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We prove existence, uniqueness and give the analytical solution of heat and wave type equations on a compact Lie

group G by using a non-local (in time) differential operator and a positive left invariant operator (maybe unbounded)

acting on the group. For heat type equations, solutions are given in Lq(G) for data in Lp(G) with 1 < p 6 2 6 q < +∞.

We also provide some asymptotic estimates (large-time behavior) for the solutions. Some examples are given. Also, for

wave type equations, we give the solution on some suitable Sobolev spaces over L2(G). We complement our results, by

studying a multi-term heat type equation as well.

1 Introduction

Studies of integro-differential equations with non-local operators have started long time ago. Specially, diffusion
equations, wave equations and Cauchy problems were considered with the use of the Riemann-Liouville fractional
integro-differential operators. We refer, e.g. to the expository paper (223 pages) of M. Riesz about the integral
of Riemann-Liouville for the Cauchy problem [45]. These ideas continued with people like Miller [40], Schneider
and Wyss [50], who studied fractional diffusion and wave equations, see also [25]. We also mention the papers
published almost simultaneously (with respect to Schneider and Wyss) by Fujita in [19, 20], where one presented
a full investigation of integro-differential equations interpolating between heat and wave equations, using
techniques which are different from previous ones. The latter ideas were mainly developed on the real axis.
In the last decades, people have been interested to extend the previous works to Rn. In this new setting, new
approaches were developed and different equations of heat and wave type were studied by using time-variable
non-local integro-differential operators of Riemann-Liouville. Researchers have found explicit solutions of the
considered equations and have also answered questions about the well-posedness, regularity and large time
behaviour of the solutions, we cite the following papers [30, 34, 35, 37, 54] and references therein. Note that
the idea of applying non-local operators in time variable has been also explored for other type of equations and
problems. For instance, we have parabolic problems [3], Cauchy equations [14, 45], fractional diffusion equations
with bounded domains [10], initial boundary value problems and their applications [48], Schauder estimates [11],
continuous time random walks [33], just to mention a few of them, etc.

In the last 40 years, the above classical and fundamental problems have turned out to be studied in some
other more general scenarios like nilpotent Lie groups, where the harmonic and microlocal analysis of the group
play an important role. For the heat equation on compact Lie groups see e.g. [15, 16, 53], while for the wave
equation on such groups see [17, 21]. More general studies have been done on other Lie groups for the wave
equation in [32, 42], and on the Heisenberg group in [41].

In this paper, in Sections 3 and 4, we study heat and wave type equations with a non-local (in time)
differential operator of Caputo-type (so-called Dzhrbashian-Caputo fractional derivative), which allows one to
interpolate between the classical heat and wave equations, on a compact Lie group G along with a positive left
invariant operator (maybe unbounded). The main result is about the Lp(G)− Lq(G) estimates for the solution of
the latter equation. We provide the explicit representation and the time decay rate for the solution. We illustrate
the obtained results by some examples. In this part, we use some recent results on Lp(G)− Lq(G) multipliers
on locally compact groups [1]. This allows us to overcome and use the analysis on the group to just focus on
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the trace of the spectral projections of the considered left invariant operator. In the second part of the paper,
in Section 4, we study wave type equations. For this case, we can not use the latter approach. Nevertheless, we
study the wave type equations in some suitable Sobolev spaces over L2(G) by using the Fourier analysis of the
group. We find an explicit solution of the considered equation on L2(G). We complement the above results by
studying a multi-term heat type equation, see Section 5.

Let us now give a brief sketch of the problems and their solutions, which will be resolved throughout the
whole paper. In all results we have found the explicit representation of the solution of the considered equations.

So, we start by studying the following heat type equation:{
C∂αt u(t, x) + Lu(t, x) = 0, t > 0, x ∈ G,

u(t, x)|
t=0

= u0(x),
(1)

where C∂αt is the Dzhrbashyan-Caputo fractional derivative from (6), G is a compact Lie group, L is a positive
linear left invariant operator on G (maybe unbounded) and 0 < α 6 1.

The main result can be summarised as follows:

Theorem 1.1. If u0 ∈ Lp(G) for 1 < p 6 2 and the condition (14) is satisfied then there exists a unique solution
u ∈ C

(
[0,+∞);Lq(G)

)
for 2 6 q < +∞ of the Cauchy problem (1). In particular, if the condition (15) holds

then for any 1 < p 6 2 6 q < +∞ such that 1
λ >

1
p −

1
q we have the following time decay rate for the solution

of equation (1):

‖u(t, ·)‖Lq(G) 6 Cα,λ,p,qt
−αλ( 1

p−
1
q )‖u0‖Lp(G),

with the constant Cα,λ,p,q independent of u0 and t > 0.

The order of the time-decay above seems to be sharp. At least, in the case of Rn, we can recover the sharp
estimate given in [34, Theorem 3.3, item (i)] whenever 2

n >
1
p −

1
q . The latter condition is the same given by

1
λ >

1
p −

1
q where λ = n/2, see Example 1 in Subsection 3.1.

For the sub-Laplacian on the group and on the torus, some explicit examples are given. More details can
be found in Subsection 3.1.

We also study wave type equations. In fact, we focus on the following equation, which interpolates between
wave (without being wave for α < 2) and heat types:

C∂αt u(t, x) + Lu(t, x) = 0, t > 0, x ∈ G,
u(t, x)|

t=0
= u0(x),

∂tu(t, x)|
t=0

= u1(x),

(2)

where L is a positive linear left invariant operator and 1 < α < 2. For this type of equations we use the Fourier
analysis on the group to prove existence of a solution on a Sobolev space HβL(G) (β ∈ R) over L2(G) since we
can not use the same approach as in the heat type equations. All details are provided in Section 4. Thus, we
will show that:

Theorem 1.2. Let G be a compact Lie group, 1 < α < 2 and β ∈ R. Let L be a positive linear left invariant
operator on G.

1. If (u0, u1) ∈ HβL(G)×HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0,+∞) for

the Cauchy problem (2) given explicitly by

u(t, x) = Eα(−tαL)u0(x) + tEα,2(−tαL)u1(x), x ∈ G, (3)

and we have
‖u(t, ·)‖Hβ+2

L (G) . (1 + t−α)‖u0‖HβL(G) + t(1 + t−α)‖u1‖HβL(G).

2. If (u0, u1) ∈ HβL(G)×Hβ+2
L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0,+∞)
for the Cauchy problem (2) given explicitly by (3), and we have

‖u(t, ·)‖Hβ+2
L (G) . (1 + t−α)‖u0‖HβL(G) + t‖u1‖Hβ+2

L (G).

