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Abstract

Modern technologies have generated big data at an unprecedented scale and speed,
which has spurred remarkable progress in high-dimensional statistical research and
offers alternative solutions to some prominent financial research questions facing the
“curse of dimensionality”. This thesis endeavors to utilize some newly developed
statistical methods to address the “curse of dimensionality” in financial research,
while providing new perspectives on the economic and financial implications. For
instance, Chapter One of this thesis addresses the “factor zoo enigma” while taking
account of high correlations observed between factors. I introduce a newly developed
machine learning method to dissect this chaotic factor zoo: the OWL estimator, which
is not only efficient in dimension reduction but also robust with correlated variables.
Chapter Two extends the econometric theory of the OWL estimator I derived in
Chapter One, and mainly concerns the underlying statistical properties of the OWL
estimator under less restrictive conditions. Furthermore, I utilize the nodewise LASSO
technique to identify and quantify the bias in the OWL estimator and I propose the
de-biased OWL estimator before deriving its asymptotic normality property. Chapter
Three employs the OWL shrinkage method in the portfolio optimization problems, to
exploit contemporaneous relations between stocks. I also develop a flexible algorithm
which can incorporate bespoke constraints on portfolio weights should investors have
any prior information on individual stocks.

This thesis covers a broad range of research areas spanning between empirical
asset pricing and econometric inferences. It contributes to the literature concerning
high-dimensional statistics, with an emphasis on the LASSO-type estimators, while
taking account of correlated variables. It also contributes to the empirical asset pricing
literature: this thesis sheds light on new perspectives of the “factor zoo enigma”, where

the importance of factor correlations is highlighted. It also enriches the literature



pertaining to portfolio optimization problems. The OWL shrinkage method offers an
extension to the existing LASSO shrinkage method while further exploiting stocks’

contemporaneous relations.
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Introduction

Modern technologies have generated big data at an unprecedented scale and speed,
which has spurred remarkable progress in high-dimensional statistical research and
offers alternative solutions to some prominent financial research questions facing the
“curse of dimensionality”. Like many other disciplines, empirical asset pricing lit-
erature has seen an explosion of growth in factors claiming to have the explanatory
power to the cross section of the expected asset returns. Hundreds of anomaly factors
have been documented and cross-tested. However, the majority of them face intense
scrutiny for p-hacking and data-mining. Hence, the quest to find an appropriate
method to identify useful factors that drive the cross section of asset prices in high
dimensional datasets is much needed. Traditional methods such as portfolio sorting
and Fama-MacBeth regression used to find useful factors in the factor zoo suffer from
the “curse of dimensionality”. On the other hand, a new estimation method from
the machine learning literature, namely the LASSO estimator (Tibshirani, 1996) has
become a new trend in financial applications because of its efficiency in dimension re-
duction. Despite its huge success and popularity in dealing with high-dimensional big
data, the LASSO estimator is often criticized for suffering severe complications from
correlated data. Therefore, the objective of this thesis is to study high dimensional
financial problems while taking account of correlations in big data.

In Chapter One, I attempt to decipher the “factor zoo enigma” where factors are
highly correlated. I begin with a linear setup for a stochastic discount factor (SDF)
model before deriving the SDF method to estimate risk prices for factors. I show
that the SDF method and the Fama-Macbeth regression are directly related but have
different implications on redundant factors, which are defined as factors that con-
tain no pricing information but earn positive risk premiums due to the correlations

between factors. Hence, I follow Cochrane (2005) to use the SDF method to infer

12



priced factors. For estimation method, I introduce a newly developed machine learn-
ing tool, the Ordered-Weighted-LASSO (OWL) estimator, together with the SDF
method, to dissect this chaotic factor zoo. The OWL estimator achieves sparsity
shrinkage and correlation identification simultaneously. Specifically, the OWL esti-
mator encompasses the LASSO shrinkage method as a special case and thus enjoys the
sparsity shrinkage property of the LASSO estimator. On the other hand, the OWL
estimator is robust to correlated factors: highly correlated variables will be identified
during estimation and will be assigned with similar coefficients by the OWL estimator
(grouping). I also study statistical properties of the OWL estimator. First, I derive
the estimation error bound and the consistency property of the OWL estimator under
a finite number of factors. Second, I move on to derive the convergence rate of the
OWL estimator with an infinite number of factors under the Gaussian assumption
and other regularity conditions. Third, I show that by introducing a thresholded es-
timator based on the OWL estimate, it achieves consistency in model selection, i.e.
the thresholded estimator can pick the factors with non-zero risk prices as the true
ones. Fourth, I derive the grouping condition under which correlated factors will be
assigned with the same coefficients. Using simulated data, I show that the OWL esti-
mator outperforms other benchmarks such as LASSO, adaptive LASSO, Elastic Net,
and OLS estimators, particularly when factors are highly correlated. For empirical
analysis, I use granular data such as the Compustat and CRSP datasets to construct
80 anomaly factors via portfolio sorting. Similarly, I use the bi-variate sorting method
to construct thousands of test portfolios, while controlling micro stocks. The empiri-
cal results reveal some interesting findings. First, the factor loading of 80 candidate
factors exhibits high correlations, which makes the traditional Fama-MacBeth regres-
sion method ill-conditioned to estimate risk premiums. Strong correlations in factor
loading will not only result in the weak factor identification problem (Kleibergen,
2009) in Fama-MacBeth regression, but also lead to distortions in the interpretation
of redundant factors. Second, micro and small stocks have a strong impact on factors’
interpretations. Micro stocks, defined as stocks whose market capitalization is smaller
than the 20 percentile of all stocks listed in the New York Stock Exchange, comprise
less than 10% of total market capitalization but constitute 56% of all common stocks

traded on NYSE, NASDAQ and AMEX. This casts doubts on applications using in-
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dividual stocks as test assets to find factors that drive asset prices in the cross section
of the stock market. Third, the OWL estimator suggests that ‘liquidity’ related fac-
tors primarily drive asset prices, and their high correlations are also identified by
the OWL estimator. However, sub-sample estimations reveal a possible time-varying
trend in factor selections during different periods. We find that ‘profitability’ and
‘momentum’ are prominent factors driving asset prices between 1980 and 2000, while
‘liquidity’ related factors become crucial determinants of the cross section of expected
asset returns between 2001 and 2017. An out-of-sample exercise shows substantial
gains in Sharpe ratios by comparing sub-samples and the full sample. Therefore, a
theoretical extension of the OWL estimator enabling time-varying parameters would
be of great interest as a future research subject, though it is not in the scope of this
thesis. On the other hand, we also compare the Sharpe ratios of portfolios constructed
using factors selected by the OWL, LASSO, Elastic Net and Fama-MacBeth estima-
tors, and find that the factor-hedged portfolios using the OWL estimation method
yield 20% to 30% higher Sharpe ratios than other benchmarks.

In Chapter T'wo, I focus on deriving robust inferences of the OWL estimator under
less restrictive assumptions. In Chapter One, I derived the convergence rate of the
OWL estimator under the i.i.d. Gaussian assumption. Now, in Chapter Two, I impose
a less restrictive mixing condition and allow fatter tails for variables. I first derive the
estimation error bound (oracle inequality) for the OWL estimator. Then, by utilizing
a Bernstein-type inequality and some exponential inequalities studied by Dendramis
et al. (2019) under the mixing condition, I show that the oracle inequality holds with
probability tending to one if the number of factors grows to infinity. I also derive
the closed-form formula for this probability with a finite number of factors, which
reveals that both the correlation structure and tail distribution of random variables
influence this probability. For a long while, the LASSO-type estimators have been
criticized for being biased and incapable of statistical inference. Recent developments
in the nodewise LASSO technique (see Van De Geer et al. (2014) and Kock (2016) for
example) make this task possible. Chapter Two also introduces the de-biased OWL
estimator by implementing a nodewise LASSO technique to remove biases from the
OWL estimator. I first give a detailed account of identifying and quantifying the
bias of the OWL estimator. Then I derive the asymptotic normality property under
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mixing conditions for the de-biased OWL estimator, which enables inference and
testing. Using simulated data, I find that the de-biased OWL estimator can greatly
decrease the estimation error in the OWL estimate, while including the true values
in the 95% confidence interval with satisfying rates. Empirically, T use 80 factors
constructed in Chapter One to predict returns for 15 large stocks (with no missing
data) from the Dow Jones Industrial Average index. Note that this empirical analysis
is different from Chapter One, where I investigated factors that contribute to the
cross-sectional asset prices, whereas here, I implement a lagged time-series regression
to find strong predictors for each stock’s return. I find that ‘sales’ related factors are
strong predictors for many stocks. However, the results vary substantially between
different stocks.

In Chapter Three (joint work with Kazuhiro Hiraki), we focus on the portfo-
lio optimization problem. We start from a general mean-variance efficient portfolio
optimization framework and point out the challenges and remedies that have been
proposed in the literature to improve its empirical performance. This paper extends
the norm shrinkage method of DeMiguel et al. (2009a) and a VAR(1) model im-
plemented in DeMiguel et al. (2014) to catch serial correlations between stocks. We
propose a novel norm shrinkage (the OWL shrinkage) method which explicitly exploits
contemporaneous correlations between stocks. First, we derive the grouping condi-
tions (i.e. stocks will be assigned with similar portfolio weights) in relation to stocks’
contemporaneous correlations. Second, we devise an ADMM (Alternating Direction
Method of Multiplier) algorithm and tailor it to solve the optimization problem with
the OWL shrinkage method. This algorithm is flexible to incorporate bespoke bounds
constraints on portfolio weights should investors have prior beliefs about individual
stocks. Empirically, we apply the OWL shrinkage method with various constraints
on five different asset classes, including the Fama-French 25 portfolios, S&P 500 and
S&P 100 stocks with daily and monthly returns, and randomly selected 100 and 500
stocks from the CRSP dataset with daily and monthly returns. We find strong evi-
dence that the OWL shrinkage method yields very similar portfolio weights to (but
not the same as) those of the 1/N portfolio strategy (DeMiguel et al., 2009b) due to
the grouping property, but outperforms the 1/N portfolio strategy in terms of both
the Sharpe ratio and turnovers. We also find that the OWL-based portfolio strategies
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work better in asset classes where assets exhibit higher correlations (e.g. the S&P 100
stocks with monthly returns rather than the randomly selected stocks from CRSP

dataset with daily returns).

Next, I will briefly discuss how this thesis relates and contributes to a few strands
of literature. First, this thesis contributes to the rich asset pricing literature devoted
to identifying factors that drive cross-sectional asset prices. Hundreds of factors and
anomalies have been claimed to capture and explain the cross section of expected
stock returns, see Fama and French (1992, 2015), Carhart (1997), Hou et al. (2014)
for some examples of the most celebrated factors in the asset pricing literature. Har-
vey et al. (2015) document 316 factors that have been published since the CAPM of
Sharpe (1964) and Lintner (1965) in the 1960s, and find that the majority of them
face intense scrutiny for p-hacking and data-mining. Thus, they suggest raising the
bar for testing pricing factors using the t-statistic at the cutoff value of 3 instead
of 1.96. Hou et al. (2018b) replicate 447 anomaly factors and find 64% of them are
not replicable using the traditional t-statistic, and that rises to 85% if using the cut-
off t-value of 3. Traditionally, Fama-MacBeth (FM) regression (Fama and MacBeth,
1973) is employed to find factors with significant risk premiums. However, Kleibergen
(2009) shows that the FM regression suffers from multicolinearity problems and the
standard statistical inference is distorted under correlated factors. From a different
perspective, Cochrane (2005) shows that correlated factors will lead to FM regression
incapable of removing redundant factors, which contain no pricing information but
are correlated to priced factors, and thus earn positive risk premiums. Gospodinov
et al. (2014) develop a model misspecification robust test to tackle useless factors, us-
ing a step-wise test to remove useless factors one by one. Kelly et al. (2019) propose
the instrumented principal component analysis by introducing observable character-
istics as instruments for unobservable dynamic loadings. Fama and French (2018) use
Sharpe ratio and employ the Right-Hand-Side method of Barillas and Shanken (2018)
to “choose factors”. Harvey and Liu (2017) suggest a step-wise bootstrap method to
test for factors’ ability to explain stock returns. Pukthuanthong et al. (2018) propose
a protocol to select factors: all factors should be correlated with principal compo-

nents of test assets covariance matrix. However, these methods mainly concern a
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low-dimensional setting, where the number of candidate factors is (substantially) less
than the number of observations, and they pay little attention to the correlations be-
tween factors. In this thesis, I introduce a newly developed machine learning method,
the Ordered-Weighted-LASSO estimator, which is tailored to deal with high dimen-
sional problems (the number of factors can be larger than observations, if needed)
with correlated factors. To the best of my knowledge, this thesis is the first attempt
to dissect the factor zoo while taking account of the correlations between factors.
Chapter Two of this thesis is closely related to the high-dimensional economet-
ric and machine learning literature. The LASSO estimator (Tibshirani, 1996) has
long been celebrated for achieving dimension reduction within a convex optimization
problem. Many adaptations and improvements have been made to achieve various
targets. The literature about the LASSO family evolves rapidly. To name a few,
Yuan and Lin (2006) allow the LASSO estimator to shrink variables as groups by
introducing the group LASSO estimator. Zou (2006) introduces the adaptive LASSO
by adding a consistent estimate as the adaptive weight of the LASSO penalty, mak-
ing the adaptive LASSO estimator enjoy the oracle property. Zou and Hastie (2005)
combine the LASSO and Ridge shrinkage and propose the Elastic Net estimator,
which stabilizes factor selection among correlated variables. Yet it was only recently
that the bias in the LASSO-type estimators was addressed. Belloni et al. (2014) and
Van De Geer et al. (2014) propose the double-LASSO estimator and the de-sparsified
LASSO estimator which can identify and correct the bias in the LASSO estimate. In
Chapter Two, I follow the ideas of Van De Geer et al. (2014) to implement the node-
wise LASSO technique to identify and correct the bias in the OWL estimator, before
deriving the asymptotic normality property for the bias-corrected OWL estimator.
Meanwhile, researchers have been making strenuous efforts to better understand the
asymptotic properties of the LASSO estimator and have made remarkable progress
while assuming the i.i.d. process for random variables. For instance, Kock (2016)
studies the LASSO estimator for panel data and derives the oracle inequality for the
LASSO estimator under the i.i.d. sub-Gaussian assumption. In Chapter Two, I relax
the i.i.d. assumption and replace it with a less restrictive a-mixing condition. In
addition, I also relax the sub-Gaussian assumption on tail distributions of random

variables. Instead, I leave a parameter g, which controls the fatness of tail distri-
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butions, in the formula concerning the asymptotic properties of the OWL estimator.
I utilize some exponential inequality results from Dendramis et al. (2019) to derive
the oracle inequality (i.e. the upper bound of the estimation error of the OWL esti-
mator) and show that the oracle inequality holds with probability tending to one if
the number of factors grows to infinity. Meanwhile I provide a closed-form solution
for this probability when the number of factors are finite. Therefore, Chapter Two
contributes to the high-dimensional statistical literature, where the theoretical results
of LASSO-type estimators rely on less restrictive assumptions.

Chapter Three of this thesis contributes to the voluminous literature pertaining
to portfolio optimization problems. The mean-variance efficient portfolio theory put
forward by Markowitz (1952), despite its theoretical elegance, performs poorly in
empirical applications, due to the difficulties of precisely estimating two important
ingredients in the portfolio optimization problem: the expected returns and covari-
ances. Empirical applications usually use the sample analogs of these two ingredients
in practice. Michaud (1989) looks into the “Markowitz optimization enigma” and
finds that the mean variance optimization is in fact “error maximization”: the esti-
mation errors in the sample analogs are so large that they erode all the gains from
optimization. Subsequently, many researchers have attempted to mitigate the estima-
tion errors in those sample estimates of the expected returns and covariance matrix.
Ledoit and Wolf (2003) propose a shrinkage based estimation method for the covari-
ance matrix that shrinks the sample covariance matrix to a target matrix (for instance
the identity matrix), and they find substantial gains in out-of-sample Sharpe ratio of
the minimum variance portfolio. Jagannathan and Ma (2003) suggest a simple no-
short-sale constraint on all stocks and find significant improvement in out-of-sample
Sharpe ratio for the minimum variance portfolio. They argue that the no-short-sale
constraint can effectively prevent large upward biases in the sample covariance matrix.
DeMiguel et al. (2009a) consider the LASSO shrinkage method on portfolio weights
for the minimum variance portfolio and achieve competitive Sharpe ratio compared to
other benchmarks. DeMiguel et al. (2014) implement a VAR(1) model capturing se-
rial correlations between stocks and find substantial gains in Sharpe ratio. DeMiguel
et al. (2009b) compare the naive 1/N portfolio strategy with 14 other optimization-

based portfolio strategies and find superior performance in the naive diversification
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portfolio strategy. The novel portfolio optimization method in Chapter Three of this
thesis extends the work of DeMiguel et al. (2009a) and DeMiguel et al. (2014), while
the empirical results in Chapter Three relate it to DeMiguel et al. (2009b). Specifi-
cally, the OWL shrinkage method encompasses and accounts for the sparse selection
property of the LASSO shrinkage method in DeMiguel et al. (2009a). It also explicitly
exploits contemporaneous relations between stocks, which is a nice extension of the
VAR(1) method in DeMiguel et al. (2014), which however is a reduced model and
leaves the contemporaneous correlations between stocks unexplained. On the other
hand, our empirical results reveal that the OWL-based portfolio strategies yield very
similar portfolio weights to the 1/N portfolio in DeMiguel et al. (2009b) due to the
grouping property, but outperform the 1/N portfolio strategy in both Sharpe ratio
and turnovers (transaction cost). So our OWL shrinkage method for portfolio op-
timization problems complements this strand of literature and offers an alternative

interpretation for the naive 1/N portfolio strategies.
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Chapter 1

Dissecting the Factor Zoo: A
Correlation-Robust Approach

1.1 Introduction

Hundreds of anomaly variables have been proposed in the past few decades, claim-
ing explanatory power to the cross section of average returns. Yet many of them
are found spurious and not replicable, see Harvey et al. (2015), Mclean and Pontiff
(2016) and Hou et al. (2018b) for a detailed discussion. Cochrane (2011) dubs this
phenomenon the “factor zoo” and further argues that using characteristics related fac-
tors to explain the cross section of average returns is in disarray. He emphasizes the
importance of finding factors that can provide independent information about average
returns, and of distinguishing factors that can be summarized by others. Fama and
French (2008) survey empirical methods for dissecting anomalies and point out that
portfolio sorting and Fama-MacBeth regression (Fama and MacBeth, 1973) are tra-
ditionally employed to find useful factors that drive asset prices. However, in the zoo
of factors, portfolio sorting will encounter the curse of dimensionality, while Fama-
MacBeth regression will suffer from multicollinearity." Kleibergen (2009) cautions
that the estimation of risk premium that results from a Fama-MacBeth regression is
sensitive to collinearity of factor loadings. In the most recent development, a new

strand of literature using machine learning techniques to solve high dimensional fi-

'In particular, for the second stage Fama-MacBeth regression, factor correlations measured by
factor loadings are usually much higher than those measured by their time series (see Section 1.4 for
a detailed illustration).
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nancial problems attracts great attention. In particular, using the LASSO estimator
(Tibshirani, 1996) to choose factors becomes the new mainstream in finance literature.
However, it is well known that the LASSO estimator performs poorly when covariates
are correlated. Yet the mere fact that correlation prevails in the factor zoo brings
in severe complications: Kozak et al. (2020) and Figueiredo and Nowak (2016) show
that, with correlated factors, LASSO tends to yield unstable estimate and wrongly
shrink off some useful factors. Correlation in high dimensionality deepens the “factor
zoo enigma”, so Cochrane (2011) points out: “How to address these questions in the
zoo of new variables, I suspect we will have to use different methods.”

This paper introduces a newly developed machine learning tool, the Ordered-
Weighted-LASSO (OWL), to dissect this chaotic factor zoo. OWL permits correlation
among explanatory variables, which distinguishes it from standard machine learning
tools like LASSO. Factor correlations are common in high dimensional big data and
they are of great importance in financial implications. For instance, Asness et al.
(2013) find a negative correlation between ‘momentum’ and ‘value’ factors, which
leads to superior portfolio performance. Cochrane (2005) also points out that factor
correlations jeopardize the implications of using risk premiums to infer priced factors.
Cochrane (2011) shows that to determine which factors are useful in explaining the
cross section of average returns, we need to check whether expected returns line up
with the covariances of returns with factors. In other words, it is the covariance mea-
sured by factor loadings, which is typically highly correlated, that really matters to
infer priced factors. Hence, in the quest to find useful factors to explain the cross
section of average returns, factor correlations play an important role and should not
be neglected.

The main empirical question of this paper is, in the high dimensional and po-
tentially highly correlated factor zoo, how to select useful factors and disentangle
correlations between factors? OWL provides a unified solution to this question. We
first show that the OWL estimator is consistent with finite factors. Then, we allow the
number of factors to diverge and derive the convergence rate of the OWL estimator
before we devise a thresholded estimator that is consistent in model selection. We
also derive conditions under which correlated factors will be grouped together. This

allows for factor-correlation identification and sparsity shrinkage, simultaneously.

21



In a Monte Carlo experiment, we consider 90 candidate factors (K = 90) with
correlations taken into account. We compare OWL with LASSO, Elastic Net, adaptive
LASSO, and OLS estimators. We do this experiment in three settings: one with
the number of test assets marginally larger than the number of factors (N = 100);
one with a large number of test assets (N = 1000, N > K) which represents a
low-dimensional setting; and finally, one with a small number of assets (N = 70,
N < K) which represents a high-dimensional setting. In general, OWL is the best
performer, especially when factors are correlated. Adaptive LASSO performs well in
the low-dimensional setting, but performs the worst in the high-dimensional setting:
its performance depends heavily on a consistent estimator as an adaptive weight.
LASSO, on the other hand, typically performs worst, especially when factors are
correlated. LASSO estimator is severely affected by factor correlations, producing
very unstable estimation and wrongly shrinking some useful factors to zeros, which is
also pointed out by Kozak et al. (2020) and Figueiredo and Nowak (2016). Although
Elastic Net does improve on the performance of LASSO when factors are correlated,
stabilizing factor selections and reducing estimation errors, it is still substantially
outperformed by OWL. This experiment shows that in the high-dimensional factor
zoo where factors are correlated OWL is the best candidate.

Empirically, we initially consider 100 firm characteristics documented in Green
et al. (2017), using CRSP and Compustat datasets, from January 1980 to December
2017. We first construct anomaly factors of each characteristic according to Fama
and French (1992, 2015).? We obtain 80 anomaly factors. For test portfolios, we
follow suggestions of Cochrane (2011), Lewellen et al. (2010) and Feng et al. (2020)
by forming bi-variate sorted portfolios, and then combine them together as the grand
set of test portfolios.?

The empirical results complement and challenge some common stances in asset
pricing literature. First, we find moderate correlation among 80 anomaly factors,

measured by their time series. Some beta related anomalies are highly correlated with

2We first discard any characteristics having more than 40% missing data. We then use non-micro
stocks to form decile portfolios at each point of time. If at any point of time there are insufficient
stocks to form the decile portfolios, we delete the characteristic.

3For robustness check (included in the online appendix), we also consider other methods of con-
structing test portfolios while controlling for micro stocks, and we find that OWL is consistent in
picking useful factors when a reasonable number of micro stocks are removed.
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other anomalies, including accruals, profitability, volatility and liquidities.* 15% of the
correlation coefficients are higher than 0.5 (absolute value). However, that rises to 68%
when factor correlations are measured by their factor loadings. So Kleibergen (2009)
raises concerns about the multicollinearity issue for the Fama-MacBeth estimator.
Furthermore, from a different perspective, using Fama-MacBeth regression to test for
factor risk premiums when factors are correlated is ill-positioned: it is inadequate to
remove redundant factors, which contain no pricing information but earn positive risk
premiums (see Section 1.2.1 for a detailed illustration). Cochrane (2011) emphasizes
the importance of finding factors that can provide independent information about
average returns and of distinguishing from factors that can be summarized by others
(i.e., redundant factors). These alarmingly high correlations among factors echo his
concerns: in the zoo of variables, we should consider new methods.

Second, treatment of micro stocks is crucial for empirical interpretation. OWL
identifies ‘market’ as the primary factor for the cross section of asset returns. This
finding confirms the empirical evidence by Harvey and Liu (2017). However, when
micro stocks are included, the importance of the market factor plummets. Micro
stocks, although only taking up less than 10% of market capitalization, constitute
56% of all stocks in the database. That rings alarms about methodologies using
individual stocks as test assets: they may bias results because of the abundance of
small stocks and their inferiority in aggregated market capitalization. Hence, we adopt
and advocate the use of sorted and pooled portfolios as the grand set of test portfolios
as in Feng et al. (2020) while controlling micro stocks. Sorted portfolios can efficiently
avoid: 1) the “error in variable” bias; 2) missing data problems from individual stocks;
3) problems caused by inferior stocks that little represent the market but dominate
the estimation result.

Third, liquidity related factors are the main drivers of the variation of cross sec-
tional average returns. ‘Illiquidity’ (Amihud, 2002) is the most important anomaly
factor, followed by ‘standard deviation of traded dollar volume’ (Chordia et al., 2001).
Their high correlation is identified by OWL. In addition, some ‘asset growth rate’,
‘profitability’ and ‘“investment’ related factors are also significant to explain the cross

section of average returns. This finding is consistent with Hou et al. (2018a): they

4For this reason, Green et al. (2017) discard beta related anomalies in their factor library.
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add ‘asset growth rate’ in their ¢4 factor model and propose the ¢5 factor model.
Interestingly, the ‘size effect’ disappears during the 1980-2000 period, which is well
documented (Amihud, 2002; van Dijk, 2011; Asness et al., 2018). However, it be-
comes evident again after removing more small stocks (smaller than 40 percentile of
the NYSE listed), implying that the vanishing size effect is likely to be caused by
some small “junk” stocks. Once “junk” stocks are removed, the size effect resurfaces,
which echoes the discovery by Asness et al. (2018): size matters, if you control your
Junk.

Fourth, from an out-of-sample (OOS) perspective, we follow a similar procedure
to Freyberger et al. (2020) to conduct the OOS exercise to compare hedged portfo-
lios using factors selected by either the OWL, LASSO, Elastic Net or Fama-MacBeth
estimator. We find that the hedged portfolio using OWL selected factors produces
20% to 30% higher out-of-sample Sharpe ratios than other methods. Meanwhile, sub-
sample estimations reveal that liquidity related factors are particularly evident after
2000, while before that (1980 - 2000) ‘profitability’ and ‘momentum’ are the most
important factors to drive asset prices, indicating a shift in economic characteristics.
Furthermore, the Sharpe ratios rise substantially while the skewness and kurtosis of
portfolio returns are reduced greatly in sub-samples compared to the full sample es-
timation. This trend urges us to caution about a possible time-varying nature in

prominent factors that drive asset prices.

Related literature

This paper naturally builds on a series of papers devoted to identifying pricing factors.
Fama and French (1992) propose the three-factor model, consisting of a market return
factor, a size and a value factor, that achieves enormous success. Carhart (1997) adds
the momentum factor in Fama-French’s three factor model that makes it the new
standard among practitioners. Hou et al. (2014) explore the investment perspectives
and propose the ¢/ model which includes an investment factor, a profitability factor,
and a size factor along with the market factor. Fama and French (2015) develop their
own version of investment and profitability factors and expand the three-factor model
to a five-factor model. Fama and French (2018) argue that an extra ‘momentum’

factor increases Sharpe ratio according to a new test method proposed by Barillas
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and Shanken (2018), and they suggest a six-factor model. Now after over half a
century since the CAPM of Sharpe (1964) and Lintner (1965), hundreds of anomaly
factors have been proposed, claiming explanatory power to the cross section of average
returns. Harvey et al. (2015) document 316 factors and find most of them are the
result of data-snooping. Hou et al. (2018b) try to replicate 447 anomaly factors, and
find 64% to 85% of them are not replicable.

This paper also relates to a series of econometric papers devoted to asset pricing
model testing. Fama and MacBeth (1973) put forward the two-pass regression method
that has now become a standard practice in finance. Green et al. (2017) use Fama-
MacBeth regression to find significant factors for the US stock market. Lewellen
(2015) studies the cross sectional properties of return forecasts derived from the Fama-
MacBeth regression and finds that forecasts vary substantially across stocks and have
strong predictive power for actual returns. Kan and Zhang (1999) caution that the
presence of useless factors bias test results, leading to a lower than normal threshold
to accept priced factors. Gospodinov et al. (2014) develop a model misspecification
robust test to tackle spurious factors, using a step-wise test to remove useless factors
one by one. Kelly et al. (2019) propose the instrumented PCA (IPCA) analysis
by introducing observable characteristics that instrument for unobservable dynamic
loadings. Fama and French (2018) use Sharpe ratio and employ the Right-Hand-
Side method of Barillas and Shanken (2018) to “choose factors”. Harvey and Liu
(2017) suggest a step-wise bootstrap method to test for factors.” Pukthuanthong
et al. (2018) propose a protocol to select factors: all factors should be correlated with
principal components of test assets covariance matrix. However, our paper differs from
other approaches by allowing correlations among factors, which is little discussed
in the literature. The OWL estimator achieves sparsity selection and correlation
identification simultaneously.

This paper also contributes to the rapidly growing literature using machine learn-
ing techniques to solve financial problems. Tibshirani (1996) proposes the LASSO
estimator which achieves dimension reduction within a convex optimization problem.

Since then, many adaptations and improvements have been made to achieve vari-

> In Harvey and Liu (2017), at each step they pick a factor that has the best statistics (for
instance, the t-stat), then bootstrap the null hypothesis that factor has no explanatory power by
orthogonalizing asset returns with the factor.
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ous targets. The literature about the LASSO family evolves rapidly. Yuan and Lin
(2006) allow LASSO to shrink variables as groups by introducing the group LASSO.
Freyberger et al. (2020) employ the adaptive group LASSO to find pervasive factors
to explain the cross section of average returns. Zou (2006) introduces the adaptive
LASSO by adding a consistent estimator as the weight of LASSO which makes the
adaptive LASSO estimator consistent and enjoys the oracle property. Bryzgalova
(2015) modifies the adaptive LASSO using factor loadings from the first pass Fama-
MacBeth regression as the adaptive weight to estimate risk premiums in the second
pass regression. Feng et al. (2020) adopt the double selection LASSO of Belloni et al.
(2014) to “tame” the factor zoo. Fan and Li (2001) propose the smoothly clipped
absolute deviation (SCAD) estimator so that it bridges hard-thresholding and soft-
thresholding. Ando and Bai (2015) employ SCAD to find Chinese stock predictors.
Zou and Hastie (2005) combine the ¢; and ¢; norm and propose the elastic net (EN),
which stabilizes factor selection among correlated variables. Kozak et al. (2020) em-
ploy EN in a Bayesian framework and find that sparse principle components can
largely explain the cross section of the average returns. Gu et al. (2020) compare
popular machine learning techniques used in empirical asset pricing literature and
demonstrate large economic gains using regressing trees and neuron networks.
Bondell and Reich (2008) propose the octagonal shrinkage and clustering algorithm
for regression (OSCAR) that achieves clustered selection when variables are highly
correlated. Zeng and Figueiredo (2015) reveal the close connection between OWL and
OSCAR: by adopting a linear weighting scheme for w, OWL encompasses the OSCAR
regularization. Bogdan et al. (2015) study the sorted ¢; penalized estimator (SLOPE)
which is closely related to OWL. In fact, their design, before we define the weighting
vector w, is exactly the same. However, the weighting vector for SLOPE is non-linear
and they assume that all variables are not correlated before implementing the false
discovery rate (FDR) to select factors. OWL differs from SLOPE in the sense that
it permits correlations among variables and a linear w maps OWL to OSCAR, which

enables clustering identification.
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1.2 Methodology

To study which factors jointly explain the cross section of average returns, we adopt
the SDF method in Cochrane (2005). Section 1.2.1 explores the relationship between
risk price and risk premium and explains which one should be used to infer priced
factors; Section 1.2.2 points out limitations of traditional methods when facing high-
dimensionality and offers a remedy by imposing sparsity; Sections 1.2.3 and 1.2.4

introduce the OWL estimator and discuss its statistical properties.

1.2.1 Risk price or risk premium?

Let m denote the stochastic discount factor (SDF)

m =7y (L=V(f = E(f))), (1.1)

where r( is the zero beta rate which is a constant, f is a K x 1 vector of K factor
returns, which can be either traded factors or mimicking portfolio returns of non-
traded factors. bis a K x 1 vector of the SDF coefficient, referred to as the risk price;
a non-zero (zero) entry of b means the corresponding factor is (not) priced and b’ is
the transpose of vector b.

We want to draw inferences on the risk prices of factors. Finding useful factors
is the goal of this paper, that is factors with non-zero risk prices and that directly
drive the variation of SDF and contain pricing information. More specifically, they
reflect the marginal utility of factors to explain the cross-section of average returns.
Factors can also be useless or redundant. Useless factors are those whose risk prices
are zero and which are uncorrelated with other useful factors. Redundant factors
also have zero risk prices but they are correlated with some useful factors. In other
words, they can be summarized by other useful factors. Risk premium refers to the
free parameter in the second pass Fama-MacBeth regression: the first pass obtains
the factor loadings by running time-series regressions of each asset; the second pass
runs cross-sectional regressions of asset returns on factor loadings. Cochrane (2005)
shows that risk price and risk premium are directly related through the covariance

matrix of factors

A=E(f D, (1.2)
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where b is a vector of risk prices and A is a vector of risk premiums. However, they
differ substantially in their interpretation. Risk premium of a factor infers how much
an investor demands to pay for bearing the risk of the factor. Risk price implies
whether a factor is useful to explain the cross-section of average asset returns. When
factors are uncorrelated, that is, E(ff’) is a diagonal matrix. Then, b; = 0 (the '
factor is not priced) implies \; = 0 (the i* factor earns zero risk premium), and
vice verse. However, this is not true when factors are correlated: an unpriced factor
can earn positive risk premium by being correlated with a useful factor. To give an

example, suppose we have two factors f; and fs, the covariance matrix is E(ff’) =
10 1

1 10
by = 0. Then, according to (1.2), we have \; = 10 and Ay = 1. So we find that

, the first factor is priced and the second is not, that is b = 1 # 0 and

the unpriced factor f, (i.e. by = 0) earns non-zero risk premium (i.e. Ay # 0) by
simply being correlated with a useful factor f;. As discussed before, if factors are
uncorrelated it is valid to use either risk price (SDF method) or risk premium (Fama-
MacBeth regression) to select factors. However, factors are typically correlated in a
high dimensional setting, so we should use risk price to infer priced factors.

Denote by R the excess returns of a vector of N test assets. Define Y = (f', R')’, so

V Cov(R, f)
Var(Y) = ar(f) ov(R, f) , where Var(f) and Var(R) are the K x K and

Cov(R, f)  Var(R)
N x N variance-covariance matrices of factors f and test asset returns R, respectively.

