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Abstract

Let r > 1; the Fglner sequences {F™ 1150 {F™2}%0 ... {F™7}%,
satisfy the bounded intersection property if there is a constant p such
that for any n € N and 1 < ¢ < r each F™" can intersect no more

than p disjoint translates of F ml g2 F™7T They have compara-
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is a countable, Abelian group with an element of infinite order and
let X be a mixing finite (or (-local, with § > 1/2) rank action of
G on a probability space. Suppose further that the Fglner sequences
{Fmviyee | {Fm2yee o {F™ T indexing the 7 towers of the fi-
nite rank X (or the F(zslner sequence {F™}2° | indexing the tower of
the (-local rank X) satisfy the bounded intersection property, and
have comparable heights. Then & is mixing of all orders. We follow
Ryzhikov’s joining technique in our proof: the main theorem follows
from showing that any pairwise independent joining of k£ copies of X
is necessarily product measure.

ble magnitudes if 0 < lim,, < o0 for 1 <4, 7 <r. Suppose G

1 Introduction

A mixing group action (X , B, i, G) is not generally multiply mixing ([?]); but
if any pairwise independent joining of (X ,B,u,G) is actually independent,
then multiple mixing follows. In this paper we discuss this problem for certain
mixing finite rank and local rank group actions. Kalikow [?] showed that rank
one mixing transformations were 3-mixing, and Host [?] proved that mixing
transformations with singular spectrum are mixing of all orders. Ryzhikov [7]



and [?] shows that finite rank and -local (5 > 1/2) mixing transformations are
mixing of all orders by showing that pairwise independent self-joinings of the
given system are necessarily product measure. Here we generalize Ryzhikov’s
result to certain finite rank and S-local rank group actions. The author would
like to thank J. Choksi and A. del Junco, and especially 1. Klemes, for several
discussions.

2 Preliminaries

Throughout this paper GG will denote a countable Abelian group. Let X =
(X, B,u,G)and Y = (Y, F,v,G) be finite measure-preserving G—actions.
To each element g € G there corresponds a measure-preserving transformation
T, : X — X; however we will mostly use g to denote both the element of the
group, the measure-preserving transformation it represents, and the unitary
operator induced by g on L9(X). A sequence {F"}°, of finite subsets of G
is Folner if Vg € G,
i [9EAF
wioe [F7]

Fori=1,...,r, let {F™}>c = FLi F2' F%' . be a Fglner sequence; we
will write {F™"} instead of {F™"}°,. We say that the r Fglner sequences
{1} {F™2}, ... ,{F™"} have the bounded intersection property if there
exists p € N such that for each n € N and 1 < j < r, at most p disjoint
translates of F™!, ™2 . F™" can nontrivially intersect F™7. We will as-
sume that the Fglner sequence(s) defining our action (X ,B,u,G) have the
bounded intersection property. We will call such a p an intersection bound for
the Fglner sequences {F™1} {F™2}, ... {F™"}. Examples of groups which
have natural Fglner sequences satisfying this condition are Z", countable direct
sums of finite cyclic groups and direct sums of these two cases.

Furthermore, we will have to assume that the Fglner sequences have com-
parable magnitude: i.e. that

=0.

R

< 00. (1)

for 1 < 7, 7 < r. Henceforth we will assume that the Fglner sequences we
are dealing with have the bounded intersection property, and also that (?7?) is
true.

The Fglner sequence { F"} satisfies the Tempel’'man condition if F* C F™+!
for each n and there exists K € N such that |[F"(F™)~!] < K|F"| for all
n € N. We mention the Tempel'man condition ([?]) only because it seems
to be closely related to the bounded intersection property, in that, in all the
standard examples we know of, they stand or fall together. However we do
not know if it is possible to derive one from the other.



It is not difficult to find Fglner sequences { F"} in Z which do not have the
bounded intersection property. We give an example of a sequence { F"} so that
n disjoint translates of £, say F"™ +ty,..., F" +1,, intersect F" nontrivially.
F™ will consist of n + 1 intervals, all but the last having cardinality n. These
intervals will be separated by gaps of length 3; where

By >>n? (2)

and
k—1
Br > Z Bi . (3)
i=1
Explicitly, we set 5y = 0 and define
k k
kn+Y 0, kn+ > Bi+(n— 1)] U
i=0 i=0

Finally for £ =1,...,n define

tk = n2 + iﬁl .
i=k

n

~1
o= U
k=0

n? + Zﬁu 2n° + Zﬁz] :
=0 =0

It can be verified that

(F"+ty) NF" =

(n+k)n+2ﬁ,~, (n+k)n+2ﬁi+(n— 1)] .

i=0 i=0
Using (??) and (??), one can show that (F"+1t;) N (F™ +t;) =0 for 1 < j #
k<n.

A group action (X ,B,u,G) is rank < rif there exist r Folner sequences
{F™"} where 1 <i < r, each indexing a measurable tower

n,t .__ n,i
xmi= ) xp
gEFn,i

—if ¢ € F™', then X;” is a level of the tower X™' — satisfying: for the
sequence of measurable partitions

P, = {X;’i cge F™ =1, X\X"}
of X, where X™ :=J_, X™', we have
Lop(X") — 1,



2. hX}' = X}%i whenever g € F' N h~1F™1,

3. For each measurable set A, and each n € N and 1 < ¢ < r, there exists
a set A™* which is a union of elements of {X*}gcpni and p((AN
XmHAA™Y) —, 0 foreach i = 1,2, ...,7.

We let a™* denote the (common) mass of a level in the i-th tower, i.e. u(X}"") =
a™' for all g € F™°.

Property 3 says that the partitions P, converge to B and to denote this
we write P, —,, €. We will call { F™*}7_, the Fglner sequences associated with
the rank (at most) r group action X and write (X, {F™*}!_,) for X when we
wish to specify {F™*}'_;. We will say that (X, {F™"}/_;) has the bounded
intersection property if { F™*}"_, have the bounded intersection property. For
a general scheme for constructing finite rank group actions, one can generalise
the method used in [?] to construct rank one group actions. When G = Z,
what we call a finite rank action is in fact a generalisation of the usual finite
rank transformation (which requires that the ™" be intervals in Z). Ferenczi
[?] constructs a rank one Z action which is not loosely Bernoulli, and therefore
not of finite rank. He calls this a funny rank one transformation. Ferenczi’s
example in fact has the bounded intersection property with p = 4. We say
that the action (X, B, u, G) is rank rif the action is rank < r and the action
is not rank j for 1 < j < r.

Let 0 < 8 < 1. A group action (X , B, u,G) has local rank (3 (or is [5-local)
if there exists a Fglner sequence { F} and a sequence of measurable partitions

Pni={X, g€ F"; X\X"}
of X, (where X" := Uyepn X7'), such that
Lop(X") — 8,
2. hX} = X} whenever g € F*"Nh~'F",

3. For each measurable set A, and each n € N, there exists a set A"
which is a union of elements of { X'}, cpn and p ((AN X")AA") — 0.

In general, if {X™} is a sequence of towers satisfying Property 3, we will say
it is an approximating sequence of towers. We will call the Fglner sequence
used above in the definition of a (-local group action the Fglner sequence
associated with the [-local group action X (and sometimes say that {F"}
generates X" = Uscpn X}) and write (X, {F"}) for the S-local group action.
The measure of a level in the n-th tower will be denoted by a,,. Ergodic finite
rank actions are examples of (-local actions - this can be seen by applying
Lemma ?77.



If {g;} is a sequence in G we write g; — oo, if whenever V' C G is finite,
then only finitely many of the g;’s belong to V. A group action X is 2-mizing
if

jlifgoli (A1 NgjA2) = p(A)p (A2)

VA, Ay € B and for each sequence g; — oo. & is k-mizing if

jli_gloﬂ (A1 NgjAiNgiAN...N gf_lAk) = (A1) ... (Ax)

where lim;_, g; = oo fori =1,2...,k — 1 and also limjﬁoo(g;)—lgé. = 00
whenever ¢ # [. X is mizing of all orders if it is k-mixing for each k > 2.
Our main theorem is

Theorem 1 Suppose that G is Abelian, countable and has an element of infi-
nite order. Let (X ,B,u,G) be a mizing finite rank action, or a mizing (3-local
action, with 3 > 1/2. In either case, assume that the Folner sequence(s) in-
dexing the tower(s) of the action have the bounded intersection property, and
have comparable magnitudes. Then (X ,B,u,G) is mizing of all orders.

