|i,i) UH 6’/, ,8 ,(3) 3 /(z ) 8 10g ZN(T T ) o
C(M,M/‘i,’i/)(T 7__) _ RN,p p|M p |M T wlM u|M’ A’ |m—TA—0
N I - —
P 4 UZ‘MUZ'MaT,(i‘) 0. ,?1\)4 log Zn (T, TA,O)| =0
| M T

(2.44)
Importantly, there is a simple relation between R(Mp’M“’Z) and the denominator in (2.44),

. M~+2p
(M,M|ii) (479) !
By = (i + apy Vot Tm Oy O 108 En (7743 0)], -

(2.45)

As 2p+M = 2p'+M’, this relation implies that in obtaining the expression for C
(4)

one could also eliminate Op‘ A in favour of O;’&\/[” and lead to the same result for

C](\%M i )( 7). This gives a consistency check of the argument.
One could simply use (2.44) to compute the integrated correlators C (M Mlisi )(T, 7). How-

ever, we find it is much more convenient and extremely useful to mtroduce a normalisation

factor, and express the integrated correlators as®
R(M M'|i,i")
MM'lig'),_ - N, MM'|id) - .
iy = B gauani o) 247)

8Using (2.44), one could simply factor out R(M MI4D and define

p‘M lM/a o 0 700 8 log Zn (7, T;m )’ m=r’ =0
é\(NM M’ |2,% >( 7—) = | M ,,“\/[/ A | (2‘46)
D UP\M vlear/“‘) 8-/(& log Zn (7, 7); 0)

=0
However, with this normalisation, we find that (/Z\(M M3,
relation. The denominator in this definition is not very natural, as p,p’ are not on an equal footing.
R(M’ SM7 i

(r,7) does not obey a simple Laplace-difference

Furthermore, we also find factoring out \/ /)R(M MI4) does not lead to a simple recursion

relation either.

- 12 —



where CA(NA’/QM,|i’i/)(T, 7), which will be our main focus, is defined as

v 0% 0 @ 0wy 02 log Zn (T, T m ,
é\(M,M’\i,i/) - _ PIM Ty IM TLI)M Tu<\1w>/ m 108 Zn(7, 74 )‘m:TAZO (2.48)
Np (r.7) = J\/( )D(M M) , '

and the normalisation factor, which is independent of the coupling 7, is given by

R%M i) _ - R%VLMW) N(l) D(M,M) | .19

, vp|Mvp‘M8 ,()18 5‘1\)4 logZN(T TA,0)| -
so that C(MM [ )(7' 7) agrees precisely with the expression given in (2.44). As we will
prove later, the integrated correlators normalised in this particular way, i.e. CA<M M'lig )( ,T)
given in (2.48), obey a universal Laplace-difference equation, which relates (?(M M'lisi )(7', T)

with different charges p.
Let us now explain all the ingredients as well as the motivation for the denominator
that appeared in the definition of CAUVLM [ )( 7). The factor D%M) in the denominator

— the crucial part in the definition of CA(MM 49 s defined as follows: when M’ #0,
, _NZ4MM 1
ng]\,/;M) JM=M")/2 u‘ = ‘M,a oY, 2 : (2.50)
and when M’ = 0,
2 2
M,0 _ _NTHMo1 _NZ4M-o1
DR =M oy okt T, E =Mk e 02 log Zn(7,0;0).
(2.51)
(M,M’)

The expression of D)y ™ * treats p, p’ on an equal footing (unlike the naive definition (2.46)),
and as we will see it naturally generalises the definition (2.36) that is valid only for
M = M',i = . The right choice of DEV%MI) is crucial for 5(MM [ )(T,?) to satisfy a
universal and simple Laplace-difference equation, which will be presented in the next section.
Finally, the factor ./\/]E/? is introduced so that when M’ = M and i’ = 1, CA(MM [ )(T, )
reduces to the original definition (2.8). This factor is given by,”

@) N24oM -1
Ny =715 2 87_,(1') 8% log Zn (T, TAvo){ =
o|M o\M Ta (2.52)
2 2_
— M TN2 IR(MvMI’LvZ)
92M 2 N,0 ’

90One could choose a different definition for N JE/;), for example

N24M+M/ -1
S \/a 0 0,0 108 Zn (T, T50)] L (0 ) 0 log Zn(r7li0)] , _

ol To|m A7 oM’ o|Mm/
which is then symmetric in M, M’ and reduces to NJE/? when M = M’,i = i’. However, this is not important

for the purpose of obtaining the Laplace-difference equation (1.4) since all the p-dependence is contained
in DEVA,JP’M ).
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where we have used the relation (2.45) and the fact that vgy; = 1. We should stress that

N, ]E? is independent of p, therefore it plays no role for the recursion relation involving
integrated correlators of different p’s.

