BPS Operators and Brane Geometries

Jurgis Pasukonis

Thesis submitted in partial fulfilment

of the requirements of the Degree of

DOCTOR OF PHILOSOPHY

Thesis supervisor

Dr. Sanjaye Ramgoolam

Center for Research in String Theory
School of Physics and Astronomy
Queen Mary, University of London

Mile End Road, London, UK

April 2013



Abstract

In this thesis we explore the finite N spectrum of BPS operators in four-dimensional
supersymmetric conformal field theories (CFT), which have dual AdS gravitational de-
scriptions. In the first part we analyze the spectrum of chiral operators in the free limit of
quiver gauge theories. We find explicit counting formulas at finite IV for arbitrary quivers,
construct an orthogonal basis in the free inner product, and derive the chiral ring structure
constants. In order to deal with arbitrarily complicated quivers, we develop convenient
diagrammatic techniques: the results are expressed by associating Young diagrams and
Littlewood-Richardson coefficients to modifications of the original quiver. We develop the
notion of a “quiver character”, which is a generalization of the symmetric group character,
obeying analogous orthogonality properties.

In the second part we analyze how the BPS spectrum changes at weak coupling, fo-
cusing on the NV = 4 supersymmetric Yang-Mills. We find a formal expression for the
complete set of eighth-BPS operators at finite IV, and use it to derive corrections to a
near-BPS operator.

In the third part of this thesis we move on to the strong coupling regime, where
the dual gravitational description applies. The BPS spectrum on the gravity side includes
D3-branes wrapping arbitrary holomorphic surfaces, a generalization of the spherical giant
gravitons. Quantizing this moduli space gives a Hilbert space, which, via duality and non-
renormalization theorems, should map to the space of BPS operators derived in the weak
coupling regime. We apply techniques from fuzzy geometry to study this correspondence

between D3-brane geometries, quantum states, and BPS operators in field theory.
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Chapter 1

Introduction

Arguably the most important development in the high energy theoretical physics in the re-
cent years has been the discovery of AdS/CFT correspondence [11, 2, 3]. It is a conjectured
equivalence between two seemingly very different physical theories: one is a supersymmet-
ric conformal field theory (CFT) in four dimensions, and the other is a string theory on a
five-dimensional Anti de Sitter space (AdS) times a compact 5D manifold. String theory
is a quantum theory of gravity, so the idea is that all the gravitational physics in the
AdS space, from gravitational attraction to black holes, can be equivalently described by
processes in a different theory on the four-dimensional boundary of AdS, which does not
include gravity. This is reminiscent of a hologram, where a three dimensional picture can
be recorded on a two dimension plate. In AdS/CFT it is the five-dimensional physics that
can be captured by a four-dimensional physics on the boundary, thus the duality is also
called “holographic correspondence”.

The importance of the correspondence lies in the fact that it relates two major unsolved
problems in theoretical physics. On one side there is quantum gravity, which is a long-
standing problem in the quest to find a unified description of all fundamental forces in the
universe. String theory has made tremendous progress in developing a consistent model
of quantum gravity, however, it is far from solved, and many mysteries remain. On the
other side we have a CF'T, which is a four-dimensional gauge theory, in some aspects not
too different from the quantum chromodynamics (QCD), a theory that explains strong
force between quarks and gluons. Even though QCD is in principle quite well understood,
it still poses a big theoretical challenge, because it is “strongly coupled”, so the usual
perturbative techniques of quantum field theory, such as Feynman diagrams, can not be
applied. A lot of effort has been put into trying to develop a better theoretical framework
for understanding strongly coupled field theories, but it still remains one of the biggest open
problems. AdS/CFT correspondence connects the two, and opens up new possibilities for
understanding both quantum gravity and strongly coupled field theories.

The research on AdS/CFT correspondence could be, very broadly, grouped into three
categories. First, naturally, the duality needs to be tested, so one must find quantities that
can be calculated on both sides and compared. This is challenging, because of the strong-

weak nature of the duality, meaning that the weak coupling limit of CFT accessible to
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perturbative calculations is dual to the strongly coupled or “very quantum” gravity that we
don’t know much about. Conversely, semiclassical limit of gravity that is well understood
is dual to the strongly coupled CF'T, where good calculational techniques are missing.
These issues, however, can be circumvented in various special cases, and numerous checks
have been performed. The second research direction is to use the CFT results, assuming
duality holds, to derive new results about string theory and quantum gravity, such as the
microscopic counting of the black hole entropy. In a sense, AdS/CFT defines quantum
gravity, at least on AdS spaces, in a non-perturbative and fully consistent way by equating
it to the field theory. Finally, one can go the other way, and use the semiclassical gravity to
learn something about the strongly coupled field theories, for example, about the quark-
gluon plasma in QCD. In this work we mainly focus on the second direction, working
in the weak coupling limit of the field theory to derive results which could tell us about

non-perturbative quantum gravity.

In its original formulation [II, 2 B] AdS/CFT relates Type IIB superstring theory on
AdSs x S° to the N = 4 super Yang-Mills theory (SYM) with SU(N) gauge group. Many
other dual pairs have been discovered since, but for the big part of this work we focus on
the original AdSs x S°. The string theory has two adjustable parameters, string length
squared o/ and string coupling gs;. Parameters in SYM are the rank of the gauge group N
and the gauge coupling gyn, which does not run, making the theory conformal. If we use
't Hooft coupling A = g%MN , the conjectured relationship is

R* A

dra? A s = N (1)

where R is the radius of AdS which is fixed, since only the ratio %? is measurable. This
concretely realizes the idea by ‘t Hooft [4], that SU(N) gauge theory at large N admits a
new expansion in 1/N, according to the genus of the double-line Feynman graph, which
looks very much like the genus expansion of string theory, thus suggesting gs ~ 1/N. In
the limit N — oo, gs — 0 only the planar diagrams contribute. The effective coupling
constant for SYM is then A and to match with the supergravity approximation o/ < R?

we have to take the very strong coupling limit A > 1. One can also rewrite (1.1]) as

R R

ls ~ /4’ Ip ~ N1/4

(1.2)
where Iy ~ Vo is the string length, and Ip ~ (gsa’?)'/* is the Planck length. This clearly
shows that A controls the “stringiness” and NN controls the “quantumness” of the bulk
theory.

Given the strong-weak nature of the duality any direct proof of the AdS/CFT corre-
spondence is beyond reach, but ever since the discovery there has been a growing amount
of evidence and checks. In order to compare the two quantum theories one, in principle,
needs to check two ingredients: the spectrum and the correlators. The exact prescription

for comparing CFT observables to those of string theory in AdS was given in [2, B]. The
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spectrum of local operators in CFT should be matched with the spectrum of states in
AdS, the scaling dimensions in CFT matching energies in AdS. More precisely, the repre-
sentations of the global symmetry group PSU(2,2|4) should match on both sides. Then
the correlators of local operators in CF'T should be identified with appropriate correlators
in AdS, where the states are propagating from the boundary and interacting in the bulk.

Most of the checks have been performed in the planar limit N — oo, which suppresses
string interactions. On the SYM side this suppresses the mixing of trace structures, thus
one can focus on single-trace operators as the natural duals of single-particle states in
AdS. The states that can be compared most easily are the BPS states. These are special
short representations of PSU(2,2|4), that are annihilated by some of the supercharges.
As a consequence of that, the energy of the BPS states is algebraically related to the other
charges and thus can not depend continuously on A. This allows one to reliably calculate
the BPS spectrum in SYM at A < 1 and compare to the gravity regime at A > 1. Indeed
it was confirmed in [3] that the spectrum of half-BPS single trace operators matches
the Kaluza-Klein modes of Type IIB supergravity. Furthermore, it was shown that the
three-point function of half-BPS operators calculated in SYM at zero coupling is equal
to the supergravity calculation [5]. This also suggested that the three-point function is
A-independent, and this was confirmed later by non-renormalization theorems [6].

In order to go beyond the supergravity approximation and see “stringy” effects, one
needs to compare results at finite large A, outside of the BPS sector. Even comparing the
spectrum is extremely challenging because the operators acquire anomalous dimensions,
which needs to be calculated in SYM at strong coupling. This problem was partly overcome
with the BMN limit [7], which was to take an operator with a very large R-charge such as
tr(Z”) and add impurities making it “near-BPS”. It turns out the anomalous dimension
in SYM is then suppressed like % and the non-planar effects are of order JWQ This allows
one to take the limit 1 < A < J? < N, which is perturbatively accessible at SYM, but
at the same time has large A. The AdS dual of this regime is a string with a large angular
momentum on S°. This can be seen as a string in the so-called pp-wave background,
which can be quantized exactly, and the spectrum was matched with the SYM operator
dimensions. The construction provided a concrete example, how the physics of impurities
travelling on the closed spin-chain tr(Z”), reconstructs the 1+1 dimensional world-sheet
theory of the string.

Subsequently, the dilatation operator [§] was developed as an efficient method of com-
puting anomalous dimensions in SYM, and it was realized that in the planar limit the
complete problem of finding the spectrum is identical to solving the integrable PSU (2, 2|4)
spin-chain [9]. With the discovery of integrability it was possible to use the powerful math-
ematical machinery, such as Bethe ansatz, to find the operator dimensions even to all-loop
order in A\. On the other side, integrability was also found in the problem of calculating
string energies on AdSs x S° [10]. Many further developments followed, culminating in
very precise tests of the spectrum, all the way from weak to strong A, including both long

and short strings, however, all in the planar limit. For a recent review on this vast subject
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see [L1].

In a parallel development the effects of finite NV in AdS/CFT were explored. Finite N
is dual to finite non-zero string coupling g and Planck length [p, thus it opens possibility
to study truly non-perturbative quantum gravity effects, such as microscopic entropy of
black holes, or the physics of D-branes. Since the integrability no longer applies, making
the strong A regime virtually inaccessible, the best prospect is to look at the BPS spectrum
and compare A-independent results. The BPS spectrum of the interacting string theory is
much richer than just Kaluza-Klein modes of supergravity: it includes D3-branes wrapping
various surfaces, supergravity geometries of varying topology asymptotic to AdS, and even
supersymmetric black holes with macroscopic horizons. All these should, in principle, have
dual BPS operators in the finite N SYM, that can be reliably calculated at weak coupling.
However, the challenge in making the comparison is that the full BPS spectrum is not
known on either side. In AdS we are dealing with non-perturbative objects, that are
constructed as semiclassical solutions, but their exact quantization and Hilbert space is
unknown. In SYM, even at weak coupling, in order to get finite N results one needs to
deal with formidable combinatorics problems. These are, however, technical rather than
conceptual, and can potentially be overcome by developing the right computational tools.
Solving the BPS spectrum on the SYM side could then provide insights about the exact
quantum gravity states, at least in the supersymmetric sector.

The half-BPS sector of the theory, annihilated by half of the supercharges, is the most
supersymmetric and best understood. Each half-BPS multiplet has the highest weight
state that in A/ = 4 only involves one complex scalar Z. Thus in the planar limit the
full half-BPS spectrum is just arbitrary products of tr(Z”), which are dual to the multi-
particle states of Kaluza-Klein gravitons with momentum on S°. However, at finite NV the
spectrum is modified on both sides. On the AdS side it was found that the momentum of
the graviton can not increase indefinitely, rather, at J = O(N) the appropriate solution
is a spherical D3-brane which rotates around S°, dubbed “giant graviton” [12]. The
radius of the brane increases with J and at J = N it becomes equal to the S° radius,
thus can not increase any further. This was a somewhat surprising explanation of the
“stringy exclusion principle”, the fact that at finite /N some of the states disappear from
the spectrum. Besides the giant graviton, another half-BPS solution was found where
D3-brane is an S expanding into AdSs, called “dual giant graviton” [I3, 14]. One can
also build multi-giant states which are still half-BPS.

On the SYM side the change in the spectrum at finite N comes from the simple fact
that tr(ZN**) can be expanded as products of traces tr(Z”) with J < N, so the basis is
overcomplete. In fact, already at J ~ /N the single traces are no longer orthogonal to
multi-traces, because the planar expansion breaks down. The operators that were found
suitable to describe giant gravitons were not single traces, but subdeterminants [15], with
the maximal giant dual to det(Z), nicely capturing the cutoff. This was generalized by
[16], who used symmetric group techniques to solve the two-point function exactly at finite

N, and provided a complete orthogonal basis for the half-BPS sector. The basis states
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were found to be Schur polynomials yr(Z) labelled by U(N) representations R, which are
Young diagrams with n boxes given by the charge of the operator. The effect of finite NV is
the cutoff on the height of the diagram [(R) < N. Furthermore, the three-point functions
were also calculated exactly in [16], and were found to be given by Littlewood-Richardson
coefficients. The Schur polynomial basis beautifully showed how the different classical
D3-brane solutions are different limits of the single Hilbert space: the giant graviton is R
with a single tall column, the dual giant is a single long row, multi-giants are given by R
with multiple rows or columns with different heights. But, crucially, it provides all the
quantum states “in between”, smoothly interpolating between gravitons, multi-giants and
multi-dual-giants.

The Schur basis xg(Z) gives the half-BPS states at any energy scale, so one can explore
the regime n ~ N2. In AdS it is no longer well described by D3-branes, but instead these
should be new geometries, asymptotic to AdSs. The full classification of smooth half-BPS
supergravity geometries was achieved by LLM [I7], and it was found that their phase
space can be matched to configurations of a fermion droplet on a 2D plane. The fermion
droplet, in turn, was shown to be a semiclassical description of the half-BPS SYM sector
[18]. This painted a complete picture of the half-BPS sector: each smooth LLM geometry
is dual to a semiclassical fermion droplet configuration, which could be written as some
coherent state of Schur polynomials, while individual basis states xr(Z) are dual to exact
quantum states of appropriately quantized LLM geometries. Somewhat surprisingly, the
quantization of smooth supergravity geometries was enough to recover the full Hilbert
space, without including singular geometries or even new non-geometric backgrounds.
The singular geometries were, instead, interpreted as statistical ensembles of the smooth
ones [19]. This is an example where SYM provides previously unknown information about
quantum states in gravity.

One important line of research building on the half-BPS sector results, was the analysis
of D3-brane physics from the point of view of SYM. Since the defining feature of D3-branes
is that their perturbative excitations are described by open strings, one would like to see
the emergence of open strings from the operators dual to the giant gravitons. This was
developed in [20] 21} 22], 23] 24], 25], 26] where it was shown that given an operator xr(Z)
with long columns or rows, there is a natural way to “attach” open string operators. Their
correlators can again be organized in 1/N genus expansion, now including worldsheets with
boundaries, which was a further confirmation that Schur polynomial basis provides duals
of the D3-branes. The new 1/N expansion allowed even to take a BMN-like limit for the
open string [27] and some version of integrability was found, but it has not proved to be
as powerful as in the closed string sector.

Another interesting class of perturbations of the half-BPS background can be con-
structed by taking two or more giant gravitons of different sizes, and considering their
collective non-BPS excitations. There is no planar worldsheet expansion, but the sym-
metric group techniques for dealing with finite N in this regime were developed in [28, 29,

30, 31, B2], where the one-loop and two-loop excitation spectrum was calculated. Even
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though these results are at weak A, because of the “near-BPS” nature of the states one
might hope to compare them with the gravity regime. Furthermore, it was found that the
energy spectrum is equal to a set of harmonic oscillators, suggesting that some version
of integrability might apply in this non-planar sector. This offers an exciting prospect to
explore the regime where both couplings NV and A are finite.

Finally, besides comparing the spectra and excitations, the SYM three point correlators
were also recently checked against semiclassical AdS calculation involving giant gravitons
[33, 134, [35]

The ultimate goal of this work is to extend these finite N half-BPS results to the
less supersymmetric sectors of the theory, where the operator dimensions should still be
protected. These are quarter-BPS, eighth-BPS and sixteenth-BPS sectors, preserving a
respective fraction of supersymmetries. One would like to develop a similar story, where
D3-brane configurations are mapped to O(NN) operators at weak coupling, and new geome-
tries are mapped to O(N?) operators. However, there are significant new complications
on both AdS and SYM side, and much less is known.

First, let us discuss the expectations from the gravity side. In the D3-brane regime, the
generalization of giant gravitons to the eighth-BPS sector was found in [36], where it was
shown that supersymmetric branes embedded in S° can be constructed from holomorphic
surfaces in C3. Here one finds much richer configurations than in the half-BPS sector,
including intersecting branes and deformed branes. This phase space of holomorphic
surfaces has been geometrically quantized in [37, 38|, providing a candidate eighth-BPS
Hilbert space at finite N, that could be matched with SYM side. Even though the branes
in S® do not span all classical eighth-BPS configurations — one also has, for example,
generalization of dual giant gravitons expanding in AdS5 [39] — the quantization of both
gives the same Hilbert space, extending the similar duality in the half-BPS sector.

Going further, into the regime of new geometries, there are some constructions of the
quarter-BPS and eighth-BPS geometries [40), 41}, [42], but, unlike LLM, the classification
is not complete.

Finally, in the sixteenth-BPS sector there is no classification of D3-brane configurations
or geometries, but there is a known class of supersymmetric black holes with macroscopic
horizons [43]. This makes it qualitatively different from all the sectors with more super-
symmetry, and extremely interesting, with the possibility to perform precise microstate
counting. However, this is also the most challenging sector.

On the SYM side the main complication is that the BPS spectrum changes from zero
coupling to weak coupling. This is not the case for half-BPS, where the basis xr(Z) could
be built at A = 0 and it did not change at A > 0. In the quarter- or eighth-BPS sectors
the operators can be constructed by starting with the BPS operators in the free limit,
spanned by holomorphic gauge invariant operators of two or three complex scalars ®,,
and then finding the subspace annihilated by the one-loop dilatation operator. This is, in
general, quite complicated at finite N.

If one is only interested in the spectrum — that is, counting of the operators — not the
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operators themselves, the problem is made easier by using the chiral ring. There is a one-
to-one map between the eighth-BPS operators and the chiral ring elements, and the latter
ones are, basically, spanned by commuting matrices ®,. The spectrum was calculated in
[44], and was shown to be equal to that of N identical bosons in a 3D harmonic oscillator.
It was also argued that the spectrum should not change from weak to strong A, and thus
could be compared to the gravity regime. Indeed, when the spectrum of quantized D3-
branes was found in [38, [39], it matched the boson spectrum. Curiously, even though
the D3-brane approximation should only work at O(N) charge, the spectrum agreed with
SYM exactly, all the way from graviton O(1) to new geometry O(N?) regime.

The match with chiral ring counting, however, does not provide more detailed dynam-
ical information, such as two-point or three-point functions. For this we need to go back
to the harder problem of calculating BPS operators. One would like, in principle, to have
a precise map between quantized D3-brane states and an orthogonal basis of operators.
This would allow, for example, to study the excitations including open strings, but now
propagating on more intricate world volumes, or stretched between intersecting branes.
Furthermore, in the regime of O(IN?) charges having a basis of operators might even help
the classification of the possible eighth-BPS geometries.

The explicit construction of quarter-BPS operators was first studied in [45] [46], where
a class of operators with small charges was constructed. In order to extend this to large
charges, it is helpful to first have a complete basis at A = 0 but finite V. A construction
of the free orthogonal basis for quarter- and eighth-BPS was accomplished in [47, 48],
using symmetric group techniques, quite analogous to the half-BPS construction of Schur
polynomials. Since this basis transforms covariantly under the global U(3), we refer to
it as the covariant basis. A different free orthogonal basis was constructed in [49], which
we call restricted Schur basis. Another orthogonal basis specific for the quarter-BPS
was constructed in [50], based on Brauer algebra. In all these cases it is necessary to
find the subspace of operators that remain BPS at small but non-zero A. This can be
accomplished by either finding the kernel of one-loop dilatation operator, or by finding
orthogonal subspace to the descendants. Some progress was made in [51] with the covariant
basis, and in [52] with the Brauer basis, and even a map to set of quarter-BPS geometries
was suggested in [53]. However, the full problem of finding complete eighth-BPS basis and
identifying dual gravity states is still unsolved.

There have been attempts to use the matrix model techniques to define a sensible
two-point function directly on the N boson states arising from the chiral ring [54]. It
is a tempting approach, as it gives rise to a nice semiclassical picture of emergent S°.
However, it is not clear that the two-point function constructed this way actually matches
the correct one given by correlators of BPS operators.

Finally, in the sixteenth-BPS sector the results are very limited on the SYM side. The
spectrum at A = 0 was calculated in [44], but at weak coupling the chiral ring method is
not available. Some progress was made in [55] for large NV, using ()-cohomology similar

to the chiral ring, but the finite N counting which could be compared, for example,
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to the black hole entropy, is still unknown. The large N results were also confirmed
using the planar one-loop dilatation operator [56]. The construction of operators at finite
N, however, would be much harder, because one would need to use the full non-planar

dilatation operator.

In this thesis we continue the efforts to develop a map between quarter- or eighth-
BPS states in AdS5 x S° and BPS operators in N/ = 4 SYM. We are mainly interested
in the regime where operators have charge O(N) and on the gravity side the D3-brane
probe approximation is valid. The thesis is organized into three main chapters: Chapter
discusses finite N orthogonal bases in free theories, Chapter [4] analyzes the problem of
finding BPS states at weak coupling, and Chapter [5| makes the connection with the BPS
states in the gravity, or strong coupling, limit. Additionally, in Chapter [2] we review some
background material that we use in the main part. We finish with conclusions in Chapter [6]
and supplemental material in appendices.

Chapter [3]is based on the paper [57]. Here we make a detour from N =4 SYM and
develop general methods to find complete finite N bases for arbitrary four-dimensional
quiver gauge theories in the zero superpotential limit. These results are an extension of
previous group theoretic constructions [47, [49]. Here we develop convenient diagrammatic
methods, using the quiver itself decorated with group theoretic data as a calculational
tool. Infinite class of AdS/CFT pairs with /' = 1 or N/ = 2 quiver gauge theories can
be derived by placing D3-branes at orbifold Calabi-Yau singularities [58] 59, 60], or, more
generally, at toric Calabi-Yau singularities [61), 62, [63] 64]. Our zero coupling results can
be used as a starting point for weak coupling finite IV calculations in these theories. On
the other hand, the zero coupling limit itself should be dual to a tensionless string in
AdSs x X5. Our counting formulae for various quivers give a rich set of data, which can
be used to gain insight into the world-sheet theory.

Chapter {4 is partly based on the paper [65] but also contains new material. Here we
go back to N' = 4 SYM, and address the problem of finding the complete BPS basis at
weak coupling.

Chapter [p| is based on [66]. We analyze the Mikhailov’s eighth-BPS D3-brane con-
figurations [36] and their geometrically quantized Hilbert space [38]. We use techniques
from fuzzy geometry to better understand the map between quantum states and classi-
cal configurations, and, finally, propose a map between the D3-brane states and the BPS

operators found in Chapter



Chapter 2

Background

2.1 N = 4 superconformal algebra

N =4 SYM theory, being conformal, enjoys the group of global symmetries PSU(2,2|4).
Its generators are
(g P | Qe
Ko (JQ)g Q' |, H (2.1)
Sei Si | R

(e

The indices take valuesa =1...2, & =1...2, 4 =1...4. They transform as fundamentals
of the bosonic subgroup SU(2) x SU(2) x SU(4) spanned by the diagonal blocks (J1)3,

(J2)3: R; Let us go over the generators:

e (J1)3, (Jg)g are the six Lorentz generators M, rewritten as SO(4) = SU(2)xSU(2).
Note these are traceless, (J1)i + (J1)3 = (J2)1 + (J2)3 = 0.

e P% are the four momentum generators

K, are the four special conformal generators

H is the dilatation operator, generating scaling transformations. It is the remain-
ing diagonal generator, which combines with Jy, Jo, P, K to make the total of 15
generators of SU(2,2) ~ SO(4,2) conformal group.

Q™ Q? are the 16 fermionic supersymmetry generators of N' = 4

® Sui, Sk are the 16 extra fermionic superconformal generators

R;- are the 15 generators of SU(4) R-symmetry group

15
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The key algebra commutation relations ardﬂ
{Qai, Qjoz} — Pad(5§
{Sai7 S(JX} = Kadélj'

{SahQﬂj} = (Jl)c’gﬁg + Rg&g + 5(53,'5/3

PR (2.2)
_. _; 5 .5 H .
{54, Q) = (J2)30} — Rio; + 036,
[H Q(M]_}Qaz [H Qd]_l_d [HS ]__15' [H 5’2]—_15'2
) _2 ) ) g _2 Q0 yMaa] — 9 s s Mal — 9 o1

The commuting Cartan subalgebra is spanned by the generators

H

. 1 1
J1 = §(J1)§ - §(J1)%7

2= 5 (B~ (), 2.3
Ry = Rj — Rj,
Ry = R3 — Rj,
Rs =R} — R}

Thus we can label the states by the corresponding eigenvalues
|E; j1, j2; Ra, R, R3) (2.4)

J1, j2 label the states in the two SU(2) representations respectively, while (Ry, Ry, R3)
labels a state in the SU(4) representation.

In a CFT we consider the spectrum of local gauge invariant operators O(z), which
transform under the (super-)conformal group. The action under transformations is given
by commutators e.g. [Q% O(z)], and the eigenvalue of H is the scaling dimension of
the operator. On the other hand, via the radial quantization, there is a one-to-one map
between local operators O(z) and the states |O) in the Hilbert space of the theory com-
pactified on R x S3. The point z around which we perform the radial quantization is
chosen to be x = 0. The superconformal symmetry transformations induces the action on
this Hilbert space

QV0) = [Q*', 0(0)]) (2.5)

The dilatation operator H in particular is mapped to the time-translation operator, thus
the spectrum of scaling dimensions of O(x) is the spectrum of energies on R x S3 (it is
discrete, because of the compact space). The inner product on this Hilbert space is defined

by the Zamolodchikov metric using the CFT correlator

(01]02) = Tim_[af*E (O1(2)05(0) (2.)

Yfor the full algebra see, for example, Appendix A of [44]
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Essentially, (O| is obtained by acting by the inversion transformation z# = i—g on |0).

This inner product implies the following Hermitian conjugation
Q™)' = Sai, ()T =54 (2.7)

The Hilbert space on S® is especially relevant for the AdS/CFT correspondence, since the
boundary of AdSs is precisely R x S3, and H is identified with the generator of global
time translations in AdSs. Thus the energy spectrum of states in the bulk (also discrete)
1s the spectrum of the scaling dimensions of local operators.

The operators O(x) (or equivalently states |O) on S3, which we will use interchangeably
from now on) can be decomposed into irreducible representations (irreps) of PSU(2,2[4).
One can see from the algebra that Q, Qf‘ increase the scaling dimension by %, while
Sais S’fi decrease it. Since the spectrum of scaling dimensions in a unitary field theory is
bounded from below, in every irrep there will be a set of lowest weight states, annihilated

by all S, S. Such states are called a superconformal primaries.
[Sai, Osp(x)] = [Séu Osp(m)] =0 (2.8)

The primaries will have equal F and appear in an irreducible representation of SU(2) x
SU(2) x SU(4). Thus we can label the irreducible representations of PSU(2,2[4) by
the representation [E} ji, j2; R1, R2, R3] of the primaries, here [R;, Ry, R3] are the Dynkin
labels of SU(4). The representation will have a unique highest weight state with charges

|E 1, J2; B, Ro, Rs)nw (2.9)

which is annihilated by the raising operators (J1), (J2)+, Rl 1, as well as by Sq, S5.

2.2 Short multiplets

The anticommutators {S,Q} in (2.2) and unitarity imply the following bounds on the

representation labels of primary states [67]:

+ 2 + 3R1+ 2Ry + R
E 3R, Ry R37 i 0 E>9 2, 1 2 3’ 1
2 2 2.10)
Ri1+ 2Ry + 3R R + 2Ry + 3R (
E = ! 2 3, Jo=0 or E>2+42j+ ! 3

When the scaling dimension saturates the unitarity bound we get short representations
of PSU(2,2|4). In a generic (long) representation of PSU(2,2|4) one can act on the
superconformal primaries with all 16 raising operators Qo‘i,Q?‘. However, in the short
representations, some of the (0’s annihilate the primaries.

The short representations have been classified in [68], here we present a quick sum-
mary. They can be labelled by numbers (t,%), specifying what fraction of the Q and Q

supercharges annihilate the highest weight state. The possibilities for ¢ and ¢ are shown
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t ‘ Annihilated ‘ Constraint

0 - E >2+2j; + 3(3R1 + 2Ry + Ry)
% Q E =2+2j + (3R + 2Ry + Ry)
: a?al 2 E :1%(331 + 2Ry + R3), jl. =0
3| Q%,Q E=352R2+R3), R1 =0, j1=0

Table 2.1: Conditions for the highest weight state annihilation by Q%

t ‘ Annihilated ‘ Constraint

0 - E >2+2jy+ £(R1 + 2Ry + 3R3)
% Q E =2+2jy+ 2(R1 + 2Ry + 3R3)
1 Q4 E = L(Ri + 2Ry +3R3), jo=0
51 Q4,0 | E=3(Ri+2Ry), R3=0, jo=0

Table 2.2: Conditions for the highest weight state annihilation by Q%

in Table and Table respectively. We denote by Q, é the linear combinations

SEPSTHE 21 A_02_
Q=Q" — 5 (-Q" Q=&

(J2)-Qs (2.11)

There is a variety of combinations (¢,t) that give rise to unitary short representations,

shown in Table The constraints on the energy and other charges for each case comes

11

from combining the corresponding ¢ and ¢ conditions. For example, (3,35) imposes j; =

jo = R1 = R3 = 0 which leads to the half-BPS representations
(3.3): [E;0,0;0,E,0], (2.12)

while (1, 1) sets E = 1(R1+2Ro+3R3) = 2(3R1 +2Ro + R3) which leads to the quarter-
BPS representations

(3.3): [p+2¢;0,05q,p, 4], (2.13)

Because of these constraints which relate representation labels (integer or half-integer) to

the scaling dimension, the BPS representations obey special non-renormalizability prop-

(t,1) Annihilated Name Sector subgroup

) Q2 G5.GF | TalEBPS o)

(%, 1) Q, Q¢ quarter-BPS SU((2) xU(1)

(1,0) Q™! eighth-BPS SU(2|3)

0,1) )4 eighth-BPS SU(2|3)

(3.,0) Q sixteenth-BPS PSU(1,2|3) x U(1)

(0,%) Q. sixteenth-BPS PSU(1,2]3) x U(1)

(5:8) Q,Q - PSU(1,1]2) x U(1) x U(1)

(15) Q. Q - SU(1]2) x U(1)

(5.7 )%, Q - SU(1[2) x U(1)
Table 2.3: Short unitary representations of PSU(2,2|4)
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erties, since the scaling dimension can not vary continuously with coupling constant. It
is, however, possible for two short multiplets to combine into a long multiplet and then
acquire an anomalous scaling dimension. This commonly happens when the coupling
changes from zero to non-zero.

For each shortening condition (¢, t) it is possible to define a reduced sector of the theory,
which completely accounts for the corresponding multiplets [69]. Instead of considering
the highest weight states annihilated by a set of ), we take all states annihilated by Q
and S ~ Qf. These do not have to be superconformal primaries, annihilated by all S. For
example, for the eighth-BPS sector (0, i) that will be the main focus of this work, we take
all states annihilated by fo, 5'3

Q110su(213)) = S4lOsu2p3) =0 (2.14)

The states in this sector fall into representations of the residual symmetry SU(2|3) C
PSU(2,2|4) generated by the charges commuting with Q¢, S3:

(J1)§ R, Qp, S5 i=1...3 (2.15)

The residual subgroup for each sector is listed in Table and it is a convenient way to
label them. Thus is often referred to as SU(2|3) sector, but we will also simply call
it the eighth-BPS sector.

The relationship between sectors and short multiplets is that there is a one-to-one map
between SU(2|3) representations in the sector and the (0,%) (or more supersymmetric)
multiplets, thus counting one gives the other. That is, acting on the SU(2|3) sector with
the full PSU(2,2|4) will generate all states in the following short multiplets:

Qi=5=0 - (O.HEHEH.EDH (2.16)

More supersymmetric multiplets come from the fact that requiring annihilation by Qi‘, Sf-;
still allows them to be annihilated by additional supercharges.
What makes reduced sectors useful is that it is easier to impose Q} = Sét = 0 than to

consider only highest weight states. Using the algebra we can write
g4 f 6 pagh M sp
{54, Qu} = (JQ)d — R0, + 550'4 =0 (2.17)
thus all the states in the sector obey constraints

1, 1
Jo=0, E=2R]— 1t = 5 (B + 2Ry + 3R) (2.18)

In fact, (2.18) is an equivalent definition of the SU(2[3) sector, because {5’2{,@5} =0
together with unitarity implies annihilation by both 5’;&, Qf This form of the constraint

is the most convenient to use for calculations

Note, that for purposes of comparing with AdS, the eighth-BPS sector defined by
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Sé = Qf = 0 is also more convenient, than dealing with the highest weight states and
multiplets. For example, these conditions can be translated directly into the requirement

for configurations of D3-branes to preserve % of the supercharges in AdS [36].

2.3 N =4 super Yang-Mills

Let us now look in detail at N' = 4 supersymmetric Yang-Mills. In this work we take the
gauge group to be U(N). The field content is a single ' = 4 vector multiplet, consisting
of

Dy, U, UL, A, (2.19)

We have 6 real scalars (or 3 complex) in the antisymmetric tensor ®;; representation 6 of

SU(4), obeying reality condition
* i _ L ik
¢ =PY = ¢ Dy, (2.20)

4 Weyl fermions ¥;, in the fundamental of SU(4) with their conjugates % in the anti-
fundamental, and gauge fields A,. Thus in total we have (6+2) bosonic and 8 fermionic
degrees of freedom on-shell. All the fields are adjoints of the gauge group, and so can be
thought to be N x N-matrix valued. In order to build gauge-invariant objects we use the

covariant derivative
D, =0, —1igA, (2.21)

and the field strength tensor
F,, =ig '[Dy, D)) = 0,A, — 9,A, —ig[A, A (2.22)

where ¢ is the gauge coupling constant.

The Lagrangian of the theory is uniquely fixed by the supersymmetry

1 y 1 L.
L =tr {—4FMVF‘LW + DM(I)Z‘]‘D“(I)U — ii\I/?Dad\Ifm
(2.23)

—gU Wy, @] — gUL [T, @] + 297Dy, Pp] [@7, (I’kl]}

It is convenient to bring all the fields into the SU(2) x SU(2) x SU(4) covariant form, by
replacing indices p with «, 8 via o matrices
DM — Ddg

_ (2.24)
Fu = Fog ® F

FaﬁvFaB are the self-dual and anti-self-dual field strength, each a symmetric tensor of

SU(2) with 3 independent components, decomposing the 6 in the antisymmetric F),,. The
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supersymmetry transformations are then:

[Qé&’ (I)]k] = 5§\Ilak - 52\:[’&]-
{Qio“ \Ifgj} = 27'5;Fa,8 + igﬁaﬁ[@jk, (I)kz]
{Qh, W)} = ~2iD, ;0%

[nya D,BV] = _igeaﬁ\i’%

(2.25)

and the Qf‘ action is given by complex conjugation.
Let us note how the PSU(2,2|4) representation theory applies here. For simplicity
take the zero coupling limit g = 0, in which case the supersymmetry transformations close

on the single field sector, schematically:

{Q, Wai} ~ Fap {Q, Fapt ~0

[Q, Pij] ~ Vo, {Q, Fap} ~{Q, D,3®i} ~ D, 5Va;
{Q, Wai} ~ {Q, W5} ~ D ;®i

[Q, @] ~ Vg, {Q,Fy3} ~{Q, Doy ®ij} ~ D, 55
{Q, ‘T’Za} ~ Faﬁ' {Q, Faﬁ'} ~0

By repeatedly acting with Q%,, Q4; we can generate all possible fields of the form
{ D*®;, D*W,;, D*UL, D¥Fo5, D'F, 5} (2.26)

This is a single (infinite-dimensional) irreducible representation of PSU(2,2|4), with su-
perconformal primaries ®;;. It is called the field strength multiplet. The primaries ®;; are
in the representation

[1;0,0;0,1,0] (2.27)

thus according to (2.12)) the multiplet is half-BPS. The highest weight state in the [0, 1, 0]
representation of SU(4) (annihilated by all Rl ;) is

Dy =7 (2.28)
One can also check explicitly that it is annihilated by half of supercharges

(Qh, ®34] = [Q2, P34] = [Qas, P34] = [Qa, P3a] = 0 (2.29)

Strictly speaking, the multiplet is not part of the spectrum of gauge-invariant
local operators O(z), and can not be matched directly with the states in the bulk. Instead
consider the operators

tr(Z") (2.30)

which are all highest weight states of [n;0, 0; 0, n, 0], and superconformal primaries of half-
BPS multiplets. It can be shown that the states tr(Z") remain half-BPS as we vary the
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coupling, because they can not join with other representations to form a long multiplet
[68]. Thus the scaling dimension remains protected, equal to the bare dimension n, which
allows to compare against the strong coupling regime, where AdS description is valid. It
turns out that the spectrum tr(Z") (plus descendants) indeed matches the single-particle
states of the supergravity multiplet in AdSs x S°, which are half-BPS as well. This
comparison was one of the first checks of the AdS/CFT correspondence.

In general, there is a one-to-one map between half-BPS multiplets and the highest

weight states built purely from Z

k
Oy a(x) = [ tr(2™) (2.31)
=1

When working at finite IV this basis is overcomplete, because there are non-trivial identi-
fications between single- and multi-traces. A complete orthogonal basis for half-BPS was
found in [I6]: the states can be labelled by Young diagrams R of height [(R) < N and the
operators xr(Z) called Schur polynomials are appropriate linear combinations of traces.
It has been confirmed that this completely captures the spectrum of half-BPS objects of
Type IIB string theory in the bulk (not just supergravity!), including the giant graviton
D3 branes, and smooth half-BPS geometries

2.4 Eighth-BPS chiral ring

In this work we will be focusing on the eighth-BPS sector of the N'= 4 SYM, annihilated

by 2 supercharges Q} and their Hermitian conjugates S’é
Hpps = {O(2) | [QF, O(x)] = [S4, O(x)] = 0} (2.32)

As explained in Section it contains part of the (0, i) or more supersymmetric multiplets
. We could equivalently consider the sector annihilated by Q!, S,1, leading to (%, 0)
multiplets and the anti-chiral ring.

The eighth-BPS sector can also be defined by the energy constraint

1
E = 5 (R1 +2R; + 3Rs) (2.33)

together with the requirement that states are singlets of J,. It will be convenient to use
the SO(6) charges q1, g2, g3 instead of the SU(4) Ry, R, R3, that are related as

1 1
@ =5 (+R = R} — Ri+ R}) = 5(~Ri + Ry)
1 1
g2 =5 (—Ri+ RS — R + Rj) = 5 (B1 + Rs) (2.34)
1 1
as =3 (-Rl — R+ R3+ R}) = 5(R1+2R; + Ry)
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The energy constraint (2.33)) is then simply
E=qgq+q@+g (2.35)

Consider again the free ¢ = 0 limit of SYM. The part of the field strength multiplet

(2.26)) that obeys (2.33]) is spanned by the fields

J1 | E | [R1,Ra, R3] | [q1,92,q3]
Py | O 1 [0,1,0] [0,0,1]
oy | O | 1| [1,-1,1] | [0,1,0] (2.36)
Sy | 0 | 1] [-1,0,1] [1,0,0]
Uy | 25| 3| [0,0,1] | [3,4,4]
Let us define
P =X =Py
Py =Y = Py
? 2 (2.37)
Py =27 =gy
)\a = \I’OA

If we view the N' = 4 SYM from the A/ = 1 perspective, where Qi,@i‘ are the super-
charges, then the complex scalars ®, are precisely the scalar components of the three
chiral multiplets, while A\, are the gauginos.

Let us denote the “letters” ®,, Ao, by Wa:

Wy € {(I)l,q)z,‘l)g,)ur,)\,} (238)

As already discussed in the previous section the fields W4 themselves are part of the half-
BPS multiplet. But now consider products of traces built from arbitrary contractions of
these letterdd

(2.39)

They are no longer half-BPS, but are contained in Hppg, because the dimension and
charges of O in the free theory is just the sum of the components, thus it will also obey
E = q1 + g2 + ¢q3. Alternatively, one can see this from the fact that the generators 5’2&, Qf
just act on each field individually, and annihilate O@. Thus the full eighth-BPS sector at

g = 0 is spanned by multi-trace operators (2.39)) subject to finite N matrix relationships
Hiee, =[O | VO = tr(Wa, Wa, . .. (2.40)

Now consider the interacting theory g # 0. The complication arises because of the non-

2 As before, all the field operators @, (), Ao (2) are assumed to be at the same position z, which we will
drop from now on. The operators O are in one-to-one correspondence with the states |O) in the radial
quantization around z.
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linear terms in proportional to g, which change how the operators are organized into
representations. For example, the operator tr([Y, Z][Y, Z]) is a superconformal primary at
g = 0 and part of the eighth-BPS sector, but at g # 0 it can appear on the right-hand side
of Q' action and, in fact, turns out to be a descendant of the Konishi primary operator
tr(@ij(bij ). What happens is that some short representations join together to become long
and acquire anomalous dimension, and thus the spectrum of eighth-BPS multiplets at
g # 0 is different from that at g = 0.