To prove Theorem ??, we use the method of joinings, generalizing [?].

We say that (X, B) is regular if X is compact and B is the Borel o-algebra.
This implies that C(X) = {f : X — R, f is continuous} is separable and
also that any probability measure on (X, B) is regular. In this section all
spaces are regular. A probability measure A is a 2-joining of X and Y if
(X XY, B&F, A\, G) is a measure-preserving group action with the additional

condition that
MA X Y)=u(A)

and
MX x B)=v(B)

for A € B, B € F respectively. We will use the word coupling when the
measure A\ projects onto p and v, without necessarily preserving the group
action. For a detailed account of joinings, see [?]. Note that by regularity, A
is a joining if and only if A(f ® 1) = u(f) and A1 ® g) = v(g) for f,g €
C(X), C(Y) respectively (where f @ g(z,) := f(x)g(y))- It {(X:, Bi, )}y
are probability spaces and A is a probability measure on (I}, X;, ®" B5;),
then we define m;, 4, ;A to be the projection of A on (H§:1X¢j ,®§:lBij) D
is an n-joining of {(X;, B, u; , G)}ry if (I, X;, ®,B;, G, \) is a measure-
preserving action and mA = g for k = 1,...,n. For n > 2 it is natural to
impose stronger conditions on A : in particular, if A is an n- joining of { X},
then we can require that

_ 1k
Wil,ig,...,ik)\ = szluij
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whenever 41,19, ...17; are k distinct elements of {1,2,...,n}. In this case we
write A € M(k,n) and say A is k-fold independent.

For our purposes (X;, B;, i) = (X, B,pu) for i = 1,2...n, and we use
the notation X(™ := X x X x ... x X. Note that M(k,n) C M(1,n) Yk >
1, and that M(1,n) € M(X®™), the set of probability measures on X ™,
We will work with the weak-* topology on M (X ™). With this (metrisable)
topology, px — p iff pp(g) — p(g) for g € C(X™). As the linear span of
the family {®7_,f; : fi € C(X)} is dense in C(X™), it is sufficient to check
convergence on this family. Therefore if {\;} C M(1,n), then A\, — X iff
A(II7_  Ay) — 5 A(ITP, A;) for all measurable rectangles (117, A;). For, suppose
that the latter is true; given ®,f; € C(X™), let {¢}}, {¢2},..., {97} be
sequences of simple functions tending uniformly to fi, fa,... f, respectively.
Then [\ (@i fi) — ML)l < W (®Lfi) — M (®L )] +
|/\k (®?:1 925;) —A (®?:1 Q%)‘ + P‘ (®?:1 925;) — M@, fz)}a and first
choosing 7 big enough so that the first and third summands are small, and
then k big enough so that the second summand is small, the result follows.
Conversely, suppose that A, — A, and let (II?_; A;) be measurable. Note that
A is a coupling. By regularity there exist compact K; and open U; where
K, ¢ A; C U; and 1;(U\K;) < ¢/n for i = 1,...,n. We can then find a
continuous function f which is identically 1 on II?" ; K; and 0 outside II}"_, U;.
Thus for each k

ATy As) = Ae(f)] <e,

and the same is true for \. A triangle inequality gives the result.

It now follows that although the maps 7T, are not continuous, the set
M (1,n) is a closed subset of M (X)) in the weak-* topology, and hence it is
compact.

Theorem 77 will follow from

Theorem 2 Suppose that G is Abelian, countable and has an element of infi-
nite order. Let (X ,B,u,G) be a reqgular mizing finite rank action, or a reqular
mixing [-local action, with B > 1/2. In either case, assume that the Folner
sequence(s) indexing the tower(s) of the action have the bounded intersection
property, and have comparable magnitudes. Let v € M(2,k). Then v = u*.

We will only prove that M(2,3) = {3}, the proof for k > 3 follows by the
same method.

Note that regularity is required in the statement of Theorem 77, but not
Theorem ??7. The proof of Theorem ?? clarifies this.

Proof of Theorem ?77: The finite rank hypothesis on X" ensures that
the measure algebra B of p-equivalence classes of sets is separable. Standard



arguments then show that B is isomorphic to the measure algebra of a regular
space and the action of G on B transfers to an action on this regular measure
algebra, which can then be realized as a point action. This shows that there is
no harm in assuming that X itself is regular. (Like most dynamical notions, the
concepts of mixing and finite rank are obviously invariant under isomorphism
of actions at the level of measure algebras. The concept of a joining, however,
is not.)

We give the argument for k£ = 3, for simplicity. If A’ is not 3-mixing then
there exist measurable sets A, B, C' and sequences {k;} and {/;} of group
elements, both tending to infinity, and € > 0 such that /{j_llj —; 00 satisfying

(ANl B Nk C) = p(A)p (B)u(C)] = e

for all j. Consider the joining Ay, ;,(E1 X Ea x E3) := p (E1 N1 By Nk Bs) . If
A* is a limit point of the sequence {Ay,;;} then A* # p?. On the other hand
2-fold mixing implies that A* € M(2,3). This contradicts Theorem ??. g

In proving Theorem ?? we will restrict ourselves to the case k = 3. A
similar argument shows that M(k — 1,k) = {u*} for & > 2, so Theorem ??
follows by induction. Throughout the remainder of the paper we will assume
that the underlying measure space is regular and convergence of measures will
always mean weak-* convergence.

Let (X, B, u,G) be mixing and finite rank, and let v € M (2, 3) be ergodic.
A sketch of the proof that v = u3 is as follows. It would be ideal if two things
were to occur simultaneously: first, there is a sequence of products of some

approximating towers
Rn:Tn,len,QXTn,B (4)

with limy(R"™) > 0; and second that the “cubes” in R"™ do not individually
contain too much v-mass. Ryzhikov would call such cubes v-light. This ensures
that v is to some extent “smeared out” over substantially many of the cubes
in R™. The first property would mean that the measure vg. - “ the measure
v conditioned on R™”, would converge weak-* to v (Lemma ??). The second
property is needed to show that vgn — p?. In the rank one case, (see [?] or [?])
finding R™ is not so hard. The T™"’s will not be the actual rank one towers,
rather they will be subsets of the rank one towers. For example if G = Z, and
the Folner sequence is a sequence of intervals: F™ = [0, h,,), then R" could be
some subset of
Ui X < U™ X Uy, X

(or its image under T°*). The fact that v is pairwise independent, and that
the rank one tower X" is most of the space, easily yields that

lim (UL X U™ XE Uy, XT) > 0

n



Of course we then have to do a bit of work to show that our chosen R™ has
positive v-mass. The fact that (X, B, u,G) is mixing helps insure the second
requirement, (mixing means that no level in X" can go “heavily” into any other
- Lemma ?7), which in turn is needed to guarantee that a certain sequence of
probability weights we end up averaging against is uniformly small. Mixing is
used a second time to invoke the Blum-Hanson theorem ([?]) which is where
the uniform smallness of the afore-mentioned weights are needed.

If (X,B,p,G) is finite rank, the difficulty is to get a sequence of R™’s
which have both positive ¥ mass and whose “cubes” are v-light at the same
time. If (X, B, u,G) has local rank, with towers X" it is not even clear that
lim,, (X" x X" x X™) > 0. In [?], Ryzhikov finds two sequences of sets {R"}
and {S™} (as in the example above, S™ ~ h, R", where h,, — oo in G.) He then
finds a sequence of induced joinings € M(1,3) satisfying both of the required
properties for either R™ or S™. These joinings are certain projections of relative
products built using the disintegration of v over (X, B, u,G). The sequence
of induced joinings {n;} are chosen so that as j — oo, n; has an increasingly
large pairwise independent component and we show that this component is
mostly product measure; so that 7, = ¢;u®, where ¢; T 1. Lemma ?? then
shows that v = p3.

