10
11
12
13
14

15

16
17
18
19
20
21
22
23

24
25
26
27
28
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Abstract

A reduced-order semi-analytic model of multiple zonal jets in the Southern Ocean is proposed
based on the statistical approach and scale decomposition. By introducing two dominant scales in
the vorticity equation, the model describes the large-scale and mesoscale dynamics using the
explicit momentum dissipation in the horizontal and vertical directions. For validation and physical
insights, the results of the reduced-order model are compared with solutions of two eddy-resolving
ocean models: i) a realistic primitive-equation HYCOM (HYbrid Coordinate Ocean Model)
simulation of the Southern Ocean and ii) an idealized quasi-geostrophic model of a shear-driven

channel flow.
1. Introduction

Multiple zonal jets, oriented in the east-west direction while alternating in the latitudinal direction,
are observed in different regions of the global oceans as reported from velocity observations and
satellite altimetry data [1-4]. The emergence of zonal jets is similarly confirmed by numerical
ocean models run in eddy-resolving regimes [5-9]. A similar persistent pattern of zonal jets is also
observed in atmospheres of giant planets such as Jupiter and Saturn [10, 11]. In addition to visual
resemblance, the analysis on energy spectra in these cases indicates the same underlying dynamics
[12]. Development of physically insightful mathematical models of the structure and dynamics of

zonal jets remains one of the active research directions in planetary sciences.

Among other techniques, linear stability and nonlinear perturbation methods are popular tools to
analyze the dynamics of zonal jets in the literature. For example, Kaspi and Flierl (2007)
considered baroclinic instability and nonlinear interactions between eddies as the formation
mechanism of jets in the atmosphere of gaseous planets using a nonlinear analytical model [13].
Farrel and loannou (2008) used the stochastic structural stability theory to study the interaction of

1



29
30
31
32
33
34
35
36

37
38
39
40
41
42
43
44
45
46
47
48
49
50

51
52
53
54
55

56
57
58

jets with turbulence for a two-layer baroclinic model and explain the physical mechanism behind
the formation and maintenance of baroclinic jets [14]. Along a similar line of thought, Berloff et
al. (2009) considered a two-stage development process of the formation of zonal jets [15]. First,
the energy of the background flow is released to long meridional and short zonal length scales via
a linear mechanism. Then a secondary instability occurs, which sets the meridional scale of the
zonal jets [15]. Furthermore, Connaughton et al. (2010) studied modulational instability of
geophysical Rossby and plasma drift waves as a formation mechanism of zonal jets both
theoretically and numerically using Charney—Hasegawa—Mima model [16].

At the other end of the spectrum, there are statistical models of zonal jets such as those considering
the inverse energy cascade in beta plane turbulence. The focus of these models tends to be in the
zonal jet structure and their maintenance mechanism at an advanced stage once the jets reach the
state of statistical stationarity. The key concept here pioneered by Rhines (1994) [17] is the so-
called halting length scale, which emerges from the analysis of the wavenumber spectrum for
turbulence energy. This scale divides the beta plane turbulence into isotropic small scales and
highly anisotropic large scales that form the zonal jets. The Rhines scale depends on r.m.s. velocity
and the gradient of the Coriolis parameter. In a further study [18], the Rhines scale together with
a second length-scale, which describes the forcing strength with respect to the background
potential vorticity gradient, were reported to determine the structure of zonal jets. In the work by
Danilov and Gurarie [19], Rhines’ theory was further extended to account for bottom friction
effects. In addition, Nadiga (2006) related the development of zonal jets to a detention of the
turbulent inverse-cascade of energy by free Rossby waves, which are subsequently redirected into

zonal modes [20].

A different approach was considered by Huang and Robinson (1998) [21] who showed that the
persistent jets are mainly maintained by the shear-straining between small-scale eddies and large-
scale zonal jets. This work demonstrated an evident scale separation between the small eddy scale
and the large jet scale. It was also shown that despite a similarity between the Rhines scale and the

jet scale, they are not obviously linked statistically [21].

The current work exploits the separation between the long scale of the background flow and the
short jet scale to develop a close-form semi-analytical model, which is amenable to fast turn-

around solution ideally suitable for parametric studies. The goal of the model is to explicitly
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capture interaction between spatial scales in a realistic flow regime with strong vertical shear and
mixing and non-negligible vertical velocities. The balance at each scale is preserved due to
viscosity, thereby explicitly illustrating the importance of momentum dissipation. The balance
serves as an equilibration mechanism for turbulence generated by large-scale forcing, which
maintains zonal jets in a statistically stationary regime. Section 2 shows how the assumed scale
separation allows to reduce the governing equations into two separate sets of equations, one for
the large-scale background flow and the other for the small-scale zonal jets, each of which is solved
semi-analytically. It is shown that the wind-stress forcing and the bottom friction dissipation
mainly govern the large-scale vorticity dynamics, which can be solved separately from the zonal
jets equation. The parameters of the semi-analytical statistical model are derived from the time-
and zonally- averaged dynamics of the Southern Ocean as simulated by general circulation
HYCOM model. In Section 3, the developed model is first validated in comparison with the
HYCOM solution. To examine how robustly the semi-analytical model captures the fundamental
underlying physics, the same calibration process is then further applied to the quasi-geostrophic

solution of the zonal channel.
2. Methodology
2.1 Primitive equation model

The governing equations for ocean dynamics in z-level coordinates can be described by the

conservation laws for momentum, temperature, salinity and mass, as well as the equation of state:

@+(V.V)V+2m><V=g—V—P+E,

ot p P

%+v.(TV)=v.(WT)+FT,

oS s

E+V.(SV)=V.(/{VS)+F , (1)
V.v=0,

pzp(T,S,P),

where V is the velocity vector, @ =(0,0,Q) is the Earth’s angular velocity, P is pressure, g is the

gravitational acceleration and t is a stress tensor (which includes viscosity). T and S are
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temperature and salinity with FT and F° being the corresponding source terms in their

conservation equations, « is diffusivity tensor and p is the density.

