The Characteristic Initial Value

Problem in General Relativity

Peng Zhao

\@_4 Queen Mary

University of London

A thesis submitted in partial fulfillment of the requirements of the

Degree of

Doctor of Philosophy

2020






Declaration

I, PENG ZHAO, confirm that the research included within this thesis is
my own work or that where it has been carried out in collaboration with,
or supported by others, that this is duly acknowledged below and my
contribution indicated. Previously published material is also acknowl-

edged below.

I attest that I have exercised reasonable care to ensure that the work is
original, and does not to the best of my knowledge break any UK law,
infringe any third partys copyright or other Intellectual Property Right,

or contain any confidential material.

I accept that the College has the right to use plagiarism detection soft-

ware to check the electronic version of the thesis.

I confirm that this thesis has not been previously submitted for the award

of a degree by this or any other university.

The copyright of this thesis rests with the author and no quotation from
it or information derived from it may be published without the prior

written consent of the author.
Signature: PENG ZHAO  Date: 23rd September, 2020

Details of collaboration and publications: parts of this work have been
completed in collaboration with David Hilditch and Juan A. Valiente

Kroon, and are published in the following papers:

e Revisiting the characteristic initial value problem for the vacuum

einstein field equations. To appear in GRG

e Improved existence for the characteristic initial value problem with
the conformal Einstein field equations. Gen.Rel.Grav. 52 (2020) 9,
85.



e The conformal Einstein field equations and the local extension of

future null infinity. In Preparation



Abstract

This thesis discusses several questions related to the local existence of

the characteristic initial value problem (CIVP) in general relativity (GR)

First, we study the CIVP of vacuum FEinstein field equations by using
Newman-Penrose (NP) formalism. Working in a gauge suggested by
Stewart, and following the strategy taken in the work of Luk, we demon-
strate local existence of solutions in a neighbourhood of the set on which
data are given. These data are given on intersecting null hypersurfaces.
Existence near their intersection is achieved by combining the obser-
vation that the field equations are symmetric hyperbolic in this gauge
with the results of Rendall. To obtain existence all the way along the
null-hypersurfaces themselves, a bootstrap argument involving the NP

variables is performed.

Second, applying the same strategy, we analyze the asymptotic CIVP
for the conformal Einstein field equations (CEFE) and demonstrate the
local existence of solutions in a neighbourhood of the set on which the
data are given. In particular, we obtain existence of solutions along a
narrow rectangle along null infinity which, in turn, corresponds to an
infinite domain in the asymptotic region of the physical spacetime. This
result generalises work by Kannér on the local existence of solutions to

the CIVP by means of Rendalls reduction strategy.

In the last part of the thesis, we make use of a CIVP for the CEFE to
provide an alternative proof of local extension of null infinity given by Li
and Zhu see [1]. This proof builds on the framework developed in first
two parts of the thesis.
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Chapter 1
Introduction

General relativity (GR) is the most successful theory of gravitation in physics. It is
based on the equivalence principle and Mach’s principle. Einstein explained gravity
in terms of the curvature of spacetime manifold with a Lorentzian metric — the
famous Einstein field equations (EFE). This theory is so beautiful and the simple
elegant equations can offer us not only many incredible predictions, like black holes,
gravitational waves and singularity but also promote the developments of Riemann
geometry.

One important aspect of a physical theory is its Cauchy / initial value problem
(IVP). That is because a well-posed IVP is related to the predictability of the theory.
Another reason why the IVP of GR is of interest is that many physical concepts
like the total energy, the total momentum and positivity of total energy are also
related to a well-posed IVP of GR. Mathematically, the well-posed IVP in GR is the
study of EFE as a second order hyperbolic system of partial differential equations
(PDEs). In 1952, Choquet-Bruhat [2] showed that any initial data set (X, h, K)
satisfies constraint on a 3-manifold has a future development (M, g). Here M is a
4-dimensional manifold with a Lorentzian metric g satisfying the vacuum EFE. And
further in 1969 Choquet-Bruhat and Geroch showed that there is a unique maximal
future development with such initial data set. So GR is a "good” theory.

The existence and stability problem are related to the global properties of so-
lutions to EFE. So Penrose in the 1960s introduced the conformal transformation

which preserve the global causal structure. With this idea, Friedrich introduced the
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conformal Einstein field equations (CEFE) in the study of asymptotic characteristic
initial value problem for EFE where data are given on part of past null infinity.
CEFE are such powerful that conformal geometry can be used to analyze the ex-
istence and stability of many asymptotically simple spacetimes. For example, the
global existence and stability of de Sitter-like spacetimes and the semiglobal exis-
tence and stability of Minkowski-like spacetimes—see [3,4], the local existence of
anti-de Sitter-like spacetimes—see [5, 6], matter model — see [7, 8] and black hole
model — see [9].

Rather than specifying data just on a spacelike hypersurface as in the IVP how-
ever, we can consider additionally the initial boundary value problem. In this setup
we might have, for example, a compact spatial domain and then choose suitable
boundary conditions on a timelike worldtube at the boundary of that domain. A
third possibility, that we consider in the present work, is the characteristic initial
value problem (CIVP). Here data are specified on characteristic surfaces of the equa-
tions under consideration. In the context of GR these surfaces are null hypersurfaces.

In GR the CIVP has a long history which dates back at least to the pioneering
work by Bondi and collaborators on gravitational waves —see [10,11]. The analysis
in this work is based on the observation that in coordinates (Bondi coordinates)
adapted to the geometry of outgoing light cones, the EFE give rise to a hierarchy
of equations which can be formally solved in sequence if certain pieces of data are
provided. These ideas were formalised in subsequent work by Sachs —see [12]. The
CIVP was reconsidered by Newman & Penrose in their more geometric reformulation
of the original analysis of gravitational radiation by Bondi and collaborators —
see [13], which also contains the original formulation of the frame formulation of
the EFE known as the Newman-Penrose (NP) formalism. The work by Newman
& Penrose identifies particular components of the Weyl tensor (expressed in terms
of a null frame) as the key pieces of free data to be specified on the characteristic
hypersurfaces. The CIVP setup also underlies subsequent work by Penrose on the
properties of massless spin fields and his approach of exact sequences of fields —
see [14]. The common theme in this early work on the CIVP in GR is that is
mainly concerned with the structural (i.e. algebraic) properties of the system of
equations and does not systematically address the issue of existence and uniqueness

of solutions.
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Pioneering work on technical issues concerning the existence and uniqueness of
solutions to the characteristic problem for the EFE can be found in the analysis of
Miiller zu Hagen and Seifert [15]. These ideas were brought to fruition in the work of
Friedrich —see [16]. There, it was shown that the formulation of the characteristic
problem by Newman & Penrose implies a symmetric hyperbolic evolution system
for which known techniques from the theory of PDEs can be applied. In particular,
Friedrich shows the local existence of solution near the intersection of the charac-
teristic hypersurfaces under the assumption of analyticity of the freely specifiable
data. This method was extended in subsequent work to characteristic problems
for a conformal representation of the Einstein field equations (the conformal Ein-
stein field equations) —see [17,18]. Among other things, this work demonstrates
the mathematical consistency of the work on the nature of gravitational waves by
Bondi and collaborators and Newman & Penrose. The formulation of the CIVP for
the Einstein equations using the NP formalism was further developed as a possible
pathway towards numerical simulations of the Einstein field equations [19] —see
also [20] for an alternative formulation for numerics using the Bondi approach to
the characteristic problem, and also influenced work on the nature and classification
of caustics in Relativity [21].

A major milestone in the analysis of the problem came with the influential
work by Rendall on the reduction of the CIVP to a standard IVP [22], whose well-
posedness is guaranteed by the classical results of Choquet-Bruhat [2]. In particular
this reduction provides an improved version of the local existence theorem for the
CIVP for the EFEs which only requires a finite level of differentiability of the initial
data. Rendall’s method was subsequently used to obtain a smooth data version
Friedrich local existence result for the asymptotic CIVP for the CEFE. Ideas arising
from the CIVP underline and permeate the fundamental work by Christodoulou &
Klainermann and on the non-linear stability for the Einstein field equations [23,24].
In particular, Christodoulou & Klainermann make use of a null frame formalism re-
lated to that of Newman & Penrose. Moreover, their analysis systematically exploits
the nonlinear structure of the Einstein field equations when expressed in terms of
such a null frame.

The structural properties identified in the analysis by Christodoulou & Klain-

ermann paved the way for an improved local existence result for the CIVP for the
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Einstein equations. Working in a gauge adopted from Christodoulou’s work on the
formation of black holes [25], which explicitly employs double-null coordinates, such
an improved result has been given by Luk [26]. This work guarantees an existence
domain no longer restricted to a neighbourhood of the intersection of the initial null
hypersurfaces but that stretches along them. Recently, Luk’s analysis has been ex-
tended so that the existence interval extends arbitrarily along the null hypersurfaces
and, thus, the solution contains a piece of infinity —see [1]. An alternative approach
to an improve local existence result for the CIVP has been pursued by Chrusciel
and collaborators —see [27-29] This approach makes use of second order evolution

equations for which well developed theory of the CIVP exists —see e.g. [30,31].

1.1 Main results of the thesis

In this thesis, we discuss three problems involving the CIVP in GR. The first one
is about the EFE. We answer two follow-up questions for which the work of Ren-
dall [22] and Luk [26] are most relevant. One question is how do the aforementioned
results look when expressed in the language of the Newman-Penrose formalism?
Following long-term existence results in harmonic gauge [32], it is apparent that
a variety of formulations of GR exhibit desirable structure in their nonlinearities.
Another is that we are therefore curious as to the robustness of this ‘null-structure’
under changes of gauge. We hence give a formulation of the CIVP heavily influenced
by that of Stewart [33], and demonstrate for that formulation local existence in a
full neighbourhood of the initial null surfaces. In first instance, the argument here
provided gives an improved local existence result along one of the initial hypersur-
faces. This argument can be adapted, mutatis mutandi, to obtain improved local
existence along the other initial hypersurface —see Figure 1.1, (b). For conciseness,
we restrict our discussion to the neighbourhood of only one of the hypersurfaces. A
tertiary aim in translating to the NP formalism is to allow for the arguments and
methods employed with Christodoulou’s formulation to be reformed for application
elsewhere. Our interest in understanding the structural properties of the NP field
equations is what drives us to consider the approach to an improved local existence
result for the CIVP pursued by Luk rather than the one followed by Chrusciel and

collaborators.
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Figure 1.1: Comparison of the existence domains for the characteristic problem:
(a) existence domain using Rendall’s strategy based on the reduction to a standard
Cauchy problem; (b) existence domain using Luk’s strategy —in principle, the long
side of the rectangles extends for as much as one has control on the initial data.

The second problem we consider is the asymptotic characteristic initial value
problem, a CIVP for Friedrich’s CEFE in which one of the null initial hypersurfaces
is a portion of past null infinity, and show that Luk’s strategy can also be adapted
to this setting. Accordingly, we obtain a domain of existence of the solution to the
CEFE on a narrow rectangle having a portion of null infinity as one of its long sides
—see Figure 1.2. In doing so we improve Kannar’s local existence result for the
asymptotic CIVP in which existence of a solution is only guaranteed in a neigh-
bourhood of the intersection of the initial null hypersurfaces —see [34] and also [35],
Chapter 18. Expressed in terms of a solution to the EFE the improved rectangular
existence domain corresponds, in fact, to an infinite domain. Kannar’s result is, in
turn, an extension to the setting of smooth (i.e. C*) functions of Friedrich’s seminal
analysis of the CIVP for the Einstein and conformal Einstein field equations in the
analytic setting —see [16-18].

The third problem is studying the question of the local extendibility of null infinity
by using CIVP of CEFE. To this end, initial data is prescribed on two future oriented
hull hypersurfaces intersecting a 2-dimensonal surface with the topology of the 2-
sphere S?. These null hypersurfaces are assumed to intersect future null infinity,
#*. The question to be adressed is through this initial value problem is whether
it is possible to recover a portion of future null infinity lying in the causal future
of the initial hypersurfaces. Observe that in the future null infinity version of the

asymptotic characteristic initial value problem analysed in Section 4, the solution
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Figure 1.2: Comparison of the existence domains for the characteristic problem:
(a) existence domain using Rendall’s strategy based on the reduction to a standard
Cauchy problem; (b) existence domain using Luk’s strategy —in principle, the long
side of the rectangles extends for as much as one has control on the initial data.

constructed is located in the causal past of the initial hypersurfaces —see Figure 5.1.
The question of the local extendibility of null infinity through a chracteristic initial
value problem has been studied by Li & Zhu in [1] directly through the Einstein
field equations. In this approach, in order to encode the asymptotic behaviour of
the various field at infinity it is necessary to make use of weighted functional spaces
and norms. Moreover, it is necessary to consider the existence of solutions to the
field equations of a domain with an infinite extent. Accordingly, this study requires
a delicate and lengthy analysis. By contrast, in this section we make use of what we
believe is the natural setting to address the local extendibility of null infinity: the
use of a conformal representation of the spacetime and the conformal Einstein field

equations —see e.g. [35].

1.2 Notations and Conventions

We take {4,5,c, ...} to denote abstract tensor indices whereas {,,, ,x,...} will be

used as spacetime coordinate indices with the values 0,...,3. Our conventions for
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Figure 1.3: Comparison between the asymptotic characteristic problem (a) and the
standard characteristic problem (b) for the conformal Einstein field equations. In
the future null infinity version of the asymptotic characteristic initial value problem
initial data is prescribed on future null infinity and on an outgoing lightcone N,.
The optimal existence result allows to recover a narrow causal diamond along null
infinity. The length of this rectangle is limited by the portion of .#* on which one
has cntrol of the initial data. Observe that region of existence of solutions lies in
the causal past of the null hypersurfaces and that the existence of, at least a portion
of null infinity is a priori assumed. In the characteristic problem considered in this
article the initial data is prescribed on two standard null hypersurfaces N, and N/
with at least one of them (N,) intersecting the conformal boundary. The improved
existence result allows then to recover a narrow rectangle whose long side lies on N,
and the short one gives a portion of future null infinity. Observe that the region of
existence is on the causal future of the initial hypersurfaces and that, a prior: only
the existence of a cut of null infinity is assumed.

the connections is torsion-free and for the curvature tensors are fixed by the relation
(VaVy — ViV )v¢ = RC 0. (1.1)

We make systematic use of the NP formalism as described, for example, in [33,36].
In particular, the signature of Lorentzian metrics is (+ — ——). In this thesis, we
restrict our attention to the 4-dimensional vacuum case with vanishing Cosmological

constant.
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Chapter 2

Mathematical Preliminaries

2.1 The Einstein Field Equations

Given a spacetime (M, §), the well-known vacuum Einstein field equations (EFE)

are

Ray = 0. (2.1)

Here Ry, is the Ricci curvature. In order to analyse the properties of EFE we use
frame formalisms. The advantages are, first, that it is simpler to handle scalars than
tensors and, second, that it leads to spinorial counterpart directly. Here scalars mean
the components which depend on the local choice of frame.

Let {€,} denote a frame and {&°} denote its dual coframe basis. Here the bold
indices a, b, ... ranking over 0, 1, 2, 3. Namely, one has that (w®, &) = 6,° The
connection coefficients of V with respect to the frame {€,} are denoted by T',%, and

are defined by

Using the torsion-free condition
[éa7 éb] - (fabc - f‘bac)éc =0 (22)

one obtain the first equation of the frame formalisms, the commutator relationship.
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The second equation is known as the (Cartan) structure equations.

Pa,bcd - ﬁabcd = 0. (23)

Here PZ_, denote the definition of Riemann curvature

pd éa(fbdc) - éb<fadc) + FUdc(]‘—wbaa - Fa,ob)

cab —

+ fngcf‘adcr - f 7 f‘bda' (24)

We call Isdcab the geometric curvature. And tensor pPgeqp is known as algebraic

curvature which is led to by irreducible decomposition of the Riemann curvature

- ~ S I~
Pabed = Cabcd + 2R[a[cgd]b] + gRg[a[cgd}b}- (25)
The third equation is the Bianchi identity
ViaRoaae = 0. (2.6)

In summary, in the frame formalism a solution of the Einstein field is a collection
(éq,T,b., R, ) satisfying Equations (2.2), (2.3) and (2.6).

a c’

2.2 The Conformal Einstein Field Equations

In this section we provide a brief introduction to Friedrich’s conformal Einstein field
equations —see e.g. [17,37]. The reader interested in full details, derivation and

discussion is refered to [35], Chapter 8.

Assume one has two spacetimes (M, qs) and (M, gqp) which are related to each

other by a conformal transformation

Gab = EQ&aba (27)

where = is the conformal factor which is formally regular up to the conformal bound-
ary —i.e. the points for which Z = 0. We call (M, jo) and (M, gap) the physical

spacetime and the unphysical spacetime respectively. The sets of points of the con-
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formal boundary giving rise to a hypersurface —i.e. the points for which d= # 0—
are called null infinity, .#. We assume, for simplicity, that .¢ = M. Null infinity
can be shown to correspond to the endpoints of null geodesics and, thus, it consists
of two disconnected components —past and future null infinity, .~ and #*. For
concreteness we restrict our discussion to a neighbourhood of #~. In what follows
let V, denote the Levi-Civita connection of the metric gy, and let R,p, C'%.q be its

Ricci and Weyl tensors, respectively.

From the conformal transformation (2.7) and the Einstein field equation for gq,
one can obtain the following relationship between physical and unphysical Ricci

tensor
1 — - o— 9o e
Rap — 5Rgab = 25"V, V4E — V.VEgaw) — 322V .EVEguw (2.8)

which can be regarded as an Einstein field equation for the unphysical metric gg
with energy momentum tensor —2271(V,V,Z —V .V°Zg,) — 3272V .2V =gy. The
term =~! becomes singular at the point for which = = 0 which means equation (2.8)

is singular at the conformal boundary.

In order to explore the conformal boundary as well as avoid the singular be-

haviour in equation (2.8), one can define some new fields

—the Schouten tensor, the rescaled Weyl tensor and the Friedrich scalar. In terms
of the latter the conformal vacuum Einstein field equations (CEFE) with vanishing

Cosmological constant are given by:

VoVioZ = ==Ly + SGap, (2.9a)
Vus = —L,V°E, (2.9b)
VeLay — Vil = V. 2d%,.4, (2.9¢)
Vod®,y =0, (2.9d)
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6Zs — 3V.EV°E = 0. (2.9¢)

One important property of these equations is that they are regular at the conformal
boundary where = = 0. Furthermore, a solution to the conformal vacuum Einstein
field equations implies a solution to the Einstein field equations at the point = # 0.
To be specific, the relation between the conformal Einstein field equations (2.9a)-

(2.9e) and the Einstein field equations is expressed in the following result:

Proposition 1 (solutions of the conformal vacuum Einstein field

equations as solutions to the vacuum FEinstein field equations). Let
(gab7 57 S, Labu dabcd)

denote a solution to equations (2.9a)-(2.9d) such that = # 0 on an open set U C
M. If, in addition, equation (2.9e) is satisfied at a point p € U, then the metric

Gab = = 2ga 15 a solution to the vacuum Finstein field equations on U.

More details can be found in Chapter 8 in [35].
Given a basis {ey} and in order to use the frame formalism to analyze CEFE,

one need to supplement (2.9a)-(2.9¢) with the structure equations

[€q, es] — (I',°

a c

- Fbac)ec - O,

Pdca,b - pdcab =0.

Here P2 . is the geometric curvature of g, and p?__, is algebraic curvature which

cab

is defined by

cab

pdcab = Ccha,b =+ (5d[aLb]C - gc[aLb]d)'

All the components of tensor are with respect to basis {eg}.

Together with these structure equations, one obtain the frame formalism for
CEFE:

[€q,ep] — (Fabc —T%.)e. =0, (2.10a)
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Py = %ear = 0, (2.10b)
VaVeZE = —ZLap + SGab, (2.10c)
Vas = —LaeV°E, (2.10d)
VeLay — VaLep = Va=d% g, (2.10e)
Vad%,q =0, (2.10f)
6=s — 3V,,=V=E = 0. (2.10g)

Accordingly, a solution to the frame conformal Einstein field equations is a collection
(€a, 0., =, 8, Lap, d%.q) satisfying Equations (2.10a)-(2.10g).

a

2.3 Newman-Penrose(NP) formalism

The Newman-Penrose formalism is a type of frame formalism which is deeply related
to spinors. So we provide some basic knowledge of spinors. We start by introducing
a spin basis {o, ¢} on a neighbourhood of spacetime M equipped with a symplectic
linear structure

[,]:C,xC,—C

at point p. This structure can be represented by a antisymmetric valence 2 spinor

eap and spin basis {0, ¢} satisfies conditions

EABOALB =1,

6ABOA0B = EABLALB =0.

o, . . . . .
The set of Hermitian spinors £é44 is a four dimensional real vector space and can

!/

describe the tangent space. ' means the complex conjugate. The correspondence

between the metric and €4p is

Gab = €ABEA'B’-

a

Therefore one can introduce the NP null tetrad {I*, n®, m®, m®} by



lg =04041, Mg =1tlalar, Mg =04lar, Mg = 1404
Then one obtain following contractions

b ~b b ~b
gapl*m’ = gapl*m” = gapn*m’ = ggnm’ = 0,

gabl“nb = —gabm“mb =1.

From the definitions I and n are real while m and m are complex conjugate of
each other. In order to introduce the spinorial counterpart of connection, one need

a more systematic manner to write the spinor basis. We make use of notation

In the following, we will use bold indices 4, g which rank over 0 and 1 to express
the component with respect to spinor basis. Hence one can define the spinorial

counterpart of connection coefficients ' ,®_ by spinor conponents

!

BB’ — BB’ B
FAA’ cc’ =W BB/VAA/GCC/

where V44 = €444 Vaa denote the directional covariant derivative in the direc-

tion of e, ,%". Using that

cc’ c- '

BB’ o _
=€c €

_ B -B
w BB — € BE B eCC/
one can obtain

where I , ,, B are called the spin connection coefficients defined by
FAA/BC = EBBVAAIECB. (212)
In the NP formalism the directional derivatives along directions are denoted by

D =Vo =1V, A=V =n"V,, 0= Vo =m"V,, ) Vi = m*V,.
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Now, one can construct the scalar coefficient a*V 34 where «, 3 are o or ¢ and V is

one of D, A, ¢ and 6. Therefore one has 12 complex rotation coefficients

k=0%"Dos, €=0"Diy, m=1"Duy, (2.13a)
T=0%"M0y, Y=0"A1y, v=11Ay, (2.13b)
o =004, B=0"%1a, p=1"4, (2.13c)
p =004, a=0s, A=14004. (2.13d)

The definitions of these coefficients with NP frame are presented in Appendix 1.

2.3.1 NP field equations

In this part we focus on the fields on the physical spactime M. For convenience,
we remove the tilde “in the discussion. One can start from the commutator relation
(2.2) by writing its spinorial form

cc’

[eAA/7EBB/] — (FAA’ BB — FBB/CC/AA/)QCC/ = 0. (214)

Then applying the decomposition (2.11) and the definition of the rotation coefficients

(2.13a) one can obtain the NP commutators

(AD — DAY = (v+7)D + (e+ A — (F+ )8 — (T 4+ 7)d) 1, (2.15a)
(0D —D8)Y = ((a+ B—7)D+ kA — (p+€—€)d — b)), (2.15b)
(A= A8y = (—vD+(1—a—B)A+ (n—v+7)5+ ), (2.15c¢)
(66 = 06) = ((n — ) D + (p = P A+ (@ = B)3 — (& = B)d) . (2.15d)

where 1) is any scalar field.

Next we focus on the structure equation (2.3). From the definition of the geo-
metric curvature (2.4), one can obtain its spinorial counterpart:
c’ c’

pD') — eBB’(FAA’C pD’)
FF'

cc’ _
P~ ppraase =€aa(Upp
Fl

cc’ cc’ F
+ FFF’ DD’FBB’ AA T FFF’ DD’FAA’ BB’

FF’ FF’ FF’ cc’
—"_ FBBI DD/FAA/ DDI - FAA/ DD/FBB/ FF/- (2.16)
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For the algebraic curvature, since we know that the Weyl curvature can be expressed

in terms of a valence 4 totally symmetric spinor ¥ 4gcp (Weyl spinor), one has that

Cabed = Vapepeapecp + VY apcpeapecn,

and the trace-free Ricci tensor

1
Dy = Rep — ZRgab

can be written in terms of a spinor ® sgcrpr:

Doy, = Raapp — ZReABGA’B/ =2®aparp,

so that one obtains that

paaspccpp = Yapepeapecp +VYapcpeapecp + Paporpeapecn

+ q)A/B’CD€AB€C/D/ + 2A(€AC€BD€A’C/€B/D’ - EADEBCGA/DIEBIC/)

where A = —214R. Using the spin basis {0, ¢}, one can obtain the components of the
curvature spinors:

Uy = WapcpotoPoCol, Wy = WapcpotoPoCiP, Wy = UapopotoPCiP

oBCP,
U3 = Uapcpot B9, Uy = UupopttPC0P, (2.17)
and
— Al R/ Al _R!
Bog = Paparp0?oBoto?, By = D apapotoPot i,
At Al ot
Doy = Papap 00PN, g = PapapotiFot o,
— Al R/ —_Al R/
1y = Papap o BoNE, By = Papap ot BTV,
— A —R! Al _R!
Doy = Paparpt?BoV P, By = Papap BP0,
Al
(DQQ = (I)ABA/B/LALBLA LB . (218)

Using the above expressions one can obtain the components from of each equation
(2.3) —the so-called NP structure equations.
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The spinorial Bianchi identity @[a}?bc]de = 0 can be expressed as

@B/A\PABCD = ﬁB/AéCDA’B' — 2€B(C@D)B’A‘

Under the vacuum condition, namely ® gcrpr = 0 and A = 0, the Weyl spinor
satisfies

The components of the Bianchi identities, together with the NP structure equations,

can be found in Appendix 6.2 and 6.2.

2.3.2 The NP formalism of CEFE

This subsection presents the NP formalism of CEFE. Now we focus on the fields on
unphysical spacetime M. From the definition of rescaled Weyl tensor d,;.q we define

its spinorial counterpart given by the 4 valence total symmetric spinor-rescaled Weyl
Spinor ¢apcp

-1
¢acp == VWapcp.
The spinor ¢ 4pcp is related to the rescaled Weyl tensor via correspondance
dabed = PABCDEAB'E€C' D + PArBICI DI EABECD-

Using the spin basis {o,¢}, one can denote the components of rescaled Weyl tensor

as follows:

G0 = papcpotoPoCol, 1 = papcpotoPoil, ¢y = papcpotoP L,

O3 = ¢ABCD0ALBLCLD> Oy = ¢ABCDLALBLCLD- (2-19)

The spinorial counterpart of the Schouten tensor is

Loy = —ANeapearp + Paparp.
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Then the spinorial counterpart of frame conformal Einstein field equations (2.10a)-
(2.10g) are

leaa,epp] — (FAA’CC,BB’ - 111313'00/1414/)eCC’ =0, (2.20a)
Pasappcopp — canppocpp =0, (2.20b)
VepVanZ = —EPspap + seapearp + ZNeapeap, (2.20c)
Vaas = AVAnE — PapapVPP'E, (2.20d)
Vaa®pepc — VepPacacr = epcepcrVaa N — €acéac'Vpp A

—bapopeasV P E — papopean VP E, (2.20e)
Voo dags” =0, (2.20f)
A =625 — 3V EVAYE. (2.20g)

The components equations of CEFE can be found in Appendix 6.2
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Chapter 3

Revisiting the characteristic initial
value problem for the vacuum

Einstein field equations

In this chapter, using the NP formalism we study the characteristic initial value
problem in vacuum General Relativity. We work in a gauge suggested by Stewart,
and following the strategy taken in the work of Luk, demonstrate local existence of
solutions in a neighbourhood of the set on which data are given. These data are
given on intersecting null hypersurfaces. Existence near their intersection is achieved
by combining the observation that the field equations are symmetric hyperbolic in
this gauge with the results of Rendall. To obtain existence all the way along the
null-hypersurfaces themselves, a bootstrap argument involving the NP variables is

performed.

3.1 The geometry of the problem

Let (M,g) denote a vacuum spacetime satisfying Ry, = 0, where M is a 4-
dimensional manifold with boundary and an edge. The boundary consists of two
null hypersurface: N,, the outgoing null hypersurface; NV, the incoming null hyper-
surface with non-empty intersection S, = N, NN. For concreteness we will assume
that S, ~ 2.
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Given a neighbourhood U of S,, one can introduce coordinates x = (z#) with z° =

v and x' = u such that, at least in a neighbourhood of S, one can write
Ne={peU|ulp) =0}, N ={pelU|uv(p)=0}

Given suitable data on (N, UN]) NU we are interested in making statements about
the existence and uniqueness of solutions to the vacuum Einstein field equations of

the aforementioned type on some open set
Vc{peU|ulp)>0v(p) >0}

which we identify with a subset of the future domain of dependence, D (N, UN),
of N, UN.

3.1.1 Construction of the gauge: Stewart’s approach

We will ultimately be concerned with existence and uniqueness of solutions, but, as
is common in such constructions, it is useful to start by assuming existence in order
to give a concrete PDE formulation of the problem. In this section we thus briefly
review the gauge choice. In the rest of this article we will call this construction

Stewart’s gauge.

3.1.1.1 Coordinates

In the following it will be convenient to regard the 2-dimensional surface S, as
a submanifold of a spacelike hypersurface S. The subsequent discussion will be
restricted to the future of S. As S, ~ S?, one has that S, divides S in two regions
—the interior of S, and the exterior of S,. Now, consider a foliation of S by 2-
dimensional surfaces with the topology of S? which includes S,. At each of the
2-dimensional surfaces we assume there pass two null hypersurfaces. Further, we

assume that:

i). one of these hypersurfaces has the property that the projection of the tangent
vectors of their generators at S, point outwards —we call these null hypersur-

faces outgoing light cones;
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ii). one of these hypersurfaces has the property that the projection of the tangent
vectors of their generators at S, point inwards —we call these null hypersur-

faces ingoing light cones.