There are two approaches to finding the eighth-BPS sector in the interacting theory.
First, note that solving ng = 0 explicitly is not possible in practice, because the action of
S’é receives loop corrections at each order in g, and there is no straightforward method of
deriving them. Instead, we can focus on solving the condition £ = ¢q; + ¢2 + ¢g3. Scaling
dimension E also receives loop corrections (anomalous dimension), but it is possible to
use the dilatation operator techniques [8] to calculate them. Since the charges ¢; are not
renormalized, the operators satisfying the eighth-BPS sector condition are those, which
are annihilated by the dilatation operator and have zero anomalous dimension A = 0.
It is furthermore conjectured, that it is enough for an operator to be annihilated by the

one-loop dilatation operator As, in order to be annihilated at all-loops. Thus we can write
Hpps = Ker(A) = Ker(A2)|ng%es (2.41)
where Ay is taken to act on the free SU(2|3) sector. For example, the combination
1
O = tr(Z*)tr(Y?) — tr(ZY)tr(ZY) + Ntr([Z, Y][Z,Y)) (2.42)

is found to have zero anomalous dimension and thus is annihilated by Q¢,S5%. It is, in
fact, in a quarter-BPS multiplet. We will come back to this in Chapter

The other approach avoids dealing with the loop corrections altogether, and instead
relies on the concept of the chiral ring [70]. The idea is to convert the problem of finding
operators annihilated by Q¢, 53 into the problem of Q¢ cohomology, using the fact that
S% = (Q%)" in the Zamolodchikov metric. Consider Ker(Q$), the set of operators annihi-
lated by Q%. Now in order for a state |Opps) in Ker(Q¢) to be also annihilated by S% we

must have
S’ét|03ps> =0 — <Ol|5§|OBps> =0 — <Qi‘0,‘03ps> =0 VO’ (2.43)

That is, an operator Oppg is in eighth-BPS sector if and only if it is in Ker(@ff) and

orthogonal to the image of Q¢
Hpps = Ker(QF) N Im(Q4) " (2.44)
There is one-to-one map between this space and the quotient space

C = Ker(Qf)/Im(Q%), (2.45)
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that is, instead of considering subspace of Ker(Q¢) orthogonal to Im(Q¢), we consider

Ker(QY) modulo operators in Im(Q$). For example, within C
tr([Z,Y][Z,Y]) ~ 0 (2.46)

This is precisely how the chiral ring is defined in any N’ = 1 theory: operators annihilated
by Q%, modulo Q%descendants, or the Q%-cohomology. We will refer to C as the eighth-
BPS cohomology or the eighth-BPS chiral ring.

Note that Hppg and C are not the same space, in particular, C is not a Hilbert space
in that it does not have a naturally defined inner product like Hppg. The elements of C
are equivalence classes of operators, and each class contains exactly one state in Hgps.

For example the operator [2.42] is simply identified with
O ~ tr(Z*)tr(Y?) — tr(ZY)tr(ZY) (2.47)

Even though we lose some information about the inner products, the main advantage of the
chiral ring is that it can be found using the classical Q-action , without needing S or
loop-corrections at all. This makes it particularly useful when studying partition functions,
where all we need is counting and not correlators. Furthermore, C has a structure of a
ring (hence the name), meaning that we can multiply two eighth-BPS operators (up to
descendants) to get another eighth-BPS operator (up to descendants), which is not true
for the operators in Hppg themselves. This allows to use the power of algebraic geometry,
see, for example, Appendix [E]

To recap, we have defined:

e Eighth-BPS multiplets: PSU(2,2|4) multiplets, where the highest-weight supercon-

formal primary is annihilated by Qg4

e Eighth-BPS sector (or SU(2|3) sector): all states annihilated by Q44 and S%*. This
sector contains all the primaries of eighth-BPS or more supersymmetric multiplets,

and their SU(2|3) descendants, but not full multiplets. Equivalently the sector can
be defined as:

— States with Jo = 0and F = q1 + g2 + q3 = %R:; + Ro + %Rl. This is easiest
to implement in the free theory, while in the interacting theory need to use

dilatation operator to find states with uncorrected F.

— States annihilated by Q44 and orthogonal (in Zamolodchikov metric) to Qgaq4-

descendants

e Eighth-BPS chiral ring: the cohomology of Qg44. Elements of the chiral ring are
equivalence classes of operators annihilated by Qa4, each containing exactly one
element also annihilated by S¢*. This is the easiest method in the interacting theory,

avoiding loop corrections, but we don’t get exact operators.
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2.5 Chiral ring in N =1

In the previous section we arrived at the chiral ring from the analysis of eighth-BPS sector
in N' = 4 SYM. Since in the Chapter 3] we will be dealing with more general N' = 1
SCFTs, let us here describe the chiral ring more generally from the N' = 1 perspective.
In a four-dimensional N = 1 theory we have 4 supercharges Q%, Q4 and, if the theory
is conformal, also 4 superconformal charges S,,S%. In the radial quantization with the

Zamolodchikov inner product they are Hermitian conjugates of each other
Sa = (@M, 5% =(Qa)! (2.48)

The chiral ring is the cohomology of Q4 acting on local gauge invariant operators (or
equivalently on states on S3). The operators in the chiral ring have position-independent

correlators

0
8a;i

so the VEVs (0103 ...0,,) can be used to parametrize the vacuum moduli space. This is

<01($1)02({L‘2) . On<l‘n)> =0 (2.49)

very useful for the non-perturbative studies of AV =1 field theories [70), [71].

In a theory with gauge vector multiplet V', and any number of chiral matter multi-
plets ®,, the chiral operators (annihilated by Qg) are built from the complex scalars and
gauginos

By Ao (2.50)

The image of Qg4, which is identified with zero in the chiral ring, is spanned by

ow

55 X QaQ"®a; Aoy ®a] < Q% (Dac®a),  {Aa; Ag} < Q%(Daas) (2.51)

where W is the superpotential. For example, in the N' = 1 description of N' = 4 there are
3 chiral adjoint fields ®, and the superpotential is

W = gtr([CI)l, @2](1)3) (252)

Thus the image of Qg4 at g # 0 is generated by

e X Cacl®u . Dol {asha) (2.53)
so any (anti-)commutators are set to 0 in the chiral ring. This leads to the result that the
chiral ring is spanned by gauge invariant operators built from (anti-)commuting matrices
®,, Ao, which is isomorphic to the Hilbert space of N identical bosons, corresponding to
matrix eigenvalues, in 3 bosonic and 2 fermionic dimensions.

In this work we focus only on the bosonic chiral ring, built from chiral scalars ®, but
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not gauginosﬂ All identifications are then given by the F-terms

Fo {gg: } (2.54)

The bosonic chiral ring can be identified with the coordinate ring on the vacuum moduli

space. This has been studied extensively in the context of AdS/CFT correspondence.
There is an infinite class of quiver SCFTs constructed from brane tilings [61) [62] 63, 64]
where the chiral ring is found to be the coordinate ring of Sym” (Y'%), where Y is a toric
Calabi-Yau threefold. This provides evidence that these theories, at the strongly coupled
IR fixed point, describe the low energy theory of a stack of N D3-branes placed at a
Y singularity. The gravity dual of the SCFT can then be identified as the near horizon
geometry AdSs x X5, where Yy is a cone over Xs.

As an example of N = 1 SCFT let us take the conifold theory [72] with a gauge
group U(N) x U(N), two chiral multiplets 4; in a bifundamental (N, N), and two B; in
a bifundamental (N, N) representation (see quiver in Figure . The superpotential is

W =nh (tI‘(AlBlAQBQ) — tI‘(AlBQAQBl)) (255)

At non-zero h the F-terms (%‘: are

F ={B1AyBy — BsAsB1, ByA1B) — B1A;Bs,

(2.56)
A2Bo Ay — A1B2 Az, A1B1As — A B1Ar}
In the interacting chiral ring they are identified with zero
F~0 (2.57)

The structure of ([2.56|) implies that within the chiral ring we can commute A’s through

B’s and vice versa. The resulting mesonic chiral ring at large N is thus spanned by
SiliQ”'i"Sjle"'j" tI‘(AilleAith e AanJn) (258)

where S is a symmetric tensor, and products of such symmetrized traces.

Note that to get a chiral ring at finite NV we have to enforce both finite N constraints
and the F-terms, which might not be independent. One can formulate this as follows. Let
V() be the ring of chiral gauge invariant operators of the free theory at N = oo, that is,
treating operators as formal products of traces, without any finite N identifications. At
finite N some operators in V(°°) vanish — they form an idea Vy C V() The quotient
V() /Vy is the free chiral ring at finite N. Now, let Vi be the space of all gauge invariant

operators at N = oo, which are identified with zero by F-terms. It is spanned by all

3 There are some subtleties with fermionic chiral operators tr(AqAg) related to Konishi anomaly that
we will not get into, see [70].
4 Vy is an ideal of V(*) because a product of vanishing operator and any other operator is also vanishing
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operators containing an F-term anywhere within a trace. Vi is also an ideal of V().
The N = oo interacting chiral ring is then the quotient V() /Vr, which is spanned by
products of symmetrized traces as in (2.58)). Finally, the finite N interacting chiral ring is

Vi) = v (Ve U V) (2.59)

that is, we identify operators in V(°°) if they differ by V& or Vy. This quotient can be
implemented explicitly using computational algebraic geometry [73]. This is practical at
small N but becomes computationally prohibitive at large N. We will solve the problem
of finding Vi and V() /Vn in the next chapter, which gives the free chiral ring, however,
taking the union Vp U Vy remains a hard problem.

Finally, let us comment on the meaning of “free” limit of gauge theories, that will be the
topic of Chapter [3] Consider the RG flow of the conifold theory, with the superpotential
(2.55|) (see [74] for a good review on the subject). Let us define a dimensionless coupling
constant 1 = hu, with energy scale u. The dimensionless couplings of the theory are then
(91,92,7m), where (g1, g2) are the gauge couplings of the two group factors. For simplicity
let us restrict to the case where g1 = g2 = g.

The theory is asymptotically free, so perturbatively ¢ increases in the IR. The coupling
n classically scales like p and vanishes in the IR, corresponding to the fact that W is
classically irrelevant. The full non-perturbative RG flow diagram, however, looks like in
Figure There is a line of fixed points in the (g,7n) plane, which originates at the
point (g,17) = (g«,0) and extends up towards the strongly coupled regime. This means
the theory in the IR has a marginal coupling, which controls the position on the fixed
line. In the context of AdS/CFT correspondence this marginal coupling is related to o
in the bulk, and the supergravity regime corresponds to strong coupling, that is, being

far up along the line. Note there is also a trivial free fixed point, disconnected from the

n fixed line

[
(0.0) g g
Figure 2.1: RG flow diagram of the conifold theory

line, at (g,n7) = (0,0). Let us focus on the RG flow from this UV fixed point (0,0) to
the IR fixed point (g.,0). The theory in the IR is a strongly coupled CFT, but with zero
superpotential. This fixed point is similar to the usual Seiberg fixed point in a Ny = 2N,
SQCD, and is qualitatively different from the rest of the fixed line. With W = 0 the

F-terms vanish, and the chiral ring is much larger compared to n # 0 theory.
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Our main observation here, is that results in this work regarding the chiral ring in the
“free” theory are valid not only in the UV free fixed point, but also in the IR interacting

fixed point gy, since the chiral ring is not changed along the flow.



Chapter 3
Free theory

The goal of this chapter is to find a complete basis for the chiral ring of various N' = 1
quiver gauge theories in the free limit but at finite V. For superconformal theories there is
a correspondence between chiral ring and BPS operators, thus it also amounts to finding
a finite IV basis for BPS operators. The quiver gauge theories provide an infinite class of
AdS/CFT examples, where the field theory on the world-volume of D3-branes at a Calabi-
Yau singularity Y% is dual to a Type IIB superstring theory on AdSs x X°. These include
orbifolds C3/Z, [58,59], conifold [72] or more general toric Calabi-Yaus [61] 62, 63, 64]

The zero coupling basis provides a good starting point for weak coupling calculations
at finite V. These are explored in Chapter However, the limit of zero coupling is
also of intrinsic interest in the context of AdS/CFT. If duality holds in the full range of
parameters A, N, then the A = 0 should be dual to tensionless, or critical tension, strings in
AdS [75,[76]. The theory has a phase transition in this limit, the superconformal symmetry
is enhanced to much larger higher spin symmetry, and the string theory should become
topological. It is not known, however, how to handle the string theory in AdS exactly, so
perhaps the free field theory calculations can provide some guidance. Similar directions
have been explored in [77].

Even though we are not dealing with field theory interactions, just the combinatorics
of finite N poses a significant challenge. In the half-BPS sector of N' = 4 SYM finding
relationships between operators is not too hard: an operator tr(ZN**) can always be
expanded in terms of operators tr(Z") with n < N. In the eighth-BPS sector where we
have three matrices and operators like tr(®}* ®5>®%%), the relationships and cut-offs are
much more intricate. The complete basis for this case was solved in [47] and [49]. Here
we extend the construction to arbitrary quivers. For example, take the conifold theory,
where the fields are bifundamentals of U(N7) x U(N2) and gauge invariant operators are
of the form tr(A;BjA;B;...) (see Section [3.5.1)). The fields can be thought of as N1 x No
matrices, so how would one find all relationships, and write an independent basis? Similar
question came up recently in the study of giant gravitons in ABJM [78]. Here we solve
this problem in the most general case.

In Section we start as a warm-up by not building the actual operators, but calcu-

lating the partition functions for counting the spectrum. We introduce the diagrammatic

30
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techniques and the “split-node” quiver, which concisely captures the counting at finite V.
In the following sections we extend these objects to build the operators themselves.

In Section we start with the N'= 4 SYM, in which case the chiral ring corresponds
to the eighth-BPS sector (see Section . Here we review the previous results on orthog-
onal bases. We also introduce the main symmetric group techniques, that we use in the
following sections.

In Section 3.3 we generalize the restricted Schur basis of [49] to find a complete basis for
an arbitrary quiver. Furthermore, we work out the multiplication of the basis operators,
that is, the chiral ring structure constants. We find natural selection rules, where all
Young diagrams in the operator labels combine according to the Littlewood-Richardson
rule. This provides a new formula for the chiral ring structure constants even for N' = 4,
a slight extension of the previous results [79].

In Section we find the generalization of the covariant basis [47] to an arbitrary
quiver. We also calculate chiral ring structure constants in this basis, and find similar
selection rules. This also gives an improved formula compared to previous N = 4 results
[47].

In Section we provide some concrete examples of quivers, including C2/Z, x C
orbifolds [58], C3/Z3 orbifold [59], and the conifold [72].

Both the restricted Schur and the covariant basis can, actually, be derived from a
generic principle of “solving the invariance” of operators. We sketch it in the main text,
but for a more detailed explanation see Appendix [C]

Part of the motivation for the bases constructed in this chapter is that they are or-
thogonal in the free field metric . For N/ = 4 SYM this metric applies in the limit
g = 0, where both the gauge coupling and the superpotential vanishes. However, for other
N =1 SCFTs the RG flow diagram is more complicated, see Figure 2.1} There is a line of
fixed points, and the interesting “free” limit from the AdS/CFT perspective is the point
where superpotential vanishes, but the gauge coupling g. is still strong. The free field
metric is valid at the UV fixed point g = 0, but as the theory flows to g, in the IR, the
Zamolodchikov metric gets modified, and our basis of operators will likely no longer be
orthogonal. However, the chiral ring itself is not changed along the flow, so our basis will
still be a complete linearly independent finite N basis for the chiral ring in the IR. From
this perspective, the free two-point function could be seen as a particular inner product on
the chiral ring states, which allows to solve the finite N constraints. Therefore, one of our
key results, the chiral ring structure constants of the “free” operators and ,
which depend only on the holomorphic information and not on the two-point function, are
valid in the interacting fixed point g.

This chapter is based on the paper [57].
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3.1 Partition functions

In this section we derive counting formulas for chiral gauge invariant operators in a general
quiver gauge theory. We find that counting is neatly expressed in terms of the split-node
quiver, which is a simple modification of the quiver diagram, with Young diagram labels on
the edges, and Littlewood-Richardson multiplicities associated with the nodes. In the case
of the covariant basis, we will also need Kronecker product multiplicities for the symmetric
groups.

An N = 1 supersymmetric quiver gauge theory is defined by a directed graph, called
quiver, a gauge group factor associated to each quiver node, and a superpotential. In this
chapter we consider a free theory, with vanishing superpotential. We take the gauge group
to be Hle U(N,), where a runs over G nodes. Each arrow in the quiver between nodes
a and b denotes a chiral multiplet transforming as (N,, N3). We denote the number of
directed arrows from a to b by My,. The free theory has a global symmetry [] apU (Mgp).
The full matter content is denoted by

& = {Bupe: v €{l,..., Mu}} (3.1)

An example that we will often use is the quiver for C3/Zy theory, with a gauge group
generalized to U(Ny) x U(N3) shown in Figure It is rich enough to demonstrate the

different ingredients we will need to deal with the most general quiver.

Do1.9

Figure 3.1: C3/Zy quiver

Here we consider counting of chiral gauge invariant operators, such as, for the C3/Z
example:
tr(P11P11), tr(Pi21Po12), tr(P11Pi21 P22P21:1), - - - (3.2)

graded by the number of times {ng.,} each field appears in the operator. The numbers
Nab:o determine the numbers of indices in the fundamental and anti-fundamental of each

gauge group U(N,). These have to be equal by gauge invariance and they are denoted by

e My, Map
Ng = Z Z Npa;a = Z Z Nab;a (33)
b a=1 b a=1

In the limit N, — oo gauge invariant operators are in one-to-one correspondence with
closed cycles in the quiver, but for finite IV, there are non-trivial identifications between

operators. In Section [3.1.1] we use group integral formula to directly derive finite N,
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results, which is our main focus. Furthermore, in Section [3.1.2| we also show how in the
N, — oo limit our results lead to particularly nice formulas for counting closed cycles in

a directed graph.

3.1.1 The group integral formula

There is a group integral formula for the counting of gauge-invariant operators [0, [81],
82, [83]. It has been useful in the context of computation of indices recently. We will
use the group integral formula to show that the finite N counting can be expressed in
terms of Young diagrams R, at the nodes with n, boxes (i.e. R, F ng), Tabia b Napia at
the edges and Littlewood-Richardson coefficients [ [, g(Up aTab;a; Ba)9(Ub,aTbasa; Ra) at the
edges. The index a always appears on symbols carrying subscripts a, b which run over the
pairs of gauge groups and range over 1 < a < My ,. When Mgy, = 0, all symbols carrying
the corresponding « are dropped from the formulae.

The partition function for counting operators in any quiver is:
(tabia)™ g ptyn
({tab a} {N } {Mab} /HdU ezn Za’b’a ool () (34)

where t4. are fugacities associated with n4p.o, and N, is the size of U, matrices. That
is, if N({napa}; {Na},{Map}) is the number of operators with charges {ngq} then the

partition function is

N({tabadi (N} AMa}) = Y0 | [T (tavsa)™ | N({napa} {Na}, {Ma})  (3.5)

{nab;a} a,b,a

We will henceforth write [ for [[], dU,. Writing the exponential as a product and

expanding in series
N({tab;a}; {No}, {Ma})
k(") k:<n)
- i / H (t b )nké’;)a (tl“ Ug) abjo (tr Ulj n) i
B ab;a 3

(n)
nkab et k(’z)a '

{k(z? }=0 a,b,a,n
o0 tn
k) (trU}) aba(trU ) e
Z H (tab;a) H H K ) (3.6)
{k((lrg)a} 0 aba n a,b,«a n bk absar"
S e
aba

{nap;a}=0 a,b,a

X Z H Z XRQ(UILOCO-GI);OC)XR(L(U(Z) Z XSa(Ub,aO'ba;a)XSa(U;r)

aab;aesnab;a a Rglng Satna

We have factored the powers (f4p.q)"e%, recognized that for fixed ngp.q, the sums over

k:((lz,)a run over partitions of 7., Which correspond to conjugacy classes in S, . We
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observe that

H H (tI‘Un) “b)"‘ = Z XRq (Ua,b,aaab;a)XRa (Ua)

n a,ba RalFng
I(Rq)<Na

(3.7)

for 044, being a permutation in the conjugacy class of ngp,, specified by k:gg.)a. Since the

number of permutations in the specified conjugacy class is precisely

nab;a!

(3.8)

we have converted the sums over partitions to sums over permutations. We have also
recognized that the traces can be expanded in terms of Schur Polynomials with coefficients
given by the characters of these permutations. Note, crucially, the height of the Young
diagram R, is at most N,, this fully captures the effect of finite IV,. Using the orthogonality

of the Schur Polynomials under group integration

/ AU, Xp, (Ua) x5, (UD) = 0p,s, (3.9)

we can expand characters in irreps Rq of Sy, into characters of [[, , rapo With expansion
b

coefficients which are Littlewood-Richardson numbers

XR, (Ub,aaab;a) = Z g(ub,arab;a; Ra) H Xrabsa (Uab;a) (310)

rab;ozknab;a

This leads to

({tab'a}'{N} {Mab})

NI DD SED DD

0['

{naba} @by Cab;a€Snyy., Ratna  TabalNaba Sab;anab;a

“ (Ra)<Na

(3.11)
H g(Ub,arab;od Ra)g(ub,asba;a; Ra) H Xrabsa (O—ab;oz)Xsab;D< (Uab;a)
a,b,a
Z H aba naba E Z Hg Ub alab;as a)g<Ub,arba;a;Ra)
{Nab;a } a0, Robng  Tapiabnapia @
I(Ra)<Nq

In the second line we used orthogonality of characters ) _ x,(0)xs(0) = nlé,s. This form
of the partition function, comparing with (3.5)), gives explicit counting for each choice of

charges {ngp;q }

({naba} {N} {Mab} Z Z Hg Ubarabaa a)g(Ub,arba;a§Ra) (312)

Rabng 7‘c:l,b,leTLal),oz a
I(Ra)<Nqa

There is a simple diagrammatic description of this formula, deriving directly from the



CHAPTER 3. FREE THEORY 35

quiver itself:

Diagrammatic Rules for counting local operators in the quiver theory

e Choose integers ngp.o > 0 for all the edges of the quiver @, subject to ng =) ) npq-

e Replace each node with a pair of nodes, joined by a line labelled by a Young diagram
R, with n, boxes. One of these two nodes, called the plus node, has all incoming
lines and the other, called the minus node, has all outgoing lines. The resulting

diagram is the split-mode quiver.
e To all the previously existing edges, attach Young diagrams 7,5, With 14, boxes.

e To each minus node attach a Littlewood-Richardson multiplicity g({J, UOJ\L‘”{ Tabsas Ra)

which couples all the incoming lines to R,. To each plus node attach the LR multi-
pliCity g(Ub Ui/[:b'i Tba;as Ra)

e Take the product of LR-coefficients over all the nodes. This is the counting of free

chiral operators with numbers {npq.q } of fields of type a transforming as (Ng, Np).

o
— R 3
Q

Figure 3.2: Split-node quiver for C3.

r12;2

Figure 3.3: Split-node quiver for the conifold.

22

712;2

Figure 3.4: Split-node quiver for C3/Z.
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These steps are illustrated for C? in Figure We have suppressed the a, b indices

labelling the nodes of the quiver, since there is only one node in this case.

Nes(na,ng,nag; N) = Y g(r1,m2,73; R) g(r1,72,73; R) (3.13)
RFn

I(R)<N
This equation was given in [49, 84]. For C, we read off the counting from (3.12)) or by
following the steps in Figure

Ne(niz1, ni2:2, not1, noi:2; Ni, No) = Z Z Z Z Z Z

RilFni  Rabng  ri2.bniz rigebniss re1;1bnarn ra1ebnore
I(R1)<Ni I(R2)<Na

g(r12;1, 112,23 R1) g(r12;1, 712525 R2) 91,15 21,2, R1) 9(121;1, 721,25 R2)
(3.14)

This counting for the free conifold operators has not been given before. For C3/Zs, again
following the steps above shown in Figure or specializing (3.12]), we get

N3z, (11, m22, 12,1, n12,2, M21,1, 121,25 N1, Na)

)R DD DD DD DD DD

RiFnq Rabno  ri1bnii reabnos r12:1Fn12;1 m12;2Fn12;2 21,1 n21;1 21,2 n21;2
I(R1)<N1 l(R2)<N>

g(r11,m12:1, r12:2, R1) 9(r22, 12,1, 71252, R2) 9(r11, 72151, T2152, R1) 9(r22, 72151, m21:2, R2)
(3.15)

There is another useful form of the counting formula where we do not specify {ngp.q}

but only {ng.}

Nagb = Z nab o (316)

that is, the total number of fields transforming under U(M,;) global symmetry group.
This will be related to the covariant basis, where we can count states according to repre-
sentations of the global symmetry group [[,, U(Mg,). We group together representations
UaTab:a corresponding to the same pair (a,b), and expand the multiplicities in as

g(Ub,arab;a; Ra) = Z g(Ub'S;b; Hg Uarab 2 ;b)
{5;1,}
g(Ub,arba;a; Ra) = Z Ubsba7 H 9(UaTbasas sba)

{53}

(3.17)

sfb are intermediate representations in the reductions R, — {Ups_,} — {Up.aTaba} and
R, — {Ubsl;tl} — {Ub.aTba;a }- Next, we apply (i for fixed (a,b):

Z g(Uarab;m Sz_b)g(uarab;oz; S;b) = Z C(Si_b, 3;{,’ Aab)g(ua[nab;a]S Aab) (3-18)
{Tab;a} Aab
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where Uq [1gp;q] is the irrep of xSy, consisting of the single row symmetric irreps [n4p.q]

for each factor. We find

({naba} {Na}t, {Map}) = Z Z Z Z Hg Ups; B (Ubsl—;;Ra)

Rabng )—n s . Fn Agpbnap a
[(Ra)<Ng v "0 Zab Pl A8 <M

X H C(st, 50y Nab)9(Ualnabial; Aap)

ab;a

(3.19)

The new labels A, are precisely the U (M) representations. can be understood by
noting that the number of states in the irrep Ay, a Young dlagram of U(Myp) with ngp
boxes, with specified charges 1, under the diagonal U (1 YMav ig given by the Littlewood-
Richardson multiplicity

1
9(Ualnabal; Aap) = Lo el > xaw(Uataba) (3.20)
a,b,o "tabjac Tabio €Sy o

Thus if we do not refine by n4p.q, but count all the states with fixed {ng,}, we count the

total number of states in the representation

N{nap}i AN} AMa}) = Z > Y TT9(Ussa; Ra)g(Ussily; Ra)

Ratna S Fn bS Frgp Aab}_nab a
Z(Ra)<N(l ab “ “ ( ab)SMab

x [T C(stys 505 Aap) Dim(Ags)
a,b
(3.21)

where Dim(Ap) is the size of U(Mgy) irrep Agp. We can also, instead of counting individual

states, count how many times a particular global symmetry representation ®.,Aq;, appears

({Aab} {N} {Mab} Z Z Hg Ubsaba Ubsba7 HC ab? ab’ ab)

Rqbn + a
(R)<Na* o ftab
Sab Mabd

(3.22)
The following figures illustrate the structure of this formula to the case of C3,C and
C3/Zs quivers. The white nodes again represent LR multiplicities and the new black nodes

represent Kronecker product multiplicities C (sjb, 5.5, Nab)-

Figure 3.5: Covariant quiver for C3.
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R Ry
A2

Figure 3.6: Covariant quiver for the conifold.

Figure 3.7: Covariant quiver for C3/Z,.

The corresponding formula for C3 according to Figure

Nes(AsN)= Y C(R,R,A) (3.23)
RFn
I(R)<N
It was first obtained in [85] and the matching construction of orthogonal operators given
in [47]. Since there is only single incoming and outgoing arrow from the white branching
nodes in Figure there is no actual branching, and the labels on both sides are . That
is, compared to general formula (3.22)) we have s™ = s~ = R.

For conifold we have Figure 3.6

Ne(Ai2, Agi; N) = Z Z C(R1, Ra2,A12)C(R2, Ry, A1) (3.24)

RiFn Robn
I(R1)SNI(R2)<N

Again the white node multiplicities are trivial, setting sfb to Ry.

For C3/Zy we find non-trivial branching multiplicities, following the diagram Fig-

ure 3.7

Nc3/ZQ(A12,A21,n113n22;N) = Z Z Z Z Z Z Z Z

Ritny  Robna g7 bnyg sibngs so;bngg sdibngg S11Fn11 s22bna:
l(R1)§Nl(R2)§N 12 12 S19 12 S9q 12 S9q 12

g(s11, 8123 R1)9(s11, 5375 R1)g(822, 5515 R2)g(822, 5193 R2)C (812, 8155 A12)C (557, $31, A21)
(3.25)

The only simplification compared to the generic formula (3.22) is that 51+1 = s, = s11 and
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83_2 = S99 = S99, since the original quiver has M1 = My = 1, the corresponding global

symmetry factor is abelian, and so A1 = [n11], Aga = [n22] are trivial.

3.1.2 Infinite product generating functions

In this section we will use the covariant basis counting to derive a simple infinite

product formula valid when the numbers of fields are less than the ranks N,. In this case

counting gauge invariant operators is the same as counting closed loops in the quiver.
Counting the gauge invariant local operators for fixed ranks N,, numbers M, of fields

transforming in (N, V) in the theory, and numbers n, for the total number of fields of

type (Ng, Ny) we have
N({nab}; {Na}’ {Mab}) = Z Z Z Z H g(Ubsgb; Ra)g(ubslja; Ra)

Rolng bl—nabs Frgy, HMablnaes @
l(RG)SN % ( ab)SMab
+ — .
X H C(5p Sops Nap) Dim(Agp)
a,b

(3.26)

The finite IV constraints are encoded in the requirement that the Young diagrams R, have
no more than N, rows.
Let us convert it to a partition function with fugacities {tsp.o} for numbers {ngp.q}.

The contribution from a single irrep Ay is

XAgp (Tab) (3.27)

where Ty, is a square matrix of size My, with entries ¢4, along the diagonal. Thus we
can replace Dim(Ag,) with xa,, (Tap) in (3.26) and sum over all representations without

restriction on the number of boxes, to get the full partition function:

N ({taba s {Na} AMap}) = Z Z > > T 9(st; Ra)g(Ubs i Ra)

|—TL S i—n Aab}_nab a
I(Ra )<N ab U (Aay)<Map

X H C(S:lﬂ 3;(,7 Aab)XAab (Tab)
a,b
(3.28)

Note this is the same partition function as in the derivation in the previous section ,
but now using the covariant basis we can conveniently package (tgp;q)"**> into xa,,(Tap)-

The counting formula can be used to derive an elegant infinite product formula
for large N,. If we assume n, < N, so sums over R, are unconstrained, we can do the

sums over R, Agp, saib to end up with a product of delta functions over the groups

N({tab;a}; {Mab} Z Z H(SSn ®b0ba Ya (®b0ab 'Ya Htrn b I’]ra,bo-ab) (329)

{ra}{ow} @ ab
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where

N{tavati {Mav}) = N({taa}i {Na = 00}, {Mav}) (3.30)

The limit N, = oo holds as long as n, < N,.

The sum is over permutations 71,2, - - - ¢, one for each node (or group), with vy, € Sy, ;
as well as a sum over permutations o,p, one for every pair (a,b) of nodes of the quiver
which have a non-zero number M, of arrows from a to b. The o, are permutations in
Sna,y,- Note that @0y, is an outer product of permutations, e.g if there are 3 values of b for
which ny, is non-zero, say b = 1,2, 3, then the product gives a permutation o711 0 021 0 031
which lives in the Sy,,, X Sh,, X Sp,, subgroup of S, = S, +n2a+n34-

) cycles of this length. The delta functions

Consider cycles of length i. Let o4, have p,;
associated with each node lead to the condition ), pl(lib) = > p(()i). Given any 7, 0ab
which solve the delta function, we can generate the other solutions for the same og,
by considering by multiplying ~, on the right with permutations ~, in the stabilizer of

(Rp0ap). This generates a multiplicity of

I111 (Zpé?) DR (3:31)
i a b

We can see that the sums over 7, in only depends on the conjugacy class of g4 in
Sh,y» Since conjugating o,y by elements of Sy, , can be absorbed in v, € S, the summations
by exploiting the invariance of these sums under left or right multiplication by elements
of the S,,, subgroups of S,,,. This means that the sums over o, can be converted into

sums over p( b) There is a multiplicity

|
HH ] (:;Lab(-i))' (3.32)
) ab/*

Combining these facts we arrive at

(@)

Witk 0 =TT | 3 Tlo (S0t oot ) (o T el
b b a,b

i=1 {p } 0 a pab
(3.33)

For each 7 we need to do a sum of the form

Stah= 3 Ha(zpw zpab) (zpab> ) e

{pup}=0 @ ap Do

It is convenient to write the Kronecker delta as a contour integral, using

(p) 27{ 9z (3.35)

2miz
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which gives

= Pa
Stta = > I Zpab %de‘; 20 Poa prabH(tab#

{pab =0 a a,b Pab:
)pab

ML) S T

pab} 0 a a,b pab

dzg 1
- % <1:[ 27riza> ];[ 1-— Zb zglzbtab

We can obtain the desired sum by calculating residues.

(3.36)

We find that the result can be expressed in an elegant and intuitive form. Let V be
the set {1,2,---G} of nodes in the quiver. We will let V' C V be any subset, and define
Sym(V') to be the group of all permutations of the elements in V. For each permutation
o we will define a monomial T ({tap}) built from the set {t,}. Any permutation o is a

product of cycles o =[], o). The monomial T, ({ts}) is a product over these cycles.

To({tw}) = [ J(=1) T, ({tas}) (3.37)

J

For a cycle, such as (a1, a9, --ax) with integers ai,---ay chosen from {1,---,G}, the
factor is

T(al,az--- ,ak)({tab}) = lajastasas = “tay_jartaga; (3‘38)
We find that

1
(1 - ZVCV ZUGS’ym(V) TU({tab})

S{tar}) = (3.39)

The sign of each term is (—1)%

where C, is the number of cycles in the corresponding
permutation. Each cycle o corresponds to an elementary closed loop in the quiver,
elementary in the sense that it does not involve visiting any node more than once. The
permutation o corresponds to a product of disjoint elementary loops. For example, for a

quiver with three nodes, this becomes

S(t11,t22,t33,t12, 113, t23)
= (1 — t11 — toa — t33 + tintae — tiator + tootss — togtss + tiitss — tistsr  (3.40)

— t11t92t33 + t12l21t33 + t13t31t22 + t11t23t32 — t12togtsr — t13t32t21)_1

The first three terms after 1 come from the 3 1-element subsets of V = {1,2,3}. The next
three pairs come from the 3 two-element subsets of V. The first of each pair comes from
the identity permutation of the subset, the second from the swap. The last line comes

from permutations of V =V.
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The large N counting function can then be written as

oo Mgy
N({tab;a}§ {Mab}) = HS({tab — Z(tab;a)i}) (3-41)

In this equation, we have the counting for a quiver with G nodes and any number of
arrows for any specified pair of start and end points. When there are no arrows between
a specified start and end point, we set the corresponding t,; variable to zero.

Let us now explain how to specialize the above formula for some specific cases. Take
the half-BPS sector of A/ =4 SYM. This is described by one node and one arrow starting
and ending at that node. The set V has one element {1} and there is one ¢1; parameter.
There are two subsets, V =) or V = V. In calculating S(¢11), the monomial coming from

the empty set is 1. The monomial from V =V is —t1;. So

(e 9]

Ne(tn) = H

1=1

1
11—t

(3.42)

For the one-node quiver with three lines starting and ending at the node, V. = {1}. The

set of t-variables (“fugacities”) is {t11.1,t11:2, t11.:3}-
Sea(tin) = (L —tu) ™" (3.43)
The counting function is

1

Nes({ta}) =]

L=ty —th ., — 18 (3.44)
i=1 11;1 1152 11;3

This formula was written down in [69].
Beyond these examples, the analogous formulae have not been previously written down.
For the conifold, we have V = {1,2}. The S function is

Sc(tiz, ta1) = (1 — tiatar) ™" (3.45)

The variables t11, o2 are set to zero, since there are no arrows joining any node to itself.
The 1 comes as usual from the empty set, the second term from the permutation (12) in
Sym(V') for V.= V. All other terms are zero due to the vanishing of ¢11,%22. Since there
is a multiplicity 2 for the arrows going from 1 to 2 and conversely from 2 to 1, we have

variables t12.1, t12:2, t21.1, t21;2 and the counting function

[e.e]

/\/’C({tlz;a,tzl;oc}) = H 1

il (thg.) + thon) (thyy +1hy1o)

:ﬁ !

21 L tioatsnn — tiontin — tiaalone — tigplonn

~

(3.46)

~
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For the example of C3/Z2, the S function depends on ti1,t99,%12,%21, The N function
depends on 11, t22, t12:1, t12;1, t21;1, t21;2-

Sca )z, (t11, a2, tia, to1) = (1 — t1y — tag — tiatar + tiitas) (3.47)

Here V = {1,2}. The monomials t11,t22 come from choices V' = {1} and V = {2}. The
term t19to; comes from permutation (12) in Sym(V') for V= {1,2}. The term t11t22 comes

from permutation (1)(2) in Sym(V') for V' = {1,2}. The counting function is

1
1 — 15y —thy — (B9 +1190) (thy 1 + 15y o) + 11,15
(3.48)

oo
Nesyz, ({ti1, t22, tizas tarsa }) = H
i=1

3.2 N =4SYM

Let us first review N' = 4 U(N) SYM, for which the orthogonal basis of free chiral
operators has been constructed before [47, [49]. We can view N’ = 4 as a special case of

N =1 quiver gauge theory with the quiver shown in Figure Theory contains three

Figure 3.8: Quiver for C3, arrows correspond to three chiral multiplets ®;, ®o, ®3.

N =1 chiral multiplets ®, transforming in the adjoint of U(N). There is a global U(3)
flavor symmetry. The chiral gauge invariant operators are built from the chiral adjoint

scalars ®,, so we have single traces
tr(®Pg, Pay - - - Payy) (3.49)

and products of such traces. We will be interested in cases where N is finite and the
operators involve more than N fields. In that case we need to take care of relationships
between products of traces, arising from the fact that &, are N-by-N matrices.

Consider all possible multitrace operators with U(1)? C U(3) charges n = (n1,n2,n3)
and bare dimension n = n; + ng + n3. A natural way to label the operators is by using a

permutation o € Sy:

ni ) ni+ng ] ni+n2+n3 )
O(n.o) =@, I @i, I (@i, (3.50)
k=1 k=ni1+1 k=ni+no+1

That is, the operator involves a product of fields (®;)™ (P2)"2(P3)™ and the permutation

o indicates that k’th upper index is contracted with o(k)’th lower index. Each cycle in o
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corresponds to a single trace.

At this point let us introduce some convenient notation. (@a)g is a matrix, which

can be thought of as linear operator acting on N-dimensional vector space V. Then the

object:
ni ni+na ni+nz2+ns
’L 'Ln ) i
k=1 k ni+1 k=ni1+n2+1

is a linear operator acting on the N"-dimensional vector space Vg". Permutations o are

also linear operators in Vﬁ?" which acts by permuting the Vi factors of the tensor product:

1112.. zn _ <l 29 in
(U)Jm gn T 5] (1 )53 @ 5ja(n) (3.52)

Then (3.50) can be expressed as
O(n,0) = tryen (0 PPM ® T @ OFI) (3.53)

where the product of operators and the trace is over V", which means contracted indices

of (B51) and (B5).

Let us also introduce diagrammatic notation for matrix multiplication and traces.