3. If (u0, u1) ∈ HβL(G)×Hβ+
2(α−1)
α

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈

(0,+∞) for the Cauchy problem (2) given explicitly by (3), and we have

‖u(t, ·)‖Hβ+2
L (G) . (1 + t−α)‖u0‖HβL(G) + t‖u1‖HβL(G) + ‖u1‖

H
β+

2(α−1)
α

L (G)
.
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4. If (u0, u1) ∈ Hβ+2
L (G)×HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0,+∞)
for the Cauchy problem (2) given explicitly by (3), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t(1 + t−α)‖u1‖HβL(G).

5. If (u0, u1) ∈ Hβ+2
L (G)×Hβ+2

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0,+∞)

for the Cauchy problem (2) given explicitly by (3), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t‖u1‖Hβ+2
L (G).

6. If (u0, u1) ∈ Hβ+2
L (G)×Hβ+

2(α−1)
α

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any

t ∈ (0,+∞) for the Cauchy problem (2) given explicitly by (3), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t‖u1‖HβL(G) + ‖u1‖
H
β+

2(α−1)
α

L (G)
.

Additionally, we also have that

‖∂tu(t, ·)‖HβL(G) .

{
t−1‖u0‖HβL(G) + ‖u1‖HβL(G), u0, u1 ∈ HβL(G),

‖u0‖Hβ+2/α
L (G)

+ ‖u1‖HβL(G), u0 ∈ Hβ+2/α
L (G), u1 ∈ HβL(G),

for all t ∈ (0,+∞). The constants in the above estimates are independent of t > 0.

The above studies are complemented in Section 5 by studying the following multi-term heat type equations:{
C∂α0

t u(t, x) + γ1
C∂α1

t u(t, x) + · · ·+ γm
C∂αmt u(t, x) + Lu(t, x) = 0,

u(t, x)|
t=0

= u0(x),
(4)

for t > 0 and x ∈ G, where L is a positive linear left invariant operator, γi > 0 (i = 1, . . . ,m) and 0 < αm <
αm−1 < · · · < α1 < α0 6 1. So, we show that:

Theorem 1.3. Let G be a compact Lie group and β ∈ R. Suppose also that L is a positive linear left invariant
operator on G.

1. If u0 ∈ HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0, T ] for the Cauchy

problem (4) given explicitly by

u(t, x) =
m∑
k=0

tα0−αkE(α0−α1,...,α0−αm,α0),α0−αk+1(−γ1t
α0−α1 , . . . ,−γmtα0−αm ,−tα0L)u0(x), (5)

and we have

‖u(t, ·)‖Hβ+2
L (G) 6 CT,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)
(1 + t−α0)‖u0‖HβL(G).

2. If u0 ∈ Hβ+2
L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0, T ] for the Cauchy
problem (4) given explicitly by (5), and we have

‖u(t, ·)‖Hβ+2
L (G) 6 CT,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)
‖u0‖Hβ+2

L (G).

2 Preliminary Results

In this section we collect definitions and results on non-local (in time) differential operators and compact Lie
groups, which will be used throughout the whole paper.
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2.1 Non-local (in time) differential operators

We start by giving some definitions of several basic function spaces. For a fixed finite interval [a, T ] ⊆ R, we
recall the following well-known function spaces on this interval:

L1(a, T ) =

{
f : (a, T )→ C measurable :

∥∥f∥∥
L1(a,T )

:=

∫ T

a

∣∣f(t)
∣∣ dt < +∞

}
;

AC[a, T ] = {f : [a, T ]→ C : f absolutely continuous on [a, T ]} ;

ACn[a, T ] =
{
f : [a, T ]→ C : f (n−1) exists and is in AC[a, T ]

}
, n ∈ N.

Now we recall the Riemann–Liouville fractional integral of order β > 0 ([36, 49]), which is defined as follows [49,
Sections 2.3 and 2.4]:

RL
aI
βf(t) =

1

Γ(β)

∫ t

a

(t− s)β−1f(s) ds, f ∈ L1(a, T ).

In this paper, we use a non-local differential operator in time with memory kernel tα−1

Γ(α) , which is commonly

known as the Dzhrbashyan–Caputo fractional derivative, defined by

C
aD

βf(t) = RL
aI
n−βf (n)(t), f ∈ ACn[a, T ], n := bβc+ 1. (6)

The fundamental reason for considering this kernel is that it allows the considered equation in this paper to
interpolate between the heat equation (α = 1) and the wave equation (α = 2). It is frequently used in applications
since it symbolizes the memory of a long-time tail of the power order [52].

The above operator can be equivalently expressed as

C
aD

βf(t) = RL
aD

β

(
f(t)−

n−1∑
k=0

f (k)(a)

k!
(t− a)k

)
, f ∈ ACn[a, T ], (7)

where RL
aD

βf(t) is the Riemann–Liouville fractional derivative of order β > 0 given by

RL
aD

βf(t) = Dn RL
aI
n−βf(t)

=
1

Γ(n− β)

(
d

dt

)n ∫ t

a

(t− s)n−β−1f(s) ds, f ∈ ACn[a, T ], n = bβc+ 1.

Both definitions coincide for any function f ∈ ACn[a, T ], [12, Theorem 3.1], see also [49, Theorem 2.2]. The
only difference between the two definitions is the possibility of defining (7) on a larger function space than
ACn[a, T ], since it is possible to define the Riemann–Liouville derivative on such larger function spaces. A
concrete example can be found in [46], where some functions are examined which have no first order derivative
but have Riemann–Liouville fractional derivatives of all orders less than one.

2.2 Compact Lie groups

The majority of the notations and preliminary results important for the development of this investigation are
recalled in this section. The references [18] and [47] provide a thorough exposition of these principles as well as
demonstrations of all of the conclusions described here. For more classical books see e.g. [7, 57].