In this study, we use solutions from a general ocean circulation HYCOM (HYbrid Coordinate
Ocean Model). The model simulation results were downloaded from the HYCOM data portal
(hycom.org), where they had been interpolated to z-level coordinates. The hybrid coordinates in
the original simulation are isopycnal in the open, stratified ocean and smoothly transition to terrain-
following sigma-coordinates in shallow coastal regions and to z-level coordinates in the mixed
layer and unstratified seas [22]. The advection of heat and salt was computed using the improved
advection scheme MPDATA [23, 24]. Following Brydon et al. [25], an approximation of the
UNESCO equation of state was used. The Mellor-Yamada Level 2.5 turbulence closure algorithm
was utilized to account for mixing from surface to bottom [26, 27]. The horizontal grid resolution

was 1/12 degree in the longitude and latitude, and there were 41 vertical layers used.

Of particular interest in this work is the HYCOM solution in a sector of the Southern Ocean

between latitudes of 37° S to 60° S (6, =2.2162 and 6, =2.6182 radians in spherical coordinates

(r.0,¢) used in the reduced-order model) and in the longitudes, approximately between Montagu

Island to Tasmania (20° W to 140° E i.e. ¢ =-0.3491 and ¢, = 2.4435 radians). This sector is

carefully selected to avoid the continental boundaries, the effect of which would be difficult to

include in low fidelity models.

Typical velocity solutions of HYCOM extracted over one-year period (January- December 2014)
using five-day snapshots are shown in Fig.1. According to our analysis of HYCOM solution in a
5-year period (January 2013-Decemvber 2018), main spatial characteristics of zonal jets, which
are the focus of this study, do not change with longer averaging period. It can be noted that the
HYCOM-simulated currents in the selected region of interest are nearly zonal and can be

approximated by a zonally-re-entrant flow in a channel, which is discussed next.
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Fig. 1 Top panel: instantaneous distribution of the top-layer zonal velocity (ms™) in HYCOM,
where the Southern Ocean region under study is shown in a box. Bottom panel: a schematic of the

solution domain and the spherical coordinate system.

2.2 Quasi-geostrophic model

A quasi-geostrophic model was configured for a flow in a mid-latitude zonally re-entrant channel,
with solid southern and northern walls and periodic conditions at west and east. The size of the
computational domain corresponded to 3000kmx12000km in latitudinal and longitudinal
directions, respectively. The governing equations were the conservation of potential vorticity (PV)
in the Cartesian coordinates for each of the three isopycnal layers considered. Dissipation was

modeled by lateral viscosity and bottom friction in accordance with:
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0,0+ (wi G ) =vA*Y; =Gy Ay, =123, (2)

where y=46x10°m’%™ and v=10m’™ are bottom friction and lateral viscosity coefficients,
respectively. §; is the Kronecker symbol, w; is quasi-geostrophic stream function, g; is the quasi-
geostrophic potential vorticity, and J(f,g)=f,g, - f,g,. The three horizontal isopycnal layers

were dynamically coupled through interface displacements. The flow was decomposed into the

large-scale uniform background flow U, and perturbations [7, 8, 9], so that

G =Vy,+ By —(1-6,)Su[wi —wia + (Ui —Ui 1)y |- (1-35) S [ wi — w1 + (U, —Uy, ) y |1 =1,23,
©)
where p=1.3x10"m™s" is the Coriolis parameter gradient and the stratification parameters S;;
and S;, were selected so that the first and second Rossby deformation radii would be Rd, =20km
and Rd, =12km, respectively. The depths of the layers were H, =300, H, =1100 and H; =2600 m

numbered from the top and background velocities were U, =6,U, =3, U, =0 cms™, respectively.

On the zonal walls, no-slip boundary conditions were applied. The equations were numerically
solved using the high-resolution CABARET scheme on a uniform Cartesian grid of 512x2048
cells [28, 29].

- The results were obtained for a 10-year simulation after 4000 days of spinout time and stored every

10 days for the subsequent analysis. For illustration, the computed instantaneous vorticity

distribution in the top layer is shown in Fig. 2.

%10

Fig. 2 Quasi-geostrophic model of the shear-driven zonal channel: instantaneous distribution of
potential vorticity (s) in the top layer.
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2.3 Reduced-order model
2.3.1 Governing equations and assumptions

In this section, the reduced order model is derived from primitive equations, by first averaging
the vorticity equation in time and in the zonal direction. The derivation process is then completed
by formulating a closure model for the eddy viscosity and replacing the top and bottom boundary

conditions with the equivalent body forces.

Following Pedlosky [30], let us take the curl of the momentum equation in Eq. (1). This leads
to elimination of pressure gradients and conservative body forces and results in the equation for

the relative vorticity vector, ¢,

%+(V.V)C+2(V.V)m=Vx[%j+(C.V)V+2(m.V)V. 4

Here, spherical coordinates, (r,6,¢) are used where r is the radial distance from the Earth’s center,
and @ and ¢ are respectively co-latitudinal (north to south) and azimuthal (west to east) angles

as shown in Fig. 1. The velocity vector components in spherical coordinates are v = (vr ,vg,v¢)

The continuity equation is given by

ia(rzvr)Jr 1 8(sin¢9v9)+ 1 0y
r2 or  rsind 90 rsing og

(®)

The radial component of Eq. 4 describes the evolution of the vertical vorticity component,

1 (o _v,).
C_rsine(ae(smevq’) a¢j'

2201 g0, 90 2y, a0 (0000t B a0 ] ()
ax o7y 9" 2sing 00 or '

or el rzsinZGW r3or

where the nonlinear term is
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v, vy 0 o,
Vo.Vy) = : {%% +Vg 6V‘9+ L o N, Yo 0N oo N

r2sing| 0p 00 C 060y sinG dg op sind oy’ 20 06

()
0%V, vy Ny vy oy, A%y v,
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In Eq. 6, a," and a, are horizontal and vertical viscosity coefficients which represent the effect of

small-scale mixing processes, not explicitly resolved by the model.

