K-THEORY FOR ETALE GROUPOID
C*-ALGEBRAS VIA GROUPOID
CORRESPONDENCES AND SPECTRAL
SEQUENCES

Alistair Miller

Submitted in partial fulfillment of the requirements

of the Degree of Doctor of Philosophy

‘@_s’ Queen Mary

University of London

August 2022



ALISTAIR MILLER

STATEMENT OF ORIGINALITY

I, Alistair James Miller, confirm that the research included
within this thesis is my own work or that where it has been
carried out in collaboration with, or supported by others,
that this is duly acknowledged below and my contribution
indicated. Previously published material is also acknowledged

below.

I attest that I have exercised reasonable care to ensure that
the work is original, and does not to the best of my
knowledge break any UK law, infringe any third party’s
copyright or other Intellectual Property Right, or contain any

confidential material.

I accept that the College has the right to use plagiarism
detection software to check the electronic version of the

thesis.

I confirm that this thesis has not been previously submitted

for the award of a degree by this or any other university.

The copyright of this thesis rests with the author and no
quotation from it or information derived from it may be

published without the prior written consent of the author.

Alistair Miller



K-THEORY FOR ETALE GROUPOID C*-ALGEBRAS

ABSTRACT

We develop techniques that allow us to convert isomorphisms
in the homology of ample groupoids into isomorphisms in the
K-theory of their associated C*-algebras. We apply this to
prove an “orbit-stabiliser” K-theory formula for certain
inverse semigroup dynamical systems, allowing us to compute
the K-theory of reduced C*-algebras of inverse semigroups
and left regular algebras of finitely aligned left cancellative

small categories.

To apply our techniques the isomorphism in homology must
be induced by a correspondence of groupoids.
Correspondences are a type of morphism of groupoids which
can induce maps in the K-theory of the associated
C*-algebras, whose isomorphisms are Morita equivalences.
We extend this induced map in operator K-theory in a
categorical fashion by constructing functors between the
associated equivariant Kasparov categories and natural
transformations between the associated K-theory functors.
We also construct a map in homology from a proper
correspondence of ample groupoids. This groupoid homology
is related to the operator K-theory by Proietti and
Yamashita’s implementation of the ABC spectral sequence.
We develop general functoriality for the ABC spectral
sequence, which is part of a framework developed by Meyer
and Nest for a categorical approach to the Baum-Connes
conjecture. From a proper correspondence of étale groupoids
we obtain a morphism of associated ABC spectral sequences,
allowing us to construct isomorphisms in K-theory from more

tractable kinds of isomorphism.
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INTRODUCTION

“Groupoid” has been a key word in the vocabulary of the common C*-algebraist
since Renault’s seminal work on C*-algebras constructed from topological groupoids
[72], which capture the essence of topological dynamics in a very broad sense. Re-
nault’s groupoid C*-algebras provide a common language for C*-algebras associated
to a great variety of mathematical objects, each capturing some aspect of topolog-
ical dynamics. This ranges from algebraic objects like groups and semigroups to
combinatorial objects such as (higher rank) graphs, from coarse geometry to the
classical dynamical systems of a homeomorphism on a compact metric space. Etale
groupoids are topological groupoids which more closely resemble discrete-time dy-
namics, and provide models for a huge range of C*-algebras. Etale groupoids can
be constructed from Cartan inclusions of C*-algebras [74], and there is a (twisted)
étale groupoid model [47] for every C*-algebra which fits into the celebrated clas-
sification programme [25,33,42,69,83|.

K-theory for C*-algebras extends topological K-theory of spaces and plays a crucial
role in noncommutative geometry and index theory. It is an important tool for
extracting useful information from a C*-algebra, and is one of the primary invariants
in the classification of C*-algebras. It is therefore no surprise that the task of
computing the K-theory of C*-algebras associated to étale groupoids is in general
very difficult. Some of the most wide-reaching techniques developed to attack this
problem involve connecting the operator-algebraic K-theory of the groupoid C*-
algebra with invariants of a more topological nature, embracing the philosophy of
noncommutative topology. The Baum-Connes conjecture [4,5,86] is an example of
this, claiming an isomorphism between the topological K-theory of a groupoid and
the operator K-theory. Matui’s investigation [54-56] into Crainic and Moerdijk’s
homology theory for étale groupoids [19] reveals close links with K-theory, inspiring
his HK conjecture and a flurry of activity [10,24,29,65,71,75]. In particular,
Proietti and Yamashita use a spectral sequence to connect the homology of an
ample groupoid with torsion-free isotropy groups to the K-theory of its C*-algebra
in [71].

In this document we investigate how correspondences 2: G — H of étale groupoids
can help us to understand the relationship between the operator K-theory groups
K,(C:(G)) and K,(Cy(H)). Holkar introduced the notion of a groupoid corre-
spondence Q: G — H in [38] from which he constructed a C*-correspondence
C*(Q): C*(G) — C*(H). When Q is proper this induces a map in K-theory. We
develop many more functoriality results for constructions built from étale groupoids
with respect to correspondences of those groupoids. As a result, we prove the fol-

lowing link between the operator K-theory and the homology of an ample groupoid:
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Theorem A (See Corollary 7.29). Let G and H be Hausdorff ample groupoids.

Then any proper correspondence Q2: G — H induces a map in homology
H.(Q): H.(G) — H,(H).

Suppose further that G and H are second countable, have torsion-free isotropy
groups and satisfy the Baum-Connes conjecture. If the induced map in homology
H,(Q) is an isomorphism, then there is an isomorphism K,(Cy(G)) = K, (C; (H))
in K-theory.

This is useful in situations where groupoid homology is easier to work with than
operator K-theory. We apply Theorem A to compute the K-theory of the reduced
C*-algebra of many inverse semigroups. Inverse semigroups are semigroups of par-
tial symmetries that are intertwined with the theory of étale groupoids. They often

arise in the theory of C*-algebras as systems of partial isometries.

Theorem B (Orbit-stabiliser K-theory formula for an inverse semigroup, Corollary
9.1). Let S be a countable inverse semigroup with stabiliser subgroups Stab,(S) :=
{s € S| s"s =e = ss"} for each idempotent e € E. Suppose that each sta-
biliser subgroup is torsion-free and that the universal groupoid G(S) is Hausdorff

and satisfies the Baum-Connes conjecture. Then we may compute the K-theory of

C(S):
(0.1) KACHS) = @ K.(C!(Stab,(S))).

orb(e)eS\E*

The direct sum in this formula is taken over the orbits orb(e) of the canonical
action S ~ E* of S on its non-zero idempotents. This reduces the problem of
understanding the K-theory K, (C;(S)) to a problem for group C*-algebras. These
groups are often considerably less complicated than S, and in many applications are
trivial. The origins of this formula lie in Cuntz, Echterhoff and Li’s computation
of the K-theory associated to certain left cancellative monoids in [20,21]. In [64]
Norling applied these results to the reduced C*-algebra of an inverse semigroup,
with more general inverse semigroups covered in [48]. We further extend the class
of inverse semigroups covered at the price of requiring torsion-free stabilisers. The
main condition we remove from [48] is the strong 0-F-unitarity of S, which enables
us to make applications to dynamical systems which can’t be described in terms of
the partial action of a group. Without access to a useful group, we turn to groupoid
methods. The universal groupoid G(S) of S is a groupoid model for C;(S). We
probe G(S) with a proper correspondence from the discrete groupoid Sx E*. Using
Theorem A, this correspondence induces an isomorphism in K-theory, yielding the
desired formula (0.1).

We develop a further extension of the scope of the orbit-stabiliser K-theory formula

(see Theorem 8.1) which is designed to also handle the setting of a left cancellative
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small category A. As for left cancellative monoids, we have a left regular repre-
sentation A ~ £*(A). The associated C*-algebra is studied by Spielberg in [79, 80
using groupoid methods, and by Li in [49] with an inverse semigroup approach to
the groupoid. We say a left cancellative small category A is finitely aligned if the
intersection of principal ideals AA N pA can be written as a finite union (J,c VA
of principal ideals, which can be viewed as a weakening of the condition on a left
cancellative monoid of having right LCMs. For this class, the groupoid G assigned
by Spielberg and Li to A models the left regular algebra C5(A). One of the moti-
vating examples covered is that of finitely aligned higher rank graphs, where C5(A)
can be identified with the Toeplitz algebra TC™(A) (see [79, Remark 8.4]). The
special case of single alignment relates to the existence of right LCMs and allows
for a description of the left regular algebra as the reduced C*-algebra of an inverse
semigroup, in which case Theorem B directly applies. The more general setting of
finitely aligned left cancellative small categories calls for a more general K-theory
formula! (see Theorem 8.1). Applying this, we can compute the K-theory of the
left regular algebra of a finitely aligned left cancellative small category in terms of

its (discrete) groupoid A* of invertible elements.

Theorem C (K-theory formula for a finitely aligned left cancellative small cate-
gory, Corollary 9.2). Let A be a countable manageably finitely aligned left cancella-
tive small category such that G has torsion-free isotropy groups, is Hausdorff and

satisfies the Baum-Connes conjecture. Then

K. (CX(A)) = K. (Cr (7).

For each of these conditions on the groupoid G, we discuss more easily verifiable
sufficient (or equivalent) conditions in Chapter 9. Manageability is a technical
condition which allows us to contain the finite alignment of A, but we do need it (see
Example 9.4). As a special case of this formula we recover Fletcher’s computation
in [32] of the K-theory of the Toeplitz algebra TC*(A) of a finitely aligned higher
rank graph A:

Ko(TC* (M) = 6P z, K{(TC*(A)) =0.
veA’
The proofs of the previous iterations of the K-theory formula [20-22,48] use the
Going Down principle for a group I' [17], which gives conditions on an equivariant
Kasparov cycle to induce an isomorphism in K-theory. The theory of these cycles is
called equivariant KK-theory, where they provide the morphisms in the equivariant
Kasparov category KK" of I'-C*-algebras, which is an invaluable tool for studying

K-theoretic questions surrounding I'. Le Gall extended equivariant KK-theory to

LAfter this thesis was submitted, the author spoke to Victor Wu who has independently worked on
extending the Cuntz Echterhoff Li formula to the finitely aligned setting with Nathan Brownlowe,
Jack Spielberg and Anne Thomas, but with the dynamics given by the action of a group.
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the setting of groupoids in [46]. We might then hope to apply the Going Down prin-
ciple for groupoids [8,9,11] to prove the K-theory formula. The problem is that there
is no clear Kasparov cycle which is equivariant with respect to a single groupoid
to make use of. Instead what we can do is find a topological correspondence which
is equivariant with respect to an inverse semigroup, inducing a correspondence of
groupoids. We cannot work entirely within the equivariant Kasparov category of a
single groupoid, so we relate the two categories using this correspondence. This is
the reason that we started studying groupoid correspondences, and they turn out

to be an extremely useful tool for transferring information between groupoids.

Our approach combines groupoid correspondences with the categorical approach to
the Baum-Connes conjecture. The Baum-Connes conjecture for a group I' asserts

that a particular map ur called the Baum-Connes assembly map
pp: KIP(D) = K.(CF (D)

is an isomorphism. The left hand side K.°°(T') is the topological K-theory which
has a more topological flavour and is in principle easier to compute than the op-
erator K-theory K,(C;(T')). Indeed, a spectral sequence converging to K°P(T) is
covered in [60]. In the categorical approach to the Baum-Connes conjecture the
equivariant Kasparov category KK' of I'-C*-algebras takes centre stage, viewed
as a triangulated category. This perspective was introduced by Meyer and Nest
in [58], who reformulate the topological K-theory Ki°P(T'; A) with coefficients in
a I-C*-algebra A as a localisation LF,(A) of the operator K-theory functor F, =
K, (I x,—): KK" — Ab,. The assembly map pp drops out as a feature of the
process of localisation. Meyer and Nest develop a general framework for doing
homological algebra in triangulated categories [57-59], introducing the concepts of
localisations LF, (A) and derived functors L, F,(A). Meyer relates these with the
ABC spectral sequence, which converges to the localisation LF,(A) with second
sheet given by the derived functors L, F, (A):

L, F,(A) = LF,,,(A)

The categorical approach to the Baum-Connes conjecture of an étale groupoid G
is developed in [11,71], using the groupoid equivariant Kasparov category KK©.
Bonicke and Proietti discuss in [11] how to localise in this setting to frame the

Baum-Connes assembly map
Ha,A- K:OP(G; A) - K*(G Xy A)

in the Meyer-Nest theory. Proietti and Yamashita apply the ABC spectral sequence
to an ample groupoid G with torsion-free isotropy groups in [71], identifying the
derived functors L, F,(A) with groupoid homology groups H,(G; K,(A)). In the
presence of the Baum-Connes conjecture they obtain a spectral sequence which

converges to the operator K-theory K, (G X, A):

H,(G; K (A)) = K,4,(G x, A)
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Morally this says that K, (G, A) is built out of the homology groups H,(G; K,(A)).
This is similar to the sense in which the middle object of a short exact sequence is
built out of the outer objects, where the building blocks alone do not fully determine
the built object. Determining the middle object of a short exact sequence from its
outer objects is known as an extension problem, and in general we have to solve
many extension problems to determine K, (G x, A) from H,(G;K,(A)). In low
dimensions this is a feasible task, which has been carried out in [10] to verify the
HK conjecture for principal ample groupoids with dynamic asymptotic dimension at
most 2. We instead use the comparison theorem for spectral sequences [88, Theorem
5.2.12], culminating in Theorem A. A morphism of short exact sequences which is
an isomorphism on the outer objects must be an isomorphism on the middle objects,
and similarly a morphism of Proietti and Yamashita’s spectral sequences that is an
isomorphism H,(G; K (A)) = H,(H; K,(B)) on the homology groups must induce
an isomorphism K, (G x, A) 2 K,(H x, B) in K-theory.

The main technical achievement in this work is the construction of morphisms of
ABC spectral sequences associated to étale groupoids from a proper correspondence
of these groupoids. As the focus of the categorical approach to Baum-Connes is
the equivariant Kasparov category, the first ingredient we introduce is an induction
functor
Indg: KK” — KK¢

associated to a correspondence Q2: G — H. This is based on the subgroupoid
induction functor constructed in [8]. In order to transfer information between the

operator K-theory functors, we construct a natural transformation
ag: K,(GxIndg—) = K, (H x —): KK = Ab,.

We use the universal crossed product because it has better functoriality properties,
and the resulting ABC spectral sequences will not see the difference between the
reduced and universal crossed products. We construct aq by building a proper
correspondence G xIndg B — H x B for each H-C*-algebra B € KK*. This in turn
is made by equipping 2: G — H with C*-coeflicients and forming a crossed product
correspondence construction?. This combines Holkar’s construction of C*(£2) with
the equivalences of groupoid crossed products in [61]. The third and final ingredient
is a morphism fq: C, (GO) — Indg CO(HO) when (2 is proper. We may also use the
notion of a proper groupoid correspondence with C*-coefficients (E,Q): (4,G) —
(B, H) as our starting point, in which case this third ingredient is a morphism
fe: A — Indg B which we build using a universal property of the correspondence
(Indg B, G) — (B, H). The triple (Indg, aq, fg) is exactly the information we need
to construct a morphism of the ABC spectral sequences associated to (A, G) and
(B,H).

2Groupoid correspondences with C*-coefficients and their crossed products may be known to
experts, but we are not aware of their presence in the literature.
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The input for the ABC spectral sequence is a quadruple (%,7, F, A), consisting of
a triangulated category ¥, a homological ideal J < ¥, a functor F': ¥ — Ab, and
an object A € ¥. In the setting of an étale groupoid G and a G-C*-algebra A, we
take KK as our triangulated category and A € KK as our object. The ideal J
is typically constructed from a family of subgroupoids of G, and the functor F is
usually K, (G x —) or K, (G x, —). We define a category of these quadruples which
we call the ABC category, and develop functoriality of the localisation LF,(A),
the derived functors L, F,(A) and the ABC spectral sequence with respect to this

category:

Theorem D (See Theorem 7.14). Morphisms m: 9 — 9N’ in the ABC category
functorially induce morphisms of ABC spectral sequences ABC(m): ABC(9M) —
ABC(OM). Moreover,

(i) the map on the second sheet is given by the derived functor maps L, (m),

(ii) the map on the limit sheet agrees with the localisation map L(m).

The morphisms in the ABC category are triples just like (Indg,aq, fr) which
we constructed from a proper correspondence (E,Q): (A,G) — (B, H) with C*-
coefficients. As a result, (Indg, aq, fg) induces a morphism of spectral sequences.

Theorem A drops out as a corollary of this.

In Chapter 1, we cover preliminaries for studying étale groupoid equivariant KK-
theory. We introduce étale groupoids and their correspondences, giving examples of
these correspondences. Equivariant KK-theory is built from C*-algebras and their
Hilbert modules each equipped with actions of a groupoid G. This requires us to
understand how these C*-algebras and their Hilbert modules can fibre over the unit
space G° of the groupoid. This leads us to cover a significant amount of Banach
bundle theory before we can discuss the equivariant correspondence category Corr®

which forms the basis of the equivariant Kasparov category KKC.

Chapter 2 is about the interaction between a groupoid correspondence 2: G — H
and the equivariant correspondence categories Corr® and Corr™. We introduce
the induction functor Indg: Corr'l — Corr® and then the notion of a groupoid
correspondence with C*-coefficients. We construct the associated crossed products
and prove their fundamental properties. We then build the correspondences that
underlie the induction natural transformation ag: K, (G x Indg —) = K,(H x —)
and the morphism fr: A — Indg B. At each stage we show how our constructions

are compatible with composition of correspondences.

Chapter 3 builds on the previous chapter, now working in groupoid equivariant
KK-theory. We give a quick overview of groupoid equivariant KK-theory, and then
construct the KK-theoretic induction functor Indg: KK — KKY and prove nat-

urality of ag. Again, we check compatibility with composition of correspondences.
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In Chapter 4 we deal with the groupoid homology side of things. We give a module-
theoretic approach to ample groupoid homology and use it to construct a map in

homology H,(Q2): H,(G) — H,(H) from a proper correspondence Q: G — H.
Chapter 5 is a quick overview of spectral sequences.

Chapter 6 reviews the framework of homological algebra in triangulated categories
as developed in [57-59]. This first covers the basics of triangulated categories, ho-
mological ideals and doing homological algebra relative to these ideals. We then
discuss localisation with respect to complementary subcategories and how this re-

lates to the Baum-Connes conjecture, highlighting some contributions from [11,71].

In Chapter 7 we define the ABC category and develop functoriality of constructions
from the previous chapter. This includes the derived functors, localisations and
ultimately the ABC spectral sequence. We prove Theorem D and deduce Theorem
A.

Chapter 8 uses Theorem A to prove a general version of the orbit-stabiliser K-
theory formula (Theorem 8.1). We also sketch how to approach the removal of the

torsion-free condition.

Chapter 9 explains how to recover Theorems B and C from the general orbit-
stabiliser K-theory formula, with a discussion of in what situations the conditions

for the formulae are met.

Finally, we look to the future in Chapter 10 with a discussion of the questions which

leap out at us from this work.
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1. ETALE GROUPOIDS AND THEIR INTERACTIONS WITH C*-ALGEBRAS AND
HILBERT MODULES

The goal of this document is to explore the K-theory K, (C;(G)) of the reduced
C*-algebra of an étale groupoid G. We need to work in the setting of groupoid
equivariant KK-theory, for which we will need a solid grasp of how étale groupoids
interact with C*-algebras and their Hilbert modules. The purpose of this chapter

is to serve as an introduction to these matters.

The material in this chapter is largely well-known, and is collected and repackaged
here to be applied later in this document. Consequently, we will not provide proofs
for everything in this section. Much of the material in this chapter can be found
in [8], which also deals with groupoid equivariant KK-theory. For more details on
correspondences of étale groupoids, see [3]. Another good source on Cyy(X)-algebras,
Banach bundles and groupoid actions on them is [61]. For Cy(X)-algebras and
their bundles, see Appendix C in [89]. For a thorough “section-forward” treatment
of Banach bundles, see [67]. We will assume that the reader is familiar with Hilbert

modules, for which [44] is a great introduction.

1.1. Etale groupoids and groupoid correspondences. Let us first fix some
conventions for étale groupoids. A topological groupoid G is a topological space
G with a distinguished subspace G° called the unit space, with continuous maps
r,s: G=3 G that assign a range and a source to each groupoid element. Elements g
and h with matching range and source r(h) = s(g) can be multiplied or composed to
form an element gh with range r(g) and source s(h). Multiplication is a continuous
associative map (g, h) — gh: G* — G, where G* := {(g,h) € G x G | s(g) = r(h)}
is the space of composable pairs. Elements of G° act as identities in that each
element is its own range and source, and r(g)g = g = gs(g) for each g € G. There
is a continuous inversion map g — g_lz G — G that swaps the range and source
of each element such that ¢~ 'g = s(g) and gg~" = r(g) for each g € G. An étale
groupoid G is a topological groupoid such that the range map r: G — G is a local

homeomorphism and the unit space G is open in G.

Standing assumption. Unless otherwise stated we assume our étale groupoids to
be locally compact and Hausdorff. Local compactness is essential to study associ-
ated C*-algebras. There are still reasonable C*-algebras to study if we weaken the
Hausdorff condition to Hausdorffness of the unit space GO, in which case G is locally
Hausdorff. If we say non-Hausdorff étale groupoid, this is what we mean. However,
this complicates many of the details and tools that we need are no longer available.
In particular, our (current) approach to the Baum-Connes conjecture requires G
to be Hausdorff. By default topological spaces are locally compact and Hausdorff
(LCH) unless otherwise stated or built from another space (e.g. a quotient space

may not be Hausdorff).
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We write G* := r~'(z) and G, := s~ ' (z) for the range and source fibres of an étale
groupoid G at x € G°. These are discrete spaces because G is étale. In general, if a
continuous map f: Y — X of topological spaces is understood, we may write Y, or
Y? for the fibre f~*(z) at & € X. The isotropy group G of G at 2 € G is the group
of arrows with range and source z. If f: X — Z and g: Y — Z are continuous
maps, the fibre product X x; Y is the space {(z,y) € X xY | f(z) = g(y)}. If
the maps f and g are understood, we may write X x ;Y. For example, the space of
e G. A subspace U C G

on which r and s are injective is called a bisection. Particularly important are open

composable elements G* of G is the fibre product G X

bisections, on which r and s are homeomorphisms onto their (open) images. The

set of open bisections forms a basis for the topology of an étale groupoid.

The basic notion of a morphism of topological groupoids is a continuous groupoid
homomorphism, which is a continuous structure preserving map. In the setting of
étale groupoids, we are especially interested in a special class of these called étale

homomorphisms:

Definition 1.1 (Etale homomorphism). Let G and H be étale groupoids. An
étale homomorphism ¢: G — H is a groupoid homomorphism that is also a local

homeomorphism.

Inverse semigroups are an important source of étale groupoids. An inverse semi-
group S is a semigroup such that for each s € S there is a unique element s* € S
called the adjoint of s satisfying s"ss* = s* and ss*s = s. We will always take
our inverse semigroups to have a distinguished 0 element. The set E = E(S) of
idempotents forms a semilattice under multiplication. We think of the elements of
an inverse semigroup as partial symmetries, and this is reflected in how they act.
An inverse semigroup acts on a space X by partial homeomorphisms, which are
homeomorphisms a: dom o — ran a between open subsets of X. The composition
a o 8 of two partial homeomorphisms is the partial homeomorphism x — «(8(x))
whose domain consists of the z in dom 8 with f(x) € dom«. The set of partial
homeomorphisms of X forms an inverse semigroup PHom(X), with the adjoint

given by the inverse.

Definition 1.2 (Inverse semigroup action). A (left) action S ~ X of an inverse
semigroup S on a space X is a homomorphism a: S — PHom(X) to the inverse
semigroup of partial homeomorphisms of X. The domain and range of «(s) for
s € S may be written domy s and rany s if we want to emphasise the space. We

usually write s - z for a(s)(z).

A continuous map f: X — Y between S-spaces is S-equivariant if x € domy s
implies that f(z) € domy s and f(s-z) = s+ f(x). From an inverse semigroup

action we may build an étale groupoid:
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Definition 1.3 (Transformation groupoid of an inverse semigroup action). Let

S~ X be an inverse semigroup action. Consider the space
Sx X :={(s,z) € Sx X |z €doms}/ ~,

where (s,x) ~ (¢,x) if there is an idempotent e € E with z € dome and se = te.
We take the quotient topology of the subspace topology of the product topology on
Sx X, where S is given the discrete topology, and we write [s, x] for the equivalence
class of (s,x). We define range and source maps by r([t,z]) =t -z, s([t,z]) = «
for [t,x] € S x X and a composition [t,s « z|[s,z] = [ts,z]. This turns § x X
into a (possibly non-Hausdorff) étale groupoid called the transformation groupoid

of S~ X whose unit space is an open subset of X.

Each inverse semigroup element s defines an open bisection {[s,z] | z € dom s} of
the groupoid S x X, and in fact every étale groupoid can be viewed as a trans-
formation groupoid of its inverse semigroup of open bisections acting on its unit

space.

It’s important for us to understand how a groupoid itself can act. As there is a
space component of a groupoid, this must be respected in an action, and so it only
acts on objects that are fibred over its unit space. The symmetries induced by
elements of the groupoid are between fibres of the object. A fundamental example

of how groupoids act is on topological spaces:

Definition 1.4 (Groupoid action). Let G be an étale groupoid and let X be a
topological space. A (left) groupoid action G ~ X consists of:

e a continuous map 7: X — G° called the anchor map,

e a continuous map a: G X 0 X — X called the action map. We usually

write g - x for a(g, x).

The pair (7, «) is an action if whenever g, h € G and z € X satisfy s(g) = r(h) and
s(h) = 7(x), we have 7(h-x) = r(h) and gh-x = g- (h-z). Each groupoid element
g € G induces a homeomorphism oy : X5 — X, (4 that sends x to g-x, where we
write X, = 7! (z) for the fibre of X at z € G°. The action map a: Gx o X =X
is automatically a surjective local homeomorphism [3, Lemma 2.11]. A right action

X G is defined similarly, with an action map X X _ 0 G — X satisfying mirrored

0
G
conditions.

Example 1.5. Every groupoid G acts on its unit space G° in the following way.

The anchor map G° — G is the identity and for g € G, we define g - s(g) =r(g).

Definition 1.6 (G-spaces). A (left) G-space X is a locally compact Hausdorff
space equipped with a left action of G. We write LCHY for the category of G-
spaces with morphisms given by G-equivariant continuous maps, and LCHgC for

the subcategory of G-equivariant local homeomorphisms.
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This differs from the definition of G-space in [10] as we do not require the anchor

map to be étale.

Definition 1.7 (Orbits). Let G~ X be an action of an étale groupoid with anchor
map 7: X — G° and let 2 € X. The orbit [z]g or orb(z) of z is the subspace
{g-2]g€ Gru} of X. The quotient of X by G or orbit space X/G carries the
quotient topology with quotient map z — [z]q: X — X/G.

Actions of discrete groups on topological spaces give rise to an important class of
étale groupoids. These transformation groupoids can also be constructed for the

action of an étale groupoid.

Definition 1.8 (Transformation groupoid of a groupoid action). Let G~ X be an
action of an étale groupoid on a locally compact Hausdorff space X with anchor

map 7: X — G°. The transformation groupoid is the fibre product
G X:=Gx, 0 X={(g,r)eG@xX]s(g)=1(z)}

The unit space is given by {(7(x),z) | € X} which we identify with X. The range
T

),
and source maps are given by r(g,z) = g - x, s(g,z) = x, and composition is given

by (gah : x)(h,l‘) = (gh,x).

As with group actions, we are interested in special properties of our actions, such

as freeness and properness.

Definition 1.9 (Free, proper and étale actions). Let G be an étale groupoid and
let G ~ X be a (left) action with anchor map 7: X — G°. We say that the action

is:
o free if for g € G and x € X, g - x = x implies that g € G°.

e proper if the map (g,z) = (9,9 -7): G x_ 50 X — X x X is proper.

.G

e étale if 7: X — G" is a local homeomorphism.

We say that G is proper if the action G ~ G° of G on its unit space is proper, and

we say that G is principal if the action G ~ GY is free.

Example 1.10. Every étale groupoid G acts on itself by left multiplication. The
anchor map isr: G — G°, and the action map is given by g-h := gh for (g, h) € G2
This action is free because if g - h = h we can apply h™' on the right to see that
g€ G°. It is étale because the range map is a local homeomorphism. Finally, it is
proper because the map (g, h) — (g,gh): G ><S7G07TG — G x G is a homeomorphism
onto the closed subspace G X0 G G.

One of the main advantages of proper actions is that they have well-behaved quo-

tients.
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Proposition 1.11 (Lemma 1.2.11 in [7], Lemma 2.12 and Proposition 2.19 in [3]).
Let G be an étale groupoid and let G ~ X be a proper action. Then the orbit space
G\X is Hausdorff. If the action is also free, then the quotient map q: X — G\X

is a local homeomorphism.

Proposition 1.12. Let G ~ X be a free proper étale action of an étale groupoid
G with anchor map 7: X — G°. Then the open sets U C X such that g - u
9: G-U — Gy is well-defined and a homeomorphism form a basis for the topology
on X.

Proof. Let x € X and let V be an open neighbourhood of z. By Proposition
1.11 we may find an open neighbourhood V; of z such that ¢: V; — G\X is a
homeomorphism onto its image. By étaleness, we may find an open neighbourhood
V5 of x such that 7: V, — G is a homeomorphism onto its image. Taking U =
Vo N Vi N'V,, we obtain homeomorphisms (g,u) — ¢g-u: G xx U — G - U and
(g,u) = g: Gxx U — G- O

Proper actions allow us to construct further proper actions.

Proposition 1.13 (Proposition 2.20 in [87]). Let G be an étale groupoid, let X ~G

be an action and let GAY be a proper action. Then the diagonal action X X oY NG

given by (z,y) - g = (x-g,9” ' -y) is proper.

The main focus of our study will be groupoid correspondences. Building on work
of Holkar [37-39], we view these as morphisms of groupoids. One motivation to
study them is that the groupoid C*-algebra construction is functorial with re-
spect to correspondences; from a groupoid correspondence we can construct a C*-
correspondence. As we are working with étale groupoids, we use a restricted notion

that might best be called an étale correspondence, as in [3, Definition 3.1].

Definition 1.14 (Groupoid correspondence). Let G and H be étale groupoids with
unit spaces X and Y. A groupoid correspondence ): G — H is a topological space
Q with a left G-action and a right H-action with anchor maps p: 2 — X and
0:Q — Y called the range and source such that:

e The G-action commutes with the H-action - Q is a G-H -bispace.
e The right action 2 H is free, proper and étale.

We may also call this a G-H correspondence and we may refer to it by G ~ Q. H
or simply by . If we want to highlight the correspondence 2, we may write oq
and pg, instead of o and p. For z € X and y € Y, we write Q° and 1, for the range

and source fibres p~ ' () and o' (y).
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Example 1.15 (Identity correspondence). For any étale groupoid G, the actions
of left and right multiplication form a groupoid correspondence G ~ G v\ G which

we call the identity correspondence.

Definition 1.16 (Proper groupoid correspondence). We say that a groupoid cor-
respondence G ~ Q ~\ H is proper if the map p: Q/H — X induced by the left
anchor map p: Q2 — X is proper.

Example 1.17 (Etale homomorphism correspondence). Let ¢: G — H be an étale
homomorphism of étale groupoids, and let LpO: G° — H" be its restriction to the

unit space. Consider the space

Q, = G° X0 o, H={(z,h) € G° x H | p(z) =r(h)}.

We define a left action GAQ by g-(s(g), h) = (r(g), ¢(g)h) and a right action QH
by (z,h)+h' = (x, hh'). The correspondence Q, is proper, because p: Q,/H — G°

is a homeomorphism with inverse given by z — [z, o(z)]g.

Every homomorphism ¢: G — H of discrete groups is an étale homomorphism
viewing the groups as étale groupoids. The associated correspondence (2, is given
by actions G ~ H v\ H, with G acting through ¢ on the left and H acting on the
right by multiplication.

Example 1.18 (Algebraic morphisms). Let G and H be étale groupoids. An
algebraic morphism G — H is an action G ~ H that commutes with the right mul-
tiplication action H ~H. These are studied in [14] and under the name “translation
action” in [53]. Like étale homomorphisms, these also generalise homomorphisms
of discrete groups. Unlike étale homomorphisms, an algebraic morphism induces a

*-homomorphism of the groupoid C*-algebras.

Example 1.19 (Topological correspondences). Let X and Y be locally compact
Hausdorff spaces considered as groupoids with only identity arrows. A topological
correspondence €2: X — Y is alocally compact Hausdorff space 2 with a continuous
map p:  — X and a local homeomorphism o: Q@ — Y. The correspondence is
proper if and only if p: 2 — X is proper. As a special case, consider a compact
open cover U of a totally disconnected space Y. Setting (2 = Uy ¢,U, the canonical
map 2 — Y is a local homeomorphism, and the indexing map €2 — U is proper.
We obtain a proper correspondence Q: U — Y.

Our new examples of groupoid correspondences come from situations with an am-
bient inverse semigroup. Given a topological correspondence which is equivariant
with respect to an inverse semigroup, we obtain a correspondence of the associated

transformation groupoids.
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Example 1.20 (Inverse semigroup equivariant topological correspondence). Let
Q: X — Y be a topological correspondence, and suppose that we have actions
S~NX, S~Y and S ~ Q of an inverse semigroup S such that p: & — X and
0:Q — Y are S-equivariant. We call Q: X — Y an S-equivariant topological
correspondence, and it induces a correspondence S x 2: S x X — S x Y. We
have anchor maps porg,q: S X 2 — X and 0o sgyq: S x Q2 — Y. The actions
SXXASxQand S x QS XY are given for s,t € S, w € Q with w € domg, st
by [s, p(t-w)]-[t,w] = [st,w] and [s,t-w]+[t,o(w)] = [st,w]. If Q: X — Y is proper,
thensois S x 2: Sx X - SxY.

Example 1.21 (Action correspondences). Let G be an étale groupoid and let
G ~ X be an action with anchor map 7: X — G". Then there is a correspondence
GG X X "G x X with bispace G x X called the action correspondence. The right
action is given by right multiplication in G x X. The left action has anchor map
given by (g,z) = r(g): G x X — G° and action map given by h - (g,x) = (hg,x)
when r(g) = s(h). This is a special case of an algebraic morphism. The action

correspondence is proper if and only if 7 is a proper map.

We can also build a correspondence of groupoids using only the “right hand side”
data.

Example 1.22. Let H be an étale groupoid and let 2 be a free, proper, étale right
H-space. Then (2 is a proper correspondence from Q/H to H.

Definition 1.23 (Bisections in groupoid correspondences). Let Q: G — H be a
correspondence of étale groupoids. A bisection of ) is a subspace U C 2 such that
o:Q— H'and ¢: Q — Q/H are injective on U.

These are analogous to bisections in étale groupoids. The set of open bisections
(sometimes called slices, see [3, Definition 7.2]) forms a basis for the topology of
2, so we often restrict attention to open bisections in order to work locally with
correspondences. The open bisections in G and H act on the open bisections of :
given open bisections U C Q, V C G and W C H, the sets

V-U={v-ueQ|(v,u) €V x,0U}
U-W={u-weQ|(uw) €U X, 0 W}
are also open bisections of 2. For each open bisection U C €, the space UH =

{u-h|ueU, heH" ™} can be viewed as a (proper) correspondence from ¢(U)
to H.

To view groupoid correspondences as morphisms, we need to know how to compose
them. While it may be clear how to compose correspondences that arise from étale
homomorphisms or from actions, the general construction for composing arbitrary

correspondences is more involved.
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Definition 1.24 (Composition of groupoid correspondences). Let Q: G — H and
A: H — K be groupoid correspondences, and let the unit spaces of G, H and K
be X, Y and Z respectively. Consider the diagonal action of H on Q Xy A given
by (w,\)+h = (w-h,h "t A) for (w,\) € U xy A and h € H*“). The composition
AoQ: G — K is given by the quotient space

AoQ:=QxygA:=(QxyA)/H

which is naturally a G-K-bispace. The left G-action is induced by the action on
and the right K-action is induced by the action on A. Explicitly, the actions are

given by the following formulae.

GAAoQ g-lw Ny =lgrw Ny (WA €Qxy A, ge Gy,

AoQa K WA g ki=wA kg (0A)€QxyA, ke K™

This also induces a composition of open bisections. Given open bisections U C €2

and V C A, the composition V o U is given by
VoU :={[u,v]g € Ao Q| (u,v) €U xy V}

which is an open bisection in A o Q [3, Lemma 7.14].

We introduced the notation X xpg Y := (X x 0 Y)/H here. This makes sense
whenever we have actions X » H and H ~ Y, and will be a locally compact

Hausdorff space whenever one of the actions is free and proper.

Proposition 1.25 (Propositions 5.7 and 6.5 in [3]). The composition of groupoid
correspondences is a groupoid correspondence, and the composition of proper corre-
spondences is proper. Furthermore, this composition is associative up to canonical
isomorphisms of correspondences, and the identity correspondence forms an identity

up to canonical isomorphisms.

This allows us to define the correspondence category of groupoids and its subcate-
gory of proper correspondences. Many constructions built from étale groupoids can
be turned into functors from these categories. The chief technical results of this

document will be of this nature.

Definition 1.26 (Categories of groupoid correspondences). The correspondence
category GpdCorr of groupoids is the category whose objects are étale groupoids
and whose morphisms are isomorphism classes of groupoid correspondences. The

subcategory of proper correspondences is denoted GpdCorr,.

Example 1.27 (Morita equivalences). Let G and H be étale groupoids. A Morita
equivalence from G to H is a G-H-bispace €2 such that

e the left action G ~ Q) and the right action 2 v~ H are free and proper.
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e the maps 7: Q/H — G° and 7: G\Q — H° induced by the anchor maps

are homeomorphisms.

The second condition implies that the actions are étale, so this is a (proper) cor-
respondence. Furthermore, Morita equivalences are exactly the invertible groupoid

correspondences [1, Theorem 2.30].

Many properties are preserved by Morita equivalences, such as properness [87,
Proposition 2.36] and the K-theory of the associated C*-algebra.

The philosophy behind the work in this document is to use correspondences 2: G —
H to transfer information between the étale groupoids G and H. A basic example of
this, which will be echoed throughout the rest of the document, is the construction

of a G-space from an H-space.

Definition 1.28 (Induced space). Let Q: G — H be a correspondence of étale
groupoids and let Y be an H-space. Consider the diagonal action of H on  x ;0 Y.
The induced G-space Indg Y is the space

Ind,Y = Q xpY,

The action G ~Indq Y is given by ¢« [w,y]lg = [9 - w,y]g for g € G and (w,y) €
Q x o Y with s(g) = p(w). We obtain a functor Indg: LCH" — LCHE.

Given another étale groupoid K, a correspondence A: H — K and a K-space Z,
the G-spaces Indg Ind, Z and Indp,q Z are naturally isomorphic. We obtain a
natural isomorphism Indg oInd, = Indp,q. Furthermore, given a G-space X, the
G-space Indg X induced by the identity correspondence G: G — G is naturally
isomorphic to X. All of this foreshadows what can be said for C*-algebras and

their Hilbert modules equipped with actions of K.

1.2. C*-algebras and Hilbert modules fibred over topological spaces. In
order to describe how a groupoid can act on a C*-algebra or a Hilbert mod-
ule, we need to first understand how a C*-algebra can be fibred over the unit
space of the groupoid. A continuous map f:Y — X of locally compact Haus-
dorff spaces is equivalent via Gelfand duality to a non-degenerate x-homomorphism
51 Cy(X) = Cp(Y) =2 M(Cy(Y)). This turns Cy(Y) into a Cy(X)-algebra, which

is our fundamental notion of a C*-algebra fibred over X.

Definition 1.29 (Cy(X)-algebra and its fibres). A Cy(X)-algebra is a C*-algebra
A equipped with a non-degenerate *-homomorphism from Cy(X) to the centre of

its multiplier algebra (the structure map).

p: Co(X) = ZM(A)
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We often omit the structure map from the notation and write £a instead of ¢(&)(a)
for ¢ € Cy(X) and a € A. Non-degeneracy is the condition that Cy(X)A =
span{&a | £ € Cy(X), a € A} is dense in A.

For each x € X, we define the fibre A, of A at z to be the quotient C*-algebra
A/Cy(X \ {z})A. For an element a € A, its fibre a, at z is its image in the quotient

algebra A,. For each open subset U C X, we write U A for the subalgebra C,(U)A,
which is a Cy(U)-algebra.

Example 1.30. Let f: Y — X be a continuous map of locally compact Hausdorff
spaces. Then f*: Cy(X) — Cp(Y) turns Cy(Y) into a Cy(X)-algebra whose fibre
at x € X is Cy(Y,), where Y, = f~'(z) is the fibre of Y at z.

We are interested in the #-homomorphisms between Cy(X)-algebras that respect
the Cy(X)-structures. These are called Cy(X)-linear.

Definition 1.31 (Cy(X)-linear). A x-homomorphism ¢: A — B between Cy(X)-
algebras is Cy(X)-linear if p(€a) = &p(a) for each a € A and £ € Cy(X). This
induces a *-homomorphism ¢, : A, — B, for each x € X, called the fibre of ¢ at

x.

Definition 1.32 (Category of Cy(X)-algebras). The category C*-alg™ of Cp(X)-
algebras consists of all the Cy(X)-algebras, with morphisms given by the Cy(X)-

linear *-homomorphisms.

The direct sum A @ B of Cy(X)-algebras is a Cy(X)-algebra. If A is a Cy(X)-
algebra and B is a C*-subalgebra of A invariant under the Cy(X) action, then B
is a Cy(X)-algebra. If B is furthermore an ideal, the quotient algebra A/B is a
Cy(X)-algebra.

We can learn a lot about a Cjy(X)-algebra A through its fibres (A, ).cx-

Proposition 1.33 (Proposition C.10 in [89]). Let A be a Cy(X)-algebra. Then for
each a € A, the following hold.

o The map x — ||ay]|| is upper-semicontinuous and vanishes at infinity, which

means that for each € > 0, the subspace {x | ||a,|| > €} of X is compact.
e The norm of a is given by ||al| = sup,ex|la. |-

e For each £ € Cy(X), the fibre of £a at x € X is given by (€a), = £(x)a,.

In fact, we can understand each element a € A of a Cy(X)-algebra through the
associated function x — a,. This is a function from X to the total space A =
||,cx Az- There will turn out to be a natural topology on the total space A
turning it into what we call a Banach bundle over X.



24 ALISTAIR MILLER

Definition 1.34 (Banach bundle). A Banach bundle over a locally compact Haus-
dorff space X is a topological space A (not necessarily LCH) equipped with a
continuous, open surjection p: A — X and complex Banach space structures on

each fibre A, := p~ ' ({z}) satisfying the following conditions.

e The map a — ||al| is upper-semicontinuous from A to R (that is, for all
€>0,{a€ Al |al > €} is closed).

e The map (a,b) — a + b is continuous from A X x A to A.
e For each A € C, the map a — Aa is continuous from A to A.

e If (a;); is a net in A such that p(a;) — « and ||a;|| — 0, then a; — 0,

(where 0, is the zero element in A,).

This is sometimes called an upper-semicontinuous Banach bundle in the literature,
to stress that the norm need only be upper-semicontinuous. We choose to take this
as the default notion, and refer to a Banach bundle with the additional requirement

of a continuous norm as a continuous Banach bundle.

Example 1.35 (Trivial Banach bundle). Let X be a locally compact Hausdorff
space. The trivial Banach bundle over X is the Banach bundle X x C — X, with
the product topology.

Definition 1.36 (Morphisms of Banach bundles). A map of Banach bundles over
X is a function ¢: A — B that restricts to a bounded linear map ¢,: A, — B,
on the fibres at each x € X, such that {¢, | # € X} is bounded. The linear map
@, is called the fibre of ¢ at . We do not require a map of Banach bundles to be
continuous, and we refer to a continuous map of Banach bundles as a morphism of
Banach bundles.

Definition 1.37 (C*-bundles). A C*-bundle is a Banach bundle A — X with the
structure of a C*-algebra on each fibre A, such that the operations of multiplication
m: Axx A— A and involution *: A — A are continuous. A morphism of C*-
bundles over X is a morphism ¢: A — B of the underlying Banach bundles such

that each fibre ¢, is a *-homomorphism.

The following result can be used to get a handle on the topology of a Banach
bundle. In the setting of C*-bundles this is [89, Proposition C.20], whose proof

works verbatim for general Banach bundles.

Proposition 1.38. Let p: A — X be a Banach bundle and let (a;); be a net in A
such that p(a;) — p(a) for some a € A. Suppose that for all € > 0 there is a net
(us); in A and u € A with p(u;) = p(a;) and p(u) = p(a) such that

o u; = u in A,
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o |la—ull <e and
o |la; — u;|| < € for large i.

Then a; — a.

Definition 1.39 (Sections of Banach bundles). A section of a Banach bundle
p: A — X is amap s: X — A such that pos = idy. The set of continuous
sections is denoted I'(X, . A). We define the support supp(e) of a continuous section
e: X — A to be the closure of {x € X | e(z) # 0}. The spaces T'y(X, A), ['y(X,.A)
and I'. (X, A) consist of the continuous sections that are bounded, vanish at infinity
and are compactly supported respectively. If Y is a closed subspace of X, we may
write T'(Y,.A) as shorthand for the space of continuous sections T'(Y, Aly ), where
Aly =p ' (Y) = Y is the restriction of A to Y.

The topology on the total space A of a Banach bundle can sometimes be difficult
to work with directly, it is usually not locally compact and often not Hausdorff
[89, Example C.27]. It can instead be helpful to consider the space I'(X,.A) of
continuous sections of the bundle A — X. In fact, we can construct the topology
of a Banach bundle if we have a large enough collection of sections which we want

to be continuous.

Proposition 1.40. Let (A,),cx be a collection of Banach spaces and let T be a

complex vector space of sections X — A =|], .y A, such that
o for each a €T, x — ||a(z)| is upper-semicontinuous,
o for each x € X, the set {a(z) | a € T} is dense in A,.

Then there is a unique topology on A turning A — X into a Banach bundle such

that all the elements of T are continuous.

The proof of this is technical but fairly straightforward, so we omit it. For continu-
ous Banach bundles, see I1.13.18 in [31]. For C*-bundles, see Theorem C.25 in [89].
Since a large part of our analysis of Banach bundles A — X will be through their
sections, it is good to know that continuous sections X — A exist in abundance.
We have access to the following result because we assume X to be locally compact
and Hausdorff. For continuous Banach bundles this is due to Douady and Soglio-
Hérault [31, Appendix C|, and it has been noted true for general Banach bundles
by Hofmann [36], although the details remain unpublished [35].

Proposition 1.41 (Banach bundles have enough sections). Let A — X be a Ba-
nach bundle. Then A — X has enough sections in the sense that for each x € X

and a, € A, there is a continuous section a € I'(X, A) such that a(x) = a,.
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We can use Proposition 1.40 to associate a C*-bundle to a given Cy(X)-algebra A
whose fibre at € X is A,. The topology on this bundle comes from the collection

of sections given by x — a, for a € A.

Definition 1.42 (Associated bundles of C*-algebras). Let A be a Cj(X)-algebra.
Then there is a unique topology on A = | | .y A, such that A — X is a Banach
bundle with « — a, continuous for each a € A. Furthermore, A — X is a C*-
bundle. We call A — X the bundle associated to A.

Conversely, suppose we have a C*-bundle A — X. Then the space I'y(X,.A) of
continuous sections vanishing at infinity taken with pointwise operations, the sup-
norm and the pointwise action of Cy(X) forms a Cy(X)-algebra, called the Cy(X)-
algebra associated to A — X.

Remark 1.43. These constructions are inverse to each other. If we start with a
C*-bundle A — X, then the bundle associated to I'y(X,A) is A — X, and if we
start with a Cy(X)-algebra A with associated bundle A — X, then A 2 T'j(X, A).
We obtain an equivalence between the categories of C*-bundles over X and Cy(X)-
algebras.
A | ] A,
reX

Ty(X,A) A

We could in principle stick to studying one of these pictures of fibred C*-algebras. In
practice, certain ideas are clearer in one picture than the other, and it is extremely
useful to have both pictures around and to be able to convert freely between them.
All of our constructions of fibred objects will have two versions: a bundle version
and a section space version. We will often switch between the two pictures, using
Roman (e.g. A) and calligraphic (e.g. A) fonts on the same letter to indicate the

section space and the bundle respectively.

Proposition 1.40 motivates the idea of a collection of continuous sections in I'( X, .A)

being sufficiently large to control the topology of a Banach bundle A — X.

Definition 1.44 (Sufficiently many continuous sections of a Banach bundle). Let
A — X be a Banach bundle, and let I' C I'(X, A) be a collection of continuous
sections. We say that I' is sufficient for A if for each x € X, the set {v(z) | v € T'}
has dense span in A,. If some property is true for each v in some sufficient I", we

may say that the property is true for sufficiently many continuous sections.

Proposition 1.45 (Continuity condition for maps out of bundles). A map p: A —
B of Banach bundles over a space X is continuous (and therefore a morphism of

Banach bundles) if and only if po~y is continuous for sufficiently many v € T'(X, A).
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Proof. The “only if” direction is immediate. For the “if” direction, let x € X, a € A,
and let a; — a be a net converging to a in A, with a; € A, . We aim to show that
v(a;) — @(a) with the use of Proposition 1.38, so let € > 0. Let C' > 0 be an
upper bound for sup,c v ¢, |- By sufficiency, there is some v € I'(X,.A) such that
© o+ is continuous and |ja — y(z)|| < ¢/C. We set u = ¢(y(z)) and u; = p(y(x;)).
Continuity of ¢ o« ensures that u; — u. By continuity of « and addition, we have
a; —v(x;) — a—~y(x). By upper-semicontinuity of ||—||, we have ||a; —v(z;)|| < ¢/C

for large i. It follows that ||¢(a) — w)|| < € and that ||¢(a;) — u;|| < € for large i.
We may conclude that ¢(a;) — ¢(a). O

A very similar argument gives us a continuity condition for bilinear maps ¢: A X x
B — C of Banach bundles over X.

Proposition 1.46 (Continuity condition for bilinear maps of bundles). Let A, B
and C be Banach bundles over a space X, and let p: A Xx B — C be a function
respecting the fibres such that the fibre ¢, : A, X B, — C,, at x € X is a bounded
bilinear map, which is uniformly bounded in the sense that ||¢| = sup cx|lvsl <
o0. Suppose T'y C T'(X,A) and Ty C T'(X, B) are sufficient collections of sections
for A and B such that © — p(v1(z),v2(x)): X — C is a continuous section for each
v1 €Ty and v € T'y. Then ¢ is continuous.