Let G be a compact Lie group, and let the set of continuous irreducible unitary representations of G be
Rep(G). Every continuous irreducible unitary representation ξ is finite dimensional since G is compact, and it
can be seen as a matrix-valued function ξ : G→ Cdξ×dξ , where dξ = dim ξ. We say that ξ ∼ ψ if there exists an
unitary matrix A ∈ Cdξ×dξ such that Aξ(x) = ψ(x)A, for all x ∈ G. The quotient of Rep(G) by this equivalence

relation will be denoted by Ĝ, the unitary dual.
As usual, we denote by Lp(G) (1 6 p < +∞) the space of p-integrable functions in G with respect to the

Haar measure (normalized) and essentially bounded for p = +∞.
For f ∈ L1(G) the group Fourier transform of f at ξ ∈ Rep(G) is

f̂(ξ) =

∫
G

f(x)ξ(x)∗ dx,
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where dx is the normalized Haar measure on G. Precisely, the components of the matrix f̂(ξ) are given by

f̂(ξ)ij =

∫
G

f(x)ξ(x)jidx,

for every 1 6 i, j 6 dξ. By the Peter-Weyl theorem, we have that

B :=
{√

dξ ξij ; ξ = (ξij)
dξ
i,j=1, [ξ] ∈ Ĝ

}
, (8)

is an orthonormal basis for L2(G), where we consider only one matrix unitary representation in each class of
equivalence, and we may write

f(x) =
∑

[ξ]∈Ĝ

dξ Tr(ξ(x)f̂(ξ)).

Moreover, the Plancherel formula holds:

‖f‖L2(G) =

∑
[ξ]∈Ĝ

dξ ‖f̂(ξ)‖2HS


1
2

=: ‖f̂‖`2(Ĝ), (9)

where

‖f̂(ξ)‖2HS = Tr(f̂(ξ)f̂(ξ)∗) =

dξ∑
i,j=1

∣∣f̂(ξ)ij
∣∣2.

Let LG be the Laplace-Beltrami operator of G. For each [ξ] ∈ Ĝ, its matrix elements are eigenfunctions of −LG
corresponding to the same eigenvalue that we will denote by λ2

ξ , where λ2
ξ > 0. Thus

−LGξij(x) = λ2
ξξij(x), for all 1 6 i, j 6 dξ. (10)

The symbol of a continuous linear operator P in x ∈ G and ξ ∈ Rep(G), ξ = (ξij)
dξ
i,j=1 is defined as

σP (x, ξ) := ξ(x)∗(Pξ)(x) ∈ Cdξ×dξ ,

where (Pξ)(x)ij := (Pξij)(x), for all 1 6 i, j 6 dξ, and we have

Pf(x) =
∑

[ξ]∈Ĝ

dξTr
(
ξ(x)σP (x, ξ)f̂(ξ)

)
for every f ∈ C∞(G) and x ∈ G.

Notice that the last expression is independent of the choice of the representative. When P : C∞(G)→
C∞(G) is a continuous linear left invariant operator, that is PπL(y) = πL(y)P , for all y ∈ G, we have that σP
is independent of x ∈ G and

P̂ f(ξ) = σP (ξ)f̂(ξ),

for all f ∈ C∞(G) and [ξ] ∈ Ĝ. For instance, the Laplace-Beltrami operator LG is a left invariant operator and

by (10) its symbol is σ−LG(ξ) = λ2
ξ Iddξ×dξ , for every [ξ] ∈ Ĝ. So, we have that

−̂LGf(ξ) = λ2
ξ f̂(ξ).

We denote by M(Ĝ) the space consisting of all mappings

F : Ĝ→
⋃

[ξ]∈Ĝ

L (Hξ) ⊂
∞⋃
m=1

Cm×m

satisfying F ([ξ]) ∈ L (Hξ) for every [ξ] ∈ Ĝ. In matrix representations, we can view F ([ξ]) as a matrix in Cdξ×dξ .
In order to simplify the notation we will write F (ξ) with a convention that F ∈M(Ĝ) if F (ξ) = F (η) whenever
ξ ∼ η.
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The space S ′(Ĝ) of slowly increasing or tempered distributions on the unitary dual Ĝ is defined as the space

of all H ∈M(Ĝ) for which there exists some k ∈ N such that∑
[ξ]∈Ĝ

dξ〈ξ〉−k‖H(ξ)‖HS < +∞,

where 〈ξ〉 :=
√

1 + λ2
ξ .

The convergence in S ′(Ĝ) is defined as follows. We will say that Hj ∈ S ′(Ĝ) converges to H ∈ S ′(Ĝ) in

S ′(Ĝ) as j →∞, if there exists some k ∈ N such that∑
[ξ]∈Ĝ

dξ〈ξ〉−k ‖Hj(ξ)−H(ξ)‖
HS
→ 0

as j →∞.
For 1 6 p < +∞, we define the space Lp(Ĝ) as the space of all H ∈ S ′(Ĝ) such that

‖H‖Lp(Ĝ) :=

∑
[ξ]∈Ĝ

d
p( 2
p−

1
2 )

ξ ‖H(ξ)‖pHS

1/p

< +∞.

We refer to [47] for the extensive analysis of this family of spaces. For p = +∞, the space L∞(Ĝ) consists of all

H ∈ S ′(Ĝ) such that

‖H‖L∞(Ĝ) := sup
[ξ]∈Ĝ

d
−1/2
ξ ‖H(ξ)‖HS < +∞.

The spaces Lp(Ĝ) are Banach spaces for all 1 6 p 6 +∞ and for the special case p = 2 we have that the

space L2(Ĝ) is a Hilbert space with the inner product

(E,F )L2(Ĝ) :=
∑

[ξ]∈Ĝ

dξ Tr (E(ξ)F (ξ)∗) .

Moreover, the Fourier transform f 7→ FGf := f̂ defines a surjective isometry L2(G)→ L2(Ĝ) and the inverse
Fourier transform is given by (

F−1
G H

)
(x) :=

∑
[ξ]∈Ĝ

dξ Tr(ξ(x)H(ξ))

and we have
F−1
G ◦ FG = Id and FG ◦ F−1

G = Id

on L2(G) and L2(Ĝ), respectively. Moreover, the Fourier transform FG is unitary.

We also have that the Fourier transform FG is a linear bounded operator from L1(G) to L∞(Ĝ) satisfying
[47, Prop. 10.3.42]

‖f̂‖L∞(Ĝ) 6 ‖f‖L1(G), (11)

and the inverse Fourier transform F−1
G is a linear bounded operator from L1(Ĝ) to L∞(G) satisfying∥∥F−1

G H
∥∥
L∞(G)

6 ‖H‖L1(Ĝ).

For s ∈ R, we may characterize the Sobolev space Hs(G) as

Hs(G) =
{
f ∈ D′(G) : 〈ξ〉sf̂(ξ) ∈ L2(Ĝ)

}
.