Cov(R, f) is the N x K covariance matrix of returns and factors. The fundamental
asset pricing equation states that E(Rm) = 0 for any admissible SDF. However, the
fundamental equation may not hold when m is unknown and is estimated from a
model. The deviation from zero of the above equation is regarded as the pricing
error. Let m(b) denote the unknown SDF which depends on the unknown risk price

b. Pricing error e(b) can be written and simplified as

e(b) = E[Rm(b)] = E(R)E(m(b)) + Cov(R, m(b))
=1y 'B(R)EQ =V (f = E(f))) + 15 Cov(R, 1=V (f — E(f)))

(1.3)
=7y [B(R) — Cov(R, f)}]
= ral(ﬂR - Cb)7
where pug := E(R) is the N x 1 vector of the expectation of excess returns of test
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assets and C' := Cov(R, f). A quadratic form of the pricing error can be defined as

Q(b) = e(b) We(b), (1.4)

where W is a N x N weighting matrix. Then we can estimate b by minimizing Q(b):°

b = argmin Q(b) = argmin (jz — Cb)W (g — Cb), (1.5)
b b
which gives
b= (C'WC)1C'W i, (1.6)
A — 1z . . R 1z R 1z
where C' = Cov(R, f) = = > (R — fir)(fe — fif)s fiy = 7 - fr and figp = = >~ Ry.
Ti= Ti= Ti=

oo |l

t
bis an empirical estimate of b where we use sample estimates of C' and pg.” For the
weighting matrix W, Ludvigson (2013) offers two choices of W for comparing models.
First, W = E(RR’)™!, which connects Q(b) to the well known Hansen-Jagannathan
(HJ) distance. Ludvigson (2013) points out that the use of HJ distance is more
appropriate with limited asset choices (small NV, large T'), in which case the weighting
matrix E(RR')™! accounts for and offsets the variations of test assets, leading to
stable estimators. On the other hand, when test assets are prolific, Ludvigson (2013)
advocates the second choice of W: the identity matrix. She argues that using the
identity matrix does not tilt the weight to favor any subset of test assets, especially
when test assets represent particular economic interests. In our application, the test
assets consist of firm characteristic sorted portfolios, hence we do not want to tilt the

weights to favor any firm characteristics, so the identity matrix will be used as the

weighting matrix throughout this paper.

1.2.2 Challenges and/or blessings of high-dimensionality

Cochrane (2011) points out that traditional methods like portfolio sorting to identify
useful factors have fallen short in the high-dimensional world. For instance, following
Fama and French (1992, 2008) to construct 5 by 5 portfolios, and supposing there are

n characteristics, we have to sort all stocks into 5" portfolios. When n is small, say

6Since o in (1.3) is a constant, it can be dropped out in the minimization problem.
"Note that in Section 1.2.4, the statistical properties of b are built upon assumptions on C and

ur- In order to have consistent estimator for ZA), we need to impose an additional condition that
T > N and T > K to ensure consistent estimates of C' and jig.
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n = 2, it is handy to sort portfolios and check the marginal distribution of returns
on each characteristic. However, when n is large, for instance n = 10, it is infeasible
to sort stocks into 5'° ~ 9.8 million portfolios. Yet, there are hundreds of anomaly
based factors having been proposed in empirical asset pricing literature, see Harvey
et al. (2015) and Hou et al. (2018b) for examples. For the Fama-MacBeth regression
method, there are several complications too. First, K is likely to diverge (K > N)
in the high-dimensional world, in which case the Fama-MacBeth regression becomes
infeasible. Second, variables are likely correlated under high-dimensionality. As dis-
cussed in Section 1.2.1, when factors are correlated, unpriced factors can earn positive
risk premiums if they are correlated with priced factors. In this case, Fama-MacBeth
regression is likely to pick up redundant factors. Third, Kleibergen (2009) cautions
that the second pass Fama-MacBeth regression faces the weak factor identification
problem when factors are correlated.

Nonetheless, empirical finance research has demonstrated strong evidence that
many of those proposed factors are actually useless or redundant. Thus, the sparsity
assumption which originates from the machine learning literature becomes a useful
tool to handle these problems. Approximate sparsity assumes that for K candidate
factors, there are at most S of them which are useful ( S < K) while the exact number
and location of these useful factors need not to be known ex ante. Tibshirani (1996)
proposed the LASSO estimator which is a milestone in achieving sparsity within a
convex optimization problem and subsequently has been widely used to solve high
dimensional financial problems, see Chinco et al. (2019) for example. However, the
LASSO estimator is also well known for its poor performance when covariates are
correlated. Kozak et al. (2020), Figueiredo and Nowak (2016) and Zou and Hastie
(2005) have demonstrated that when factors are correlated, the LASSO estimator is
unstable and wrongly shrinks some useful factors to zeros.

To circumvent the curse of dimensionality while taking account of factor correla-
tions, we introduce a newly developed machine learning tool, the Ordered-Weighted-
LASSO (OWL) estimator (Figueiredo and Nowak, 2016), which explicitly allows for

factor correlations.
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1.2.3 The Ordered-Weighted-LASSO (OWL) estimator

The OWL estimator is achieved by adding a penalty term in equation (1.5)%

b= argmin J (i — OO (e — CB) + ), Qu(®) =/pl,, (17
b

where [b]; := (|b|p), |blj2); - -+ 5 [blix))" and [b|) > bl = -+ > |b|x), is a vector of
the absolute values of risk prices, decreasingly ordered by their magnitude. w is a

pre-specified K x 1 weighting vector, defined as
wi:>\1+<K—i>/\2, Z':]_,‘..,K, (18)

where A\; and Ay are two tuning parameters. In order to solve (1.7), we use the
proximal gradient descent algorithm. More details about this algorithm are included
in the Online appendix. The OWL estimator is sensitive to the choice of the weighting
vector w. So finding appropriate values for tuning parameters A; and Ay, which pin
down the weighting vector, is crucial. Following the machine learning literature, we

use a five-fold cross-validation method to find tuning parameters.’

1.2.4 Statistical properties

This section discusses the statistical properties of the OWL estimator. We first show
that, with some regularity conditions, when the number of factors K is finite, the
OWL estimator is consistent. Then we allow K to go to infinity and, with the spar-
sity assumption and restricted eigenvalue condition, we derive the convergence rate of
the OWL estimator, and hence the conditions for consistent OWL estimation. Next,
we devise a thresholded estimator based on the OWL estimate that can achieve con-
sistency in model selection. Finally, we derive the grouping condition under which

two correlated factors will be grouped together.

8We use the identity matrix for the weighting matrix W.

9 Given the grid values of A; and A, at each point on the grid, we first divide the sample into five
equal parts in their time series dimension. We use four parts (training sample) to estimate the model
with OWL. After obtaining the estimated model, we forecast the returns of the fifth part (testing
sample), and compute the root of mean squared forecast error (RMSE). We then repeat the same
procedure five times by rotating the training samples and testing samples, and compute the average
RMSE for this point on the grid. Tuning parameters are determined by the smallest average RMSE
on the grid.

In practice, once the tuning parameters are in a suitable region, the model selection is stable. In
the empirical analysis, this region for tuning parameters is between 10~7 and 1076,
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Suppose that
pr = Cb +e, (1.9)

where € is the pricing error from (1.3) after scaling a constant r;*. Then (1.7) can be

written as!'’
1 1 &
b=argmin  llur — Cbll; + 5 Z_; AL+ Ao (K = i)][bl, (1.10)

wherelb|;; is the i element of [, := (|b]f), [bliz, -+, |blix)) and [y > |blig > ... >

|b|(x). In order to derive the next theorem, we make the following assumptions.

Assumption 1.2.1 (Gram matrix). The N x K covariance matriz of returns and
c'c

factors C' is normalized, such that S =

f]jyj =1, forallje{1,.., K}.

—p 2, where X is a full rank matriz,

Assumption 1.2.1 requires a full rank Gram matrix 32, which restricts applications
to a low dimensional case where the number of factors K is smaller than the number
of assets N. Theorem 1.2.1 below is built on Assumption 1.2.1, which delivers the

consistency property of the OWL estimator in a typical low dimensional case (K < N).

Assumption 1.2.2 (Normality). Suppose that € in (1.9) follows a normal distribution
such that € ~ i.i.d. N(0,I0?), and E(¢CU)) =0, where CY) is the j*" column of C.

The ¢.7.d. normal assumption imposed on € is for the sake of obtaining the prob-
ability measures in (1.11) and (1.14). We recognize that this assumption is rather
restrictive and we leave it as a further research agenda which we could explore under

a—mixing condition (weak correlation) and fat tails.

Theorem 1.2.1 (Consistency of OWL). Let Assumptions 1.2.1 and 1.2.2 be satisfied.

[t? 4 2log K A
Suppose that t > 0, N =20 +—N0g =o0(1), A\ and Ay are such that Wl >
Ao, AN =o0(N) and My =o0(N). Then with probability at least

t2
p= 1—26Xp(—§), (1.11)

10Note that the scaler “2” on the second term of (1.10) is dropped because it is negligible when

: A1 o log K
tuning parameter & =< 7

, which will be introduced in the next theorem.
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the estimator b satisfies

(b—b2)S(b—1") < ()\0 put AQZ\([K — 1)) 1169 1. (1.12)

In addition, if K is fized, t — oo, and N — oo, then

16— b°)|5 — 0.

Proof: see Appendiz 1.A.1.1.

Theorem 1.2.1 shows the consistency of the OWL estimator when K is finite
and offers an upper bound in (1.12) of the estimation error of the OWL estimator
(b—bOYS(b — b°) . Tt is derived in a low dimensional setting where the number of
factors is small while the number of observable assets is large (K < N).

Next, we consider the high dimensional setting, where we allow the number of
factors K to grow to infinity. Then we derive the convergence rate of the OWL esti-
mator and the conditions for consistent estimation. With K > N, the Gram matrix

> will be singular. In order to derive the convergence rate, we impose Assumptions

1.2.3 and 1.2.4.

Assumption 1.2.3 (Sparsity). Denote by S the number of non-zero parameters in
log K
b = {09,09,--- ,b%}. We assume that Sy/ Of;\[ = o(1) when N, K — 0.
Let sy denote a subset, s C {1,---, K}, and |so| the cardinality of sy,. For
b={b1, - b} € R¥, denote by, := bi1{i € so,i = 1,--- , K}, bye := b1{i ¢ 50,1 =
L,---,K}. Then b= by, + bse.

Assumption 1.2.4 (Restricted eigenvalue condition, Bickel et al. (2009)). For all b

such that [|bsg||1 < 3[|bs, |]1, S satisfies the restricted eigenvalue condition

b'3b
¢?:= min min 5> 0. (1.13)
soC{l, K} berM\{0} ||bsol]3
|so| <K [165¢ 111 <3l[bsgI1

The restricted eigenvalue condition implies the compatibility condition in Buhlmann
and Van de Geer (2011) (pp. 106), which is the key requirement to establish Theorem
1.2.2 below. See the online Appendix for the motivation and the derivation of the

compatibility condition.
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Theorem 1.2.2 (Convergence rate of OWL). Let Assumptions 1.2.2, 1.2.3 and 1.2./

[t? 4+ 2log K A
be satisfied. Suppose thatt > 0, \g = 20 % = o(1) and let Nl = 2\g.

Then with probability at least

2

t
p=1-— Qexp(—g), (1.14)
l;satisﬁes
~ A ALz Ap S A
_ 10y _ 30 2p 011, < 4(2\2 2 2 _ o, . )
(b= 1S — ) + b =¥l 4G5 22 - DIl (119
Slog K
In addition, if As = O( (;? ), then
~ log K - Slog K
—_ 1Ol = 1Ol —
=1l =05\ 52), -1l =0(/7E%).  (L16)

Proof: see Appendiz 1.A.1.2.

Theorem 1.2.2 establishes the convergence rate of the OWL estimator in a high
dimensional setting, where both K and /N go to infinity. Following a similar argument
from Kock and Callot (2015), by utilizing the /., bound and the convergence rate we
can introduce a thresholded estimator b that is consistent in model selection. From

(1.16), we obtain
Slog K

16—l < [Ib =]z < © N

with probability close to one by selecting a constant C' sufficiently large. Given the

OWL estimator 13, we define the thresholded estimator b as

by if |b| = H,
b, = A (1.17)
0 if |bj| < H,

where H is the hard thresholding parameter. We set

Slog K
N )

H=c (1.18)

where ¢ > 0 is any positive fixed constant. Recall that by Assumption 1.2.3, \/(log K)/N =

o(1), so H = o(1). In the following theorem we show that estimator b is a consistent
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estimator of 1° and can select the true non-zero coefficients of factors with probability

tending to one. We assume that K — oo and b° has property

K o)
18013 = (09> = Y (1)) < o0, as K — oc. (1.19)

j=1 j=1

Theorem 1.2.3 (Consistency of model selection by thresholding). Let Assumptions
1.2.2, 1.2.3 and 1.2.] be satisfied and (1.19) holds. Then the following is true.

(a) The thresholded estimator b computed with H, (1.18), has property

b — %]y = 0,(1), as N — oo. (1.20)

(b) b has property

P(b; =0,j € {k:0) =0}) =1, as N — oc. (1.21)

(c) For any &, — oo such that £, H = o(1),

P(b; # 0,5 € {k: 1| > &HY) =1, as N — oo. (1.22)

Proof: see Appendix 1.A.1.3.

Theorem 1.2.3 shows that thresholded estimator b offers a theoretical foundation
for consistency in model selection, in which b will select the true useful factors as non-
zeros while shrinking off all useless factors, with probability tending to one. However,
finding a suitable threshold H is an empirically challenging problem, especially in
small samples and this task is beyond the scope of this paper. After all, the goal of
this paper is not to find a new parsimonious asset pricing model, but to identify a set
of useful (and potentially highly correlated) factors that drive asset prices.

Next, we investigate the grouping condition under which correlated factors will be

grouped together, i.e. assigning similar values to the coefficients of correlated factors.

Theorem 1.2.4 (Grouping). Let f; and f; be the i'" and j™ factor returns (both of
size T'x1). b; and ZA)j are OWL estimates of risk prices of factori and j. Let o(f;— f;)

denote the standard deviation of the vector f; — f;, and ug, or be the N x 1 vectors
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collecting the mean and standard deviation of N test assets. If

A

lperll2 llorll2’

o(fi—fj) <

~

then bz = l;j.
Proof: see Appendix 1.A.1./.

Corollary 1.2.1. Let f;, f, X2, ur, or be the same as in Theorem 1.2.4. If

A

lrerll2 llowll2’

o(fi+ fj) <

~ A~

then bz = —bj.
Proof: see Appendix 1.A.1.5.

Theorem 1.2.4 has several implications. First, when factors are highly correlated
(i.e. o(fi — f;) is small) they are more likely to be grouped together (i.e. receive
similar coefficients, b; & I;j): two factors exhibiting high correlation could be the
result of the same unobservable underlying factor that dictates these observable factors
simultaneously. Thus, they should share similar magnitude in explaining asset returns
which are driven by the same unobservable underlying factor. Second, the hyper
parameter Ag in (1.8) has direct impact on factor grouping: large s encourages
grouping.!' Third, the mean (ur) and standard deviation (og) of test assets affect
the grouping property. A set of less informative assets (small pug and/or small og)
will result in factor grouping: weak factors are equally inadequate to explain a set of
less informative test assets. Corollary 1.2.1 shows that the OWL estimator can also
group negatively correlated factors and assign opposite signs to those factors.

Theorem 1.2.1 and Theorem 1.2.2 establish the consistency property of the OWL
estimator under some regularity conditions and Theorem 1.2.3 establishes the theoret-
ical foundation that a thresholded estimator based on the OWL estimator can achieve
consistency in model selection. Theorem 1.2.4 shows that the OWL estimator per-
mits correlations among factors and can group correlated factors, which distinguishes

it from the LASSO estimator that suffers severely from correlated variables.

11 A geometric interpretation of the OWL norm is included in the online appendix, and more
details about how \q affects the grouping property can be found in Zeng and Figueiredo (2015).
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1.3 Simulation

This section studies the performance of the OWL estimator together with other bench-

mark estimators in various Monte Carlo simulation experiments.

1.3.1 Simulation design

In our experiment, consider K candidate factors, 2K /3 of them are useful factors, that
is they are priced (b # 0), and K /3 of them are useless or redundant factors (b = 0).
Within these useful factors, K/3 are highly correlated, and K/3 are uncorrelated.
Let p denote the K x K correlation coefficient matrix of C' (N x K) defined in
(1.3). We suppose that py, pa, p3 € (—1,1) and p is divided into 3 blocks such that:

1 p1 1 . P2 1 P3
bky = ; Dk = Do ks =
P1 1 P2 - 1 P3 1
K/3 K/3 K/3
and
bk, O
p= bk

O bks

In the block bk; (block 1) the diagonal elements are ones and off-diagonal elements
are pi; similarly for the block bky and bks where off-diagonal elements are ps and ps,
respectively. These three blocks constitute the diagonal direction of matrix p, and
elsewhere p is filled with zeros. This setting allows three blocks of factors. Within
each block, factors are correlated with a correlation coefficient py, ps or ps, but factors
in different blocks are uncorrelated.

We first set the values of p;, ps and p3, and then randomly generate an N x K
matrix C, denoted as simC, which has the correlation coefficient matrix of p.'? We
further set an oracle value for b (risk price). Then we simulate the cross section of

average returns as ur = simC % b + e, where e is a pricing error vector, with the

12T particular, we first randomly generate an N x K matrix where each column follows a standard
normal distribution. Then multiply it with the Cholesky decomposition of p.
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scale about 10% of simC', i.e. e ~ N(0,0.01). Finally, we estimate risk price with
simulated data simC and pgr using OWL, LASSO, adaptive LASSO, Elastic Net, and
naive OLS estimators.'® Then we compare these estimators with the pre-specified

oracle value of b.

1.3.2 Simulation results

In the first experiment, we consider 90 candidate factors (K = 90). 30 of them
(block 1) are useful factors which are also highly correlated (b # 0, p; = 0.9); 30
of them (block 2) are useless/redundant factors, which are also highly correlated
(b =0, po = 0.9); and 30 of them (block 3) are useful factors but not correlated
(b#0, ps =0). There are 100 test assets (N = 100).

Figure 1.1 reports the plot of the OWL estimator over 90 factors along with other
benchmarks and the oracle value (black). The upper left panel displays the plots of
estimated SDF coefficients for all factors. The remaining three panels display the
detailed plot of estimates for each of these three blocks of factors. The upper right
panel displays the plot of all estimates of useful factors that are highly correlated. In
the presence of high correlation, the LASSO estimator performs poorly with highest
estimation errors. Adaptive LASSO is strongly governed by the adaptive weights and
is set to be the OLS estimate. So adaptive LASSO exhibits very similar behaviour
to the OLS estimator. Elastic Net, as a hybrid estimator between LASSO and Ridge
regression, is designed to stabilize LASSO selections in the presence of correlation.
Although Elastic Net does improve the performance of LASSO in the context of cor-
related factors, it is still substantially outperformed by OWL. OWL produces the
smallest estimation error and is the only estimator that groups together highly cor-
related variables by assigning them with similar coefficients. The bottom left panel
displays the plot of all estimates of useless/redundant factors which are highly corre-
lated. In terms of shrinking off useless/redundant factors, LASSO, EN, and OWL all
perform well: they set most useless factors to zeros. By contrast, adaptive LASSO
is affected by the adaptive weights (i.e., the OLS estimate) and fails to set many
useless/redundant factors to zeros. The bottom right panel displays the plot of all

13See the online Appendix for an introduction to LASSO, adaptive LASSO, and Elastic Net (EN)
estimators. OLS estimator is only included if N > K.
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SDF coefficents

This figure reports the values of the OWL estimator over 90 factors along with other benchmarks
and the oracle value (black). There are 100 test assets, 90 candidate factors, which are divided into 3
equal blocks, where correlation coefficients of factors within each block are p; = 0.9, po = 0.9, p3 = 0.
The upper left panel displays the plot of estimated SDF coefficients for all factors. The remaining
three panels are detailed plots of estimates for each of these three blocks of factors. The upper right
panel displays the plot of all estimates of useful factors that are highly correlated. The bottom left
panel displays the plot of all estimates of useless/redundant factors. The bottom right panel displays
the plot of all estimates of useful factors that are not correlated. In each plot, OWL estimator is
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Figure 1.1. Estimation of SDF coefficients: N = 100, K = 90

displayed along with LASSO, adaptive LASSO, Elastic Net, and naive OLS estimator.
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estimates of useful factors which are not correlated. Again, LASSO and Elastic Net
are the worst performers, yielding the largest estimation errors. Also note that in
the uncorrelated setting Elastic Net performs similarly to LASSO. In the ideal world
where factors are uncorrelated, OLS and adaptive LASSO are the best performers,
which is tightly followed by OWL. Note that OWL, LASSO and Elastic Net are biased
towards zero, which is typically observed for shrinkage-estimators in small samples.

For the robustness check of this experiment, we repeat the simulation multiple
times and report the deviation of each estimator from the oracle values. Because of
limited display space, we put the robustness check in Appendix 1.A 4.

In the second experiment, there are 1000 test assets (N = 1000, N > K) and
everything else is the same as in the first experiment. This setting typically represents
a low-dimensional world.

Figure 1.2 reports the plot of estimated SDF coefficients using OWL and other
benchmarks with 1000 test assets. When test assets are abundant, all shrinkage
based estimators do a good job to shrink off useless/redundant factors. Adaptive
LASSO performs the best at estimating uncorrelated factors: governed by the OLS
weights, it is the only unbiased estimator among shrinkage based estimators. LASSO
and Elastic Net produce the most biased estimators among all benchmarks. With
highly correlated useful factors, OWL produces the most accurate estimation. With
uncorrelated factors, OLS and adaptive LASSO are undoubtedly the best estimators,
followed closely by OWL. For that reason, adaptive LASSO would be a good estimator
in a low dimensional world where N > K. However, in a world of many factors, where
K > N, OLS will be infeasible, hence the adaptive LASSO using OLS weighting is
also improbable.

In the third experiment, there are 70 test assets (N = 70, N < K), everything else
is the same as in the first two experiments. This setting represents a high-dimensional
world, where the number of factors is greater than the number of test assets.

Figure 1.3 reports estimation results of each method along with the oracle value.
Once K > N the naive OLS estimator becomes infeasible, thus we remove it from
the benchmarks. Meanwhile, we use the LASSO estimate as the adaptive weight for
adaptive LASSO estimator. As for useless factors, all machine learning methods do a

good job to shrink most useless factors to zeros. For the highly correlated useful factors
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OWL is still the best estimator, producing the smallest estimation error, while LASSO
and adaptive LASSO are the worst performers producing very volatile estimates and
wrongly shrinking many useful factors to zero. Interestingly, we find that Elastic Net
performs significantly better compared to LASSO. However, despite this, Elastic Net
is still substantially outperformed by OWL. For the useful factors (both correlated and
uncorrelated), adaptive LASSO, using the LASSO estimate as the adaptive weight,
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Figure 1.2. Estimation of SDF coefficients: N = 1000, K = 90
This figure reports the plot of the values of the OWL estimator along with other benchmark estima-
tors. The number of assets is 1000. The rest are the same as in the first experiment in Figure 1.1.

performs the worst. The adaptive weight exacerbates the estimation severely.
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Figure 1.3. Estimation of SDF coefficients: N = 70, K’ = 90
This figure reports the plot of the values of the OWL estimator along with other benchmark estima-
tors. Adaptive LASSO is using the LASSO estimate as its adaptive weight. The number of assets is

70. The rest are the same with the first experiment in Figure 1.1.

These three experiments confirm that the LASSO estimator performs poorly when
factors are correlated. Elastic Net does improve the performance of LASSO under
such circumstance, however, it is still substantially outperformed by the OWL estima-
tor, which makes the OWL estimator the best candidate when factors are correlated.
Adaptive LASSO is a good choice in a low-dimensional setting where N > K; how-
ever, it performs the worst in a high-dimensional setting where K > N (i.e., the OLS

estimate becomes infeasible).
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1.4 Empirical analysis

This section applies the OWL estimator while using the SDF method to find useful
factors among 80 anomaly factors that drive the cross section of average returns in
stock market. We first introduce the datasets, followed by a detailed account of the
construction of anomaly factors and test portfolios. We consider both value weighted
and equal weighted methods, controlling micro stocks. We construct pooled bi-variate

sorted portfolios as test assets following a similar method to Feng et al. (2020).

1.4.1 Data

We use the U.S. stock data from the Center for Research in Security Prices (CRSP)
and Compustat database'* to construct anomaly variables and test portfolios. The
period spans from January 1980 to December 2017, totalling 456 months on all NYSE,
AMEX and NASDAQ listed common stocks. Risk-free rate and market excess returns
are downloaded from Kenneth French’s on-line data library. All anomaly variables

are demeaned and scaled to have the same standard deviation with the market factor.

1.4.2 Constructing the anomaly factors

We consider 100 firm characteristics described in Green et al. (2017),"> while deleting
characteristics that have more than 40% missing data. Then, for each remaining
characteristic, we sort stocks into decile portfolios at each month using uni-variate
sorting. Micro stocks, defined as having market capitalization smaller than the 20
percentile of NYSE listed stocks, are removed. Although micro stocks only account
for less than 10% of aggregated market capitalisation, they constitute about 56% of
all stocks in the database, implying that small stocks would distort the interpretation
of the aggregated market capitalization if not removed, also see Hou et al. (2014) and
Fama and French (2015). Then, anomaly factors are computed as the spread returns
between the top and the bottom decile portfolios. Characteristics having insufficient
data to construct decile portfolios at every month will be dropped. Note that the

sorting is always from high to low according to characteristics, and the anomaly

MCRSP and Compustat data are downloaded from the Wharton Research Data Services.
15We are grateful to Jeremiah Green for providing SAS code to compute firm characteristics.
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variables are top decile return minus the bottom decile return. That will end up

with some slight difference with some familiar notations. For instance, the famous

size factor ‘small-minus-big’ in our factor library would be ‘big-minus-small’; however,

they are essentially the same after giving a negative sign. In estimation, we only care

about the coefficient magnitude. The interpretation of the sign of coefficients should

be looked at together with the sorting order when forming anomaly variables. Overall,

we obtain 80 anomaly factors which are listed in Table 1.1. See Green et al. (2017)

for a detailed description of each characteristic.

Table 1.1. Anomaly factors

Abbreviation Firm Characteristics Abbreviation Firm Characteristics

’absacc’ absolute accruals ‘momlm’ 1 month momentum

‘acc’ working capital accruals ‘mom36m’ 36 month momentum

“aeavol’ abnormal earnings announcement volume  ’mom6m’ 6 month momentum

‘agr’ asset growth ‘ms’ financial statement score

"baspread’ bid-ask spread ‘mve’ size

"beta’ beta ‘mve_ia’ industry adjusted size

"betasq’ beta squared nincr’ number of earnings increases

"bm’ book-to-market ’operprof’ operating profitability

’bm_ia’ industry adjusted book-to-market 'pcheapx_ia’ i.a. %change in capital expenditures
’cash’ cash holding 'pcheurrat’ % change in current ratio

’cashdebt’ cash flow to debt 'pchdepr’ % change in depreciation

’cashpr’ cash productivity 'pchgm pchsale’ % change in gross margin - %change in sales
‘cfp’ cash flow to price ratio 'pchquick’ %change in quick ratio

’cfp_ia’ industry adjusted cfp ’pchsale pchinvt’ % change in sale - % change in inventory
’chatoia’ industry adjusted change in asset turnover ’pchsale_pchrect’” % change in sale - % change in A/R
’chesho’ change in share outstanding ‘pchsale_pchxsga’ % change in sale - % change in SG&A
’chempia’ industry adjusted change in employees "pchsaleinv’ % change in sales-to-inventory
’chinv’ change in inventory "pctacc’ percent accruals

’chmom’ change in 6-month momentum 'pricedelay’ price delay

’chpmia’ industry adjusted change in profit margin  ’ps’ financial statement score

’chtx’ change in tax expense ‘quick’ quick ratio

’cinvest’ corporate investment retvol’ return volatility

currat’ current ratio roaq’ return on assets

’depr’ depreciation roavol’ earning volatility

’dolvol’ dollar trading volume roeq’ return on equity

dy’ dividend to price roic’ return on invested capital

‘ear’ earnings announcement return rsup’ revenue surprise

‘egr’ growth in common shareholder equity ’salecash’ sales to cash

‘ep’ earnings to price ’saleinv’ sales to inventory

‘gma’ gross profitability ’salerec’ sales to receivables

‘greapx’ growth in capital expenditure ’sgr’ sales growth

’grltnoa’ growth in long term net operating assets sp’ sales to price

“hire’ employee growth rate ’std_dolvol’ volatility of liquidity (dollar trading volume)
’idiovol’ idiosyncratic return volatility ’std_turn’ volatility of liquidity (share turnover)
il illiquidity ’stdacc’ accrual volatility

’invest’ capital expenditure and inventory ’stdctf’ cash flow volatility

lev’ leverage tang’ debt capacity/firm tangibility

1gr’ growth in long term debt tb’ Tax income to book income

‘maxret’ max daily return turn’ share turnover

‘'mom12m’ 12 month momentum ’zerotrade’ zero trading days

Note: this table lists all 80 factors considered in our factor library. The abbreviation is consistent

with Green et al. (2017). For a more detailed description of each factor, including the original paper

where it is proposed, please refer to Green et al. (2017).

Figure 1.4a displays the heat map of factor correlation coefficients matrix mea-
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(a) Factor correlation measured by time series (b) Factor correlation measured by factor loadings

Figure 1.4. Factor correlation coefficients
This heat map displays the matrix of correlation coefficients of all 80 anomaly factors. Dark red
and deep blue colors signal high correlation (positive or negative) while light colours indicate low
correlation. There are N test assets and K factors, each asset/factor has T time series observations.
“Factor correlation measured by time series” means the correlation coefficients matrix is computed
through the T' x K factor time series data. “Factor correlation measured by factor loadings” means
the correlation coefficients matrix is computed through the N x K factor loadings after the first

stage of Fama-MacBeth regression.

sured by their time series.'® It suggests that 16% of factors exhibit correlation co-
efficients (absolute value) greater than 0.5. In particular, ‘beta’ related factors are
highly correlated with ‘liquidity’, ‘profitability’, ‘investment’, and other factors. For
that reason, Green et al. (2017) exclude ‘beta’ related factors in the factor zoo. Fig-
ure 1.4b displays the heat map of factor correlation coefficients matrix measured by
factor loadings. It exhibits much higher correlation compared to Figure 1.4a: 64%
correlation coefficients (absolute value) are greater than 0.5, implying serious mul-
ticollinearity issue if the standard Fama-MacBeth regression is employed. Cochrane
(2011) points out that we need to find whether expected returns line up with covari-
ances of returns with factors, implying that correlation measured by factor loadings

really matters for inferring priced factors.

16 “Factor correlation measured by time series” means the correlation coefficients matrix is com-
puted through the T' x K factor time series data. “Factor correlation measured by factor loadings”
means the correlation coefficients matrix is computed through the NV x K factor loadings after the
first stage of Fama-MacBeth regression.
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1.4.3 Bi-variate sorted portfolios as test assets

Regarding test assets, there is a debate in the literature about using either individ-
ual stocks or sorted portfolios as test assets. Harvey and Liu (2017) use individual
stocks with bootstrap method to test for predictability of anomaly factors, and they
find that only two or three anomaly factors can significantly predict asset returns.
Lewellen (2015) employed Fama-MacBeth to test for anomaly factors with individual
stocks. However, others argue that individual stocks will introduce errors in variables
(EIV). When regression is made on estimated variables, i.e. factor loadings, the pre-
estimated factor loadings would incur estimation errors. Shanken (1992) modified the
estimator by introducing the “Shanken’s correction” term to mitigate EIV. However,
others argue that “Shanken’s correction” is minimal in small samples. On the other
hand, Fama and French (2008), Hou et al. (2014), Feng et al. (2020) advocate sorted
portfolios as test assets. Individual stocks are usually noisy and exhibit outliers, which
are the main source of EIV. Sorted portfolios are (weighted) mean returns of a group
of stocks sharing some similar characteristics, which would mitigate the EIV problem.
Hence, using sorted portfolios as test assets is an alternative (arguably better) way
to avoid EIV.

Yet the biggest drawbacks of using individual stocks stem from missing data and
micro stocks. It is inevitable, over a long period, to have new firms entering and old
firms exiting, and that will continually result in missing data. Discontinuity of data
leads to imprecise estimation of the covariance matrix of returns and factors, which
is essential for factor inference. On the other hand, sorted portfolios are constructed
at each point of time while sorting (possibly varying) stocks that share similar char-
acteristics into portfolios, guaranteeing that they are immune to the missing data
problem.

Micro stocks bring up another concern of using individual stocks as test assets.
Small stocks take up the majority of all stocks, while only a few big stocks constitute
a large share of total market capitalization. If individual stocks are used to gauge
factor impact, it is inevitable that they will distort the market implications: micro
stocks, as long as individual stocks are concerned for test assets, will dominate the
estimation result. Big stocks which have much larger impact on the market will be

out-weighted by the large number of small stocks. Portfolio sorting, however, can
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circumvent this issue by using the value weighted method, in which portfolio returns
are computed by the weighted average of stocks returns where the weights reflect their
market capitalization.

Fama and French (1992, 2015) use bi-variate sorting to create the five by five test
portfolios which have now become popular choices for test assets. However, Harvey
et al. (2015) caution that when only a small set of sorted portfolios are considered
for test assets, factor selection is biased towards the same characteristics that are
used to form test portfolios. Lewellen et al. (2010) argue that the 25 size and value
sorted portfolios are too low a threshold to test factors. They recommend adding
other portfolios in test assets. To strike a balance between using sorted portfolios and
individual stocks as test assets, Feng et al. (2020) construct a large set of combined
portfolios as test assets. In particular, they single out ‘size’ characteristic and combine
it with the remaining characteristics to form five by five bi-variate sorted portfolios
and pool them together as the grand set of test assets.!” We follow Feng et al. (2020)
to construct test portfolios and we obtain 1927 test portfolios as the grand set of test

assets.'®

1.4.4 Which factors matter?

Considering high correlation among factors, we apply the OWL estimator while using
the SDF method to select useful factors from the 81 candidate factors.'”

Table 1.2 reports the result of the OWL estimation. The first 5 columns are esti-
mated using the full sample, ranging from January 1980 to December 2017; columns
6-7 report results from 1980 to 2000, and columns 8-9 from 2001 to 2017. Both the
value weighted (vw) and equal weighted (ew) methods are considered. In order to
gauge the impact of small stocks, we consider three thresholds for micro stocks. This
table lists all anomaly factors selected in each estimation. It also reports how many
times each factor has been selected by all estimations and the ordinal number (in the
bracket) for each factor in a separate estimation, which indicates the importance of

the factor (smaller number implies greater importance).

17 Size’ has been widely acknowledged as an important characteristic in asset pricing literature.
Fama and French (1992, 2015), Hou et al. (2014), Carhart (1997) all include the ‘size’ and the
‘market’ factors in their models.

18We drop any test portfolios which have insufficient stocks to sort, due to missing data.