Incoming and outgoing arrows represent upper and lower indices respectively. Since in
matrix multiplication conventionally lower index is contracted with upper, then in the
diagram matrices are multiplied in the direction following arrows. When matrices are laid
out vertically, the multiplication conventionally flows from top to bottom, and we can
omit the arrows. The indices can, of course, belong to the vector space Vf?", in which

case lines represent the whole set {i1...4,} of contracted indices. Using this, we get a
nice expression for the operator (3.53))

O(n, o) = (3.55)
q)(l@nl ® @é@ﬂg ® q)é@ng

1

Note an operator is not labelled by a unique 0. O(n, o) does not change if we conjugate
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o by the subgroup:
O(n,yoy 1) = O(n,0), € Sn, X Spy X Sy (3.56)

This can be seen from , where the conjugation can be brought from o to act on
Y™ @ B ® @?"3, which is invariant. Furthermore, we still have the problem of finite
N relationships.

One complete basis for the gauge invariant operators at finite N was constructed in
[49], and is called “Restricted Schur” basis:

1

nl!nglngl

O(L) = > X (0) O(n,0) (3.57)

O’GSn

The operators are uniquely specified by the set of group theoretic labels

L={R,ri,ro,r3,v ,v"} (3.58)

R,r1,7r2,73 are Young diagrams
RFn, rmbny, rmabkny, r3kng (3.59)
R labels the representation of S, and r = (ry,r2,r3) labels the representation of the

subgroup Sy, X Sp, X Sp; C Sp which appears in the decomposition of R in terms of
subgroup irreps
R — (r1,7r2,13) (3.60)

In case r appears in the decomposition more than once, the two numbers v each label runs
over the multiplicity given by Littlewood-Richardson coefficient 1 < v* < g(r1,r9,73; R).
For a summary of the facts about subgroup decomposition and branching coefficients see
Appendix The finite N constraint appears simply as a cutoff on the number of rows
in R:

I(R)< N (3.61)

and there are no further relationships between the operators.
o
The key ingredient in 1) is the coefficient Xg_’;; (o) called “restricted character”.
It is a generalization of the usual character yp(o) = tr(Df(0)) and defined as

V77V+ v 7I/+
Xty (o) = tr (PiY DR (o)) (3.62)
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P " s a projector-like operator

R—r
— + d'[‘
Pp = > Ry (R vt (3.63)
l1,l2,l3=1

or in terms of Branching coefficients (see (A.13))
- - +
(Phor )y = B BT (3.64)
l

Using diagrammatic notation (A.15) we can represent the restricted character

vt
Q

R

-
Xr iy (0)=[a] T1h2{ 473 (3.65)

14

The edges now correspond to contracted indices in irreducible representations R, r1, 72,73,
as labelled.
The basis (3.57)) is not only complete, it is, in fact, orthogonal in the free field Zamolod-

chikov metric obtained from the two point function
(@a)j (@) = dudjo] (3.66)

Then

hR)fn(R)
h(ri)h(rz)h(rs)

(O(R,7,v",vO(R, 7, ,07)) = 8 5071 71 Oryfiy Oy Oyt 4 Oy (3.67)
h(R) is the product of hooks of the Young diagram, and fn(R) is the weight of the diagram
in U(N). That is the only place that N dependence comes in, and it nicely captures the
cutoff, because if the height of R exceeds N, then fn(R) = 0, which means the operator
is 0.

There is another complete orthogonal basis found in [47], where operators are orga-
nized into irreducible representation of the global symmetry U(3). We will refer to it as
“covariant basis”, since operators transform covariantly with the global symmetry group.

The operators are

O(K) = % S BASIRLSGREAT DE () O(n, o) (3.68)

ij,m
.O'GSn

VIf v~ = vt = v, then Pp" . is precisely the projector to (r,v) in R. But the “off-diagonal” ones with
v~ # vT are not strictly projectors, they are intertwining operators mapping between different copies of

the same irrep r in R
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The group theory labels in this case are
K = {R.A,7,n, 5} (3.69)

where R, A - n are Young diagrams with n = nq + ns +ng boxes. R is the same as before,
with a cutoff of at most N rows, and A is an irrep of U(3) with at most 3 rows. 7 is the

multiplicity label for the Kronecker product of S, irreps
R®R — A (3.70)

and S iR;fl\ " is the associated Clebsch-Gordan coefficient. For the review of the facts about

Kronecker product and Clebsch-Gordan coefficients see Appendix n = (n1,n2,n3)

specifies how many fields of each flavor there are (note in L this information was contained

). B;}L—}[n]’ﬁ is the branching coefficient for the reduction from S,, irrep A to the trivial

inr
one-dimensional irrep [n1,ng2,ng] of Sy, X Sp, X Sp,, and S is the multiplicity label. In

other words, 3 labels the invariants of A under S,, x S,, x Sp,, and BT[}@—}M’B are the
invariant vectors. Note, compared with the usual branching coefficient notation BT/,\;Z[Z-"]’B ,
we suppress the index ¢ since [n] is one-dimensional.

Again it will be useful to have a diagrammatic notation for the basis. Define

A—[n],8 cRRAT AR
so that )
O(K)=— > X(K,0)O(n,0) (3.72)
’ CTGSn

The coefficient x(K, o) can be expressed, using the diagrammatic notation (A.27) for the

Clebsch-Gordan coefficient, as
X(K,0) = (3.73)

The open line, which normally has an associated state label, corresponds to the unique
A—[n],8
m—1

i = 1 basis state of [n] in the branching B

The two-point function between the operators is

=+, nilngng!Dimy(R)
<O(K)O(K)T> - d(R)Q

O pidai0r#0nadss (3.74)

3.3 Generalized restricted Schur basis

3.3.1 Complete basis

Let us assume we have a general quiver Q. We will often use C?/Zy as an example, see

Figure In this section we derive the free orthogonal basis Og(L) for arbitrary quiver,
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analogous to the restricted Schur basis in C3. We develop the alternative covariant
basis Og(K) in the next Section

In order to build a gauge-invariant operatOIE] we contract the incoming and outgoing
fields at each group node. In a more complicated quiver such as C3/Zy there are different

“paths” that an operator can take. We can build, for example:
tr(P11P11), tr(Pio1Por2), tr(P11P12;1 P22Po1;1), - - (3.75)

It is possible to capture all the different possibilities by fixing the number of times ngp.q
each field appears, and then contracting the indices corresponding to each group according
to a permutation o,. This defines an operator which, in correspondence with (3.55)),

diagrammatically looks like:

Y Y Y
g1
®n ®ni12;1 ®ni2;2
(bll H (I)12;1 (1)12;2
Ocs/z,(n,0) = (3.76)
02
®mna1;1 ®na1;2 mn
(I’21;1 (1)21;2 ,n
Y Y f
Nab;a

The lines represent indices in Vﬁ . Note that if n1; # ngo, permutations o1, 09 are

elements of symmetric groups of different size

01 € Spy, N1 =n11+N12,1 + N122 (3.77)
02 € Spy, N2 =nog +n12,1 + N122

acting as operators in V]%m and V]?;”Q. If we rearrange the above diagram we get just the
quiver itself with a permutation o, at each group node and an operator (®gp.)®™ete on
each field line

®n21;2
(1)21;2

(I)®n21;1
21;1
Ocsza(mo) = [#" il IR
(1)12'1;

®ni2;2
(I)12;2

*We restrict to the mesonic sector, or, in other words, [], U(Na) gauge group, not [, SU(Na).
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It is clear that we can define Og(n,o) in such a way for any quiver @: it is a gener-
alization of , but instead of contractions performed sequentially in a single trace,
now the operators o, and (®gp.q )% are contracted along Q. With the diagrammatic
representation of linear operators using boxes and lines, we are inserting the boxes for
(Pgpia) " abe along the edge of the split-node quiver labelled « going from a to b, and we
are inserting o, in the a’th line joining the a’th plus and minus nodes. Explicitly we can

write:

=11 H ( fbngba) ab‘z 11 (J“)BZZZ ﬁ:: (3.79)

a,b a=1

The indices a,b run over all group nodes, and it is understood that we skip the terms

~ &) . .
where My, = 0. I and Jg, are indices in the vector space VN Mabie and Van“b’a, i.e

Ly = {1, ingyo ) ad Jaba = {71, s Jngpa § With the d1,i2--- each living in Vy,
. . ®ngp:
and ji,jo,- -+ each in Vi,. (Pgp;q)®"e¥e are linear maps VN Mabie Van“"’“, and o, are

linear operators on V]@"” where
Ng = E Nab;o = § Npa;a (380)
b,a b,a

The indices of o, are unions Ub7 o Jbaza and Ub’ o Lab:o» meaning that upper indices of oy
are contracted with lower indices of all fields @, that enter node a, and lower indices of
0, are contracted with upper indices of all fields @4, that leave node a.

As a basic example consider an operator in C3/Zo with
n = {ni1,n22, M2;1, N12;2, N21;1, n212} = {1,1,1,0,1,0} (3.81)
that is, build from fields ((1311, Dy, (1312;1, (1)21;1). ‘We have

Ocs/2,(n,01,02) = (P11)]! (P22)2 (Pr21) 2 (Para) s (01)]1 s (02) 120 (3.82)

J4 1123 1214
with 01,09 € S3. For different combinations of o, we get

tr(@11)tr(Po2)tr(P®12: Po1;1)

(
(P11 P12:1 D211 ) tr(P22) (3.83)
(
(

o,
0((12),
o(I, (12
2), (12

tr

tr

1) tr(PoePar;1P12,1)
tr(P11P12:1 P22 Po1:1)

Y
Y

(12))
0((12), (12))

)

As in the previous section for the case of C3, the operators Og(n, o) are not uniquely
labelled by o, that is, the basis is overcomplete and different o can correspond to the

same operator. Specifically, we have an identification

Oq(n, o) = Og(n, Adj, (o)) (3.84)
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where

Y= {'Yab;oz} € ® Snab;a (3.85)

a,b,a

and the adjoint action is defined as

Adj'y(o') = {(®b,a7ba;a) Oq (®b,a7&§a)} (386)

This is easily seen from the definition (3.79) and the fact that each ng., block of identical

fields is invariant under permutations

Rng e — dng e
(@) =7 (@5e) y (3.87)

These permutations can then be moved to act on o.
It is shown in [47, 48] that for C3 the complete orthogonal bases (3.57)) and (3.68)) can

be derived by essentially “solving” the invariance (3.56). We will use the same method

here to find generalized bases Og(L) and Og(K) for any quiver (). As an illustration let
us take the simplest example of half-BPS operators [16]. The idea is that the invariance

Z Oc(v o) (3.88)
'yESn
can be rewritten as
Oc(o) Z( Zé yoy e )Oc( Z( > xz(o) )ac( ) (3.89)
RFn

which looks like a projector to a lower-dimensional space labelled by Young diagram R.

This motivates the Schur polynomial basis
1
= =3 xw(0)0c(o) (3.90)

which indeed turns out to be complete and orthogonal. For C? we have similarly (3.56)
leading to

vt vt
Oca(n, o) ~ Y Xg e (O)Xg 2 (T) | Ocs(n, 7) (3.91)

T Rryv— vt

which suggests the basis (3.57). In order to generalize this to arbitrary quiver, we define
“quiver characters” xq(L, o) obeying, schematically

ZXQ o)xq(L,T) 25 o, Adj, (T (3.92)

where L is a generalized set of group theory labels. With a help of quiver characters we
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can analogously express invariance ([3.84) as

Oq(n,o) ~ Y (Z XQ(LU)XQ(LT)) Oq(n,7) (3.93)
T L
leading to define a basis
Oq(L) ~ Y xq(L,0)0q(n, o) (3.94)

The details of the derivation can be found in Appendix [C] the result is that we can

define restricted quiver characters as

l ID Ra_>Uba7"ab aVa Ra—>Ub’a Tba;ouV;
Za]a CL .7 _>Uba ab;a ia_>Ub,a lba;a

(3.95)

LE{RQ,T’aba, (;7 a}

They obey the required invariance and orthogonality properties, listed in Appendix
which are analogous to those of symmetric group characters. The complete basis of oper-

ators with a convenient normalization can then be defined as:

0Q<L>=H2a! Hdma > xa(L:0)0q(n. o) (3.96)

The group theory labels L are:
® T4ho: @ Young diagram with ng,., boxes for each set of fields ®4p.q.

e R,: a Young diagram for each group factor, labelling representation of S, , where

a)’

Na = Do Mbasa = Db o Nabie 18 the number of incoming and outgoing fields.
e v, : multiplicity index for outgoing field reduction R, — U, 4, Tab:a-

e v multiplicity index for incoming field reduction R, — Ub’ o Thaza-

The structure can most easily be seen with a diagram, which is the split-node quiver with

permutations o, inserted

(3.97)

Each group node carries a permutation in representation R, (denoted by a box), which is

then contracted via branching coefficients (denoted by white nodes) to representations rgp.q
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associated with fields. There are multiplicities ;"

associated to each branching coefficient
node. The lines denote contracted matrix indices 44, jq, lab;o- Note that xg(L, o) reduces
precisely to for the C? quiver! Also, for the trivial quiver C consisting of one
node and one field @11, corresponding to the half-BPS sector, we get Ry = ri1, all the
branching coefficients are unit matrices, and the quiver character is the usual symmetric
group character.

Using the orthogonality properties of quiver characters we can write the inverse of the

basis change (3.96|):

-2 Tl Xo(L.o)0a (L) (3.98)

3.3.2 Two-point function

We will show here that the general basis (3.96)) is orthogonal in free field metric for any
quiver )

(00(L10(E)1) = a1 T] . (1) (3.99)

fn, (Rq) is the product of weights of a U(N,,) diagram R,. We can see it is a straightforward
generalization of the result - for C3, except with a different normalization, due to
different normalization of the operators , compared to . It is important to
note, that again N-dependence is in the factors fy,(R,) which vanish if the height of R,
exceeds N,. So at finite NV the Hilbert space consists of operators Og (L) where the height
of all R, does not exceed N,

H = {0g(L) | Yal(Ra) < N.} (3.100)

The derivation of (3.99) is similar to that of (3.67) in [49], but now using analogous
properties of quiver characters xg(L, o) from Appendix We have the free field metric

((@aa) (@4 )F ) = Gucdradasdiol (3.101)

Then the two point function of Og(n, o) operators is

<(9Q(n, a)O0g(n, &)T> = > TTtrgne (Adjy(a)57") (3.102)

~

The sum is over ¥ = {Yaba € Snopoy — Wick contractions arising from each set of fields.
For the derivation of (3.102)) see Appendix Next, we apply (3.102)) to the definition
of 0o(L) (390):

<OQ( )Oq(L) >—CLCL > xa(Lo)xq(L,6) [ [ tryen (Adj, (0a)57 ") (3.103)

o 0'7'7
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where ¢, = Hila! HHd((iii?i) is the normalization coefficient appearing in front of the sum

in (3.96). Note that xg(L,o) is a real number, so we drop complex conjugation. Now
redefining o, — Adj, (0,) and using invariance property (B.10) the dependence on ~ drops

out

(0a(L)Ou(D)) = (chLHnaba)ZxQ (L&) [T trygna (a7 (3.104)

Next, applying
(0Q(E)0G(E)T) = 6patrsty-5- (cr® [] nanal)

ng! Ra i (3.105)
ST i (D P ) gl
Finally (A.10) gives
¥ Hnaba‘Hna'HdTaba
<OQ(L)OQ(L)T> =dpger’ [[d(R HfN
(3.106)

LL HITnab o H fNa

proving (3.09) .

3.3.3 Chiral ring structure constants

In this section we obtain general expressions for the chiral ring structure constants in the

restricted Schur basis

OQ(LM)0o(L?) =Y " G(LW, L?; L®) 0o (L) (3.107)
L3

The result can be expressed diagrammatically, and the main feature is that all Young

diagram labels combine according to the Littlewood-Richardson rule. That is, the resulting

diagram (3.113)) involves the branching coefficients for R(3) (R((ll), 512)) and r(ﬁ?a —
(r 1) 1“(2) )
ab a’ ' abja
3)
R((IS) Tab;a
G@Y, LY L) ~ T (3.108)
a aba 1) (2
Rg,l) RELQ) by Tab;a Tab;a

and so the chiral ring structure constant vanishes unless the Littlewood-Richardson coef-

ficients g(Rg ), ((l), ((13)) and g(r g))a, g))a, r((l?;)a) are all non-zero.

Note that, if we consider correlators of n holomorphic operators and one anti-holomorphic,

the coefficient would involve the appropriate Littlewood-Richardson coefficient for the

branching RS[‘“) — (Rgl), 22), e R((ln)) and so on for other labels. We leave it as an ex-
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ercise for the reader to write out the explicit formulae for that case, following the analogous
expressions we present for n = 2, i.e two holomorphic operators fusing into one.

Consider the product of operators (|3.96))

OQ(L(I))OQ(LQ))
1 2) 52 (M (2)
= Z > @M, e3P, 6)0q ()0 (a®)
I1 n(l ! o) o (3.109)
= 2) > > @M, e, a®)0g (e 0 6?)
H ' 0'(1) 0'(2)
Here we use a conveniently normalized quiver character
. [1d(Ra)
Lo)=,/=———xo(L,o 3.110
XQ(L, o) Hd(rab;a)m( ) (3.110)

(1) ()

The outer product M) 0 6 consists of pairs of permutations o’ 0 og in Sn(l) X Sn(z) C

Sna) - We can expand the permutation-basis operators as a sum of Fourier basis
operators using ([3.98) to get

Oq(L (”)%( L®)

(1 ZZZXQ Q(L(Z)vU(Q))XQ(L(?)),U(l) 00(2))OQ(L(3))
H ! H o) o2 LB3)
=2 G, L0 L) 0g(L)
L®
(3.111)

The sum L® runs over labels with n(® = n + n. This leads to the expression for

the chiral ring structure constants

GLW, L, L) = ZZXQ M)30(L®),0®@) 5oL, 0 0 @)

H”(l)' H LoD 5@
(3.112)

which can be evaluating by doing the sums over oM, ().

Let us first describe the answer and then sketch the steps in the derivation. The final
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result is, diagrammatically:

GLO, L L) = fED 0 > Y
{H«a} {V’abQO‘}

Ub,a lu(lb;a
(3.113)
with the constant prefactor
e | M dBED)dESA(R) 1 L
LOLE =
[Lapo Ao )70 ACr o) T, (RS AR T dripla ) ))
(3.114)

For illustration purposes in we draw three outgoing arrows rgp., from each branch-
ing node v, and three incoming arrows 7y, to each branching node v . The precise
structure depends on the quiver (on the other hand, the lines and nodes labelled by
(1:(2).3) are always three, associated with the three operators).

The explicit expression corresponding to is

GEW, LD L®) = 1w Y Y
{Ha} {/Jab;oz}

H F (UIREL[)? {Ul,b,arc%?a}’ UI”(SI)_S Ha, {Ub,aﬂab;a}) (3.115)
X F (UIRgI)a {Uf,b,arl(7£3a}a UIVéI)+; Ha, {Ub,auba;a})
with the object F equal to the single connected piece in (3.113)):

F (UIR(I)v {Ul,ar((xl)}7 UIV(I) s 1y {Uaﬂa}>

o R(D%Uar&l);l/(lwr R(2>HUQT&2>;V(2)+ R<3)%Uaré3);u(3)+ R<3)HR(1>,R<2>;H H Br(o?)ﬁrgl),r((f);ua
T W Su W HOBNEINIC) HONNENIC) i®) =i i) NSNS
«

(3.116)

The two pieces ]:(UIR,(II), {ULb,ar(I) 1 U[VC(LI)f; Las {Ubattab:a }) and

ab;a
.F(U[R((II),{U]7b7a7‘é2a},U[V((lI)Jr;,LLa, {Up,attba;a }) originally appear with reversed arrows,
but have the same expression (3.116)) due to reality of branching coefficients.

The key feature of (3.113]) is that sums p, are over multiplicity g(Rgl), ,(12);R((13))

and Hab;o QL€ OVET g(r(l) T(Q) .ré?l))-)a

abies Tobros ), and so the structure constant vanishes, unless all
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diagrams of L appear in the respective Littlewood-Richardson products

R @ R® — R®)
(3.117)
CO RSN JC)

ab;a ab;a ab;a

The branching coefficients in (3.113]) are contracted in the natural way, given these selec-
tion rules. For each group node a there are two terms — one for ™ and one for v~. Within

(1) Iy . O+

I
. . o . R —U .
each term, the branching coefficients arising from each operator B~ b.alabiaiVa

abja’? are
coupled via extra branching coefficients: B R R R for R,’s, and Brﬁ);a%r&?a’rg);a?“ab;a
for rap.q’s.

Let us take as an example the structure constants of C3, which were discussed in the

restricted Schur basis in [79]. The operators are defined via quiver characters (3.65)), and
for a single-node quiver (3.113]) reduces to:

Ges (LW, L®); L)

_ L®
—JLML® Z

)u"
K112, H3

(3.118)

Let us now go over the steps in the derivation of (3.113)). For clarity we mostly use
diagrammatic notation. The starting point is the sum (3.112)), which we write out as a

trace of a product of group factors

1 2 3
b,a Tl()a?a b,a réa?a Ub,a Tlga?a
Vc(nl)+ % V((ZQHY I/((13)—K(
GILW, L®; L) = f,é:((f))L(z)trH ﬁ > otV o |(a8) 00l
a MNa "I’La .U((l1)70((12) R(l) R 2) R(3)
oS % N V(s)—/Ka
Ub,a T((;)?oz Ub,a Tcﬁ?a Ub,cx Tfj}?a

(3.119)

with a prefactor

[T, d(R)d(RE)A(RY)
Ha,b,a d(rt(zi?a)d(r((l%?a)d(rt(z?;?a)

L(3)
fiope = (3.120)

The trace tr refers to the contraction of the indices associated with the Ua,bﬁ(,i?a at the top
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of the diagram to those of Uy, br( ) at the bottom. The identification occurs across different
group factors, to make up the qulvers for the three quiver characters. The diagram, with

free upper and lower external legs corresponds to an expression with indices {Uy b,ail(u? o)

for the upper legs and {Ur 45 a]ab O[} for the lower legs, each set living in ®7 4 ar(%)a. The
trace operation multiplies with [[; ., 51'“) D and sums over the indices.
T abja/ab;a
Applying (A.19) and (A.5) we have
Ry
* R}\i//é
1 _ n1'n2 w
> (ne) ™| = SRR > " (3.121)
7172 Ry Ry * R

(1) _(2)

Using this to perform g/, o4

sums we get

I
Rm
Ry

Ub,a 7"1(;(11304 b,o zﬁ)a Ub,a Tl(j?a
Vél)Jr VC(Lz)+ @ VL(13)+
(1) (3)
G(LW,L®; L®) = fL<(13))L<2>tr1:I d(R((ll))ld(R((f)) > RZI) Ha RZ3)
NOS @)= R, 3=
baTsbe UnaTne Usa o

(3.122)
At this point the diagram is still not factorized, because legs are contracted between
different factors in [[,. Next, focus on the lower piece of the diagram, containing v~
(equivalently we can pick the upper piece — they are symmetric). We can insert the

following sum over vp, y2

1
()'Z

n(l) In
ab;a* Yabsat Y1572

s m

ab Oc Hab;a Hab;o
Hab;o

/%P\

i

aba

(3.123)
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(1)

On the left hand side 1 acts on one of the outgoing legs r,,”  (for some choice of b, av),

7o acts on T((l?a, and (y1072) ! acts on 7‘((;2? o It is equal to the original v~ factor in (3.123)),

because we can pull 4’s through the branching coefficients and cancel. Next we can sum

over all yy oy € § (1) x S L@ which allows us to apply (3.121) again, resulting in the
ab [
)

ab;a

right hand side. Performlng this for each b, a we completely “cap off” the outgoing r
(1) 2) 3)

legs, contracting each r abia @ Tabio ™ Tabia respectively, and introducing {ftapo } sums. The

leftover branching coefficient with fip. (at the bottom of the right hand side) contracts
()

ba;a

the incoming legs r of the respective v+ diagram in (3.123)). Consequently, the diagram

completely factorizes, and we get (3.113)), with prefactor arising from

(3)
O fL (HLE
Lre —
I1, d(RM)d(RP) Ha,b,a d(r') )aes) )

(3.124)

The equations corresponding to the diagrammatic manipulations above are given in Ap-
pendix
3.4 Generalized covariant basis

3.4.1 Complete basis

We can define another complete, free orthogonal basis, which is a generalization of (3.68))

O(k) = YU > xalK. ) Oq(n.o) (3.125)

We refer to it as the covariant basis, because the labels K include representations of the
global symmetry group Ha » U(Mep). The basis arises from the possibility to “solve the

invariance” as in USIHg covariant quiver characters:

XQ(Ka 0') (H DRa ( G)B}'ZQ_}Ubf;bWa_BRa—}Ub Sba’”“) H B ab—> [nab], /BabS ab 8qp NabTab

fala Ja=Up lap ia—U, Ly, 0l

a ab "ab’
(3.126)
with a different set of labels
K = {Ra’ Sabs ab7 Va 7Va 7Aab77-ab7nab;a7/8ab} (3.127)

The covariant quiver characters (K, o) also obey an analogous set of character orthog-
onality identities, listed in Appendix For the details of the derivation of the basis
and how the two options xo(L, o) and xo(K, o) arise see Appendix

The covariant quiver characters are again most neatly expressed diagrammatically, as
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a modification of the original quiver. For C3/Zy (3.126) becomes

12

Ba1
v Az vy
S11 Ry 8;_1 To1 32_1 522
Xcs /2, (K, 0) = A = [n1] [o1] [02]  o— Ay =[ng] (3.128)
S11 519 T12 3—1"_2 R2 Vs
vy Ao vy
B2 N1

The labels involved are:

e R, F n, diagram associated to each group node factor is the same as before, with
finite N cutoff [(R,) < N,.

e Each set of M, arrows between given pair of nodes is collapsed into one, and there
is an associated diagram Agp F ngp, Where ngy = > nap.o- It labels a representation
of the global symmetry U(My;), and so I[(Ag) < Mgy, Since in C3/Zo we have
M1 = Msyy = 1, the associated Aq1, Aog are fixed to be single-row diagrams, one-

dimensional irreps.

e There are two additional diagrams s;tb F ngp associated to each line. In case My, = 1

they are equal s:b = s, and the same as rg, in the restricted basis.

e As in the restricted basis, we have branching at the white nodes R, — UbSBLa and
R, — Ups,, and the associated Littlewood-Richardson multiplicity labels vE

e There is a black node on each field line denoting Kronecker product s;rb ® 5, — Nap
and the associated Clebsch-Gordan multiplicity label 7.

o The extra labels B4, together with charges nq., = {napq }, identify a state in U(Mgy)
irrep Agp. That is equivalent to specifying a branching multiplicity label for Ay, —
Ua[Nab;a] Teduction (see e.g. [86] for this fact).

Let us also note, that in the case of the trivial Ajy, Aso the corresponding Clebsch-
Gordan coefficient still has to be included in ([3.126])

sts™, A=[n] 5ij
g S S - 3.129
i3 ,1 + d($+) ( )

It forces st = s, and is itself proportional to a delta function, but it includes the
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coefficient Diagrammatically

1
\d(s)®

A = [n]

J‘_L;L _ 1 s (3.130)

The key property of this basis is that the transformations under global symmetry group
Ha » U(Mgp) are made explicit

e {A} labels pick the representation of [] aprU (Mgyp)

° {Ra, 5,15 Saps vl vy, Ta} then distinguish different multiplets transforming under
{Aab}

o {nu, Bap} label a state in {Ag}.

The free two-point function in the covariant basis can be calculated in analogous way as
in the previous section, now using the properties of covariant characters in Appendix [B.3|

With our normalization the result is exactly the same as (3.99):

<OQ(K)OQ(K)T> = 6K,~<H1_?Z’Z‘!”! [T /v, (Ra) (3.131)

Finally, the inverse basis transformation is:
o) => ][ dRa) xo(K,0) Og(K) (3.132)
K

3.4.2 Chiral ring structure constants
Here we calculate the chiral ring structure constants for the covariant basis (3.125|) oper-
ators Og(K). As in the previous section, the product is
Oo(KM)0q(K®) =Y (KW, K®; K®)0o(K®) (3.133)
K®)
with the structure constants
G(KW, K(Q)'K(g))

(1 ZZXQ (1))XQ(K(2) ())XQ(K(3)’O_(1)OO_(2)) (3.134)
H T né -a<1>a<2>

Here we use conveniently normalized covariant quiver characters

= /][ d(Ra)xo(K). (3.135)
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Let us first present the answer and some examples, and sketch the derivation after-
wards. Recall from the definition of the covariant quiver characters, that the labels
are K = {Ra, S TpsSupr Va s Vi s Nabs Tab, Nabsars Bab }» as displayed in . The result of the
sum is, like in the previous section, that all of the Young diagram labels multiply

according to the Littlewood-Richardson rule

RM @ R?) — R®
1 2 3
A @ A% A

(3.136)
( ) ® 8(2)+ 5 8((3))+
3((1? ® 8( N s(ﬁ)_

That is, G(K(l),K(Q);K(g)) vanishes unless the labels from K®) are contained in the
Littlewood-Richardson tensor product (also called outer product) of the Young diagrams.
The non-vanishing coefficients are given, similarly as in (3.113)), by connecting up all

coupled legs via branching coefficients, and summing over the multiplicities for the new

branchings. Specifically, we get:

GKY, K®; K®) ;g((f))x ) Z Z Z Z

{na} {:U‘ab} {“ab} {iu’ab}

(3.137)
11
a,b
with
o T, R (R S
KOKE@ = . d(R((zl))d(Rz(f))Habd( (1)— )d(sg))_)d( (1)+)d( (2)+ )d(A(l))d(AgE})) |
3.138

As for the restricted Schur basis, we get two factors of F defined in (3.116)) for each group
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node, now sfb playing the role of r4,.,. In addition to that, for each edge in the quiver
we get a factor coupling A((l ) ® A(2) — Ag‘?. Again for illustration we use three outgoing
arrows from each branching node v, and three incoming arrows to each v;". The explicit
expression is:

G(KW K®, K®) fK(1>K<2) IS

{hal {udy} {noyy edy}
Hf(U]R D {Uij }UIV ;Ha,{Ub,u;b}) (UIR {U]bsba) }Up/ N+ ;ua,{Ub,u;;}>

S D= A LD) @+ @ (@ 0) @+ G- 40 ®)
HS ab’abaSa Sab 2 ab Tab Sab Sab 2 Yab Tab

L+ D= ) 1@+ @ @ 1O+ = | ®

a,b ab "ab ab "ab

A, A, DA A,
(D= )= sz)* (Dt @+ 1S @)
(1) (1) (2) (3) (3) 5(3) (3) (1) A(2),
> BAab _>[ ]Bab B ab _>[ }ﬁab BAab =gy 18 BA =Ny Ay iy
K k(3> KD @)

ab ab ab ?

(3.139)

In its most general form G(K(l), K®:. K(3)) looks more complicated than G(L(l), L®; L(?’)),
because it has to deal with both sfb and A,,. However, for linear quivers like C3 1 ,

conifold (3.161)), dPy (3.177) it simplifies significantly, because s;; = Ry, = s, so there

are no sfb or v labels at all. In that case the F factors reduce to

d(RDYd(RP) (3.140)

Hablgy,

Hap

using (A.17). Thus, for example, we can write the chiral ring structure constants for C3
as just the term for the single edge in the quiver

VA(RD)d(RP)d(RE))

1) 5 @). 5 (3)y —
Ges (KW, K@), K®)) A(RDYA(RD)d(AD)d(AD)

(3.141)

A diagrammatic form of the fusion coefficient for the C? case, manifestly exhibiting the

RM@R® — RG) LR-selection rule was given in [47]. For the conifold we have a product of
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two terms, one for each edge, using the labelling (3.162|) K = {R1, R2, Aa, A, T4, 7B, 1, B4, BB }:

VAR aRP)aRP)aR AR AR
d(RM)d(RPYA(RS) (R )d(AD)dAD)ad(AG)a(A L)

Ge(KW, K®, K®) =

DIDD

H1p2 uﬁ#%

(3.142)

The derivation of (3.137)) parallels that of the last section, except in addition we have
to deal with Clebsch-Gordan coefficient (black) nodes and Agp. The sum over o), o) in

(13.134)) is performed the same way as in (3.119)) and we get analogously to (3.122)):

1 2 3
Ub Sl(m)+ Ub Sl()a)+ Ub Sl()a)+

VL(11)+ VC(LZH @ VC(Ls)Jr

FK®3)
G(K(l),K(Q); K(S)) _ KOK® tr
[Td(R)d(RY) H

Us 5&” Us Sﬁ)_ U 51(1?1)))_
(3.143)
(N

As before, the trace-operation identifies and sums the corresponding indices from U, ps;,

at the top of the diagram to the indices from Ua,bsg?. Now we have extra Clebsch-Gordan

nodes between ng)_ and s%”. Note the outgoing lines next to A((Z? are a shorthand for

the whole collection of labels (T(I) A((ZQ, Bé?,ngb)) like in (3.128)), including the [, white

ab

branching coefficient node.
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In order to factorize this diagram we apply (3.123)) twice: both on sl(l?_ legs below
1/((1[)7 nodes, and on SI%H legs above I/C(LI)+. This introduces two sums over new branching
coefficients ,u;fb, p,;, (compared to just one in the last section) and splits the diagram into

three parts:

G(K(l) K®. K(3)) — fII({((f;K(?)
[T, d(RM)A(RP) TT,, d(sS) (s~

Ha
o

DIDIDN I IR

{had (i ma) @ | Y, s~

(3.144)

The diagram involving A((ZQ factorizes into a piece for each b, so we have (now including

Bap nodes):

(3.145)
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Finally, we couple Ag) ® Ag)) — A((li) by inserting the following sum

A

ab
1
M, @), >

Nap Map Y1572

(3.146)

ab

The diagram on the left hand side with inserted 71,79 is equal to (3.145), due to the
property of Clebsch-Gordan coefficients (A.28)), which allows to pull 4’s through, and then

cancel via p_, and u:b branching coefficients using |} Then applying (3.121)) again
we get the right hand side. Plugging this in (3.144)) gives the final answer ((3.137)).

3.5 Examples

Let us go over a few specific examples of quivers, to illustrate our general methods.

3.5.1 Conifold

The quiver for the Klebanov-Witten theory [72] describing D3-branes on a conifold singu-
larity is shown in Figure At non-zero coupling it is dual to AdSs x T™! where cone
over T! is the conifold. The gauge group is U(N1) x U(N2) and we have bifundamental
fields

Ay, Ao, By, By (3.147)

transforming in a global U(2)xU (2) flavor symmetry. Note according to the labelling in the

previous section the fields correspond to Ay = ®12.1, As = P12.0, B1 = Pa1.1, B = Po1.0.

The gauge invariant mesonic operators are traces of alternating products tr(A;, Bj, Ai, By, . . .).

According to the general prescription (3.79)), a general gauge invariant operator can be
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Figure 3.9: Quiver for the conifold theory.

specified by charges and two permutations
Oc¢(n,{o1,02}) = tryen (o1(AT™ ® AS")oo(BY™ @ BY™?)) (3.148)

or diagrammatically

i f
o1
A?m A§n2
Oc(n,{o1,02}) = (3.149)
02
Bi@ml B§m2
i 1

Here we denote n = ny + no = mq + mo the total number of A’s or B’s, which has to be
equal.

The counting is given by the split-node quiver, which was shown in Figure [3.3] and
. Now the restricted quiver characters obtained by inserting (o1, 02) in the the same

split-node quiver are

(3.150)

leading to the restricted Schur basis operators (3.96|):

_ 1 d(R1)d(R2)
Oc(L) = \/d(ml)d(m;d(r;)d(%) > Xe(L,{o1,02}) Oc(n,{o1,02}) (3.151)

01,02
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The labels are
L {Rl)R27TA1)TA27TBl7TBgaVl ) } (3152)

where Ry, Ro - n are Young diagrams associated with each of the group factors, limited to
at most Ny, Ny rows, r4,,74,,7B,, 7B, are Young diagrams associated with each field type.

They are constrained such that R;, Ry appear in the Littlewood-Richardson products

T Ay & TAy — R1

T4, ®TA, = Ro
' ’ (3.153)

B, @B, — R4

B ®rp, — Ry
and Vfc, 1/3E are the associated multiplicity labels, when R;, Ry appears more than once in

the product.

In this case, as in (3.62)) for C3, we can write the restricted quiver character x¢(L, o)

as a sort of restricted trace. Define a projector

(P s)is =y BE BT (3.154)
l

which projects from two different representations R, S of S,, into the same irrep r = (r1,72)

of the subgroup Sy, x Sp,. Then we can write the quiver character as

Ri—7ra<R2 Ro—rp<+Ro

R v R V;,Vf’
xc(L,{o1,02}) =tr [ D™ (o1)Ppt "2 D™2(oy)P (3.155)
The Restricted Schur basis operators are, explicitly:

-+
=cCL Z tr (DRI Pl?l’—l:iAeRzDRz (UQ)P]??::;B<_32> Oc(n,{o1,02}) (3.156)

01,02

Let us demonstrate the simplest example, with the charges n = {1,1,1, 1}, that is,

each field occurs once. The only choice for r diagrams is

rAl = TAQ = TBl = TBQ :l:‘ (3157)

Littlewood-Richardson product is

D®D—>Dj®H (3.158)

each diagram appearing once, so there is no multiplicity. We can choose each Rj, Ro
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independently to be either of the diagrams, giving 4 operators

OC L[]

1
tl" AlBl)tr(AgBQ) + tr(Ale)tI‘(AQBl) + tI‘(AlBlAQBQ) + tl"(AlBQAQBl))

HH

4 (tI‘(AlBl)tI’(AQBQ) + tl"(AlBg)tI'(AgBl) - tr(AlBlAQBQ) - tI‘(AlBQAQBl))

"0

(tI‘(AlBl)tr(AQBQ) — tI‘(AlBQ)tI'(AQBl) + tr(A1B1A2B2> — tr(AlBQAQBl))

Hmj

4 (tr(A1Bl)tl"(AgBQ) — tr(Ale)tI‘(AQBl) — tr(AlBlAsz) + tr(AlBQAQBl))
(3.159)

It can be checked that they are orthogonal in the free field metric. These operators are
particularly easy to evaluate, since all the representations are one-dimensional, and so all
branching coefficients are equal to 1. The only dependence comes from D1 (ay), D2 (o).
Note also the way this basis captures finite-IV cutoff: if N = 1 the height of Rj, Ro is
limited to 1, so the only operator that survives is O(| [ |,[ [ |). It is easy to see that
the others are 0 if the fields are replaced by scalar values.

Covariant basis operators for conifold are

Oc(i) = VIR 5~ (K {o1,05))Oc (. {01, 92)) (3.160)

01,02
[m1, ma]
BB %
Ap
Ry B Ry
xc(K,{o1,00}) = (3.161)
R 7, Ry
Ay
Ba
[n1, ng]
with the labels
K:{R17R27AA7AByTAaTBanaBAyﬁB} (3162)

The R, Ry F n are Young diagrams associated to the group nodes like before. But now,

instead of r4,, 7B, we have global symmetry representation labels A4, Ap F n. They are
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constrained to appear in the irrep decomposition of the S,, Kronecker product

Ri® Ry — Ay

(3.163)
R ® Ry — AB

If A4, Ap appear multiple times in the decomposition, 74, 75 is the multiplicity label. The
remaining labels {n4,npg, 4,85} then label a specific state in the U(M) x U(M) irrep
(Aa,AB). Note, compared to the general case , we do not need additional labels
sf, s}f, Vli, 1/35. This is because there is no “branching” in the quiver — all arrows outgoing
from node 1 go to node 2 and vice-versa, which enforces Ry = s, = SE and Ry = ij = spg.

Let us again work out the example with n = 2, that is 2 A fields and 2 B fields. Like
with Restricted Schur basis, we have 4 choices for Ry, Ro. In this simple case Ay, Ap are

uniquely determined by the choice of Ri, Ro, since

el J=[1]

D:|®H—>H (3.164)
Hed~

that is, only one irrep appears in the product, so Ay = Agp = R; ® Ry. For each choice of
Ry, Ro, Ay, Ap we list the highest-weight state in (Aa, Ap):

1 1
Ohw(Rl == D:‘, R2 = l:\:‘, AA == AB == l:\:‘) == itr(AlBl)tr(AlBl) + §tr(AlBlAlBl)

1 1
Ohw(Rl == H, RQ == H, AA == AB == D:D == itr(AlBl)tr(AlBl) — itr(AlBlAlBl)

O™(Ry =[ [ ], Ra = H Aa=Ap=1)

1
= 1 (tr(AlBl)tr(Ang) — tI‘(A1BQ)tI‘(AQB1) + tr(AlBlAQBQ) — tr(AlBQAQBl))

O™(Ry=|— Ra=[ | |, Au=Ap=1)

1
= Z (tI‘(AlBl)tI‘(AQBQ) — tI‘(AlBQ)tI‘(AQBl) — tI‘(AlBlAQBQ) + tI‘(AlBQAQBl))
(3.165)

3.5.2 Giant gravitons in the conifold

It is interesting to consider the operators in our basis, that have been identified with the
giant gravitons in TH! [87].