For k ∈ N, the Fourier transform FG is a continuous bijection from H2k(G) to the spaceF ∈M(Ĝ) :
∑

[ξ]∈Ĝ

dξ〈ξ〉2k‖F (ξ)‖2HS < +∞

 .
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3 Heat type equations with non-local differential operators

In this section we study the following heat type equation:{
C∂αt u(t, x) + Lu(t, x) = 0, t > 0, x ∈ G,

u(t, x)|
t=0

= u0(x),
(12)

where C∂αt is the Dzhrbashyan-Caputo fractional derivative from (6), G is a compact Lie group, L is a positive
linear left invariant operator on G (we always assume densely defined and maybe unbounded) and 0 < α 6 1.
The case α = 1 coincides with the classical time derivative and heat equation. Therefore, in the following proofs
we just focus on the case of 0 < α < 1.

Here we show that there exists a unique continuous solution of equation (12) which satisfies the
Lp(G)− Lq(G) estimates for 1 6 p 6 2 6 q < +∞. In fact, we will see that the Lp(G)− Lq(G) properties can
be reduced to the time asymptotics of its propagator in the noncommutative Lorentz space norm [1, Def. 2.12].
For the latter fact, we just need to impose a condition over the behaviour of the heat-propagator which involves
calculating the trace of the spectral projections of the operator L. We provide some examples to show the nature
(viability) of this condition. For details on spectral theory, see e.g. [4]. In the second part, we give the time decay
rate of the propagator.

For the next result and sections we need to recall the two-parametric Mittag-Leffler function

Eα,ρ(z) =

+∞∑
k=0

zk

Γ(αk + ρ)
, z, ρ ∈ C, <(α) > 0, (13)

which is absolutely and locally uniformly convergent for the given parameters. For more details of this function
and some other types, we recommend the expository book [22].

We also need to remember the trace of the spectral projections of a positive linear left invariant operator
L acting on a compact Lie group, which is denoted by τ , and given by

τ(E(0,s)(L)) =
∑
ξ∈Ĝ

dξ
∑

k=1,...,dξ, sk,ξ<s

1,

where each sk,ξ is a joint eigenvalue of L with the eigenfunction ξjk for j = 1, . . . , dξ. A proof of this can be
found in Subsection 7.2 (exactly on page 44) of [2]. We point out that the preprint [2] has been included and
cited here since it contains additional and useful information (e.g. the above result on the trace) which can not
be found in the published version [1].

Theorem 3.1. Let G be a compact Lie group, 0 < α 6 1 and 1 6 p 6 2 6 q < +∞. Let L be a positive linear
left invariant operator on G (maybe unbounded) such that

sup
t>0

sup
s>0

[τ
(
E(0,s)(L)

)
]
1
p−

1
qEα(−tαs) < +∞. (14)

If u0 ∈ Lp(G) then there exists a unique solution u ∈ C
(
[0,+∞);Lq(G)

)
for the Cauchy problem (12) given

explicitly by
u(t, x) = Eα(−tαL)u0(x), t > 0, x ∈ G,

where the propagator is defined as

Eα(−tαL) =

+∞∑
k=0

(−tαL)k

Γ(αk + 1)
.

In particular, if for some λ > 0 we have

τ
(
E(0,s)(L)

)
. sλ, s→ +∞, (15)

then (14) is satisfied for any 1 < p 6 2 6 q < +∞ such that 1
λ >

1
p −

1
q , and one has the following time decay

rate for the solution of equation (12):

‖u(t, ·)‖Lq(G) 6 Cα,λ,p,qt
−αλ( 1

p−
1
q )‖u0‖Lp(G),

with the constant Cα,λ,p,q independent of u0 and t > 0.
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Proof . Let [ξ] ∈ Ĝ, and denote by û(t, ξ) the group Fourier transform of u with respect to the variable x.
Therefore, from equation (12), we obtain{

C∂αt û(t, ξ) + σL(ξ)û(t, ξ) = 0, t > 0,

û(t, ξ)|
t=0

= û0(ξ).

Note that for the left invariance of operator L, we have that σL is independent of x ∈ G and L̂f(ξ) = σL(ξ)f̂(ξ),

for all f ∈ C∞(G) and [ξ] ∈ Ĝ, see e.g. [47]. Therefore, the matrix σL(ξ) can be written as

σL(ξ) =


µ1,ξ 0 . . . 0

0 µ2,ξ . . . 0
...

... 0
0 . . . µdξ,ξ


where all the µ′is are non-negative since the operator is positive.

Here we get a system of scalar ODEs, which depend on the dimension dξ of the representation [ξ]. In fact,
we have {

C∂αt û(t, ξ)ij + µi,ξû(t, ξ)ij = 0, t > 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij ,

for any i, j ∈ {1, . . . , dξ} with the non-negative eigenvalues µi,ξ. Let us now apply the Laplace transform in the
time-variable, and hence {

sα˜̂u(s, ξ)ij − sα−1û0(ξ)ij + µi,ξ˜̂u(s, ξ)ij = 0, s > 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij .

Thus, it follows that ˜̂u(s, ξ)ij =
sα−1

sα + µi,ξ
û0(ξ)ij , s > 0,

and by the application of the inverse Laplace transform (see e.g. [6, Theorem 2.1]) we arrive at

û(t, ξ)ij = Eα(−µi,ξtα)û0(ξ)ij .

Now we apply the inverse Fourier transform in x and get the explicit solution of the considered problem as
follows:

u(t, x) =
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

û(t, ξ)ijξ(x)ji =
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

Eα(−µi,ξtα)û0(ξ)ijξ(x)ji

=

+∞∑
k=0

tαk

Γ(αk + 1)

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(−µi,ξ)kû0(ξ)ijξ(x)ji

=

+∞∑
k=0

(−tα)k

Γ(αk + 1)

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

L̂ku0(ξ)ijξ(x)ji

=

+∞∑
k=0

(−tα)k

Γ(αk + 1)
Lku0(x) = Eα(−tαL)u0(x).

Thus, by (14) and [1, Corollary 6.2] we get that

‖Eα(−tαL)‖Lp(G)→Lq(G) < +∞,

which completes the first part of the proof. Notice that our left invariant operator L in G is a Fourier multiplier
on G, see [1, Remarks 2.17 and 5.8].