(M, M)

The motivation of defining D) " * in this particular way can be understood as follows.
As in (2.28), we first note,

8 /(z) 8 ,(7,/) ZN(T TA,O)| A = 8 8” 87_ i 8 /(i) ZN(T, 71/4;0)|TI'4=0' (253)

T ulm uuw’ OUVI o| M’

Therefore, in the definition (2.50), we essentially replaced 9 i O Zn(1,7)4;0)|

/
7, =0
T oM To|m! A

_NZ2pMeM 1
in (2.36) with 7, 2 to avoid a vanishing denominator.  Even though

87'(? 9w Zn(1, 745 0)| - vanishes unless M = M',i = ¢/, it is easy to see that as
o|M 0\1\1'

_ N24MyM -1
a function of 7, it should behave as 7, 2 , following the same argument of ob-

taining (2.29). The additional factor i(M=M")/2 ig just to ensure that Dg\,]\i;M/) is real. The
extra term in (2.51) is because, when M’ = 0, the one-point function (Opp)ss # 0. We
will see a similar difference between the cases of M’ = 0 and M’ # 0 for the numerator of

CA(N%M [ )( 7) when we write it out explicitly.
From the definition (2 50), and the expression of mixing coefficients (2.25), we can
explicitly evaluate D](V%M ). We find it can be expressed as
»S < > < >
=> > (@+6+147)p—j(a—0+14k)prs—r
j=0 k=0 (2.54)
(a+1)j (a+ j + 1)), (—1)iFh+0 g=2p=0 ot 42t0),
which simplifies to
DM — 928 (44 1), o T (p+ 6 — O(8) +1) 75 @195 (2.55)

where O(z) =0 if x > 0 and O(x) = z if < 0, and the parameters a,d are given by

N2+ M+ M -3 M— M

Using 2p + M = 2p' + M’, one can see that D](VA/?M/) is symmetric under M «+ M',p < p'.
Without loss of generality, one may assume M > M’ so that ©(§) = 0. When M’ = 0,
we have,

p p+é

ZZ()( )(a+5+1+j)p—j(a—5+1+]€)p+5k

7=0k=1
a+1):(a+5+1 1)J+k+d 9—2p—0 (a+1+2p+5)
(a+1)j(a+j+1),(-1) -

p pto 15

—ZZ<>< >(a+5+1+j)pj(a_5+1+k)p+5_k

7=0k=1

(a+1)j(a—6+1), (-1 1) th+6 9=2p=3 (a+1+2p+6)’
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where the sum over k now starts at £ = 1, as the mixing coefficient UZ?IO) starts at p =1

0)

and g = 1. The second term in DEVA/; sums to

p
Z@ (048414 1)y (@ =8+ Vs (a+ 1); (=1)7+0 27270 (CFHH) 9 5

which is in fact equivalent to the £k = 0 case of the first term. Therefore we can combine
these two terms in (2.57), which leads to the same expression as (2.54). We see that with
the extra term in the definition of D( ( ’ ) (M M)
given in (2.55) with M" — 0.

Using the relation (2.45) and the expressions for N, ](\;) and DSVA@MI) as given in (2.52)

(MM |2,2") as given in (249), and find

M 0) , the final expression for Dy * is simply Dy

and (2.55), we can simplify the normalisation factor Ry

oMy 22T M2 (MM|m)
Ryp (M +2p)2 (a+1)pro@ F(p+d—-0(6) +1) Ry ) (2.59)

Note by construction, when M = M’ and i = ¢ R%M 49 Leduces to Ry
From now on, we will mainly focus on CA(M W [ )(T 7) as defined in (2. 48) In the next
(MM l2,¢) é\(MMhz)(T 7_)

section, we will prove that, with this crucial normalisation factor R Cnp
obeys a universal Laplace-difference equation that gives a three- term recursion relation

(MM|1 z)

relating the integrated correlators of different charges p.

3 Laplace-difference equation

é‘(MM\zz)(

In this section, we will show that the normalised integrated correlators T,T) as

defined in (2.48) satisfy the following universal Laplace-difference equation,

A, CGEMIED) (. 7) = (p+146) (p+a+ 1) Cob M ) (7,7) 4 p (p+a+8) Cob ™ o) (7,7)

~[2p(p+a)+@p+at 1)@+ D CRN M (1. 7) 40 81 CRY (7).

(3.1)
where the parameters a,d are given in (2.56), and A, = 4730,0:. The “source term”
CJ(\(T):? ) (7,7), which only appears when M = M’ and i = ¢, is given in (1.1) (now it is written
in our unified notation). It also obeys a Laplace-difference equation (1.2) and is known
exactly for any N and 7 [8, 9]. It is important to note that because CA(N]\?I;M/”’Z'/)(T, 7)=0
when p < 0, (3.1) is a recursion relation (rather than a differential equation) that determines

CA(N%M/li’i/)(T 7) for any p in terms of the initial data 5(MM i )(

7,7). In the special case
M = M' = 0 (the operators were called maximal-trace operators with even dimensions), our
Laplace-difference equation (3.1) reproduces what has been found in [12]. We will therefore
mainly focus on M > 0 in the cases with M = M’ i = 4. It is intriguing to note that the
N-dependence of the recursion only appears in the parameter a (given in (2.56)), which
has the symmetry of N2 <+ M + M.