For two giants wrapping cycles a; and by, the dual operator is mesonic det(A4; By) and,
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in fact, can be expressed nicely in our basis

011 = det(AlBl) = O (3166)

Here the meaning of the diagram is just a convenient visualization of the labels L, while
the actual operator is O¢ (L) as defined in . The single-column Young diagrams are
understood to have N boxes. Note because of the single-column diagrams there are no
multiplicities at the white nodes, which makes them particularly nice examples. Next, if
we fix Ry = Ry = [1V], but allow different numbers (na,,n4,,np,,np,) of fields, subject

to restriction n4, +n4, = np, +np, = N, we get one operator for each choice of charges

(3.167)

This is because r4,, rp, diagrams are forced to be single-column by Littlewood-Richardson
rule. In fact, that is precisely what is needed to fill out the (N 4 1, N + 1) representation
of SU(2) x SU(2) of which det(A;By) is the highest weight state. Using covariant basis
we can label the whole representation by Ri, R2, A4, Ap as in Figure [3.10

Ap _im

Figure 3.10: Representation containing giant gravitons expanding in 7!

In analogy with half-BPS states in C?, it is natural to suggest that if single-column
operators Ry = Ry = [1N | correspond to giants expanding in the compact T41, then
single-row operators Ry = Ro = [n] would be dual giants, expanding in AdSs and point-
like in 71!, These states live in the SU(2) x SU(2) representation (N +1, N + 1) labelled
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as in Figure [3.11]

Ap =111
leﬂjij}bmﬂj
{ ]
|
Ay =01110

Figure 3.11: Representation containing AdS giants

It is important to note that, in principle, in order to match with the D3 brane states
on the bulk side, we need to use the BPS operators of the interacting theory. The BPS
operators are in one-to-one correspondence with the elements of the chiral ring, that is, in
each equivalence class of operators modulo F-terms there is one BPS combination. The
reason we can rely on the free chiral ring operators in these examples, is that the highest
weight state involves only Ay, By and no As, Bs. The F-terms only identify operators by
symmetrizing Ay, A2 and By, Bo, so for an operator like det(A;B;) there are no F-term
identifications. In other words, an operator only involving A, By is the unique operator
in its equivalence class in the interacting chiral ring, thus it must be BPS. Therefore,
these operators have protected scaling dimension, proportional to the R-charge, and can
be compared to states at strong couplingﬂ We can identify all such BPS operators: in
order to have a highest weight state with only Ay, By, the SU(2) x SU(2) representation
must be (Aa,Ap) = ([n],[n]), where A’s are single-row. This is analogous to half-BPS
operators in C? having A = [n]. Then R; = Ry can be anything, but are forced to be
equal, in order to have [n] in their product. Thus we have a class of operators in the chiral

ring labelled by R F n for any n as in Figure [3.12

Ap=01T11

Ay =011117

Figure 3.12: Protected representation

The highest weight operator in this representation can be expressed as

Oc(R) = = 3" xa(0)tryen (o (A1 B1)*") (3.168)

3 Note, however, they do not enjoy all the non-renormalization properties of the half-BPS operators in
N =4 SYM, such as protected three-point functions [88].
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3.5.3 C3/Z,

We have used the theory of D3 branes on a C3/Z singularity throughout, so here we just
collect the references.

The quiver and the split-node quiver is displayed in Figure The gauge symmetry
is U(N1) x U(N3) and the global symmetry in the free limit is U(2) x U(2). The split-
node quiver leads to counting . The restricted characters xcs /ZQ(L, o) that give an
explicit implementation of the counting are shown in . Combining with the operators

Ocs/z,(n,0) shown in (3.78) we get the basis Ocs 7, (L) (3.96). The labels are

+ o+
L = {Ry, Ry, 711,722, 12,1, T12:2, T21;1, T21;2, V] » V3 } (3.169)

The covariant basis Ocs 7, (K) is built with covariant characters shown in (3.128)).

3.5.4 dP,

The theory of D3 branes on C3/Z3 singularity [59], also known as dPy, has a quiver shown
in Figure The gauge group is U(Ny) x U(N3) x U(N3), and we have a total of 9

bifundamental chiral multiplets
{@12;117(1)23;117(1)31;@}7 o€ {17273} (3170)

There is a global flavor symmetry group U(3) x U(3) x U(3). The counting of finite-N
gauge invariant operators following (3.12) is given by the labelled split-node quiver, also

in Figure [3.13}
NdPO({nab;a};NlaN27N3) = Z Z Z Z Z Z

Ritn Raokn Ratn  {rig;a} {res;a} {r3i;at
I(R1)<N1l(R1)<Nil(R1)<Ni

9({rsat; B1) ({120 }; Ba) 9({r12:a }; R2) 9({723:0 15 R2) 9({r2sia }; R3) 9({73150 15 R3)
(3.171)

{7'12;a} {r31;a}

(I>12;04 (I)Sl;a

Ry R3

{rasa}

(I>23;oz

Figure 3.13: Quiver for dFP, theory, and the split-node quiver for operator counting.

The gauge invariant mesonic operators are traces of products going around the quiver
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tr(P12:0, P23:00 3105 P12;0y - - -)-  According to the general prescription (3.79)), a general

gauge invariant operator can be specified by charges and three permutations

Oupy (1, {01,02,03}) = tryen (01 (Pr2,0) 120} 0y (Do) 17230 03 (D31,0) O1300d
(3.172)
Here n = )", ni2.a = >, N23:a = 2, M31:a is the total number of ®19.4’s or $o3.4’s or
®31.,’s . Since the dFy quiver is “linear”, without any branchings like in C3/Zs, we can
think of the operators Oyp,(n, o) as traces in Vy".
Restricted Schur basis operators are:

Oapy (L) = cL Z Xapr,(L,{o1,02,03}) Ogp,(n,{01,02,03}) (3.173)

01,02,03

with the restricted quiver character as a further decorated split-node quiver:

Xapry (L, {o1,02,03}) = (3.174)

The labels are
L= {R1,R2,Rs,rlz;a,mz;m7"31;a,1/1i,1/§[,1/;[} (3.175)

Covariant basis operators (3.125)) for dPy are

Our (K) = \/d(Rl)(i(!gﬁd(R?,) S vary (K. {01, 72,03}) Ouary (. {01, 02, 73})
e (3.176)
Xdp, (K, {o1,02,03}) = (3.177)

with the labels

K = {Rb R27 R37 A127 A237 A317 Tab, nab;aa Bab} (3]‘78)
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That is, an operator U (M )3 multiplet is defined by the global symmetry irrep (Aia, Aoz, As1),
the diagrams Rp, Ro, R3 - n for each gauge group factor and 3 multiplicity labels 7, for

Clebsch-Gordan decompositions

Ri1 ® Ry — Ao
Ry ® R3 — Ags (3.179)
R3 X R1 — A31

3.5.,5 C?/Z,xC

As a final example let us take the quiver of the C?/Z, x C theory [58], Figure In

N =1 language it is a circular quiver with n nodes and fields @4 41, Pa.a—1, Paa-

Figure 3.14: C%/Z, x C quiver

The corresponding split-node quiver is shown in Figure [3.15] This leads to finite-IV

T'nl 21 723 743

Ry 11 Ro 722 Rg3 733

Tin T12 32 T34

Figure 3.15: Split-node quiver for C?/Z, x C

counting of operators

Nezoclralh N = Y 3 3 %

{Rak”la} {Ta,a+1} {ra,afl} {Ta,a}
[(Ra)<Na (3.180)

H g(ra,ay Ta,a—15Ta,a+15 Ra) g(ra,ay Ta—1,a>Ta+1,a5 Ra)

a

The restricted Schur basis Og (L) can be constructed by writing down quiver characters

according to the split-node quiver, with the multiplicity labels uai.



Chapter 4

Weak coupling

4.1 Chiral ring, wavefunctions and BPS operators

In this chapter we move on to the interacting N' = 4 SYM, working perturbatively in g
at finite N. The goal is to find explicit operators in the eighth-BPS sector at one loop,
that is, annihilated by the one loop dilatation operator Ag. It is conjectured [89] that
such operators will also be annihilated by higher loop dilatation operators, and thus can
be exactly identified with the eighth-BPS sector states at strong coupling and gravity.
Furthermore, the two-point functions and extremal higher-point correlators for these op-
erators should be exact at tree level (basically, because dilatation operator appears at
higher loops), which would allow comparison with gravity correlatorsﬂ

Let us start by elaborating on the connection between the chiral ring and the eighth-
BPS sector described in Section Let H be the Hilbert space of the free bosonic

eighth-BPS sector spanned by all multi-trace operators built from the three scalars ®,
H={0 | VO = tr(Pg, Py ... Pg, ) t1(Pp, ...) ...} (4.1)
with the inner product given by the tree level contractions at finite N
((®2)5(D])}) = dapd}of (4.2)

The complete orthogonal basis for H is given by or . At g # 0 these operators
are annihilated by Q¢, but not necessarily by S’é. The eighth-BPS sector is the subspace
Hpps C ‘H annihilated by 5’2{ or equivalently, according to the conjecture above, the
subspace annihilated by As

Hpps = Ker(As) (4.3)
where \
Ay = = tr([@q, D] (D, Dy]) (4.4)

! In [89] this conjecture is explicitly stated for the quarter-BPS sector built only from scalars Z,Y", but
it is believed to also extend to the eighth-BPS sector. If that were not the case, the results in this chapter
would still apply to the quarter-BPS sector, and that is where we take all our examples from.

75
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d, acts as a formal derivative, generating Wick contractions on the fields to the right

(Da)5(Ry)f = (®y)f = dap0j0" (4.5)

9(®,)!

(]

It is worth noting that originally in Section the Hilbert space Hppg is defined with
the full Zamolodchikov inner product including all-loop corrections, while here we define
Hpps with the tree level inner product. However, according to the conjecture, there are
no higher loop corrections, so it is the same.

There is another characterization of Hgpsg that follows from . Ay is a Hermitian
operator on H, so we can decompose the Hilbert space into orthogonal eigenstates of
As with real eigenvalues. Hpps is spanned by all zero eigenvalue states, while the non-

BPS operators with non-zero eigenvalues, must be Q¢ descendants. The subspace of
descendants Hp is spanned by all operators containing F—termsﬂ (2.53)

Hp ={Op |VOp = tr([Pay, Puy | Pay - - It (Ppy . ..) ...} (4.6)
The two subspaces, having different eigenvalues of Ao, are orthogonal to each other, thus
‘Hpps = (7‘[1))L (4.7)

This is analogous to the discussion around ([2.44]) but the difference here is that orthogonal-
ity is with respect to the tree level inner product. (4.7)) was first used to find quarter-BPS
operators in [46], however, the procedure of taking orthogonal complement of H p turns out

to be quite complicated even in tree level and possible in practice only for small number
of fields.
Now, the eighth-BPS chiral ring is the quotient ([2.45)

C=H/MHp (4.8)

As discussed in Section there is a one to one map between C and Hgps, which is just
the map between H/Hp and (Hp)t. That is, each element of C is an equivalence class, a
subspace of H differing only by Hp, and it contains exactly one element in Hpps.

In this work we focus on the chiral ring as an intermediate step of finding the BPS

operators. More precisely, we want to find the explicit map
C — Hpps (4.9)

which would allow, given an element of the chiral ring, to find the corresponding BPS
operator. This would be very useful for identifying gravity duals because, as we discuss
in Chapter 5] in some cases there is a well developed map between gravity states and the

chiral ring elements. If we could map those to the actual BPS states, that would allow a

2 Note that because of finite N relations it might be possible to rewrite Op without an F-term, but
Hp is still well defined as anything that can be written with a commutator.
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much more precise comparison, such as calculating correlators.

In order to develop the map C — Hppg we first need a way to label elements of C. A
convenient way to do this is by using boson wavefunctions. This arises from the fact that
H/H p is the coordinate ring of the symmetric product space (C*)V /Sy (see Appendix.
This ring is spanned by polynomials in 3V variables x;,y;, 2; where ¢ = 1... N, that are

symmetric under simultaneous permutation o € Sy:
C = {\I/(l'l, Yi, Zi) ‘ \IJ(O'(.’L'Z'), O’(yi), O’(ZZ')) = \I/({L'Z', Yi, Zi)7 Vo € SN} (4.10)

To map from an operator O € H to its corresponding wavefunction ¥ € C we simply take

the matrices to be diagonal Z = diag(z;). Let us call this map P

P:H-=C (4.11)
P(O(X,Y, 7)) = O(X = diag(x;), Y = diag(y:), Z = diag(=)) (4.12)
For example
N
P (tx(2°Y?) =) 22y} (4.13)
i=1

It can be shown that P maps operators to zero if and only if they are descendants
P(Op)=0 (4.14)

because [®,, Pp] vanishes for diagonal matricesﬂ The map also respects the addition and

multiplication of operators
P(Olog) = P(Ol)P(Og), P(Ol +02) = P(Ol) +P(02) (4.15)

thus if two operators differ by a descendent they are mapped to the same wavefunction.

Next we can ask how to reconstruct the unique BPS operator given a chiral ring element
represented by a wavefunction ¥(z;,y;, z;). This would be a particular inverse of the P
map

P71 C — Hpps (4.16)

where we map only to the BPS subspace of H. First, we need any operator O such that
P(O) = U. Then the BPS operator which maps to the same ¥ can only differ by a
descendant:

O = Opps + Op (4.17)

3 The “only if” part can be proved by counting: there are as many symmetric polynomials as states in
‘H/Hp, and the image of P covers all the polynomials, for example, using basis . Thus there can not
be any additional non-descendent operators that have P(O) = 0, because that would make H/Hp larger
than the space of polynomials.
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Consider acting on O with the one-loop dilatation operator As:
As0O = A9(Opps + Op) = AsOp (4.18)

Note that Ay acts on H but always produces a descendant on the right-hand side. Consider

an operator Ap equal to As but only acting on the subspace Hp

Ap: Hp — Hp (4.19)
Unlike Ao, it has no zero eigenvalues, thus we can define the inverse

ARt Hp — Hp (4.20)

By the definition
AL AOp = Op (4.21)

so we can isolate and subtract the “non-BPS’ness“ from O

Opps = (1 — AR A0 (4.22)

We can verify that the operator is BPS by acting with As:
AsOpps = (Mg — AsALT A0 = (A — A)O =0 (4.23)

Since in (4.22)) we are manifestly subtracting an element of Hp, Opps still corresponds to

the same chiral ring element as O. Thus we find
Pl=1-A7'A (4.24)

in a sense that this will recover the BPS operator starting with any chiral ring represen-
tative. In general is rather formal, since we have not found a systematic procedure
to evaluate ABI, even in the 1/N expansion. But we will see in Section that in some
cases the action of As is simple enough so it can be inverted and Al_)l can be calculated
explicitly.

Finally, let us write a complete basis for C, which in principle will define a complete
basis for Hppg via . The boson states can be labelled simply by specifying N
excitation numbers

|17, T, . . ., 70N (4.25)

where each m; is in Z3, labelling a state of a 3D harmonic oscillator

m; = (méx), m(y),mgz)) (4.26)

)
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Because the bosons are identical, in order to get a unique labelling we impose some ordering
my > me > ... 2> My (4.27)

The wavefunction for a single boson is just
) = g ym® ;™ = g (4.28)

and for N identical bosons
1 N
|m17m27"'7 _’N 7ﬁ Z H o_ (429)
€Sy i=1

Basically, it is a product of Zlml for each boson, but we have to sum over permutations.

We also want a basis of representative operators, such that
P(O(my, ma,...,my)) = |my,Ma,...,my) (4.30)

Such basis was written in [37] and is given by the determinant-like operators

- - m1\e Mo\ my\?¢
O(, Mg, ..., M i ; T(@T)L L (@TNE (@T) (4.31)
OCON
Here
P = xmym® gm (4.32)

Thus putting everything together, the complete basis for the chiral ring C is
C:{|m17m27"'7mN>} (433)

and the corresponding complete basis of the BPS operators is

Hpps = { (1 — AL A2)O(1ii, 12, . . ., 17iN) } (4.34)

Here is a simple example showing the different states (up to normalization):

1(0,0,2),(0,2,0)) Zy (4.35)
i#]
0((0,0,2),(0,2,0)) = tr(Z*)tr(Y?) — tr(Z%Y?) (4.36)

N -4

Ogps ((0,0,2),(0,2,0)) = tr(ZH)tr(Y?) — tr(Z%Y?) — tr([Y, Z][Y, Z)) (4.37)

Note that even though (4.34]) gives a complete eighth-BPS basis, it does not give an
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orthogonal basis. One way to see this is to restrict to the half-BPS sector, where

O(m17 m27 e 7mN N' Z Zml :LLI(I) (Zm2):,1 (2) o (ZmN):LLtlj(N) (438)

ocESN

It reproduces the single giant graviton states xpi»j(Z) o< O(1,1,...,1) but not the AdS
giant x[n(Z) # O(n,0,0,...) o< tr(Z"). One might hope that at least gives a
good approximation for orthogonal states dual to classical eighth-BPS giant configurations
expanding in S° — precisely those that will be the topic of Chapter

To go beyond the regime of giant gravitons one probably needs to diagonalize the basis
, which is a very hard problem beyond the scope of this work.

4.2 Eighth-BPS by applying Q!

In this section we develop a method to find exact eighth-BPS operators, that is especially
suitable when the charges are small enough n < N, so there are no finite N relationships.
It is based on the original paper [65]. We will see that in this case we can start with
an operator built from symmetrized traces and then systematically apply 1/N corrections
given by operator Q1. This is a slightly different approach than (4.22)), but has a virtue
of having a systematic 1/N expansion. We will come back to in the next section.

Let us start by reviewing the planar limit N — oo. Consider the basis of operators
labelled by permutation ¢ € S, as in , with a convenient normalization

O(o) = ~a7z Ty en (o <I>®"’) (4.39)

1
Nn/2
Here n = ni 4+ ng + n3. The inner product at finite N is (3.102])

_ 1 IR
(0(0)|0(5)) = 77 D tryen(v707190) (H = Sn, % Sny X Sny)
yeEH
= Z;I ZS; NC(T)fné(,YflUfl/Y&T) (4‘40)
YEH TESK
=Y (v el Q)
yeH

The Q factor
Q=) N (4.41)

O'ESTL

is a central element in the group algebra C(S,,), i.e. it commutes with any element of .S,,.

It has a 1/N expansion

Q - 1 + 2[2] + (2[3] + 2[2 2}) + 2 4] + 2[3,2] + 2[272’2}) + . e (442)

ik

where Y7 is the sum of all permutations in the conjugacy class T'. If n < v/N then 1)

is dominated by the term 7 = 1, in other words, we can take the planar approximation
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Q=1
(O0(0)|0(7)) o = Z §(vloT6) b5 (4.43)
yeH
The subscript (...|...),, denotes the planar inner product, and we can see it is non-zero

only if o is equal to & up to a conjugation by v € H. This is precisely when the operators
are actually equal products of traces, thus this is the usual result that in the planar limit
traces form an orthogonal basis.

It is useful to define a new Hilbert space Hoo using the planar two-point function
. It is the Hilbert space in the strict N — oo limit, which is spanned by operators
O(o) defined up to conjugation

Hoo = {0(0) | O(0) = O(yoy™"), v € H} (4.44)

with no finite NV identifications. It can be thought of as the space of conjugacy classes [o]

(with respect to H), without any reference to N. There is the natural map we call Zy
IN :Hoo & H (4.45)

to the finite N Hilbert space H, which is just taking O(o) as an element of H. It is
important to note that Zx is not invertible, because an operator in H might be written
using different O(o) due to finite N relations. Ker(Zy) spans exactly the operators set to
0 at finite .

Now 2 can be considered as a linear operator on Hq

Q0(0) =0(Q0)= > N90(r0) (4.46)

TGSn

From the point of view of H,,, N is just a parameter in ). Note this definition is
consistent, because {2 is central so it is independent of which representative o is chosen
O(Qyoy~1) = O(Qoy~1). Then the relationship between planar and finite N inner

products is
(0(0)|0(5)) = (0(0)[2]0(5)) (4.47)

Note also that 2 is Hermitian in H,, as can be seen from , it does not matter if it
acts on o or o.
Next, we use the fact that Hgps = (HD)L . With the help of 2 we can write this
as
(Op|Ogps) = (Op|Q?|Opps), =0 VOp € Hp (4.48)

What makes this particularly useful, is that it is very easy to find the orthogonal comple-
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ment of Hp inside Hoo: it is spanned by symmetrized traceﬂ
<0D|(95>00 =0, if Op e Hp, Og € Hg (4.49)

where

Mg = {Og | VOg = Str(Bg, B, ... By, )Str(Dp, ...) ...} (4.50)

The orthogonality (4.49) can be shown by defining a symmetrization operator P, which is
a linear operator on H, that acts by completely symmetrizing all traces. P is a Hermitian

operator and
Hp =Ker(P), Hg=Im(P) (4.51)

so these two spaces must be orthogonal.

In general 2 is not invertible (because it maps some operators to 0), but it is invertible
if n < N. That is, if we restrict to the subspace of H,, where the operator charges do
not exceed N we can actually define Q~!. This object has appeared in the studies of 2D
Yang-Mills, in the large N expansion (see [90]). It can be calculated explicitly for a fixed
n or in the 1/N expansion when n < N, see Appendix Then we can get Hpps just
by acting with Q! on Hg

Ogps = 9‘1(95, if n<N (4.52)

This follows trivially from (4.48) and (|4.49))
(Op|'0g) = (0pQQ~'0s) _ = (Op|Os),, =0 (4.53)

At n < N there are no identifications between traces (Zy is invertible), which makes it
easy to write a complete basis for Hgpg. Start with a complete basis for Hg which can be

labelled by a set of three-dimensional integer vectors (1, ma, ..., M)

. mD @) D @ 3) m® @ g ®
Og({m;}) = Str(®7" 5 D5 )Str(®]2 @52 @52 ). .. Str(®F @)% Dy ) (4.54)

where we impose some canonical ordering mq > mo > ... > M. Then
Ogps({m}) = Q7' Os({mi}) (4.55)

is a basis for Hpps.
Let us demonstrate the main result (4.52) with an example. Take

Os = 05((0,0,2),(0,2,0)) = tr(Z?)tr(Y?) (4.56)

4 Strictly speaking here we can distinguish between H, C Hoo, which is genuinely the space of all
traces containing a commutator, while the original Hp € H is the image of H, under Zy.
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Using (A.46)), the first 1/N correction is

Q05 = tr(z2)tr(y2)—% (4tr(Z%Y?) + tr(2)tr(Z2)tr(Y?) + tr(Z%)tr(Y)tr(Y)) +O(N~2)

(4.57)
Y[ either joins the two traces or splits one of them. The full correction can be written by
applying , but the answer is rather long, and not very illuminating. Note, however,
it is very different from , which only has 1/N term in this case

(1= A5 22)05 = tx(Z)(V?) + x([Y, Z][Y, Z) (4.58)

Now let us discuss the case n > N from the perspective of €). Relationship is
still valid, and in principle it is possible to derive an analogous result to , but we need
to take care inverting €. It is easiest to work in the basis labelled U(N) representations
R, such as the restricted Schur or the covariant basis. We will ignore the
remaining labels and just refer to the operators as O(R). The basis for H is spanned by

all R, and the projection to H simply cuts off the diagrams taller than N

Lo O(R) = O(R) ifI(R) <N, (4.59)
0, if (R) > N

The action of 2 is diagonal in this basis

O(R) (4.60)

which also annihilates operators with [(R) > N. If n < N then f(R) is always positive

and the operator can be inverted

NT’L

@O = 57

O(R) (4.61)

But now note, that even if n > N we can still act with Q~! on states with [(R) < N, that

is, on the Im(Zy). Let us define such projected inversion

Qt=InQ Iy (4.62)
so that
01 O(R) = AmOR) if I(R) < N, (463)
0, if (R) > N
Note
00 =1Iy (4.64)

Simply acting with Ql_l on Og will still not give a BPS operator, because following anal-
ogous steps as (4.53) we get (Op|Zy Og)., # 0. The reason is that in general after Zy

projection the operator is no longer symmetric.
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What we need is to start with an operator which is symmetric and it is in Im(Zy).

In other words, a symmetric operator, which can be written purely in terms of [(R) < N

diagrams
Osi= Y crO(R) (4.65)
l(Rgng
obeying
In Osr =P Osr = Ogy (4.66)
In that case it is indeed true that
Ogps = Q' Og; (4.67)

is eighth-BPS, as can be shown by repeating the derivation (4.53)
(Op|Q 1 Os1) = (0p|QQ; ' Osr) . = (Op|INOs1)oe = (Op|Os1) o, =0 (4.68)

Another way to formulate the result is as follows. We have Im(P) € Hoo, the space of
symmetrized operators, and Im(Zy), the space of operators with [(R) < N. We define a

projector Pr to the intersection of these two spaces
Im(Pr) = Im(Zy) NIm(P) (4.69)
Im(Pr) is spanned precisely by operators . Then the eighth-BPS operators are
Hpps = Q7 'Pr Hoo (4.70)

It is interesting to note that the counting of BPS operators at finite N is given by [Im(Zx)N
Im(P)|, so the symmetrization operator P is still relevant, while a priori one might expect
it is only useful in N — oo limit.

A drawback of this approach is that it is quite difficult to find the operators Og;
explicitly and unlike Hg we do not have a construction for the complete basis of Im(Pr).
This limits our possibility of finding explicit operators Oppg with n > N to only small
values of N, where we can construct the matrix elements of the operator P on O(R) basis,
and calculate the intersection P;. Thus the results of this section are still more applicable

to n < N, where can act with Q! directly on symmetrized traces.

4.3 Eighth-BPS by subtracting descendants

In this section we go back to the idea of finding BPS operators based on (4.24]). The main
problem with is that in general we do not have a way to systematically evaluate
ABl. However, if we start with a sufficiently “nice” basis, where there is small mixing
between different Ao eigenstates, then it might be possible to find an approximate inverse.

Furthermore, if we start with an operator which is “near-BPS”, then the corrections
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ABIAQ will be small, and we can work order by order in 1/N. We will show here an
explicit example of this construction, in the sector where n > N.
As an example we take operators dual to a maximal giant graviton with attached open

strings. These are single-column restricted Schurs with impurities [20, 22} 23], 24]

XR:[lN],T:[lN—k](Z; Wl, chey Wk)

_ 1 o i IN—k IN—k+1 i
- (N —k)! Z (=1) Ziia) T Zia(ka)(Wl)io(N7k+l) T (Wk)i;\’(zv)

geSN

(4.71)

Since all the diagrams will involve a single column with impurities we will abbreviate
X(Z; Wl, Ceey Wk) = XR:[lN]’T.:[lN—k](Z; Wl, ey Wk) (4.72)

The attached “words” W; can be any contraction of field letters, but unlike trace which
is cyclic (closed string), it has the beginning and the end (open string). The bulk of

the operator, carries charge ZN—F

and represents the brane. In case there are no strings
attached it is just det(Z). It can be shown that correlators in this basis have a nice
planar expansion, so that states with different strings are approximately orthogonal, and
further 1/N corrections admit an interpretation as open string interactions, or interactions
between the strings and the brane. See Appendix [D] for more details.

We focus on the operator
1 L
Oyr = ———x(Z;Y") (4.73)

which represents the ground state of the open string spin chain [27]. The operator is
properly normalized
(Oy1]|OyL) =1+ O(N?) (4.74)

It is an accepted fact in the literature, that Oy-r is “near-BPS” [20} 22}, 23]. Let us examine
this in detail. In general, the leading O(\) contribution to the one-loop dilatation operator
A5 comes from acting on the open string with a spin-chain Hamiltonian. The excited states
would involve impurities x(Z; Y1 ZY"2 .. .), while for Oy one-loop dimension is zero to
this order. However, there are also subleading interactions between Y string and the
brane. The expectation value for the one-loop dimension because of these effects is
(Oye| A Oyr) = m% (4.75)
This is taken as a sign that Oy is “near-BPS”, because anomalous dimension is suppressed
it N> AL.
From our perspective, however, we can refine the question of what “near-BPS” actually

means. As discussed in Section [4-I] any operator can be uniquely expanded

OyL = cgpsOgps + ¢pOp, ‘CBps|2 -+ |CD‘2 =1 (4.76)
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where Oppg is annihilated by Ao, and Op is a mixture of non-zero-eigenvalue eigenstates
of As and vanishes in the chiral ring. All operators are assumed to be normalized. Our

goal here is to find the BPS combination
Oyt —cpOp (4.77)

and the relevant question is whether |cp|? < 1 or not. If (Oyr|A2|Oyr) < 1 that leaves,

in principle, two possibilities

1. Oyr has a small mixture |cp| < 1 with non-BPS states, that might have large
eigenvalues (Op|A2|Op) ~ O(A). In this case Oy can indeed be considered as a

good representative of the actual BPS state.

2. Oy is actually dominated by the non-BPS states |cp| ~ 1, that happen to have
small (but non-zero) eigenvalues (Op|A2]Op) < 1. In this case we should not treat
Oy as BPS.

These two possibilities were already pointed out in [22], but this question has not been
conclusively resolved. Here we will find the dominant correction cpOp explicitly and
will indeed show that |cp|?> ~ O(N~1), that is, Oy is a good approximation to a true

(quarter-)BPS operator.
We will apply (4.24]) to find the BPS component of Oy
OBYS — (1 — AL A2) Oy (4.78)

What makes it possible, is that we can use an appropriate planar approximation in the
open string basis.

First, acting with Ao gives

AsOyr = —tr([Z Y[V, Z]) X
A\
N\/N!NL

L

A R N 3

= 7 2 WYY YD) - (B YT (2, Y)Y )
’ i=1

_ . I
tr([Z, Y)Y, Z]) x(Z;Z,Y")

(4.79)

A
VN ; VNINLH (x

1

ZY'"TLY R ZY )+ x(Z; Y Y ZY )

The second line follows from (D.10). In the last line we have dropped the terms where Z

appears at the end of the open string, such as
x(Z:; Y, YEt=ig) (4.80)

because their norm is suppressed by ﬁ compared to other operators. In general, operators
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with Z at the endpoints are not considered part of the open string basis (4.71]), because
they factorize and can be related to states containing closed string [22].
So the result is that

A
AoOyr = ——0 4.81
2VyL \/N A ( )
with
1 A 1
Op = —u— Z:YTLYE 2y + x(Z, YL Yy ZzY D) + 0 <> 4.82

Each operator in the sum is normalized

2

1
~1 (4.83)

yvi—1 L—i
X (YY)

and represents a maximal giant with two attached strings, one in ground state Y*~! and
one with impurity Y ZY L%
The next step is to find ABl acting on Oa

Op = Ap'Oa (4.84)

In the sector of operators with an excited open string, the action of Ay to the leading

order O(\) is just the spin-chain Hamiltonian [27]

L-1

Ay~ A (Iip1 — Priga) (4.85)
=1

where [; ;41 is the identity and P, ;1; is the exchange acting on adjacent sites (1,1 + 1) on
the string of length L. Note that the terms with Z in the first or last site should be set

to zero. In particular, on a string with a single impurity

Ao X(Z;YZYT) = 2Xx(Z;Y ZY7?) = A x(Z; Y2 ZY77Y)
Do X(Z;Y'ZY) = 2Xx(Z; Y ZY) — Ax(Z; Y 1 ZY?%) (4.86)
Ao X(Z;YZYT) = 2AX(Z; Y ZYT) = Ax(Z; YL ZY =Y — A x(Z; YL zy7+h)
In the operator Oa we have, for each length of the open string, a sum of two terms where

Z is in the first or last allowed site. It is easy to find the combination that gives the

desired operator under Ay action:

o

-1

A . .

72 X(Z;YIZY* ) = \(Z; Y 2V ) 4+ x(Z; Y1 ZY) (4.87)
1

<.
Il
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Thus we found the inverse ABI in this particular sector, to the leading order in N:

o

-1
x(Z;YIzY* ) (4.88)
1

AD (MZ Y 2Yh ) 4 x(Z: YR 2Y)) =

>
.
I

We can apply this to each term in (4.82)), since the extra string Y does not have an

effect to leading order

L—-1L—1

1 . . o
NN x(zyyi i zy it (4.89)

1
AP Op =~
P ° A N!NL+1 i=1 j=1

Putting together (4.78)) evaluates to

onps ~ MZYY) 1 SRy Yigy i (450
NINL VN — = VNINL+H

This is the leading order correction to Oyr. The important point is that it decreases the
anomalous dimension of the operator parametrically: has (Ag) ~ O(AN~2) while
Oyt had (As) ~ O(AN~Y). The terms in the sum in are normalized to 1 and there
are O(L?) of them, thus we find

lep|* ~ O (fj) (4.91)

If L < v/N then the correction is indeed small |cp| < 1. This shows that the anomalous
dimension of Oy is due to a small mixing with a non-BPS operator, rather than having
a small non-zero eigenvalue itself.

Note that the approximation seems to break down when L ~ O(v/N) which is when the
BMN genus expansion parameter go = % becomes order 1. This indicates that x(Z;YT)

is not a good approximation for a BPS operator in that limit.



Chapter 5
Strong coupling

In this chapter we move on to the strong coupling regime of NV = 4 SYM, described
by string theory on AdSs x S°. We continue analysing the eighth-BPS sector, which is
A-independent, and thus can be compared against weak coupling results of the previous
chapter. We focus on the finite N effects, giving us access to non-perturbative gravity
states, such as D3-branes.

In the regime of energies where the D3-brane probe approximation is valid, the eighth-
BPS phase space can be described in terms of Mikhailov’s holomorphic surfaces [36]. If we
consider a 4D algebraic curve in C3, given by the zero locus of a holomorphic polynomial,
then its intersection with S° can be shown to give a D3-brane surface preserving % of
supersymmetries. This phase space includes various interesting configurations, such as
intersecting branes and oscillating branes. The geometric quantization of the phase space
was performed in [38], and the resulting spectrum was shown to agree with the finite N
spectrum in SYM at weak coupling.

In this work we aim to make the correspondence between D3-brane configurations and
the individual BPS operators more concrete. For that purpose we first need to better
understand the map between classical D3-brane configurations and the quantum states in
geometric quantization. We use techniques from fuzzy geometry to develop this map. In
general, quantum states in the natural basis, being energy eigenstates, do not correspond
to localized classical branes. However, we find a sector of intersecting mazimal giants,
that can be easily mapped to precise quantum states.

We further analyze the spectrum of BPS excitations around these classical configura-
tions, and find a natural interpretation in terms of open and closed string states.

Given the rich set of quantum states on AdS side, we need a prescription to map those
to SYM operators. There is a natural map from the Hilbert space of quantized branes to
the SYM chiral ring. There is also a map from the chiral ring states to BPS operators, as
described in Section Combining these suggests a precise map from quantized brane
states to BPS operators. We check that following this identification gives the expected
BPS operators dual to eighth-BPS open strings attached to a half-BPS giant.

This chapter is based on the paper [66].

89
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5.1 Quantization of eighth-BPS branes

In this section we will review how the phase space of eighth-BPS Mikhailov’s solutions in
AdS5 x S is described by CP*°. This phase space can be geometrically quantized to give
a Hilbert space isomorphic to N bosons in a three-dimensional harmonic oscillator. The
material in this section is largely based on [38] and we refer the reader there for the more
complete treatment.

We first describe the moduli space of giant graviton solutions. The 3-brane action
gives a symplectic form on this space, which gives it the structure of a phase space. We
describe the symplectic form and then use the geometric quantization prescription [91] to
build the Hilbert space and operators.

The starting point is the following construction by Mikhailov [36]. We consider D3-
branes wrapping surfaces ¥ C S° in AdSs x S° which preserve 1/8 of supersymmetries
(eighth-BPS). Mikhailov showed that all such surfaces ¥ can be constructed by taking

holomorphic functions in C3

o0

P((L‘, Y, Z) = Z Cni,na2,n3 $n1yn22n3 (51)

ni,n2,n3=0

and intersecting the four-dimensional surface P(z,y,z) = 0 with the unit five-sphere
|z|? +|y|*> +|z|*> = 1 embedded in C3. The intersection X is generically a three-dimensional
surface in S° on which we wrap the D3-brane. More precisely, the shape of the D3-brane
is a time-dependent solution given by polynomial

o0

P(GZtJI, e”y, eltz) — § : Cry s ez(n1+n2+n3)txn1yngzn3 (52)

ni,n2,n3=0

That is, the time evolution keeps the shape of the D3-brane fixed, and it just rotates with
a phase factor in all coordinates.

For the simplest example take the polynomial
P(z,y,z) =cz—1. (5.3)

Then the P(z,vy,2) = 0 surface is z = 1/c or time dependent z(t) = e’ /c and intersection
with S5 is
ol =1 (5.4)
This defines a $% C S° with radius r» = \/1 — 1/|¢|2, which is the original half-BPS giant
graviton of [12].
We now analyze the phase spacdﬂ M of such eighth-BPS giants in S°. Let us first
consider the space P of holomorphic surfaces in C? given byE| P(z) = 0. The points in

!Note that surface ¥ C S° defines a point in phase space rather than just configuration space, because
it determines both position and velocity. This is a result of the BPS condition. See, for example, [92].
2We will often abbreviate P(x,y, z) as P(z), nevertheless, these are always polynomials of three complex
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P are labelled by coefficients {cn, nyns}- In fact, the coefficients are projective coordi-
nates {Cn; nonst ~ {ACni nomst, because multiplying them by a common factor A keeps
the surface P(z) = 0 unchanged. It is convenient to regularize the infinite-dimensional
space P by considering a finite-dimensional subspace Po C P where only a subset
{¢n1 nams | (n1,n2,n3) € C} of coefficients are allowed to be non-zero. If n¢ is the number
of elements in C', then we get a space spanned by nco complex projective coordinates, that
is, topologically Pc = CP"¢~!. For example, we could take C' = {(0,0,0), (1,0,0), (0,1,0), (0,0,1)}
for which P¢ is the space of linear polynomials (see (5.19) in the next section), topolog-
ically CP3. In the end the full P can be defined as a limit P = limg_,oc Pc ,» where Cy
is a sequence which includes ever more monomials Cy C Cy11. For example, Cy could be
all coefficients that multiply monomials of degree up to d. The important aspect of this
construction is that at every step we are dealing with a complex projective space CP?¢ 1,
The limiting case is P = CP>.

Next, the intersection of each P(z) = 0 with S° is a surface X(P) C S® which defines
the shape of a D3-brane and therefore labels a point in the phase space M. That is, there
is a map

P—-M (5.5)

The regularized subspace P¢ is mapped to M, which is a finite-dimensional subspace of
M. One can argue that M is also CP"~!. One problem that has to be dealt with is
that the map is many-to-one, that is, different polynomials P(z) = 0 can lead to the same
intersection . In fact, it was shown in [38] that two polynomials Pj(z) and P»(z) have

the same intersection with S° if and only if

Pi(2) = p(2)ri(z),  Pa(2) = p(2)ra(z) (5.6)

where 71(2) = 0 and r2(2) = 0 do not intersect S®. Therefore, in order to get the space

M from P, we need to identify
P(z) ~ P(2)r(z) (5.7)

with any 7(z) that does not intersect S°. Note that all polynomials r(z) that do not inter-
sect S° are themselves identified with a single polynomial P(z) = 1, which is the vacuum
point (X = ) in the phase space. It was also shown in [38] that these identifications can
be performed smoothly and the resulting space M is indeed still CP"¢~!. Let us denote
the projective coordinates on M¢ by {wp, nyns}, With indices running over the same set
C. The map Pc — M then takes the form of functions

Wny,nz,n3 = Wny,na,ns (Ca 6) (5'8)

They should be such that Wy, nyns(¢,€) = Wny nyns (¢, &) whenever points ¢y, nyns and
c should be identified.

ni,n2,m3

coordinates.
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Let us now turn to the discussion of the symplectic form on the phase space Mg,
which is necessary for quantization. The starting point is the world-volume action on a

single D3-brane with no world-volume field strength or fermions:

1 =
S:SBI+SWZ:WS/;d4U\/—g+AA (59)

Here g is the induced metric, and A is the four-form background gauge field, such that
field strength F' = dA is proportional to S° volume form. The symplectic form can then

be written as

w = / d30 6 <58> Aozt
» 5]7#

v A o v p o
N Bos (\/jggoa Oz G ) A Gah 4+ QN/ d305x A bz <8x O0zP Ox > pe
P

T o2 5 doo M 2 2 ol 0a? do?
(5.10)

Now the metric G, and the induced metric gog = G 0n2"032" is taken on a unit
radius S® (g is related to § by rescaling). This symplectic form is defined on the phase
space Mg of all configurations of a D3-brane, supersymmetric or not. Space My is,
of course, much larger than the supersymmetric subspace M C M. The “coordinates”
on Mg,y are fields {z#(0), ## (o)}, whereas M is parametrized by “collective coordinates”
{wn; nyms b In any case, we have a map Mo — M — My, and the pullback of
defines a symplectic form on M or M. In fact, since we have a map Po — M we can
also take a pullback of w on the space of holomorphic polynomials P¢. This pullback will
inevitably be degenerate and have singularities, but it can nevertheless be convenient for
explicit calculations.