Proof. Let (a;,b;) — (a,b) be a convergent net in A xx B with a; € A, and
a € A,, and let € > 0. Let C' > max((||a]|+]/b]|+2)||¢|l,1/€). By sufficiency, there
arey, € I'; and v, € I'; such that [[a—7;(2)]| < ¢/C and ||b—",(z)| < €/C. Setting
u = (71 (x),v2(x)) and u; = (1 (), v2(x;)), we have u; — u. By our choice of
C, we may calculate [|¢(a,b) — ull = [[p(a —71(2),0) + (11 (), b — 72(x))[| < e
For large 4, we have [|b;[| < [[b] + 1, [[va(z)]l < llall + 1, lla; = ya(2;)]| < €/C and
1b; — v2(z;)|| < €/C. It follows that ||p(a;, b;) — us|| < e. By Proposition 1.38, we
may conclude that ¢(a;,b;) — ¢(a,b). O

Remark 1.47. Proposition 1.46 also applies to maps which are conjugate linear in
one or both variables through the consideration of conjugate Banach bundles which

are identical except for the action of C on each fibre.

The idea that a collection of sections of a Banach bundle A — X is enough to
determine the continuity of Banach bundle maps out of A is seen at the level of
the associated section space I'y(X,.A) in terms of density. The following result is a
reformulation of [89, Proposition C.24], which says that a subspace I' C I'y(X,.A)
closed under the action of Cy(X) is dense if and only if the evaluation {a(x) | a € T'}
is dense in A, for each z € X. This is stated for C*-bundles, but again the proof
applies to all Banach bundles.
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Proposition 1.48 (Condition for density in the section space of a Banach bundle).
Suppose that T' is a sufficient collection of sections for a Banach bundle A — X.
Then Co(X)T' has dense span in the Banach space T'y(X, A).

To obtain an isomorphism of Banach bundles, it suffices to have fibre-wise isometric
isomorphisms which form a continuous map of Banach bundles in one direction, as
the continuity of the inverse is automatic. More generally we can say that a fibre-

wise isometric morphism of Banach bundles is a homeomorphism onto its image.

Lemma 1.49 (Condition for isomorphism of Banach bundles, see Remark 3.8
in [61]). Let p: A — X and B — X be Banach bundles and let ¢: A — B be a
morphism of Banach bundles such that ¢,,: A, — B, is an isometry for each x € X.
Then ¢ is a homeomorphism onto its image. In particular, if @, is an isometric

isomorphism for each x € X, then ¢ is an isomorphism of Banach bundles.

Proof. Let a € A and let (a;); be anet in A such that ¢(a;) — ¢(a). By Proposition
1.41, there is a continuous section £: X — A such that £(p(a)) = a. Let u; =
¢(p(a;)). Then u; — a, and therefore ¢(a;) — ¢(u;) — 0 by continuity of ¢ and
addition. By fibre-wise isometry and upper-semicontinuity we get ||a; — u;]| =

le(a;) — e(u;)]] — 0, and so a; — u; — 0. It follows that a; — a. O

We now turn to Hilbert modules. For an excellent introduction to Hilbert modules,
we recommend Lance’s book [44]. A Hilbert module E over a Cy(X)-algebra A is
automatically fibred over X. We can define an action of Cy(X) on E by adjointable
operators as follows. Given £ € Cy(X), e € E and a € A, we define

®(§)(e-a) :=c-(La).

The operator ®(§) is well-defined on the dense subspace FA C F and extends
to a unique adjointable operator ®(¢) on E which acts centrally. We obtain a
s-homomorphism ®: Cy(X) — ZL(E) called the structure map which is non-
degenerate in the sense that ®(Cy(X))E = E. Once again, we will usually omit
the structure map from the notation and write {e for ®(£)(e). We define the fibre
E, at x € X to be the quotient of E by the closed subspace Co(X \ {z})E. This
is a Hilbert A,-module and can be identified with £ ® 4 A, [8, Remark 4.1]. For
e € E the fibre e, is the image of e in the fibre E,. We may use Proposition 1.40
once again to construct a Banach bundle & — X whose fibre at x € X is E, such
that x — e, is continuous for each e € E. We refer to this as the Hilbert bundle

associated to E.

Definition 1.50 (Hilbert bundle). Let A — X be a C*-bundle. A Hilbert A-bundle
is a Banach bundle £ — X with the structure of a Hilbert A, -module on each fibre

E, such that the inner product and Hilbert module action maps

(=, =):ExxE—=A ——Exx A==€
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are continuous.

Let A be a Cy(X)-algebra and let E and F be Hilbert A-modules. An adjointable
operator T' € L(E, F) is automatically Cy(X)-linear in the sense that £ - T'(e) =
T(¢ - e) for each £ € Cy(X) and e € E. This means that we obtain an operator
T, € L(E,, F,) which we call the fibre of T at « for each = € X such that T'(e), =
T

€T

(e,) for each e € E. Because each e € F is determined by its fibres, the operator
T is also determined by its fibres. Moreover, as F,, inherits the quotient norm from
E for each z € X, we obtain ||T'|| = sup,cx||T,|. Given e € E and f € F, the fibre
of the compact operator O, at z € X is Oy .

By the canonical identification M (KC(E)) = L(E) [44, Theorem 2.4], the struc-
ture map ®: Cy(X) — ZL(E) induces a Cy(X)-algebra structure on KC(E), as
®: Cy(X) = ZM(K(E)) is non-degenerate [7, Proposition 3.2.1]. The following
proposition shows that the fibre of IC(E) at © € X can be identified with K(E,),
and the Cy(X)-algebra fibre of an operator T' € IC(E) at x is the fibre T, € K(E,).

We may even construct a Banach bundle when there are two Hilbert modules:

Proposition 1.51 (Bundle for the compact operators). Let A be a Cy(X)-algebra
and let E and F be Hilbert A-modules. Then there is a Banach bundle K(E,F) — X
whose fibre at © € X is K(E,, F,) such that the assignment mapping T € K(E, F)
to the section x — T,,: X — K(E,F) is an isomorphism K(E, F) = T'y(X, (€, F)).
Furthermore, the map f,e — Oy .1 F xx &€ = K(E,F) is continuous.

Proof. We will use Proposition 1.40 to construct a Banach bundle £(&, F) — X
with fibre K(E,, F,) at z € X such that x = O (4 o(z): X — K(€, F) is continuous
for each e € E and f € F. Let I' be the complex vector space of sections of the
form z — 31" O (4)e, ) for n €N, eq,...,¢, € Eand fy,..., f, € F. For each
r € X the set {Of(;).cw) | € € E, f € F} has dense span in K(E,, F,) by the
surjectivity of £ — E, and F — F,. Given a section z + > -, Ot (2),e;(2) In T,

we must check that 2 — [|37" ) © (1) e, (x|l is upper-semicontinuous.

Let R € L(A",E) be the operator defined by R(a) = > i €; - a; for a € A",
with adjoint given by R*(e) = Y., (e;, e) for e € E. We define S € L(A", F) by
S(a) =321, f;+a; for a € A". We have 1" | ©; . = SR", and for each z € X
we may calculate

2

> 05| =S8R

1=1
= || R.S2 S, Ry |
S FREER

= [ mr b sis0 |
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The operator R'R € L(A") is given by the matrix ((e;,e;));; € M,(A), and
similarly S*S € M, (A) with (S*S); ; = (f;, f;)- The entry-wise action of Cy(X)
on M, (A) turns M, (A) into a Cy(X)-algebra. The fibre M, (A), at z € X is
given by M, (4,) because Cy(X \ {z})M,,(A) = M, (Co(X \ {z})A), with the fibre
map M, (A) — M,(A,) given by applying the fibre map A — A, entry-wise.
Furthermore, this fibre map is consistent with the operator fibre map £(A") —
L(A3). We can conclude by Proposition 1.33 that = — |37 Oy ().l =
|(rR)2(579)%),

is upper-semicontinuous.

By Proposition 1.40 we obtain a Banach bundle K(€,F) — X such that  —
O f(2),e(x) 18 continuous for each e € F and f € F. This extends to an isometric
inclusion K(E, F) — Ty(X,K(E,F)) sending T € K(E, F) to « — T,. The fibre
map K(E,F) — K(E,, F,) has dense span for each x as we may lift ©, ; for
e € E, and f € F,, so by Proposition 1.48 the isometric inclusion K(E, F) —
To(X, K(E,F)) is surjective.

The continuity of the map f,e — ©;.: F xx & — K(£,F) follows immediately
from Proposition 1.46. O

We may hope for a Banach bundle £(€, F) — X whose fibre at + € X is L(E,, F,)
such that the assignment mapping T € L(E, F) to the section z — T,: X —
L(E,F) is an isomorphism L(E, F) = T'y(X, L(E,F)). Unfortunately this is not
always possible, as z — ||T,||: X — R may fail to be upper semicontinuous [89,
Remark C.14]. Nevertheless, it is still useful to consider a topology on the total
space L(E,F) = | |,cx L(E,).

Definition 1.52 (Strict topology for bundles of adjointable operators). Let A be
a Cy(X)-algebra and let E and F be Hilbert A-modules. The strict topology on
L(E,F) =|l,ex L(E,, F,) is the weakest topology such that the maps

LEF)—F LEF)—=E
T — T(ep(T)) T T*(fp(T))
are continuous for each e € E and f € F, where p: L(E,F) — X picks out the

index of the disjoint union. We write I'y(X, £(E,F)) for the space of bounded
strictly continuous sections X — L(&,F).

Remark 1.53. Strict continuity of a section x — T,: X — L(&,F) is equivalent to
the continuity of the maps e — Ty, (e): € = F and f = Ty (f): F = €.

Proposition 1.54. Let A be a Cy(X)-algebra and let E and F be Hilbert A-
modules. Then for each adjointable operator T € L(E, F), the sectionx — Tp: X —
L(E,F) is a bounded strictly continuous section. Moreover, each bounded strictly

continuous section determines an adjointable operator in L(E, F).
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Proof. Given T € L(E, F), to see that the section x — T, is strictly continuous we
need only check that z — T, (e,): X — F and z — T, (f,): X — € are continuous
for each e € E and f € F. These sections correspond to the elements T'(e) € F'
and T"(f) € E, so are indeed continuous.

Now suppose that = +— T,,: X — L(E,F) is a bounded strictly continuous section.
For each e € F and f € F we define T(e): X — F as the section z — T,(e,)
and T"(f): X — & as the section z + T, (f,). These sections are continuous by
strict continuity of « — T, and vanish at infinity by boundedness, so T'(e) € F
and T*(f) € E. We have (T(e), f), = (Tue,), fa) = (en TH(F)) = (. T"(F),
for each z € X. We may conclude that e — T'(e): E — F defines an adjointable
operator with adjoint 7. O

Proposition 1.55. Let A be a Cy(X)-algebra and let E and F be Hilbert A-
modules. Then the application map (T,e) — T(e): L(E,F) xx € — F and the
adjoint application map (T, f) — T*(f): L(E,F) xx F — & are continuous. More-
over, for any topological space Y (not necessarily LCH), a map g: Y — L(E,F) is

continuous if and only if the maps

Y xx &= F Y xx F—=E&
1.1
(-0 o g®©  wf o ) ()

are continuous.

Proof. Let (T;,e;) — (T, e) be a convergent net in £(&, F) x x £ over the convergent
net r; — x in X. Let £ € E be an element with &(x) = e. Then T;(£{(z;)) — T'(e)
and e; — &(x;) — 0.

For each i let ¢;: £ — E,. be the fibre map. Then the norm of T; € L(E, , F})
is ||T; o g;||, and an application of the uniform boundedness principle shows that
(T;0q;); is a bounded family of operators. We may conclude that T;(e;)—T;(&(x;)) —
0 and therefore that T;(e;) — T'(e). The application map is therefore continuous,
and continuity of the adjoint map S + S*: L(F, &) — L(&,F) implies continuity

of the adjoint application map.

If g: Y — L(E,F) is continuous, then continuity of the application maps implies
continuity of the maps in (1.1). Conversely, if these maps are continuous, then to

verify continuity of g we need to check the continuity of the maps
Y - F Y =€

Y= 9(Y)(ep(g(y))) Y= 9()" (focgty))

for each e € E' and f € F. These can be written as compositions Y — Y xx & — F

and Y = Y X x F — &, whose latter maps are continuous by assumption. O
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Remark 1.56. The inclusion K(&, F) < L(&, F) is continuous from the Banach bun-
dle topology on (&, F) to the strict topology on L£(&,F), which means that con-
tinuous sections X — K(&,F) are automatically strictly continuous into £(&,F).
However, this is typically not the subspace topology, as there are strictly continuous
sections X — (€, F) which are not continuous [89, Example C.13].

When we have C*-algebras and their Hilbert modules fibred over spaces, we often
want to change the space we are working over. Pullbacks and pushforwards allow
us to do this.

Definition 1.57 (Pullback Banach bundle). Let f: Y — X be a continuous map
and let A — X be a Banach bundle. The pullback bundle f*A — Y is defined to
be ffA:=Y xx A={(y,a) €Y x A|a € Ay} This is a Banach bundle over
Y. The fibre (f*A), at y € Y is given by Ag(,.

Remark 1.58. A section a: Y — f*A can be identified with a function a: ¥ — A
such that a(y) € Ay, for each y € Y, and we will frequently make this identifica-

tion.

Remark 1.59. The restriction Aly — Y of a Banach bundle A — X to a subspace
Y C€ X may be described as the pullback of A — X with respect to the inclusion
Y — X.

The pullback of a C*-bundle or a Hilbert bundle over X is a C*-bundle or Hilbert
bundle over Y. It is straightforward to check when a map into f*.4 is continuous,
because we need only check that the composed maps into Y and A are continuous.

As a result, we get the following continuity condition for Banach bundle maps into
a pullback bundle:

Proposition 1.60 (Maps into pullbacks). Let f: Y — X be a continuous map
and consider Banach bundles A — X and B — Y. Let p: B — f*A be a map
of Banach bundles over Y. Then ¢ is continuous if and only if the composition
B— f*A— A sending b € B, to o(b) € Ay, is continuous.

Proof. The composition B — f*A — Y is the structure map B — Y which is
continuous. The result then follows from the universal properties of the product
and subspace topologies on f*A =Y x y A. O

By Proposition 1.45, to understand when a map out of f*A4 is continuous, we need
only consider sufficiently many continuous sections ¥ — f*A. We can obtain a
sufficient collection of continuous sections for f*A — Y from a sufficient collection
for A — X. The pullback f*a € T(Y, f*A) of a section a € T'(X,.A) is the section
y— (f(y),a(f(y))). Note that as in Remark 1.58 we will often identify f*a with
the map ao f: Y — A.
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Proposition 1.61 (Sufficiently many sections for pullbacks). Let f: Y — X be a
continuous map and let A — X be a Banach bundle. Suppose I' C T'(X, A) is a

sufficient collection of continuous sections. Then
ST ={falacT}

is a sufficient collection of continuous sections for the bundle f*A — Y.

Proof. For each y € Y the set {f"a(y) | a € T'} is equal to {a(f(y)) | a € '}, which
has dense span in Ay, = (f*A), by sufficiency of T. O

Definition 1.62 (Pullback of section spaces). Suppose we have a continuous map
f: Y — X and a Banach bundle A — X. The pullback f*A of the section space
A =Ty(X,A) is the section space ['y(Y, f*A). If A is a Cy(X)-algebra then f*A
is a Cy(Y)-algebra, and if E is a Hilbert A-module, f*E = T(Y, f*€) is a Hilbert
f* A-module.

A Cy(X)-linear map of Cy(X)-algebras ¢: A — B induces a Cy(Y)-linear map
f*o: f*A = f*B, giving us a functor f*: C*-alg™ — C*-alg”. An adjointable oper-
ator T: E — F of Hilbert A-modules induces an adjointable operator f*T: f*E —
f*F of Hilbert f*A-modules, giving us a functor f*: Hilb, — Hilb - ,. We call
each of these functors the pullback by f.

Proposition 1.63 (Adjointable operators on pullback modules). Let g: Y — X be
a continuous map, let A be a Cy(X)-algebra and let E and F be a Hilbert A-modules.
Then the fibre-wise isomorphisms g"K(E,F) = K(g*E,9"F) and g"L(E,F) :=
Y xx L(E,F) = L(g"E,g"F) are homeomorphisms. We obtain identifications
K(g"E,g"F) 2 g"K(E,F) and L(g"E,g"F) 2 T, (Y,g"L(E, F)).

Proof. To check that v: g"K(E,F) — K(9"&,g"F) is continuous, it suffices by
Propositions 1.45 and 1.61 to check that y — ©y ~ . =V — K(g"E,g"F) is
continuous for each e € E and f € F. This map can be written as a composition
Y = g"F xy g°€ = K(g"E, g" F), the latter of which is continuous by Proposition
1.51. As a continuous map of Banach bundles which is an isometric isomorphism

at each fibre, ¢ is a homeomorphism by Proposition 1.49.

To check that p: g"L(E,F) — L(g"E, g" F) is continuous, we use Proposition 1.55.
It therefore suffices to show that the fibre-wise application maps ¢g"L(€,F) Xy
g€ — g"F and g*L(E, F) Xy g°F — ¢g"& are continuous. We need only check
continuity of the composed maps through to F and £ respectively, which follow

from the commutativity of the diagrams below:

GLEF)xy g & — g"F GLEF)xy g F — g*€

| | ! |

LEF) xx & —— F LEF)xx F—— &
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To check that ¢~ ': L(g*E,g*F) — ¢"L(E,F) is continuous, we need only check
that the composed map through to £(€, F) is continuous. Given e € E and f € F,

consider the maps
L(GE g F)— F L(GE g F)— €&
T — T(ep(T)) T T*(fp(T))7

where p: L(g*E,9"F) — X picks out the fibre. The first can be written as a

composition
* * id “e)o * * * a * U
L(g"E, g }')M)E(Q E,g°F) xy ¢ & 22 gt F L5 F

of continuous maps, and similarly for the second. We conclude that ¢ is a homeo-

morphism. O

Through a continuous map f: Y — X we may directly view algebras and modules
that are fibred over Y as fibred over X instead. This is called the pushforward.

Definition 1.64 (Pushforward of algebras and modules). Let f: Y — X be a
continuous map and let A be a Cy(Y)-algebra with structure map ®: Cy(Y) —
ZM(A). Let ®: C,(Y) — ZM(A) be the extension of ® to the multiplier algebra
Cy(Y). The pushforward Cy(X)-algebra f,A has underlying C*-algebra A, with

structure map given by the composition
Co(X) L (V) 2 ZM(A).

This is non-degenerate |8, Proposition 3.5] so f* A is indeed a Cy(X)-algebra. If E is
a Hilbert A-module, we define the pushforward Hilbert module f,FE to be the Hilbert
f+A-module with the same underlying space. The pushforward bundles f, A — X
and f,£ — X are the associated bundles. The fibres at € X of the pushforwards
are given by (f,A), = Ty(Y,, A) and (f,E), = Ty(Y,,E) (see [8, Proposition 3.6]).
The fibre maps f, A — (f,A4), and f,E — (f.FE), are given by the restriction maps
Ty(Y, A) = Ty(Y,, A) and T'y(Y,E) = Ty(Yy,, E).

A Cy(Y)-linear map of Cy(Y)-algebras A — B is Cy(X)-linear as a map of Cy(X)-
algebras f,A — f.B, giving us a functor f,: C*-alg® — C*-alg™. Similarly, we get
a functor f,: Hilb, — Hilb; 4 for each Cy(Y')-algebra A. We call each of these the

pushforward.

Proposition 1.65 (Adjointable operators on pushforward modules). Let g: Y —
X be a continuous map, and consider a Cy(Y)-algebra A and Hilbert A-modules E
and F.

Then for each x € X, we may identify the fibre L((g. E) 4, (9. F),) of the adjointable
operators at x with T'y(Y,, L(E,F)) via the isomorphism

P Fb(Yz7£(87"r)) = ‘C(F()(Yxag)aFO(YzVF))
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T— (e (y—T,(ey)))-

The fibre K((g.E), (9.F),) of the compact operator bundle at x can be identified
with To(Y,, K(E,F)) via the isomorphism

(E FO(vaIC(gaf)) = K(FO(Yx’g)’FO(YxV}—))
T— (e (y—T,(e,))).

Under these identifications, the fibre T,, € Ty (Y,, L(E,F)) of an adjointable operator
T € L(g.E,g,F) is the restriction of T viewed as an element of T,(Y, L(E,F)) to
Y.

Proof. The restriction to Y, is the pullback by the inclusion Y, < Y, so ¢ and
are well-defined and isomorphisms by Proposition 1.63. The fibre T,, of T at z is
given by Ty € I',(Y,, L(E,F)) because the fibre maps I'y(Y,&) — [y(Y,,€) and
Ty(Y, F) = Iy(Y,,F) are given by restriction, so the following diagram commutes.

[o(Y,€) —1— Ty(Y, F)

Lo

!
FO(Yx»g) — FO(va}—)
O

Remark 1.66 (Pushforwards for arbitrary Banach bundles). Given f: Y — X,
we may define the pushforward f,,A — X for any Banach bundle A — Y. We
take the fibre at z € X to be (f,A4), = T'y(Y,,A), and consider the set T' of
sections n: X — f,A such that y — n(f(y))(y): Y — Ais in I'y(Y,A). By
Proposition 1.40 there is a unique Banach bundle structure on f,.A such that each
element of I' is a continuous section. Note that I' contains = — [y : X — fA
for each £ € T'4(Y,.A), which form a sufficient collection of sections for f,.A. This
pushforward bundle construction of f, A for a Cy(Y)-algebra A therefore agrees

with our earlier definition.

The pushforward and pullback interact in the following way, see Proposition 3.7
in [§].

Proposition 1.67 (Interplay between pushforward and pullback). Let f: Y — X
and g: Z — X be continuous maps of locally compact Hausdorff spaces, and let
A — Y be a Banach bundle. Let my: Z Xx Y — Z and ny: Z xx Y — Y be
the projection maps. Then there is an isomorphism of Banach bundles ¢: g f, A =2

(7). 7y A given fibre-wise at z € Z by
FO(YQ(Z)’ ‘A) — FO((Z Xx Y)z77r;/-’4)

n—=nomy.
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Proof. This is clearly an isomorphism at each fibre, so by Proposition 1.49, we
need only check that it is continuous. Ranging over a € I'y(Y,.A) and v € Cy(Z2),
the sections vg* f.a: z y(z)afyg(z): Z — ¢"f.A form a sufficient collection of
continuous sections. Composing with ¢, the section z (’y(z)a[yg(z)) omy: Z —
(5)smy A is continuous because its associated map Z xx Y — 7y A is the ¢y
section (z,y) — v(2)a(y). Because ¢ o vg" f,a is continuous for each a € I'y(Y, A)

and v € Cy(Z) we can conclude by Proposition 1.45 that ¢ is continuous. O

One consequence of this is that we can check the continuity of a function &: Z —
f«A into a pushforward bundle by checking the continuity of the associated “un-
curried” bivariate function &: (z,y) — £(2)(y): Z xx Y — A.

Proposition 1.68 (Continuity of maps into pushforward bundles). Let f: Y — X
be a continuous map of locally compact Hausdorff spaces, let A — Y be a Banach
bundle with pushforward p: f,L A — X and let Z be a locally compact Hausdorff
space. Then a map &: Z — f, A which vanishes at infinity is continuous if and only
if

e the map g =po&: Z — X is continuous,

o and the map €: (z,y) — £(2)(y): Zxx Y — A is cq.

Proof. First suppose that £ is continuous. Then clearly ¢ is continuous. Through
the identification ¢"f, A = (74),my A, the section £: Z — ¢*f,A is mapped to
Z ér(zxxy)z : Z — (14).myA. The ¢, section corresponding to this is £: Z X y
Y — 1y A.

Conversely, if ¢ is continuous and £ is ¢y, we may walk this backwards so that
£: Z xx Y — w3 A corresponds through the pushforward (74), and the identifica-
tion g* fL A (my) vy Ato & Z — g fL A O

1.3. Groupoid actions on C*-algebras and crossed products. The action of
a groupoid on an object requires that it be fibred over the unit space. With Banach

bundles, we can discuss how étale groupoids act on Banach spaces.

Definition 1.69 (Groupoid action on a Banach bundle). Let G be an étale groupoid
with unit space X, and let p: A — X be a Banach bundle over X. A (left) Banach
bundle action G ~ A is an action of G on A as a topological space with anchor
map p: A — X such that for each g € G, the map

arrg-a: Aggy — Ang

is a linear isometric isomorphism. We call A a Banach G-bundle.

Remark 1.70. The action map G x x A — A can be considered as a map s* A — r* A

of Banach bundles, and continuity can be checked using Proposition 1.61. This
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means that a candidate action map is continuous if for sufficiently many sections
£ eTly(X,A), the map g — g-£(s(g9)): G — A is continuous.

Definition 1.71 (Groupoid actions on algebras and modules). Let G be an étale

groupoid with unit space X.

A (left) action G ~ A on a C*-algebra A is a Cy(X)-algebra structure on A along
with a Banach bundle action G ~ A on the associated bundle A — X such that
for each g € G,

arrg-a: Aggy — Ang
is a *-isomorphism. We call A a G-C*-algebra and A a G-C*-bundle. A compatible
G-action on a Hilbert A-module F is a Banach bundle action G ~ £ on the associ-
ated bundle £ — X that is compatible with the module action and inner product

in the sense that for each g € G, a € Ay, and ey,e; € E we have:

s(g)
g- (a : 61) = (g : a’) : (g - 61) € Er(g)v g- <€1762> = <g t€1,9° 62> € AT(g)'
We call E a G-Hilbert A-module and € a G-Hilbert A-bundle.

Remark 1.72 (Action of an open bisection). Suppose we have a G-C*-algebra A with
action a: G ~ A. For each open bisection U C G, we obtain a *-homomorphism
ay: s(U)A — r(U)A given by

ay: To(s(U), A) = To(r(U), A)
a > (r(u) = u-ayy)-

Similarly, a compatible action €: G ~ E on a Hilbert A-module E induces a map
ev: Lo(s(U), &) = Lo(r(U),€).

Definition 1.73 (Equivariant *-homomorphisms). Let G be an étale groupoid with
unit space X and let A and B be G-C*-algebras. A «-homomorphism ¢: A — B
is G-equivariant if it is Cy(X)-linear and g - ¢4y (a) = @, (g)(g - a) for each g € G
and a € Ag(y).

We write C*—aIgG for the category of G-C*-algebras with morphisms given by G-

equivariant *-homomorphisms.

An action of an étale groupoid G on a Hilbert module over a G-C*-algebra leads
naturally to actions on the adjointable operators, and in particular the algebra of

compact operators becomes a G-C*-algebra.

Proposition 1.74 (Actions on the spaces of adjointable operators). Let G be an
étale groupoid with unit space X, let A be a G-C*-algebra and let E and F be G-
Hilbert A-modules. Then there is an action G~ L(E, F) as a topological space over

X which restricts to an action G ~ K(E,F) as a Banach bundle over X, given at
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g€ G by
K(Es(g); Fi(g)) = K(Er(g), Frg)) L(Esg): Fog)) = L(Er(g), Frg))
T+ v,Tu, " T+ v,Tuy’,

where ug: By — Ey g is the action map e — g - e and vy: Fyg) — F (4 is the

s(9)
action map f > g- f. We typically write g-T for the operator ngu;1 given g € G

and T € C(Es(g), Fs(g))

Proof. We first check that the map (g,7T) — ngu;1: Gxx LEF)— LEF)is

continuous using Proposition 1.55. The composition

(G Xx [,(5,]:)) Xx &= {(g,T,e) ‘ g€ G7 T e ‘c(Es(g)an(g))a S Er(g)}
- F
(9,T,e) — ngu;I(e)

with the application map is continuous by continuity of the inverse action map
r*€ — s*&, the application map L(&, F)x x€ — F and the action map s* F — r* F.
The composition with the adjoint application map is similarly continuous, and we

may conclude that the candidate action map G x x L(E,F) — L(&, F) is continuous.

We use Remark 1.70 to check that the restriction of the operator bundle action map
to the map (¢,7T") — ngu;I: G xx K(&,F) — K(E,F) is continuous by checking
against enough continuous sections for (€, F). For each f € F and e € E, we

have “g(afs(g),e =0 for each g € G. This is a continuous function

s(o) o 9-fs(9):9"€s(g)
of g by Proposition 1.51, and so we may conclude that the candidate action map
G xx K(E,F) — K(€,F) is continuous, and therefore defines a G-Banach bundle

structure on K(&, F). O

One of the main reasons operator algebraists are interested in groupoid actions on
C*-algebras and Hilbert modules is to construct groupoid crossed products. This
is a little delicate so we will require the following lemma. For a continuous map
f: X — Y, a Banach bundle A — Y and a continuous section £ € T'(X, f*A), we
say that  has proper support with respect to f if the restriction f[g,pp(e): supp(§) —
Y is proper.

Lemma 1.75. Let f: X — Y be a local homeomorphism and let A — Y be a
Banach bundle. Let ¢ € T'(X, f*A) be a bounded continuous section with proper
support with respect to f. Then the section f.£:Y — A given by

zef ()

is well-defined and continuous. If £ is compactly supported then so is f.£.
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Proof. In the special case of the range local homeomorphism r: G — G° of an étale
groupoid G and with A being scalar this is [8, Lemma 2.3]. This proof carries over

almost word for word into our setting. O

We may now describe the convolution *-algebra of a G-C*-algebra A that can be

completed to form the crossed product G x A.

Proposition 1.76 (Convolution algebras and modules). Let G be an étale groupoid,
let A be a G-C*-algebra and let E be a G-Hilbert A-module. There is a *-algebra

structure on the space of compactly supported sections T',(G,s" A), given by
—x —: (G, s"A) x T (G,s"A) = T.(G, s*A)
(&m) = &xn
g > (g2 &(91))m(g2)

9192=9

(=)":T.(G,s"A) = T.(G,s"A)
nen
g=g - (mlg™h)".

Furthermore, T.(G,s"E) has the structure of a right T (G, s A)-module and a

sesquilinear form valued in T',(G, s" A) given by

[.(G,s"E) xT.(G,s*A) - T.(G,s"E)

(5, V) — g ‘v
9= Z (92" - &(91)) - v(92)
[.(G,s"E) xT.(G,s"E) — Fc(é,s*A)
(&m) = (&m)
g > g7 &g D)inlg)-

The sesquilinear form satisfies (£,m)" = (n,&) for each &,n € T.(G,s*E) and is
compatible with the right action of T'.(G, s"A) in the sense that (€,m-v) = (£, n) *v
for each v € T (G, 5" A).

Proof. Once it is clear that these operations are well-defined, it is straightforward

to check all of the required algebraic identities.

The adjoint map is well-defined by continuity of inversion G — G, the adjoint
map A — A and the continuity of the action G ~ A. To justify the continu-
ity of each other map we will apply Lemma 1.75 to the local homeomorphism
m: (g1,92) = g192: G? — G. For convolution on I'.(G,s"A), consider elements &
and 7 of T,(G, s*A). The map (g1,92) — (95" + £(g1))n(g2): G — m*s* A is con-

tinuous by continuity of the action G ~ A and multiplication on A, and compactly
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supported because € and 7 are compactly supported. The element £xn € T'.(G, s*A)
is therefore well-defined by Lemma 1.75. The right module structure and sesquilin-

ear form on I'.(G, s*€) can be justified in a very similar manner. O

Remark 1.77. Other authors may use the alternative convention to fibre over the
range map r instead of the source map s, and define a x-algebra structure on
I'.(G,r*A) and module structure on I',(G,r*E). These are completely equivalent
approaches to the crossed products, but some formulae change slightly depending

on which convention is used.

Definition 1.78 (The reduced crossed product). Let G be an étale groupoid and
let A be a G-C*-algebra. The Hilbert A-module L*(G, A) is the completion of
I'.(G,r" A) under the inner product and right A-module action given by

(=, =): TG, r* A) x T(G, 1" A) = A
(&n) — (&m)
T va(g)*n(g)

L(G,r"A) x A= T.(G,r"A)
(ga Cl) = g ca
g9 = &(g) - alr(g))-
We can then define a #-representation of I',(G,s*A) on L*(G, A) as follows:
(G, s"A) x T (G, 7" A) = T.(G,r" A)
Em =&
g > g1 (Elg)n(g:)
9192=9
For ¢ € T'.(G, s* A) supported in an open bisection U C G and n € T',(G,7"A) C
L*(G, A), we have ||€ - || < [|€]lo|lnll. The above map therefore extends to a *-
homomorphism \: I',(G,s*A) — L(L*(G, A)), which we may call the left regular
representation. The reduced crossed product G .. A is the closure of A\(T'.(G, s*A))
in £(L*(G,A)). Furthermore, if E is a G-Hilbert A-module, we may complete
I'.(G,s"€) under the norm ||| := ||)\(<§,§>)H% for ¢ € T.(G,s"E) to obtain the
reduced crossed product Hilbert G ix,. A-module G x,. E. We note that the positivity

of the element A((£,€)) may be checked straightforwardly by checking that for
1 € To(G,r" A), we have (n, \((¢, €))n) = 0.

To define the universal crossed products G x A and G x E, we need the following
fact.
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Proposition 1.79. Let G be an étale groupoid and let A be a G-C*-algebra. For
any element & € T,(G,s"A) which is supported on an open bisection and any *-
representation w of I'.(G,s" A), we have |7(€)|| < ||¢]lss- Furthermore, for general
£ eT.(G,s"A), the quantity ||w(£)|| is bounded independently of .

Proof. First suppose that £ is supported on an open bisection U C G and supported
on a compact set C' C U. The element " x £ is supported on the compact set s(C).
The *-representation 7 restricts to a %-representation of the C*-algebra I'(s(C), A),

which is automatically contractive, and we obtain ||7(§)| = || (" * §)||% < 1€«

€12 = [I€]| e

A general element ¢ € T',(G,s"A) is supported on a compact set K C G. We may
cover K by a finite set of open bisections U;,...U,. Using a partition of unity
argument we may write { = > | & such that § € T'.(U;, s"A) and [|€;]| o0 < [|€]]0o-
It follows that ||7(£)] < nl/¢]|eo- O

Definition 1.80 (Crossed products). Let G be an étale groupoid, let A be a G-
C*-algebra and let E be a G-Hilbert A-module. The universal crossed product
C*-algebra G x A is the completion of T',(G,s*A) under the universal norm given
for £ € T (G, s*A) by

1€l = sup{||7(&)|| | 7: To(G, s"A) — L(H) is a =-representation}.

The inclusion I',.(G, s* A) € Gx A and the I' (G, s* A)-valued sesquilinear form from
Proposition 1.76 give rise to a G x A-valued sesquilinear form on I',(G, s*€) which
is positive definite in the sense that (£,£) > 0 in G x A for each & € T'.(G,s"E),
with equality if and only if £ = 0. The universal norm on I'.(G,s*A) therefore
allow us to define a norm on I',(G,s*E) by ||| = ||<§,§>H% for ¢ € T.(G,s"E).
The universal crossed product Hilbert module G x E is the completion of ' (G, s*€)
with respect to this norm. It is a Hilbert G x A-module.

We will often refer to universal crossed products simply as crossed products. We

obtain a functor G x —: C*-alg” — C*-alg called the crossed product.

Proposition 1.81. Let G be an étale groupoid with unit space X and let A be a G-
C*-algebra. Then the inclusion T'o(X, A) — T .(G,s"A) completes to an inclusion
A C G x A. Furthermore, A generates G X A as an ideal.

Proof. The space T'.(X, A) carries the uniform norm inside G x A by Proposition
1.79 so completes to A =T'y(X,.A) inside G x A. Any approximate unit for A acts
as an approximate unit for any element of I',(G, s"A) which is supported on an
open bisection. It is therefore an approximate unit for G x A and so m =
G x A. O
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Proposition 1.82. Let G be an étale groupoid, let A be a G-C*-algebra and let
E be a G-Hilbert A-module. The G x A-valued sesquilinear form on T.(G,s"E)
described in Proposition 1.76 is positive definite, and so we may form the Hilbert

G x A-module G x E by completion. Furthermore, the bilinear map
®:T,(G", &) x T (G, s*A) = T.(G, s*E)
e,a— P(e,a)
g (97"~ engy) - alg)

induces isomorphisms E@ 2 Gx, AZGEX, F and E®,GX A= G X E.

Proof. Given ey, ey € I'.(G°,€) and ay,ay € T',(G, s* A), we have
<(I)(€1aa1)a @(6270’2» = G‘I * <617e2> * g € Fc(Ga S*-A)

This is equal to the inner product (e; ® a;, ey ® ay) whether this is taken in F ® 4
Gx,Aorin E®, G x A, viewing I',(G, 5" A) as a subspace of both G x,. A and
G x A. Positivity of the sesquilinear form on ', (G, s*&) therefore holds on the span
of the image of ®.

Given &,m € T'.(G, s"€) which are supported on open bisections of G, the element
(€,m) € T.(G, s" A) is supported on an open bisection and [[{(€,1)]|oc < [1€]ls0 7] o-
By Proposition 1.79, this means that ||[{(§, M) |laxa < [I€]lse 7] oo

We now let £ € T'.(G,s"E) be a general element. Using a partition of unity argu-
ment, we may find n € N and open bisections Uy, ...,U, of G and &; € T',(U;,E)
such that £ = >, &. For each 4, there are sequences (§; ;) en in (U, £) Nim @
which converge to ; in the uniform norm. The estimates from the previous para-
graph imply that (£,&) can be approximated by positive elements in G x A and is

therefore positive.

Our arguments have shown that ® extends to inner product preserving maps F ® 4
Gx,A— Gx,FEand E®,Gx A — G X E with dense image, which are therefore

isomorphisms. ([

The C*-algebras and Hilbert modules that we deal with are often defined as suitable
completions of dense subspaces that we can get more of a handle on. However, the
definition of the universal crossed product C*-algebra G x A requires us to consider
genuine representations of the *-algebra I'.(G, s*A) on Hilbert spaces, rather than
simply dense subspaces of Hilbert spaces. The following lemma allows us to build
such representations even when we only know how to act on certain dense subspaces
of a Hilbert space or module. This is known as a pre-representation of I',(G, s* A),
see [15, Definition 5.1].

Lemma 1.83. Suppose that G is an étale groupoid, A is a G-C*-algebra, D is a

C*-algebra and F is a Hilbert D-module. Suppose there is a vector space Fy and a
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linear map i: Fy — F, along with a bilinear map L: T (G, s* A) x Fy — F satisfying

the following properties, under which we say (F, Fy, L) is a pre-representation.
e the image of L has dense span.

o L respects x-algebra structure in that for each ay,ay € T.(G,s"A) and
f1, fa € Fy,

(1.2) (L(ay, f1), L(ag, f2)) = (i(f1), L(aiay, f2)).
Then there is a unique non-degenerate x-representation w: U (G, s* A) — L(F) such

that w(a)i(f) = L(a, f) and w(a)L(d’, f') = L(ad', f') for each a,a’ € T.(G,s*A)
and f, f' € Fy.

Proof. Once existence is established uniqueness is clear because the image of L has
dense span. We wish to define 7: T (G, s*A) — L(F) by setting
(1.3) r(a)L(d', f') = L(ad’, f

for each a € T (G, s"A). To see that this is well-defined on the span of the image
of L, we show that there is C' > 0 such that ||>"1_; L(aa;, f;)|| < C||1Xi; L(as, fi)|l
for any a; € T',(G,s"A) and f; € F,. We may assume that a is supported on a
bisection, so that a*a € I',(G",.A), and we will be able to take C' = ||a|| = Ha*ch%O.
The multiplier algebra M (A) acts on the left and right of I'.(G, s*A), and there is
b € M(A) such that for each a’ € T',(G,s*A) we have a*ad’ = ||a”al|.oa’ — b*bd’,

namely b := +/|][a"al| — a*a. We then calculate:
<ZL<aaz,f;>,zL<aa;,f;>>
= Z aaj, f7), L(aaj, f}))
:Z i(f]), L((a}) a*ad’, £1))
= Z (ai, fi), L(a"adj, f))
= Z (a}. £1). L(lla"all o, £7) — L(b"ba}, £7))
— Zna alloe (L(ai, £7), L(aj, £5)) = D (ilF), L((a)" (0"0a)), 7))

2%

= lla" <Z L}, ). ZL<a;,f;>> - <Z L(ba}, £). 3 L(bas, f;>>
< Jla*all <Z L}, ). ZL(a;,f;-)>

Therefore for each a € T',(G, 5" A), 7(a) is a well-defined, bounded linear map from

the span of im L to F, and so extends to a bounded operator on F'. Furthermore,
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its adjoint is given by m(a”): this can be verified for elements in the image of L
using (1.2), and extends by linearity and continuity to all of F'. The fact that
7: T .(G,s"A) — L(F) is a *-homomorphism is direct from the definition (1.3).
Non-degeneracy follows from the image of L having dense span. We just need to
check that m(a)i(f) = L(a, f) for each a € I',(G,s"A) and f € F,. To do this we
check against L(a’, f') using (1.2):

i(f), L(a"a’, f'))
= (L(a, f),L(d', f))

As elements of the form L(d’, f’) have dense span, this is enough to determine that

m(a)i(f) = L(a, f). U

Remark 1.84. Typically we will be in the special case where F{, is a dense subspace
of F and T',(G, s* A) acts by linear maps on F|, such that the action

e is non-degenerate: the image I',(G,s"A) - F} is dense in Fy,

e respects composition: for a,a’ € T.(G, s*A) and f € Fy), we have a-(a’-f) =

(a * a/) : fa
e respects adjoints: for a € I'.(G,s*A) and f, f' € F,, we have (a- f,f') =
<f7 a’- f/>

When we have a proper, principal étale groupoid G with unit space X, its orbit
space X/G is Hausdorff and closely related to G. This means that quotients by G

are well-behaved.

Definition 1.85 (Quotient bundles and generalised invariant section spaces). Let
G be a proper, principal étale groupoid with unit space X. Given a right Banach
G-bundle A — X the quotient space A/G has the structure of a Banach bundle
over X/G which we call the quotient bundle. The associated section space construc-
tions for a G-C*-algebra A and a G-Hilbert A-module E are called the generalised

invariant subalgebra A% and the generalised invariant submodule E°.

Proposition 1.86 (The quotient Banach bundle is a Banach bundle). Let G be
a proper, principal étale groupoid with unit space X and let p: A — X be a right
Banach G-bundle. Then the quotient map 7: A — A/G is a local homeomorphism
and the quotient space A/G carries the structure of a Banach bundle over X/G by
setting the norm of an element [a]q € A/G to be ||a]|.

Proof. Let q: X — X/G be the quotient map and let p: A/G — X/G be the
structure map for the quotient bundle. Because G is proper and principal, ¢ is a

local homeomorphism by Proposition 1.11, and p is also open. The structure map
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p: A/G — X/G is therefore open because for an open set U C A/G, we have
B(U) = gp(r " (U))-

The norm ||[a]g|| = ||a|| for [a]g € A/G is well-defined as G acts by isometries. For
each x € X there is an isometric isomorphism a +— [a]g: A, — (A/G) which

shows that each fibre of A/G — X/G is a Banach space.

[z]la

Local injectivity of m: A — A/G is inherited from ¢: X — X/G. To see that
m is open, let U C A be open. The action map a: A xy G — A is a local

homeomorphism, and so 7~ ' (7(U)) = a(U x x G) is open. Thus 7 (U) is open.

The remaining conditions for §: A/G — X/G to be a Banach bundle are straight-

forwardly verified using that m is a local homeomorphism. O

The space of continuous sections I'(X/G, A/G) can be identified with the space of
G-equivariant continuous sections in I'(X, A), identifying a section £: X — A with
the section [z]g +— [£(x)]g. Consider again a proper, principal étale groupoid G
with unit space X, a right G-C*-algebra A with associated bundle A — X and
a (right) G-Hilbert A-module E with associated bundle & — X. Then the gener-
alised invariant subalgebra A% is given concretely by the set of bounded continuous
sections a € I'y (X, .A) such that:

e the section a is G-invariant in that a(r(g)) - ¢ = a(s(g)) for each g € G,

e the map [z|g +— |la(z)|: X/G — Rs( vanishes at infinity.
The action of Cy(X/G) on A% is given for ¢ € Co(X/G) and a € A€ by ¢ - a(z) =
¢([z]e)a(z). For each x € X, the evaluation at x map A — A, induces a *-
isomorphism A[C;;]G >~ A, of the fibre at [z]g. Similarly, the generalised invariant

submodule E is given concretely by the set of bounded continuous sections e €
I'y(X, €) such that:

e the section e is G-invariant in that e(r(g)) - ¢ = e(s(g)) for each g € G,
e the map [z]g — [le(z)]|: X/G — R vanishes at infinity.

For each z € X, the evaluation at x map E¢ - FE, induces an isomorphism
E&G ~ E, of the fibre at [z]g.

We obtain a functor (—)%: C*-alg” — C*-alg™/¢

generalised invariant subalgebra or quotient functor. For each G-C*-algebra A,
an equivariant adjointable operator T € L(F, F) between G-Hilbert A-modules F
and F induces an adjointable operator T¢ € ,C(EG, F G). In fact, each adjointable

operator is of this form:

which we may refer to as the

Proposition 1.87 (Adjointable operators on generalised invariant submodules).
Let G be a proper, principal étale groupoid with unit space X, let A be a right G-
C*-algebra, let E and F be (right) G-Hilbert A-modules, and let T € L(E®, FY) be

an adjointable operator.
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Then for each x € X, there is a unique adjointable operator T, € L(E,,F,)
such that for each e € EC, (T(e))(z) = T,(e(x)). Through this we can identify
the set of adjointable operators L(EG,FG) with the set of G-equivariant opera-
tors in L(E,F) = Ty(X,L(E,F)). The compact operators K(E, F) are identi-
fied with the set of G-equivariant operators T € Ty (X,K(E,F)) such that [z]g —
|T,|: X/G — Rsq vanishes at infinity.

Proof. The fibres of T € E(EG,FG) and its adjoint over X/G define continuous
maps £/G — F/G and F/G — &/G. For each z € X the identification of fibres
(€/G) ), = B, and (F/G)y), = F, enable us to construct T, € L(E,, F,) such
that (T(e))(x) = T,(e(x)) for each e € E®. This determines T, uniquely, and
ensures that the section x — T,: X — L(&,F) is bounded and G-equivariant. To
check continuity, we may check that the fibre-wise defined map & — F and its
fibre-wise adjoint F — &£ is continuous by Remark 1.53. This may be lifted using
the local homeomorphisms € — £/G and F — F/G from the continuous maps
£/G — FJ/G and F/G — £/G. Thus we have defined a map from £(E®, F%)
to the G-equivariant operators in T'y(X, £(£,F)). Its inverse is defined by setting
(T(e))(z) = T, (e(x)) for each x — T, € Ty(X, L(E, F)) and e € E°.

The identification of the compact operators IC(EG,F G) with the G-equivariant
operators in T'y(X,K(E,F)) which vanish at infinity follows from the fibre-wise
identification K(£/G,F/G) =2 K(£,F)/G being an isomorphism. We need only
check that it is continuous in one direction by Proposition 1.49. For e € EY and
f € FY, the continuous section [Z]g = O (@) le(@)e: X/G = K(E/G,F/G) is
sent to the section [z]g +— [Of(y).c(w))a: X/G — K(E,F)/G. This is continuous
by continuity of the maps e: X — &, f: X — F and F xx & — K(&,F) (see
Proposition 1.51). By Proposition 1.45, K(£/G,F/G) — K(E,F)/G is continuous

and therefore an isomorphism of Banach bundles. O

1.4. Equivariant correspondence categories of C*-algebras. The correspon-
dence categories are categories of C*-algebras with morphisms that are more flexible
than #-homomorphisms. These morphisms are known as correspondences, and can
be thought of as the data needed to induce a representation of one C*-algebra
from another. They are the building blocks of Kasparov’s KK-theory, and can be
equipped with étale groupoid actions to form the morphisms of the equivariant

correspondence categories.

A correspondence of C*-algebras from A to B is a pair (E, ¢), where E is a Hilbert
B-module and ¢: A — L(E) is a *-homomorphism called the structure map that

is non-degenerate in the sense that ¢(A)E = E. Unless there is a specific need to
refer to the structure map ¢, we omit it from the notation, writing a - e instead
of p(a)(e) for a € A and e € E. We may refer to just the underlying Hilbert
module, writing E: A — B for the correspondence (E, ). We may also call E a
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C*-correspondence. We say that E is a proper correspondence if A acts by compact
operators in the sense that p(A) C K(E).

Definition 1.88 (Cy(X)-correspondence). A C*-correspondence (E,p): A — B
between Cy(X)-algebras A and B is a Cy(X)-correspondence if p: A — L(E) is
Cy(X)-linear in the sense that £p(a) = p(€a) for each £ € Cy(X) and a € A. This
induces a C*-correspondence (E,, ¢, ): A, — B, for each 2 € X which we call the
fibre of (E, ) at x.

Proposition 1.89. Let (E,¢): A — B be a Cy(X)-correspondence. Then the map
A = L(E) given by p,: Ay, — L(E,) at x € X is continuous.

Proof. Let p denote the structure maps of the Banach bundles A — X and £ — X.
By Proposition 1.55, we need only check that for each e € E, the maps a —
Pp(a)(@)(ep)): A = € and a = @pq)(a) (epq)): A — € are continuous. This
follows from Proposition 1.45 because for each a € A, the section x — ¢, (a,)(e,)

is equal to the element ¢(a)(e) € E, and similarly for the adjoint a. O

Definition 1.90 (Equivariant correspondence). Let G be an étale groupoid with
unit space X and let A and B be G-C*-algebras. A G-equivariant correspondence
(E,¢): A — B is a Cy(X)-correspondence from A to B with an action of G on E
such that F is a G-Hilbert B-module and ¢: A — L(E) is G-equivariant in the

sense that g+ (a-e) =(g-a)-(g-e) for each g € G, a € Ay, and e € Eyy).

s(g

In order to discuss correspondence categories of C*-algebras we need to discuss the
composition of C*-correspondences, which involves the interior tensor product of
Hilbert modules. Given a C*-correspondence F': B — C and a Hilbert B-module
E, the interior tensor product E ®p F is a Hilbert C-module with the following
properties. There is a bilinear map (e, f) = e® f: E X F — E®p F whose image

has dense span. The inner product is given on these simple tensors by

(e1® f1,e2 @ fa) = (f1, (e1,e9) * fa)-

An adjointable operator T' € L(E) can act on E®Q g F by sending e® f to Te® f, from
which we obtain a *-homomorphism 7' +— T®1: L(F) — L(E®p F). Similarly, for
any other Hilbert B-module E’, there is a *-homomorphism T +— T®1: L(E,E') —
L(E ®p F,E' ®5 F). We refer to Lance’s book [44] for further details on these
constructions. We can then define the composition FoF of correspondences E: A —
B and F: B — C as the interior tensor product £ ® 5 F' equipped with the non-
degenerate action of A given by a-(e® f) = (a-e)® f fora € Aand (e, f) € EXF.
If F is a proper correspondence then — ® 1: L(E) — L(E ®p F) maps K(E) into

K(E ®p F), and so the composition of proper correspondences is proper.