19We include the market factor together with 80 anomaly factors, total 81 candidate factors.
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Table 1.2. Estimation results of the OWL estimator

Sample size full full full full full 1980:2000 1980:2000 2001:2017 2001:2017
Weighting vw vw vw ew ew vw vw vw vw
Micro stock 20 prctile 30 pretile 40 pretile 20 pretile 40 pretile 20 pretile 40 pretile 20 pretile 40 pretile

# selected

agr 5 agr (8) agr (8) agr (5) agr (4) agr (5)

baspread 2 baspread (7) baspread (4)
beta 2 beta (1) beta (1)
betasq 3 betasq (4) betasq (2) betasq (2)
cash 3 cash (6) cash (7) cash (6)

cashdebt 4 cashdebt (6) cashdebt (2) cashdebt (7) cashdebt (2)

dolvol 3 dolvol (10) dolvol (6) dolvol (6)

egr 3 egr (4) egr (3) egr (9)

il 7l (2) il (2) ill (6) il (2) ill (5) il (2) ill (6)
invest 2 invest (7) invest (10)

mom12m 1 mom12m (3)

mom6m 2 mom6m (1) mom6m (4)

mve 8 mve (1) mve (1) mve (1) mve (1) mve (3) mve (1) mve (1) mve (5)
pcheapx_ia 1 pcheapx_ia (5)

pcheurrat 4 pcheurrat (4) pcheurrat (3) pcheurrat (9) pcheurrat (4)

pchquick 2 pchquick (11) pchquick (4)

retvol 1 retvol (3)
roaq 2 roaq (2) roaq (7)
roic 3 roic (5) roic (7) roic (5)

salecash 1 salecash (3)

saleinv 1 saleinv (5)

sp 1 sp (6)

std_dolvol 6 std_dolvol (3) std_dolvol (5) std_dolvol (4) std-dolvol (3) std-dolvol (7) std_dolvol (3)

stdef 1 stdef (7)

turn 1 turn (8)

Note: this table reports the selected useful factors using the OWL estimator. We consider
the full sample from 1980 to 2017 and two sub samples divided by year 2000. Equal weighted (ew)
and valued weighted (vw) sorting methods are both considered. Three treatments of micro stocks
are considered: we remove stocks that are smaller than 20 (30 or 40 ) percentile of NYSE listed
stocks. For each combination of the sample size, weighting method and micro-stock treatment, we

list all selected factors with the ordinal numbers in the bracket (smaller means more important).

Table 1.2 shows that ‘size’ (mve) has been selected as the most important factor in
most of these estimations which, however, is not surprising. ‘Size’ characteristic has
multiple entries in forming test portfolios, thus ‘size’ impact prevails in test portfolios.
For this reason we exclude ‘size’ factor as a competing factor, yet we include it in the
table to show that OWL can correctly identify relevant factors.

The ‘illiquidity’ (ill) factor (Amihud, 2002) is the most important factor that drives
variations in test asset returns. Its explanatory power is particularly evident with
smaller stocks. Portfolios sorted with size greater than 20 or 30 percentile of NYSE
listed stocks exhibit higher importance of ‘illiquidity’ than those with 40 percentile.
That implies small firms face severer liquidity constraints, and demand risk premiums

to compensate for bearing the risk. ‘Standard deviation of dollar volume’ (std-dolvol)
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(Chordia et al., 2001) which is another proxy for liquidity risk, follows ‘illiquidity’,
becoming the second most important anomaly factor. Meanwhile, its high correlation
with ‘illiquidity’ is also identified by the OWL estimator. Liquidity as a risk source
that commands risk premiums has been documented extensively in the literature.
Pastor and Stambaugh (2003) show that market-wide liquidity is a state variable
important for asset pricing. Average returns on stocks with high sensitivities to
liquidity exceed that for stocks with low sensitivities by 7.5%, while controlling for
‘market’, ‘size’; ‘value’ and ‘momentum’ factors. ‘Asset growth rate’ (agr) follows
‘illiquidity’ and ‘standard deviation of dollar volume’ as the third most frequently
selected anomaly factor. This finding coincides with Hou et al. (2018a) in which they
propose a new ¢b model, adding ‘asset growth rate’ as a fifth factor into their famous
g4 model (Hou et al., 2014). Other anomaly factors that have been selected multiple
times include ‘beta’; ‘beta squared’ (betasq), ‘cash to debt ratio’, and ‘percentage
change in current ratio’ (pchcurrat), which are also related to liquidity risk. Beyond
that, ‘momentum’, ‘return on invested capital’ (roic), ‘return on assets’ (roaq) and
other profitability related factors are also selected by the OWL estimator multiple
times.

Columns 6 and 7 report estimations using the 1980 - 2000 sub-sample and columns
8 and 9 report estimations using the 2001 - 2017 sub-sample. We find that liquidity
constraint only appears in the second sub-sample (2001 - 2017), where liquidity related
factors (‘baspread’; ‘standard deviation of dollar volume’; ‘change in quick ratio’,
etc...) play an important role in explaining the cross section of average returns.
However, in the first sub-sample (1980 - 2000), columns 6 and 7 show no strong
evidence that liquidity related factors drive asset prices. Meanwhile, ‘momentum’
and ‘profitability’ related factors primarily drive asset prices between 1980 and 2000.

Interestingly, from 1980 to 2000, with 20-percentile-micro-stocks excluded, we find
‘size’ (mve) is not selected by the OWL estimator, which makes it the only exception
from all estimations. This phenomenon is well documented in the literature (see
Amihud (2002), van Dijk (2011) and Asness et al. (2018)): the size effect weakened
after its discovery in the early 1980s. However, when removing 40-percentile-micro-
stocks, size effect is evident again, which implies the vanishing of size effect is likely to

be caused by some small “junk” stocks. Once removing these junk stocks, size effect
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resurfaces again, which echoes the discovery by Asness et al. (2018): size matters, if

you control your junk.

1.4.5 Robustness check

In this section, we check whether liquidity related factors are robust in explaining the
cross section of asset returns as well as how small stocks affect factors’ interpretations.

Because of the limitation of space, we place this section in Appendix 1.A.4.

1.4.6 Out-Of-Sample analysis

Freyberger et al. (2020) point out that out-of-sample (OOS) exercise ensures that
in-sample over-fit does not explain superior performance in model selection. In this
subsection, we will evaluate the OOS performance of portfolios hedged with OWL
selected factors, and compare it with other benchmarks. To offer some insights to the
possible time-varying trend in prominent factors, we also consider two sub-samples,
divided before and after 2000. We report the first five factors with highest estimated
coefficients (absolute value).*

Table 1.3 shows the five most prominent factors selected using various methods
in different samples, controlling micro stocks. We consider both the full sample esti-
mation and the sub-sample estimations. We can find obvious differences in selected
factors between full-sample and sub-samples, as well as between sub-samples. In addi-
tion, controlling micro stocks has a big impact on factor selection too. While including
all micro stocks (P00), OWL and other methods select a mixture of ‘liquidity’, ‘prof-
itability’ and ‘momentum’ related factors. However, once we remove micro stocks
(P20 and P40), we can find some patterns in selected factors: OWL suggests that
the most important factors to drive asset prices in the first sub-sample are ‘momen-
tum’ and ‘profitability’ related factors while ‘liquidity’ related factors are relatively
unimportant. However, the implication is reversed in the second sub-sample, where

‘liquidity’ related factors mainly drive asset prices. On the other hand, LASSO and

20Concerning over-fitting typically yields poor performance in out-of-sample exercise, we consider
a five-factor model for out-of-sample prediction. We also consider a four-factor and a three-factor
model for robustness check. We find that a four-factor model performs slightly better than the
five-factor model in predictions. However, due to limited reporting space, we do not include them
and they are available on request.
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Table 1.3. Full/sub-sample factor selection using various methods

First five selected factors (decreasingly) ordered by their magnitude of b

Panel A: Full sample estimation

OWL 1 ‘mve’ "cash’ ‘chpmia’ roeq’
full POO LASSO "idiovol’ ‘mve’ ‘mom6m’ ‘zerotrade’ ‘operprof’
- EN "idiovol’ ‘mve’ ‘mom6m’ A 'pctacc’
FM "idiovol’ ‘maxret’ A1 "betasq’ "beta’
OWL ‘mve’ A ‘mkt’ 'std_dolvol’ ‘'pcheurrat’
full P20 LASSO "idiovol’ ‘mve’ i ‘'mom36m’ ‘ms’
- EN ‘mve’ "idiovol’ i1 ‘mom36m’ bm’
FM "idiovol’ "baspread’ i ‘beta’ "betasq’
OWL ‘mkt’ ‘mve’ ‘cashdebt’ ‘egr’ "std_dolvol’
full P40 LASSO ‘mve’ ’?d%ovol’ ’?ll’ ‘operprof’ ‘roavol’
N ‘mve’ "idiovol’ i1 ‘operprof’ ‘mkt’
FM "idiovol’ "baspread’ A1 "betasq’ "beta’
Panel B: sub-sample estimation (1980:2000)
OWL "pcheurrat’ 'sp’ "bm’ ‘mkt’ "absacc’
subl P00 LASSO ‘dy’ turn’ "acc’ ‘mve’ 7'Sp’
EN ‘dy’ "turn’ "acc’ ‘mve’ il
FM ‘maxret’ ‘retvol’ "idiovol’ "betasq’ ‘mom1m’
OWL ‘mkt’ ‘mom6m’ ‘roaq’ "salecash’ "pcheurrat’
LASSO "baspread’ 'dy’ ‘gma’ ‘mve’ il
subl P20 EN "baspread’ dy’ ‘gma’ ‘mve’ i1
FM "idiovol’ "betasq’ beta’ ‘ep’ "baspread’
OWL ‘mkt’ ‘mve’ "cashdebt’ ‘mom12m’ ‘mom6m’
subl P40 LASSO ‘mve’ ’mve,%a7 'std_turn’ ’%nvest’ ‘turn’
EN ‘mve’ ‘mve_ia’ 'std_turn’ ‘invest’ ‘turn’
FM "idiovol’ beta’ "betasq’ "baspread’ ‘retvol’
Panel C: sub-sample estimation (2001:2017)
OWL 1 ‘mve’ "cash’ ‘mkt’ ‘roeq’
sub2 P00 LASSO ‘mve’ ’?11’ 'stdacc’ ‘gma’ "pctacc’
EN ‘mve’ i "pctacce’ ‘stdacc’ ‘agr’
FM A1 "idiovol’ "dolvol’ "baspread’ "std_dolvol’
OWL ‘mve’ 1 ‘mkt’ 'std_dolvol’ "pchquick’
sub2. P20 LASSO 7mve7 7pchqu?ck7 7}diovol JH. ’ 7pchcurrat’
EN mve pchquick ill idiovol pchcurrat
FM ir "baspread’ "idiovol’ 'std_dolvol’ "dolvol’
OWL ‘mkt’ beta’ "betasq’ ‘retvol’ "baspread’
sub2 P40 LASSO ‘mve’ ’%ll’ 'roavol’ ‘tang’ ' "pchquick’
EN ‘mve’ Al ‘sgr’ 'pchquick’ ‘salerec’
FM "idiovol’ "baspread’ 1 "betasq’ "beta’

Note: this table reports the first five factors selected with greatest magnitude of b using
methods including OWL, LASSO, Elastic Net (EN), and two-pass Fama-MacBeth regression (FM).
We do factor selection either on the full sample (full) or two sub-samples, divided by year 2000
(subl and sub2). We also control micro stocks: we consider all stocks (P00), or remove micro stocks’
market capitalization which is smaller than 20/40 percentile of NYSE listed stocks (P20/P40).
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other methods do not show a clear pattern of change in characteristics. Moreover,
‘mkt’ as a primary factor selected by OWL when excluding micro stocks, is missing
by other methods, which is counter-intuitive. The market factor should be the dom-
inating factor driving asset prices when micro stocks are removed since idiosyncratic
risks have been largely reduced. However, LASSO, Elastic Net and Fama-MacBeth
estimators all fail to identify ‘mkt’ as an important factor, due to the high correlation
between ‘mkt’ and other factors.

Next, we want to compare the out-of-sample performance between various meth-
ods. In particular, we follow a similar procedure to Freyberger et al. (2020) to form
factor-hedged portfolios using a rolling window scheme to predict returns. First of
all, we choose five most prominent factors as in Table 1.3 for the full sample and two
sub-samples, while controlling micro stocks at the 20- and 40-percentile levels. Then
we use a rolling window scheme (rolling window size is 120 months) to evaluate the
performance of the factor-hedged portfolios with each method. Specifically, at the
end of each estimation window, we regress each test asset on factors selected by each
method, but one period lagged. For instance, at time ¢, we regress each test asset
return from ¢ — 120 — 1 to ¢ on selected factors from t — 120 — 2 to ¢ — 1, and obtain
B . We then forecast each test asset’s next period return (at ¢ + 1) by multiplying B
and selected factors at . We then sort stocks by their predicted returns into decile
portfolios and long the top decile and short the bottom decile. At the next period
(t+1), when returns are realized, we can compute the spread portfolio return. Subse-
quently, we roll the window one period forward and repeat the steps until the end of
period. In the end we compute four moments of the factor-hedged portfolio returns
in the out-of-sample period as well as the Sharpe ratio.

Table 1.4 reports performance scores including the Sharpe ratio and the four
moments of out-of-sample returns using the OWL, LASSO, Elastic Net and Fama-
MacBeth estimators while controlling micro stocks. Panel A suggests that in the full
sample estimation, the OWL estimator produces about 20% higher Sharpe ratio than
other benchmarks. In addition, we find that the skewness and the kurtosis of the OWL
hedged portfolio are much smaller than those of other benchmarks. Fama-MacBeth
estimator typically performs the worst. We reckon that it is severely affected by factor

correlations and estimation result is eroded by weak factors in the second pass Fama-
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Table 1.4. Out-of-sample portfolio performance with a five-factor model

SR Mean Std Skewness Kurtosis

Panel A: full sample estimation

OWL 1.21 2.17 6.24 -0.07 9.48
LASSO 1.01 2.13 7.30 2.21 31.09
fullP20° 1.04 2.6 7.52 1.71 27.70
FM 0.96 1.96 7.08 2.88 37.37
OWL 0.90 1.59 6.13 1.39 25.06
LASSO 0.77 1.48 6.62 4.09 57.11
full P40 oy 0.82 1.52 6.39 3.17 46.12
FM 0.72 1.41 6.79 3.68 49.89
Panel B: sub-sample estimation (1980:2000)
OWL 2.10 2.54 4.18 0.10 3.41
LASSO 1.87 2.09 3.87 0.10 3.48
subl.P20 by 1.87 2.09 3.87 0.10 3.48
FM 1.66 1.92 4.01 0.65 5.45
OWL 1.35 1.34 3.44 -0.03 4.37
LASSO 1.03 1.13 3.82 0.02 3.67
subl.P40 by 1.03 1.13 3.82 0.02 3.67
FM 0.75 0.75 3.50 -0.21 5.62
Panel C: sub-sample estimation (2001:2017)
OWL 2.10 2.43 4.67 1.02 8.72
LASSO 1.91 2.10 3.80 0.16 3.51
sub2.P20 oy 1.91 2.10 3.80 0.16 3.51
FM 1.78 1.80 3.49 -0.48 3.82
OWL 2.11 2.04 3.34 0.62 5.83
LASSO 1.80 1.69 3.97 0.58 6.16
sub2.P40 by 1.69 1.59 3.25 0.37 4.44
FM 1.80 1.75 3.35 0.13 2.91

Note: this table reports the out-of-sample portfolio performance using a rolling window
scheme while controlling micro stocks (P20/P40: only include stocks are larger than 20/40
percentile of the NYSE listed stocks). Factor selection strategies include OWL, LASSO, Elastic Net
(EN), and Fama-MacBeth regression (FM). The upper panel is obtained using the full sample; the
middle and lower panels are obtained using sub-samples.

MacBeth regression (Kleibergen, 2009). In sub-sample estimations, we find that the
Sharpe ratios are typically much higher than that of the full-sample estimation in all
methods we considered. Meanwhile, we find that skewness and kurtosis are signifi-
cantly reduced compared to the full-sample estimation, making the distribution of the
out-of-sample returns more “normal” alike. This trend signals a possible time-varying

nature in prominent factors which drives asset prices.
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1.5 Conclusion

In the zoo of factors, using traditional methods to find factors that provide indepen-
dent information about average returns faces tremendous challenges. In addition, cor-
relations make the matter worse: among 80 anomaly factors we considered, 64% of fac-
tor loadings exhibit correlation coefficients greater than 0.5 (absolute value). However,
factor correlations cause severe complications in the LASSO estimator (Kozak et al.,
2020; Figueiredo and Nowak, 2016) and in the Fama-MacBeth regression (Kleibergen,
2009; Cochrane, 2005). The OWL estimator, on the other hand, permits correlated
variables and achieves correlation identification and sparsity shrinkage simultaneously.
We show that the OWL estimator is a consistent estimator under some regularity con-
ditions, and we derive the grouping conditions for correlated factors. Monte Carlo
experiments confirm the superior performance of the OWL estimator against other
benchmarks, especially when factors are correlated. Empirical analysis shows that
‘liquidity’ related factors play an important role to drive asset prices, meanwhile
sub-sample estimations suggest a shift in economic characteristics and reveal a time-
varying nature in factor selections.

Finally, note that the purpose of this paper is not to find a parsimonious asset
pricing model, but to identify a set of sparse factors, potentially highly correlated, to
explain the cross section of average returns given a certain period. With that in mind,
our procedure is particularly useful for factor investing: OWL can identify correlated
factors that jointly drive stock returns, and can be further utilized to form portfolio
strategies, see Asness et al. (2013) for instance. Meanwhile, we notice that there is
a time-varying trend in prominent factors that drive asset prices, which argues for
a time-varying model to be placed on the future research agenda. Future work can
also extend the statistical theories established in this paper, for instance to derive the
asymptotic properties of the OWL estimator under more general conditions. Further-
more, developing a de-biased version of the OWL estimator is possible following the
recent development of the de-sparsified LASSO estimator as in Van De Geer et al.
(2014) and Kock (2016), which will enable robust inferences.
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1.A Appendix

1.A.1 Technical proofs
1.A.1.1 Proof of Theorem 1.2.1

Proof. By definition the OWL estimator is minimizing the function

1 K

A 1 )
b= bows, = argmin  llu = OV} + 55 D+ AalI — )b,

i=1
where |b|;; denotes the element of the decreasingly ordered vector of |b|, such that
bl > [l > ... > |blix]- Let b° be the vector of true values of risk prices, and

pr = Cb’ + €. According to the “argmin” property, definition of b implies

1 . 1 n 1 1 4

N||uR—Cb||§+N;[A1+A2<K—z>]lblm < N||MR—ObO||3+NZZ:[>\1+>\2(K—Z)]|b0|[z’]'
(1.A.1)

Since w; = A\; 4+ Ao (K —1) is in a monotone non-negative cone and wy > wy > ... > wg,

we have

D a4 XK = )][Blg > wiel[Bllr = Al [b]1

%

D A MK = 0)][5]g < w1 = [M + Ae(K = 1)]][0°)]1.

7

Together with pup = CO° + ¢, this implies that (1.A.1) can be simplified as:
1 TN IR 2 5 0 1 0
IO~ 83+ ALYl < 200~ 1) + D+ Ao~ DI, (LA

where

21 C(b—b°)| < < max 2|€'C'(j)|) =
1<j<K

Consider the event

1 .
— max 2|¢'CY| < A, (1.A.3)

1<j<K

[t* +2log K
where \g = 20 +—Nog by assumption. Then in view of (1.A.3), (1.A.2) can be

bounded as

1, . AL ) 1
IO = )+ 2ol < Nollb — 0113 + s+ delK = DIR. (1.A4)
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By triangle inequality, ||b—°||; < ||b||y + ||6°|]1. Therefore (1.A.4) can be written as

AL+ A (K —1)
N

1 e A .
1O = + (Nl = Ao)[[bllr < [Ao + e (1.A.5)

A
By assumption of the theorem, ﬁl — X > 0and A\; = o(N), \y = o(N). Hence, we

obtain:
1 M Ao(K — 1)
O =113 < o + 222 Dygop, (1A
/
Since 3 = , we have
. JIR 1 - A+ (K —1
(b= 0YS(b— 1) = 10— )3 < Do + 222 Dy a)

This completes the proof of (1.12).
We obtained (1.A.7) assuming (1.A.3). Now we compute the probability of in-
equality (1.A.3) to be true.

[t? + 2log K
By assumption A\ = 20 %, t > 0 and by Assumption 1 and 2, V; :=

¢CW/\/No? « N(0,1).

Using the Gaussian tail bound, P(|V}| > z) < 2exp(—x?/2), we have

1 .
P(— max 2|¢CY|) > ) = P( max |V;| > /2 + 2log K)
1<j<K

N 1<ji<k
K
<Y P(|Vj| > V2 +2log K))

=1
t* +2log K
§2Kexp(—%)
t2
=2 ——).
exp(—=)

Consequently, (1.A.3) is valid with probability

2

p>1-2exp(~3).

This completes the proof of (1.11).
Let K be fixed. By Assumption 1, S is a positive definite matrix, therefore (Z; —
DY (b—b) > Apin||b—1°]|2, where A, is the smallest eigenvalue of 32, and Ay, > 0.

Note that as N — oo, the right-hand-side of (1.12) tends to 0. By assumptions of

MK

A
- — o(1) and N = o(1). Further if ¢ — oo, (1.A.3) holds

the theorem, \g = o(1), N
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with probability p — 1. Then it follows trivially that
16— %[> — 0.
This completes the proof of the last claim of Theorem 1.2.1. O

1.A.1.2 Proof of Theorem 1.2.2

Proof. Using the “argmin” property, we have

1

1 R . - 1
NHC(b — bo)Hg + N)\leHl < Nol|b — bOH1 + N[)\l + Ao(K — 1)]HbOH1. (1.A.8)

By assumption, % = 2)\g. Then (1.A.8) can be written as

2 . 2 A 9

NHC(b — )3+ N)\leHl < NIHb -0 + N[)\l + A (K = D)% (1.A.9)
Note that

18111 = [1bso 1+ 1beg 11 2 1165 1t — 1By — 05,11 + [1bsg, (1.A.10)
16— 0111 = [[bsy = 03,11 + [lbsg s (1L.A.11)

Therefore, using (1.A.10) and (1.A.11), (1.A.9) can be written as

2 - 2 - .
2 1€ ) + 21 s = 1y = Bl + gl 1)
A ) 21 2o(K — 1)
< 7 (llbs = B3, [l + 1Mo 1) + =181 + == (11|l (1.A.12)
Note that [|b9 [l; = [|b°]l1, so (1.A.12) can be written as
Mo (K — 1)

2 - A~
1100 — 1) 13 + S b

1 <355 110s = Ik + 11k (1.A.13)

N
By (LA11), ||bsg|li = |[b — 8°[[1 — ||bsy — % ||1. Utilizing this in (1.A.13), we obtain

2o (K — 1)

;. 1.A.14
1l (1AL

2 - ALy 2 AL2
=IO = 8B+ 521D — #l1s < 43 1bsy — B, 1 +

By Assumption 4, the restricted eigenvalue condition states that

9 ) ) b'b
¢y = min min = >0,
soC{Low K} beRK\(0} [Dgo][3
|sol <K [lbsg [11<3[bsq [
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which implies that for any b,

b'3b b'3bS

¢ < < :
T Ibsoll3 T 11bso 17

where S is defined in Assumption 3. Rearranging the above inequality, we have
||bs, |2 < '20S/ 63, (1.A.15)

which is called the compatibility condition in Buhlmann and Van de Geer (2011) pp
106.

!/

N

Applying (1.A.15) on ||by, — b ||1 and using 5= , we have

[1bsg = O3, 1IF < (b= 0°YE(b = 1) S/ = |C (b — 1) |55/ (N &),
[1bsg = 03,1l < IC(0 = ¥)12V'S/ (VN ).

Therefore, using inequality 4ab < a® + 4b*, we obtain

Mip o 1CGk =)z ) (M VS
4N||bso_bso||1g4<T> (N ¢0>

Alyp S

IIC(b O +4(5) = pok

So (1.A.14) can be written as

Ao, S 20K —1
125 2 )||b°||1. (1.A.16)

1 7 0y[]2 0
_ _ _ < Zrev
ICG =B+ S =1 < 4505 + 22

Note that %HC’(ZA) —1O)||2 = (b— 1O)S(b — 1°), so (1.A.16) completes the proof of
(1.15).

By assumption of theorem % = 2\ = 4o/ 252—1—2# and Ay = O(Skf)?K).
Therefore, for fixed t or t = O(y/Iog K), both two terms on the right hand side of
(1.A.16) are O(SlogK). Hence, (1.A.16) implies

1 ~ Slog K
N|rc<b—b°>||§—o( o ) (LA17)
||13—b0||1:o<s lofVK) (1.A.18)
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So (1.A.18) proves the first claim of (1.16). Observe that
1 A A A o A A
NHC(b —O)E= (b= (2 —%)(b—b") + (b—0")YS(b— ), (1.A.19)

Notice that
(b—0°)YS(b—0°) > A2, |lb— 8|13,

where A,,;, denotes the smallest eigenvalue of >, and ¥ is the true value of 2, SO

Avnin > 0. Moreover in (1.A.19), it holds

(b= (2 =%)(b—1°) > —[[% = Z||lb - |5,

where ||2 — 2|0 = énaicK@i,j — %, ;|. Using Lemma 14.12 in Buhlmann and Van
<i,j<
de Geer (2011), we have max |3, — %] = O IO%K). Hence (1.A.17) can be
1<i,j<K

rewritten as

Slog K 1 -
0 (TR ) — et

N
> Adinllb = 6115 = 11% — o6 — %13 (1.A.20)

A 3/2
> A2, b 1) - O, (52 & ) .

Rearranging it, we have

~ 1 Slog K 1 log K 3/2
-t < 50X K) | ] OP(SQ(—) -

min man

log K 1
By Assumption 3, S/ Oi;\[ = o(1). Together with s O(1), we obtain

Slog K
N

16— %113 = Oy ( ), (1.A.21)

which proves the second claim of (1.16). Lastly, the claim of (1.14) follows using the

same argument as in the proof of Theorem 1.2.1. O

1.A.1.3 Proof of Theorem 1.2.3

Proof. We can bound
15— 2 < (1B — 8°)|2 + [|b — bl (1.A.22)
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By (1.16) of Theorem 1.2.2

I~ 1] = 0,/ T = 0,81) = 0,1). (1429

Thus to prove (1.20), it suffices to show ||b— b||s = 0,(1). By definition of b in (1.17),

K
b—bl3=">_ 01(b| < H).

J=1,09#0
Since b? < 2(b; — 19)% + 21792, we have
16— bl15 < 2[[b — 813 + 21,

K A
where I := Y (09)°1(|b;| < H). It remains to show that

Ik = o0,(1). (1.A.24)
Let M — oo be a large number and M H — 0. Denote

Ay ={|b; — )| > MH},
Az = {|b(;| < (M+2)H, b? #0}.

Then
{li)]‘ < H, bg) % 0} C Al,j U AQJ U A3,j-

So

3 K
I <300 W1(Ay)
=1 j=1
=1Ix1+ T2+ Ik3.

To prove (1.A.24), it suffices to show

Ix;=0,(1), fori=1,23. (1.A.25)
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By (1.19), max; [b}] < ¢y < 00, 50

Iy < ¢y U(bj—bjl > MH) <5 )~ 7m0
i=1 ’ = (MH)
L Llb—t3 1
= chTz = 7200(1) = 0p(1),

as M — oo by (1.A.23). Notice that As; = () is an empty set. Indeed, in As;

|b;] = |b; — 9+ 09| > [89] — [b; — 1]

> (M +2)H — MH > 2H,

which contradicts |b;| < H. Therefore, I, = 0.

Finally, by (1.19) and the definition of As ;,

for any M, because M H — 0. This proves (1.20) and completes the proof of part (a)
of Theorem 1.2.3.

To prove part (b) it suffices to show that

max |b;| = 0,(1).

j:|b9\=0
We have
max B-:max l;_b0< B_bﬂ —o.(1
j:|b9|=o| i j:lb?\:o‘ i — Uil < b= b7z = 0p(1),

by part (a), which completes the proof of part (b).
Now we turn to part (c). Take any j € {1,---, K}, and let [b}| > £, H. Then

by = [y — 9+ 8] > 18] — Iby — %] > 03] — [1b— 8|

> gnH - H[; - b0H2 = an - OP(H) - (gn - Op(l))H
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Therefore, with &, — oo,

P( min |b;| =0) =P( min |b;| < H) <P((& — O,(1))H < H) — 0,

091>¢n H 69 1>€n H

which implies (1.22). Here we complete the proof of part (c). O

1.A.1.4 Proof of Theorem 1.2.4

The proof of Theorem 1.2.4 relies on the Pigou-Dalton transfer principle and the
directional derivative lemma at the minimum of a convex function. It follows using a
similar argument as in Figueiredo and Nowak (2016), except that we are dealing with

both the time-series and cross-sectional dimensions.

Lemma 1.A.1 (Pigou-Dalton transfer principle). Let be given vector x € R, and
its two components x;, x; are such that x; > x;. Let € € (0, (x; — x;)/2), zi = x; — €,
zj = x; + €, and z, = xy, for k # i,5. Set Q,(r) = W'z, where w € RY, and
Wy > Wy > - > wy. It holds

Qu(x) — Qu(2) > Age, A, = 1min Wit — Wi
P

Lemma 1.A.2 (Directional derivative). The directional derivative of function f :

RX — R at x € dom(f), in the direction u € RX is given by

f(x,u) = lim [f(x+au) — f(2)]/a, a>0.

a—0t

If f is a convex function, then z* € argmin(f) if and only if f'(x*,u) > 0 for any

direction u € R¥.

1
Proof of Theorem 1.2.4 . Denote the objective function in (1.7) as Q(b) := §||MR -
Cb|[2 + Q. (b). By definition, b is the minimizer of Q(b), Q(b) < Q(b) for all b. Thus
by Lemma 1.A.2, for any u,

Q'(b,u) > 0. (1.A.26)
Suppose
A2
o(fi— fj) < 2, (1.A.27)
’ l[1erll2llor]]2
and assume
b; # b;.
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We will show a contradiction between the assumption b; # Bj and (1.A.27). Without
loss of the generality, assume b > Bj, 1 < 7. First we define a special direction vector
w=(uy, - ,ug). Set u; = —1, u; =1, up = 0, for k # 4, j. The directional derivative

of () at b with such w is

Comp (@b mrbel). oA
where
~ _ 7 2 _ S
QL. (b u) = = CoFaw)ll; — |lur = Obll3
2
RP, (b, u) = Qu(b+ au) — Qw(b).
oY

By definition of u, we have —aCu = a(C; — C}), where C; and C; are the i* and

§™ columns of the factor-return covariance matrix C'. Hence QL (b, u) can be written

as
- g — Cb + a(C; — C))|3 — ||ur — CO| I3
L = .
Q (X(b?u) 204
Observe that
QL (b — = CHI? + 20010 = CH(C; = Cy) + @?|[Cu = Gy = len = CHE
« ) 2a

— (g — CD)(C; — C))  as a — 0.
Applying the Pigou-Dalton transfer principle on RPQ(I;, u) with € = o, we obtain

—RP,(b,u)a = Qu(b) — (b + au) > Ao

So for any « and u,

By the definition of w in (1.8), A, = Ag. Therefore, applying the above bound in
(1.A.28), we obtain

~

Q&@SOm—CWQ_Cﬁ_&’ (1.A.29)
= (ur — Cb)(Ci = Cj) = Xs.

Using Cauchy-Schwarz inequality, we have (g — Cb)(C; — C;) < ||ugr — Cbl|5 ||C; —
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Cjll2- So (1.A.29) becomes
Q'(b,u) < llur — Cbllz ||C; = Gl = K.

Since pg — Cb is a pricing error, then ||ug — Cb|ly < [|ugll2, while by definition
cov(R, f; — f;) = C; — C;. Then we have

Q'(b,u) < [pgllz |lcov(R, fi = f;)ll2 = Ao (1.A.30)

Now we further utilize the covariance inequality. For any n = 1,--- , N, R, is the n'"

column of the return matrix R, we have

cov(R,, fi — f;) < \/Var(Rn)Var(fi — fi) =og,o(fi — fj)s (1.A.31)

where o, is the standard deviation of the n'" test asset. Apply (1.A.31) in (1.A.30),

we have

Q'(b,u) < [lgllz llora(f; = fi)lla = Ao

= llugllz llorllz o(fi = f5) = e,

(1.A.32)

where o is a N x 1 vector collecting the standard deviations of N test assets. So

(1.A.32) together with (1.A.27) implies
Q'(b,u) <0,

which violates (1.A.26). Hence there is a contradiction between b; # b; and (1.A.27).

So we must have

>

>
<5
I
<

which completes the proof. O

1.A.1.5 Proof of corollary 1.2.1

Proof. The proof of corollary 1.2.1 follows the same method as in Appendix 1.A.1.4,
except we choose a special vector for u where we set w; = 1, u; = 1, up, = 0, for

k # i, j. The rest of the proof follows trivially. O
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1.A.2 Solving the OWL optimization problem

This section follows similar arguments in Zeng and Figueiredo (2015) and explains
how to use the proximal gradient descent algorithm to solve the optimization problem
of the OWL estimator. The first subsection introduces the OWL proximal function
which is used to compute the optimizer at each step. The second subsection out-
lines the fast-iterative-soft-thresholding-algorithm (FISTA) used to find the global
optimizer, together with a backtracking line search condition which speeds up com-

putation substantially.

1.A.2.1 OWL proximal function

Denote by b = (b1, ,b,)', © = (z1,--- ,x,)" column vectors. First we define the

proximal function as
1
Prozxq,(b) = arg min §||x — 0|5+ ()|, Q) =ud|z]; (1.A.33)

where w € k, takes values from a monotone non-negative cone, defined as x := {v €
R vy > w9 > -0 >0, 20}, |zf) = (|2|py, [2l2), - 5 [2])" and [2]p) > (2] > - >
|z|1n), is the vector of absolute values of elements of vector x, decreasingly ordered.

By the definition of Q,(b), we have

Q,(b) = Q. (]0]), (1.A.34)

where |b| = (|b1],- -+, |bn|). It is easy to show that
16— sign(b) © |z[[|3 < [Ib — =I5, (1.A.35)
where sign(b) = (sign(by), - - - ,sign(b,))’ is a function that retrieves signs from a vec-

tor, with elements in {1, —1,0} and ® is a point-wise production operator. Therefore,

(1.A.34) and (1.A.35) imply

Proxq, (b) = sign(b) ® Proxq,(|b]). (1.A.36)
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Let P be a permutation matrix that orders elements of a vector in decreasing order.

Then permutation matrix has property
1Pz = b)llz = [l= = bll2, (1.A.37)
and by the definition of Q(b),
Q,(b) = Q,(Pb). (1.A.38)
So (1.A.37) and (1.A.38) imply that (1.A.36) can be written as
Prozgq,(b) = sign(b) ® P’ Proxq,(|b],), (1.A.39)

where |b]; is defined similarly as |z|;, and P’ is the transpose of the permutation
matrix, which recovers the order of |b||, i.e. Plb| = |b|;, P'|b|, = |b| and P'P = I,
where [ is the identity matrix.

For any 2* € k C R", x € R" and z* = x| (i.e., 2* and z are two vectors having
the same elements but with possibly different ordering of elements), since |b|, € x, we

have |b||z < |b[|z*. Therefore,

1 1 1
Slle = LI + Qu() = Sllells + SIBLIE — bz + (@)

1 * 1 * *
> Sll2"llz + SI1BL Iz — [Bl2” + Qo)

2
1 * *
= lle” = [BILI13 + ().