Interestingly, the difference of integrated correlators,

AL (7, 7y = CEEM T (7, 7) — CEM ) (7, 7). (3.2)
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also satisfies a three-term recursion relation,

AAN (7 = o+ 140) (p+a+ DA (7 7)

+ (-1 (p+a+s— DA (7 7) (3.3)

—[(p+a)(p+6) +p(p+at OHTM (7, 7).

Note the above recursion relation for ’H(MM [ )(T, 7) is valid only for p > 1. It is worth

emphasising that it is non-trivial that a three-term recurrence relation exists for the

difference H(M Ml )(T, 7).

In the following subsections, we will prove the Laplace-difference equation (3.1).
3.1 Cases with M = M',i =1

In this subsection, we consider the cases with M = M’ and i = i’. As we mentioned we
will focus on M > 0 with general M here. For these particular cases, by construction the
denominator in (2.48) reduces to

Nﬁ) D](VJ\QM) _ UM|M p|M8 ,(z)48_£m log Zn (7, 7; )|m:r;‘:0’ (3.4)
so we have
GQEMIED 7, 7) — US'M;);'MG i i e
’ Uplm p\Ma /(>{8 4 log Zy (7, 7; 0)[ =0

As Zn(7,7);m) is an even function of m, we have

2, Zn (1, 7ly;m)|
2 /. _“m s LA =0
Omlog En (T, Thim)|,g = =2 Gy (3.6)
and from (2.18), we have
9 oy ZN(T, TA70)|TA:0 = 8-/(‘§\)IZN(7— 7430 =0 =0 (3.7)

We therefore find

vb o 0Y0,0 0 0w 022
gttt 7y _ IO, Oy InEN Tl 0 2t )
, _

- H 5 ) . .
’Ule leMc‘)T,S‘)M@;mZN(T, TA, 0)|TI,4:0 ZN(T, 0, 0)

(3.8)
Let us first consider the second term in the above equation. The laplacian acting on it

leads to
2N (7, 0;m)]

ZN (7-7 07 O)

Using this fact, one can see that this term alone obeys the Laplace-difference equation (3.1).

A, =0 =4V (r,7). (3.9)

Therefore, from now on we will only focus on the first term of (3.8), which we will denote

C,(M M\z i) (1,7) and quote as below,
b /.
C,(M Mi, z)(T T) = Opiar Upine; o Ou u\Ma b TA’m)|m:T’/4:0 (3.10)
7 vl/j\M PlMaT/;\)Ma L(m)lZN(T TA’0)| T4=0
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Since the source term —4 C](\(,)’f ) (7,7) arises from the second term of (3.8) as we just showed,

we will prove that 5’%M|i’i)(r, 7) obeys (3.1) without the source term, namely
o (M Mli),  _ 5 (MMii),  _ 5 (M,Mii),  _
A8 R = w140 (p+a+ 1) O () +p(p+at 6) ()
MM,
~ 2p(p+a)+ @pta+ DE+DI0N, ),
(3.11)

with § = 0 due to M = M’. In the next subsection, we will in fact see that, for the
integrated correlators with M # M’ or M = M’ but i # i/, what we will need to prove is
essentially the same as (3.11) (with § # 0 if M # M’).

3.2 Cases with M # M’ or 1 # ¢

We now consider the cases with M # M’ i.e. the operators are in different towers, or the
cases with M = M’ but i # ¢/, i.e. the operators are in different subtowers. For all these
cases, because the two-point functions vanish, we need to use the refined definition (2.48)
for (?(NA?I;’M i )(T, 7). We will first consider both M and M’ are not 0. Besides (3.7), we also
have the relation
. ./ /. e
87./‘(Z|)M 87—_’1(‘3\} ZN (7-7 TA;s )|T:4:0 0, (312)
o . S(MMJid')y,
when the operators are in different (sub)towers. Therefore, unlike (3.8), Cy (1,7) has
no analogical second term, and so
2 2 /.
vl 08000 @y Oy O ZN (T, Thsm)|
SOMM i) L p|M “p'|M" ¢ wing Tu<\M)’ m » 1A ‘meAf() 313
Cy (1,7) = : ; : (3.13)
P N pMM)
M “N,p

Therefore in these cases, there is no source term —4 C](\(,)’f ) (1,7), consistent with the Laplace-
difference equation (3.1).
When M’ = 0, the relation (3.7) is not valid anymore. In particular, we have

0, Zn(7,74;0)], _o = 072N (7, 0;0) # 0. (3.14)

-
©|o

Here and in the following, because there is no degeneracy when M’ = 0, we set the degeneracy
index ¢ as 1. Equation (3.14) implies that there is an additional term in CA(NA/;’OMU(T, T),

12 > 2 /.
Upimt vg,loaf,m 37,_,(1>8mZN(7', T m)|m:7_, 0
ulM  "vlo A

Cyboe (7, 7) = ,
e ’ ? M,O
N

mo S 2 /.
Uplm vp’loaf/("fM O 2N (7, Thim))|
m

(3.15)
d_mZn(T,0;0)
v|0

o
m=1,=0

N3} DGO 2 (i, 050)

This important difference between (3.13) and (3.15) is similar to the definition (2.51) for
the normalisation factor in the case of M’ = 0, as we emphasised earlier.