Thus, as least close to S one obtains a 1-parameter family of outgoing null
hypersurface N, and a l-parameter family of ingoing null hypersurface A. One
can then define scalar fields u and v by the requirements, respectively, that u is
constant on each of the NV, and v is constant on each A. In particular, we assume
that Ny = N, and N = N]. Following standard usage, we call u a retarded time
and v an advanced time. We use the notation N, (vi,v;) to denote the part of the
hypersurface N, with v; < v < vy. Likewise N/ (u1, us) has a similar definition. We
denote the sphere intersected by N, and N by S,,. We define the region

U Su’,v’ (33)

0<v’<v,0<u/' <u

as D,,. We also define the time function
t=u+w, (3.4)
and the truncated causal diamond,
D!, =D,,N{t <}, (3.5)

which will be used frequently throughout our arguments.

The scalar fields v and v introduced in the previous paragraph will be used as
coordinates in a neighbourhood of S,. To complete the coordinate system, consider
arbitrary coordinates (z) in a coordinate patch U on S,, with the index A taking
the values 2, 3. These coordinates are then propagated into N, by requiring them
to be constant along the generators of N,. Once coordinates have been defined
on N,, one can propagate them into V by requiring them to be constant along the
generators of each /. In this manner, for each coordinate patch U one obtains a
coordinate system (z#) = (v, u, ) on Dy in V. Here area Dy is defined by the

image of first generating U along v and then generating long w.
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Su* sUx

Figure 3.1: Setup for Stewart’s gauge. The construction makes use of a double null
foliation of the future domain of dependence of the initial hypersurface N;UN. The
coordinates and NP null tetrad are adapted to this geometric setting. The analysis
in this article is focused on the arbitrarily thin grey rectangular domain along the
hypersurface N,. The argument can be adapted, in a suitable manner, to a similar
rectangle along N/. See the main text for the definitions of the various regions and
objects.

3.1.1.2 The NP frame

To construct a null NP tetrad we choose vector fields [* and n® to be tangent to the
generators of N, and N respectively. Further we require them to be normalised

according to
Gapl®n® = 1.
The latter normalisation condition is preserved under the boost,
I ¢l*, n*w ¢ 'n% ¢eR.
This freedom can be used to set

Ng = V.
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This requirement still leaves some freedom left as one can choose a relabelling of the
form v — V(v). Next, we choose the complex vector fields m® and m® so that they

are tangent to the surfaces S, , and satisfy the conditions
gaym®m® = —1, gam®m® = 0.
There is still the freedom to perform a spin
m® — e?m®, #eR
at each point.

Remark 1. Now, observing that, by construction, on the generators of each null

hypersurface N only the coordinate u varies, one has that
n*8, = Q0,,

where () is a real function of the position. Furthermore, since the vector [* is tangent

to the generators of each N, and [%n, = [*V,v = 1, one has that
19, = 8, + C1ay,

where, again, the components C** are real functions of the position. By construc-
tion, the coordinates (z*') do not vary along the generators of A,-that is, one has
that 1°V,2* = 0. Accordingly, one has that

CA=0 on N.

Finally, because m® and m® span the tangent space of each surface S, ,, hence in

these coordinate system one has that
m'o, = P48y,

where the coefficients P are complex functions.

Summarising, we make the following choice:
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Assumption 1 (Stewart’s choice of the components of the frame). On a
local coordinate patch Dy of V one can find a NP frame {I* n® m® m®} of the

form:
=20, +C"y, n = Qa,, m = PA9,.

Remark 2. The coordinate system we use is the same with the choice by Luk as long
as we replace v to u. But the null frame choice is different and up to a rescaling. To
be specific, Luk chooses e3 = 2710, and ey = Q71(d, + b204) with a normalization
g(es,eq) = —2 as null directions to decompose the equations. In his analysis, null

vector L = Qes and L = Qey are also needed.

Remark 3. In view of the normalisation condition gum®m?

= —1, there are only
3 real functions involved in the PA’s. Thus, Q, C* together with P# give six scalar
fields describing the metric. Thus the components (¢g") of the contravariant form

of the metric g are of the form

0 @ 0
@)=1Q 0 QCc* |,
0 QOA O.AB

where
o8 = —(PAPB 4+ PAPB).

Here and in what follows o is the induced metric on S, ,, and has contravari-
ant components 08 defined in the standard manner. Note that care is needed
to distinguish o, the NP connection coefficient, from this quantity. From the ex-
pression, we can compute that [,dz* = Q 'du, oasPAPB = 0, o 43PAP? = —1
and —94C4 = m0CA + m40C# directly.

Remark 4. On N/ one has that n = Q8,. As the coordinates (z*) are constant
along the generators of N, and N/, it follows that on N/ the coefficient @ is only

a function of u. Thus, without loss of generality one can parameterise u so as to

set Q=1 on N
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3.1.2 Analysis of the NP commutators

In this subsection we analyse some simple consequences of the NP frame of Assump-
tion 1 and the NP commutator equations (2.15a)-(2.15d). In particular, we exploit
the fact that given a choice of NP frame, the evaluation of the NP commutators on
the coordinates gives rise to two different types of equations, namely i). conditions
on the spin connection coefficients, and ii). equations for the coefficients of the
frame. In what follows we analyse these two classes of equations. For future use
observe that from the definition of the NP frame {I%, n®, m® m®} in Assumption 1

it readily follows that,

Dv =1, Av =0, dv =0, v =0, (3.8a)
Du =0, Au=Q, Su=0, Su=0, (3.8b)
Dz? = CA, Az? =0, szt = PA, szt = PA, (3.8¢)

3.1.2.1 Spin connection coefficients

Direct inspection of the NP commutators (2.15a)-(2.15d) applied to the coordi-

nates (v, u, ¥?, z%) taking into account (3.8a)-(3.8¢c) yields on V the conditions,

k=v=0, y+3=0, p=p p=p wT=a+p

We will see that these gauge conditions can be refined still further.

Fixing the rotation freedom. The set up of frame vectors under Assumption 1

allows the freedom of a rotation
m® = m' = ef'm?,
The latter, in turn, implies the transformation
T=Fe Y = =y -7 —iAd.
Accordingly, by requiring 6 to satisfy the equation

A6 = i(7— ) (3.9)
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it is always possible to assume that ¥ —~ = 0, which, together with the condition v+

~ = 0 allows us to set v =0 on V. A similar computation shows that
e—ér e —& =c—e+iDb.

This equation can be used to set € — € = 0 on N,. Also, after solving this equation,
the result § on N, can be the initial value of equation (3.9). The value of Q on N

can be propagated from S, using the transport equation,

DQ = —(e+6Q = —2eQ

that is,

0,Q) = —2¢€Q).

Summarising, we have the following gauge restriction, which we employ exclusively

in what follows:

Lemma 1 (properties of the connection coefficients in Stewart’s gauge).

The NP frame of Assumption 1 can be chosen such that

k=v=vy=0, (3.10a)
p=p, 1= (3.10b)
T=a+p (3.10¢)

on YV and, furthermore, with
e—e=0 on VNNMN,.

3.1.2.2 Equations for the frame coefficients

Taking into account the conditions on the spin connection coefficients given by (3.10a)-

(3.10c), it follows that the remaining commutators yield the equations

ACA = —(7 4 m)PA — (1 + 7) P4, (3.11a)
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APA = — P4 — \PA, (3.11b)
DPA —6C4 = (p+e—e) P4+ oPA, (3.11c)
DQ = —(e+€)Q, (3.11d)
§PA — P4 = (o — B)PA — (a — B) P4, (3.11e)
6Q = (1 —7)Q. (3.11f)

Remark 5. Equations (3.11a)-(3.11b) allow us to evolve the frame coefficients C4
and P4 off of the null hypersurface A/. Equations (3.11c)-(3.11d) allow evolution
of the coefficients @ and P4 along the null generators of A,. Finally (3.11e)-(3.11f)

provide constraints for @ and P* on the spheres S,

3.2 The formulation of the CIVP

In this section we analyse general aspects of the CIVP for the vacuum Einstein field
equations on the null hypersurfaces N, and N!. The hierarchical structure allows
the identification of the basic reduced initial data set r, from which the full initial
data on N, UN. can be computed.

Lemma 2 (freely specifiable data for the CIVP). Working in the gauge given
by Assumption 1 and Lemma 1, initial data for the vacuum Einstein field equations

on Ny UN can be computed (near S,) from the reduced data set v, consisting of:

Uy, e+€ on N,
Uy on N,
A\ o, p o p, m PAon S,

Proof. The proof follows by inspection of the various intrinsic equations on N,, N/
and S,.

Data on S,. Since P4 are given, the operators ¢ and ¢ are well defined on S, and
intrinsic to this 2-dimensional hypersurface. From the definition of the connection
coefficients « and [ it follows that the inner connection of S, is described by the
combination o — 3. This is readily computable from the data P* on S,. Thus,
using o + 3 = 7, one can compute « and 3. Noting that Q@ = 1 on S, C N/,
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we obtain that 7 = 7 from (3.11f). Then we obtain all the values of connection
coefficients on S,. Thus, the constraint equations (3q), (3j), (3n) of the structure
equations can be used to compute the value of ¥, U5, U3 on S,. With that, all initial

data for the connection coefficients and Weyl curvature on S, have been obtained.

Data on N]. On the incoming null hypersurface N/ we can obtain that Q = 1
leads to 7 = 7 from equation (3.11f) and A = 9,. Making use of the structure
equations (3g) and (30), which can be reduced by the gauge condition, namely

o

Y S
ou s
O\

Ay, 2
au 4 1y

we can obtain the value of 4 and A on N!. Then the frame coefficients P4 on N?
are computed using equation (3.11b) which takes the form

opr4

= —uP* — \PA,
ou H

Thus we can compute the -direction derivative on N/. Solving the structure equa-
tions (3d), (3k) with the Bianchi identity equation (4d), namely

B
ou
0 _
A S
ou
% — P agj_A = (46 — T)\IJ4 — 4[,6\:[/3,

together we can compute the value of «, § and W3 on N/. Then equation (3.11a)

A
aa% = —(74+m)PA— (1 +7)PA

reveals the value of the frame coefficients C* on N!. With the above information
at hand one can use equations (3a), (3i), (3r) and (4e):

0
—Ez—\IIQ—BW—oﬁT—aT—WT—ﬁ?,

ou
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4 0T do

P %—A—%:Xp+ua—d7+57+72,
P"‘i—l—%:%qtﬂﬁ)\wrar—ﬁ_wrr%,
ov ov

8—;—13*‘87;’; — 00,y +2(8 — 7)U3 — 30,

to compute the value of €, o, p and Wy on N]. The Bianchi identity equation (4h)

au a[L'A = —QIU\I[l — 3’7’\1}2 + 20'\:[]3,

provides the value of ¥; on N/. With the results above, we can then compute the

value of Wy from equation (4b)

au ax-A = —/L\I/() — 2(27' + 6)\111 + 30'\112.

Data on N,. From equation (3.11d) one has that 9,Q = —(e+€)Q so that, using the
value of @ at S, one can compute the value of @ on N,. The structure equations (3f)

and (3m) give

0

i =V + 3e0 — €0 + 2po0,
ov

0

gp :2ep—|—p2—|—06.

v

Solving these last equations one can obtain the value of o and p on N,. Then the
value of P4 on N, can be computed using equation (3.11c) which in the present

setting takes the form

oPA

= pPA + o PA,
ov

Then the structure equations (3e), (31) and the Bianchi identity (4a), namely,

0 0
PAax—EA—a—f:—\Ill+0ze+ﬂe—e7r—5p—a0—7ra,
! 9 B
Aax—i—a—j:2ae+ﬂe—a€—e7r—04p—7rp—ﬁ5,
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_ 0¥y OV
PAaT«Z - 8_01 = (4o — )Wy — 2(2p + €) Uy,
provide us the value of , 8 and ¥; on N,. Next, the structure equation (3b) which

takes the form

or _ _ _
%:\I’l—F?Tp—i-?TU—l-ET—ET—FpT—FUT

gives us the value of 7 on N,. Similarly, the structure equations (3h), (3p) and the
Bianchi identity equation (4e)

) )
PA Wyt ep+eutan— B —aF —pp— Ao,
orA  Ov
_ .0 o)) >
Aax—i‘—%:36)\—6)\—a7r+67r—7r2—)\ﬁ7—/i57
OUy 00
8_1}2 _pA%j = AUy 4 2(7 — @)Uy + 3pTy,

give us the value of p, A and ¥y on N,. Next, the Bianchi identity equations (4g)
and (4c)

03 00

8_1)3 — PA%E‘ = 2(p — 6)\113 + 3’/T\Ij2 - 2)\\111,

_ 00 1

PA% — % — (46 — p)Wy — 2(27 + ) W3 + 3\,

show us the value of W3 and ¥, on N,. Finally, we have obtained all the initial
values on N, UN! from the reduced data set r,. ]

3.3 Rendall’s local existence theory

In order to apply the basic local existence theory for the CIVP as formulated by
Rendall [22] (see also Section 12.5 of [35]), one has to extract a suitable symmetric
hyperbolic evolution system from the Einstein field equations. The gauge introduced

in Section 3.1.1 allows us to perform this reduction.
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3.3.1 Construction of the reduced evolution system

In the following it will be convenient to group the components of the frame in the

vector valued function
e' = (C4, P4, Q),
the spin connection coefficients not fixed by the gauge in
I'=(e, m, B, u, a, \, 7, 0, p),
and the independent components of the Weyl spinor as
U= (U, Uy, Uy, U3, 0y),

where superscript-t denotes the operation of taking the transpose of a column vector.

A suitable symmetric hyperbolic system for the the frame components and the
spin coefficients can be obtained from equations (3.11a), (3.11b), (3.11d) and (3a),
(3b), (3¢), (3d), (3f), (3g), (3k), (3m), (30), respectively. These can be written in

the schematic form

Die = B:(T,e)e,
D,T = B,(T, )T,

where D; and D, are matrix operators given by,

D, = dlag(A> A? D)?
D, — diag(A, A, A, A, A, A,D, D, D),

and Bj, By are smooth matrix-valued functions of their arguments whose explicit
form will not be required in the subsequent analysis in this section.

The Bianchi identity equations (4a)-(4h) can be reorganised as

DU = B,¥ (3.12)
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where

A -4 0 0
-6 D+A —=§ 0
Dy = 0 -0 D+ A —0 0
0 0 -0 D+A —=§
0 0 0 -6 D
and Bz = B3(I"). Writing
Dg - Ag@u

one has that

Ag = diag(()? 17 17 17 1)7
Az = diag(Q, Q, Q, Q, 0),
and

0 —-PA 0 0 0
—-PA CcA —PA 0 0
Afl = 0 —PA cA —pA
0 0 —-pA CcA —pA
0 0 0 —-PA CA

The evolution system (3.12) for the components of the Weyl tensor are obtained
through the combinations (4b), (4h)-(4a), (4e)+(4f), (4d)+(4g) and —(4c) respec-

tively. It can be readily verified that the matrices A% are Hermitian. Moreover,
AL (L, +n,) = diag(l, 2, 2, 2, 1)

is clearly positive definite. We can summarise the above discussion with:

Lemma 3 (the evolution system). The evolution system
’Dle = Ble, (313&)
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Dg\I’ = Bg\]:l7 (3130)

implied by the NP field equations written in Stewart’s gauge (see Section 3.1.1) is

symmetric hyperbolic with respect to the direction given by 7 = [* 4+ n®.

Remark 6. In the following, making use of the standard terminology, we call the

evolution system the reduced Einstein field equations.

Remark 7. The symmetric hyperbolicity of the reduced equations (3.13a)-(3.13c)
1s the key structural property which allows us to employ Rendall’s local existence

strateqy —see the discussion in Section 3.5.2 below.

As the hyperbolic reduction leading to the previous result makes use of a subset
of the NP equations, it is also key to have a propagation of the constraints result
for the discarded equations. Making use of analysis similar to the one discussed in

Section 12.5 of [35] one obtains the following:

Proposition 2 (propagation of the constraints). A solution of the reduced vac-
uum Einstein field equations (3.13a)-(3.13¢) on a neighbourhood V of S, on J*(S,),
the causal future of Sy, that coincides with initial data on N U N, satisfying the

vacuum Finstein equations is a solution to the vacuum Einstein field equations on V.

Remark 8. A consequence of the propagation of the constraints, once local existence
has been established, is that we may use any combination of the NP field equations
in their gauge simplified form in the required subsequent analysis. For example,
from this point on we have 7 = a+ 3, and hence discard 7 or view it as a shorthand

in what follows.

3.3.2 Computation of the formal derivatives on N/ U N,

As already mentioned, Rendall’s approach to the local existence of solutions to the
characteristic problem for symmetric hyperbolic systems makes use of an auxiliary

Cauchy problem on a spacelike hypersurface

S.={p € RxRx 8 |v(p)+u(p) =0}
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The formulation of this problem crucially depends on Whitney’s extension theorem.
To apply this extension theorem it is necessary to be able to evaluate all derivatives
(interior and transverse) of the initial data on N UN,. A discussion of the ideas
behind Rendall’s approach can be found in Section 12.5 of [35]. For completeness,

a formulation of Rendall’s result is given below:

Theorem 1 (local existence for the CIVP, Rendall). Let N, and N denote

two characteristic hypersurfaces for the symmetric hyperbolic system
At (z,u)0,u = B(z,u)

with smooth, freely specifiable data on N, and N, such that all (formal) derivatives
of u on N, UN! to any desired order can be computed in a neighbourhood YW C
N, UN] of N, N N.. Then there exists a unique solution u to the CIVP in a
neighbourhood ¥V of N, "N, with v > 0, v > 0.

An important property of the NP equations in Stewart’s gauge is that they
allow the computation of the (formal) derivatives of all the fields to any order from
the reduced data r, provided in Lemma 2. This property is discussed in the next
paragraphs.

Computation of formal derivatives on N,. To compute the formal derivatives
on N, one first observes that the partial derivatives 0,, 0», O3 are interior whereas 0,

is transverse. In this case, direct inspection shows that except for
0.Q, 0., 0, Vy,

all 0,-derivatives of the unknowns in the vectors e, I') ¥ can be computed using
the structure equations (3.11a), (3.11b), the NP Ricci identities (3a), (3c), (3d),
(3g), (3i), (3k), (30), (3r), and the Bianchi identities (4b), (4d), (4f) and (4h).

To obtain these exceptional cases one first applies Q9, to both sides of equa-
tions (3.11d), (3b) and (4c) to obtain

Qav(auQ) = _Q28u<6 + €> - Q(E + E)auQa
Q0 (0,7) = L(0,T),
Qav(aqu4) - QauPAaA\I[?) - QPAauaA\I[ZS - M(au\lj4)7
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where L, M are smooth functions of {e,I', ¥} and their n-direction derivatives.
One can regard the above equations as first order linear ordinary differential equa-
tions for 9,Q, 9,7, 0,V, along the generators of N,. Since we have all the initial
values of the components of {e,T', ¥} on N]UN,, we can compute the initial value
of 0,Q, 0,7, 9,V4 on S,. The general results for the existence theorem of ordi-
nary differential equations ensures that the above equation system can be solved in
a neighbourhood of S,. In the following, we assume that the initial data provided
18 such that it yields a uniform existence domain for the solutions to the transport
equations —this is a major assumption on the initial data in this construction. Ac-
cordingly, all the first transverse derivatives on N, can be explicitly computed. The
higher order d,-derivatives can be computed in a similar way. Throughout it is
assumed that the neighbourhood on which this construction can be done in uniform

for any order of the derivatives.

Computation of formal derivatives on N]. The analysis of the formal deriva-
tives on N is almost the mirror image of that on N,. In this case d,,0s,05 are

interior while 0, is transverse. Accordingly, except for
avCAa &,e, av‘ll(b

all 0,-derivatives of the components of {e, I', ¥} can be computed using the structure
equations (3.11c)-(3.11d), the Ricci identities and the Bianchi identity. Applying the
directional derivative D = 9, + C04 to both sides of equations (3.11a), (3a) and
(4b) one obtains equations which can be regarded as first order linear ordinary
differential equations for 9,C4, d,¢,d,¥y. The solutions to these equations can be
obtained from the initial values prescribed on S,. Thus, all transverse derivatives
can be computed in a neighbourhood of S, on N!. A similar procedure applies to
higher order derivatives.

The analysis described in the previous paragraph proves the following lemma:

Lemma 4 (computation of formal derivatives). Any arbitrary formal deriva-
tives of the unknown functions {e,T, ¥} on N] U N, can be computed from the

prescribed initial data v, for the reduced vacuum Einstein field equations on N.NN,.

Combining the analysis above and applying Rendall’s reduction strategy for the
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CIVP for symmetric hyperbolic systems (see e.g. Section 12.5 of [35]) one obtains
the following local existence result in a neighbourhood of S, = N/ U N,:

Theorem 2 (existence and uniqueness to the characteristic problem).
Given a smooth reduced initial data set v, for the vacuum Finstein field equations
on Nl UN,, there exists a unique smooth solution of the vacuum FEinstein field

equations in a neighbourhood V of S, on J*(S,) which implies the prescribed initial
data on N, UN,.

Remark 9. The proof of the above result has two distinct parts. In a first stage
one uses Rendall’s reduction procedure to show the existence of a solution in a
neighbourhood of V. In a second stage one shows that this solution to the reduced
equations implies, in fact, a solution to the full Einstein field equations. This part of

the argument relies on the propagation of the constraints as given in Proposition 2.

3.4 Setting-up Luk’s strategy

In this section we begin the implementation of Luk’s strategy to obtain an improved
existence interval for the solutions to the CIVP for the NP field equations in Stew-

art’s gauge.

3.4.1 Outline and main strategy

As the argument leading to the improved existence result for the CIVP is lengthy,
we provide here a summary of the role of the various lemmas and propositions and
a discussion of how they fit into the overall analysis. The whole scheme is based on
the use of sequentially more sophisticated a priori estimates of an arbitrary solution
that, ultimately, arrives at a contradiction giving us the desired result. This priori
estimate is made in the rectangular neighbourhood along N, and hence we name
the outgoing direction, [-the long direction and the ingoing direction, n—the short

direction.

Step 0. Estimates for the components of the frame. The basic step in the
construction is to obtain estimates on the components of the frame. This can be

done by assuming control on the L*-norm on the spheres S, of a number of spin
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connection coefficients by a constant Ar. A peculiarity of the analysis is that one
needs to introduce a certain derivative (to be denoted by x) of the components of the
frame as an unknown to quick-start the argument —this quantity, which is at the
level of the spin connection coefficients, does not arise in the original NP formalism.
The key result in this step is Lemma 5 and 6 in which the frame coefficients ) and PA
are controlled by their initial data and Lemma 7 in which the frame coefficients C4
are controlled along the short direction.

The bounds on the components of the frame allow us to control in a systematic
and streamlined manner the solutions to transport equations along null directions
in terms of integral quantities over the spheres S, ,. The technical results required
to this end are presented in Lemmas 8 and 9. From these, more specific results
valid for LP and L* norms are given in Propositions 3, 4, 6 and 7. Within our
geometric setup and gauge these results are fairly general and are used repeatedly

in the subsequent steps of the procedure.

Step 1. Estimates for the connection coefficients. With the general tech-
nology to study transport equations along the generators of light cones has been
established, one can proceed to control the spin connection coefficients. The key
idea of this analysis is the integration of the transport equations implied by the
Ricci identities. In a first step, in Proposition 8, assuming control on the supremum
norm of the third angular derivatives of the NP connection coefficient 7 and on the
components of the curvature one obtains control on the supremum norm of the var-
ious connection coefficients and 7 itself. This result is used in turn in Proposition 9
to obtain control on the L*-norms of the connection coefficients and the L2-norm of

their derivatives in Proposition 10.

Step 2. First estimate for the curvature. A first estimate for the components
of the Weyl tensor is given in Proposition 11. In this result one assumes control
of the components of the Weyl tensor along the light cones and of the L?norm of
the third angular derivatives of the connection coefficient 7 on the spheres to obtain
control of the components of the Weyl tensor on the spheres.

The results of the steps 1 and 2 are conveniently summarised in Proposition 12
in which an assumed control on the components of the curvature along light cones
and of the L2 norm of the third angular derivatives of 7 is used to obtain control

on the spheres S, ,, of various norms of the connection and its derivatives and of the
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components of the curvature.

Step 3. Improved estimate for the connection. In the next step one obtains
an improved estimate for the connection in which the third angular derivatives of
the connection, including 7, are controlled assuming control only on the curvature

along the light cones. This result is given in Proposition 13.

Step 4. Main estimates for the curvature. At this point we are in a position
to run the central part of the argument, which depends crucially on the particular
structure of the Bianchi identities. General inequalities for integrals of the various
components of the Weyl tensor implied by the Bianchi identities are given in Propo-
sitions 14, 15 and 16 and 17. The whole argument is wrapped up in Proposition 18
in which, under the boundedness of the connection and the curvature on the initial
null hypersurfaces one obtains control of the curvature on later null hypersurfaces.

This is the crucial estimate which allows us to close the lengthy boostrap argument.

Final step. Last slice argument. The control of various norms of the connection
and curvature obtained in the previous steps do not provide, by themselves, the
improved existence result. For this, we make use of a last slice argument in which
one argues by contradiction under the assumption that the solution to the evolution
equations breaks down at some point. The estimates of the previous steps show that

this assumption leads to a contradiction.

3.4.2 Definitions and conventions

In this section we set up the conventions for the various norms that will be used in

the subsequent analysis.

Integration. In the following let ¢ denote a scalar field. Let U be a coordinate
patch on S, and Uy, be a coordinate patch on &y, defined by generating U along !
direction. Then define U, , be a coordinate patch on S, , by generating U along n
direction. Let Dy = Up<y<eo<v<iUun. Let f7 be a partition of unity in U and then
again generate along I and n to Dy where we denote by fy. Functions fy can be

the partition of unity on S, ,. Now one has that Dfy = 0 = Afy. For conciseness,
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we will use the notation

/5 =X /S ofue

to denote integration on the spheres S, , of constant w and v. In the previous
expression do = /| det o|dz?dz® denotes the volume element of the induced metric
o on S,,. On the truncated causal diamonds D, we define integration using the

volume form of the spacetime metric,
/ o= Z/ / o fry/| det gldr2da®dv’du’
Dy v Y0 JO JS,
= Z/ / Qo fur/|det o|dz?dzddv’dd/,
U 0 0 Su/’U/

with o = min(v, t—u). We will denote integration over the complete causal diamond
in the obvious manner by the natural omission of the superscript ¢ on D/ . As there
are no canonical volume forms on the null hypersurfaces N, and N we define, for

convenience the following:

/ b= Z/ / dfry/| det o|dz?dz®dy’,
Ny (0,v) U J0 JS,
/ o= Z/ ¢ fu/| det o|dr*da’du’.
N7 (0,u) U Y0 JSu,

We will often use the notation

/Nut ¢ = /Nu(m ” /N;t = /4[0751t ’

where 1" = [0, min(v,, ¢ — )], with v, € R, denotes the truncated long integration
interval. Similarly, the interval [0,e]" = [0, min(e, ¢ — v)] will be called the trun-
cated short integration interval. Dropping the superscript ¢ we define the full long
and short integration intervals, I and [0, &] respectively, and the norms on the full

outgoing and incoming slices in the natural way.

Norms. Keeping the above conventions for integration in mind, we can now define
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the various norms to be used in our analysis. As before, let ¢ define a scalar field.

For 1 < p < oo we define the LP-norms

1/p 1/p 1/p
’WWM&@EE</ hW) elloy = ([ 10P) s ol = ([ ter)
Suw N}t Nt

The L*°-norm is defined by

191 o2(8..0) = sup [@].

u,v

For a tensor field ¢,,. 4, on the 2-sphere, we define

1/p 1/p
Bl]Le(s,,0) = (/S (¢,¢>?/2> Mol = (/M<¢,¢>Z/2> ;

1/p
lollwoy = ([ t0022)

where (¢, )y = oalbl...J“Pbpqgalm%qﬁbl,m,bp. As in the definition of the integrals,
suppresion of the label ¢ denotes taking the norms over the full long and short

integration intervals.

Remark 10. By assumption, S, , is topological 2-sphere. So one has at least two
coordinate patches Uy and Uy in an atlas: Uy NUy # 0, Uy UU, = Suw. Let f1 and
fa be the partition of unity for Uy and Uy such that: f1 + fo =1 and suppf; C Us;.
Here suppf; is the support of f; which is compact. On each of Uy and Us consider
pairs {mqy,my}, {mq, mo} spaning TU; and TUs. On Uy N Uy these two frame
are related via a rotation:
my — eiemg ('ﬁll = €_i9ﬁl2)

For a spin-weighted scalar ¢ over S, (i.e. ¢ — €*%¢ for some s if m — ¢m) one
has that |¢|> = ¢¢ is defined unambiguously over the whole S,

62 = 69 — e g = |¢].
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Accordingly, the LP-type norm over S, is unambiguously defined if ¢ has definite
spin-weight. Thus the strategy in the argument is always working with spin-weight
scalars. For example the NP scalars k, T, o, p, v, ©, i and X\, the Weyl curvature
U, and the Ricci curvature ®,;. The most notorious exception is give by o and 3.
Although the gauge could set T = o+  with ™ having spin-weight, w = 3 — & which
is the connection on S, , has no definite spin weight. Let w; be the value of @ on
patch U; with respect to a fized basis {m;,m;}. One can define a frame-dependent
scalar w = w fi +wafo over Sy, globally. Then its norm can be defined in standard

way introduced above. The discussion for € is the same.

Integration by parts. In the following we denote by ¥ the covariant derivative
of the induced metric o on the spheres S,,, of constant v and v. Similarly, A will

denote the associated Laplacian. As these spheres have no boundary we have

V6| as, ) = / Wb = [ Valo®Vid) — [ ond.

Su,v Su,v

-/ g2 ( / W) N ( / |>z72¢\2> N

where in the last step inequality (13) in Appendix 6.2 has been used. Integrating
over (¢, ), over two-spheres naturally defines an inner product, so we similarly

obtain,

VOl 22(500) < Dll12(500) + V20| 22(50.0)
V20|l 12(50.0) < VO 12(50) + V20| 12(50.0)-

3.4.3 Estimates for the components of the frame

As a preliminary step we now show that, assuming the components of the connection
coefficients are controlled by a basic boostrap assumption, it is possible to estimate
the components of the NP frame in terms of the size of its initial data on N, UN.
The key observation in the argument is that the structure equations provide A-
equations for all the components of the frame. Given our particular choice of gauge,

these equations are essentially ordinary differential equations with respect to the
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coordinate u. In fact as the structure equations form a neat hierarchy, they can be

integrated sequentially. The quantity,

*

A= swp (1QL1Q 7 1CH.1PA) (3.14)
will be used to measure of the size of the initial data of the coefficients of the
frame. Throughout, given that the procedure has only a finite number of steps we
denote all constants depending on the initial data generically by C(A.,) —the latter
corresponds to the largest constant arising in the various steps. For convenience in

the subsequent discussion let

x = Alog Q.