1 1
Note that Prozq,(|b];) = arg min §||x —10[,13 + Qu(x) |, and §\|x*—|b|¢\|§+§2w(x*) <

1
l|z—|b]y |13+ (). This implies Proxzq,(|b];) € &, and Prozq, (|b|,) = arg min[§||a:—
TEK
b],]|3 + w'z]. Completing the square, we have

.1 .1
Proxa, (|pl,) = arg min(Z le — [b| |3 +«'z) = arg min 5 [lo — (|pl, = w)5,

TER TER

which is the projection of (|b|; —w) onto x ?'. Then equation (1.A.39) can be written
as

Proxq, (b) = sign(b) ® P’ Proj.(|b|, — w)), (1.A.40)

21 Computation of the projection onto x is an isotonic optimization problem and can be obtained
by using the Pool-Adjacent-Violators algorithm in de Leeuw et al. (2009).
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where Proj,(.) is the projection operator onto .
After obtaining (1.A.40), we can employ the iterative soft-thresholding algorithm
to find the global optimizer of (1.7). First, we initialize b(*),>* then repeat

b = Proxg, (0% — sz, 7 g(b™)) (1.A.41)

until a stopping criterion is met, where k = 1,2, 3, ... are steps of iteration, g(b) =

(g — Cb)'(ur — Cb) and sz, is the step size at the k™ iteration.

1.A.2.2 FISTA algorithm

The FISTA-OWL algorithm? below is based on Zeng and Figueiredo (2015). Fast
computation is achieved by using the backtracking line condition (step 7) and the
acceleration in u (step 12). The backtracking line condition allows large step sizes
if optimizer stays in the right direction, otherwise shrinks step sizes. Steps 11 to 12
accelerate computation by moving the optimizer further towards the global optimizer
at early iterations, while this acceleration diminishes when approaching the global

optimizer.

Algorithm 1: FISTA-OWL
Input: pgr,C,w
Output: OWL estimator b

=

2
s Initialization: by = borg,to =t; = 1,u; = by, k =1, € (0,1),70 € (0,1/L)
4 while some stopping criterion not met do
5 Tk = Tk—1;
6 by = Prozq,(ur, + 7% C" % (ug — CD))
7 while
sllir = O3 > 5l — Cug|[3 — (b — ur) C'(r — Cug) + - [[bx — wi[3 do
8 T = 1) % Tk,
9 by = Proxq, (ux + 7% C' * (ug — CD))
10 end
11| b= (1+/1+482)/2
12 Ups1 = by + iZ: (by — bp_1)
13 k< k+1
14 end

15 Return: b,_;

22For instance, we use the OLS estimate of (1.5) as initialization but it can be any random vector,
which will result in the same global minimizer for b since (1.7) is a convex minimization problem.
However, a good choice of initialization 5(°) can reduce computation time greatly.

23In the initialization step of the FISTA-OWL algorithm below, L is a Lipschitz constant.
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1.A.3 DMotivating the “restricted eigenvalue condition”

The following lemma motivates the restricted eigenvalue condition. A matrix S that

satisfies the restricted eigenvalue condition

5 , , b'3b

¢z := min min = ———s >0, (1.LA.1)
soc{loK}  berF\0} - ||bs |2
|sol<K [1bsg [11<3][bsg 1

if it is close to a matrix whose restricted eigenvalues are strictly positive. Let ¥ =
- c'c
EX) = E(

) be the population value of the scaled Gram matrix. Since 3 is a

non-singular matrix, its restricted eigenvalues are strictly positive: ¢% > 0.

Lemma 1.A.3. Let S be the sparsity parameter and 6 = 1£11a§N|ZZ-J — %] Let
S0)>

¢ and ¢3 be defined as in (1.A.1). Then for any vector b € R¥\{0} that satisfies
[[bse |1 < 3[|bsy |1, it holds

92 > ¢3 — 16S56.

Proof. 1t is easy to show that
Vb — VS < [VSh—bSh| = |B/(Z — )b
< IbIR[1(Z = )bl < 8][B][3.

Recall that b = b, + by, s0 [|b]l1 < [[bsy |1 + [|bsg|l1. Together with the assumption
||b88

1 < 3||bs,]1, this implies [|b]]? < (1|bse] 1 + |0 1]1)? < 16|]bs,||?. Hence, we have

V'Sb— b'Sh < 166||b,, | |>.

Rearranging the above inequality and using the norm property v/S||bs|l2 > ||bso |1,

we have R
bbb b'Yb
5 2 2
1bsol15 — (105013

By the definition of restricted eigenvalues in (1.A.1), we have

— 1650.

¢2 > ¢3 — 1656.
O

Lemma 1.A .3 shows that for ¥ to satisfy the restricted eigenvalue condition (1.A.1),
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ie. ngZE > 0, it suffices to show that § is small enough so that ¢ — 165§ > 0, or that
the Gram matrix ¥ is close to a positive definite matrix . The following lemma
shows that the “Restricted eigenvalue condition” implies the compatibility condition

(1.A.2) used in Buhlmann and Van de Geer (2011) (pp. 106).

Lemma 1.A.4 (Compatibility condition). Let ¢3 := 22, if the scaled Gram matrix
S satisfies (1.A.1), then
[1bsol[7 < (B/2)S/ 5. (1.A.2)

Proof. From the definition of restricted eigenvalues, we have

9 _ . b'3b
¢o = min min o > 0.
soeflo K} beRF\(0} [[bsol[3
lso| <K [lbsg 111 <3[[bsq |12

Recall the norm inequality, v/S||bs, ||l2 > ||bs, ||1. Hence for any b, it holds

b'3b - b'3bS
bsol13 ~ [1bsolIF

2
P <

Rearranging, we obtain the compatibility condition in Buhlmann and Van de Geer
(2011)
1B 13 < (V'50)S/ 5.

1.A.4 Robustness check

In this section, we 1) check whether liquidity related factors are robust in explaining
the cross section of asset returns; 2) investigate how small stocks affect estimation
results of priced factors; 3) look into the convergence property of the FISTA-OWL
algorithm; 4) compare estimation errors of all candidate methods using simulated

data.

1.A.4.1 Robustness check with alternative test assets: are ‘liquidity’ fac-

tors robust?

For the first task, we consider three additional types of sorting method for constructing

test portfolios and compare them with the sorting method used in Section 4 to check
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whether liquidity related factors are consistently chosen by OWL. First, we apply the
uni-variate sorting method to sort all non-micro stocks into decile portfolios using each
characteristic, and combine them together to obtain 800 test portfolios. Compared to
the test portfolio in empirical analysis, all characteristics are treated equally. Second,
we consider the bi-variate sorting method, but using all possible combinations of
two out of 80 characteristics, that is 80 x 79/2 = 3160 possibilities. To reduce the
dimension of test portfolios, for each possible combination, we consider the 2 by
2 (instead of 5 by 5) sorting method: we sort stocks into ‘high’ and ‘low’ groups
by each of these two characteristics where the thresholds are the medians of these
characteristics. We then obtain 3160 x 4, total 12640 test portfolios. Third, we
consider a similar method in the empirical analysis, that is singling out ‘size’ as a
common characteristic, and using it with the remaining characteristics to form bi-
variate sorted portfolios; but instead of forming the 5 by 5 portfolios, we form 3 by 3
portfolios.

Figure 1.5a reports the two-stage estimation procedure result using four different
sets of test assets (including the one used in empirical analysis). First, ‘market’ along
with ‘illiquidity’ and ‘standard deviation of dollar volume’ are consistently chosen as
the most important factors to drive asset prices, with ‘illiquidity’ topping the chart
of anomaly factors. Second, the impact of ‘size’ factor (mve) on test assets decreases
colossally once it is not singled out to form bi-variate sorted portfolios. We can
conclude that in ‘type3’ and ‘typed’ where ‘size’ effect tops the chart, it is artificially
caused by portfolio sorting methods. However in empirical analysis (‘typed’), ‘size’ is
not a competing factor. Third, although singling out ‘size’ to form bi-variate sorted
portfolios may alter the ‘size’ effect, it does not alter other factors’ implications:

liquidity related factors are primary factors driving asset prices.

1.A.4.2 Robustness check with micro stocks

For the second task, we use the same sorting method as in the empirical analysis, but
we consider six types of treatment of micro stocks: 1) keep all micro stocks (P00); 2)
remove stocks that are smaller than 10 percentile of NYSE listed stocks (P10); 3-6)
similarly, remove stocks that are smaller than (20-50) percentile of NYSE listed stocks

(P20-P50). We investigate how factors’ implications vary within each scenario.
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(a) Robustness check with test assets (b) Robustness check with micro stocks

Figure 1.5. Robustness check
Figure 1.5a reports the absolute value of SDF coefficients estimated by OWL using four types of test

assets. Figure 1.5b reports the OWL estimates with six different treatments of micro stocks.

Figure 1.5b reports the heat map of the estimated risk prices using the OWL
estimator while controlling stock sizes. First, micro stocks alter the market factor’s
interpretation drastically. When micro stocks are all included to form test portfolios,
market factor only plays a moderate role for asset prices; however, liquidity related
factors dominate the chart. Market factor nonetheless consistently becomes the pri-
mary factor to drive asset prices once micro stocks are removed (at P20 and above
levels). Second, liquidity related factors consistently top the chart in driving asset
prices, particularly with the inclusion of small stocks. It shows that small firms face
severe liquidity constraints, and investors demand risk premiums to bear that risk.
Third, to be consistent with the finance literature, we consider the typical 20 per-
centile cut-off level to remove micro stocks. In this case, profitability and growth
related factors, after liquidity related factors, become the second tier of factors that

drive asset prices.
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1.A.4.3 Convergence using FISTA-OWL algorithm

Figure 1.6 shows the convergence of FISTA-OWL with backtracking algorithm (see
Appendix 1.A.2) in the empirical analysis using 81 factors (80 anomaly factors plus
the market factor). Vertical axis shows the distance between the k' estimation and
the optimizer. Horizontal axis shows the number of iterations (steps) until a stopping
criterion is met. Following the machine learning literature (see Zeng and Figueiredo
(2015)), we set a tight stopping criterion which is W < 1075, b(k) is the
OWL estimation of the risk price at the k" iteration. This figure shows that FISTA-
OWL algorithm has a sound convergence property: it converges quickly at the first

1000 steps, then it gradually converges to the optimizer because of a tight stopping

criterion.

Convergence check
T T
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Figure 1.6. Convergence check for the FISTA-OWL algorithm
The stopping criterion is W < 1079, where k is the number of iterations and b(k) is the

OWL estimate of risk price at the k' iteration.

1.A.4.4 Monte Carlo Simulation

For the robustness check of Monte Carlo experiments, we repeat simulation experi-
ments in various settings multiple times, and we report the deviation of each estimator
from oracle values.

Figure 1.7a shows the estimation error of each method with multiple repetitions.

We repeat the first experiment five times, in which we consider 90 candidate factors
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(K = 90) and 100 test assets (N = 100).** First of all, the patterns are consistent
among the repeated exercises. LASSO is the worst performer especially when factors
are correlated. Elastic Net does improve the performance of LASSO when factors are
correlated, while yielding similar results to LASSO when factors are not correlated.
OLS is an unbiased estimator yet it does not produce sparsity. Adaptive LASSO was
influenced by OLS failing to shrink most useless factors to zero but performs the best
in the uncorrelated setting. OWL, by contrast, is the best performer when factors are
correlated, and in the uncorrelated setting, though outperformed by adaptive LASSO,
it is substantially better than LASSO and Elastic Net.

In the second experiment, which represents a typical low-dimensional setting (N =
1000, K = 90, N > K), Figure 1.7b plots the estimation errors of each estimator
with five repetitions. It shows a similar pattern to Figure 1.7a. The OWL estimator
performs the best when factors are correlated. However, in this low-dimensional
world, the adaptive LASSO estimator using OLS estimate as adaptive weight is the
best candidate when factors are not correlated. LASSO and Elastic Net are the worst
performers.

In the third experiment, which represents a high-dimensional setting (N = 70, K =
90, N < K), Figure 1.7c plots estimation errors of each estimator with five repeti-
tions. The best performer is OWL followed by Elastic Net and LASSO. The worst
performer is the adaptive LASSO estimator using the LASSO estimate as the adaptive
weight.

1.A.5 Introduction of LASSO, adaptive LASSO, Elastic Net
and OSCAR

Denote by y a N x 1 vector of responses, by X a N x K data matrix and by § =
(81, -+ ,0Kk) a K x 1 parameter vector. The LASSO (Tibshirani, 1996) estimator

solves the problem

. _ 1
Brasso :arg;nln §||y—X6||2+/\||6||1 ; (1.A.3)

24We repeat the experiment 5 times and it is for the convenience and clarity of displaying the
figure. Repetitions of large numbers are also available upon request.
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Figure 1.7. Simulation: estimation errors
This figure shows the estimator error of each method, measured by the distance between the oracle

value and estimators. We repeat the simulation 5 times.
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K

where ||B||1 = >_ |6i| . The LASSO estimator can shrink the coefficients f; of unim-
i=1

portant covariates to zeros. Elastic net (EN) (Zou and Hastie, 2005) method solves

the problem

~ . 1
Ben = argmin | gl = X8I + AallBlh + A0~ )83 (LA4)

where ||8]3 = 262 Elastic net combines the ¢; norm (LASSO) and the ¢, norm
(Ridge) penalty together which stabilizes the LASSO selections of /s when variables
are correlated. Here, a € (0,1) is a tuning parameter used to tilt the weight be-
tween the ¢;— and f,— shrinkage components. Adaptive LASSO (Zou, 2006) method

minimizes the following function

BadaLASSO = arg/;nin ||y XB| |2 + A Z |6¢| s (1A5)

|61 adal

where v > 0 and |Bi7ada\ is an adaptive weight for the i*" element in 3, which is obtained
through a first-stage estimation and typically based on the OLS estimate when it is
feasible. Variables with small magnitudes in first-stage estimated coefficients (i.e.,
small |Bl-7ada|) receive stronger penalty and v controls the intensity of penalty for
small parameters. A controls the overall penalty level. OSCAR (Octagonal shrinkage
and clustering algorithm for regression) (Bondell and Reich, 2008) method solves this

problem

A . 1
Boscan = argmin | Slly = XBIF + Xllglh +dadmax{lGl 151} . (1A0
i<j
where Y max{|f;|,|5;|} compares all elements in [ pair-wisely and penalizes more

i<j

on the larger one. Bondell and Reich (2008) show that OSCAR method encourages

factor clustering when they are correlated.
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Chapter 2

Robust Inference of the
Ordered-Weighted-LASSO

Estimator

2.1 Introduction

Economic and financial research topics related to the LASSO (Tibshirani, 1996) es-
timator have burgeoned and evolved rapidly in the past decade as high-dimensional
big datasets become more available. For some examples, see Feng et al. (2020), Frey-
berger et al. (2020), Kozak et al. (2020) among others. However, as pointed out by
Babii et al. (2019): “..the bulk of machine learning methods assume i.i.d. regressors
and residuals.”. They further argue that time series data are usually correlated and,
as a remedy, they utilize a structured group-LASSO estimator using mixed frequency
time series data.! Nomnetheless, empirical evidence has suggested that correlations
are also commonly observed in the cross-sectional dimension,” yet we often encounter
insufficient information to impose structural restrictions on cross-sectional covariates.
Consequently, it is not straightforward to implement the group-LASSO method while

the cross-sectional dimension is large and potentially highly correlated. Conversely,

In particular, each group consists of lagged values of either the dependent variable or a single
explanatory variable, which means in effect, correlations on the time-series dimension are all retained
in separate groups.

2 Asness et al. (2013) find negative correlation between value and momentum factors which can be
utilized to achieve superior portfolio performance. Kleibergen (2009) cautions about the collinearity
between factor loadings when implementing a Fama-MacBeth regression.
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we resort to a newly developed machine learning tool, the Ordered-Weighted-LASSO
(OWL) estimator, which is structure-free (needless to define group structures ex ante)
and entirely data-driven to exploit cross-sectional correlations. Figueiredo and Nowak
(2016) demonstrated that the OWL estimator explicitly permits correlations among
covariates and achieves correlation identification and sparsity shrinkage simultane-
ously. Sun (2019) further established the consistency property of the OWL estimator
under i.i.d Gaussian assumptions and applied the OWL estimator to dissect the factor
700.

This paper focuses on developing robust inference of the OWL estimator under
more general conditions. First, we relax the usual i.i.d. assumption for regressors and
instead impose less restrictive weak dependence conditions among high dimensional
covariates before we derive the non-asymptotic bounds for the prediction error and
the parameter estimation error. In particular, we assume a—mixing conditions and
potentially fatter (than sub-Gaussian) tails on variables and their distributions. We
leave a free parameter ¢ that controls the fatness of the tail distribution and we
derive the probability measure of the validity of the oracle inequality in relation to q.
Furthermore, we do not rely on an upper bound assumption for any random variable,
which is usually required before implementing a Bernstein type inequality. Instead,
we follow Dendramis et al. (2019) to truncate random variables at a level which will be
specified later to bring together a refined bound for Bernstein type inequality under
strong mixing conditions. In this respect, our theoretical framework requires much less
restrictive assumptions and explicitly allows researchers to investigate cross-sectional
correlations.

Second, following recent development of the de-sparsified LASSO estimator, for in-
stance see Van De Geer et al. (2014), Belloni and Chernozhukov (2012), Kock (2016),
Caner and Kock (2018), Kock and Tang (2019) among others, we extend Figueiredo
and Nowak (2016) and Sun (2019) to develop the de-biased OWL estimator using
the nodewise LASSO technique. The OWL estimator has appealing properties of
grouping together highly correlated variables without pre-specifying any factor struc-
tures. Although Sun (2019) shows that the OWL estimator is consistent under some
regularity conditions, it is biased in small samples. The de-biased OWL estimator

bridges that gap. We show that after bias-correction, it is asymptotically normal and
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we derive the confidence intervals for each parameter.

Empirically, we apply the de-biased OWL estimator on 15 large stocks in the Dow
Jones industrial average index with 80 factors constructed using accounting data. We
implement a portfolio sorting method to obtain our factor zoo library.® It is worth
stressing that we are not implementing a two-pass Fama-MacBeth type of regression
or a stochastic discount factor (SDF) method® to identify true factors that drive
asset prices, which are most commonly studied in the cross-sectional asset pricing
literature. Instead, this exercise focuses on forecasting. We implement a simple one-
pass time series regression to predict stock returns directly from lagged values of
factors, which are high dimensional and potentially correlated.” We are interested in
whether the de-biased OWL estimator can outperform other benchmarks in an out-
of-sample framework in terms of predicting asset returns given a set of test assets.
Empirical evidence suggests that the de-biased OWL estimator yields higher out-of-
sample Sharpe ratios compared to standard LASSO and OLS methods. In addition,
the de-biased OWL estimator illustrates a clear pattern of time-varying nature of
factor selections during different periods, while LASSO and OLS do not show strong
evidence of such pattern.

This paper builds naturally on the active and expanding literature pertaining
to the LASSO estimator, in both the machine learning and empirical asset pricing
literature. Tibshirani (1996) proposes the LASSO estimator that achieves efficient
dimension reduction within a convex optimization problem, which enjoys huge suc-
cess. Since then voluminous research has evolved to broaden the scope of the LASSO
estimator. Yuan and Lin (2006) allow covariates sharing similar characteristics to be
grouped together as a unit and propose the group LASSO estimator that performs
sparse selection among groups. Freyberger et al. (2020) apply the adaptive group
LASSO method to find pervasive firm characteristics to predict stock returns while

Babii et al. (2019) implement the group LASSO estimator with mixed-frequency time

3 In particular, we sort stocks (after removing micro-stocks) from the NYSE, NASDAQ and
AMEX into decile portfolios according to a large number of firm characteristics at each point of
time. For each characteristic we compute the spread returns between the top and bottom decile
portfolios at each point of time.

4See Sun (2019) for an example of implementing the SDF method to find pervasive factors on the
cross-section of stock returns.

5 Nonetheless, the de-biased OWL estimator can also be implemented for the Fama-Macbeth
regression (or SDF method) to identify pricing factors for a universe of stocks.
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series data for nowcasting GDP growth. Belloni and Chernozhukov (2012) and Bel-
loni et al. (2014) propose the three-pass double LASSO estimation method to de-bias
LASSO coefficients of a set of factors that are of primary interest to researchers. Feng
et al. (2020) adopt the double LASSO selection procedure to “tame” the factor zoo.
Zou and Hastie (2005) combine the ¢; and /5 norm regularization and propose the elas-
tic net (EN), which stabilizes LASSO coefficients especially when covariates exhibit
correlations. Kozak et al. (2020) employ EN in a Bayesian framework and find that
sparse components can largely explain the cross section of average returns. Bondell
and Reich (2008) propose the octagonal shrinkage and clustering algorithm for regres-
sion (OSCAR) method by exploring the ¢,, norm of parameters pair-wisely to achieve
clustered selections when covariates are highly correlated. Zeng and Figueiredo (2015)
and Figueiredo and Nowak (2016) promote the Ordered-Weighted-LASSO (OWL) es-
timator, which is closely related to the SLOPE (Sorted ¢; Penalized Estimator) by
Bogdan et al. (2015): both assign a fixed and decreasing weighting vector to penal-
ized coefficients (by contrast, LASSO estimator assigns the same penalty to all coeffi-
cients), with the larger coefficients (absolute value) receiving larger penalty. Bogdan
et al. (2015) continue to specify a normal CDF based (non-linear) design for the
decreasingly ordered weighting vector, before using the false discovery rate (FDR)
to infer significance in the multi-testing framework assuming i.i.d. covariates. On
the other hand, the OWL estimator, although having the same design in the regu-
larization as the SLOPE, differs substantially in the weighting vector specification.
Figueiredo and Nowak (2016) specify a linear weighting vector, and they further find
that, by adopting a linear weighting vector, the OWL estimator encompasses the
OSCAR regularization, which has appealing properties to group together highly cor-
related variables without imposing any structural restrictions ex ante. Van De Geer
et al. (2014) developed the de-sparsified LASSO estimator using the nodewise LASSO
technique, which enables them to find a way to approximate the usually un-invertible
scaled Gram matrix to identify and quantify the bias of the LASSO estimator. The
de-sparsified LASSO estimator enjoys asymptotic normality. Kock (2016), Caner and
Kock (2018) and Kock and Tang (2019) expand the de-sparsified LASSO estimator on
panel data and develop statistical properties under sub-Gaussian assumption. Babii

et al. (2019) extend the nodewise LASSO technique to group-LASSO estimator using
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mixed frequency time-series data. This paper marries the OWL estimator and the
nodewise LASSO technique to propose the de-biased version of the OWL estimator.
Meanwhile, this paper relaxes the usual i.i.d. and sub-Gaussian assumptions to de-
rive (non)asymptotic properties of the estimator. In particular, we allow for weak
dependence (a-mixing) between covariates and fatter (than sub-Gaussian) tails.

In the remainder of this paper, Section 2.2 outlines the OWL estimation framework
and we study its (non)asymptotic properties and further discuss a de-biased version of
the OWL estimator and its asymptotic normality property. Section 2.3 studies Monte
Carlo experiments with various settings in dimensions and correlations. Section 3.4
applies the de-biased OWL estimator on 15 large stocks to find the best predictors

from a factor zoo library constructed from accounting data.

2.2 Model

In this section, we define the Ordered-Weighted-LASSO (OWL) estimator and derive
its theoretical properties under mixing and some other regularity assumptions. Then
we develop the de-biased OWL estimator, and show that it has asymptotically normal

distribution.

Notation

Throughout this paper, X is a n X p matrix, and y is a n x 1 vector. We denote
by ¥ = %X’X the scaled Gram Matrix of X, while © = E() is the expected
(true) value of the scaled Gram matrix. For any z,y € R", we denote |z|z =

n n
> x?)l/z, lz|li = > |@ils [|%]|co = maxi<i<n ||, ||||o the cardinality of z, and z © y

i=1 =1
the Hadamard (point-wise) production of two vectors. For matrix Ml € R™ "™ A,

and A, denote the smallest and largest eigenvalues of M. For two sequences x,, and
Yn, We write x, < vy, if there exist 0 < a < b < oo, such that ay, < x,, < by, and
we write z, < y, if , < by, for some 0 < b < oco. For any set s, s¢ denotes the
complimentary set. For two scalers p and ¢, pV ¢ := max(p, q) and p A ¢ := min(p, q).

For any 6 - {ﬁl?'” uﬁp} € Rp’ we denote |B|J, = (|ﬁ|[1]7 |/8|[2]7 7|ﬁ|[p]>/7 where
1Bl = 1Bl = -+ = |Bly) and |B]y is the j* element of |B],.
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2.2.1 OWL estimator and the oracle inequality

Consider a linear model

y= X" +¢, (2.1)

where X := (Xy, -+, X,) and 8% = (8¢, - ,BS)’. Note that in the high-dimensional
case, we allow p > n and Xj’-s can be correlated for j = 1,--- ,p. The OWL estimator

B minimizes the objective function
s 1 1 a
foamgmin |1l - X6IE+ WISl W=D el (22
j=1

where w = (wy, -+ ,wp), wj =X\ +Xa(p—7J), 7=1,---,pand A\, Ay > 0 are tuning
parameters.

Zeng and Figueiredo (2015) have shown that the OWL estimator has sparsity
selection and correlation identification properties. In particular, the tuning parameter
A1 controls the overall level of penalty while Ay influences the grouping property:
large (small) Ay encourages (discourages) correlated variables to be grouped together
by assigning them with similar coefficients, see Figueiredo and Nowak (2016) for
a detailed discussion. We want to stress here that we do not impose any factor
structure restrictions in our model, for instance defining groups ex ante to encapsulate
correlated variables. Correlation identification is entirely data-driven. On the other
hand, the OWL penalty term encompasses the LASSO setup. Setting Ao = 0, the
OWL estimator will collapse to the standard LASSO estimator. A gradient proximal
algorithm can be implemented to solve the optimization problem in (2.2), see Sun
(2019) for technical details.

Before we derive the statistical properties for the OWL estimator A, we make the
following assumptions which are the foundation for building the theoretical framework
and add novelty to our contributions. Assumption 2.2.1 states restriction on random
variables, including cross-sectional dependence and on tails of their distributions.
Assumption 2.2.2 is a standard requirement for developing asymptotic theory for
LASSO type estimators in high dimensions. Assumption 2.2.3 specifies some rates on

s, n and p required to obtain consistent estimators.

Assumption 2.2.1 (Random variables, Dendramis et al. (2019)).

(a) {X;;} and {X;;e;}, i =1,---,n, j =1,---,p are a—mizing sequences, which
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are not necessarily stationary. The mizing coefficients have property oy, < c, ¢, ¢ >
0,0<op<1,k>1,

(b) sup, ; P(|X;;] > a) < cpexp[—coa?] and sup; ; P(|X; 56| > a) < ¢y exp[—coa?] for
all a > 0, for some q > 0 and cy,co > 0 which do not depend on a,1, 7,

(c) E(e]X;;) =0, and H%E}XE(Xﬁj) < 0.

Assumption 2.2.1(a) relaxes the ii.d condition which is usually assumed on X;
in the bulk of LASSO related literature, for instance see Kock (2016), Van De Geer
et al. (2014) and Belloni and Chernozhukov (2012). Instead, we allow variables X
to be weakly dependent, i.e. a—mixing. Furthermore, mixing condition permits het-
eroscedasticity which is typically exhibited in empirical data. Assumption 2.2.1(b)
further specifies tail bounds of distributions of X; and e. Although we use an expo-
nential type of bound, it allows tails to be fatter than in the sub-Gaussian case. The
tail parameter ¢ controls the fatness of the tails, and it encompasses the sub-Gaussian
tail (¢ = 2) as a special case. Assumption 2.2.1(c) is a standard assumption stating
that the error term is orthogonal to covariates, in other words {X; ;e; } is a zero mean
sequence. Note that we do not assume random variables to be bounded which is
typically assumed when implementing a Bernstein type inequality. To this end, our
assumptions are more general and less restrictive than many of those in the literature

which typically consider sub-Gaussian i.i.d. random variables.

Assumption 2.2.2 (Restricted eigenvalue condition on 3, Bickel et al. (2009)).

Let sy C {1,---,p} be a subset and s := |sg| the cardinality of so. For [ =
{/817“' 7&17}7 denoteﬁsO = le{l € SOvi - ]-7 7p}7688 = 611{1 ¢ 507i -

L,---,p}, so that B = Bs,+ Bss. We suppose that for all B such that ||Bs|l1 < 3||Bs, |1,
) satisfies the restricted eigenvalue condition
I
b
$: = min min B—% > 0. (2.3)
soc{l~p}  BeERP\{0} || By, I3
s<p [1Bsg 111 <3l1Bs lI1

Assumption 2.2.2 is a cornerstone to many theoretical results related to LASSO
estimation. First of all, it allows us to specify the approximate sparsity condition as
follows: only for a subset sg, the true parameter vector has non-zero values (Y # 0 :
Vi € sg), while the complement contains only zeros (37 = 0 : Vi ¢ sq). The cardinality

s of such subset sy does not need to be known ex ante nor its elements, though we
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restrict it so that s < p. The restricted eigenvalue condition implies the compatibility
condition of Buhlmann and Van de Geer (2011) (see below Lemma 2.2.1), which is

an essential element in the proof of Theorem 2.2.1.

Lemma 2.2.1 (Compatibility condition for ¥, Buhlmann and Van de Geer (2011)).
If the scaled Gram matrix 5 satisfies the restricted eigenvalue condition in (2.3), then

for any B
18,01} < (B'E8)s/ 5.

Proof: see Appendiz 2.A.1./

Assumption 2.2.3 (Rates on n,p and s). Denote by s := |so| the sparsity parameter
indicating the number of non-zero elements in B as in (2.2) and s; the sparsity pa-
rameter in (2.15) by regressing the j* column of X on the remaining columns of X.

For any j € {1,--- ,p}, we assume

(0) (s 5, 5L = o(1),

(b) sj\/loi P _ o).

Assumption 2.2.3 specifies some rates on n,p,s and s; which lead to consistent
estimators. The rate that is required in 2.2.3(a) is rather standard and similar to
that used in Kock (2016) and Van De Geer et al. (2014). The other requirement in
2.2.3(b) is typically weaker than in Kock (2016).

2.2.1.1 Statistical properties

Next, we investigate some statistical properties for the OWL estimator. Theorem 2.2.1
establishes oracle inequality for the prediction error and parameter estimation error.
The probability we obtained is based on the assumption of weak dependence. Its
proof uses Bernstein type inequalities for a—mixing variables obtained in Dendramis

et al. (2019).

Theorem 2.2.1 (Oracle inequality). Suppose Assumption 2.2.1 and 2.2.2 hold. Set

lo A
A = K gp; where k 18 a positive constant. Let AL 2Xg and assume 22 -
n n n
slo
O,( gp)' Suppose that for some 6 >0, p < nd.
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1. Let n,p — oo. Then for sufficiently large k,

SIX(B ~ %)l S %05/60 + 20/ BTN, 2.4

118 = Bl < 8Xos/ 82 + Xos|| 8%, (2.5)

with probability at least 1 — cup™© — 1, for some € > 0, where ¢ is a positive

constant which is independent on n and p.

2. Let p be bounded. Then (2.4) and (2.5) hold with probability at least

/ / 1 C
1 — pcoy exp(—%/@2 logp) + exp (—0'2 (Logp> )] , (2.6)

2log®n

where ¢ = q/(q+ 1) and ¢y, ¢}, cy are some positive constants which are inde-

pendent on n and p.
Proof: see Appendiz 2.A.1.1.

Remark 1 Theorem 2.2.1 offers bounds for the prediction error || X (8 — °)|]2/n and
parameter estimation error ||3 — 8°||; for the OWL estimator under strong mixing
conditions. Once we further incorporate Assumption 2.2.3, we will derive consistency
and the convergence rate for the OWL estimator. See Corollary 2.2.1.

Remark 2 We analyze the probability of (2.4) and (2.5) to hold under two scenarios.
First, when n,p — oo, we find that those inequalities hold with probability tending
to one once a sufficiently large x is chosen. Second, when p is fixed, we find that the
probability of (2.4) and (2.5) to hold converges to 1 — pcy exp(—c/x%logp) as n — oo,
where ¢ and ¢} = ¢} /4 are some positive constants which depend only on the mixing
coefficient ay, in Assumption 2.2.1. Then we need to select k sufficiently large to
ensure that pcyexp(—c/x?logp) is close to zero.

Remark 3 Our results on the probability measures are obtained under the general
assumption of exponential decaying tails on random variable z; ; := X ;je. If ( =2/3
(i.e., ¢ = 2), equation (2.6) encompasses the sub-Gaussian case, which is a frequent
assumption in related literature, see Kock (2016) and Kock and Tang (2019) for
example. In addition, it also accommodates fatter tails, i.e. 0 < ¢ < 2. However,

when both p and n are bounded, the probability of (2.4) and (2.5) to hold depends

also on the tail parameter g. The thinner is the tail of the distribution (i.e., ¢ is
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larger) of the random variable z; ;, the closer the probability in (2.6) is to one.

To this end, we want to emphasize that our results in Theorem 2.2.1 are based
on less restrictive assumptions, where we allow for weak dependence between random
variables X}s and we further relax the sub-Gaussian tail restriction where we leave a

parameter ¢ that controls the fatness of the tail distributions.

Corollary 2.2.1 (Convergence rate). Suppose Assumption 2.2.5 is satisfied and as-

sume n,p — oo. Then for sufficiently large k, with probability tending to one,

13-4 =0, (\/ 31(;”) o), 13- =0, (sx/ lo,fp) = 0,(1). (27)

Proof: see Appendix 2.A.1.2.

Corollary 2.2.1 establishes the convergence rate in ¢; and ¢, norm of the OWL
estimator B . After specifying some growth rate for n and p in Assumption 2.2.3, we

show that the OWL estimator is consistent.

2.2.1.2 Choice of penalty parameters

It is well recognized that the choice of penalty level has huge impact on the perfor-
mance of LASSO type estimators. In the machine learning literature, cross-validation
is the most commonly implemented method for choosing penalty parameters. How-
ever, cross-validation can be computationally expensive to implement, for instance,
in a recursively estimated application.® Hence, it would be useful if we can infer an
appropriate penalty level based on the statistical properties of the estimator. Belloni
and Chernozhukov (2012) argue that we should choose a penalty level that is suffi-
ciently large to cancel noises coming from estimation errors (i.e. P(Ag > 2|| X"€[|o0/n)
is large), yet not overly large to write off signals from variables. To achieve that, we
propose the rule of thumb about penalty choice below based on a similar argument to
Belloni et al. (2012) but incorporating our unique setting for random variables (weak

dependence and exponential tails).

6Taking the commonly used 10-fold cross-validation as an example, at each step of the recursive
exercise (for instance, a rolling window estimation procedure) we need to split the sample into 10
folds, while holding one tenth of the sample as testing sample and the remaining as estimation sample
to evaluate and test the model, then swap positions of testing/estimation samples to re-evaluate the
model (10 times). Suppose we have two tuning parameters and we want to search for a best fit in
a b x 5 grid, and suppose the rolling window requires T recursive estimations. Then the 10-fold
cross-validation method would require the model to be run 52 * 10 * 7' times.

85



Proposition 2.2.1. Let Assumption 2.2.1 be satisfied, ®'(-) denote the inverse of
the standard normal distribution function. We propose the following values for tuning

parameters Ay and Ay in (2.2).

4 1 V1
ﬁ _ —O'*(l + —)1/261)_1<1 . « )7 & _ )\1 ogp
logn

n  \/n 2 n n Jnp’

where we evaluate o recursively similar to Algorithm A.1 in Belloni et al. (2012) and

(2.8)

a 1s a significance level.