Next, Eq. 6 is integrated in time and in the zonal direction:

cosé 5( ) conv ahL 0 o¢ ahL 62; a3y o 20 og : _
J‘J‘{ |:S H\/@ T]+| (VH,V¢) mag(smﬁg)+m$+r—3§|} g(rg):‘fg I’Slntgd¢dt—0 (8)

We then decompose the vorticity and all velocity components into the time- and zonal-mean and

fluctuation parts denoted by the overbar and primes, respectively:
§(r0.g.0)=2(r0)+¢ (r.0.6:8)Vp(r.0.8.) =Vp(r.0) + vy (r.0.4.8). 4 (1. 0.6:1) =y (1.0) +, (r.0,4.1). 9)
By definition, the mean fields satisfy
&y v,
a a a (10)

oL _ %y vy _
op o 0

and the zonally averaged vorticity is expressed in terms of zonal velocity only

- 1 (0
gzrsme(ae(mnev)] D

The difference between the time- and zonally averaged nonlinear term

|conv(vgyv ):

1 [ovpovy 0y 1 OV vy, 1 azvg oy, OV
- —F—=+V +— —Vy— —sinf—>—=
Zsing| 04 00 060 sing o op  sind o2 20 06

(12)

Ny
o |

G — vy vy vy 0N
—sinHvlg#—cosHv¢%+sin€v¢v6—20050v9—¢——¢—¢—v —_

f) Zcot0v¢
00 00 0¢ 0oy
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and the nonlinear term calculated from time- and zonally averaged velocities 1°™(v,.v,| represents

a contribution of the fluctuations (“eddies”) to the mean vorticity balance and is approximated

using the turbulence eddy viscosity

1 1 0. GZ conv conv (o o
—{sind—=||=1 Ny =1 Vs,
% {I’Zsinﬁ ag[sm agﬂ (V9 V¢) (V9 V¢) (13)

where a," is the turbulent eddy viscosity coefficient, which characterizes the effects of fluctuations

(“eddies”) on the large-scale flow as observed in high-Reynolds eddy-resolving simulations [9].
This coefficient is approximated using the classical Smagorinsky model [31],

a7 =(C.AY[5]=(C.A 255, (14

In the above, C, is the standard dimensionless calibration parameter of the Smagorinsky model,

S,

, is the rate of deformation tensor, which is an explicit function of velocity gradients, and S;; is

its time- and zonally-averaged value. The dynamic length scale A is used as the cut-off scale of
the Smagorinsky model, which corresponds to the smallest scale explicitly resolved. The cut-off

scale has been specifically adjusted for the considered ocean model. For example, if the velocity

spectrum is dominated by a single meridional wavenumber K, i.e. v, ~ A e*R?%)  the largest

dominant length scale is equal to the corresponding wavelength 2, , which sets up the cut-off scale

equal to 4,/2 [32],

(15)

where R=6371km is the Earth’s mean radius. Additionally, because the meridional geostrophic

velocity is zero when averaged zonally above the topography and is generally much smaller than
the zonal velocity in a channel configuration (Fig. 3), the former can be subsequently neglected.

Given this and Eqgs. 10, the nonlinear convection term |°°”V(v_9,\7¢) is approximately zero. Hence,

using the eddy viscosity model of Eq. 14, the mean vorticity equation (Eg. 8) reduces to
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co:‘ﬁ (rv) L3 +a i(siw%}ﬂi{rzg(r;)}:Q (16)

2Q]| .
—|sinfvy +
r or r2sing 00 06 3 or

or in an expanded form,

2 2
+i(a_€+cot€a_§]+a‘v£a_§+ﬂa_§+2_§J:0’ (17)

2| 00 o0 a2 ror 2

r

a(r?v
Z—Q{sinﬁvg +_cos€_( r)
r r or

where bars are dropped for simplicity in presentation and a, =a," +a," .
Since the ocean depth is much smaller than the average radius of the Earth (%«1), Eq. (17) is

simplified by neglecting the terms é% and %

r

a(rzv ) 2 2
2Q| . cosé r ay| 0°¢ o¢ 0
—sinbvy + — — |+ —-| — +cotd—= |+a,—=0.
r T o rz[agz 69] N o2 (18)
0.03 . ‘ : ;
___'Vd> (m/s)
0.025 n O / v, (m/s)| ]
n | \\./I \, \._\\ 0
0.02 - ,"‘ ,’ \ ]
1o ‘\ ,
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Fig. 3. Time, layer and zonally averaged profiles of the zonal and meridional velocity components

in the HYCOM solution.
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By filtering out zonal and temporal fluctuations, Eq. 18 describes the spatial structure of zonal-
and time-mean relative vorticity subject to wind forcing and bottom friction. The Cartesian
equivalent of Eq. 18 on a beta plane is derived in Appendix A highlighting the key differences of
our model with the classical quasi-geostrophic equations.

The above equation needs to be simplified further to make it amenable to fast-turn-around-time
and physically insightful semi-analytical solution methods. As the first step, the top and bottom
boundary conditions are incorporated thereby simplifying the original boundary value problem.
The velocity strain term is approximated by the wind stress assuming that in the top oceanic surface
the momentum stress is determined by the zonal wind stress z, :

ov,
ava_fh:R:Tqﬁ' (19)

which corresponds to the surface sink/source of vorticity as follows:

a\,a—gh_R—l{L(i(sin or )H (20)

or r|sing\ o060

In the above equation a, is taken to be 5x10~* m% following the vertical diffusivity nominal value

in HYCOM description [22] and 7, =-z, coszﬂ;‘%lwith 7, =1x10"* m*s2 derived from the
=

NAVGEM (Navy Global Environmental Model) 0.5-degree simulations. Fig. 4 confirms that the
balance is well preserved for the HYCOM solution for the period January- December 2014.

Notably, the transfer of momentum from the wind acting on the surface to the ocean depth is
governed by Ekman boundary layer. However, following [33] and similar low-resolution ocean
models, the surface forcing is represented here by a body force Q” distributed over a depth of H,,

in the upper ocean
O] I S e
Q' = H Lin@(ae(sm%ﬁ)ﬂ' y <r <R, (21)

where the top vertical profile function f(r)=H(r,)-H(R) is equal to unity in the interval r,<r<R,

with r,=R-H,, and H,=75m, and H denotes the Heaviside step function.

11
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Fig. 4 Latitude profiles of the wind stress curl (NAVGEM 0.5 degree) and the vertical gradient of

vorticity in the top layer from the HYCOM solution (units are in Nm).