Any C*-algebra A may be considered as a Hilbert module over itself, with the inner

product {a,b) = a"b and right module action given by right multiplication. With
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the left action of left multiplication, this turns A into a correspondence A: A — A
called the identity correspondence. Identity correspondences act as identities for
composition up to canonical isomorphisms: given a correspondence E: A — B, we
have isomorphisms e @ b—e-b: EQg B2 Fanda®e— a-e: Ay E = FE.
Composition is also associative up to canonical isomorphisms: if F;: A — B,

Ey: B — C and Eg: C — D are correspondences, we have an isomorphism
(e1®er) ®egr e @ (ea®es): (B ®p By) @c By = By @p (Ey ®¢ Es).

The correspondence category Corr is the category of C*-algebras with morphisms
given by (isomorphism classes of) C*-correspondences, and composition given as
above. The proper correspondence category Corr,, is the subcategory whose mor-
phisms are (isomorphism classes of) proper correspondences. We may now turn our
attention to the composition of Cy(X)-correspondences and equivariant correspon-

dences.

Proposition 1.91 (Interior tensor product bundles). Let A and B be Cy(X)-
algebras, let E be a Hilbert A-module and let F': A — B be a Cy(X)-correspondence
and consider the interior tensor product E @4 F. Let £ @ 4 F — X be the corre-
sponding Hilbert B-bundle.

Then the fibre (E ®4 F), at © € X of the interior tensor product can be identified
with B, ® 4 F, via the map (e f), — e, @ f, fore € Eand f € F. IfI'; CT'(X,€)
and Ty CT(X,F) are sufficient, then

P1®F2 Z:{€®f|€€1—‘1, fGFQ}

is sufficient for EQ 4 F, where e@f: X — EQ 4 F is defined by x — e(x)®f(x). This
means that for any Banach bundle B — X, a map of Banach bundles p: EQ@ 4 F —
B is continuous if and only if its composition (e, f) — (e ® f): € xx F — B with

the tensor product map is continuous.

Proof. Elements of the form (e ® f), for e € E and f € F have dense span
in (E®4 F),. The assignment (e ® ), — e, ® f, preserves the B, -valued inner
product, and is therefore well-defined and extends to a map (E® 4 F), — E,®4_F,
which preserves the inner product. This is an isomorphism of Hilbert B,-modules

because elements of the form e, ® f, have dense span in E, ®,_F,.

The tensor product map (e, f) — e® f: &€ xx F — & ®4 F is continuous by
Proposition 1.46. Each element of I'; ® T'y is therefore continuous. For each z € X,
elements of the form e(xz) ® f(x) over e € T'; and f € I'y have dense span in
E, ®4, I, so 'y @'y is sufficient. O

Given an étale groupoid G with unit space X with G-C*-algebras A and B, a G-
Hilbert A-module F and a G-equivariant correspondence F': A — B, we may form

a diagonal action of G on the interior tensor product F ® 4 F. This is given for
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g € G on simple tensors e ® f € E5) ®p, ., Fsg) by g- (e@f)=(g-e)®(g-f) €
E. 9 ®B,, Fy(g)- By Remark 1.70 it is enough to check continuity of the map
gr>g-egq) @G- fsg): G—E®@F for each e € F and f € F. This follows from
the continuity of the tensor product map & xx F — £ ® 4 F. This enables us to

define the composition of G-equivariant correspondences.

Definition 1.92 (Composition of equivariant correspondences). Let A, B and C
be G-C*-algebras, and let E: A — B and F': B — C be G-equivariant correspon-
dences. Then the diagonal action of G on the interior tensor product F ®p F' gives
FoFE: A — C the structure of a G-equivariant correspondence. Just as in the
non-equivariant setting, composition of equivariant correspondences is associative
up to canonical isomorphisms and identity correspondences act as identities up to

canonical isomorphisms.

The G-equivariant correspondence category Corr® of an étale groupoid G is the
category of G-C*-algebras with morphisms given by (isomorphism classes of) G-
equivariant correspondences. The G-equivariant proper correspondence category
Corrlcf is the subcategory whose morphisms are (isomorphism classes of) proper G-
equivariant correspondences. Any equivariant *-homomorphism can be viewed as

an equivariant correspondence, giving us a large class of examples.

Definition 1.93 (Equivariant *-homomorphisms as equivariant correspondences).
A G-equivariant x-homomorphism ¢: A — B induces a G-equivariant correspon-
dence CorrG(<p) := p(A)B: A — B. This defines a functor Corr®: C*-alg® — Corr®.

Most of the constructions we have discussed can be viewed as functors between

correspondences categories.

Proposition 1.94 (Pullback functor). Let g: Y — X be a continuous map. The
pullback construction for C*-algebras and Hilbert modules extends to a pullback
functor ¢*: Corr® — Corr” of correspondence categories. Let (E,p): A — B be
a Cy(X)-correspondence and let g"p: g*A — L(g"E) send a € g" A to the section
Y = g lay): Y — L(g°E). The pullback functor maps (E,p): A — B to the
Cy(Y)-correspondence (g E,g"¢): " A — g"B.

Proof. We first note that the section y — ¢, (a,): Y — L(g"E) is continuous by
Propositions 1.63 and 1.89. The structure map g ¢ is therefore well-defined, and
is clearly Cy(Y)-linear.

We then need to check that g*: Corr™ — Corr” is functorial, so let F: B — C
be another Cj(X)-correspondence. The fibre-wise identification ¢g*& ®y*p gF —
g" (€ ®p F) is continuous by Proposition 1.91 because the composition g*& Xy
g F — g" (€ @ F) with the tensor product map is continuous. This provides an
isomorphism of Hilbert g*C-bundles which identifies g" F o g"E with " (Fo E). O
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Proposition 1.95 (Pushforward functor). Let f: Y — X be a continuous map.
The pushforward construction for C*-algebras and Hilbert modules extends to a
pushforward functor f,: Corr” — Corr™ of correspondence categories. The push-
forward functor maps a Cy(Y)-correspondence (E,p): A — B is mapped to the
Co(X)-correspondence (L E, f.0): fLA — f.B, where f,p: f.A— L(f.FE) is given
by p: A — L(E).

Proof. The structure map f,¢: f,A — L(f.E) is automatically Cy(X)-linear, so
(fE, f.p) is a Cy(X)-correspondence. Functoriality is automatic as the underlying
C*-algebras and Hilbert modules do not change. O

Proposition 1.96 (Generalised invariant subalgebra functor). Let G be a proper,
principal étale groupoid with unit space X. The generalised invariant subspace con-
struction for C*-algebras and Hilbert modules extends to a functor (—)G: Corr® —
Corr™/¢ of correspondence categories. A G-equivariant correspondence E: A — B
is mapped to the Cy(X/G)-correspondence E%: A° = BY. The structure map
AY = L(E®) is given for a € A° CTy(X, A) and e € EY CT\(X,€) by pointwise

multiplication: for x € X, we have (a - e)(z) = a(x) - e(x).

Proof. The structure map is clearly Co(X/G)-linear, which makes E“: A9 — B¢
a Cy(X/G)-correspondence. In order to prove that (—)“: Corr® — Corr™/% is
functorial, consider G-equivariant correspondences EF: A — B and F': B — C.
There is a G-equivariant isomorphism E¢ ®pgo FY & (F®p F)G which maps a
simple tensor e ® f to the section z — e, ® f,: X — £ ®p F. This provides an

identification F o EY = (F o E)“. 0

Proposition 1.97 (Crossed product functor). Let G be an étale groupoid. The
crossed product construction for C*-algebras and Hilbert modules extends to a func-
tor G x —: Corr® — Corr of correspondence categories. A G-equivariant correspon-
dence E: A — B is mapped to the C*-correspondence GX E: Gx A — Gx B. The
action G x A~ G x E is given for £ € T,(G,s"A) CGx A andn € T,(G,s"E) C
G x E by
Enige D> (92 €(91) - nlg2)-
9192=9
Furthermore, if E is proper then G x E is also proper.

Proof. We first note that the action map I'.(G,s"A) x [ (G,s*E) — T.(G,s"E)
has dense range, as for any open bisection U C G, we may consider the restriction
L.(G° A) AT (U,s*E) for which dense range follows from the non-degeneracy of
A~ E. By Lemma 1.83, the action I'.(G, s A) AT (G,s"E) extends to an action
I'.(G,s"A) ~ G x E, which by the universal property of the universal crossed
product extends to an action G x A~ G x E. To see that this respects composition

of correspondences E: A — B and F: B — C, we consider the map n,v — n®
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v: T (G,s"E) x T (G, s"F) = T'.(G, s" (€ ®5 F)). This map extends to a unitary
isomorphism G X E Qqyp G X F 2 G x (E®g F).

If E is proper the action G x A ~ G x E factors through the x-homomorphism
G x A — G x K(E). We therefore just need to check that (FE) acts by compact
operators on G X E. This follows from considering &, 7 € FC(GO7 £), which give us
elements O, , € K(F) with dense span. The operator O, acts as the operator
O, € K(G x E), where we consider £ and 7 as elements of I'.(G,s'E) C G x E
supported on GY. O

Corollary 1.98. Let A be a G-C*-algebra and let E be a G-Hilbert A-module.
There is a non-degenerate x-homomorphism B: G x K(E) — K(G x E) which is
given on the dense subspaces T'.(G,s"K(E)) C G x K(E) and T',(G,s"E) CG x E
by

[.(G,s"K(E)) x T,(G,s°E) = T'(G,s"E)
(&mn) — BE)n)
g > (g2 &(91) - mg2).

9192=9

Proof. The correspondence E: IC(E) — A is proper and G-equivariant, so applying
the crossed product functor gives us the proper correspondence GX E: GX K(E) —

G x A. The structure map for this correspondence is 3. O
The reduced crossed product also gives us a functor of correspondence categories.

Proposition 1.99 (Reduced crossed product functor). Let G be an étale groupoid.
The reduced crossed product construction for C*-algebras and Hilbert modules ex-
tends to a functor G x, —: Cort® — Corr of correspondence categories. A G-
equivariant correspondence E: A — B is mapped to G x, E: G x, A — G X, B.
The action G x, A~ G X, E is given for £ € T, (G,s"A) C G x, A and n €
r.(G,s"€) CGx, E by

Enig— Y, (92 &9) - nlga):

9192=9

Furthermore, if E is proper then G X, E is also proper.

Proof. The proof largely follows the same ideas as for the previous proposition, but
we need to additionally argue that the action I'.(G,s*A) ~ G x,. E extends to an
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action of G x,. A. This follows from the commutativity of the following diagram.

[.(G,s"A) —— L(G K, E) —— L(G %, E®qyx, p L*(G,B))

7
.
‘ =
y
y

L(L*(G,E))

-
’
v oy
. =
-
’

Gx, A —— LL*(G,A) —— L(L*(G,A) @4 E)
0

An important feature of C*-correspondences is that proper correspondences induce
a map in K-theory. Typically this is justified through Kasparov’s KK-theory by
constructing a Kasparov cycle from the proper correspondence, which then induces
a map in K-theory. However, this is highly non-constructive and relies upon certain
countability assumptions which are not strictly necessary to obtain a map in K-
theory. We instead follow Exel’s approach in [26] to the problem of building an
isomorphism in K-theory from a Morita equivalence, which was also motivated by
the non-constructiveness and reliance on o-unitality of previously known techniques
[12]. Morita equivalences may be viewed as the invertible correspondences of C*-

algebras, and are necessarily proper.

We will use Exel’s Fredholm picture of K-theory [26] for a C*-algebra A. This is
highly related to Kasparov’s picture of Ky(A) as the Kasparov group KK(C, A).
An element in Ky(A) is given by the indexr indT [26, Definition 3.10] of an A-
Fredholm operator T' € £(M, N) [26, Definition 3.1] between Hilbert A-modules
M and N. An A-Fredholm operator is an adjointable operator such that there
exists S € L(N,M) with 1 — ST and 1 — T'S compact. The definition of the
index indT € Ky(A) is fairly involved, but every element of K,(A) is realised as
the index of some A-Fredholm operator 7' such that 77" — 1 and T"T — 1 are
compact [26, Proposition 3.14]. Furthermore, A-Fredholm operators 7} and 75

have the same index if and only if there is some n such that
T\oT, ®1,€ LM, ® Ny, ® A", N, & My, & A™)

can be written as the sum of an invertible operator and a compact operator |26,
Proposition 3.16]. Now let E: A — B be a proper correspondence. For any A-
Fredholm operator T € L(M, N), the operator T ® 1 € L(M ®4 E,N ®4 E) is
B-Fredholm. The mapping Ky(E): Ky(A) — Ky(B) defined by

ind7T — indT ®1: Ky(A) — Ko(B)

is a well-defined group homomorphism. This is functorial: if E is the identity
correspondence then Ky(FE) is the identity, and if E and F' are composable proper
correspondences then Ky(F o E) = Ky(F) o Ky(FE). To get a map in K;, we use

3In the proof given, S is the adjoint of T
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the identification K;(A) = Ky(SA), where SA := Cy(R, A) is the suspension of
A. Then SE := Cy(R,E): SA — SB is a proper correspondence in the obvious
way and we define K{(F): K{(A) — K{(B) to be Ky(SE): Ko(SA) — Ky(SB).
Furthermore, this extends the functoriality of K, with respect to x-homomorphisms.

We obtain a commutative diagram of functors.

* Corr
C*-alg —— Corr,

A [
Ab,
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2. INDUCTION FROM GROUPOID CORRESPONDENCES IN CORRESPONDENCE
CATEGORIES

On the path to understanding how a correspondence Q: G — H of étale groupoids
connects the equivariant Kasparov categories KK® and KKH, the first step is to
understand the situation at the level of the equivariant correspondence categories
Corr® and Corr. We introduce the induction functor Indg: Corr™ — Corr® and
explain how an induced algebra Indg B relates to the original algebra B via the

evaluation correspondence.

2.1. Induced algebras and modules. At the end of Section 1.1 we discussed
how a correspondence Q: G — H of étale groupoids induces a G-space Indg Y :=
Q xy Y from an H-space Y. We now construct induced C*-algebras and Hilbert
modules; from an H-C*-algebra B and an H-Hilbert B-module E we construct a
G-C*-algebra Indg B and a G-Hilbert Indg B-module Indg E. This is based on
the subgroupoid induction functor in [8], which already contains most of the key
ingredients for our construction. We also describe how this construction respects

the composition in the category of groupoid correspondences.

Definition 2.1 (Induced algebra and module). Let : G — H be a correspondence
of étale groupoids, let B be an H-C*-algebra with associated bundle B, and let FE
be an H-Hilbert B-module with associated bundle £. We define the induced G-C*-
algebra Indg B, its bundle Indg B, the induced G-Hilbert Indg B-module Indg E
and its bundle Indg € to be:

Indg B :=7,(c"B)™*H, Indg B := p,((c*B)/H)
Indg E := p,(c"E)** Indg € :=p,((c"E)/H)

We will usually view Indg B and Indg F concretely as the spaces of bounded con-
tinuous sections & in I'y(Q, 0" B) or ', (Q,0"E) such that

e for any w € Q and h € H°“) we have £(w - h) = h™ " - (w),
e the function [w]y — [|§(w)]]: Q/H — R vanishes at infinity.

These algebras and modules are fibred over G°, with fibres (Indg, B), and (Indg, E),
at © € G° given concretely by the spaces of bounded continuous sections £ in
[,(Q°,0"B) or T',(Q",0"E) such that

e for any w € Q° and h € H*™) we have &(w-h) = h™ ' - £(w),
e the function [w]gy — [|€(w)]|: 2°/H — R vanishes at infinity.

The left actions G ~ Indg B and G ~ Indg E are induced by the action G ~ Q.

Concretely, for each g € G we have the following maps.
Fb(QS(g)a U*B) 2 (Indﬂ B)s(g) - (Indﬂ B)T(g) - Fb(QT(g)a U*B)

§—g-§
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ot
ot

wr &g w)
[,(2°9,6%€) 2 (Indg B)yg) — (Indg B,y S Tp(Q",07)
§—9g-¢

w (g w)

By Remark 1.70, to see that the action map G X o Indg B — Indg, B is continuous,
we need only check that for each § € Indg B, the map g — g+ &yy): G — Indg B is

continuous. This can be checked using the following lemma:

Lemma 2.2 (Continuity of maps into induced bundles). Let Q: G — H be a cor-
respondence of étale groupoids, let B be an H-C*-algebra and consider the induced
bundle p: Indg B — G°. A map & Z — Indg B from a locally compact Hausdorff

space Z is continuous if and only if
e the composition g =po&: Z — G is continuous,

o and the map &: (z,w) = v(2)&(2)(w): Z X0 8 — B is ¢y with respect to
Z X0 Q/H for any v € C.(Z).

Proof. This follows from the description of continuous maps into pushforward bun-

dles in Proposition 1.68 and the H-equivariance of §~ . O

For each ¢ € Indg B the map (g,w) — g-ﬁ(gf1 ‘w): G XT,GO,pQ — B is continuous.
For each v € C.(G) and € > 0, consider the set K = {w € Q| ||7]looll{(w)|| > €}
which is the pre-image of a compact set in Q/H. Then (supp 7)_1 K CQis
also the pre-image of a compact set in ©/H. We have ||g- &(g™" - w)|| < e for
(9,w) € G X0 Q outside the set suppy X 5o (supp ’y)*l - K which is the pre-image
rt 4= Bis
therefore ¢, with respect to 2/H. We can conclude that g ~ g+ &, G — Indg B

of a compact set in G' X ;0 Q/H. The map (g,w) g-&(g " w): Gx

is continuous, and so the action map G ~Indg B is continuous. Similarly, the action

map on Indg £ is continuous.

Remark 2.3 (Density in induced algebras and modules). Let Q: G — H be a
correspondence of étale groupoids, and let B be an H-C*-algebra. A subset I' C
Indg B closed under the action of Cy(£2/H) has dense span if and only if {{(w) | £ €
I'} has dense span in B, for each w € Q. This follows from Proposition 1.48.

The same also holds for Hilbert modules.

We typically think of the elements in induced algebras and modules as continuous
H-equivariant sections defined on the groupoid correspondence : G — H. We
may also identify adjointable operators between induced Hilbert modules with con-
tinuous H-equivariant sections of adjointable operators, which act pointwise on the

sections representing the elements of the induced module. This also holds for the
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fibre of an adjointable operator at € G°, which is identified with a section of

operators defined on Q:

Proposition 2.4 (Adjointable operators on induced modules). Let Q: G — H
be a groupoid correspondence, let B be an H-C*-algebra and consider H-Hilbert
B-modules E and F'.

For each adjointable operator T € L(Indg E,Indg F') and each w € (, there is
a unique operator T,, € L(Eq )y, Fyw) such that (TE)(w) = T,&(w) for each
¢ €lIndg E. The section w — T,: Q — 0" L(E,F) is strictly continuous, bounded
and H-equivariant. The map sending T to the section w +— T,, defines an iso-
morphism from L(Indg E,Indg F) to the subspace of H-equivariant sections in
Ty(Q,0"L(E,F)). The operator T is compact if and only if the section w — T,
is an element of Ty (2, 0" K(E,F)) and the map [w]g — |T,|: Q/H — Rsq van-

ishes at infinity.

Similarly, for each x € G°, we identify the space L((Indg E),, (Indg F),) of ad-
jointable operators with the space of H-equivariant sections in T'y(Q", 0" L(E,F)),
which operate pointwise over ¥ on the elements of (Indg E), considered as sections
in Ty (Q°,07E). The fibre S, of an operator S € L((Indg E),, (Indg F),) atw € QF
is the unique operator satisfying (S€)(w) = S,(E(w)) for each & € (Indg E),.
The operator S is compact if and only if the section w — S, is an element of
[,(Q", 0" K(E, F)) and the map [w]g — ||S,||: Q°/H — Rsq vanishes at infinity.

Identifying adjointable operators with their associated sections of operators, the fibre
T, € L((Indg E),, (Indg F),) of an adjointable operator T € L(Indg E,Indg F) at
z € G° is the restriction of T to the closed subspace Q" C .

Proof. The identification of the space of adjointable operators £(Indg E,Indg F')
with the space of H-equivariant sections in I'y(Q, 0" L(&, F)) follows directly from
the descriptions of the adjointable operators on quotient and pullback modules in
Propositions 1.87 and 1.63. The identification of the space of compact operators
K(Indg, E,Indg F) with the space of H-equivariant sections in T'y(2,0"K(&,F))
that vanish at infinity with respect to /H also follows directly from these propo-

sitions.

For the description of the space of adjointable operators at each x € GO, we turn to
Proposition 1.65, which says that £((Indg E),, (Indg F),) may be identified with
I,(Q°/H,L((c"E)/H, (c"F)/H)). Once again using Propositions 1.87 and 1.63,
the bundle £((c*&)/H, (6" F)/H) — Q/H may be identified with (6" L(E,F))/H —
Q/H. After lifting to the unique H-equivariant sections, this completes the iden-
tification of £((Indg F),, (Indg F),) with the space of H-equivariant sections in
[,(Q°, 0" L(E,F)).
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For each w € Q" we must check that T,, = (T,), € L(Ey ) Fp()- For each
¢ € Indg E, we have T,(¢(w)) = (T€)(w). The fibre at z of an element of
Indg, E is its restriction to 7, so we may compute (T}),,(£(w)) = (T,(Elqe))(w) =

(T Tg7) (@) = (TE)(w)- 0

It is often convenient to work locally in a groupoid correspondence 2. For each
pw) S Fb(Qp(“’),U*B) at w, giving

us a map ev,,: (Indg B),) — Bs(w)- This leads to a bundle of evaluation maps

w € Q, we may evaluate elements £ € (Indg B)

ev = (ve: (IHdQ B)p(w) — Bo’(w))weﬂ'

Proposition 2.5 (Evaluation bundle map). Let Q: G — H be a groupoid corre-
spondence, let B be an H-C*-algebra and let E be an H-Hilbert B-module. Then

the collections (ev,,),cq of evaluation maps

ev,,: (Indg B) ) = Bo(w) ev,: (Indg E) = Eg(w)

p(w p(w)

form surjective morphisms ev: p* Indg B — "B and ev: p* Indg £ — € of Ba-

nach bundles over Q.

Proof. Recall that the set {p"¢ | ¢ € Indg E} is a sufficient collection of con-
tinuous sections for p*Indg . For each & € Indg E C Ty (Q,0°E), the com-
position evop*¢: Q0 — o€ is given by the continuous section &, and therefore

ev: p*Indg & — 0”& is continuous.

To check surjectivity, let w € Q and let e € E,(,) = (0" E),,. There exists a section
n € Ty(Q/H,0"E/H) such that n([w]y) = [e]x, which corresponds to an element
¢ € Indg F which evaluates to e at w. The argument for B is identical. 0

We may also work locally on an open bisection U of a correspondence Q: G — H,

by considering the correspondence UH : ¢(U) — H. Then
Indyy B={£ €Ty(UH,o"B) | £ is H-invariant and ¢, with respect to q(U)}

can be identified with the subalgebra of sections in Indg B that are supported
on UH. It is equal to ¢(U)Indg B, considering Indg B as a Cy(Q2/H)-algebra.
Evaluation gives us a *-isomorphism ev;: Indy g B = o(U)B given by

evy: Indgyy B — o(U)B =Ty(c(U),B)
(2.1) £ evy(§)

o(u) — §(u).

This shows that Indg, B is generated by subalgebras Indy iz B which are isomorphic
to subalgebras o(U)B of B, indexed by the open bisections U C Q.
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We now address the functoriality of the induced C*-algebra construction Indg
given a correspondence 2: G — H. Let A and B be H-C*-algebras and sup-
pose we have an H-equivariant *-homomorphism ¢: A — B. Applying ¢ point-
wise, we get a *-homomorphism TI'y(Q,0"A) — Tp,(Q,0"B) that restricts to a
G-equivariant x-homomorphism Indg ¢: Indg A — Indg B. We obtain a func-
tor Indg: C*—aIgH — C*—aIgG. Similarly, given an H-equivariant correspondence
E: A — B, we can apply operations pointwise to construct a G-equivariant corre-
spondence Indg F: Indg A — Indg B.

Proposition 2.6 (Induction functor). Let Q: G — H be a correspondence of étale
groupotids. Then the map Indg: Corr™ — Cort® between the equivariant correspon-
dence categories sending an H -equivariant correspondence FE: A — B to the G-
equivariant correspondence Indg E: Indg A — Indg B is a functor. Furthermore,
this restricts to a functor Indg: Corrf — Corrf between the proper equivariant

correspondence categories.

Proof. Tt is clear that an identity correspondence A: A — A is mapped to the iden-
tity correspondence Indg A: Indg A — Indg A. Now suppose we have composable
H-equivariant correspondences F: A — B and F': B — C. Consider the following
map of Hilbert Indg C-modules.

IIldQ FE ®Indn B IHdQ F— IndQ (E ®B F)
fone (W= {(w) @nw))

This is well-defined because it preserves the inner product. The image of the simple
tensors £ ® 1 has dense span by Remark 2.3, so this is an isometric isomorphism
of Banach spaces. It intertwines the left actions of Indg A and is G-equivariant, so
we get an isomorphism Indg E ®r,q, g Indg F' = Indg(E ®p F') of G-equivariant
correspondences from Indg A to Indg B. The induction construction therefore re-
spects the composition of the correspondence categories and defines a functor. If
E: A — B is a proper H-equivariant correspondence, the left action A ~ E is
given by a continuous map ¢: A — K(&) of C*-bundles. The pointwise action
Indg A ~Indg E sends a section a € Indg A to the section (c"¢)oa: Q — " K(E).
This section is continuous, H-equivariant and vanishes at infinity with respect
to Q/H, so by Proposition 2.4 defines a compact operator on Indg E. Thus
Indg E: Indg A — Indg B is also proper. O

We now turn to considering how the assignment 2 — Indg behaves with respect

to the category of groupoid correspondences.

Proposition 2.7 (Compatibility of the induction functor with composition). Let
GAQAH and H~ A~ K be groupoid correspondences, and let B be a K-C*-

algebra. Then there is a G-equivariant x-isomorphism of G-C*-algebras

YB: Indﬂ IndA B = IndAoQ B
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given by the following maps.
¢p: IndgIndy B — Indy.q B C Ty (Ao Q,0"B)
£ ep(8)
[w, Al = €(w)(A)
5" Indpog B — Indg Indy B C Iy (2, 06 Ind, B)
N ep (n)

w g ()W)
A= n(w, Alg)

Suppose C' is another K-C*-algebra and E: B — C is a K-equivariant correspon-
dence. We may define pg: IndgIndy E — Indp.q FE in the same way. Through

this we have a natural isomorphism ¢: Indg olnd, = Indy.qg: Cort™ = Corr®.

Proof. Let us first make a technical remark that we will need for this proof. There
is a closed surjection 7: (Ao Q)/K — Q/H given by 7([[w, A|g]x) = [w]g- Recall
that a closed map with compact fibres is proper. A closed subset S C (Ao Q)/K is
therefore compact if and only if its image 7(S) is compact and each fibre S}, =
7 ([w]y) NS is compact. For each w € €, the fibre 7' ([w]y) can be identified
with A% /K via [[w, \lg]x > [N, S0 we may view Sl inside NG ¢

Let £ € Indg Ind B. For any (w,A) € Q X 4o A and h € H??“) we may calculate
that €(w-h)(h ™" A) = (b~ @) (A" A) = €W)(N). The map 9(€): [w, Ny =
£(w)(A) is therefore a well-defined bounded section (€ x 0 A)/H — o"B, and it
is clearly K-equivariant. It is continuous by Lemma 2.2 and the continuity of the
map &: Q — Ind, B. To show that it vanishes at infinity with respect to (AoQ)/K,
let € > 0 and let S = {[[w,\|glx € (Ao Q)/K | ||§(w)(N)]| > €}. As & vanishes
at infinity with respect to 2/ H, the image m(S) is compact. For each w € €, the
fibre S, is compact because { (w) vanishes at infinity with respect to Ao @) /K.
Therefore S is compact, and we can finally conclude that g (§) € Indp.q B. It is
then clear that ¢p is a G-equivariant *-homomorphism.

Now let i € Indyoq B. Then for each w € Q, the map A — n([w, Ag): A —
oxB is continuous, bounded and K-equivariant. Through the closed continuous in-
jection [N g [[w, N glx: A7) /K — (Ao Q)/K and the vanishing at infinity of
1 with respect to (AoQ)/K we can deduce that [A] g — ||n([w, A] g)|| vanishes at in-
finity. We therefore obtain an element 5" (1)(w): A — n([w, Az of (Ind, B) e (w)-
Applying Lemma 2.2, the map <p]_31(n) : 0 — 0§, Ind, B is continuous because of the
continuity of (w,\) = n([w,A|g): @ x 4o A — B. It is clearly also bounded and
H-equivariant. Through the continuous surjection 7: (Ao Q)/K — Q/H and the
vanishing at infinity of 7, we can see that [w]z — [l¢5" (1)(w)|| vanishes at infinity.
Therefore Lpgl(n) € Indg Ind, B, and it is then clear that @]_31 is an inverse to ¢pg.
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The G-equivariant isomorphism ¢g: Indg Indy, E = Indy.q F is defined and justi-
fied in exactly the same way. To check naturality of B +— CorrG(<p B), we need to
check that the following diagram commutes in the G-equivariant correspondence

category Corr©.

Indg Ind, B —222 By 40 nd, ©
lCorrG (¢5) lCorrG (o)
Ind,,q, B [daco B Ind,,q C

The 1 composition of correspondences can be described by the space Indg, Ind, F,
with the G-Hilbert Indg Ind , C-module structure modified to a G-Hilbert Ind  ,q C-
module structure via . The s composition is given by Ind,.o E with the
left action of Indg Ind, B induced by ¢pg. It is straightforward to check that
vp: IndgIndy F — Indp,q F provides the required G-equivariant isomorphism.

O

Proposition 2.8 (The induction functor of an identity correspondence). Let G be
an étale groupoid and let A be a G-C*-algebra. Consider the identity correspondence

G: G — G. There is a G-equivariant *-isomorphism
Ya: IndgA— A
Indg A CTy(G, s A) = Ty(G°, A)
=&l

Suppose B is another G-C*-algebra and let E: A — B be a G-equivariant corre-
spondence. We may define Yvg: Indg E — E in the same way. Through this we

o Cor'® = Corr®.

have a natural isomorphism ¢: Indg = id -

Proof. The vanishing condition on elements of Indg A ensures that ¥, is well-
defined, and the G-equivariance of the elements ensures that it is a G-equivariant -
homomorphism. The inverse is given by 13" (17)(g) = g~ n(r(g)) for n € Ty(G°, A)
and g € G.

Similarly, ¢¥g: Indg E — E is well-defined with inverse ¢]§1. To check naturality
of Aw— CorrG(<p 4), we need to check that the following diagram commutes in the

. G
G-equivariant correspondence category Corr™.

Indg A Inde P Indg B
J{Corrc (Y a) J{CO""G (YB)
A E B

The J composition is the correspondence with Hilbert module Ind,; E given the
structure of a Hilbert B-module through the G-equivariant isomorphism ¥ g. The

Ls composition is the correspondence with Hilbert B-module E with a left action of
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Indg A through 4. It is straightforward to check that ¢ g: Indg E — E provides

the required G-equivariant isomorphism. O

2.2. Groupoid correspondences with C*-coefficients. We wish to relate an
induced G-C*-algebra Indg B to the original H-C*-algebra B given a groupoid
correspondence 2: G — H. To do this we introduce the notion of groupoid cor-
respondences with C*-coefficients, viewing Indg B and B as C*-coefficients for the
étale groupoids G and H respectively. This is based upon the Morita equivalences

of groupoid C*-dynamical systems in [61].

Definition 2.9 (Correspondence of étale groupoids with C*-coefficients). Let G
and H be étale groupoids with unit spaces X = G and Y = HO, let A be a
G-C*-algebra and let B be an H-C*-algebra.

A groupoid correspondence bundle with C*-coefficients from (A, G) to (B, H) is a
Banach bundle p: £ — Q over a groupoid correspondence 2: G — H together
with the structure of a correspondence from A, to By, on the fibre E, at
each w € €2, and commuting continuous actions of G and H on the left and right

respectively of £ such that the following hold.

e (Continuity) The maps AXx & = &, EXxq& — Band £ xo B — £ induced

by the C*-correspondence structures on the fibres (E,,),cq are continuous.
Axx E—=E ExyB— &
& X0 E— B

This ensures that £ — 2 is the bundle associated to a Cy(2)-correspondence
from p*A to o™ B.

e (Equivariance) The bundle map p: £ — Q is equivariant with respect to

the groupoid actions.

£
g-ple) =plg-e) / l”\ ple) - h=p(e-h)

X2 024y

This says that the actions are really actions of G x €2 and Q x H.

e (Compatibility) The left G-action on & is compatible with the left A-action
and the right H-action on £ is compatible with the right B-action and the

B-valued inner product.

g-(a-e)=(g-a)-(g-e) (e-b)-h=(e-h)-(h~"-b)
(e-h,f-h)g=h"(e,f)5
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o (Invariance) The left G-action on & commutes with the right B-action and

the right H-action commutes with the left A-action.

g-(e-b)=(g-e)-b (@-e)-h=a-(e-h)

The associated section space E = I'y(£2, ) is called a groupoid correspondence with
C*-coefficients from (A, G) to (B, H) over §). This could alternatively be defined
as a Cy(Q)-correspondence from p*A to o B with actions of G and H satisfying
analogues of the above conditions. We often refer to (F, Q) and (&£,2) simply as a
correspondence and a correspondence bundle, and we may omit € if the underlying
groupoid correspondence is understood. To express that (£,€2) is a correspondence
bundle from (A, G) to (B, H) or that (E,Q) is a correspondence from (A,G) to

(B, H) we may write one of the following:

€,9): (A G)— (B, H) (A,G) = (B,H) (A, G)(E,Q) (B, H)

(E,Q): (A,G) = (B,H) (A,G) (B,H) (A,G)n(E, Q) (B,H)

£

->
Q

E
_>
Q
While the symbol - is used for many different actions, it should always be clear
which action we mean. As ever when introducing an object “with coefficients”, we

can see that it reduces to our original object when we have trivial coeflicients.

Example 2.10 (Groupoid correspondence with trivial coefficients). Let Q: G — H
be a correspondence of étale groupoids. The correspondence with trivial coefficients
is a correspondence from (Cy(G°),G) to (Co(H"), H) given by the trivial bundle
QxC— Q.

In the same way that every étale groupoid G has an identity correspondence, every

G-C*-algebra A has an identity correspondence with coefficients.

Example 2.11 (Identity correspondence bundle). Let G be an étale groupoid
with unit space X and let A be a G-C*-algebra with anchor map 7: A — X.
Consider the Banach bundle s* A — G over the identity correspondence G: G — G.
The fibre A, at g € G can be equipped with the structure of a correspondence
from A, g to Ay via the action map a — gt a: Apg) = As(g)- We define a
left action G ~ s*A by g1 + (92,a1) := (g192,a1) and a right action s*A .~ G by

(91,0a2) - g2 := (91927951 - ay) when s(g1) = r(ga), T(ay) = s(g2) and 7(az) = s(gy)-

To make sense of why these are the right actions, we may think of the action

gauy. The above

action maps are then determined by requiring consistency with the formal con-

G ~ A as an action of conjugation by unitaries with g - a = u

catenation (g,a) — uz,a. We can view this as constructing a correspondence with
C*-coefficients from the G-equivariant correspondence A: A — A. More gener-
ally, we can view any equivariant correspondence in the framework of groupoid

correspondences with C*-coefficients.
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Example 2.12 (Equivariant correspondences as groupoid correspondences with
C*-coefficients). Let G be an étale groupoid with unit space X, let A and B be
G-C*-algebras and let E: A — B be a G-equivariant correspondence from A to B.
Consider the Banach bundle s*€ — G over the identity correspondence G: G — G.
The fibre Fy,)
the following left actions of A and G and right action of G. For g;,g95 € G with

at g € G is a Hilbert By,)-module and we can equip s"G with

5(g1) = 7(g2), a € Ay(g,), €1 € Eg(g,) and ey € Ey(y,, we define:

ANG X x £

a-(g1,e):= (91a(9f1 -a)-eq)

GWG XXg GXng\G

g1 (92,62) = (9192762) (91761) * g2 = (9192a951 : 61)

We write ig(E): (A,G) — (B,Q) for the associated correspondence with C*-

coefficients.

The following example of a correspondence with C*-coefficients is our motivation
for the definition and gives us a way of relating an induced G-C*-algebra Indq, B
to the original H-C*-algebra B.

Example 2.13 (Evaluation correspondence). Let : G — H be a correspondence
of étale groupoids and let B be an H-C*-algebra. Consider the Banach bundle
0B — Q. The fibre Bs) at w € 2 can be equipped with the structure of a
(Indg, B)

p(w)~Bo(w) correspondence via the evaluation map

ev,,: IHdQ Bp(w) — Ba(w)'
We define actions G ~ "B~ H for (w,b) € 6B, g € G,y and h € H®) by
g (w,b) = (g9-w,b) (w,b) +h=(w-h,h~"-b).

We obtain a groupoid correspondence O, 5 with C*-coefficients called the evalua-
tion correspondence from (Indg B, G) to (B, H) over §2. The continuity of the left
action Indg B X ;0 0" B — o B follows from the continuity of the evaluation bundle

map p* Indg B — ¢*B in Proposition 2.5.

Just as with correspondences of groupoids and C*-algebras, we want a notion of

properness, which will eventually enable us to induce maps in K-theory.

Definition 2.14 (Proper correspondence with C*-coefficients). A groupoid corre-
spondence with C*-coefficients (E,Q): (A,G) — (B, H) is proper if the groupoid
correspondence Q: G — H is proper and the left action map A X 0 & — € defines
a continuous map of bundles p* A — K(&) over (.

We can build a correspondence with C*-coefficients entirely from the “right hand
side” of the data, as in Example 1.22.
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Example 2.15. Let H be an étale groupoid with a free, proper, étale right H-
space ) with anchor map o: Q — H° and let B be an H-C*-algebra. Let E be
a Q x H-Hilbert ¢*B-module with associated bundle & — Q. Then the action
K(E)/H xq/u € — & of the C*-bundle K(E)/H — Q/H defines a correspondence
bundle (£,9Q): (K(€)/H,Q/H) — (B, H). The underlying groupoid correspondence
Q: Q/H — H is proper. The bundle K(£)/H acts by compact operators on &, and
the map of bundles ¢*(K(£)/H) — K(€) is continuous by Proposition 1.49 as it
is pointwise an isometric isomorphism and has a continuous inverse. Thus the

correspondence (E,Q): (K(E)?,Q/H) — (B, H) is proper.

To compose groupoid correspondences with C*-coefficients, we must construct a
bundle F o & — A o Q from a pair of correspondences (E,): (A,G) — (B, H)
and (F,A): (B,H) — (C, K). The fibre (F o E), 5], at [w, ]y € A o should be
a C*-correspondence from A, to C,(y). The obvious choice is the composition
E, ®p,,, Fx, but this depends on the representative (w,\) € Q xy A. This
is not a huge problem, because given a different representative (w - h, Rt A),
there is a canonical isomorphism F,.;, ®B, F,-1, = E, DB, ) F, through the
actions of H. We may instead construct a Banach bundle F o & — A o Q such
that for each representative (w,\) € € xy A, there is a canonical isomorphism
(FoE)wxn, = E, ®B,., F-

Definition 2.16 (Composition of groupoid correspondences with C*-coefficients).
Let (E,Q): (A,G) — (B,H) and (F,A): (B,H) — (C, K) be correspondences of
étale groupoids with C*-coefficients. Let the unit spaces of G, H and K be X, Y
and Z respectively, and let mq, my and w, be the projections from Q xy A to Q, Y
and A respectively. The composition bundle F o0& — Ao is given by the following
Banach bundle.

Fof = (w;ge@?r;gﬁf) JH = (Qxy A)/JH=AoQ

Indeed, for each (w,\) € Q xy A, the fibre at [w, A] g is isomorphic to E ®B, . Fy,

through which we equip it with the structure of a C*-correspondence from A, to

plw
Cy(n)- For an element e ® f € E, ®p_, F\, we write [e ® f]g for the associated
element of (F' o E), 5),,- We endow F o & with commuting actions of G and K as

follows. For g € G ke KM and e® fekE, ®B, ., F, we define

p(w)
GxxFo&—=+Fof Fol Xz K—Foé&
g-le® fly=1lg-e® flu [e@ fl-k:=le® [k

It is straightforward to see that the actions of A, G, C and K on F o £ and the
inner product F o & Xpoq F 0 £ — C are well-defined and satisfy equivariance,
compatibility and invariance. By construction, a map ¢: F o & — D of Banach
bundles over A o Q) is continuous if and only if the H-invariant map £ xy F — D
given by (e, f) — ¢([e® f]g) is continuous. This can be used to verify each required
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continuity condition. We therefore obtain a correspondence (FoE,AoQ): (A4,G) —
(C, K) which is the composition of (E, ) and (F,A).

Proposition 2.17 (Associativity of composition of groupoid correspondences with
C*-coefficients). Composition of groupoid correspondences with C*-coefficients is

associative up to canonical isomorphisms.

PT'OOf, Let (E1791)Z (Alle) — (AQ,GQ), (EQ,QQ): (A27G2) — (A3,G3) and
(E3,9Q3): (43,G3) — (A4, G4) be correspondences, and let X; be the unit space

of G;. We may identify the composition correspondences with the following maps,

writing [~] instead of [~]¢, to avoid clutter.
Q30 (Qy00Qy) = (Q2300Qy) 08y a:E30(Ey0&) = (E308,) 08
[[wy, wal, ws] = w1, [wa, ws]] [[er ® es] ® es] = [eg @ [e2 @ es]

(W1,wa,w3) € Dy xx, Dy Xx, O3, €1 € (Ey)y,,, €2 € (By)y,, €3 € (Ej).y,-

Both modules (E3 0 (Ey 0 E1)){w, w,).w,] a0d ((E3 0 Ey) o Ey)|

phic to (E1)w, @4, (F2)w, ©(45),0,)
elements [[e; ® 5] ® e3] and [e; ® [ea ® e3]] map to e; ® e, ®es, S0 « is fibre-wise an

Wy, [wg,wsy]] A€ 1SOMOT-

(E3).,- Under these isomorphisms both

isomorphism. To check that it is continuous, consider the following commutative

diagram.

(&1 xx, &) Xx, &3 —— (E30&) Xy, &3 ———> &0 (E30&)
P
& XX, (& ' &) —— & XX, (E50&,) (E30&)0&
The continuity of o reduces to the continuity of 8 which reduces to the continuity

of v. We know that the horizontal maps are continuous, so we can conclude that «

is continuous. O

To describe how the identity correspondences with C*-coefficients behave under
composition, we will work in the more general setting of correspondences with C*-

coefficients coming from equivariant correspondences.

Proposition 2.18 (Composition with equivariant correspondences). Let E be a
G-equivariant correspondence from A to B, and let (F,Q): (B,G) — (C,H) be
a correspondence of groupoids with C*-coefficients. Then the composition F o

ic(E): (A,G) — (C, H) is given by the correspondence bundle

‘FO,LG(E) = p*g ®p*B ‘7:3 (F © ZG(E))w = Ep(w) ®BP(W) Fw'
The actions are given by

GAp&®,5F PER®, g FNH
g (we)@f)=(g-w,g-€)@(g-f), ((w,e)@f)-h=(w-he)Q(f-h),
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forweQ, ee By, fEF,, g€Gy, andh € H®) . Similarly if E': C — D
is an H-equivariant correspondence, the composition iy (E')o F: (B,G) — (D, H)

is given by

Z‘H(gl) ofF = F®J*C O—*g/a (ZH(E/) o F)w = Fw Q¢ EL/T(UJ)

)
The fibre E, (. DB, ) F,, atw € Q is already a correspondence from A,y to Cy(y)-
The groupoid actions are given by

GAF@yco*& F@Rpco & "H
g- (f® (Wﬂe/)) = (gf) ® (g-w7e/), (f® (w7e/)) -h= (fh) ®(w'h7h_1 'e/)v

forweQ, feF,, ¢ E{,(w), g€ Gy and h € HT@),

p(w

Proof. Under the identification [g,w]g — g-w: QoG = Q, we have an isomorphism
of Banach bundles over Q which is described below at g -w € Q for (g,€) € (s"E),
and f € F,,.

Foig(E)=p @, 3 F (Foig(E))gw = Erg) @8, Fyu
[(g:e)® fla = (g-e)@ (g f)
This is an isomorphism at each fibre because [(g,¢e) ® flg = [(7(9).9-€) @ g+ fla,
and it is well-defined and continuous because the map
SEXGF = p €@,y F
(g1 1) = (9-0)® (g~ 1)

is continuous and invariant for the diagonal G-action on s*€ x oo F. It is straight-
forward to see that the already described actions of A, G, C and H coincide under
this identification. Similarly, we have an isomorphism described below at w « h €
for f € F,, and (h,¢’) € (s"E'),.

ig(E) o F2F®,co"E (ig(E") o F)yp = Fuup, B¢, Eqn
[f @ (he)g = (f-h) @€

O

As a special case of this, we can conclude that the identity correspondence at (A, G)
acts as an identity for composition of groupoid correspondences with C*-coefficients.
We can now introduce the correspondence category GpdCorr+ of groupoids with

C*-coefficients.

Definition 2.19 (Correspondence category of groupoids with C*-coefficients). Let
GpdCorr+ be the category whose objects are pairs (A, G) consisting of an étale
groupoid G and a G-C*-algebra A, and whose morphisms are the isomorphism

classes of groupoid correspondences with C*-coefficients.
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The isomorphisms in this category recover the Morita equivalences of groupoid

C*-dynamical systems in [61].

Proposition 2.20. A correspondence (E,Q): (A,G) — (B, H) is invertible if
and only if Q is a Morita equivalence and for each w € ), the correspondence

E,: Ay = By(w) s a Morita equivalence. We call (E,€2) a Morita equivalence.

Proof. If (E, Q) is invertible then € is invertible and each E,, is invertible, thus they
are Morita equivalences. Conversely, if €2 is invertible and each E, is invertible,
we may write Q! and E’ for the inverses. The space Q! consists of formal
inverses w™ ! of elements of Q, topologised so that w +— wlisa homeomorphism.
The actions H ~ Q' .~ G are given by h-w ' = (w - h*l)f1 and w - g =
(971 -1
with a mapping e — e“. The actions are given by b-e* = (e-b")" and ¢" - a =

-w)”". Similarly, the correspondence E,, is isometrically isomorphic to E,,,
(a” - e)", while the inner product goes through the identification A, = K(E,,),
identifying (e*, f*) with ©, ;. As a result, we may form a correspondence bundle
(E*,Q7"): (B,H) = (A,G), topologised using the topology on (E,(2). There are
bundle maps (Eo E*, Qo Q™) = (ig(A4),G) and (E* o E,Q ' 0 Q) — (iy(B),H)
from the compositions to the identity correspondences which are isomorphisms on
each fibre and respect the isomorphisms € o O '~ Gand Q'oQ = H. The
continuity of the bundle map £ o £* — s*B follows from the continuity of the inner
product on &, and similarly for the bundle map £* o £ — s*A. These bundle maps

are therefore isomorphisms. O

Proposition 2.21 (Functor sending equivariant correspondences to correspon-
dences of groupoids with C*-coefficients). The construction of the correspondence
with C*-coefficients (iq(E),G) from a G-equivariant correspondence E: A — B
from Example 2.12 is functorial. We obtain a functor ig: Cort® — GpdCorrp-.
Furthermore, if E is proper then ig(E) is proper.

Proof. We have already seen that ig: Corr® — GpdCorr+ maps identities to iden-
tities. To check that it respects composition, let E: A — B and F': B — C be G-
equivariant correspondences. By Proposition 2.18, ig(F) 0ig(€) X ig(E) @58 F
which is in turn isomorphic to s*(£ @g F) = ig(€ @ F). It is straightforward to
check that this isomorphism ig(F) 0 ig(€) = ig(€ ®p F) is compatible with the
left actions of A and G and the right actions of C and G.

If E: A — B is proper, then for each g € G, Ey: Ay — By is proper, as

9)
it is the composition of the proper correspondence Ey,): Agg) — By with the

*-isomorphism A, ;) — Ay, induced by g. The bundle map r" A — ig(€) is

(9
therefore given by the composition 7* A — s*A — s*& of continuous bundle maps,
and so (ig(F),G) is proper. The identity correspondence G: G — G is proper, so

iq(E) is a proper correspondence of groupoids with C*-coefficients. O
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2.3. The crossed product construction for correspondences. The crossed
product of a groupoid correspondence with C*-coefficients builds on Holkar’s orig-
inal construction of a C*-correspondence from a groupoid correspondence. This
construction is slightly cleaner in the setting of étale groupoids [3]. Muhly and
Williams considered C*-coefficients [61] in the setting of Morita equivalences, which

are exactly the invertible correspondences.

Let (E,Q): (A,G) — (B, H) be a groupoid correspondence with C*-coefficients.
The aim is to construct a C*-correspondence Q x E: G x A — H x B. This is built
from the space T'.(€, £) of compactly supported continuous sections of £. Consider

the following structure on I', (2, £).

e AT_(H,s"B)-valued inner product on I',(£2, ). For £ and n € T .(Q,E), we
define (¢,7n) € T.(H,s"B) for h € H by

(2.2) Em:he > (Ew) - hon(w-h)) € By,

W€ (n)

e A right action T',(Q,E) AT (H,s"B). For £ € T(Q,€) and b € T',(H,s"B)
we define £ - b € T'(Q,E) for w € Q by

(2.3) Eobiwes Y (g(woh)-h’1> oY) e B,

heH"«)

o A left action T',(G,s"A) A T,(Q,€). For £ € T,(Q,€) and a € T (G, s"A)
we define a - £ € T (Q,E) for w € Q by
(2.4) a-&:w— Z gt (a(gil)-é(g-w)> €E,.