In the next subsection, using these explicit expressions of CA(NAéM i )(T,%) we have

obtained in the above analysis, we will prove that CA(NAéM i )(7', 7) satisfies the universal

Laplace-difference equation (3.1).
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3.3 Proof of Laplace-difference equation

We will now prove the Laplace-difference equation (3.1). Just as in (2.28), we have,

8,1 87”/82 T , *888,, 8,,1-1(923 o em /
EL‘)M Vﬁl\/f)/ N( s TAS )’m:TA E)|)]W 7_0|<1w)/ m N( s T A )‘m:TAZO, (316)
therefore CA( fli,i')(T 7) can be written in terms of J ) 8 an 02, ZN (1, 7/;m )| e

T oM O‘M/ M=T)y =

with derlvatlves with respect to 7 and T acting on it. To prove the Laplace-difference
equation (3.1), we will collect all the terms with the same number of derivatives of 7 and 7,
and show that the corresponding coefficients vanish. Therefore we find that the Laplace-

difference equation does not rely on the precise form of 87’8)]» 18 i 02 ZN (T, 7Tl m))|
To|n’
Furthermore, as we discussed in the previous subsections, because there is some difference

' —N"
m=1,=0

between the cases of M’ = 0 and the cases of M’ > 0, we will consider them separately.
Without losing generality, we will assume M > M’ in the following discussion.

3.3.1 Cases with M’ >0

We begin with the case M’ > 0. Using the result of D%M/) as given in (2.55) and the

mixing coefficients (2.25), we can express CA(NAéM [ )(7', T) as

CA(NA?;JM/W/) (1,7)

Zpilg ( )( )(a+6+j+1)pg

N“(a+1> (p+0)! =i

(a—0+k+1)ps_p (—1)F 02 TRGITR=0 R GI 0k ) ) 0,y OF Zn (7, 7him

)|
m=1',=0
o|M TO\]VI’ A

(3.17)
As we commented above, the validity of the Laplace-difference equation is actually inde-

pendent of the precise form of 0 o 0. @) 0%, Zn (1, 7ly;m)| _— It holds separately
A

Toim Topm =0
for every
01050 8,1/82 T, Th; -

i O, PPN Tl (318)

We therefore isolate the j and k-th derivative

M,M|i,i! -
CA(NJ, | )(7', 7')|j’k =
(_1)k—6 9J+k jjt+k—0 Tg+k+a+1 (p) <p+5>

i ; 3.19
N @+, p+o) \dJ\k 219

(@+0+j+1)p—j(a—8+k+ 1502050 o) 0o OnZn(T,Th;m

m)| g
oIM O\M’ m=7,=0

The above expression implies

MM Jii _ p+1)(a+1+p+d MM [id!), -
CMO (1, 7)), = 2L L_g0uti rz))

- 2
Nt (p+1—J)p+do+1—k) Wp) (3.20)
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and

SMMidY = (P—=3)(p+0 = k) sy, -
Cnpor (T, T)’M T platpto) (N.p) (7, T)’J;k'

Taking the laplacian A, = 4720,0- and collecting the j and k-th derivatives, we find
M,M'|ii'), _ ~
A7'é\(N,p [ (7-7 T) ’

(3.21)

ik
: : jlat+j+k)a+d+))
((a+]+k)(a+]+k+1)+ b +1 (3.22)
k(a+j+k)(a—d+k) jkW+ﬁ+jxa_5+k)>aMM”JR )
p+é+1—k (p—j+Dp+o+1—k)) N» Tk

Let us now consider the following combination that is relevant for the Laplace-difference
equation (3.1),
M,Ml <"/ _ M,M/ .7./ _
ALCYM OB+ 2o+ a) + 2o+ a+ D)6+ 1]1CYN T (),

— p+1+0)p+a+ ) A —pe+at o) N (A,

)

(3.23)

Using the above results, (3.23) becomes

jla+j+k)a+d+j) kla+j+k)(a—0d+k)
p—j+1 p+o+1—k

jkla+d+j)la=0+k) (+Dp+é+1)(atp+i+latp+1) (3.24)

((a+j+k)atj+k+1)+

p—j+)p+d+1-k) (p+1—Hp+d+1—Fk)
+(p— ) p+5—k) = (2p(p+a) + 2p +a+ 1)(6 + 1) CYF 7).,

It is straightforward to check that the factor in front of CA(NA?I;M/|i’il)(T, 7")‘]. . in the above
expression identically evaluates to zero. ’

Clearly the above discussion also applies to the special case M = M’ and i = ¢/,
namely 5’%]\4'1’2) (7,7) defined in (3.10) and the relation (3.11) it satisfies. This proves the

Laplace-difference equation for the case M’ > 0.