Proof: see Appendix 2.A.1.5.

Note that « is selected to ensure the probability that the penalty is large enough
to cancel out noises is close to one, that is P(A\g > 2||X’€||oo/n) > 1 — a.. So a smaller
value of o will result in a larger penalty level. Proposition 2.2.1 offers a guideline for
penalty choices when cross-validation is too expensive to implement. Equation (2.8)
suggests that the penalty level depends on four elements. First, the noise level o*
affects penalty level. Large variance of the error term requires a higher penalty level
to cancel out noises. We evaluate o* recursively: we first evaluate the model and
obtain the residuals while setting * = 1, then update o¢* with the empirical residual
variance and re-evaluate the model. Second, large n reduces the penalty level. Note
that the total penalty is determined by A;/n and Ay/n in (2.2), so large n commands
smaller values for A\;/n and A\y/n. From a different perspective, we can view that
large n leads to smaller variance o2, which requires less penalty on parameters. Third,
the dimension of covariates p dictates the optimal penalty level. Large p requires a
higher level of penalty to shrink off more irrelevant variables. Fourth, the significant

parameter « affects the penalty level as discussed above.

2.2.2 De-biased OWL estimator

Although Theorem 2.2.1 shows that the OWL estimator is consistent under some
regularity conditions, it is biased in small samples. In this section, we discuss a
bias-corrected version of the OWL estimator using the nodewise LASSO method in-
troduced in Van De Geer et al. (2014). Then we develop the asymptotic normal

approximation result for the de-biased OWL estimator.
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2.2.2.1 Identifying the bias of the OWL estimator

For the convenience of expression, the OWL estimator defined in (2.2) can be written

as
B = argﬁmin [y — XBlI2/n + 2w'18],/n] , (2.9)

7

where we extract 2 out of the weighting vector w.” The first order condition of

minimization of (2.9) gives

1 if B>O
~X'(y-XP)/n+wei/n=0, F={[-11] if 3=0 (2.10)
—1 if B<O
\

where © denotes the point-wise product of two vectors, and 7 is the definition of
sub-gradient of | B |;. We further utilize the equality y = X% + € and Y =X'X /n.
Then (2.10) can be written as

S(B-8Y)+wei/n=X"e/n. (2.11)

Since ¥ is not invertible when p > n, we are using a relaxed form 6 suggested by Van
De Geer et al. (2014) to approximate the unobservable ¥ =1, where ¥ is the population

value of 3. Suppose such O exists. Then we can write

B—pB"+0wei/n=0X"e/n—A/n, (2.12)
A =/n(O% - I)(B - B, (2.13)

where we will show later that © X'e /n is asymptotically normal and the approximation

error, A, is negligible. Then we obtain the de-biased OWL estimator

b=f+Owoi/n=LF+6X"(Y —Xj)/n, (2.14)

where the second equation holds in view of (2.10). So the bias is identified as bias =
Ow ® 7/n = OX'(Y — XB)/n. In the next subsection, we construct the required

approximation o.

"Note that w is exactly pinned down by A; and Ay which can be determined according to (2.8).
So for the convenience of expression, we keep the same notation here for w.
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2.2.2.2 Construction of ©
We follow Van De Geer et al. (2014) and Kock (2016) and use the nodewise LASSO
technique to obtain ©. First, the nodewise LASSO estimator is defined as

4; = arg min (HXj - X—jVHg/” + 2)‘jH%‘Hl) , (2.15)

yeERP—1

where 4; := {Y;% : bk =1,---,p, k # j} € R~ is a row vector of the nodewise
LASSO estimator by regressing X; (the j column of matrix X) on X_; (which
denotes the remaining columns of X') with LASSO penalty A;. Define a p x p matrix

C and a p x p diagonal matrix T2 as

1 Y12 0 ~Yip
R _A 1 vl —4 . A .
C .= 72’1 . 7.249 ) %= diag(éf, 637 o ’52’ ), (2.16)
—Yp1 —p2 1

where for j =1,--- |p,
07 = 11X, = X y3ll3/n + Al (2.17)

Then O is constructed by setting

~

0 :.=T72C. (2.18)

For a close consideration of whether © is a good approximation of ¥ 7!, see Appendix

2.A.2.

2.2.2.3 Inference on the de-biased OWL estimator

12 - 12

Denote Yx. := E[= Y (X)) (Xle)'], Lxe := — D_[(Xlé;)(X/€)] and © := X!, For
n =1 n =1

any [ € {1,...,p}, let 5} (©;) be the I row of the ) (©) matrix, written as a column

vector.

Theorem 2.2.2. Let b and © be defined as in (2.14) and (2.18), respectively. Then
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the following hold:

V(b — ) = ©X'e/\/n + 0,(1), (2.19)
0/ X'e/\/n — N(0,0,2x.0,), (2.20)

Furthermore, a uniformly valid point-wise confidence interval based on the t-statistics

for B where l =1,--- ,p is given by
[l;l - O<a7®lviX€>a 8l _’_C(aaéhiXs)]’ (221)

where C(a, é)l, ZA]X&) = o 1(1 - a/2)\/égixeél/n and « is the confidence level.
Proof: see Appendiz 2.A.1.5.

Theorem 2.2.2 arrives at the asymptotic normality property for the de-biased OWL
estimator b and allows uniformly valid test for 3 (i.e. the confidence interval applies
toalll =1,---,p). The confidence interval is derived through the t-statistics based on
the asymptotically normal property of the de-biased OWL estimator b. Alternatively,
a related Wald test can be subsequently developed. However, in this paper, we focus
on the t-statistics and using (2.21) for testing the significance of the de-biased OWL
estimator in our empirical exercises.

Next, we investigate the performance of the de-biased OWL estimator using sim-

ulated data.

2.3 Simulation

This section studies the performance of the de-biased OWL estimator alongside other
benchmark estimations using simulated data. First, let us consider a toy example
of 300 test assets (N = 300) and 20 covariates (K = 20). The oracle (true) values
of the first six coefficient parameters of covariates are non-zeros and the rest are all
zeros. Specifically, we set Sy = {10, %, %,...,%2,0,0,...,0} € R*. Variables are not
correlated.

Figure 2.1 displays the plots of estimated coefficients using various methods, along-
side the true values (b0, blue line). The shaded area is the confidence interval for the

de-biased OWL estimator. First of all, we find the OWL estimator (red/circle) ex-

hibits good sparse-selection property: it shrinks the coefficients of all useless factors
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Figure 2.1. A toy example
This graph plots the estimated coefficients using OWL and its de-biased version, alongside the true
values (b0, blue line). There are total 20 covariates, the first six (true value) are non-zeros, while
the reminder are zeros. The shaded area is the confidence interval for the de-biased OWL estimator.

Variables are uncorrelated.

to zeros. We also find that the OWL estimates for the non-zero coefficients are all
biased towards zero, which is a common pitfall of many LASSO related estimators
in small samples. On the other hand, we find that the de-biased OWL estimator
(yellow/asterisk) corrects the bias: the bias-corrected estimates are much closer to
the oracle values (blue line), with the oracle values lying inside the confidence interval
(shaded area). On the flip side, the de-biased OWL estimates lose the sparse-selection
property: all those useless factors now have non-zero coefficients using the de-biased
OWL estimator. However, this incorrect de-biasing is bounded by the confidence in-
tervals. We find that the true values (zeros) of the coefficients of these useless factors
lie inside the confidence interval. Hence, we can easily remove those useless factors
by running a t-test. This simple toy example illustrates the nice properties of the
de-biased OWL estimator. Next, we run a sequence of Monte Carlo experiments to
investigate how dimensions of data-set, correlations and other aspects would affect
the performance of the de-biased OWL estimation.

We set the dimension of covariates X such that K = dim(X) € {100, 1000} and
the number of observations N € {60,800,1000}. We allow covariates in X to be
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correlated, and their covariance structure is defined as
Corr j(X) = % (p) = p", i,j€{1,2,..., K}, p€{0,0.3,0.5,0.7},

where Corr is the correlation coefficient function. The true oracle value for 3 is set

to be
10 10 10

— — . ....—.0.,0.....0} € RX,
2737 76777 7}6

Bo = {10,

The first six elements are non-zeros, and the rest are zeros. The covariates matrix X

and the response y are generated through the following distribution

X = Zxchol(¥), Z~N(0,1) € RN*K,

y=XB+e €~N(0,0.01)€c RV

where chol(.) is the lower triangle matrix of the Cholesky decomposition. We use
the de-biased OWL estimator to obtain estimated coefficients. The penalty hyper-
parameters of A\; and Ay are chosen according to the optimal level discussed in Section
2.2.1.2.
M/N =501+ ——)12e1(1 — )V,
log N 2K
Ae/N =(0/N)/log K /(VN ),

where ®71(+) is the inverse of a normal cumulative distribution function and a = 5%.
We set ¢ = 40* = 0.01 to gain computation speed.® We compare the de-biased OWL
estimator with other benchmarks, including the OLS (when it is feasible) and the
LASSO estimators. The number of the Monte Carlo repetition is 500 (rep = 500)
for all set-ups. We report four estimated coefficients of B , of which two have the true
value of non-zeros: {fs, Bs}, the other two have true values of zeros: {12, S20}. We

report the performance table of B using the following criteria:

1. Coverage rate for de-biased OWL. We compute the confidence interval of de-
biased OWL according to (2.21). The coverage rate is the rate of the true value

of the parameter included in the confidence interval throughout all Monte Carlo

8We opt for this easy choice of o* to gain computation speed, especially in high-dimensional cases.
The de-biased OWL estimates may be sub-optimal, and a carefully cross-validated choice of ¢* can
potentially improve the de-biased OWL estimates.
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repetitions. We compute the coverage rate for each of these four parameters.

The width of confidence intervals (CI) for the de-biased OWL estimates. We
compute the average width of confidence intervals of de-biased OWL throughout

all Monte Carlo repetitions.

MAE (Mean Absolute Errors). We compare the mean absolute estimation

errors between the de-biased OWL, LASSO and OLS estimates. The MAE
rep

for each coefficient j € {3,6,12,20} is defined as MAE/ = > 1B —

benchmark
=1

B;-)emhmark’i] /rep, and the average MAE across all coefficients of j € {3,6,12,20}

~

rep ) )
for each benchmark is defined as MAEyenchmark = Y- D |85 0— 5'7€"Chmm"k’l| /(4rep).

‘ - J
=1 j

Table 2.1. Simulation results

Panel A: Coverage rate, CI width and MAE comparison between benchmarks

Coverage rate of dowl Width of CI of dowl Average MAE
B3 Bs Brz B20 B3 Be Bra Bao dowl  ols lasso  lasso_cv

K =50, N = 60

p=0

0.9360 0.9350 0.9600 0.9360 | 0.1016 0.0665 0.0820 0.0942 | 0.0112 0.0263 0.0819  0.0819

p=03 0.9560 0.9300 0.9280 0.9320 | 0.1316 0.0948 0.1138 0.1424 | 0.0143 0.0347 0.0657  0.0657
p=05 0.9560 0.9320 0.9420 0.9560 | 0.1209 0.1271 0.2372 0.1142 | 0.0154 0.0396 0.0894  0.0894
p=0."7 0.9780 0.9780 0.9620 0.9500 | 0.1857 0.1782 0.1897 0.1504 | 0.0185 0.0495 0.0663  0.0663

K = 50, N = 1000

p=0 0.9420 0.9480 0.9380 0.9600 | 0.0129 0.0123 0.0127 0.0121 | 0.0015 0.0026 0.0689  0.0689
p=03 0.9480 0.9600 0.9480 0.9540 | 0.0139 0.0139 0.0137 0.0137 | 0.0016 0.0028 0.0813  0.0813
p=0.5 0.9640 0.9380 0.9280 0.9520 | 0.0158 0.0170 0.0162 0.0161 | 0.0019 0.0033 0.0758  0.0758
p=0."7 0.9380 0.9600 0.9420 0.9400 | 0.0214 0.0207 0.0210 0.0211 | 0.0025 0.0044 0.0755  0.0755

K = 1000, N = 800

p=0 0.9080 0.9340 0.9400 0.9300 | 0.0939 0.1000 0.0907 0.0726 | 0.0131 N/A  0.0738  0.0738
p=0.3 0.9460 0.9360 0.9280 0.9460 | 0.0823 0.0804 0.0996 0.0925 | 0.0105 N/A  0.0777  0.0777
p=05 0.9620 0.9580 0.9460 0.9420 | 0.0878 0.0889 0.0832 0.0762 | 0.0096 N/A  0.0806  0.0806
p=0."7 0.9720 0.9400 0.9400 0.9680 | 0.0756 0.0837 0.0882 0.0840 | 0.0089 N/A 0.0776  0.0776
Panel B: MAE comparison of each coefficient
MAE_dowl MAE ols MAE lasso
B3 Bs B2 B20 Bs Bs B2 B20 B3 Bs Bia B20

K =50, N =060
p=0 0.0219 0.0173 0.0019 0.0036 | 0.0257 0.0243 0.0328 0.0223 | 0.1645 0.1629 0.0000  0.0000
p=0.3 0.0266 0.0198 0.0048 0.0060 | 0.0405 0.0277 0.0276 0.0428 | 0.0562 0.2064 0.0000  0.0000
p=05 0.0238 0.0266 0.0082 0.0029 | 0.0292 0.0313 0.0678 0.0299 | 0.1857 0.1721 0.0000  0.0000
p=0."7 0.0337 0.0315 0.0043 0.0045 | 0.0488 0.0572 0.0492 0.0429 | 0.0576 0.2075 0.0000  0.0000
K =50, N = 1000
p=0 0.0026  0.0026 0.0005 0.0003 | 0.0026 0.0026 0.0026 0.0024 | 0.1403 0.1352 0.0000  0.0000

=03 0.0028 0.0027 0.0004 0.0004 | 0.0028 0.0027 0.0028 0.0028 | 0.1445 0.1807 0.0000  0.0000
p=05 0.0031 0.0036 0.0007 0.0004 | 0.0031 0.0036 0.0034 0.0032 | 0.1017 0.2014 0.0000  0.0000
p=0."7 0.0045 0.0041 0.0007 0.0008 | 0.0045 0.0041 0.0044 0.0046 | 0.0603 0.2417 0.0000  0.0000

K = 1000, N = 800

p=0 0.0228 0.0231 0.0033 0.0030 | N/A  N/A N/A N/A | 0.1465 0.1488 0.0000  0.0000
p=03 0.0164 0.0182 0.0044 0.0030 | N/A  N/A N/A N/A |0.1392 0.1717 0.0000  0.0000
p=05 0.0157 0.0174 0.0026 0.0027 | N/A N/A N/A N/A |0.0995 0.2231 0.0000  0.0000
p=07 0.0130 0.0180 0.0032 0.0016 | NJ/A  N/A N/A N/A | 0.0783 0.2319 0.0000  0.0000
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Panel A of Table 2.1 shows the results of the coverage rate and the confidence in-
terval (CI) width of the de-biased OWL estimator, as well as the average MAE (mean
absolute error) of each method. For the LASSO estimator we consider two methods
for tuning the penalty parameter: one is by a ten-fold cross-validation (lasso_cv),
which is widely used in machine learning literature; another one is by specifying the
maximum number of non-zero coefficients we want to obtain.” We consider three
settings in our experiment about the dimension of the dataset. First, we consider the
case where K =50, N =60 (N ~ K) . Second, we look into the near asymptotic case
where K =50, N = 1000 (N > K). Third, we investigate the high-dimensional case
where K = 1000, N = 800 (K > N). First of all, we find that the coverage rates of
the de-biased OWL estimates for all cases are above 90%. In particular, the coverage
rate for the near asymptotic case is near the correct size (95%) when correlation is
not too high (p < 0.5). Comparing coverage rates with different correlation profiles
within each setting suggests that the coverage rate is typically higher when correlation
is high (p = 0.7). However, we find that this is a result of enlarged confidence interval
width rather than improved estimation accuracy. The width of confidence interval
at the near asymptotic case suggests that when the correlation coefficient increases
(p increases from 0 to 0.7), the width of confidence interval enlarges, particularly
when p changes from 0.5 to 0.7. Meanwhile, an increase in p is also associated with a
decrease in estimation accuracy: the average MAE for the de-biased OWL estimate
increases steadily when p increases. Also, comparing the average MAE of four coeffi-
cients (fs, 86, P12, B20) between the de-biased OWL, OLS and LASSO estimators, we
find that the de-biased OWL estimate yields the lowest estimation errors in all cases.

Panel B of Table 2.1 gives a detailed illustration of MAE comparison between
benchmarks for each coefficient. We find that the OLS estimator is good at estimating
(B3 and (g because the OLS estimator is unbiased. However, the OLS estimation error
is large when estimating (15 and 359 when their true values are zeros. The performance
of the LASSO estimator is the opposite: it correctly shrinks 15 and [y to zeros (in
which case there is no estimation error for 515 and fa9) but the LASSO estimates for 53

and g are biased, and the estimation errors are large compared to the OLS estimates.

9We specify the maximum number of non-zero coefficients as ten to ensure sparse selection. After
evaluation, we find both methods for choosing the LASSO penalty parameter tend to yield the same
result.
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The de-biased OWL estimate combines the merits of the OLS and LASSO estimators:
it achieves unbiased estimation for the non-zero coefficients but also shrinks zero
coefficients. In the cases where K = 50 (the OLS estimator is feasible), the de-biased
OWL estimates for 83 and (g are very close to the OLS estimates, especially in the
near asymptotic case. Meanwhile, the de-biased OWL estimates for 515 and (5 are
close to LASSO estimates, performing sparsity shrinkage for useless covariates (whose
true coefficients are zeros). In the high-dimensional case where K = 1000, we find
that the MAE of the de-biased OWL estimates are substantially smaller than those
of the LASSO estimates while the OLS estimates become infeasible.

This Monte Carlo experiment shows that, in both the low- and high-dimensional
cases, the de-biased OWL estimator delivers unbiased estimation for useful covariates
(whose true coefficients are non-zeros) as good as the OLS estimator while shrinking

off useless covariates almost as good as the LASSO estimator.

2.4 Empirical application on factor investing

In this section, we apply the de-biased OWL method to predict stock returns using
firm-characteristic based factors. We first introduce the dataset and the empirical

method before conducting the empirical analysis.

2.4.1 Data and empirical method

We use the U.S. stock data from the Center for Research in Security Prices (CRSP)
and Compustat database, both downloaded from the Wharton Research Data Ser-
vice. The data spans January 1980 to December 2017, totalling 456 months on all
NYSE, AMEX and NASDAQ listed common stocks. Risk-free rate and market re-
turns are downloaded from Kenneth French’s on-line data library.'® For predicting
stock returns, we use a factor library which contains 80 anomaly factors constructed
using characteristic-sorted portfolios. More details of constructing those anomaly fac-
tors can be found in Sun (2019). We consider 30 stocks in the Dow Jones Industrial
Average index as test assets while deleting stocks having any missing data between

January 1980 and December 2017, which leaves 15 stocks as test assets. We then use

Ohttps : / /mba.tuck.dartmouth.edu/pages/ faculty/ken. french/datayibrary.html
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these characteristic-based factors to predict stock returns for each of those 15 stocks.
Suppose we use the lagged factor returns to predict individual stock return. The

predicted return of any stock ¢ at time ¢ is

AL_I :ftBt; Bt c {51101/I/L7 OWL7 I{LASSO’ BtOLS}’ (2‘22)
NtdOWL OWL 4 @(RZ ft 150WL)/ (2.23)
BPWE = arg min IR, — fiaBll3 + Q(B), (2.24)
34850 zargﬁminHRi — fic1 B3+ MBI, (2.25)
3RS = = arg min IR} — fi1Bll3, (2.26)

where 3, includes the de-biased OWL (‘dOWL’) estimator as well as benchmarks such
as the OWL, OLS and LASSO estimators. © is constructed in (2.18). SOWL is the
OWL estimator in (2.2) and BZ°WL is the de-biased OWL estimator in (2.14). X is a
hyper parameter for the LASSO estimator and we use two methods to determine its
value: either by a 10-fold cross-validation (CV) method or restricting its maximum

non-zero coefficients to ten (DFmax = 10) to ensure sparsity.

2.4.2 A stock-by-stock analysis

In this subsection, we look at each stock and find which factors are the best predictors
using the full sample estimation. However, it is worth stressing that our target here
is to predict stock returns using a potentially large number of predictors. Since our
approach is stock-specific, the selected factors for each stock should not be interpreted
as cross-sectionally valid true factors. Cross-sectional stock returns are typically in-
vestigated through the Fama-MacBeth regression method or the SDF method, see Sun
(2019) for more details on dissecting the factor zoo for cross-sectional asset returns.
Figure 2.2 shows the contour plot of the estimated de-biased OWL coefficients

" The vertical axis lists all the factors considered in the factor

(absolute value).
library and the horizontal axis shows 15 stocks as test assets. The left panel displays

the estimated coefficient before testing, while the right panel displays the contour

HNote that we excluded ‘betasq’ in the factor library because the correlation coefficient between
‘beta’ and ‘betasq’ is more than 0.9. Including both of them in the factor zoo leads to serious
estimation problems for OLS and LASSO estimators. For that reason, we exclude ‘betasq’ from the
factor library.
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Figure 2.2. Contour plot of the de-biased OWL estimator of factor loadings
The left panel is before testing and the right panel is after testing. Yellow areas represent higher

values, blue areas represent lower values and blank areas are zeros.

plot of the de-biased OWL estimate after removing insignificant ones by applying
the confidence interval in (2.21) at a significance level a = 5%. We first find that
‘sales’ related factors are typically selected as strong predictors for many stocks, while
‘profitability” and ‘investment’ related factors form the second tier of strong predictors
for stocks returns. The right panel confirms that most of those strong predictors
are significant while many other minor predictors are removed after applying the
confidence interval. Meanwhile, it also suggests that some stocks, for instance ‘KO’
and ‘MMM’| are sensitive to only very few (less than five) factors in our factor library,
while others like ‘J&J’ and ‘DIS’ have many (more than ten) significant predictors.
Next we choose a random stock, for instance ‘DIS’, to compare the estimation
results using different methods. Figure 2.3 shows the plot of estimated coefficients

using the de-biased OWL (blue), OWL (red), LASSO (yellow, with DFmax = 10),
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LASSO_CV (purple, with 10-fold cross validation) and OLS (green) estimators. The
grey area displays the confidence intervals for the de-biased OWL estimator at a

significance level o = 5%.

Estimated coefficients 3 for stock DIS; o = 0.05
\
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Figure 2.3. Estimated factor loadings of ‘DIS’
This figure plot the estimated factor loadings using the de-biased OWL, OWL, LASSO and OLS
estimators. The shaded area is the confidence interval for the de-biased OWL estimator.

Figure 2.3 shows that the OWL estimator yields very similar results to the LASSO
estimator (with maximum number of non-zero coefficients restricted to ten to ensure
sparsity) for the sparsity property, i.e., they both shrink many factors’ coefficients to
zeros, yet they differ in some of the survival factors (i.e., factors having non-zero esti-
mated coefficients). Meanwhile, the estimated coefficients of survival factors of both
the OWL and the LASSO (yellow) estimators are very close zero, which is caused
by an inward bias pulling the coefficients towards zeros. The cross validated LASSO
estimator yields very similar results to the OLS estimator. Cross validation method
suggests all factors are useful to predict stock returns and thus shrink no factors and
yield almost the same result as the OLS estimator. The de-biased OWL estimator
corrects that bias for the OWL estimator. We find that after bias-correction, the
de-biased OWL estimate displays a similar trend to the OLS estimator, although the
magnitude of estimated coefficients varies on some factors compared to the OLS es-
timator. Meanwhile, the de-biased OWL estimator loses the sparsity property (i.e.
no factors receive zero coefficients for the de-biased OWL estimator), but we find

that many of those factors receiving zero coefficients in the OWL estimation are in-
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significant in the de-biased OWL estimation after applying the confidence intervals.
In addition, to preserve the sparsity property of the OWL estimator while correct-
ing the bias for survival factors, we can selectively de-bias these estimated non-zero

coefficients of the OWL estimator.

2.5 Conclusion

In high dimensional datasets where covariates exhibit high correlations, Zou and
Hastie (2005) and Figueiredo and Nowak (2016) have shown that the LASSO estima-
tor performs poorly. Figueiredo and Nowak (2016) introduced the Ordered-Weighted-
LASSO (OWL) estimator which is specifically tailored to deal with correlations be-
tween covariates. Sun (2019) introduced the OWL estimator to dissect the factor
zoo for the cross sectional asset returns and further developed asymptotic proper-
ties for the OWL estimator. Although Sun (2019) shows that the OWL estimator is
consistent, it is biased in small samples. This paper extends Figueiredo and Nowak
(2016) and Sun (2019) to study the (non)asymptotic properties of the OWL estimator
with less restrictive assumptions and further proposes a bias-corrected version of the
OWL estimator. Monte Carlo experiments show that, in both the low- and high-
dimensional settings, the de-biased OWL estimator delivers unbiased estimation for
useful covariates as good as the OLS estimator, while shrinking off useless covariates
almost as good as the LASSO estimator. In the empirical analysis, we implement
the de-biased OWL estimation to predict returns for 15 stocks from the Dow Jones
Industrial Average index using 80 factors. We find some ‘sales’; ‘profitability’ and

‘investment’ related factors are strong predictors for many stock returns.
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2.A Appendix

2.A.1 Technical proofs
2.A.1.1 Proof of Theorem 2.2.1

Proof. The proof of Theorem 2.2.1 consists of two parts. In the first part we derive the
oracle inequality (2.4) and (2.5) under the event E, which will be specified below in
(2.A.4). In the second part we will derive the probability of this event P(E) to be true.

Part I. According to the “argmin” property,

1 . 1 < . 1 1 <
~ly = XBl5 + Ezwjlﬁlm < —lly - XB5 + ﬁzwjlﬂolm- (2.A.1)
j=1 j=1
Since (wr, -+ ,w,)' where w; = A + Ao(p — j), j = {1,---,p} is in a monotone

non-negative cone, so w; > wy > ... > w,. Then we have

p
> wilBliy = wllBllr = MlIBlL,

j=1

> wil By < willBll = M+ dalp — DAL
1

j:
Together with y = X 3° + ¢, this implies that (2.A.1) can be simplified as follow:
~Jle = X (B — B+ ~wlIBlls < ~Ilell3 + —n 18] (2.A.2)
“le — — —w “le —w A
n 2P b= n 2 n ! !

1o, Ay 2 2,04 1
E||X(5_BO)||§+W1||BH1 < EE'X(6—50)+E[>\1+>\2(]9— DB (2.A.3)

Note that € X (3 — ) < ||€ X||so]|3 — 8°||1. Let Ag > 0 and consider an event

1 Ao
Eo=d2eX]|. <22 2.A4
{Zhexi <3}, 2.4)

log p

where \y = K , where k > 0 is a constant. Then in view of (2.A.4), (2.A.3) can

be bounded as

IIX (3 - OB + %Héul < MllB = B+ =D+ delp - DN (2A5)

n
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A
By assumption of the theorem, A= 2)g. So we obtain
n

LIX 8013+ 218l < 2218~ U+ D+ - DI (2A.6)

By the definition of so, 3 = f,, + Bsg- Utilizing the triangle inequality ||a||; + ||b]l; >

lla + b||; for any vector a and b, we obtain

1811 = Bsoll1 + 1Bl > 1182 |1t = [1Bs = Boyllr + 11Bsg] 1, (2.A.7)
18 = Bl = 1180 — 20||1+||658 1 (2.A.8)

Therefore, using (2.A.7) and (2.A.8), (2.A.6) can be written as

—IIX(B ﬁo)llﬁ—(llﬁ 1= 11850 = Byl + 1185
)\
n

1)

< D+ oD+ = DI (2A9)

(1Bs — B2 |11 + | Bs¢

Note that ||32 |1 = [|6°]l1, so (2.A.9) can be written as

3\

2 A 2A\
21x(3 - 3 + 21l < 2018, - g + 222D

18°. (2.A.10)

v (2.A.8), 1Bl = 118 — B°l11 — ||Bs — 8% |1 Utilizing this in (2.A.10), we obtain

A 2)\2( 1)

2 A s
EHX([?_BO)Hg‘I'#HB_BOHl_ —= By = Bl + 18- (2.A.11)

Utilizing the compatibility condition ||Bs,|? < (8/%8)s/¢? given in Lemma 2.2.1 on
/

1850 — o ||1 and using definition 3= —— we obtain

1Bsy — B2 < (B — BO)YS(B — B°)s/®2 = | X(B — 8°)|3s/(n®2),
1185 — B2 |11 < X (B — B%)]|2v/s/ (V).

(2.A.12)

Therefore, applying inequality 4ab < a® + 4b%, we obtain

4\ IX(B = B)l2 ) (M5
_||680 - SOHI S 4 (T) (E(}To)

A
< X (B - O + 4 g
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So (2.A.11) can be written as

)\1 2)\2(}? — 1)

1 - S
—[1X(5 = 8"l + Hﬂ Blh <4V gz + [18°[]1- (2.A.13)
0
A 1 A 1 A2
By assumption of the theorem, 2= o) = ng, and 22 < S0P _ o
n n n np
Therefore, (2.A.13) can be written as
LIX(E = 8+ 200118 — 571l S 1633/ 3 + 2235015 (2.A.14)

Using va? +b> < a+0b, for all a,b > 0, (2.A.14) implies

—IIX(ff B2 S 4Xov/s/ Do + Ao/ 25801, (2.A.15)
118 = B < 8Aos/ @2 + Nos|| 8|1 (2.A.16)

This shows that (2.4) and (2.5) in Theorem 2.2.1 are valid, assuming that (2.A.4)
holds.

Part II. Next we calculate P(F). We have

. 1 Ao 1
]P’(E):IP’(EHX'GHOO> 5) =P(- max |ZX”61] > )

2 n j=
P
)\0\/_ AL
< Xz il > P(— Xz €l > ——).
Z \/—Z’ €l )= pjgllﬁ).(’p (\/ﬁ;‘ il 5 )
(2.A.17)
By Assumption 2.2.1, sequence z; ; :== X, je, i =1,---,n, j=1,---,pis a—mixing

with exponential decaying mixing coefficients, and
P(|z;| > a) < ¢ exp(—cea?), a,q >0,

for all i and j. It also has zero-mean, i.e. E(z; ;) = 0. Thus, by Lemma 1 in Dendramis

et al. (2019), for all j =1,--- ,p,

P (% ; 11 6) < ¢ leXP(—Cﬂﬁz) + exp (-Clz (%)Cﬂ ,

where ( = q/(q¢ + 1) and constants co, ¢}, ¢, do not depend on &, i and j.
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Note that A\g = ky/logp/n. Setting & = A\gy/n/2 = ky/log p/2, we obtain

1 Ao/ K ry/nlogp
pIP(%m,jy > =) < peoexp(=ci(5)* logp) + peg exp(—C’g(m)C)
=TT
(2.A.18)

Now we consider two cases of different rates of p and n.
Case 1: n,p — 0.

Selecting x > 0, such that ¢} (x/2)? > 1 + ¢ for some small number € > 0, we obtain
rp < peoexp[—(1+€)logp] =cop™© =0, as p— oo. (2.A.19)

By Assumption p = O(n?) for some 6 > 0, we have n'/* > p/®9  Also, n'/* > 2log®n

as n — oo. Then

vnl
cg(%?gp)c > ¢y (kp'/ 49\ /logp)® > (1 +€)logp, asp— oo. (2.A.20)
og’n

Therefore, equation (2.A.19) and (2.A.20) imply that

/
Tpn <Tp — 0, as n,p — oo.

Then by (2.A.17) and (2.A.18), we obtain

P(E) =r,+ 1), <2r, < 2cp
S : (2.A.21)
PEY=1-P(E)>1—c¢p =1, as n,p— oo,
where ¢, = 2¢o. This proves the first probability claim in part one of Theorem 2.2.1.

Case 2: p is bounded.

In this case, log p is also bounded, then r, and 7, in (2.A.18) can be bounded as

A o / , ((Ky/nlogp*
Tp = PCo exp(—z,‘i log p), Tpn =DPCoXP | —Cy | ————5— .

2log®n
Therefore,
/ 1 ¢
P(E) = 1—P(E°) =1 — pco |exp(— x> logp) + exp | —c} @
4 2log"n

(2A.22)
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which complete the proof of Theorem 2.2.1.

2.A.1.2 Proof of corollary 2.2.1

Proof. Note that \g = k4/logp/n, where k > 0 is a tuning parameter. By (2.5) in
Theorem 2.2.1 and Assumption 2.2.3(a), it follows naturally that

13— 8l = Oyl “22) = o,(1), (2429

which proves the second claim of (2.7). Utilizing ¥ = X'X/n, we obtain

|X(8 = BOI3/n = (8 — B°YS(8 - 5°)
. . . R R (2.A.24)
= (B=8(E-%)(B -5+ (5 - F)S(B - ).

Note that ¥ = E(X) is non-singular, so
(8= BS(B = 8% = Asnll B — B°1I3

where A,,;, is the smallest eigenvalue of X, and A,,;,, > 0. Moreover, the first part of

the r.h.s of (2.A.24) has the following property:

~

(B-BY(E-2)(B-p8)>—|E-ZlB - B2,

where |2 — 2|o = maxi<; j<p [2i; — ;|- Using lemma 14.12 in Buhlmann and
Van de Geer (2011), we have max;<; j<, [, — Xi ;| = O,(y/log p/n). Together with
16 — B, = O,(s\/logp/n) obtained in (2.A.23), this implies that (2.A.24) can be
bounded as

1 . . . . . .

—[X(B =85 = (B=B)EB=5) + (8- B (E-5)(B-8)

> A2llB = 8013 — 18— Sllcll — 812 (2.4.25)

A 3/2
zA@wﬁ—wm—opG2Cfp) >-

Note that \g < y/logp/n. So by (2.4) we obtain

1 - B slogp
LIX (G - ) = 0, (). (2.4.26)
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Plugging (2.A.26) into (2.A.25) and rearranging (2.A.25), we obtain

1G— 2 < o, (2loer) L ;5 (g2 (losp "
2_Azmn ! n A?mn P n 7

1 3/2 1 N
where O, <52 ( ng) ) =0, (S ng> O, (s ng). Note that A,,;, > a > 0
n n n

where a is a constant, hence - O(1). Then by Assumption 2.2.3, we obtain

min

13— 8113 = 0,(1), (2.4.27)

which proves the first claim of (2.7). Also, by Theorem 2.2.1 part one, (2.A.23) and
(2.A.27) hold with probability tending to one. This completes the proof. O

2.A.1.3 Proof of Theorem 2.2.2

Proof. By the definition of b in (2.14) and by extracting v/n from (2.12), it is easy to
show that

V(b — %) = 0X'e/vn — A,
where A is defined in (2.13). Then to prove (2.19), it suffices to show that
A = o0,(1). (2.A.28)

Let X; be a 1 x p vector and denote

S = - S (X (Xe . (2.4.20)

i=1

To show (2.20) and (2.A.28), it suffices to prove that for any { = 1,2,--- | p such that

Vil = 8)) _ eX'e/yn A
VOZx O,  \/OEx O, /OSx6,

where t; is asymptotically normal and ¢, = 0,(1).

t =

= tl + t2a

Step 1: we will show that t; is asymptotically normal. Let

B I =R

Y030, JOziO
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n

1
where Yx. = E[— > (X/e;)(X/e;)']. We assume in Theorem 2.2.2 that Xe; is a

=
stationary sequence, then Xy, = E[(X[€e1)(X[€e1)'] = Var(X7e;) > 0. By Assumption

2.2.1 and the definition of X x., we have

;> Xie/\/n
=

O/ X'e/\/n

VO Xx6;

0
VO Xx 6, ’

and .
2 LS XTe N (X e
o]’ | R EEmIEre]
VOZx.6, CHWACT ’

where ©]¥x.0; is bounded away from zero. Indeed, since ¥y, is a symmetric positive

definite matrix, it can be decomposed such that
01X x0; = O)P'eig(Xx) PO; > Apmin(Ex0)||61]]3 > 0, (2.A.30)

where eig(Xx.) is the diagonal matrix that collects the eigenvalues of Xx., and P
is an orthonormal matrix. Because A,,;,(Xxc) > a > 0 where a is a constant and
16113 > 0, so ©)Xx.0; > 0. Then by Theorem 24.6 and Corollary 24.7 in Davidson
(1994), ©;X’e//n — N(0,0,Xx.0)), or t; — N(0, 1).