The scalar x, being a derivative of a component of the frame is at the same level of
the connection coefficients. It provides a component of the connection which does
not arise in the original NP formalism, but is needed to obtain a complete set of A
equations for the frame. A direct computation using the definition of y = Alog @
and the NP Ricci identities yields

Dx = Vs + Uy + 207 + 287 + 207 + 287 + 277 — (e + €)X (3.15)

The initial data of y on N is 0 due to the gauge choice that @ =1 on N/. On N,,
making use of the information of «, 3, 7, € and ¥y obtained in Lemma 2, one can

compute the value of x with equation (3.15). It will also be convenient to define,

w

B—a

corresponding to the only independent component of the connection on the spheres S,, ,.
As mentioned above, the proof is based on demonstrating a priori estimates for an
arbitrary solution and consequently demonstrating that any such solution must ex-
tend to a neighborhood of N, UN!. We therefore now introduce the following, which
will be initially guaranteed on a sufficiently small diamond by Theorem 1, and will

be employed in most of what follows:

Assumption 2 (assumption to control the coefficients of the frame). As-
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sume that we have a solution to the vacuum EFFEs in Stewart’s gauge satisfying,

H{:u7 )‘7 «, ﬁ? T, X}HLOO(SU,U) < AF;

on a truncated causal diamond D}, , where Ar is some constant.

U,Ve ?

Lemma 5 (control on the scalar field Q). Under Assumption 2, if € > 0 is
sufficiently small, there exists a constant C' depending on the size of the initial data
such that

Q_1>Q S C<A8*)7
onD! ..

Proof. Work under Assumption 2. Integrating the definition of y = Alog@ in the

short (i.e. u) direction along an incoming null geodesic one readily finds that,

IQ—Q*\Z‘/ xdu S/ \x!dug/ Ardu = Are
0 0 0

for any v. It follows that

||Q - Q*HLOO(SWJ) < Ar&.

Hence, one can find a constant C' depending on the initial data such that

Q™,Q <C(A.,).
Il

Lemma 6 (control on the components of the frame ). We require that PA
are bounded on Uy, such that 0B s invertible and bounded above and below. Here
Up,w is coordinate patch on Sy, generated along U from coordinate patch U on S,.
Under Assumption 2, if ¢ > 0 is sufficiently small, there exists a constant C, ¢

depending on the size of the initial data such that on Dy such that
048], Joas| < C(AL),  e(A,) < |deta] < C(A.,).
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¢
and on D, .

sup |Area(S, ) — Area(Sp,)| < C(A., )Are,

U,

Proof. We can integrate the components P4 in the short direction using equa-
tion (3.11b). It follows then that

Ou| PA? = 0,(PAPA) = PA), PA 4 P49, PA
= —Q ' (PA(aP* + APA) + PA(uP* + AP4))
= —Q ' (AP + AP + u PAP + AMPH)?)
<Q M (p+ A+ N|PAR

In the previous chain of inequalities it is understood that there is no summation on

the repeated indices A. From the last inequality one readily concludes that
Oy In |PA> < 4Q 'Ar
so that
|PAP < [P/ exp(4C(A., ) Are).
As ¢ is arbitrary, we can choose it so that
|PA| < C(A,,), for any u and fixed v.
Then follows from the relation
gAB — _pApE _ pBpA

one can control the components of the induced metric on the coordinate patch U,,
of Sy

048], Joasl < C(AL), e(Ae,) < [deta] < C(A,).
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Here ¢(A.,) and C(A.,) are non-negative constants depend on A.,. Moreover, the

boundedness of | det o| on each coordinate patch leads to that

sup |Area(S,,,) — Area(Sop )| < C(Ae,)Are,

u,v

on qu’v.. Consequently the area of S, , is bounded above by a constant depending

in initial data in the same region, for ¢ sufficiently small. m

One can now use equation (3.11a) to integrate the coefficients C*. By a proce-

dure similar to that used in the previous steps one has,
|CA —CA = ‘ / Q' ((F+m)PA+ (1 +7)P*) du
0
<C(B.) [ 1+ mPA+ (74 7 PAdu
0

< 20(A,.) / 17 + 7| PA|du < 20(A,.)*Are.
0

Here 7 should be viewed as a shorthand for m = o + 3. Since CA = 0 on N,, we

arrive at:

Lemma 7 (control on the components of the frame. II). Under Assumption
2, if e > 0 is sufficiently small, then there is a constant C(A.,,Ar) depending
only on the initial data such that on coordinate patch Dy, choosing € suitably, one

has |C4| < C(A.,, Ar)e on DL ..

3.4.4 General estimates for transport equations

The purpose of this section is to develop a general set of tools that allow us to obtain
estimates from the transport equations on hypersurfaces of constant v or v. The
prototype of these transport equations are the NP Ricci identities (3a)-(3r). The

results of this section do not depend on Assumption 2 unless explicitly stated.

Derivatives of integrals over S, ,. We are mostly interested on integral estimates
over the spheres S, and how they evolve along null directions. In the following we

will systematically need to compute derivatives of integrals over S, , with respect
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to the advanced and retarded null coordinates. The key observation in this respect

is the following:

Lemma 8 (computing derivatives of integrals over S, ,). Given a scalar ¢

i/w¢=/w (D6 — 200, (3.16a)

/ (A + 2u0), (3.16b)

Su'u

one has that

Proof. The proof follows a direct computation. More precisely, one has that

/ / —(¢+/] det o|)da?da?
/ ( (¢y/[det o]) — CA0.4 WR))dx?dx

u,v

/ (D¢\/|deta [+ ¢D/[det o] — CAD4(61/[det o) >dx2d:c

For the second term in the integrand, ¢ D+/| det o|, we find that

1 |deto| 4 V| det o AB
Dy/|deto| = ——=Ddet0d = ——=0""Doap = —————osDo
| | 2¢/|det o 2¢/| det o A 2 A

= /| det o|o 45 (PPDPA + PADPF)
=V | det 0" (O’ABPB(SCA + O'ABP’ASOB - 2p + O'O'ABPAPB + 5'UABPAPB)

= /| det | (M4CH + madCA —2p) = —\/| det o] (94C* + 2p)

where we have used Remark 1 and the structure equation (3.11c). For the third

term in the integral one has that

/ 49,4 <¢M> da?dz®

u,v

_/ 04 (CA¢\/|det0'|> da?da? —/ 69404/ det o|dada®
Su,v Su,'u
= — ¢8ACA\/|deta'|dx2dx3+/ V4 <C’qu5\/|det0'|>

Su,v u,v
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=— pOACA\/| det o|dz?da?,

Su,v

where for the last equality we have use Stokes’ theorem and the fact that sphere has

no boundary. Combining the above observations one finds that

d
s / ¢ = / (D¢ — 2p¢p) /| det o|dz?da®.

To compute the derivative with respect to u, we first consider

AV[deta] =~ V[detaloasAo® = /[detolous (PPAPA + PAAPY)
- %MW (P(=pP* = APA) 4 PA(—pP® = AP®))
— L (u+ ) /[ det o] = p/Tdetar.
From the above identity one readily obtains
/ / gb\/|deT> da?da®
:/S 1 (VIdeta]as + oAy det o] ) dada?
/ Q' (A¢ 4 2u¢) /| det o|dz?da®,

o |

as required. O

Remark 11. We follow the strategy from Chapter 3.1 of book [38] and provide a
geometric version of proof. For each S, there are two null directions l and n, which
are the direction of the generator on N, and N,. For the convenience one define
new null vector field l (n) whose the 1-parameter family of the diffeomorphisms
{&e} ({0,}) maps the S, entirely to Sy (Sww). Then vector field 1 (n) is said
to be equivariant relative to the foliation. From the definition, a curve on S, can
be mapped to a curve on Sy by ¢y, hence the push forward of vector Vs, ., ¢nV
is tangent on S,.. From the Lemma 3.1.2 of book [38], this requirement leads to
[(u) =0, I(v) =1 and A(u) = 1,a(v) = 0. Therefore I must be proportional to l and

n is proportional to n. Then one can compute and obtain that l=1andn = Q 'n.
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With these preparations in hand, precisely one has that

d 1
Qg o= A Ay (/ e | = )

Here €4 is the volume element on S. The diffeomorphism ¢a, generated by vector

field l maps Sy 10 Syviav. Then one has
[ rea= [ onea)
Su v+Av Su,v

Hence one obtain that

/ feaw = 111)1110 E/ ) (Qb*m(fﬁab) - féfab)

-/  Aliea)

Here Z; is the Lie derivative with respect to l. One can compute that
%(fgab) = a%(fsab) = o%(f)gab + fﬂ%(gab)-

The first term on the right hand side is D fey, and the second term is a 2-form on

Suw which is proportional to e, Namely one has a scalar h such that
Z(gab) - heab

Contract with € one can fir that h = 30"°V,ly = —(p+ p). Collect the results

above and consider the gauge choice p = p one has

%/u,vqs:/u’v(w—zpw

The derwative of integral with respect to u can be obtained in the same way.

Integrals over D, ,. The construction of energy-type estimates for the compo-
nents of the Weyl tensor require further integral identities. These integrals allow us

to write the integral over the diamond D, , of the D and A-derivatives of the com-
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ponents of the Weyl tensor in terms of integrals on the light cones and an integral

over the bulk diamond of the (undifferentiated) components.

Lemma 9 (integral over causal diamonds of derivatives of a scalar).
Let f be a scalar field in the causal diamond D, .. One has then that

/ Df = Q- Q'+ / (2p+e+of.
w,v N7 (0u) N (0,u) Du,w

| ar- T
Du,w Nu(07'”) /\/0(0,’1}) Duw

Proof. The proof of the identities follows by integration by parts. For the long

direction we have, by definition, that
/ Df = /0 ’ /0 ) . Q (Do f + C04f)/| det o|dz?da’du/dv’.
Now, on the one hand, integrating by parts with respect to v one has that,
/0 ' /0 ' : Q7'8,f+/| det o|dzda’dv’du/
_ /0 ’ /0 / 0,(Q " f+/Tdet o])dz2dz?dv’du
— /Ou /OU S F0,(Q7'/] det o] )dz?dzdv'du/,

[ au-[ v
N} (0,u) NG (0,u)
- / / / (f0,Q ' /|deta| + Q' fO,/| det o|)da?dxdv'du’.
0 0 ’U./,’Ul

On the other hand, integration by parts respect to the angular coordinates gives
/ / Q7 1CA04f+/| det o|dz?da3dv’du’
0 0 Sul’v/
=— / / fO4(QrCAY/| det o|)dz?da3dv'du,
0 0 S

u’ v
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:—/// (f/|det @|CAO4Q ™" + Q71 f+/| det &|04CH
o Jo Js, .
+ Q7' fCAO4/| det o|)dadrPdv’du.

Thus, we have

[ oi=[ auy-[ o

u,v N (0,u) Né(O,u)

- / / / (/| deto|fQ2DQ + Q7 fDy/|deto| + Q' f+/| det o|04CH)dzdx3dv/du.
0 0 ul vl

Finally, making use of the expressions for DQ from equation (3.11d) and D/|det |
from Proposition 8, respectively, one obtains the desired identity.

To demonstrate the identity along the short direction one proceeds in a similar
fashion. O]

Corollary 1. If f = fif2, then

[ nppe [ pon= /N @R /N s / @p+etefif

Du v

S R N e S W VT
Du,v Du,v ML(O7U) NO(OfU) Du,u

Basic LP estimates. The first step in the analysis is the construction of L” esti-
mates. These estimates require a priori control of the NP spin connection coeffi-
cients p and p. The reason for their special treatment can be traced back to their

appearance in Lemma 8. Proceeding in this way we obtain the following:

Proposition 3 (control of the L’-norm with transport equations). Work

under Assumption 2. Assume furthermore on D! . that
sup [[{p, pH|[=(s..) < O
u,v

Then there exists e, = £,(Ae,, O) such that for all e < e, and for every 1 < p < oo,
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we have the estimates:

18llims. ) < C(L,O) (rwumsu,o) |/ ’|D¢||Lp(su,v/)dvf) |
18llirs, 0 < 2 (||¢||Lp<so,v> oB..0) [ ||A¢||Lp<su,,v>du’) ,

where, as elsewhere, I denotes the long direction interval.

Proof. Making use of the definition of ||@||zr(s,..)

U

and the identity in Lemma 8, we

have

v d
190 = 10l + | o,

v d
il Pl d
~10lrs, 0+ | (dv / . ) v
1. [ ]

Now, Young’s inequality gives

!/

(D]¢l” — 29|¢|p)> d’

u,v

D|¢|p=p!¢\p1D|¢!§p<i|f/b|fpl_)$+(p|ﬁ|)) (0= DIl + (Dlo])".

Thus, we have that

10120(5,0) < 11912o(s,0) /o (/s
< |Igl%, o) / (/ (D]¢])? + 01((9)’¢\P> do’

<l [ D0l 0+ C3(O) [ s, o

(Dlo])" + (p—1— 2p)|¢lp> dv’

Now, making use of Gronwall’s inequality, we obtain

605,00 < OO (18 + [ 1D61s, 00 )
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<o, >(||¢\|Lp u0)+( / ||D¢|rm<su,v,)dv/)>

v p
C(1,0) (I|¢||Lp(su,o>+/0 ||D¢||Lp<su,v/>d“') :

so that, in fact, one has

18llims,. < C(L,O) (||¢||Lp<su,0> v ||D¢||Lp<su,v,>dv’) .

Now, for the integration in the short direction 0 < u < ¢, using the assumption
that sup,, , ||¢||z~(s,.) < O, a similar argument as before, and now using Lemma 5,

allows us to show that

16085, < 1850+ €8 (CCO) [ el e+ [ 1801, ).

so that one has
l6llis. < 10ls + € O) ([ olassy e + [ 180lumis, pa).
Then, using Gronwall’s inequality one is led to

lollis.. < exp(ClA. 008) (16l + (30 ) [ 186l ).
From, the latter choosing € > 0 small enough one concludes that

18llims,. < 2 (\|¢|rm<so,u> +0(b.,0) [ ||A¢\|Lp<su,,v>du,) |

]

As a particular example of the previous discussion consider ¢ = f, with p = 2.

In this case one has

) 1/2
16lli26.. < OO [ 16 lls. + | (/ D|5f|2> v
0 !
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If p = 4 one has that

u,v

. 1/4
16f s,y < C(1,O) [ 11711055, + / (/ D|5f|2> av
0 ’

For the short direction one readily obtains analogous expressions.
Basic L™ estimates. Our analysis will also require estimates on the L*> norm of

various scalars. The first result in this direction is the following:

Proposition 4 (supremum norm of solutions to transport equations).

Work under Assumption 2. There exists €, such that for all € < e,, we have

10l 2(500) < 116l (5009 + / 106 1s, )0,

6], < 16llz=(s0) + C(A) / 1A e, e,
0

on D!

Proof. Given a fixed point (u,0,2*) on N, and then integrating out along integral

curves of [*, conveniently parametrizing with v, gives
v d v
¢Suv - ¢Su 0 = _QSd/U/ - / D(bdv/
’ ' o dv 0

Fixing u, varying the angular point 2* on N/ arbitrarily, and taking the supremum
we obtain the inequality of the of the proposition. The proof of the second inequality

is similar. O

More advanced LP-estimates. Finally, we discuss the construction of more re-
fined LP-estimates. As in the case of the basic LP-estimates, these estimates require
some a priori control on the L*-norm of the the NP spin connection coefficients p

and p. More precisely, one has the following:

Proposition 5 (L*-norm of solutions to transport equations). Work under

Assumption 2. Assume, as in Proposition 3, furthermore that

sup [[{p, u}|| oo (s,.) < O.

U,V
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on Div.. Then there exists e, = €,(A.,, O) such that for all € < e, we have the

estimates:
1 2 1/4
8l L1(50.0) < C(A,, O) (H¢|’L4(Su o D[ ; 0.0)) <H¢H%2(/\/’u(0,v)) + HW¢H%2(/\/“(0,U))) :
1/2 1/4
ol < 2 (Helorso + OIS (||¢H%W0,u)> o) ).

t
on DW.

Proof. The proof proceeds by direct computation. We first obtain the estimate on
the long direction. Following arguments similar to those used in Proposition 3, we
find that

615,00 = Iolliaso + [ ( / Dlgf' - 2p|¢|4> a
0 w!
v 1/2 1/2
<116l s. +20 | ||¢||i4(sw,)dv'+4(/ |¢>|6) (/ |D¢|2) .
0 ’ Nu(0,0) N (0,v)

(3.17)

Now, for small enough ¢, using the Nirenberg-Sobolev inequality (see Appendix 6.2)

we estimate:

/ 6 = / / 6 def = / 6P s, ydv
Ny (0,v)

2
<O(A) / (6 llrcs, 0 + ¥I6Fllrcs, .0 ) o'
2 2 l
< C(A.) / (18R lzz(s, ll9llz26s, 0 + 6P llzcs, | F6llzcs, . ) dv
2
@) [ Nolttas, oy (ol + ¥l ) 0

< 20(A,,) (supHd)H‘D(su,n)/o (

<C(A.,) (Sup ||¢||4L4(su,ﬂ)) <||¢||2L2(Nu(o,v)) + ||W¢||%2(Nu(0,v))> ;

91325, ) + IV6IExs, .y ) 40

where to pass from the second to the third line we have made use of Holder’s
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inequality and, to pass from the third to fourth we have extracted common factors.

Making use of the above estimate in inequality (3.17), we have that

l6lltss.. < M6llEus.+20 [ lollb, o
0 7
2 2 2 1/2
+ C(A,) SUP||¢||L4(su,U) <||¢||L2(Nu(0,v))+||¥7¢||L2(Nu(0,v))> ||D¢||L2(Nu(0,u))

<10llLss,0) T 20/ 16llzss, . 0"+ C(Ae, ) (Sup ||¢!\i4<su,v))
; ,

O(Ae*)
+ = (11912 0v 00 + 1IP0I 00 ) 11D 0.0

for some § > 0. Now, choosing § sufficiently small and making use of Gronwall’s

inequality, one finally obtains that

18l13465..) < CAer, ) (1191134(5,.0) + 1D 20 (119132000 + P01 00 ) ) -

The proof of the estimate along the short direction is similar. In this case we can

choose € > 0 sufficiently small to make the overall constant equal to, say, 2. O]

3.4.5 Sobolev inequalities

In the last step in our preparatory work, we now obtain Sobolev-type inequalities on
the spheres S,,, —i.e. estimates of the LP-norms of a scalar in terms of its L?-norms
and those of its derivatives. The key tool in this analysis is the isoperimetric Sobolev

inequality on S, —see [24]:

Theorem 3 (isoperimetric Sobolev inequality on S,,). Let ¢ denote an in-

tegrable function and with integrable first derivatives on S,.. Then we have that

/ o S TS < / |W|>

where ¢ denotes the average of ¢ over S, and Z(S, ) is the isoperimetric constant.

2
)

(3.18)

Remark 12. The isoperimetric inequality can be shown to be controlled by the

area of the 2-dimensional surfaces S, , —see e.g. [24]. Thus, if one has control over
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the area of the surface (as it is, in principle, in our setup), one has also control over

the isoperimetric constant.
Using this we can prove the following result concerning Sobolev-type inequalities:

Proposition 6 (Sobolev-type inequality. I). Work under Assumption 2. Let ¢
be a scalar field on S, , which is square-integrable with square-integrable first co-
variant derivatives. Then for each 2 < p < 0o, ¢ € LP(S,,), there exists €, =

e«(Ae,, Ar) such that as long as € < €,, we have

10]|r(80.0) < Go(a) (1|9l 22(50.) + IV Ol L2(500))

where G,(o) is a constant also depends on the isoperimetric constant Z(S,.) and p,
but is controlled by some C(A.,), ¥ is the induced connection on S, which is

associated with the metric o.

Proof. We make use of the following result which can be found in Lemma 5.1 in

Chapter 5.2 of [25]:

(Axea(Sy)) ™ 0]l io(s < Cor/T(Suw) ((ArealSu)) ™16l i2(su + 0625, )
(3.19)

where (), is a numerical constant depending only on p,
T'(Suy) = max{1,Z(S..)},

where as above Z(S,,,) is the isoperimetric constant of S, ,. Now, under Assump-
tion 2 we have that the area of S, , is finite in the tilted rectangle. Accordingly,
inequality (3.19) can be adapted to our particular setting. O]

Consequently we have the following two results:

Proposition 7 (Sobolev-type inequality. IT). Work under Assumption 2. There

exists €, = £4(A.,, Ar) such that as long as € < €,, we have

0] (80.0) < Gp(0) (1|9l 0(500) + IV O] L0(S00)) 5
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with 2 < p < oo and Gy(o) < C(A.,) as above.

Corollary 2 (Sobolev-type inequality. III). Work under Assumption 2. There

exists e, = €.(Ae,, Ar) such that as long as € < e,, we have

0]l L4(500) < G() (I8 L2(500) + IVl 12(500)) »
]| L0500y < G(o) (110]|22(50.0) T VOl 120500y + V20| L2(500) ) -

again with G(o) < C(A.,).

3.5 Main estimates

In this section we provide a discussion of the construction of the main estimates
required to obtain the improved existence result for the CIVP. The arguments rely

heavily on the preparatory work carried out in the previous section.

3.5.1 Norms for the initial data

The boostrap argument requires assumptions on the size of the initial data. Follow-

ing Luk [26], we define the following:

i). Norm for the initial value of the connection coefficients, given by

1 2
Ar, = sup sup max{1 T| oo (s, T pacs,
T S A {,;HW [l22e ,)7;IIY7 [PRIENSE

3
Y IV T, b
=0

ii). Norm for the initial value of the components of the Weyl tensor, given by

1 2
Ay, = sup sup max{1, | pas, s |12, .
P VT { ;HW s ;HW l22(50,0)}
3
30 s Vet swp (V0.
=0 VE{Wo, U1, W5, W3} Ve{U,,02,03,04}
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iii). Norm for the components of the Weyl tensor at later null hypersurfaces, given
by

Ay=>" sup  sup|VU||ay + sup sup [[W 0| 2
i—0 YE{¥o,V1,¥2, W3} u We{W, W2, U5, Wa} v

where the suprema in u and v are taken over D!, .

iv). Sup over the L?>mnorm of the components of the Weyl tensor at spheres of

constant u, v, given by,

2
Ay(8) = sup [V (Wo, U1, U, V)| 125,

- u,v
=0

t
U,Ve ?

with the supremum taken over D and in which u will be taken sufficiently

small to apply our estimates.

Remark 13. There is no appearance of y in Ar, because initial data for y used in

the following calculations are required only on N/ where y is zero.

Remark 14. In addition to the above norms, we recall that the norm A, , as defined
in equation (3.14) has been used to control the initial value of the components of

the frame.

Remark 15. Observe that the above expressions do not include any norm for the
components of the connection coefficients away from the initial null hypersurfaces.

Instead such norms will be controlled by local bootstrap arguments within the proof.

Remark 16. Throughout the proof besides keeping track of Ay, and Ay, (S), to
assist in future generalization, we trace also the dependence of our various constants
on I, A, ,Ar,,Ay,. Note that because of the way that we setup our frame none of

the constants so far depend upon 1.

3.5.2 Estimates for the connection coefficients

In this section we show how to construct estimates on the coefficients of the con-

nection. The strategy is an application of the tools developed in Section 3.4.4 to
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estimate the solutions of generic transport equations along null hypersurfaces. In
this approach, as a bootstrap, control is assumed of the curvature (components of
the Weyl tensor) on the double foliation of null hypersurfaces and on the 2-spheres
of constant u and v through the norms Ay and Ay (S).

In a first step we obtain basic control of the L°°-norm of the connection coeffi-
cients by assuming finiteness of Ay and Ay (S) and of third derivatives of the NP

coefficient 7 in terms of the L*norm on the 2-spheres S,, ,.

Proposition 8 (control on the supremum norm of the connection coeffi-
cients). Assume that we have a solution of the vacuum EFFEs in Stewart’s gauge

in a region D}, with

sup H{:ua )\7 «, Ba €pP,0,T, X}HLOO(S%U) S AF 5

u,v

for some positive Ar. Assume also

sup HW2THL2(SH’U) < 00, sup HW?’THLQ(SM) < 00, Ag(S) < o0, Ay < 0,

u,v U,V

on the same domain. Then there exists

Ex = 8*(1, Ae*v AF*? sup ||W2T’ ‘L2(Su,'u)7 sup HW37_| ‘L2(Su,'u)7 AT)?

U,V U,V

such that when € < e,, we have

sup ||{T7 X}‘ |L°°(3u,/u) < C(L Aew AF*? Ay (S))7

)

sup H{,LL, )\7 &, Bv € P, U}HLOO(SU’U) S SAF*,

U,V

on D!

U,Ve *

Remark 17. Observe that in the above proposition, as well as in several of the
following ones, the NP spin connection coefficient 7 is singled out as it requires

additional hypotheses.

Remark 18. The first assumption here covers Assumption 2, which allows us to

employ Lemma 5, Lemma 6 Lemma 7, Proposition 4 and the Sobolev inequalities of
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Propositions 6, 7 and Corollary 2. It also permits the use of Propositions 3 and 5.

Proof.

Basic bootstrap assumption. We start by making the bootstrap assumption

sSup ||({:u’ )‘7 «, Bv €0, O-}HLOO(S%U) S 4AF*-

Estimate for 7. As first step we prove that
I7l[2(500) < CU Aeys Ar,, Aw(S)).
For this, we make use of the D-equation (3b) for the NP coefficient 7:
Dr=(e—€+p)T+oT +7p+ 7o+ V.

Making use of the Sobolev inequality in Proposition 7, we readily obtain from our

assumptions that for e sufficiently small,
[[Wo, Wy, Wa, W3, Wyl|ree(s,.) < Au(S) < oo.
Moreover, the inequalities in Proposition 4 show that
Illims..o < lrllzmia + | 1D7lims, ot
v
< 7l zoe(su0) +/0 7o+ mo + Wil poes, ,ndv”
+ [le= e pllirllzmg, oo + [ 1o lllims, 0
< Ar, + (32A7, + Ag(S))ve + 16Ar, /O ) 17|z (s, ,ndv”
Using Gronwall’s inequality in the previous expression one then concludes that

17l 2o (80) < O Acy s Ar,; Au(S)).

Estimate for y. To obtain the estimate for y we proceed in a similar manner. We
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use the D-transport equation equation (3.15) for x to obtain

Il < Illes.o + / 1Dl (s,

< (2A4(S) + cAr, + C)ve + 2Ar, / x| s, ,ydv's
0

where c is a positive constant and the constant C'is related to the constant appearing

in the estimate for 7. From the latter, Gronwall’s inequality readily yields
||XHL°°(Su,v) < O(I, Ae*? AF*? A‘I’(S))

Estimates for ; and A. To obtain estimates of the NP coefficients 1 and A we

make use of the A-transport equations (3g) and (30):

A/”L = _:u2 - )‘/_\7

These are Riccati-type equations and, thus, they can only be naively integrated
for a small distance in the u direction —i.e. u € [0,¢]. Now, making use of the

inequalities in Proposition 4 we find that
€
/
[l oo 80y < M1l | oe(0.0) +C(Ae*)/0 1Aw|zoe s, A0
Accordingly, one concludes that

€
il < Niallzmcson) + C(AL) / 112 + AN (s,

< il +320(8) | Afdu
0

< Ar, +32C(A.,)A} &
For A one obtains that

A=, < Ar, + 320(A,)AZ £ + C(A,) / [l s,y
0
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uw 2
< Ar, + C(A.,, Ar,)e + C(Ae*)/ D IV W 2s,, dud
0 =0

where in the second inequality we have made use of the Sobolev embedding property
—see corollary 2. Now, using Hélder’s inequality, we can transform the estimate

of ¥, from one on sphere S, ,, to one on a null hypersurface. More precisely, one has

that
u u 1/2 u 1/2 u 1/2
s ai- [ ([ ) " ([ [ more) ([ )
0 0 S/ 0 " 0

u’,v

< C2Y Wy 2wy (0,0))-

v

Hence, we conclude that
ML) < Ar, + C(A,, Ar,)e + CAge'?.

Together, the estimates for ¢ and A show that the maximum of these functions will

not be too far away from their initial value for e sufficiently small.

Estimates for o, § and e. Estimates o, § and € can be obtained by a similar
method —i.e. integration along the short direction. In this case the relevant A-

transport equations are given by the structure equations (3k), (3d) and (3a),

Ao = —pa— N\ — At — Vg,
AB = —Xa—puf —Tp,

Ae = —am — B —at — BT — 7 — Wy,

where it is recalled that in the present gauge one has that 7 = o+ 3 —see Lemma 1,

equation (3.10c). The details are omitted.

Estimates for p and o. In this case the relevant A-transport equations are the

structure equations (3i) and (3r):

Ap =0T —pp—Ao —ar+ 1 — 77 — Uy,

Ao =61 — \p — po + ar — Bt — 12
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Observe that these equations contain the derivatives 67 and é7. To control these
terms from our hypotheses, we make use of the Sobolev inequalities in corollary 2

which, together with integration by parts on S, allows us to show that,

3
V7122080 < C(AL) D NIV T 12500
i=1
< C(Ae) (17l 280y + V2Tl 2800y + VPl 250 )
It follows then from the Holder inequality
1722501 < II7llzes,.) Area(Su,)t?
and the boundedness assumptions on ||V'7||2(s,.,) for i = 2,3, that

HWTHLOO(Su,v) < 0.

From this observation, an argument similar to the one used for p and A yields the

required estimates.