9€G ()

The elements (£, 7), £+b and a-£ are indeed compactly supported continuous sections
by applications of Lemma 1.75 to the local homeomorphisms 7g: Q2 x H — H,
r: Qx H— Qand s: G x Q — Q respectively.

Theorem 2.22 (The crossed product construction for a groupoid correspondence

with C*-coefficients). In the above setting, there is a C*-correspondence
OxE:GxA—HxxB

containing T'o(Q, E) as a dense subspace whose operations restrict to the above for-

mulae.

We emphasise that for a groupoid correspondence 2: G — H without coefficients,
plugging the correspondence with trivial coefficients from Example 2.10 into the

above construction recovers the C*-correspondence

C*(Q): C*(G) — C*(H)
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as introduced in [38] and explored in the étale setting in [3]. The section spaces
I.(G,s"A), T.(Q,€) and T .(H, s*B) become the spaces C.(G), C.(Q) and C.(H).

We will break the proof of Theorem 2.22 down into the construction of the Hilbert
module and the construction of the structure map. Note that the formulae (2.2)
and (2.3) depend only on the data of the right action (€,Q) ~ (B, H).

Proposition 2.23 (The crossed product Hilbert module). Let H be an étale
groupoid, let B be an H-C*-algebra, let  be a free, proper étale right H-space
and let £ — Q be a Q x H-Hilbert o*B-bundle. Then there is a Hilbert H x B-
module Q X E containing a dense copy of T'.(Q,E) whose inner product and right
module structure extend (2.2) and (2.3).

Proof. The inner product T',(Q,&) x T,(Q,€) — T'.(H,s"B) is clearly linear in the
second argument and the right action I',(2,€) x T .(H,s"B) — T'.(Q,€) is clearly
bilinear. It is straightforward to verify that the right action respects composition,
that the inner product is conjugate symmetric and that the right action and inner
product are compatible:

E-(bxc)=(£-b)-c forallé €T (QE)and b,ce T (H,s"B

(2.5) &m* = ¢ for all §,n € Tc(Q,&
(E,m-b)y={(&n)*xb forall&,nel,(Q,E) andbe T, (H, s B)

)
)

For each £ € T'(£2,€) and w € Q, we have an inequality (£,&)(0(w)) > ({(w),&(w)),
so (£,£) = 0 implies that £ = 0. The main missing ingredient is the positivity of
the inner product. To prove this, we follow the proof of [3, Lemma 7.9], adding
techniques from [61] to handle the C*-coefficients.

Let £ € T'.(02,&). We aim to show that (£, &) is a positive element of H x B. There
are finitely many open bisections U; C Q and &; € T'.(U;, &) with [§]lee < II€llee
such that £ = "7 | &. As in the proof of |3, Lemma 7.9], we take ¢; € C.(q(U;)) C
C.(/H) such that 327" |pi(2)]> = 1 for z € [J;_, supp(q(&)). Consider the
Hilbert (o B)**¥-module E®*¥ of H-equivariant sections in I'y (€, £) that vanish
at infinity with respect to 2/ H, whose operations are taken pointwise over €. For
each 4, the inner product induces the supremum norm on I',(U;, £) and there is an
isometric linear map ®;: I',(U;, &) — g given by H-equivariant extension. The
image of ®, is the set of equivariant sections supported in U+ H which have compact

support when restricted to U;, and ®; Uis just the restriction map. Applying [61,

Lemma 6.3, for any € > 0 there are finitely many elements v; € EH guch that
ZVJ' (v, @p(&)) ~e Pr(ér)
j=1

for each 1 < k <n. We use z ~, y to mean that d(z,y) < e. We then define

Nij = (I)i_l(@i : Vj) € Fc(Uivg)v
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which maps u € U; to ¢;([u]g)v;(u). We claim that (£, &) is approximated by the
positive operator i) >0 (15 5,€) (15 5,€). Unfolding the definition of the inner
product and action shows that 7, ; - (1; ;, &) € ['(©2, ) is non-zero only on w € Uy,
for which there is a (necessarily unique) h € H“) such that w-h € U;, and in this

Mg+ (i &) @) = (g (- 1) - R - (o ) - B0 ()
= (@i([Wla)v;(w)) - (@il W] m)vs(w), & (w))
= (i vj) - <<Pi *Vj, ‘I’k(fk» (w).
It follows that @y (1, + (i, &) = (@i - V) « {@; - vj, Px(&,)). Summing over i

and j,

qu)k (g + (g &) = ZZ(%’ cvp) - (i e vy BrlEr))

i=1 j=1 i

@
Il

A
<
I

-

and as @, is isometric we get >, Z;n':l i M j»Ek) ~e §- Fore;, € T (U;, €) and
e; € L.(U;, ), the inner product (e;,e;) € T'.(H,s"B) is supported on a bisection

and [[(e;, e;) | < lle;ll[le;]|. We may calculate

<€7£> = Z Z<£k7£l>

k=11=1

n
~ 2
Pl 2

k=11

NE

<§k’ Z Zm,j : <77i,j,£l>>

1 i=1 j=1

n m

=3 00y O (0, ©)-

i=1 j=1

Sending € to 0, we conclude that (£,£) > 0.

We may now complete I',(£2,£) under the norm ||£|| = ||<§,§>H% to obtain Q X E,
which comes with an inner product valued in H x B. For each b € T'.(H,s"B) and
€ e T.(Q,€&), the inequality ||€-b] < [|£]|||b]] follows from (2.5) and positivity of
(€,€). We can therefore extend the action of each b € T',(H,s"B) to a bounded
operator on (2 X E. By the same inequality, this extends to all of H x B, so we
obtain a continuous bilinear map Q2 x £ x H x B — Q x E. Each condition for
being a Hilbert module extends by continuity from the dense subspaces, so the right

action and inner product define a H x B-Hilbert module structure on Q x £. [

Proposition 2.24. Let (E,Q): (A,G) — (B, H) be a groupoid correspondence with
C*-coefficients. Then the left action of T .(G,s*A) on T,(Q, E) described by formula
(2.4) extends to a non-degenerate action G x A~ E x Q by adjointable operators.
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Proof. Tt is straightforward to verify that T'.(G, s*A) acts by adjointable operators
on I' (2, ) via (2.4) in the following sense.

<a - 5777> = <£a a” - 77> for all §&ne Fc(Q7€) and a € Fc(Gv S*A)

2.6
(26) a-(b-&)=(axb)-& foralla,bel,(G,s"A)and ¢ €T, (Q,E)

Extending this to a non-degenerate *-homomorphism G x A — L(Q2 X E) is a
direct application of Lemma 1.83, with D = Hx B, FF = Qx E, F, = T .(Q,€)
and L: T',(G, s*A) x F; — F given by the left action I'.(G, s*A) ~ T (2, ). The
condition that L respects the *-algebra structure follows from (2.6), and the proof
that the image of L has dense span follows from fibre-wise non-degeneracy of ANE:
Let U C Q be an open bisection, let £ € T',(U, ) and let € > 0. For each u € U there
is some a, € I'.(G",.A) such that (@) p(u) * §(u) ~¢ E(u). This relation holds on an
open neighbourhood of u, and by compactness of supp ¢ we obtain an open cover
Uy, ...,U, of supp¢ with elements a; € I',(G°, A) satisfying (ai) p(uy * §(u) ~¢ &(u)
for u € U;. Let ¢; € C.(U;) be such that Y ;" | ¢; =1 on supp&. Then £ is e-close
to Y a;- (&) = >y L(a;, ¢;:&). Such € span I'.(2, £) which is dense in Qx E,

so the image of L has dense span. O

Proposition 2.25. If (F,Q): (A,G) — (B, H) is a proper correspondence, then
Q x E is a proper C*-correspondence from G x A to H x B.

Proof. As A is embedded non-degenerately in G x A, it is enough to see that A
acts by compact operators. We first reduce to the special case where (4,G) =
(K(E ™) Q/H) as in Example 2.15. For a € A and n € K(E™*H) C T,(Q,K(E))
and £ € T' (2, E), the left actions are given by

a-&:wr apy) - E(w)
n-&:w i nw) - E(w).

Through composition with the continuous map of bundles p* A — K(€), there is a
s-homomorphism ¢: A — T'y(Q2, K£(&)) such that for eachw € Q,a € Aand e € E,,,
we have ¢(a)(w) - € = a,(, - e. By the properness of Q: G — H, the operator y(a)
vanishes at infinity with respect to 2/H. By Proposition 1.87, this means that
o(a) € K(E™'). By design, for each € € T',(Q,€) we have a - £ = p(a) - £, so it
suffices to show that K (EQXH) acts by compact operators.

Let U C © be an open bisection and consider the inclusion ®: I',(U, &) — B
given by H-equivariant extension. For each &;,&, € T'.(U,€), the compact oper-
ator Og ¢y (¢, acts on 2 x E as the compact operator O . . Such operators
Oa(¢,),a(c,) generate q(U)K(E®*™), which over all open bisections U C  generate
IC(EQNH). We can conclude that lC(EQNH)7 and hence G X A, acts by compact

operators.
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Proposition 2.26 (Compatibility of composition and crossed product). Given

composable groupoid correspondences with C*-coefficients
E F

the crossed product is compatible with composition in that the following diagram

commutes up to canonical isomorphism.

Gx A (AoQ) X (FoE) Kx(C
QE AV’
Hx B

This means that the crossed product gives us a functor x: GpdCorr« — Corr.

Proof. First we prove that the Hilbert K x C-modules are isomorphic, by defining
the following map.

OXEQuupAXEF = (AoQ)x (FokFE)
w: Do(,8) x T (A F) 5T (AoQ,Fof)
(e, f) = ule, f)
RIS [e(w-h)-h_1®h-f(h_1~/\)H

heH®)
The elements u(e, f) are compactly supported and continuous because they are for
e and f supported on open bisections U C Q and V' C A. The image of u has dense
span, which we check by again considering U and V. The sets V oU cover Ao(), so
it’s enough to check that u(T.(U, &) x T',(V, F)) has dense span in T'.(VoU, Fo€).
We note that on V o U, the norm is the sup-norm, so we may apply Proposition
1.48 to check for dense span in I'y(VoU, Fo€). By design we can observe pointwise
dense span, and closure under the action of Cy(V o U) is straightforward to show
because the element of Cy(V o U) can be absorbed into the element of I',(V, F) via
the isomorphism V o U = V. Finally, u preserves the inner products, so it extends
to a unitary isomorphism @: QX EQpupg AX F — (AoQ) x (Fo E). The bilinear
map u interwines the left actions of T'.(G,s"A) on T',(©2,€) and T',(Ao Q,F o &).
Therefore @ intertwines the left actions of G x A, and so we get an isomorphism of

C*-correspondences. O

2.4. The evaluation natural transformation. Let Q: G — H be a groupoid
correspondence. For each H-C*-algebra B, the evaluation correspondence O g
from Example 2.13 is a correspondence of groupoids with C*-coefficients from
(Indg B, G) to (B, H) over Q. We care about the evaluation correspondence be-
cause we can take its crossed product to get back to the more familiar land of

C*-correspondences. For each H-algebra B we obtain the crossed product

(27) le@gyB:GD(IndQB—)HKB.
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This is proper because it is isomorphic to the crossed product of the proper corre-
spondence Og p: (Indg B,G x Q/H) — (B, H). We can then take the K-theory to
get a map K, (G x Indg B) — K,(H x B). In order to do computations with this
map in K-theory, it will help to see the correspondence {2 x O g at the local level
with respect to €.

Lemma 2.27 (Local picture of the evaluation correspondence). Let Q: G — H be a
correspondence of groupoids and let B be an H-C*-algebra. For every open bisection
U C Q, the following diagram commutes in the (proper) correspondence category.
The horizontal maps are induced by the respective inclusions of C*-algebras.
Indyy. g B —— G x Indg B
lCorr(evU) JQ XOq 5

o(U)B —— Hx B

Proof. The Hilbert H x B-module for the 4 composition is I',(UH,c"B) C Q x
©g.p- The b composition is (o(U)B)H x B = I.(H"Y s*B). The homeomor-

phism UH &£ H 7(¥) induces a unitary equivalence of these correspondences. U

Describing the crossed product is also easier when we start with an H-space Y. In
this setting we can view the crossed product of the evaluation correspondence as

the C*-correspondence induced by a groupoid correspondence.

Proposition 2.28 (The crossed product of the evaluation correspondence for a
commutative C*-algebra). Let Q: G — H be an étale correspondence and let Y be

an H-space. Then the crossed product
Q% Og ¢y vy: GxIndg Co(Y) — H x Cy(Y)
of the evaluation correspondence is induced by the groupoid correspondence
GrOAXxgY QX 0Y "HKXY.

The anchor maps are defined by p(w,y) = [w,ylyg and o(w,y) = y, with actions
given by (9, w,ylx) - (w,y) = (g-w,y) and (w,h-y) - (h,y) = (w- h,y).

Proof. We first note that we can describe both C*-algebras as the appropriate
groupoid C*-algebras. We have H x Cy(Y) = C*(H x Y) and Indg Cy(Y) =
Co(Q Xy Y) so that G x Il’ldQ Co(Y) = C*(G x Q Xy Y)

Let B — H° be the C*bundle associated to Cy(Y), whose fibre at z € H is
Co(Y,). We wish to relate C,.(Q X ;0 Y) with T',(Q,0"B). Consider the inclusion

Co(Q%x,;0Y) =T (Q,0°B)

(W (y = E(w,y))-
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The similar inclusion C,(H x Y) < I'.(H,s"B) completes to the identification
C*"(HxY)=H x Cy(Y). Under this identification the inner products and module
actions agree on C.(2 x ;0 Y). To see that the image of C.(Q x40 Y) is dense
in T.(Q,0"B), pick an open bisection U C €, and note that C.(U x ;0 Y) —
I'.(U, 0" B) is isomorphic to the dense inclusion C,.(Y, 1)) < Co(Y,(1r)). We obtain
an isomorphism of Hilbert modules C™*(£2 X 0Y) = QAxOgq ¢ (vy- The identification
C'(Gx QxyzY)=GxIndg Cy(Y) is obtained from the dense inclusion

C.(GxQAxyY)—=T.(G,s Indg B)
arr (g (we (y = alg, [w,yln))))-

For each a € C,(G x Q xy Y) and £ € C,(2 X0 V), we may perform the left
action a - £ with the correspondence structure on C*(Q x ;0 Y) or the structure
on QX Og ¢, (v)- It is straightforward to check that these agree, giving the same
element of T',(Q2, 0" B). O

We are now equipped with the language to talk about the naturality of the evalua-
tion correspondence Og g in B. The algebra B sits in the H-equivariant correspon-
dence category Corr? | and Ogq.p is a correspondence in GpdCorr+ from i (Indg, B)
to iy (B). Altogether, the assignment Oq: B +— Ogq p is a natural transformation
from ig o Indg: Corr™ — GpdCorre» to iy : Corr™ — GpdCorr .

@QZ iG e} IndQ = ZH CO”'H = GpdCorrC*.

We call O the evaluation natural transformation, and it is indeed natural:

Proposition 2.29 (Evaluation natural transformation). Let Q: G — H be a
groupoid correspondence. The assignment Oq: B — Oq p is a natural transfor-

mation ig o Indg = ig: Cor! = GpdCorrp-.

Proof. Suppose we have an H-equivariant correspondence (E,p): B — C, and

consider the following diagram.

ig(Indg E)

(Il’ldQ .B7 G) I (IHdQ C, G)
QlGQ,B Qleg,c
ig(E)
(B, H) = (C,H)

Both compositions in this diagram involve an equivariant correspondence, so we
can use Proposition 2.18 to describe the underlying Cy(£2)-correspondences from
p"Indg B to 0"C. For the "1 composition, we have p* Indg E ® ,+ 1,4, ¢ 0 C, and
for the b+ composition we have ¢*B ®_-5 0" E. These are both isomorphic to
the correspondence (¢"E, (6"¢) o ev). The isomorphism ¢"B ®_ -5 0 E = ¢*F
is given by b ® e +— b - e, which intertwines the actions of G and H because the
G-action only switches the fibre and H acts diagonally on the tensor product. The
isomorphism p* Indg E ® 1,4, ¢ 0 C = 0" E is given by 7 ® ¢ = ev(n) - ¢, which
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intertwines the actions of G because given w € Q, n € (Indg F) ¢ € Cyw)

p(w)»
and g € Gy, we have g - ((w,n) ® (w,c)) = (g9 - w,(g-n) ® c), which maps to
(g-w,nw)-c) =g-(w,nw)-c). Itis H-equivariant because given h € H“),
we have ((w,7) ® (w,¢) - h = (w+h,n) @ (w-hh™" - ¢) and (™" - (n(w) - ¢) =

(" o)) - (W ee)=n(w-h)- (h~" - ¢). The induced isomorphism
p* IndQ E ®p* Indg C U*C = U*B ®U*B U*E

of Cy(§2)-correspondences therefore intertwines the actions of G and H, giving us

an isomorphism of correspondences (Indg B, G) — (C, H) over . O

Proposition 2.30 (Compatibility of the evaluation natural transformation with
composition). Let G~ Q~H and H ~ A~ K be groupoid correspondences, and
let C be a K-C*-algebra. Let oo : IndgIndy, C — Indyoq C be the G-equivariant
x-isomorphism from Proposition 2.7. Then the following diagram in GpdCorrs=
commutes.

Oq,ma, ©

(IndQ IndA C, G) ?) (Il’ldA C, H)
(2.8) iG(CorrG(goc))lG eA,ClA

© o
(Indpeq C, G) e (C, K)

Proof. Let X, Y and Z be the unit spaces of G, H and K respectively. Let the
following commuting diagram describe the range and source maps of the three
groupoid correspondences 2, A and A o 2, as well as projection maps from the
space 0 xy A.
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Y A

TQ TA
Ty TA

™ s
X O xy A 2

S b

Ao
By Proposition 2.18, the bundle for the b composition in (2.8) is given by 0*C — Ao

>
9

— 2D
\E

J

A\

Q, with the left action of Indg Ind, C induced by ¢~ and the evaluation correspon-
dence © 5, . Therefore the action Indg Indy C ~ 0" C is given by (p([w, A x), &) -
([w, N &, ¢) = ([w, Alg, €(w)(A)e). The actions of G and K are clear.

The b+ composition in (2.8) is given by the bundle ©, ¢ 0 Oq 1,4, ¢. For (w,\) €
Q xy A, the fibre at [w, Ay is isomorphic to (Indy C),, (n) ®(na, Opr) Co (05
which is isomorphic to Cy (1, z),) Via € @ ¢ = {(A)c. The continuity of this fibre-
wise isomorphic map of Banach bundles ©, ¢ © O 1mq, ¢ — o*C follows from the

continuity of the following H-invariant bilinear map.
o5 Indy C xy oxC — o*C

(@, €), (A, ¢)) = ([w, A, €(A)e)
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It is straightforward to verify that the actions of each of Indg Ind, C, G and K are all
compatible with this isomorphism, so we obtain an isomorphism of correspondences
in GpdCorr . O

Proposition 2.31 (The natural transformation of an identity correspondence). Let
G be an étale groupoid and consider the identity correspondence G ~G~G. Then
the correspondence O 4: (Indg A,G) — (A, G) is isomorphic to ic(Cort® (1 4)),

where Y 4: Indg A =2 A is the G-equivariant x-isomorphism from Proposition 2.8.

Proof. The underlying Banach bundle for both of these correspondences is s*A.
All the actions agree, so these are the same groupoid correspondences with C*-

coefficients. O

In the case without coefficients, i.e. when we have a correspondence Q2: G — H
and B = C’O(HO)7 the proper correspondence Q2 x Oq g is from G X Indp B =
C*(G x Q/H) to C*(H). We can view this as a factor of the correspondence
C*(Q): C*(G) — C*(H), as there is a G-equivariant correspondence A: Co(G’) —
Co(Q/H) induced by p: Q/H — G° such that C*(2) = GXA®c gra/m X Oq, -
It turns out that we can do this more generally for a correspondence with C*-

coefficients. We phrase this as a universal property.

Proposition 2.32 (Universal property of induction). Suppose we have a groupoid
correspondence Q: G — H and an H-C*-algebra B. Then the evaluation corre-

spondence (O g,Q): (Indg B,G) — (B, H) has the following universal property.

For any correspondence of groupoids with C*-coefficients E: (A,G) — (B, H) over
Q, there is a G-equivariant correspondence A(E): A — Indg B, unique up to G-

equivariant unitary equivalence, such that ©q g oig(A(E)) = E.

E
(4,G) Q (B,H)
T ie(A(E) Oq.B
G \\\) Q
(IndQ B7 G)

Furthermore, if (E,Q): (A,G) — (B, H) is a proper correspondence, then A(E) is

a proper G-equivariant correspondence.

Proof. Recall that E carries the structure of a Q x H-equivariant correspondence
from p" A to 0" B. Furthermore, the actions G ~ Q. x H define the structure of
a groupoid correspondence from G to €2 x H which we will denote Q: G — QxH to
distinguish it from the correspondence Q: G — H. The G-C*-algebras Indg 0" B
and Indg B are canonically isomorphic as they are both given concretely by the
subalgebra of H-equivariant sections in I'y(Q,0"B) that vanish at infinity with

respect to Q/H. Through this canonical isomorphism we may view Indg F as a
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G-Hilbert Ind, B-module. The left action A x 0 & — & of A on E induces a left

action of A on Indg E by pointwise operations:

A xIndg F — Indg E
To(G”, A) x Ty(Q, ) = Th(Q,€)
(a,e) »a-e
W Ap) * €y
This is well-defined and G-equivariant, and we obtain a G-equivariant correspon-

dence A(E): A — Indg B. If (E, Q) is proper, each element of A acts as an element
of Indg(K(E)) = K(A(E)), so A(E) is proper.

To check that ©q g oig(A(E)) = E, we first note that as we are composing with
a G-equivariant correspondence, Proposition 2.18 tells us that

Oq,p 0ig(A(E)) = p"A(E) @, 14, B O,5-
We can now construct the following map of ¢ B-modules.
Vi p"A(E) @, 104,
p*Indg E x 0" B — Ty(£, )
(n,6) = V(n©b)

B@Q,B%E

w = evw(nw) ° bw

By Lemma 2.5, w + ev,,(1,,) is continuous and for each w € Q, {ev,(n,) - b,: n €
p"A(E), b € 0" B} isdense in E,,. The map V preserves the inner product on linear
combinations of simple tensors and so is in particular well-defined. Combining these
facts, V is an isomorphism of Hilbert ¢* B-modules. Verifying that the bundle map
associated to V intertwines the actions of A, G and H on £ and Og g o i(A(£))
is straightforward as it may be checked on simple tensors in each fibre of g 5 o
ic(A(E)) — Q. The map V is therefore an isomorphism of correspondences from
(A,G) to (B, H) over (.

For uniqueness, suppose we have a G-equivariant correspondence F': A — Indg B
with composition Oq g 0 ig(F) = E. We will demonstrate that ' = A(Oq p o
iq(F)), and therefore F' = A(FE). Consider the following densely defined map on
F.

UZ F 'IHdQB — A(GQ,B OZG(F))
(fm) = p fen

Recall from Remark 1.91 that p* f ® 7 is the continuous section w > Fo(w) ®@n(w)-
The map U preserves the inner product, and is therefore well-defined on F'-Indg B
and extends to all of F. To check the density of the image of U in the Hilbert
Indg, B-module A(©q g oig(F)), we view Indg B as a Cy(Q/H)-algebra. The set
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{p"fon| feF nelndygB} is closed under the action of Cy(2/H) and for
each w € Q its evaluation {f,) ® n(w) | f € F, n € Indg B} has dense span in
Fo(w) ®(tndg B) () B (). By Proposition 1.48, the image of U is dense. Therefore
U: F = A(Oq g oig(F)) is a unitary isomorphism of Hilbert Indg, B-modules. It
is furthermore G-equivariant so that F' = A(Oq g oig(F)), and we conclude that
F > A(E). O

Proposition 2.33 (Compatibility of the universal property of induction with com-
position). Let (E,Q): (A,G) — (B,H) and (F,A): (B,H) — (C, K) be correspon-
dences of groupoid with C*-coefficients. Consider the G-equivariant *-isomorphism
wc: IndgIndy C = Indp.q C from Proposition 2.7. Then there is an isomorphism

of G-equivariant correspondences from A to Indp.q C':

A(E) ®1na, g Indg A(F) @1nag, i, ¢ Corr(pc) = A(F o ).

Proof. We could check this directly, but we can instead get it “for free” from our
previous results. Consider the following diagram in GpdCorr-~. Our aim is to
show that the square of G-equivariant correspondences that maps via ig to @

commutes.

FoE
/m\
(C
N @/ zG<A<F>> /

IHdQ B G IndA C H
< (Indg A(F)) O md,
G Q

® ®

IndQ IndA C G

(4,G)

vK)

iq(A(FoE)) Oron,c

G |ig(Corr®(p0))
(Indpoq C, G)

The triangle @ commutes by definition. The triangles @ and @ commute by
the universal properties of Ind, and Ind, respectively (Proposition 2.32). The
square @ commutes by naturality of O (Proposition 2.29). The square @ com-
mutes by the compatibility of the evaluation natural transformations with com-
position (Proposition 2.30). Putting this all together, we see that A(E) ®pnq, 5
Indg A(F) ®indg, ind, ¢ CorrG(goc) satisfies the universal property for Ind,.q, and

so by uniqueness (Proposition 2.32), we may conclude that

A(E) O, B Indg A(F) ®1ndg, Ind, C Co"G(SDC) = A(FokE).
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3. INDUCTION IN GROUPOID EQUIVARIANT KK-THEORY

We start this section with a brief summary of groupoid equivariant KK-theory.
This was developed by Le Gall in [46], with further accounts in [8,70]. Many of the
difficulties of Kasparov’s theory are present even without groupoids, and we point

to the standard reference [6] for a treatment of non-equivariant KK-theory.

3.1. Groupoid equivariant KK-theory. Kasparov’s equivariant bivariant K-
theory, also known as KK-theory, assigns to each pair (A4, B) of G-C*-algebras an
abelian group KKG(A, B) of homotopy classes of Kasparov cycles. KK-theory has
been a key tool in studying the K-theory of C*-algebras, which may be recovered
from Kasparov’s theory with KK(C, A) = Ky(A) and KK(C, SA) = K;(A). Kas-
parov introduced the theory for G a locally compact group [40], but for us G is an

étale groupoid.

The key feature of equivariant KK-theory is the Kasparov product, which allows
us to compose a class in KK®(A, B) with a class in KK®(B,C) to get a class
in KK(A,C). This allows us to view elements of KK(A, B) as “generalised
G-equivariant morphisms” from A to B in a category KK which we call the G-
equivariant Kasparov category. The construction of the Kasparov product is highly
technical and comes at the price of assuming that certain algebras are separable,
so we require that G-C*-algebras in KK be separable. We therefore also restrict
attention to second countable étale groupoids G so that Co(G°) and C*(G) are

separable C*-algebras.

Standing assumption. When doing KK-theory we work only with second count-
able étale groupoids and separable C*-algebras, aside from algebras of adjointable
operators and multiplier algebras. We consider only countably generated Hilbert

modules, which therefore have separable algebras of compact operators.

Many accounts of KK-theory involve graded C*-algebras. However, as remarked by
Meyer and Nest in [58], the Kasparov category of graded C*-algebras does not form
a triangulated category, so we work instead with ungraded C*-algebras. However,

we will still need to work with graded Hilbert modules and correspondences.

Definition 3.1 (Graded Hilbert module). Let B be a C*-algebra. A graded Hilbert
B-module is a Hilbert B-module F with distinguished Hilbert submodules ET and
E~ such that E = ET @ E~. We say that elements of ET have degree 0 and
elements of £~ have degree 1, and we refer to these collectively as homogeneous
elements. An adjointable operator T' € L(E, F') between graded Hilbert B-modules
E and F is said to be of degree 0 if TEY CFT and TE™ C F, and it is said to
be of degree 1 if TET C F~ and TE~ C F'. Each adjointable operator T can be
written uniquely as the sum 7" + T~ of a degree 0 operator T" and a degree 1

operator T .
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Definition 3.2 (Graded correspondence). Let A and B be C*-algebras. A graded
C*-correspondence from A to B is a C*-correspondence F: A — B with a grading
on E such that the left action of A respects the grading on F in that A- ET C ET
and A-E~ C E .

Suppose we have a graded Hilbert B-module £ and an étale groupoid G with unit
space X. If B is a Cy(X)-algebra, then the fibres over X of E automatically respect
the grading. If B is a G-C*-algebra, then for E to be a graded G-Hilbert B-module
we ask additionally that the action of G respects the grading. This means that for

each g € G and e € EJ,

s(g)> We have g -e € E:r(g), and similarly for £~ .

The basic objects of study in KK-theory are Kasparov cycles, which are used to

build the morphisms in the equivariant Kasparov category KK®.

Definition 3.3 (Equivariant Kasparov cycle). Let G be an étale groupoid and let
A and B be G-C*-algebras. A G-equivariant Kasparov A-B cycle is a pair (E,T)
where E': A — B is a graded G-equivariant correspondence with structure map ¢,

and T € L(F) is an adjointable operator of degree 1 which is:
e almost self-adjoint meaning that ¢(a)(T — T™) € K(E) for each a € A,
e almost unitary meaning that p(a)(T"T — 1) € K(E) for each a € A,
e almost commuting with ¢ meaning that [T, ¢(a)] € K(E) for each a € A,

e almost invariant meaning that gos(g)(a)(gfl *Tog) — Tu(g)) € K(Ey(g) for

each g € G and a € A, and this defines a continuous map s* A — s K(£).

9)’

We call such operators Fredholm operators. When G, A and B are understood, we
may simply call (E,T) a Kasparov cycle. We say that Kasparov cycles (E;,T})
and (Ey,T,) are unitarily equivalent, written (Ey,T}) ~,, (Ey,Ty), if there is a G-
equivariant unitary operator U € L(E;, E,) of degree 0 intertwining the actions
of A and the Fredholm operators T;. We write E“(A, B) for the set of unitary
equivalence classes of G-equivariant Kasparov A-B cycles. We frequently abuse
notation and write (E,T) € EG(A,G), implicitly identifying unitarily equivalent
Kasparov cycles.

We may take F = 0 and T" = 0 to get the trivial Kasparov cycle (0,0). Given a
graded G-equivariant correspondence E: A — B, then (F,0) is a Kasparov cycle
if and only if F is a proper correspondence. As a special case, every G-equivariant
+-homomorphism ¢: A — B gives rise to a Kasparov cycle E(¢) € E“(A, B). In
particular, for each G-C*-algebra A, there is an identity cycle (A,0). The direct
sum (F, @ Ey, Ty ® Ty) of Kasparov cycles is again a Kasparov cycle.

Definition 3.4 (Functoriality of Kasparov cycles for #-homomorphisms). Let A,
B and C be G-C*-algebras, let (E,T) be a G-equivariant Kasparov A-B cycle
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and let ¢: B — C be a non-degenerate G-equivariant x-homomorphism. Then
0 (E,T) = (E®p C,T®1) is a G-equivariant Kasparov A-C cycle.

We use this to define a notion of homotopy for Kasparov cycles. Given a G-C*-
algebra B, we may consider the G-C*-algebra C([0,1], B) which comes with an
evaluation map ev,: C([0,1], B) — B for each t € [0,1] which is a non-degenerate

G-equivariant *-homomorphism.

Definition 3.5 (Homotopy of Kasparov cycles). We say that two G-equivariant
Kasparov A-B cycles (E,,T;) and (E,,T;) are homotopic, written (E;,T}) ~y
(Ey,Ty), if there is a G-equivariant Kasparov A-C([0, 1], B) cycle (E,T) such that
evo, (B, T) ~, (Ey,T1) and evo, (E,T) ~, (Eg, T3).

Homotopy is an equivalence relation on Kasparov cycles, and we write [E, T for the
class of a Kasparov cycle (E,T). We define the Kasparov group KKG(A7 B) to be
the set of homotopy classes of G-equivariant Kasparov A-B cycles. It is clear that
homotopy of Kasparov cycles is compatible with direct sums of Kasparov cycles, so
the direct sum [E1, T} ® [Ey, Ty = [E; ® Ey, T} ® T3] is a well-defined commutative
binary operation on KKG(A7 B). In fact, this is an abelian group. The inverse of
[E,T] is given by [E°P, —T], where E°? is the Hilbert module E with the opposite
grading.

We will not often construct homotopies of Kasparov cycles directly, as there are
more straightforward notions which often suffice. A homotopy may be thought
of as a continuous path of Kasparov cycles, whereas in an operator homotopy,
see [6, Definition 17.2.2|, the correspondence is instead fixed and only the Fredholm
operator may vary. An important source of homotopies is from so-called compact
perturbations. As in the non-equivariant setting [6, Corollary 17.2.6], the straight
line segment between compact perturbations defines an operator homotopy and so

a homotopy.

Proposition 3.6 (Compact perturbations are homotopic). Let (E,¢): A — B be a
graded G-equivariant correspondence and suppose that Ty, Ty € L(E) are Fredholm
operators. Suppose that Ty and Ty are compact perturbations in the sense that for
each a € A, we have p(a)(Ty —T1) € K(E) and (Ty — Ty)p(a) € K(E). Then
(E,Ty) ~p, (E,T1).

The key technical feature of KK-theory is the Kasparov product, which serves as
the composition in the equivariant Kasparov category KK®. The construction of
this product is involved and requires technical assumptions on the C*-algebras.
However, it is possible to treat this construction as a black box, and instead recog-
nise when a Kasparov cycle is the Kasparov product of two other Kasparov cycles.
We know how to compose correspondences, so the difficulty lies in the Kasparov

product of the Fredholm operators.
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Definition 3.7 (Kasparov product). Let (E;,T;) € E°(A,B) and (Ey,T) €
E(B,C) and (E,T) € E°(A,C) be Kasparov cycles, and let o: A — L(E) be
the structure map of £: A — C.

We say that a Fredholm operator T € L(E, ® g E,) is a Kasparov product of T}
and T, if

e the Fredholm operator T is a T,-connection for F;. This means that for

each homogeneous e; € E,
O, Ty—(—1)"#VTY, € K(Ey, E)
0., T5 —(~1)* )T, € K(E,, E)
where 0, € L(E,, E) is defined by 6, (e;) = €1 ®@ ey,
e for each a € A, we have ¢(a)[T}; ® 1,T]¢(a)” > 0 mod K(E).

The set of Kasparov products of T} and T, is written T} #p T,. We say that
(E,T) € E°(A,C) is a Kasparov product of (Ey,T;) and (E,, Ty) if there is a unitary
equivalence F; ® g Fy = FE of graded G-equivariant correspondences and up to this
equivalence, T is a Kasparov product of T} and T,. We write (E;,T}) #p (F2,T5)
for the set of (unitary equivalence classes of) Kasparov products of (F;,T}) and
(Ey, Ty).

Remark 3.8. The commutator [T} ® 1, T is the graded commutator, and since both
of these operators have degree 1, it is equal to (T} ® 1)T + T(T} ® 1). All of
our commutators are graded, but if one of the entries is degree 0 then the graded
commutator agrees with the standard commutator, so this has not previously been

relevant.

Example 3.9. The functoriality of Kasparov cycles is an example of the Kasparov
product. Let A, B and C be G-C*-algebras, let (E,T) € E°(A, B) and let ¢: B —
C' a non-degenerate G-equivariant #-homomorphism. Then ¢, (E,T) € (E,T) #p
(C,0).

Kasparov products exist and are unique up to homotopy, so it makes sense to talk

of “the” Kasparov product at the level of Kasparov groups.

Theorem 3.10 (Existence and uniqueness of the Kasparov Product (see Chapitre
5 of [45])). Let (E;,Ty) € E°(A, B) and (Ey, Ty) € EY(B,C) be Kasparov cycles.
Then there is a Kasparov product (E,T) € (Ey,Ty) #5 (Fa,Ty) which is unique up
to homotopy. Furthermore, this descends to a bilinear operation which we call the

Kasparov product

—®p —: KK9(4,B) x KK¢(B,C) = KK“(4,C)
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that sends a pair [E,,T] € KKG(A,B) and [Ey,Ty] € KKG(B,C) of Kasparov
classes to the class [E,T] € KK°(A,C) of their Kasparov product (E,T). The
Kasparov product is associative and has identities id4, = [A,0] for each G-C*-

algebra A.

Definition 3.11 (The equivariant Kasparov categories). Let G be a second count-
able étale groupoid. The G-equivariant Kasparov category KK is the category
whose objects are separable G-C*-algebras and whose morphism sets are the Kas-

parov groups KKG(A, B), with composition given by the Kasparov product.

One of the main reasons that we study the equivariant Kasparov categories KK€ is
to better understand the crossed product G x A of a G-C*-algebra A. Working in
the equivariant category KK allows us to effectively deal with G-equivariant data,
which we can then apply to the crossed product through the descent functor KK —

¢ _ Corr and reduced

KK. Consider the crossed product functor G x —: Corr
crossed product functor G x,. —: Corr® — Corr between correspondence categories
from Propositions 1.97 and 1.99. Given a Kasparov cycle (E,T) € ]EG(A,B),
we aim to construct Kasparov cycles (G X E,G x T) € E(G x A,G x B) and

(Gx,E,Gx,T)e€E(GKx,A,Gx, B). Consider the following map on T'.(G,s*E).
I.(G,s"E) = T.(G,s"E)
vier (g0 (97 Trg) - v(9))

This extends to an adjointable operator G x T' € L(G x F) and an adjointable
operator G X, T € L(G X, E). These may be identified with T"® 1 under the
isomorphisms G x £ = E®g G x B and G X, E = F®pg G X, B in Proposition
1.82.

Theorem 3.12 (The descent functors (see Chapitre 7 of [45])). Let G be an étale
groupoid. For each A, B € KKG, the assignment
[E,T] — [Gx E,GxT]: KKA4,B) - KK(G x A,G x B)

is a well-defined homomorphism of groups. Furthermore, this defines a functor

G x —: KKY = KK called the descent functor. Similarly, the assignment
[E,T) — [G x, E,G x, T]: KK°(A, B) - KK(G x, A,G x, B)
is a well-defined homomorphism of groups, and defines a functor G X, —: KK —

KK called the reduced descent functor.

After passing from KK to KK, we may pass further to K-theory. The following

result is due to Kasparov, see also [6, Corollary 18.5.4].

Proposition 3.13 (Relation of KK-theory to K-theory). There is a natural iso-
morphism Ky(A) =2 KK(C, A) for each A € KK.
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We obtain a homomorphism KK(A, B) — Hom(K,(A), K,.(B)) through the Kas-
parov product, and therefore a K-theory functor K, : KK — Ab, which is naturally
isomorphic to (KK(C, —),KK(C, S—)).

Another powerful result in K-theory is Bott periodicity, which says that K, =
K, 2. At the level of Kasparov categories, we may say that the suspension functor
A— SA=Cy(R, A) is an auto-equivalence.

Theorem 3.14 (Bott periodicity). There are natural KKG—eqm’valences SPA~ A
for Ae KKC.

For a proof of this in the non-equivariant setting, see |6, Corollary 19.2.2].

3.2. The KK-theoretic induction functor. We return to the setting of a corre-
spondence ): G — H of étale groupoids. We wish to extend the induction functor
Indg,: Corr® — Corr® to the KK-theoretic induction functor Indg: KK” — KK¢.
Again, most of the details for this construction appear already in [8]. We place this
in the framework of groupoid correspondences and describe the compatibility with
composition of correspondences. Given a Kasparov cycle (E,T) € IEH(B ,C), we
need to construct an induced Fredholm operator on Indg F. We use a cutoff func-

tion for  to construct an H-equivariant operator on o™ F related to T € L(c" E).

Definition 3.15 (Cutoff function). Let G be an étale groupoid. A cutoff function

for G is a continuous function ¢: G* — R such that:
e for each u € GO, c(u) > 0.
0
e for each u € G°, we have }° . c(r(g)) = 1.
e the map cor has proper support with respect to s: G — G°.

Recall that the last condition means that the map s: supp(cor) — G is proper.
A cutoff function for a groupoid correspondence Q): G — H is a cutoff function for
QxH.

We first collect a couple of relevant facts.

Remark 3.16. For any étale groupoid G and continuous function c: G’ = R we
have supp(c o 7) = 7~ '(supp(c)). The C inclusion holds in general, and the D

inclusion holds because r is open.

Lemma 3.17. Let G be an étale groupoid and let c: G° = R be continuous. If cor
has proper support with respect to s: G — G° then c: G° — R has proper support
with respect to q: G - GO/G. If G is proper, the converse also holds.
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Proof. First suppose that s: supp(cor) — G" is proper, and let K C GO/G be
compact. Pick K’ € G° compact with ¢(K') = K. Then ¢ '(K) = K'G =
r(s~'(K'")). Therefore

g~ (K) nsupp(c) = (s~ (K')) N supp(c)
r(s~H(K")n e~ (supp(c)))
r(s”'(K") nsupp(cor)),

which is compact by the properness of s on supp(cor). Now suppose that G is
proper and that ¢: supp(c) — GO/G is proper, and let K C G° be compact. Then

we have the equalities
S—I(K) Asupp(cor) = Gslt(lpp(C) _ GSI?PP(C)OKG.

The set supp(c) N KG is compact by the properness of ¢ on supp(c), as KG =
¢ '(q(K)). Therefore by the properness of G, s~ (K)Nsupp(cor) is compact. [

Proposition 3.18 (Tu, Propositions 6.10 and 6.11 in [85]). If an étale groupoid G
admits a cutoff function, it is proper. Conversely, if G is proper with a o-compact

orbit space, then it admits a cutoff function.

Proof. First, suppose G admits a cutoff function c: G’ — R. Then the map
s: supp(cor) — G is proper, and due to the inversion homeomorphism G — G,
the map r: supp(cos) — G is also proper. Therefore, given K, Ky C G° compact,
then both ' (K,) Nsupp(co s) and s ' (K,) Nsupp(cor) are compact.

The summation condition implies that ¢ does not vanish on any orbit in GO, and
therefore each g € G can be expressed as g,g, with g; € supp(co s) and g, €

supp(c o r). Therefore we get the equation
K -1 -1
Gy, = (r " (Ki)Nsupp(cos))- (s~ (Kz) Nsupp(cor)),
which is compact, so GG is proper.

Conversely, suppose G is proper with G° /G o-compact. Then G° /G is locally
compact, Hausdorff and o-compact and is therefore paracompact, so we may take
a locally finite open cover {U;} of G°/G such that each U; comes with a relatively
compact open set V; C G° with ¢: V; — U, a homeomorphism, and 0 < ¢; € CC(GO)
with V; = {z € G° | ¢;(x) # 0}. We can then define a continuous function
f:G* > Rby
P =3 i),
i

It is crucial that {U;} is locally finite for this to be a pointwise finite sum and
continuous. Given a compact neighbourhood K of a point x € G, there are finitely
many U, covering ¢(K) and only finitely many U, can intersect each of those, so only
finitely many V; can intersect K. Therefore on K, f is a finite sum of continuous

functions. By construction, f: G = R has proper support with respect to ¢, so
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by Proposition 1.75, we obtain the continuous function f,: G° /G — R. We may

finally define c: G’ >R by

i@
) = F gl

By construction c is positive and sums to 1 on each orbit. It has proper support
with respect to ¢ and G is proper, so by Lemma 3.17, ¢ o r is proper with respect
to s: G — G°. 0

In particular, if we have a groupoid correspondence Q: G — H such that Q/H is
o-compact, then  admits a cutoff function. For the purposes of KK-theory, all
the correspondences we consider are second countable, so this is automatic. This
allows us to define the induced Fredholm operator, see the proof of [8, Proposition
4.7].

Definition 3.19 (Induced Fredholm operator). Let 2: G — H be a groupoid
correspondence and let (E,T) € E” (B, C) be a Kasparov cycle. Let ¢: © — R be
a cutoff function. Recall that we may identify £(Indg F') with the H-equivariant
sections in Ty (2,0 L(€)). Under this identification, we define the induced Fredholm
operator Indg, . T € L(Indg E) by
Indg T:we > clwh)(h-Typ) € L(Ey )
heH)

This is H-equivariant by construction, and bounded by the summation condition of
c. To justify continuity, we may by Remark 1.53 check that Indg, . T" and its adjoint
define continuous maps 0*€ — €. We may take £ € T',(Q2,0°€) to be compactly

supported and consider the continuous section
QOxH—=r'c"€
(w,h) = c(w - h)(h - Tyn))(Ew))-
This is compactly supported by the properness condition of ¢. We may therefore
apply Lemma 1.75 to deduce that w — Indg . T'(w)(§(w)): @ — o€ is continuous.
By Proposition 1.45 the induced map ¢*€ — ¢"& is continuous, and similarly for

the adjoint. The induced Fredholm operator Indg .7T': Q — o L(€) is therefore

strictly continuous.

Lemma 3.20. In the above setting, for each w € €1, the operator

Indﬂ,c T(UJ) = Z c(w : h)(h ) Ts(h)) € £(E0(w))
heH")
is a compact perturbation of T, (). Furthermore, the compact perturbation is con-
tinuous in w in the sense that the maps

o"B— o"K(£) o B — a"K(€)
b Po(w) (b) (IndQ,c T(w) - To(w)) b (IndQ,c T(w) - To(w))(pa(u})(b)
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are continuous, where ¢: B — L(E) is the structure map for the correspondence
E:B—C.

Proof. That Indg, . T'(w) is a compact perturbation of T, ., for each w € € follows
straightforwardly from the Fredholm properties of T" and the summation condition
of the cutoff function c¢. To check then that the above maps are continuous, we
may by Proposition 1.45 check that any ¢ € T',(£2,0"B) is mapped to a continuous
section Q — 0"k (). The section

QOxH—=ra"K(€)
(W, h) = (W + h)@o ) (EW)) (B - Tyny = To(w)) € K(Eg(w))

is continuous by almost invariance of 1" and compactly supported by the properness

condition of ¢. Therefore by Lemma 1.75, the section
Q=" K(€)

Wi Y e D)) E@) (B Tyn — Tow) € K(Eo(w)
heH)
is well-defined, continuous and compactly supported. We may follow the same
argument for the section with the action of £ from the right. We may conclude that

both maps of Banach bundles are continuous. O

We check that the induced Fredholm operator really does define a Fredholm oper-

ator:

Proposition 3.21 (Induced Fredholm operator). Let Q: G — H be a groupoid
correspondence, let c: Q — R be a cutoff function for Q and let (E,T) € E¥ (B, C)
be a Kasparov cycle. Then (Indg E,Indg . T') is a G-equivariant Kasparov Indg B-
Indg C cycle.

Proof. By Proposition 2.4, for an operator on Indg E (respectively (Indg F),) to be
compact, it must have compact fibres at each w € Q (respectively Q) which vary
continuously and vanish at infinity with respect to Q/H (respectively Q*/H). Let
¢: B — L(FE) be the structure map for E: B — C, and let ¢: Indg B — L(Indg F)
be the structure map for Indg F: Indg B — Indg C. We first check that for each
¢ € Indg B the following operators in £(Indg E) are compact:

¢(§)((Indg . T)" - Indg . T),
@(5)((Indﬂ,c T)* IndQ,c T - 1)a
[Indﬂ,c T7 @(5)]

These all vanish at infinity with respect to Q/H because $(€) does. The compact-
ness of each fibre over Q and the continuity of the associated sections Q — " KC(€)
follow from combining the Fredholm properties of T', the properness condition of ¢

and Lemma 1.75 in much the same way as in the proof of Lemma 3.20.
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To check almost invariance of Indg, . T, we have to show that for each g € G and

each ¢ € Indg B compactly supported with respect to Q/H, the operator

(31) @s(g) (gs(g)) (gil : (IndQ,c T)r(g) - (Indﬂ,c T)s(g)) € ‘C((Indﬂ E)s(g))

is compact and that it varies continuously in g. This operator vanishes at in-
finity with respect to Q°@/H because Ds(g)(Es(g)) does. We then check that
the evaluation at w in L(FE,(,,)) is compact for each w € Q@ Using that
(" (Indg . T),(g))(w) = (Indg . T),(4) (g - w), this evaluation reduces to

(3-2) (@) (W))(Indg, T(g - w) — Indg  T(w)) € L(Ey(w))-

This is compact because by Lemma 3.20, both Indg, . T'(g - w) and Indg . T'(w) are
compact perturbations of T, ,,y. To help us justify continuity, we consider the local
homeomorphisms a: (g,w,h) — (g,w): G x @ x H — G x Q and §: (g,w) —
o(w): G x Q — H°. Continuity of (3.2) in both g and w as a function of G x

follows from applying Lemma 1.75 to the local homeomorphism « and the section
GxQxH—a"BKE)
(gawa h) — (C(g TWe h) - c(w * h))(@(g) (w))(h : Ts(h) - To’(w))a

which is continuous and well-defined by almost invariance of T'. It is proper with
respect to « because we chose £ to be compactly supported with respect to Q/H
and c: 2 — Rs( has proper support with respect to ¢: & — Q/H by Lemma 3.17.
With ¢ fixed, continuity in w shows that the operator (3.1) is compact. By Lemma
2.2, the fact that these compact operators vary continuously in g follows from the
joint continuity of (3.2) with respect to g and w. The pair (Indg F,Indg . T) is

therefore a Kasparov cycle. O
We can now define the KK-theoretic induction functor.

Definition 3.22 (The KK-theoretic induction functor). Let Q: G — H be a second
countable correspondence of second countable étale groupoids. The KK-theoretic

induction functor Indg: KK — KK is given by the following.
e The H-C*-algebra B € KK is mapped to Indg B € KKC.

e The class [E,T] € KK” (B, C) is mapped to the class [Indy, E,Indg . T] €
KKG(IndQ B,Indg C), where ¢: Q — R is any cutoff function for Q.

Recall that by Proposition 3.18, there is at least one cutoff function c. Thankfully,

it does not matter which one we pick.

Proposition 3.23 (Well-definition of the KK-theoretic induction functor). The
above definition is well-defined for each cutoff function and independent of the cutoff

function.
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Proof. Fix a cutoff function ¢ and suppose that (Fy,Ty) and (E;,T;) are homo-
topic Kasparov cycles via a Kasparov cycle (F,S) € EY (B, C([0,1],C)). We aim
to find a homotopy from (Indg Ey,Indg . Tp) to (Indg Ey,Indg . Ty). After identi-
fying Indg C(]0, 1], C") with C([0,1],Indg C'), we can take the homotopy to be the

Kasparov cycle
(Indg, F, Indg, . S) € E®(Indg, B, Indg, C([0,1],C)).

Therefore [E,T] + [Indg E,Indg . T]: KK”(B,0) — KK%(Indg, B, Ind, C) is

well-defined for each cutoff function c.