Crucially, it was argued in [38], that not only M is topologically CP*¢~! but also
that the symplectic form w is globally well defined, closed, and in the same cohomology
class as 2rNwpg. This implies it is always possible to find such coordinates wy; ny n;
that the pullback of becomes proportional to the Fubini-Study form, with coefficient
27N

1 dwr A dwy 1 wrwydwr A dw;y

= 27 Nwpg = 2N - 5.11
W amaers 1+ w2 1+ [w)? 2 (5-11)

Here \w|2 = wrw; and we use shorthand wy for inhomogeneous coordinates on CPmc—1,
For example in the patch wg oo = 1 the index I runs over ng — 1 remaining (ni, ng, n3)
tuples in C.

Once we have the phase space manifold as CP"¢~! with Fubini-Study form as the sym-
plectic form, the geometric quantization is well known. The Hilbert space H¢ is spanned

by wavefunctions, which are holomorphic polynomials of the nc projective coordinates
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Wn, ng,ny Of degree N

He = H (wm,m,ns)knl’w'n3 Z Knimans = N (5.12)

(n1,m2,n3)€C

or equivalently polynomials of nc — 1 inhomogeneous coordinates wy, n,.n, of degree up
to N (if we take e.g. wg0o = 1 in the patch). It is important to note how N enters the
definition of Hilbert space purely through setting the scale of w, which controls the effective
Planck constant 1/N or the area in phase space that a single quantum state occupies. As
we increase N, the area occupied by a state decreases, and we get more states in H¢.
Finally, we need to discuss the conserved charges in the system. There is a natural
U(3) symmetry acting on the coordinates (x,y, z) which preserves the shape of ¥. The
Cartan subgroup U(1)? rotating each coordinate by a phase will give three commuting
(2e%)

charges L; that we can use to label the states. The action (z,y, z) — (e, €2y, '3 2)

induces transformation

injal ingag insas
Cnynomg 7 € € € Cni,n2,n3 (5'13)

on Pc, as seen from (5.1). Now we also need to use the fact argued in [38] that the map
Cnimamg — Wny nams €an be done in a U(3) invariant way, so that the action on the final
M ~ CP*¢~! phase space coordinates is also Wny nons — emlo‘lei”2a2ei”3°‘3wn1,n27n3.

That means we have three vector fields on M generated by L;

VLi = E : Zniwnl,n27n38n1,n27n3 - Zniwnl,nz,nsam,m,ns (5-14)
n1,n2,n3

We have used the abbreviation

0
Onyinamg = Ow
”15”2’”3 (5.15)
5 q E _7
ni,n2,n3 awnl,nz,ng
Upon geometric quantization these become operators on the Hilbert space
f’i = Z NiWny ny,n3 00y na,ns (5.16)

ni,n2,n3

So that the charge of each excitation wy, n,n, is simply n; under each of the respective
U(1), and the total charge of a state W is the sum of all excitation charges. Note that the

time evolution is given by an overall U(1), generated by Hamiltonian
ﬁ = f;l =+ ig =+ f/g (517)

This also reflects the BPS condition. Given the charge assignments we can write a partition
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function over the Hilbert space ((b.12])

Ly Ly L H 1
ZC(x17x27x3) = TrHC (xlleQxSS) = 1 ni_n2_n3 (518)
ni,n2,n3€C N

The notation [...],~ denotes the coefficient of vV, which enforces the degree N of wavefunc-
tion. This matches the partition function over the chiral ring in N' = 4 (see Section ,
and so reproduces the correct supersymmetric spectrum from quantizing giant gravitons.

A comment needs to be made on the validity of the D3 world-volume action . It
certainly is a good description for large branes of energy O(N), but not for small ones with
high curvature. However, the spectrum of BPS gravitons at energies O(1) is still correctly
reproduced by H¢ derived from w, and that part of the spectrum comes precisely from
very small D3-branes, where w should not be valid. This may be a result of the fact that
the full symplectic form, corrected for small branes, is still in the same cohomology class

as w and also U(3) invariant.

5.2 Example: single half-BPS giant

In order to illustrate various concepts in the last section, let us go through an example
of linear polynomials. It will also serve as a starting point for further calculations in this
chapter. Take C' = {(0,0,0), (1,0,0), (0,1,0), (0,0,1)}, then Pc ~ CP?3 is the space of
hyperplanes

P(z) =ci00x+co1,0Y~+ o012+ co0,0=0. (5.19)

We abbreviate ¢y = co 0,0, c1 = ¢1,0,0, ¢2 = €0,1,0, €3 = €0,0,1- For inhomogeneous coordi-
nates we set cg = 1.

Intersection with S° yields an S® of radius

1 ! I (5.20)
r= - = - — .
1|2 + |eaf* + |es|? cf?

— the same as in (5.4)), only U(3)-rotated. The energy and momenta of this solution are:

e — 1
e

e — 1
el

E=N L; = N|c;|? (5.21)
As typical, the map Pc — M is not one-to-one, the region |c[> < 1 does not intersect
S5 and so maps to a single point: the vacuum. Good coordinates on M¢ as CP? can be
constructed by rescaling:

Wiﬁlci if [c|2 >1

le

(5.22)
0 if [c|?2 <1

As explained in detail in [38], this smoothly contracts “the hole” at |c[> < 1 to a point
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The symplectic form, which in this case can be calculated explicitly using ([5.10)), takes

the following form in ¢; coordinates:

1 1 de; A de; 1 2 C;iCj de; A de
=oN (=5 — — | == (o 2 ) EL T DTG 5.23
o= (g ) 5 - (e ) *2% 52
as long as |¢|> > 1. In w; coordinates this becomes
1 dw; A dw; 1 WiW; dw; A dwj
=2N — 5.24
v [1 w2 1+ [w]2)? 2i ’ (5:24)

precisely 2N times Fubini-Study form on CP3, with perfectly good behaviour at |c|? =
1~ |w]?=0.

This CP3 can now be geometrically quantized to a Hilbert space H¢ of wavefunctions
Uy oy s = (w1)" (w2) "2 (w3)* (wo) N F1—he—hs (5.25)

or in terms of only inhomogeneous coordinates (setting wy = 1)

\Ilkl,kmks = (wl)kl (wQ)kQ(ZUS)kgv Zkz <N (5.26)
The momenta ared|
-i/i \I’kl,kQ,k‘g = k’L \Ilk‘l,kg,kg (527)
and total energy
E=ki+ky+ks (5.28)

Note the maximum energy of a state in this H¢ is £ = N, that of a maximal sphere giant,
corresponding to ¢; — oo in ((5.21]).

Finally, let us emphasize one point which will be important later on: is written
in inhomogeneous coordinates where w; = wy = w3z = 0 corresponds to the vacuum
point with £ = 0. But we can equally well take a different coordinate patch in CP?3, for
example where ws = 1 and (wg, w1, w2) parametrize the point. The new inhomogeneous

coordinates are expressed in terms of the old ones as

1 w1
w3 w3 w3

The symplectic form has the same form in terms of (wj, w}, w5). But now the point
w) = w) = wh = 0 corresponds to wg — 0o, c3 — 00, which is the maximal giant arising
from polynomial

P(z)=2=0 (5.30)

We can choose to write the wavefunctions in terms of these coordinates

Kt k' k!
ok, = (W)™ (W)™ (wh)"™ (5.31)

3 —
Remember (5.16) e.g. L1 = Y. m1Wn; ng.ns30n; noms = W1,0,001,0,0 = w101
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which is, of course, still the same Hilbert space as in 1} with a map \IJ;C, W
02172
W k) =k o=k} ks=N—k,—k; —ky- One difference, though, is that now the vacuum Wp,, = 1

has F = L3 = N, and the excitations can have negative charges:
Li—whd}, Ly—whdh Lo——uhdh—widh —uwhdh,  H——updy (532

Physically w} and w) quanta keep the giant energy the same, just rotate it in U(3), while

wy, takes the giant away from maximal by decreasing energy and Ls.

5.3 Fuzzy CP

The Hilbert space Hc arising from geometric quantization of CP"¢~! is closely related to
fuzzy or non-commutative (CIP’K,CA. We will review this relation and use it to show how
the holomorphic basis of the Hilbert space, is related to a discretization of the base in a
description of CPy¥ ~! as a toric fibration over a simplex in R"c~1 [93] 941 95| ©96], 97, 98, [99].
The wavefunctions are localized at points on the toric base and spread out in the torus
fibers. With the fuzzy CP technology in hand, we demonstrate this nice geometrical
character of the states, using elementary calculations of expectation values of SU(n¢)
Lie algebra elements and their products, evaluated on states of Ho. From this point of
view, we find that the corners of the simplex, where the tori degenerate, correspond to
distinguished states. We will return to these states in Section We will show that they
correspond to maximal giants, where the Mikhailov polynomials become monomials.

In the case of half-BPS giant gravitons, this will allow us to relate the Young diagram
labels which arise in the construction of corresponding operators in the dual SYM theory,
to the coordinates of points in the discretized toric base, which as we will explain is a
simplex in R"¢~!. The Young diagram labels have a physical interpretation in terms of
brane multiplicities for branes of different angular momenta.

This shows that fuzzy geometry can be a powerful tool in providing a precise connection
between quantum states and localization, with its complementary non-locality due to

quantum uncertainty, in the moduli space of solutions.

5.3.1 Fuzzy CP from operators on Hilbert space of giant states

The homogeneous coordinates for projective space CP"¢~! are Wy, Wy, -+, Wp.—1. A

complete basis for rational functions is provided by

W Wi, - W]nWJ1WJ2 - an
|W|2n

(5.33)

where |W|? = Z?:Co_l W;Wj. The denominator ensures that these functions are invariant
under scaling by a complex number W; — AW;. These functions span the function space

for CP"¢~! which we will denote as Fun(CP"¢~!). This decomposes into irreducible
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representations of SU(n¢) as

Fun(CP* ™) = P Vaa (5.34)

)

n=0

where V;, 5 transforms as an irreducible representation corresponding to the Young diagram
with n columns of length 1 and n columns of length of nc — 1, which we denote as [n, 71].

As we reviewed in Section [5.1] the geometric quantization of giant gravitons for AdSs X
S5 with N units of flux, in a sector of polynomials of dimension n¢, leads to a quantization
of the moduli space CP"¢~! which produces a Hilbert space of holomorphic polynomials of
degree N. This Hilbert space H¢ consists of polynomials of degree N in the homogeneous
coordinates Wy, - -+, Wy, —1. It can be viewed as the N-fold symmetric tensor product of
the fundamental V;,., of SU(n¢)

He = Sym™ (Vi) (5.35)
This is also isomorphic to a Hilbert space of oscillators

(al,_y)"me=t - (ah)™ (a])™ (af)™|0) (5.36)

nc—

with the constraint ng +nq +n2 + - +nyp,—1 = N. The dimension is

(5.37)

Dim(Hc) <N+ch — 1)

Given this Hilbert space, it is natural to consider the algebra of operators, i.e the

endomorphism algebra End(#H¢). The decomposition into representations of SU(n¢) is

End(Hc) = Sym® (Vp.) @ Sym™ (V,...)

N
=D Vn
n=0

(5.38)

where V}, » transforms as the irreducible representation [n,n] described above. A basis for
End(Hc) is given by operators
Wi, -+ Wi, 0w,, - 0w, (5.39)
or in oscillator language
at --alay-a (5.40)
I 1, %N Jn :

The indices on the oscillators range from 0 to ng — 1, and

la,al] = o1y (5.41)
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It is clear that the operators in (5.40) have a cut-off at n = N, since polynomials of
degree N will be annihilated by more than N derivatives. The matrix algebra End(H¢)

provides a finite dimensional approximation to Fun(CP"¢~!) with an SU(n¢) invariant

cutoff at NV, which is seen by comparing (5.38) with ([5.34)).
The algebra End(#,,.) is generated by operators

Ery = Wiow,
or in oscillator language
Er;= a}a J
These form a basis for the algebra of SU(n¢) @ U(1)

[Er,Exr) =0k ErL — 61 Egk

The traceless generators

N

Erj=Ep; — 61—
nc

form the Lie algebra of SU(n¢).
Using (5.41)) along with the constraint

Z a}al =N in Hy,,
I

we may also obtain the relations

ErjEjk = (N +nc —1)Eg
ErjE;r=N(N +n¢c —1)
N2

E1jEjr = ErjEj — —
ne

We also have

ErjExp = a}aT]aKaL + ok ErL

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

The generators Er; correspond to the coordinate functions on CP"c~! that generate

Fun(CP"¢~1). In order to see the appearance of CP"~! from the algebra, define rescaled
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generators

1
erg = —FErs

N
1
eIJ;KL = ﬁa}aBaKaL (5.49)
Loy t

€N InyJidn — —Nnah ceap gy ag,
‘We have relations

1
lers, exr] = N((SJKeIL —0rLeJK)

ng — 1
erjejr =1+ (ne=1) ~ ) (5.50)
B 0JK
erJjeKL = erJ;KL + TQIL

At large N these relationships simplify and we get a commutative algebra
lers,exr] =0

erjegr =1 (5.51)

€IJEKL = €IJ;KL = €ILEeJK

This defines CP*¢~! as an algebraic curve in the space spanned by coordinates ey .

The homomorphism from these generators of End(H¢) to Fun(CP"c~1!) is given by

. - 1 Wy - Wi, w Ty w T
I In;J1-Jn N
1 1 Nn |M/‘2n

(5.52)

where |IW ]2 = Y7 Y W;W;. The homomorphism property is easily established by verify-
ing that the functions on the RHS of obey relations . At finite IV, the algebra
End(Hc¢) is a fuzzy deformation of Fun(CP"¢~1). This can be made precise by using the
map to define a star product on the classical algebra [93] [99] [94].

Toric geometry of CP from the Lie algebra embedding

The coordinates e;; give a description of CP"¢~! as embedded in R"¢~1 c R" which
is the Lie algebra of SU(n¢) C U(ne). This is an example of a general construction of
co-adjoint orbits [93]. Another aspect of the geometry of CP"¢~! will be of interest to us,
namely the fact that it is a toric variety. Let us describe this in the cases of CP?, which
generalizes to the general ngo > 3 case.

Given the homogeneous coordinates W, we can impose the equivalence Wi ~ AW} by

first setting
WiW; =1 (5.53)

and then modding out by a phase W ~ €TV;. This shows that CP"¢~! is the base space
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of a fibration of S?"¢~! with S! fiber.

Consider the case nc = 3 where we have CP2. Lets us recall the toric description
[100]. Keeping in mind that [Wp|? = 1 — |W;|? — |[W5]? > 0, we can consider the quadrant
parametrized by coordinates |W;|?,|Wa|2. The allowed values of |[W1|?, [W2|? fall inside a
triangle with vertices (0,0), (0,1), (1,0). For each chosen point inside the triangle, there is,
in the CP?, a T? of phases given by (6; = arg W1,0, = arg W>). The cycle parametrized
by 01 collapses on the vertical axis (|W1|?> = 0), the one parametrized by 63 on the
horizontal axis (|W|? = 0), and the combination 61 + 6 collapses on the line [Wy|? = 0.
See Figure 5.1

This generalizes straightforwardly to CP"¢~!. The toric description has a base space
which is a generalized tetrahedron or simplex in R"¢~1 . There is a fiber T7¢~! related
to angles of W; (modulo the overall U(1)).

|Wol? =0

=

(01, 62)

O 0y — 6

elo/ Ak

Figure 5.1: CP? as a toric fibration. The base is the triangle (2-simplex) parametrized by
|W1]2, [W3|? and the fiber is the torus (f1,6>). The fiber degenerates to a circle on the
edges of the triangle and to a point in the corners.

The identification

W]WJ

= T (5.54)

€rJ

from (5.52) shows that the diagonal e;; are equal to the coordinates used to parametrize
the toric base. The off-diagonal ej; are sensitive to the angles. Their magnitudes are

completely determined once the diagonal generators are known since
erjesr = erreyy (5.55)
We can write
ery = eresy ¢r=07) (5.56)

Hence, the off-diagonal elements of the Lie algebra are associated with the angular variables
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of the toric description and the diagonal ones with the base space.

Giants: points on toric base and delocalized on fiber

— . . Nn -~ —
For a state |i) = |ng,n1,ng, - - - nine—1) described by the monomial WgoW ™ ... W, " "

we can calculate
tlenln) _
iy (5.57)
(iieF;|ii) — (iilesq|i)* = 0

This shows that the states |77) have definite locations on the toric base. For the off-diagonal

coordinates in the Lie algebra

X Erj+ Eyp
B (5.58)
V2
we have
(f| Xy|ny =0 5 (@|Y7s|@) =0
(R X7,07) ny+ny
G A (5.59)
<ﬁ’5:12{|ﬁ> — (nn, + nr+ny
(1]77) 2

The variances of these off-diagonal coordinates are non-zero and change along the base of
the toric fibration parametrized by (Err).
A related way to describe where these states are localized and where they are spread,

is to note that for any operator O in End(#¢),
(1|O|77) = tr(OP5) (5.60)

where the projector Py is |77)(7i|. The trace is an SU(n¢) invariant functional which
becomes an integral [dQ over CP"c 1 in the large N limit. The explicit form of the
measure can be derived, and will not be important. The projector Pz maps, under the
correspondence between End(H¢) and Fun(CP) to

[L,(Wrwp)™

RS (5.61)

This can be viewed as a density matrix associated with the state |7). It is independent
of the angular part of the Wy, which shows that these states are delocalized in the toric
fiber.

To make the discussion more concrete let us take the set C' to be the set of coefficients

Cniy nans With nyp +no4+n3 < d. We are now looking at polynomials of degree up to d. The
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index I in the above discussion runs over the triples (ni,n2,n3) with 0 < ny 4+ng+ng < d.
The Hilbert space consists of polynomials in wp, pn,n, = Wr. The diagonal generators
Wiow, of U(nc) D SU(nc) parametrize points in the toric base. A state such as wﬁflﬂ%m
is an eigenstate for the corresponding diagonal generator with maximal eigenvalue N,
and has vanishing eigenvalue for the other generators. This defines a corner point on the
base simplex for the toric fibration. Consideration of shows that these states have
distinguished localization properties. Indeed if a single n; is non-zero, and equal to N as
required by the condition ) ; n; = N, then the uncertainty in the X coordinates, given
by \/(X?%;) — (X1y) is order v'N. If a pair of ny,n; are non-zero, then the uncertainty
in X7y is of order N. These states, maximally localized at specific points in the physical
moduli space of giants parametrized by wy, n,ns, are natural candidates for the maximal
(in the sense of being composites involving large giants described by z = 0,y = 0,z = 0)
giants described by the polynomial z"'y"22™ = (0. Making this precise requires taking
into account the fact that there is a non-trivial relation between the coefficients ¢, 1, .n,
of the polynomials and the coordinates wy, n,n; on the moduli space. This will be done
in Section [5.4.1] in the context of a discussion of quantum states near these corner points

of the moduli space of giants in terms of physical (closed and open-string) excitations.

5.3.2 Examples

We now describe how the connection between the discretized simplex at the toric base and
giant graviton states works in concrete sectors, starting with the fuzzy CP! for a single
half-BPS giant.

Fuzzy CP! from single half-BPS giant

Let us start with the canonical example of a single giant in the half-BPS sector. The
space of solutions can be parametrized by ¢ in the polynomial P(z) = ¢z —1 = 0. The
coordinate ¢ is mapped to w in CP' = S? as reviewed in Section We will see how
fuzzy CP! arises in this context.

The Hilbert space H is {wg gwg 1 | 70+71 = N}. This has an action of SU(2) C U(2).
The Lie algebra generators are Fog, F11, Fo1, F1p given by with Wy = w00, W1 =
wo0,1. They generate the matrix algebra End(H) which approaches the algebra of func-
tions on the sphere in the large N limit.

To relate to the usual description of fuzzy S? [101], we can define

Eoo — E11 = 2J3
Eo1 + Ero = 2J3 (5.62)
—i(Elo + EOl) =2J5

The J; obey the usual SU(2) relations
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and the Casimir condition

N(N +2)

J1J1 4 Jado + J3J3 = 1

(5.64)
At N — oo we rescale x; = % Then z;x; =~ 1 and the commutators have a factor of
1/N, so in the limit N — oo the product becomes commutative.

We can write the expectation values

W =7 — g ~ N{x3)

W -0 ~ N(z12) (5.65)
n 2In n(N —n
bl - F ot S NP

These expectation values give us the picture of the states on fuzzy S? as shown in Fig-
ure

Note that generically the states in this basis are spread out with (Aw%72> ~ N?. How-
ever, there are two states which are maximally localized (Aac%72> ~ N: those at the north
and south pole. Since they have energies £ = 0 and £ = N, and are localized near classi-
cal points in phase space, they are interpreted as the states corresponding to the vacuum
and the maximal giant.

In the context of geometric quantization, the map from C*(S?) to End(Vy41) is the
way to go from classical functions on phase space to operators. This allows us to calculate

expectation values of classical quantities on states in H¢ by using just SU(2) algebra and

representations.
Ml gt E=Jy+N/1
W
W
pl
1 —
WVacum

T i

Figure 5.2: States on fuzzy CP}, with N = 4. As wavefunctions on S? they are localized
in the regions shown. If CP! is viewed as a circle T fibered over the line segment base,
then we get the picture on the right: states are localized on the base and spread out in
the fiber. Importantly, the diagram on the base is just the SU(2) weight diagram for V5.
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Fuzzy CP" from n half-BPS giants

Let us now generalize the picture to the case of two half-BPS giants
P(z) = 2?2 + 12t —1=0.

The phase space is CP? and the Hilbert space H is {wg9 0: w01 W 0.2 | o+ 11 +n2 = N}
It is isomorphic to the symmetric [N, 0] representation of SU(3). The space of operators
End(#) approaches the algebra of functions on CP? at large N. The action of U(3) D
SU(3) is given by with the identification Wy = wo 0,0, W1 = wo,0,1, W2 = wo,0,2-

It is useful to consider the relations

Eop+ En+ Ex =N

(5.66)
E;jEoo = EioEyj, 1<4,5<2

the latter being valid in the large N limit.
For the construction of the fuzzy function algebra, the SU(3) generators are again
mapped to coordinates E;; ~ Ne;;j. The CP? surface is embedded in this ambient 9-

dimensional space. The following equations
eoo +e11 +ex =1, ejjeq = eieo;- (5.67)

allow us to formally express all the e;; in terms of two complex eq1, eg2, as expected for 5
real constraints in 9 dimensional space. This leaves the 4 dimensional CP2.

The dimensionality can also be understood from the fact that the matrix algebra has
dimension ~ N* at large N. This is a discrete geometry with coordinates such as Ej;
ranging over N. The vector space dimension of the function space is N%. A discrete
classical space with extent of order N and N* elements has dimension 4. This gives a
deduction of the dimensionality without explicitly solving the constraints. We expect
that such arguments based on state counting, which is known from the BPS partition
function, can be used to develop an understanding of giant gravitons for more general
AdS/CFT duals. The space of quantum states in more general cases has been discussed
from the point of view of dual giants, which are large in AdS and classically point-like in
the compact directions [102]. A treatment of quantum states for the case of giants large
in the compact directions is not yet available (for some efforts in this direction see [87]).

The CP? can be represented as a T2 fibered over a toric base E1; + Eos < N. The
basis |ng,n1,n2) gives (E11), (Fa2) localized at points on the base base, and spread out
over the T2 fiber see Figure

The special states in this basis |N,0,0), |0, N,0),|0,0, N) again have a nice physical
interpretation. They are localized near a point in phase space, which corresponds to
vacuum, single maximal giant z = 0, and two maximal giants z? = 0 respectively. We will
discuss this more generally in the next section.

Using energies and charges, the labels ng, n1,ny can be mapped to the Young diagram
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EZZ

~—— Two maximal giants

P

L 4 One maximal giant

» o o

o—9¢—9o —¢

Figure 5.3: States on fuzzy CP3 with N = 4. As wavefunctions on CP? they are localized
on the toric base shown and spread out over T2 fiber. The diagram is also just the U(3)
weight diagram for [4,0]. The three corners of the base correspond to the points where
T? shrinks to a point, and the states there are localized in all CP? directions.

description of the sector of 2 half-BPS giants [I6]. The Young diagram has n; rows of
length 1 and ny rows of length 2. The label ng is determined as N — n; — ng, and may be
thought as the number of rows of length 0.

This generalizes to the case of n half-BPS giants. Polynomials are ¢o + >, ¢;z; = 0.
The moduli space can be mapped to CP". The states in the Hilbert space map to points
on the space described by Fi1, ..., En,, by taking expectation values of these Lie algebra
elements. These points provide a discretization of a simplex in R™. The corresponding

Young diagrams have n; rows of length q.

5.4 States to maximal giants

5.4.1 Maximal giant states

In this section we will use the picture established in Section to analyze the physics
of some concrete brane geometries. We will be able to identify configurations of maximal
giants with specific states in the Hilbert space, and to classify the spectrum of excitations
of these configurations.

First, let us make some general remarks about the correspondence between quantum
states and points p in the phase space M, where each point is associated to supersym-
metric brane geometry. A quantum state |¥,) € H¢c which “corresponds” to p is a state
whose wavefunction is maximally localized around p. Such states are called coherent states
and can be built, for example, by translating a localized ground state in the phase space

[91]. In our case we have SU(n¢) acting transitively on M¢, so we can write

|U,) = eielJEIJ|\1;0>’ if p= ei@uEupO7 eWriBry ¢ SU(ne) (5.68)
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The states |¥,) span the Hilbert space but are generically over-complete, since the Hilbert
space Hc is finite dimensional.

On the other hand, if we take the basis such as , formed by eigenstates of the
maximal set of commuting operators Err in SU(n¢), it is complete and orthogonal. Such
states generically do not correspond to points on phase space. As we saw in Section [5.3
they are localized in the base simplex and spread out along the the torus fibers of a toric
fibration structure of the phase space. However, there are special corner points (vertices
of the simplex) in the base where the torus fiber degenerates. The energy eigenstates
localized near these corners are in fact maximally localized and thus are also coherent
states. Recall the wavefunction for such state is

Yoy - (wm1,m27m3)N (5'69)

mi,m2,ms3

and it is localized near the point wn, nyns = OminiOmangOmsns i w coordinates. Let us

max

ey ma.mg+  From the point of view of CP"c~1  all these states

denote these points as p
look the same as the vacuum state (w(],o,o)N , but in different inhomogeneous coordinate
patches.

It turns out the corner points enjoy special U(3) transformation properties, that make
them particularly accessible to analysis. If we take a generic point in the phase space,
its time evolution is generated by U(1) C U(1)® C U(3) which acts as wn,nyns —
ei(”1+”2+"3)awnhn2m3. This forms an orbit in the toric fiber. There are special regions in
the phase space where this U(1) degenerates to a point. They correspond to static solutions
which map to the homogeneous Mikhailov’s polynomials. Among these, there are points
invariant under the whole U(1)? C U(3) action Wiy mgng — €M1 eM202em303, o If
the points are labelled by homogeneous coordinates {wn, n,ns}, €ach coordinate trans-
forms under a different phase under U(1)3. Then the only points that can be U(1)3
invariant are those where only single a coordinate W, m, m, is non-zero, and the trans-

formation acts with an overall phase. But these are precisely the discrete set of corner

max
mi,m2,m3"

U(3) transformation properties.

points p Thus we see that the corner points can be uniquely identified by their

We now turn to the question of how to identify explicit brane geometries corresponding

max

to the states W at the corner points pi%,. ...

M ma.ms In order to map a generic state on
the moduli space M parametrized by Wy, n,.n, to an explicit brane geometry defined by a
polynomial P(z) we need to know the map between coordinates wy, n, ns and polynomial
coefficients ¢y, pyns- This is map is highly non-trivial and we do not know the precise
mapping functions. However, the special U(3) transformation properties of the corner

points allows us to bypass this difficulty.

max
mi,m2,m3

We know p. is a fixed point of the U(1)? action. Since U (3) transforms ¢, ny ns

and Wy, n, n; coordinates in the same way, we can analogously argue that the corresponding
point must have a single non-zero cp, n,n, coefficient, in order to be invariant under
mnion eingage

Cnymgmng —> € 393 ¢ namg- That is, the point in moduli space corresponds to
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a monomial
P(z) =a™my™m2"™ =0. (5.70)

The condition of being a fixed point does not uniquely pick the degrees (mq, mg, ms) to

max
mi1,m2,m3"

The brane geometry specified by ([5.70]) consists of m1,mg, m3 number of maximal giants

match those in p We can complete this identification by checking the charges.

wrapped on x = 0,y = 0, z = 0 surfaces respectively. It will have charges
Li=Nm;, FE= N(m1 —+ mo + mg) (571)

which does exactly match the charges of quantum state (5.69). So we conclude the corre-

spondence

P(z) =a™y™2"™ =0 <+ U = (wml,mQVma)N (5.72)

mi,m2,ms3

Note that this is a very plausible correspondence: wp, n,n, i some sense “corresponds”
t0 Cnynong, and this is the state at the maximal value of the diagonal Ej; generator

corresponding to Wi, mo.ms-

5.4.2 Spectrum of excitations

Having constructed the states corresponding to maximal giants, we now proceed to study
physical properties of these configurations by looking at the spectrum of excitations.

On general grounds, we expect two kinds of low energy excitations in the background
of D-branes: open and closed strings. The closed strings are bulk gravitons while the open
strings correspond to world-volume excitations such as shape deformations of the branes.
The eighth-BPS supersymmetric part of the excitation spectrum must already be included

in our Hilbert space H¢, and so we want to identify these states. From the point of view

max
mi,m2,ms3

small perturbations of the original configuration, as long as the difference in energy is

of classical phase space, the neighbourhood of the point p can be interpreted as
O(1). Therefore, the quantum states that live in this nearby region should be precisely
the quantized supersymmetric excitations. We will return to this picture from the point
of view of a local analysis of the symplectic form in Section [5.6.1

It is easy to identify states in the full Hilbert space are “near” the configuration of
maximal giants: they will be the ones that differ from the background (W, my.ms)” in
O(1) number of quanta. Applying the same notion to the trivial background wéYO’O gives
the usual Kaluza-Klein spectrum of small graviton multiplets. We expect that the location
of states nearby in this sense, computed with expectation values of (X;;) as in Section
will be nearby in terms of the Kéhler metric on the moduli space. Expressing this more
quantitatively would be interesting but is beyond the scope of this work. For example:

N-1 e .
Wiy ig,i3 (Wi, ,m2,m3) y - Wiy ia iz Wiy ,ja2,j3 (wm, ,m2,m3

W=z (5.73)
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are nearby states in this sense. These nearby states form a nice Fock space structureﬁ

generated by operators:

A217k27k3 = wm1+k1,m2+k2,m3+k38m1,m2,m37 kl 2 —my, k’b 7& (07 07 0) (574)
Around a fixed background the commutators between different modes vanish: [A};1 K ks ? AIT1 I ls) =
0. Individual A,TC i i Should then correspond to the spectrum of allowed single-particle

1,h2,R3
(string) excitations, as long as k; ~ O(1). Note that the U(1)? charges of ALl k. A€ JUSE
(k1, k2, k3), and some have negative contribution to energy. This is natural since we are
not in the vacuum and there are directions in phase space which decrease the energy.

We make the following proposal for interpretation of the excitations:

° AZI ko ks With all k; > 0 are the closed string excitations in the bulk. This is
supported by the fact that the spectrum is the same as the graviton spectrum in the
vacuum, which is what we expect. That is, there is a single mode for each choice

of non-negative (ki, ko, k3) except (0,0,0), which reproduces the large N partition

1

function Z(J;l, .1:2,333) = Hnl’n%n?’ W

° A,t: 5o k. With at least one k; < 0 are the open string excitations on the world-
1,~2,R3
volume. This is a novel spectrum, not visible in the perturbations around the vac-
uum, but which can be extracted from full partition function of eighth-BPS sector
by looking at states near a giant graviton background. The spectrum is dependent

on m;, and carries information about the geometry of the branes.

We will dedicate most of the remaining sections to give further support for our proposed
open string spectrum, and to work out some physical implications. In this section we go

through a list of examples of backgrounds and take a closer look at the spectra.

Single giant z =0
As discussed in Section the equation z = 0 describes a giant extended along
the intersections of the x,y-planes with the S° in space-time. According to (5.72) the

background is

e = (wo0,1)" . (5.75)

The bulk gravitons are generated by ALl ko ks = Why ko, ks+100,0,1 With non-negative k;. The
world-volume excitations are generated by
Al o1 = ka0 0000, ki ke >0 (5.76)

which is only a two parameter family. We interpret them as BPS wave modes on S? brane.

Note that these excitations only carry momenta in L1, Ls but not in L3 direction. In fact

4 Strictly speaking, the commutators between the raising and lowering operators of different modes
do not commute [AL’,Q’ka,A,lh,lQ,,lg] # Oy 11 Oko,150ks,15, SO it is not literally a Fock space algebra of
independent oscillators. Nevertheless, for our purposes this does not have any effect, and we will take the
liberty of referring to ALlka,k’S as Fock space generators.
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this makes sense. The world-volume is the intersection of z = 0 with the sphere, so it
stretches in the z,y plane. Waves on the world-volume will have L, Ly angular momenta
but not Ls. We learn from the counting that there is in fact one BPS wave solution on
the world-volume for each pair of charges (ki, k2).

There is a special excitation A$’07_1 which decreases the energy and does not add
momenta. It can be interpreted as the shrinking mode of the giant. The excitations
AJ{,O,—l and A&L_l which do not change energy are just U(3) generators for rotations in

(z,2) and (y, z) directions.

Two giants zy =0
This describes a composite of giants along z = 0 and y = 0. According to (5.72) the

corresponding background quantum state is

max

1,1,0 — (wl,LO)N (5.77)
This is a configuration of two intersecting branes, as the equation xy = 0 has two branches

t=0 : |[yP+|z*=1
(5.78)
y=0 : |z +z*=1

There is also an interesting region where the branes intersect along S' at [z|> = 1. We

can distinguish the bulk modes

AL,;WB = Why+1,kp+1,k3 01,1,0 (5.79)

and three types of world-volume excitations:

T _
AL iy ey = WO,ka+1,k3 01,10

AL gy = Whit1.085 D110 (5.80)

t _
AL 4k = W0,0,k3 01,10

with k; > 0. The first two types have analogous spectrum as and can be interpreted
as waves on z = 0 and y = 0 giants respectively. There is an additional one-parameter
tower Ai1,71,k3 which can be interpreted as modes living on the one-dimensional intersec-
tion of the z = 0 and y = 0 branes, or as strings stretching between the two branes. This
intersection extends in the arg(z) direction and indeed this tower has z-charge.

Note that A]L_L_Lk3 is related to the classical deformation ry = ez¥3. The deformation
is indeed most significant near the intersection x = y = 0, where x,y ~ /€, consistent
with the interpretation that that’s where these open strings live. Since in that region

|z| & 1, we can approximate z = ¢ and so the intersection gets deformed as:

€ etksd

Y

xTr =

(5.81)
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that is, with a twist around S*.
Again we should point out that two modes Ail,fl,o and Ail,fl’l in the one-parameter

family have negative energy. They are related to the deformations xy = € or xy = €z.

Three giants xyz = 0
This is a composite involving three giants x = 0,y = 0,z = 0. Following previous

arguments, the background state

ma:

L= (wi,1,1)" (5.82)
The excitations can be summarized in the following table:

Operator | Interpretation

AL ko ks | Bulk gravitons

AT—l,kg,kg Waves on x = 0 giant
ALL—Lks Waves on y = 0 giant
ALhk%_l Waves on z = 0 giant (5.83)
ALh_l,_l Waves on y = z = 0 intersection
AT—17k2,—1 Waves on x = z = 0 intersection

AT_ _11. | Waves on x = y = 0 intersection
1,—1,ks

Ail’fl’fl Composite deformation

Again in this classification k; > 0. The first three families of world-volume excitations,
each with two-parameter infinite sequences of modes, can be associated with each of the
53 world-volume branches. The next three one-parameter families naturally correspond
to each of the three S! intersections.

There is a single extra mode AT—17—17—1 that does not fall into the categories discussed
so far. It corresponds to the deformation zyz = €. Since x = y = z = 0 is not part
of the brane world-volume, the largest effect of the deformation is again near the brane

intersections. If we look at each pairwise intersection:

near r =y = 07 Z = eing : Y = 66_“%7
near y =z =0, z=¢":  yzr=ce 'V, (5.84)
near z =z =0, y = "2 : 2x = ee” V2,

So all three intersections are simultaneously deformed with an “anti-holomorphic” twist,
something that would locally come from zy = €z, yz = €Z, zx = ey. We are led to the
conclusion that even though modes like xy = €z are individually not BPS, the particular
composite described by zyz = € is BPS. In other words, we interpret AT—L—L—I as a BPS
state involving three open strings living on each S intersection, which are individually
not BPS.

Stack of branes 2™ =0



CHAPTER 5. STRONG COUPLING 111

This can be interpreted as a limit of multiple branes located at [[;", (z —a;) where the

a; tend to zero. Background is
U, = (wo0m)™ (5.85)

The bulk excitations are again ALI’ Ky ks = Whi ka,m+ks and we have world-volume excita-

tions

Azl,km—p = Wk k2,m—p 80,0,771 (5.86)

where p = 1---m. It contains excitation spectrum of a single brane Ail,l@,—l’ but there
are in total m towers parametrized by p, with varying L3 charge. This is related to
the fact that there are m branes which we can excite, but the identification is not as
straightforward, because the branes are coincident ant indistinguishable.

The fact that we do not have an infinite tower of states in the z-direction again makes
sense, because we do not have world-volume extension in that direction. The fact that we
do get an increasing number of excitations as m increases suggests that the non-abelian
nature of the branes effectively blows up an internal circle in the world-volume of the
brane in the z-plane, a circle which in ordinary geometry looks to be of vanishing size.

The excitation spectrum above can be viewed as a prediction, based on the eighth-
BPS spectrum known from the chiral ring of the N' = 4 U(N) SYM. It should match
calculations starting from the point of view of the non-abelian U(m) gauge theory on
coincident branes. The arguments for the spectrum of giant graviton physics developed
so far have been based largely on the symplectic form derived from the abelian DBI.
Unravelling excitations of specific geometries allows the possibility of using gauge-string
duality to predict non-abelian physics of coincident branes. The use of dualities to predict

non-abelian brane physics has been illuminating in the past [103, [104]

Three stacks (zyz)™ =0
Finally, let us take a look at the configuration with m coincident branes wrapping each
S3. This will in fact display all features of a generic 2™1y™22™3 = 0. The background
state is
T — (Wemm) ™ (5.87)

m,m,m
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and we can classify excitations similarly like before:
Operator | Interpretation
ALhk&kB Bulk gravitons
" pika ks Waves on = = 0 stack
ke —p ks Waves on y = 0 stack
Ak ko—p | Waves on z = 0 stack (5.88)
kv —pi—q Waves on y = z = 0 intersection
AJL foo — Waves on x = z = 0 intersection
P,R2,—q
p—aq.ks Waves on z = y = 0 intersection
A,p7,q’,r Composite deformations

There are now extra parameters 0 < p,q,7 < m.

The structure is similar as for xyz = 0. First we get modes Aip’kz’ks, etc., living on
each stack of branes.

Next, ALI _p—q are states living on the S' intersection. Now they are labelled by
extra parameters (p,q) which can take m? values. This relates to the fact that between
pka ks here the

interpretation is obscured by the fact that the m? intersections are in fact identical, and

two stacks of m branes we have m?2 intersections. Just like for modes A

(p, q) does not really label the intersection.

Finally, we have m? modes Al , which are extensions of the composite BPS mode

p,—q,—T
AT—L—L—I to the case of multiple branes.