Next we will show that

’é;ixeél - @22){681’ = Op(1>. (2A31)
Set
. 1 <&
Yxe = — Xle)(Xe) . 2.A.32
xe= 5 2 (Xie) (Xie (2.4.32)
Then

0250, — O018x 0, < |0/3x6, — 01X O] + [6/Tx.0, — 02O
< |O/2x 0, — O/%x O] + |O/2x O, — 02X O]
o (2.A.33)
+16/2x6, — O)Xx O]

=)+ (II)+ (III).
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For (I), we have
O/2xc0; — OSxO1| < [|Sxe — SxelloclIOUF-

Note that ¢; = ¢; + Xi(ﬁo - B) Plugging ¢; into iXe - iXe; we obtain

Se = Sxe =2 3 [Xiles + Xi(8° - BN+ X,(0° B)]'} 1

=1 i=1

:—ZXX B XX, (B '+ = Z B — B

+ = Z [(X!X,(8° — B)](Xle;)
=(1) + (23) + (7i1).

Next, we will show that [|(i)||cc = O,(sy/logp/n), ||(ii)||cc = Op(y/slogp/n) and
1(719) || = Op(+/slogp/n). First of all, for (i), we have

1 - / Q / A / _ 1 - / 5 5 !t
I D2 XIXB = AIXXGB = A0 o =1 D XIXAB = )8 = B XiXil
1 < .
<D IXXXIX 15 = A7
=1

<maxy 3L 18- 1

(2.A.34)
where j = 1,---,p. By Assumption 2.2.1, P(|X;;| > a) < ¢ exp(—cpaf?). Set
Yi; =X}, then P(|Y; | > a) = P(|X; ;| > a'/*) < ¢y exp(—cpa?/*). So X}, also has ex-
ponential tail bound (with a different parameter). Then by (2.A.17) and (2.A.21), for
allj =1,---,p, we have P(|n~! Zn:Xffj —E(X})| > Xo/2) < cgp™ = 0 as n, p — oo,
where ¢ is a positive constant arizle > 0 is a small number. Note that Ay < /logp/n.
Hence |n~! Z:il X —BE(XY)| = O,(+/log p/n) with probability tending to one. Then
by Assumption 2.2.1, B(X} ) < 00, and by Assumption 2.2.3, y/logp/n = 0,(1), so
we e [a~" 32 /] < [ 32 X!, — ECCA) |+ [ECCS)| = 0,(1)+0,(1) = 0,(1). By
(2.7) we have H ﬁ B = ( \/W) with probability tending to one. Therefore,
we have ||(i)]|eo = Op(sy/logp/n) with probability tending to one.
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For (ii), we have

”_ZX' XX = B —II—ZX’eZX 5"~ A
_H ZX XXX€2||1/2(Z[Xz‘(5O — B2
=1
maXZX:‘] XA — )R

maXZXf] €7) 1/2 ”X(ﬁO—B)HZ)-

By (2.4) and Assumption 2.2.3, we have |[n 2 X (3 — 8°)[|2 = O,(+/(slogp)/n). Since
both X; ; and ¢; are a—mixing and have exponential tail distributions, then following

a similar argument as in (i) and using (2.A.17) and (2.A.21), for any j = 1,--- ,p,
we have n™! Z X} €2 = Op(y/logp/n) + Oy(1) = 0,(1) + O,(1) = Op(1). Therefore,

=1

1(92) ||oo = Op(y/slogp/n). For (iii), it is easy to show that (iii) = (i)', so ||(i17)|c =
Op(y/slogp/n).

Then by Lemma 2.A.3 below, [|©,]]; = O,(y/5) and by Assumption 2.2.3, we

(=0, <s\/ 1"?) 0y(s0) + 0, (\/ Slj’fp) Op(s0) = 0y(1).

For (IT), we have

obtain

01550, — O0/2x0| < [|Exc — Sxellooll©1I2,

where

n n

LY (e (Xa) — Bl Y (X (Xe)]

HiXe - EXe”oo -

o0

Since X/e; is a—mixing and has exponential tail distribution, by (2.A.17) and (2.A.21),
Hixe — Yxello = Op(y/logp/n) with probability tending to one. Therefore, by as-

sumption 2.2.3, we obtain (11) = O,(1/logp/n) Opy(s;) = o0,(1).
For (III), by Lemma 3.1 in the supplement material of Van De Geer et al. (2014),

9/2x0; — O;Zx 0] < [SxelloclO — Ol + 2| ZxcO1|2[|61 — 4|2

where, by Lemma 2.A.3, |©,—0||; = O,(s;y/log p/n) and [|©,—6 |2 = O,(+/s11log p/n).
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Furthermore, note that ¥ x. and © := X! are symmetric positive definite matrices,
and their smallest eigenvalues are strictly greater than zero and their largest eigen-

values are bounded above. Therefore,

[Exelloo [[Exclla = Amax(Exe) = Op(1),
1ExeOllce <IExellool|Onlloo < Op(1)[IOll2 = Op(1)Asnaa(©) = Op(1)/Apnin (%) = Op(1).

Thus, by Assumption 2.2.3, we obtain that (111) = O,(si log p/n)+0,(1/slogp/n) =
0p(1). Therefore, in equation (2.A.33) we have

01250, — %% 0| < (I) + (I1) + (I1]) = 0,(1).
Next, we will show that
0/ X"e/\/n — O} X"e/\/n| = 0,(1). (2.A.35)

By Lemma 2.A.3, |6, — O]l = O,(s;\/logp/n) and by (2.A.17) and (2.A.21),
| X'e/n]|oc = Op(y/logp/n). Then by Assumption 2.2.3, equation (2.A.35) can be

written as

A v/ Iy A X'e
’@le/\/_—@zXﬁ/\/mSH@z—@lﬂlH n Hoo\/ﬁ

=0y “ER)0, 1B}V = 0, L) — 1),

with probability tending to one, which completes the proof of (2.20).

Step 2: now we will show that ¢, = 0,(1). Note that for any [ =1,--- ,p,
1A oo = VR(OE = 1)(B3 = %) < \/ﬁmlaXHi@l — ellloll B = B,

where él is the I'" row of © written as a column vector and e; is a p x 1 column vector
where the ["* element is one, while elsewhere being zeros. By Lemma 5.3 in Van De
Geer et al. (2014), 1/02 = O,(1) where §? is defined as in (2.17), and by (2.A.49), we
obtain

oy [logp, log p logp, slogp,
Al S\/E(STZQOP(S o )= \/ﬁop( n )Oy(s 0 ) = Oy( NG ) = o0p(1).

We have shown that |é;ixeéz—@gzxe@l| = 0,(1) and by (2.A.30), |0/Xx.0;] > a >0
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where a is a constant. Using triangle inequality |@§§A]X6él — 01Xx.0)| > |0/3x.0,] —
10/%x.6], we obtain |6/%x.6;| > a — 0,(1) > 0. Therefore,

~A —V(O)Sxc — &) (6 — B
- V(6] xe el?(ﬁ 5):%(1)7
\/ @22)(6@1 @EZXe@l
which proves (2.A.28). O

2.A.1.4 Proof of Lemma 2.2.1

Proof. The restricted eigenvalue condition for S in (2.3) implies that

3’58 5'258
0 ,
SRR R PR TN

where for the second inequality we utilize the norm inequality v/s||Bs,|l2 = |8, ||1-

Rearranging the above inequality, we have

184117 < (8'S8)s/ 45,

which completes the proof. O

2.A.1.5 Proof of Proposition 2.2.1

Proof. We utilize the self-normalized sum properties in Lemma 2.A.2 under weak
dependence to bound tuning parameters A\; and As. To choose appropriate values for
tuning parameters such that the penalty level is large enough to cancel out noises
from estimation errors, we need to ensure that P(||X'¢||o/n < Ag/2) is close to one.

Or equivalently we want to show that
P(|| X €|loo/n > Mo/2) < «, (2.A.36)

where « is a small positive number. First, suppose that all X; ;s are normalized, such

1
that for all j = 1,...,p, — ZXf]ef — 02 as n — oo. Let G denote an event such
n =1
n 2

1
thatG:{max\ §X262—0| 5
ogn

i<p miz
and on G, — Z X?.e2 < (1+1/logn)o?. The definition of G ensures that — z XZe?

zgz

}. Suppose that when n — oo, ]P’(G) — 1,

converges to o2 at the rate of logn. Then, utilizing the union bound in (2. A 36)
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have

P(|| X €lloe/n > Xo/2) < P(||X€||oc/n > Xo/2, G) +P(GY) (2.A.37)

P(max \— Z X €l 5 20 G) +P(G°) (2.A.38)

=1

1
<pP <|ﬁ ZXW-EA > )\O/Q,G) +P(GY) <a.  (2.A.39)
i=1

| n 1/2
Note that on G, we have <— > Xfe?) > (1+1/logn)?0. So (2.A.39) can be

n =1
written as
F Z Xi j€il A\
P(||X'€||oc/n > Ng/2) < p P — e 201 1/ logn)? NG | +P(G°)
(15 x20)
(2.A.40)
Z:X”'ei/\/ﬁ Ao/
<2pP . 1/2>20(1+1/10gn)1/2 o(1)
<ZZ ij ) /n)
(2.A.41)
<a. (2.A.42)

Applying the self-normalization theorem of Chen et al. (2016) given in Lemma 2.A.2
below on (2.A.41) gives

Xi i€; n
Z s > dov/n —-1- Aoy
) 1727 20(1 41/ logn)/? 20(1+1/logn)'/2 )"
(Exzem)

Together with (2.A.42), this implies

20 |10 (57 gy S @ o)

2 1
N> 21+

vn

Since A\ /n = 2\, we obtain the first part of (2.8). Also, since Ao/n = O,(slogp/(np))

Viogp
and
NZD

(2.A.43)

4.

1/25-1(1 _
o) e (- o

logn

= A\1/n, and we assume that s is small relative to p, so we approximate
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sy/logp
vn

implement a recursive procedure to evaluate the unknown variance following Algo-

~ A1 /n, which gives the second part of (2.8). However, o is unknown. We

rithm A.1 in Belloni et al. (2012). In particular, we first set ¢ = 1 to evaluate the
penalized regression and get a preliminary empirical variance 62. Then we refine the
estimation result using the updated empirical variance for . We repeat this exercise

K times to get the final estimate.! 0

2.A.1.6 Auxiliary lemmas

Lemma 2.A.1 (Dendramis et al. (2019), Lemma 1). Let {X}, be a sequence that
satisfies Assumption 2.2.1. Then

p (% Z,ilXi > g) < ¢ [exp(—clgz) +exp <_02 <1§£>8>] ’

where s = q/(q+ 1), and constants ¢y, ¢1, ¢ do not depend on & and i.

Proof: see Dendramis et al. (2019).

Lemma 2.A.2 (Chen et al. (2016), Theorem 4.1). Let weekly dependent random
k+m

variable X; be zero-mean, i.e. E(X;) = 0. Write Sy, = >, Xi. Suppose for a
i=k+1

positive constant c, E(S,?m) > cm for any k > 0, m > 1. Let my > my > 0,

m* =mi+mq, k= |n/m*|. ¥ For1<j <k, denote Hiy ={i:(j—1)m*+1<i<
(G—=Dm*+mi} and Hjp ={i: (j—1)m*+my+1<i<jm*}. DefineY; = > X,
1€H ;1
k k
and W, ==Y Y; /(3 Y2)Y/2. Then
=1 =1
P(W, >t)

_ 1
1—a@)

uniformly in 0 <t < o(n'/®).
Proof: see Chen et al. (2016).

12For instance in Belloni et al. (2012), K = 15.
13We use |-] to denote the integer part of a floating number.
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2.A.2 O as approximation of X!

In this section, we closely follow Van De Geer et al. (2014) and Kock (2016) to check

whether © is a good approximation of X 1. The first order condition of (2.15) implies
XX = X_535)/n = Ay (2.A.44)
Note that 4i\;7; = A;[|9;]l1. Then left-multiplying 47 on both sides of (2.A.44) implies
VX1 (Xg = X35)/n = Nl - (2.A.45)

Therefore, plugging the above equation into (2.17), we have

82.:

J J

) 1 .
(A = X535) (X5 = X)) + X0 (G = Xoyy)

(X — Xj9;) + %’X,—j](Xj - X %) (2.A.46)

=3 =3

= XX = Xoy)-

By definition of C; (" row of matrix (') in (2.16), we have X; — X_;4; = X}, and
by the definition of ©; = CA’J/S]2 in (2.18), equation (2.A.46) becomes

N 1 A 1 A
07 =-X;XC;, or —X/XO;=1 (2.A.47)

7T n

where éj is the j'* row of © written as a column vector. Thus we can see that © is
a good approximation of the inverse of the Gram matrix 3 := X'X /n.

Next, we look into the approximation error Héf] — Il||o, or specifically the jt
column of the approximation error, which is ||f]éj —€jlloo for all j =1,---,p, where
e;j is the j column of the identity matrix. By the definition of 7 in (2.10), ||7s < 1.
Taking the norm on both sides of (2.A.44) and using ©, = CA’]/S]Q, we obtain

IX25(X5 = X3 lloo/n = 1 X2 X Cllow = 1A [0 (2.A.48)
1X2 X6, lloc/m = Ajll; 100 /0% < Aj/05
By the definition of X_; and ¥ := X'X/n and by (2.A.47), we have || X' ;X0 =
126, — €;]loo. Thus (2.A.48) can be written as

1260, — ejfl0 < A;/0%. (2.A.49)
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Next, we formally investigate the asymptotic properties of o.
Asymptotic properties of )
Let © denote the population value of © such that © := E(0) := ©-!. First, parti-

tioning X! into the first element and the remaining ones gives

1 ©1,1 ©1,-1
N .
Y1 Y1 5 -1 -1 - -1
’ ’ = (21,1 - Z1,712_1,_1271,1) —@1,121,712_17_1
Y1 Y11 -1 -1 -1
’ ’ —X7 X110, (Xo1m1 = XXy 1)

where ‘—1" indicates all the rows (columns) excluding the first row (column). More

generally, for the j** row and column of ©, we can write

0= (%, = %5557 ;257 05 =—0,,% ;%7 (2.A.50)

J,=J —5=3J"

Denote vy, the population value of 4;. Then
) 1 /
% = srgmin z_; E(Xi; — Xi_)*

Then the first order condition of the above equation implies,

ZE X ZE LX) =505 (2.A.51)

Thus, (2.A.50) and (2.A.51) implies that ©; _; = —©; ;7}. Denoting 67 the population

value of 62 and utilizing (2.A.51), we obtain

1
0 = Bl Z BE(Xi; — X! _7)%)

=Ny + 8550 8 — 28 8T Ty,
1

=25~ Lj- 21 Z—JJ:%’

—J1:=J

where the last equality comes from (2.A.50). Therefore, ©;; = 1/67 and ©;_; =
-5/ (5?. Then it follows that © = T—2C, where C is the population value of C in
(2.16) (by replacing 4; with ;) and T? is the population value of 72 in (2.16) (by
replacing 5]2 with 5?)

Formally, the following lemma derives the rate of the approximation @j and the

true value ©;.
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Lemma 2.A.3. Suppose Assumption 2.2.1 and 2.2.2 hold, then

A log p
195 — 651 = Op(s; " ),
A s;logp
10, — 62 = Op(1/ - ),

1611 = O(/55),
1951 = Ou(v/55).

Proof of Lemma 2.A.5. First, we consider [6? — 6?|. From (2.A.46) we have 6? =
XX — X_j9;)/n. Suppose X; = X_jv; +n; and X; = X_;4; + 17);, where n; and 1,
are residuals. Then we obtain that 5? = Xin;/n and 0; = X_;(v; — ;) +n;. Plugging
X; and 7); into 5? gives

(X% +07) [X=i (v — ) + )]

. (2.A.52)

1
VXX (v = A) + vafm]Jr nJX’( —4;) + 'rz]m

3I'—§I’—‘

Therefore, we obtain

. 1 1 ) 1 1 .
07 — 7] < [~ 1ij11; - &2) + =i X2 = A+ = Xy 4+ A XL X0 = 45)
— [+ II+III+1V.
(2.A.53)

For (I), note that ; = E(X; — X_jv;) = E(1;). We assume 77 is a—mixing with
exponential decaying mixing coefficients as in Assumption 2.2.1. Then by (2.A.17)

1 n
and (2.A.21), we obtain |%;nm — En;;| = Oy(1). Therefore,
1
2 _ 2
= —ifjn; — 0| = !— ij — Byl = Oyl 75)- (2.A.54)

For (II), we have

|—%X' (= <~ ||77§-X—j||oo|!%- — %1, (2.A.55)
here ~ [, X_| 1155 Xl Note that X,y i o mising with
where —{j7); A —j % = max - +kMiil. Note that X, .n; ; is a—mixing wi
n kel Py 1 ok KT &
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exponential decaying tail distribution. Then by (2.A.17) and (2.A.21), we obtain

1 /
Xl = Op(Vlog /).

Together with ||v; — 4;]1 = Op(s;+/logp/n), (2.A.55) can be bounded

L . logp [logp sjlogp
|E77jX—j<'Yj —45)| = Op( )Op(s; n )= Op(j—)'

n n

For (II1), we have
1, 1.,
A Xl < 15X el
Note that X; = X_,7; + ;. we can bound 3, as

E(X;X;) =%, > E[(X_ %) X9l =25 = Al 3,

(2.A.56)

(2.A.57)

(2.A.58)

(2.A.59)

where A,,;,, is the smallest eigenvalue of ¥_; _; (i.e., removing 5 row and column from

¥ gives ¥_; _;). Since X is a symmetric positive definite matrix, so Ay, > a > 0, thus
1/AZ.. = O(1). Then the above inequality implies that ||7;]|2 < /2;;/Amin. Further
utilizing the norm inequality [|v;[li < /jlv;ll2, we obtain [|y;lli < \/8;2;;/Amin.

Therefore, by (2.A.56), inequality (2.A.58) can be bounded as

1, logp /s;logp
|E'7jX—j77j| = Oy( n )Op(\/s_j) = Oy( jT)

For (IV), the first order condition of nodewise LASSO in (2.A.44) implies

. 1 . 1
/\jTj + ﬁleX—j’yj — EXI,]X] = 0

Plugging X; = X_,;v; + n; into the above equation gives

1 R R 1
XX (s =) = ATy = X

By (2.A.56) and \; < y/logp/n, ||7j]|c < 1, we obtain

1 R 1 R log p
||ﬁleX—j(% =)l < ||Eleﬁj||oo + Ail17ille0 = Op(y/ " )-

Note that by (2.A.59), ||yl = O(1). Then using the norm inequality, we have
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il < /5illville = O(/55). Therefore, (IV) can be bounded as

1 . 1 ) s;logp
S XX 0 = A < 1= XX 005 = A lellalh = Oy 222E). (2.4.60)

Note that max;(s;logp/n) = o(1), thusforany j = 1,--- ,p, s;logp/n < y/s;logp/n.

Therefore, we have
A s;logp
52— = 0,y 2L,

1 1
By Lemma 5.3 in Van De Geer et al. (2014), we have 5 O,(1) and 7= O(1).
i J
Then it follows ’
62 — 52 .
5o x| < B o e,
0 ; 0507 n
Then, by the definition of © and €' in (2.18) and (2.16), we obtain
A C; G 1—4, 1—n;
18, =65l == —=lh=1—F5"- [l
02 03 02 03
11 Vi Y Y
Sl -l I - BTy,
of 0 oy o oy 0
<l = ol + Il =l + Il —
<= — =l iy — vl ilhll= — =lh
5]2 5]‘ (5]2 5]2 5j
/s;logp [logp s;logp
= Oy( ]T) + Op(1)Op(s; n ) + Op(1/55)Op( JT)
log p
= Op(s; n ).
(2.A.61)

. A R 1
Next, we will bound ||©; — ©,||2. Note that ||¥; — ;|2 = Op(y/s;logp/n) and ||§ —

J

1 1 1 1 1
<ll2 = = — =l and || = |l2 = [|=;[[1 since they are both scalars. Similarly to
6j 5J2. (5]. 52 J2

(2.A.61) we have
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= 0,1/ L) 4 0,000, L) 1 0,(1)0,(( D)
:Op(,/@)_

116



Next, by the definition of © and \/logp/n = 0,(1), we obtain

1 1 1
1951 < Hﬁ“l“@“l < Hg”l + Hﬁ”l”%’“l = 0(y/55),
J J

J

- - [logp
1951 <185 — 65l + 1851y = Op(s; - )+ O(/355) = Op(1/55),

which completes the proof of Lemma 2.A.3.
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Chapter 3

Portfolio Selection with Machine
Learning: Sparsity, Correlation and

Constraints

3.1 Introduction

The mean variance efficient portfolio theory (MVE), put forward by Markowitz (1952),
is a milestone in finance literature. However, despite its theoretical elegance, MVE
performs poorly out-of-sample due to difficulties in precisely estimating two important
ingredients in the optimization problem: the expected asset returns and covariances.
Jagannathan and Ma (2003) argue that [... the estimation error in the sample mean
15 so large that nothing much is lost in ignoring the mean altogether when no further
information about the population mean. (pp.1652-1653)], and Michaud (1989) sug-
gests that the MVE portfolio optimization problem is actually “error maximization”
in practice. Although many efforts have been made to improve the performance of
optimized portfolio strategies," DeMiguel et al. (2009b) demonstrate that the simple
1/N strategy (i.e. all assets are equally weighted) outperforms 14 other optimized
portfolio strategies, making this non-optimized naive diversification strategy a com-
petitive benchmark in comparing portfolio selection strategies. This paper builds
upon and extends the norm constrained optimization strategy by DeMiguel et al.

(2009a) and Fastrich et al. (2015) while incorporating stock correlation considered

ISee Section 3.2 for a detailed discussion.
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in DeMiguel et al. (2014). However, our method differs in several ways. First, we
introduce a newly developed machine learning tool - the Ordered-Weighted-LASSO
(OWL) estimation method, which encompasses the LASSO norm constraint consid-
ered in DeMiguel et al. (2009a). The OWL estimator is tailored for estimating and
identifying correlated variables while the LASSO estimator is often criticized for lack-
ing robustness in correlated data, see Figueiredo and Nowak (2016) and Kozak et al.
(2020) for example. Second, DeMiguel et al. (2014) find that asset correlation is im-
portant for portfolio performance and they implement a VAR(1) model to harness
the lagged correlations between asset returns. However, contemporaneous correla-
tions, which are important for cross-sectional asset allocations (i.e. ‘stock picking’),
are left unexploited. On the other hand, the OWL estimation method specifically
exploits contemporaneous correlations between assets. Third, our optimization prob-
lem embeds a novel norm constraint as well as allowing investors to impose additional
weight constraints based on their beliefs. For example, investors can set up an upper
and /or lower bound of the investment weight for each asset based on their prior beliefs.
We develop efficient algorithms that achieve fast convergence for such optimization
problem.

Empirically, we test our strategies in five asset classes. First, we consider the Fama-
French 25 (FF25) portfolios because of their popularity as test assets in the finance
literature and because sorted portfolios are less prone to large variations in returns
compared to individual stocks. Second, we consider the S&P 500 (SP500) stocks with
daily return frequency and we rebalance our hedge portfolio either weekly or monthly.
Third, we also consider the S&P 100 (SP100) stocks with monthly return frequency
and we rebalance our hedge portfolio monthly.? S&P 500 and S&P 100 stocks are
usually the largest stocks in the market. To test our strategies on small and medium
stocks, we adopt the randomly selected stocks approach, similar to Jagannathan and
Ma (2003) and DeMiguel et al. (2009b): in April each year, we randomly select 500
stocks for daily return series (and 100 stocks for monthly return series) which have
no missing data in the past 3 years (10 years for monthly return series) and in the

next 1 year. The randomly selected 500 stocks with daily returns and 100 stocks with

2We require an invertible sample covariance matrix as an input in our optimization problem, thus
we need the time series dimension larger than the cross-sectional dimension to obtain a non-singular
covariance matrix.
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monthly returns consist of our fourth and fifth test assets classes.

We adopt an out-of-sample procedure to compare and test each strategy. At each
point of time, we use a rolling window to estimate each stock’s weight (portfolio’s
weight in the FF25 universe) to invest for the next period, then we roll the training
sample forward until the next rebalancing point and compute hedge portfolio return
and turnovers. Turnover is the change in portfolio weights right before and after
rebalancing. In the end, we obtain a sequence of out-of-sample returns and portfolio
weights, from which we can compute the out-of-sample Sharpe ratio and turnovers.
Notably, transaction cost, which is a monotonically increasing function of turnovers,
is an important consideration for investors. So we also consider a transaction cost
adjusted Sharpe ratio (TCadjSR), which will be one of our main comparison criteria.
We also introduce the model confidence set (MCS) method of Hansen et al. (2011)
to compare each strategy. Sharpe ratio, formulated as the ratio between mean return
and portfolio risk (i.e. standard deviation of portfolio returns), is often dominated by
the portfolio risk component when mean returns are small. The MCS method answers
this question: which strategy offers statistically the best out-of-sample returns, while
portfolio risk controls the confidence band?

Our empirical findings complement some existing literature and shed light on new
perspectives of portfolio selection theory. First and foremost, DeMiguel et al. (2009b)
show that the naive 1/N strategy outperforms 14 optimization-based strategies. Our
method bridges the gap between the naive diversification strategy and a well-defined
optimization framework. We demonstrate that asset correlations play important role
in our optimization method. Together with hyper parameters A\; and A\, they jointly
determine portfolio positions: A; controls the overall sparsity of the asset selection,
which is a similar role to the LASSO norm constraint in DeMiguel et al. (2009a); A
controls the sensitivity to correlations. Large Ay encourages weights-clustering (i.e.,
stocks will be assigned with similar weights), thus portfolio weight will be close to
the equal weighted position. We rigorously compare the 1/N strategy and our OWL
related strategies and find that OWL related strategies consistently outperform the
1/N strategy in all asset classes, in terms of Sharpe ratio, turnover and mean returns.
It is a remarkable discovery, since in the related literature, we can find hardly any

strategy that can outperform the 1/N strategy by both the Sharpe ratio and the
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turnover criteria, see DeMiguel et al. (2009b) for example. Therefore, we argue that
the OWL optimization method serves as an enhancement to the naive 1/N strategy:
OWL related strategies obtain near-equal-weighted positions within an optimization
framework, where dedicated parameters control model sensitivity to asset correlations
and sparsity.

Second, OWL related strategies perform better in large stocks than small stocks
and in monthly returns than daily returns. Using Fama-French 25 portfolios and
the Standard & Poor 100 stocks with monthly returns, we find that OWL related
strategies outperform other candidate strategies in terms of the Sharpe ratio and
transaction cost adjusted returns. However, we also find the performance of OWL
related strategies is less effective using randomly selected 500 stocks. A stylized fact is
that large stocks with monthly returns exhibit higher cross-sectional correlation than
smaller or daily returns. This empirical finding confirms that the crucial ingredient in
our optimization method is stock correlation: OWL related strategies do well when
assets are correlated.

Third, the Mean Variance Efficient portfolio (MVE) performs poorly due to exces-
sive estimation errors in expected returns and asset covariance matrix. However, the
OWL embedded MVE (MVE-OWL) strategy together with weight constraints pro-
duces sizable Sharpe ratio and low turnovers. The MCS test confirms that the MVE-
OWL strategy produces significantly larger portfolio returns than all other strategies
using FF25 as test assets. This finding challenges some common stances in the ex-
isting literature. Because the sample mean return is such a noisy approximation of
the expected return, many researchers find it is better just to focus on the portfolio
risk and optimizing the minimum variance portfolio. Our finding suggests that it is
possible to optimize the MVE portfolio with sample mean if we further impose the
OWL norm constraint and additional weight constraints.

The rest of this paper is organized as follows. Section 3.2 reviews related literature.
Section 3.3.1 outlines some popular methodologies employed for portfolio optimization
problems, which are also used as benchmarks in our empirical analysis. Sections 3.3.2 -
3.3.3 introduce the OWL shrinkage method and discuss its statistical properties before
devising an ADMM algorithm to solve the OWL optimization problem with multiple

constraints. Section 3.4 applies OWL based portfolio strategies on five different asset
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classes and compares them with other benchmarks.

3.2 Literature review

This paper naturally builds on a strand of literature devoted to exploring the portfo-
lio optimization theory. Since the groundbreaking work of Markowitz (1952), modern
portfolio theory has evolved rapidly. However, Markowitz’s portfolio theory has long
been criticized for working poorly empirically, because one needs to obtain the ez-ante
expected returns and covariances of stock returns, which are difficult to be estimated
with precision. Michaud (1989) looks into the “Markowitz optimization enigma” and
finds that the mean variance optimization is in fact “error maximization”. DeMiguel
et al. (2009b) study the simple equal weighted strategy and find it outperforms 14
other optimization based strategies. They argue that estimation error in the expected
asset return or covariances erodes any gains from optimization. Kan and Zhou (2007)
show that using the sample analogs for the expected returns and covariance matrix
can lead to very poor out-of-sample performance due to parameter uncertainty. They
suggest that holding the tangent portfolio and the risk free asset is not optimal, though
holding some other risky portfolios will help reduce the portfolio risk caused by pa-
rameter uncertainty. Ledoit and Wolf (2003) propose a shrinkage based estimation
method for the covariance matrix. They suggest that shrinking the sample covariance
matrix linearly towards a target matrix (for example the identity matrix) will im-
prove the out-of-sample performance of the minimum variance portfolio. Ledoit and
Wolf (2017) propose a non-linear version of shrinkage estimator for the covariance
matrix which shows better performance than the linear version. Jagannathan and
Ma (2003) suggest no-short-sale constraint on all stocks and find significant gains in
out-of-sample Sharpe ratio for the minimum variance portfolio. They argue that such
constraint helps reduce the upward biased estimation errors in the variance-covariance
matrix. DeMiguel et al. (2014) show that stocks are correlated, and by implementing
a VAR(1) model they obtain substantial gains in portfolio performance. DeMiguel
et al. (2020) consider a portfolio optimization problem by selecting a large number of
firm characteristics while embedding the transaction cost in their object function.

This paper is also related to a new and fast growing field which uses machine
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learning techniques for portfolio optimization problems. DeMiguel et al. (2009a)
propose norm constraints on portfolio weights for the minimum variance portfolio.
In particular, they consider separately the LASSO and Ridge penalties on portfolio
weights and find significant improvement on the out-of-sample Sharpe ratio of the
minimum variance portfolio. Ao et al. (2018) combine the unconstrained regression
with LASSO penalty and achieve superior portfolio performance. Inspired by the
adaptive LASSO in Zou (2006), Fastrich et al. (2015) incorporate the financial infor-
mation into the adaptive weights to determine the portfolio composition. Figueiredo
and Nowak (2016) study the ordered and weighted LASSO estimator and show that
it has appealing property of clustering correlated variables by assigning them with
similar coefficients.

This paper is closely related to DeMiguel et al. (2014) and DeMiguel et al. (2009a).
However, our portfolio optimization method differs in several ways. First, we en-
deavor to exploit the contemporaneous correlation between stocks instead of serial
correlations considered in DeMiguel et al. (2014). Therefore, our strategies are more
relevant to “stock-picking” investors. Second, we propose a novel norm constraint
on the portfolio weights which encompasses the LASSO norm constraint in DeMiguel
et al. (2009a), and our novel norm constraint can specifically exploit contemporane-
ous stock correlations. Third, we devise efficient algorithms that enable investors to
incorporate their prior beliefs into the optimization problem (i.e., investors can set

upper/lower bound on the weight of each individual asset based on prior beliefs).

3.3 Methodology

We first consider a simple case of the OWL shrinkage method in the portfolio op-
timization problem where no constraints are imposed on the weights of individual
stocks. Then we further impose constraints on portfolio weights for the portfolio

optimization problem.

3.3.1 Setup

Consider N assets in the investment universe. Denote by R; the returns of N assets

in the excess of risk-free rate at time ¢. Denote by u (N x 1) and ¥ (N x N) the
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population mean and population variance-covariance matrix of /N asset returns, while
i and S are their sample estimates. An investor, according to Markowitz (1952)’s
classical portfolio theory, aims to maximize the risk-adjusted portfolio returns, or

equivalently:

(3.1)
s.t. we=1

where 7 is a scalar that represents the investor’s absolute risk aversion, w is the N x 1

weighting vector of N assets, also referred to as positions, and e is a column vector

of ones. The closed-form solution of the above optimization problem is w = 12—1 L.

However, 3 and p are unobservable. Typically, we use the sample analogs /i and )

in the above equation, which gives

WMVE — iilﬂ. (32)

= |

Michaud (1989), DeMiguel et al. (2009b) and Jagannathan and Ma (2003) have
pointed out that the sample analogs of p and X are subject to large estimation er-
rors. In particular, the estimation of the expected asset returns (u) proves to be extra
challenging. In fact, the estimation error (of p) is so large that it offsets all gains
from optimization (DeMiguel et al., 2009b). So in practice, focusing on the mini-
mum variance (minVar) portfolio proves to have better out-of-sample results than the
mean-variance efficient (MVE) portfolio. In this regard, the optimal weights for the
minimum variance portfolio are obtained by optimizing (3.1) while setting p = 0, that

18
Yle

el )
e’y -le

(3.3)

WminVar =

where we use the sample analog for . For the estimation error in the sample covari-
ance matrix, shrinkage estimator proves to be a useful remedy. For instance, Ledoit
and Wolf (2003) propose to shrink the sample covariance matrix towards a target

matrix. They suggest the following estimator

zA:LI/VO?) = 52 + (1 - 5>itm‘get7 (34)
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where 0 € (0,1) is a shrinkage intensity parameter and f]target is a target estimator,
which can be, for example, the identify matrix.

DeMiguel et al. (2009a) show that imposing norm constraints on portfolio weights
to shrink them towards zeros substantially improves the out-of-sample Sharpe ratio

of the hedged portfolios.> They suggest the following norm shrinkage methods

min (%w’Ew — AHle) , (3.5)
or

min (%w'Zw — p'w + )\||w||g> : (3.6)
where

N N
= sl =3 w?,
=1 i=1

and A is a shrinkage intensity parameter. Shrinkage method in (3.5) is broadly known
as LASSO shrinkage, which produces sparse estimator for w, while (3.6) is referred
to as Ridge shrinkage, which shrinks all elements in w towards zero.