The rest of the paper will go in the following order: first we define induced
joinings and show how an appropriate sequence of these joinings will give
information about v (Lemma ?7). Next we construct the sets { R"} and {S"},
and then find the sequence of induced joinings (Proposition ?7) which give
{R"} and {S™} the “right amount” of mass (Propositions ?? and ?7?). Finally
we will show that this sequence of measures have a large pairwise independent
component (Lemma ?7?) , and work with these components, and show that
they are mostly product measure. This will allow us (Lemma ?7?) to conclude

that v = p3.

3 Auxiliary Results

If A is a measurable subset of X and p is a probability measure on X, we
define the measure 14, the measure p conditioned on the set A, as

B p(ANF)
nalF) = 11 (A)

If p1, py are probability measures and 0 < ¢ < 1, then the expression

7

cuy” means that p = cpy + (1 — ¢)ps for some probability measure ps.
The next simple lemma is used repeatedly in [?].

4
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Lemma 1 Let (X, B,v,G) be an ergodic measure-preserving group action, and
let I, be a sequence of measurable sets such that



1 lim, v([,) = ¢ #0,
2 lim, v(gI,AlL,) =0 for each g € G.

Then lim, vy, = v.

Proof: Let v, := v;,. We know that (by passing to a subsequence if necessary)
that the sequence {1, } converges weak-* to some measure A\. Now v, = f, dv
where f, = %, and by property 1, there is a K such that |f,| < K for all
large n. We claim that if v, = f,dv — X and |f,| < K, then A\ = fdv for
some f.

If not, then there is some L with A(L) > € and v(L) = 0. Find U open
containing L such that v(U) < ¢/2K. Then v, (U) < €/2 for all large n, and
this is a contradiction since lim inf,, v,(U) > A\(U) for U open.

Thus v,, = f,dv — fdv. Note that this implies that || f,, — f||1 — 0. Next
we claim that Ao g~! = X for ¢ € G. To see this, note that

/Afdu—/glAfdu

The first summand is small for large n. The second summand is also small
since

[u=soqi

<2 [ 1f=fuldvs [ |fu=tuosl v

= tuog)dv

< /\fn — fnog| dv= V(InAgflfn) — 0

as n — 00. Thus A << v and is G-invariant, and v > ¢A. The ergodicity of v
forces A = v. n

We will also need a version of the Blum-Hanson Theorem for group actions.

([7]).

Theorem 3 Let X be a mizing action of a countable Abelian group G. Sup-
pose that {a"}nen s a sequence of functions a™ : G — [0,00) satisfying

1> eqa"(g)=1 VneN
2 lim,, o Supyega™(g) = 0.

Then for any ¢ € Lo(p),
| An(¢) = (¢, 1) [l2— 0

where A, (@) = deGan(g)(qb 0g).



Proof: We may assume that ¢ € £5(X) has 0 mean and unit norm. Since X
is mixing, then given € > 0, we may choose a finite subset O. C G such that
| (pog,0)| < €/2 whenever g € G\O.. Next choose N large enough such

that
€

sup a” < —
wpa'(9) < 50,

for all n > N . Then <deg a"(g)(¢09), D geqa"(g) (¢o g)> can be split up

into two summands,

SNare) S a'(h){go(gh), o)

gelG {h:gh=1€0}

and

Yoatg) Y a'(h)(eo(gh).e).

geG {h:gh—1€G\Oc}
The first summand can be bounded by €/2[O| >_ . a"(9)|O.| and the second

by €/2 3 ,cca"(9) Xopeq @ (h), and using the fact that >° _,a"(g) = 1, the
result follows. -

3.1 Induced Joinings

Let v € M(2,3) be ergodic for (Y, F,G) = (X3* B® B® B,G). Using the
disintegration

WaxBx0) = [ [ v (A)dn (o) du (o) (5)

of v with respect to the factor (X?, u?) (see [?]), we can define the family of
operators {J, },ex, where J, : L5(X) — Lo(X) is defined as J, f (y) := vq,(f)

so that equation (?7) can also be written as

v(Ax Bx(C) = / (Jexa, xB) du (x) (6)
c
Note that
Je(xx) = Jr(xx) =1 (7)
and
Jo(f) > 0and J:(f) > 0 whenever f > 0. (8)

10



We have
v(gAx gB x gC) = /G (JoXgas XgB) dp(2)
g
= / (Joxaog ' xpog )y du(z) = / (997" xa, xB) du(x)
gC gC
= / <ngf1$g_1XA, XB> du(x) (where g and g=! act unitarily on £o(X))
c

and since v is preserved by the action of G, then

L<9Jg—1x91XA7 XB> d,LL (:C> = /; <JmXA7 XB> d/’l’ (LU)
and this is true for all measurable sets A, B, C' € B. Hence

ngflxg_l =J, (9)

or
9129 = Jga (10)

and this relation is clearly equivalent to the G-invariance of v. Since v €
M (2,3), in particular m ov = p so

[ eas ) din(o) = v 80 =l (8) = ([ xaa )

or, in the language of operators,

/XdeM(iC)E/dﬂz~ (11)

Conversely, if {J, }.ex is a measurable family of operators that satisfies (?7),
(7?), (??7) and (??) then the measure v defined by (??) is a pairwise inde-
pendent joining. If equation (?7?) is not satisfied then (?7?) still gives m v =
To 3V = [,62.

Given v € M(2,3), let {J,}.cx be the family of operators defined by (?7).
If k, I € G, then the induced joining 1, is the measure defined by

mi(Ax BxC) = / (JeaXa, Jizxn) dp ()
c

_ / /X Vi (Ao (B)ds (v) dpt (z) . (12)

Mk, is the projection of a relative product: we will describe this when [ = e,
i.e. for the induced joinings 7 := ny.. If we label the i-th copy of X in YV

11



as X; for ¢« = 1,2, 3, then we have two factors of Y, namely 75 3Y and m 3Y,
and we identify these two factors using the transformation ¢ : my3Y — m 3Y
which is defined as:

o(x,y) == (kz,y).

¢ induces a joining 77;C on X, the relative product over ¢:

(A x B x Cx D) = /C /D Yok (A) oy (Bt () d e (1)

and from this we see that n, = 71,2,3771; .

Note that 7 is G invariant; this follows using (??). Thus (Y, F, nx;, G)
is a measure preserving group action. We will only be using induced joinings
Ny where k~'g has infinite order.

As an example, we can look at the (well known) case when v is a nontrivial
3-fold joining of the topological group X = {0, 1}Z, with the Borel o-algebra
and Haar measure, pu. Let ¢ : X? — X3 be the map defined by ¢((x,y)) =
(x +y,x,y) and let v := p? o 1. Then v is supported on the shift invariant
set

E={(xz+yyzr) z,y€X}.
Here

Jof(y) = vay(f) = flz+y).

Then 7, is the measure

(A x B xC) = / / Xa(T (@) +y) xp(7" () +y) du(y) du (x)
cJx
where 7 is the shift. 7, is supported on the set

{(7' (@) +y, 7" (@) + y,2,9) 12,y € X}.

In this case 1y is ergodic, but not pairwise independent. So we cannot assume
that nx; € M(2,3) (w137, and 2 37k, are product measure, but it is not clear
that (??) holds); nor in general can we assume that 7, is ergodic.

Let {c;} be a sequence of real numbers increasing to 1. While it is not
clear that we can find an appropriate sequence of pairs of towers {R",S"}
which are given positive mass by v, we will be able to do this for a sequence
of induced joinings {n;}. Next we will show that this sequence has a large
component which is pairwise independent, and this will set the stage to prove
that n; > ¢;u®. This will imply that v = p3: we prove this in the next lemma.