Similarly, the effect of the bottom friction boundary condition is approximated by a distributed
bottom friction body force with a coefficient » non-zero in a certain depth range (., <r <%, ).

With incorporating the boundary conditions as the source terms, Eq. 18 becomes

20

a(r?v, 2 2
sinév, +gu}ri(%+cow%]+a\,%—d—yg(r)g“:O. (22)

or r2| 062 0 or?

Here the bottom vertical profile function g(r)=H(ry,)-H(,) is non-zero in the interval r, <r <,

(Fin =R—Hpax» T =R—Hp, Hpma =5000, Hy =2500m ) and H is the Heaviside function.
2.3.2 Scale separation

The HYCOM solution is further analyzed next, with the goal to extract most significant features
which will be amenable to reduced-order modelling. The scaling of parameters is derived directly
from the HYCOM simulation.

12
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First, as illustrated in Fig. 5, the time-, vertically (layer-), and zonally averaged zonal velocity

component of the HYCOM solution reveals a structure with two leading meridional wavenumbers.

By defining a normalized meridional wave number, k, =ﬁ=%=w, where R is the
min 6 6

Earth’s mean radius, 4, is the corresponding wavelength in the meridional direction, K, =;n—”,

ax

and 2., =R(6,-4), the two leading wavenumbers of the velocity distribution correspond to a large

scale component, ky=1 and a small-scale component, k,=10. It can be remarked that the

emergence of such a distinct structure with low leading wavenumbers is due the fact the Fourier
transform is performed after averaging the flow in the time and zonal direction. Instantaneous
snapshots of the wavenumber spectrum do not show the same leading wavenumbers. Since the
instantaneous flow field is noisier than the time-averaged one, a longer time averaging of the
instantaneous wavenumber spectra would be required to obtain the same spectrum as by first

applying the time averaging and then the spatial Fourier transform operation.

%107

large scale

| (m/s)
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o ¢avg
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Fig. 5 Distributions of the zonal velocity from the HYCOM solution: (a) the time and vertically
(layer-) averaged zonal velocity (ms™) within the solution domain, (b) the time-, zonally and layer-
averaged zonal velocity profile, and (c) the meridional wavenumber spectrum of the time-, zonally
and layer-averaged zonal velocity anomaly. The time and vertical averaging corresponds to a one-
year period, using 5-day snapshots, and 41 ocean layers.

A further detailed analysis of the vorticity and its meridional gradient shows the same two length
scales in the meridional wavenumber spectra. The amplitude of the vorticity spectra of the small-

and the large-scale peaks are of the same order of magnitude (Fig. 6, top panel). However, the peak
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in the vorticity gradient spectra corresponding to the small scale is an order of magnitude larger
than that of the large scale (Fig. 6, bottom panel). This is expected since small-scale vorticity varies

more rapidly with respect to the meridional coordinate and, hence, has a larger derivative (k, =10

VS k,=1 in small-scale and large-scale components, respectively). Denoting the small-scale

vorticity component by ¢ and the large-scale component by ¢, Fig. 6 results can be

summarized as

C:(I) 0 é’('—)’

ag('—) . E@é’(')
o0 00 '

(23)

where ¢ is 10 and reflects the ratio of wavenumbers (k,) in the two vorticity components.
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Fig. 6 Two meridional scales emerging from vorticity in the HYCOM simulations. Top: time, layer
and zonally averaged vorticity versus meridional coordinate (a) and the wavenumber spectrum of
the same (b). Bottom: time, layer and zonally averaged values of the vorticity meridional gradient

versus meridional coordinate (c) and its wavenumber spectrum (d).

In addition, the vertical layer structure of the HYCOM solution reveals that the peak amplitude

associated with the large-scale vorticity strongly depends on the layer (depth) while the peak

14
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associated with the small-scale is nearly independent of the depth (Fig. 7). This suggests that the
bottom friction is mostly affecting the large-scale component of the vorticity solution in
comparison with its small-scale counterpart. The latter effect is a consequence of the linear bottom
friction used in the HYCOM simulation [22]. As extracted from the numerical HYCOM solution,
the difference between the values of the second-order vertical derivative in the small-scale and

large-scale vorticity components is approximately one order of magnitude

82§(|) ! EaZg(L)
ar? ar?

: (24)

where »is 1072,

1l (s

0 5 K10 15 20
0

Fig. 7 Dependence of the time and zonally-averaged vorticity spectrum on the model layer.

Inspired by HYCOM simulations shown in Figs 5-7, we decompose the vorticity solution into a

small-scale and a large-scale component

U C) (25)

and substitute Eq. (25) in Eq. (22). Eq. (22) is then rendered dimensionless as follows

2 . o(rav” 2 1 (220 M) 52,0 (L)
20HV, i*sinevg + 20HV, co*sze ( *r )+a—hH—2% 0 4*2 +|—cotea§ - +—a 4*2 +|—cot¢96§ =
ayRZ r aZ r 1674 ay 1°r 00 R 060 00 R 00 (26)
2 *(I) 2 *(L) T H f* r* * *[ * *
(0, EE0) M N 1 0 ] P oy g
o o aZl " |sindoag a,
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using the variable z=r—r;,=r—(R—Hp) (éu 1) for depth and by introducing the following
dimensionless variables

r= Rr*, dz = Hdz*,
9=M9", rdo = R(gz_el)r*de*zlr*da*,
0 0
é/(') :Zé’*(l), §(L) =Z§*(L), (27)
_m *x[ * _i *x[ x
f(r)= v f (r ) g(r)= v g (r )

*

* *
Vg =VgVy , V, =V, V, T4 =Thmax T »

where, z, v,, v, are maximum values of vorticity, meridional velocity and radial (vertical)
velocity, respectively, H is a length scale in the vertical direction and | is the meridional length
scale of the zonal jets (k,=10). Here, we assume a, =5x10°m%s™a,"=118 m’s™, y=10"s" as

provided by the HYCOM description [22]. The magnitudes of meridional velocity v, and vorticity

v . . . . :
zZu T¢ (Eg. 11) are derived from the HYCOM solution. The magnitude of zonal velocity v, is also

top surface

linked to wind forcing amplitude in NAVGEM solution byr¢maxmavv¢H— (Eq. 19) where

w

V,4H or, . . : : .
v top surface | lj; and we have 24 ¢ ki In addition, the vertical velocity magnitude is related to the

w 6

Vo

meridional velocity magnitude through Yrp_ Yo
y mag g H " R(6,-a)

according to the continuity equation in a
periodic channel configuration (Eq. 5). It should be that v, 1 ev,as previously shown in Fig. 3.