Jagannathan and Ma (2003) find that imposing no-short-sale constraints on port-
folio weights helps to improve out-of-sample Sharpe ratio. They propose the following

constraint in addition to (3.1):
w; >0, forall ie{l,.., N} (3.7)

They argue that imposing this constraint leads to substantial reduction of extreme
negative positions of stocks which are caused by upward biased estimation of variances.

In addition, DeMiguel et al. (2014) reveal that stock correlations matter for port-
folio construction. They propose a vector-autoregressive (VAR) model to capture
stocks’ serial correlations and find that VAR-based portfolios outperform traditional

unconditional portfolios. To fix ideas, let us assume that the vector of asset return

R, follows a VAR(1) process,
Rt+1 =a+ BRt + €t4+1, (38)

where a is a N x 1 vector of intercepts, B is a N x N matrix of parameters, and

3We set p = 0 for the minimum variance portfolio. Otherwise, we are optimizing the mean-
variance efficient portfolio.
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€ is the i.i.d. error term. However, equation (3.8) is a reduced model, which sug-
gests that tomorrow’s expected stock returns depend linearly on today’s return. The
linear dependence is characterized by the coefficient matrix B, which describes the
lagged cross-sectional and serial dependence. On the other hand, contemporaneous
correlations between stocks are left unexplained.

This paper builds on and extends DeMiguel et al. (2009a) and DeMiguel et al.
(2014). We introduce a newly developed machine learning tool, the ordered and
weighted LASSO (OWL), which (1) encompasses the LASSO shrinkage method in
DeMiguel et al. (2009a); (2) exploits contemporaneous correlations between stocks
(not reduced model), drawing a distinctive line between our portfolio optimization
approach and that in DeMiguel et al. (2014); (3) enables adopting bespoke constraints
on portfolio weights if investors have prior beliefs.* We devise efficient algorithms to
solve the OWL optimization problem with/without additional constraints on portfolio

weights.

3.3.2 The OWL shrinkage method

We follow the idea of DeMiguel et al. (2009a) to add a penalty term in the object
function f(w), which measures the loss given portfolio weight w. The optimization
problem can be written as

W = argmin f(w) 4+ Q,(w), Qu(w) = w'wly, (3.9)

w

where w is a pre-specified weighting vector which will be specified in (3.11) below. w
is a vector of stock weights (positions) and |w|; is the vector that stores the absolute
value of stock weights, decreasingly ordered by its magnitude. Both w and |w|; take
values in a monotone non-negative cone r, which is defined as k = {x € RN :
xy > x9 > ... > xy > 0}. f(w) can be any continuously differentiable function of
w. However, in this paper we focus on the mean-variance efficient portfolio (or the
minimum variance portfolio if we set ;1 = 0), which corresponds to

f(w) = %w'Zw — pw. (3.10)

4Prior beliefs could come from investors’ exclusive information, or an existing trading strategy.
In that respect, it can be used as an improvement /refinement of any existing strategies.
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We further specify w to have a linear weighting structure
W; = )\1 + (N - i))\z, (311)

where Ay and Ay are two hyper parameters which pin down w, and the values of \;
and )\, are determined through cross validation.” In order to solve the optimization
problem in (3.9) - (3.11), we use the proximal descent algorithm, more details about
this algorithm can be found in Sun (2019).

Next, we discuss some econometric properties of the OWL shrinkage method.

Lemma 3.3.1. Suppose that the pre-specified weighting vector w of the OWL shrink-
age method is defined in (3.11). If \g is set to be zero, then the OWL shrinkage

method is equivalent to the LASSO shrinkage as in (3.5), or equivalently
Alwlly = Qo (w).
Proof: see Appendiz 3.A.2.3.

Lemma 3.3.1 shows that the OWL shrinkage method encompasses the LASSO
shrinkage method used by DeMiguel et al. (2009a). Furthermore, once we adopt a
linear weighting scheme for w as in (3.11), the OWL shrinkage method is linked to the
OSCAR regularization introduced in Bondell and Reich (2008), which has appealing
properties of clustering correlated features. The OSCAR regularization unit is defined

as

Qoscar(w) = M|[w|ly + XY max{|wi], [wy[}, (3.12)

i<j
which is a combination of the LASSO regularization (¢; norm) unit and a pair-wise

¢+, norm unit.

Lemma 3.3.2. Suppose that the pre-specified weighting vector w of the OWL shrink-
age method is defined in (3.11). Then the OWL shrinkage method is equivalent to the

5In particular, we set a grid value of A\; and As. Then, at each point on the grid, we split the
sample into 5 folds, using 4 folds to evaluate the model and obtain the estimated parameters. Then
we use the other 1 fold as out-of-sample to evaluate the Mean Square Forecast Errors (MSE). We
rotate each fold as the out-of-sample fold, and compute the average MSE. We repeat these procedures
on each grid, and compare the average MSE for each point on the grid. The one receiving the smallest
average MSE will determine the hyper parameter values.
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grouping

Figure 3.1. Geometric interpretation of the atomic norm of LASSO and OWL
regularization

OSCAR shrinkage method as in (3.12), or equivalently

Qoscar(w) = Qu(w).
Proof: see Appendiz 5.A.2.).

Lemma 3.3.2 shows that by adopting a linear decreasing weighting scheme for w
as in (3.11), the OWL shrinkage method is equivalent to the OSCAR regularization,
which has property of clustering correlated variables. However, the OWL shrinkage
is a more general method than the OSCAR regularization. For instance, by adopting
a non-linear (for instance, the inverse of the normal cumulative distribution function)
weighting scheme for w, the OWL shrinkage method is equivalent to the SLOPE esti-
mator proposed by Bogdan et al. (2015), which is widely used in multiple testing. In
the scope of this paper, we restrict the weighting vector w as defined in (3.11) because
of the clustering property offered by the OSCAR regularization and our objective of
exploiting the contemporaneous correlations between stocks. To gain some impression
of how the OWL shrinkage method achieves sparse selection and correlation identi-
fication simultaneously, we first look at the geometric interpretation of the atomic
norm of Q,(w) in Figure 3.1.

Figure 3.1 depicts the atomic norm of OWL and LASSO regularization in a two-

dimensional space. We can see that the atomic norm of LASSO has all vertices on
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axes, which encourages sparse selection of variables. On the other hand, the atomic
norm of the OWL regularization is octagonally shaped, having vertices on both axes
and the +45 degree lines. The former (vertices on axes) encourages sparse selection
and the latter (vertices on the +45 degree lines) encourages variable grouping.’

The geometric interpretation offers a ballpark explanation of how the OWL shrink-
age achieves both sparse selection and correlation identification (grouping) simulta-
neously. Next, we formally investigate some econometric properties for the OWL
shrinkage method. There is a rich literature in finance focusing on the sparse se-
lection property offered by LASSO type of estimators, see DeMiguel et al. (2020,
2009a), Fastrich et al. (2015) and Chinco et al. (2019) for example. The OWL shrink-
age method encompasses and shares similar sparse-selection-properties of the LASSO
estimator, and see Sun (2019) for a formal investigation of the asymptotic property of
the OWL estimator. For this reason we focus on investigating the grouping property
in this paper. Theorem 3.3.1 and 3.3.2 below state the conditions that need to be
satisfied to have the grouping property.

Theorem 3.3.1. Let 3, and %, denote the it and j™ columns of the variance-
covariance matriz and Ay be the parameter defined as in (3.11). Suppose the loss
function is defined as in (3.10) while setting p = 0 (i.e. minimum variance portfolio).
If

156 = Zjll2 < Ag,

then w; = w;, where w; and W; are obtained by optimizing (3.9).

Proof: see Appendix 3.A.2.1.

Theorem 3.3.1 shows that in the minimum variance portfolio optimization prob-
lem, if two assets are highly correlated, i.e. ||3; —X; ||2 is small, then they will receive
the same positions w; = w;. We regard this property as grouping. The tuning param-
eter Ay plays an active role in influencing the grouping property: a larger Ay means

the atomic norm of the OWL regularization in Figure 3.1 is more pointy, i.e. the

6Sparse selection means the vertices on axes will assign one variable zero coefficient and another
non-zero (in this 2-dimensional space), thus performing sparse selection. The variable assigned with
zero coefficient is shrunk off. Variable grouping means variables exhibiting high correlations will be
assigned with the same or similar coefficients. The vertices on the £45 degree lines will dictate the
tangent point with the contour from the un-regularized solutions, which give the same or similar
coeflicients to both variables.

129



vertices on the 45 degree lines extend further out, and hence it encourages more

grouping.

Theorem 3.3.2. Let 3; and X; be defined as in Theorem 3.5.1. Denote by i, i
the expected returns of the it and j™ asset. Let v represent investor’s risk aversion
level. Suppose the loss function is defined as in (3.10) (i.e. mean-variance efficient
portfolio). If

Wi = Zjllz + [ — 5] < s,

then w; = w;, where w; and W; are obtained by optimizing (3.9).

Proof: see Appendiz 3.A.2.2

Theorem 3.3.2 extends Theorem 3.3.1 into a mean-variance efficient portfolio op-
timization problem where investors care about both risks and expected returns. We
find that, compared to the minimum variance portfolio, both the difference in the
expected returns |p; — ;| and correlation with other assets ||%; — X, ||2 influence
the grouping property: if two assets have similar expected returns and are similarly
correlated with other assets (i.e. |p; — p;| and ||X; — X, [|2 are small), then they are
likely to be grouped together (i.e. w; ~ ;). The risk aversion parameter v can be
viewed as a scaling parameter adjusting weights between the risk component and the
expected return component. Also, large A\, encourages grouping.

It is worth stressing that we derive the grouping property using the population
values of the variance-covariance matrix > and the expected returns p, which are
unobservable and difficult to estimate with precision. However, the proof of Theorem
3.3.1 and 3.3.2 does not depend on the asymptotic properties of ¥ or p. In other
words, we arrive at those results only using properties of the OWL regularization,
and those results are also applicable to S and it, which are sample analogs of > and
. It is well known that large estimation errors in those sample analogs erode any
gains in optimization. In the next subsection, we set out to constrain portfolio weights

while using these sample analogs i and ¢ to mitigate estimation errors.
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3.3.3 The OWL optimization problem and the ADMM algo-

rithm

Let us consider a more common problem, where investors have some prior information
on stocks. For instance, an investor may hold positive opinions on some specific stocks
while negative on others, thus she may want to impose some bounds constraints on

those stocks. To generalize those constraints, we impose the following inequality
Ib < w < ub, (3.13)

where 1b (ub) is a lower (upper) bound for the vector of portfolio weights w. For any
r,y € RN, 2 <y implies z; < y;, for all i € {1,..., N}. However, the optimization
problem of (3.9) with constraint (3.13) is challenging to solve with gradient descent
algorithm, which is commonly used in machine learning algorithms. Hence, we intro-
duce a newly developed ADMM (Alternating Direction Method of Multiplier, Boyd
et al. (2010)) algorithm to solve this constrained optimization problem. The outline
of the algorithm is the following: equation (3.9) consists of two components, one is
f(w) which is differentiable with respect to w, another is €, (w) which is not differ-
entiable with respect to w. In order to make computation easier and tangible, we
introduce a new variable v, and replace it with w in the undifferentiable component
Q,(w), so that we can optimize each component separately. In addition, we impose
an extra constraint that these two random variables are equal w = v. For this reason,
this algorithm is named “alternating direction method of multiplier”. Therefore, the

constrained OWL optimization problem can be written as

wgleigN %w'iw — i'w + Qw(v)] : (3.14)
st. w=w, (3.15)
w'e =1, (3.16)
w = 1b, (3.17)
w = ub, (3.18)

where Q,(v) = W'|v|; defined similarly as in (3.9), & and /i are sample analogs of

Y and pu, and e is a column vector of ones. For the technical details of the ADMM
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algorithm, see Appendix 3.A.1.

3.4 Empirical Analysis

In this section, we apply the OWL shrinkage method with or without additional
constraints on portfolio weights and compare them with other portfolio strategies
in the literature. We consider five different asset classes with daily and/or monthly
returns. The variety in characteristics of these asset classes summarizes the pros and
cons of each strategy which we will discuss in details later.

In Section 3.4.1, we first introduce the data (five asset classes) and all candidate
strategies. Section 3.4.2 explains the empirical method we employ to compare strate-
gies and Section 3.4.3 outlines the comparison criterion we use for ranking strategies.
To test the significance of difference in Sharpe ratios, we employ a bootstrap based
Sharpe ratio test by Ledoit and Wolf (2008). To test which strategies statistically
produce higher returns, we use the model confidence set (MCS) test by Hansen et al.

(2011).

3.4.1 Data

We first consider the Fama French 25 portfolios (FF25) from July 1927 to December
2017.7 FF25 is obtained by sorting stocks into five by five tranches according to their
size and book-to-market ratio. The return of each tranche is the average returns of
a large number of stocks allocated to the tranche sharing similar characteristics (size
and book-to-market ratio in this case). Since returns of these tranches are averaged
returns of many stocks, they are less prone to large variations caused by idiosyncratic
risks.

We then consider the S&P 500 stocks with daily returns (SP500d), from 1st Jan-
uary 1978 to 31st December 2017 and the S&P 100 stocks with monthly returns
(SP100m) from January 1978 to December 2017. Stock return data are obtained
from the CRSP stock return files from Wharton Research Data Services.

While S&P 500 and S&P 100 stocks are typically the largest stocks in the market,

"Data is downloaded from Kenneth French’s website at
hitp : //mba.tuck.dartmouth.edu/pages/ faculty /ken. french/data_library.html
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to investigate stocks with medium or small sizes, we follow DeMiguel et al. (2009a)
and Jagannathan and Ma (2003) to consider the randomly selected 500 stocks from
the CRSP daily return file (CRSP500d). We also conduct a similar procedure to
randomly select 100 stocks from the CRSP monthly return file (CRSP100m).

(a) spPs00d

(c) CRSP500d (d) CRSP100m

Figure 3.2. Correlation coefficient matrices of four asset classes
Note: yellow and deep blue indicate high correlation, while green indicating low correlation.

Figure 3.2 shows the correlation coefficient matrices of SP500d, SP100m, CRSP500d
and CRSP100m stocks, respectively. We observe that SP500d returns exhibit higher
correlations than the randomly selected CRSP500d returns. Similarly, we observe that
the SP100m exhibit higher correlations than CRSP100m returns. These patterns may
reflect the fact that large stocks are less prone to idiosyncratic noises and more affected
by market-wide common factors than small stocks, so large stocks exhibit higher cor-
relations than small stocks. Meanwhile, we also observe that, by comparing the left
panels and right panels in Figure 3.2, monthly returns shows higher correlations than
daily returns. This can be characterized as the Epps effect (Epps, 1979): the sample
correlation tends to be biased towards zero when the sampling frequency progressively
shrinks.

Next, Table 3.1 lists all considered candidate strategies. First, we consider the
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Table 3.1. Candidate strategies

Abbreviation Strategies Source

EW (1/N) equal weighted DeMiguel et al. (2009b)
minVar minimum variance portfolio N/A

minVar-JM minVar with no-short-sale constraint Jagannathan and Ma (2003)
minVar-LW minVar with Ledoit-Wolf shrinkage Ledoit and Wolf (2003)
minVa-OWL OWL shrinkage on minVar New Proposal
minVar-OWL-Pos OWL shrinkage with no-short-sale constraint New Proposal
minVar-OWL-bounds OWL shrinkage with bounds constraints New Proposal
minVar-LW-OWL OWL with LW shrinkage on Cov matrix New Proposal
minVar-hard-OWL OWL with hard-thresholding for Cov matrix New Proposal
MVE-OWL-Pos OWL shrinkage with no-short-sale constraint on MVE ~ New Proposal
MVE-OWL-bounds OWL shrinkage with bounds constraints on MVE New Proposal

equal weighted (EW, also known as 1/N) strategy which has attracted great attention
after DeMiguel et al. (2009b) showing that this non-optimized naive diversification
strategy achieves superior out-of-sample performance against other optimized ones.
We also consider the no-short-sale constraint on the minimum variance portfolio by
Jagannathan and Ma (2003) and the linear shrinkage method by Ledoit and Wolf
(2003) in our candidate strategies. In the newly proposed OWL shrinkage methods, we
focus on the “minVar-OWL” method which implements the OWL shrinkage method
on the minimum variance portfolio without additional constraints. The rest are some
enhanced OWL strategies. For instance, “Pos” indicates that we further impose a
no-short-sale constraint on stock weights. “Bounds” indicates that we impose upper
and lower bounds for each stock. In this case, since we do not hold any additional
information about each stock in our exercise, we blindly impose a bound constraint
between -5% and 30% for all stocks. “Hard” indicates a hard-thresholding method
for estimating the covariance matrix as in Bickel and Levina (2008) and Dendramis
et al. (2019).

Next, we set out to conduct out-of-sample based empirical methods to implement

each strategy and compare their performances using various criteria.

3.4.2 Empirical methods

For the FF25 asset class, since returns are sorted portfolio returns, we have balanced
panel data, which is convenient for our analysis. We choose a rolling window size,
say five years (60 months). At time ¢, we use the recent 60 months (from ¢ — 59 to
t) data to estimate the model with each strategy and obtain the weighting vector for

the next period. At the beginning of ¢ + 1 we invest in each 25 portfolios according
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to the weighting vector we obtained at time ¢. Then, at the end of ¢ + 1, returns
will be realized, so we can compute the returns for the hedge portfolio. Next, we roll
the window one month forward (from ¢ — 58 to t 4+ 1) to estimate the weight for next
month’s investment.

For SP500d, we first find all stocks that have been in SP500 index at least once
between January 1978 and December 2017, total 1439 stocks. Then we implement
a rolling window scheme, with rolling window size equal to 750 working days, ap-
proximately 3 years. In each rolling window, we remove stocks having missing data,
which typically leaves 500 to 700 stocks in the investment universe in each rolling
window. We then perform various portfolio selection strategies, and get weights for
stocks which constitute next period’s investment amount. We consider two rebalance
frequencies, weekly or monthly. When the rebalance period is met, we compute the
portfolio’s return and turnover. Then we move forward to the next rolling window
and repeat these steps until the end of out-of-sample period. We follow a similar pro-
cedure for the SP100m dataset except we rebalance only monthly and use a rolling
window size of 10 years (120 months).

For CRSP500d, we follow DeMiguel et al. (2009a)’s procedure. In April each year,
we randomly choose 500 stocks that have no missing data for the past 10 years as
well as the following one year. Then in each rolling window, with window size equal
to 750 working days, we estimate weights using various strategies. We also consider
rebalancing portfolios weekly or monthly. At each rebalance point, we compute OOS
portfolio returns and turnovers. At the end of the out-of-sample period we can com-
pute out-of-sample returns, standard deviation, Sharpe ratio and turnovers. We follow
a similar procedure for CRSP100m, except the rolling window size is 10 years (120

months), and rebalance monthly only.

3.4.3 Out-of-sample comparison

To compare our OWL based strategies with other existing ones in the literature, we
consider the following criteria: (1) the out-of-sample Sharpe ratio (SR), (2) portfolio
turnovers (transaction cost), (3) transaction cost adjusted Sharpe ratios (TCadjSR),
(4) transaction cost adjusted portfolio returns (TCadjR). We follow the methodology
of DeMiguel et al. (2009a) to construct the first two criteria. We add the third criterion
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because the first two criteria look at Sharpe ratio and turnover separately, which leads
to (on many occasions) contradictory preferences: one strategy that delivers higher SR
usually entails higher turnover (transaction cost), and vice verse. TCadjSR allows one
to look into and compare strategies in a complete fashion. In addition, Sharpe ratio
comparison is usually dominated by its variance component and, by definition, the
minVar portfolio typically delivers much lower portfolio risk than the MVE portfolio.
Hence, we introduce the fourth criterion, the model confidence set (MCS) of Hansen
et al. (2011). MCS compares TCadjR and puts all strategies that significantly produce
the highest returns in a set while portfolio risk controls the confidence level. More
details about the MCS method are included in Section 3.4.5. We argue that looking
at the criteria three and four together gives a more completed profile of portfolio
performance.

To fix ideas, let 7y = (r14, 724, -+ ,7n¢)" denote the vector of N asset returns in
excess of the risk-free rate ry, at time ¢t and w; denote the vector storing portfolio
weights of NV assets at time ¢. For the monthly dataset, we choose a rolling window size
7 = 120 months, where 7 < T" and T is the total number of time series observations.
We set the rebalancing frequency as monthly (¢ = 1 month). For the daily data
set, we choose a rolling window size of three calendar years ( about 756 time series
observations) and rebalance either weekly (¢ = 5 days) or monthly (¢ = 21 days).
At time ¢, we estimate portfolio weights w; using data from ¢t — 7 + 1 to ¢ for each
strategy. w; will be the investment amount at the beginning of time ¢+ 1 and we hold
this position until the next rebalancing point ¢t + ¢q. At time ¢t + ¢, before rebalancing
we need to compute the weight before rebalance. The weight of each asset changes
between the beginning and the end of time ¢ due to the price fluctuation. We re-
calculate the weight at the end of time ¢ using new stock prices and call it the “weight
before rebalance” (wy+). Then at the beginning of time ¢ + 1 we invest according to
the new weight (w;;;) obtained at the end of time ¢. The difference between them
(|wes1—wy+|) is the turnover. More specifically, we compute the summation of absolute
value of this difference at each point of time, then take the average across time. Then,

we consider the following comparison criteria. For strategy ¢, the standard deviation
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of the out-of-sample return is

i = \/ 3 (i i) (3.19)
teY

. 1 .
where ' = & S wi'ryy, is the mean of OOS returns and t € T := {2 | {z =
tex
T, T+ q,7+2q,---}N{x <T —q}}. |T| denotes the cardinality of the set T which

represents the number of times rebalancing portfolio. The Sharpe ratio of portfolio

strategy ¢ is
i
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: (3.20)
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and the turnover of portfolio strategy ¢ is defined as
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teY j=1

where wy+ indicates the weight before rebalancing due to price fluctuation between
two consecutive rebalancing points, and w;,’ﬁ is the 7' element in w!, for portfolio

strategy i, where j € {1,2,---,N}. Hence, |w!

— )t ;
Gt+q — W)+ | measures the change in

portfolio weight for asset j at rebalancing point ¢ 4+ ¢, and T'O measures the average
weight change for all £ € T. Therefore, the transaction cost adjusted Sharpe ratio for

portfolio strategy i is defined as

] Nt TC’@
TCadjSR ="~~~ (3.22)
O—Z
where
TC" = TO" % | Y| * cost_per_transaction (3.23)

denotes the transaction cost. Recall that | 1| is the cardinality of the set T, measuring
the total number of times investors rebalance their portfolios. Rebalancing frequency
q directly affects |Y|: higher frequency of rebalancing (i.e. smaller ¢) will result in
larger ||, thus greater transaction cost. cost_per_transaction can be interpreted as
per US dollar transaction cost to trade stocks. In line with DeMiguel et al. (2013),
we set cost_per_transaction = 50 basis points. Finally, the transaction cost adjusted

returns for portfolio strategy ¢ are defined as

TCadjR! = wi'ry, — TC". (3.24)
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Note that ¢ € T is a subscript indicating each rebalancing point. For Sharpe ratio
comparison, we further utilize a Sharpe ratio test devised by Ledoit and Wolf (2008) to
reveal whether Sharpe ratios are statistically different between portfolio strategies by
pair-wise comparison. Specifically, we implement a circular block bootstrap method,
which is robust to correlated returns.® Let u; (1;) denote the mean (excess) return
and o; (0;) denote the standard deviation for strategy 7 (). The null hypothesis is

Hy: MMy (3.25)

g; 0;

3.4.4 Empirical results

In this subsection, we compare the criteria described above for all strategies listed in
Table 3.1 and discuss their implications. We also provide robustness check for the
OWL-ADMM algorithm and we illustrate detailed weight distributions for each asset

class using various portfolio strategies in Appendix 3.A 4.

3.4.4.1 Fama-French 25 portfolios

Table 3.2. OOS scores using FF25

SR c TO f(annualized) TC TCadjSR
EW 0.7271 0.0549 0.0172 0.1384 0.0010 0.7216
minVar 0.9785 0.0401 0.7558 0.1358 0.0453 0.6518
minVar-JM 0.8020 0.0425 0.0678 0.1182 0.0041 0.7744
minVar-LW 0.8613 0.0425 0.2952 0.1268 0.0177 0.7410
minVar-OWL 0.7727 0.0484 0.0278 0.1295 0.0017 0.7627
minVar-OWL-Pos 0.7323 0.0544 0.0172 0.1379 0.0010 0.7268
minVar-OWL-bounds  0.7299 0.0549 0.0178 0.1389 0.0011 0.7243
minVar-hard-OWL 0.0141 0.4128 9.8011 0.0202 0.5881 -0.3971
minVar-LW-OWL 0.7739 0.0483 0.0295 0.1295 0.0018 0.7633
MVE-OWL-Pos 0.7344 0.0547 0.0147 0.1391 0.0009 0.7298
MVE-OWL-bounds 0.7311 0.0551 0.0163 0.1395 0.0010 0.7260

Note: this table reports performance scores for various strategies using Fam-French 25 portfolios.
The transaction cost is calibrated to be 50 base points for trading 1 US dollar.

Table 3.2 reports the out-of-sample performance scores using various criteria in-
cluding the Sharpe ratio, standard deviation, turnover, (annualized) mean returns,
transaction cost and transaction cost adjusted Sharpe ratios for each trading strat-

egy. We find that the plain minVar strategy achieves highest OOS Sharpe ratio and

8We download the code from https : //www.econ.uzh.ch/en/people/ faculty/wol f /publications
and we compute the two-sides p-values with 1000 (B=1000) bootstrap random draws and block size
sets to be 5 (b=5).
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lowest standard deviation. This may be because the FF25 portfolios are less prone to
idiosyncratic noises and hence less prone to estimation errors in the sample covariance
matrix compared to other asset classes. Moreover, the FF25 portfolios have relatively
small cross-sectional dimension but have large time-series dimension. This helps to
obtain a relatively precise estimate of the covariance matrix, which is crucial in our
optimization problems. Meanwhile, the minVar-JM and minVar-LW also do well in
achieving high Sharpe ratios. On the other hand, the minVar strategy, although it
produces high Sharpe ratio, suffers from high turnovers. The EW strategy produces
the smallest turnovers, closely followed by some OWL related strategies. Note that
we calibrate the cost of trading stocks worth one US dollar to be 50 basis points, and
this can be viewed as a scaling parameter to tilting weights between Sharpe ratio and
the transaction cost; a higher value on this parameter will favor strategies with low
transaction cost. By looking at the transaction cost adjusted Sharpe ratio, we find
that the plain minVar strategy is outperformed by many other competitors. Notably,
the mean-variance efficient (MVE) portfolio typically performs poorly, but once regu-
larized by OWL and further imposing (no-short-sale or bounds) constraints, the MVE
portfolio achieves sizeable Sharpe ratio and low transaction cost. It is worth stressing
that some of those transaction cost adjusted Sharpe ratios are very similar. To see the
significance in their performance, we run a bootstrap based test outlined in Section

3.4.3.

Table 3.3. Pairwise Sharpe ratio test using FF25

1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 00190 N/A
minVar-JM 3 0.1089 0.0470 N/A
minVar-LW 4 0.2537 0.1029 0.5135 N/A
minVar-OWL 5 0.2298 0.0470 0.5554 0.4306 N/A
minVar-OWL-Pos 6 0.0150 0.0220 0.1399 0.2957 0.2498 N/A
minVar-OWL-bounds 7 0.0160 0.0190 0.1239 0.2488 0.2358 0.0140 N/A
minVar-hard-OWL 8 0.0010 0.0010 0.0010 0.0010 0.0010 0.0010 0.0010 N/A
minVar-LW-OWL 9 0.2398 0.0490 0.5704 0.4605 0.8641 0.2787 0.2627 0.0010 N/A
MVE-OWL-Pos 10 0.0010 0.0300 0.1518 0.2567 0.2907 0.2368 0.0050 0.0010 0.3227 N/A
MVE-OWL-bounds 11 0.0010 0.0230 0.1129 0.2587 0.2687 0.4346 0.2777 0.0010 0.2767 0.0010 N/A

Note: this table reports the p-values of the pairwise Sharpe ratio tests in Ledoit and Wolf (2008)
using the Fama-French 25 portfolios. If p-value is great than 5%, then we do not reject the
hypothesis that these two strategies yield the same (TC adjusted) Sharpe ratio.

Table 3.3 reports the p-values of the pair-wise comparison of Sharpe ratios be-

tween any two strategies using the Fama-French 25 portfolios. First of all, we find

139



that the minVar-OWL strategy is not statistically different from the Equal weighted,
minVar-JM, and minVar-LW strategies which exhibit high Sharpe ratios in Table 3.2.
Similarly, this insignificance also appears after comparing minVar-JM, minVar-LW,
and equal weighted strategies, indicating these strategies are not significantly different

in producing Sharpe ratios.

3.4.4.2 SP500 daily returns

Table 3.4. OOS scores using SP500

Panel A: SP500 daily returns with weekly rebalancing

SR o TO f(annualized) T'C TCadjSR
EW 1.0046 0.0244 0.0314 0.1771 0.0082 0.9584
minVar 0.5338 0.0540 12.9184 0.2079 3.3588 -8.0889
minVar-JM 1.5831 0.0143 0.0849 0.1629 0.0221 1.3684
minVar-LW 1.3914 0.0130 0.6057 0.1306 0.1575 -0.2866
minVar-OWL 1.0568 0.0227 0.0306 0.1728 0.0080 1.0082
minVar-OWL-Pos 1.0216 0.0238 0.0310 0.1756 0.0080 0.9748
minVar-OWL-bounds 1.0128 0.0240 0.0319 0.1751 0.0083 0.9649
minVar-hard-OWL 1.0656 0.0223 0.0309 0.1717 0.0080 1.0158
minVar-LW-OWL 1.0513 0.0227 0.0305 0.1722 0.0079 1.0030
MVE-OWL-Pos 0.9811 0.0257 0.0561 0.1815 0.0146 0.9023
MVE-OWL-bounds  0.9913 0.0244 0.0266 0.1742 0.0069 0.9520

Panel B: SP500 daily returns with monthly rebalancing

SR G TO f(annualized) TC TCadjSR
EW 1.0399 0.0484 0.0684 0.1745 0.0041 1.0154
minVar 0.6107 0.0831 22.3297 0.1758 1.3398 -4.0433
minVar-JM 1.5013 0.0318 0.2021 0.1654 0.0121 1.3912
minVar-LW 1.3267 0.0288 1.3261 0.1326 0.0796 0.5306
minVar-OWL 1.0850 0.0455 0.0673 0.1711 0.0040 1.0594
minVar-OWL-Pos 1.0552 0.0474 0.0676 0.1732 0.0041 1.0305
minVar-OWL-bounds 1.0472 0.0476 0.0681 0.1726 0.0041 1.0223
minVar-hard-OWL 1.0888 0.0450 0.0684 0.1699 0.0041 1.0624
minVar-LW-OWL 1.0798 0.0456 0.0669 0.1705 0.0040 1.0544
MVE-OWL-Pos 1.0694 0.0494 0.1138 0.1829 0.0068 1.0294
MVE-OWL-bounds 1.0568 0.0473 0.0560 0.1733 0.0034 1.0363

Note: this table reports performance scores for various strategies using the Standard & Poor
500 stocks daily returns with weekly or monthly rebalancing frequency. The transaction cost is
calibrated to be 50 base points for trading 1 US dollar.

Table 3.4 reports performance scores for various strategies using the S&P 500
daily returns with weekly or monthly rebalancing frequency. The transaction cost
is calibrated to be 50 basis points for trading one US dollar of stocks. First of all,
we find when using individual stocks as test assets, particularly if using daily return
series, estimation errors in the sample covariance matrix become more evident: by

looking into SR and &, the plain minVar strategy becomes inferior to many com-
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petitors, resulting from elevated estimation error in the sample covariance matrix.
Then, by looking into turnovers, we find that the equal weighted strategy and some
OWL related strategies (particularly for the MVE-OWL-bounds strategy) produce
the smallest turnovers. It is worth stressing that we find that the “minVar-OWL”
outperforms the equal weighted strategy in both Sharpe ratio and turnovers, with
either weekly or monthly rebalancing frequency, which is a remarkable finding as it is
difficult to find a strategy that outperforms the equal weighted strategy in both Sharpe
ratio and turnovers. Next, we compare Sharpe ratios between strategies pairwisely

and test for significance.

Table 3.5. Sharpe ratio test using SP500d

Panel A: SP500 daily returns with weekly rebalancing

1 2 3 4 5 6 7 8 9 10 11
EW N/A
minVar 0.0330 N/A

minVar-JM
minVar-LW

0.0010 0.0010 N/A
0.0709 0.0010 0.2308 N/A

=W N

minVar-OWL 5 0.0150 0.0250 0.0010 0.1059 N/A
minVar-OWL-Pos 6 0.0030 0.0320 0.0010 0.0899 0.0160 N/A
minVar-OWL-bounds 7 0.0100 0.0230 0.0020 0.0729 0.0110 0.0030 N/A
minVar-hard-OWL 8 0.0110 0.0140 0.0010 0.1079 0.0989 0.0150 0.0140 N/A
minVar-LW-OWL 9 0.0160 0.0180 0.0030 0.0929 0.0010 0.0340 0.0230 0.0290 N/A
MVE-OWL-Pos 10 0.6174 0.0500 0.0010 0.0679 0.1678 0.3956 0.5095 0.1049 0.1848 N/A
MVE-OWL-bounds 11 0.5884 0.0370 0.0010 0.0559 0.0340 0.2118 0.3556 0.0240 0.0440 0.7193 N/A
Panel B: SP500 daily reurns with monthly rebalancing
1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 01059 N/A
minVar-JM 3 0.0080 0.0070 N/A
minVar-LW 4 02757 0.0030 0.2977 N/A
minVar-OWL 5 0.0899 0.0939 0.0110 0.3387 N/A
minVar-OWL-Pos 6 0.0829 0.0989 0.0090 0.2977 0.1119 N/A
minVar-OWL-bounds 7 0.0999 0.0909 0.0090 0.2817 0.1009 0.0669 N/A
minVar-hard-OWL 8 0.1149 0.0929 0.0160 0.3107 0.4835 0.1439 0.1059 N/A
minVar-LW-OWL 9 0.1189 0.0839 0.0060 0.3347 0.0020 0.1578 0.1149 0.1159  N/A
MVE-OWL-Pos 10 0.7033 0.0919 0.0180 0.3427 0.8861 0.8771 0.7612 0.8332 0.8881 N/A
MVE-OWL-bounds 11 0.6484 0.1089 0.0080 0.3057 0.5604 0.9700 0.7972 0.5235 0.6374 0.7722 N/A

Note: this table reports p-values of pair-wise Sharpe ratio test according to Ledoit and Wolf (2008)
using SP500d returns. The rebalancing frequency in Panel A is weekly, and in Panel B is monthly.

Table 3.5 reports the p-values of the Sharpe ratio test outlined in Section 3.4.3
using SP500 stocks with daily returns. The pairwise comparison suggests that the
minVar-OWL strategy is statistically outperforming the equal weighted strategy with
weekly rebalancing frequency, while insignificant for the monthly rebalancing fre-
quency. Meanwhile, we find that for the SP500d returns, the best performing strate-

gies in terms of Sharpe ratios are minVar-JM and minVar-LW and their superior
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performance against other strategies is significant suggested by the Sharpe ratio test.
Next, we set out to test the SP100 stocks with monthly returns, which exhibit higher

correlations between stock returns compared to SP500d stocks.