12



Lemma 2 Letc; 1; 1. Let (X ,B,u,G) be a mizing group action, and v be a
pairwise independent 3-joining of this action. Suppose that for some sequences
{g9;} and {k;} of group elements where gjkj_l — 00, we have that

3
Ng; k; > Cil

for each j € N, where 0y, 1. are the induced joinings defined by (?7). Then
3

v=pu’.
Proof: Let {J,}.cx be the family of operators defined by v. Note that if
f, g, h, are bounded measurable functions of (X, B, 1), then

u3(f®g®h)=/f</g, h>du.

To show that v = p?, it is then sufficient to show that J, = [ for p-almost all
.

Let F be a countable basis of (real valued) bounded functions for £9(X, )
such that ||f||2 = 1 for each f € F. Fix an f in F, we shall show that J,f =0
for p-almost all z € X. For e > 0 and g € L,(X), define

€
E., =30eX || J.f —gll2 < }
! { L+ fllso + l19llos

We claim that if j (E ) > 0, then [|g|]z < v/e. By assumption on 7, s,

Mgy, — Citt> = (1= ¢)p,
where p € M(1,3). Hence for each h € L,(X)

|7hy9,(f @ F @ D) — ¢ 1 (f @ F@ D) < (1= ch)|If]2] oo -
Therefore

‘ / BT e, £ die (2)
‘/h(x) ((J;jxjkﬁf, f) _Cj</fa f>) dp (x)

By taking now h = ...,

where AF(6) = {x : <J;jxjkaf, f> > 5}

we obtain that for 6 > 0
(e (e ) ) < 22

13
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Let 6 = 14||f||oco+]|9|]co. Assuming that p (E. ) > 0, and that (X ,B, 1, G)
is mixing, we can find a j large enough such that u(gj_le N kj_lEQg) =

1 (kjg; ' Eeg N Ecg) > 0, and also so that

{x : ‘<Jg*jxjkj$f, f>‘ < 5} Ng; 'EgNki'Eey #0.
Thus for an x in this non-empty intersection, and for large j,

(g,g> - <g7g - Jgjacf> + <g - kaacfa Jgj:vf> + <ka:vf7 Jgjacf>
19llocllg = e fllz + ke fll2llg = Ty fllz + [(Tiyaf, Tg;af )|

€

= ol Wl =) T S I~

IN

or ||glla < /€. This proves our claim. Now let G be a countable subset of
bounded functions dense in {g € L2(X, u) : ||g|l2 > v/€}. What we’ve proved
above implies that if ¢ € G, then p(E.,) = 0. Let

Fe={a || Jofll2 > Vet

By density of G, 39 € G such that ||J.f — g||2 < ey S0 that
F.C|JEq,.
g€g

which means that p (F) < o u(Eey) = 0.

4 D-approximations.

If (X,B,u,G) is a rank one mixing group action, then any level of the nth
tower X" cannot get mapped “heavily” into itself by increasing elements of G.
In other words, the situation

m p (b X3 0 X7 )
im
nooop(X])

is not possible, for any sequence i,, € F", and h,, — oco. This is not necessarily
true for rank r actions; what is true though is that one can find two nontrivial
(in measure) “sub”-towers, Y™ and Y2, such that the levels of Y™ do not get
mapped heavily into the levels of Y2, This is one of the things that we show
in this section.

>0
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We first generalise Ryzhikov’s definition of a D-approximation (see [?]). We
say that the group action (X ,B,u,G) has a D-approzimation if there exist
2 Folner sequences {F"} and {G"} which generate the approximating towers
Xmt= UfanX;}’l and X™? 1= Ugean X? respectively, a sequence of group
elements h,, — 00, and sequences of subsets of group elements {A"}, {B"},
satisfying:

1. {A"} is Fglner, A» C F", B" C F™ and |[A"| > ay|F™|, |B"| >

ag|F"|, for some positive constants oy, ao;

2. h, A" C F", and h,B"NF" = ();
3. For some § > 0, for each f € B" there exists Y[ C X?’l such that
! (Yf”) >0 u (X?’l) , hy, (Ufegan”) C X™2 and
lim po (P Y7 | X57) = 0

whenever f, € B™ and g, € G".

(Note that the two Fglner sequences {F"} and {G"} need not necessarily be
distinct.)

If (X,B,un,G)is alocal rank ergodic action (so the following remark also
applies for finite rank actions) with local tower X™ = Uy epn X 7 and (passing to
a subsequence if necessary) lim, p (X") = ¢ > 0 then as X™ is approximately
invariant, by Lemma 7?7, we have for any A € B,

i (AIX™) = i (A)
We use this in:

Lemma 3 Let (X ,B,u,G) be a local rank mizing G-action, with associated
Folner sequence {F"}. Then

lim sup a (ng” i Xf") =
o0 ge H (X?n)

(13)

whenever f, € F".

Proof: We'll assume that e € F™ for each n and show that equation (?7)
is true for f,, = e; the case for an arbitrary sequence {f,} is similar. Suppose
the lemma is false, i.e. there exist sequences {n;} C N and {gx} C G such
that g # e and

p(gr Xt 0 X2

p(XEF)

—c#0.

15



Passing to a subsequence if necessary, we can assume that g, — oo.

(For otherwise we can pass to a subsequence along which g, = g with g # 0.
But since {F"} is Folner, for large k there exist distinct f and f’, both in
F™ such that fg = f’. Therefore, u (gX™ N X™) = pu (f~1f/ XN X)) =
1 (X}‘,’“ N X}”‘) = 0, a contradiction.)

Let 8 = lim, g (X™). Choose a set A with 0 < u (A) < ¢f, and for each k
choose a set [ (A) C F" so that the sets

Aw = | ) Xxp
)

JeF™k (A
satisfy p (AN X™)AA™) — 0.
We have
p(geA™ NA™) > ™ (A) i (g X2 0 XY (14)

gX* N X7k)
p(Xe™)

pgXer X2 .
) Bu(Ae.  (16)

= (X e (a)) A (15)

p (A™)
On the other hand,
lim g1 (geA™ N A™) < lim g (AN A) = (1 (A))*

which together with (?7) leads to a contradiction.

|
We use Lemma 7?7 to prove Proposition 7?7 below. We remark first that

given € > 0, we can always find a sequence of group elements h,, — co such

that
|h L E™ N F
S = !

7]
For, if [ is an element of infinite order, choose N so that
IZ'FP N Frl [IFT N T

|Fm| rag

>1—¢€/2
for n > N. Letting
IFF™ N Fm
ap = )
£
we have, for n > N:
ap =1, |api1 —ap| < eanday #0iff I* € F" F"7!, a finite set. (17)
Choosing h,, to be the appropriate sequence of powers of [ establishes the

remark.

16



Proposition 1 If (X ,B,u,G) is B-local with 5 > 1/2, then (X ,B,u,G)
has a D-approrimation.

Proof: Let a > 0 be chosen so that 5(1—2a) > 1/2. By the remark above
we can find a sequence {h '} of group elements such that h ' — oo and

|h L E™ N F

<
=R

< 2.

Define A" := h 'F"NF", B":= F"\A". Then A", B" are Fglner sequences,
hoA" C F", and h,B" N F" = (. For g € B", let Y* := X]}. Recalling that
a, is the measure of any level of the local tower, we have:

N | —

lim 1 (Ugepn X)) = lim a,|B"| > lim a,|F™|(1 — 2a) = 5(1 — 2a) >

n

by choice of a.. It follows that

Suppose now that there exist sequences {f,} and {g,} in B"™ and F" re-
spectively such that .
lim g (ha X7, |Xg,) = c>0. (18)
Then .
n n(Xy,)
and since f, € B" = F"\h 'F" and g, € F", then f,g,'h, # e. This would

contradict Lemma ??. Thus equation (?7?) is false, and Property 3 of the
definition of D-approximation is also satisfied. m

=c>0,

Let (X ,B,u,G) be a rank r group action, generated by {F™*}, for i =
1,2,...,r. Let h be an element of infinite order in G, and let @ > 0 be

small and fixed. Choose sequences of powers of h, say A = hFEn@) - for
1 =1,2,...,r such that

o _ (R =L Fmi q Froi] _ 20
or—1 ’Fn,z| or—1 '

(19)

If f € F™* define

Xp ={z e X} bz € XM},

17



Also define

XM= U epnn iy o X5
If o .
lign,u (X”’HZ) >0
for some i € {1,2,...,r}, then a D-approximation exists much in the same

way that it existed for local rank actions: namely for this i, we let A" :=
(WY1 Fmi Fri Br = Fri\ A" these sequences will do the trick (letting
F" =G = F™).