Concluding the argument. From the estimates for the NP connection coefficients

constructed above it follows that one can choose

e =e(I,Ac,, Ar,,sup | [V?7||r2(s,.0): Sup [[V27 | £2(500), Au(S), Ay)

U,V U,V

sufficiently small so that

sup|[{p, A, @, B, €, p, 1 (s5.,0) < BB,
Accordingly, we have improved our initial bootstrap assumption. As this is our
first such improvement we give an overview of the technique. Recall that to com-
plete a bootstrap argument we need first, to verify that the hypothesis, in our
case that sup,, [[{i, A, a, B,¢€,p, 0} |p~(s,.) < 4Ar, holds over the region of inter-
est, is satisfied. We then need to demonstrate, as in the previous argument, that
the hypothesis can be improved for ¢ sufficiently small. Obviously if the conclu-

sion sup,, , |[{1, A\, @, B, €, p, 0} | (s,.) < 3Ar, holds at some point then our hypoth-
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esis holds in a neighborhood of that point. Since the interval [0, €] is connected and
the set on which our desired conclusion holds is open, closed and non-empty, it fol-
lows that the desired conclusion holds for w € [0, &]. In the argument above we have
shown that we can improve the hypothesis from a bound 4Ar, to 3Ar,. Evidently
the same arguments could be used to improve from (N+1)Ar, to NAr, for any natu-
ral number N > 3. Given our initial assumption that |[{x, A, o, 8, €, p, 0 }||po(s,.) <
Ar we can therefore choose N so that Ar < NAr, and iterate from N down to 4
to guarantee that our hypothesis is indeed satisfied in some truncated diamond,

demonstrating the statement. O]

The existence proof also requires control over the L*-norms of the § and ¢ deriva-

tives of the NP spin connection coefficients. This is provided by the following:

Proposition 9 (control on the L*-norm of the connection coefficients).

Make the same assumptions as in Proposition 8, and additionally assume that,

sup ||Y7{:U’7 )\7 Q, 57 € P, 0-}||L4(Su7v) < AF;

u,v

in the truncated diamond D, . Then there exists,

Ex = 8*(]7 Ae*v AF*? sup HWQTHLZ(&“})? sup ||W3THL2(Su,U)7 A‘P (8)7 A‘I’)a

u,v U,V

such that when € < e,, we have,

sup HW{Ta X}||L4(Su,v) < C(I7 AG*? AF*u A\P(S))u

sSup HW{:U’? )‘7 «, 57 € p, 0-}||L4(Su7u) S SAF*7

u,v

t
U,Ve *

on D

Proof.

Basic bootstrap assumption. In order to run the argument we make the following

bootstrap assumption:
sup ||¥7{,LL, )\7 «, B7 € P, 0-}||L4(Su7v) S 4Al"*~
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Estimates for Y7. First we make use of the boundedness of the L*norm of 7
and its angular derivatives up to third order to estimate the L*norm of the first
order angular derivatives of 7. For this, we apply 0 to the D-transport equation
for 7 —equation (3b). After making use of the commutators of directional covariant

derivatives one arrives at the equations

DOt = (p+ p+ 26 — 26)6T + 00T + 00T + 6(e — €+ p)T

+ 700 + pd7 + Top + 007 + moo + 0¥y, (3.20a)
D61 = 2p07 + 067 + 50T + 76(e — €+ p) + To

+ pé7 + Toop + o7 + oo + 6. (3.20b)

The above equation contains terms of the form I'WVI' —i.e. products of connection
coefficients and their derivatives. In the following the L*-norm of these products

will be split using the Holder inequality as follows:

TV |Lt(s00) < Tl 2o 00 V]| L1810

Observe that from Proposition 8 it follows that terms of the type ||I'||z=s, ) are
bounded.

Now, making use of the Sobolev inequality in Proposition 6, we obtain that
1
Z VW3] Lags,..) < Au(S) < oo, i=0,1,2,3.
§=0

Combining this with the inequality in the long direction shown in Proposition 3 we
find that

167/ 4 (S00) + 1107 La(500)

< (1, Ar) (107l sy + [scsr + [ 11DFl s, )+ 11D57 s, o).
0

Substituting the expressions for DéT and D4&7 given by equations (3.20a)-(3.20b)
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one concludes that

167|245y + 1107 L300
< O\ (I, Ar., Au(S)) + Co(I, Ar) / U167l 25cs, ) + 157 luscs, ) o'
0

Thus, using Gronwall’s inequality it follows that
107248000 + 107 |[13(5,.0) < C(L, Ar,, Au(S)).
Consequently, one has
V7|25, < O, Ar,, Au(S))

as required.

Estimates for Y. From equation (3.15) one can readily compute that
Déx = (p— 2€)0x + 00X + 6(Vy + Wy) + 0L — x6(e + &),

where I represents a combination of connection coefficients whose particular form is
not essential. A similar equation for Ddy can be computed. Using the same strategy

used for Y one concludes from the above equations that,

1ox | La(su0) + 110X 24(s0.0) < C(I, Ar,, Ag(S)).

In other words, we find that
IV x[lza(s..) < O, Ar,, Ag(S)).

Estimates for the remaining connection coefficients. In order to obtain equa-
tions for op and 6\, we apply the A-directional derivative on both sides of equa-
tions (3g) and (30). This gives,

Adp = (T —a — B) (> + AN) = 3 — Ao — AOX — XS,
AN = (T — @ — B)(2uA 4+ Wy) — 3udA — AOX — 20y — 50,
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A direct computation using Proposition 3 shows that there exists an e, such that

[V {1, A zags,..) < 3Ar,

if ¢ < g,. The details of this computation can be found in Appendix 6.2. We
can estimate da, 04 and de by the same method. Since, by our bootstrap assump-
tion sup,, , [[V?7||r2(s,..) < 00, it follows from the Sobolev inequalities in Corollary 2
that ||¥'7||4(s,.,) for i < 2 are finite. Using this information we can estimate dp

and o applying the d-directional derivative to equations (3i) and (3r).

Concluding the argument. From the previous estimates it follows that we
can find an €, depending on I, A, ,Ar,, sup,, V27| 12(S0.0) SUP,,., V27 12(800)
Ay (S), and Ay, such that

sup ||Y7{M, )‘7 «, 67 € P, O-}||L4(Su,v) S 3AF*-

)

The bootstrap can hence be closed as in Proposition 8. O]

In a similar vein, the next proposition shows how to obtain control on the L?-

norms of the NP connection coefficients and their first and second derivatives.

Proposition 10 (control on the L*-norm of the connection coefficients).
Assume that we have a solution of the vacuum FEFFEs in Stewart’s gauge in a re-

gion D, with

sup H{M? )‘7 «, Ba €p,0,T, X}HL‘X’(S“’U) S AF s

u,v

sSup HW{M? )\7 o, B? € P, O—}HL‘*(SUJ,) < AF;

sSup HWZ{Mv >\7 Q, B? € p,0, T}HLQ(Su,u) S AF;

U,V

for some positive Ap. Assume also

sup HW‘STHLQ(S’H’” < 00, Ag(S) < o0, Ay < 00,

u,v
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on the same domain. We have that there exists
Ex = E*(I, A.,,Ar,,sup ||Y73T||L2(su,u); A\P(S)y A\If)y
such that when ¢ < e,, we have that

sup HW2{T7 X}‘ |L2(Su,v) < C(L Aew AF*? A‘I’(S))a

u,v

SuP |’Y72{M7 )\7 Oé’ /87 6 p’ O-}HLQ(SU,,'U) S 3AF*

)

Proof.

Basic bootstrap assumption. Examining the above hypotheses we first observe
that both Propositions 8 and 9 are applicable. We start then with the following

basic bootstrap assumption:

sup ||W2{M7 >\7 a, Ba € P, O—}HLZ(SU,U) S 4AF*-

Estimates for |[Y*7|[;2s,.,) and |V?x||r2(s,.)- Starting from equation (3.20a),
applying the -directional derivative and using the commutators one obtains a D-

transport equation of the form
D&*1r =T8%1 + T'6°F + 1061 4+ D667 + 620y + 6%y + 0161,

where I depends linearly on €, p, o, while I'1 depends linearly on 7, «, 3, €, p, 0.
Similar computations lead to equations for DdT and D§d7. The term 6161 is dealt
with using the Holder inequality to obtain

10710 || 22(s,.0) < 16T 2o (80 ) 0T 11| 2280 0)-

Using Proposition 9, it follows then that the left-hand side of the inequality is finite.
Now, the inequality in the long direction of Proposition 3 and the equation
for DT show that,

6%l < O ) (162l + [ 1087, )
0
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< C<Ia Ae*a AF*? A‘II(S)) + C([> Aew AF*) / HW2T| ’L2(3u7v/)dvl'
0

Similar estimates can be obtained for 627, 66T and 697.
Recalling the result in Lemma 6 that the area of S, ,, is bounded one can estimate

the norm ||67|[12(s,.,) by observing that
107 L2(s5..0) < C(Ac,, Ar 67|35, -

Hence, using Proposition 9 it follows that [|07[|z2(s, ) is also finite. Now, from

inequality (10) we then obtain that

V27|25, < C, Ae,, Ar,, Ay (S)) + C(I, Ae*,AF*)/ V27| 22, AV
0
so that using Gronwall’s inequality one concludes that
V27l r2s..) < O Ac,, Ar,, Au(S)).

Estimates for |[V?x||12(s,,)- An analysis analogous to that for 7, readily shows
that |[¥*x||r2(s,..) is bounded.

Estimates for the the remaining spin connection coefficients. The remaining
connection coefficients can be estimated using the same ideas as in Proposition 8 —
namely, we first compute equations for A§?I" and AJST using the NP Ricci identities
and the commutators for covariant directional derivatives. In a second step we make
use of the short direction inequality of Proposition 3. It then follows that one can

choose € small enough so that,
sup ||W2{,LL, )\7 «, /67 € P, O-}||L2(Su7v) S 3AF* )

for,

e < eI, A, Ar,,sup | V27| r2(s,.), Au(S), Ay) .

u,v

Details of the generic calculations involved in these last steps are discussed in Ap-
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pendix 6.2. 0

3.5.3 A first estimate for the curvature

Having obtained estimates for the NP spin connection coefficients, we are now in the
position to obtain a first estimate for the curvature. The proposition of this section
provides for bounds the components of the Weyl tensor of the spheres S, ,, assuming,
as a bootstrap, their boundedness on the null hypersurfaces and boundedness on 7

and its derivatives.

Proposition 11 (basic control of the curvature). Assume that we are given
a solution to the vacuum EFFEs in Stewart’s gauge satisfying the assumptions of

Proposition 10. Then there exists

Ey = 5*(Ae*> AFH A\I’*a sup HW?)T‘ |L2(Su,v)a A‘I/)

)

such that for e < e,, one has
Ay(S) < C(Ay,),

on D!

U,Ve

Proof.

Boostrap assumption. In this proof we start with the following bootstrap as-

sumption:

sup ||V {Wo, U1, U2, U5} 12s,,) < 4Aw,,  i=0,...,2,

u,v

which we then aim to improve.

L*-norm of the components {¥,, U;, ¥y, U3}. Estimates for the L:-norms of the
components {Wq, Uy, Uy W3} can be obtained from the A-Bianchi identity equa-
tions (3b), (3h), (3f) and (3d) which are then integrated along the short direction.

As an example of the procedure we consider here the coefficient ¥,. From Proposi-
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tion 3 it follows that

1 Wollr2s,.,) < 2 (||‘112\|L2(so,v) + C(AGHAF*)/ HA%HL?(sul,U)du/)
0

<28+ CAAr) [ VWl

u’ v

)+ 1BuWallL2s, )

11208 = T Wsllizis, o + oWz, )

<2(Ay, + C(A.,, Ar,, Ay, )e + O(A.,, Ar,)Aye'/?
+C(Ac,, Ar) |4l | 2w 0,08 )
S 2A\If* + C(Ae*v AF,U A\P*)e + C(Ae*v AF,U A\P*)A\I’el/27

In passing from the second to the third inequality we have used that the term

/ 701,
0

is, in fact, an statement on the light cone and, hence, it is controlled by the definition

of Ay. Moreover, we have also used Holder’s inequality in the form

/ 1Wallr2s,,,ydu" < C2([Wall 20, (0,0)-
0

The analysis for the coefficients W, ¥, W5 is similar. Consequently, we can find &,

depending on the initial data, Ay and I such that for ¢ < e,, we have

sup [[{Wo, W1, U, Us}|12(s,,) < 3Ag,.

Estimates for |[Y{VU, ¥y, ¥y, U3}||12(s,,). Again, we focus our discussion on the

analysis of the coefficient U5. From Proposition 3 we find that

. 1/2
IV Wsll2s, 0 < 2 [ 9 %alliegs, ) + C(Ae, Ar) / ( / AW%,W»U) du
0 S

<ane e an) [ ]
0 Sul7
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1/2
IV, |(|AST,| + |A5\112|)) du'.
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Now, using the expression for AdW¥, and AJW, obtained from using the commutators
on the A-Bianchi equation for ¥y, and schematically denoting arbitrary connection

coefficients by I', one obtains that

[(L.
/</UW2'F' pasl) e+ [0 / sl )
Ay v|wz||r||>z7%3| v [ / |Wz||r||w4|)

(

oL i) facs (] |¥7\112||X7F||\IJ4|>1/2du’
+/0 (/u/vly%llwﬁfﬂ)l du. (3.21)

In the first and third terms of the right-hand side or the above inequality we can

1/2
VW, |(|AST,| + |A5\DQI)> du/

/v

separate the L>-norm of the connection coefficients. Thus, using the bootstrap

assumption with Proposition 8, we find that

u . . 1/2
(] i ipis) a
0 u! v

“ 1/2 i 1/2
<O A, A B [ I, 19 Paalli,

for i« = 0,1. Accordingly, using the bootstrap assumption once again, we conclude
that,

u . . 1/2
[ (] el wvaa) " a < 0.8, Ar, A
0 u! v

for i = 0,1. The second and fourth term in the right-hand side of inequality (3.21)
can be handled in an analogous manner. Since we do not have control on the

the L*(S,,) norm of Wy, we transform the L*(S,,) norm to a norm over the light
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cone. More precisely, one has that using Holder’s inequality

v

i i 1/2 “ 1/2 I 1/2
V0[PP 7w) < / IVl s, IV Walls, du

7 1/2 .
< C(A\Il*)HW \D4||L/2(N4(07u))53/47 1= 0, 1.

u! v

Hence, we conclude that

u 1/2 u 1/2

() wslrpwa) a0 weinived)Ca < o, a0
0 NSy, o s,

Now, for the fifth term in inequality (3.21) one has that

u 1/2 u
L ([ wwdwries) e < [ (el
0 Syt 0

u

1/2
Yol 25, IVl £2(s,)) ' el

where the first term in the integral in the right-hand side can be controlled by the
bootstrap assumption and Sobolev embedding (Corollary 2). The third term can
be controlled by the L*(S,.,) norm as given by Proposition 9, again in combination

with the bootstrap assumption. One then concludes that,

u 2 2 i 12 /
( |¥7\I/2||Y7FH\I/23|> du' < C(I,A.,, Ar,, Ay,) g 14 \P2,3||L2(s/ )du
0 /7’U ZZO 0 u v

u

< C(I,A.,,Ar,, Ay,, Ay)*™.
The sixth term in inequality (3.21) can also be dealt with by transforming the

norms of the coefficients of the Weyl tensor on S, , to norms on the light cone.

More precisely, one has that

u 1/2 u 12
L ([ wwawriw) a < [ il o P ¥allio, o [FT e, .0) Y de
0 ! v 0

L 2 1/2
< C(I,A.,,Ar,, Ag,) (/ > HV‘IMHL?(SM,U)CI“/)
0 =0

2
< C(I, Ae*aAF”A\I/*)<Z ||77i‘P4||L2(N4(0,u))> < C(I,A.,,Ar,, Ay, , Ag)e/.

=0
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Finally, the last integral in the right-hand side of inequality (3.21) can be separated
into two L2-norms. The estimate of ¥2W3 can, in turn, be transformed to an estimate
on the light cone and, hence, it can be controlled by the definition of Ay.

Collecting all the estimates for the various terms in inequality (3.21) we conclude
that,

IV sl 25,0 < 20w, + C(I, A, Ar,, Ay, )e + C(I, A, Ar,, Ay, , Ay)Aye®*.

The latter inequality implies that we can improve the bootstrap assumption by
choosing ¢ small enough. A similar strategy allows us to estimate ¥{W,, ¥, W3}.

Therefore we have that

sup [|[W{Wo, W1, s, Us}||12(s, ,) < 3Ag,.

Estimates for |[V*{Uo, U, ¥y, Us}||12(s,,)- As before, we focus the discussion
on |[¥*Ws||12(s,,). The estimate along the short direction in Proposition 3 shows
that

v

. 1/2
V2 sl 125,y < 2| V2 el r2(sy.) + C(Ae”AF*)/ (/ A <Y72‘I’2,Y72‘1’2>0> du’
0o \Js,

S 2A\Ij* + C(Ae*7 AF*)/ </
0 S

where T" denotes an expression involving products of connection coefficients, their

1/2
|X72\I/2|(|AT|)> du/, (3.22)

u! v

derivatives and components of the Weyl tensor and their derivatives. In particular,

one has that

/5 Y20 (JAT))

w! v

< / IV2Uso||[UV2T + TV + VOV + T2V + TUVY + T30 + U0,y + V205
S

u! v

We can then proceed with a strategy similar to that used in the analysis of the

estimates for the first order derivatives of the components of the Weyl tensor. In
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particular, we use Holder’s inequality to split products and then apply the Sobolev
embedding theorem as necessary. The estimates on the sphere for the terms YV'W,
and Y33 are transformed into estimates on the light cone. Hence the integral on the
right-hand-side of inequality (3.22) can be made as small as necessary by choosing

a suitable €. Ultimately, we conclude that

sup [V {Wo, U1, Ua, U5} 12(5,.) < 3Au,.

u,v

Concluding the argument. Collecting all the estimates in the previous steps one

obtains the statement

sup |[W'{Wo, U1, ¥a, U3}l 12(s,,) < 3Aw,,  i=0,..,2

which improves the starting bootstrap assumption. L]

Applying the standard embedding of L? into L? for p < ¢, we can summarise the

results of Propositions 8, 9, 10 and 11 in the following proposition:

Proposition 12 (summary of the basic estimates for the NP quantities).
Suppose we are given a solution to the vacuum EFE’s in Stewart’s gauge emanating

from data for the CIVP as prepared in Lemma 2, satisfying

sup H{:ua )‘70576767p7 g, T, X}HLOO(SH,U) <00, sup HW{/% )\70575767p7 O—}HL‘I(Su,U) < 00,

u,v

sSup HWQ{M’ )‘7 a, ﬁv € p,0, T}HLQ(Su,v) < oo, sup ||¥737—‘ |L2($u,’v) <00,

u,v

Aq;(S)<OO, qu<OO,
on some truncated causal diamond D, . Then there exists,

6* = 8*(]’ AE*’ AF*’ A\l/*, Sup ||Y737-| |L2(Su,v)7 A‘ll) ?

such that for e < e,, we have
1
||F| |L°°(Su,u) < C(]7 Ae*? AF*? A\I’*)v Z ||WZF| |L4(Su,v) < C(L AE*’ AF*? A\P*):
i=0
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2
> VT2, < O, Ay, Ar,, Ay, ), Ay(S) < C(Ay,),

1=0

on D!, with T standing for an arbitrary connection coefficient.

U,Ve ?

3.5.4 Estimates on the third derivatives of connection coef-

ficients

We are now in the position to obtain estimates for the NP spin connection coefficients
which only require assumptions on the curvature on the light cone. More precisely,

one has the following:

Proposition 13 (further control on the L*-norm of the connection coeffi-
cients). Assume, as in the previous proposition, that we are given a solution to the
vacuum EFE’s in Stewart’s gauge emanating from data for the CIVP as prepared in

Lemma 2. Suppose that,

sup H{u, )‘7 a, 57 € 0,0,T, X}HLOO(SH,U) <00, sup HW{/% )‘7 Q, B? € P, O—}HL‘I(Su,U) < 00,

sup ||¥72{:u? )‘7aaﬁaeap7 07T}||L2(8u,v) < 00, A\I/(S) < 00, A‘l’ <00,

u,v

and furthermore that,

sup HW?){M? )\7 «, ﬂa €, 7_}HLQ(&“J) < 00,

)

on qu’v.. Then there exists €, = (I, A.,, Ar,, Ay,, Ay) such that for e < e,, we

have

sup ||Y73{:u7 )\a Q, /87 €}| |L2(Su,v) S SAF*;
Sup ||W3{p7 O-}| |L2(Su,v) S C(‘[7 Ae*’ AF*? Aq’*)?

Sup ||W3{T7 X}| |L2(Su,v) S C(I7 AG*? AF*? AlI’*? A‘I’)

Proof.
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Bootstrap assumption. In order to start the proof we place bootstrap assump-

tions on u, A\, o, 8 and ¢, and name the bound on 7 as follows,

sSup HW?){Mv )‘7 a, 57 E}HLQ(SU,U) S 4AF*, sup HW?)T‘ ‘LQ(Su,'u) < A‘r-

u,v u,v

Estimates for p and 0. We first estimate the spin connection coefficients p and o
using the long direction transport equations (3m) and (3f) as this allows to avoid
higher derivatives on the sphere that arise in the short direction equations. Using
the expression for ||V? f||2(s,.,) for an arbitrary scalar f given in Appendix 6.2, we
will discuss four typical terms. The first is 6%p. Making use of the commutators
of directional covariant derivatives, we can compute the long direction derivative of

any third derivatives of p on the sphere —for example, one has that,

D§p =T° + T3 + T(6T)* + I'*6°T + 6T'6°T + pd° (e + €)
+ (4e — 26+ 5p)8%p + 06%G + 56°0 + 00%6p,

where here I' represents linear combinations of the coefficients €, p and o, whose
precise form is not crucial for the discussion. The L?-norm of the term dT'§?I" can

be split as

1600%T | L2(80.0) < VT La(80a) | IV2T | La(S00)-

The first term on the right-hand side of the inequality can be controlled using the
results of Proposition 9. The second term can be controlled using the Sobolev

inequality,

VT ||2ss,.) < C(A) (VT e, + VT lzas,.) -

Proceeding in a similar way with the other terms in the equation for D§%p and the

using the long direction inequality in Proposition 3 leads to

||53p||L2(8u,v) < C('[J AQ*? AF*? A\If*)

+ OB B, Bw) [ (170l 0 + IF0llis, ) 0
0
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The second representative term in the expansion of |[¥V?pl|r2(s,.,) is |[@dpl]L2(sg, ”
(recall that @ =  — @&). One has

D(wé?p) = Dw(6%p) + wD*p
= (U + %+ e — §€)8°p + I° + T3T + w(6T)? + '?6°T,

from which we can conclude that

||W52P| ’LQ(Su,v) S C<[7 A6*7 AF*’ A\p*> + C(I7 AG*? AF*? A‘I’*) / ||W310‘ |L2(Su’vl)dvl7
0

by Sobolev embedding as before. The third representative term is ||0wwdpl|2(s, )

for which we have
D(6wép) = =V 7bp + T26p + 6W1dp + L(6T)* + 6% (e — €)dp,

so that

600l 2.0 < CUL A B B0,) + O A e ) [ 19,
The fourth representative term is w?dp for which we can compute

D(@?dp) = 2wV ,5p + 30T 4 I'(0T)* + I'°.
Consequently, one finds that
lw*0pll2(s,.) < CU, Ae,, Ar,, Ay,).

Combining all the expressions arising in the expansion of ¥2p one then concludes,

||¥73p| |L2(Su,v) S C(I’ A@*’ AF*7 A‘I’*)

+ O 808, B0) [ (IPplls, 0 + ¥ s, )
0
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and Gronwall’s inequality finally gives
I¥°0llr2(s,0) < O, Ae,, Ar,, Ay, ) + C(I,AeHArHA%)/ V%0l s, ,nd'.
0

In order to estimate ||V?0||;2(s,.), we make use, again, of the general expressions
contained in Appendix 6.2. The structure of equation Do is similar to that of p.

Then one can also calculate and obtain the inequality for W30 like

V20l L2(s,.) < CU, A, Ar,, Ay,) + C(1, Ae*,Ap*,Aq,*)/ V2ol 2s, A"
0
Combine with the equality of p, one can obtain that

V20|l 2(500) + V20l L2(500) < O, Ae,, Ar,, Ay,)

+ O<]’ Ae*’ AF»U A\I’*) / <| |W3p| |L2(Su,vl) + ||¥730| |L2(Su,v)> dv,'
0
So the Gronwall’s estimate gives us
V20|25, + [IW°0ll2(s.0) < C(1, A,y Ar,, Au,).

These inequalities above in turn imply that

||Y73p||L2(Su,v) S C(I’ A@*? AF*) A‘I’*)?
Vo025, < C, A, Ar,, Av,).

Estimates for 7 and x. Making use of the structure equation (3b) and the

commutators we obtain

D&*1 = 630, +T6°Ty 4+ 631 + T6*W, + 6T6°T + I'*6°T
+ 200, + 660, + 36T + I'(6T)?,

where ['; contains combinations of €, o, 3, p and . Thus, using the main bootstrap
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assumption and the definition of Ay we obtain that
V7l 2(5.0) < O, Acy, Ar,, Ag,, Ag) + C(1, A, Ar,, Ag,) /Dv V27| L2 (s,, 0"
Accordingly, using Gronwall’s inequality one arrives to
I¥°7 |25, < C(L A, Ar,, Ay, Ay).
The construction of an estimate for y is similar. In this case we obtain that

||W3X| ’L2(Su,v) < O(Ia Aew A[‘*, A\If*) A\I!>

Estimates for the remaining connection coefficients. In order to provide

estimates for

||W3{/.,L, )\7 O{, /87 E}l |L2(Su,v)7

we make use of the transport equations along the short direction. The proofs for
the various coefficients are similar so for brevity we discuss only the argument for .

In this case one can readily compute that

Ad3e = =53y + 6% + 6% + U, 6°T + 606°T + I'26°T
+ 6% Wy + T25Wy + T36T + T'(67)% + [PWy + T7,

where the coefficients I'y do not contain €. Making use of the short direction in-

equality of Proposition 3 we obtain that

HW36| ’L2(Su,v) S 2| ’W?)E’ |L2(SO,’U) + C(I7 AE*’ AF*? A‘l/*)A‘llgl/2

OB Br D) [ IR, dor
0
In particular, we can choose the range of integration sufficiently small so that

V%€ | 2(s,..) < 3Ar, .
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The argument for |[V*{x, \, a, 6}|12(s,.,) 18 the same.

Concluding the argument. An inspection of the estimates obtained in the previ-
ous paragraphs shows that we have improved the initial bootstrap assumption. This

concludes the proof of the proposition. n

3.5.5 Main estimates for the curvature

We are now in the position to obtain the main estimates for the components of the
Weyl tensor. We start with an estimate on a given pair of null hypersurfaces in

terms of their value at hypersurfaces in the past.

Proposition 14 (basic control of components of the Weyl tensor on the
light cones in terms of its values on causal diamonds). Suppose that we are
gwen a solution to the vacuum EFEs in Stewart’s gauge and that D, , is contained

in the existence area. The following L? estimates for the Weyl curvature hold:

3 LLED S A,

i=0,1,2 j=1,2,3/ Ny (0.u)
<Y [ e Y [ P [ e,
i;,l,Z N()(O,’U) j—zl,;:i N(;(Ovu) Du,v

where W contains Wy, k =0,...,4, Wy denotes the components Wy, k =0,....,3, “cc”
denotes the complex conjugate of the last term on the right-hand side and I' stands

for arbitrary connection coefficients from the collection {u, \, «, 3, €, p,0,7}.

Proof. Assuming, as always that the vacuum field equations of GR are satisfied, we

start considering the Bianchi identities (4b) and (4a) written schematically as

AT, = 60, + T,
DU, = 50, + T'0.

Then, integration by parts one obtains (again, using schematic notation) that

/ T AT, — / D00, + / T, I0
Du,v Du,v Du,'u
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= —/ \1’15@0—/ \Illlifow—l—/\IfOF\I/
Duﬂ; Du,v

== —/ \IllD\ifl -+ {‘Ifo, \Ill}F\I]
Du,v Du,v

Hence, using the identities in Lemma 9, we conclude that

[oowps [ atwps [P [ o
Nu(0,0) N7 (0,u) No(0,v) N (0,u)

—|—/ (]{\Ilo,\lll}\llf—i—cc\),
Du,v

where in the previous expression ¥ contains Wy ;2. Analogous inequalities can be

obtained for the pairs AW, DW,, and AV,y, D5, n

Similar estimates can be obtained for the first angular derivatives of the compo-

nents of the Weyl tensor.

Proposition 15 (control of the first angular derivatives of the compo-
nents of the Weyl tensor). Again let D,, be contained in the existence area,
then we have that

> [ wups
Ny (0,v)

i=0,1,2

> [ o

j=1,2,3 7Ny (Ou)
<> [ owupe Y [ orwup
Z'Z%;Q NO(O,U) j:z].,;,?) Né(o,u)

4 /D Y4 |([UT?] + [TV + [UYT)),

where W contains Vi, k = 0,....4, and Vg contains Vi, k = 0,....,3, and again T’

stands for some combination of the connection coefficients {u, \, o, B, €, p,0,T}.

Proof. Again, we make use of integration by parts. Consider for example
Du,v ’Du,v Du,v

= — / 50Uy, + / SUo(T2W; + D6, + W,0T)
Du,'u

Du,v

96



= —/ SU, D6V, +/ (6Wg, 60, ) (T2, 4+ TV, 4 W,6T)
Du,v

Du,v

with ¢ =0, 1, 2. A similar expression can be obtained for the combination

/ 5T AST, + / 50, DS, .
Du,v

Du,v

Thus, using Lemma 9 can conclude that

/ o[ + / QW < / Y2 + / QWY
Nu(0,0) N7 (0,u) No(0,v) N (0,v)
+ /D ¥ (o, U, }|([UT?] + [TYW| + [WFT),

where ¥ contains the components ¥y, ¥; and ¥,. A similar computation for the

other pairs of components renders the desired result. O

The previous result can be extended to include higher order derivatives. More

precisely:

Proposition 16 (control of the higher angular derivatives of the compo-
nents of the Weyl tensor). Let D, , again be contained in the existence area.

Given a non-negative integer m, one has
S [ wrepe 3 [ g
i=0,1,2 Y Nu(0.0) j=1,2,37 Ny (0.u)
<Y [ wrwpe X [ ot

i=0,1,2 Y No(0,v) j=1,2,37Ng(0)

T /D FC I S STl SN A T

11+io+i3+ig=m

where W contains the components Wy, k = 0,...,4, and Vg contains the compo-

nents Wi, k = 0,...,3. Again I' stands for some combination of the connection

coefficients {p, \, o, B, €, p,0,T}.

To wrap up the argument we also need estimates on the components W3 and W,.