On the other hand, by [1, Theorem 5.1] we have

‖u(t, ·)‖Lq(G) = ‖Eα(−tαL)u0(·)‖Lq(G) . ‖Eα(−tαL)‖Lr,∞(V NR(G))‖u0‖Lp(G), (16)
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where the above Lorentzian norm is given by [1, Theorem 6.1]:

‖Eα(−tαL)‖Lr,∞(V NR(G)) = sup
s>0

[τ
(
E(0,s)(L)

)
]
1
rEα(−tαs), 1

r
=

1

p
− 1

q
,

where the group von Neumann algebra V NR(G) is generated by all the right actions of G on L2(G) (πR(g)f(x) =
f(xg) with g ∈ G), which means that V NR(G) = {πR(G)}!!g∈G, where !! is the bicommutant of the self-adjoint

subalgrabras {πR(g)}g∈G ⊂ L(L2(G)). The latter result is a consequence of the fact [13]: V NR(G)! = V NL(G)
and V NL(G)! = V NR(G), where the symbol ! represents the commutant of the group von Neumann algebra. For
the above result we need the operator L to be affiliated with the semifinite von Neumann algebra V NR(G), which
is provided by the left invariance [1, Remark 2.17]. We also used that Eα(−t), t > 0, is completely monotonic
[43] such that Eα(0) = 1 and lim

t→+∞
Eα(−t) = 0 by the uniform estimate given in [51, Theorem 4].

So, by using the hypothesis (15) and again [51, Theorem 4] we get

‖Eα(−tαL)‖Lr,∞(V NR(G)) . sup
s>0

s
λ
r

1

1 + tαs
Γ(1+α)

. (17)

Let us now see that the above supremum is attained at s = λΓ(1+α)

r(1−λr )
t−α. In fact, take

g(s) =
s
λ
r

Γ(1 + α) + tαs
, s > 0.

We calculate its derivative

g′(s) =
sλ/r

(
λ
rΓ(1 + α)s−1 + λ

r t
α − tα

)
(Γ(1 + α) + tαs)2

.

So, the only zero for s > 0 is at s∗ = λΓ(1+α)

r(1−λr )
t−α, which is conditioned to 1

λ >
1
p −

1
q (this provides the

positiveness of the point s). It can be also inferred that the function g′(s) changes its sign from positive to
negative at the point s∗. Therefore, s∗ is a point of maximum of the function g(s). By (17), we have

‖Eα(−tαL)‖Lr,∞(V NR(G)) . sup
s>0

s
λ
r

Γ(1 + α) + tαs
6 Cα,λ,p,qt

−αλ/r, (18)

and then the result follows immediately by (16).

Remark 3.2. Notice that the Mittag-Leffler function of negative argument Eα(−tαx) (t, x > 0) is completely
monotonic for all 0 < α 6 1 [8, 43]. We also have that our linear closed operator L in a Hilbert space H (we have
this from the left invariant property on G, see [1, Remark 2.17] and [1, Definition 2.1]), is a sectorial operator
of angle 0, or what is the same a positive sectorial operator [26, Chapter 2]. So, by using the Borel functional
calculus we can give sense to the propagator Eα(−tαL). In Theorem 3.1 we found the solution by using the
Fourier analysis on the group. Nevertheless, in [9, Chapter 3], we can see that the global mild solution ([9, Def.
3.1]) of equation (12) (found in a Banach space) is expressed in a different form. In fact, we can represent the
propagator as [9, Theorem 2.41] (see also [55, Section 3])

Eα(−tαL) =
1

2πi

∫
H

eγtγα−1(γα + L)−1dγ, t > 0, 0 < α < 1,

where H ⊂ ρ(−L) and H is the Hankel’s path of [9, Formula (2.5)]. Several properties of this operator can be
found in [9, Chapter 2].

Remark 3.3. Notice that taking the limit as α→ 1 in (18) (in an informal way), we can see that the result
in Theorem 3.1 coincides with [1, Corollary 7.1] up to some positive constant, which is what we expect for the
classical propagator of the heat equation in the case of compact Lie groups. We also point out that the order α
of the singular operator C∂αt in equation (12) is transferred to the time decay rate of the solution.

3.1 Examples

Below we show several examples where the trace of the spectral projections is already known.
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Example 1

Let us consider the following heat type equation:{
C∂αt u(t, x)−∆subu(t, x) = 0, t > 0, x ∈ G, 0 < α 6 1,

u(t, x)|
t=0

= u0(x), u0 ∈ Lp(G), 1 < p 6 2,

where ∆sub is the sub-Laplacian on a compact Lie group. By [31], it follows that the trace of the spectral
projections E(0,s)(−∆sub) has the following asymptotic behavior:

τ
(
E(0,s)(−∆sub)

)
. sQ/2, s→ +∞,

where Q is the Hausdorff dimension of G with respect to the control distance generated by the sub-Laplacian.
We note that if ∆sub = ∆G is the Laplacian on G, then Q = n is the topological dimension of G. So, by Theorem
3.1 we have the existence, uniqueness, the form, and the asymptotic behavior for the solution u(t, x) as follows:

‖u(t, ·)‖Lq(G) 6 Cα,Q,p,qt
−αQ/2( 1

p−
1
q )‖u0‖Lp(G), 2 6 q < +∞, 2

Q
>

1

p
− 1

q
.

In particular if we consider the case α = 1/2 we get the following integro-differential equation:

1

Γ(1/2)

∫ t

0

(t− r)−1/2ur(r, x)dr −∆subu(t, x) = 0, t > 0, x ∈ G, 0 < α 6 1,

u(t, x)|
t=0

= u0(x), u0 ∈ Lp(G), 1 < p 6 2,

whose solution can be given by u(t, x) = E1/2(−t1/2L)u0(x).

Example 2

Let G = Tn, n ∈ N. Consider the following heat type equation:

C∂αt u(t, x)−∆u(t, x) = 0, t > 0, x ∈ Tn,
u(t, x)|

t=0
= u0(x), u0 ∈ Lp(Tn), 1 < p 6 2,

(19)

where ∆ is the Laplacian operator on Tn. Since Tn is an abelian compact group, all its continuous unitary

irreducible representations are one-dimensional and we can identify T̂n ' Zn (see [47] for a detailed approach
of the Fourier theory on Tn). Here, we have that σ∆(m) = |m|2 =

∑n
j=1 |mj |2, for all m ∈ Zn. From Theorem

3.1, definition of the Lorentzian space and [1, Prop. 2.9] we have that the solution of equation (19) satisfies that

‖u(t, ·)‖Lq(Tn) 6 sup
s>0

s

 ∑
ξ∈Zn:|Eα(−tα|ξ|2)|>s

1

 1
p−

1
q

‖u0‖Lp(Tn).

Since, for each t > 0, we have that σEα(−tα∆)(m) = Eα(−tα|m|2), for all m ∈ Zn. We also have that
σEα(−tα∆)(m)→ 0, when |m| → ∞ due to the uniform estimate [44, P. 35], which provides that the above
sum is finite and the existence of the supremum.