3.3.2 Cases with M’ =0

The proof of the Laplace-difference equation for the case M’ = 0 is similar. When M "'=0,
analogous to D](\J,V;O) in the denominator in (2.51), the numerator of CA(N%’()'Z’I) (1,7) also has

an extra term, as given in (3.15). Explicitly, é(Nl‘ﬁ;O'i’”(r, 7) can be expressed as

Chp" (r7) =
- : (a+0+1+7)p—;
Ny <a+1>p<p+5>!j§,§ ij\ k o

(a—5—|—1+k)p+5,k(—1)k_5 oItk ’L'j+k_57'§+k+a+1 (97]_ 87—]? a_l_,(i) (97,_/(1) 6,2”2]\;(7, T1/4; m)|

ojM  “o|m’

1 p p+o p\ (p+o
S , (a+8+145),_;
Nﬁka+ﬂp@+ﬁﬂ;;;; AN o
(a—5+1+k)p+5_k(a—(s—l—l)k(—l)k*é2jij75Tg+a+137];8 ) 0., 8,2nZN(T,TII4;m)| ——0"
ot Toar m=r1)=

(3.25)

[ —
m=71,=0
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Similarly to DJ(VAQO) in (2.58), the second term in CA(NA/;’W’I) (7,7) can be simplified and sums to

1 P D
- NJa+d6d+1+j)p_i(a—3d+1
N]E/Z[) (a+ 1)p(p+5)! JZ <j>( J)p J( )p+6
()PP O O EN(T M) s
Tolm o’ =Ta=
(3.26)

which is equivalent to the £ = 0 case of the first term, and so the integrated correlator can
be expressed as

CA(NA,/;I;OM)(Tf) =

$80) 449} w10

J\/()(cﬂ-l) p+(5 * j=0k=0

(a—0+14k)pps_p (—1)F 02 TR TR0 T 51 0k ) ) ) OF Zn (7, 7him))|

— ! —n "
o Topm m=t,=0

(3.27)
We see that CA( 7,7) takes the same form as that for M’ # 0 as given in (3.17).
Therefore, the proof of the Laplace-difference equation for the M’ # 0 case applies to

M’ = 0 as well. This completes the proof of the Laplace-difference equation (3.1).

4 Examples of integrated correlators

In this section, we will give some explicit results for certain examples of the integrated
correlators CA(NA;[)’Mlli’il)(T 7) and the corresponding prefactors R(MM ) Here we will
mainly focus on the perturbative contributions, i.e. the zero- 1nstanton sector. However,
as we will comment on further, with some appropriate assumptions of SL(2,Z) modular
properties of the integrated correlators, the perturbative contributions actually uniquely
determine the full integrated correlators. For the perturbative contributions, we can simply
omit the instantonic contribution Zi,g in the partition function (2.9), and the small-m

expansion of Zj_joep can be straightforwardly evaluated by using [24],

H2(a) B (cos(2wa) — 1)
O, log H(a+m)H (a—m) ‘mZO a 4/ dw smh2( )

(4.1)
= _42 f(20+1)¢(2¢+1)a".

Furthermore, the derivative 871/7 is to insert iwP/? > af’. Therefore, in the perturbation, the
integrals that we need to compute are gaussian integrals of the form

/dNa<5 (é ai> exp (—2mgga$> (L[J a%) (ggafj) : (4.2)

It is straightforward to compute these integrals explicitly, at least up to some finite orders.
To illustrate the structures, below we will provide the first few orders in perturbation for
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the integrated correlators CA(NJ‘,/[I;M,W,) with M, M’ <5, and as we mentioned they coincide
with the single-particle operators when p = 0. Since there is no degeneracy for these cases,

we will simply drop the indices 7 and 7’ for all these examples.

4.1 Integrated correlators with M = M’

We begin with the integrated correlators with M = M’. The special case M = M' =0
has been considered in [12], so we will only consider those with M > 0, and the results are
listed as follows:

(M, M’) = (3,3):

aj?,ﬁ)(Tz):
[1_1_2])} 18N((3) (5N2467)p N2+5+g 90N2¢(5)
3 ToT (N245) (N247) 6 3 T2
(N?2+23)p 3N*+33N24+94 ) 20p% \ | 735N3¢(7)
1 5(N?45
T (V) (V) (V29) 3 +5(N245) p 5 2737

(4.3)
(M,M'") = (4,4):
5(13,’;)(72)=
[Hp} 24N¢B)

2 ToT

(5BNS+96N*—5N2+144)p ( N*+7 p)\| 60 (2N*+3)((5)
(N2+7) (N249) (2N4+3) 4 2 (N2+1) 572
(TN®+240N*—367N?+1080) p 3N'+45N?+172 N ( N2+7) N 4p*
(NZ47) (N?+9) (N2+11) (2N —3N?+9) 15 L
525N (2N*—3N2+9) ((7)

2(N2+1) 373

+14

(4.4)
(M, M') = (5,5):

Cry) (72) =
2P 30N¢(3) (NC+28N*+43N%+144)p [ N2+9 150 (N*+2N2+6) ((5)
5] mom (N2+9) (N2+11) (N4+2N2+6) 2 (N2+45) 7372
TN®+328 N*—515N2+5220 2(3N*+57N?+274 8p?
+ 1+ 2 ( 2 2 4 )p2 ( )+2(N2—|—9)p+ b
(N2+9) (N2+11) (N2+13) (5N4—8N2+87) 15 3

525N (BN*—8N?+87)((7)
4(N2+5)73m3

(4.5)
It is easy to check that the above results are solutions to the Laplace-difference equation.
When p = 0, the above expressions reproduce the results for the integrated correlators
involving the single-particle operators that were considered in [12], which also serve as the
initial conditions for the Laplace-difference equation. These particular examples clearly show
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some intriguing structures of the perturbative expansion. For example, we observe that the

leading term in all the examples we studied takes the simple form of 6N (2p + M) ((3)/ (72 7).