97



These follow from the Bianchi identities

A‘Ilg — 5‘;[/4 = 4‘1’4& — \1147' - 4\I]3M,
DU, — 6U3 = Wy(p — 4e) + 2U3(3a + 28) — Uy, (3.23)

Using a similar approach to the one used in the previous propositions one can prove

the following:

Proposition 17 (control of the higher angular derivatives of the “bad”
components of the Weyl tensor). Let D, , be contained in the existence area.

Given a non-negative integer m, one has that

/ )2+ / QTP
Nu(0,0) N7 (0,u)

<[ wrwpe [ Qe

No(0,v) N (0,u)
A 7D S [ 2
Du,v

i1+ig+i3+ia=m

T /D DA S A T ANl a

i1+i2+i3+iga=m

7D DI A S
Duw i1+i2+iz+ia=m

where ¥ contains the components V3 and Wy, while W', contains the components Wy

and V3. Here ' stands for some combination of the connection coefficients {u, A\, v, B, €, p, 7, 0}.

Because neither the coefficient of W4 on the right hand side of (3.23) nor the NP §6-

commutator (2.15d) contain T,x terms, neither does I".

Propositions 14-17 clearly make no use of the estimates demonstrated in the
previous sections. Finally, we therefore conclude this section with the main estimate
for the components of the Weyl tensor employing our earlier work. This proposition

makes only assumptions on the initial data.

Proposition 18 (control of the components of the Weyl tensor in terms

of the initial data). Suppose we are given a solution to the vacuum EFE’s in
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Stewart’s gauge emanating from data for the CIVP as prepared in Lemma 2, satis-

Jying

AE*? AF*? A\P* < OO’
with the solution itself satisfying

sup H{:ua )‘7 a, ﬁa €& pP,0,T, X}HLOQ(SM,U) < oo, sup HW{N> )‘7 Q, 67 € P, O'}HL4(51“)) < 00,

u,v

sup HWQ{/% )‘7 «, ﬁa € pP,0, T}HL2(SU,U) <00, Ssup HW?){,U, /\7 «, 67 €, T}HLQ(SMVU) < 00,

u,v

A\I/(S)<OO, A\I/<OO,

on some truncated causal diamond D} .. Then there exists e, = e.(I, A.,, Ar,, Ay,)

such that for e, < e we have
A‘I’ S C(Iu Ae*v AF*7 A‘If*)

Proof. The aim in this proof is to control the terms involving integrals on the dia-
mond D, , arising in Propositions 16 and 17 for m < 3. Starting with Proposition 16

one has that the relevant integral is given by

/D 1A 77 I 48 Al Ao u T A g (3.24)

11+ig+iz+ig=m

for (u,v) in D;,U.. On the one hand, for the first factor in this integral, given

that Uy € {Ug, ¥y, Uy, U3} can be controlled in L*(N,(0,v)), one readily obtains

“ " 1/2
||WH||L2<M=< I WWHde'du') < Oy,
0 0 ! !

On the other, for the factors contains Wy, one only has control on N (0,u) —that

is,

V" W|L2(p,.,) < CAy.
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It then follows that the integral (3.24) can be estimated as,

/D NI S S alul e

i1+i2+i3+ig=m

<Ay Y |IVOTEVETVAY ||, ). (3.25)

11412413414 <3

In particular, for m = 0, the right-hand side of the above inequality gives

Ce'PA| TV || 2p,,) < CPA[|T]| oo ()] |L2D,) < CU, Ay, Ar,, Ag,, Ay)e?.

Next, when m = 1, we have that the right-hand of inequality (3.25) gives
Ce'?Ag|[T*W + TV O] + UV |12,

The first two terms can be controlled like the case m = 0, and the third can be

controlled by means of Sobolev embedding:

V(|| 22(80.0) < VT Lo (S0 ¥ 22Dy 0)
< (VT 22(8u0) + VTl 22800y + VT 22(800)) 1] 220D -

For the case m = 2, the terms on the right-hand side of inequality (3.25) give

Ce'Ag||DIVAY| + T20 + T*(W0| + WTWT| + [V U|[VT] + UV 2p,..)-
(3.26)

All terms, save last one, can be controlled by analysis analogous to that used in the
previous cases. To see this, we split the L>-norm of the connection coefficient and
the L?-normal of the curvature. The L*-normal can then be controlled by means

of Sobolev embedding. For the last term, we have

o v “ore 1/2
</0 /(; / (\I"WQFD2dU’du/> < (/(; /O "\D"%“(Su/ﬂ,/)‘|W2F’|%2($u,’v,)dvldul>

2
< (p ||>z72r||m<su,,v») >V lzzo,
u,v =0
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hence (3.26) under control.

Finally, when m = 3 the terms on the right-hand side of inequality (3.25) give

Ce' Ay ||V 0| + UIVPT| + [WEV2 0] + [V 9][V2T| + %W + DUY2T|
+ TV ] + OV + D] + OTWT] + )| 12(p, ,)-

The various terms in this expression can be estimated in a manner analogous to the

previous cases. We conclude that the integral over D, , can be controlled by
[owmeal S RTHINTIV < UL A A Ay A)e
Duv o
’ 11+ +i3+ia=m
We now proceed to examine the estimate from Proposition 17. The terms in
[owmel S TRy
Dusv i1 +igtiz+ig=m

are identical to those already analysed and can be controlled by
C(I, Ae*; AF*, A\y*, A@)SI/Q.
The terms

/D SN S 8 T SN AT

11+i2+i3+ig=m

can also be controlled because the components of the Weyl tensor contained in ¥/, =

{WUs, U3} have already been shown to be controlled. The remaining terms are
/ A T SR 8 W [ A RSOl A 1
Duw i1+ig+i3+ia=m

We proceed to by treating m = 0,...,3 individually. Notice in particular, that I
does contains neither 7 nor y. Crucially the weakest bounds of Proposition 12

and Proposition 13 involving Ay are therefore not invoked in the resulting compu-
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tation, and so after a lengthy analysis one concludes that these terms satisfy

/me\hl Yo IVETEVE(p+ e[

i1+i2+ig3+ig=m

v m
< (I, Ae*,AF*,A%)/ IV all 2 00 D IV Wl |2, 0.0y A0
0 i=0
<O A Brs ) [ 3 IRl 0y
=0

Substituting the previous expressions into the inequality of Proposition 17 one con-
cludes that

3
S IV Tl o0 < CAw, + C(1 A, Ar,, Ay, Ay)e'/?

1=0

+C(17Ae”AF*aA%)/ D IV W4l 72 0, AV
0 =0

Accordingly, using Gronwall’s inequality and taking e sufficiently small one finds,

3
Z ||¥72\I}4| |%2(N{,(O,u)) < CA‘I’* + C<Iv Ae*a Arm A\Ij*7 A\P)gl/2 < C([7 Aem AF*? A‘I/*)

=0

Using this estimate, it follows that
Ay < O(I A, Ar,, Ay,) + O(I, A, Ar,, Ay, Ag)e/?.

Taking € small enough we have proven the proposition. O

3.6 Last slice argument and the end of the proof

In this section we make use of the estimates developed in the previous sections to
show the existence of solutions to the vacuum Einstein field equations exists in the

rectangular domain
D={0<u<e 0<v <0}
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The strategy makes use of an argument by contradiction known as the last slice
argument, in which it is assumed that the solution does not fill the whole of D and,
accordingly, there exists a hypersurface (the last slice) which bounds the domain of
existence of the solution. The estimates we have constructed in the previous sections
allow then to show that, in fact, on this slice the solution and its derivatives are
bounded. Thus, it is possible to make use of the standard Cauchy problem for the
Einstein field equations to show that the solution extends beyond the hypersurface t*

—an observation which contradicts the original assumption.

3.6.1 Setup

In order to implement the above strategy one foliates the rectangle D by means of

spacelike hypersurfaces. To this end recall definition (3.4) of the time function
t=u+tv

so that Vi is timelike. Let X; denote the level sets of t.

The last slice argument starts by invoking the local existence result for the CIVP
based on Rendall’s reduction strategy. This result ensures the existence of a solution
to evolution equations in a neighbourhood V of S, on J*(S,) —see Theorem 2.
Within this neighbourhood there exists a truncated causal diamond on which all the
bootstrap assumptions required to obtain the estimates from the previous sections
hold. Thus, we know that the set on which the bootstrap hypotheses hold is non-
empty, and hence render our estimates applicable. The rest of the last slice argument
proceeds now to show that this basic truncated causal diamond can be progressively
enlarged as long as one has control on the initial data on the null cone N, thus
exhausting the domain D.

If the solution does not exist in the whole of D, we must have t* € (0, ] +¢) such
that

t* = sup{t : the spacetime exists in D N U,con>-}

Let h; and K; be, respectively, the induced metric and second fundamental form

on Y;. A schematic depiction of the geometric set-up is shown in Figure 3.2.
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t = u + v = constant \/

Su* sUx

Figure 3.2: Setup for the last slice argument. On each slice of the family of hyper-
surfaces ¥; one has a smooth initial data set (h;, K;) for the vacuum Einstein field
equations. The estimates of Proposition 18 then show that even on the last slice ¥
one has a well initial data set. Thus, the solution can be extended beyond this slice
—a contradiction!

3.6.2 Main argument

In the following we will show that the fields h, and K; converge in C'*° to fields h;-
and K. Moreover, it will be shown that the pair (h;, K;+) satisfy the Einstein
constraint equations on ;. In order to show this, it is necessary to show that
all derivatives of h; are bounded uniformly in L?*(%;) for all ¢ < ¢*. The method

proceeds by induction:

Base step. The first step corresponds, in essence, to the estimates obtained in
the previous sections. More precisely, we have first derived uniform estimates for
the L*°-norm of the zeroth order derivatives of connection on D —see Proposition 8.

For this we needed to assume that

sup ||¥727'||L2(8u,v) < 00, sup ||X737'||L2(5u’v) < 00, Ay (S) < o0, Ay < 00

u,v u,v

(3.27)

on the truncated causal diamond. These conditions also lead to the analysis the L*-

norms of the first order derivatives (Proposition 9) and L?*-norms of the second order
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Dt (Z4)

Figure 3.3: Zoom in on the hypothetical last slice. Regular Cauchy initial data
on Y+ allows to extend the solution to, at least, a slab on DT (3;+) making use of
the standard Cauchy problem for the Einstein field equations. On the wedge W, a
solution can be recovered by appealing to Rendall’s formulation of the local CIVP.

derivatives of the connection —see Proposition 10. Now, using the bootstrap as-
sumptions, it follows that Ay (S) < oo uniformly on D with bounds given in terms
of the initial data —thus, this condition can be removed from the list in (3.27). Sim-
ilarly, we can also drop the condition |[V?7||12s,,) < 0o and estimate the L?-norm
of the third order angular derivatives of the connection. In order to do so, we make
use of the D-direction (i.e. the long direction) equations for the NP coefficients p
and o, rather than the equations along the short direction as we want to avoid deal-
ing with the higher order derivative of 7 on spheres S,,. Now, using integration
by parts, one concludes that Ay satisfies a similar uniform bound on D. Thus, it
has been shown that given some initial data on the initial light cone, it is possible
to estimate the L?-norm on the spheres Sy, of the connection coefficients and their

derivatives up to third order.

Intermediate step. The previous analysis is the base step of the induction. As
an intermediate induction step one analyses the fourth order derivatives of the con-
nection coefficients. To this end, we make use of the same approach used in the
analysis of the third order derivatives in Proposition 13 This approach requires the
control of the norms of the fourth order derivatives of the components of the Weyl
tensor on the light cone. As in the case of the Base Step, the required bounds need

to be uniform on the truncated causal diamond with bounds given in terms of the
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initial data. This control can be achieved by the using integration by parts as in the

analysis of Proposition 18.

Remark 19. The reason the method to analyse the fourth order derivatives of the
connection coefficients is different from that of the third and lower orders lies in
the structural properties of the equations —these properties become manifest when

considering higher order derivatives. In particular, one has that:

i). For zeroth-order derivatives, we cannot make use of the Codazzi equation to
access the norms of p and o, since the Codazzi equation is a first order equation
for the derivatives of p and o. Further difficulties arise from the nonlinear

term p? in the D-direction equation (3m) for the coefficient p.

ii). For the first-order derivatives, we can readily estimate the L%*mnorm of the
connection. However, this is not enough for the second order derivatives. In
the L? estimate for the second order derivatives of the connections, we need
Holder’s inequality to separate products of the form 0I' x 6I'. This procedure

leads to estimates involving the L*-norm.

Induction step. A procedure analogous to the one used to control the fourth order
derivatives of the connection coefficients is employed to estimate the k + 1-th order
derivatives of the connection if control on the derivatives of k-th order is assumed.
This calculation, requires, in particular, control of the value of such norms on the
initial light cone —this control follows readily from the procedure used to evaluate

the formal derivatives on the initial light cone —see Lemma 4.

Concluding the argument. The previous step shows that it is possible to obtain
control over the L?-norms of all angular derivatives of the connection over the rectan-
gular domain D. Control of the derivatives respect to the optical functions u and v
can be obtained by applying, as required, the directional covariant derivatives D
and A to the evolution equations and commuting. Since the domain is bounded,
then all derivatives of h; and K; are bounded uniformly in L?*(%;) for ¢ < t*. More-
over, one has that the 1-parameter family of data (h;, K;) converges uniformly in C'*
to a pair (hy, Ky). The pair (hy, K;+) satisfies the Einstein constraint equations
on the hypersurface defined ¢ = t* —see [26]. This leads to a contradiction with the

assumption of the existence of a last slice as the theory of the Cauchy problem for
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the Einstein field equations allows us to readily obtain a (future) development of the
data set (hy, Ky+) —see Figure 3.3 Thus, no such last slice exists and the solution

to the Einstein vacuum equations exists on the whole of the rectangular domain D.

3.6.3 Statement of the main result

The long analysis of the preceding sections leads to the following:

Theorem 4 (main result —improved local existence for the CIVP for
the EFE). Given regular initial data for the vacuum FEinstein field equations as
contructed in Lemma 2 on the null hypersurfaces Ny, UN] for I = {0 < v < v,},
there exists € > 0 such that a unique smooth solution to the vacuum FEinstein field
equations exists in the region where v € I and 0 < u < ¢ defined by the null
coordinates (u,v). The number € can be chosen to depend only on I, A.,, Ar,

and Ay, . Furthermore, in this area one has that,

uv Te{u,\,p,0,0,8,67,x}

1 2 3
sip sup  max { S IV T s S I T s, HVFHLQ(&,U)}
1=0 1=0 1=0

3
+ Z sup sup ||V || r2v,) + sup sup [V U|| 2y
i=0 \IJG{\I’(),\Ifl,‘IJQ,\Ilg} u \I’G{\If1,\112,\1/3,\114} v

< C(‘Za Ae*u AF*7 A\I’*)
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Chapter 4

Improved existence for the
characteristic initial value problem
with the conformal Einstein field

equations

In this chapter we adapt Luk’s analysis of the characteristic initial value problem
in General Relativity to the asymptotic characteristic problem for the conformal
Einstein field equations (see 2.2) to demonstrate the local existence of solutions in
a neighbourhood of the set on which the data are given. In particular, we obtain
existence of solutions along a narrow rectangle along null infinity which, in turn,
corresponds to an infinite domain in the asymptotic region of the physical spacetime.
This result generalises work by Kénnar [34] on the local existence of solutions to
the characteristic initial value problem by means of Rendall’s reduction strategy.
In analysing the conformal Einstein equations we make use of the Newman-Penrose

formalism and a gauge due to J. Stewart.

4.1 The geometry of the problem

In this section, we will discuss the geometric and the gauge choices in the asymptotic
CIVP on past null infinity.
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4.1.1 Basic setting

Our basic geometric setting consists of an unphysical manifold M with a bound-
ary and an edge. The boundary consists of two null hypersurfaces: ., past null
infinity on which = = 0; and N/, an incoming null hypersurface with non-vacuum
intersection S, = .~ NN,. We will assume that S, ~ S?. In a neighbourhood U
of S,, one can introduce coordinates = (2*) with 2° = v and ' = u such that, at

least in a neighbourhood of S, one can write
I ={pecl|ulp)=0}, N ={pel|v(p) =0}

Given suitable data on (£~ UN])NU one is interested in making statements about
the existence and uniqueness of solutions to the conformal Einstein field equations

on some open set
VCc{peU|ulp)>0v(p) >0} (4.1)

which we identify with a subset of the future domain of dependence, D" (.~ UN),
of #7 UN].

4.1.2 Stewart’s gauge

The basic geometric setting described in the previous section is supplemented by a

gauge choice first introduced by Stewart [33].

4.1.2.1 Coordinates

It is convenient to regard the 2-dimensional surface S, as a submanifold of spacelike
hypersurfaces. The subsequent discussion will be restricted to the future of the
hypersurface. As S, ~ S?, one has that S, divides the spacelike hypersurface into
two regions, the interior of S, and the exterior of S,. Now, consider a foliation
of the spacelike hypersurface by 2-dimensional surfaces with the topology of S?
which includes S,. At each of the 2-dimensional surfaces we assume there pass
two null hypersurfaces. Further, we assume that one of these hypersurfaces has

the property that the projection of the tangent vectors of their generators at .S,
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Figure 4.1: Setup for Stewart’s gauge. The construction makes use of a double null
foliation of the future domain of dependence of the initial hypersurface .#~ U N_.
The coordinates and NP null tetrad are adapted to this geometric setting. The
analysis in this article is focused on the arbitrarily thin grey rectangular domain
along the hypersurface .#~. The argument can be adapted, in a suitable manner,
to a similar rectangle along N/. See the main text for the definitions of the various
regions and objects.

point outwards. We call these null hypersurfaces outgoing light cones. Moreover, it
is also assumed that one of these hypersurfaces has the property that the projection
of the tangent vectors of their generators at S, point inwards. We call these null
hypersurfaces ingoing light cones.

Thus, at least locally, one obtains a 1-parameter family of outgoing null hy-
persurface N, and a 1-parameter family of ingoing null hypersurface N;. One can
then define scalar fields u and v by the requirements, respectively, that u is con-
stant on each of the N, and v is constant on each N/. In particular, we assume
that Ny = 4~ and Njj = N]. Following standard usage, we call u a retarded time
and v a advanced time. The scalar fields v and v will be used as coordinates in a
neighbourhood of S,. To complete the coordinate system, consider arbitrary coor-
dinates (1) in a coordinate patch U on S,, with the index # taking the values 2, 3.
These coordinates are then propagated into .#~ by requiring them to be constant

along the generators of .#~. Once coordinates have been defined on .#~, one can
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propagate them into V by requiring them to be constant along the generators of
each NV!. In this manner one obtains a coordinate system (z#) = (v, u, ) on Dy
in V. Here area Dy is defined by the image of first generating U along v and then
generating long u.

We use the notation N, (v, vs) to denote the part of the hypersurface N, with
v; < v < vy, Likewise N/ (u1,us) has a similar definition. We denote the sphere

intersected by N, and N by S,,. We define the region

U Su’ Ky

0<v’'<v,0<u/<u

as D,,. We also define the time function ¢ = v + v, and the truncated causal

diamond,
D!, =D,,N{t<i}.

Remark 20. It is observed that while the null coordinte v has a compact range,

this is, in principle, not the case for v.

4.1.2.2 The NP frame

A null Newman-Penrose (NP) tetrad is constructed by choosing vector fields [*
and n® tangent to the generators of NV, and N/ respectively. Following the standard
conventions we make use of the normalisation g,,[*n® = 1 is preserved under boost
transformations. This freedom can be used to set n, = V,v. This requirement still
leaves some freedom left as one can choose a relabelling of the form v — V'(v). Next,
we choose the vector fields m® and m® so that they are tangent to the surfaces S, , =
N, N N! and satisfy the conditions geum®m® = —1, gum®m® = 0. This leaves the
freedom to perform a spin transformation at each point.

Now, observing that, by construction, on the generators of each null hypersur-

face N only the coordinate u varies, one has that
n"8), = Q0,,

where () is a real function of the position. Further, since the vector [* is tangent to
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the generators of each N, and [%n, = [*V,v = 1, one has that
19, = 8, + C1ay,

where, again, the components C* are real functions of the position. By construction,
the coordinates (z') do not vary along the generators of .#~, that is, one has
that [V, = 0. Accordingly, one has

CA=0 on .
Finally, since m® and m® span the tangent space of each surface S, , one has that
m'0,, = PAd 4,

where the coefficients P* are complex functions.

Summarising, we make the following assumption:

Assumption 3. On a local coordinate patch Dy of V one can find a Newman-

a

Penrose frame {I*, n® m® m®} of the form:

l=098,+C"8y, (4.2a)
n = Q0,, (4.2b)
m = P9y. (4.2¢)
Remark 21. In view of the normalisation condition ggum®m? = —1, there are

only 3 independent real functions in the coefficients P4. Thus, Q, C* together
with P4 give six scalar fields describing the metric. The components (g"*) of the

contravariant form of the metric g, are of the form

0 @ 0
@)=1Q 0 QCc* |,
0 QOA O.AB
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where
048 = —(PAPB 4 PAPP)
is the (contravariant) induced metric on S, ,.

On N one has that n = Q8,. As the coordinates (z*) are constant along the
generators of .~ and N/, it follows that on N/ the coefficient @ is only a function

of w. Thus, without loss of generality one can reparameterise u so as to set ) = 1
on NV.
4.1.2.3 Spin connection coefficients

Direct inspection of the NP commutators (2.15a)-(2.15d) applied to the coordi-
nates (v, u, ¥?, %) taking into account together with the remaining gauge freedom

in the vector frame of Assumption 4.8 leads to the following:

Lemma 10. The NP frame of Assumption 4.8 can be chosen such that

K=v=7vy=0, (4.3a)
p=p, K=, (4.3b)
T=a+j, (4.3¢)

onV and, furthermore, with
e—€=0 on VNI .
Proof. The proof of this result is analogous to that of Lemma 1 in Chapter 3. [

4.1.2.4 Equations for the frame coefficients

Taking into account the conditions of the spin connection coefficients given by (4.3a)-

(4.3¢), the remaining commutators yield the equations

ACHA = —(7 +m)PA — (1 + 7)) P4, (4.4a)
APA = —pPA — \PA, (4.4b)
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DPA —6CA = (p+e— )P4+ oPA, (4.4¢)
DQ = —(e+€)Q, (4.4d)
6PA —5PA = (o — B)PA — (a — B)PA, (4.4e)
5Q = (1 —7)Q (4.4f)

Equations (4.4a)-(4.4b) allow the evolution of the frame coefficients C* and P off of
the null hypersurface N,. Equations (4.4¢)-(4.4d) allow to evolve the coefficients Q
and P to be evolved along the null generators of .#~. Finally, (4.4e)-(4.4f) provide
constraints for Q and P on the spheres S, .

4.1.2.5 The conformal gauge conditions

The conformal Einstein field equations have an in-built conformal freedom which
can be exploited to simplify the geometric setting of the problem. This freedom
allows us, in particular, to select in an indirect manner the conformal factor via a

conformal gauge source function. More precisely, one has the following:

Lemma 11 (conformal gauge conditions). Let (M, g) denote an asymptotically
simple spacetime satisfying Ric[g] = 0 and let (M, g, =) with g = Z%g be a conformal
extension for which the condition = = 0 describes past null infinity . Given the
previous NP frame (4.2a)-(1), the conformal factor = can be chosen so that given a

null hypersurface N intersecting .~ on S, ~ S? one has

1
A:—ﬂR(x), in a neighourhood V of S, on JT(S,)

where R(x) is an arbitrary function of the coordinates. Moreover, one has the addi-

tional gauge conditions

CI)QQZO on ./VZ,
(1)00:0 on S.

Proof. The definition of asymptotically simple spacetime follows from Def 7.1. and
the proof of the above result is analogous to that of Lemma 18.2 in [35]. O
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4.2 The formulation of the CIVP

In this section we analyse general aspects of the asymptotic CIVP for the conformal
vacuum Einstein field equations with data on the null hypersurface .~ and N]. A
key feature of the setting is the existence of a hierarchical structure in the reduced
conformal equations which allows to identify the basic reduced initial data set from
which the full initial data on .# ~ UN/ for the conformal Einstein field equations can

be computed.

4.2.1 Specifiable free data

The following result identifies a possible choice of freely specifiable initial data for
the asymptotic CIVP:

Lemma 12 (freely specifiable data for the characteristic problem). As-
sume that the gauge condition given by Lemma 10 and Lemma 11 is satisfied in
a neighbourhood V of S,. Initial data for the conformal FEinstein field equations

on I~ UN] can be computed from the reduced data set r, consisting of:

oo, €+€ on I,
¢4 on Ma
)‘7 ¢2+§£27 cI)ZOa ¢37 PA) on S*-

Remark 22. An alternative, less symmetric, reduced initial data set is given by:

A, e+€ on I,
¢4 on Nl?
¢37 ¢2+<527 PAa on S*'

Proof. The proof of this result follows from a lengthy but straightforward com-
putation on the same lines of Lemma 2 in Paper I. See also Section 18.2 in [35]

and [34]. 0

Remark 23. From the smoothness of the freely specifiable component ¢4 on the

incoming null hypersurface N/ and, in particular at the intersection with .~ it
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follows that that the resulting spacetime will satisfy the peeling behaviour near
past null infinity —see e.g. [35], Chapter 10. A reformulation of our characteristic
problem to future null infinity, for which now ¢, is freely specifiable data along

an outgoing null hypersurface, gives rise mutatis mutandi to solutions with peeling

at Zt.

4.2.2 Basic local existence

To apply the theory of CIVP, as discussed say in Section 12.5 of [35], one has to
extract a suitable symmetric hyperbolic evolution system out of the conformal field
equations and the structure equations. The gauge introduced in Section 3.1.1 allows

us to perform this reduction.

4.2.2.1 The reduced conformal field equations

In what follows, we group the four directional derivatives of the conformal factor

and s as
= (%, 8o, B3, By, 9),
the components of the frame as
e = (CA, P4, Q),
the spin connection coefficients not fixed by the gauge as
I'=(e, m, B, u, a, \, 7, 0, p),
the independent components of the rescaled Weyl spinor as

@' = (¢o, b1, P2, D3, Oa),

and finally those of tracefree Ricci spinor as

o' = (®007 Doy, P11, Po2, Pro, ‘1)22),
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where ¢ denotes the operation of taking the transpose of a column vector.

A suitable symmetric hyperbolic systems for the four directional derivatives of
the conformal factor, the frame components and the spin coefficients can be obtained
from equations (5d)-(5f), (5f)*, (6b), (4.4a), (4.4b), (4.4d) and (3a)-(3d), (3f), (3g),
(3k), (3m), (30), respectively. Here * means the complex conjugate of the equation.

These can be written in the schematic form,

DyS = By(Z,T, 5)3,
Di,e = B,(T,e)e,
D,I' = By(T', ¢, ®)T,

where Dy, D; and Dy are given by

Do = diag(A, A, A, A, A),
D, = diag(A, A, D),
D, = diag(A, A, A, A, A, A/D, D, D),

and By, Bi, By are smooth matrix-valued functions of their arguments, whose
explicit form will not be required.
The components of the third conformal field equation (2.9¢), equations (7a)-(7m)

can be reorganised as

D;d = B;®
where
A -0 0 0 0
-5 D+2A =6 -6 0
0 -5 D+ A 0 -4 0
Dy =
0 -0 0 D+ A -0 0
0 ) —6 2D+ A —§
0 0 0 -5 D
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with Bs = B3(®, ¢, I', ;). Writing

one has that

and

Ay

Dg = Agaﬂ

AY = diag(0, 1, 1, 1, 2, 1),

Ag = dlag(@, 2@7 Q7 Q7 Q? 0)

0 —PA
—pA CA

0 —PA

0 —PA

0 0

0 0

0
_pA
CA
0
_pA
0

0
_pA
0
CA
_pA
0

0

0
_pA
_pA
2C4
_pA

o O o O

_pA
CA

To be specific, the equations above are obtained through the combinations (7a)+(7k),
(75)+2(7b)+(71), (7d)*+(Th)*, (7c)+(71), (7e)+2(7g)+(71) and (7f)+(7m), respec-

tively. It can be readily verified that the matrices A% are Hermitian. Moreover,

is likewise clearly positive definite.

A5 (1, +n,) =diag(l, 3, 2, 2, 3, 1)

The components of the fourth conformal equation (2.9d), (8a)-(8h), can be

grouped as

D,¢ = B,o
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where

JAN— 0
5 D+A -6

Dy=1| 0 -5 D+A - 0 |,
0 0 5 D+A =9
0 0 0 -6 D

and By = By(¢, T'). Again, writing
D, = Ao,
one has that

AZ:diag(()? 17 17 17 1)7
A = diag(Q, Q, Q, Q, 0),

and

0 —PA 0 0 0
—-pPA CcA —PA 0 0
A = 0 —pA cA _—p4A
0 0 —-pA CcA —pA
0 0 0 —-PA C4

Specifically, the above matricial expressions are obtained from the combinations (8a),
(8b)+(8e), (8¢c)+(8f), (8d)+(8g) and (8h). Again, the matrices A} can be seen to

be Hermitian and, moreover, one has that
Al (L, +n,) = diag(l, 2, 2, 2, 1)

is clearly positive definite.

We can summarise the above discussion as:
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Lemma 13. The evolution system

DY = ByX (4.6a)
D.e = Bje, (4.6b)
D, = B,T, (4.6¢)
D;® = B;®, (4.6d)
D,¢ = By, (4.6e)

18 symmetric hyperbolic with respect to the direction given by
¢ = 1"+ n".
4.2.2.2 Computation of the formal derivatives on N/ U.#~ and propaga-

tion of the constraints

As discussed in Section 12.5 of [35], the existence and uniqueness of solutions to a

CIVP can be obtained via an auxiliary Cauchy problem on the spacelike hypersurface
S={peRxRxS*|v(p)+u(p) =0}

The formulation of this problem depends crucially on Whitney’s extension theorem,
which requires being able to evaluate all derivatives (interior and transverse) of
initial data on N U .#~. One has the following:

Lemma 14 (computation of formal derivatives). Any arbitrary formal deriva-
tives of the unknown functions {X, e, T', ®, ¢} on N]UI~ can be computed from
the prescribed initial data v, for the reduced conformal field equations on N U %~ .