Now suppose that ¢y and ¢; are two different cutoff functions. For any ¢ € Indg B,
the operator §(w)-(Indg ., T'(w)—Indg ., T'(w)) is compact for each w € 2 and varies
continuously in w by Lemma 3.20. By Proposition 2.4 this section defines a compact
operator and so Indg . T and Indg . T are compact perturbations. Therefore
by Proposition 3.6 (Indg £,Indg ., 7)) and (Indg E,Indg . T') are homotopic, so
[Indg E,Indg . T] € KK (Indg, B,Indg C) is independent of the cutoff function
c. (]

Theorem 3.24 (The KK-theoretic induction functor). The map Indg: KK"” —
KK¢ defines a homomorphism of Kasparov groups and respects the Kasparov prod-

uct and identity classes. In other words, Indq is an additive functor.

Proof. The assignment (E,T') — (Indg E,Indg . T') preserves direct sums of Kas-
parov cycles, so defines a homomorphism of the Kasparov groups. The identity
class at B € KK" is represented by the Kasparov cycle (B,0) € E” (B, B), which
is mapped to the identity class [Indg B,0] € KK (Indg B, Indg B). To show that
Indg, respects the Kasparov product, we will show that if (E,T}) € IEH(A,B)7
(By, Ty) € E¥(B,C) and (E,T) € (E,,T}) #5 (Ey,Ty), then

(IndQ E7 Indﬂ,c T) € (IndQ Elv IndQ,c Tl) #IndQ B (IndQ E27 IndQ,c TZ)
Let ¢: A — L(E) and ¢;: A — L(E;) be the structure maps for E and E;. We

need to show that:

e for each homogeneous &; € Indg ), the operator 0, € L(Indg Es, Indg, E)
given by & — & ® & under the identification Indg F; ®pyq,, p Indg Ey =
Indq E satisfies

f¢, (Indg, . T) — (—1)*¥) (Ind, . T)0e, € K(Indg Ey, Indg E),

(3.3)
B¢, (Indg o T)* — (—1)%E ) (Indg, , T)*0, € K(Indg, By, Ind, E).

e for each n € Indg A,

(3.4) Indg (¢)(n) [Indn,c Ty ®1,Indg . T} Indg(¢)(n") > 0 mod K(Indg, E).
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By Proposition 2.4, in order to show that the operators in (3.3) are compact, we
may show that they vanish at infinity with respect to 2/H and that their fibres at
w € ) are compact and vary continuously in w. They vanish at infinity because 6,
does. Using the symbol ~ to denote two operators differing by a compact operator,

we make the following calculation in £((E3),(w), Eo(w))-

(0, (Indg . T5)) (w) = O¢, () Z c(w-h)(h - (T2)sny)
heH" ™)

Z B[ (77
(

:Z [h

O, () (T2)s(n ))}

Oy 51<w) SUOH

heH“(“’)
~ (_1)deg(§1) Z c(w . h) |:h . (Ts(h)ehfl-ﬁl(w))}
heH)
_ (_l)deg(sl) Z c(w - h) (h . Ts(h)) Oc, (w)
heH)

= (-1)*#)(Indg, . T)0e, ) (w).

Here, we are using the fact that 7" is a T5-connection for E;. To justify continuity of
the section w + (9, (Indg . T3))(w) — (1)) (Indg . T)0e, ) (w): Q — " K(E),
we may assume that &; is compactly supported with respect to 2/H and then apply

Lemma 1.75 to the local homeomorphism r: 2 x H — € and the continuous section
QxH—ro"K(E)

(w, h) = c(w-h) [h <9h_1.§1(w)(T2)s(h) Ts(n)0),-1. w))}

This is compactly supported because ¢ has proper support with respect to ¢: 2 —
Q/H by Lemma 3.17. The same calculation holds for the adjoints, so we have

shown (3.3). To prove (3.4), consider the operator
R:= IndQ(‘P)(U) [Indﬂ,c Tl ® 17 IndQ,c T] Indﬂ(‘ﬁ)(n*)

To check that R 2 0, we claim that it is enough to find bounded continuous sections
ky:U — 0"K(€) and py: U — 0 L(E) for each U in some open cover U of  such
that for each U € U and w € U, we have R(w) = py(w) + ky(w) and py(w) > 0.
This is because by Proposition 2.4, the restrictions £(Indg E) — Ty (U, 0" L(E))

induce an embedding of C*-algebras

Co(Q/H)L(Indg E)/K(Indg E) — [[ To(U,0"L(£))/To(U, 0" K(E)).
Ueu
Positivity of R up to the compact operators may be checked in the larger C*-algebra,
which is exactly our claimed sufficient condition. Let U be the open cover of open
sets U C 2 on which ¢ is injective and thus a homeomorphism onto its image. Let
a = Indg(p)(n) so that a, = @, (.)(n(w)) forw € Qand let U € U. By the positivity
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condition for T and T}, the section Ry :=a[c"T} @ 1,0 T]a": Q — o"L(E)
Rl Q- U*E(g)
w = aw[(TI)a(w) ®1, To(w)]a:'
may be written on U as the sum py + k of a bounded continuous section k: U —
0" K(€) and a positive bounded continuous section py;: U — o"£(€). Our aim now
is to show that the section R — R;: Q — ¢"£(€) lands in the compacts bundle and

is continuous into it. We will write ~ to denote that the difference of two sections
in T'y(Q,0"L(E)) lies in Ty, (Q, 0" KL(E)). Let

Ry :=allndg Ty ® 1,0 T]a": Q — 0" L(E).

By Lemma 3.20, the sections Indg T and o7 are compact perturbations, and
therefore R ~ R,. By the Fredholm properties of T, we have [a*,0"T] ~ 0 and

[a,0"T] ~ 0. Setting b := Indg(¢1)(n), we may then calculate:
R—R ~Ry,— Ry

a [(Indg’c T, —o"Ty) @1, U*T] a”

la((Indg Ty — 0™ T}) ® 1)a”, 0" T

[b(Indg Ty — 0™ T1)b® 1,0"T] .

~

The section b(Indg, . Ty —0" Ty )b: Q@ — o L(&;) is pointwise compact and continuous
into the compact operators bundle ¢"K(&;) again by Lemma 3.20. For any v €
'y(Q,07K(E)) of degree 1, the graded commutator [n ® 1,6"T] = (v ® 1)o™T +
o"T(v ® 1) satisfies [v ® 1,0"T] ~ 0. This holds because for any homogeneous

e, f € 0" E; of opposite degree, it follows from T being a T, connection for F; that
(O ®1)0"T = 0,04(c"T)
~ (-1 Dg, (5" T
~ (—1)deE@deE) (7). g
=—0'T(©.;®1).
As a result, R — Ry ~ 0, and so R may be written as the required sum py + ki
on U, with py: U — " L(€) positive and ki : U — 0" K(€) continuously compact.

We may conclude that R 2 0 and therefore that Indg, . T is a Kasparov product of
Indg . T7 and Indg . T5. O

Proposition 3.25 (Cutoff function for the composition of correspondences). Sup-
pose we have groupoid correspondences Q2: G — H and A: H — K with cutoff
functions cq: Q2 =R and cy: A = R for Q x H and A x K. Definec: AoQ - R
by

(lw, Alg) = Z co(w- h)CA(h_1 “A)

heH)
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Then c is a cutoff function for A o ), which we may refer to as the product cutoff

function.

Proof. We must check that c is well-defined, continuous and satisfies the summation

properness conditions. The summation condition is clear and well-definition follows.

To check continuity, we first check that cqxcy : QX3 A — R has proper support with
respect to the local homeomorphism ¢: 2 xy A — AoQ. Let V C Ao{) be compact,
and let W C Q Xy A be a compact set with ¢(W) = V. Then we must check that
¢! (V)Nsupp(cq X ¢y ) is compact. Noting that supp(cq X ¢y ) = supp ¢ Xy supp ¢y,
we have ¢~ (V)Nsupp(cq xcp) = W-HN(supp(cq) Xy supp(cy)). The compactness

of this space follows from the following equality

W - H 1) (supp(cq) xy supp(ey)) = (W - (@ H)ZZ00 ) N9 xy supp(ey),

supp(cq

noting that W - (Q x H ):11\;51::‘(?9) is compact because cq is a cutoff function and
Q xy supp(ey) is closed. Therefore ¢ X ¢y has proper support with respect to
q: 2 xy A — Ao Q. The function ¢: Ao Q — R is obtained by summing the values
of cq X ¢p over the fibres of the local homeomorphism ¢: 2 Xy A — Ao, and is

therefore continuous by Lemma 1.75.

Now we need to check that ¢: Ao — R has proper support with respect to the local
homeomorphism ¢g: Ao Q — (Ao Q)/K. Again we consider V C A o ) compact.
Our aim is to show that VK N supp(c) is compact. As ¢ '(VK) = WHK and
q(supp(cq X ¢p)) = supp(c), we have the following equality.

VK Nsupp(c) = q(WHK Nsupp(cq X ¢y))

Let W' = W H N (supp(cq) Xy A), which is compact because cq, is a cutoff function.
We then have the following equality

W' == WHK Nsupp(cq Xy cp) = W'+ (A K)”A(W/)

supp(cy )’
which is compact because c, is a cutoff function. Finally, VK Nsupp(c) = ¢(W")

is compact, so we are done. O

This allows us to show that the KK-theoretic induction functors are compatible with
composition of correspondences in that there is a natural isomorphism Indg Ind, =2

Ind, . for composable correspondences €2 and A:

Proposition 3.26 (Compatibility of the induction functor with composition of cor-
respondences). Let Q: G — H and A: H — K be correspondences, and consider
for each K-C*-algebra C the G-equivariant %-isomorphism ¢o: IndgInd, C =
Indpeq C from Proposition 2.7. This induces a KKG—equivalence which is natu-

ral in C with respect to KKX.
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Proof. The map ¢-: Indg Indy C — Indp,q C is defined for £ € Indg Indy C' by
0o (€): [w, A — EwW)(N). Consider an element [E,T] € KK™(C, D). We aim to
show that the following diagram in KKY commutes.

Indg, Ind s [E,T)

Indg Indy, C Indg Indy D
(3.5) lKKGwc) lKKGwD)
Indpoq[E,T]
IDdAOQ C IndAoQ D

Let ¢q and ¢, be cutoff functions for 2 and A and let ¢: Ao — R be the product

cutoff function, defined as
c([w, Ng) = Z colw - h)ea(h™h - A).
heH)

Then the induced elements of KK are given by
IndQ IHdA [E, T] = [IndQ IHdA .E7 :[I’ldQ,CQ IndA,cA T},
Indpoo[E, T] = [Indpoq E, Indpeq . T1.

Adjusting the left action on Indp.q F via ¢o and the Hilbert module structure
on Indg Ind, E via ¢p, the respective Kasparov products in (3.5) are represented
by [Indg Indy E,Indg ., Indy ., T] and [Indp.q £, Indyeq . T]. By Proposition 2.7,
there is a G-equivariant unitary isomorphism ¢g: Indg Indy, F = Indp,q F of the
underlying correspondences. We will show that under this isomorphism we can

identify the Fredholm operators, in that the following diagram commutes:

IndgycQ IndA,CA

T
IHdQ IHdA FE IHdQ IHdA E

|# |#s

Indpoq, T
Indp.qo F . Indpoqo F

To check this, let £ € IndgIndy E. Then ¢g(€) € Indpyoq F C Ty (Ao Q,07E) is
given by
QOE({) [w7 )‘]H = f(w)(/\)a
and therefore Indpoq . Ter(€) € Indyog E C Ty(AoQ,0"E) is given by
IndAoQ,c T@E(f) : [wv )‘]H = Z c([w, )‘]H ° k)(k ) Ts(k))(&(w)()‘))
kek°™
On the other hand, ¢g((Indg ., Indy ., T)(§)) € Indpoq £ C Ty (Ao, 0"E) is given
by
[w, Al = Indg ., Indy ., T(E)(w)(A)

= Y calw-h)(h-(Indpc, T)n) (E@))(N)

heH )

= Y calwrh) (B ((ndy g, T)agy (" - €@))) (V)

heH )
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> calw-h) (ndye, Dy (B - @D 1))

heH"®)
= > calwh) (e ARk Ty (07 @) V)
heH"“),
keK™™.
= Y cllw N - k) k- Ty (E@) (V)
kek
This demonstrates that ¢p: Indg Indy E = Ind,q F identifies the Fredholm op-
erators Indg . Indy . T and Indy.q . 7. It follows that (3.5) commutes. O

The KK-theoretic induction functor of an identity correspondence G: G — G is

naturally isomorphic to the identity functor on KKY:

Proposition 3.27 (The identification of the identity correspondence induction
functor with the identity). Let G be an étale groupoid. Consider the functor
Indg: KKY — KK associated to the identity correspondence G: G — G and
for each A € KK the G-equivariant x-isomorphism 1 4: Indg A =2 A from Propo-
sition 2.8. This induces a KKG-equivalence which is natural in A with respect to
KK€.

Proof. The map 14 is defined by restricting elements of Indg A C T',(G,s™ A) to
the unit space G°. Let (E,T) € E“ (A, B) be a G-equivariant Kasparov A-B cycle.
We aim to show that the following diagram in KK commutes.

Indg[E,T)

Il’ldG A IndG B
(3.6) lKKGwA) lKKG(ww
[E,T)
A B

The characteristic function of the unit space cg = x 0: G — R is a cutoff func-
tion for the identity correspondence, so the induced Kasparov element is given by
Indg([E,T)) = [Indg E,Indg . T] € KK(Indg A,Indg B). The induced Fred-
holm operator is given by Indg .. T: g — gt Ty (g)-

Adjusting the left action on E via 9, and the Hilbert module structure on Indg F
via g, the respective Kasparov products in (3.6) are represented by [E,T] and
[Indg £,Indg ., T]. By Proposition 2.8, there is a G-equivariant unitary isomor-
phism ¢¥g: Indg E = FE of the underlying correspondences also given by restriction
to the unit space. The restriction of Indg . T to the unit space GY is just T, so

these Kasparov products agree. O

3.3. The induction natural transformation. Let 2: G — H be a correspon-
dence of étale groupoids. The induction functor Indg : KK? — KK¢ gives us a re-
lation between the equivariant Kasparov categories. Our aim is to complement this
by relating the functors K, (G x —): KKY — Ab, and K. (Hx-): KK? — Ab,.
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This takes the form of the induction natural transformation
ag: K,(GxIndg —) = K, (H x —): KK = Ab,.

For each separable H-C*-algebra B € KK we consider again the crossed product
X Oq p: G xIndg B— H x B of the evaluation correspondence. This is proper

(see the discussion after (2.7)) and so induces a map

in K-theory. The assignment B — aq(B) defines the induction natural transfor-
mation agq. Proposition 2.29 tells us that ©q p is natural in B with respect to
H-equivariant correspondences. Our aim now is to show that aq is indeed natural

with respect to morphisms in KKH, justifying its name.

Proposition 3.28 (The induction natural transformation). Let Q: G — H be
a correspondence of étale groupoids. Then the induction natural transformation

ag: B — ag(B) is natural with respect to KK”.

ag: K, (GxIndg —) = K, (H x —): KK = Ab,

Proof. Let (E,T) € EH(B, (') be a Kasparov cycle, and let ¢: Q — [0, 1] be a cutoff
function for Q: G — H. We will show that the diagram of Kasparov cycles

(GxIndg E,GxIndg . T)

G X Il’ldﬂ B G X IndQ C
l(QD(@Q’Bp) l(QM@g,C,O)
Hx B (HxE,HXT) HxC

commutes at the level of KK, from which it follows that aq is a natural transfor-

mation.

By the naturality of the transformation B¢ of the functors between the correspon-
dence categories (Proposition 2.29) and the functoriality of the crossed product
functor on correspondences with C*-coefficients (Proposition 2.26), we may iden-
tify the G x Indg B-H x C correspondences

GKIndQE®GD<IndQCQ[X @Q)CgQ KGQ,B ®HD<BH|XE%Q|XO'*E.

The isomorphism ®: G x Indg F @¢gying, ¢ XX O ¢ = Qx o"F is induced by the

map
I.(G,s" Indg &) x [(Q,07C) = T,(Q,07E)
(&mn) = ®(€®@n)
w97 EgTNW) - (nlg - w)),

9€G ()

and the isomorphism ¥: Qx Oq p Qpup H X E = Qx 0" FE is induced by the map

[.(Q,0"B) x T, (H,s*) = T,(Q,0°E)
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(nv) = ¥(p®v)
W Z (h+p(w-h))-v(h™).

heH)

We can immediately see that (Q x 0" E,®(G x Indg . T ® 1)®~ ") is a Kasparov
product for (G'x Indg E, G x Indg . T') and (2 x Oq «,0). Therefore it remains to
show that

(Qx 0" E,®(G x Ind , T® 1)@ ") € (A% Og ,0) #xwp (Hx E,HxT).

This boils down to checking that (G x Indg . T'® 1)@ ! is an H x T-connection.
For each € Q x Oq p let T, € L(H x E,Q x 0" E) be given by v — U(u @ v).
Ultimately, we need to check that the operators

S, =T,(HxT)-®GxIndy,T®1)® 'T, € L(HxE,Qxc"E)

S, =T,(HxT) —®GxIndg . T®1)d T, €LHXEQxE)

are compact. To help us compute S, we claim that for each R € L(Indg E),
AeT,(,07E) and w € Q, we have

PG x Ro1)® ' (\)(w) = Rw)A(w).
We may first define a *-homomorphism : £(Indg E) — £L(Q x ¢"E) by defining
P(R)(\)(w) = R(w)A(w) for each R € L(Indg E), A € T,(2,0°E) and w € Q. To
justify that ||¥(R)(N)|| < ||R|||IA]l, we may apply Lemma 1.83, or calculate:
(VRN Y(R)A) = (N (R R)A)
= | RI(x ) —
) = (0 (URIP = RR)?) A0 ((IRI = RTR)*) A)

< IRIPN).
It is straightforward to verify that ® o (G x R® 1) agrees with ¥)(R) o ® on simple
tensors £ ® 7 € G x Indg E Q@guina, ¢ @ X Og ¢ with £ € T.(G, s Indg ) and

neT.(Q,0%C), and therefore (G x R® 1)® ' = ¢(R) as claimed. We will show
that

N O(IRI* = R*R)A)
= |IR]

S, =T,(H x T) — ¢(Indg, , T)T,

is compact by showing that S:SM € L(H x E) is compact. To simplify notation
we set by, = Pg () (H(w)) for w € Q, where ¢: B — L(FE) is the structure map for
E: B — C. Assume for now that p € T'.(Q,0°B) C Q x Oq g, and consider the

following.

e the element ¢ € T'.(Q, 0"K(£)) of the Hilbert H x K(E)-module Qx Og, i (g
given by

C(UJ) = bwTa(w) - IndQ,c T(w)bw € ’C(Ea(w))a

e the x-homomorphism 8: H x K(E) — K(H x E) from Corollary 1.98.
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Note that ¢ is continuous by Lemma 3.20 and the Fredholm property of T' which
implies that w +— [b,,, Ty(.)]: @ = 0" K(£) is continuous. We claim that

B¢, Q) =SS,

While we may directly compute S, and 3({(,()) on an element v € I' .(H, s"E) C
H x E, we do not have such a closed form expression for S;. Instead we will show
that for each vy,vy € T .(H,s"E) we have

(S, (1), S, (1)) = (BUC, O)) (1), ) €T (H, 5™ B),

both sides of which we may directly compute. In order to compute (S, (1), 5,(v2)),
we first compute for v € T',(H, s"€) and w € Q:

(T(H x TY ) @) = > (b)) ((H x DY) ()
heH)
= Z (h : bw'h) (h : Ts(h))y(hil)

heH )

= > (e (bunTym)) v,

heH" )
(Indsz,c T) (w)(T#(y))(w)
> Indg T(w)(h+byp)v(h™h).
heH" )
For each h € H, the element (S, (1), S, (v2))(h) breaks down into four terms which

we will compute separately.

(¢(Iﬂdsz,c T)T,u (V)) (w>

(Tu(H % T)(11), T, (H  T)(1)) ()
> (B (T X T)0)@) s (Tu(H % T) () (w- 1))

WER. ()

3 <h_1 : ((h1 (b, Ts(ny))) V1(h1_1)) s (P2 * (beniny Tsny))) V2(h51)>’

wEQ(n),
hyeH™™
hoeH"™

(T, (H w T)(n), $(Indg,, T)T,, (1)) (1)
S (B (T x T)Y0n)(@)) s (@(Inda  TYT, (1)) (- 1) )

WEQ ()

= 2 <h71'((hl-(bw.thswl)))Vl(hIl)),
wWEL(h), B
hye ™™, Indg . T(w + h)(hy * bypn, )Va(ha )>7
hyeH*™

((Indg . T)T,, (1), T (H x T)() (1)
= 3 (W (@Inde  TIT, (1)) s (Tu(H x T)() (- 1))

WER (1)
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= > (7 (nda  T(@)(Ay - b, I (0))

wEL(h),

hleH”’((’:), (ha + (burny Ts(ny))) Vz(h§1)>,
hy€H®

<¢(Ind9,c T)Tu(Vl)a 7Jf(hldsz,c T)TM(V2)> (h)
> (W (indo  T)T, () @) , (¥(Indo, TV, (1)) (w- )

WEQ ()

= > (7 (nde  T@)(hy - b, I (0 ))
wWEL(h), .
hieH" ™, Indg . T'(w « h) (g * by, V2 (he )>
hyeH*™

For h € H, we may calculate:

BUC @)
= > (- ((GOMh))w(hy)

hyeH*M

= > (e (((h) ™+ C@) )G o)) ) vl )

hyc*™
WELr(n)

= X (W) ) (e Gl b)) v,

hocH*™),
wER(n)

and therefore

(1, B(C. ) 2) (0)
= X (W) BUG O w) (B )

hyeH"™™

S (b, (B C(@)") (ha - G- i a) ) va(h2 1))
hyeH™™),

hoeH*™)
WER(ny)

= > (e (B G ) (s G o)) o (1))

(07 (- o)y i) (e« Gl Bho)) (B ™))

1\

Expanding out ((w) = b, T,y — Indg . T(w)b, and using the H-invariance of
Indg, . T', this expression is identical to the expression for (S, (vy),S,,(u2))(h) we
have already computed in four steps. We conclude that S;SH = B((¢,¢)) and S,
is therefore compact. As S, varies continuously in y, it follows that S, is com-

pact for all u € 2 X ©g p. Similarly, S;L is compact, and so we have verified that
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G xIndg ., T®1is an H x T-connection. Our original diagram therefore commutes
at the level of KK. O
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4. AMPLE GROUPOID HOMOLOGY AND PROPER CORRESPONDENCES

An ample groupoid is an étale groupoid with a totally disconnected unit space. In
this document, we assume it is locally compact and Hausdorff, although Hausdorft-
ness is not essential for much of what follows. In this chapter we aim to construct
as explicit a map as possible in groupoid homology from a proper correspondence
of ample groupoids. This provides new perspective on the preservation of homology

under Morita equivalences of ample groupoids.

4.1. Ample groupoid modules. We take a module-theoretic approach to the
homology of an ample groupoid, as described in [10] for groupoids with o-compact
unit spaces. We remove this condition by emphasizing flat modules rather than
projective modules. This involves incorporating some standard arguments which
appear in homological algebra over unital rings, which we justify by introducing the
multiplier ring of a locally unital ring. The bar resolution is then used to equate
our definition of groupoid homology with Matui’s concrete definition [54] and the

definition appearing in [71].

Definition 4.1 (Groupoid ring). Let G be an ample groupoid. The groupoid
ring Z|G) is the convolution ring C,(G,Z) of compactly supported integer valued
continuous functions on G. The convolution £ x n of elements ¢ and 7 in Z[G] is
given at g € G by

Exnlg)= > &gn(gn)

9192=9

In this document, a ring need not be commutative nor even unital. In place of
unitality, Z[G] is locally unital. This means that for any finite collection &;,--- &,
of elements in Z[G], there is an idempotent e € Z[G] such that e§; = e = &; for
each i. In this case the idempotent may be taken to be the indicator function x;
on a compact open set U C G°. For a locally unital ring R, we require our (left)
R-modules M to be non-degenerate or unitary in the sense that RM = M. The
categories of left and right R-modules are written R-Mod and Mod-R respectively.
These are both abelian categories, and there is an isomorphism Mod-R = R°’-Mod
so any result for left modules will also hold for right modules. When R = Z[G],
we refer to R-modules as G-modules and write G-Mod and Mod-G for the left and

right module categories.

Example 4.2 (G-space module). Let X be a G-space with anchor map 7: X — G°.
Then the abelian group Z[X] := C,.(X,Z) is a G-module with Z[G]-action given by

Z|G] x Z[X] — Z[X]
Em—E&-m

e Y &g Hmig- ).

9EG ()
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Similarly, for a right G-space Z with anchor map n: Z — G° | the abelian group
Z|Z] is a right G-module via the map

Z|Z]) x Z|G] — Z|Z]
m,E—»m- &

2 Y m(z-9)E(g ).
gea™®
Given a G-equivariant local homeomorphism f: X — Y of (left) G-spaces, we
obtain a G-module homomorphism f,: Z[X]| — Z[Y] which for £ € Z[X] is given
by
LEOW= Y &@)
zef(y)

This defines a functor Z[—]: LCHS, — G-Mod.

The following lemma will help us to work with the abelian groups Z[X] for totally
disconnected locally compact Hausdorff spaces X, and will be key for constructing

G-modules.

Lemma 4.3. Let X be a totally disconnected locally compact Hausdorff space and
let A be an abelian group. Suppose that U is a basis of compact opens for X that
is closed under compact open subsets. Let ¢o: U — A be a function such that
o(Uy) + o(Usy) = o(U) whenever Uy UUy = U with Uy, Uy and U in U.

Then ¢: U — A extends uniquely to a group homomorphism ¢: Z|X] — A such
that ¢(xy) = ¢(U) for each U € U.

Proof. The group Z[X] is generated by the indicator functions xy for U € U, so
if ¢ has an extension it is unique. It suffices to check that the obvious extension
2o aiXu, 2o aip(U;) is well-defined. Suppose that 3, a;xy, = -, bjxy,. Let
Wi, ..., Wy be the “smallest pieces” that can be made out of the U; and V}, which
means that they are intersections over all i and all j of either U; or Uf (V; or
Vjc), taking at least one to not be a complement. As U is closed under compact
open subsets, each W, is in U, and they are disjoint. There are ¢;, € Z such that
> i @iXu, = Y. CkXw,, and from the condition on ¢ it follows that }_; a,0(U;) =

Zk CkSD(Wk) = Zj bjgo(Vj). 0

For each G-C*-algebra A, its K-theory groups K, (A) can be canonically equipped
with the structure of a G-module. To do this we first note that the K-theory of a
Cy(X)-algebra A over a totally disconnected space X can be understood in terms of
restrictions to clopen subsets U C X. For each clopen set U C X, we have UA :=
Co(U)A =T4(U, A). The inclusion and restriction maps UA — A — UA induce
inclusion and restriction maps K,(UA) — K,(A) — K,(UA), so in particular
we can consider K, (UA) as a subgroup of K,(A). Moreover, by additivity and
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continuity of K-theory, the groups K,(UA) over U in a clopen cover of X will
generate K, (A).

Example 4.4 (K-theory groups as groupoid modules). Let G be an ample groupoid
and let A be a G-C*-algebra. Then for ¢ = 0,1 the K-theory group K;(A) is a G-
module. For each compact open bisection U C G, consider the k-isomorphism
ay: sS(U)A — r(U)A induced by the action map a: G ~ A (Remark 1.72). By
abuse of notation we may also write ay;: A — A for the composition with the
restriction A — s(U)A and the inclusion r(U)A — A. This induces a homomor-
phism K;(ay): K;(A) — K;(A). By Lemma 4.3, the assignment xy — K, (ay)
extends to a ring homomorphism Z[G] — Homa, (K;(A), K;(A)). The unitarity of
Z|G]~ K;(A) follows from the fact that K;(A) is generated by K;(V A) for compact
open V C GY.

If X is a totally disconnected G-space, the K-theory group K,(Cy(X)) is given by

Z[X] and we recover Example 4.2.

Proposition 4.5. Let G be an ample groupoid. Then the induced map in K-theory
K, (FE): K,(A) — K,(B) from a G-equivariant proper correspondence E: A —
B is G-equivariant. If G is second countable, A and B are separable and E is
countably generated, the induced map in K-theory K,([E,T)): K,(A) — K,(B)
from a morphism [E,T] € KKG(A, B) is G-equivariant.

Proof. Let (E,v): A — B be a G-equivariant correspondence, and let a: G ~ A,
B: G~ B and 7: G ~ E be the respective actions of G. Let U C G be a compact
open bisection, inducing x-homomorphisms a;;: A — A and §;;: B — B. The
G-equivariance of E: A — B implies that the following diagram commutes in the

correspondence category Corr.

Sy

E
—_

S

Corr(ay) Corr(By)

—
—

Sy

E
—_—

X

The composition is given by (r(U)E,v o ay). When (FE,%) is proper, this im-
plies that K,(F) o K,(ay) = K,.(By) o K.(F), and so K,(F) is G-equivariant.
Now suppose that G is second countable, A and B are separable, E is countably
generated and graded and that there is a Fredholm operator T' € L(FE) so that
[E,T) € KK°(A, B). Consider the following diagram in KK.

~—

A BT . p
lKK(aw lKK(BU)
/I BN

The b Kasparov product is represented by (r(U)E, T'1,(vyE)s while the "1 product
is represented by (r(U)E, vy (T FS(U)E)’Vljl)' These Fredholm operators are compact
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perturbations by the almost invariance of T', so these define the same KK element.
By taking K-theory, we conclude that K, ([E,T]) is G-equivariant. O

In analogy to the G-C*-bundle associated to each G-C*-algebra, there is a G-sheaf
associated to any G-module. We will not formally use this picture of G-modules,
but it provides good intuition. A G-sheaf p: £ — G° is similar to a G-bundle,
but each fibre is an abelian group. The section space T'.(G, &) is naturally a G-
module. For each G-module M there is a G-sheaf of abelian groups (€, p) such
that M = T',(G°,€). This defines an equivalence of categories between G-Mod and
the category of G-sheaves of abelian groups. See [82] for more details. A takeaway
from this perspective is that we can understand the structure of G-modules locally.
Given a G-module M and an open set U C GO, we write My for the subgroup
ZIUIM of M. For a G-C*-algebra A and a compact open set U C G°, we have
Ki(A)y = K,(UA),

Lemma 4.6. Let G be an ample groupoid, let f: M — N be a map of G-modules
and let U be an open cover of G°. Then f is injective/surjective if and only if the
restriction fi;: My — Ny is injective/surjective for each U in U.

Proof. Tt is clear that if f is injective/surjective then for each U € U the restriction
fu is injective/surjective. For the other direction, consider the open cover V of
G° of compact open sets contained in some element of the open cover U. Each
e Z[GO] can be written as a sum of elements supported on disjoint elements of
V. It follows that IV is generated by Ny for U € U and surjectivity of f follows
from surjectivity of fi; for each U € Y. If m = >, m; is in the kernel of f with
m; € My, for pairwise disjoint V; € V, then f(m;) € Ny, must vanish for each i. If

fu is injective for each U € U, then each m; is zero and so f must be injective. [

The tensor product M @ N of a right R-module M and a left R-module N over
a locally unital ring R is an abelian group equipped with a bilinear map M X
N — M ®g N sending (m,n) to m ® n. This map is balanced in the sense that
(m-r)®@n=m® (r-n) for each m € M, n € N and r € R. The tensor product
satisfies the following universal property. For any abelian group A and balanced
bilinear map f: M x N — A, there is a unique homomorphism g: M @ N — A
such that g(m ® n) = f(m,n) for each m € M and n € N.

MXN%,A

-
-
-
-
-
P g
-

M@g N

Let S be another locally unital ring. An R-S-bimodule X is an abelian group
equipped with a left R-module structure and a right S-module structure that com-
mute in the sense that r - (x-s) = (r-x)-sforeachr € R,z € X and s € S. Let
@ be another locally unital ring. The tensor product M @z N of a Q-R-bimodule
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M and an R-S-bimodule N inherits the structure of a @-S-bimodule. The ten-
sor product is associative up to canonical isomorphisms and for each locally unital
ring R the R-R-bimodule R acts as an identity (up to canonical isomorphisms) for
the tensor product ® 5. We obtain a category Bimod of locally unital rings whose
morphisms are (isomorphism classes of) bimodules with composition given by the
tensor product. Note that any left R-module can be viewed as an R-Z-bimodule,

so left and right modules also fit into the bimodule picture.

For any R-module N, we obtain a functor — ® p N: Mod-R — Ab. This functor is
right-exact in the sense that given an exact sequence 0 - A — B — C' — 0 of right
R-modules, the chain complex 0 -+ A®r N - B&r N - C®p N — 0 is exact at
B®r N and C®gr N. If N is an R-S-bimodule, this is a functor Mod-R — Mod-S.

We now wish to do homological algebra. We have to be slightly careful working
with modules over locally unital rings, and some concepts such as free modules
don’t have obvious analogues in this setting. However, with the right approach

much goes through in exactly the same way as for unital rings.

Definition 4.7 (Projective module). Let R be a locally unital ring. An R-module
P is projective if whenever there are homomorphisms of R-modules f: P — B and
m: A — B with 7 surjective, f lifts through 7 to an R-module homomorphism
f:P— A

b

-

f -
-

-

.

X
%
3

&

P%

Example 4.8. For any idempotent e € R, the left R-module Re is projective. To
pick a lift of f: Re — B through a surjective R-module map 7: A — B, take any
a € A such that 7(a) = f(e), and define f: Re — A by f(r) =r-a.

This is one of the places where we have to be careful about the fact that our ring
R only has local units. As a module over itself, R may fail to be projective. As
discussed in [10], this can happen with Z[X] for totally disconnected spaces X
which are not o-compact. However, we may still say that R is a flat module over
itself.

Definition 4.9 (Flat module). Let R be a locally unital ring. An R-module F is

flat if the tensor product functor
—®p F: Mod-R — Ab

is exact. This means that it preserves the exactness of exact sequences. Equiva-
lently, for any injective right R-module map i: A — B, the map i ®id: AQr F —
B ®pg F is injective.
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Example 4.10. Clearly R is flat as a module over itself as A ®p R =2 A. Fur-
thermore, for any idempotent e € R, the left R-module Re is flat. For each right
R-module N, there is an isomorphism n® r — n-r: N ®p Re = Ne. Given an
injective right R-module map i: A — B, the map i ® id: A ®; Re — B ®p Re

corresponds to the restriction i: Ae — Be, which is injective.

A direct limit of flat modules is flat, and using this we can construct many flat

G-modules.

Proposition 4.11. Let X be a free, proper, étale G-space. Then Z[X] is a flat
Z|G]-module.

Proof. Let U be the basis of compact open sets U C X on which the quotient map
q: U — G\X and the anchor map 7: U — G° are injective. For each U € U, the
map g -u + g: G+U — G,y is an isomorphism of G-spaces. The G-module
Z[X] is the sum over U € U of its submodules Z[G - U], each of which is flat as
Z|G - U] = Z[Gr )] = Z[G]xr@w)- For any finite collection Uy,...,U, € U, we
may write the union |J], G - U; as a (topological) disjoint union | |\, G - U; for
sets U, € U by setting U := U; N g~ (q(U;) \ U;j<iq(U;)). The sum Y7 | Z[G - U]
inside Z[X] is therefore a direct sum €D, Z[G - U] of flat modules, hence flat. The
G-module Z[X] is the direct limit of the finite sums Y ., Z[G - U;], so is flat. O

In order to do homological algebra in R-Mod, we need to introduce projective

resolutions.

Definition 4.12 (Projective resolution). A resolution P, — M of an R-module M

is an exact sequence of R-modules

d, d, d d d
L P 2P L PSS M — 0.

It is a projective resolution if each P, is projective.

The notions of projective modules and resolutions are categorical - they make sense
for any abelian category €. One of the fundamental ideas in homological algebra
is that projective resolutions are unique up to chain homotopy equivalence. This
means that given two projective resolutions P, — M and Q4 — M, there are chain
maps f: P, &> Q4 and g: Q, — P, and chain homotopies fg ~ id and gf ~ id. This
follows from the fundamental lemma of homological algebra (see [88, Comparison
Theorem 2.2.6]).

Lemma 4.13 (Fundamental lemma of homological algebra). Let € be an abelian
category and let f: A — B be a map in €. Suppose P, — A is a projective resolution
and suppose Qg — B is a resolution of B in €. Then there is a chain map Py — Q,

over f: A — B, and it is unique up to chain homotopy.
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To build projective resolutions of R-modules, it is useful to know that there are
enough projectives in the sense that for every R-module M, there is a projective
R-module P with a surjective homomorphism 7: P — M. It follows that every

R-module has a projective resolution.

Proposition 4.14 (Module categories have enough projectives). Let R be a locally

unital ring. Then the category of R-modules has enough projectives.

Proof. Let M be an R-module and let My C M generate M as an R-module. For
each m € My, pick an idempotent e,, € R such that e,, - m = m. Then there is a
surjective homomorphism given by
@ Re,, = M
meM,

Te, FF T em

This module is projective because it is a direct sum of projective modules. O

Our proof shows further that this statement remains true if we restrict attention
to countably generated R-modules. To define groupoid homology, we introduce the

following analogue of taking the quotient of a G-module by an ample groupoid G:

Definition 4.15 (Coinvariants functor). Let G be an ample groupoid and let M
be a G-module. The coinvariants Mg of M is the abelian group

Mg = Z[G°] ®¢ M.

This gives us a functor Coinvg: G-Mod — Ab. We often think of My as a quotient
of M via the surjective homomorphism 7g: m +— [m]: M — Mg that sends m to
e ® m for any idempotent e € Z[G"] such that e - m = m. The kernel of 7 is
generated by elements of the form & - m — (s*¢) - m for £ € Z|G] and m € M.

Example 4.16. The coinvariants of the G-module Z[G" "] is isomorphic to Z[G"].
The quotient map Z[G"'] — Z[G"] is induced by the local homeomorphism

(907--~7gn) = (917'-~7gn): Gn+1 — Gn

The coinvariants quotient map wg: M — Mg can be thought of as the universal
G-invariant map out of M. Given a G-module M and an abelian group N, we
may call a homomorphism f: M — N G-invariant if f(&-m) = f(s*¢ - m) for
each ¢ € Z[G] and m € M. If X is a G-space and ¢: X — Y is a G-invariant
local homeomorphism, then ¢, : Z[X] — Z[Y] is G-invariant. We now introduce

the module-theoretic definition of ample groupoid homology.

Definition 4.17 (Groupoid homology groups). Let G be an ample groupoid and
let M be a G-module. Consider any projective resolution P, — M.

d, d,, d d d
P P PSS M0
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We apply the coinvariants functor to obtain a chain complex of abelian groups.

dpia n
(dny1)a (P)e (dn)a,  (d2)g (P)e (d1)a (Py)e — 0

The groupoid homology Ho(G; M) with coefficients in M is the homology of this
chain complex, so that Hy(G; M) = (Py)g/im((dy)g) & Mg and H,(G; M) =
ker((d,)q)/im((d,41)q) for n > 0. This is independent of the choice of projective
resolution because projective resolutions are unique up to chain homotopy equiva-
lence. The groupoid homology without coefficients is H, (G) := H, (G; Z[G"]).

The functors H,(G; —): G-Mod — Ab are an example of left derived functors.

Definition 4.18 (Left derived functors). Let € be an abelian category with enough
projectives (e.g. R-Mod or Mod-R), and let F': € — Ab be a right exact functor.
For an object A, let P, — A be a projective resolution. For n > 0, the nth left
derived functor L, F(A) of F at A is the homology group H, (F(P,)) given by the
chain complex

-« —> F(P,)— -+ — F(P)— F(P) — 0.

By the fundamental lemma of homological algebra, this is independent the choice
of projective resolutions up to canonical isomorphisms and a morphism A — B
induces a canonical map L, F(A4) — L, F(B).

By right exactness of F we have Ly F(A) = F(A), and if F is exact then L, F(A) = 0
for each n > 0. The left derived functors are in some sense a measure of the failure

of exactness of a right exact functor.

The groupoid homology groups H,,(G; M) are therefore the left derived functors
L,, Coinvg (M) of the coinvariants functor Coinvg: G-Mod — Ab. For each right
R-module M, the functor Ty = M ®p —: R-Mod — Ab is right exact, and its
left derived functors are the Tor groups Tork (M, N) = L, Ty;(N). Our definition
of groupoid homology can be summarised as H,(G; M) := Torg(Z[GO],M) and
H,(G) := TorS (Z]G"], Z]G")).

There are many facts of homological algebra that are well-known for unital rings
that we would like to draw upon for locally unital rings. For example, in the
setting of unital rings it suffices to use flat resolutions to calculate Tor, rather than
projective resolutions. In the setting of locally unital rings this result is especially
useful, because many modules we might expect to be projective (such as R itself)
may not be projective, but are still flat. It should be possible to prove this result,
along with many others, by adapting the proofs from the unital setting. However,
there is a way to deduce results in the locally unital setting from their (known)
specialisations to the unital setting. For a locally unital ring R, we introduce the
multiplier ring M (R) which is a unital ring in which R embeds, inspired by the

multiplier algebra of a C*-algebra.



K-THEORY FOR ETALE GROUPOID C*-ALGEBRAS 109

Definition 4.19 (Multiplier ring). Let R be a locally unital ring. The multiplier
ring M(R) := Hompoq.r (R, R) is the endomorphism ring of the right R-module R.
This contains a copy of the locally unital ring R which acts by left multiplication
on R.

We can now view each R-module A as an M (R)-module by defining m - (r - a) =
m(r) - a for m € M(R) and r - a € RA = A. Conversely, for each M (R)-module
B, RB is an R-module. Through this we can view R-modules as precisely those
M(R)-modules B for which RB = B.

Proposition 4.20. Let R be a locally unital ring and let P be an R-module. Then
P is projective/flat as an R-module if and only if it is projective/flat as an M (R)-

module.

Proof. We first remark that for a right R-module A and a left R-module B, there
is a canonical isomorphism A ®p B = A ®)(g) B of the tensor products over each
ring. Therefore it is clear that if A is flat as an M (R)-module then it is flat as
an R-module. Now suppose that P is flat as an R-module and let i: A — B be
an injective right M (R)-module map. Then i ® id: A ®@p;gy P — B ®@p(p) P is
isomorphic to i ® id: AR ®@pr P — BR ®p P, which is injective by flatness of P.

It is clear that if P is projective as an M (R)-module then it is projective as an R-
module. Conversely, suppose P is projective as an R-module and consider M (R)-
module maps f: P — B and m: A — B with 7 surjective. Then f lands in the
R-module RB and we may lift this through the (surjective) restriction 7: RA — RB
of m to RA. (]

From this we can deduce that projective R-modules are flat. We may also deduce
the following fact about Tor which is well-known in the unital case [88, Lemma
3.2.8]. This says both that Tor is balanced in that we may consider resolutions of

either entry and that it suffices to consider flat resolutions.

Proposition 4.21. For a locally unital ring R, a right R-module A and a left R-
module B, the group Torf‘(A, B) can be computed as follows. Let Py — A and Q4 —
B be flat resolutions of right and left R-modules respectively. Then Torff(A7 B) =
H,(P, ®r B) =2 H,(A®g Q,). Furthermore, the isomorphism is induced by the
unique (up to chain homotopy) chain map from any projective resolution of A to

P,, and similarly for Q, — B.

Proof. We know that R-projective resolutions are M (R)-projective resolutions and
always exist by Proposition 4.14, and that the tensor products over R and M (R)
coincide. It follows that TorZ (A, B) = TorM (A, B). This proposition follows
from the unital version because flat resolutions of R-modules are flat resolutions of
M (R)-modules. O
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Example 4.22 (Bar resolution). Let G be an ample groupoid. There is an explicit
flat resolution (Z[G*"'],8,) of the (left) G-module Z[G"]

@1) o giert) 2y B 767 2 76 2 760 — o

called the bar resolution. For n > 0 we consider the space G" of composable
n + 1-tuples as a left G-space. The G-module Z[G" "] is flat because G"' is a
free, proper, étale G-space. We set 9y := s,: Z[G'] — Z[G"]. For n > 0 and
0 < i < n we define face maps 8;': G"™' — G™ by
D (gor- - g) (9os-+++9iGig1s---,9n) i<,

(90, -+, 9n-1) ifi =n.
The face maps are G-equivariant local homeomorphisms and therefore induce G-
module maps (8"), : Z[G"*'] = Z[G"]. The boundary maps 9, : Z[G" '] — Z[G"]

are given for n > 0 by
n

Oy = (=1)"(3})..
i=0
The exactness of the bar resolution (4.1) is witnessed by a chain homotopy induced

by local homeomorphisms k,,: G™ — G™ . These are defined for n > 0 by

hn: (907 s >gn—1) = (7"(90),907 s 7gn—1)

and hyg is the inclusion G’ c G By Proposition 4.21, we can use the bar resolution
to compute the groupoid homology H,(G). Taking the coinvariants of the bar

resolution, we obtain the chain complex

(an+1)G
"

(42) Z[Gn] (8n)G (82)G Z[Gl] (81)(; Z[GO]%O

The boundary maps are given by (9,,)q = ZLO(—l)i(e?)*, where for n > 0, the
face map €;': G — G" ! is defined by

(92a'~'7gn) ifi=0
6?:(917“'3971)’_) (gla"'agigi-l-h'"vgn) f0<i<n
(glv"'vgn—l) ifi=n
The homology of the chain complex (Z[G*], (9, ) ) computes the groupoid homology
H,(G) = Tor% (2]G°),Z[G"]). To compute the groupoid homology H,(G;M) =
TorS (Z[G°], M) with coefficients in a G-module M, we may use a symmetric bar

resolution of right G-modules

P, gty Gay %y i O, ey G a0 g

and take the homology of the complex (Z[G*™'|®¢ M, 8, ®id). This chain complex
is isomorphic to the complex defining H,(G; M) in [71].

There are resolutions even more general than flat resolutions that can be used

to compute groupoid homology in particular. A well-known characterisation of
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flatness for a left R-module F' is that Torf (M,F) = 0 for each right R-module
M and n > 0. For the purposes of groupoid homology, the only right G-module
we are interested in is Z[G"]. We call a left G-module A left Coinvg-acyclic if
TorS(Z[GO], A) =1L, Coinvg(A) = 0 for each n > 0. It turns out that left Coinv-

acyclic resolutions are good enough to compute groupoid homology:

Theorem 4.23 (Acyclic resolutions for derived functors). Let € be an abelian cat-
egory with enough projectives and let F: € — Ab be a right exact functor. Then
for any left F-acyclic resolution Qq — M of an object M and any projective res-

olution Py — M, the unique (up to homotopy) chain map P, — Q. induces an
isomorphism L, F (M) =2 H,,(F(Q,)).

Proof. For unital rings, see [88, 2.4.3|, including the linked exercise. The dual
version of this theorem is covered in the full generality of abelian categories in
several lecture notes, see |77, Theorem 3.60] and [76, Theorem 4.6.7]. O

4.2. The induced map in homology from a groupoid correspondence.
Given a correspondence Q: G — H of ample groupoids, we construct a module-
theoretic induction functor Indg: H-Mod — G-Mod. As Q is a G-H-bispace, the
abelian group Z[Q)] is a G-H-bimodule. The tensor product by Z[(] yields the

induction functor Indg,.
Indg := Z[Q] ® g —: H-Mod — G-Mod

The right H-space ) is free, proper and étale, so by Proposition 4.11, Z[Q] is a flat
right H-module. It follows that Indq is exact.

Remark 4.24. If we were to consider the H-sheaf M associated to an H-module
M, it is possible to identify Z[Q)] ® y M with the abelian group of H-equivariant
sections in T'y(Q, 0" M) that are compactly supported with respect to /H. This

makes the analogy with the C*-algebraic induction functor much more explicit.

The G-H-bimodule Z[Q}] is compatible with composition of groupoid correspon-

dences in the following sense.

Proposition 4.25. Let G, H and K be ample groupoids and let Q: G — H and
A: H — K be correspondences. Then there is an isomorphism kg 5 : Z[Q|Q g Z[A] =
Z[A o Q] of G-K-bimodules given as follows.

Kot ZIQ) ®p Z[A] = Z[A 0 Q)
E@N = kg A(E®n)
w Ny = > weh)nh N

heH)
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Proof. Checking that the above bilinear map is balanced is straightforward. We
therefore obtain a well-defined map rq 4 : Z[Q] ®y Z[A] — Z[A o Q], which we can
further check is a homomorphism of G-K bimodules. Now, let & be the set of
pairs (U, V) of compact open subsets U C 2 and V' C A such that U is a bisection
and p(V) C o(U). The sets U xy V with (U,V) € S form a basis of compact
opens in Xy A, so their images ¢(U xy V) under the local homeomorphism
q: Q2 xy A = Ao Q form a basis of compact opens in A o Q. By construction,

Ka,a (XU @ Xv) = Xq(Uxy V), and surjectivity of kg  follows.

Now, let R = {q(U xy V) | (U,V) € S§}. This is a basis of compact opens in A o
that is closed under compact open subsets. Using Lemma 4.3, we define an inverse
i Z[A o Q] = Z[Q] @ Z[A] to kg A by setting

Y(XqUxyv)) == XU @ Xv-

We need to check that this is well-defined and respects disjoint unions within R.
First, suppose that (U1, V7)), (Uy, V) € S with q(U; xy V;) = q(Uy Xy V5). Define

W :={h € H | there are u; € U; and uy € U, such that u; - h = uy}.

The action Q. H is free and proper and o restricts to homeomorphisms on U; and
U,, from which it follows that W is a compact open bisection in H. Furthermore,
because q(U; xy V;) = q(Uy Xy V,) we obtain that p(V;) C r(W), p(V,) C s(W)
and W -V, = V;. We may then calculate

Xu, @ Xv, = Xu, @Xw * Xv, = Xu, * Xw @ Xv, = XU, * Xr(W) @ Xv, = XU, @ Xv;-

Now suppose that q(U; xy V;)Uq(Uy Xy V,) = ¢(U xy V). By the above argument
we may assume that U; Xy Vi U Uy Xy Vo = U Xy V, 50 Vi UV, =V and we
can write Xy ® xyv = Xv ® xv; + Xv ® Xv, = Xv, ® Xv; + Xv, ® Xv,- By Lemma
4.3, 1) extends uniquely to a homomorphism 1: Z[A o Q] — Z[Q)] ®y5) Z[A] such
that kg o 0% = 1 by construction. The elements x;; ® xy for (U, V) € S generate
Z[Q] @ g Z[A], so therefore ¢ is an inverse to kg . O

The assignment GpdCorr — Bimod sending the groupoid G to the ring Z[G] and the
correspondence : G — H to the G-H-bimodule Z[()] is therefore functorial. We
can conclude that the induction functor is compatible with composition of corre-
spondences in that Indg o Ind, = Ind, . Next we want to relate the coinvariants
functors Coinvg and Coinvy via the induction functor Indg. We do this by relating
the trivial right modules Z[G°] and Z[H"] via Z[].