Using the above definitions, the order of magnitude analysis of the coefficients in the governing
vorticity equation (26) based on the maximum velocity, vorticity, and dissipation values delineates

two groups of terms

Miz@zo(mo),

Zl k
ay 4 ay (28)
ay H2 20HV, 20HY, ~0(10_1)

a, 12 a,Z a,RZ
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The first group includes the dissipative term involving the second-order vorticity derivative in the
vertical direction, the wind stress, and the bottom friction. The second group includes the Coriolis

and meridional derivative terms.

By combining all the above arguments and following the multiscale approach of [34, 35], the
governing vorticity equation (22) is decomposed into two parts, the large-scale and the small-scale

vorticity equations:

T *
Prnax ii{ii(sm@z& ):|| My <r< R,

azg*(L) a, Zly [sind 60
roRb 0 My <T <y, (29)
yHHy (L)
—g Fnin < T < Ty,
ay
2 . o(r?v,” 2 2,4() MY g2 M
20HV, i*siné?vg +ZQHVr 00529 ( *r )+ahH2 % 0 é’*z +|—cot964 - +8 4'*2 =0. (30)
a,RZ r aZ r oz al”r 00 R oz

Reverting the large-scale and small-scale equations back to their dimensional forms, the following

equations can be obtained

1 1 0.
——| ———(sin@ , r,<r<R, (a
020 fHWLiW 69( T"’)} v ®
a, 64;2 -0, h<r<fy () (31)
7§(L), Mmin <T <Tp, (C)
2 singy, + 59 6(r2vr) + 2 G +cot96§(l) + o’ =0 (32)
A A Y o0 |V a7

Equation (31) states that the vertical dissipation of the relative vorticity is balanced by the vorticity

input from surface winds and bottom friction. The equation is solved by integration in the vertical
direction. For integration, a factorization ¢ (r,0)=R_(r)e,(¢) is applied where the meridional
function® (#) is assumed to be the same as in the wind stress curl and is, thus, derived from the

NAVGEM solution (see Eqgs. 20-21 and Fig. 4). This substitution reduces the governing problem
to an ordinary differential equation in the vertical direction, which can be integrated numerically
using the boundary conditions in accordance with the NAVGEM model.
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The small-scale vorticity equation (32) involves advection of planetary vorticity, vertical
stretching and small-scale vorticity dissipation. From a technical point of view, the solution of (32)
is more complicated than the solution of the large-scale balance. It requires solving the non-
homogeneous partial differential equation

2.(1) 0 2-()
| 0°¢ o¢ o¢
— +coté + =F, 33
rz[ 06 00 | N o (33)

representing a traditional linear vorticity balance where the term
F=R+F, (33a)
includes the advection of planetary vorticity (beta-term), f, :_m+% and the vertical stretching

2Qc0s6 a(rz"r) _

term, F,=-
2 r2 or

It should be noted that the latter source term includes important non quasi-geostrophic effects,
which result in additional fine-scale mixing. The effects of mixing will be balanced by viscous

dissipation, as will be discussed in the numerical results section.

To eliminate the radial velocity component from the equation, the latter term can be rewritten in

2Qcotd o(sindvy)
r

terms of the meridional velocity v, , F, = , using the continuity equation (5) in a

zonally averaged periodic channel.
First, to find a solution to the homogenous part of Eq. 33, we use separation of variables

¢O(r,0)=R (r)®,(6) to obtain

a—g(R|®|" +C0t9R|®|')+aVR|"®| =0. (34)
r

After a rearrangement, (34) reduces to

ay ®|” + C0t9®|’ R|” 1
Ao K2 (35)
a,r | | A

The resulting solution components R (r) and ©,(¢) satisfy the ordinary differential equations as
follows:
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ah " ' av
—|®, +cotd®, |+—=0, =0, 36
r2( ' ') 220! (36)

.1
R =R =0 (37)

where the constant parameter A is computed by fitting the exponential function to the vertical
distribution obtained from the small-scale vorticity component in the HYCOM simulations,

R =R, (38)

By substituting (38) into the small-scale equation (33) the latter is rearranged to an ordinary

differential form,

a, 020 o™ a,
r—g[ U +?§()=F. (39)

Since a;, is anon-linear function of the zonal velocity gradient, using Eq. 11, the vorticity equation

(39) is rearranged in terms of the single dependent variable v¢(') for solution,

a,

+2coté —(2+cot?9) 22—+
: (2+c0%0)

063 062 20 sin%g *

ﬂ{a%(') 62v¢(') 6\/¢(|) cosd | (1)

()
Ny +v¢(|) coteJ =F. (40)

r 00

Once the term F is known from HYCOM data, the resulting ordinary differential equation (40) is

solved numerically as an initial-value problem using the 5" order Runge-Kutta scheme.

In the solution process, the northern boundary condition corresponds to an inflection point where

o2y, . -7 .
%M:@:v(ﬁ(')b:gl:o and the first-order derivative ;9 lpq, is evaluated from the small-scale

vorticity component of the HYCOM solution.

Notably, equation (40) permits harmonic-type solutions similar to the meridionally distributed
alternating jets shown in Fig. 5b. Such alternating zonal jets were observed in shear driven channel

flows in the previous literature [7, 8, 9].
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The solutions to equations 31 and 40 are obtained by multiplying corresponding r and ¢ functions
following separation of variables (¢ (r,0)=R_(r)e () and ¢ (r,6)=R (r)©,(6)) and finally need to

be superposed to obtain the total vorticity (Eq. 25).