Finally, to obtain C](VAi’M i ), we will also need the expression for R%M 5 that

appeared in the definition (2.47). Recall for the identical operators, namely the cases with

M =M and i = ¢ E%W»M‘Zﬂ) _ R%\/[:Mhﬂ)
" “'Np P

, which is determined in terms of the two-point
function as given in (2.37). Because two-point functions are protected by supersymmetry,

it is straightforward to compute them simply by Wick contractions. For example, for a

particular set of operators (’);?M = (T3)? Sy with Syr being the single-particle operators [14]

that are defined in (2.20), we find

(Sm) (Sar) M€ X 22pp! N2 192M —1
N 4.
vy = 0y a2 2 P (4.6)
where e =2 when M >0 and e = 1if M — 0, and Ry is given by [14]
1 1 -1
Bl = (V-1 [ - } : 47
No = ( ) (N—M+1)p1 (N+1)p_1 (4.7)

The cases with M = 3,4, 5 are relevant to the integrated correlators we consider here.

4.2 Integrated correlators with M # M’

In this subsection we consider the examples of integrated correlators with M # M’, for
M, M’ < 5. First, we note all the integrated correlators CA(NA’;[;Mlli’i/) with M+ M’ being an odd
number always vanish. Therefore we only need to consider the cases with (M, M') = (4,0)
and (M, M') = (5,3), which we will list below:

(M, M') = (4,0):

CN (r2) =
. 4p ((N?+4)+p) [ 120N¢(5) . 4p ((2N*+19N°+43)+ (5N +23)p+4p”) | 1470N2((7)
| | Be TP (V2 13) (N2 +5) (N2 47) s

) 4p ((N?+7) (10N*+95N?+213) + (3N?+13) (15N?+91) p+84 (N +5) p*+56p°)
|t 3(N2+3) (N245) (N2 +7) (N2 +9)

2835V (4N*+1) ¢(9)

Tyl
(4.8)
(M, M) = (5,3):
CN) (r2) =
) 2p ((3N?+23)+4p) | 180N¢(5) ) 4p ((3N+23) (N+9) +10p (N*+8) +10p°) | 1890N2¢(7)
- VI (veto) | mEe T (N2 7) (N2 19) (N2 4 10) o

L ((5N°+135N*+1215N?+3629) +2 (15N*+255N>+1088) p+14 (5N +41) p*+56p° )
b (N47) (N249) (N2 +11) (N2 +13)

8605N (3N>+1)¢(9)

a4
2T, m
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Again, we have omitted the degeneracy index 4. It is also straightforward to verify that
these are solutions to the Laplace-difference equation (3.1), and in appendix A we also
provide the initial conditions for the recursion relation, namely é(N 8 )(T 7) and CA< )(T, T)
for any N and 7. The perturbative expansion of the integrated correlators obeys mterestlng
structures that are similar to those with M = M’. However, we also note that interestingly
the integrated correlators with operators that are in different (sub)towers in general start
at higher loops in the perturbative expansion. For the examples we considered here, they
both begin at two loops. In a related context, a similar phenomenon was observed for the

U(1)-violating correlators in N’ =4 SYM studied in [25, 26].

C(MM\@@) (MMI’LZ)

For
the integrated correlators with operators in different (sub)towers, we use the expression
given in (2.59). For M =4, M’ = 0, we find

Again, to obtain we now compute the normalisation factor Ry

~0) 2272 (p+2)! (N*+3)\ (N?-9)(N?—4)(N*-1)
Ry, = D) D) ; (4.10)
’ (p+2) 2 ) (N2+1)
and for M =5, M’ = 3, we have
~3) 2% Yp+ 1) (N?2+7\ 5(N?-16) (N?—9) (N?—4)(N?2—1) Ll
Np — (2]?—1-5)2 2 ) N(N2—|—5) : ( . )

4.3 SL(2,Z) completion and lattice-sum representation

In the previous subsections we presented examples of the perturbative expansions (i.e. zero
instanton sector) of integrated correlators. The complete results of integrated correlators
are SL(2,Z) modular invariant functions of (7,7) because of Montonen-Olive duality of
N =4 SYM with SU(N) gauge group [17]. Therefore, the perturbative results should be
completed into some modular functions, which in general is not unique at all. However,
as already noted in the case of (O2020205) in [9], by assuming the so-called lattice-sum
representation of the integrated correlator, which has been proved recently in [27], one
can show that the integrated correlator is completely determined in terms of the zero-
instanton perturbative results [9, 10].1° Essentially the same property was assumed in [14]
(using the language of SL(2,Z) spectral decomposition following [30]) for the more general
integrated correlators we are considering here, which was verified by explicit perturbative
and non-perturbative results [14].