Thus we will make the assumption that
limp (X™7) =0

fori=1,2,...,r, since this is the only case that remains. In this case we will

need some extra restrictions on our choices of ', We can choose the elements
W) to satisfy both equation (?7), and also

. A\ —1 . .
(W Ty W) FrinF] o .
- <
|Fn,z| 2r—1

where J C {1,...,r} and i € J. To see this, when choosing the hs, simply
let them be the highest power of [ (the element of infinite order) such that
a (W)Y TTFY A F 20
< , < .
2r—1 — ’Fn,z| — 2r—1

Then using the properties listed in (?7), with € = 5%, it can be seen that
(??) will hold. We will also have

|E| < 2a (21)

where

-1
o= rin (hg')-Hh;g’)) e,
Tl =

For f € F™* g € F™J, define
Xyl i={e e Xp'h{le € X7}

f—g

SO X}Li;] C X}L’i for all g € F™J. We say that X}” goes e-heavily into X/
under A if

i (XFEPIXTY) Z e,

18



and if p (X}ligﬂX}”) < ¢, then we say that X}” goes e-lightly into X;’j under

hﬁﬂ) For € > 0 and f € F™', define
X (e) = U Xpt
{geFmip(Xpi I xXpt) <e}
for j = 1,...r. Thus X;f’i_’j(e) is the part of X}L’i which moves lightly into
X,

Proposition 2 Let (X, G) be a rank r mizing action, generated by the Folner
sequences {F™'}, i =1,2,...,r, and let A be as in formula (??). If

Tom o (X = 0

fori=1,2,...,r, then there exist iy # jo € {1,...,r}, and 36 > 0Ve >
0 3n = n(e) such that for n > n(e), for all f € B™ C F™\E;""™ where
|B™| > § |F™%|, we have

(X770 X77) 2 5 (22)

Setting A" = (hng))_lF”’ o N Frio and B"™ as above, we obtain a D-approx-
mmation.

Proof: Suppose not. Then for all § > 0, there exists some € and a sequence
nj, — oo such that equation (?7?) with n = ny is true for less than & |F"™|
values of f in F™ ¢ for alli € {1,...,r}.

In Figure 77, in the leftmost tower, region C' represents the levels which are
indexed by elements in Fj"'. Region C' is fixed but small (it depends on the
choice of a in formula (?7?)). Region B represents the levels in X™*! which do
satisfy inequality (?7), for some ig, and region A represents the part of X!
which moves e-lightly into other towers. Both regions A and B can be made
small by chosing § small; and regions A, B and C are present and small in all
towers.

We choose an f € F™! such that

e f is not indexing a level in regions B or C

e Jj;,3f1 € ™9 with fi not indexing a level in regions B or C', and
such that (X:fﬁ;}l_)]ﬂX;}’l) > €,

° h;lk)X}”“ 'n X}‘l’“’j ' is in the part of X;}f 71 which moves e-heavily out of
Xm0t under AYY | into X}‘Q’“jz where f, € F™32\F)"7 5o that

L (h(jl)h(l)(X;Lkzl) OX;L;,J'2|X;L;C,1) > 2

Nk Nk
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|
\ | 2 ; ~
1 N,
\ hY = X hY
A ‘ 1 1
T } A > e
> Nk, J
Xl |_€| | Xf* P Ll
f

\‘Xnkzl X ks J1 X Mk Ja

Figure 1: How one level moves heavily into following towers

e Repeating this process at most r times, until we see the same tower
twice in our picture, we will find a j, € {1,...,7}, and f, € FmJr\ Fg™*/?,
and f* € ™ such that

1 <h(jq) . h(jp)X}lpkyjp N X;lfvjp’X}’bpk:jp) Z e

Nk TN

Since f, € F™ 3\ F*%  then

hiD RGP ()T, A e

Now it is possible to obtain a contradiction to mixing, using Lemma ?7.

We now construct the D-approximation. Let ¢, — 0, and, by passing to
a subsequence if necessary, find a sequence {B"} such that elements in B"
satisfy equation (?7) for € = ¢,. Suppose wlog that we found ip = 1, jo =2 in
Proposition ??. Then let h,, := (hg))_l, A= pY Fret A Frol Furthermore,
for g € B, let

no.__ n,1—2 _ n,1—2
Y;J T Xg (€a) = U Xg—>f :
{f GF"’2:M(X;L’_)1?2|X;Z’ 1) <e}
Then
lim 4 ( U Y@") > lim § |F™ oo™ = §%/2.
n geBn n
Also,

hn(U Yg"> c U xp

gEB™ feFn2
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so that

(e (U )A( U x|

gEB™ feFn2

Finally, note that by construction, for any ¢ € B*, f € F™?2 we have
2 (hnygn|X}l72) < €p —n 07

i.e. condition 3 of the definition of D-approximation is also satisfied. -

We have therefore shown that a D-approximation exists for all rank r mix-
ing group actions (X, G) where G is countable, Abelian, and with an element
of infinite order.

Henceforth we will assume that A®, B® C F™! and that

h, ( U Y;L) CXn,Q
geB™

- the other cases are similar. If (k,l,m) € A" x A" x B", where A", B™ are

the sets coming out of the D-approximation, then we will denote the cube (or

rather cuboid) X;"" x X! x Y7 by Y7, . We can then form the sets

R = U Yiim (23)
(k,I,m)eA" x A" x B"

and

S = U X i - (24)

(k,l,m) Ehy A7 X hyy A7 X F'5 2

If a pairwise independent ergodic measure gave these sets nontrivial measure,
then we would be set to prove the mixing theorem for finite rank actions.
This need not be the case, but Proposition 7?7 shows that we can find induced
joinings which give the towers R™ (and therefore S™) measure almost as large
as the product measure of these towers; and furthermore these same induced

joinings will also give the set (U(k,l) CAn X AP Xﬁl> x X measure comparable to

its product mass. The latter will insure that the induced joinings have a large
pairwise independent component, as we shall see in Lemma 77.

In what follows, the sequence of sets {U,} is the sequence {Uj¢ AnXJ’}’l}

and {U,} is the sequence {UgjepnY;"}. We recall Ramsey’s theorem (see for
example [?]): given [ € N, there exists r(l) such that if A is any subset of
a countable set H of cardinality r(1), with % a 2-colouring (a binary relation)
of A, then A contains a set B of cardinality [ such that either b % b’ for all
b, b’ € Bor = (bxb’) for all b, b’ € B.

The following Lemma will be used in the proof of Proposition 77.
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Lemma 4 Suppose Fy, Fy, ..., F; € Ly(n), 0 < F; <1 and [ Fydp = u for
t=1,2,...,1. Then there exist distinct i, k such that

uaﬂ>zi%%;92u%7%7.
Proof: Note that since 0 < F; < 1, then
(B, ) < (B, 1) .
If ¢ .= Zﬁzl F;, then by the Cauchy-Schwarz inequality,
<, p >> <o, 1>%= (lu)* .

Hence

max (£, F)
<6,0> =%, (F F)
- 2—1
Pu?—lu  u?—1"u 9 1
= > u - —.