Proposition 4.26. Let Q): G — H be a correspondence of ample groupoids. There
is a map 6q: Z[Q) g — Z[H] of right H-modules such that the following diagram
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commutes.
—% Z[H')

Z[%
| 27
Z[Ne

The assignment Q +— 0q respects composition of groupoid correspondences in that

for any additional correspondence A: H — K, the following diagram commutes.

J, id
Z[G°) @g10) 29 @y ZIA] —22%s Z[H®] @y ZIA]

lid ®Krq, A l&\

Z[G°) @i ZIA 0 Q)] Son Z|K°

It also respects identities in that for the identity correspondence G: G — G, the
map 0 : Z|G®) ®¢ Z[G] — Z|G°] is the canonical isomorphism induced by the right
action of Z|G] on Z|G°)].

Proof. We define 6, : Z|G°] ®¢ Z[Q] — Z[H"] on simple tensors by
o Z[G°) ®¢ Z[Q) — Z[H
@& o (n-§).

The balancedness of the bilinear map Z[G"] x Z[Q] — Z[H°] follows from the G-
invariance of o: Q — H. It follows that 8, : Z[G°|®cZ[Q] — Z[H] is well-defined.

It is a map of right H-modules because ¢ is H-equivariant.

Compatibility with composition can be checked on simple tensors. For 7 € Z[G"],
¢ € Z[Q] and v € Z[A], the simple tensor n ® £ ® v is sent to the following element
of Z|K°] under both the L+ and 3 routes round the diagram.
2 Y Y n(pw)E(wv(N)
AEA, wEQ,(y)
To avoid ambiguity, let  refer to the right action Z[G°] ~Z[G] to distinguish it from
the left action Z|G°] ~ Z|G]. The canonical isomorphism Z[G°] ® ¢ Z[G] — Z[G°]
sends 7 ® £ to nx &, and this is indeed equal to dg(n ® &) = s,(n - &). O

Given a proper correspondence §2: G — H of ample groupoids, the exact functor
Indg,: H-Mod — G-Mod and the H-equivariant map &g, : Z[Qg — Z[H’] are the
ingredients we need to construct a map in homology H,(?): H,(G) — H,(H).
The compatibility of Indg and dq with composition of correspondences and identity
correspondences lead to compatibility for H,(£2). Now suppose that on top of that
we have C*-coefficients in the form of a proper correspondence (E,Q): (4,G) —
(B,H). In order to build a map H, ;(E,Q): H,(G;K;(A)) = H,(H; K;(B)) we
will need the further ingredient of a G-equivariant map K;(A4) — Indg K;(B). We
obtain this through an isomorphism Indg K, (B) = K, (Indg B). Recall that for
each open bisection U C () there is a x-isomorphism evy: Indyy B =2 o(U)B (see
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(2.1)). When U is clopen, we can view K, (Indy g B) and K, (o(U)B) as subgroups
of K,(Indg B) and K, (B) respectively.

Proposition 4.27 (K-theory intertwines the induction functors). For every H-

C*-algebra B, there is an isomorphism of G-modules
CQ,B . K*(IHdQ B) = IIldQ K*(B)

such that (o g(y) = xu ® K, (evy)(y) for each compact open bisection U C Q and

Proof. Tt will be slightly more straightforward to define the inverse of (g g. For
each compact open bisection U C €2, let ¢;;: B — Indg B be the composition of the

following *-homomorphisms.
cv: B = o(U)B s ndyy B — Indg B

Consider the assignment (x¢,x) — K, () (z) for a compact open bisection U C 2
and an element x € K,(B). By Lemma 4.3, this extends to a bilinear map ¢ : Z[Q] x
K,.(B) = K,(Indg B). Consider the actions 5: H ~ B and a: G ~Indg B. Given
compact open bisections V' C H and W C G we have induced *-homomorphisms
By : B — B and ayy: Indg B — Indg B (see Example 4.4). Consider the following

diagram given a compact open bisection U C ).

B Y, Ind, B

ﬁvl / Jow

B —— Indy B
‘WU

Both triangles in the above diagram commute. This is because [y o evy.y =
evy on their common domain and similarly evy.y ooy, = evy. It follows that
K, (ey.v)(x) = K. (ey) K, (By)(z) for each x € K,(B), and therefore 1 is balanced
and induces a homomorphism t: Indg K,(B) —» K,(Indg B) such that 1/;(XU®33) =
K, (ey)(x) for each compact open bisection U C Q and = € K,(B). We also get
that K, (ey.p)(z) = K, () K, (e)(x) from which we can conclude that 1 is G-

equivariant.

As the construction of v is independent of G, we may replace G by Q/H and
apply Lemma 4.6, so that we need only check injectivity and surjectivity by re-
stricting to ¢(U) C Q/H for compact open bisections U C Q. The elements
of q(U)Z[Q] @ K,(B) can be written as xyy ® = for x € K,(c(U)B). Apply-
ing ¢, we get K,(evy')(z). The map evy: o(U)B — Indyy B is an isomor-
phism, so if K, (evy')(x) = 0 then 2 = 0, and we also hit all of K, (Indyy B) =
q(U)K,(Indg, B). Tt follows that ¢ is an isomorphism. We set Co,p: K.(Indg B) —
Indg, K, (B) to be the inverse of ¢). This satisfies Ca.s(y) = xv ® K, (evy)(y) for
each compact open bisection U C Q and y € K, (Indy g B) by construction. ]
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Proposition 4.28 (Naturality of (o p). Let Q: G — H be a correspondence of
ample groupoids. Then the isomorphism (o p: K,(Indg B) = Indg K, (B) is natu-
ral in B with respect to proper H -equivariant correspondences, and when H, G and

Q are second countable it is natural with respect to morphisms in KK".

Proof. Let E: B — C be an H-equivariant correspondence. For each compact
open bisection U C £ we obtain a commutative diagram of C*-correspondences,

with horizontal maps defined by *-homomorphisms.

Indg B +—— Indyy B —% ¢(U)B — B

J{Indg E deu uE L:(U)E JE

Indg, C +— Indyy C —% o(U)C —— C

When FE is a proper correspondence, this is a diagram of proper correspondences
which induces a diagram of K-theory groups. It follows that for y € K, (Indy y B),
we have K, (evy) K, (Indg F)(y) = K, (E)K,(evy)(y). Now consider the following
diagram, whose commutativity describes the naturality of {n _ with respect to

proper H-equivariant correspondences.

K, (Indg E)

K, (Indg, B) K, (Indg, O)
lCQ,B lCQ,C
Indg K. (B) —222E_ 1ma,, K, (0)

Applying ¥ to y yields xyy ® K, (evy)K,(Indg E)(y) and applying & yields xy ®
K, (E)K,(evy)(y). These are equal and such y generate K, (Indg B), so the dia-
gram commutes. Now suppose that G, H and (2 are second countable, B and C are
separable, E is countably generated and we have a Fredholm operator T' € L(E) so
that [E, T] € KK (B, C). We apply the same strategy to show that Cq,— is natural

with respect to [F, T], and so we consider the following diagram in KK.

Indg B ¢ Indyy B 2% s)p —— - B

J{Indﬂ (E,T] JIndUH[E,T] la(U)[E,T] l[E,T}

Indg C «—— Indyy ¢ 22 soye —— ¢

The left hand square commutes because any cutoff function c: 2 — R restricts
to a cutoff function on UH. The right hand square commutes because the re-
striction o(U)[E,T] = [0(U)E, T, g| of the element [E,T] € KK”(B,C) in-
duces the same map K,(o(U)B) — K,(o(U)C) in K-theory as the restriction of
K.([E,T)): K,(B) — K,(C). The middle square commutes because up to the iso-
morphism o(U)E = Indy g E, the Fredholm operators T'[, ) x and Indyy T are
compact perturbations. This can be checked by viewing our algebras and modules
over U and checking compactness fibre-wise. Similarly, the commutativity of this
diagram shows that for y € K,(Indyg B) we have K, (evy) K, (Indo[E, T))(y) =
K.([E,T))K,.(evy)(y) and we can conclude that (g _ is natural with respect to
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morphisms in KK,

K, (Indg, B) = elBTD e g, 0

J/CQ,B J/CQ,C

Indg K, (B) 241D g K, (0)
O

Now that we have shown that the K-theory functors K, : KK — G-Mod intertwine
the induction functors Indg naturally, there are some features of these induction

functors that we want to check are compatible under K.

Proposition 4.29 (Compatibility of ¢ with composition). Let Q: G — H and
A: H — K be correspondences of ample groupoids and let C be a K-C*-algebra.
Consider the G-equivariant x-isomorphism ¢c: IndgIndy C — Indp.q C intro-
duced in Proposition 2.7 and the isomorphism kg o Z[Q] @y Z[A] = Z[A o Q] of

G-K-bimodules introduced in Proposition 4.25. Then the following diagram com-

mautes.
K,(Indg Ind, C) % Indg K, (Ind, C) M Indg Ind, K, (C)
(4.3) JK*(WC) lfmmid
K. (Indpoq C) Ghonc Indpoq K. (C)

Proof. The crux of this is the following diagram for each pair of compact open
bisections U C 2 and V C A with p(V) C o(U).

q(VoU)Indg Indy C %5 ¢(V)Ind, C
(44) J{‘PC J{cvv
qVolU)IndpoqC —— o(V)C

eVyvou

This is commutative because by definition, for £ € ¢(V o U)IndgInd, C' and
[u,v]g € V o U, we have oo (&)([u,v]y) = &(u)(v). Now consider an element
r € K,(Indpyoyyx C) € K,(Indyoo C). This is mapped along the bottom of the
diagram (4.3) to xv.u ® K, (evy.y)(z). Following along the other route round the
diagram, we can see that it is mapped to kg A (Xy ® Xv) ® K, (evy cevy opgt) ().
By construction of kg 4 and by the commutativity of (4.4), this is equal to xy .y ®
K, (evyop)(z). Such z generate K, (Indy.n C) and K, (¢c) is an isomorphism, we

can conclude that (4.3) commutes. O

Proposition 4.30 (Compatibility of ¢ with identity). Let G be an ample groupoid
and let A be a G-C*-algebra. Consider the canonical isomorphism ¢: Z|G] Q¢
K,(A) =2 K,(A) and the G-equivariant x-isomorphism ¥ 4: Indg A — A from



K-THEORY FOR ETALE GROUPOID C*-ALGEBRAS 117

Proposition 2.8. Then the following diagram commutes.

K, (Indg A) <24 Tndg K, (A)

KMJ

Proof. For each x € K,(A), there is a compact open set U C G° such that z €
K,(UA). The *isomorphism v ,: Indg A — A restricts to the #-isomorphism
evy: U(Indg A) — UA, and therefore CG7A(K*(1/JA)_1($)) = xy ® x. This is equal

to ¢ '(z), so the diagram commutes. O

We are now able to introduce the final ingredient that enables us to induce a map in

homology with coefficients from a proper groupoid correspondence with coefficients.

Definition 4.31. Let (E,Q): (A,G) — (B, H) be a proper correspondence. We
define the map pg: K,(4) — Indg K, (B) of G-modules to be the composition

CSZ B

KOO, g (Indg, B) 225 Ind,, K, (B).

PE*: K*(A)

This respects composition of correspondences in that the following diagram com-

mutes.

K, (A) et Indpon(K.(C))
lsaE ngQ,A@nd
Indg (K, (B)) —292%7) 104, Ind, (K. (C))
This follows directly from Propositions 4.29 and 2.33. In the case of trivial coef-
ficients with A = Co(G°), B = Cy(H") and E = Cy(€2), the map ¢p: K, (A) —
Indg, K, (B) is given by p*: Z|G°] — Z[Q/H].

Given a proper correspondence (E,Q): (A,G) — (B, H) of ample groupoids with

C*-coefficients, we have the following three ingredients.
e an exact functor Indg: H-Mod — G-Mod,
e an H-equivariant map 6, : Z[G°] ®¢ Z[Q] — Z[H"] of right H-modules,
e and a G-equivariant map ¢ : K;(A) = Z[Q] @ g K;(B) of left G-modules.

We use these to build a map H; ;(£,Q): H;(G; K;(A)) — H;(H; K;(B)) in homol-
ogy, which is a map Tor{ (Z[G"], K K;(A)) — Tor! (Z[H"), K;(B)). By Theorem 4.23,
the groupoid homology of an ample groupoid G can be computed using left Coinv-
acyclic resolutions, of which flat (and projective) resolutions are a special case.
In this generality we construct a map in homology H; ;(E,Q): H;(G;K;(A)) —
H,(H; K,(B)).
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Theorem 4.32 (Induced map in homology from a proper correspondence). Let

(E,Q): (A,G) — (B, H) be a proper correspondence. Then there are maps
H; ;(E,Q): Hy(G; K;(A)) — H;(H; K;(B))
such that for any
o left Coinvg-acyclic resolution Py — K;(A),
o left Coinv g -acyclic resolution Q4 — K;(B),

e and chain map f: P, — Indg Q, lifting pp: K;(A) — Indg K;(B),

P, P, K;(A) ——— 0

lfn ifo lgoE

- —— Indg Q,, —— -+ —— Indg Q) — Indg K;(B) —— 0

the chain map (6q ®1id) o fo: (Po)g — (Qe)u shown below induces H; ;(E,Q) in
homology.
- (Pe (Fo)e

J(f,nc J(fwa

— (IndQ Qn)G A — (IndQ QO)G

|amia |amia

> (Qn)H (Qo)u

Proof. To construct the map H, ;(E,), we may consider arbitrary projective
resolutions Py — K;(A) and Q, — K;(B), which exist because the categories
have enough projectives. We obtain a resolution Indg Q) — Indg K;(B). A
chain map f': P, — Indg Q. lifting ¢p: K;(A) — Indg K;(B) exists by the
fundamental lemma of homological algebra (Lemma 4.13). We may then define
H, ;(E,Q) as H;((6q ®id) o f'): H;((Ps)e) = H;((Q4)x) after identifying these
with H;(G; K;(A)) and H;(H; K;(B)).

Now given P, — K;(A), Qs — K;(B) and f'+ P, = Indg Q, as in the statement
of the theorem, there are chain maps 7: P, — P, and 7: Q, — Q,. By the
fundamental lemma of homological algebra, f o7 is chain homotopic to 7o f’, and
therefore (6 ® id) o f* and (6 ® id) o f induce the same map in homology. O

This map respects the composition of correspondences: if (F,A) is another proper
correspondence of ample groupoids with C*-coeflicients which is composable with
(E,Q), then H; ;(F,A)o H, ;(E,Q) = H; ;(FoE,AoQ) and if (£,) is an identity
correspondence then H; ;(E, () is the identity. This follows from the compatibil-
ity of Indg, dq and g with composition and identities. We recover the Morita

invariance of ample groupoid homology.
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Example 4.33 (Induced map in homology from an étale homomorphism). Let
@: G — H be an étale homomorphism of ample groupoids. Recall from Example
4.1 that the chain complex (Z[G"®], (8,)s) (4.2) computes the homology of G. For
each n > 0 the local homeomorphism ¢": G" — H" induces a homomorphism
(¢"),: Z|G"] = Z|H"]. These form a chain map which induces a map in homology
H,(¢): H,(G) — H.(H).

The associated correspondence Q,: G — H is the space G x o H. Consider
the bar resolutions Z[G*™'] — Z[G°] and Z[H**'] — Z[H"]. For each n > 0 the
induced module Indg_ Z[H" "] has underlying abelian group Z[G" X 10 H™", with
the G-module structure coming from the action G ~ G x go H "1 Consider the

following local homeomorphisms.

Y G"T = G x o H'M fin: G x o H' — H”
(907' s 7gn) = (T(g)7§0(gO)7 o 7410(977,)) (I7h07 c 7hn) = (hla o 7hn)
€Gon: Gt LGt €Hn: H" — H"
(907~-~7gn) = (glv'-wgn) (h’07'-~7hn) = (hla'- 7hn)

The map 1, is G-equivariant, while y,, and e, are G-invariant and ey ,, is H-

invariant. We obtain a chain map
J = (Wa).: ZIG*T] = Indg Z[H"]

over the identity Z[G"] — Z[G"] = Indg_ Z[H"]. By Theorem 4.32, H,(Q,) is in-
duced by the chain map (do, ®id) o f: Z|G*™ ¢ = Z|H*""| . The coinvariants
ZIG" g and Z[H" ]y are given by Z[G"] and Z[H"] with quotient maps in-
duced by €g , and € ,,. Under these identifications, dg ®id: (Indg_ ZIH" ) —
Z[H"™]y is induced by the G-invariant map f,,.

(%)«

ZIG™T — s 7GR0 x 0 H'

H

TFGJ/(EG.”)* ”Gl
n f
(G"]

—79 - (Z]G° x ,,0 H"))

H G
8o, @id
(™).
ZIH™]

The equality 4,01, = ¢"o€g G™ — H" of local homeomorphisms implies that
(B, ®id) o ().) = (") ZIG"] — Z[H"]. Tt follows that H,(9,) = H. (),

so Theorem 4.32 recovers the standard functoriality of groupoid homology with

(Bn )«

respect to étale homomorphisms.

Example 4.34 (Induced map in homology from an action correspondence). Let
G be an ample groupoid, let X be a totally disconnected G-space with a proper
anchor map 7: X — G” and let H = G x X be the action groupoid. For each n the

map 7,,: H" — G" picking out the elements of G is proper and therefore induces
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a map (7,)": Z|G"] — Z[H"]. This gives us a chain map (7,)": Z[G*] — Z[H"|
which induces a map in homology H,(7): H,(G) — H,.(H).

The associated correspondence 2: G — H is the space H = G X ;0 X. We again
consider the bar resolutions Z[G*T'] — Z[G"] and Z[H*™'] — Z[X]. For each n > 0
the induced module Indg, Z[H™ '] has underlying abelian group Z[H" "], with the
G-module structure coming from the action G ~ H"**. The proper G-equivariant

maps 7,,: G"T' — H™"! induce a chain map
fi=(Tes1)": ZIG*T] — Indg Z[H*H]

over 7°: Z|G°] = Z[X] = Indg, Z[X]. By Theorem 4.32, H,(Q) is induced by the
chain map (Jo®id)ofq: Z[G*) ¢ — Z[H**'] . The coinvariants (Indg Z[H"'))¢
is given by Z[H"], and dq @ id: Z[H"] — Z[H"] is simply the identity. The chain
map fo: (Z[G*™))e — (Indg Z[H*'])g is given at n by (7,)*: Z[G"] — Z[H"].
Therefore (6g ® id) o fg is simply (7,,)": Z[G"] — Z[H"], and we obtain that
HL(©) = H.(r).

4.3. Interaction between the coinvariants and C*-algebras. In module the-
ory, the coinvariants Coinvg of an ample groupoid is an analogue of taking the
quotient by an action. In C*-theory, the crossed product G is also an analogue
of the quotient. Given a G-C*-algebra A, we may relate the coinvariants of the K-
theory K, (A)g with the K-theory of the crossed product K, (G x A). This will be
useful later when we want to recover groupoid homology from a purely C*-algebraic

context, see Proposition 7.27.

Proposition 4.35 (Comparison between the coinvariants and the crossed product).
Let G be an ample groupoid and let A be a G-C*-algebra. Then the inclusion
A C G x A induces a map y4: K, (A)qg — K,.(G x A). Furthermore, this is
natural with respect to proper G-equivariant correspondences and (when G is second

countable and A is separable) morphisms in KKY.

Proof. Let 14: A — G x A be the inclusion and let a: G ~ A be the action of G
on A. We first check that K,(t4): K,(A) - K,(G x A) vanishes on the kernel
of mg: K,(A) — K,(A)g. To see this, let U C G be an open bisection, and
consider z € K,(A). We need to check that K,(t4)(xv ) = K.(ta)(Xsw) * T)-
Consider the x-homomorphisms ay: A — A and ayqy: A — A induced by the
action. The two maps ¢4 © agpy,ta 0 ay: A = G x A induce unitarily equivalent
(proper) correspondences. These are s(U)Gx A = I‘C(GS(U), s"A)and r(U)Gx A =
I.(G"Y) s A) respectively. Then s(U)G x A is unitarily equivalent to r(U)G x A
via precomposition with the canonical homeomorphism G = W) 1t follows
that K,(ioay) = K.(ta 0 ayp), and so K, (ta)(xv » ) = K.(ea)(Xswy * 2)-
Therefore v4: K,(A)g — K,(G x A) given by [z] — K,(t4)(x) is well-defined.
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Naturality of v, reduces to naturality of K,(14): K,(4) = K,(G x A). Now let
E: A — B be a G-equivariant correspondence. There is a unitary equivalence
Gx FE= FE®pGx B from which we obtain a commutative diagram in the corre-
spondence category.
AL, Ga

lE lGle

B =s) Gy p
This implies naturality for proper correspondences. To see that this is natural with
respect to KKG, we assume G is second countable and A is separable, that F is
countably generated and graded, and that we have a Fredholm operator T' € L(E)
such that (E,T) € E°(A, B). Under the identification of G x E with E®p G x B,
the operators G x T and T ® 1 are the same. The Kasparov A-G x B cycles
(GX E,GxT)and (E®p Gx B,T®1) are therefore unitarily equivalent. We
deduce naturality of KK(¢,4) with respect to KK and hence naturality of y,. O

The comparison map v4: K,(A)g — K,.(G x A) is compatible with the maps
K*(Q X 9973)2 K*(G X Il’ldQ B) — K*(H X B) and (59 ® id: (Il’ldQ K*(B))G —
K,(B)y in the following way.

Proposition 4.36. Let Q: G — H be a correspondence of ample groupoids and let

B be an H-C*-algebra. Then the following diagram commutes.

K.(Indg B)g Mo B K.(G x Indg B)
gJ{(CQ‘B)G J{K*(QKOQ,B)
(Indg K, (B))¢ —2 K,(B)y — 2 K.(H x B)

Proof. We may start with an element [xy ® 2] € (Indg K, (B))g, where U C Q is a
compact open bisection and x € K, (o(U)B). Consider the inclusions ¢: o(U)B —
Hx Bande: Indyy B — GxIndg B. We may calculate that (dg ®id)([xy ®z])
[z] and that yz([z]) = K.(¢)(x). Going the other way, our element is mapped to
K.(Qx0Oq g)oK,(€) oK, (evy")(z). By Lemma 2.27, Corr(e) RGxind, BIXOq g =
Corr(evy) @4y Corr(t), so we can conclude that K, (1)(z) = K, (2% O g)oK,(¢)o
K, (evy)(z). 0

The groupoid correspondence G: G — G° gives us a way to induce a G-C*-algebra
Indgo B = Indg B from a Cy(G")-algebra B. For these induced algebras, the

comparison map is an isomorphism.

Proposition 4.37. Let B be a Cy(G°)-algebra and let A = Indgo B be the induced
G-C*-algebra. Then the induced map v4: K,(A)g — K, (GXA) is an isomorphism.
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Proof. Applying Proposition 4.36 we obtain the following commutative diagram.

K,.(Indg B) e K,.(G x Indg B)
%l(<GTB)G lK*(GK@G,B)
Indg K,(B))e —¢2 K. (B) o — % K,(B
G

It suffices to check that each of the maps other than v, is an isomorphism. The
map 0¢ : Z|G°|®¢ Z|G] — Z|G°] is the canonical isomorphism induced by the right
action of Z|G] on Z|G"], and therefore d; ®id is an isomorphism. The comparison
map vg: K, (B)Go — K, (B) is the inverse of the coinvariants quotient map TG0
Finally, we claim that Gx O p is a Morita equivalence, and therefore K, (GxO¢ p)
is an isomorphism. It can be checked directly that G' x ©4 5 = L*(G, B) and that
the structure map is an isomorphism G x Indg B = K(L*(G, B)), witnessing the

Morita equivalence.

Alternatively, we can view GG X Og p as the crossed product of the evaluation
correspondence (Indg B, G x G) — (B, G) for the Morita equivalence G: G x G —
G°. By the compatibility of the evaluation natural transformation and the induction
functor with composition and identities (Propositions 2.30, 2.31, 2.7 and 2.8), this

is a Morita equivalence. O

The homology of modules induced by subgroupoids is also very tractable. This

follows from a version of Shapiro’s lemma, which is usually stated for subgroups.

Lemma 4.38 (Shapiro’s Lemma). Let G be an ample groupoid and let H C G be
a closed subgroupoid containing G°. Let Ind$ = Z|G) @y —: H-Mod — G-Mod
be the subgroupoid induction functor, with the bimodule Z|G| constructed from the
actions G ~ G-~ H by left and right multiplication. Then for any H-module M,

we have an isomorphism
H,(G;Ind§ M) = H,(H; M)

in homology. In particular, if H = G° then H,(G; Indgo M) =0 forn > 0, because
Coinv o G°-Mod — Ab is just the forgetful functor, which is exact.

Proof. The right action G v H is proper because H is closed, and so G ~ G~ H
is a groupoid correspondence, and in particular Indg: H-Mod — G-Mod is the
exact induction functor of this groupoid correspondence. Let F, — Z[GO] be a
flat resolution of right G-modules. We obtain a resolution of right H-modules
F,®cZ|G] — Z|G°). Moreover, these are flat, as F;®¢Z[G]®  — is the composition

of two exact functors. By Proposition 4.21, the homology of the chain complex
F, ®¢ (Z[G) @y M) = (F, ®¢ Z[|G]) @y M

computes both H,(G;Ind% M) and H,(H; M). O
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5. SPECTRAL SEQUENCES

Spectral sequences are a key part of the topologist’s toolkit, but may be unfamiliar
to an operator algebraist. We cover the basics of spectral sequences in this short
chapter, so that we may later deal with the ABC spectral sequence. We refer to

Weibel [88] for a more detailed account.

5.1. Spectral sequences. Spectral sequences organise together lots of homological
objects in a powerful way. For us, they will be systems of abelian groups which
are sorted into sheets or pages, each of which consists of a two dimensional array

of abelian groups called a bigraded abelian group.

Definition 5.1 (Graded abelian group). A graded abelian group G is a collection
of abelian groups G,, indexed by integers n. A bigraded abelian group H is a
collection of abelian groups H,, , indexed by integers p, q.

Many of the abelian groups we are interested in fit into the context of graded abelian

groups naturally, for example K-theory groups K, and homology groups H,.

Definition 5.2 (Morphisms of graded abelian groups). A morphism f: G — G’ of
graded abelian groups with degree d is a morphism f,,: G,, — G/n+d for each integer
n. Similarly, a morphism g: H — H' of bigraded groups with bidegree (m,n) is a
morphism g, ,: H, , — HI/,er’qun for each p, gq. If we do not mention a degree or a
bidegree, we mean that the (bi)degree is 0 or (0,0).

We can now introduce the notion of a spectral sequence.

Definition 5.3 (Spectral sequence). Let 7y be a non-negative integer. A spectral

sequence starting at the roth sheet is a pair (E,d) = (E",d"),>,, consisting of:

e bigraded abelian groups E" called sheets or pages. This means we have an

abelian group Ezz,q for each p,q € Z.

e maps d : E" — E" with bidegree (—r,r — 1) satisfying d" o d" = 0 called
differentials. This means that we have maps d;, ,: E, , = E,_, ,4,—1 such

that dj,_,. ;4,1 0d,,=0.

along with specified isomorphisms E™ " =~ H(E",d") which consist of isomorphisms

41 A )
By, =kerd, /imdy,, , 4 for each p,q € Z.

Definition 5.4 (Morphism of spectral sequences). A morphism f: (E,d) — (E',d")
of spectral sequences that start at the roth sheet is a collection of maps f": E" —

E" respecting the bigraded structure such that

e f" is compatible with the differentials, i.e. f"od" =d" o f".
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o 1 B o B coincides with the map f7: H(E",d") — H(E'",d")
that f” induces in homology under the isomorphisms E" "' =~ H(E", d")
and B = g(E",d").

Note that the second bullet point implies that a morphism of spectral sequences
is determined by its morphism of the roth sheets f™: E™ — E’"°. This has the

following important consequence (see [88, Mapping Lemma 5.2.4]):

Proposition 5.5 (Mapping lemma). Suppose f: (E,d) — (E',d') is a morphism of
spectral sequences such that f™: E™ — E'"" is an isomorphism for some r > 1.

Then f": E" — E'" is an isomorphism for every r > r,.

To

We can form the category SpecSqu of spectral sequences starting at the ryth

sheet. Technically, we should specify that these are homological spectral sequences
in the category of abelian groups. Other authors might consider cohomological

spectral sequences or alternative abelian categories. Usually, ry will be either 1 or
2.

5.2. Cycles, boundaries and limit sheets. Given a spectral sequence (E,d)
starting at ry, we are interested in the behavour of (E",d") as r grows larger.
It can be useful to think of these later pages in terms of groups of cycles and
boundaries which live in E™°. We can construct (bigraded abelian) groups B" and
Z" of boundaries and cycles as subgroups of E™, such that
imd°=B"°CB°"'C...CB"C...CZ"C-..C 2" CZ"™ =kerd"™,
e gr /B’

Assuming we have already constructed Z” and B” with an isomorphism E" "' =
Z"/B", we define Bt and Z"*! to be the preimages of im d" ! and ker d" ! under
the map Z" — E" 1

zm kerd
Z" —— 7"/B" —— E"!
Bl imd !
We can then check that
Z" B ~ kerd !,
B™M/B" ~imd,
7B 2 kerd™ /imd T = B2
We can then define
Z= =0y 2" the group of infinite cycles,

B .= UTZTOBT the group of infinite boundaries,
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E* :=2/B>™ the limit sheet.

If we truncate (E,d) to start at a later sheet 7y > 7, we would obtain different
groups of cycles and boundaries Z " and B'" as subgroups of E"'. However, we can
check that

z"=z /B, B"=~B"/B"' andso Z'7/B'™ ~z>/B>.

This means that the limit sheet is independent of the starting sheet, up to canonical
isomorphism. The limit sheet is also functorial with respect to spectral sequence

morphisms (see [88, Exercise 5.2.3]):

Proposition 5.6 (Mapping lemma at infinity). Suppose f: (E,d) — (E',d’) is
a morphism of spectral sequences. Then we obtain a morphism f>: B — E'™
of the limit sheets. Furthermore, if f™*: E™ — E'"" is an isomorphism for some

oo, . .
1 > 1o, then f: E® — E'™ is an isomorphism.

5.3. Convergence of spectral sequences. When discussing the convergence of
a spectral sequence (E, d) to a graded abelian group G, we need a filtration (F,G)},
of the graded group, as the limit sheet E°° of the spectral sequence is a bigraded
object. The filtration lets us break the graded group down into a bigraded ob-
ject Fp11Gpyy/FpGpiy which we can compare with the limit sheet E,5,. Extra
properties of the filtration can then help us to reconstruct G from this bigraded

object.

Definition 5.7 (Filtration). An ascending filtration (F,G); on a (graded) abelian
group G is a nested series of (graded) subgroups of G indexed by Z.

0C--CF I GCFRGECHGCC - CG
We say G is a filtered (graded) abelian group.
e The filtration is exhaustive, or exhausts G, if U, F.G = G.
e The filtration is Hausdorff if N, F,G = .
e The filtration is complete if every Cauchy sequence (z,,),cy in G converges.

A sequence (z,),en in G is Cauchy if for any k, x,, —x,,, € F;,G for sufficiently large
n,m. It converges to z € G if for any k, we have x,, —x € F, G for sufficiently large
n. Note that if F,G = 0 for any k, then the filtration is automatically complete
and Hausdorff.

When considering the convergence of a spectral sequence (E, d) to a filtered graded
abelian group G, we may write
E) =G
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to indicate that the target group being considered is G, without implying that
any convergence is actually achieved. Convergence is usually stated alongside this

notation.
Definition 5.8 (Convergence of a spectral sequence). Given a spectral sequence
(E,d) and a target filtered graded group G, we say that the spectral sequence:

e converges weakly to G if the filtration exhausts G and we have isomorphisms

o0 AU
Epq = Fpi1Gprq/FpGpiq
for each p,q € Z.

e converges to G if furthermore the filtration is Hausdorff.

e converges strongly to G if again further the filtration is complete.
The reason we ask for these conditions on the filtration is so that we can rebuild

the group from subquotients coming from the filtration. This is demonstrated by

the following proposition.

Proposition 5.9. Let G be a (graded) group with an ascending filtration (F,G);
that is exhaustive, complete and Hausdorff. Then
G lim -2 FiG

1m
§——00 s——00
s t>s J:SG

Proof. The isomorphism on the left is due to the filtration being complete and

Hausdorff, and the equality on the right is from exhaustiveness. O

Reconstructing F;G/F,G for t > s from subquotients of the form F,G/F,G
comes down to solving several extension problems. For example, we have an exact

sequence
0 — Fo1G/F.G — F,G/F,G — F,G/F, 1 1,G —— 0.

Given only the isomorphism classes of F,;G/F,G and F,G/F, .G, there may be
multiple groups which fit as the middle term of a short exact sequence with them.

However, given a morphism of short exact sequences
0 — Fo1G/F,G —— FG/F,G —— F,G/F 411G —— 0
J» J b
0 — F, G /F.G —— FG|F.G —— F,G'/F, G —— 0,

then if o and  are isomorphisms then so is 5. Using this idea, we obtain the

following.

Proposition 5.10. Suppose f: G — G’ is a morphism of filtered (graded) groups,
such that
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The filtrations on G and G’ are exhaustive.

The filtrations on G and G’ are Hausdorff.

The filtration on G is complete.

o The maps F 1G/FG — .Fk+1G'/ka/ induced by f are isomorphisms
for each k.

Then f: G — G’ is an isomorphism.

To relate this to convergence of spectral sequences, we need to relate morphisms of

spectral sequences with morphisms of the target filtered graded abelian groups.

Definition 5.11 (Compatibility of spectral sequence morphisms with target group
homomorphisms). Suppose that f: (E,d) — (E',d') is a morphism of spectral
sequences, g: G — G’ is a morphism of filtered graded abelian groups, (E,d) con-
verges weakly to G and (FE',d’) converges weakly to G'. Then g: G — G’ is
compatible with f: (E,d) — (E',d’) if the following diagram commutes for each

b, q:

e = Fp+1Gpiqg
EP q F,G

P pt+q
lf;,cq J/gp,q
~ !
E’OO =, ]:p+1cl;p+q
pa FpGotq

Here the horizontal maps are the isomorphisms from the weak convergence of the

spectral sequences to the groups, and g, , is the map of the subquotients induced

by g.

Combining Proposition 5.6 and Proposition 5.10, we obtain the following useful
consequence of convergence with respect to morphisms of spectral sequences (see
[88, Comparison Theorem 5.2.12|):

Theorem 5.12. Suppose that f: (E,d) — (E',d) is a morphism of spectral se-
quences and g: G — G’ is a morphism of filtered graded abelian groups, such that:
e (E,d) converges strongly to G.
o (E',d) converges to G'.
e g: G — G is compatible with f: (E,d) — (E',d).
o [ E™ — E' is an isomorphism for some ry > rg.
Then g: G — G’ is an isomorphism.
5.4. The spectral sequence of an exact couple. An important source of spec-

tral sequences is the construction of a spectral sequence from an exact couple. The

groups of boundaries and cycles are reasonably explicit in this picture.
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Definition 5.13 (Exact couple). An ezact couple (C, D, i, j, k) is a diagram of the

following form, where C' and D are bigraded abelian groups.

D—" 5D degi = (1,—1) keri =imk
\ / degj = (0,0) ker j = im1
degk = (—1,0) ker k = im j

A morphism of exact couples (C,D,i,5,k) — (C',D',i',5', k') is a pair of bidegree
(0,0) morphisms C' — €’ and D — D' intertwining the maps 4, j, k with 7', 5", &’

respectively.

From an exact couple (C, D, i, j, k) we will construct a spectral sequence (E,d) =
(E",d"),> with (E',d") = (C, jk). For each r > 0, we consider the r-fold compo-
sition i : D — D, and define

7" = k_l 1mz ) the subgroup of r-cycles,
B" = j(kerz )) ccC the subgroup of r-boundaries,
E .= 7"/B" the r + 1th sheet of the spectral sequence.

Note that we have
0=B"'CB'CB*C.--Cimj=kerkC---C2z*’Ccz'cz"=cC.

To construct the r+ 1th differential "' : E™' — E™"!, we can chase the following

diagram.
(r)
7" =k (imi™) ——F 5 im ") : D
q ijoi“’") j
VAR (1mz(r)) 777dff7177 AR (1mz(7)) —1,. -(r)
B J(kerz(”) "B J(kert(”) 7 & (mit)
The map j0i’™" is induced by the vanishing of goj on keri(™. The differential d’

is induced by the vanishing of j o i" ok on j(ker i )) The differential satisfies
dr+1 o dr+1 — O, kerdr+1 — ZT+1/BT, imdr+l — Br+1/Br’

and so E"? = kerd"™! /imd" . We can do this for each r > 0, so we obtain a
spectral sequence (F,d). This process is functorial: a morphism of exact couples

induces a morphism of their spectral sequences.
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6. RELATIVE HOMOLOGICAL ALGEBRA IN TRIANGULATED CATEGORIES

This is a summary of the relative homological algebra in triangulated categories
that we will need. Most of the material in this section is from [57-59], with some

developments in the context of groupoid equivariant KK-theory from [11,71].

6.1. Triangulated categories. To do homology in equivariant Kasparov cate-
gories, we want to view them as triangulated categories. We collect some basic

definitions:

Definition 6.1 (Additive category/functor). An additive category is a category
whose morphism sets are abelian groups such that composition is bilinear and finite
coproducts exist (which we then call direct sums). Such a category automatically
has a zero object, the empty coproduct, which we call 0. A functor F: € — D
between additive categories is additive if it is a homomorphism of abelian groups

on each morphism set.

Definition 6.2 (Stable additive category). A stable additive category is an additive

category € with an additive auto-equivalence ¥: € — €, called the suspension.

We may write ¥~ to refer to an inverse to the equivalence ¥, and although yly
and ©X ! are only naturally isomorphic to the identity, we often pretend that they

are identical for convenience.

Example 6.3. The category AbZ/?L of pairs of abelian groups is a stable additive
category, with a suspension that swaps the groups. The category Ab, of Z-graded

abelian groups is also stable, with a suspension that shifts the groups.

Definition 6.4 (Triangulated category). A triangulated category is a stable addi-
tive category T with suspension ¥: T — ¥ equipped with a class of exact triangles
subject to a collection of axioms. Each exact triangle is a diagram A - B — C —

YA in T, which we call a triangle.
A— B
C
The circled arrow C' -+ A signifies a degree 1 map, i.e. a map C' — X A. There are

a number of ways to formulate the axioms of a triangulated category, here is one:

TRO: The class of exact triangles is closed under isomorphism of triangles.

B C YA

A
gi f zlg %lh %lEf
A/

B’ c’ »nA
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TR1: Every morphism f: A — B is the first map in an exact triangle A - B —
C — Y A. The object C is called a cone for the morphism f, and this exact
triangle is determined up to isomorphism by the other axioms. The cone

of an identity morphism is the 0 object.

A4 54 A—tL B

A4 A4

TR2: A triangle A 1B % ¢ B 924 is exact if and only if its rotation B % C LN
A 2L B is exact.

A—1 . p B—% ¢

D AN

3A

TR3: Given a commutative diagram

A B C A
lr b
A B’ c’ A

whose rows are exact triangles, there exists a morphism h: ¢ — C’ such

that the following diagram commutes.

A B C A
lf Jg i lEf
A B o VY
TR4: Given exact triangles
A u B B v C A vu C

N A N

there exists an exact triangle Z Loy % X ™ 97 such that the following
diagram commutes.

A C X 7
A
B Y 3B
A
x ///f m A
7 YA
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This is called the octahedral axiom, because in a certain form the diagram
can be viewed as an octahedron. If we think of cones as like quotients, this
is analogous to the third isomorphism theorem: (C/A)/(B/A) = C/B.

Although a triangulated category involves the data of an additive category ¥, a sus-

pension ¥ and a class of exact triangles, we will commonly refer to the triangulated

category as (T,X) or simply as ¥.

Here are some basics about triangulated categories that we may use.

D2, D 0 $D A

For any consecutive morphisms A = B 2 C in an exact triangle, vu = 0.
This uses the following diagram with TR1 and TR3, with TR2 and TRO to

rotate the triangle if necessary.

A4y 4 0 YA
b bl e
A"y B_v,C A

The two-out-of-three property: given a morphism of exact triangles with

two out of three vertical maps isomorphisms, f and g in this diagram,

A B o YA
gi f %lg Jh %JEJ”
A B’ c’ v A

the third map h is also an isomorphism.

The uniqueness of cones up to isomorphism, which follows from the two-

out-of-three property.

Given an exact triangle A LBo% o yAanda morphism i: D — B
such that gi = 0, there is a lift of ¢ through f to a morphism k: D — A.
This follows from applying a rotated version of TR3 to the diagram on the
left. Dually, given a morphism [: B — D such that [f = 0, there is a
morphism m: C — D such that [ = mg.

I, B9, _"yxa

S R T S

At B9 ,0_ 1, ¥y 0 D2, D 0

The first describes a way in which A acts like ker g, and the second describes

a way in which C acts like B/ ker g.

Example 6.5 (Equivariant Kasparov category). Let G be a second countable étale

groupoid and consider its equivariant Kasparov category KKY. The abelian group

structures on the morphism sets and bilinearity of the Kasparov product turn KK¢

into an additive category. We take the functor S': KK® — KK¢ mapping a C*-

algebra A to its suspension SA = Cy(R, A) as our suspension functor, and it is its
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own inverse (up to natural isomorphism, by Bott periodicity). We take the class of

exact triangles to be the triangles isomorphic to mapping cone triangles:
SB — cone(f) — A ENy:)
Here f: A — B is a G-equivariant x-homomorphism and the mapping cone of f is
cone(f) :={(a,b) € A& Co((0,1], B) | f(a) = b(1)},

which contains SB and quotients onto A. This defines a triangulated category

structure on KK&.

In the setting of group action groupoids, this is proved in [58, Appendix A]. The

general case largely follows the same procedure and is discussed in [11, Section 1.1].

Definition 6.6 (Triangulated functor). A morphism of triangulated categories
from (%,%) to (‘I’,E/) is called a triangulated functor or an exact functor, and is
an additive functor ®: T — ¥’ with a natural isomorphism ® o ¥ = X’ o ® such

that every exact triangle is mapped to an exact triangle.

Example 6.7 (The restriction functor). Let G be an étale groupoid and let H C G
be a subgroupoid. Then each G-C*-algebra naturally restricts to an H-C*-algebra,
giving rise to a triangulated functor Resg: KK® — KK” called the restriction

functor.

Example 6.8 (The descent functors). Let G be an étale groupoid. Then the
descent functor G x —: KK — KK is triangulated, as is the reduced descent
functor G x,. —: KK — KK.

Proposition 6.9 (The induction functor is triangulated). Let Q@ : G — H be
a groupoid correspondence. Then the induction functor Indg: KK — KKY is

triangulated.

Proof. 1t is additive because it is a group homomorphism on each KKH(B ,C) by
Theorem 3.24. 1t is straightforward to see that Indg, is compatible with suspensions.
For each H-equivariant s-homomorphism f: A — B, we have a G-equivariant -

isomorphism
Indg(cone(f)) = cone(Indg, f)
g = (gla gZ)a

where £, € Indg A maps w € § to WAU(W)(ﬁ(w)) and & € Cy((0,1],Indg B) maps
t € (0,1] to the section w — mp_ (§(w))(t): 2 — o*B. The induction functor
therefore sends mapping cone triangles to mapping cone triangles up to equivariant

*-isomorphism. O
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We note that restriction functors of open subgroupoids are special cases of (corre-
0
spondence) induction functors. Given an open subgroupoid H C G, the space GH
forms a correspondence from H to GG, with actions by left and right multiplication

respectively.

6.2. Homological ideals. The price for doing homological algebra in a triangu-
lated category is that it has to be relative to something called a homological ideal.

These are defined using homological functors on the category.

Definition 6.10 (Homological functor). Let T be a triangulated category and let
¢ be an abelian category. A homological functor is an additive functor F': € — €
such that for every exact triangle A Lpsol YA, the sequence F(A) %
F(B) L), F(C) is exact at F(B).

A—1 B
N F(a) 29 ppy 29 p(o)
C

We typically will only use the abelian category Ab of abelian groups and the abelian

category Ab” of collections of abelian groups indexed by a set I.

Remark 6.11. Using TR2 to rotate the exact triangle A Lpsol YA, we can
see that if I is homological then F'(B) ), F(C) LAON F(XA) is exact at F'(C),
and by rotating repeatedly we get a long exact sequence

(h)

F(™'h) ) F(g)

S F(ETO) FA) 29 pB F(C) F(SA) = -

Example 6.12. For any object A € ¥, the functor Hom(A,—): € — Ab is a
homological functor. In particular, when ¥ = KK is the Kasparov category and
A = C is the complex numbers, Hom(A, —) is naturally isomorphic to the K-theory

functor Ky: KK — Ab, which is therefore a homological functor.

Remark 6.13. The composition of a homological functor with a triangulated functor

is again homological.

Example 6.14. Let T = KK. Then the functor Fy := Ko(G x —): KK — Ab

is homological.

Definition 6.15 (Stable homological functor). Let T be a triangulated category
with suspension Y.z and € a stable abelian category with suspension ¥y. A stable
homological functor is an additive functor F': € — € with a natural isomorphism
FoYg=3YgoF.

Definition 6.16 (Stabilisation). Given any homological functor F': T — €, there is
a stable homological functor F, : ¥ — €, given by F,(A) = (F,,(A)),cz where F,, :=
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FoX™". The target of this is the stable abelian category €, of Z-indexed sequences
in €, with suspension given by the (right) shift map (A4, )nez — (An_1)nez. We
call F, the stabilisation of F'.

Also note that the precomposition of a (stable) homological functor with a trian-

gulated functor is again a (stable) homological functor.

Example 6.17. The stabilisation of K;: KK — Ab is the functor K,: KK — Ab,
which is given by A — (K,,(A)),ez. Similarly, the stabilisation of Fg: KK — Ab
is given by A — (K,,(G X A)),cz.

If we have a stable homological functor F': ¥ — €, we can naively define homolog-
ical properties in ¥ relative to F' by mapping through F' to € and asking for the
relevant homological property in the stable abelian category €. Often, this naive
definition will depend only on the kernel ker F' of morphisms which vanish under
F', although this notably fails for projectivity. The approach we take ensures that
relative homological properties depend only on ker F'; which we call a homological

ideal.

Definition 6.18 (Homological ideal). A homological ideal T <1 ¥ in a triangulated
category ¥ is the kernel J = ker F' of a stable homological functor F': T — €.

Remark 6.19 (Kernels of triangulated functors are homological ideals). It is noted
in [58, Remark 2.21] that the kernel of a triangulated functor between triangulated
categories is exact, due to Freyd’s theorem which constructs a universal homological

functor associated to a triangulated category.

Example 6.20 (Homological ideal from a subgroupoid). Let G be an étale groupoid
and let H < G be a subgroupoid. Then the kernel J; := ker Resg of the restriction
functor Resg : KK — KK is a homological ideal.

Remark 6.21 (Intersections of homological ideals are homological). The intersec-
tion of a family of homological ideals is homological, because we may consider the
collection of stable homological functors as a single functor to the product of the
stable abelian categories. This means that given a family F of subgroupoids of an

étale groupoid G, the ideal Jx := [y IF is homological.

Definition 6.22 (Homological notions relative to a homological ideal). Let J be a
homological ideal in a triangulated category ¥, the kernel of a stable homological
functor F': ¥ — €. Let f: A — B be a morphism and embed it in an exact triangle
AL L oliva

e We say the morphism f is
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J-phantom if f € J, or equivalently F(f) =0,

J-monic if h € J, or equivalently F(f) is monic,

J-epic if g € 3, or equivalently F(f) is epic,

— an J-equivalence if it is both J-monic and J-epic, or equivalently F'(f)

is an isomorphism.

There are equivalent versions of these definitions based on rotating the

position of f in the exact triangle.
e We say the object A is
— J-contractible if 14 € J, or equivalently F(A) =0,
— J-projective if 3(A, D) =0 for every D € ¥.

e We say the exact triangle A LB % oM v A s J-exact if h € J. Equiva-

lently, f is J-monic, g is J-epic, or

F(f)

0 F(A) FB) 29 poy —— 0
is a short exact sequence.
e We say a chain complex C, = (C,,,d,,) ez (i-e. a diagram =--- — C,, n,

C,_1— -+ with d,,d,,, = 0 for each n) is

— J-ezact in degree n or J-exzact at C,, if when we embed d,, and d,,,; in

exact triangles (which are unique up to isomorphism of triangles)

d, fn In At o1 In+1
Cn Cn—l Xn Ecn Cn+1 Cn - Xn+1 ZCn»

b2 .
the map X,, 2% 20, & YX, 1 belongsto J(X,,,XX,,,1). Equiv-
alently,

F(dy)

F(Cn+1)

is exact at F(C,,).

— an J-ezact sequence if it is J-exact in degree n for each n. Equivalently,
F(C,) = (F(C,), F(d,))nez is an exact sequence.

Monomorphisms (monic morphisms) and epimorphisms (epic morphisms) are cat-
egorical versions of injections and surjections. They are left-cancellative and right-
cancellative morphisms respectively, and coincide with injections/surjections in

many categories whose morphisms are functions.
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Remark 6.23. Given an J-projective object P, a morphism f: P — A and an
J-epimorphism 7: B — A, there is a lift of f through 7 to a morphism g: P — B.

s
9 .- er
-

-

P—— A

This lifting property is closer to the standard definition of being projective, and is
in fact equivalent to being J-projective. Note also that P is J-projective if and only
if 2P is.

Remark 6.24. Another equivalent definition of J-projectivity is that Hom(P, —)
maps J-exact sequences to exact sequences of abelian groups - we call such functors
J-exact functors. This means that given an J-exact sequence --- — A ENy; ENTo I

- and a morphism p: P — B such that pg = 0, the morphism p lifts through f
to a morphism ¢: P — A.

Example 6.25 (Projective objects from an adjoint). A standard source of J-
projective objects is from adjointness. A left adjoint of a triangulated functor

F: % — % is a triangulated functor E: ¥ — ¥ with natural isomorphisms
T(FEA,B) =% (A, FB), Ae¥ Beg.