Proof. The statement follows from a careful inspection of the conformal field equa-

tions in the present gauge, see Section 18.2 in [35] and [34] for more details. O

Moreover, using arguments similar to those discussed in [35], Section 12.5, one
can establish the following result concerning the relation between the reduced equa-

tions and the full conformal vacuum Einstein field equations:
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Proposition 19 (propagation of the constraints). A solution of the reduced
conformal field equations (4.6a)-(4.6e) on a neighbourhood V of S, on J*(S,) that
coincides with initial data on N U Z~ satisfying the conformal equations gives rise

to a solution of the conformal Finstein field equations (2.9a)-(2.9¢e) on V.
In addition, one has that:

Corollary 3 (preservation of the conformal gauge). Let u denote a solution
to the characteristic problem for the conformal field equations on a neighbourhood V
of S, on Jt(S,) which satisfies the gauge conditions given in Lemmas 1 and 2.
Then the metric g constructed from the components of the solution w satisfies the

conformal vacuum Einstein field equations in a gauge for which R[g] = R(z).

4.2.2.3 Summary

Combining the analysis above and applying the theory of the CIVP for the sym-
metric hyperbolic systems of Section 12.5 of [35], one obtains the following existence

result:

Theorem 5 (existence and uniqueness to the standard asymptotic char-
acteristic problem). Given a smooth reduced initial data set v, for the conformal
Finstein field equations on N U %~ there exists a unique smooth solution of the
conformal field equations in a neighbourhood V of S, on J*(S,) which implies the
prescribed initial data on N/U.Z~. Moreover, this solution to the conformal Einstein
field equations implies, in turn, a solution to the vacuum FEinstein field equations in

a neighbourhood of past null infinity.

Remark 24. Although the region V is, in the unphysical picture, finite, from the
physical point of view, it corresponds to an infinite domain of the asymptotic region

near past null infinity.

4.3 Improved existence result

In this section we provide the basic setting for the improved local existence result for

the asymptotic CIVP for the conformal Einstein field equations using Luk’s method.
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Our analysis builds on the general formalism developed in chapter 3. Similarly,
the long direction mean l-direction and the short direction means m. Hence the
Gronwell’s type estimate Prop. 3 can be applied in the following analysis.

The main difference between the present analysis and that of chapter 3 is that
when dealing with the conformal Einstein field equations one has more unknown
equations to take care of. Specifically, we now have the conformal factor, its deriva-

tives and the components of the tracefree Ricci tensor.

4.3.1 Estimates for the components of the frames and the

conformal factor

A first step in the analysis in chapter 3 was the construction of basic estimates for
the components of the frame in terms of the initial conditions. A similar step is
required for the conformal Einstein field equations. The main difference in this case
is that one also needs to obtain some basic control on the conformal factors and its

derivatives. These estimates are constructed presently.

4.3.1.1 Definitions

Following chapter 3, in the following it will be convenient to define the following

norm measuring the size of the initial value of the components of the frame:

Ae* = Sup (’Q|7 |Q71|7 |CA|7 |PA|) :
I N

7 Vs

Moreover, we define a scalar

x = Alog Q,
and with the NP Ricci identities we obtain that

Dy = 2®1 + Uy + Uy + 2a7 + 287 + 207 + 287 + 277 — (e + €)x. (4.7)
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Now, as a consequence of the gauge choice Q@ = 1 on N/, the initial data for y on N/

is 0. For convenience we also define

B—a

w

corresponding to the only independent component of the connection on the spheres S, ,,.

4.3.1.2 The estimates

Following the main strategy in 3, we construct estimates for the components of
the frame and the conformal factor through the analysis of A-equations under the

following bootstrap assumption:

Assumption 4 (assumption to control the coefficients of the frame and
the conformal factor). Assume that we have a solution to the vacuum conformal

Einstein field equations in Stewart’s gauge satisfying

H{X? M, >\7 «, 67 T, 22}||L00(5u,v) S AF

on a truncated causal diamond D}

U,Ve?

where Ar is some (possibly large) constant.

The construction of the estimates proceeds along the following steps:

Step 1. We integrate x = Alog @ = 0,Q in the short direction so as to obtain

|Q—Q*|=|/ Xdu|§/ |X|du§/ Ardu = Are
0 0 0

for any v. Then we have

||Q - Q*HL‘X’(S“,U) S AFS.

So there is a constant C' depending on the initial data such that

Q' Q< C(AL).
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Step 2.: To estimate the conformal factor =, we integrate = along the short direction
3
5| = | / Q1 Shdu| < C(Ar)e.
0

Accordingly, we have the following lemma:

Lemma 15 (control of conformal factor). Under Assumption 4.8, if € > 0 is
sufficiently small, there exists a constant C' depending on the size of the initial data
such that

=]z (s,) < C(Ar)e

on D!

U,Ve *

Step 3. Integrating P4 in the short direction using equation (4.4b) one readily

obtains the following lemma:

Lemma 16 (control on the components of the frame, I). We require that
PA are bounded on Uo,» such that o8 s invertible and bounded above and below.
Here Uy, is coordinate patch on Sy, generated along l from coordinate patch U on
S.. Under Assumption 4.8, if € > 0 is sufficiently small, there exists a constant C'
depending on the size of the initial data such that

{PA (PHTH < C(A),
on coordinate patch Dy of Divo. Moreover, since

gAB — _pApE _ pBpA
we also obtain that

o], oas| < C(A.),

c(Ae,) < deto < C(A.,).
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Thus, for any vector v* on S,,, we have that the norms
/ (045 vB)P/2, and / (01?2 + (v?)?)P/2,
Suﬂ; Su,v

are equivalent. Finally, one also has

sup |Area(S,,,) — Area(Sy,)| < CAre.

U,V

Step 4. Integrating C* in the short direction using equation (4.4a) yields the lemma

Lemma 17 (control on the components of the frame, II). Choosing € suit-
ably, since CA =0 on £~ one has that

IC4) < CAre

on a coordinate patch of D, ..

4.4 Main estimates

In this section we discuss the construction of the main estimates to obtain the
improved existence results for the asymptotic CIVP for the conformal Einstein field
equations. The strategy of the arguments resemble that in Einstein field equations.
As many of the ideas and techniques are similar to those in chapter 3, as elsewhere,
in this section we focus our attention on the particular aspects of arising from the

use of the conformal Einstein equations.

4.4.1 Norms

The argument in this and subsequent sections relies on the use of a number of

tailor-made norms. We define the following:

(i) Norm for the initial value of the connection coefficients, given by

1 2
Ar, = sup sup max{1, » [IV'T||z(s,.): Y IV Tl LS00
Su,wCI— NLTE{u,\p,0,0,8,T,¢} i—0 i—0
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3
Z | |V’LF| |L2(Su,v) }
i=0

(ii) Norm for the initial value of the derivative of conformal factor ¥,, given by

1 2 3
Ay, = sup max{L Y |IV'ollzs,.) DIV Sallras,. YV Sl lras, . )-
=0 =0 1=0

Su,vC<77

(iii) Norm for the initial value of the Ricci curvature components, given by

1 2
Ag, = sup sup max{1, Z ||Y7iq)!|L4(su,v)7 Z ||¥7iq)HL2(Su,v)}
Su,vCI = NL ®E{P00,P01,P02,P11,P12} i=0 i=0
3
+ Z sup V'@ 1200y + sup V' @[ L2 ()
i=0 @6{@00,@01,‘?02,@11,@12} ‘1)6{@017@021@117@127@22}

(iv) Norm for the initial value of the rescaled Weyl curvature components, given
by

1 2
Ap, = sup sup max{1, Y " [[V'6l[1i(su)s Y IV Sll12(500)}
i=0 i=0

SuwCI~ NL pe{d0,01,02,03,¢4}
3

+> . swp o [Vl + swp [Vl
i—0 9€{d0,01,02,43} pE{b1,¢2,¢3,04}

(v) Norm for the components of the Ricci curvature components at later null hy-

persurfaces, given by

3
Ao =) sup IV || 2 vy + sup h&lrnees
=0

Pe{Pg0,P01,P02,P11,P12} De{Po1,P02,P11,P12,P22}
where the suprema in u and v are taken over D, .

(vi) Supremum-type norm over the L?-norm of the components of the Ricci curva-
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ture at spheres of constant u, v, given by

2

As(S) = ZSUP Hyi{q)oo, Dg1, Po2, P11, CI)lz}HLZ’(su,U)a

i=0 Y
where the supremum is taken over D!, , .

(vii) Norm for the components of the Weyl tensor at later null hypersurfaces, given

Bp=3" s (Wl sup ([Pl
i—0 #€{¢0,61,02,03} PE{p1,02,03,04}

where the suprema in u and v are taken over D, .

(viii) Supremum-type norm over the L?-norm of the components of the rescaled Weyl

curvature at spheres of constant u, v, given by,

2

A¢(S) = Z sSup ||WZ{¢07 gbla ¢2a ¢3}||L2(Su,u)7

=0

with the supremum taken over D}, and in which u will be taken sufficiently

small to apply our estimates.

4.4.2 Estimates for the connection coefficients and the deriva-

tive of conformal factor

In this subsection, we prove estimates for connection coefficients and derivatives of
the conformal factor. We assume first that the norms of curvature are bounded
and prove that the short range € can be chosen such that connection coefficients
and the derivative of conformal factor can be controlled by initial data and Ag(S).
This can be achieved by considering the transport equations. For the connection
coefficients 7 and x, we only have their long direction D equations. However, the
fact that there is no quadratic term in 7 or y themselves allows us to regard these
as linear equations for 7 and x. Then the Gronwall-type inequalities will show us

that these two connection coefficients are bounded. Accordingly, except for 7 and ¥,
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we can analyse the A-equations for the connection coefficients and the derivatives
of conformal. The small range of € does not let them drift too far from their initial
data on .#~. Consequently, we find that although >, 35 and ¥4 are all small, the

component »; has a different power of € than >3 and >, in our estimates.

Proposition 20 (control on the supremum norm of the connection coef-
ficients and the derivatives of the conformal factor). Assume that we have
a solution of the vacuum conformal Einstein field equations in Stewart’s gauge in a

region D, . with

sup ||{M7 >‘a a, 57 € P 0,7, X E17 Z27 23, Z]4)l’||L‘>°(‘quj) < AF,E )

u,v

for some positive Ar .. Assume also that

Ag(S) <00, Agp <00, Ay(S)<oo, Ay < oo,

sup HWZ'THB(SM) < oo, =23,

u,v

on the same domain. Then there exists

Ex = €*<I7 A@*? AF*? Sup HW2T’ ’LQ(S’U,,'U)7 Sup HW:ST’ |L2(Su,v)7 AE*? A¢7 A¢)7

)

such that when ¢ < e,, we have

sup |’{M7 )‘7 p,0,Q, ﬁa G}HL"O(S%”) S 3AF*7

)

sup H{T? X}HLOO(Su,v) < C<[7 Aem AFH A<1><S))>
sup ||Xe]|z(s,,.) < 3As,,

sup [[{X1, 23, Ba}|[zo(50.) < O, Ae,, Ar,, As,, As(S))e,

U,V

sup ||S||L°°(5u,v) < C(Ae*a AZ*7 A¢)51/27

U,
on Dt

U,Ve *

Proof.
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Basic bootstrap assumption. Place the following bootstrap assumptions:

sup H{:U’J )‘7 p,0,q, ﬁv 6}HLOO(&M,) < 4A1"*;

sup |[{X1, X2, X3, Ba}|[ree(s,.,) < 44y, .

Estimate for 7. First we prove that |[7||p~s,.) < C(I,A.,,Ar,, As(S)). We

make use of the D-direction equation of 7, (3b),
Dr=(e—€+p)T+ 0T+ 7Tp+ 7m0+ Zp1 + Por. (4.8)

The above equation crucially contains no 72 terms. Making use of the Sobolev

inequality in the Proposition 7, we obtain that

H¢iHL°°(Su,v) < A¢(8) < o0, 1= Oa 172737

P r|[Lo(s..,) < As(S) < oo,

where @y = {®gg, Po1, o2, P11, P12}. Then the inequalities in Proposition 4 show
that

el oy < 117l (s,0 + / D7 e,
S AF* + C(AF*7 Ae*v A‘P(S))UO + C(Iv AZ*’ Ae*v A¢(S))5

+C(A) [ Iirleis, e’
0
Now, choosing ¢ sufficiently small, it follows from Grénwall’s inequality that

17l zoe(800) < O Acys Ar,; Aa(S)).

Estimate for y In order to estimate x, we use the D-direction equation (4.7) for .

A similar analysis as before yields

HXHLOO(Su,v) S C(Iv Ae*a AFH A@(S>)
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Estimates for u, A\, o, § and e. To estimate the coefficients px and A, we consider

equations (3g) and (30):

Ap = —p = A — P,
AN = —2u)\ — Sy,

Making use of the inequalities in Proposition 4 for the short direction, we obtain
that

Il < illimis + O) [ 18l

< Ar. 4 O(A . Ar)e + C(AL) / Dol (s, e
0

From the Sobolev and Holder inequalities, we further find that

/ [|@o2]| o0 (s, ,)du < C(A., / Z IV ®as | p2s,, )

0

2

=y [ [wenr)
u A 1/2 u 1/2
S C(Ae*)/ /|¥7’®22|2du' (/ 1du'>
C

Ae*)€1/2||¥7iq)22HL2(N7§(O,u))-

Hence we obtain that
11l 2(8,0) € Ar, + CAc,, Ar, e + Ce2Ay.

For the connection coefficient A, a similar computation yields

[[Allzee(s,,0) < Ar, + C(A,, Ar, )e + C(Ae*)/ [Edal L= (s, ) du',
0

< Ar, + C(A.,, Ar,)e + C*2A,.

With the same method, we can estimate «, 8 and e by using their short direction
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structure equations (3k), (3d) and (3a):

Aa = —pa — A\G — AT — Z¢3,
Ap = —S\Oé—ﬂﬁ—ﬂi—‘bma

Ae = —am — frm —at — BT — 7T — 2 — Py,

The details are omitted.

Estimates for p and o. In this case, the relevant A-transport equations are the

structure equations (3i) and (3r):

Ap =0T — pip — Ao — at + 31 — 77 — Zdpo,
Ao =01 — A\p — o+ ar — 1 — 72 — Dgy.

In order to estimate 47 and 67, we make use of the Sobolev inequalities in Corollary 2

and partial integration on S, , to obtain

3
197l 80y < CAL) DIV Tl 12500
i=1
< CAL) (17l 22500y + V2Tl 22(500) + VT 22(500)) -
Then the Holder inequality
17112280y < 17l (50,0 Areal(S) /2
and the assumptions

u,v u,v

show us that ||V 7||r~(s,.) is bounded. So we can estimate the ||V 7|1~ (s,.) term

in the short direction using equations (3i) and (3r) for o and p, respectively.

Estimate for s. Before estimating the derivatives of the conformal factor, we

first analyse the Friedrich scalar s. Making use of the conformal Einstein field
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equations (6b),
AS = —Elq)gg — 22(1)11 + 23(:[)21 + 24@12

and the initial value s| .- = 0, we readily have that

||5HL°<>(Su,U) < C<Ae*)/ ||22‘I)11 — Xy P1o — Xz Doy + E1‘1)22’|L°<>($u,’v)d7«/7
0

< C(A.,, As,, Ap(S))e + C(A.,, Asx,, Ag)e'/?.
Estimate for ¥,. Making use of the conformal Einstein field equation (5e)
AXy = —Eyy,
we have that
122][ Lo (s,,) < A, + C(A,) /Ou ||IE®as||1oe(s,, AU’ < Ax, + C(A,,, Ax,, Ag)e™?.

Thus, we can choose ¢, sufficiently small such that |[3;|[z(s, ,) remains close to its

initial value.

Estimate for ¥;. Next, equation (5d)
AZl = —247' - 237_' + s — Eq)ll

and the initial value | ,- = 0, gives that

[21] o0 (80.0) < C(Ae*)/ | = Bu7 — 837 + 5 — Z@ui|1o~(s,, ) du
0

S C([a Aem AF*7 AE*7 A@(S))c‘: + C(Ae*> AEH A(})gi’)/?
+ C(I, Ae*, AF*, AE*, A@(S))Ez.

Estimates for >; and X4. Equation (5f)

Azg = —227' — E@lg
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readily gives that

sl < C(AL) / 87 + SB[ ps,,
0

< O Ac,, Ar,, Ax,, Ap(8))e + C(Ac,, Ax,, Ag(8))e”.

The method is the same for X,.

Concluding the argument. From the estimates for the NP connection coefficients

and X 44 constructed above it follows that one can choose
Ex = 8*(17 Ae*a AFH sup HW27-| |L2(Su,v)7 sup ”WST’ ‘LQ(Su,vﬁ AE*a Adﬂ Aq;, A(i)a A@(‘S))?
sufficiently small so that

sup ||{/JJ7 >‘7 Q, 67 € P, O-}HLOO(SHH,) < 3AF*;

u,v

sup |||z (s,..) < 3Ax,,

u,v

Sup H{Zl? 237 E4}HLOO(S’U,,’U) S C(I7 AG*? AF*? AZ*? A(I)(S))E

)

Accordingly, we have improved our initial bootstrap assumption. O

Now we use the similar method to analyse the L* estimate of the connection

coefficients and the derivative of conformal factor.

Proposition 21 (control on the L*-norm of the connection coefficients
and the derivatives of the conformal factor). With the same assumptions in

Proposition 20, and additionally assuming that

sup ||W{:u’ )‘7 «, 57 € p,0, 217 227 237 E4}| |L4($u,v) S AF,E;

u,v

in the truncated diamond D}, , we find that there exists

U,Ve !

Ex = 5*(17 Aem AF*’ sup ||¥727—| |L2(Su,v)’ sSup ||¥737'| |L2(8u,v)7 AZ*’ A¢7 Aq’? A(b(S)’ A<1>(S))v

u,v u,v
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such that when ¢ < ¢, we have we have

sup [[V{7, xHlzi(s..) < C(, Ae,; Ar,, Aa(S)),

)

sup ||W{/L7 )‘7 p,0,q, ﬁa 6}HL“(SHJ,) < 3AF*7

u,v

sup ||V s |p1¢s,..) < 3As,,

)

sup HW{ED 23’ E4}HL4(8u,v) < C<Ia Ae*a AF*7 AE*7 A<I><S))€

)

on D!

U,Ve

Proof.
Basic bootstrap assumption. We make bootstrap assumptions

sup ||V (i, A, p, 0, 0, B, €)|| pags,,) < 4Ar,

u,v

sup ||[V{31, X2, X3, Ba}||p4¢s,.) < 4Ax,.

U,

Estimates for Y7. First, we estimate the L*(S,,) norm of V7. Apply the 4-

derivative to the D-direction equation of 7 and the commutator of directional co-

variant derivatives we obtain

DOT = (p+ p+ 26 — 26)6T + 06T + 00T + 6(e — €+ p)T + 700 + po7
+ 77'(5,0 + oom + e + Fg + Eggbl + E.(S(bl + E¢1P —+ (5@01 + (I)(HF.

In order to estimate the terms in |[[['VT||z4(s, ), We use the Hélder inequality and

split it as

TV |Lt(s00) < T 2o 00 V]| L1510 -

Now, Proposition 20 shows that terms of the form ||T'||zs, . are, in fact, bounded.

Making use of the Sobolev inequality in Proposition 6 and the long direction in-

equality in Proposition 5, we find that

167/ 4800y + 1107 La(S0)
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< C([107]lpas,0) + H5T|\L4(Su,o)+/o 1Do7 |14, ) + [1DOT [ 14cs, .y dV)
S C([, Ae*, AF*, A@(S)) + C(I, Ae*, AF*, AE*, qu(S), A¢(8))E

+ C(Ar,) /0” (1671245, ) + 11071 |22s, ) ) AV
Thus Gronwall’s inequality gives
07| L3¢50y + 1107 Lo(s,0) < O, Acy, Ar,, As(S)) + C(1, Ac,, Ar,, As,, A (S), Ap(S))e.
Accordingly, for a small range €, we obtain that
V7500 < CU, Aey, Ary; Aa(S)).
Estimates for Yx. A direct computation shows that
Déx = (p— 2€)0x + abx + T0T — x8(e + €) + Ts(ha + B2) + Z0(p + o) + 611,

where I' represents a combination of the connection coefficients whose particular
form is not required. A similar equation can be obtained for Déy. Using the same
method as for the coefficient 7, we obtain that |[Vx||14(s,.) < C(I, A.,, Ar,, Ag(S)).

Estimates for Y{u, A, p,0,a,(,¢}. Applying the operator A to equations (3g)
and (30) we find that

Adp = (1 —a — B)(p? + AN) — 3 — Ao — AN — AN — 6oy,

Now, a direct computation applying Proposition 3 shows that we can find an ¢, such

that when ¢ < ¢,, we have

[V {1, A} L4(s,.0) < 3Ar,.

We can estimate da,, 05 and de by using the same method. Since we are using the
assumption sup,,, |[V*7||r2(s,.,) < 0o in the truncated causal diamond, the Sobolev

inequalities of Corollary 2 show that |[W*7||,4s,.) is finite. Proceeding in a similar
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way we can estimate do and dp by applying ¢ to equations (3i) and (3r).
Estimate for YX,. Applying § to the short direction equation (5e) for 35 and

using the commutators we find that

AdZQ = —E(Sq)gg — qu)gg -+ E@QQ(T — 7_1') + Eq)glj\ -+ E(I)lglu,
+ o (TA 4+ Tp) — B3(AX + %) — 254\ i

Similar arguments to the ones used for the connection coefficients show that
||¥722||L4(su,v) S QAZ* _'_ C(IJ Ae*? AF*? AE*>€ + C(I7 AG*’ AF»U AE*7 AcI)(‘S))g2 + 0<82)'

Accordingly, the ¢, can be chosen sufficiently small to ensure that |[VX;|[z4(s, ) is

no more than 3Ay, .

Estimate for YY;. Making use of the equation for A§¥;:

A(521 = —Elq)lg — 22@01 + 24(1)02 + 5(7_1' — T) + E(I)11<T — 77') + 247'(7' — 77')
+ Z37_—(7_ - 77') — ,u521 — 7_'523 — 7'524 — Eéq)ll — 24(57’ — 23(57_' — /_\521,

it follows from the bootstrap assumption, that
IVZ1lza(s..) < O A, Ar,, As,, As(S))e + o(e).
Estimate for Y33 ,. A direct computation yields the equation
A6Yg = —Y3P1p + ZP1o(7 — 7) + ToT (T — T) — 70Xy — XpdT — pdSs — Z0P19 — A6Xs.
accordingly, one can readily find that
IV EslLaes,.) < CU, Ae,, Ar,, As,, Ag(S))e + o(e).

A similar result holds for |[VX4||z4(s). It follows from the previous discussion that

when ¢ is suitably small, we can improve the bootstrap assumption.
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Concluding the argument. From the analysis above, it follows we can choose
ev = &L, A, Ar,, sup V27| 125,00 SUP VO] | 250005 Ay Ags A, Ag(S), Aa(S)),
sufficiently small so that

sup HW{MJ )‘7 p,0,Q, 67 6}||L4(Su,v) S 3AF*7

U

sup ||V 2a|p1cs,..) < 3As,,

sup HW{Eh 237 24}‘ ‘L4(Su,v) S C([7 A€*7 AF*? AZ*? A‘P(S))g

)

The above estimates improve the bootstrap assumption. O

The discussion of this section is concluded with L?-estimates for the connection

coefficients and the derivative of conformal factor.

Proposition 22 (control on the L*-norm of the connection coefficients
and the derivatives of the conformal factor). Assume that we have a solution

of the vacuum conformal Einstein field equations in Stewart’s gauge in a region D}

with o
suu})) [[{m, A, By €, p, 0,7, X, B, Ba, B3, Ba [ 1o (s0.0) < Ars,
sup V{1, A, o, Bye, p, 0,31, 50, B3, Bat|p4s..) < Ars,
sup V{1, A, v, By €, p, 0,7, 51, 50, 85, Ba bl 12(s,.) < Arys,

for some positive Ary,. Assume also

sup |[V°7]|12(s,..) < 00, Ap(S) < 0, Agp < 00, Ay(S) < o0, Ay < 00

U,

on the same domain. We have that there exists

Ex = 8*(17 Ae*v A[‘*, AE* sup |’Y73T| |L2(8u71,)7 A(i)a Afb? A¢(8)7 ACP('S))v
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such that when ¢ < e,, we have that

sup IV {7 xHlz2s..) < O Ac,, Ar,, Ag(S)),

S;Ll})) V{1, A, B, €, p, oH|r2s..) < 3Ar,,

sup IV?5a|4(s,.) < 3Ax,,

sup V{51, 23, Da 145, < O A,y Ar,, As,, Ag(S) e

Proof.

Basic bootstrap assumption. We make following bootstrap assumptions:

sup HW2{M7 >\7 P, 0, Q, B7 6}HLQ(SHJJ) S 4AF*;
sup |[V2{21, X2, 83, Ba}H | 12s,.) < 4As,.
Estimates for |[Y*7||12s,,) and |V?x||12(s..)- Applying the operator ¢ to the

equation for D7 and using the commutators, one obtains following the D-direction

equation of §%7:

D&*7 = T6*1 + D67 + 1067 + D667 + T} + 16T
+ 0T10T ) + T30T + 62®gy + ['16Pg1 + P01 + Py I3
+ 08301 + 2830¢1 + Ed¢1 + Epi 1% + ET106¢1 + E10Ty + Z6°¢ + Sz [y,

where [' contains a combination of the coefficients p, o, ¢, I'; contains a combination
of 7,a, B,0,€, p. A similar computation renders equations for Dé7, D6d7. Terms of

the form 6I'10I'; can be handled using the Holder inequality
10101 || 2¢s, ) < 1611 [La(s, o 1011 Lags, )

where Proposition 21 shows that the bound is finite. The analysis for the term d>3¢;

is the same. More precisely, one has that

108301 ([22(5,0.0) < [102s]| L2 (sl @1]]29(50.0)
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< C(AN0Z3] 14500y (10111 22(500) T 1V 1| 22(500)) -

Similar arguments can be employed in the rest of the terms for the equation for D§?7

so that with the long direction inequality in Proposition 3 we obtain

1670 < OO A0 (IPrlzns, + [ 108, ).
0
< O(Iv Ae*a AF*’ A‘I‘(S» + O<]a Ae*a AF*? AE*? A‘P(S)? A¢(S))€

(LA Ar) / V27123, v
0

Similar estimates can be obtained for 6°7, 667 and 667. To estimate ||67]|z2(s, ) We

can make use of the fact that the area of S, , is bounded so that
H5T| ‘LQ(‘Su,'U) S C(Ae*7 AF*) ‘ |67—‘ |L4(8u,v)7

hence, Proposition 21 shows us that this is also finite. From inequality (32) of

Paper I we get

V7 225,y < CU, Ac,, Ar,, Ap(S)) + C(1, Ac,, Ar,, Ar,, Ap(S), Ag(S) )e

O B0, 8r) [ I77llogs, e
0
so that using Gronwall’s inequality we conclude that
V27l r2(s.) < O Ac,, Ar,, Aa(8)) + O Ac,, Ar,, Ag(S) Je.

Hence, one finds that |[¥?7||12(s, ) is bounded by a constant C(I, A, , Ar,, As(S)).

Using the same analysis, we can conclude that |[¥?x]||12(s, ) is bounded.

u,v

Estimates for the the remaining spin connection coefficients. Estimates for
the remaining connection coefficients can be obtained by the same methods as in
Proposition 21 namely, first we compute equations for A§?T" and AdST", and make

use of the short direction inequality in Proposition 3 to find that

||W2{:u’ )‘7 «, 67 €0, p}| |L2(3u,1,) S 3AF*
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for sufficiently small ¢.

Estimates for Y2X,. A direct calculation shows that

A§*Yg = T8°5 + 010, + [20%, + 267y + EPgpdl
+ Bopd Y3 + Y36Poy + EN6Pgy + T3Pool’ + EDop 2.

The other short direction equation for the remaining second order spherical deriva-

tives of Yy have the same structure. From these equations we obtain that
||W2E2||L2(su,v) S QAE* + C(I, Ae*, Ar*, AE*, A@(S))éf + 0(8).

The term o(e) arises from the presence of §'Z, i = 0,1, 2.

Estimates for Y2, and Y?%; 4. Again, a direct computation yields the equation

A6?Y =T6°51 + T6%Y + ST6T 4 086 + L6°T + I8 + 268 + 'S0,
+ 220 + sI'% + 56T 4 OO + R6P + ZEL6D + ZOT + 25,

where I" contains 7, ¥ contains Y5, and ¥’ does not contain ¥;, while ® does not

contain ®99. Making use of the same arguments as for s, we obtain that
||W221‘|L2($u,v) S C(I7 A€*7 AF*? AE*? A(I)(S))g + 0(8)
Similar arguments give

V255l 2s.,.) < O, A, Ar,, As,, Aa(S))e + 0ofe).

Concluding the argument. From the analysis in the previous paragraphs it

follows that we can choose
g, = &(I, A, Ar,, sup VP71 2280000 Dss Dy Aa, Ag(S), Aa(S)),
sufficiently small so that
sup V{1, A, p, 0, B, €} |lz(s,..) < 3Ar.,
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sup | [V?Ss || 12(s,..) < 3As,

U,

sup |’¥72{217 237 E4}‘|L2(Su,u) < C<[7 Aem AF*J AE*J A‘I’(‘g))g

U,

The above estimates improve the bootstrap assumptions. O

4.4.3 First estimates for the curvature

Building on the LP-estimates for the connection coefficients and the derivative of the
conformal factor obtained in the previous section, we now show that the norms Ag(S)
and Ay4(S) are bounded by the initial data. This is achieved in the next two propo-

sitions.

Proposition 23 (basic control of the Ricci curvature). Assume that we are
given a solution to the vacuum CEFFEs in Stewart’s gauge satisfying the assumptions

of Proposition 22. Then there exists

Ex = 8*([,Ae*, AF*, AE*; Aq>*, A@, A¢,sup HW?,THLQ(Su,v))

)

such that for e < e,, we have
A@(S) < 3Aq>*.

on D},
Proof.