4 Wave type equations with non-local differential operators

We first recall a Sobolev space, which will be used in the results of this section. Thus, for β ∈ R and 1 < p < +∞,
the Sobolev space Hβ,pL (G) is defined by

Hβ,pL (G) =
{
f : (I + L)β/2f ∈ Lp(G)

}
endowed with the norm

‖f‖Hβ,pL (G) = ‖(I + L)β/2f‖Lp(G).

For p = 2 we just use the standard notation Hβ,2L (G) = HβL(G).
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Here we investigate the solution of the following equation, which interpolates between wave (without being
wave, α < 2) and heat types: 

C∂αt u(t, x) + Lu(t, x) = 0, t > 0, x ∈ G,
u(t, x)|

t=0
= u0(x),

∂tu(t, x)|
t=0

= u1(x),

(20)

where L is a positive linear left invariant operator (we always assume L : C∞(G)→ C∞(G) to be continuous),
1 < α < 2 and u0, u1 in some suitable Sobolev spaces. In the statements of the section we avoid the case α = 1
since it is already known. At this time, we are not able to use the same ideas of Section 3 on Lp(G)− Lq(G)
estimates (1 6 p 6 2 6 q < +∞) since the propagators of the solution of equation (20) have a different behaviour
for the considered range of α. In fact, we are loosing the complete monotonicity of the propagators, which is
fundamental for that argument. Nevertheless, we can use the Fourier analysis of the group to prove existence of
a solution on a Sobolev space in L2(G).

Notice also that by using the Plancherel formula we can get for β ∈ R that

‖(I + L)β/2u(t, ·)‖2L2(G) =
∑

[ξ]∈Ĝ

dξ‖σ(I+L)β/2(ξ)û(t, ξ)‖2HS

=
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
β |û(t, ξ)ij |2.

Below we use the Borel functional calculus associated with the positive linear left invariant operator L and the
two parametric Mittag-Leffler function Eα,2(−tαs) and Eα(−tαs) for 1 < α < 2 and t, s > 0. The latter type of
functions are holomorphic on the whole complex plane (entire function) [22, Chapter 4] and bounded for any
t, s > 0 [44, P. 35].

We will also use the following propagator:

Eα,2(−tαL) =

+∞∑
k=0

(−tαL)k

Γ(αk + 2)
, t > 0, 1 < α < 2.

Theorem 4.1. Let G be a compact Lie group, 1 < α < 2 and β ∈ R. Let L be a positive linear left invariant
operator on G.

1. If (u0, u1) ∈ HβL(G)×HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0,+∞) for

the Cauchy problem (20) given explicitly by

u(t, x) = Eα(−tαL)u0(x) + tEα,2(−tαL)u1(x), x ∈ G, (21)

and we have

‖u(t, ·)‖Hβ+2
L (G) . (1 + t−α)‖u0‖HβL(G) + t(1 + t−α)‖u1‖HβL(G).

2. If (u0, u1) ∈ HβL(G)×Hβ+2
L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0,+∞)
for the Cauchy problem (20) given explicitly by (21), and we have

‖u(t, ·)‖Hβ+2
L (G) . (1 + t−α)‖u0‖HβL(G) + t‖u1‖Hβ+2

L (G).

3. If (u0, u1) ∈ HβL(G)×Hβ+
2(α−1)
α

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈

(0,+∞) for the Cauchy problem (20) given explicitly by (21), and we have

‖u(t, ·)‖Hβ+2
L (G) . (1 + t−α)‖u0‖HβL(G) + t‖u1‖HβL(G) + ‖u1‖

H
β+

2(α−1)
α

L (G)
.

4. If (u0, u1) ∈ Hβ+2
L (G)×HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0,+∞)
for the Cauchy problem (20) given explicitly by (21), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t(1 + t−α)‖u1‖HβL(G).
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5. If (u0, u1) ∈ Hβ+2
L (G)×Hβ+2

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0,+∞)

for the Cauchy problem (20) given explicitly by (21), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t‖u1‖Hβ+2
L (G).

6. If (u0, u1) ∈ Hβ+2
L (G)×Hβ+

2(α−1)
α

L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any

t ∈ (0,+∞) for the Cauchy problem (20) given explicitly by (21), and we have

‖u(t, ·)‖Hβ+2
L (G) . ‖u0‖Hβ+2

L (G) + t‖u1‖HβL(G) + ‖u1‖
H
β+

2(α−1)
α

L (G)
.

Additionally, we can get that

‖∂tu(t, ·)‖HβL(G) .

{
t−1‖u0‖HβL(G) + ‖u1‖HβL(G), u0, u1 ∈ HβL(G),

‖u0‖Hβ+2/α
L (G)

+ ‖u1‖HβL(G), u0 ∈ Hβ+2/α
L (G), u1 ∈ HβL(G),

(22)

for all t ∈ (0,+∞). All the above constants do not depend of t > 0.

Proof . We first note that by the spectral calculus it is enough to prove the theorem for β = 0. Let û(t, ξ), for

[ξ] ∈ Ĝ, denote the group Fourier transform of u with respect to the variable x. Thus
C∂αt û(t, ξ) + σL(ξ)û(t, ξ) = 0, t > 0,

û(t, ξ)|
t=0

= û0(ξ),

∂tû(t, ξ)|
t=0

= û1(ξ).

Now we have a system of scalar ODEs, which depend on the dimension dξ of the representation [ξ]. So
C∂αt û(t, ξ)ij + µi,ξû(t, ξ)ij = 0, t > 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij ,

∂tû(t, ξ)ij |t=0
= û1(ξ)ij ,

for any i, j ∈ {1, . . . , dξ}. Let us now apply the Laplace transform in the time-variable, to obtain
sα˜̂u(s, ξ)ij − sα−1û0(ξ)ij − sα−2û1(ξ)ij + µi,ξ˜̂u(s, ξ)ij = 0, s > 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij ,

∂tû(t, ξ)ij |t=0
= û1(ξ)ij .