In this setting, each object E'A is ker F-projective.

We are particularly interested in ideals constructed from restriction functors for
subgroupoids, and will make heavy use of the induction-restriction adjunction [11,
Theorem 2.3]:

Theorem 6.26 (Induction-restriction adjunction). Let H C G be a proper open

subgroupoid of a second countable étale groupoid G. Then there is a left adjoint
Ind$: KK — KK¢

to the restriction functor Resg: KK® — KK”.

6.3. Projective resolutions relative to a homological ideal. In order to con-

struct derived functors and the ABC spectral sequence we need projective resolu-

tions.

Definition 6.27 (Projective resolutions). Given a homological ideal J in a tri-

angulated category, an J-resolution P, — A of an object A is a chain complex
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1) 1) 1) . .
-2 P, % P, - P, with a map my: Py — A such that the combined sequence
is J-exact:

54 5, 5 o

A 0.

Py

If each P, is J-projective, we call this an J-projective resolution. J-exactness at A
is equivalent to 7, being J-epic, and we call a map w: P — A a 1-step J-projective
resolution of A if P is projective and 7 is J-epic. We say that J has enough
projectives or T has enough J-projectives if every object has a 1-step J-projective

resolution.

It is extremely useful for a homological ideal to have enough projectives. This will
allow us to define derived functors, but it also ensures that products of homological

ideals are again homological.

Proposition 6.28 (Proposition 2.2 in [57], Proposition 3.3 in [18]). LetJ and J be
homological ideals with enough projectives in a triangulated category €. Then the

product JoJ={fg| f €T, g €I} is a homological ideal with enough projectives.

n

We refer to the n-fold product JoJo---0J as J".

The existence of J-projective resolutions for each object could alternatively be taken
as the definition of having enough J-projectives, but the construction of J-projective
resolutions from 1-step J-projective resolutions is illuminating, so we present it as

a proposition rather than as a definition.

Proposition 6.29 (See Proposition 3.26 in [59]). If J has enough projectives, then

every object has a J-projective resolution.

Proof. We can build a projective resolution of A by inductively building the follow-

ing diagram.

A:NO 8

N, “ N,
NIV AN
P, 5 P, 5 P,

We start by finding a 1-step J-projective resolution my: Py — Ny of Ny = A. We

can then embed 7 in an exact triangle NV, -, Py o, Ny 2 YN 1, which is J-exact
because 7 is J-epic. We can then find a 1-step J-projective resolution m: P, — Ny
of N; and continue this process inductively, defining §,,,; = €,7m,,1, so that the
top triangles are exact and the bottom triangles commute. Finally, the sequence
93

92 91

P, P, Py A 0
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is J-exact, because if we apply a stable homological functor F' with kernel J, the

chain complex F'(P,) decomposes into the short exact sequences

F(en)

e p(py) £

0 —— F(N,y1) F(N,) —— 0.

Note that we have constructed more than just an J-projective resolution here. The

extra structure is related to what we call an J-phantom tower over A.

Definition 6.30 (Phantom tower). A pre-J-phantom tower over A is a diagram

2

:NO ‘o Nl ‘1 N2
P, 2 P, 2 P,

A

such that:

n+1
. . T in €n .
e The top triangles are exact, i.e. P, — N,, —— N, .1 — X P, is an exact

triangle for each n.

e The bottom triangles commute, i.e. §,, = €,,_; o m,, for each n.

e The top maps are J-phantom, i.e. LZH € J for each n.

s 5
e The sequence --- —o> P, —o> P o, Ny — 0 is J-exact.
It is worth noting that the last two conditions are equivalent in the presence of the
other conditions. We say that the tower is J-phantom if P, is J-projective for each
n. We may refer to the (pre)-J-phantom tower as P = (P,, N,,d,7,¢,€) or just
(P,,N,).

Remark 6.31. This differs from the construction in Proposition 6.29 only in the
degrees of the maps involved. In particular, if ¥ has enough J-projectives, we can
construct a phantom tower over any object by a similar construction. We may also

s s
identify the sequence --- —» P; —» P, Zo, Ny — 0 with the equivalent sequence

2725, o =71 ‘n' Co e . .
22w tp =% By ™% Ny — 0, which is a genuine J-projective resolution.
This is what we mean when we say the former is J-exact. The reason for this degree
change is that it will be convenient later on for the top arrows in an J-phantom

tower to be degree 0 morphisms.

Definition 6.32 (Tower map). A tower map P — Q of pre-J-phantom towers
P = (P,,M,) and Q = (Q,, N,) is a collection of morphisms shown in red such

that the following diagram commutes. We call this a tower map owver, or a lift of
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\P/l\/%\/...\
b

NPANFANFAN

Qo o Q2

A:MO

B:NO

The fundamental lemma of homological algebra also has a version for homological

algebra in a triangulated category relative to a homological ideal:

Lemma 6.33 (The fundamental lemma of homological algebra, see Proposition
3.26 in [59]). Let T be a triangulated category and J be a homological ideal. If A
and B are objects of ¥, P, — A is an J-projective resolution of A and Q4 — B is an
J-resolution of B, then any morphism f: A — B lifts to a chain map f: Py — Q,
that is unique up to chain homotopy. In particular, any two J-projective resolutions

of an object are chain homotopy equivalent.

Proof. We wish to fill in the dashed arrows to make the following diagram commu-

tative.
Py, p g Yy 0
I A
2 1 0 B 0

First we may lift f o déj through d(? to fo because P, is J-projective and dOQ is

~ ~ e

J-epic. Next we may lift f; o df through d(l;) to obtain f; because --- — Q; —»
ag x

Qo = B — 0 is J-exact and dY o fy o df = 0, by Remark 6.24. We can continue

this process by induction. Next, given two lifts of f to chain maps g,h: P, — Q,,

we wish to construct a chain homotopy 1 : g ~ h.

P P P
d d d,
pp—= sp % s p—2 44 0
,’// 92 h2 ,/// 91 h1 //// 9o ho f
L7 o H PRt H 7 o
v . v
: 0} @1 Qo B 0
ds de dg

First we may lift g, — hy through d? to obtain 1, because d(? o(gg— hg) =0. We
need ; to satisfy
g1 —hy =dS oty +1pgody
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so we lift gy — hy — 1y 0 df through dg, which is possible because d? o(gy —hy —
g © df) = 0. Again, we can continue this process by induction, constructing the

required chain homotopy v: g ~ h.

Any two J-projective resolutions P,, ), — A of an object are homotopy equivalent,
as we can lift the identity 1,: A — A to chain maps g: P, — Q,., h: Q. — P,, and
we get hg >~ 1p and gh ~ 1, by uniqueness of lifts up to chain homotopy. (|

This allows us to make sense of derived functors in the setting of a homological
ideal in a triangulated category. Let J be a homological ideal in a triangulated
category ¥ with enough projective objects. Let F': € — € be an additive functor
with values in an abelian category € and let A be an object of T. Let P, — A and
Q. — A be J-projective resolutions. Then there is a lift id: P, — Q, of id: A —
A which is unique up to chain homotopy, and induces a canonical isomorphism

Definition 6.34 (Left derived functors). In this setting, we define the left derived
functor L, F(A) to be H,(F(P,)) for any J-projective resolution P, — A, noting
that it is only defined up to canonical isomorphism. Given a morphism f: A — A’
in T and J-projective resolutions P, — A and P, — A’, there is a lift f : P, — P. of
f. This induces a map H,,(F(f)): H,(F(P,)) — H,(F(P,)) in homology. To check
this is well-defined, suppose we have J-projective resolutions Q, — A and Q, — A’,
alift f: Q, — Q. and lifts id: P, — Q, and id : P, — Q.. By Lemma 6.33, id o f

is chain homotopic to f oid, and therefore the following diagram commutes.

(F(h)

H,(F(P,)) D 1 (p(py))
%Hn(F(iH)) =| 1, (i)

H,(F(Q) =T 11 (r(QL))

This shows that H,(F(f)) gives us a morphism from L, F(A) to L, F(B) that is
independent of the choice of J-projective resolutions and lift of f, which we may call
L, F(f). This is functorial, and we call L,,F': ¥ — € the nth left J-derived functor
of F'. If we want to stress the homological ideal J we may write ]LgLF instead of L,, F.
If f: A— A’ is an J-equivalence, we may use the same J-projective resolution for

A and A', and therefore IL,,(f) is an isomorphism.

For the ABC spectral sequence, which is in a sense built on top of the left derived

functors, we will need to work with phantom towers.

Lemma 6.35 (see Lemma 3.3 in [57]). Any J-projective resolution P, — A can be

embedded in an J-phantom tower, which is unique up to non-canonical isomorphism.

Furthermore, if P is a pre-J-phantom tower over A, Q is a pre-J-phantom tower
over B, and P, and Q, are the J-resolutions of A and B embedded in P and Q
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respectively, then any chain map from P, to Q. over a map f: A — B extends to
a tower map P — Q. In particular, if P is J-phantom, any map f: A — B lifts

(non-canonically) to a tower map P — Q.

Proof. We wish to find N,, and fill in the dashed arrows to construct the following

J-phantom tower.

01 b2

1

First, we let Ny = A and embed 7,: Py — N in an exact triangle P, o, Ny Lo,
N, <% S P,. Using exactness of this triangle and that Ym0 §; = 0, we can lift 8,

through €, to obtain 7.

P
e 0
e L;\
v

N, SP,

TN,

€o Y7o
Similarly, we can use exactness of the triangle and the vanishing of Yejo Xm0y =

¥8, 0 8y to lift X, o 6y through .

The morphism L(l) is J-phantom because 7 is J-epic, so X o d5 is J-phantom and
therefore 0 by J-projectivity of P,. To show that 7 is J-epic, let F': € — € be a

homological functor with ker F' = 7.
F(XNo) F(Ny)
Aeo) F(’k

0)
F(SP) 55— F(P)

F(Zn

By exactness at F(XP,), the image of F(d;) is the kernel of F(Xm;), which is
F(N;). This means that F(m) is epic, so 7 is J-epic. Finally, the sequence
P, 2, 3P zm, YN, is J-exact at X P; because ¢, is J-monic, so ker F'(m;) =

ker F(61) = im F(d5,).

We may now continue the construction of the J-phantom tower inductively, noting
that the top triangles are exact and the bottom triangles commutative by construc-

. 1. ~ . .
tion, and LZ+ is J-phantom because m,, is J-epic.

Now let P = (P,, M,) be a pre-J-phantom tower over A, and let Q = (Q,, N,) be
a pre-J-phantom tower over B. Let f : P, = @, be a chain map over f: A — B.
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We wish to construct a tower map from P to Q by filling in the dashed arrows g,,.

A:MO Ml M2
AN /@\ /3@\ /\
f f Py Py P,
ft) “‘/ .fl “‘/ f2
B:NO N1

NPANFANPAN
Qo Q Q>

This is possible by repeated use of TR3, first finding g;, and then g5, and so on.

If P and Q are pre-J-phantom towers over the same object A with embeddings
of the same J-resolution P,, we may let f : P, — P, be the identity chain map.
By the two-out-of-three property, each g,, is an isomorphism. This means that P
and Q are isomorphic, so we obtain uniqueness of pre-J-phantom towers that a

J-resolution embeds in.

Finally, if P = (P,, M,) is an J-phantom tower over A and Q = (Q,, N,) is a pre-J-
phantom tower over B and f: A — B is a morphism, we may first lift f to a chain
map f: P, = Q. by Lemma 6.33 and then lift f to a map of towers P — Q. [

Definition 6.36 (Phantom filtration). Let J be a homological ideal in a triangu-
lated category ¥, let F': ¥ — € be a functor with € = Ab or € = Ab, and let A be
an object of T. For each k > 0, we define a subgroup F: 3%(A) of F(A) by

F:3%4) = {o € F(4) \ F(f)(@) =0 for all f € 3*(A, B), B € T}

This gives us an ascending filtration of F(A) called the J-phantom filtration of F
at A.
0=F:3%A) CF:3'(A) CF:3*(4) C--- C F(A)

This is related to J-phantom towers over A in the following way.

Lemma 6.37 (see 3.4-3.7 in [57]). Let T be a triangulated category with a homo-
logical ideal 3 and an object A, let F': T — € be a functor with € = Ab or € = Ab,,
and let the following diagram be an J-phantom tower over A.

Ll L2
0 N, 1 N,
P, o P o P,

Then ker F(.)) = F: 3""™(N,,) for everyn > m >0, where /", := 1" 0" 50
Lm+1
mre

A:NO

.. 0
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Proof. Let z € F: 3" ™(N,,). Then because ¢,, € 3" "™(N,,,N,), we know
F(ty,)(x) = 0. Therefore ker F(¢,,,) 2 F: 3" ™ (N,,).

Conversely, let x € ker F(¢),). Let f € 3""™(N,,, B). Then there are morphisms
fs € 3(By, By, ) for m < s < n with B,, = N, and B,, = B that compose to form
f- We will inductively build morphisms g, from N to B, such that the following
diagram commutes, starting with the identity N,, — B,,.

m+1 m+1 n

[y bm41 tn—1
Nm Nm+1 e Nn
J{ m J{gmﬁ»l J{ n
fm Fnt1 fn-1
Bm Bm+1 e Bn

Supposing we have found g,: N, — B,, consider the following diagram.

s+1
uy L
P, —— N, —— N,y

|
lgs 19541
¥

fs
B, —— B,y

Since f, € J, we know the morphism f,g,m, is in J(P,, B,y1) and is therefore
equal to 0 by the J-projectivity of P,. By exactness of the triangle (P,, Ny, N, 1),
fs9s factorises as gs+1L§+1 for some morphism gy ,1: Ny — B,1. We can then
inductively build the whole commutative diagram. In particular, f = g,,t1,. Asx €
ker F(ty,), we have F(f)(z) = 0. Therefore x € F: 3" (N,,), and so ker F(¢p,,) C
F:3""™(N,,). O

6.4. Localisation. One of the key features of the theory of triangulated categories
we will make use of is the concept of localisation with respect to a complementary

pair of subcategories.

Definition 6.38 (Complementary pair of subcategories). Let B and 9 be thick
(i.e. closed under direct summands) full triangulated subcategories of a triangulated

category . We call the pair (B, M) complementary if
e T(P,N) =0 for each P € B, N € M,

e for each A € ¥ there is an exact triangle P - A — N — XP with P € 3,
N e

Proposition 6.39 (Basic results on complementary subcategories, see Proposition
2.9 in [58]). Let (B, MN) be a complementary pair of subcategories of a triangulated
category ‘X.

e We have Ny € M if and only if T(P, Ny) = 0 for each P € B, and Py € B if
and only if T(Py, N) =0 for each N € M. Thus P and N determine each

other.
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e For each A, the exact triangle Ay = Py - A — N4 — X P4 with Py, €
and N4 € N is uniquely determined up to isomorphism and furthermore

the triangle depends functorially on A. In particular, we get functors A
Py: T =P, A= Ny: T — 9.

o The functors A— Py: T =B, A— Ny: T —= N are triangulated.
e Pp =P and Ny 2 N for P, N € .

o Any triangulated functor ®: T — T vanishing on M factors uniquely up to
natural isomorphism through the functor A~ P4: T — P.

This final property of the functor A — P, is the defining feature of the localisation
of T at M.

Definition 6.40 (Localisation). Let (3,91) be a complementary pair of subcate-
gories of a triangulated category ¥. The functor A — P, is called the localisation
functor L: T — <. Furthermore, by the naturality of the exact triangle Ay, it
comes with a natural transformation p: L = idg which we call the localisation nat-
ural transformation. For any functor F': € — €, the functor LF := FoL: ¥ — €
is called the localisation of F at O, and the natural transformation LF = F' is the

assembly map.

Definition 6.41 (Localising subcategory). Let T be a triangulated category with
countable direct sums. A subcategory ‘B is localising (more precisely, R, -localising)

if it is a triangulated subcategory and closed under countable direct sums.

Definition 6.42. Let J be a homological ideal in a triangulated category € with
countable direct sums. We write B4 for the class of J-projective objects, and
(B5) for the localising subcategory generated by 5. We write Dy for the full

subcategory of J-contractible objects.

For each J-projective object P and each J-contractible object N, we have (P, N) =
0 because 1y € J and J(P,N) = 0. This extends to each P in the localising
subcategory (B;) generated by the J-projectives. We want ((P5),9;) to be a

complementary pair, and for this we have the following theorem.

Theorem 6.43 (Theorem 3.21 in [57]). Let T be a triangulated category with count-
able direct sums, and let J be a homological ideal of T compatible with countable
direct sums. Suppose T has enough J-projectives. Then ((B3),MNy) is a comple-

mentary pair of subcategories of ¥.

In this setting we write Ly: T — () for the localisation functor, N;: ¥ — 915
for the functor A — N, and py: Ly = 1g: T — ¥ for the localisation natural

transformation. We write L5 F' for the localisation F o Ly of a functor F.
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In concrete situations we can aim to ensure that J has enough projectives with
the help of an adjunction. Everything becomes nicer with the right adjunction:
we can construct J-projective resolutions concretely and better understand the

complementary pair ((B5), 95).

Theorem 6.44 (See Section 3.6 in [59] and Section 2.1 in [71]). Let T and T be tri-
angulated categories with countable direct sums and let F: T — T’ be a triangulated
functor with a left adjoint E: T — T both compatible with countable direct sums.
Then J = ker F' has enough projectives, and the J-projective objects are precisely the
direct summands of EA for A € T, so that (ET") = (B5) is (left) complementary

to Ny. Furthermore, each object B € T has an J-projective resolution

[ T
St gyt ey 2 (BRY?B -2 EFB " B,

where my := e€g: FFB — B is given by the counit € of the adjunction at B and

8 =Y (=EF) (e ppy—ip): (EF)""'B — (EF)"B.
=0

In many examples of complementary pairs (3, 91), we think of the objects in O as

contractible, they vanish in some sense with respect to a family that we care about.

Definition 6.45. Let T be a triangulated category and let 91 be a localising sub-
category of T. Let N be an object and f: A — B a morphism in ¥. We say that
N is -contractible if N € 91 and we say that f is an M-equivalence if its cone is
in M.

When we have a homological ideal J in ¥, the notions of 915-equivalence and 915-
contractibility coincide with J-equivalence and J-contractibility. We collect some

more useful facts about complementary pairs.

Remark 6.46. Given a complementary pair of subcategories (3, 91) of a triangulated
category ¥, the localisation functor L: ¥ — % vanishes on 91, and so maps -
equivalences to isomorphisms. The localisation natural transformation p applied

to any object A gives us an -equivalence u,: LA — A.

Proposition 6.47. Let (B, 0N) be a complementary pair of subcategories of a tri-
angulated category T, and let L: T — T and p: L = idg be the localisation functor

and natural transformation, and let A be an object of X.

Then we have an equality of morphisms pra = L(py): LLA — LA.
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Proof. Apply the naturality of u to L(uy) and puy 4 and the naturality of Ly to py

to obtain the following commutative diagrams.

LLLA ST LLA LLLA —— LLA LLLA —— LLA
LLA Hrra L(ppa)
J{LL(MA) J{L(UA) J{L(HLA) ll‘LA J{LL(HA) J{L(NA)
LLA 0 LA LLA — LA LLA — LA
LA Hra L(pa)

As each morphism is invertible, we can deduce from right to left that LL(uy) =
L(pra) = prra and therefore pp 4 = L(pa). O

Proposition 6.48 (see Proposition 3.28 in [57]). Let ¥ be a triangulated category
with countable direct sums, let J be a homological ideal of T with enough projectives

and compatible with countable direct sums. Then, for each k > 0 and each morphism

f €S(A,B), Ly(f) € 3" if and only if f € 3~

Proof. Let F': ¥ — € be a stable homological functor such that ker F' = 3*. From
the morphism of exact triangles A, — Ap induced by f: A — B, we obtain the

following chain map of long exact sequences in €.

 FYTINS(A) —— FLy(A) 24 pa) o N (A) —s -

| [ A

 FY Ny (B) —— FL,(B) 22)8), p(py —y FNy(B) — -

Every J-contractible object N € 91y has 1 € J and so 1y € 3%, Therefore

F vanishes on 915, so the above diagram shows that F((uy)4) and F((uy)p) are
isomorphisms, so F(L5f) = 0 if and only if F(f) =0. O

6.5. The categorical approach to the Baum-Connes conjecture. The Baum-
Connes conjecture for a (Hausdorff) second countable étale groupoid G with coeffi-
cients in a separable G-C*-algebra A states that a particular homomorphism called

the Baum-Connes assembly map
el K:OP(G; A) - K*(G Xy A)

is an isomorphism of abelian groups. This has been verified whenever G satisfies
the Haagerup property [84, Théoréma 9.3|, which in particular covers all amenable
groupoids. There are known counterexamples [34] to the conjecture even with
trivial coefficients A = Cy(G), for which the failure of the isomorphism is derived

from a failure of exactness.

The topological K-theory K:°°(G; A) is typically defined as a direct limit of the Kas-
parov groups KKS(C’O(X ), A) over all second countable G-compact locally compact
subspaces X C £(G) of a universal proper G-space £(G). The assembly map pig, 4
is then defined by constructing compatible maps KK (Cy(X), A) — K, (G x, A)
for each X. Instead of working directly with these definitions, we make use of the

“categorical” or “localisation” reformulation of the Baum-Connes conjecture. This
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is developed in [58] for groups and then in [11] for étale groupoids. The idea of
this approach is to describe the topological K-theory KioP(G; A) as a localisation
of the operator K-theory K, (G x, A) with respect to some complementary pair in
the sense of Definition 6.40. The Baum-Connes assembly map is then given by the

assembly map associated to this localisation.

Bonicke and Proietti describe the Baum-Connes assembly map pe 4 in [11] as the
assembly map associated to a complementary pair ((Pr),M,) of subcategories of
KKC. Here, (Pr) is the localising subcategory generated by the proper G-C*-
algebras and 91, is the full subcategory of G-C*-algebras B such that Resg B=0
for each proper open subgroupoid H C G. More precisely, [11, Theorem B| says that
((Pr),M,,) is a complementary pair, while [11, Theorem C] identifies the associated
assembly map LK, (G x,. A) — K, (G x, A) with the Baum-Connes assembly map
pe.a: KiP(G3A) = K (G x, A).

Theorem 6.49 (Identification of the Baum-Connes assembly map (Theorems B
and C in [11])). Let G be a second countable étale groupoid. Then ((Pr),M,) is a

complementary pair of subcategories of KKY and the assembly map
LK,(Gx, —) = K, (G x, —)

for the associated localisation of the reduced K-theory functor K, (G x, —) can be

identified with the Baum-Connes assembly map

He,—: KIP(G;-) = K, (G x, —).

The pair ((Pr),MN,) is shown to be complementary by proving that it is equal to
the complementary pair ((5),915) constructed from a homological ideal J with
enough projectives as in Theorem 6.43. Furthermore, J is constructed as the kernel
of a triangulated functor F' with a left adjoint E. Theorem 6.44 ensures that on
top of having enough J-projectives there are explicit J-projective resolutions, and
that J-projective objects are direct summands of objects in the image of E. The

objects in the image of E therefore generate (Pr) as a localising subcategory.

As M, is the subcategory of G-C*-algebras B such that RcsgB = 0 for each
proper open subgroupoid H C G, the natural triangulated functor F' to consider
is the product of the restriction functors Resg : KK - KK”. The problem is
that there are almost always uncountably many proper open subgroupoids, and for
the adjoint to exist we would need uncountable direct sums, which do not exist in
KK®. Bénicke and Proietti’s solution to this problem is to consider a countable

subfamily F of proper open subgroupoids, to obtain the following adjunction:

Indz: J] KK — KK 4 Resy: KKY — ] KK”
HeF HeF
(Bu)mer = P Indf; By A (Resé (A) ger-

HecF
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It follows from Theorem 6.44 that the localising subcategory (FZ) generated by
the G-C*-algebras Ind»((By)ger) induced from F is left complementary to the
thick subcategory 91z of G-C*-algebras N € KK® such that Resg N = 0 for each
H € F. For any choice of F we have an inclusion 9, € Mz, and we can achieve

equality with a condition on F which roughly says that it sees enough of G.

Condition (P). We say that a family F of proper open subgroupoids of an étale
groupoid G satisfies condition (P) if for any proper G-space Z with anchor map
p: Z — G° and any element z € Z, there is a subgroupoid H € F and an open
neighbourhood U of z such that (G x Z)5 C H x p~ ' (H).

The following theorem is implicit from [11, Theorem 3.10, Lemma 3.15], as condition
(P) is the only property of the countable family of “compact actions” that is used
in the proof. A compact action (see [11, Section 3]) around a point = € G is an
open subgroupoid of G that is the union of a finite group of pairwise disjoint open
bisections with a common range and domain containing x such that each bisection

fixes x.

Theorem 6.50. Let G be a second countable étale groupoid and let F be a family
of proper open subgroupoids of G satisfying condition (P). Then we have equalities

(FI) = (Pr), Ny =N,

which express that the G-C*-algebras induced from F generate the localising sub-
category (Pr) generated by proper G-C*-algebras and that given N € KK with
Resg N =0 for all H € F, we have Resg N = 0 for all proper open subgroupoids
H. Furthermore, there is a countable family F satisfying condition (P) consisting

of compact actions.

The existence of a countable family of proper open subgroupoids of G satisfying
condition (P) therefore ensures that ((Pr),M,) is a complementary pair. In many
situations we can construct a concrete countable family F satisfying (P). The de-
scription of compact actions is somewhat technical, but it is very natural from an
inverse semigroup perspective. The open bisections of G form an inverse semigroup
S which acts on X = G” such that G = § x X. A compact action is then the
transformation groupoid 7" x X of a finite inverse subsemigroup T' < S consisting
of pairwise disjoint open bisections with a common domain and range fixing some

element x € X.

Suppose that S is a countable inverse semigroup and G = S x X is the transforma-
tion groupoid of an inverse semigroup action S~ X. Given an inverse subsemigroup
T < S, there is an étale homomorphism ¢y : Tx X — Sx X given by [t, z] — [t, z] for
t € T and z € domt. This may fail to be injective because the equivalence relation

defining S X X stems from the idempotent semilattice F of S, which may be larger
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than that of 7. If we take the inverse semigroup (T, E) = {te |t €T, e € E} UE
generated in S by T and E, then we may identify (T, E) x X as an open subgroupoid
of S x X, which also contains the image of 7. We will show that the family

F={(F,E) x X | F < S finite inverse subsemigroup}

satisfies condition (P). In fact, it is enough to consider only the finite subgroups
of stabiliser groups S, = {s € S | s"s = ss™ = e} for idempotents e € E. For the
transformation groupoid I X X of an action I' ~ X of a countable group I, this is
the family {F x X | F <T finite} of transformations groupoids of finite subgroups.
The following two results are essentially a modification of [11, Proposition 3.2],
with the aim of a more explicit description of a family F to which we may apply
Theorem 6.50.

Lemma 6.51. Let S ~ X be an inverse semigroup action. Let x € X and suppose
that T' < (S x X)j is a finite subgroup of the isotropy group at x. Then there is
an idempotent e € E(S) with x € domx e and a finite subgroup T < S, such that
I={[t,z]|teT}.

Proof. For each g € I, let s, € S represent g in the sense that g = [s,, z], with
an idempotent representing the identity element of I'. For each pair g,h € T' let
egn € E(S) be an idempotent with 2 € dome, ;, such that s spe, , = sgneqp,
eg.n < domsy, e, < domsg, and sy, - e, ), < doms,. Let ey = Hg,her eq.p, and let
e= ngr 84+ €9. For each g € I, the element ¢, = s e is an element of S, because
-e=-e. Setting T = {t

s g € T'} completes the proof. O

g g |
Proposition 6.52. Let S ~ X be an inverse semigroup action, suppose that G =
S x X is Hausdorff and let G ~ Z be a proper action with anchor map p: Z — X.
Then for each z € Z there is an idempotent e € E = E(S), a finite subgroup T' < S,
firing z and an open neighbourhood U of z such that (G x Z)% C (T, E) x X) x Z.

In particular, the family
{{T\E)x X |e€ E, T <S8, finite subgroup}

of proper open subgroupoids of S x X satisfies condition (P).

Proof. The action G ~ Z induces an action S ~ Z and we may identify G x Z
with S x Z. By properness, the isotropy group (S x Z); at z is finite, and so by
Lemma 6.51 there is an idempotent e € F and a finite subgroup 7' < S, such that
(Sx Z), ={[t,z] | t € T}. Tt also follows from properness that because (T, E) x Z
is an open subspace of S x Z containing the fibre (S x Z)Z, it also contains the
restriction of S X Z to some open neighbourhood U of z. Under the identification
(T,E) x X)x Z =(T,E) x Z we are done. O
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An important special case is when the étale groupoid G has torsion-free isotropy
groups. In this setting, the family F = {GO} satisfies condition (P), and much

analysis is considerably simplified.
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7. THE ABC SPECTRAL SEQUENCE AS A FUNCTOR

Meyer introduced the ABC spectral sequence in [57], with the following set-up. Let
T be a triangulated category with countable direct sums, and let J be a homological
ideal which has enough projectives and is compatible with countable direct sums.
Let F': T — Ab, be a stable homological functor that commutes with countable
direct sums and let A be an object in ¥. Recall that L5 F is the localisation at 915 of
F. Meyer describes the second sheet and convergence of the ABC spectral sequence

in Proposition 4.8 and Theorem 5.1, summarized in the following theorem.

Theorem 7.1 (The ABC spectral sequence). There is a spectral sequence (E,d) =
(E",d").>o which we call the ABC spectral sequence for (%,3, F, A) that strongly
converges towards Ly F(A) with the filtration (LyF: 3" (A))g>0- The second sheet is
described by the J-derived functors L,F of F with canonical isomorphisms Ez2>,q >~
L,F,(A).

B, 2 L,F,(A) = LyF(A)

7.1. The ABC category. Our aim is to describe how to make this theorem func-
torial in the variables (¥, 7, F, A). Let us call such a quadruple an ABC tuple. We
construct a category of ABC tuples called the ABC category.

Definition 7.2 (ABC tuple). An ABC tuple is a tuple (¥,7, F, A) consisting of
e a triangulated category ¥,
e a homological ideal J < %,
e a stable homological functor F': ¥ — Ab,,
e and an object A € ¥,

such that ¥ has enough J-projectives and countable direct sums which are com-
patible with J and F' in the sense that J is closed under countable direct sums of

morphisms and F' commutes with countable direct sums.

Example 7.3. Let G be an étale groupoid and let A be a G-C*-algebra. Then for
any homological ideal J < KK® with enough projectives which is compatible with

countable direct sums, we have an ABC tuple
(KK®,7,K,(G x —), A).

0

One choice for the ideal J is the kernel of the restriction functor Resg . KK —

0
KK .
GO

J = ker Resg
Another choice is the intersection of such kernels over the family 7, of proper open
subgroupoids of G.
J= ﬂ ker Resg
HeF,
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In order to work with morphisms of ABC tuples, we will often have to combine
natural transformations with functors in various ways, so we set the following nota-
tion. Suppose we have functors F,G: € — ©, a natural transformation a: F = G
and further functors H: %8 — € and K: ® — & We write aH for the nat-
ural transformation FFH = GH that sends an object B € B to the morphism
agpy: FH(B) — GH(B).

FH KF
/A //L_\‘
H — ~ K
B —— € |an o D "3\“@»9%@
I e N
GH KG

Similarly, we write Ka: KF = KG for the natural transformation that sends an
object C € € to the morphism K(ag): KF(C) — KG(C).

Definition 7.4 (Morphism of ABC tuples). Given ABC tuples M = (%,7, F, A)
and M’ = (¥,3', F', A"), an ABC cycle from 9 to M’ is given by a triple (®, a, f):

e a triangulated functor ®: ¥ — T mapping J’ into J,
e a natural transformation a: F o ® = F’,
e and a morphism f: A — ®(A’) in T.

We say that two cycles (®q,aq, f;) and (P, s, f) from M to M’ are equivalent
if there is a natural isomorphism 7: ®; = ®, which identifies f; with f, and oy
with s in the sense that 1,/ f; = fy and a; = ay o F'p. An ABC morphism is an
equivalence class [®, a, f] of ABC cycles under this notion of equivalence, and we
may write [®, a, f]: M — M. We will usually work directly with ABC cycles, and

it will usually be clear that our constructions depend only on the equivalence class.

A proper correspondence (E,Q): (4,G) — (B, H) of étale groupoids with C*-
coefficients allows us to build an ABC morphism with the appropriate countability
assumptions and homological ideals. We say that (F,Q) is separable if E, A and

B are separable and €2, G and H are second countable.

Example 7.5 (An ABC morphism from a proper groupoid correspondence). Let
(E,Q): (A,G) = (B, H) be a separable proper correspondence of étale groupoids
with C*-coefficients. Consider the induction functor Indg: KK — KK¢ (Defini-
tion 3.22), natural transformation aq: K, (G xIndg —) = K,(H x —) (Proposition
3.28) and G-equivariant proper correspondence A(E): A — Indg B (Proposition
2.32). Suppose we have homological ideals J < KK and J < KK with enough
projectives and compatible with countable direct sums such that Indo(J) C J.
Then setting fp := [A(E),0] € KK(A, Indg B),

(71) [InananfE]: (KKG737K*(G X _)aA) - (KKH737 K*<H X _)7B)
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is an ABC morphism. In the setting without coefficients, we have A = Cy(G°),
B = Cy(H 0)7 and fq: A — Indg B is induced by the G-equivariant proper map
p:Q/H — G°.

Ultimately, we are interested in ABC tuples (T, 7, F, A) because we are interested
in the group F'(A), which is the application of (T,J, F, A). We can view (%,7, F, A)
as “sitting above” F(A). An ABC cycle (®,a, f): (,3,F, A) — (T3, F', A) sits
above a morphism App(®,«, f) := a, o F(f): FA — F'A’, which we call its

application.

FA - App(®f) oy
\F(‘f) CV
FoA

This only depends on the equivalence class of (P, «, f), so we can define the appli-
cation of [®, a, f] to be App(®,, f) = a0 F(f): FA— F'A".

Definition 7.6 (Composition in the ABC category). If (®,a, f): (%,3,F, A) —
(T, 3, F' A and (¥, 8,9): (¥,3,F',A") - (Z',3", F", A") are ABC cycles, then
their composition (¥, 3, g) o (P, , f) consists of:

e the triangulated functor ® o ¥: ¥/ — ¥,

TN )4 T, D T

e the natural transformation o (a¥),

Fodol 2Ly /oy —2

e and the morphism ®(g) o f.

AL ) 29 pua”y)

This respects equivalence of ABC cycles, and we can define composition of ABC
morphisms as [¥, 3, g]o[®, , f] = [®PoV, Bo(aV), ®(g)of]. This composition is asso-
ciative at the level of ABC cycles. Given another cycle (Z,+,h): (37,3, F", A") =
(", 3", F" A", both ways to associate (Z,7,h) o (¥, 8, g) o (®,a, f) are given
by:

e the triangulated functor ® o ¥ o =,
e the natural transformation v o (8E) o (aPE),
e and the morphism ®¥h o ®go f.

We have identity morphisms given at (%,7, F, A) by [ids,idp,id4]. We obtain a
category ABC called the ABC category whose objects are ABC tuples with ABC

morphisms as morphisms.
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Remark 7.7. We can see why this composition makes sense by considering the

applications of ABC cycles.

App(Vod,Boa¥,®(g)of)

App(®,a,f) App(¥,8,9)

A

\F(f) V \F%jz) Bar
DA

F FoA”

FA FI/A//

F&(g) Cpa”

F(®(g)of) (Boa®) i

FowA”

This diagram commutes, and we obtain a functor App: ABC — Ab,.

Proposition 7.8. The assignment [E, Q] — [Indg, aq, fg] from Example 7.5 of an
ABC morphism to a separable proper correspondence (E,Q): (A, G) — (B, H) with
appropriate ideals J < KK and 3 < KK s functorial. Here by appropriate we
mean that J and J have enough projectives, are closed under countable direct sums
and Indq(J) C 7.

Proof. We need to check that this assignment respects composition, and that it re-
spects identities. Let (E,Q): (A,G) — (B, H) and (F,A): (B,H) — (C, K) be sep-
arable proper correspondences. There is a natural isomorphism ¢: Indg olInd, =
Indpeq: KK® = KK¢ by Proposition 3.26. We must also check that the following

diagram of natural transformations of functors KK — Ab, commutes.

aq Indy

K, (G x Indg Ind, —) K. (H x Indy —)

HK* (Gxyp) ﬂa/\

K, (GxIndyg—) =——22—— K, (K x —)

This is exactly the result of applying the crossed product functor GpdCorr+ — Corr
followed by the K-theory functor Corr, — Ab, to diagram (2.8) which Proposition
2.30 says commutes. The final requirement to respect composition is that the fol-
lowing diagram commutes in KK“. Recall that fp = [A(E),0] € KK°(A,Indg B).

A— e qna,0C

le Jec?

Indg B —242Y7) 104, Tnd, ©

This follows from Proposition 2.33, which says that the compositions come from

isomorphic G-correspondences.

Now consider the identity morphism (ig(4),G): (4,G) — (A4, G). Proposition 3.27
says that we have a natural isomorphism Sg: Indg & ido. We need to check
that up to this identification, a is the identity natural transformation and f;_ ()

is the identity morphism. This means that we have to check that:
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wt

o K,(Gx Ba(A)) = ag(A): K,(GxIndg A) = K, (G x A).
[ fiG(A) = BG(A)71 S KKG(A, IndG A)

The first bullet point comes from Proposition 2.31, which says that ©; 4 comes
from the same G-equivariant *-isomorphism ¢ 4: Indg A — A that induces S5 (A).
Given that ag(A) := K, (G X Og_4), we recover that K, (G x f5(A)) = ag(A).
For the second, consider the following commutative diagram in GpdCorry=.

ig(A,idy)

(4,G) (4,6)

ig(Indg Ah /M':ic(A,wA)

(IndG A, G)

By the universal property of induction applied to the evaluation correspondence
©¢g.a (Proposition 2.32), the G-equivariant correspondence (Indg A,wgl) is G-
equivariantly isomorphic to A(ig(A4,id4)), and so they induce the same element of
KKY. Therefore fic(a) = ﬂG(A)_l.

O

In order to get a version of Theorem 7.1 which is functorial with respect to ABC
morphisms, we will need to build a morphism of spectral sequences from an ABC
morphism, but we will also need functorial versions of the applications of the left
derived functors L,, F(A) and localisation LF(A). We now focus our attention on

building all of these and proving that they are compatible with each other.

Theorem 7.9 (Derived functor maps of an ABC morphism). An ABC morphism
m=[® a,f]: (T,3,F,A) = (T3, F A" functorially induces a map

L,(m): L, F(A) — L, F'(A)

for each n with the following property. Let P, — A and P, — A’ be projective
resolutions with respect to 3 and I respectively and let f: P, — <I>(P,') be a chain
map over f: A — ®(A"). Let apr: FO(P,) — F'(P,) be the chain map induced by
. Then the chain map ap o F(f): F(P,) — F'(P.) over App(m): F(A) — F'(A")
induces L, (m): L, F(A) — L,F'(A") by taking homology.

s F(P) ——— F(B) F(4) 0

J{F(fl) J{F(fo) J{F(f)

i —— FO(P]) —— FO(P)) — F®(A) —— 0

oy o 7 6%
lpl lpo 4

i —— F'(P)) —— F'(P)) —— F'(A) —— 0

Proof. To construct L, (m), we consider arbitrary projective resolutions P, — A
and P, — A’ with respect to J and J’ respectively. The triangulated functor ®
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maps J' into J and so sends J'-exact sequences to J-exact sequences. By Lemma
6.33, there is a lift f: P, — ®(P,) of f: A — ®(A’) which is unique up to chain
homotopy. We may then define L, (m) as the map in homology induced by the

chain map o o F(f), which is a lift of App(m) = a4 o F(f).

To check that this is well-defined, suppose we have some other projective resolutions
Q. = Aand Q, — A and a lift f: Q, — ®(Q,) of f, and lifts id: P, —» Q, and
id P, — @, ofid: A— Aandid: A" — A’. Then by Lemma 6.33, ia/of is chain

homotopic to f oid, and therefore the following diagram commutes.

Hy(a0F(f))

H,(F(F,)) H,(F'(Py))

=| H,(F(id)) A %HH(F’GH’))
Hn (aQ/OF(f)> ! Ay
H,(F(Q.)) ————— H,(F'(Q.))
When m = idg 5 g 4 is an identity morphism, we can pick any projective resolution
P, — A and pick id: P, — P, to be the identity chain map. This induces the
identity in homology, so L,,(ids 5, 7,4) = idL, r(a)-

Suppose n = [¥, 3,¢g]: (T, F',A") = (T",3", F", A”) is another ABC morphism.
Let P, — A” be an 3”-projective resolution, and let §: P, — U(P.') be a lift of
g: A= W(A"). Then ®(j)o f: P, — ®U(P,) is a lift of ®(g) o f: A — dW(A").
It follows that L,,(nom) =L, (n) o L, (m). O

Remark 7.10. If we keep the triangulated category ¥, homological ideal J and
stable homological functor F' constant, an ABC morphism specialises to a morphism
f:A— Bin % We can deduce from the above theorem that L, (ids,idp, f) =
L,F(f): L,F(A) — L,F(B).

We now turn to some technical details to construct functoriality of the localisation
LF(A). Consider triangulated categories T and T’ with homological ideals J and
3 respectively. Let L and L’ be the localisation functors L = Ly: T — T and
L'=L,:T - % Let ®: T — T be a triangulated functor such that ®(J') C J.
Let 4 and g’ be the localisation natural transformations pu = py: L = idg and
W= JT L= idgs. Consider the following diagram.

L‘I)(;,LIA/)

o

LA XD roa LOL A Let' A or/ 4

The morphism L®(u'y/): LOL'A" — L®A’ is an isomorphism because L maps J-
equivalences to isomorphisms. We define the localisation of f to be £4(f): LA —
®(L'A") as the composition jig;/ 4 © L@(;L;V)_l o L(f). This enables us to apply
the localisation functor A — LA at the level of the ABC category.

Proposition 7.11. Let m = [®,a, f]: (3,3, F,A) — (T3, F',A") be an ABC
morphism. Then the mapping sending [P, «, f] to

[®,a,Ls(f)]: (T,3,F,LA) — (T3, F',L'A")
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is functorial. We refer to this as the ABC localisation functor £: ABC — ABC, as
on an object (%,7,F, A) it simply applies the localisation functor L: T — T to A.

Furthermore, when ® = idg we recover the localisation functor, as £iq_(f) = L(f).

Proof. When ® = id<, £4 is given by the composition puy, 4 OL(MA)_l o L(f), which
is equal to L(f) because pur4 = L(p4) by Proposition 6.47. Setting a = idy and
f =1id 4, we see that £ respects identity morphisms.

Let n = [¥,8,9]: (T3, F,A") — (",3", F", A”) be another ABC morphism,
with localisation functor L”: " — %" and localisation natural transformation

p': L' = id. Consider the following diagram.
Lo A ————— oL A

LA LoA = ®
L(f) Le(u,) ) Par'a’ )
N ¢m lL@(g) ichL (9) JM (9)

~

LOVA" ¢«——— LOoL'vA" ——— oL/ v A"
Le(py, ,) , lf/@L’qu” , .,
%’TL‘PL W(pyrr) %T@L U, rr)

L<I>‘I/(,LLIA///) =3 Lq:.(lu‘ L@LI\I]LNAH / _ (PLI\I/LNAH

’
wr''a) Hor'wr' a
) ot

"o

LowL" A" Hogr' a UL A"

Let us move left to right through the diagram. The triangle commutes by functo-
riality of L. The two squares on the left commute by naturality of 1. The three
squares on the right commute by naturality of . We conclude that £44(®(g)o f) =
D(Ly(g)) o L4(f), and therefore £(nom) = £(n) o £(m). O

In the same way that the functor L: ¥ — ¥ comes with natural maps pu4: LA — A,
the functor £: ABC — ABC comes with natural maps £(%,7, F, A) — (%,3, F, A).

Proposition 7.12. Let [®,a, f]: (,3,F,A) — (T3, F',A") be an ABC mor-
phism, and let uy: LA — A and ,u;‘/: L'A" — A’ be the localisation maps. Then

the following diagram commutes.

(‘I j F LA) [(Dvaa£<l>(f)]

l[idg,idF,uA] l[idfl id oopy ]

(TO.FA) — 0 (7.0, F 4

(‘2/73/’F/7L/A/)

Proof. By the naturality of p: L = idg, we obtain the commuting diagram below.

Le' !
LA — D rea P Al

J/HA L“@A’ L“@L’A’
A oA . oL A
Y (1)

We can deduce that ®(u'y/) o £4(f) = fopua: LA — ®(A), and therefore that
ide,id o, py] 0 [@, 0, €5 f] = [@, v, f] 0 [idg, idp, pal- O
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Definition 7.13 (Localisation application functor). The localisation application
functor I.: ABC — Ab is the composition App o£. We also recover the localisation
LF of F by holding the category ¥, ideal J and the functor F' constant, because

L(ids,idg, f) = LE(f).

We are now ready to take on the task of proving the following functorial version of
Theorem 7.1.

Theorem 7.14. An ABC morphism m: MM — M’ induces functorially a morphism
of ABC spectral sequences ABC(m): ABC(I) — ABC(IN'), such that:

(i) the map on the second sheet is given by L,(m),: L, (M), — L, (M),

(ii) the map on the limit sheet agrees with L(m): L(9) — L(M').

7.2. The construction of the ABC spectral sequence. Before we embark, we
summarise Mayer’s construction of the ABC spectral sequence from [57]. We start
with an ABC tuple (%,7, F, A). First, we construct an J-phantom tower over A
using Proposition 6.29 and Lemma 6.35.

2

1
A:NO i

N, N,
P, 5 P, e P,

An exact couple is then constructed from the phantom tower. We start by viewing
the top collection of exact triangles as a single triangle of Z-graded objects, by
defining N,, = A, "' =id, and P, = 0 for n < 0.

N, ——— N,

\/

We now consider the stable homological functor F': € — Ab,. This consists of a
homological functor F},: T — Ab for each p € Z. We use this to construct an exact

triangle of bigraded Abelian groups

D 4) D Dp,q:Fp+q+1(Np+1)
(7.2) \ /
Cpq= Fp-i—q(Pp)
with maps 4, j and k defined by
ip,q *= ( Zi?) Dyq = Dpti,g-1 deg i =(1,-1)
Jpg = ()t Dy g = Cp g deg j = (0,0)

Epgi= (1) Cpg = Dp_14 deg k = (—1,0)
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This is exact because F' is a stable homological functor and so for each p, the

following sequence is exact.

+1
CARR

(€p)s
— F,(Npi1)

()%
- —— F,(P,) —— F,(N,) —— F,_(P,) —— ---

We then apply the construction of a spectral sequence from an exact couple (see
Chapter 5.4) to obtain a spectral sequence (F,d) starting from the first sheet. In

particular,

e The first sheet E' is given by E;}q =Fy,

(Fp)-
e The first differential d,, ,: E, , — E,

F,.,(¥P,_;), noting that F,,,,

_1,4 s given by F, | ,(6,): Fpig(P,) —

(EPp—1) = Fpig-1(Ppo1)-

e The second sheet E? := % is given by l:ﬁflf((g)) = H,(F.(P,), F.(9)),
and therefore E;q =L, F,(A).

. sk t(imi"
e The limit sheet B> := Drzak(mi)
UTle(kcrz )
1
X o~ LF,,,: 377! (4)
Pd T LF,,,:3°(A) -~

The ABC spectral sequence ABC(T, 7, F, A) is this spectral sequence (E",d"),>2

starting from the second sheet. As we will shortly see, this is independent of the

is described in [57] with isomorphisms

choice of J-phantom tower over A up to canonical isomorphism.

7.3. The morphism of spectral sequences induced by an ABC morphism.
The construction (7.2) of an exact couple from an J-phantom tower also works for
pre-J-phantom towers and is functorial with respect to tower maps and morphisms

of exact couples.

Proposition 7.15. Let P be a pre-J-phantom tower. Then the construction in
(7.2) builds an exact couple ECs 5 p(P) from P. A tower map f: P — Q of pre-
J-phantom towers functorially induces a morphism ECs 5 p(f): ECx 5 p(P) —
ECs 5 p(Q) of exact couples.

Proof. We never invoke the J-projectivity of any P,, so the construction works
equally well for pre-J-phantom towers. The maps induced by F from a tower map
are exactly what is needed to create a morphism of exact couples. It is straightfor-

ward to check that this respects composition and identity morphisms. O

This construction of the ABC spectral sequence involves a number of choices, so
we recall why it is well-defined. Let (T,J, F, A) be an ABC tuple and let P and Q
be two J-phantom towers over A. By Lemma 6.35 there is a tower map id: P — Q
over the identity map id: A — A. This induces a morphism of exact couples
ECs 5 p(P) = ECz 5 p(Q) and therefore a morphism of spectral sequences. Let
id: P, — Q, be the restriction of id to the projective resolutions within P and
@, which is unique up to chain homotopy by Lemma 6.33. On the second sheet,
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the morphism of spectral sequences is given by taking the homology of the chain
map id: P, — Q,, which is a canonical isomorphism independent of id. The mor-
phism of spectral sequences is therefore a canonical isomorphism independent of
the tower map id from the second sheet onwards by the mapping lemma. To de-
scribe the spectral sequence more absolutely, we may define the second sheet by
E;q =L,F,(A) and define the later sheets as subquotients of this.

Lemma 7.16. Let (®,a, f): (T,3,F, A) — (T,3', F', A") be an ABC cycle and let
P’ be an ¥ -phantom tower over A'. Then ®(P') is a pre-J-phantom tower over
B(A").

Proof. The triangulated functor ® preserves exact triangles, sends J'-exact se-

quences to J-exact sequences and sends J'-phantom maps to J-phantom maps. [

Theorem 7.17. An ABC morphism m = [®,a, f]: (3,3, F,A) — (T3, F', A"

functorially induces a map
ABC(m): ABC(%,3,F, A) - ABC(Z,7,F', A"

with the following property. Let P be an J-phantom tower over A, let P’ be an
3 -phantom tower over A, and let f: P — ®(P') be a tower map over f: A —
®(A"). Let ot ECx 5 p(®(P') — ECy 5 g (P') be the morphism of exact cou-
ples induced by «. Then the morphism of spectral sequences induced by the mor-
phism o OEC’QQF(]?): ECs 5 p(P) — EC’S/J/,F/(P/) of exact couples is given by
ABC(m) at the second sheet onwards. Furthermore, when restricted to the second
sheets, the morphism ABC(m) is given by L,(m),: L,F,(A) — L, F,(A").