5.5 Partition function

In this section we will show how the results of Section which were interpreted in
terms of the physics of branes, are reflected in the partition function. Since the partition
function of BPS states is known from the dual U(N) SYM field theory side, we can
view the calculations in this section as recovering, from the dual field theory, without a
priori information from branes, the factorization into bulk and world-volume states which
is expected from AdS/CFT duality. Specifically we will extract the spectrum of BPS
excitations around a single half-BPS sphere giant. The factorization of the spectrum
into bulk graviton states and world-volume excitations will be obtained here by
considering a limit of the partition function which isolates the states discussed as being
“near” the single giant z = 0 in Section
Recall the partition function is :

Zn(z;) = Try (lela:Q T3 ) = Z 21 5% x5% ZNn1nons (5.89)
ni,n2,n3
O 1
(v; 24) Z VN Zn () = H T g (5.90)
ni,n2,n3=0 123

That is, Zn(x;) is the partition function counting operators at a fixed N, while Z(v; x;) is
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the “grand canonical” partition function with chemical potential v for N. Then Zx(z;) can
be calculated as the coefficient of "V in the RHS of (5.90). It is equal to the N' =4 SYM
chiral ring partition function, counting symmetric polynomials of the 3N values of the
three diagonal complex scalar matrices ®;, after enforcing F-term constraints [®;, ®;] = 0,
see Section (4.1l

In order to use Zn(z;) to extract the BPS spectrum around a half-BPS sphere gianlﬂ
we must first find a way to isolate the state corresponding to the giant itself. The charges
are obviously not enough, because once we fix .y = Lo =0, L3 = F we get all of the half-
BPS states, and only one of them is a sphere giant (assuming E' < N). Recall the half-BPS
states can be labelled by Young diagrams with E boxes and height < N. The giant states
that we want to focus on are those labelled by the single-column Young diagrams.

In order to find the single-column state we introduce an extra quantum number size
S by which we label the eighth-BPS states. We can do this by using the N-dependence

of the Hilbert spaces H . It is natural to consider the sequence of subspaces
H1 CHyC...C Hny_1 CHn (5.91)

For example, an operator like tr(Z?) is considered “the same state” for any N. Then if
we pick an operator O we can ask at what N it gets excluded. We label the operator to
have size S(O) if it gets excluded below S:

OcHy, iff N>5§ (5.92)

In the half-BPS sector the state R in the Schur basis gets excluded when NNV is below the
height of the Young diagram ¢;(R), so S = ¢1(R). In the eighth-BPS sector if we represent
states as , then S is just the number of excitations different from wg . Or, in terms
of N bosons, it is the number of bosons in excited states. It is reasonable that S has a
physical interpretation in both gauge and the gravity side. It measures how close the state
is to the “exclusion bound”. For example a sphere giant has S = F, and maximal giants
are those with S = N. A dual giant, on the other hand, has S = 1.

The partition function for number of states refined by (.S, L1, Lo, L3) is easy to get. If

Z$:n1nany 15 the number of such states then:

ZS?”I,”L”B = Zs;nhnz,ns - ZS—l;nl,nzms (5‘93)

and

Z(viw) = Z VS$?1$;L2$§3ZS;”1,%2,”3 =1 -v)Z(v;z)

Sini,ne2,n3

Il 1
- 1 —vxMah2els
ni-+nz2+n3>0 1273

(5.94)

5 Here we consider the giant to be of any size E < N, not necessarily maximal
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The only difference from is that we do not have a term 1/(1 — v), so we only count
bosons in excited states.

Now we can uniquely identify the single sphere giant with energy E by specifying
(S, L1, Ly, L3) = (E,0,0,F). In terms of oscillators this is (w0,071)s as in ([5.75)), but
not necessarily maximal. The excitations around this state should have charges differ-
ing by O(1) from the background. Let us fix the size, and look at states with charges
(S, L1, Lo, L3) = (S,n1,n2,S + ng) for small n;. The number of such states is:

Zs;nl,nzms = ZS;m,nz,nswLS (5-95)

We can write the corresponding partition function

~ v
Z(v;xi) = Z st?lx?xggzs;m,mms-&-s =7 <x7x1> (5.96)

Sini,n2,ng 3
where the RHS is known explicitly l) Furthermore, we expect the counting Z Sin1,n2,n3
to be independent of S if n; < S. That is, the spectrum of excitations should not depend
on the size of the giant. We can confirm this by taking S — oo limit, which in terms of

the partition function reads as

Z(x;) = lim(1 — ) Z(v; 2;) = 11 ! (5.97)

niy n2 _n3—1
vl nitnang>0 1T %1 Ty L3
(n1,n2,n3)#(0,0,1)
This produces finite counting for O(1) charges. The partition function can be conveniently

factored into pieces where ng = 0 and ng > 0:

Alem) = ( 1 1_1> ( 1 1_1> (5.98)
ni1+n2>0 123 ni+na+nz>0 17273
where in the second term we renamed ng — 1 — ng.

The spectrum that we found is almost exactly . The first factor is gener-
ated by Aillm’_l and interpreted as world-volume excitations. The second factor corre-
sponds to ALth,n?j with non-negative n; and generates the background graviton spectrum.
We are missing here the negative energy mode A$’07_1, but that’s just because we fixed
the size S to be constant in the derivation, while (0,0,—1) is precisely the mode that
decreases size by 1.

We have now demonstrated how to take a limit of the partition function to achieve
a factorization into closed and open strings. The same factorization was obtained in
Section by explicitly looking at the Fock space structure of the states. The quantum
number S related to the exclusion of states with varying N, was the additional data
beside R-charges we needed to accomplish this. For more general brane configurations
discussed in Section [5.4] we would need additional quantum numbers such as the higher

conserved charges which determine a Young diagram in the half-BPS case [16, [105]. These
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higher charges which exist in the oscillator Hilbert space have not yet been exhibited from
the gauge theory point of view at weak coupling. The story at zero coupling in the
eighth-BPS sector is developed in [105]. The strategy of extracting the expected open-
closed factorization of states from the partition function should be specially instructive
for unravelling the giant graviton physics in more general examples of AdS/CFT where
the S° is replaced by a Sasaki-Einstein geometry. In these cases, the partition function
is known from the dual quiver gauge theory but the matching of these states with giant

gravitons extended in the Sasaki-Einstein space is a largely unexplored subject.

5.6 Local quantization of excitations

In this section we will see how to derive the spectrum of the world-volume excitations
on a sphere giant directly from the brane action. This provides a non-trivial check of the
analysis in Section without relying on the fact that the phase space is isomorphic to
CP"c~! with Fubini-Study symplectic form.

We will mostly focus on the case of maximal giant P(z) = z =0 as in , but the
analysis here works for non-maximal sphere giants P(z) = z—cy = 0 too, see Appendix
This in fact provides evidence that generic analysis in Section should also work for

non-maximal giants.

5.6.1 Structure of perturbations

We start in this section by revisiting the space of perturbations of a spherical giant.

The polynomial defining the unperturbed maximal giant is
Py(z) =2z=0. (5.99)

This is a point in the space of polynomials P and also in the phase space M. In order
to study perturbations, we need to identify the neighbourhood of Fy in M. Naively, one
might guess that it is the image of the neighbourhood in P, so a nearby point in M
corresponds to
oo
Ps.(2) =z + Z 0Cny mama M y"2 2" . (5.100)
ni,n2,n3=0

First, we note that any perturbation involving a non-zero power of z in fact does not

deform the giant at all. This can be seen from the following factorization:

Ps.(z) = (z + Z 0Cnyma,0 x"lym) 1+ Z 0Cny mgms T Y221 (5.101)

ni,n2 n3>0,n1,n2

where we drop O(dc?) terms. The second factor does not intersect S°, so under the map
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P — M, Ps. has to be identified with just the first factor:

Psp(2) =2+ Y 6bny ny 2™y (5.102)

ni,n2

This is the subspace of Py neighbourhood in P that corresponds to neighbourhood in the
actual phase space M .

There is another problem with the guess in that it does not, in fact, explore the
whole neighbourhood of Py in M. Intuitively the reason is that we should be able to add
an infinitesimally small disconnected surface by e.g. P(z) = z(cz — 1) with [c|?> = 1 + ¢,
but this polynomial is not a small deformation of Py in P. We can handle this case by
recalling that there are many polynomials identified with the same point Py in M, namely,
any

Py(z) = 2Q(z) (5.103)

where Q(z) = 0 does not intersect S®. Any polynomials which are near Py(z) then also
correspond to points in M near Py. In particular, if we consider Q(z) which just touches

S° then a deformation

P(z) = z (Qo(2) + 6Q(2)) (5.104)

corresponds to a new point in M near Fy, not included in . The physical interpre-
tation of this class of deformations is clear from the factorized form of P(z): with 6Q(z)
we are adding infinitesimally small disconnected surfaces rather than deforming the shape
of the original sphere giant.

The final conclusion of this section is then that the most general perturbation of a

sphere giant z = 0 is given by

Pz)= |2+ Y Obuna™y™ | (Qo(2)+0Q(2)) (5.105)

n1,n2=0

such that Qg(z) = 0 touches S° and Qo(z) + dQ(z) intersects it. The first factor involv-
ing 6by, n, deforms the surface z = 0, while the second factor adds infinitesimally small
disconnected surfaces. The action and the symplectic form for the two pieces is indepen-
dent, because it involves an integral over each surfaces separately. That means we have a

product structure to the phase space in the neighbourhood of P
Mp, = ME x MpE (5.106)

which has a natural interpretation as world-volume and bulk excitations.
If we perform the quantization locally, we will get a product of Hilbert spaces Hp, =
By X Hljgglk, as long as the excitation number is small so we stay in the neighbourhood.
Furthermore, note that M}j‘g‘;lk is exactly the same as the full phase space M around the
vacuum point. That is, we might as well be considering quantization of Q(z) = 0 which

barely intersects S°, the existence of z = 0 brane does not have an effect. That means,
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we know what Hkl’gglk is — it matches the low-energy spectrum of the full H and describes

bulk gravitons, generated by Fock space of wy; n,n,. We identify A;Lh o s in ([5.74]) with

non-negative k; as the operators generating this “closed string” Fock space around a giant.
The remaining problem is then to get the world-volume spectrum Hp' arising from

perturbations (5.102]).

5.6.2 Quantization of world-volume excitations

We now turn to the analysis of the world-volume deformations of the maximal giant

Pz)=z+ Z Obpm z™y" (5.107)

m,n>0

We want to explicitly calculate the symplectic form on this slice of phase space (assuming
|6b|2 < 1) and subsequently quantize it. This process of quantizing the phase space “lo-
cally” around a solution is analogous to canonical quantization of first-order perturbations
using quadratic effective action [106].

We are deforming an S at z = 0:
22+ |y* =1 (5.108)

Let us introduce some world-volume coordinates (o', 02, 03) on S3, then z(0?), y(o*) are
embedding functions. Small time-dependent perturbations around the spherical shape
can be parametrized by the function z(o?,t). Effectively these are the 2 real transverse
coordinates to S3 in S°, which is a single complex scalar field on the world-volume. In
principle for non-zero z(o?, t) we need to modify z(o?,t), y(o*, t) such that |z|?+|y|?+|z|? =
1 still holds, however, for |z| < 1 this effect is second order in perturbation, and we can
ignore it. In that case the full symplectic form simplifies to (see Appendix :

2N 3 (0zZN6z 0zANbz 0z AN6Z

where the integral d3¢ is over unit S3 with its standard volume form.
If we put the time-dependence back in ([5.107|) according to ([5.2) we get

o o m+n—1)it,_.m, n

m,n>0

Plugging this in ((5.109) we find

2N
a 27‘(‘2 S3

by A Ob
d3 1 2m 2n YYm,n m,n
0 Y (et iy

m,n>0

w

(5.111)
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The integral is easy to do:

Inl
dBo || y2n = 272 — 5.112
/53 o |27yl i (m+n+1)! ( )

Note that we never needed the explicit choice of the coordinate ¢! on the sphere. The

final symplectic form evaluated at P(z) = z is thus

m!n! Sbmm A bmn
=2N : : A1
W=D G (5.113)

m,n>0

Symplectic form ((5.113)) is just that of a flat C"®~!, and has a simple structure of
decoupled harmonic oscillators dby, . Quantization of these perturbations has a straight-

forward Fock space structure
U =[] (bmn)mr (5.114)
m,n

The U(1)? charges of the oscillators can be inferred from the transformation of 6b,, in

(5.107) under 2% — ez’

Piz)=z+ Z Sbmna™y" — €3 [ 2 4 Z by "ML TIRO2 IS g (5.115)

m,n>0 m,n>0

We have factored out an overall irrelevant phase, to keep z term unchanged. This means
bm,n have charges (L1, Lo, Lg) = (m,n,—1). This does precisely match the spectrum of
world-volume excitations ALJ%_I proposed in .

One way to see this result, is as the derivation of the relationship between ¢y, 1y ns
coordinates on P and wpy, n,n, o0 M in this particular region. If we expand the Fubini-
Study form in the inhomogeneous coordinate patch wgg1 = 1, then we know the

symplectic form around P(z) = z = 0 must be

(n1,m2,n3)7#(0,0,1) !

for |w|? < 1. The U(1)? charges of Wy, nyn, in this patch are (ny,n2,n3 —1). Comparing
with (5.113]) we can thus identify the coordinatesﬂ

I'nl
T Sbyn (5.117)

Wmn,0 = m ,

up to corrections of order O(|6b|?). The remaining coordinates wy, nyny With ng > 1 must
be associated with the directions in the phase space which add disconnected surfaces. Note,

however, following the discussion in the previous section, we can not say that wy, n,n, is

. . . . I'n!
8 Perhaps it is clearer in terms of homogeneous coordinates: If‘jggl” R\ ot c:g*g’l“, where
w0,0,1, €0,0,1 —> OO ’ ’
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proportional to dcp, nyny in (5.100), although it does have the same charges.
Finally, let us say a word about the limits of approximation in this section. Given the
symplectic form (5.113)) in db,, , coordinates, a single quantum state occupies an area in

phase space

2 1 (m+n)!
2N m!n!

If we require to stay in the region 6b,,,, < 1, there is only a finite number of states

available to fill, and so the number of excitations in state should obey

| Aby, 1,

(5.118)

m!n!

km.n < 2N (5.119)

(m+n)!
Note if both m,n are non-zero, the right-hand side could be much less than N. This limit
is misleading, however. More precisely, the requirement for approximation (5.109) to be
valid is that 62,62 < 1 in ((5.110). We can just as well require the whole integral over S*
to be small, which, looking at (5.113]) boils down to

m!n!
——— [Sbmn]? < 1 5.120
So the approximation can be valid even if b,,, > 1, given m,n are large. In fact, it is
valid precisely where wy, , 0 < 1. This is just what we expect from the global picture,
because at wy, »0 ~ O(1) the phase space starts looking like CP"¢ ~! rather than just local
C"c~1 In wy, no coordinates (5.116) a single quantum state occupies area |wy, n.o|? ~ %
so the true limit is

Emn <N (5.121)

independent of the mode. This is consistent with the requirement ) ky, , < N, which we
know from the global quantization.

The limit on the mode numbers m,n would be set not by the approximations in our
derivation, but rather by the validity of DBI action itself. Since we are in the BPS sector,
the string length does not play a role, but we can certainly worry if the waves on the brane
have wavelengths of less than Planck length. Recall the Planck length is N~/4 in units
of AdS radius, while the wavelengths for mode b, ,, are m~! and n~!. Requiring them

to be longer than Planck length sets a limit
m,n < N/ (5.122)

For states with higher quantum numbers the interpretation as waves on the brane will not
hold.
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5.7 From branes to BPS operators

The Hilbert space of geometrically quantized eighth-BPS branes is (5.12)

[e.e]

Hps = H (wm,nmns)knl’n?’n?’

ni,n2,n3=0

> knyngms =N (5.123)

It gives the same finite N spectrum of states, refined by the global charges, as the eighth-
BPS chiral ring of SYM (4.33)

¢ = {7, iia, ... ) | its = (™ m® mP) € 2 i 2y > 2 iy
5.124)
Both can be interpreted as states of N identical particles in C3: m; labels the state of

each particle in some canonical order, while k3 is the occupation number of state m. We

can rewrite ((5.123)) equivalently

N
Hps = {me | m; € ZS} (5.125)

i=1

In principle, the equality of partition functions is not enough to establish precise correspon-
dence between the states, because there are many states with any given global charges.
However, the matching structures strongly suggest that we can simply identify the labels
on both sides, so that the correspondence between quantized D3-brane states and the

SYM chiral ring states is:
N
[Tws €Hos < |, g, ... in) €C (5.126)
i=1

Furthermore, there is a unique eight-BPS operator corresponding to each chiral ring ele-
ment, thus via (4.34) we conjecture the dual operators of the D3-brane states to be

N
U=]Jwn < Opps=(1—ApA)O(,iy,... 1N) (5.127)
i=1
with (£.31)
O (g, i) = — (=D (@R (@) (@) (5.128)
1, Dy ooy N) — N' icr(l) 7;0(2) e ia(N) .

ocESN

This is, basically, a more refined version of the proposal in [37].

Since we have identified a set of states in Section that have an interpretation as
localized semiclassical branes with excitations, we can compare them against known results
in SYM. First, let us take a single half-BPS maximal giant . The identification
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implies

max

ooy = (woo,)Y = 0((0,0,1),(0,0,1),...) = det(Z) (5.129)

which is the correct dual operator.
Now take the half-BPS giant with a single open string excitation A:g k_1s @S in 1'
According to (5.127]) we have

(wok,0)(wo0,)N™H = O =(1—-AZ' A x(Z;YF) (5.130)

The operator x(Z; Yk) follows from ([5.128]), using the notation defined in () up to
normalization. As analysed in Section this is the expected operator for the maximal

giant with a BPS string attached, and we even know the leading order result (4.90) after
applying (1 — ABlAg).

A single two-charge excitation AL’ ky,—1 BLVES
(Wky 2,0) (w0,0,) Y1 = O = (1= AR A) x(Z; {X 1Y *2}) (5.131)

where { X*1Y*2} is the symmetrized product. In fact, we could just as well take x(Z; X*1Y*2),
since it only differs by permutations and thus corresponds to the same chiral ring element.
Consequently, after applying (1 — ABlAQ) the result will be proportional to the same BPS

operator
(1— AR ) x(Z; {X 1Y R2}) oc (1 — AGMA2) x(Z; XFrYyhe) (5.132)

However, the reason to take symmetrized product is that it will only be corrected by a
small amount, because it is in the same U(3) multiplet as x(Z; {Y*1**21). The correction
to x(Z; X*1Y*2), on the other hand, would be large.

We can extend the map to multiple excitations
(W 2,0) (W11,12,0) (w0,0,1) Y 72 = O = (L= AR AR) x(Z; {X MY} {XDYRY)  (5.133)

Since Ag will still vanish on x(Z; {X*Y*2} {XhY®}) to leading order, the correction
ABIAQ will similarly be small. In general, the action of open string creation operators
ALI ko1 translates to inserting words into X(Z; W1, Wy, ...) and the fact that we get

approximately orthogonal states is ensured by the emerging open string planar expansion
(see Appendix @

Next, consider the generators A(T) o that we have identified with closed string states.

The map to operators confirms this:
(wo k1)) (woo,)V ™ = O = (1= AR A2) X(Z; 2Y") ~ x(Z)tr (V") (5.134)
This is because x(Z; W) factorizes when Z is found at the boundaries of the word W

X(Z; ZY®) ~ X (2)tr(YF) (5.135)
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The resulting product of operators x(Z)tr(Y”*) is dual to a composition of the two states:
the maximal giant y(Z) and the closed string tr(Y*). Note that an open string state such
as xX(Z;YZY) would have the same charge, but it is non-BPS and thus does not appear
in the spectrum of quantized BPS branes.

We conclude that the map gives the expected results in the near-half-BPS
sector, where we know the operators in SYM. The crucial problem is to go beyond half-
BPS, and explore genuinely quarter- or eighth-BPS brane configurations. The map from
maximal intersecting branes to states suggests

W 0= (1- AR Ag)det(XMY2Z"3)
(5.136)

P(Z) = xmynzzns < U= (wm,m,n:a

This is plausible, since the determinant is equal to
det(X)"det(Y)"2det(Z)" (5.137)

thus we get a product of operators dual to individual giants, and the product should
correspond to composition of objects. The problem is that det(X™Y"™2Z"™3) is most likely
not near-BPS, so (1 — ABlAg) will give a large correction, which we don’t know how to
calculate.

It is nevertheless interesting to consider, for example, the case of two intersecting giants

(©-77)
zy=0 = O=(1-ApAy)det(XY) (5.138)

The various excitations (5.79)), (5.80) would then correspond to

AL,kQ,kS — P ldet(XY)Str(XF1yk2 zks)

AL e = PTIXXYYRRHIZR) o Pl den(Y)x (X YR 2R (5.139)
Af ik = PUIXXY;XBHZE) ~ Poldet(X)x (Y XM 2R |
Ai1,f1,k3 — P_IX(XY; Z’fi%)

where we use the shorthand P~! = (1 — Ap'Ay). The x(XY;W) is still defined as in
, substituting XY for Z. The factorization properties of determinants nicely capture
the fact that AiLkQ’kS is an excitation of = 0 giant, AL’iLkS is an excitation of y = 0
giant, while AT—L—U% lives on the intersection, and thus is non-factorizable. However, the
potential problem is that if correction P~! is large, it might completely change the states,
and different excitations might not even be orthogonal. The calculation of the one-loop
anomalous dimension of det(XY') was performed in [107], and found to be O(X), which
is the same order as excited string states. This indicates that indeed det(XY') is likely
to have large mixing with non-BPS states, and finding ABI in this sector is a very hard
problem.

Finally, let us make a note regarding orthogonality of the basis (5.127)). We know

that in general it is not orthogonal, because in the half-BPS sector it contains operators
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like tr(Z™) (see also discussion near (4.38))). In general, in the half-BPS sector, the basis
closely reproduces Schur polynomials xz(Z) in the regime of sphere giants (tall columns),
but not in the regime of AdS giants (long rows). In fact, this nicely correlates with the
fact that the states in Hps arise from quantizing D3-branes expanding in S°. Thus in
the regime of large giant gravitons the operators closely approximate classical states, and
are appropriately orthogonal. On the other hand, states such as ¥ = wg, correspond
to holomorphic polynomials cz™ — 1 = 0 with many microscopic giants, the regime where
DBI action should not be valid and the operators should not be expected to be dual to
semiclassical D3-brane states. Thus one would expect the operator basis to be
orthogonal at least in the regime of states dual to large D3-brane configurations, such as
(5.139), but not in the full Hilbert space.



Chapter 6

Conclusions

In this thesis we have explored the AdS/CFT in the non-planar finite N limit, focusing
on the BPS sector.

One direction of research was the free (zero superpotential) limit of gauge theories.
We found a complete finite N basis of BPS operators for arbitrary quiver gauge theories,
and also computed the chiral ring structure constants in this basis. The key feature of our
construction was the use of symmetric group and diagrammatic techniques: all results can
be expressed nicely by modifying the defining quiver diagram itself, and interpreting the
nodes and lines as group theoretic objects — representation labels, Littlewood-Richardson
coeflicients, branching coefficients.

Interestingly, our results are valid at the Seiberg-like fixed point of the SCF'Ts, where
the superpotential vanishes, but the theory is at an interacting fixed point with strong
gauge coupling. That is, we find a complete basis for the chiral ring and the structure
constants at the IR fixed point. In the context of AdS/CFT, these fixed points should
be dual to tensionless strings on various geometries. Unfortunately, the worldsheet theory
can not be solved in this regime, so we can not perform any rigorous comparisons. On
the other hand, our results from gauge theories give a wealth of information — such as
counting formulae for various quivers — that could guide the string theory construction.
In fact, there is a way to interpret the counting formulae in terms of coverings of Riemann
surfaces, from which one may try to recover a worldsheet description. This approach was
very useful in the study of 2D Yang-Mills [I08], and some results in that direction are
presented in our original paper [57].

The applicability of our results is not limited to four-dimensional SCFTs. Since every-
thing is done in the free inner product and with no position dependence, one can interpret
the calculations as being performed in a matrix model, where the two-point function is
also ((CIJQ);(@Z)?) = (5ab51i5§€. As such, the orthogonal bases we have constructed can be
applied whenever such matrix models appear. What our results then provide is a solution
to the purely algebraic problem of finding the relationships between traces of multiple

matrices.

The other direction of research was the non-zero coupling BPS spectrum, where we
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stick to the original N/ = 4 SYM. The main goal was to find BPS operators dual to
the eighth-BPS Mikhailov’s brane configurations. We found a formal construction for
the complete (but not orthogonal) BPS basis , and conjectured an identification
with the quantized brane Hilbert space . One concrete example, where we could
perform an explicit calculation, was the operator dual to a maximal half-BPS giant with
an attached open string. The classical brane configuration is an oscillating S* maximal
giant, given by the polynomial z 4+ dby’ = 0. When quantized, these modes correspond to
BPS open strings, and the dual operator is commonly identified with x(Z;Y*). Using our
prescription we have calculated the leading correction , which gives a much better
approximation to the true BPS operator. By performing this calculation we also concluded
that x(Z;YT) is a good approximation of the BPS operator as long as L < VN, and the
small anomalous dimension it has is due to mixing with the non-BPS component, which
we have found explicitly.

Many open problems remain. One immediate question is how to interpret the correc-
tions to x(Z;Y") we found in (4.90). Each of the correction terms y(Z;Y* Y*ZY7) by
itself can be identified with two strings attached to the giant, one of them in the ground
state, the other one excited and non-BPS. It would be extremely interesting if this could
be matched with the open string world-sheet theory in the plane wave limit, studied in
[27, [109], but with non-zero string coupling. The suggestive interpretation is that when
string interactions are turned on, the string can break into two, and the true BPS ground
state of the corresponding Hamiltonian involves a mixture with these multi-string states.
The corrections to the operator will also have an effect when calculating three-point func-
tions between BPS states, perhaps those could be matched with the AdS calculation.

The main problem with the suggested map is that the calculations of the
correction P~! are only tractable for the near-half-BPS solutions. The most interesting
extension of this work would be to find the dual operator to a genuinely quarter-BPS con-
figuration, such as two intersecting maximal giants xy = 0. According to our prescription,
in order to do that, one has to find P~'det(XY), and it is not likely that the correction
will be small. Perhaps the resulting corrections can be interpreted as some “resolution”
of the S! intersection of the branes.

One of the key results of Chapter [5] was the derivation of the BPS open string spectrum
on various maximal giant configurations, including the strings living on the S! intersection
(5.83). It would be very interesting if these results can be confirmed by world-sheet
calculations. Furthermore, the operators dual to the BPS excitation spectrum of the
xy = 0 solution are then given by . A crucial consistency check of the identification
would be to see, if these operators are orthogonal to each other.

Solving these issues would open up a very exciting avenue to study microstates of
near-extremal black holes analysed in [110, 111l 112]. From the AdS perspective, taking
two stacks of intersecting branes x™y" = 0 creates an extremal black hole with the near-
horizon geometry of AdSs. The conjectured dual of this AdS3 is the two-dimensional

CFT arising from the open string excitations on the S! intersection. The analysis of the
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operators det(X™Y "), plausibly dual to these backgrounds, was initiated in [107]. It was
found that they have a large anomalous dimension, thus unlikely to be BPS. According to
our prescription, the BPS component can be recovered by finding P~'det(X™Y™). Then
the open string excitations on S! should be dual to operators such as P~y (X"Y™; W).

Ultimately, we expect the BPS basis to provide duals to semiclassical states
only in the regime where Mikhailov’s eighth-BPS branes is a good description. This is
consistent with the identification (5.127). If we instead take states such as ¥ = w0,
containing many small branes, the dual operator is tr(Z"), so we do not reproduce any
semiclassical state, such as an AdS giant x,)(Z). The guiding principle in the half-BPS
sector was to look for orthogonal basis, and it would be very desirable to do that here. One
can expect that having a complete orthogonal basis would interpolate between different
solutions — sphere giants, AdS giants, new geometries — just like Schur polynomial basis.
However, orthogonalizing is an extremely challenging problem, given that we don’t
know how to compute ABI.

There is one lesson that could be learned from Schur polynomials. The basis ,
when restricted to the half-BPS, in fact corresponds to N bosons on C. The “correct”
Schur polynomial basis instead corresponds to N fermions on C. This can be shown
to arise from Van der Monde determinant in the single matrix model [I§]. So whereas
is a basis for N bosons on C3, perhaps we need some modification of it which is
more fermion-like, and reduces to the fermion basis in the half-BPS sector. This approach
has been attempted with the three-matrix model [54], but it used a conjectured form of
the measure to account for integrated out off-diagonal terms. It should be possible, in
principle, to derive the correct measure by using our map from chiral ring wavefunctions

to operators.



Appendix A

Symmetric group formulae

A.1 General

R = n will denote a Young diagram with n boxes, associated with an irreducible represen-
tation (irrep) of S,,. A Young diagram R is also associated with an irrep of U(N), when
the length of the first column I(R) obeys the constraint [(R) < N. Dimy(R) denotes the
dimension of U(N) irrep R. d(R) is the dimension of S,, irrep R.

Dimy(R) = X gogy = (A1)

=
S~—

Dimp (R) is the dimension of U(N) irrep R. d(R) is the dimension of S, irrep R. fx(R) is
the (N-dependent) product of weights of boxes in the Young diagram. h(R) is the product
of hook lengths. Describing the boxes of a Young diagram with coordinates (i, j) running
along rows and columns respectively, with r; being the row lengths and c; the column

lengths

fn(R) =[N =i+
"7 (A.2)
hR)=][]ri+e—i—j+1)
?:7‘7‘

The Kronecker Delta over the symmetric group 6(o), defined to be 1 if the argument
is 1 and zero otherwise. It is also defined, by linearity, over formal sums of group elements
with complex coefficients (the group algebra) by picking the coefficient of the identity
permutation. It has an expansion in characters. There is a related character orthogonality

relation, obtained by summing over irreps

> M, (o) = b(0) (A.3)

Rn
Y xr(o)xr(r) = Y d(yoy v (A.4)
Rn YESR

The characters are traces of matrix elements xg(c) = >, D¥(o). The matrix elements
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satisfy Dg(a) = Dﬁ(ail) ). Orthogonality relations from summing over o are

(g; Df}(0)Di(o d?}!%) ORrSOikdji (A.5)
U%; xr(o)xs(oT) d?};) drsXR(T) (A.6)
Zs:n Xr(o =n!dgrg (A7)
o€Sy,

2 DN = 3w (R) (A8)
oc

ZS: XR(U)NC(U) =d(R)fy(R) = n! Dimy(R) (A.9)
i" tr (PE;fDR(U)) N = 5" d(r) fn(R) (A.10)
TESn

The last equation involves generalized projectors (intertwining operators) linking different
copies (labelled by v*,v7) of the irrep r of a subgroup H C S,,. We will describe these
subgroup reduction in more detail in the next subsection. For derivations of the above

identities, the reader may consult e.g. [113].

A.2 Branching coefficients

Consider a subgroup H C S, of the form
H =25, xSp, X... (A.11)

An irrep R of S, can be decomposed into irreps r = (r1,72,...) of H

_ O U U o v
rifn (A.12)

robFng

[Ve'"?| = g(r1,m2; R)

The states in R are spanned by the basis |R; 7, v,l) where r, v labels the irrep of H (v is the

multiplicity label, if  appears multiple times in the decomposition), and I = (I,ls,...) is
R—rv

1 are defined to be the components

a state in r = (r1, 79, ...). Branching coefficients B;
of the vector |R;r,v,l) in terms of any orthogonal basis for R.

B o™ — (Ryi|Ryv, v, 1) = (Ryv, v, 1| Ry 4) (A.13)

i—l

Since the representations of S, can be chosen to be real, branching coefficients are real
R—=ruv\x _ pR—TWw

(Bi—>l )* - Bi—>l
The multiplicities g(r1,r2; R) are given by the Littlewood-Richardson rule, which in-

structs us to put together the boxes of 79 alongside those of r1, subject to some conditions
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(see e.g [86]). These are usually first encountered in physics in the context of irreps of
U(N) but the present description in terms of reduction S, — H is related to that by

Schur-Weyl duality. Some times we will informally write

ri@ry =@ g(ri,r2; R) R (A.14)
R

in place of the more accurate (A.12)).

We use the following diagrammatic notation for the branching coefficients

L
1
R—(ri,r2,r3),v __ . R r2
i%(l1,1l2,l23)3 = 1 v l2 (A15)
3
I3

Because of reality, the diagram with arrows reversed is equal.
Here we list the properties of branching coefficients in the diagrammatic notation,
followed by the corresponding equations. For illustration we take the subgroup H =

Sny X Sny, With the generalization to more factors being straightforward.

(A.16)
r1 T1 o
R _ X Gy Orara O (A.17)
v v
7 7 —
- R (A.18)

- —Hmemb— (419

The equations can be read off by assigning some state labels to each edge and branch-
ing coeflicients for each white node. As usual with index notation, we need free indices

matching on both sides of the equation for the open ends of lines, and repeated indices
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appearing on internal legs are assumed to be summed :

D ( )D 2 ( )BR—>(T1T2) Vo BR—>(T1T2) D’]j](,yl o 72) (A20)

1171 i2j2 k—ji.52 J,02
Bij(z?,z,;?) VBIZ:(JT;?) V= 511j1 5i2j2 OvisOry iy Oryy (A.21)
> BOR BT = A2
1,72,V
> B D, (nDi, () B = Din o) (4.29)

1,72,V
As an example of the generalization to H = xS, with an arbitrary finite number of
factors, the second equation above becomes :

BR%U[,T'b;VBRHUbfb;D _ 5,/7& H 67"b71:b5ibjb (A24)

k—Upip k—UpJp
b

Another useful identity is

Xr(1072) =Y g(r1,ra; R)xr, (71)Xr (72) (A.25)

1,72

which we get by taking the trace of (A.19).

A.3 Clebsch-Gordan coefficients

The standard tensor product of S, irreps, where we take a tensor product of two irreps
R,S of S,, and then decompose into irreps T of S,, with multiplicities C(R, S, T), also

plays a key role in this work.

v @ v = P vr @ Vi
Tkn (AQG)
Vsl = C(R, 8,T)

To distinguish the coupling of irreps (71,72, --) of H = Sy, X Sy, - -+ into irreps R of S,
(with Y, ny = n) with the present decomposition relating three irreps of Sy, the former
are sometimes called outer products of symmetric group irreps. while the latter are called
Kronecker products. The Kronecker products are also called inner products sometimes
but we will avoid that terminology, to avoid confusion with the scalar product of states
within an irrep, which we will freely call inner product.

The diagrammatic notation for the Clebsch-Gordan coefficient will be a black node:

i1
gfaf AT > A (A.27)
11 22, M T
. R
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It obeys the following identities:

R
A
= 7—
Ry
4L = A 5/\1157'7'
Ry

AT RQ 7 ! R2

The corresponding equations are:

DR1 ( )DR2 ( )53132,/\7' :SRIRQ7ATDZI>71(7)

11J1 272 J1 j2,m i1 42,1
SRt GRS AT _ 5 5 B
i1£?$T5i1§5;27,n/;T = 5i1j1 51'23'2
A7
Z St DS " = Difs ()D3,()

A.4 Multiplicities

Here we collect identities involving multiplicities g(ri,r2; R) and C(Ry, R2, A).

Using (A.19) and (A.17)) leads to:
0'1 o 02 Z Z Tl? ro; R Xn (Ul)XT‘z (02)

rikny robng

From this, Littlewood-Richardson multiplicity can be calculated as

1
glry,ra; R) =~ Y > xn (o)X (02)xR(01 0 02)
B Ulesnl O'QGSnQ

Analogously, for Clebsch-Gordan coefficients:

XR1( )XRQ ZC R17R27A)XA( )
AbFn
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(A.28)

(A.29)

(A.30)

(A.31)

(A.32)
(A.33)
(A.34)

(A.35)

(A.36)

(A.37)

(A.38)
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and

C(Ry, Ry, A) ZXR1 ) xR, (0)xA () (A.39)
.UESn

Combining the above we find:

Z Z XR, (01 0 02)XR, (01 © 02)

01€EN] 02€EN2

Z Z (r1,72; R1)g(r1,72; R2) (A.40)

rikFny robng

= 3" C(Ry, R, A)g([m), [na; A)
AFn

nl'ng'

where [n1] and [ng] are trivial representations for the corresponding groups, arising from

sl Soor.s XA(01 0 02).

A5 Q

() is a central element in the group algebra C(.S,,), dependant on an integer parameter N:

Q=) N (A.41)

UESn

where C(0) is the number of cycles in 0. We can also expand it as
1
Q=1+ 2[2] + (2[3] +Zp)) + 13 (B g+ Epag) + (A.42)

where Y7 is the sum of all permutations in the conjugacy class T. € is related to the
dimension of U(N)

N™dp\™ Qm
(Dimy (R))™ = )" XR(Q") (A.43)
n! dR
This can be inverted to find
qm 1 n!Dimy (R)\™
o Z Z (N"d) Xr(0)o (A.44)
€Sn RFn
In particular, if n < N, the sum expression also makes sense for m = —1
= n'2 Z Z Dy (R XR( Yo (A.45)
RFno€esS,

since Dimy (R) never vanishes. It can be expanded in 1/N to get a series valid at any
n<N

_ 1 1 [(n(n—-1)
T — [ —
SRR R < 2

1 <n2+3n—8

+ 22[3] + Z[QQ})
(A.46)

m 5 E[Q] + 52[4] + 22[372] + 2[27272}> + ...
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Note that this series is infinite, unlike (A.42)), it does not terminate at N ="', For a given

n it can be re-summed to get a closed expression. For example

_ N2 1
1 N? 1 1
Q3= (N2 1) (N2 1) 1-— NZ[Q} + W(_2 + 22[3}) (A.48)
NG

1 1

1 1
(A.49)
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Quiver characters

B.1 Symmetric group characters

The usual symmetric group characters x (o) = tr(D(c)) obey the following identities

xr(0) = xr(c™) B.1
Xr(0) = xr(yoy™") B.2
=3 xalo)xs(o) = ons (B3)
" oEeS,
Y xr(o)xr(r) = > 6oy (B.4)
RFn YESRH

They could be summarized as: invariance under inversion (B.1]); invariance under conjuga-
tion (B.2)); orthogonality in representation labels (B.3]); orthogonality in conjugacy classes
(B.4). There is also a useful generalization of (B.3)

XR(T)
= B.
!UGES Xr(0)xs(oT) = 0rs A(R) (B.5)

B.2 Restricted quiver characters

Restricted quiver character is defined as

H D Ra*)Ub,a rab;a:l’; RaHUb’a rba;avl/;
Za]a a J _>Ub,a lab;a i(L_>Ubya lbasa (BG)

with
L ={Rq,Tab:as Vg » 1/:}, o ={0,} (B.7)
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Diagrammatically, for the case C3/Zs,

Note that for the case of a trivial quiver with a single node and a single field, the quiver

character is precisely the symmetric group character.
They obey analogous identities to (B.1)), (B.2)), (B.3), (B.4):

xq(L,o) = xq(L,0™") (B.9)
xXQ(L, o) = xq(L, Adj, (o)) (B.10)
Ng! Z H b Tab a) Q(L,O’)XQ(.E,O‘) = 5RR57‘F51/+1)+5V*1)* (B.ll)

Had( a) B H na
S et oneltn) = gl ST s e

(B.12)

For the proofs see Appendix
The generalization of (B.5)) is

T na! Vg Uq
ZXQ(L,TU)XQ(L,O—):5R1~25r,:5u_ﬂ_ﬂd(Ra)tr(D “(r, )PRG_)UM%Q) (B.13)

o

where
Ra_>Ub a Tba; omVa Ra_>Ub a Tba; avV;r
Za*)Ub « lba a Za*)Ub’a lba,a

(Pl/a I/a

Ra*)Ub o Tha; a)lala

B

(B.14)

B.3 Covariant quiver characters

The covariant quiver characters are defined as

XQ(K7 0') — ( DRq (UQ)BEG_}UZ’ SqpiVa BRa*Ub Sbm”d) H B ab—> [nab], /BabS ab 8qpr NabTab

taja da—Up 1, ia—U, Ui, Loy Loy lab

a

(B.15)

with
K = {Ra, Sab ab? (j_a l/a 7Aaba Tabs nab;aw@ab}7 o= {Ua} (Blﬁ)
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Diagrammatically, for the C3/Zs case,

72
Ba1
Vf' Aoy Vo

2
S11 Ry 5;1 751 So1 522
X3z, (K, o) = [o1] [o2] (B.17)
$11 S19 T12 sz B2 /599
V1 A2 ¥y
B2 0y
They obey identities:
xXQ(K, o) = xq(K,o7) (B.18)
XQ(K, o) =xq(K,Adj, (7)) (B.19)
1 -
1, na! Z <H d(Ra)> XQ(K,o)xo(K,0) =0 i (B.20)
Ha na! ; -1
SR | xoK, o)xq(K, 7) = =—2"— 3 "T] 6(Adj,(0a)7, )
K a Ha,b,a nab;a! ~ a
(B.21)
And
Z XQ(K> TO-)XQ(K7 0) = 5RR55—§— 51/—13—
o
na! Rq Ra_>Ub S+a,ljj Ra—>Ub §+avﬂ;r 5+a57a?AbaTbaBbanba g;asz:a?[iba%bagbanba
X H <d(Ra) D’iaza( a) ia_>Ub lbab Za—>Ub [bab . lbl;kbbu Sibak’ba
(B.22)
- olr ng!
> Xo(K, to)xq(K, o) [[ N = 5KKHmfN(Ra) (B.23)



Appendix C

(General basis from invariance

Here we want to show how solving the invariance (3.84)

Og(n. o) = Og(n. Adj, (o)) (C.1)

naturally leads to the complete bases (3.96)

Oq(L) = H;a! Hd rone) gxcy o)0q(n,0) (C.2)

and 7
Oq(K) = -~ 11_—[[” , ZXQ o)0q(n,0) (C.3)

C.1 Review of C

First, let us start with the familiar example of half-BPS operators. Those are described

by a trivial quiver C, with single node and single field ®11. The operators obey invariance
Oc(o) = Oc(yoy™), 7€ S, (C.4)

We want to express this as a projection to the invariant subspace

Z Oclyoy ™) = Z S(yoy ") | Oc(p) (C.5)

'yES PESH 'yES
Now
— Z S(yoy o) (C.6)
~ESn

is a projector, and we want to find the explicit basis that it projects to. That amounts

to being able to write P(o,p) = > ; Vi(0)¥](p) for some labels L and wavefunctions
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U (o). In order to do that, we rewrite d(c) using (A.3))

P(U,P)ZZ? )QZXR yoy o)

RFn

(C.7)
d(R) Df o) D (v D (p?
Z Z )DiE( D
R)—n nl
This allows us to perform + sum using (A.5)), resulting in
] Z Xr(o)xR(p (C.8)

RFn

which is the desired explicit form for the projector. It leads to the complete basis (up to

normalization, chosen for convenience) — Schur polynomial basis

R) = = 3" xr(0)0c(o) (©9)

C.2 Review of C?