>
- 2—1 11—t = [—1

Proposition 3 Let (X, B, G, u) be a group action, v be pairwise independent
and {ngr}terec the family of induced measures generated by v. Let c; T 1. If
{U,}, {U.} are sequences of measurable sets such that

limpu (U,) =d >0, limp(U,)=d' >0,

then there exist sequences {g;}, {k;} of group elements of infinite order such
that

lim gjkj_l = 00,

and .
lim g, k, (Un X Up x X) > ¢;d” (25)

and L ,
lim g, , (U, x U, x U,) > ¢;d*d’ (26)

for each 5 € N.

Proof:
Fix n € N for the time being. Choose a natural number [ large enough so

that ) )
M(Un) =1 M(Un)
1—11

p(Un)?er .
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Note that [ can be chosen independently of large n. Let
H :={h € G : his of infinite order} .

Choose and fix a set A C H such that |A] = r(l), where r(l) is given by
Ramsey’s Theorem. Let g € G. Define F, : X? — [0,1] as

Fo(2,y) = Vgay) (Un) -
Then if g, k € G, and pu,, := !, we have
gk (Un X Up x U,) = (U;)/ / Fy(, ) Fu(2, y)dp () dppn ()
xJx
= p(U,) (Fy, Fr)

Assumption: Suppose that there is no pair of group elements g, £ in A such
that both

1 (U,) (Fy, Fi)

X

/

= g (Un X Uy x U,) 2 e1 10 (Un)* 10 (U,,) (27)

X oy n

and

(Fy, Fi) = nga(Un x Uy x X) > e1(p (Un))? (28)

hold. Define the 2-colouring * (* depends on n) on A as: gx*k iff equation (?7?)
does hold for the pair g, k. If g % k, then because of our assumption, equation
(7?) does not hold for the pair g, k.

By Ramsey’s Theorem, A contains a set B of cardinality [ where either
gxkforall g, k € B,or = (gxk) for all g, k € B. (B isreally B, and x = x,.)
If gk for all g, k € B, then equation (?77) does not hold for all g, & € B, i.e.

(Fy, Fy,) < o (e (Un))*.
Similarly if = (g % k) for g, k € B, then
(Fy, Fi) <1 (1(Un))?

for g, k € B. Lemma ?7 tells us that neither possibility can happen. So our
initial assumption was false, i.e. there exist elements g, k € A such that both
equations (??) and (?7) hold. Repeating this argument for all large n, (with
the same set A) there exists a sequence of pairs of elements g;(n), ki(n) in
A such that both equations (??) and (??) hold. As A is finite, then there
exists a pair g;, k1 which work for infinitely many n’s, i.e. such that both
equations (??) and (??) hold for j = 1. The proof can be repeated for any
j € N, except that we vary the set A = A(j), taking it to consist of sufficiently
spaced integers so that g; kj_l — 00; and only working with the subsequence of
n’s that one obtained at stage j — 1. Taking a diagonal subsequence, we have
equations (?7?) and (?7?) for all j € N.

KX fn
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5 Long Orbits and Almost Pairwise Indepen-
dence

In this section (X, G) is a rank r or local rank ( § > 1/2) mixing G-action as
in Theorem ??, and n € M(1,3). For (f, g, h) € F™* x F™J x F™* where
1 <14, 7, k <r, we denote X}l’i x X7 x X;f’k by X}l;gk and call this object
a cube. For 1 <14, 5, k <r, we let

n, 0k . Yt n,j nk .
X = X" x XM o x X™E

i.e. X™%k stands for the product of the towers i, j, and k at the n-th stage.
By an orbit in G® we mean any

G . =A{(1go,lgr) : 1 € G},
that is, an orbit of the diagonal action of G' on G? by translation. By an
n-orbit in X™ %% we mean

On>i7j7k pp— U anivjvk

90,91 (I,1g0,l91)
{leFrinFrdgrinEFm kg )

Thus each X™%7* is partitioned into n-orbits and each n-orbit is a union
of cubes of equal n-measure. The length of an n-orbit is the number of cubes
in it. For (f,g,h) € F™% x F™I x Frk, (’)(X}I’gz’,z’k) will denote the n-orbit

containing the cube X}L’;’fl’ .

Let us say an n-orbit in X™ % is §-long if its length is at least d min;<;<,. | F™|
(otherwise we call it d-short) and let O™(6¢) denote the union of the d-short
orbits, and O™ “*(§¢) the union of the §-short orbits in X™%*_ Similarly, we
call F»i N gF™J N g*F™* a §-short intersection if |F™ N gF™J N g*Fvk| <
§ minj<;<, |F™*|. In the next lemma we will show that the n-mass of O™ 1:1:1(§¢)
is small in the limit. The argument can be copied to give the smallness of
n(O™4k(§¢)) for any 1 < 4, 5, k < r. Summing over these r® possibilities
will give that lim_ 7n(O™(6¢)) < r3p?é.

Lemma 5 If p is an intersection bound for {F™1, F™2 ... F™"} then

mn(on,l,l,l(éc) < p25 )

Proof: We fix n; to ease notation, we assume that e € F™1! so that X™!
will be considered as the “base” of the tower X™ 1. We will consider all finite
subsets v = {g1, g2, - - ., gy} of G with the properties that the {g,F™'}]_, are
pairwise disjoint and all intersect F™! non-trivially , so |y| < p. We call such
a v a configuration and let I" denote the space of all configurations. Clearly I"
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is finite. If v = {g1, g2, ..., 9q} is a configuration and k € G, then k- is the
set {kg1,kga, ... kg,}.

For z € X we let R™!(z) = {g € G : gv € X'}, the set of “return times”
to the base of the n-th tower X™1!. By an n-block in x we mean any gF™?
with g € R™!(x), and g is called the base time of this n-block. The n-blocks
in z are disjoint translates of F™!'. For z € X™! we denote by B"(z) the
n-block in x containing e € G, namely B"(z) = k' F™! if 2 € X",

For (z,y) € X;"' x X we create a configuration (x,y) by letting g1, . .., g,
denote the base times of the n-blocks in y which intersect B"(x) and defining

’}/<I',y) :k{gth; '--7gq}:{kgl,-'-akgq}' (29)
For (z,y,2) € X;°' x X2, if
’Y(iL‘,Z) = k{hl, hg, .. .,hs}, (30)

then let
’71(1'7 Y, Z) = 7(% y) and 72(x> Y, Z) = ’}/(l’, Z)
We view the map Q : (z,y,2) — (11(zx,y,2),7%(z,y,2)) as a partition of
X1 x X? indexed by I'?, so we will write Q(y,.4,) = @ *((71,72)). Thus we
are partitioning X™?! x X2 according to the pattern, up to a shift, formed by
B"(z) and the F™!-blocks in y and z which intersect B™(z).
For (y1,72) € I'?, and k € F™! let

n,1 n,1
Q('Yl:’YZ):k = {(w,y,z) € Q(“ﬂ,’m) SRS Xk } - Xk x X2

We call Qy, o)k & cell of Qy, ), We claim that

n (Q(’yh’yz),k) = 77(@(71,72),6)

for each & € F™'. This is true as Q(y, ). is mapped to Q(y, 4,)1 by the
transformation k.
Define

S((71a72)7 17171) = U le ﬂan’l N th’l .

{(g,h):g €M1, heV2}

It can be verified that k* € S((71,72),1,1,1) iff Q4 )= C X™BHE

Now suppose that & € F™»'NgF™'NhF™! and suppose that O(X,Z’li;@l’l) N
@ (+1,72),k 18 nontrivial. Then (’)(X,?”li’nl 1) intersects Q (s, ) 4+ nontrivially, when-
ever k* € F™1 N gF™! N hEF™!. Thus - short orbits can only intersect cells

which belong to a d-short intersection. There are at most p? intersections.

Noting that the cells of Q(,, ,,) all have the same n-mass, we have

n(O™IH(E) < D PP IE™ Qe m)e) < PPOIE (X2

Y172
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since the Q(y, .4 form a partition of X;»' x X2 and n € M(1,3). Letting
n — oo, we get the result.