To summarize, guided by the scale separation observed in the spectral analysis of HYCOM
solution and using scale analysis, we derived equations 31 and 40 from the vorticity equation (Eq
18) for large- and small-scale vorticity components. To complete the two-scale model, coupling
of the large- and the small-scale components is achieved through the nonlinear eddy viscosity

closure for a,", which involves the total velocity (Eq. 14, S; =S, +5,¥” and §,” 11 §,"). Hence,

the small-scale zonal jets described by (40) are coupled to the background large-scale flow through

eddy viscosity.

3. Numerical Results

3.1.Comparison with HYCOM simulations

First, the semi-analytical solution for the large-scale vorticity component (31) is compared with
the distribution of the first peak in the vorticity wavenumber spectrum as a function of depth
extracted from HYCOM simulations. Fig. 8 shows in all three depth regions the reduced-order

model is in good agreement with the HYCOM data.

107
16 7 0 T T T T T T T T T
: large-scale vorticity HYCOM
1.4 : — - —large-scale vorticity reduced-order model
1.2 0 i b
1 2 :3 region 1: wind forcing
- 1 region 2: no forcing 4

region 3: bottom friction

~
il L

0 1 1 1 1 1 .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
depth (m)

Fig. 8 The large-scale vorticity as a function of depth in the reduced-order model and
HYCOM simulations.
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. i o(siné
Next, Eq.40 is solved where the source terms, Fl:-m and FZ:ZQ?M ('69"6’)

are

computed from the time and zonally averaged meridional velocity v, of the HYCOM solution

Fig. 3). Notably, the direct computation of 22 in the F,term involves numerical differentiation
g y p 20 2

of asmall-amplitude quantity (|v,|U |v| ), which is a noisy operation due to the fine scales involved.

The noise occurs due to the insufficient vertical resolution of the HYCOM solution, which was
interpolated into z-level coordinates while varying locally in the zonal and meridional directions
depending on the bottom topography.

To counteract the fine-scale vertical stretching term F, in the framework of the reduced-order
model, the coefficients a, and a, are adjusted so that the viscous balance is explicitly preserved.

Specifically, we represent the source term F by a random noise forcing with the variance extracted
from the meridional velocity distribution in the HY COM data and this reduces Eq.40 to a Langevin
model. The latter model was originally developed to describe the Brownian motion of particles in
viscous liquids, where the balance of deterministic dissipation and random fluctuation due to
particle-particle collisions fully determines how the variance of the particle coordinate evolves in
time [36]. In the present case, the meridional ocean coordinate is used as the homogeneous
evolution variable of the Langevin equation instead of time and the small-scale vorticity is used
instead of the particle coordinate. Then the values of dissipation coefficients a, and a,, which are
required to preserve the desired meridional variance of vorticity in accordance with the HYCOM
data, are evaluated following the Langevin theory (see details in the Appendix). After this, the

computed dissipation coefficients a, and a, are substituted in Eq (40), which is integrated

numerically with the Runge-Kutta method as outlined in Section 2.3.2.

Figs. 9 and 10 compare results of the two-scale model (31) and (40), using the turbulence eddy
viscosity coefficient C, =0.2, with the HYCOM solution. Fig.9a shows the time-, vertically- and
zonally- averaged zonal velocity profiles and Fig. 9b shows the wavenumber spectra of the velocity
fluctuations for the reduced-order model and the reference HY COM solution. The fluctuations are
calculated with respect to the mean flow (i.e. the meridional average). Figs. 10 show the same

comparisons as Figs. 9 but for the vorticity. Figs 11 and 12 present time- and zonally averaged
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profiles and wavenumber spectra for the zonal velocity and vorticity in the top layer in comparison

with the corresponding solution components of the HYCOM dataset.

It can be noted that the velocity and vorticity profiles predicted by the reduced-order model are in
good agreement with the HYCOM simulations. Furthermore, the first peak, corresponding to the
large-scale solution component, and the 10th peak, corresponding to the small-scale solution
component (wavelength of 256 km), in the velocity and vorticity spectra of the reduced-order

model are in excellent agreement with reference HYCOM data.

Good agreement for the velocity and vorticity distributions in the top layer between the model

predictions and the HYCOM data also confirms that the dissipation coefficients a, and a, and

boundary conditions in Eq.40 have been defined consistently.

0.03 T T T T 0.01 : :
-——-HYCOM
0.025 reduced-order model | |
0027
£
E o015}
<
>
0.01r
0.005 _
—— \\\ _
0 — Rl adhls A
10 15 20
k9
(@) (b)

Fig. 9 Comparison of the reduced-order model solutions with the HYCOM data for the time-,
vertically- and zonally averaged zonal velocity (a) and the corresponding wavenumber spectrum

(b).
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Fig. 10 Comparison of the reduced-order model solutions with the HYCOM data for the time-,

vertically- and zonally averaged vorticity profile (a) and the corresponding wavenumber spectrum

(b).
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Fig. 11 Comparison of the reduced-order model solutions with the HYCOM data for the time- and

zonally averaged zonal velocity (a) and the corresponding wavenumber spectrum (b) in the top
layer.
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Fig. 12 Comparison of the reduced-order model solutions with the HYCOM data for the time- and

zonally averaged vorticity (a) and the corresponding wavenumber spectrum (b) in the top layer.

3.2. Comparison with the quasi-geostrophic model of the zonal channel

To test the robustness of the suggested reduced-order model as well as obtain further insights into
the importance of non quasi-geostrophic effects such as those included in the large vertical
stretching term extracted from the HYCOM simulation, the same model is also applied to
reconstruct the solution of an idealized quasi-geostrophic model. In contrast to the HYCOM
model, the quasi-geostrophic model considers an idealized flow domain corresponding to a shear-
driven zonal re-entrant channel. As outlined in Section 2.2, the quasi-geostrophic model includes
three vertical layers and a flat bottom topography and is designed to represent main features of the
flow in the HYCOM simulations.

Specifically, large-scale forcing in the quasi-geostrophic model was imposed by a background
shear rather than wind stress. This background flow corresponds to the large-scale zonal velocity
in the reduced order-model, v¢(L) = constant , and hence Eq. 31 is not required in this case. In addition,

the quasi-geostrophic model simulates zonal jets (Fig. 2) that are similar to their counterparts in

the more complex HYCOM model. With a suitable recalibration of parameters, the small-scale
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equation in the reduced order model (Eq. 40) can describe the zonal jet structure in the quasi-

geostrophic model as well as HY COM.