Thus, it follows that ˜̂u(s, ξ)ij =
sα−1

sα + µi,ξ
û0(ξ)ij +

sα−2

sα + µi,ξ
û1(ξ)ij , t > 0,

and by the application of the inverse Laplace transform (see e.g. [6, Theorem 2.1]) we arrive at

û(t, ξ)ij = Eα(−µi,ξtα)û0(ξ)ij + tEα,2(−µi,ξtα)û1(ξ)ij . (23)

Now we apply the inverse Fourier transform on G and get the explicit solution of the considered problem as
follows:

u(t, x) =
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

û(t, ξ)ijξ(x)ji

=
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(Eα(−µi,ξtα)û0(ξ)ij + tEα,2(−µi,ξtα)û1(ξ)ij) ξ(x)ji

=
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

Eα(−µi,ξtα)û0(ξ)ijξ(x)ji + t
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

Eα,2(−µi,ξtα)û1(ξ)ijξ(x)ji

= Eα(−tαL)u0(x) + tEα,2(−tαL)u1(x).
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On the other hand, by the equivalence in (23) and estimate [44, P. 35] we obtain

|û(t, ξ)ij | 6 |Eα(−µi,ξtα)||û0(ξ)ij |+ t|Eα,2(−µi,ξtα)||û1(ξ)ij |

6 C
1

1 + µi,ξtα
|û0(ξ)ij |+ C

t

1 + µi,ξtα
|û1(ξ)ij |. (24)

Remember that some representations can have different eigenvalues which can be zero or positive. Taking
it into account we first have

‖u(t, ·)‖2H2
L(G) =

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2|û(t, ξ)ij |2 .

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα)2

(
|û0(ξ)ij |2 + t2|û1(ξ)ij |2

)
,

and therefore

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα)2
|û0(ξ)ij |2 6

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
1 +

µi,ξ
1 + µi,ξtα

)2

|û0(ξ)ij |2

.


(1 + t−α)2

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

|û0(ξ)ij |2 = (1 + t−α)2‖u0‖2L2(G),

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2|û0(ξ)ij |2 = ‖u0‖2H2

L(G).

The above estimates mean that we may not gain any decay due to the eigenvalues which are zero. We also have
that

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα)2
t2|û1(ξ)ij |2 6

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
1 +

µi,ξ
1 + µi,ξtα

)2

t2|û1(ξ)ij |2

.



t2(1 + t−α)2
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

|û1(ξ)ij |2 = t2(1 + t−α)2‖u1‖2L2(G),

t2
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2|û1(ξ)ij |2 = t2‖u1‖2H2

L(G),

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
t+ µi,ξ sup

t>0

t

1 + µi,ξtα

)2

|û1(ξ)ij |2.

One can check that the function g(t) = t
1+µi,ξtα

has a positive maximum at the point t = 1
(µi,ξ(α−1))1/α

. Thus

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
t+ µi,ξ sup

t>0

t

1 + µi,ξtα

)2

|û1(ξ)ij |2 6 t2
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

|û1(ξ)ij |2 + Cα
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

µ
2(α−1)
α

i,ξ |û1(ξ)ij |2

= t2‖u1‖2L2(G) + Cα‖L
α−1
α u1‖2L2(G),

for some positive constant Cα which depends only on α. This implies that

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα)2
t2|û1(ξ)ij |2 .


t2(1 + t−α)2‖u1‖2L2(G),

t2‖u1‖2H2
L(G)

,

t2‖u1‖2L2(G) + ‖Lα−1
α u1‖2L2(G).

Finally, combining the above estimates with

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα)2
|û0(ξ)ij |2 .

{
(1 + t−α)2‖u0‖2L2(G),

‖u0‖2H2
L(G)

,
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we arrive at all the possible cases for ‖u(t, ·)‖2H2
L

, keeping in mind for some of the cases that Hβ+
2(α−1)
α

L (G) ⊂
HβL(G) for any β ∈ R.

Let us prove the last inequality (22) of this theorem. Notice that by equation (23) and the property
Γ(γ + 1) = γΓ(γ) for <(γ) > 0 we get

∂tû(t, ξ)ij =

+∞∑
k=1

(−µi,ξ)kαktαk−1

Γ(αk + 1)
û0(ξ)ij +

+∞∑
k=0

(−µi,ξ)k(αk + 1)tαk

Γ(αk + 2)
û1(ξ)ij

= −µi,ξt−1+αEα,α(−µi,ξtα)û0(ξ)ij + Eα(−µi,ξtα)û1(ξ)ij ,

where Eα,α is defined in (13). This implies

|∂tû(t, ξ)ij |2 . t2(α−1)µ2
i,ξ|Eα,α(−µi,ξtα)|2|û0(ξ)ij |2 + |Eα(−µi,ξtα)|2|û1(ξ)ij |2

.
t2(α−1)µ2

i,ξ

1 + µ2
i,ξt

2α
|û0(ξ)ij |2 +

1

1 + µ2
i,ξt

2α
|û1(ξ)ij |2

.
t2(α−1)µ2

i,ξ

1 + µ2
i,ξt

2α
|û0(ξ)ij |2 + |û1(ξ)ij |2

.


t−2|û0(ξ)ij |2 + |û1(ξ)ij |2,

µ2
i,ξ sup

t>0

(
t2(α−1)

1 + µ2
i,ξt

2α

)
︸ ︷︷ ︸

supremum at t = (α− 1)1/2α/µ
1/α
i,ξ

|û0(ξ)ij |2 + |û1(ξ)ij |2,

.

{
t−2|û0(ξ)ij |2 + |û1(ξ)ij |2,
µ

2/α
i,ξ |û0(ξ)ij |2 + |û1(ξ)ij |2,

in view of the estimate [44, P. 35]. Therefore, by the Plancherel’s formula and the above inequality, it follows
that

‖∂tu(t, ·)‖2L2(G) =
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

|∂tû(t, ξ)ij |2

.



∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
t−2|û0(ξ)ij |2 + |û1(ξ)ij |2

)
,

∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
µ

2/α
i,ξ |û0(ξ)ij |2 + |û1(ξ)ij |2

)
,

.

{
t−2‖u0‖2L2(G) + ‖u1‖2L2(G), u0, u1 ∈ L2(G),

‖u0‖2H2/α
L (G)

+ ‖u1‖2L2(G), u0 ∈ H2/α
L (G), u1 ∈ L2(G),

proving (22).

Remark 4.2. In Theorem 4.1, we can see that the propagators are expressed by the Mittag-Leffler functions
Eα(−t), Eα,2(−t) for t > 0 and 1 < α < 2. For Eα(−t), it is known that it has finite zeros [56] (see also [24]).
Also, Eα,2(−t) has finite zeros in this range, see e.g. [28, P. 4] or [29].

Remark 4.3. Notice that from inequality (24) we can also get

‖u(t, ·)‖L2(G) . ‖(1 + tαL)−1u0‖L2(G) + t‖(1 + tαL)−1u1‖L2(G), t ∈ (0, T ].