Here we will briefly discuss the SL(2,7Z) completion of the integrated correlators
and their lattice representation. In a forthcoming paper [31], we will study in detail
the lattice representation of the integrated correlators and its implications, such as the
modular properties of integrated correlators, and their behaviour in the large-charge limit.
Following [9], we propose that é(MM i )(7', 7) can be expressed as

CA(NA?ZJM/W’)(T, = > / e e (nT Bl(Vj\?p’Ml'i’il)(t) dt, (4.12)

(m,n)eZ?

10Gee [10] (and also [28] for the earlier work) on understanding the modular properties of the integrated cor-
relator associated with (02020205) in N’ = 4 SYM with other classical gauge groups, and the manifestations
of Goddard, Nuyts and Olive duality [29].
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2
with Y, n(7,7) := W%. The above expression is manifestly SL(2,Z) invariant, and all
the non-trivial information of the integrated correlators is encoded in the single rational

function of ¢, BJ(VA/;’M/|i’i/)(t). The function E}V%M/li’i/)(t) obeys several important properties,
for example,

(MM 1 (i o dt (i

B0 = 5By Oy, [ S B m =0 @)

What is relevant to the current discussion is that, using (4.12), one can show that
B&%M/‘i’i/)(t) is uniquely determined by the perturbative results of aNAj;’M/“’i/)(T, 7) [9, 10].
Furthermore, as the Laplace-difference equation (3.1) is also in an SL(2,Z)-invariant form,
one may solve the equation and obtain modular functions for the integrated correlators,
providing the SL(2, Z)-invariant initial data. Following the ideas of [27], one can in fact
further introduce SL(2,Z)-invariant generating functions, that sum over all the charge-p
dependence of the integrated correlators. The concept of the generating functions for the
integrated correlators and their explicit expressions and applications will be studied in
detail in [31].

5 Conclusion and outlook

In this paper we studied integrated correlators in SU(N) N = 4 SYM associated with
four-point correlation functions of the form <(’)2(92(9§,Z)(9§,] )), for the half-BPS operators (’)I(f)
with charge (or dimension) p. To systematise the supersymmetric localisation computation,
@ _

we reorganised the operators into different towers as well as subtowers of the form Opl M

((’)2)”(’)(()2\/[, with index M denoting the tower and 4 the subtower. Crucially, operators in
different towers (and subtowers) are orthogonal to each other, which greatly simplifies the
Gram-Schmidt procedure for the localisation computation. We proved that, remarkably, all
the integrated correlators for any N satisfy a universal Laplace-difference equation that
relates integrated correlators of different charges p. It is vitally important to normalise
the integrated correlators appropriately for them to obey the Laplace-difference equation.
This is especially important when the integrated correlators involve two different operators,
as a naive choice of the normalisation factor would either lead to 0/0, or some very
complicated Laplace-difference equation that would obscure the underlying simplicity of
the integrated correlators.

An analogous Laplace-difference equation, i.e. (1.2), was found in [9] for the integrated
correlator associated with (O2020203), which relates the integrated correlator of different
gauge groups. Even though the equations may look similar, they seem to arise from different
origins. The proof of the Laplace-difference equation of [9], as was done recently in [27],
crucially relies on the explicit form of the partition function of N'= 2* SYM that enters in
the localisation computation. As we showed, in proving the Laplace-difference equation of
this paper which relates integrated correlators with different charges, the precise form of
the partition function is not important. Our Laplace-difference equation in this sense is
more similar to the Toda equations for the extremal correlators in N’ = 2 supersymmetric
theories [18, 32-34]. In both cases, the recursion relations relate correlators of operators
with different charges, and the validity of recursion relations does not rely on the precise
form of the partition functions that enter in the localisation computation.
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The Laplace-difference equation provides a powerful recursion relation that paves
the way for determining the integrated correlators in terms of initial data. To completely
determine all the integrated correlators, one would also need to compute all initial conditions,
. A(MM'|ii)
Le. Cy,

),

(1,7) with p = 0. We provided some examples of these initial conditions in
appendix A. They seem to also obey some interesting recursion relations relating integrated
correlators with different N [12]. It will be very interesting to study these initial conditions
systematically and understand better the recursion relations that are satisfied by them.

The unintegrated correlators (Og@g@éi)oz(,j )> have been studied extensively in various
limits in the literature. In the perturbative region, the correlators are known up to two
loops for general p [35] (and three loops in the planar limit [36]), and up to three loops
for p = 2 [37]. The integrands however are known to higher loops [38—40]. In the strong
coupling limit, they have been computed using bootstrap approaches and holographically
in the planar limit [41-50]'' and beyond [52-60]. Our results provide additional important
information about these correlators that are exact with finite 7 and make the SL(2,Z)
symmetry manifest. It is feasible that one could reconstruct unintegrated correlators by
writing down an appropriate ansatz, probably in the large-p limit, and to use our results as
constraints to fix the ansatz. It would also be interesting to exploit the higher-loop integrands
to study the relations between the perturbative parts of our results and these Feynman
integrals using the connections between integrated correlators and Feynman integral periods
observed in [61]. It would be particularly interesting to understand from the standard
Feynman integral point of view the absence of the lower-loop terms in the perturbative
expansion of the integrated correlators involving operators in different (sub)towers.