Note that as long as we have this bounded intersection property for Fglner
sequences, the proof of Lemma 7?7 can be copied to give that the d-short orbits
in X™*x X™J are of small n-mass, for any joining n € M(1,2) (ergodic or
not) which preserves the action of G. This is used in Lemma ??. The same is
true when looking at a local rank transformation - that the J-short orbits in
X" x X™ x X™ are of small n-mass, whenever n € M(1,3).

Lemma 6 Suppose (X, B, u, G,{A"}) is a $-local mizing action. Let n be a
(not necessarily ergodic) 2-joining of (X , B, pu,G) with itself and suppose that

lim U Xi]=c>o0. (31)
" (k\l)eAn x A™
Then n either has an off-diagonal measure as a (nontrivial) component, or

p? as a nontrivial component. In the case when 1 = 121, is the projection
of an induced joining, then ngx > c¢B32u*, where

ﬂzlimu(U X,?) :

keA™

Proof:
Let

O"(6) := U O (X))

{(k,]) EAn x An:| Ank—10AnI—1|>5| An|}
Fix some small §, such that

limn (0"(4)) >0,

n

By passing to a subsequence if necessary, assume that this liminf is a limit. A
limit point of the measures n” will be a nontrivial component of n, by Lemma
?7?. We can write " as

n __ n n
no= E Qg 1M1

{(k,1):| Ank—1NARI—1| >8] An |}

(O (X))
77(0,,—L(13)l) . Define

)\ - CLkJAk’l
{(k0):|Ank—1NAPI—1|>5|An|}

where 7, := no(xp,) and ag; =
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where A}, is the measure A, conditioned on the set O(X};). (Recall that
Ay, is the graph joining: Ay (A x B) := pu (Ik"*AN B)). Since (X, G, {A"})
is O-local, then {\"} and {n"} have the same limit points. To see this, note
that A" (A; x Az) = 7™ (A1 x Ay) whenever Ay, Ay are unions of levels in X7,
for n > j. If A;, Ay are arbitrary measurable, find sequences {A}};en for
i =1, 2 such that A/ is a union of levels in X7 and

i ((Ain X7))AAL) —; 0.

Since

A" ((Ar x Ay N X7 x XT)A(A] x A3) <D N (AN X7)AA]) x X)), (32)

=1

then as j — oo, this quantity tends to 0 for each n. Inequality (??) also holds
for n™, so for a fixed j, the quantity on the right hand side of equation (?7?)
will also be small, Thus A", ™ have the same limit points.

There may exist a pair of group elements (k,[), and a subsequence of n’s
such that lim,, Al > 0, in which case by ergodicity of p, and therefore of Ay,

v

n > limn(0"(0))limn" = limn (O"(5)) Hm A"

n

> limn (0"(4)) liyrln ) h}zn Ay, =limn (0"(0)) h}}l CYAVER

n n

so that 7 has an off-diagonal measure as a component. If no such (k,[) exists
then lim,, ay; = 0 for each pair (k,[), in which case by mixing,

n 2
E AV R T
{(k,1):| Ank=1NAPI=1|>5| A |}

and by the ergodicity of u? and the fact that A" is a nontrivial component of
the above measure, it follows that the only limit point of A" is 2. Thus p? is
a component of 7.

We now look at what happens when 1 = m 1, is the projection of an
induced joining. In this case we discuss why the first possibility, that m; 274
has a diagonal measure as a nontrivial component, leads to a contradiction.
Suppose that

TNk = Al (pg)

for some p, ¢, in G. Thus if A, B are measurable sets, we have

/X < JyudkaXq-1pa, XB > dp () > aA (A x B),
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where A is diagonal measure. Let D(X) := {(z,z) : + € X}. Expanding the
measure on the left hand side, we have

/ / Vkey © QP X Voo y dpt (y) dp () > ald
x Jx

so that
,U2 ({<5U7y) P Vkg,y © q_lp X Vgay(D(X)) > O}) >0.

Now the only way that the measure vy, 0 ¢~ 'p X vy, , can give positive mass
to D(X) is if vg,, 0 ¢ 'p and v, , have common discrete components: say

Vogzy 2 zy) Ot(z,y)

and
Vkay © 4D = Qay) Ot(ay)

where 0y, ,) is the point mass at t(z,y) € X and 0 < a(,y) < 1. Thus if

Vi=vo(glpxex k™) and v :=vo(exex g, ie.

1/’(A><B><C):/

g~iC

v (A x B)dy (x) = /C /B oo (A)dpt (y)dpt ()

and
V(Ax Bx(C)= /C/Bylwy oq 'p(A)du (y)du (x)

then v/, v have a common nontrivial component. By assumption, v is ergodic,
and hence so are v/, V", both being isomorphic to (X3, B x B x B, G, v).
Hence v/ = v”. Thus v/ is a (ergodic) joining of the ergodic system (X2, B x
B, ¢ 'p x k7lg, p?) with (X, B, e, p). Recall that k=g was chosen to have
infinite order, and if ¢~'p has infinite order, then (X%, Bx B, ¢ 'px k™1g, u?)
is ergodic and so v’ must be product measure, which is only possible if v itself
were. If ¢71p has finite order, then ¢/ joins a mixing system ((X, B, u, k™ 1g))
with a periodic one, and this is also not possible (since then 1/ joins the power
of a mixing system, which is ergodic, with the identity) unless v/ (and hence
v) were product measure.

It remains to be shown that the “size” of this component is ¢3~2 when
n = T127gk Let

n=rkdu®+0

be the Radon-Nikodym decomposition of n with respect to p?, where 6 is a
measure which is singular with respect to g% and k > 0. Now

lim 6 U x5, ] =0

(p,q)EA™ X A™
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or else we could repeat the whole above argument to conclude that  has p?
as a component (by the above argument, 7, and therefore 6 can’t have an off
diagonal as a component), and this contradicts the fact that § L p* Hence

¢ = limy U x5, | =klimg? U x5, | =k

(p,g)€A™ X AT (p,q)EAT x A™

or k =cB372. -
We have shown therefore that if 1, is an induced joining satisfying equa-
tion (77), then
TioNgr = k> + 0, (33)
where £ > ¢7%, and § L p?. Note that (??) implies that there exists 7,
pairwise independent with

—2
Mok = KNgk = €Ny -

6 Proof of the Main Theorem

Recall (formulas (??) and (77)) that

no.__ n
R" = U Vi
(k,l,m)e A x Anx Bn

and
S = U Xiim
(k,l,;m)Ehp A" X hy A X F™: 2

were the products of towers constructed using the sets A" and B"™ coming
from the D-approximation. R"™ and S™ were constructed so that the third
component of R™ moved p-lightly into the third component of S™. In the next
lemma we move this up to the level of joinings. Namely we shall show that if
n is pairwise independent such that

Tom (ke R A S™) > 0

then “one of R™ or S™ will have substantially many n—light cubes.” This is
made rigorous in Lemma ?77.
Let ¢; T 1. Proposition 77 gives us a sequence of induced joinings 7y, x,
which satisfy
@ngjvkj (R") > ¢;d*d,

kleArx A"
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where lim,, p (Ugean X)) = d > 0, and lim, p (UgepnYy) = d’ > 0,
Lemma 77 tells us that

ng,jvkj Z Cjn;]-,kj
where 7]; k; is pairwise independent. Thus for a large enough j,
I 2 !
hyrln?y;j’kj(R") > cidd

where ¢; —; 1. We will fix such a large enough j, and for ease of notation

write this measure 7y, = 77. We define a cube Y], € R" to be elight (for
n) if n(Yy%,,) < e(a™")?; similarly for a cube in S,,. Let

Ly = J{%, ¢ (klm) € A" x A" x B" and Y}, is € — light}

and

L' = U {Xiim t (k,1,m) € hyA" X h, A" x F™? and X}!, . is € — light} .
Let Di(n) = lim¢lim, n(L"), and Di(n) = lim._olim, n(LY).

Lemma 7 Let n € M(2,3) where (X ,B,u,G) is finite rank or (3-local rank,
B >1/2, and G is countable, Abelian, and has an element of infinite order. If

lim n(R™) > 0,

then Di(n) > 0 or Di(n) > 0.