To solve Eq. 40, a, " is directly replaced by the lateral viscosity parameter v=10 m’s™ in Eq. 2 and
the turbulence eddy viscosity coefficient is adjusted to C, =0.75. Similar to the HYCOM case, the

eddy viscosity term couples the small-scale equation to the background constant flow. The

advection of planetary vorticity F, and the vertical stretching term F, are computed from the time
and zonally averaged meridional velocity v, and its meridional gradient as well as the constant
£ =1.3x10""m7s™ in the quasi-geostrophic model. Consistent with the flat bottom topography in

the quasi-geostrophic model, the zonal mean meridional velocity and the F, term are almost zero.

RoV,H

The magnitude of the vertical velocity is also less than (where Ro is the Rossby number)

and hence the zonal-mean vertical stretching term F, is much smaller than in the HYCOM solution.

As a result, no fine-scale Langevin adjustment of the effective viscosity parameters is applied to

the viscous balance of the quasi-geostrophic effects.

Similar to the procedure used for the analysis of the HY COM simulations, the vertical distribution
parameter A is computed by matching the solution of the quasi-geostrophic model as shown in

Fig. 13 from which the effective length scale 4=400m is obtained. In the quasi-geostrophic

model, the dependence of zonal jets on parameters such as bottom friction and background velocity
[9] is agglomerated in the parameter 4. Furthermore, since the vertical dissipation term does not

enter the quasi-geostrophic governing equation, the corresponding coefficient is assumed to have
the same value as in HYCOM, a, =5x10"° m’s™. Notably, the same value of the coefficient was

also reported in other primitive equation models [33].

After the recalibration of the parameters of the semi-analytical model (Eq. 40) for the quasi-
geostrophic zonal channel case, it is solved numerically using Runge-Kutta method as for the
HYCOM model previously. Results of the semi-analytical model for the quasi-geostrophic zonal
channel are shown in Figs. 14 and 15. It can be noted that the solution of the reduced-order model
captures the meridional structure of zonal jets of the quasi-geostrophic model very well. In
particular, the reduced-order model accurately predicts the dominant peaks of the velocity and

vorticity spectra.
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503  Fig. 14. Comparison of the reduced-order model solutions with the quasi-geostrophic model for
504 the time, layer and zonally-averaged zonal velocity profile (a) and the corresponding wavenumber

505  spectrum (b).
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Fig. 15. Comparison of the reduced-order model solutions with the quasi-geostrophic model for
the time, layer and zonally-averaged vorticity profile (a) and the corresponding wavenumber

spectrum (b).

4. Conclusion

Time- and zonally averaged properties of multiple zonal jets in the Southern Ocean are examined
through developing a semi-analytical model that is based on the two-scale flow decomposition
approach. The development of the model is informed by a high-fidelity HYCOM numerical
simulation of the Southern Ocean region. The results of the semi-analytic model are further
compared with an idealized quasi-geostrophic model configured for the same ocean region. The
semi-analytical quasi-linear model captures the main two features of the flow: the large-scale zonal
current and multiple alternating zonal jets. To implicitly represent nonlinear effects in the HYCOM
model, the suggested two-scale model uses a combination of suitably calibrated Smagorinsky
eddy-viscosity and Langevin dissipation model. The latter is especially important for capturing

non-quasi-geostrophic effects such as those due to the vertical stretching term.

This framework allows preserving important features of the simulated flow such as the spatial
distribution of zonal jets and their wavenumber spectra in a semi-analytical model ideally suitable

for parametric studies. To probe the robustness of the suggested semi-analytical model and obtain
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physical insights on the importance of non-quasi-geostrophic effects, the reduced-order model is
further applied to a quasi-geostrophic model of the same oceanic region. Despite significant
differences between assumptions and numerical approximations used in HYCOM and the quasi-
geostrophic channel model, the current reduced-order model can capture pertinent features of the

zonal jets and elucidate the viscous balance in each case.

In contrast to several existing dynamical models of zonal jets based on idealized linear and
nonlinear dynamics [13-15, 37] the suggested semi-analytical model is derived from full solutions.
It combines correlated large-scale and uncorrelated small-scale forcing to explicitly consider the
viscous balance at each scale, which is required to maintain zonal jets in a statistically stationary
regime. Following this approach, it is shown that, despite complexity of the underlying physics,
zonal jets effectively exhibit a quasi-linear harmonic behavior, where the advection of planetary
vorticity and the vertical stretching term are balanced by horizontal and vertical viscous mixing.
This results in a viscous balance driven by both quasi-geostrophic effects, such as those induced
by the large-scale wind forcing and non quasi geostrophic effects, due to the vertical motions and
dissipation.

In future work, the suggested reduced-order model may be extended to elucidate the importance
of viscous effects at different spatial scales in closed or semi-closed ocean basins, such as the

Pacific Ocean where zonal jets coexist with gyre circulations.
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Appendix A: A Cartesian representation of the reduced-order model in beta plane

Here, we present the reduced-order governing equations in the Cartesian coordinate system (X, y, z)
attached to the local beta-plane encompassing x (west to east) and y (south to north) directions

and perpendicular to the vertical axis z . The z coordinate is related to the radial coordinate in

spherical coordinate system according to z=r-r  =r—(R—H,,). The velocity vector

components are given by v = (u,v, w) satisfying the continuity equation

31



628

629

630

631

632

633

634

635

636

637

638

639

640

641

642
643
644

645

646

647

8u8v8w

X ay o =0 (AL)

. . . o ou . .
The evolution of the vertical vorticity component, ng—a, is given by the z component of

Eq. 4 according to

o 2 W conv L[ 2%, _4
i 3|n9v+2£2c05962+| (uv)+ay {6x2 ¥ ] aV , (A2)

where the nonlinear term is I°°”V(u,v):—u%—v% and a," and a, are the horizontal and vertical

viscosity coefficients. Using the variable change - - %_9 for the latitudinal angle and linearizing

the trigonometric terms around the midlatitude, Eq. A2 can be written as

g w_ of  o¢ azg % %
_—ﬂV+(f +ﬂy) - &—VE"' h [6 > ayz]'i‘avaz—z, (A3)
where ,B— , fo =2Qsinz, and TO_M.