No Ny

NN AN Nt

Py ¢—o—— P &—o0— .- F.(P,

() r O(NY) r F.O(NL) — | — F8(N)
DA SENR EV-ERN N
D(Py) +—o— B(P[) +—o— - F.®(P,)
FLN) ——|—— F(v))
-~

In red on the left is the tower map f: P — ®(P'), and on the right are the mor-
phisms EC’fz,j,F(f) and o of exact couples.

Proof. To construct ABC(m), we consider arbitrary phantom towers P and P’ over
A and A’ respectively. By Lemma 6.35, there is a tower map f: P — ®(P') over
f: A — ®(A"). We obtain a morphism of exact couples a0 ECQJ,F(]‘:). We
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may then define ABC(m) to be the morphism of spectral sequences induced by this

morphism, starting at the second sheet.

Let f : P, — <I>(P./) be the restriction of f to the J-exact sequence P, inside
P. By the description of the exact couple to spectral sequence functor, the map
ABC} (m): L,F,(A) — L,F,(A") is induced in homology by the chain map o o
F(f). Theorem 7.9 then tells us that ABC?,Vq(m) = L,(m),.

tral sequences are determined by their restrictions to the second sheets (Propo-

Morphisms of spec-

sition 5.5), and therefore ABC(m) is functorial and independent of the choice of
J-phantom tower P and tower map f: P — &(P').

When we say that a spectral sequence converges to a graded abelian group, we need
a filtration on the graded abelian group to make sense of this. Recall that for a
functor F': ¥ — € (with € = Ab or Ab, ), a homological ideal J <1 ¥ and an object

A, we have the ascending filtration

0=F:3%A) CF:3'(A) CF:7*(4) C--- C F(A)

of F(A) defined by
F:3%A) :={z e F(A) | F(f)(z) = 0 for all f € 3"(A, B), B € T}.

As we want the ABC spectral sequence for (T,J, F, A) to converge to LF(A), we
will take the filtration (ILF': TJk(A))kZO. The group LF(A) is defined as F(LyA),
so we could alternatively use the filtration (F': 3¥(L5A)) k>0, but there turns out

to be no difference.

Lemma 7.18. Let (T,7,F, A) be an ABC tuple and let L: T — T be its localisa-
tion functor. For every k > 0, we have the equality LF : TJk(A) = F: TJk(LA) of
subgroups of LF(A).

Proof. First, suppose = € F': Cik(LA). Now, let f € jk(A,B) for some object B.
By Proposition 6.48, Lf € 3*(LA, LB) and therefore F(Lf)(x) = 0. By definition,
LF = Fo L, so we must have € LF: 3°(A). Thus LF: 3(4) D F: 3*(LA).

Conversely, suppose x € LF': Jk(A) and let g € Jk(LA, C). By TR1 and TR3, we
may extend the commutative diagram on the left to a morphism of exact triangles

as on the right.

S 'NyA — LA — A— N;A Y 'NsA— LA — A— N5A

| |l

YTINA — C YINsA — C 2 D — NyA
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Note that h is an J-equivalence as its cone NjA is J-contractible. Now consider

the following diagram.

LLA —=5 LA

Lpa
[zo ]

[2Ze]

The square with LD commutes as it is an application of L to a commutative square.
The square with C' commutes due to the naturality of p combined with the fact
that Luy = ppa. The horizontal maps are isomorphisms because 4 and h are
J-equivalences. By Proposition 6.48, we have Lg € Jk, and therefore Lf € "
and therefore f € 3°(A, D). By definition of LE: 3*(A), z vanishes under F(Lf),
and as g factors through Lf, we get that F(g)(x) = 0, as required to show that

x € F: 3"(LA). Therefore LF: 3*(A) C F: 3*(LA). O

Recall that convergence of a spectral sequence F to a graded group G with filtration

(FxG) k>0 has two components:

e For each p and ¢, isomorphisms

oo~ Tp+1Gpiq

P,q —
]:pGp+q

e Properties of the filtration. Exhaustiveness is always required, and for

strong convergence we need the filtration to be complete Hausdorff.

The phantom filtration (LF: 3%(A)) k>0 of LF(A) is complete and Hausdorff be-
cause it starts with LF: 3°(A) = {0}. The fact that it is exhaustive comes down
to the following theorem, which is part of Theorem 5.1 in [57].

Theorem 7.19. Let (T,73, F, A) be an ABC tuple such that A € (B5), the localising
subcategory generated by the J-projective objects. Then UpenF': TJk(A) = F(4).

Proof. See the proof of Theorem 5.1 in [57]. O

In [57], Meyer shows that the ABC spectral sequence converges to the graded filtered
group LF'(A) by constructing isomorphisms
LE,, . : 3P1(A)
Upqt ABC(S,3,F A), = — PR = 7
pa pa LF,.,: 3"(A)
Our aim is to show that this isomorphism is functorial with respect to ABC mor-

phisms. First we show that ABC morphisms respect these filtrations.
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Proof. Let z € F: 3%(A), and suppose g € J (A B') for some B’ € T'. Then the
left hand diagram in ABC is mapped to the right hand diagram by the application
functor App: ABC — Ab,.

(®,a,f)

(T,3,F, A) (%, 7, F', A F(A) AREeD) g g0y
l(ids idp, (; )afi | l(idguidww lF(<I>(9)Of)a | lF%g)
(3,3, F,8(B)) — 220, (S’,J’,FQB’) F®(B') —~2— F'(B))

The morphism ®(g) o f is in 3%, so F(®(g) o f)(x) = 0. The diagrams commute, so
F'(g) o App(®, a, f)(z) = 0. We can conclude that App(®,a, f)(z) € F': Jlk(A/).
O

As the application App(®,a, f): FA — F'A’ respects the filtrations it induces

maps of subquotients

App(®, v, f)pq L SV (A — LEy iy @A)
L ]LFP-HZ. (A) LFp+q (j )p(A/) -

The double index distinguishes an induced map of subquotients from the map
App(®,a, f),: F,A — F, A" induced by compatibility with the grading. If we take
an ABC morphism m and apply Lemma 7.20 to the ABC morphism £(m), we deduce
that L(m) respects the phantom filtrations in the sense that L(m) (]LF: " (A)) C

LF": J/k(A'). We now want to get a handle on the limit sheet of the spectral

sequence.

Lemma 7.21. Let (C,D,1,j,k) be an exact couple and let (E,d) be the associated
spectral sequence. Recall that we have the following descriptions.
(17_1)
D , r 1,
k v j Eoo o mrzl Zpaq o mrzl(k 1(7’ D))p,q
(17;)\ l/(070) P U’I“Zl B;,q U""Zl (.7 (ker ir))P,q
c

Then there is a homomorphism

(ker i )-1p+q

EX — .
(et )14

p,q

that sends each [x] € E,*, to the unique [y] € W such that i* (y) = k(z).

Proof. We first note that [z] — k(z) and [y] — i”(y) are well-defined. Uniqueness
of [y] follows from the fact that it lives in a quotient by ker:¥. For existence, x is
an element of (k~'(i”D)),.q, so there is some y € D_; ., such that k(z) = i"(y).
Because i 0o k = 0, it follows that y € ker Pt O

Suppose we have an ABC tuple 9 = (¥,7, F, A) and an J-phantom tower P over
A, with associated exact couple (C,D,i,j, k) = ECx 5 p(P). Lemma 6.37 tells us
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that . )
(keri"™) 1 g Fpig: P7H(A)
(keri”) 1 piq Fyiy:3°(A)
p+1
We can then apply Lemma 7.21 to obtain a map <pp . ABC(OM),°, — ?‘I;jp(xl)

which a priori might depend on P. One consequence of the following proposition
is that it does not.

Proposition 7.22. Let M = (%,3,F, A) and M = (T,3, F', A") be ABC tuples
and let m: M — M’ be an ABC morphzsm Then usmg any choices P and P’ of
phantom towers over A and A’ to define (ppq and gpp q respectively, the following

diagram commutes.

o P Foiq: 3771(4)
ABC(OM),, i ;q A
(7.3) ABC(m)>%, lApp(m)p,q
1\ 00 wZ"q, FL oot
’ ptg- ~
ABC(I )p,q Fj . 37A)

Proof. Suppose m = [®, , f] and let f: P — ®(P’) be a tower map over f: A —
®(A"). Let (C,D,i,5,k) and (C',D',i’',j', k") be the exact couples built from P
and P’ respectively. Let S: C — C’ and T: D — D’ be the constituent maps
of the morphism o, o ECs 5 p( f) of exact couples. Then for each n, we have
D_,,=F,(A)and D", = F,(A"). Furthermore, T_; ,,: D_,, — D", is given
by the map App(m),: F,(A) — F,(A").

D— 4D D_,, = F,(A)
T 15 App(m),,
./ S
' |— D D', = F(A)

—1,.r
Now, consider [z] € E,5, = % Let y € F,,: 37T(A) be such

that gozij([x]) = [yl. Then because y € D_; ,, = F,,,(A), we may use that

App(m),, = D_4 , 1, to calculate that

App(m),, o (ehy([2])) = App(m), ,([¥]) = [App(m),4,(¥)] = [T(W)].

On the other hand, ABC(m),,([z]) = [S(x)]. We may calculate that 'Y (T(y)) =
T(i"(y)) = T(k(z)) = k'(S(x)), and therefore by Lemma 7.21, w?,{?q([S(x)]) =
[T(y)]. We conclude that (7.3) commutes. O
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Lemma 7.23. Let M = (%,7, F, A) be an ABC tuple such that A is in (B5). Then

M s an isomorphism
¥p,q P ‘

Proof. Let P = (P,, N,, €e,Le, Te) be an J-phantom tower over A, with associated
exact couple (C, D, i, j,k) = ECx 5 p(P).

First we show that ¢, is surjective. Recall that D, ; , = F,.,(V,), and that
therefore for r > p, i" = i% = (10)s: Dp_y1,g4r = Fpiq(A) = Dp_1 g = Fpiy(N,).

Therefore (i"D),_q, = (i"D),_;,. Now, for any y € (kerip+1)_17p+q, we can
pick z € (keri), ,, = (imk),_;,
element = € (k' (i"D)),, with k(z) = 2 = i’ (y). Then for each r > p, we have
z €k ((i"D))yy =k~ ((* D)), and so [z] € ABC(I);S,. Then vy ([z]) = [y,

so we have proved surjectivity.

such that i”(z) = y. We can then pick an
Py

For injectivity, we first note that because of the exact triangles in the phantom
tower, we can inductively prove that N, € (P5) because Ny = A € (B5) and
each P, € (P5). Then by Theorem 7.19, D, , = U1 F, 1 1: I (N,
Lemma 6.37 is U, (kerd"), ,. Now, suppose z,z’ € (k~'(i* D)), , are such that
(1)) = ¢ (/). Then k(z) = h(x'), 50 22’ € (F(D))pg = Uron (fker "))y

P,
We can conclude that [z] = [z']. O

11), which by

Lemma 7.24. Let (T,73,F, A) be an ABC tuple, let L: T — ¥ be the localisation
functor and let p: L = idg be the localisation natural transformation. Then the
ABC morphism [idg,idp, ual: (2,3, F, A) — (2,3, F, LA) induces an isomorphism
of ABC spectral sequences.

Proof. By Remark 7.10, when we keep the category ¥, ideal J and functor F' con-

stant, we recover the derived functors, so that
L, (ids,idp, pa)g = L, Fy(pa): L, F,(LA) — L, F,(A).

This is an isomorphism because 4 is an J-equivalence. The induced map on the sec-
ond page is therefore an isomorphism. By the mapping lemma, ABC(idz,id g, t4)

is an isomorphism of spectral sequences. ]

Combining Lemmas 7.18, 7.23 and 7.24, the isomorphism w%: ABC(IM)>, =

.
+1
LF,, .: 3"7'(4)

LF,

A S defined as the composition

Fppq: 3TN (LA)  LE,,,: 3""(A)

ABC(OM)°, = ABC(£(9M)), = 2+ = - .
pa (£EM)p.q F, . 3P(LA) LF,,: 3°(A)

This recovers the result from [57] that the ABC spectral sequence ABC(90) strongly
converges to the filtered graded group L(9t) = LF(A). We have also shown that
L(m): L(9) — L(9') is a morphism of filtered graded groups. We can now com-

bine all of the work in this section to conclude its main result.
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Theorem (Theorem 7.14). An ABC morphism m: 9 — M’ induces functorially a
morphism of ABC spectral sequences ABC(m): ABC(9) — ABC(OM'), such that:

(i) the map on the second sheet is given by L, (m),: L,(9), — L, (M),
(ii) the map on the limit sheet agrees with L(m): L(9) — L(M').
Proof. The construction of the morphism ABC(m): ABC(9) — ABC(M') was

given in Theorem 7.17, where it was shown to be functorial and agree with L,,(m),

on the second sheets.

The map that ABC(m) induces on the limit sheet agrees with L(m) because the
following diagram commutes, where 9 = (T,J, F, A) and MM’ = (¥, 7, F', A").

00 o s o Fop,:3°TH(LA)  _ LE, ,: 377 (4)
ABC(OM),4 < ABC(L£(M)),p,q o7 F:+q: aP(LA) LF:+Q: 37(A)

JABC(m)ffq JABC(S(m))Zﬁ’q lApp():(m))p,q llt(m)p,q

oo | o oo & FLoaPThr’Ay _ LUFL,3PTHA)
ABC(ON) -y +—— ABC(L(OM)),y o Lo TPLA) . LUEL A

The left square commutes by Proposition 7.12, and the middle square commutes
by Proposition 7.22. Finally, the right square commutes as IL(m) = App(£(m)) by
definition. O

7.4. Application to isomorphisms in K-theory. In general, the ABC spectral
sequence converges to the localisation LF'(A) rather than the application F'(A) that
we are interested in. However, the localisation natural transformation py gives us

a canonical assembly map pgn defined by
piom i= Fu5(4)): LF(A) — F(A).

In favourable settings, this assembly map can be an isomorphism. The Baum-
Connes assembly map for an étale groupoid G with coefficients in a C*-algebra A
is isomorphic to the assembly map for the ABC tuple (KKG7 J7 K, (G x, —),A),
where F is a countable family of proper open subgroupoids of G satisfying condition
(P), as discussed in Section 6.5. The assembly maps are compatible with ABC

morphisms in the following way.
Proposition 7.25. For each ABC morphism m = [®,«, f]: M = (2,7, F, A) —
m' = (‘I’,J',F/, A"), the following diagram commutes.

LF(A) —22 5 F(A)

ll(m) lApp(m)

]LF/(A/) Hop! F/(A/)

Proof. This follows by combining the application functor App: ABC — Ab, and
Proposition 7.12. O
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To get an ABC morphism from a general proper groupoid correspondence Q: G —
H, we use the universal crossed product because it has greater functoriality prop-
erties. However, for the Baum-Connes assembly map we use the reduced crossed
product. This is thankfully not a problem, because the reduced and universal
crossed products agree on the localising subcategory generated by proper G-C*-
algebras, so the localisations LK, (G x, A) and LK, (G x A) coincide. This also
means that any ABC spectral sequences we construct will not see the difference
between the full and reduced crossed products. We use this to our advantage, ex-
ploiting useful properties of the full crossed product in order to obtain results about

the reduced crossed product. We obtain our main corollary of Theorem 7.14:

Corollary 7.26. Let G and H be étale groupoids satisfying the Baum-Connes con-
Jecture with coefficients in C*-algebras A and B, and let (E,Q): (A,G) — (B, H) be
a separable proper correspondence. Let Fg and Fg be families of proper open sub-
groupoids of G and H respectively satisfying condition (P) such that Indg(Jx, ) C
Jr., so that we get an ABC morphism

[Indﬂ7aﬂva]: (KKij]:GvK*(G X 7)7‘4) - (KKHaj]-'HaK*(H X 7)aB)'
Suppose that for each n > 0 the derived functor map
Ln(lndQ7aQ7fE): LnK*(G X A) - LnK*(H X B)

is an isomorphism. Then K, (G x, A) =2 K, (H x, B).

This becomes much easier to apply when the groupoids have torsion-free isotropy
groups, because we may take the families F and Fg to be the singletons {GO}
and {H O}, in which case we set 33’ and jé{ to be the associated homological ideals.
When G and H are further ample, this enters the setting of Proietti and Yamashita’s
spectral sequence from [71]. This has the added advantage that the derived functors
L,K,(G x A) are given by the groupoid homology H,(G;K,(A)). In order for a
proper groupoid correspondence 2: G — H to give us an ABC morphism in this
setting, we need Indg (J57) € 3§ This turns out to be automatic because of second
countability and totally disconnectedness. This means that there is an étale section
s: Q/H — Q of the quotient map, from which we can build a proper correspondence
Q/H: G° — H" of the unit spaces, with right anchor map o o s: Q/H — H°. This

gives us a commutative diagram

KKH Indg KKG

0 0
lResg lResg

KK e, e

which implies that IndQ(jg ) C joG, Thus every proper groupoid correspondence
(E,Q): (A,G) — (B, H) gives us an ABC morphism

[IndShaQafE]: (KKGajgaK*(G X _)aA) - (KKH73(I)—IaK*(H X _)?B)'
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We want to understand the derived functor maps, and we already have a description
of the derived functors as groupoid homology in [71]. It turns out that the derived

functor maps agree with the induced map in homology from Theorem 4.32.

Proposition 7.27. Let (E,Q): (A,G) — (B, H) be a separable proper correspon-
dence of ample groupoids with C*-coefficients. Let m = [Indg, aq, fr] be the asso-
ciated ABC morphism. Then the induced map in homology H, ,(E,Q) agrees with

the derived functor application L, (m),,.

H (G K, (A) 2 PD g b K (B)

I I

Ly (m)

L,K,(Gx A) ————— L,K,(H x B)

0 0
Proof. Let P, = (Indgo ResS )"™'A and Q,, = (Indgo Restr )"*'B and consider
the 35 -projective resolutions P, — A and @, — B as in [71]. The definition of
L, (m) comes from a chain map f: P, — Indg @, over A(E): A — Indg B as

follows.

P, P,

|1 [

e Tndg Q, —— - —— Indg Q,

From this we construct the following diagram, applying K, (G x —) and aq.

i S K.(Gx P K.(Gx Py)

l quclx—) l

-—— K, (GxIndqg@,) — -+ —— K,(G x Indg Q)

| B

i —— K, (HxQ,,) K.(H % Q).

By Shapiro’s Lemma (Lemma 4.38), K,(P,) is a Coinvg-acyclic G-module. The
chain complexes K, (P,) and K, (Indg @, ) are exact because ker K, D 36; . There-

fore

- ——— K.(P,) K.(Pr)
| | |
—— K,(Indg Q,,)) —— -+ —— K,(Indg Q)
is a chain map of the form discussed in Theorem 4.32. To finish we apply Proposition
4.36 and Proposition 4.37 to see that the following diagram commutes.

(6o ®id)oK, (f,)
K*(Pn)G B ¢ K*(Qn)H

F F

In oK, (GX fy,)
K.(G x P,) — 2t K.(H % Q,)

These chain maps induce H,, ,(E,2) and L,(m), respectively, so we are done. [
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We may finally combine Corollary 7.26 and Proposition 7.27 to turn isomorphisms

in homology into isomorphisms in K-theory:

Corollary 7.28. Let (E,Q): (A,G) — (B, H) be a separable proper correspondence
of étale groupoids with C*-coefficients such that G and H are ample groupoids with
torsion-free isotropy groups satisfying the Baum-Connes conjecture with coefficients

in A and B respectively. Suppose that the induced maps in homology

are isomorphisms. Then there is an isomorphism K, (G x,. A) =2 K, (H %, B).
Without coeflicients, this says the following.

Corollary 7.29. Let G and H be second countable ample groupoids with torsion-
free isotropy groups satisfying the Baum-Connes conjecture and let Q1: G — H be
a second countable proper correspondence. Suppose that the induced map in homol-
ogy H,(Q): H(G) — H,(H) is an isomorphism. Then there is an isomorphism
K.(Cr(G)) = K.(Cr(H)).
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8. ORBIT-STABILISER K-THEORY FORMULA

This chapter is dedicated to the proof of the following theorem.

Theorem 8.1 (Orbit-stabiliser K-theory formula). Let S be a countable inverse
semigroup and let I be a countable locally finite weak semilattice, with an action
S ~ I by order-preserving bijections of down-sets. Let Y be the space of filters
on I, which inherits an action of S. Suppose that the transformation groupoid
S %Y is Hausdorff, has torsion-free isotropy groups and satisfies the Baum-Connes

conjecture. Then we have an isomorphism

(8.1) K(CHSxY) = @ K.(C;(Stab,(9))).
[ijes\1*

Let us first discuss the terms that appear in this statement. Weak semilattices are
defined by Steinberg in [81], and relate to finite alignment for left cancellative small

categories [80].

Definition 8.2 (Locally finite weak semilattice). A weak semilattice P is a poset
(with a 0 element) such that for each p,q € P, there is a finite set F' C P such
that for r € P we have r < p and r < ¢ if and only if » < f for some f € F.
In other words, the intersection of principal down-sets is a finite union of principal
down-sets. The join p | q of p and ¢ is the set of maximal elements below both p
and ¢: this must then be finite. We say that P is locally finite if the closure of any

finite subset F' C P under | remains finite.

Morally we view locally finite weak semilattices as a modest generalisation of semi-
lattices, with the join binary operation replaced by the finite-set-valued join |.
Proofs become a little more technical but not usually more difficult. As result, not
much is lost by reading this and replacing every instance of “locally finite weak
semilattice” with “semilattice”. Our motivating example comes from a higher rank
graph A, where we write p < ¢ if a path p € A extends a path ¢ € A. Finite
alignment of A says exactly that this is a weak semilattice. Here any join is a finite
set of pairwise orthogonal paths, which implies local finiteness. We now turn our

attention to the space of filters.

Definition 8.3 (Space of filters). Let I be a weak semilattice. A filter on I is a
non-empty downward directed up-set not containing 0. We equip the set I of filters

with the topology inherited from the product topology on {0, 1}1.
For each non-zero element i € I the set U, of filters containing 4 is a compact
open subset of I. This gives an open cover of I.

Now suppose we have an action S ~ I of an inverse semigroup S on a locally finite

weak semilattice I by order-preserving bijections of down-sets. This induces an
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action S ~ I of S by partial homeomorphisms in the following way. The domain
dom;sof se SisJ

the downward directed set {s-j | j € domsNa}. We may assume without loss of

icdom, s U,, and the filter s-z is given by the upward closure of
generality that each ¢ € I is in the domain of some s € S, and that therefore each

x € [ is in the domain of some s € S.

The stabiliser group Stab,(S) of an element i € I is defined as the isotropy group
of Sx I at i. This can often be viewed as a subgroup of S. Thus the right hand side
of (8.1) is the K-theory of the C*-algebra of the discrete groupoid S x I”™*. To prove
Theorem 8.1 we construct a proper groupoid correspondence : S x I* — S x Y
and prove that it induces an isomorphism in the K-theory of the C*-algebras. We

have a proper topological correspondence given by

I« | |ui—Y,
iel”
where the left map picks out the indexing element of I, and the right map includes
each U; into Y. The left map is proper because each U; is compact, and the right
map is a local homeomorphism because each U; is open. Furthermore, the inverse
semigroup S acts on |_|i6]x U, by setting s- (i,y) := (s-4,s+y) whenever ¢ € domy s
and y € domy s. Both maps in the proper topological correspondence are S-

equivariant, and we obtain a proper correspondence of groupoids

S X I* ~ Sx || U ~ SKY.
ier”
For the rest of this chapter, we set X = I, G = Sx X, H=SxY and Q =
S| ;e x Us. Our aim is to use Corollary 7.29 to show that when S'x Y has torsion-
free isotropy groups, is Hausdorff and satisfies Baum-Connes then Q: G — H

~

induces an isomorphism in K-theory C;(G) = C;(H), thus proving Theorem 8.1.

It suffices to show that 2 induces an isomorphism in homology. We may decompose
Q: G — H into the action correspondence Q: G — S x | |, U; and the étale
homomorphism S x | |,y U; — H. By combining Examples 4.33 and 4.34, we can
see that H,(Q) is induced by the chain map

Z|G"| — Z|H"]
X{v} 7 XV,
where for each v = [s,,i,,...,51,i;] € G", the compact open subset V., C H" is
given by
V, =[50, Yn>---»51,%1] | i € Yy, for each k}.
The element « is determined by s;,...,s, and the initial element i; of X, as

S) + iy = Qx4 for each k. Similarly, each element of V,, is determined by its initial
entry y;, which defines a homeomorphism V., = U; . For n = 0, we have G'=X
and V, =U; CH’ =Y.
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Proposition 8.4. For each n > 0 the map X(4y = Xy, : Z|G"] — Z[H"] is an

isomorphism.

Proof. We show that B = {xv, | 7 € G"} forms a Z-basis for ZH", and make
use of the following natural partial order on G". We define [s,,, iy, ..., 81,41] <
[tn,jn,"wtl,jl] if il < jl and [Snvina"'vslail] = [tn’inv"',tlail}' This is the

same as the partial order induced by inclusion for the compact open sets V.

To each i € I we associate a principal filter i' = {j € I | i < j}. Then for each
Y = [Spsin,...,51,01) € G" we consider the element 4 = [s,,,il,...,s,i1] € H".
The map v + 4: G™ — H" induces a linear map ZH" — C,(G",Z). The image
of B under this map is {X7¢ | v € G"}. This is linearly independent because for a
finite subset J C G", if Z'yGJ ayX b= 0 then a, = 0 for any maximal v in J (see
also [81, Corollary 6.2]).

To prove that B spans ZH", we note that {V, | v € G"} is an open cover of H",
so it suffices to span ZV,, for each v = [s,,, i, ..., 51,4]. For each j; < iy, we may
define jj ., = sy - ji, to obtain an element v' = [s,,, jn, -, 51,1] < 7. The set V.

is mapped to U; under the homeomorphism V., = U; , so we may further reduce

217
the problem to showing that {XUJ. | 7 < i} spans ZU; for each i € I. Because I
is a weak semilattice, the intersection U; N U}, can be expressed as the finite union
Uic ik Ui~ By inclusion-exclusion, we can express the product Xu,Xu, 8s a linear
combination of products of x;, for strictly smaller elements [ in the finite |-closure
of {j,k}. We may iterate this process to express the product XU, Xu, as a linear
combination of such xy,, and conclude that the span of {xUj | j < i} is closed
under products. Then we may express an arbitrary compact open V C U, as a
finite union of basis elements, which are of the form Uy, ;, =;c;, Uj NNjes, U

for finite subsets J; and J, of i*. Each Xv, . is in the span of {xy, | j < z}

1:72

because it is closed under products. By inclusion-exclusion the indicator function
Xy is also in this span. Finally, these indicators generate ZU;, so {XUj | 7 < i}
spans ZU;. ]

Proof of Theorem 8.1. We have built a proper correspondence 2: G — H which
induces an isomorphism H,(Q): H,(G) — H,(H) by Proposition 8.4. By Corol-
lary 7.29, we obtain an isomorphism K, (Cy(G)) = K,(C;(H)) in K-theory. The
groupoid G = S x I’ is discrete, so we may compute
K (CrSxI) = @ K.(C;(Stab(S))).
[ijes\I*

As H = S x I, the result follows. O

8.1. Removing the torsion-free condition. In previous versions of the orbit-
stabiliser K-theory formula [20-22,48, 64], the condition that the groupoid in ques-

tion has torsion-free isotropy groups is not needed. In our more general setting, it
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is possible to remove the torsion-free condition, and we plan to address this fully in
future work. We sketch the approach here for the rest of this chapter. For general
ample groupoids, the groupoid homology is no longer the correct thing to compare
to the K-theory groups, and should be replaced by an analogue of Bredon homology
(see [60] for the group setting) which takes into account all of the proper open sub-
groupoids. Without developing a Bredon homology for ample groupoids, we may
still use Corollary 7.26 to obtain an orbit-stabiliser K-theory formula in the setting
with torsion. Because the correspondence 2: G — H comes from an S-equivariant
topological correspondence, we may consider the families F5 and Fg of proper
open subgroupoids of G and H indexed by the family Fg of finite subgroups of
stabiliser groups of S, see Proposition 6.52. These satisfy Indg(Jz,) € J#_, so the

goal becomes to show that for each n > 0 the derived functor map
IL’n(Inan aq, fQ): ]LnK*(G X CO(X)) - ]LnK*(H X CO(Y))

is an isomorphism. Morally this should be thought of as asking for an isomorphism
in Bredon homology. Projective resolutions P, — Cy(X) and Q, — Cy(Y) can be
constructed using Theorem 6.44. The algebra P, is a direct sum over all choices
Fy, ..., F,, € Fg of finite subgroups of stabiliser groups of S. Each summand is
given by an action of the product inverse semigroup F = (F,,, E) x - - x (Fy, E) on
the space G"Jrl7 with (F, F) acting on the rightmost factor by right multiplication
and (F;, FE) acting on the (i — 1)th and ith factor by left and right multiplication
for ¢ > 1. The key fact of I we will use is that any action of F' has finite orbits.

There is a similar description for @,,, and we have

P,= @ CcFExG,
FO,...,FnGJ:S

Q.= P cFExHT,
Fy,....,F, €Fg

Taking crossed products, we may exploit Morita equivalences which arise from
G x G" ~,; G" to see that

K.(GxP)= P K(C(FxG"),

Fy,....F,eFg
K(HxQ,)= P K(C(FxH").
Fy,...,F€Fs

Now (F,,, E) just acts by left multiplication on the leftmost factor. For each n and

Ey, ... F, € Fg, there is an F-equivariant proper topological correspondence
Q" G" — H",

which together induce a chain map K, (G x P,) — K,(H x Q,). This induces the
left derived maps L, (Indg, aq, fo) in homology. It therefore suffices to show that
Q": G" — H" induces an isomorphism in K-theory K, (C*(Fx G")) = K,(C*(F x
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Proposition 8.5. The map K, (C*(FxQ")): K, (C*(FxG")) — K, (C*(FxH"))

s injective.

Proof. We consider C*(F x G") as the inductive limit of F' x Cy(J) for finite F-
invariant subsets J C G". If we suppose that K,(C*(F x Q"))(z) = 0, then there
is some J such that x € K,(F x Cy(J)). The map J — H" sending j € J to
the element } of H" as defined in Proposition 8.4 is proper and F-equivariant so

induces an F-equivariant proper correspondence n: H" — J.

G" 2, g

b

J—r—J
The resulting F-equivariant correspondence yp: J — J is given by

Je | J[liedli<j}— T
jeJ

The left map picks out the indexing element of J, and the right map includes each
component of the disjoint union into J. This is a unipotent correspondence, in
that it is the disjoint union of the identity correspondence and the F-equivariant

nilpotent correspondence v: J — J given by
J | [liedli<j}— 7,
JjeJ
which satisfies 17 = 0. It follows that K,(C*(F x p)) is an isomorphism, with

inverse

Bl
K(C (F )" = 3 (—KL(CH(F % )",
k=0
As p factors through Q" it follows from K, (C*(F x Q™))(z) = 0 that the invertible
map K, (C*(F x p)) also sends z to 0, and hence x = 0. O

Proposition 8.6. The map K, (C*(FxQ")): K, (C*(FxG")) — K, (C*(FxH"))

is surjective, and hence an isomorphism.

Proof. For each F-invariant finite subset J C G", we define D; = C*(p; | j € J) C
Co(H"), where p; = Xv, is a projection in Co(H™). This is a finite dimensional F-
invariant subalgebra. Furthermore, the inductive limit of all such D is Cy(H™). By
continuity of K-theory, lim | K, (FxDj) = K,(C*"(FxH™)), so it suffices to hit the
image of K,(F x Dj) for each J, which vanishes for * = 1. The finite dimensional
commutative C*-algebra D is the span CP; of its minimal projections p € P;
which are pairwise orthogonal and form an F-invariant set. Consider a minimal

projection p € P; in the domain of some f € F', and let

F,={feF|pedomf, f-p=p}
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be the stabiliser inverse subsemigroup of F' at p. We obtain a Morita equivalence

FxCPy~y EB F,xCp
orbpe F\P;
from which we can deduce that K(F x D ;) is generated by the groups K (F, x Cp)
for projections p € P; in each F-orbit. By minimality, each such p is below p;
for some j, € J. The poset jé U {0} is order isomorphic to a down-set in I, so it
is a locally finite weak semilattice. By the argument in Proposition 8.4 p can be
expressed uniquely as a linear combination EiGJU n;p; for a finite set J C jé . By
uniqueness, the set J; is F-invariant, and its closure JJ; under | (and 0) is a finite
F-invariant set such that D is the span of {p;: j € J;}. Consider the following

diagram of inclusions of C*-algebras.

FxD; —— C*"(Fx H")

J ]

F,xCp —— F,x D

We have reduced the problem to showing that we hit the image of K(F, x D 7)
with Ko(C™(F x Q")). The algebra D; can be identified F,-equivariantly with
Co(J1), such that p; € D, is identified with the indicator function ¢; on the
set of filters in j1 containing j. We form a Fj-equivariant proper correspondence
n: J — j1 in the same way as we did for I. We obtain a commutative diagram
of Fj-equivariant proper correspondences, which induces a commutative diagram

of proper C*-correspondences:

ar 24, gr o (Fxamy LU onp w5
~ C* ]\
Ny, F,w Co(f) — 2 B w D,

Every filter on J; is principal because J; is finite, so j +— jT: JI— j1 defines an
F,-equivariant bijection ¢: J = j1~ Then 3071 on: J — J is the unipotent
F,-equivariant topological correspondence given by
Joe | | {ie i<y — J
JeJy
It follows that K, (C*(F, xn)): K, (F,xCy(Ji")) = K,(F,x D) is invertible, and
therefore the image of the map Ky(C*(F x Q")) contains the image of the group
Ky(F, x Dy, ), and we are done. O

This proves that the derived functor maps L, (Indg, aq, fq) are isomorphisms.

Proof of Theorem 8.1 without the torsion-free assumption. As discussed, the corre-

spondence : G — H induces an ABC morphism [Indq, aq, fo] given our choice of
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families F; and Fp. The derived functor maps L, (Indq, aq, fo) are isomorphisms,
so by Corollary 7.26 we get an isomorphism K, (C,(G)) = K, (C;(H)). O
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9. APPLICATIONS

How does the orbit-stabiliser K-theory formula (Theorem 8.1) work in practice?
It calls for an inverse semigroup S and a locally finite weak semilattice I with an
action of S by order isomorphisms of down-sets. This is a bit of a mouthful, but
not much is lost by considering the special case where I = FE is the idempotent
semilattice of S, with the canonical action S ~ E. For each s € S, the domain
dompg s consists of the idempotents e € E below the domain s*s of s in the sense

that e < s™s. The action is then given by s- e := ses™.

S

The resulting groupoid G(S) = S x FE is the universal groupoid of S and when it is
Hausdorff it is a groupoid model for the reduced C*-algebra C: (.S) of S [22, Theorem
5.5.18]. The formula then says that we can compute the K-theory of C;(S) as the

direct sum

(9.1) K(C/(S)= @  K.(Ci(Stab.(S))),

orb(e)€S\E™
where Stab,(S) = {s € S| s"s = e = ss™} is the stabiliser subgroup of S at e € E.
The direct sum is taken over the orbits of the action of S restricted to the non-zero
idempotents E*. This reduces the K-theory computation to a problem for group

C*-algebras, which are trivial in many cases of interest.

Inverse semigroups can provide the dynamics for any étale groupoid and thus have
wide appeal to C*-algebraists, but when are we interested in the reduced C*-algebra
of an inverse semigroup itself? The left inverse hull I,(P) of a left cancellative
monoid P is an inverse semigroup which can be used to help us understand the
left regular C*-algebra C3(P). The reduced C*-algebra C; (I,(P)) quotients onto
C3(P), and this is an isomorphism in many cases under the independence condition
[63]. More generally, we can carry out this construction for a left cancellative
small category A to help us understand the left regular algebra C3(A). Spielberg
constructs a groupoid G (G5 in [80]) which models this algebra when it is Hausdorff
or A is finitely aligned. Li presents a transformation groupoid (I; x € in [49]) by
the left inverse hull inverse semigroup I,(A) of zigzag maps which is isomorphic to
G and models C(A) in the Hausdorff or finitely aligned setting. This extends
work of Farthing Muhly and Yeend who construct an inverse semigroup S, from a
finitely aligned higher rank graph A and use it to build a groupoid model S, x X,
for the Toeplitz algebra 7C™(A) [30].

Higher rank graphs and other left cancellative small categories which can be finitely

aligned are the inspiration for the study of a locally finite weak semilattice I and
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the resulting groupoid S x I induced by an action S~ I. In a weak semilattice, the
join operation aAb of a semilattice is replaced by a finite-set-valued join a | b, which
should be thought of as representing the union of its elements as the intersection
of a and b. Local finiteness means that the weak semilattices generated by a finite
subset under | remain finite. The principal left ideals AA in a left cancellative small
category A form a poset by containment, which means that pA < AA if there is
v € A such that p = Av. We take A to be finitely aligned, which means exactly that
the poset P, formed by adjoining 0 to the principal ideals is a weak semilattice. In
many cases local finiteness is automatic, such as for singly aligned categories or for
higher rank graphs. Filters on P, correspond to directed hereditary subsets of A,
which form the unit space X, of G, [80, Theorem 6.8]. The left inverse hull I,(A)
of zigzag maps is the inverse semigroup of partial bijections on A generated by the
left multiplication maps p — Au: s(A)A — AA. The action I,(A) ~ A by partial
bijections induces an action I,(A) ~ P, by order isomorphisms of down-sets. We
obtain an action I,(A) ~ P, which coincides with the action I; ~ € in [49]. Our
transformation groupoid I,(A) x P, is therefore isomorphic to G, and models the
left regular algebra CY(A). When A is a higher rank graph, this is the Toeplitz
algebra 7C™(A) |79, Remark 8.4].

We have three major assumptions: that the transformation groupoid S x I is Haus-

dorff, has torsion-free isotropy groups and satisfies the Baum-Connes conjecture.

Conditions for transformation groupoids to be Hausdorff are well-studied. Stein-
berg shows that Hausdorffness of the universal groupoid G(S) is equivalent to S
being a weak semilattice with its natural partial order [81], and in this case every
transformation groupoid is Hausdorff. Exel and Pardo present a condition on an
inverse semigroup action S ~ X to have a Hausdorff transformation groupoid [27].
It suffices for S to be 0-FE-unitary: any element s € S which extends a non-zero
idempotent e in the sense that se = e must itself be idempotent. In the setting
of a finitely aligned left cancellative small category A, the groupoid I,(A) x 75/\ is
Hausdorff if and only if for all A, u € A with equal range and source, there is a finite
subset A C A such that {v € A | \v = uv} = [J,c 4 @A [49, Corollary 4.2]. This is

automatic if A is right cancellative.

Many of the groupoids we are interested in have torsion-free isotropy groups.
Deaconu-Renault groupoids of rank & (see [23,73,78]) are built from k commut-
ing local homeomorphisms, and all have torsion-free isotropy groups. The groupoid
S X X, associated to a rank k graph can be viewed as a Deaconu-Renault groupoid
with the £ commuting local homeomorphisms given by shifts in the k directions of
the graph. In general, any torsion in the isotropy of S x I must come from torsion

in S by Lemma 6.51, so it is enough for each stabiliser group S, to be torsion-free.

The Baum Connes conjecture with coefficients was shown by Tu in [84] to hold

for any second countable Hausdorff groupoid with the Haagerup property, which
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is a weak version of amenability. Amenability is well-studied for groupoid models
of interesting C*-algebras, partially because it is equivalent to nuclearity of the
C*-algebra [13, Theorem 5.6.18|. Although typically it is more straightforward to
directly verify amenability of the groupoid, the nuclearity of C):(G) can be used to
deduce that G satisfies Baum-Connes. Deaconu-Renault groupoids of rank k are
always amenable [78, Lemma 3.5]. Conditions for the amenability of the universal

groupoid of an inverse semigroup are discussed in [2].

A key outcome of this work is that the inverse semigroup S need not admit an
idempotent pure partial homomorphism S — T' to a group I'. This is the case
that has been covered previously in [48] based on [20-22] and roughly this condition
says that the dynamics of S can be described using partial actions of I'. In the
setting of the inverse hull I,(P) of a left cancellative monoid P, this asks for a
group embedding P C T'. For left cancellative small categories A such as higher
rank graphs, this means there is a faithful functor A — I'. For usual graphs, the
category of paths maps faithfully to the free group on the edges, but for higher
rank graphs it is too much to ask for a faithful functor to a group, and there are

even counterexamples with a single vertex [68].

With these conditions in mind, the orbit-stabiliser K-theory formula for an inverse

semigroup is the following.

Corollary 9.1. Let S be a countable inverse semigroup such that:

e the natural order on S has the structure of a weak semilattice (e.g. if S is
0-E-unitary),

o the stabiliser subgroups Stab,(S) of idempotents e € S are torsion-free,

e and the universal groupoid G(S) satisfies Baum-Connes (e.g. if Cy(S) is

nuclear).
Then the K-theory of the reduced C*-algebras of S is described by

K(CH9) = @ K.(C(Stab.(9))).
orb(e)€S\E*

Let us return to the setting of a finitely aligned left cancellative small category A.
The non-zero elements of P, are the principal ideals {AA | A € A}. The action
of the left inverse hull I,(A) is by left multiplication and left cancellation. We get
orbits orb(AA) = {uA | 1 € As(N\)}. Two principal ideals AA and pA are in the
same orbit if and only if there is an invertible element v € A with s(v) = s(\) and
r(v) = s(u). Thus the orbits are indexed by the isomorphism classes of objects in
A. The stabiliser group of AA is isomorphic to the group of invertible elements with
range and source s()). In fact, the discrete groupoid I,(A) x P5 can be identified

with the groupoid A™ of invertible elements in A.
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In order to apply Theorem 8.1 to a finitely aligned left cancellative small category
A, we ask further that it is manageably finitely aligned, in the sense that the weak
semilattice Py U {0} of principal ideals is locally finite. Recall that this means that
each finite set of principal ideals is contained in a finite set which is closed under

J. In this setting, the orbit-stabiliser formula says:

Corollary 9.2. Let A be a countable manageably finitely aligned left cancellative

small category such that:

o for all \,p € A with equal range and source, there is a finite subset A C A
such that {v € A | A\v = pv} =J,cq @A (e.g. if A is right cancellative),

e the transformation groupoid I,(A) x 75,\ has torsion-free isotropy groups,

(e.g. if the left inverse hull I,(A) of A has torsion-free stabiliser subgroups),

e and I,(A) x Py satisfies the Baum-Connes conjecture (e.g. if Cx(A) is

nuclear).
Then the K-theory of the left reqular algebra of A is described by

K (Cx(N) = K (Cr(A7)).

Example 9.3 (Finitely aligned higher rank graph). Let d: A — N be a (countable)
k-graph. Explicitly, A is a countable category equipped with a degree functor
d: A —» N* satisfying the unique factorisation property: given A € A and m,n € NF
with d(A\) = m + n, there are unique p,v € A with A\ = pv such that d(u) = m
and d(v) = n. This implies that A is a cancellative small category. Its left regular
C*-algebra is the Toeplitz algebra TC™(A).

When k = 1, A is the category of finite paths on a directed graph, and d: A - N
measures the length of a path, so, in general, we think of an element of A as a path
and an element of A = d_l(O) as a vertex. The poset P, of principal ideals may be
identified with A itself (reverse) ordered by extension of paths: A < p if A extends
1 in the sense that A € pA. When k£ > 1, two paths A and p may have a common
extension even if neither A nor p is an extension of the other. However, the unique
factorisation property implies that any two distinct minimal common extensions
a and B of A and p are orthogonal in the sense that « and S have no common
extensions. Further suppose that A is finitely aligned: for each pair A\, u € A of
paths, the set of minimal common extensions of A and g is finite. This means
that A U {0} taken with the (reverse) extension order is a weak semilattice, and it
is automatically locally finite because minimal common extensions are orthogonal.

Thus A is a countable manageably finitely aligned cancellative small category.

The groupoid I,(A) x Ais isomorphic to the Deaconu-Renault groupoid associated
to k commuting shifts on the space A of filters on AU{0}. Tt is therefore torsion-free

and amenable, so A fits into our framework. The only invertible elements A™ are the
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vertices A’ of the graph. We recover Fletcher’s computation [32] of the K-theory
of the Toeplitz algebra TC™(A):

Ko(TC* (M) = 6P z, K, (TC*(A)) = 0.

veA®

While manageability of a finitely aligned LCSC (i.e. local finiteness of the associated
weak semilattice) might seem like a frustrating condition, we do require it.

Example 9.4 (An unmanageably finitely aligned monoid failing the K-theory for-
mula). Consider the multiplicative monoid R™ of non-zero elements in the ring
R = Z[/=3], as studied in [51, Section 6.6]. This is cancellative and commutative,
so the associated groupoid is Hausdorff and satisfies Baum-Connes. Although there
is torsion, we have explained in 8.1 that it is possible to remove the torsion-free
condition. The group of invertible elements is R* = {1}, so the orbit-stabiliser
formula would predict that the K-theory of Cx(R™) is given by K, (Cy(R")), which
is (Z*,0). However, in [51] the K-theory is computed to be (Z°,Z*). Once we have
verified that this monoid is finitely aligned, the only condition missing from R*
is manageability, so we will see that it is a necessary assumption to make. In [51]
the constructible ideals, which include all the intersections aR* N bR™ of princi-
pal ideals, are computed to be {aR* | a € R*} U {2cR | ¢ € R} U {0}. Here
R = Z[a] is the integral closure of R, with o = %(1 +1/=3). They also compute
that R = RUaR U a’R. For each ¢ € R, the constructible ideal 2¢R is therefore
a finite union of principal ideals, because 2¢, 2ca and 2ca” are all elements of R.

The monoid R™ is therefore finitely aligned.
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10. OUTLOOK

This work is a snapshot of a larger story in which many interesting questions are
as of yet unanswered. This means that there is plenty of scope for future work on

this topic.

A problem we discussed in 8.1 is removing the torsion-free condition from the orbit-
stabiliser K-theory formula (Theorem 8.1). We have sketched the approach to this,
and plan to flesh this out in future work. The derived functors which appear are
morally Bredon homology groups of ample groupoids, and this motivates a system-
atic study which develops a Bredon homology theory for ample groupoids. This
should reflect the situation for groups, where Bredon homology is done relative to
the family of all finite subgroups of a group. In the ample groupoid setting, we
want to consider the family of proper open subgroupoids, but this raises compli-
cations. First of all, this family will be uncountable, and it becomes desirable to
extract a sufficient countable subfamily - this sufficiency should be captured by
condition (P). There is much work to be done to describe how to do Bredon ho-
mology relative to this family, and how to show that this approach is independent
of the choice of family. At the end of this work, the Bredon homology of an ample
groupoid G should be closely linked with the K-theory K, (C, (G)) through the ABC
spectral sequence and Baum-Connes. In addition to the application towards the
orbit-stabiliser K-theory formula, this will allow us to study variations of the HK
conjecture and further homological dimension ideas for general ample groupoids in
the spirit of [10].

The reader familiar with the proofs of the predecessors [20-22, 48| of the orbit-
stabiliser K-theory formula might ask where the Going Down principle is hidden
in our proof. This principle is intimitely tied to the Baum-Connes conjecture. For
a group I' it says that if we have a Kasparov cycle z € KK" (A, B) and we want
to check that it induces a K-theoretic isomorphism of crossed products, it suffices
to check this for crossed products by finite subgroups. This has been extended to
the setting of étale groupoids in [8,9,11], but there is no clear way to apply this
directly to the K-theory formula in our setting. The problem is that there is no
candidate Kasparov cycle which is equivariant with respect to a single groupoid - we
instead have to consider two distinct groupoids and a correspondence between them.
Our approach is more closely tied morally to a potential Going Down principle for
inverse semigroups. The crux of our argument is an inverse semigroup equivariant
correspondence, and the relevant subobjects are the finite inverse subsemigroups,
which can even be specialised to those which are themselves finite groups. It is an
interesting problem to see if a genuine Going Down principle for inverse semigroups

can be formulated and proven along these lines.

The orbit-stabiliser K-theory formula only allows us to compute the K-theory for a

specific kind of ample groupoid. The groupoids S X Y covered can be characterised
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by an independence condition on the dynamics S ~ Y. Many of the groupoid
C*-algebras we are interested in do not come from these “independent” dynamical
systems, which almost always have non-simple C*-algebras. However, we can often
find a resolution of a C*-algebra A of interest by C*-algebras 7,, coming from such

independent dynamical systems, as is done in [50,51].
=T, == Tg—A—=0

We can compute the K-theory of each 7,, using the K-theory formula. If this
resolution is finite, we can break it down into multiple six-term exact sequences and
in principle learn a lot about the K-theory of A. This approach looks particularly
promising in the setting of Garside categories [49], with A given by the boundary
quotient C*-algebra. This covers Cuntz Krieger algebras of higher rank graphs,

C*-algebras of Artin-Tits groups and C*-algebras coming from self-similar groups.

There has been growing interest recently in non-Hausdorff étale groupoids [28,
41, 43, 62|, which arise very naturally from inverse semigroup actions. We may
conjecture that the orbit-stabiliser K-theory formula still holds in the non-Hausdorff
setting if we replace the reduced C*-algebra by the essential C*-algebra. However,
there is a lot of work to be done before we can attempt a similar approach to
this. Basic properties of non-Hausdorff groupoid equivariant KK-theory have been
developed in [52], but a triangulated category approach to Baum-Connes is yet to be
investigated. Developing a categorical approach to Baum-Connes for non-Hausdorff
étale groupoids is a worthwhile goal in its own right. A starting point for this
investigation is the Green-Julg Theorem for non-Hausdorff proper étale groupoids
(see [66]). Any successful approach to the Baum-Connes conjecture will have to
find a suitable replacement for the subgroupoid induction functors Indg: KK? —
KK® which currently rely upon the G-C*-algebra Cy(G). There is hope, because
analogues of this G-C*-algebra have been developed in the non-Hausdorff setting
in [16]. To get examples of non-Hausdorff étale groupoids satisfying Baum-Connes,
we would want to extend Tu’s approach [84] to this setting. The good news is
that correspondences of groupoids work well in the non-Hausdorff setting [3], and
ample groupoid homology is essentially unchanged. In particular, the G-module
ZG associated to the G-C*-algebra Cy(G) is a perfectly good G-module even in the
non-Hausdorff setting, making the prospect of a nice C*-algebraic replacement for

Cy (@) more promising.
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