Bootstrap assumption. We make the following bootstrap assumption:

sup ||V {®oo, Po1, oz, P11, Pro}||r2(s,0) < 40a,, i =0,...,2.

u,v

L?-norm of the components {®, g1, Poo, P11, P1o}. We focus on the L*(S)
norm of {®gg, o1, Poz, P11, P12}. We will use the short direction equations (7a)-(7e)

to estimate these components. We take ®;; as an example. The relevant equation
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is in this case given by

Ay = 6Py + 28Dy — ADyy — 2P 4 pPoy — TPo — TPy + Yopy — Yas.
(4.9)

It follows then that
||<I>11||L2(su,v) <2 (||¢11HL2(30,U) + C(A.,, AF*)/ ||A®11||L2(Su,’v)du/> )
0
<2A4, + CO(A,,, AF*)/ (||5‘1>21||L2(3u,,v) + 0P|l 125, ) + |[Z2dollr2s,, )
0

+ ||25(I)21 + 5\(1)20 + 2#@11 + 7’@21 + 77_(I>21||L2($ ,

u’,v

)+ 11240 |L2(8u/,u)) du’.

Using the Holder inequality, the first three terms can be transformed to a norm on

the light cone. More precisely, one has

. . 1/2 " 1/2 w N 1)2
[t = [ ([ o) “ace ([ f o) ()
0 0 S 0 JSu, 0

< 51/2H5q>21HL2(N4(0,u)) < Agel/?.

u! v

Similarly, one has that

u’ v

1Pl g < Can A [ Sl o < OB, 80
The (large) fourth term can be estimated as follows:

[ irllge, 0 < [Py 19l < CUL AL Ar, B e
For the last term we have that

/H&%M%WWMS/H&WM%MMMMWﬂM
0 0

< 05||¢3||L2(N4(o,u))€1/2 < O(I A, Ar,, As,, Ay)e*>.
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Hence, we find that

11|25, < 200, + C(A.,, As,, Ar,, Ag, Ay)e'/? + O(I, A, Ar,, Mg, )e
+C(I,A,,, Ar,, As,, Ay)*?.

Accordingly, ¢, can be chosen sufficiently small so that ||®11]]12(s, ,) is less than 3As,,

and similarly for the remaining terms. Consequently, we have improved the boot-

u,v)
strap assumption and finished Step 1, that is, we have

sup ||(Poo, Po1, Poz, P11, P12)||22(s,.) < 3As, .

Estimates for |[Y{®oo, Po1, Poz, P11, Pr2}||12(s,..)- We now focus on the L*(Su.0)-
norm of the first derivative of the Ricci curvature. We take ¥®;; as an example.

Using the results of Proposition 3 we readily have

. 1/2
V@l < 2 | V@0l + C(An. Ar,) / ( / on@n,xwmg) a |
0 S

S 2Aq>* + C(Ae*’ AF*)/ (/
0 Su/7

while the short direction equation for 0®4; is given by

u! v

1/2
|W©11|(|A5¢11| + |A5CI)11|)> du’,

v

AP = 07Dy + Logo(T — T) + 2020 + Lobehs + Lys(T — T) — 3054 + X4d3
+ ®oop(7 — T) + pdPay + Podp + T2 + T0P + BT

Here the letter ® is used to denote {®og, Poy, P11}. The first term on the right hand

side of the previous equation, §2®,;, can be controlled by

. 1/2 . 1/4 1/4
/ ( / IW<I>11HY72<I>21\> Q' < / ( / rwur?) ( / w%m\?) dul
0 Sulw 0 Sul v Sy

u’ v

1/2 1/2
< Sup VP11, 7@l a0y 2™

< CO(As,, A¢)€3/4-
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In the case of the terms
Zgég(ﬁ' — T) —+ &2(522 + 22(5(52 + (I)gzﬁ(ﬁ' — ’7') + ﬁ(5®22 -+ @225ﬁ,

the use of the estimates of the curvature of the light cone (rather than on the sphere)

gives a contribution with the same power of . Furthermore, the terms
Sags(T — 7), and 34063

contribute with a power %4 since ||24||r(s, ,) is controlled by ¢ in Proposition 20.
For the term ¢30%, we have that

[(L

1/2 1/2 1/2
< C(Ac) sup|[F Pl o Vs, Z 1973l ot 0

S C(Ia Ae*a AF*7 AE*7 A*I’H A¢)E5/4'

1/2
n 1/2 1/2 1/2
|>z7<1>11||¢3>z724|> du’ < sup [V u |13 brs IVl s, / 163l /s, ydu!

U

Here we have used the Sobolev inequality and Proposition 20. Next, the term ®I'

gives us

[ (L

1/2
iw111/2
|>z7<1>n||q>p2|> < 37C(A) sup I (s, IV}, VD12, e

u,v
v =0

(Iv Ae*a AF*7 A‘i’*)‘gg/Zl'

Terms ['d® and PO give a similar contribution. Putting everything together we
find that

HW@]-]- ’ ’Lz(su,v) S 2Aq>* + C([7 AG*? AF*’ A@*)€3/4 + C(I7 AS*? AF*? AE*? A®*7 A¢>€5/47

so that it is possible to choose a suitably small €, to improve the bootstrap assump-
tion.

Estimates for |[Y2{®q, Po1, Po2, P11, P12} 12(s..,)- We present the analysis of V2P1;
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as an example. The relevant short direction equation is

AS* D = 3Dy + 6T + T6%® + §POT + PTOL + 5P
+ O + 306 + ¢6°% + 6860 + X0¢p + ¢pI6% + Lol

Then, making use of the short direction Gronwall-type estimate one obtains

. 1/2
V2 @1l 2(s,.,) < 2 | IV ®Pullzes,.) + C(A,, AF*)/ (/ A <Y72<1>11,772‘I)11>0> du’
0 /

<20y, + C(A. Ar) / ( /
0 /

u’,v

1/2
V2@ | (JAT:| + |AT2|)> du/,

where
Tl = 58(1)11 + (B - Oé)gcbll, T2 = 5(5(1311 + (OK — 6)6q>11

Since ® contains only the components {®;1, Py, Doy, Pao}, we can analyse terms
which contain ® in a similar way. Namely, we make use of the Holder inequality
to separate the product terms, and then we make use of the Sobolev embedding
theorem. When we encounter the terms Y'®,y and YV3®,;, we can make use of
the estimate on the light cone. Finally, a quick inspection of the remaining terms
reveals that only those related to 35 contribute to the integration. For example, the

term X9d¢ gives
u 1/2
1/2 1/2 1/2
/ (/ W%nmwr) < [T IR Rl ISl s, PO,

1/2 1/2 1/2
< sup V2@ [t s, 1Sl 12 s, ) IVt 0.0 2™

< C(AE*7 A'@H A¢)€3/4'

Similarly, the Holder and the Sobolev inequalities allow us to analyse other terms
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which also controlled by e. Putting everything together one finds that

sup |[V*{®oo, Po1, Poz, P11, P12} 12(5..) < 36, -

u,v

Concluding the argument. From the estimates obtained in the previous para-

graphs one concludes that

sup |V {Poo, Po1, Poz, P11, P12 }||r2(s,.) < 36, , i1=0,...,2.

u,v
Hence, we have improved the starting bootstrap assumption. O

Using a similar method, we can obtain the following result:

Proposition 24. Assume that we are given a solution to the vacuum CEFEs in

Stewart’s gauge satisfying the same assumptions of Proposition 22. Then there exists

8* = 8‘)((]7 AE*’ AF*? AZ*? Aq)*? Aq)? A¢7 Sup ||W37—||L2(8u,1)))

such that for e < e,, we have
A¢(8) < 3A¢*.

In order to estimate the curvature, we need L*(S,,)-estimates of the connection
coefficients and the derivatives of the conformal factor up to third order. These
estimates can be obtained, except for p and o, by a method similar to the one used
in the previous proof. For these coefficients, instead of considering their n-direction
equations, we make use of their long direction equations and the Codazzi equation

to obtain the required estimates.

Proposition 25 (further control on the L*-norm of the connection coeffi-
cients). Assume again that we have a solution of the vacuum CEFFEs in Stewart’s

gauge in a regqion qu,v. with

sup ||{/’l’7 Aa «, 67 € 0,0,T, X, 217 227 237 E4}||L°°(Su,v) < 00,

sup HW{/"LJ )\7 &, /87 € p,0, 217 227 237 24}”[/4(3%1]) < 00,
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sup ||Y72{,LL, )‘7 «, ﬁa €p,0,T, 217 227 237 24}”[/2(8“,,]) S 0,

)

Ag(S) < 0, Ay < 00, Ay(S) < o0, Ay < 00
for some positive Arx, and furthermore that
sSup HWB{,UH )\7 «, ﬁ? €T, 217 227 237 24}”[/2(5”’& < 00

onD. .. Then there exists e, = e,(I, A.,, Ar,, Ax,, A, , Ag, Ay) such that for e <

£+, we have

sup ||Y73{,U, /\7 a, 67 E}||L2(Su,v) S BAF*v
Sup ||W3{p’0-}||L2(Su,v) S C(I7 Ae*,AF*,Aé*,AQ),
Sup ||W3{T’ X}||L2(8u,v) S C(I7 Ae*7 AF*? Aq)*? Aq)))

sup |[V° 2ol |z2(s,..) < 3As,,

u,v

sup ||W3{217 E37 E4}||L2(Su,u) < C(Iu Ae*v AF*7 A2*7 A@*)g‘

u,v

Proof.
Bootstrap assumption. We make the following bootstrap assumption to start

the proof:

sup HW?’{Ma )‘7 «, ﬁa 6}HLQ(&M,) < 4AF”
sup |[¥V°7||r2(s,.0) < Ar,

sup |[W2 {21, 32, B3, Ba}H|r2s,.0) < 44As,,

u,v

where A, is a constant whose value will be fixed later.

Estimates for p and 0. We first estimate p and o using the long direction equa-
tions (3m) and (3f) as we want to avoid the higher derivatives on sphere in the short
direction equations. From the full expression of [|[V?pl|;2(s,.) (see Appendix C in

Paper 1), we will analyse four typical terms namely, §%p, £62p, 6&5p and £20p. For
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the term §2p, we have

D&p =T° + T3 4+ T'(6T)* + I?6°T + ST6*T + pd° (e + €)
+ (46 — 26+ 5p)8°p + 06°G + 56°0 + 00%6p + > Pyp.

The term 6T'5%T can be estimated as

[6T0%T | r2(800) < IV La(sua) V2Tl La(S0)
< C(A)VT 23500 (V2T r2(800) + VT 22(500)) »

where I' contains €, p and . Then, making use of the norm of ®y, on the long light

cone, we find that

v v 1/2 v 1/2
/ 15 ®ooll (s, 0" < < / / |(53<I>00\2dv’> ( / 1dv’> < OV ool 1200 00
0 0 Js,. 0

Hence, the long direction of inequality in Proposition 3 yields

18Pl 1265.) < O A e B Ba) + OB [ (19, 0+ 7901, )
0

For the term wd?p, we readily find that

@8 pl|z2(s,.) < Il (s V2Pllza(s,) < ClA).

Similar estimates can be found for dwdp and w?dp. Hence, we conclude that

IV°plli2(s,.) < CUL Ay, Ary, Aa,, Ag) + C(LAF*)/ (HW?’PHLQ(SW) + W?'UHLQ(SH,U,)) dv’.
0

From here, using Gronwall’s inequality one finds that

I¥V°pll12s,.) < CUL Ac,, Ar,, Ao, Ag) + C(I, AF*)/O V70l 2, o dv'-
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Similarly, one can have the estimate for o

IV°0ll12(5,.) < CU, A,y Ar,, Aa,, As) + C(I,Ar*)/ V%0l s, dv"
0
Combine these two inequality above one have

7705+ 190l < CUL A Ar A )
st an) [ (19, 0+ 7o, o) o
0

Then the Gronwall’s inequality gives us
||y730-| |L2(Su,v) + ||¥73p‘ |L2($u,v) S C(‘[7 AB*? AF*? A@*, A‘I))
Finally we obtain

||y73p| |L2(Su,v) S O(Iu Ae*a AF*? Aq)*a A@)?
||W30-| |L2(Su,v) S 0(17 Ae*’ AF*? Aq)*? A‘I))

Estimates for 7 and y. The A-equation for ¥37 can be obtained from the structure

equation (3b) and the commutator relationship. More precisely, one has that

D&*r = 5%(E¢y) + 6° @y + T'8°Ty + T0%7 + 6%,
+ 0T8T + I26°T + 6T + I'(4T)?,

where I'y contains €, a, 8, p and . Then, using the bootstrap assumption and the

definition of Ay, we obtain

||¥73T| |L2(Su,v) S 0(17 Ae,u AF*a A‘:I)*? A‘:I)) + C<]7 Ae*a AE*, AF” A‘I)*v A¢)8

+C<I, AF*)/ ||¥73T||L2(3u’v,)dvl,
0
so that using Gronwall’s inequality we conclude that

V37| 2(50.0) < C(L, Ac,, Ar,, Ag,, Ag) + C(A.,, As,, Ar,, Ag,, Ay)e.
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We can then choose the constant A, larger than the right side above so as to improve

the bootstrap assumption. The estimate of x is similar:
HWSX‘ ‘LQ(Su,'U) < C([, Ae*7 AF*, Acp*, Aq;) + C(Ae*, AE*> AI‘*, Acp*, A¢)€.

Estimates for the the remaining spin connection coefficients. To obtain the

estimates for

HWS{N’? )‘7 a, ﬁ? €}|‘L2(Su,v)7

we make use of their short direction equations. Since the proof are similar, we only
show the details of € as a representative example. In this case the relevant equation

is
Ad*e = =63 (Zpy + @1a) + T0°Ty + I'6%e + 66T + I'20°T + 36T + I'(67)* + I'°,

where I'; does not contain e. We can then make use of the short inequality in

Proposition 3 and obtain that
V2| r2(50.0) < 2Ar, + C(I, A, Ar,, As,, Ag)e®* + o(e*/).
Choosing the integral range sufficiently small we conclude that

| ’Wsel |L2($u,v) S 3AF* °

The estimates of ||V?{u, A, o, B} |r2(s

u,v)

are are similar. Hence, we have improved

the bootstrap assumption for the connection coefficients.

Estimates for Y?3,. The short direction equation for 6*°%, can be analysed by the

same method. Starting from

A3y = T368, + TOX00T + 2625, + 61628, + 6550°T + '5°%,
+ ) SNESPTE By,

i1+...+i4=3

where I contains 7 and it is observed that the terms in the summation will contribute
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higher order of € in the integration. Then applying Proposition 23 we find that
V%ol |r2(s,0) < 285, + C(1, A, Ar,, As,, Ag, )¢ + 0(e),

where the term o(e) arises from the summation.

Estimates for Y?%;. In this case one has that the A-equation for A§*3; is of the

form

ASPS| = S80I + BTV, + VSV + S0V + V25,

+ 8T 4 sTOT + 58T+ Y §"E6T6"Q,
11+...+14=3

here the first line on the right hand side contains the leading order contribution,

and ® does not contain ®95. From this equation one readily obtains that
||¥7321||L2(8u,v) S C(‘[7 AB*’ AF*’ AZ*’ Aq)*)g + 0(5)

Estimates for Y3%;,. In this case the term contributing to the leading order of

the estimate of |[¥?Xs|[12(s, . is

A3 = SoT* + TV S, + SV + 5o (VD)2 + [2V25, + Sol' V2T + S,¥°T + T3S,
+ ) SNESRTRS,

i14...+i4=3

again here the first line of the right hand side offers the leading contribution, and

gives
V5] |25, < C(, A, Ar,, As,, Ag, )e + 0(€).
Concluding the argument. From the analysis above, it follows that we can choose

Ex = 5*(]7 Ae*u AF*a Az*a A(i),u A‘I’*) A(ba A@),
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sufficiently small so that

sup Hyg{ﬂv )‘7 Q, 57 6}||LQ(Su,U) S 3A1’**,

)

Sup HW'?’{p’ O’}HLQ(Su,U) S C(I7 AG*? AF*? Aq)*? A‘b))

U,

Sup HWS{T7 X}HLQ(SU,,U) S O([7 Ae*7 AF*? A(I)*, A(I)),

)

sup |[V2Ss || 12(s,..) < 3As,

sup |’¥73{217 Z3a E4}| |L2(Su,v) S C(I7 Ae*a Ar*a AZ*a ACP*)Ea

u,v

on D! O

U,Ve *

4.4.4 The energy estimates for the curvature

In this subsection, we show how to obtain the main energy estimates for the com-

ponents of the Ricci and rescaled Weyl curvature.

4.4.4.1 Analysis of the rescaled Weyl tensor

We begin by introducing some integral identities which follow from using integration
by parts in the conformal equations satisfied by the components of the rescaled Weyl
tensor, equations (8a)-(8h). The proof of these results follows the same arguments
used for the components of the Weyl tensor in Paper I as the (vacuum) Bianchi
identities have an identical structure to that of the equations for the rescaled Weyl

tensor and are thus omitted.

Proposition 26 (control of the angular derivatives of the components of
the rescaled Weyl tensor). Suppose that we are given a solution to the CEFEs
in Stewart’s gauge and that D, is contained in the existence area. The following L*

estimates for the components of the rescaled Weyl curvature hold. First,

12 1412
3 P /WM)@ 1651

i=0,1,2 Y Nu(0,0) j=1,2,3

<Y [ ere Y /N A /| ouor,

i=0,1,2 Y No(0,0) j=1,2,3
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then

12 -1 2
3 /N LS / oy @

i=0,1,2 j=1.2,3
<Y [ owaps X [ Qe
i:%:,lz No(0,v) j:zl,;g NG (0,u)
+ [ IWonler?+ 1wl + o)
Du,v
next
DN BTN Sl R ST
i=0,1,2 Y Nu(0.0) j=1,2,37/ Ny (0u)
< / V2o + / Q72,2
i:O;Q No(0,v) j;ﬁ N§(0,u) ’
+ /D V26| (DIV26] + GV + [Wl[VT| + T2W6| + oTIWT| + T%6),
and finally
S [ oWl X [ owter
i=0,1,2 Y Nu(0,0) j=1,2,3 7 N (0u)
< / Voo + / Q¥
i:();z No(0,v) j;g) N (0,u) !

+ /D V20u|(TIV?0] + oIV T| + [WTIW2¢| + [Vl [V>T| + I?[V?¢| + To|W°T|
+DVI|[Wel + gIWI[* + PWo| + oIV + '),
where I' stands for arbitrary connection coefficients from the collection {u, \, o, B, €, p, o, T}.

To summarise, the previous results can be given a more general formulation:

Proposition 27. Suppose that we are given a solution to the CEFFEs in Stewart’s

gauge and that D, , is contained in the existence area. Then we have that

m 4|2 —1lyym g |2 m o2
S fmels S [ euprers S [ e

i=0,1,2 j=1,2,3 i=0,1,2 Y/ No(0,v)
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e\ P m 12 ||y7is iq
DO R N AT VR Gl bt

=123 i1+igtizt+is=m
where ¢ contains ¢i, k= 0,....4, ¢g contains ¢y, k=10, ..., 3.
In addition, we have the following proposition:

Proposition 28 (control of the angular derivatives of the “bad” compo-
nents of the rescaled Weyl tensor). Suppose that we are given a solution to
the CEFFEs in Stewart’s gauge and that D, is contained in the existence area. Then

we have that

m 2 —1|)gyym 2 m 2 —1rem 9
L B T AT e A
S L ACTID S sl SRR

i1+i2+i3+ia=m

n /D LD S A 4%

i1+i2+i3+ig=m
4 / Yoo S WETEYET|W A,
Duyw i1+iatigt+ig=m

where ¢ contains ¢z and ¢y, ¢y contains ¢ and ¢s.

4.4.4.2 Analysis of the Ricci curvature

In order to estimate the L?-norms of the components of the Ricci tensor we need in-
equalities analogous to the ones used for the rescaled Weyl tensor. In order to obtain
these, we first we need to regroup the conformal equations for the Ricci tensor shown
in Appendix 6.2. More precisely, we pair the components ®y; and ®;; by analysing
equations (7b) and (7h); pair the components ®y2 and ®15 by analysing (7¢) and (7g)+(71);
pair the components ®;; and ®i5 by analysing (7d) and (7g); pair the compo-
nents ®g; and $gy by analysing (7b)+(71) and (7h). Making use of this strategy one

obtains the following:

Proposition 29. Suppose that we are given a solution to the CEFEs in Stewart’s
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gauge and that D, ,, is contained in the existence area. Then we have that

B[ + / Q,? < / B, + / Q'
Z Z N (0u) ’ Z No(0,v) Z N{(0,u) !

P, Py, N“(O’U) ‘1>]'€<I>S P, e®y, ‘I’jE‘I’s

+ / Oyl D + / Oy Yo,
D D

u,v u,v

where @, == {Pgo, o1, Po2, P11}, Ps = {Po1, Poz, P11, P12}, P = {Poo, Por, Loz, P11, P2, Poo}
and Py = {@00, Dqy, Poo, P11, q)12}-

Proof. For simplicity, we demonstrate the argument with the conformal equations (7a)

and (7j) written in the form

Adyy = 61+ TD + N,
D®y; = 6Bpy + D + Do,

Integrating by parts we have that

/ |(I)00|2+/ Qg ? S/ |‘I’00|2+/ Q1 ®gy|?
Nu(0,0) N7 (0,u) No(0,v) N (0,u)

+/ (¢00,¢’01)F¢’+/ (oo, Po1)X0.
Duﬂ; Du,v

A similar argument applies to the pairs ®g; and @11, o and P15, P17 and P9, D¢y

and ®g,. Putting everything together we obtain the required result. O]

Now, applying the angular derivatives to the conformal equations we obtain the

following statement:

Proposition 30. Suppose that we are given a solution to the CEFEs in Stewart’s

gauge and that D, , is contained in the existence area. Then we have first that

yer+ Y [ qrpep
Z //\fu((),v) Z N7 (0,u) ’

o, Py, ‘PjE‘I)S
<> [ owepe X [ Qe
P, edp, NO(O’U) CI’]‘ECDS Né(o’u)
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+ /D Y@/ (BT2 + T|V®| + BVT) + / V| (ST + SI7E] + SV 6).

Dy
and also,
Z/ V20| + Z/ Q Y2,
D;edp, u(0,v) b,cds N} (0,u)

< V20, |2 + / QY d,?
Z /No(o,v) Z NG (0,) !

D, edy, ‘1>]'€<I>S

+ /D V20u|(TIV2Q| + @[Y°T| + W [|VT] + T*[Y®| + STV + )

w,v

+ /D V:@p| (S + TRV E| + TRV | + ZIVT| + [Vo|[VE| + oV*S] + Z[V?9)),

and finally,

3 /N FRATEDY / Q VD,

PPy, ‘1>]'€<I>5 N;(O,u)

3 |2 “11w73q |2
< Z/NO(O’U)IW@! s /N Qv

PP, @;e0g Y No(Ou)

+ /D V2| (DY ®| + [V°T| + [VT|[V2®| 4 [V ®||V°T| + I*|V>®| + T®VT|
+ TVT|[V | + @[V |* + I*|W| + I?YVL| + D)
+ /D V2P u|(ZIV0| + oIV ] + (V20| [VE| + V22| Vo] + ET|V2¢| + Lo |V°T)|

+ ¢U|V2S| + TIVE[[V el + SIWg|[VT| + ¢V S|[YT
+ ¢l |WE| + TV ¢| + ST [WT| + S¢l™).

As before, we can summarise the previous estimates in the following more concise

statement:

Proposition 31 (control of the higher angular derivatives of the compo-
nents of the Ricci tensor). Suppose that we are given a solution to the CEFEs

in Stewart’s gauge and that D,,, is contained in the existence area. Then we have
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that

prafe 3 [ Qripra
Z /j\fu(O,v) Z N7 (0,u) ’

D, ed), <I>j€<1>5

=Dl BT S el 2,
5(0u

0,e0,, No(0.0) bjedg

+/D Vel Y (WUTEVEDVHR] + [P S V),

i1+ia+ig3+ig=m

where m =0, 1, 2, 3.

Using equations (7e) and (7f) we can obtain a similar control over the compo-

nents @15 and $95. More precisely, one has that:

Proposition 32 (control of the higher angular derivatives of the “bad”
components of the Ricci tensor). Suppose that we are given a solution to the

CEFEs in Stewart’s gauge and that D, , is contained in the existence area. Then
we have that

[owreape [ Qwreak< [
Ny (0,v) N7 (0u)

No(0,v)

T /D LTSI S SN GO 2

11 +i2+i3+ig=m

AR N

Ng(0u)

T /D b SIS S8 o] ST T

11+i2+i3+ig=m

T /D LTSI S Sl SN

11+i2+i3+ia=m

i /p (V" a7 [V D[V 6] + (W7 Poa| [V T2 [V S [WH 0y )

w,v

where I'" does not contain T and x, ® does not contain Poy, P’ does not contains Poy

and ®gy, ¢ contains ¢3 and ¢y, ¢y contains P and ¢s.

Making use of the previous estimates for the Ricci tensor, we can show their
boundedness in the truncated diamonds:
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Proposition 33 (control of the components of the Ricci tensor in terms
of the initial data). Suppose we are given a solution to the vacuum CEFE’s in

Stewart’s gauge arising from data for the CIVP satisfying
AG*? AF*? AE*? A(I)* A¢* < OO7
with the solution itself satisfying

sup ||{M7 Av a, 6a €0,0,T, X, Zi}||L°°(‘S'u,u) <00, sup ||W{,ua )‘7 «, 67 € 0,0, Ei}”L‘l(Su,v) < 00,

U, U,V

sup ||Y72{M, )‘7 «, Bv €pP,0,T, ZZ}| |L2($uﬂv) < 00, sup ||Y73{Iu7 )‘7 «, 57 €T, Ei}”Lz(Sum) < 00,

)

A¢(8)<OO, Ag < 00, A¢(S)<OO, A¢<OO7

on some truncated causal diamond D?f,v.' Then there exists e, = e4(I, Ae,, Ar,, As,, Ng,, Ay)

such that for e, < e we have
Acp < C(I, Ae*,AF*,Aq)*).

Proof. We need to control the integration in D, , in Propositions 31 and 32. Firstly,

we focus on Proposition 31. We need control

/DW’”‘PH! Y (IWTRWETY @] + (W TV S|V ),

i1+ig+iz+ig=m

where @y = {Dgg, Py, Po2, P11, P12}. We can separate [V ®y| and the summation

using the Holder inequality. In turn, the term |V ®g| can be controlled as follows:

u v 1/2
IV ® 41| | 2Dy ) = ( / / / IW’"@HIQ) < CAge'?.
0 0 S

We observe that as ® contains @9, we can only control it on N/. Accordingly, we
have that

||¥7m(1)| |L2(Du,v) S CA(I)

Next, we need to analyse the L?-norm of the summation. Observing that the first
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term of the summation has a structure similar to that of the Weyl tensor ¥ in

vacuum Einstein case, we readily obtain that this term is controlled by
C(I,A.,, Ar,, Ag,, Ag)e/?.
The second term in the summation can be shown to be less than

SZNELEID R4 w40 > (2 PR

11+i2+i3+ia=m

Every time we encounter the components ¢y to ¢3 and their derivatives, we can
control them through the L?-norm on the long light cone N,. Moreover, by analogy
to ®qo, we control ¢4 and its derivatives on the short light cone N. Hence following

the same procedure we can obtain that this norm is less than
C(I, A, Ar,, As,, As,, Ay, Ag)e*?.

In the next step, we consider the terms on the right hand side of the estimate in

Proposition 32. The terms

/D FET SN S A T BT 2T

i1+i2+iz+ig=m

can be controlled in the same manner as it was done in Proposition 31 and are

bounded by
C(I,A.., Ar,, Ag,, Ag)e/?.

Next, the terms

/D F AT S S A0 ST N ST

11 +i2+i3+ig=m

can also be controlled because it does not contains the term (®42)%. Moreover, the
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terms

> [ g

i1+ig+i3+ia=m

can be controlled by
C(Ia Ae*a AF*7 AE*7 A‘I)*7 A(ba A¢)€3/2'

In the case of the term

/ N S S AT A AT
Du,v

i1+i2+iz+ig=m

we readily found that it is bounded by

C(I,A.,, Ar,, Ag,) / IV Paa |2 w000 D IV Pl 22 (v 0,0))
0

=0

<O A Br8s) [ 30 17 Pl
i=0
Similarly, we also have that

> [ wreavireyieyte

i1+i2+i3+ig=m

< SO A e A B ) [l g
0

Putting together the above estimates in the inequality of Proposition 32 we have
that

3
> Vi ®os| 72y < CAg, + C(1, A, Ar,, As,, Ag)e'/?
=0

+C(I, A, Ar,, As,, A, Ay, Ag)e¥? + (C(1, A, Ar,, Ag,)

+ O([a Aem AF*’ AE*’ A’P*’ A¢)53/2) / Z ||¥7iq)22||%2(/\/4(0,u))'
0 =0
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Thus, applying the Gronwall’s inequality, we obtain that
Aq) S C([7 AE*J AF,U A‘P*) + C(I7 A6*7 AF,U AE,U A(I),u A‘D>€1/2 + 0<€1/2>‘

Finally, taking € small enough we prove the proposition.
m

The final ingredient in our analysis is the following proposition whose proof is

analogous to that of Proposition 17 in Paper I:

Proposition 34 (control of the components of the Rescaled Weyl tensor
in terms of the initial data). With the same assumptions in proposition 38 on
some truncated causal diamond D! .. Then there exists e, = e,(I, A.,, Ar,, As,, A, , Ay,)

such that for e, < e we have

A¢' S C<[7 Ae*’ AF*? Aq)*? A¢*)

4.5 Concluding the argument

The estimates obtained in the previous sections can be used in a last slice argument
to obtain our main result. The proof is completely analogous to that given in Section

7 in Paper I and is thus omitted.