Another natural question that arises from our results is to solve the Laplace-difference
equation, and to obtain explicit expressions for the integrated correlators and to understand
the dependence on the charge p. Following the ideas of [27], this can be conveniently
done by introducing the generating functions of the integrated correlators, which sum
over the charge-p dependence. In a forthcoming paper [31], we will see that the Laplace-
difference equation becomes a differential equation for the generating functions, and we
will solve the equation explicitly and derive the generating functions of the integrated
correlators. We will be particularly interested in the large-p behaviour of the integrated
correlators. From the generating functions, we will find that in the large-p expansion, the
integrated correlators take a universal form, which resembles the large- N expansion of the
integrated correlators [27]'? with p and N exchanged, albeit with some interesting and
subtle differences.
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A Initial conditions for Laplace-difference equation

In this appendix, we will provide exact results for the integrated correlators é(NAiM/‘i’i/)
with p =0 for M, M’ < 5, namely the initial conditions for the Laplace-difference equation
for the examples that we considered in section 4. It was found in [12] that the integrated
correlators associated with <(92(92(91(f) O;j )> for p < 5 obey some recursion relations that
relate these integrated correlators with different N. As we discussed in section 2.2, the
towers of operators (’)(()2\/[ are particular linear combinations of C’)Z(Ji) or Tp, ps,....p,- For the
relevance of this discussion, the examples given in (2.19) are quoted below,

2N2-3 5(N2-2
Top,  Oys=T: ( )

OO\OZL 00\3:T37 00|4:T 5—m

T NNZED) ILER

(A1)
As we commented, they also coincide with the identical single-particle operators. The
integrated correlators involving two identical single-particle operators with M < 6 have been
considered in [12]. In our notation, they are 5(M MIi) (1,7), with M = 3,4,5. Therefore,
here we will only consider the cases with M % M’. / Since there is no degeneracy we will also
drop the indices 4,4, and the only non-trivial cases are 5(N0)(T, 7) and é(NO)(T, 7), which
we will present below

Using (A.1), we have the following relation between four-point functions

2N2_—3

(02 03 Ogjs Ogp) = (02 02 Ty T p) — NOVZE1)

<02 02 T2 ,2 T2 2> (AQ)

which implies the same relation for the corresponding integrated correlators. It was found

n [12] (see section 3 of the reference) that the integrated correlators associated with
(O2 02Ty T52) and (O2 0213215 2) obey some N-dependent recursion relations. Solving
these recursion relations, using (A.2) and adapting to our normalisation, we obtain the results
for 5(N’0)(T 7) in terms of only C( ’ )(T, 7). Once again, C( )(T, 7) is known exactly [8, 9],
which may be determined by the recursion relation (1.2). Exphmtly, we find

2N2 -3

U0 oy _ (N —3),
N(N2+1)

), -
No (BT =Ny [PV (7 -

(A +2N?) c}@;f)(m)] . (A3)

where (N — 3), is the Pochhammer symbol. Using the Laplace-difference equation (1.2), one
could replace A Cn (7, 7) by linear combinations of C](\?f)i’l(ﬂ T), C](\(,)”f ) (1,7) and C](\(,)fil (1,7).
(4)(

Furthermore, the function F’(7,7) is also expressed in terms of C](\(,)”f ) (1,7),

N-1

Pt 21(1

oy [P (2 () + G2 (1)) 10-2) (P 4i-1) G (r7)

—(+1)(+3) (1P-21-4) ¢ (r,7)] .
(A.4)
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Similarly for CA< )( 7), we have

40N?(N?+5) 55.3),  _
— = Cx (1, T) =
-0, 007
(5) _ L o 2 (373) -
v )+ Ny = BN(N=D(N*H17)CR o(7,7)

—6N(N+1)(N2+2N =21)C0%) | (7,7) +2(N = 1)(N =2) ((N*+5N?~ 13N +25)C0Y (7, 7)
+ON(N-1)CV 1 (77)]

(A.5)
where C](\i’g ) (7,7) is the integrated correlator associated with (O2020303), which is given by
—1
3, 3 (0,0 _ 4 0,0, _
co(r,7) =2 Z (e 7 + e () = O (7). (A.6)

and F ](\,5 ) (7,7) taking the following form,

FY)(r,7) =

N-1 6 ’

3 SEATT [40+2) 1+ 12 FP (7, 7) 4102 1) ((91-6)CR 3 (7, 7) + 212 1+ 1)CR L 1 (7,7) )
=1

—22(1-1) (312~ 4l+3)C{) 1 (7,7) — 21+ 1) (14+2) (1 + 1P~ 112411 -8)Cy (7,7)]
(A7)
with F](\;l)( 7) and C](VO)(T, 7) given in (A.4) and (A.6), respectively.
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