Now let us see how the same procedure is applied to C3. The operators are invariant under
(13.56))
Ocs(n,y0y ™) = Ocs(n,0), v € Spy X Spy X Spy = H C S (C.10)

This leads to a projection

Ocs(n,0) = > P(0,p)Ogs(n, p) (C.11)
pESn
with
P(a,p) ’H| > d(yoy e (C.12)
yeH

Again introducing sum over R we get the same as (C.7)

-

RFn

with a key difference that now the sum

> DEWDE.(Y (C.14)

YESn XSny X Sng

is only over the subgroup of S,.
There are two ways to evaluate (C.14]), eventually leading to the two different bases
(3.57) and (3.68)). For the first one, we introduce explicit representations for the subgroup
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Sny X Sp, X Sp, by inserting a delta function as a sum over projectors ((3.64))

R— R—
5Zj = Z (Plléim,mms Z BZ*}lT VB]AIT Y (0'15)

T1,72,73,V T1,72,73,V

When v € Sy, X Sp, X Sny, DT(7) can be moved through the branching coefficients, which

allows us to express

R—r,v R—r,v
Dff(monons)= Y BED (n)D (12)D)% (1) B (C.16)
T1,72,73,V

Applying this to both terms in (C.14) we get

R + + rd rd Rt vt
yeH rtuvtr— v 71,7273
R—=r~ v~ 1 —1\ 2 —1\ 3 —1\ pR—r—v—
(C.17)

Now the 71, 72,73 sums give ((VTT; 6lﬁl— 511_ l~1+) etc, which reconnect the branching coeffi-
cients. The final answer for (C.14]) is thus

nl'n2ln3' R—rpyv~ pR—rvt HhR=r v~ o R—rvt
Z D ka Z Cd(r )d(r )Bmﬁl B Bk%l Bj*)i
yeH

nl'ng'ng' -t - vt
Z d(r )d(r >(le§—>5 )ml(PIIjze: Jkj
l/

(C.18)
The projector ((C.13)) is thus
1 d(R) vt AR v= vt AR
P = — ————tr(P D P D 1
(o:p) n!R,,;V T B D @) (PR D)) (C19)

This is again of the form )", U1 (0)U} (p), with labels L = {R, r1, 72,73, v, v}, thus we
conclude that the complete basis is (3.57))

Ocs (L Z (P4 DF(0)) Ogs(n, o) (C.20)

up to a normalization coefficient.

An alternative way to evaluate the sum 1) is to observe that Dg(v)Dﬁk(*y) is a
representation matrix of + in the tensor product R ® R rep. We can decompose this into
irreps using S,, Clebsch-Gordan coefficients

AT AT
DEMDR(v) = Y DSy ™S (C.21)
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Now the « only appears in a single D(), and the sum over v € Sy, X Sy, X Sy, is simply

a projection to invariants under the subgroup

O N,
> Dhe) =milngingt Y BB (C.22)
YESn, X Sny X Sny p=1

The branching coefficients have the same meaning as before: [n]| denotes three single-row
Young diagrams of length ni,ng,n3, which is the trivial one-dimensional representation
of Sy, x Sp, X Sp,. Since it is one-dimensional, we suppress the index for it. g is the

A—[n],B

multiplicity for how many times [n] appears in A. Branching coefficient B, itself is

a vector in A, which is invariant under S, x Sy, X Sy, labelled by 3. Note the number
of invariants is g([n1], [n2], [n3]; A), that is, how many ways there are to combine three
single-row diagrams into A using Littlewood-Richardson rule. It vanishes if A has more

than three rows, so we have a constraint
I(A) <3 (C.23)
A is a representation of the global symmetry U(3). The full sum ((C.14) is thus

;ID v)DE.( 1)—n1'n2'n3'AZB( “["stjj?T) (Béﬁ["]ﬁsffﬁ) (C.24)
gl 7

and the projector (C.13)) evaluates to

d(R A—[n], T A—[n], AT
Plop) = Y Sﬂ) (Bl S AGRIAT DR ( )) (Bl~ sghiA Dﬁ(a)) (C.25)
R,A, 7,0

This leads to the basis (3.68))

OK) ~ > BA>PESENN DR(6) O(n, o) (C.26)

1, m
(J’GSn

up to normalization.

C.3 General quiver

Now let us extend this derivation for a general quiver. We need to solve the invariance
(13.84))

Og(n,o) = (’)Q(n,Adj,y(O')) (C.27)
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that is, to evaluate the projector

|Z<5Ad3,7 -1

~YeEH

|H| > TT6(Ad, (ea)ps )

~YeEH a

(C.28)

in analogy with (C.12). The invariance group is

H=Q) Snuar  Hl =[] navio! (C.29)
a,b,a a,b,a
Note beforehand, that xq(L, o) obeys exactly the required identity , which allows
to write like Y~ ; xo(L,o)xq(L, p) , leading to the Og(L) basis. The same is true
of xo (K, o), which obeys , leading to Og(K) basis. The purpose here, however, is
to constructively derive xq(L,o) and xqg(K, o) as the basis diagonalizing P(o, p).

Like before, we expand the deltas in terms of characters

P(o,p) = |H|ZZH

Xr, (Adjy(0a)ps )

R ~€H a
1 Rq R, R,
’72 Z H Na l laja ®b oﬂ’baa) Djak ( )D (®b0/yaba) Dmaza(pal)
R ~€H a
(C.30)
The question is, again, how to perform the 4., sum
Z D’Laja (®b aVba; a)D]}j:ma (®b7a7a_b%a) (C31)

~YEH a

Note each 74p.n and 7&)%04 occurs exactly once.
One way, in analogy to the restricted Schur basis, is to insert the branching coefficients

around ~y’s:

R, . Ra_>Ub7a Tba;aVa Ra_)Ub,a Tba;arVa Thasa
DZa;a (®b,a7ba s Z Z Za_>LJb o lbasa B j [, H D I (f)/ba;a)

]a—>Ub,a lba;a lba;alba;a
Ub a Tba;a b,

(C.32)
Replacing all D(v) and D(y~1) we get analogous expansion to (C.17), which allows us to

perform 7gp. sums. They generate delta functions which contract the branching coeffi-
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cients in analogy to (C.17) as follows:

Z Dza] (®b aVba; a)D]iama (®b,a’7&,}a)

~yeH a
Tab-asVa TharosVa
{rzbi} {;} {%: I n;l:ba ) 1] <B§Z:Ld:z e Bz‘}ziug,bflb::w a ) (0:33)
(e )
This leads to
o)~ X HieelloelLp) (34

Ryrvtv—

with xq(L, o) defined as in (3.95) and thus the basis

Oall) = I Ty 2 ¥aso)00(o). (39

An alternative way of evaluating is to use Clebsch-Gordan coefficients, leading
to the covariant basis. In order to apply we need a term D(y)D(y~!) with v in some
subgroup of S;,. In general, however, (C.31]) does not have that form, because D(®p o Vba;a)
contains permutations corresponding to fields incoming to a, and D(®b,a'y;lia) contains
outgoing. Therefore, first we have to insert branching coefficients to separate fields between

different quiver nodes

D 11 P75 (@nataa) Di, (@batania)
~YeH a

o Usa,ua o Usa,ya
_ Z H Z Z jj*?[_]bb ab ;Z:Ubb b HDI+ i+ ®a7ba;a) (C.36)

ba"ba
—YEH a Ubsba V”‘

Ro—Up s pova pRa—=Up 5,pVa £ 1
X - ot H o
2.2 Bty BaasUii : D2t (®aVapia)

Up 80 Va

Now for each ordered pair of quiver nodes (a,b), where we have My, fields labelled by «,

we can apply (C-24)

Z Dl+ i+ (®of)’ab a)Dl o (®a7ab a)

ab”ab
U Yab;a

= (H nab;a!) Z <BAab—)[nab] BabS ab ab’ATab> <BA b—)[nab] ﬁabS ib ab’ATab>

lab il l il
A ab “ab’ ab ab tabsr tab
ab; abaﬁab

(C.37)

Note that the effect on 1) is to reconnect l:{b with Z;b via the Clebsch-Gordan coefficient
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S :b 8apATab
lab l(:b7l
branchlng coefficients factor into two quivers. The end result, putting everything back

into (C.30)) is

, and the same for lljb with [_,. This produces the right structure where the

Plo.p) = iy (H d<Ra>) Yo(K, 0)xa(K., p) (C.39)
K a

where the label K includes
K = {Raa Sabs ab) v, 77/@ 7Aab7 Tab Baba nab;a} (0'39)

and xq(K, o) is as in (3.126). The basis is then

Og(K) = = 11_‘[[?1 , ZXQ o)0q(n, o) (C.40)



Appendix D

Planar approximation for open

strings

D.1 Basis for open string operators

Here we describe a basis of operators dual to branes with open strings attached. For
now we consider the simplest possible case of single maximal giant. They are, basically,
restricted Schur operators analyzed in many papers [20] 22 23, 24]. Here we will just
establish convenient notation and normalizations, which will make calculations easy. The

main object is a single-column restricted Schur with distinct impurities:
XR=1V],r=(N-#](Z3 W1, ..., W)

1 i IN—k IN—k+1 i
N (N —k)! Z (_l)azi;u) "'Zio<N—k>(W1)ia<N—k+1) "'(Wk)iivm

ocESN

Since all the diagrams for now will involve a single column with impurities we will abbre-

viate

X(Z;Wh,y ..., W) = XR:[lNLT.:[lN—k](Z; Wi, ..., W) (D.2)

Note the non-maximal giants can be written in this notation by setting W; = I — identity

operator

X(Z;]L...,H) = k‘!X[lN—k}(Z) (D3)
k

Right-hand side is the usual half-BPS Schur polynomial, but it comes with k! factor.
D.2 Rules for correlators

The strategy in calculating correlators of open string operators is:
1. Contract Z operators that build up the giant exactly

2. Contract remaining O(1) operators in planar limit

144
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The following formula allows us to do exact contraction of maximal giantg]|

<X(Z;W1, cee ,Wk)X(Z; Vl, . . ,Vk)>
= (N =B S (=07 (=0T (W) W (VDR (Ve )

o,TES)

(D.4)

The contractions construct all possible gluings of open strings W; and V] into multi-trace
combinations, subject to restriction that W; is followed by V] within trace. Let us denote

the gluing operation by

[le ) Wka ‘717 L) Vk‘] = Z (71)0—(71)7 <(Wl)§(17(1) cee (Wk")?;(k) (‘/1)"?71_(1) te (Vk)zf<k)>
o,TESE

(D.5)
Then (D.4)) can be written as

(X(Z; W, W)X (ZVh, - Vi) = (N = R ([Wh, .o W, Vi, Vi) (D.6)
Explicitly we have for k = 1:
(W, V] = tx(WV) (D.7)
for k = 2:

(W1, Wa, Vi, Va| = te(Wi V1) tr(WaVa)+tr (Wi Vo) tr(W1 Vo) —tr (Wi Vi Wa Va) —tr (W1 VoW V1)
(D.8)

and for k = 3, schematically:

[(Wh, Wa, Ws, V4, Va, V3] =
tr(W1 V4 )tr(Wa Va ) tr (W3 V3) + (5 permutations of V;)
— tr(W1 V1) (br(WoVaW3Vs) + tr(WaVsWsV5)) — (8 other choices of tr(W;V;))
+ tr(W1 Vi W VaW3V3) + (5 permutations of V;)
+ tr(W1 VA W3VaWaV3) + (5 permutations of V;)
(D.9)

In planar limit the traces are associated with boundary of the string worldsheet, and so
we can already see the emergence of open string worldsheet, with states W, f/] inserted
at the boundary in all possible combinations. This happens as a result of contracting
fields Z corresponding to the brane, so we can interpret this as demonstration, how the
presence of D-brane allows for open strings to propagate. We will make the open string
interpretation more clear in the next section by using diagrams.

So far we have assumed Z in the giant are only contracted between themselves. We will

also allow Z to appear in open strings or closed strings, and we need to handle contractions

! In what follows we use Z to mean Z' in order to reserve the superscript slot for more useful things
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between those and the giant. The rule can be written simply as:
X(ZWh, o) Zoo o= x(Z5Z WA, ) 7 (D.10)
R R S [ A

where Z has to be part of closed or open string (i.e. not part of another giant). This

equation states that the Z that is being contracted can be considered as an additional
attached open string. What makes this work is the coefficient ﬁ in the definition
(D.1)): since the contraction can be made with any of (N — k) operators in the giant,
we pick up a coefficient (N — k) when we pull Z out, but that combines into correct
ﬁ
Using we can correct into the following expansion, which captures the

interaction between open strings and the brane:

normalization ¢ yr for a giant with (k 4+ 1) strings attached.

(X(Z;Wh,.... Wi)X(Z;Vi,..., Vi) =
(Wi, Wi, Vi, VD) +
(N—k =D [Wi,..., Wi, Vi, Vit Z,Z 2] ) +
(W, Wi, Vi, Vit 2,2,2,Z 2]) + ...
(D.11)

The normal ordering around Z, Z indicates that in the remaining evaluation of correlator
they should not be contracted between themselves. Here is a concrete example applying

this formula:

(X(Z;YZY)X(Z;YZY)) = (N -D)([YZY,YZY|) + (N = 2)\([YZY,YZY ,: Z,Z :])

o~

=(N-1){tx(YZYY ZY))
L (N —2)! <u<yzyﬁ?)m(zé) + tr(yzyj)tr(zfj?)>
(N -2 <tr(YZYYZl7ZZ) (Y ZY 22 2Y)

| I— IS |

(D.12)

The explicit Wick contractions are indicated to emphasize that we are not allowed to con-
tract Z, Z both arising from the giant. Note that the expansion (D.11]) here is terminated
after a single : Z, Z : insertion, because there is only a single pair of Z, Z in the open

strings to be contracted with.

D.3 Diagrammatic notation

In this section we develop diagrammatic notation for calculating correlators involving
maximal giants with open strings. The key simplification in using diagrams is that it will

let us see the planar expansion clearly.
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First, recall closed string planar diagrams. Define a single trace operator vertex:

X1
X 1
= \/ﬁtr(Xng. . .XL) (D13)
X

which includes N~L/2 factor where L is the number of fields. A contraction of such

diagrams according to genus expansion is equal to
NQC—QG—V (D14)

where C' = number of connected components, G = total genus of the surface where planar
diagram is drawn, and V' = number of single trace vertices, also understood as number of

boundaries of the surface. For example:

% (tr(Y?)tr(Y?)) = < DY YQ_/ >
@ SR A O

=3+ O N2
(D.15)

Each diagram contributes 1 because C' = 1, G = 0, V = 2. There are three more
contractions which are non-planar, and so have G = 1 and contribute %

We can check that multi-string states are still correctly normalized

<tr(Y2)tr(Y)tr(Y2)tr(Y)>E<Q§ §Q>2XQ:<D
YT W Ay v/ O—O o

1
“2vo( L)

Now we have C'= 2, V =4, result is still O(1). The ﬁ correction comes from connected

diagram, which has C' = 1. This represents four-point string coupling. We can check

three-point function as well:

QN _
S )

(D.17)

2o
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Here we have C' = 1,V = 3, and coefficient 6 comes from number of ways to connect the
points, all of which give the same diagram.

Let us now turn to giants with open strings. We propose the following notation:

Z Z
1 Wl{: 1 - }‘71
\/WX(Z; Wi, Ws) = ) \/WX(Z;%,VQ) = (D.18)

g b

1 o ng}x‘@,

\/NLlNLZNLSNL4 [W17W2a‘/37‘/4j| B
i

(D.19)

The relation then translates into:
zZz 7

Wl{ }Vl (¥ — k) Wl{}VI (D.20)
o e

Here £ = 2 is the number of attached open strings, and to leading order al _'k)! ~ L
Next we apply (D.8):

i Wl{}vl L Wl{]}vl n Wl{]:}vz
N2<W2.(}V2> N2<W2{:|:}V2> N2<W2{I}V1>

Wi Va Wi Vi

ol 3R )

1 2

(D.21)

The operators on the right-hand-side are now simple products of traces following (D.13)).
We only draw internal lines to indicate where the boundaries of original open string words

were.
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If incoming and outgoing open string states are the same, we get correct normalization:
<(ZW) (ZW> <W{:|:}W>— N
VNINL VNINL o
1
“teo(h)

Note the open string propagation diagram contributes a factor N (from C' = 1,V = 1)
which cancels % coming from 1} for each attached string.
The interaction of strings with the brane are captured by contracting Z with the brane

as in (D.10). Diagrammatically this can be represented as

Z z
j—‘ = VN }61 (D.23)

The correlators involving the dilatation operator can be calculated by inserting

(D.22)

Ay = = tr[X;, XI[X7, X;] = AN : [}X : (D.24)

A
5

where [X;, X?| = ZY — Y Z, and contracting it according to the rules.



Appendix E

Chiral ring from geometric

invariant theory

We would like to prove that the chiral ring of C? theory corresponds to Sym®™ (C?).

The main point, which was proven in [114], is the following: the chiral ring
R = (C[X,]/F)* (E.1)
defines a variety, which is isomorphic to
M=F//G". (E.2)

Here are the ingredients of this claim. C[X,] is the polynomial ring of matrix elements

of X1, X2, X3 (not just gauge invariant). F' is the ideal of C[X,] generated by F-terms:
F = (([Xa, Xp]i5))- (E.3)

F is the variety defined by the ideal F', that is, F = I(F') is the space where all elements

of the ideal F' vanish. That is just the space of commuting matrices
F ={Xa|[Xa, Xp] = 0} (E.4)

G¢ denotes the complexified gauge group which in our case is G¢ = GL(N,C). Then
R = (C[X,]/F)% denotes the G-invariant polynomials in the quotient ring C[X,]/F,
which is the definition of the chiral ring.

Now, F//G¢ denotes the “geometric invariant theory quotient”. According to [114]
that means that elements of F//G¢ are the “extended orbits” of G¢ acting on F. Extended

orbit of X, includes not only points gX,g~! but also limits of the group action
lm gnXag," (E5)
n—oo

for any sequence g, € G¢. In practice that means the following. It is a fact in linear algebra

150
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that commuting matrices can be simultaneously triangularized by conjugating with some
g. So every orbit of G¢ in F includes a configuration where all X, are upper-triangular.
The importance of extended orbit is that includes a configuration where X, are diagonal.

This can be achieved by acting on the upper-triangular configuration with

which takes
(9Xag™")ij = (Xa)ig X7 (E.7)

Since all elements in upper triangle have i < j, taking A\ — oo limit sets them to zero,
while keeping the diagonal elements unchanged. This shows that every extended orbit
of G¢ in F contains a point where X, are diagonal. The diagonal elements, being the

eigenvalues, can not be changed by conjugation, only permuted, which shows that
M= F//G¢ = Sym™(C?) (E.8)

Since according to the theorem, (C[X,]/F) is the ring associated with F//G¢, then it
must be the ring of Sym®™ (C?).



Appendix F

Symplectic form for perturbations

of sphere giant

In this appendix we derive the symplectic form for arbitrary perturbations of a non-
maximal half-BPS giant. Our derivation is along the lines of that found in Appendix F
in [38], and we use some results from there. The unperturbed solution is defined by the
polynomial:

P(z)=z—-c (F.1)

The surface in S® is:

2 2 2
x|® + =1-—|c

2= e'ey

where we have also put the time-dependence back in. We pick world-volume coordinates

(o!',02,03) to be some coordinates on a unit S® embedded in C2, so that we have functions

zo(c?) and yo(o?) satisfying
|z0(")|* + [yo(o')* = 1. (F.3)

The unperturbed surface in terms of the world-volume coordinates is

y(o' 1) = VI— [P yo(0) (F.4)

Small perturbations around the spherical shape are parametrized by a complex function
6z(a' t) = z(0',t) — e'lcg (F.5)

Effectively these are the 2 real transverse coordinates to S° in S°.
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The general expression for symplectic form is ((5.10)):

W = WBI + Wwz

N 3 Ooz Ox o
WRBI = 9.2 d oo (\/ qg GW> Aoz (F.6)
_ 2N e Sa N A Sat Oz OxP Ox°
wwz = 7 2 Dol 92 OgB ) Ao

G is the metric on unit 55 xR and Jap is the induced metric on the world-volume X x R.
Note

WBI = d30 dpu N ozt (F.7)

2 9.2

with the definition of conjugate momentum

ox¥
Pu=V=099"" 5= G (F.8)

We will see now that these expressions can be simplified significantly for the case at
hand. First, the only perturbation of the surface dz* can be taken to be dz. In principle
the surface has to be deformed in dx and dy away from (F.4]), but those are higher order

in 6z and can be dropped. That results in:

WRI = N2 d3 (8p. A6z + 6p, A 0Z)
2 (F.9)
P:=vV—g 900 (Gzzz + GZZE)

and the Wess-Zumino piece:

2N 3 P _0ZAN 0z
wwz = 772/2d o\/g>" (1 —22) 5 (F.10)

The S® is now represented as a S® fibered over a unit disk in z, so

72dz? 4 2(2 — 2z)dzdz + 22dz?

(ds?)g = —dt® + 02 + (1 — 22)(ds?) g3 (F.11)
and the relevant components:
z2 2— 2%
Gzz = T\ Gzz = =~ F.12
41— z2) 4(1 — zz) ( )
The induced metric on the unperturbed solution is
(ds®)g = —(1 = [eol*)dt* + (1 — |eo|*)(ds?) g5 (F.13)

and so
V=a= (- la)? /g (F.14)

The bit that requires some work is the evaluation of dp, in (F.9) under the deformation
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6z. We need to vary all components:

0p: = 0(v/=9) 9" (G2.2 + G.:2)
+ V=909 (G..2 + G.22)
+v=gg% (6G..% + 0G.2%)
+vV=9g% (G..6% + G.26%)

(F.15)

First we re-express §,/—¢g = %\/ =9 9" 89, and §g%° = —(g°°)%5go0. Then we need varia-

tions of the induced metric:

) F.16
8955 = — (g% )ij6(22) (10

And the 6G,,, 0G 3 are calculated by varying (F.12). Putting everything together we find

a simple result:
1._. ]
§p, = —/¢5° <252 +i|eo|?0Z + %EO 5z> (F.17)

Now we can evaluate (F.9)):

(F.18)

WBl = T3 5% 8 ‘T3

2N Bo <|Co|2 0ZNdz 0z Nz (52/\52)
3

We have dropped the explicit measure on the unit sphere v/¢5° and consider it part of
the definition of | g3 d3¢. Finally, combining this with wwyz we arrive at the final result

(F.19)

2N 3 (52/\52 6z N6z 52/\52)
= d°c —
S3

YT % s T3

where the integral d3¢ is now over unit S? with its standard volume form.
Now let us use to evaluate the symplectic form in a particular basis of world-
volume perturbations:
P(z)=z—cp+ Z Sbmm ™ Y" (F.20)

m,n>0
With time dependence as P(e~%x, e "y, e 2) = 0 it is

o CitCQ . Z 5bm7n€(1—m—n)it$myn ] (F21)

m,n>0

We have x = /1 — |co|? xo and y = /1 — |co|? yo as in 1) To first order in 0by, ,, it

remains unchanged and so:

z=etey— Z by €37 (1 — o)) MM 2y (F.22)
m,n>0
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That gives us the variation in z and z:

62 == Y b — o) 2y
mn=t , (F.23)
§5=1i Y Obmp(m+n— 1)el =ML — |go|) T/ 2ygys
m,n>0
Plugging this in (F.19) we find
2N by A Ob
YT o J o > (mA+n+ 1)l yo"(1 - \cM%mMW (F.24)

m,n>0

We have already dropped the cross-terms which depend on xg, yo and not only on |z|, |yol,
since the integral of such terms on S3 is 0. The remaining terms are time-independent.

The integral is easy to do:

m!n!

(m+n+1)! (F.25)

/ o |zo[* ™ |yo|*" = 2n°
SB

Note that we never needed the explicit choice of the coordinate o’ on the sphere. The

final symplectic form evaluated at P(z) = z — ¢g is thus

Obmn N Obmn

m!n!
:2N e 17 2\m+n
w > el 5

m,n>0

(F.26)

Note from (F.20) that dbg is in fact the variation of co, that is, dcy = —dbgo. Thus

we can use the requirement that the symplectic form be closed
dw=0 (F.27)

to complete w to an exact expression in c¢p and up to quadratic order in other by, ,. The

result is:

m!n! _
w=2N [(1— > (= e bl

_ |
o (m+n—1)!

m! n! 2 2 - dég A deg
- 1— m-+n—2 b 2 | 4o /A Ucg
- Z (m+n—2)!|00| (1= leof") |6l 9

m!n! min d0m.n A dbp,
£ 3 I = gty S D

m+n>0 m+ TL) 2
S m!n! (1 eyt c0bm.n Ao A by, 1, + b0 Abyy A deg
ey (mtn 1) 0 2
(F.28)

This is the full symplectic form at any point ¢y expanded for small by, .

+0(bl*)



Appendix G

Assorted calculations

G.1 Proofs of quiver character identities

Here we prove the identities (B.10]), (B.11)), (B.12)), (B.13]) obeyed by the restricted quiver
characters xq(L, o).

Invariance of xq(L, o)

Here we show that restricted quiver characters xg(L, o) obey , invariance under
o — Adj, (o).

It is easiest to see from a diagram. For example, if we take simplified version of

with only single flavor, we have:

73] {ra

T12 +

(G.1)

This follows from the property (A.16) of the branching coefficients, which allows to pull

~’s through and cancel with each other

156
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This procedure can be written explicitly for the general case (3.95):

(L Adj,y HDl i, ®b0/7baoz)DR] (UG)DR (®b067aba)

Ra_)Ub o Tba; aal’u Ra_)Ub o Tab; aal’u
7fa4)Ub a lba a ]aHUb a ab «

x B

o H D Ra_>Ub o Tha; avl’a Ra_>Ub o Tab; aVa
7’0«]0« 'L HU]%QL U ba;a ]a%Ub,a ab;a

X H D;Z:;fl/ba;a (’Yba;a) H D;ﬁ:baa ab «a ’yabloé)
b,a (GQ)

H RaHUb a Tha; a:Va Ra‘)Ub o Tab; aVa
- la.]a a le_)Ub,a U ba;a ]a_)Ub,a ab;a
Tab:a Tab;a
| I D, «)D
lab;al/ab;a (7@()70[) I abja ab « (’ydb 04)
a,b,a
. HD Ra%Ubarba omVa RaﬁUbarab aVa
'La]a, a Z _>Ub,oc lba, N ]‘l_}Ub,a ab;a

= XQ(L7U)

Proof of orthogonality in L of xo(L,0)
Here we will prove (B.13)), of which (B.11)) is a special case. Expanding the definition

of xo(L,o):

ZXQ (L,o6)xq(L ZHDR“ 0a0a Diia(“)

Ra_>Ub o Tha; avl’a Ra_>Ub o Tab; aVa Ra%Ubarba ouVa Ra%Ubarab ala
laA)Ubya lba HeY ]a"Ub,a ab;o ZGHUb,a lbaA,a «]ag)Ub,a abia

(G.3)

x B

We apply identity (A.5) to do the sum in each product term

ng!

S DE (04a) DFs (5,) = d(R')fSRaéanz‘%a(“a)‘Sjaia (G.4)

taja

Oa

Now contract a pair of branching coefficients with §, iuja> aPPlying 1'

RaHUb’a rab;a:V; RGHUb’a fab;oul;(:

ja_)Ub,a lab;a ja—>Ub a l~ab;a - Va Va H 6Tab;a1:ab5a51ab;aiab;a (G5)
’ b,

Since this appears in (G.3)) under [],, we effectively get a delta on all v, Tapas labia- SO

the sum is

na! R, Rag)Ub o Tha; ouVa Ra"Ub a Tba; ouV:Lr
Z XQ L UU)XQ(L ) - 6RR6TT5V v ]J d(Ra) Dia%a (O-a)Bla_)Ub,a lba @ Blﬂ_}Ub,a lba,a

(G.6)
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which is (B.13]).

Proof of orthogonality in o conjugacy class of xo(L, o)

Here we show (B.12)).
Consider the product of quiver characters xo(L,o)xq(L,T) :

XQ (L7 O-)XQ (La T)
- - +
_ H Dla]a a Ra%Ub,a Tab;asVa Ra—>Ub o Tha; a:Va DRa (7__1) Ra%Ubya Tab;asVa Ra—>Ub,a Tha;asVa

] _)Ub,oz lab;a Za_)Ub,a lba o Jala S @ ja—)Ub,a lab;a iﬂ‘)Ub,a T

(G.7)

We flipped Dg(T) = Dﬁf(T*l) in the second character for later convenience. Each index
lab:o appears once in a branching coefficient with v and once with v, which are con-
tracted together (and same for l~ab;a). Next we “reconnect” the branching coefficients by

inserting

d(’r b§ ) ab;a ab;a —
5iab;ajab;a 5Eab;ajab;a = % Z ‘DT g . ('Yab;oz)Dt i = (’yab%a) (GS)

nab;a- tab;alab;a Jabjadab;a
Yab;a
for each lgp;qs labsa:

xQ(L,o)xq(L,T)

H DRa RaﬁUb,a ""ab;avl’; Ra_>Ub a Tha; a7Va DRa (7__]_) RaﬁUb,a ""ab;aal’; Ra%Ub,a "‘ba;(wyclL
'La]a (l ] %Ub,a jab;a 7‘”'*>L-Jb,(1 Zba (o3 Jala a ja%Ub,a jab;a 74’0.‘>LJ};’O[ iba;oc

r b adb;a ab;a -
< TSl 2o, D27, k)

ab a lab; alab R JabjaJab;a
a,b,a Yab;o

(G.9)

After this, iba;a,fba;a appear in a matrix element of 7p4.q, hence they link, via branch-
ing coefficients, to 04,7, !. Likewise jba;a,jba;a appear in a matrix element of (Ypg.a) !
and, via branching coefficients, link oy, 7, ! This reconnection step can be understood

diagrammatically, for each rgp.q:

} !
T o L R
a b a b
T

_ d(rab;a) Z ’7_1 v
i £ B nab;oc! ~ / {
Ta_l Tb_l 1 abicx Tb_l
R, vy Vgr R,

(G.10)
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Performing reconnection for all legs, the group factors disconnect into pieces like

Tbiaz Vb a5
z/(j' baa;a fyb2‘1§04 y;_
R,

—1
Ua Ta (G. 1 1)
R,
v -1 Tabs; v
“ r)/abg,a “
—1

fyab4;o¢ Taby Q

Here 7y, ;0 Thoa;a Tepresent fields incoming to a, and 744,05 Tabs:o represent fields outgoing
from a. The full expression (G.9) is just a product of such factors over a.
We can move D(v) and D(y~!) through branching coefficients next to D(o)

XQ(La U)XQ(La T)

H d(rab;a) R 1 R .
= W Z‘Y: 5 Dia;.a ((@b,a’}/ba;a)O'a(®b7a’7ab;a))D;a‘%a (TCL )
X BRa%Ub‘a Tab;ayV; Ra%Ub,a Tab;a,u(: Ra—>Ub o Tbasas Va Ra_>Ub o Tha;as sz

ja*)Ub,a jab;a jaﬁub’a jab;a la"Ubya 74ba,o¢ lag)Ub,a 7‘17‘1 «

(G.12)

Now the branching coefficients are contracted in a way to make projectors, which we can

sum over, using (|A.18|)

Ro— Tab:asVa —Ra—> Tab:asVa Ro— Tab:asVa
Z B Ub,a b; a B Ub,a b; a — P Uba b; @ — (S ~ (G13)

ja—>Ub,o¢ Jabia jaﬁub,a Jabo ]a]a
{Tab,a}yya_ Tabal’u_

Performing this for both pairs of branching coefficients we arrive at

Z HHdnfbba QL o)xQ(L,7) = Y [ XA (@b.0Va:0)0a(@baVapa)Ta 1) (G.14)
a Ra a

Finally, the sum over R, can be done for each group factor using (A.3)), if we include a

factor %

Z HHdn:‘zba; Hl_?S”L ! )XQ(L Q(La T) = Z H Z l_Il—Id,(n]j?)XRa((®b,a’7ba;a)0a(®b,a’7ab§a)7_a_1)
Y a Ra

= Z H 5((®b,a7ba;a)Ua(®b,a’7(:b}a)7a_1)
Y a

(G.15)

Thus we arrive at (B.12)).
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G.2 Derivation of two-point function

Here we show (3.102)), the two-point function of operators Og(n, o) defined in (3.79),
which is used to show the orthogonality of restricted basis in Section [3.3.2

The conjugated operator is:

I.p.
= @ng ‘o ab;a U o Jba;a
Og(n. o) = T (®u) " [T ewy 1

Jab'a
a,b,a = a
> (G.16)
e H @T ®nab a ']ab;a H (O_—I)Ub,a Iab;a
ab;a Loy @ Up,a Jbasa
a,b,a ’ a

In the first line, since O is a scalar, conjugation is simply a complex conjugation of the
fields ®. In the second line we convert it to Hermitian conjugate by transposing both
(@)} = (2)]

so that e.g. tr(XY Z)t = tr(Z'YTXT). The two point function for two fields is

and (a);'- = (a‘l)g . The appearance of o~ ! indicates reversal of cyclic order,

((@aa)i (@I = ook (G.17)

The Wick contraction between n4,, fields generate

I, J, -
®nab;a abjor T ®nab;a abjor ’7 ab oz) ab [ _ —1 Iab;a Ja.b;a
<<(Dab;a )J b; (@ab;a ) b; > Z 5 ab «a 57("“” O‘) o Z (’}/ )iabn (,Y)J’lb?a

'yESn abso WESnab;a

So the two point function, combining (3.79)), (G.16) and (G.18):

a i Ja B U e Jba;a ~_ U o fab;a
<OQ(TL J)OQ n, 0 > Z H ’yab a I Z ’Y& 7‘1) a: « H (UG)UZ o Iab;a (Ua 1)U: jba-a
Y aba a ' D

- Z H tr (Ua (®b70¢pya_b§a) 6—a_1 (®b,a7ba;a))
Y a

=2 [T (Adjy(ow)as )
Y a

(G.18)

(G.19)

which gives ([3.102)).
This calculation can also be understood diagrammatically. As an example let us take

a simplified C3 /Z2 quiver, with only a single flavor of ®19 and ®9;

Doy

O(n,o) = o (G.20)
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Conjugate operator (G.16) is represented by

T~
O(n,o)f = ol G;l 053 o, (G.21)
\(__/

Our convention is that outgoing arrow corresponds to lower index, and incoming to upper
index, so the reversed arrows indicate transposed indices in the second line of (G.16]). The
Wick contraction between blocks of conjugate fields (G.18)) is, diagrammatically

* f

(G.22)

(G.23)

It is easy to see that in general quivers will break up into separate factors for each group,
with o, and &, ! connected by 7&}(1 and 7pg;. This reproduces 1}

G.3 Derivation of chiral ring structure constants

Here we explain the formulae corresponding to the diagrammatic derivation of (3.115).
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We can write (3.112)) as

M L), L 1
a'ta 'ta '0(1)70(2)

H H3 RP) LUy or H3 RP) Uy or
B (a) b,a( b)a;a B (a) b,a( ib;a
o i 1q A)Ub,alba =1 lq *)Ubvalab

(1) 1)y R o) R
fOF ))Di(z)j@) (Uc(z ))D i3 (2)( o
o o (G.24)

_ FL® 1
=L T 0, @ Z
[1.na " tna! o) o2
3 ) 3 »)
Rap A)Ub aTba;a Rap %Ub alab;a
H HB<> L (p)a HB() " (D)
iap —Up albp iap —Up ol 1;7
a p:1 i) a p:1 bl a

1) 3) B B
XDR (1)( ())Dlﬁz) ( ((z))DBE:» (3)(( (1)) 10(0(2)) 1)

(1) (2

Next we do the sum over the o5 ', 04 ', expressing the answer in terms of branching

coefficients as in (3.121]).

(1) (2) (3)
> X P D o0 oo
oces e c2)es ()

Z Z ZDR(l) DR(2)( (2))BR(5)HS(1) ,5); ,/Ds(l) (0_(1))D5'(2) ( (2 ))BR@)%S(I) 5@y

11]1 1272 i3—k1,ko kima koma \O j3—m1,msa
o) ,o(2) §(1), 5(2) v

V! n®)! — 45 § 5.8 5 S R® 551 52), S RG)5501) 5(2)y,
Z Z R(l) R(Q)) R(1)7S<1) R(2)7S(2) i1k1971mq Yigks j2m23’i3—>k1,k‘2 is—ymi,msa
s(1),5(2) v
— nMl @) RB®)5RM) R, VBR(3)—>S(1) S,y
"~ d(RM) d(R®) i3 i1,z Ja—i1.J2
v

(G.25)

Applying this at each node, gives two extra branching coefficients at each node of the
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quiver @), leading to:

fL(3>

L(1>L(2> Z

(2)
[T, d(RE)(RD)
RO Uy ar® s v RO U P vt g @ p 0 p@ s RO, ) Ot

GLW, L@, L®) =

Dér b O/.T b O/.T 71/(1
B ba;a ba;a ba;a
i 5 Upalfy) 2 )—>ub,al§,?a i3 (D ;2 i 50pallD)
a
y R Uy arl) ™ R® g g = RP Uy arl) s VT RP Uyl v
@, D el B e, o Ay (G.26)
fL(d) 3 1 (2 3 1) o2
_ 1>L ZH R“ R R wd pRO R RE s
= i) (3)_, (1) .(2)
a % a WJa
[T, dRO)(RP) £ 3=
3 (p) (e, o)+ 3 (») (e, (3)~
plta Vbarg s v plta ~Uaray iva
H i) 0, l(p)a H B, @
=1 la ;alpg =1 a b,alap

The label v, is summed over the Littlewood-Richardson multiplicity g(R(l) R(Q) R( ))
for the reduction of the irrep RL(I ) of Sn<3) to irrep RY ® R((1 ) of Sn(l) X Sn<2>. By Schur-

Weyl duality, this is also the multiplicity of the U(N,) representation R((IS) in the tensor

product of R((z ) ® R(Q).