Proof: Suppose that both Di(n) = 0 and Di(n) = 0. Given any ¢ small,
there exists a (fixed) e such that lim n(L?) < ¢ and lim,n(LY) < ¢ If

Jdomo
pairwise independent, then

U(Cl?,l) < U(Xl?,l x X) = (a™")?;

so there exist at most 1/e e-heavy cubes in Cf;, and similarly for C} ;. ;.
It H?, H! are the complements of L?, L” in R", S™ respectively, then if we
have chosen ¢ small enough, we can state that

lim n(h, H* N H") > 0. (34)

Since 7 is pairwise independent then for any m € B", m' € F™?2,

N (P (V) N XE i) < a™a™?p (ha Y| X) .
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Now the image of an e-heavy cube in C}; under h,, can intersect at most 1/e
heavy cubes in C} ;. Thus

phoHY 0 HY) = > (ha(CR 0 H) O (Ch g N HD))
k,leAn
1
< X et e (YEIXG)
kleAn {meBn,m'eFn 2}
w12l aion .
< [FPgetia o sup (Yl X))

{meB", m’'eFn 2}

The sets R™ and S™ were built in such a way (Property 3 in the definition of
D-approximation) that

lim sup w(h Y| X5 ) =0.

" {meB",m’'cFm™ 2}
Since € is fixed, and we are assuming that 0 < lim |F"™!|/|F™?| < oo, then
(b H? 0 HY) = 0.

This contradicts equation (?7?) .

Now we can proceed to show that

Theorem 4 Ifn € M(2,3) is ergodic and Di(n) > 0 or Di(n) > 0, then
3
n = p.

Proof: Assume that Di(n) > 0 (the case where Di(n) > 0 is similar).
Let €, — 0, by passing to a subsequence if necessary, we can assume that
lim, n (L ) > 0. Using Lemma ?7, we choose a § small enough so that if

L":=L" NO"6),

then limp(L") > 0. We will now start slicing L" into “2-dimensional” slices
and then “l-dimensional” fibres. If for m € B™ we let

n o n
L"(m) = U Yk,l,m
{(kl) €Anx AmY, | CLn}

and

L™(m, ¢) = U O(Ykrfl,m);

{(k]) eAnx Ay | CLny
then

o) = 3w ) < s 3 (Em.o)

m eB™ m eB™
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and since |B"| > ¢ |F™!|, then taking limits, there exists a sequence {m,,}
such that (passing to a subsequence if necessary)

limn (L"(m,, 0)) > 0.

Now
L"(my,6) = | L"(l,mn, 6);
leAn
- here L™(l, m,,0) is the fibre U{k:Yan crn(mn 5y} OVt m,)- Thus we can find

a d small enough so that we can pass down to a subset of these fibres indexed
by A™* C A™ each satisfying n(L"(l,m,,d)) > da™' and also so that

limn< U L”(l,mn,5)> > 0.

leAn,*

Let L™(my,, 0) := Ujean.« L"(l, m,, §) be the union of these suitable fibres. This
will ensure later on that the Blum-Hanson coefficients are uniformly small.

Note that L™(m,, ¢) is approximately invariant: If ¢ € G and K € N is
given, choose n so large that g~ F™ N F™!| > (1-§/K)|F™!. If (k,l,m,) €
L™(my,), then O(Y},,, ) is at least d-long, so at least 6(1 — 3/K)|F™"| of the
cubes in O(Y)7,,,. ) stay in O(Y], ) after g acts on them. This is true for
the orbit of any Y;", in L"(m,). By letting K — oo, L"(m,, d) becomes
increasingly invariant. Thus by Lemma 77,

nL"(mn,ﬁ) —n 1.

We can write

R n, n
NLn(mn,8) = E ar My m,
leAn,*

where
n P
Momy = TIL"(1,mn,0)

and
n (L, my,6))

T (L (e, 0))

We can write 7', as Y, o4 Opn ;. Where

n P
M tmy, = MO )

and b} :=n (O(Y}"

k,lmn

) /n (L™(l,my, 6)) . Note that

6n(an,l)2 5|Fn, 1|
dan,l

b, < < constant - €, — 0
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uniformly for £ as n — oo. This will justify the use of the Blum-Hanson
Theorem shortly.
Now define the measures 777, := (1°)o(yp, ), and also

n n__n
E a E kak,ln,mn'
[€cAn*  kcAn

We can show, in a way similar to what we did in Lemma ?? (by comparing A"
t0 Nrn(mn,5) o0 A X B x C where A, B, C are unions of levels of the towers,
and then using approximation arguments), that

At —n.
Let
O(X1m) = U 9Xi i m = U Xgp x Xgp < g X7,
{gan,lk—lan,ll—l} {g EFn,lk—lan,ll—l}
and

lem = /vb(g(x

k,l, 'm) ’
Note that 6, o (k7ley x i x i) = 0¢, 1m and

PO (X)) _ P 1

u (O(Xiy,,)) Ok o

hence f), = Z;’;lm <1/6. We have

T"(A X BxC(C)

= S, (/XAxBchy, )dTelm(x,y,z))

- S Zblm < / N (@29, 2) frnn (s, 2) BT (x,y,z))

< SZa?Zb{fm (/XAXBXC(xaya 2) dbg ) (T, Y, 2 ))

= 52 Dt [ xacslep)els) ~ 1Oy 0107

+ EZa?szm [ @) a8 (292

Zaz

+ gZa7szm/u< Xaxs(w,y) 07, (,y, 2).
=
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Now the second term

1
gza?zbﬁm/u(c)XAXB(x7y> d‘gg,l,m(x7y7 Z)
l m

is just s (C) Y ap >, b0y (A x B x X) —, s (C)p*(A x B). To see

l,m”Yelm
this, note that the probablhty measures
0"(Ax B) = Zal Zb,"meglm (Ax B x X)

a
Z l'u ganlnFnll 1 X4,

)(AXB)

ge,gl

Z|Fnaanal 1|f2 /“L AXBﬂ U X;egl

geFmINFn, 11

and

a @ E
[FT T = SFTE S (O (e, 5) 8 [P

for all n, I. Thus a weak star limit of the measures 6" has to be absolutely
continuous with respect to p?, as well as being invariant. By ergodicity of u?,
the limit in fact is 2.

As for the first term, we have

%Zal Zb /XAxB z,y)(xc(z) — p(C))dog, ., (v,y, 2)

= 52 (S [ s ) xcn) — Ol 2.2

Z bl m XmC —u (C))XAXB(xv y) de:,l,e ({L‘, Y, Z)

(VAN
S
NM -

SS
\

1 n
SN DIFCCEVIST NS
l
< 20 [ 2 BXme(2) = 1 (C)| dp
l m
1 n 7
< 5 2 || D bxme — 1(C)
l m

2,p
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and by the Blum Hanson Theorem, this last term tends to 0 as n — oco. This
completes the proof when 7 is ergodic. n

We apply Theorem 7?7 to the pairwise independent components 77,9]-,1@]-’

(which we agreed to call n7) of the chosen induced joinings g, x,. If 7/ is
not necessarily ergodic, we only have a component of 7’ being product mea-
sure. For, suppose that Di(n’) > 0, we proceed as in the proof of Theorem
7?7 but this time we can only say that

w7z (L") ()
Theorem ?? shows that lim, (7). = p3. But now suppose that
W=kt + 07

is the Radon-Nikodym decomposition of 1/ with respect to product measure.
As we argued in Lemma 7?7, ¢’ satisfies

lim ¢/ (L") =0
or else we could repeat the procedure above to show that Di(6;) > 0, and

then that 6/ has a component which is product measure, a contradiction, since
w1 67, Hence

(L")

since the induced joinings were chosen so that lim, /(L") > c;» lim,, p(L");
and so 7 > ¢;u®. Thus

/ / 3
Ngjkj = Cillg; k; = Cj Cil" -

Now we can apply Lemma 77 to get the long awaited fact that v = p3.
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