2

Despite similarities with the quasi-geostrophic formulation such as the low Rossby number
assumption, we do not consider any restriction on vertical velocity in Eq. A3 and hence the term

2
ﬁy;—a‘:’is not neglected in the equation. Eg. A3 also has a vertical dissipation term aVZ—g which is
Z

not typically considered in the quasigeostrophic model while it agglomerates nonlinear effects in
the term a," . Eq. 3 allows for smooth derivatives in the vertical direction and is neither barotropic

nor stratified. Notably, our original formulation in spherical coordinates does restrict the
meridional size of the domain in contrast to beta-plane approximation which is one of the key

idealizations in the quasigeostrophic model.

Eqg. A3 is next integrated in time and in the zonal direction X:

o ow_oc o [d¢ |
”‘{E+ﬁv—(fo+ﬂy)g+ug+vg a, [6x2+6y2J avaz }dxdt 0,

(A4)
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and the vorticity and all velocity components are decomposed into the time- and zonal-mean and

fluctuation parts denoted by the overbar and primes, respectively:

C(xyzt)=¢(y2)+ < (.2 v(xyzt)=v(y.2) +V (xy.zt)u(xy.2t) =u(y.2) +u' (xy.21). (AS)
By definition, the mean fields satisfy

at ot at (A6)

of _au_ov_
ox X ox

and the zonally averaged vorticity is expressed in terms of zonal velocity only ¢ = —%” .

The difference between the time- and zonally averaged nonlinear term I°°”V(u,v):—ug—i—v% and

|°°“V(J,\7) is approximated using the turbulence eddy viscosity

ahT[z—gj=|ConV(U,V)—|C0nV(a,\_/), (A?)

where a,7 is the turbulent eddy viscosity coefficient computed using the classical Smagorinsky

model [31] (see Egs. 14 and 15).

Given Egs. A6 and the small value of the zonal-mean meridional velocity in comparison with the

zonal velocity in a periodic channel configuration (Fig. 3), |°°“V(J,\7) is neglected. Hence, the mean

vorticity equation (Eg. A3) reduces to

ow o L
—ﬂv+(f0+ﬂy)§+(ahl_+ahT)V+aV?:0, (A8)

where bars are dropped for simplicity in presentation.

With incorporating surface and bottom boundary conditions as body forces, Eq A8 becomes

ow 82 o2 .
_ﬁv+(f0+ﬂy)5+(ah|-+ahT)ay—§+aV;§—Q -79(z)¢ =0, (A9)
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f(z)or, . . . . . . —
where Q' = — Is the surface wind forcing, -, is the wind stress in zonal direction,

f(z)=H(Hpmex —Hw)-H(Hma) 1S the top vertical profile function in the interval H ., —Hy <z <Hpg (
Hmex =5000,H,,=75m), and H denotes the Heaviside step function. » is the bottom friction
coefficient and g(z)=H(0)-H(H,) is the bottom vertical profile function in the interval 0<z<H, (

Hp, = 2500 m ).

Inspired by the scale separation in the spectral analysis of HYCOM solution and using an order of
magnitude analysis as detailed in section 2.3.2, Eq. A9 can be decomposed into two governing

equations for large-scale (¢(\V) and small-scale (¢®M) vorticity components as below:

: %, Hmax —Hw <Z<Hpay,  (a)
azé,(L) Hy oy
a’\/ 622 = O’ Hb<Z<HmaX_HW' (b) (AlO)
s 0<z<H, (¢

:ﬁv—(f0+ﬂy);—a\g:ﬁ+ F, (Al11)

where a,=a,"+ay" .

Appendix B: A Langevin model of the effective dissipation for the small-scale vorticity
distribution

By assuming that the multiple jet structure in the ¢—direction is quasi-periodic, the second-order

.. S . 2.() . . . .
vorticity derivative is approximated by %z—ng(l). With this approximation, Eq. 33 becomes

3 [ ") a g
—2(—m2§()+cot0W +?§():F, (B1)

r

which can be expressed in terms of =%—9 as

ocM
a—g[—ng(')—tanrg—r}%;(” =F. (B2)

r
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Equation B2 can be re-arranged to the Langevin equation form,

0]
GOy (B3)
or

2

r 2 . . .
where aﬁ[mz—av—)vz]cotwo and =" £ wherein F is given by (33a).
ap a,

According to the Langevin model, the first term, -z corresponds to the energy dissipation and

the second term, f corresponds to the stochastic forcing, which generates energy to be balanced

by the dissipation.

In accordance with HYCOM data, the random forcing has approximately zero mean,(f (r)>:0

and is uncorrelated, i.e. ( f(r)f (r’)) =I'6(7—7') with T being the strength of the Langevin force

term.

Following [36], the solution of Eq. (B3) is
e (e)= ol e [ e (<)o, (B4)
0

where ¢"(0)=¢," corresponds to vorticity at = - ’2’ -g and the variance of ¢®(z) is given by

<§<l)(,)>2 :(goa)z _L]e—zaﬂ L (B5)

2(21 2[11

To ensure that <g<'>(f)>2 is bounded, the condition I =2¢¢,"" must be satisfied. This means that,

in equilibrium, the strength of the fluctuating force is balanced by the dissipation according to

var(F)
) a, ) r2 '
Z(QJ mz—a"—2 cotd
r ah/l

Notably, to obtain the meridional vorticity variance in accordance with the HYCOM dataset, the

(B6)

denominator in (B6) needs to be adjusted accordingly. It follows that the ratio of dissipation

V

parameters, :— can be kept the same as in the HYCOM description [22] while simultaneously
h
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scaling a, and a, to attain the same vorticity variance as the HYCOM data. The scaling of a,

applies to both linear and nonlinear parts a;," and a," .

The dissipation coefficient value a, which is needed to balance the effect of the forcing F=F +F,

in the solution of the small-scale vorticity equation (33) is then given by

_ |

var(F)

K

2
) 4'0(4)
r

(mz_

a,r
ap 2

coté
A

(B7)
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