The next step is to exploit the invariance, under the action of xabaS 1y xS O

aba aba

of the branching coefficients in 1} labelled by I/C(L )_, I/C(LQ)_I/C(L3)_ (we could equally well
have chosen to work with the V§1)+, V(S2)+I/(53)+) as indicated in (3.123]).

1
G(LY, L®;L®) = fEY ) I 3 . D
Had<Ré>>d<Ré)>Ha,b,a Mealina! {0 @

Vab oﬂ’yab @

R(s SRS (1) R() + R(S)—>R<l> Rff) Ve 3 R(p)aub (p)a ((lp)+
H (1) (2) <3) (1) <2) H HONNY l(p)a
)2 Ja Ja HJa la b,alyg
p=1
(e r@g @as mrPa (May-1 3 B0 )

HD [EORPIEY (Yab )Dk@) @ (Yab )D. ROIC) (V) ’Vab H FIONRY k<p)a
aboc abaaba ab;a aba abaaba p:1 b,algp
(G.27)

Now we do the sum over the permutations {vab o 'yg)) ..} which introduces branching coef-
3

aba_>r() ®r(2)

ficients for r abia @ Taba
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1 1
G(L(l), L(2) ) fL((f))L@)
[1, d(RM)d(R?) H d(r$y) )der®) )

R<3)%R(1> R() + R(S)%R(l) R<2)
Z H 23) ((Ll) ((f) ‘B (3)_) ((11) [(LQ)

{Va:’/ab;a} a

X ; (G.28)
H H BR“’)—M, e P H BRQP)%Ub,anL’z’,)a;Vé”)’
i) 5 Up,al ,‘,{;)“ G U, kD
a p=1 p=1
H é?))a%rt(zé)a’rt(zi)a7yab HEd (S,i)a%Tt(z?a’ t(zb)oﬂyab o
(3) ) 42 (3) 1) .(2)
lab @ lab a’lab et kab a_)kab a’kab el

a,b,a

We now see that there is a factorization between state indices for Young diagrams associ-
ated branching coefficients carrying v~ indices and those for Young diagrams associated

branching coefficients carrying v~ indices, which corresponds to the factorized form in the

diagram ((3.113])

1 1
G(LW, L®, L)) = fL(3)
HOEE L, d(ROYARD) T A0 )2,

a,b,a ab;a ab;a
R(3>_>R<1 ROt T4 B Uy ar®? @ R R N
a Va B HB a abja’ ab;a
Z H (3) 2) H EL>_>Ub algz)a l(?;)) l(? 7l<2b)
{Vaal’ab,a} a p=1 5 b, ab;a ab;a’’abjo
3 GO RN COIE)
H BR¢(13)*>RELI)7RL(12);V; H BR(p>_>Ub T(ZI? [(lp) HB ab; a*ﬂ‘ab a’rab aVabia
ol W e I U R e

(G.29)

This is the factorized result, where we have a factor for each gauge group, and for each
gauge group there is a factorization separating the ™ branching coefficients from the v~
branching coefficients. The close connection between the final formula and the diagram-
matic moves means that we can interpret the process of constructing the final answer
diagrammatically. Start with the original quiver and modify it to produce the split-node
version with R, lines joining the plus and minus nodes. Now cut this split-node quiver
along all the edges, thus separating it into a collection of nodes labelled v, v, . The
v;7 nodes have a collection of directed lines carrying labels Ry, Thasa- Lhe v, nodes have
outgoing directed lines labelled R, 74p.n. Doing this cutting procedure for the three la-

belled quivers, to produce nodes (V,SI)+, V(SI)_) (for I =1,2,3) with dangling lines labelled

C(L), l()l)a. Link up the nodes i+ using new nodes u for (Rg W RC(L )) — R(3) nd
new nodes figp. for the Tl(nlz? a,rl(,? o= 7“(()2? - This gives a graph for each gauge group la-

belled a, with nodes labelled by {U IV(SIH, Las habia }- Repeating the same procedure for
the minus nodes gives another set of graphs for each gauge group, with nodes labelled
{u ]I/(SI)_, Has Mbasa - So the result for the chiral ring structure constants can be obtained
by cutting and gluing of the split-node quivers labelled L1, Ly, L3. This is an illustration

of the power of quivers as calculators.



Bibliography

[1] J. M. Maldacena, “The Large N limit of superconformal field theories and
supergravity,” Adv. Theor.Math.Phys. 2 (1998) 231-252, arXiv:hep-th/9711200
[hep-th].

[2] S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from
noncritical string theory,” |Phys. Lett. B428 (1998) 105-114,
arXiv:hep-th/9802109 [hep-th]l

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor.Math.Phys. 2 (1998)
253-291, arXiv:hep-th/9802150 [hep-th].

[4] G. Hooft, “A planar diagram theory for strong interactions,” Nuclear Physics B 72
no. 3, (1974) 461-473.

[5] S. Lee, S. Minwalla, M. Rangamani, and N. Seiberg, “Three point functions of
chiral operators in D = 4, N=4 SYM at large N,” Adv. Theor. Math.Phys. 2 (1998)
697-718, arXiv:hep-th/9806074 [hep-th].

[6] K. A. Intriligator and W. Skiba, “Bonus symmetry and the operator product
expansion of N=4 SuperYang-Mills,” Nucl. Phys. B559 (1999) 165183,
arXiv:hep-th/9905020 [hep-th]l

[7] D. E. Berenstein, J. M. Maldacena, and H. S. Nastase, “Strings in flat space and
pp waves from N=4 superYang-Mills,” JHEP 0204 (2002) 013,
arXiv:hep-th/0202021 [hep-th].

[8] N. Beisert, C. Kristjansen, and M. Staudacher, “The Dilatation operator of
conformal N=4 superYang-Mills theory,” |Nucl. Phys. B664 (2003) 131-184,
arXiv:hep-th/0303060 [hep-th].

[9] N. Beisert and M. Staudacher, “The N=4 SYM integrable super spin chain,”
Nucl. Phys. B670 (2003) 439-463, larXiv:hep-th/0307042 [hep-th].

[10] I. Bena, J. Polchinski, and R. Roiban, “Hidden symmetries of the AdS(5) x S**5
superstring,” | Phys. Rev. D69 (2004) 046002, arXiv:hep-th/0305116 [hep-th].

[11] N. Beisert et al., “Review of AdS/CFT Integrability: An Overview,”
Lett. Math. Phys. 99 (2012) 3-32, arXiv:1012.3982 [hep-th].

165


http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9711200
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://arxiv.org/abs/hep-th/9802150
http://arxiv.org/abs/hep-th/9806074
http://dx.doi.org/10.1016/S0550-3213(99)00430-7
http://arxiv.org/abs/hep-th/9905020
http://arxiv.org/abs/hep-th/0202021
http://dx.doi.org/10.1016/S0550-3213(03)00406-1
http://arxiv.org/abs/hep-th/0303060
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.015
http://arxiv.org/abs/hep-th/0307042
http://dx.doi.org/10.1103/PhysRevD.69.046002
http://arxiv.org/abs/hep-th/0305116
http://dx.doi.org/10.1007/s11005-011-0529-2
http://arxiv.org/abs/1012.3982

BIBLIOGRAPHY 166

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

J. McGreevy, L. Susskind, and N. Toumbas, “Invasion of the giant gravitons from
Anti-de Sitter space,” JHEP 0006 (2000) 008, arXiv:hep-th/0003075 [hep-th].

M. T. Grisaru, R. C. Myers, and O. Tafjord, “SUSY and goliath,” JHEP 0008
(2000) 040, arXiv:hep-th/0008015 [hep-th].

A. Hashimoto, S. Hirano, and N. Itzhaki, “Large branes in AdS and their field
theory dual,” JHEP 0008 (2000) 051, arXiv:hep-th/0008016 [hep-th].

V. Balasubramanian, M. Berkooz, A. Naqvi, and M. J. Strassler, “Giant gravitons
in conformal field theory,” JHEP 0204 (2002) 034, arXiv:hep-th/0107119
[hep-th].

S. Corley, A. Jevicki, and S. Ramgoolam, “Exact correlators of giant gravitons
from dual N=4 SYM theory,” Adv.Theor.Math.Phys. 5 (2002) 809-839,
arXiv:hep-th/0111222 [hep-thl]l

H. Lin, O. Lunin, and J. M. Maldacena, “Bubbling AdS space and 1/2 BPS
geometries,” |JHEP 0410 (2004) 025, arXiv:hep-th/0409174 [hep-th].

D. Berenstein, “A Toy model for the AdS / CFT correspondence,” |JHEP 0407
(2004) 018, arXiv:hep-th/0403110 [hep-th].

V. Balasubramanian, J. de Boer, V. Jejjala, and J. Simon, “The Library of Babel:
On the origin of gravitational thermodynamics,” JHEP 0512 (2005) 006,
arXiv:hep-th/0508023 [hep-th]l

V. Balasubramanian, M.-x. Huang, T. S. Levi, and A. Naqvi, “Open strings from
N=4 superYang-Mills,” JHEP 0208 (2002) 037, arXiv:hep-th/0204196
[hep-th].

O. Aharony, Y. E. Antebi, M. Berkooz, and R. Fishman, “’'Holey sheets’: Pfaffians
and subdeterminants as D-brane operators in large N gauge theories,” JHEP 0212
(2002) 069, arXiv:hep-th/0211152 [hep-th].

D. Berenstein, “Shape and holography: Studies of dual operators to giant
gravitons,” Nucl. Phys. B675 (2003) 179204, arXiv:hep-th/0306090 [hep-th].

V. Balasubramanian, D. Berenstein, B. Feng, and M.-x. Huang, “D-branes in
Yang-Mills theory and emergent gauge symmetry,” JHEP 0503 (2005) 006,
arXiv:hep-th/0411205 [hep-th].

R. de Mello Koch, J. Smolic, and M. Smolic, “Giant Gravitons - with Strings
Attached (I),” JHEP 0706 (2007) 074, arXiv:hep-th/0701066 [hep-th].

R. de Mello Koch, J. Smolic, and M. Smolic, “Giant Gravitons - with Strings
Attached (II),” JHEP 0709 (2007) 049, arXiv:hep-th/0701067 [hep-th].


http://arxiv.org/abs/hep-th/0003075
http://arxiv.org/abs/hep-th/0008015
http://arxiv.org/abs/hep-th/0008016
http://arxiv.org/abs/hep-th/0107119
http://arxiv.org/abs/hep-th/0107119
http://arxiv.org/abs/hep-th/0111222
http://dx.doi.org/10.1088/1126-6708/2004/10/025
http://arxiv.org/abs/hep-th/0409174
http://dx.doi.org/10.1088/1126-6708/2004/07/018
http://dx.doi.org/10.1088/1126-6708/2004/07/018
http://arxiv.org/abs/hep-th/0403110
http://dx.doi.org/10.1088/1126-6708/2005/12/006
http://arxiv.org/abs/hep-th/0508023
http://arxiv.org/abs/hep-th/0204196
http://arxiv.org/abs/hep-th/0204196
http://arxiv.org/abs/hep-th/0211152
http://dx.doi.org/10.1016/j.nuclphysb.2003.10.004
http://arxiv.org/abs/hep-th/0306090
http://dx.doi.org/10.1088/1126-6708/2005/03/006
http://arxiv.org/abs/hep-th/0411205
http://dx.doi.org/10.1088/1126-6708/2007/06/074
http://arxiv.org/abs/hep-th/0701066
http://dx.doi.org/10.1088/1126-6708/2007/09/049
http://arxiv.org/abs/hep-th/0701067

BIBLIOGRAPHY 167

[26]

[27]

[28]

[29]

[30]

D. Bekker, R. de Mello Koch, and M. Stephanou, “Giant Gravitons - with Strings
Attached. IIL.,” JHEP 0802 (2008) 029, arXiv:0710.5372 [hep-th].

D. Berenstein and S. E. Vazquez, “Integrable open spin chains from giant
gravitons,” JHEP 0506 (2005) 059, arXiv:hep-th/0501078 [hep-th].

R. d. M. Koch, G. Mashile, and N. Park, “Emergent Threebrane Lattices,”
Phys.Rev. D81 (2010) 106009, arXiv:1004.1108 [hep-th].

V. De Comarmond, R. de Mello Koch, and K. Jefferies, “Surprisingly Simple
Spectra,” JHEP 1102 (2011) 006, arXiv:1012.3884 [hep-th].

W. Carlson, R. d. M. Koch, and H. Lin, “Nonplanar Integrability,” JHEP 1103
(2011) 105, arXiv:1101.5404 [hep-th].

R. d. M. Koch, M. Dessein, D. Giataganas, and C. Mathwin, “Giant Graviton
Oscillators,” JHEP 1110 (2011) 009, arXiv:1108.2761 [hep-th].

R. de Mello Koch, G. Kemp, B. A. E. Mohammed, and S. Smith, “Nonplanar
integrability at two loops,” JHEP 1210 (2012) 144, arXiv:1206.0813 [hep-th].

A. Bissi, C. Kristjansen, D. Young, and K. Zoubos, “Holographic three-point
functions of giant gravitons,” JHEP 1106 (2011) 085, arXiv:1103.4079
[hep-th].

P. Caputa, R. d. M. Koch, and K. Zoubos, “Extremal versus Non-Extremal
Correlators with Giant Gravitons,” JHEP 1208 (2012) 143, arXiv:1204.4172
[hep-th].

H. Lin, “Giant gravitons and correlators,” JHEP 1212 (2012) 011,
arXiv:1209.6624 [hep-th]l

A. Mikhailov, “Giant gravitons from holomorphic surfaces,” JHEP 0011 (2000)
027, arXiv:hep-th/0010206 [hep-th]l

C. E. Beasley, “BPS branes from baryons,” JHEP 0211 (2002) 015,
arXiv:hep-th/0207125 [hep-th].

I. Biswas, D. Gaiotto, S. Lahiri, and S. Minwalla, “Supersymmetric states of N=4
Yang-Mills from giant gravitons,” JHEP 0712 (2007) 006, arXiv:hep-th/0606087
[hep-th].

G. Mandal and N. V. Suryanarayana, “Counting 1/8-BPS dual-giants,” JHEP
0703 (2007) 031, arXiv:hep-th/0606088 [hep-th].

A. Donos, “A Description of 1/4 BPS configurations in minimal type IIB
SUGRA,” Phys.Rev. D75 (2007) 025010, arXiv:hep-th/0606199 [hep-th].


http://dx.doi.org/10.1088/1126-6708/2008/02/029
http://arxiv.org/abs/0710.5372
http://dx.doi.org/10.1088/1126-6708/2005/06/059
http://arxiv.org/abs/hep-th/0501078
http://dx.doi.org/10.1103/PhysRevD.81.106009
http://arxiv.org/abs/1004.1108
http://dx.doi.org/10.1007/JHEP02(2011)006
http://arxiv.org/abs/1012.3884
http://dx.doi.org/10.1007/JHEP03(2011)105
http://dx.doi.org/10.1007/JHEP03(2011)105
http://arxiv.org/abs/1101.5404
http://dx.doi.org/10.1007/JHEP10(2011)009
http://arxiv.org/abs/1108.2761
http://dx.doi.org/10.1007/JHEP10(2012)144
http://arxiv.org/abs/1206.0813
http://dx.doi.org/10.1007/JHEP06(2011)085
http://arxiv.org/abs/1103.4079
http://arxiv.org/abs/1103.4079
http://dx.doi.org/10.1007/JHEP08(2012)143
http://arxiv.org/abs/1204.4172
http://arxiv.org/abs/1204.4172
http://dx.doi.org/10.1007/JHEP12(2012)011
http://arxiv.org/abs/1209.6624
http://arxiv.org/abs/hep-th/0010206
http://arxiv.org/abs/hep-th/0207125
http://dx.doi.org/10.1088/1126-6708/2007/12/006
http://arxiv.org/abs/hep-th/0606087
http://arxiv.org/abs/hep-th/0606087
http://dx.doi.org/10.1088/1126-6708/2007/03/031
http://dx.doi.org/10.1088/1126-6708/2007/03/031
http://arxiv.org/abs/hep-th/0606088
http://dx.doi.org/10.1103/PhysRevD.75.025010
http://arxiv.org/abs/hep-th/0606199

BIBLIOGRAPHY 168

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

O. Lunin, “Brane webs and 1/4-BPS geometries,” |JHEP 0809 (2008) 028,
arXiv:0802.0735 [hep-th].

H. Lin, “Studies on 1/4 BPS and 1/8 BPS geometries,” larXiv:1008.5307
[hep-th].

H. K. Kunduri, J. Lucietti, and H. S. Reall, “Supersymmetric multi-charge AdS(5)
black holes,” JHEP 0604 (2006) 036, arXiv:hep-th/0601156 [hep-th].

J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4
dimensional super conformal theories,” Commun.Math.Phys. 275 (2007) 209-254,
arXiv:hep-th/0510251 [hep-th].

A. V. Ryzhov, “Quarter BPS operators in N=4 SYM,” JHEP 0111 (2001) 046,
arXiv:hep-th/0109064 [hep-th]l

E. D’Hoker, P. Heslop, P. Howe, and A. Ryzhov, “Systematics of quarter BPS
operators in N=4 SYM,” JHEP 0304 (2003) 038, arXiv:hep-th/0301104
[hep-th].

T. W. Brown, P. Heslop, and S. Ramgoolam, “Diagonal multi-matrix correlators
and BPS operators in N=4 SYM,” |JHEP 0802 (2008) 030, arXiv:0711.0176
[hep-th].

T. W. Brown, P. Heslop, and S. Ramgoolam, “Diagonal free field matrix
correlators, global symmetries and giant gravitons,” JHEP 0904 (2009) 089,
arXiv:0806.1911 [hep-th]l

R. Bhattacharyya, S. Collins, and R. d. M. Koch, “Exact Multi-Matrix
Correlators,” | JHEP 0803 (2008) 044, arXiv:0801.2061 [hep-th].

Y. Kimura and S. Ramgoolam, “Branes, anti-branes and brauer algebras in
gauge-gravity duality,” JHEP 0711 (2007) 078, arXiv:0709.2158 [hep-th].

T. Brown, “Cut-and-join operators and N=4 super Yang-Mills,” JHEP 1005
(2010) 058, arXiv:1002.2099 [hep-th].

Y. Kimura, “Quarter BPS classified by Brauer algebra,” JHEP 1005 (2010) 103,
arXiv:1002.2424 [hep-th].

Y. Kimura and H. Lin, “Young diagrams, Brauer algebras, and bubbling
geometries,” |JHEP 1201 (2012) 121, arXiv:1109.2585 [hep-th]. 40 pages, 2

figures/ journal version.

D. Berenstein, “Large N BPS states and emergent quantum gravity,” |JHEP 0601
(2006) 125, arXiv:hep-th/0507203 [hep-th].


http://dx.doi.org/10.1088/1126-6708/2008/09/028
http://arxiv.org/abs/0802.0735
http://arxiv.org/abs/1008.5307
http://arxiv.org/abs/1008.5307
http://dx.doi.org/10.1088/1126-6708/2006/04/036
http://arxiv.org/abs/hep-th/0601156
http://dx.doi.org/10.1007/s00220-007-0258-7
http://arxiv.org/abs/hep-th/0510251
http://arxiv.org/abs/hep-th/0109064
http://arxiv.org/abs/hep-th/0301104
http://arxiv.org/abs/hep-th/0301104
http://dx.doi.org/10.1088/1126-6708/2008/02/030
http://arxiv.org/abs/0711.0176
http://arxiv.org/abs/0711.0176
http://dx.doi.org/10.1088/1126-6708/2009/04/089
http://arxiv.org/abs/0806.1911
http://dx.doi.org/10.1088/1126-6708/2008/03/044
http://arxiv.org/abs/0801.2061
http://dx.doi.org/10.1088/1126-6708/2007/11/078
http://arxiv.org/abs/0709.2158
http://dx.doi.org/10.1007/JHEP05(2010)058
http://dx.doi.org/10.1007/JHEP05(2010)058
http://arxiv.org/abs/1002.2099
http://dx.doi.org/10.1007/JHEP05(2010)103
http://arxiv.org/abs/1002.2424
http://dx.doi.org/10.1007/JHEP01(2012)121
http://arxiv.org/abs/1109.2585
http://dx.doi.org/10.1088/1126-6708/2006/01/125
http://dx.doi.org/10.1088/1126-6708/2006/01/125
http://arxiv.org/abs/hep-th/0507203

BIBLIOGRAPHY 169

[55]

[56]

[57]

[58]

[64]

[67]

[68]

L. Grant, P. A. Grassi, S. Kim, and S. Minwalla, “Comments on 1/16 BPS
Quantum States and Classical Configurations,” |JHEP 05 (2008) 049,
arXiv:0803.4183 [hep-th].

R. A. Janik and M. Trzetrzelewski, “Supergravitons from one loop perturbative
N=4 SYM,” Phys. Rev. D77 (2008) 085024, arXiv:0712.2714 [hep-th].

J. Pasukonis and S. Ramgoolam, “Quivers as Calculators: Counting, Correlators
and Riemann Surfaces,” arXiv:1301.1980 [hep-th].

M. R. Douglas and G. W. Moore, “D-branes, quivers, and ALE instantons,”
arXiv:hep-th/9603167 [hep-th]l

M. R. Douglas, B. R. Greene, and D. R. Morrison, “Orbifold resolution by
D-branes,” Nucl. Phys. B506 (1997) 84-106, arXiv:hep-th/9704151 [hep-th].

S. Kachru and E. Silverstein, “4-D conformal theories and strings on orbifolds,”
Phys.Rev. Lett. 80 (1998) 4855-4858, arXiv:hep-th/9802183 [hep-th].

S. Benvenuti, S. Franco, A. Hanany, D. Martelli, and J. Sparks, “An Infinite family
of superconformal quiver gauge theories with Sasaki-Einstein duals,” |JHEP 0506
(2005) 064, arXiv:hep-th/0411264 [hep-th].

A. Hanany and K. D. Kennaway, “Dimer models and toric diagrams,”
arXiv:hep-th/0503149 [hep-th]l

S. Franco, A. Hanany, K. D. Kennaway, D. Vegh, and B. Wecht, “Brane dimers
and quiver gauge theories,” JHEP 0601 (2006) 096, arXiv:hep-th/0504110
[hep-th].

S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh, et al., “Gauge theories from
toric geometry and brane tilings,” |[JHEP 0601 (2006) 128, arXiv:hep-th/0505211
[hep-th].

J. Pasukonis and S. Ramgoolam, “From counting to construction of BPS states in
N=4 SYM,” JHEP 1102 (2011) 078, arXiv:1010.1683 [hep-th].

J. Pasukonis and S. Ramgoolam, “Quantum states to brane geometries via fuzzy
moduli spaces of giant gravitons,” JHEP 1204 (2012) 077, arXiv:1201.5588
[hep-th].

V. Dobrev and V. Petkova, “All Positive Energy Unitary Irreducible
Representations of Extended Conformal Supersymmetry,” Phys.Lett. B162 (1985)
127-132.

F. Dolan and H. Osborn, “On short and semi-short representations for
four-dimensional superconformal symmetry,” |Annals Phys. 307 (2003) 41-89,
arXiv:hep-th/0209056 [hep-th]l


http://dx.doi.org/10.1088/1126-6708/2008/05/049
http://arxiv.org/abs/0803.4183
http://dx.doi.org/10.1103/PhysRevD.77.085024
http://arxiv.org/abs/0712.2714
http://arxiv.org/abs/1301.1980
http://arxiv.org/abs/hep-th/9603167
http://dx.doi.org/10.1016/S0550-3213(97)00517-8
http://arxiv.org/abs/hep-th/9704151
http://dx.doi.org/10.1103/PhysRevLett.80.4855
http://arxiv.org/abs/hep-th/9802183
http://dx.doi.org/10.1088/1126-6708/2005/06/064
http://dx.doi.org/10.1088/1126-6708/2005/06/064
http://arxiv.org/abs/hep-th/0411264
http://arxiv.org/abs/hep-th/0503149
http://dx.doi.org/10.1088/1126-6708/2006/01/096
http://arxiv.org/abs/hep-th/0504110
http://arxiv.org/abs/hep-th/0504110
http://dx.doi.org/10.1088/1126-6708/2006/01/128
http://arxiv.org/abs/hep-th/0505211
http://arxiv.org/abs/hep-th/0505211
http://dx.doi.org/10.1007/JHEP02(2011)078
http://arxiv.org/abs/1010.1683
http://dx.doi.org/10.1007/JHEP04(2012)077
http://arxiv.org/abs/1201.5588
http://arxiv.org/abs/1201.5588
http://dx.doi.org/10.1016/0370-2693(85)91073-1
http://dx.doi.org/10.1016/0370-2693(85)91073-1
http://dx.doi.org/10.1016/S0003-4916(03)00074-5
http://arxiv.org/abs/hep-th/0209056

BIBLIOGRAPHY 170

[69]

[70]

73]

[82]

M. Bianchi, F. Dolan, P. Heslop, and H. Osborn, “N=4 superconformal characters
and partition functions,” Nucl. Phys. B767 (2007) 163226,
arXiv:hep-th/0609179 [hep-th].

F. Cachazo, M. R. Douglas, N. Seiberg, and E. Witten, “Chiral rings and
anomalies in supersymmetric gauge theory,” JHEP 0212 (2002) 071,
arXiv:hep-th/0211170 [hep-thl]l

F. Cachazo, N. Seiberg, and E. Witten, “Chiral rings and phases of supersymmetric
gauge theories,” JHEP 0304 (2003) 018, arXiv:hep-th/0303207 [hep-th].

I. R. Klebanov and E. Witten, “Superconformal field theory on three-branes at a
Calabi-Yau singularity,” Nucl. Phys. B536 (1998) 199218,
arXiv:hep-th/9807080 [hep-th].

A. Butti, D. Forcella, A. Hanany, D. Vegh, and A. Zaffaroni, “Counting Chiral
Operators in Quiver Gauge Theories,” |JHEP 0711 (2007) 092, arXiv:0705.2771
[hep-th].

M. J. Strassler, “The Duality cascade,” arXiv:hep-th/0505153 [hep-th].

P. Haggi-Mani and B. Sundborg, “Free large N supersymmetric Yang-Mills theory
as a string theory,” JHEP 0004 (2000) 031, arXiv:hep-th/0002189 [hep-th].

E. Sezgin and P. Sundell, “Massless higher spins and holography,” |Nucl. Phys.
B644 (2002) 303-370,, arXiv:hep-th/0205131 [hep-th].

R. Gopakumar, “From free fields to AdS: II1,” |Phys.Rev. D72 (2005) 066008,
arXiv:hep-th/0504229 [hep-th]l

R. de Mello Koch, B. A. E. Mohammed, J. Murugan, and A. Prinsloo, “Beyond
the Planar Limit in ABJM,” JHEP 1205 (2012) 037, arXiv:1202.4925 [hep-th].

R. Bhattacharyya, R. de Mello Koch, and M. Stephanou, “Exact Multi-Restricted
Schur Polynomial Correlators,” JHEP 0806 (2008) 101, arXiv:0805.3025
[hep-th].

B. Sundborg, “The Hagedorn transition, deconfinement and N=4 SYM theory,”
Nucl. Phys. B573 (2000) 349-363, arXiv:hep-th/9908001 [hep-th].

O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas, and M. Van Raamsdonk,
“The Hagedorn - deconfinement phase transition in weakly coupled large N gauge
theories,” Adv. Theor.Math.Phys. 8 (2004) 603-696, arXiv:hep-th/0310285
[hep-th].

D. Gaiotto, L. Rastelli, and S. S. Razamat, “Bootstrapping the superconformal
index with surface defects,” arXiv:1207.3577 [hep-th].


http://dx.doi.org/10.1016/j.nuclphysb.2006.12.005
http://arxiv.org/abs/hep-th/0609179
http://arxiv.org/abs/hep-th/0211170
http://arxiv.org/abs/hep-th/0303207
http://dx.doi.org/10.1016/S0550-3213(98)00654-3
http://arxiv.org/abs/hep-th/9807080
http://dx.doi.org/10.1088/1126-6708/2007/11/092
http://arxiv.org/abs/0705.2771
http://arxiv.org/abs/0705.2771
http://arxiv.org/abs/hep-th/0505153
http://arxiv.org/abs/hep-th/0002189
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://arxiv.org/abs/hep-th/0205131
http://dx.doi.org/10.1103/PhysRevD.72.066008
http://arxiv.org/abs/hep-th/0504229
http://dx.doi.org/10.1007/JHEP05(2012)037
http://arxiv.org/abs/1202.4925
http://dx.doi.org/10.1088/1126-6708/2008/06/101
http://arxiv.org/abs/0805.3025
http://arxiv.org/abs/0805.3025
http://dx.doi.org/10.1016/S0550-3213(00)00044-4
http://arxiv.org/abs/hep-th/9908001
http://arxiv.org/abs/hep-th/0310285
http://arxiv.org/abs/hep-th/0310285
http://arxiv.org/abs/1207.3577

BIBLIOGRAPHY 171

[83]

[84]

[96]

[97]

H.-C. Kim, S.-S. Kim, and K. Lee, “5-dim Superconformal Index with Enhanced
En Global Symmetry,” JHEP 1210 (2012) 142, arXiv:1206.6781 [hep-th].

S. Collins, “Restricted Schur Polynomials and Finite N Counting,” |Phys. Rev. D79
(2009) 026002, arXiv:0810.4217 [hep-th].

F. Dolan, “Counting BPS operators in N=4 SYM,” Nucl. Phys. B790 (2008)
432-464, arXiv:0704.1038 [hep-th]l

W. Fulton and J. Harris, Representation theory: a first course. Springer, 1991.

A. Hamilton, J. Murugan, and A. Prinsloo, “Lessons from giant gravitons on
AdSs x TH1)” | JHEP 1006 (2010) 017, arXiv:1001.2306 [hep-th].

J. Bhattacharya and S. Minwalla, “Superconformal Indices for N = 6 Chern
Simons Theories,” JHEP 0901 (2009) 014, arXiv:0806.3251 [hep-th].

N. Beisert, “The complete one loop dilatation operator of N=4 superYang-Mills
theory,” |Nucl. Phys. B676 (2004) 3-42, |arXiv:hep-th/0307015 [hep-th].

S. Cordes, G. W. Moore, and S. Ramgoolam, “Lectures on 2-d Yang-Mills theory,
equivariant cohomology and topological field theories,” |Nucl. Phys. Proc.Suppl. 41
(1995) 184244, arXiv:hep-th/9411210 [hep-th].

N. Woodhouse, Geometric Quantization. Clarendon Press (Oxford and New York),
1980.

S. R. Das, A. Jevicki, and S. D. Mathur, “Vibration modes of giant gravitons,”
Phys.Rev. D63 (2001) 024013, arXiv:hep-th/0009019 [hep-th].

A. Balachandran, B. P. Dolan, J.-H. Lee, X. Martin, and D. O’Connor, “Fuzzy
complex projective spaces and their star products,” J.Geom.Phys. 43 (2002)
184-204, |arXiv:hep-th/0107099 [hep-th].

G. Alexanian, A. Balachandran, G. Immirzi, and B. Ydri, “Fuzzy CP**2”
J.Geom.Phys. 42 (2002) 28-53, arXiv:hep-th/0103023 [hep-th].

H. Grosse and A. Strohmaier, “Towards a nonperturbative covariant regularization
in 4-D quantum field theory,” Lett. Math. Phys. 48 (1999) 163-179,
arXiv:hep-th/9902138 [hep-th].

C. Saemann, “Fuzzy toric geometries,” JHEP 0802 (2008) 111,
arXiv:hep-th/0612173 [hep-thl]l

S. P. Trivedi and S. Vaidya, “Fuzzy cosets and their gravity duals,” JHEP 0009
(2000) 041, arXiv:hep-th/0007011 [hep-th].

J. J. Heckman and H. Verlinde, “Evidence for F(uzz) Theory,” JHEP 1101 (2011)
044, arXiv:1005.3033 [hep-th]l


http://dx.doi.org/10.1007/JHEP10(2012)142
http://arxiv.org/abs/1206.6781
http://dx.doi.org/10.1103/PhysRevD.79.026002
http://dx.doi.org/10.1103/PhysRevD.79.026002
http://arxiv.org/abs/0810.4217
http://dx.doi.org/10.1016/j.nuclphysb.2007.07.026
http://dx.doi.org/10.1016/j.nuclphysb.2007.07.026
http://arxiv.org/abs/0704.1038
http://dx.doi.org/10.1007/JHEP06(2010)017
http://arxiv.org/abs/1001.2306
http://dx.doi.org/10.1088/1126-6708/2009/01/014
http://arxiv.org/abs/0806.3251
http://dx.doi.org/10.1016/j.nuclphysb.2003.10.019
http://arxiv.org/abs/hep-th/0307015
http://dx.doi.org/10.1016/0920-5632(95)00434-B
http://dx.doi.org/10.1016/0920-5632(95)00434-B
http://arxiv.org/abs/hep-th/9411210
http://dx.doi.org/10.1103/PhysRevD.63.024013
http://arxiv.org/abs/hep-th/0009019
http://dx.doi.org/10.1016/S0393-0440(02)00020-7
http://dx.doi.org/10.1016/S0393-0440(02)00020-7
http://arxiv.org/abs/hep-th/0107099
http://dx.doi.org/10.1016/S0393-0440(01)00070-5
http://arxiv.org/abs/hep-th/0103023
http://dx.doi.org/10.1023/A:1007518622795
http://arxiv.org/abs/hep-th/9902138
http://dx.doi.org/10.1088/1126-6708/2008/02/111
http://arxiv.org/abs/hep-th/0612173
http://arxiv.org/abs/hep-th/0007011
http://dx.doi.org/10.1007/JHEP01(2011)044
http://dx.doi.org/10.1007/JHEP01(2011)044
http://arxiv.org/abs/1005.3033

BIBLIOGRAPHY 172

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

K. Furuuchi and K. Okuyama, “D-branes Wrapped on Fuzzy del Pezzo Surfaces,”
JHEP 1101 (2011) 043, arXiv:1008.5012 [hep-th].

A. Igbal, A. Neitzke, and C. Vafa, “A Mysterious duality,” Adv. Theor.Math. Phys.
5 (2002) 769-808, arXiv:hep-th/0111068 [hep-th].

J. Madore, “The Fuzzy sphere,” Class. Quant.Grav. 9 (1992) 69-88.

D. Martelli and J. Sparks, “Dual Giant Gravitons in Sasaki-Einstein Backgrounds,”
Nucl. Phys. B759 (2006) 292-319, arXiv:hep-th/0608060 [hep-th].

A. Sen, “Dyon - monopole bound states, selfdual harmonic forms on the multi -
monopole moduli space, and SL(2,Z) invariance in string theory,” Phys. Lett. B329
(1994) 217-221, arXiv:hep-th/9402032 [hep-th].

E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B460 (1996)
335-350, arXiv:hep-th/9510135 [hep-th].

Y. Kimura and S. Ramgoolam, “Enhanced symmetries of gauge theory and
resolving the spectrum of local operators,” Phys. Rev. D78 (2008) 126003,
arXiv:0807.3696 [hep-th].

L. Maoz and V. S. Rychkov, “Geometry quantization from supergravity: The Case
of Bubbling AdS’,” |[JHEP 0508 (2005) 096, arXiv:hep-th/0508059 [hep-th].

R. de Mello Koch, T. K. Dey, N. Ives, and M. Stephanou, “Correlators Of
Operators with a Large R-charge,” |[JHEP 0908 (2009) 083, arXiv:0905.2273
[hep-th].

D. J. Gross and W. Taylor, “Two-dimensional QCD is a string theory,” |Nucl. Phys.
B400 (1993) 181-210, arXiv:hep-th/9301068 [hep-th].

D. Berenstein, D. H. Correa, and S. E. Vazquez, “A Study of open strings ending
on giant gravitons, spin chains and integrability,” JHEP 0609 (2006) 065,
arXiv:hep-th/0604123 [hep-th]l

V. Balasubramanian, J. de Boer, V. Jejjala, and J. Simon, “Entropy of
near-extremal black holes in AdS(5),” JHEP 0805 (2008) 067, arXiv:0707.3601
[hep-th].

R. Fareghbal, C. Gowdigere, A. Mosaffa, and M. Sheikh-Jabbari, “Nearing
Extremal Intersecting Giants and New Decoupled Sectors in N = 4 SYM,” | JHEP
0808 (2008) 070, arXiv:0801.4457 [hep-th].

J. de Boer, M. Johnstone, M. Sheikh-Jabbari, and J. Simon, “Emergent IR Dual
2d CFTs in Charged AdS5 Black Holes,” arXiv:1112.4664 [hep-th]. 37 page, 3

.eps figures.


http://dx.doi.org/10.1007/JHEP01(2011)043
http://arxiv.org/abs/1008.5012
http://arxiv.org/abs/hep-th/0111068
http://dx.doi.org/10.1088/0264-9381/9/1/008
http://dx.doi.org/10.1016/j.nuclphysb.2006.10.008
http://arxiv.org/abs/hep-th/0608060
http://dx.doi.org/10.1016/0370-2693(94)90763-3
http://dx.doi.org/10.1016/0370-2693(94)90763-3
http://arxiv.org/abs/hep-th/9402032
http://dx.doi.org/10.1016/0550-3213(95)00610-9
http://dx.doi.org/10.1016/0550-3213(95)00610-9
http://arxiv.org/abs/hep-th/9510135
http://dx.doi.org/10.1103/PhysRevD.78.126003
http://arxiv.org/abs/0807.3696
http://dx.doi.org/10.1088/1126-6708/2005/08/096
http://arxiv.org/abs/hep-th/0508059
http://dx.doi.org/10.1088/1126-6708/2009/08/083
http://arxiv.org/abs/0905.2273
http://arxiv.org/abs/0905.2273
http://dx.doi.org/10.1016/0550-3213(93)90403-C
http://dx.doi.org/10.1016/0550-3213(93)90403-C
http://arxiv.org/abs/hep-th/9301068
http://dx.doi.org/10.1088/1126-6708/2006/09/065
http://arxiv.org/abs/hep-th/0604123
http://dx.doi.org/10.1088/1126-6708/2008/05/067
http://arxiv.org/abs/0707.3601
http://arxiv.org/abs/0707.3601
http://dx.doi.org/10.1088/1126-6708/2008/08/070
http://dx.doi.org/10.1088/1126-6708/2008/08/070
http://arxiv.org/abs/0801.4457
http://arxiv.org/abs/1112.4664

BIBLIOGRAPHY 173

[113] M. Hamermesh, Group theory and its application to physical problems. Dover
publications, 1989.

[114] M. A. Luty and W. Taylor, “Varieties of vacua in classical supersymmetric gauge
theories,” Phys. Rev. D53 (1996) 3399-3405, arXiv:hep-th/9506098 [hep-th].


http://dx.doi.org/10.1103/PhysRevD.53.3399
http://arxiv.org/abs/hep-th/9506098

	Introduction
	Background
	N=4 superconformal algebra
	Short multiplets
	N=4 super Yang-Mills
	Eighth-BPS chiral ring
	Chiral ring in N=1

	Free theory
	Partition functions
	The group integral formula
	Infinite product generating functions

	N=4 SYM
	Generalized restricted Schur basis
	Complete basis
	Two-point function
	Chiral ring structure constants

	Generalized covariant basis
	Complete basis
	Chiral ring structure constants

	Examples
	Conifold
	Giant gravitons in the conifold
	C3/Z2
	dP0
	C2/Zn x C


	Weak coupling
	Chiral ring, wavefunctions and BPS operators
	Eighth-BPS by applying Omega inverse
	Eighth-BPS by subtracting descendants

	Strong coupling
	Quantization of eighth-BPS branes
	Example: single half-BPS giant
	Fuzzy CP
	Fuzzy CP from operators on Hilbert space of giant states
	Examples

	States to maximal giants
	Maximal giant states
	Spectrum of excitations

	Partition function
	Local quantization of excitations
	Structure of perturbations
	Quantization of world-volume excitations

	From branes to BPS operators

	Conclusions
	Symmetric group formulae
	General
	Branching coefficients
	Clebsch-Gordan coefficients
	Multiplicities
	Omega

	Quiver characters
	Symmetric group characters
	Restricted quiver characters
	Covariant quiver characters

	General basis from invariance
	Review of C
	Review of C3
	General quiver

	Planar approximation for open strings
	Basis for open string operators
	Rules for correlators
	Diagrammatic notation

	Chiral ring from geometric invariant theory
	Symplectic form for perturbations of sphere giant
	Assorted calculations
	Proofs of quiver character identities
	Derivation of two-point function
	Derivation of chiral ring structure constants