3.4.4.3 SP100 monthly returns

Table 3.6. OOS scores using SP100m

SR o TO f(annualized) TC TCadjSR
EW 0.9233 0.0460 0.0571 0.1472 0.0034 0.9018
minVar 0.0624 0.0851 4.4201 0.0184 0.2652 -0.8371
minVar-JM 1.0065 0.0345 0.1140 0.1203 0.0068 0.9493
minVar-LW 0.8537 0.0359 0.2974 0.1061 0.0178 0.7102
minVar-OWL 0.9811 0.0420 0.0555 0.1426 0.0033 0.9582
minVar-OWL-Pos 0.9418 0.0444 0.0566 0.1448 0.0034 0.9197
minVar-OWL-bounds 0.9257 0.0461 0.0572 0.1477 0.0034 0.9042
minVar-hard-OWL 0.9862 0.0415 0.0565 0.1419 0.0034 0.9626
minVar-LW-OWL 0.9633 0.0425 0.0546 0.1417 0.0033 0.9411
MVE-OWL-Pos 0.9302 0.0451 0.0581 0.1452 0.0035 0.9079
MVE-OWL-bounds 0.9293 0.0458 0.0516 0.1475 0.0031 0.9098

Note: this table reports performance scores for various strategies using the Standard & Poor 100
stocks with monthly returns and rebalanced monthly. The transaction cost is calibrated to be 50

base points for trading 1 US dollar.

Table 3.6 reports performance scores using Standard & Poor 100 stocks with
monthly returns, and we rebalance the portfolio monthly. First of all, we find that
minVar-OWL and some other OWL related strategies consistently outperform the
equal weighted strategy in terms of the Sharpe ratio and turnovers. The MVE-OWL-
bounds strategy yields the smallest turnover while the turnover of the minVar-JM
strategy doubles that of OWL related strategies. Second, the raw Sharpe ratio (i.e.
not adjusted by transaction cost) of the minVar-JM strategy tops the ranking, and
it is closely followed by OWL related strategies. However, after being adjusted by
transaction cost, the minVar-OWL and minVar-hard-OWL strategies top the rank-
ing. Third, by comparing Table 3.6 and Table 3.4, we find that the performance of
OWL related strategies has improved, and we reckon that is because SP100 stocks
with monthly returns exhibit higher correlation between stocks which is a desirable
property for the OWL shrinkage method to work well. Next, we apply the Sharpe
ratio test in Section 3.4.3 to check the significance between strategies.

Table 3.7 reveals that the performance between the minVar-OWL strategy and

the minVar-JM, minVar-LW strategies is not significantly different. However, it has
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Table 3.7. Sharpe ratio test using SP100m

1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 0.0020 N/A
minVar-JM 3 0.5195 0.0010 N/A
minVar-LW 4 0.7982 0.0010 0.3526 N/A
minVar-OWL 5 0.0030 0.0010 0.8202 0.6074 N/A
minVar-OWL-Pos 6 0.0050 0.0020 0.6084 0.7123 0.0010 N/A
minVar-OWL-bounds 7 0.0040 0.0030 0.5105 0.7822 0.0040 0.0060 N/A
minVar-hard-OWL 8 0.0040 0.0010 0.8551 0.5844 0.2577 0.0090 0.0060 N/A
minVar-LW-OWL 9 0.0320 0.0020 0.7233 0.6454 0.0010 0.1019 0.0280 0.0020 N/A
MVE-OWL-Pos 10 0.8911 0.0030 0.5634 0.7802 0.2997 0.8062 0.9141 0.2687 0.0030 N/A
MVE-OWL-bounds 11 0.4575 0.0050 0.5205 0.7862 0.0110 0.1998 0.6204 0.0170 0.1099 0.9740 N/A

Note: this table reports the p-values of the Sharpe ratio test according to Ledoit and Wolf (2008)
using the SP100 monthly returns.

statistically higher Sharpe ratios than that of the equal weighted strategy.

It is worth stressing that our main target is to draw attention to the comparison
between the minVar-OWL strategy and the equal weighted strategy. They receive
very similar weight distributions, but we show that the minVar-OWL strategy out-
performs the equal weighted strategy in both Sharpe ratio and turnover. In appendix
3.A.4.3, we show (3-dimensional) graphs that illustrate the weight distribution for
some strategies and find that the minVar-OWL strategy has a very similar distri-
bution to the equal weighted strategy. This near-equal-weighted weight distribution
is caused by the grouping property as discussed in Section 3.3.2. We further find
the superior performance in Sharpe ratio against the equal weighted strategy is in-
deed statistically significant after applying a bootstrap based test outlined in Section
3.4.3. Similar exercises are applied and tested on the CRSP500d stock returns and
CRSP100m stock returns. We put those empirical results in Appendix 3.A.4.2.

So far, we have focused our comparison criteria on Sharpe ratios and turnovers
(transaction cost). We find that the minVar-JM strategy delivers impressive Sharpe
ratios, although in the SP100m and FF25 asset classes its Sharpe ratio is not signif-
icantly different from the minVar-OWL strategy after running a Sharpe ratio test.
On the other hand, the minVar-OWL strategy and other OWL related strategies
consistently yield the smallest turnovers.

In addition, we stress that we developed a flexible algorithm that can incorpo-
rate bespoke weight constraints on individual stocks in the optimization problem.
However, in our empirical analysis, we applied (blindly) a -5% to 30% bound for all

stocks, since we do not hold any further information on individual stocks. Thus,
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the bound-constrained OWL strategies can potentially do better if more information
about individual stocks becomes available.

Although the Sharpe ratio incorporates both the mean portfolio returns and port-
folio risk in its formula, it is often dominated by the portfolio risk component when
portfolio returns are small. Alternatively, we use the model confidence set (MCS)
method to compare strategies: it includes all the best performing strategies in a set
where the average portfolio returns are the highest, while using the portfolio risk to

control the confidence band of this set.

3.4.5 Model confidence set for comparing transaction cost

adjusted returns

Hansen et al. (2011) propose the model confidence set (MCS) to compare loss se-
quences of candidate models and put the best candidates in a “confidence set”. MCS
avoids comparing models pairwisely, which often leads to inconclusive decisions. In-
stead, MCS enables us to compare multiple models while returning a set that in-
cludes all (single or multiple) best performing models. In our application, we want
to compare out-of-sample portfolio returns. We want to answer this question: which
strategies produce the highest returns while taking account of transaction cost, where
portfolio risk controls the confidence band for including the best candidates in a set?

To fix ideas, let M denote a set of finite candidate models (i.e. MY collects all

9

candidate models) and M be the active model confidence set with size m”. Denote

by L;, the loss function of model i at time ¢.'" Then,
diji = Lig — Ly,  Vi,j € M°, (3.26)
is the loss difference function between model 7 and j at time t. Then, we denote
pij = E(dije),
dij =n"" z": dijt,
=1

YWe set M = MY at the beginning, then run a series of tests to remove inferior models from the
active set M. In the end, what are left in the active set M will be the final model confidence set.

10The MCS compares models using a loss function of each model. Since returns are “gains” rather
than “losses”, we use the negative values of returns to measure each strategy’s “loss”.

(3.27)
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where 1 is the expected value of the loss difference between model ¢ and j, and Jij

is the sample analogy of p;;. Denote

CZL'. mfl Z CZZ']', (328)
JEM

where m is the cardinality of set M, and M is the active set which collects models

that need to be tested. d;. is the average loss difference sequence of model ¢ with all

models left in the active set M. Then, the model confidence set is defined as
M ={ie M°:p; <0 Vje M} (3.29)

A detailed testing procedure of MCS is included in Appendix 3.A.3.

Table 3.8. MCS test for transaction cost adjusted returns

FF25 SP500d, w SP500d, m SP100m CRSP500d, w CRSP500d, m CRSP100m

EW 0.0020 0.4210 0.4650  0.0040 0.0000 0.8620 0.4170
minVar 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000
minVar-JM 0.0000 0.0050 0.0010  0.0040 0.0000 0.0000 0.4070
minVar-hard-OWL 0.0000 0.0130 0.0080  0.0040 0.0000 0.0070 1.0000
minVar-LW 0.0000 0.0000 0.0000  0.0040 0.8270 1.0000 0.4070
minVar-LW-OWL 0.0000 1.0000 1.0000  0.8930 0.0000 0.0040 0.3430
minVar-OWL 0.0000 0.0130 0.0080  0.0040 0.0000 0.0000 0.4070
minVar-OWL-bounds  0.0000 0.0050 0.0010  0.0040 0.0000 0.0000 0.4170
minVar-OWL-Pos 0.0000 0.4210 0.4650  0.0040 1.0000 0.8860 0.4170
MVE-OWL-bounds 1.0000 0.0000 0.5520 1.0000 0.0000 0.0000 0.0000
MVE-OWL-Pos 0.0840 0.0050 0.0000  0.0040 0.0000 0.0000 0.4070

Note: this table reports the p-values of the MCS test. It compares transaction cost adjusted
returns using various strategies and using different asset classes. We consider both weekly (‘w’)
and monthly (‘m’) rebalancing frequencies for daily returns. If p-value is greater than 5%, then the
corresponding strategy will be included in the MCS.

Table 3.8 reports the p-values of the MCS test. It compares transaction cost
adjusted returns of various strategies within each asset class. We consider both weekly
and monthly rebalancing frequencies for daily returns. If p-value is greater than 5%,
then the corresponding strategy will be included in the MCS.

First of all, we notice that the equal weighted strategy has been included in the
MCS four times, confirming that the naive 1/N strategy performs well in terms of
producing sizeable returns. On the other hand, we find that the minVar-OWL-Pos
strategy (OWL regularized minimum variance portfolio with no-short-sale constraint)
has been included in the MCS fives times, which makes it the only strategy that has
been included in the MCS more often than the equal weighted strategy.

We also notice that the MVE-OWL-bound and MVE-OWL-Pos strategies per-
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forms particularly well with the Fama-French portfolios. The OWL shrinkage method
with further constraints on portfolio weights helps to utilize the optimization gains
from the mean variance efficient portfolio. We reckon this is because sorted portfolio
returns are less prone to idiosyncratic noises and thus the sample estimate of ex-
pected asset return and asset covariances are less biased compared to individual stock
returns. Also, for the FF25 asset class, large T and small N (i.e. large in time series
dimension and small in cross sectional dimension compared to other asset classes)
help to improve the precision of the sample estimate of the covariance matrix.
Meanwhile, the minVar-JM strategy, which performs well when using Sharpe ratio
as comparison criterion, performs poorly if we use MCS to compare portfolio returns:
the minVar-JM strategy has been included in MCS only once, indicating that the
minVar-JM strategy produces significantly lower returns than other strategies using
various test assets. We find that the MCS for CRSP100m asset class (which consists of
100 randomly selected (usually small) stocks from the CRSP dataset ) includes many
(9 out of 11) candidate strategies, which is caused by large variations in out-of-sample

returns for each strategy using this asset class.

3.5 Conclusion

In this paper, we introduce the OWL shrinkage method for efficient portfolio con-
struction problems. The OWL shrinkage method encompasses the LASSO shrinkage
setup and exploits contemporaneous correlations between stocks, thereby extending
the LASSO shrinkage method in DeMiguel et al. (2009a) and the VAR(1) model in
DeMiguel et al. (2014). We develop an efficient algorithm that incorporates the OWL
shrinkage method together with bespoke constraints on individual stocks if prior in-
formation is available. We apply our OWL portfolio strategies on five asset classes
and find that the OWL shrinkage method outperforms other benchmarks when stocks
exhibit high correlations. DeMiguel et al. (2009b) compare the naive 1/N portfolio
strategy with the other 14 optimization-based strategies, finding superb out-of-sample
performance in the naive 1/N portfolio. In this paper, we bridge the gap between the
naive 1/N portfolio strategy and an optimization based method: our OWL optimiza-

tion problem yields similar portfolio weights to the 1/N portfolio strategy due to the
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grouping property, yet our OWL based portfolio strategies outperform the 1/N strat-
egy in terms of Sharpe ratios and turnovers. A bootstrap based Sharpe ratio test by

Ledoit and Wolf (2008) also confirms that this difference in Sharpe ratio is significant.
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3.A Appendix

3.A.1 ADMM algorithm to solve the constrained OWL op-

timization problem

Boyd et al. (2010) proposed a general optimization algorithm which utilizes the aug-
mented Lagrangian function and can decompose a complex optimization problem into
two parts which share different characteristics in computational complexity. This al-
gorithm optimizes these two parts separately and in an orderly fashion, hence gains

the name of “alternating directions”.
3.A.1.1 Augmented Lagrangian
First, define the augmented Lagrangian of the optimization problem (3.14) - (3.18) as
ly(w,v,a,8,0,8) = %w’iw — j'w+ Qu,(v) + ' (w—v) + Bw'e —1)
01— w) + € (w = ub) + E(||w — ol [f + (we —1)? (A1)
+ {10 = wlf3 + [Jw = ubl[3),

where «, 8, 6 and £ are Lagrangian multipliers, p is a parameter to control penalty

and e is a column vector of ones. The ADMM algorithm consists of these updates for

each step:
w*! = arg min ly(w, o o, B ok €, (3.A.2)
Wt =1b; if Wt <ib; ¥V i=1,2,..,N, (3.A.3)
Wit = by if WP >ub; Voi=1,2,...,N, (3.A.4)
" = arg min fp(wkH,U, o, B ok &), (3.A.5)
AF L = oF 4wkt — F Y, (3.A.6)
R = gF 4 p(w™ T — 1), (3.A.7)
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OFtt = 0% + p(Ib — wh ), (3.A.8)
OFtt =0, if W —wf <0 V i=1,2,..,N, (3.A.9)
R = & 4 p(whTt — ub), (3.A.10)
gt =0, if wtt—ub;<0 V i=1,2,..,N, (3.A.11)

where k is a superscript indicating the step number. We refer to equations (3.A.3)
and (3.A.4) as primal feasibility conditions, and equations (3.A.9) and (3.A.11) as

complementary slackness conditions. Moreover, (3.A.2) can be simplified as

wtt =argmin  £,(w, v, oF, B, 0%, &F)

w

=argmin [%w’fjw — flw+ o (w—vF) + B w — 1) + 0¥ (Ib — w) + & (w — ub)

w

L (o = vH + (w'e = 17 + b — wl B+ llw — wbl )]

=argmin [%w’ﬁ)w — (ﬂ —ak = ﬂke + ok — €k>/w

w

p
+ 5w = o5+ (w'e = 1) + [|ib — wlf; + |Jw — ubH%))}

1 .
= arg min [éw’(ny + p(3I 4+ ee))w — (1 — o — BFe 4+ OF — ¢*
+ p(v* + e — Ib — ub))'w]

= (Y8 +pB3I +ee)) (i —aF — BFe+0F — & 4+ p(vF + e — Ib — ub)).
Meanwhile, equation (3.A.5) can be simplified as

1
v = arg min g||v —wht — Za¥|2 4 Q,(v)
v P

1

= proxg(w* ™! + =a"),
p

where proxg(.) is a proximal function for the OWL shrinkage method. Discussion of

how to find a minimizer of the proximal function proxg(.) can be found in Appendix

1.A.2.

3.A.1.2 Optimality conditions

Suppose w* and v* are optimizers of the optimization problem (3.14) - (3.18). Then,
the optimality conditions of (3.A.1) consist of the primal feasibility and the dual
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feasibility conditions. The primal feasibility concerns the following conditions

w* —v" =0, (3.A.12)
w¥e —1=0, (3.A.13)
w* > b, (3.A.14)
w* <X ub. (3.A.15)

Equations (3.A.2) and (3.A.5) command the dual feasibility condition, which requires

V(W) + o+ e — 0"+ =0, (3.A.16)
V(') —a* =0, (3.A.17)

k+1

where f(w) = %w’f]w — f'w. By equation (3.A.5), v minimizes the function

Co(wh v ok BR 08 ¢F) wrt v, so we have
0= Vgp(vk—i_l) — VQ(UIH-I) _ ak _ p(wk+1 _ Uk—i—l) — VQ(UH—I) _ Ozk+1,

which makes (3.A.17) hold automatically. Similarly, by (3.A.2), w**! minimizes the

function £,(w, v, o*, B 0% &F) w.r.t w, so we obtain

0 =7 f(w"™) +a* + pFe — 08 + & + p(wht! — o)
+ p(wtVe = 1)e — p(lb — W) + p(w* ' — ub)

_ Vf(wk+1) + O'/k-l—l + 5]6"!‘16 . 9k+1 + fk-l—l + p(vk-H _ Uk).
Rearranging the above equation gives

vf<wk:+l) N R _p(vk:-H o vk) — gt

where we denote s*7! := —p(v*T! —v*) as the dual residual at step k+1, because sF+1

is the deviation from a dual feasibility condition in (3.A.16). Similarly, the primal
residual at step k w.r.t the primal feasibility conditions in (3.A.12) and (3.A.13) is
defined as

17112 = \/Hw’“ — vk[[2 + (wh'e — 1)2.
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3.A.1.3 Stopping criterion and the penalty parameter p

The stopping criterion for k suggested by Boyd et al. (2010) is such that k satisfies

||Tk||2 S Ep'ri and ||SkH2 S 6dual7
€pri _ \/Neabs + 6rel maX{Hwng, HkaQ}a

6dual _ \/Teabs + ErelHak +ﬁk€”2>

where €' and €®* are calibrated to be 0.001.
Boyd et al. (2010) also argues that allowing p to change along steps makes com-

putation more efficient and suggests the following scheme for the values of p:

b it [[r*]2 > nllst]:
k41 )
P =g P AE[[sH|l >l
ok otherwise ,

where 1,7 > 1 are two tuning parameters, which are calibrated such that n = 10,

T = 2 1n our exercise.

3.A.2 Technical proofs
3.A.2.1 Proof of Theorem 3.3.1

Proof. The proof of Theorem 3.3.1 relies on the Pigou-Dalton transfer principle and
the directional derivative lemma at the minimum of a convex function. It follows using
a similar argument as in Figueiredo and Nowak (2016), except that we are dealing

with different loss functions.

Lemma 3.A.1 (Pigou-Dalton transfer principle). Let be given vector x € R, and
its two components x;, x; are such that x; > x;. Let € € (0,(x; — x;)/2), z = x; — €,
zj = x5+ €, and z, = xy, for k # i,5. Set Q,(r) = W'z, where w € RY, and
w1 > wy > -+ > wy. Then it holds

Qu(x) — Qu(2) > Age, A, = min 1(w2-+1 — w;).

7':17 P—

Lemma 3.A.2 (Directional derivative). The directional derivative of function f :
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RE — R at x € dom(f), in the direction £ € RX is given by

f(x,6) = lim [f(z+ af) — f(2)]/a, a>0.

a—0t

If f is a convex function, then x* € argmin(f) if and only if f'(z*,§) > 0 for any

direction ¢ € RX.

Denote the objective function as Q(w) = tw'Sw + Q,(w). By definition, if @ is
the minimizer, then Q(w) < Q(w) for all w. Thus by Lemma 3.A.2, for any £ € RV,

Q'(w,&) > 0. (3.A.18)

Recall that 3; and 3; denote the it" and j*" columns of the N x N variance-covariance

matrix . Suppose

||21 — Ej.HQ < )\2, (3A19)

and assume w; # w;. We will show contradiction between assumption w; # w; and
(3.A.18). Without loss of generality, assume w; > w;, i < j. First we define a special
directional vector & = (§1,&a, -+ ,&n)". Set & =1,&; = —1 and & =0 for all k£ # 1, j.

The directional derivative of ) at w with such & is

Q(w.€) = lim (QLa(,&) + RFa(,£)), (3.A.20)
where
QL (i, ¢) = 0+ 08)%( + af) — d¥id
o (3.A.21)
. 04@?/25 + OJSIZUA) + &25125
= - |
and
RP,(0,§) = Qu (0 + af) — Qw(w). A

«

Note that ¥ = ¥ and @w'X¢ is a scaler, so we have w'3¢ = ¢'Yaw. Then it follows
lim QLq (i, &) = /5S¢ = trace(w/S€) = trace(£d'S). (3.A.23)

a—0t

Observe that &' is a N x N matrix with ¢ row as @', 7' row as —@' and the
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remaining rows are filled with zeros. Then we have

lim QL,(w,&) = trace(w'y) = o' (X; — X;.), (3.A.24)

a—0t

where 3; and X; are the i and j™ columns of 3.

Applying the Pigou-Dalton transfer principle on RP,(w, &) with € = a, we obtain

— RP,(w,&)a = Q,(0) — Qu, (0 + af) > Aya. (3.A.25)
So for any a and ¢,
RPa(w’g) < _Awa = _Aw
Q@

By the definition of w in (3.11), A, = Ay. Therefore, applying the above bound in
(3.A.20), we obtain

Q'(w, &) <w'(%i. —Xj) — A,

(3.A.26)
Using Cauchy-Schwarz inequality, we have
W85 = 85) < ldll2l[Es — S llz < [@llallZs — Ejlle = (15 — Zjllz,
so (3.A.26) becomes
Q' (w,&) < |IXi. — Xj]l2 — A (3.A.27)

Then, (3.A.27) together with (3.A.19) implies

Q'(w,&) <0,

which violates (3.A.18). Hence, there is a contradiction between w; # w; and (3.A.19).
So we must have

w; :’LU]',

which completes the proof. O
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3.A.2.2 Proof of Theorem 3.3.2
Proof. The proof of Theorem 3.3.2 is similar to Theorem 3.3.1, except we have a
different objective function, that is

Q(w) = %w'Zw — p'w + Qu(w),

where v is investors’ risk aversion level and p is the vector of expected returns. Fol-
lowing similar procedures as in the proof of Theorem 3.3.1 and by Lemma 3.A.2, we
have that for any £ € RV,

Q' (w,&) > 0. (3.A.28)

Suppose
YEi = Ejlla + s — py| < A (3.A.29)

and assume w; # w;. Without loss of generality, assume w; > w;, ¢ < j. Define a
special directional vector £ = (&,&2, -+ ,&n)". Set & = 1,& = —1 and & = 0 for all
k # i, 7. The directional derivative of () at w with such ¢ is

Q'(w,&) = lim (QLu(w,&) + RP,(w,£)), (3.A.30)

a—0t

where
OL. (. ) — @+ 0D +a8) = ] - p/ (@ +af) + '
(6% bl - (){
B %(om}’Eg + Oéé-IZUA) + 042£/2£) _ Oéu’§ (3A31)
= - ’
and

Qu(w + af) — Qw(w)

«

RP,(i,€) = (3.A.32)

Note that ¥’ = 3 and @w'¥¢ is a scalar, so we have w'3¢ = ’Yw. Then it follows

Hm QLo (), &) = v/ SE — pl, (3.A.33)

a—0t

where y'3¢ = trace(yw'3€) = v trace({u'Y). Observe that (w' is a N x N matrix
with i row as w, j** row as —’ and the remaining rows are filled with zeros. Then

we have

lim QL,(w,&) = v trace(§w'Y) — p'é = ' (8;, — ;) — W€, (3.A.34)

a—0t
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where ¥; and X; are the i and j columns of 3.
Similarly to the procedures we used to handle RP,(w, &) in the proof of Theorem
3.3.1, we can obtain

RP, (1, €) < —Xs.

Therefore,

Q'(w, &) <y (8, — %) — (& = X (3.A.35)

Using Cauchy-Schwarz inequality, we have

W'(5i, — X5) < |lbllo]|Xi — Xjll2 < Jof1][Z: = Ejll2 = 15 — 5 l2,

Observe that p/§ = p; — pj > —|p; — pjl, so (3.A.35) becomes
Q'(@,8) < IIZi = Ejlla + [ — p| = e (3.A.36)

Then (3.A.36) together with (3.A.29) implies

Q'(w,¢) <0,

which violates (3.A.28). Hence, there is a contradiction between w; # w; and (3.A.29).

So we must have

~ ~

w; = Wy,
which completes the proof. O
3.A.2.3 Proof of Lemma 3.3.1
Proof. If \y = 0, then w = (A1, A1, ..., A1) € RY. So we have

Qu(w) = wwly = Me'lw], = AiJwl])y,

where e is a column vector of ones. If we set \; = A, then Q,(w) = A||w]||; which

completes the proof. O

3.A.2.4 Proof of Lemma 3.3.2

Proof. Note that |w|, = (|w|p), |wlfy, -+ ,|w|ny)’ reorders the elements in vector |w| =

(lwn], Jwal, -+, Jwy]|) decreasingly according to the absolute value of each element.
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Denote by |w;| and |w|;) the j element of |w| and |w|,, respectively. So we have

lw|py > |wligg > -+ > |w|y). Then by the definition of the OSCAR penalty term, we

obtain
Qoscar(w) = Mllwlli + X2 Y max{|wil, w;]}
1<i<j<N
N
=D M AN =) |wlgy
i=1
= w'wly = Qu(w),
which completes the proof. O

3.A.3 MCS testing procedure

The MCS (model confidence set, Hansen et al. (2011)) testing procedure consists of
the following steps:

1. Initialize the active model confidence set M <+ M, where M contains all

candidate models.

2. Compute the t-statistics for any pairwise loss difference sequences and the av-

erage t-statistics for each model:

tij = /d\—w_ and tz = %, fOI‘ all l,j - M (3A37)
Var(d;;) Var(d;.)

3. Find the model with the largest t-statistic

Tz = Max  t;. (3.A.38)

ieM

and test whether 7,4, as is significantly different from zero.
A, If T)00 v 1s statistically different (greater) than zero, eliminate this model from
the model confidence set, and go back to step 1 while removing this model from

set M. Repeat this procedure until 7},,, 3 is not significantly different from

zero. What remains in M will be the model confidence set.
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3.A.4 Robustness check

3.A.4.1 Convergence of OWL-ADMM algorithm

Convergence speed Convergence of each asset

0.014

0.04 - g
\ 0.012 -

0.035 - \
- 0.01
\
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Figure 3.3. Convergence check for ADMM algorithm using SP500 stocks

Figure 3.3 shows the convergence diagram for the OWL-ADMM algorithm used to
solve the optimization problem in (3.14) - (3.18) using SP500 daily returns. Left panel
shows the distance (i.e. the ¢; norm of two vectors) of the estimated portfolio weights
at each step to the final optimizer. Compared to other algorithms, such as gradient
descent, ADMM offers a much faster convergence speed. The right panel shows the
individual stock’s weights at each step until convergence. Each colored line represents
one stock, and note that we initialize the portfolio weights as equal weighted at the
beginning. We find that the ADMM algorithm is fast to find the optimizer, typically

requiring less than 10 steps.

3.A.4.2 Empirical application using randomly selected stocks from CRSP

dataset

Panels A and B in Table 3.9 report the OOS performance scores using 500 randomly
selected stocks with daily returns from the CRSP dataset and Panels A and B in Table
3.10 report the p-values of the Sharpe ratio test by comparing portfolio strategies pair-
wisely. We find that the OWL related strategies consistently offer smaller turnovers
(transaction costs) than minVar-JM and minVar-LW strategies, and the minVar-OWL
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Table 3.9. OOS score using CRSP500d and CRSP100m

Panel A: CRSP500 daily returns with weekly rebalancing

SR o TO f(annualized) TC TCadjSR
EW 1.0491 0.0244 0.0000 0.1844  0.0000 1.0491
minVar 1.4801 0.0125 0.6168 0.1337 0.1604 -0.2954
minVar-JM 1.8328 0.0114 0.0699 0.1512 0.0182 1.6124
minVar-LW 1.5108 0.0108 0.2054 0.1182 0.0534 0.8280
minVar-OWL 1.1281 0.0229 0.0027 0.1860 0.0007 1.1239
minVar-OWL-Pos 1.0687 0.0238 0.0018 0.1838 0.0005 1.0661
minVar-OWL-bounds 1.0588 0.0239 0.0107 0.1822 0.0028 1.0425
minVar-hard-OWL 1.1203 0.0228 0.0026 0.1843 0.0007 1.1161
minVar-LW-OWL 1.1049 0.0230 0.0023 0.1830 0.0006 1.1013
MVE-OWL-Pos 0.9150 0.0256 0.0644 0.1690 0.0167 0.8244
MVE-OWL-bounds 0.9797 0.0241 0.0280 0.1706  0.0073 0.9379

Panel B: CRSP500 daily return with monthly rebalancing

SR o TO f(annualized) TC TCadjSR
EW 0.8525 0.0547 0.0000 0.1616  0.0000 0.8525
minVar 1.3888 0.0295 1.2631 0.1417 0.0758 0.6463
minVar-JM 1.4227 0.0302 0.1576 0.1488 0.0095 1.3322
minVar-LW 1.4136 0.0270 0.4481 0.1323 0.0269 1.1262
minVar-OWL 0.8887 0.0528 0.0071 0.1627 0.0004 0.8864
minVar-OWL-Pos 0.8664 0.0538 0.0026 0.1615 0.0002 0.8655
minVar-OWL-bounds 0.8591 0.0537 0.0108 0.1599 0.0006 0.8556
minVar-hard-OWL 0.8857 0.0527 0.0070 0.1616 0.0004 0.8834
minVar-LW-OWL 0.8778 0.0528 0.0061 0.1605 0.0004 0.8757
MVE-OWL-Pos 0.7724 0.0586 0.1240 0.1569 0.0074 0.7358
MVE-OWL-bounds 0.8136 0.0549 0.0529 0.1548 0.0032 0.7969

Panel C: CRSP100 monthly return with monthly rebalancing

SR o TO f(annualized) TC TCadjSR
EW 0.8533 0.0505 0.0794 0.1492 0.0048 0.8261
minVar 0.4439 0.0640 1.6118 0.0985 0.0967 0.0079
minVar-JM 1.2616 0.0334 0.1102 0.1458 0.0066 1.2044
minVar-LW 1.0283 0.0346 0.1623 0.1232  0.0097 0.9470
minVar-OWL 0.8954 0.0435 0.0801 0.1348 0.0048 0.8634
minVar-OWL-Pos 0.8819 0.0480 0.0769 0.1467 0.0046 0.8542
minVar-OWL-bounds 0.8698 0.0490 0.0778 0.1476 0.0047 0.8423
minVar-hard-OWL 0.9094 0.0429 0.0861 0.1350 0.0052 0.8746
minVar-LW-OWL 0.8808 0.0444 0.0793 0.1354 0.0048 0.8499
MVE-OWL-Pos 0.7168 0.0542 0.0814 0.1346  0.0049 0.6908
MVE-OWL-bounds  0.7720 0.0513 0.0661 0.1371  0.0040 0.7497

Note: this table reports performance scores for various strategies using randomly selected 500 stocks
(Panel A and B, daily returns) and 100 stocks (Panel C, monthly returns) from CRSP and rebalanced
weekly or monthly. The transaction cost is calibrated to be 50 base points for trading 1 US dollar.

strategy consistently and significantly outperforms the equal weighted strategy in
terms of Sharpe ratio. Panel C in Table 3.9 and 3.10 report the OOS scores and p-
values of Sharpe ratio tests using 100 randomly selected stocks with monthly returns

from the CRSP data-set. These results confirm the previous findings that OWL
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Table 3.10. Sharpe ratio test using CRSP500d and CRSP100m

Panel A: CRSP 500 daily returns, weekly rebalancing

1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 0.0240 N/A
minVar-JM 3 0.0010 0.0370 N/A
minVar-LW 4 0.0400 0.8192 0.0559 N/A
minVar-OWL 5 0.0150 0.0699 0.0010 0.0859 N/A
minVar-OWL-Pos 6 0.0010 0.0310 0.0010 0.0519 0.0300 N/A
minVar-OWL-bounds 7 0.0010 0.0280 0.0010 0.0400 0.0160 0.0010 N/A
minVar-hard-OWL 8 0.0240 0.0450 0.0010 0.0959 0.0010 0.0619 0.0230 N/A
minVar-LW-OWL 9 0.0509 0.0559 0.0010 0.0719 0.0010 0.1868 0.1049 0.0010 N/A
MVE-OWL-Pos 10 0.0020 0.0070 0.0010 0.0120 0.0010 0.0010 0.0030 0.0020 0.0020 N/A
MVE-OWL-bounds 11 0.0030 0.0080 0.0010 0.0250 0.0010 0.0010 0.0010 0.0010 0.0010 0.0090 N/A
Panel B: CRSP 500 daily returns, monthly rebalancing
1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 0.0160 N/A
minVar-JM 3 0.0140 0.7782 N/A
minVar-LW 4 0.0549 0.8352 0.9590 N/A
minVar-OWL 5 0.2488 0.0320 0.0120 0.0819 N/A
minVar-OWL-Pos 6 0.0100 0.0210 0.0120 0.0679 0.4266 ~N/A
minVar-OWL-bounds 7 0.0210 0.0180 0.0090 0.0679 0.2957 0.0040 N/A
minVar-hard-OWL 8 0.2488 0.0310 0.0070 0.0679 0.0330 0.4745 0.3467 N/A
minVar-LW-OWL 9 0.3906 0.0220 0.0140 0.0689 0.0030 0.6623 0.4745 0.0050 N/A
MVE-OWL-Pos 10 0.1259 0.0110 0.0050 0.0390 0.0779 0.0929 0.0959 0.1069 0.1099 N/A
MVE-OWL-bounds 11 0.1309 0.0210 0.0040 0.0629 0.0849 0.0719 0.0999 0.1009 0.1259 0.1459 N/A
Panel C: CRSP 100 monthly returns, monthly rebalancing
1 2 3 4 5 6 7 8 9 10 11
EW 1 N/A
minVar 2 0.0689 N/A
minVar-JM 3 0.0030 0.0010 N/A
minVar-LW 4 04226 0.0060 0.0889 N/A
minVar-OWL 5 04915 0.0519 0.0090 0.5345 N/A
minVar-OWL-Pos 6 0.0260 0.0719 0.0030 0.4955 0.8012 N/A
minVar-OWL-bounds 7 0.0140 0.0829 0.0070 0.4675 0.7023 0.0210 N/A
minVar-hard-OWL 8 0.4226 0.0420 0.0110 0.5534 0.2567 0.6683 0.5834  N/A
minVar-LW-OWL 9 0.6583 0.0569 0.0030 0.4655 0.4266 0.9910 0.8611 0.1429 N/A
MVE-OWL-Pos 10 0.0060 0.2098 0.0010 0.1768 0.0440 0.0070 0.0030 0.0350 0.0500 N/A
MVE-OWL-bounds 11 0.0160 0.1648 0.0020 0.2498 0.0859 0.0050 0.0080 0.0599 0.1189 0.0110 N/A

Note: this table reports the p-values of Sharpe ratio test according to Ledoit and Wolf (2008) using
randomly selected 500 stocks (with daily returns) and 100 stocks (with monthly returns) from
CRSP data-set.

related strategies consistently and significantly outperform equal weighted strategy.

3.A.4.3 Plot of the out-of-sample portfolio weights distribution

We provide a diagnostic check on out-of-sample stock positions of each portfolio strat-
egy. Figures 3.4 and 3.5 plot the 3-dimensional weights distribution in the OOS period
for each asset. Restricted to limited space here, we only list a few strategies and only

for the Fama-French 25 portfolios. More results are available upon request.
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Plot of OOS weights surface
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Figure 3.4. Weight distribution of various strategies using FF25
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