5 Multi-term heat type equations

In this section we treat the case of multi-term heat type equations. We study the following equation:{
C∂α0

t u(t, x) + γ1
C∂α1

t u(t, x) + · · ·+ γm
C∂αmt u(t, x) + Lu(t, x) = 0,

u(t, x)|
t=0

= u0(x),
(25)
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for t > 0 and x ∈ G, where L is a positive linear left invariant operator on G (we always assume L :
C∞(G)→ C∞(G) to be continuous), u0 will be taken in a suitable Sobolev space, γi > 0 (i = 1, . . . ,m) and
0 < αm < αm−1 < · · · < α1 < α0 6 1.

The solution of equation (25) is connected with the so-called multivariate Mittag-Leffler function, see
[23, 27], for recent extensions see e.g. [5, 6]. This function together with its Laplace transform is an important
ingredient in our analysis in this section.

Definition 5.1. Let αi, λ ∈ R (i = 1, . . . ,m) with αi > 0. The multivariate Mittag-Leffler function is defined
as ([23])

E(α1,...,αm),λ(w1, . . . , wm) =

∞∑
k1=0

· · ·
∞∑

km=0

(k1 + · · ·+ km)!

Γ(α1k1 + · · ·+ αmkm + λ)

wk11

k1!
· · · w

km
m

km!
, (26)

for any complex numbers w1, . . . , wm ∈ C.

Notice that the function in (26) can be also associated to a special case of the well-known Lauricella
functions. This function is absolutely and locally uniformly convergent for the given parameters.

Below we use a very useful estimate of the multivariate Mittag-Leffler function established in [39, Lemma
3.2]. The only disadvantage of the latter estimate is that 0 < t 6 T < +∞. This means that up to now, to the
best of our knowledge, there is not an uniform estimate for the multivariate Mittag-Leffler function where the
constant does not depend on t.

Theorem 5.2. Let G be a compact Lie group and β ∈ R. Suppose also that L is a positive linear left invariant
operator on G.

1. If u0 ∈ HβL(G) then there exists a unique solution u(t, ·) ∈ Hβ+2
L (G) for any t ∈ (0, T ] for the Cauchy

problem (25) given explicitly by

u(t, x) =

m∑
k=0

tα0−αkE(α0−α1,...,α0−αm,α0),α0−αk+1(−γ1t
α0−α1 , . . . ,−γmtα0−αm ,−tα0L)u0(x), (27)

and we have

‖u(t, ·)‖Hβ+2
L (G) 6 CT,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)
(1 + t−α0)‖u0‖HβL(G).

2. If u0 ∈ Hβ+2
L (G) then there exists a unique solution u(t, ·) ∈ Hβ+2

L (G) for any t ∈ (0, T ] for the Cauchy
problem (25) given explicitly by (27), and we have

‖u(t, ·)‖Hβ+2
L (G) 6 CT,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)
‖u0‖Hβ+2

L (G).

Proof . Again by the spectral calculus it is enough to prove the theorem for β = 0. By applying the Fourier
transform on G to equation (25) we have{

C∂α0
t û(t, ξ) + γ1

C∂α1
t û(t, ξ) + · · ·+ γm

C∂αmt û(t, ξ) + σP (ξ)û(t, ξ) = 0, t > 0,

û(t, ξ)|
t=0

= û0(ξ).

Thus we arrive into the system of scalar ODEs:{
C∂α0

t û(t, ξ)ij + γ1
C∂α1

t û(t, ξ)ij + · · ·+ γm
C∂αmt û(t, ξ)ij + µi,ξû(t, ξ)ij = 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij ,

for any i, j ∈ {1, . . . , dξ}. We apply the Laplace transform in the time-variable, and get
sα0 ˜̂u(s, ξ)ij − sα0−1û0(ξ)ij + γ1s

α1 ˜̂u(s, ξ)ij − γ1s
α1−1û0(ξ)ij+ · · ·

· · ·+ γms
αm ˜̂u(s, ξ)ij − γmsαm−1û0(ξ)ij + µi,ξ˜̂u(s, ξ)ij = 0, s > 0,

û(t, ξ)ij |
t=0

= û0(ξ)ij .
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Therefore ˜̂u(s, ξ)ij =
sα0−1 + γ1s

α1−1 + · · ·+ γms
αm−1

sα0 + γ1sα1 + · · ·+ γmsαm + µi,ξ
û0(ξ)ij , s > 0,

and by the application of the inverse Laplace transform (see e.g. [6, Theorem 2.1]) we get

û(t, ξ)ij =

m∑
k=0

γkt
α0−αkE(α0−α1,...,α0−αm,α0),α0−αk+1(−γ1t

α0−α1 , . . .

. . . ,−γmtα0−αm ,−µi,ξtα0)û0(ξ)ij ,

where γ0 = 1. By applying the inverse Fourier transform on G to the above equality we obtain the desired
representation of the solution. By the above equivalence and [39, Lemma 3.2] we have

|û(t, ξ)ij | 6
m∑
k=0

γkt
α0−αk |E(α0−α1,...,α0−αm,α0),α0−αk+1(−γ1t

α0−α1 , . . .

. . . ,−γmtα0−αm ,−µi,ξtα0)||û0(ξ)ij |

6 CT,α0,...,αm

|û0(ξ)ij |
1 + µi,ξtα0

m∑
k=0

γkt
α0−αk , 0 < t 6 T. (28)

Thus

‖u(t, ·)‖2H2
L

=
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2|û(s, ξ)ij |2

6 C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2 ∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2

(1 + µi,ξtα0)2
|û0(ξ)ij |2

6 C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2 ∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(
1 +

µi,ξ
1 + µi,ξtα0

)2

|û0(ξ)ij |2

6


C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2

(1 + t−α0)2
∑

[ξ]∈Ĝ

dξ

dξ∑
i,j=1

|û0(ξ)ij |2,

C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2 ∑
[ξ]∈Ĝ

dξ

dξ∑
i,j=1

(1 + µi,ξ)
2|û0(ξ)ij |2,

6


C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2

(1 + t−α0)2‖u0‖2L2(G),

C2
T,α0,...,αm

(
m∑
k=0

γkt
α0−αk

)2

‖u0‖2H2
L(G),

completing the proof.

Remark 5.3. Notice that we will not study the multi-term wave type equation since for some of its propagator
terms we can not use the estimate of the multivariate Mittag-Leffler function [39, Lemma 3.2] to prove that the
norm is bounded in the considered solution-space. By the same reason we are not yet able to give Lp(G)− Lq(G)
estimates for the solution.

Remark 5.4. From the estimate (28) we can get a better estimate for the L2-norm of the solution of equation
(25). In fact, we obtain

‖u(t, ·)‖L2(G) 6 CT,α0,...,αm

m∑
k=0

γkt
α0−αk‖(1 + tα0L)−1u0‖L2(G), t ∈ (0, T ].
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