Theorem 6. Given smooth initial data on &~ UN] for 0 < v < I as constructed
i Lemma 20, there exists € such that an unique smooth solution to the vacuum
conformal Einstein field equations exists in the region where ) < v < I and0 <u <¢
under the coordinate system and € can be chosen to depend only on A, , Ar,, As,,
Ag, and Ay, . Moreover, in this area,

*

1 2 3
sup sup max{» [[V'T||z(s.) > IV Tllras,n: VT2, .}
0 i=0 i=0

u,v FG{X7N7>\7P707Q7577—76}

1 2 3
+supmax{ ) [V Zal[roe(s,00: O IV Ealliss,)s YV Sall2(s,0}
u,v i=0 =0 1=0

+ Aq) + Ad) S C(Ia Ae*aAF*>AE*7A<I>*7A¢*)
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and

1 2 3
supmax{ Y _|IV'S1sall=(s..)s 3 IV S1sallras,n: D IV Sisallzas,.) b
u,v i=0 i=0 =0

< C(I, Ae*a AF*? AZ*? ACP*)E'
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Chapter 5

The conformal Einstein field
equations and the local extension

of future null infinity

In this chapter we make use of an optimal existence result for the characteristic
initial value problem for the conformal Einstein equations to show that given initial
data on two null hypersurfaces N, and N such that the conformal factor (but not
its gradient) vanishes on a section of N, one recovers a portion of null infinity.
The problem. In this chapter we study the question of the local extendibility
of null infinity. To this end, initial data is prescribed on two future oriented null
hypersurfaces intersecting a 2-dimensonal surface with the topology of the 2-sphere
S2. These null hypersurfaces are assumed to intersect future null infinity, .# *. The
question to be adressed is through this initial value problem is whether it is possible
to recover a portion of future null infinity lying in the causal future of the initial
hypersurfaces. Observe that in the future null infinity version of the asymptotic
characteristic initial value problem analysed in Chapter 4, the solution constructed
is located in the causal past of the initial hypersurfaces —see Figure 5.1. The
question of the local extendibility of null infinity through a chracteristic initial value
problem has been studied by Li & Zhu in [1] directly through the Einstein field
equations. In this approach, in order to encode the asymptotic behaviour of the

various field at infinity it is necessary to make use of weighted functional spaces and
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norms. Moreover, it is necessary to consider the existence of solutions to the field
equations of a domain with an infinite extent. Accordingly, this study requires a
delicate and lengthy analysis. By contrast, in this chapter we make use of what we
believe is the natural setting to address the local extendibility of null infinity: the
use of a conformal representation of the spacetime and the conformal Einstein field

equations —see e.g. [35].

Conformal methods. The use of conformal methods in the study of the local
extendibility of (future) null infinity allows to transform question of existence of
solutions to hyperbolic evolution equations on an infinite domain into the study of
solutions on a finite region. Moroever, the asymptotic decay of the various fields
fields is conveniently encoded through regularity of the fields. Accordingly, it is
possible to work with standard (unweighted) functional spaces and norms. Luk’s
strategy to analyse the characteristic initial value problem allows to ensure the
existence of solutions on causal diamonds having a long and a short direction —see
Figure 5.1. Existence on the long direction is ensured as long as one has control on
the initial data. On the other hand, the extent of the short direction is restricted
by the potential appearance of singularities in finite time due to the presence of
Riccati-type equations in the evolution system. In the present problem the conformal
framework provides a natural causal diamond with one of its sides lying on one of
the null initial hypersurfaces, N,, and a short side covering a portion of null infinity.
Although from the point of view of the conformal representation this domain has
a finite size, in the physical spacetime it actually represents an infinite domain
contained between two parallel null hypersurfaces. The main result of this chapter
is that it is possible to ensure the existence of solutions to the conformal Einstein
field equations on the causal diamond with sides on N, and .#+. Thus, it is possible

to recover a portion of null infinity to the future of N, —i.e. we have extended .# .

The hyperboloidal initial value problem. Historically, the first resolution of
the local extendibility of null infinity has been given by Friedrich’s in his analysis
of the hyperboloidal initial value problem for the conformal Einstein field equations
—see [3,39], also [4,35]. In this case, initial data is prescribed on a spatial hyper-
surface ‘H, which becomes asymptotically null near the conformal boundary. Due

to the formal regularity of the conformal Einstein field equations at the conformal
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Figure 5.1: Comparison between the asymptotic characteristic problem (a) and the
standard characteristic problem (b) for the conformal Einstein field equations. In
the future null infinity version of the asymptotic characteristic initial value problem
initial data is prescribed on future null infinity and on an outgoing lightcone N,.
The optimal existence result allows to recover a narrow causal diamond along null
infinity. The length of this rectangle is limited by the portion of .#* on which one
has cntrol of the initial data. Observe that region of existence of solutions lies in
the causal past of the null hypersurfaces and that the existence of, at least a portion
of null infinity is a priori assumed. In the characteristic problem considered in this
article the initial data is prescribed on two standard null hypersurfaces N, and N/
with at least one of them (N,) intersecting the conformal boundary. The improved
existence result allows then to recover a narrow rectangle whose long side lies on N,
and the short one gives a portion of future null infinity. Observe that the region of
existence is on the causal future of the initial hypersurfaces and that, a prior: only
the existence of a cut of null infinity is assumed.

boundary, the standard local existence theory for symmetric hyperbolic systems al-
lows to recover a slab of spacetime in the causal future of H, which covers a portion
of null infinity —see Figure 5.2. A particular drawback of this approach, in constrast
with the characteristic initial value problem, is the increased complexity in solving
the constraint equations on H, and obtaining conditions ensuring peeling (see be-
low) —see [40-42]. In view of the later and the historical and practical relevance
of the characteristic initial value problem we believe it is of interest to discuss the

extendibility of null infinity form this alternative point of view.

Peeling. The problem here considered is closely related to one of the central issues
on the study of the asymptotics of the gravitational field: peeling. As part of the
formulation of the characteristic initial value problem here considered it is necessary

to prescribe the value of one of the components of the Weyl tensor (¢g) on one of
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Figure 5.2:

the null hypersurfaces. This component is usually loosely interpreted as describing
some sort of incoming radiation —see [43]. For simplicity, in the present analysis it
is assumed that the component ¢g is smooth at null infinity. It follows that on the
portion of future null infinity recovered by the optimal local existence result for the
characteristic initial value problem the Weyl tensor satisfies the peeling behaviour.
If a finite regularity is assumed below a certain threshold, then the assumptions of

the peeling theorem are no longer satisfied.

Differences with the asymptotic characteristic problem. The characteristic
initial value problem considered in this article differs from the one in Chapter 4
in that in the former reference one of the initial hypersurfaces coincides with the
conformal boundary. This leads to a number of simplifications in the gauge and
equations. In the present case, both initial null hypersurfaces lie in the physical
spacetime —except for their intersections with null infinity. Thus, one has to deal
with a somewhat more general set up. Nevertheless, a careful inspection of the
analysis of Chapter 4 shows that all the main assertions and estimates hold in the
present situation. Roughly speaking these estimates control the size of the L?-norm
of the fields appearing in the conformal Einstein field equations in terms of the
size of the initial data. Thus, if the data is finite, so will also the solutions to the
conformal Einstein field equations. The existence of solutions on the causal diamond
containing a portion of null infinity then follows from a last slice argument in which
the basic existence domain arising from the use of Rendall’s reduction strategy [22]

is progressively extended.
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S* = Su*,v*

Figure 5.3: Geometric setup for the analysis of the local extension of future null
infinity. The construction makes use of a double null foliation of the domain of
dependence of the initial hypersurface N7UN,. The null hypersurface N, terminates
at the conformal boundary where = = 0. Our construction allows us to recover a
portion of length € on #*. The coordinates and null NP tetrad are adapted to this
geometric setting. The analysis is focused on the thing grey rectangular domain
along N,. The conformal Einstein field equation allows to treat this problem on an
infinite domain in terms of a problem in unphysical space on a finite domain.

5.1 The geometry of the problem

In this section we discuss the geometric setting of the local extension of future null
infinity. This is very similar to the one used in Chapter Revisiting the characteristic
initial value problem for the vacuum Einstein field equations and 4 and makes use
of a gauge which we will call Stewart’s gauge. The reader is refered to [44,45] for

further details and discussion —see also [19,33].
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5.1.1 Basic geometric setting

In our basic setting, the unphysical manifold M has a boundary and two edges.
The boundary consists of three null hypersurfaces: the outgoing null hypersurface
N,; the incoming null hypersurface A/ with non-vacuum intersection S, = N, NN/;
future null infinity .#* intersecting with N, at the corner S.. For concreteness, we
will assume that S,, S’ ~ S?. See Figure 5.3 for further details.

One can introduce coordinates x = (z*) in a neighbourhood U of Z, with 2° = v

and z! = u such that, at least in a neighbourhood of S, one can write
Ne={peUlulp)=0}, N, ={pelU|v(p)=0}

Given suitable data on (N, NN]) NU we are interested in making statements about

the existence and uniqueness of solutions to the CEFE on some open set
VC{pel|ulp)>0v(p) >0}

which we identify with a subset of the future domain of dependence, D™ (N, UN) of
N.UN!. Moreover, we want to show that the existence region can be extended along
N, to reach the conformal conformal boundary —this improved existence domain

corresponds to the grey rectangle in Figure 5.3.

5.1.2 Stewart’s Gauge

Following the discussion of Chapter 3 and 4, in the following we assume that the
future of S, can be foliated by a family of null hypersurfaces: N,, (the outgoing null
hypersurfaces) and N (the ingoing null hypersurfaces). The scalars u and v satisfy

g'(du, du) = g*(dv, dv) = 0.

In particular, we assume that Ny = N, and M = N]. Following standard usage,
we call u an retarded time and v a advanced time and use these two scalar fields u
and v as coordinates in a neighbourhood of S,. To complete the coordinate system,
consider arbitrary coordinates (z) on D,, with the index “ taking the values 2, 3.

These coordinates are then propagated into N, by requiring them to be constant
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along the generators of A,. Once coordinates have been defined on N,, one can
propagate them into V by requiring them to be constant along the generators of
each NV!. In this manner one obtains a coordinate system (z#) = (u, v, z) in V.
Moreover, we define S, , = N, NN/ ~ S%. Our analysis will be mostly carried out

in causal diamonds of the form
Du’,v’ = {O <v < vla 0 <u< ul} = Uogvgv’,ogugu’su,v-

By means of the time function ¢ = v + v one can readily define the truncated causal
diamond

Dt/ P = Du’,v/ ﬂ {t S E}

u v

The above coordinate construction is complemented by a Newman-Penrose (NP)
null tetrad {l, n, m, m} with the vectors [ and n tangent to the generators of the
null hypersurfaces N, and N/ respectively. Following the same discussion of Chapter

3 and 4 we make

Gauge choice 1 (Stewart’s choice of the components of the frame). On

V we consider a NP frame of the form
l=08,+C"94, n=Q09, m=P"'9,,

where C4 = 0 on N, m and m span the tangent space of S,.,. On N! one has
that n = Q8,. As the coordinates () are constant along the generators of N, and
N, it follows that on N the coefficient Q is only a function of u. Thus, without

loss of generality one can reparametrise u so as to set Q =1 on N.

Direct inspection of the NP commutators applied to the coordinates (u, v, %)

leads to the following:

Lemma 18 (conditions on the connection coefficients). The NP frame of

the Gauge Choice 1 can be chosen such that

k=v=7vy=0, (5.1a)
p=0p, KL=, (5.1b)
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T=a+f (5.1c)
onV and, furthermore, with
e—e=0 on VNNMN,.

Remark 25. Additional commutator relations can be used to obtain equations for
the frame coefficients @, P#4 and C* —see equations (4.4a)-(4.4f) in Chapter 4.

In addition to the coordinate and frame gauge freedom we also need to fix the
conformal gauge freedom. This is done in the following lemma whose proof follows

the same scheme as Lemma 11 in Chapter 4:

Lemma 19 (conformal gauge conditions for characteristic problem). Let
(M,g) denote a vacuum asymptotically simple spacetime and let (M, g, =) with
g = Z2g a conformal extension. Given the NP frame of the Gauge Choice 1, the

conformal factor = can be chosen so that
R[g] = R(x), in a neighourhood V of S, on J(S,)

where R(x) is an arbitrary function of the coordinates. Moreover, one has the addi-

tional gauge conditions

Yo=1 p=p=0 on S,
(I)QQ =0 on N*/,,
CI)OO =0 on N*.

5.2 The formulation of the characteristic initial

value problem

This section provides a brief discussion of the basic set up and local existence theory
of the characteristic initial value problem for the conformal Einstein field equations
with data on the null hypersurfaces N, and N/ using Rendall’s reduction strategy

[22] —see also Section 12.5 of [35]. The analysis is completely analogous to the one
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carried out in Chapter 3 in which the initial value problem for the vacuum Einstein
field equations was considered —note, by contrast, the conceptual difference with

Chapter 4 in which an asymptotic characteristic problem was considered.

5.2.1 Specifiable free data

In order to obtain a solution in the domain J*(S,), we need to provide initial data
for the evolution equations on N, UN. In particular, we need to know the value
of the derivatives of conformal factor {¥;, ¥a, 33, ¥4}, the components of frame
{C4, PA,Q}, the spin connection coefficients {e, 7, B, u, a, \, 7, o, p}, the
rescaled Weyl tensor {¢g, ¢1, ¢2,d3, ¢4} and the Ricci tensor { @y, Po1, P11, oo,
®15, Poo} on the initial hypersurfaces. However, as a consequence of the constraints
implied by the CEFE, this data cannot be freely specified. As in the case of the
discussion in Chapter 3 and 4, The hierarchical structure of the CEFE allows to
identify the basic reduced initial data set r, from which the full initial data on
N, UN! for the conformal Einstein field equations can be computed. The following

lemma shows us the freely specifiable data for our characteristic problem.

Lemma 20 (freely specifiable data for the characteristic problem). Assume
that the Gauge Choice 1 and the gauge conditions implied by Lemmas 1 and 19 are
satisfied in a neighbourhood V of S.. Initial data for the conformal Einstein field

equations on N, UN! can be computed from the reduced data set r, consisting of:

¢0> Ey on *
¢4 on N::?
)‘7 ¢2+$27 ®207 ¢3a PA) on S*-

The proof of this result is completely analogous to that of Lemma 20 in Chapter
4—see also 2 in Chapter 3.

In the problem under consideration we require that A, has a finite range v €
[0,v7] and extends to the conformal boundary #* —i.e. future null infinity. This

idea can be encoded in the following requirements on =:

>0 on N,/s*
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(11

0 on  Spyt-

In addition, it is also necessary to ensure that one remains on .# " if we move away

from & ,+ along the direction given by m. This is ensured by the following Lemma.

Lemma 21 (Conditions for = on conformal boundary .#7). Under the same

assumptions in Lemma 20, and with a conformal factor satisfying

[1]
I
o

on  Sout,

we have
—_ — 2
==0, d=Z#0, on N,i.

Proof. From the definition of 3, and the conformal equation (2.9a) it follows that

in our gauge one has

AE == 22,
AEQ — —E(I)QQ,

along NV, . Combining these equations we find that

so that Z = 0 is a solution such that Z|g,, . The theory of ordinary differential

equation shows that this is the unique solution. O

5.2.2 The reduced conformal field equations
In Chapter 4 it has been discussed how the CEFE expressed in Stewart’s gauge

imply a symmetric hyperbolic evolution system. More precisely, letting

S = (5,5, T, Ts, Tu, 8),

e =(CA P4 Q)

I'=(e, m B, u, a, \, 7, 0, p),
@' = (G0, b1, ¢2, ¢3, 1),
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&' = (Bgg, Doy, P11, Po2, P1a, Pon),

it can be shown that
D" (z,u)0,u = B(z,u)u (5.2)

with
u = (et7 Et, th’ @15’ ¢t>t

is a symmetric hyperbolic system with respect to the direction given by
T =1"+n"

In particular, D*(z, w) are Hermitian matrices and B(x,u) is smooth matrix-valued
functions of their arguments whose explicit form will not be required in the subse-
quent discussion in this section. We call the evolution system (5.2) the reduced

conformal Einstein field equations.

Remark 26. The propagation of the constraint equations implied by the CEFE on
the initial hypersurface N, UN! can be addressed along the same lines of the analysis
in Section 12.5 of [35]. It follows from the latter that a solution of the reduced
conformal field equations on a neighbourhood V of S, on J*(S,) that coincides with
initial data on N/ U N, satisfying the conformal equations is, in fact, a solution to

the conformal Einstein field equations on V.

Rendall’s approach to the existence and uniqueness of solutions of CIVP can be
obtained via an auxiliary Cauchy initial value problem on a spacelike hypersurface
S, denoted by {p € R x R x §* | v(p) + u(p) = 0}. The formulation of this
problem crucially depends on Whitney’s extension theorem which requires being
able to evaluate all derivatives (interior and transverse) of initial data on N/ U N,.
A key property of the NP equations in Stewart’s gauge is that any arbitrary formal
derivatives of the unknown functions {X, e, ', ®, ¢} on N]UN, can be computed
from the prescribed initial data r, for the reduced conformal field equations on
N! UN,. This observation allows to make use of Whitney’s extension theorem.
More details can be found in Chapter 3 and Chapter 4.

Combining the previous analysis and applying the theory of CIVP for the sym-

metric hyperbolic systems of Section 12.5 of [35], one obtains the following existence
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result:

Theorem 7 (existence and uniqueness to the standard asymptotic char-
acteristic problem). Given an smooth reduced initial data set v, on N U N,
there exists a unique smooth solutionto the CEFFE in a neighbourhood V of Z, on
J1(S) which implies the prescribed initial data on NUN,. Moreover, this solution
to the conformal Einstein field equations implied, in turn, a solution to the vacuum

Finstein field equations in a neighbourhood of null infinity.

5.3 Basic set up for the improved existence result

As already discussed, in this article we address the question of the local extendibility
of null infinity by means of an improved existence result for the CIVP for the CEFE.

In this section we briefly review the basic technical tools for this construction.

5.3.1 Norms

In the following we make use the same conventions for the norms of functions as in
Chapter 4 —see Section 4.3.

5.3.2 Estimates for the frame and the conformal factor

The first step in the analysis of the improved existence result is to obtain control
on the coefficients of the frame and the conformal factor. The asymptotic char-
acteristic initial value problem considered in Chapter 4 leads to some non-generic
simplifications which do not arise when one of the initial null hypersurfaces is not

the conformal boundary. Nevertheless, the basic analysis follows through.

In the following we make use of

Aoz, = max{ sup (0 1Q7!LICA] [PA)) sup())

9/ Vo *

to measure the size of the initial data of frame and the conformal factor. In addition,
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for convenience we define the scalar

x = Alog Q,

which, being a derivative of a component of the frame, is at the same level of the
connection coefficients. A direct computation using the definition of y = Alog @
and the NP Ricci identities yields

Dy = Uy + WUy + 207 + 287 + 247 + 287 + 277 — (e + €)X (5.3)

In view of the gauge choice @ = 1 on N/ it follows that y = 0 on N/. We also define

w

B—a

corresponding to the only independent component of the connection on the spheres S,, ,.

In order to start the analysis we make the following:

Assumption 5 (assumption to control the coefficients of the frame and
conformal factor). Assume that we have a solution to the vacuum CEFEs in

Stewart’s gauge satisfying,

||{/'L’ /\7 «, 57 T, X, ZQ}”LO"(S%U) S AF7

on a truncated causal diamond D} where Ar is some constant.

U,Ve !

This assumption is initially guaranteed on a sufficiently small diamond. With
the above assumption and the definition of x, ¥ and making use of the equations
for the frame coefficients implied by the NP commutators we obtain the following

basic estimates for metric and conformal factor:

Lemma 22 (control on the metric and conformal factor). Given sufficiently

small € > 0 there exist constants Cy, Cy and Cy depending A, =, and Ar such that

on D!

U, Ve

S

1Q, QML (500 [P (P 7Y < Cr(A, ),
|C4) < Co(Ae, 2., Ar)e,
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=l oo (500) < Cs(Ae, 2.)-
Moreover one has
048], Joasl < C(Aez),  clAe,) < [deta] < C(A, z.),
and finally

sup |Area(S, ) — Area(Sp,)| < C(A

u,v

)Apg.

SRR

5.4 Main analysis

In this section we present the main analysis of this article leading, ultimately, to
an improved existence result for the characteristic initial value problem for the con-
formal Einstein equations. The strategy followed is very similar to that in Chapter
4. In view of this, most of the proofs of the various lemmas and propositions are
omitted and we focus our attention at the points where there may be differences in

the analysis of Chapter 4.

5.4.1 Norms and statement of the main result

As in Chapter 4, we make use of a number of tailor-made norms to control the
various assumptions and conclusions of the bootstrap argument underpinning our

analysis.

(i) Norm for the initial value of the connection coefficients, given by

1 2
Ar, =  sup sup  max{L, Y [IV'Tlz(s,, Y IV Tll2s(s.)s
i=0 i=0

Su,w CNG N Te{p,\p,0,0,8,T,€}

3
> ¥ Tllzas,.0 )
1=0
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(ii) Norm for the initial value of the derivative of conformal factor ¥,, given by

1 2 3
Ay, = sup Sup4max{1azHVEJHLOO(SH,U),ZHVE]'HM(SH,U),Z||77’Zj||L2(su,v)}-
=0 1=0 1=0

Su,wCNK j=1,...,

(iii) Norm for the initial value of the components of the Ricci curvature given by

1 2
Agp, = sup sup max{1, Z ||Y7i‘1)||L4(8u,v)a Z ||Wi®||L2(Su,U)}
Su,vCN*,Ni <I>€{¢)00,¢’01,‘1302,‘I>11,q>12} i=0 i=0
3
+y sup V|| 2w + sup IV ®|| L2 -
i=0 de{Pp0,P01,P02,P11,P12} De{D01,P02,P11,P12,P22}

(iv) Norm for the initial value of the components of the rescaled Weyl curvature ,

given by

1 2
Ay, =  sup sup max{1, > [|V'0|lz(s..): > IV 0ll12(5..)}
=0 =0

Su,vCN*vN; ¢6{¢0,¢17¢27¢37¢4}
3

+Y 0 sup [Vl + sup [Vl
i—0 9€{¢0,61,02,63} dE{P1,b2,03,04}

(v) Norm for the components of the Ricci curvature components at later null hy-

persurfaces, given by

Ag

3
> sup V@[l z2(n) + sup V@[ 2(7t),
i—0 2€{200,201,L02,P11,P12} @e{®o1,P02,P11,P12,P22}

where the suprema in u and v are taken over D!, .

(vi) Supremum-type norm over the L2-norm of the components of the Ricci curva-

ture at spheres of constant u, v, given by

2
Ag(S) = Z sup ||V { ®oo, Po1, Poz, P11, P12}l 22(s,.0),

i=0 “Y
where the supremum is taken over D!, , .
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(vii) Norm for the components of the Weyl tensor at later null hypersurfaces, given
by

3

Ap=) s Vel + s [Vl
i—0 9€1d0,01,02,43} d€{91,02,03,04}

where the suprema in u and v are taken over D!, .

(viii) Supremum-type norm over the L2-norm of the components of the rescaled Weyl

curvature at spheres of constant u, v, given by,

2
A¢(8) = Z sup ||¥71{¢07 qblv ¢2a ¢3}||L2(8u,v)7

- U,
=0

with the supremum taken over D}, and in which u will be taken sufficiently

small to apply our estimates.

The main result of this article can be expressed, in terms of the above norms,

as:

Theorem 8 (local extension of null infinity). Given reqular initial data for the
conformal Einstein field equations on Ny UN! such that Z|,—,, for some v, € [0, 00),
there exists € > 0 such that an unique smooth solution to the vacuum conformal

Einstein field equations exists in the region
D={0<u<e 0<v<v,}

and such that €, can be chosen to depend only on A., =, Ar,, As,, As, and Ay, .
The set defined by the condition v = v, can be identified with a portion of future null
infinity Z+. Furthermore, on D one has that

1 2 3
sup sup max{) _|[V'Tllz=(s). > IV Tllzasys Y VT |2}
0 =0 =0

u,v Fe{“’Ayp)Uya75)Tz€7X}

1 2 3
+sup sup 4{2 IV Sillzoegsys DIV Sillzacsys DNV Eilleaes)} + Ao + Ay
1=0 =0 1=0

u,v j=1,...,

S C(IJ Ae*,E*7 AF*? AE*? A(I)*, A¢*)
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The proof of the above result is based on a lengthy bootstrap argument. All the
main ingredients for it have already been developed in Chapter 3 and Chapter 4.
The main task in this chapter is to verify that the arguments follow through in the
slightly different setting of the problem of the local extension of null infinity. The

various steps in the proof are as follows:

(0) Construct L™ estimates for the components of the frame and the conformal
factor and its derivatives on the spheres S, , in terms of initial data and the
length ¢ of the short direction of integration. These bounds, in turn, allow
to control in a systematic manner the solutions of the transport equations

implied by the CEFE along null directions.

(i) Construction of L, L?* and L* estimates for the connection coefficients over
the spheres S, ,. These estimates require the assumption that the components

of the curvature are bounded.

(i) Show that the components of the curvature are bounded in the L? norm on
the spheres S, ,,. These bounds are given in terms of the initial conditions an

the value of the curvature of the light cones N, and N/.

(iii) Show that the norms of the curvature on the light cones can be bounded in

terms of the initial data.

(iv) Last slice argument. Make use of the estimates obtained in the previous steps
to show that the solution to the evolution equations exists close to N, as long

as one has control of the data on this initial hypersurface.

5.4.2 Estimates for the connection coefficients and the deriva-

tive of conformal factor

In this section we provide a discussion of the first step of our bootstrap argument and
provide estimates for connection coefficients and the derivative of conformal factor.
In order to prove these estimates it is assumed that the norms of the components
of the curvature spinors are bounded. It follows then that the short range £ can

be chosen such that connection coeflicients and the derivative of conformal factor
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can be controlled by the norm of the initial data and the norm Ag(S). The main
tool in this estimation are the transport equations satisfied by the various fields.
Most of the connection coefficients satisfy transport equations in both the D and
A directions. Only for the connection coefficients 7 and x, we only have their long
direction D equations. Crucially, however, these equations do not contain quadratic

terms and can basically be regarded as linear equations.

The first step in the argumentation to control the supemum norm of the con-
nection coefficients and the derivatives of the conformal factor —cf. Proposition
20 in Chapter 4. The assumptions in this estimate are that there exists a positive

constant Ary, D, ,, such that

sup ||{/J“7 >‘7 «, 6’ €0P,0,T, X, E17 22) 237 Z4}||L°°(Su,v) S AF,E y

u,v

in a causal diamond and that, moreover,

sup ||Y73T||L2(3w) <00, Ag(S) <oo, Ag<oo, AS) <oo, A< oo

u,v
Next, one constructs L*-estimates of the connection coefficients and the derivative
of conformal factor —cf. Proposition 21 in Chapter 4. These estimates are needed
to make use of the Gagliardo-Nirenberg inequality in dealing with the non-linearities
of the evolution equations when constructing L?-estimates. This step requires the

further assumption that
sup ||W{M? /\7 «, 57 €pP,0, 217 227 237 E4}”[/4(8%1,) S AF,E-

The last step in this process is a L2-estimate for the connection coefficients and the
derivative of conformal factor —cf. Proposition 22 in Chapter 4— which is obtained
without the need of any further assumptions.

In order to estimate the components of the curvature, we need L*-estimates
of the connection coefficients and derivatives of the conformal factor up to third
order. This can be achieved by a method similar to the one used to estimate the
undifferentiated fields —cf. Proposition 25 in Chapter 4. The analysis described in

the previous paragraphs can be summarised as follows:
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Proposition 35 ( estimates for the L, L* and L*> norms of the connec-
tion coefficients and the derivatives of the conformal factor to second

derivative). Assume
Aq;. < 00, A¢ < 00,
in the truncated diamond D, . Then there exists

8* = E*(‘[7 Ae*7E*7 AF*? AE*’ Aq>7 A¢’ Sup ||W3T| |L2(Su,v))

such that for e < e,, we have

1 2
sup sup <| U)oy + DIV T |ps(s,) + > VT |L2(su,u)>
=0 =0

u,v FG{M,A,Q,ﬁ,E,p,U,T,X}

< C([, Ae*, AFHAE*7A(I>(8)7A¢(S))7

=

1 2
Sup_sup (HEJHLw(Su,u) + D IV Sillrasan + D ||Y712j||L2(su,v)> < O(A, ., As,),
=0 =0

u,v j=1,...,

in the truncated diamond D!

U,Ve *

Armed with L2-estimates for the connection coefficients and the derivative of
conformal factor up to the second order, it is now possible to show that the norms
Ag(S) and Ay(S) are finite —see Proposition 23 in Chapter 4. More precisely, one
has that

Proposition 36 ( boundedness of the components of the curvature). As-

sume that

A < 00, Ay < 00, sup HWSTHLQ(SM) < 00

U,V

in the truncated diamond D, .. Then there eists

Ex = 6*([, Ae*’g*, AF*, AE*, Afb*; A¢>*7 Acp, A¢, sup |’Y73T||L2(Su,v))
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such that for e < e,, we have

With the results above, we gather all the estimates for connection coefficients

and derivative of conformal factor

Proposition 37 (estimates for the L*°, L* and L* norms of the connection

coefficients and the derivatives of the metric). Assume
Ag < 00, A¢ < 00,
in the truncated diamond D, . Then there exists

= 5*(I7A AF*7AE*7A¢‘*7A¢*7A¢’7A¢>

6*,5*7

such that for € < e,, we have

ap s (znwnm M>+z||wnm +Z||W||L2 )

w,v Te{p,\a,B,e}

< C(Ao. =, Ar),

SRR

Sup <H{P7U}HL°° Su) +Z||Y7 {p, o HlLi(s.n +Z||Y7 {p, o}z (SM)
(

<C Ae = 7AF*)7

* yik

(\I{T XHlzoe(8,0) +ZI|Y7 {7 xHl e a0 +Z IV {7, X} 2 sm)

O(I Ae* ) AF*? AEH Afb*a Aqﬁ*)
P(W{P,U}HLOO(SM + IV, o pasn + IV, o HI2(500))

S C([ Ae* e AF*? AE*? A‘P? A¢)

sup (W{T XH e (su0) + VT xH L1500 + IVHT XM 22s0.0))

< C(I Ae* S AF*? AE*? A¢’7 A¢)

sup sup (ZHWE || 220 (80,0 +2|IY72 | 24(Su.0) +Z||772 ||L2<Sw>
uw j=1,...,
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S C(AE*,Eaﬂ AE*)7

in the truncated diamond D, .

5.4.3 The energy estimates for the curvature

The next step in the boostrap argument leading to the optimal local existence result
is to make use of the estimates provided by Proposition 35 to obtain sharper energy
estimates for the components of the Ricci and rescaled Weyl curvature spinors. The
hierarchical structure of the CEFE allows to proceed with this estimation in a two-
step process: first one looks at the components of the Weyl tensor —cf. Propositions
26 and 28 of Chapter 4. In the second step one estmates the components of the
Ricci tensor —cf. Propositions 31 and 32. For both the rescaled Weyl tensor and
the Ricci tensor the analysis of most of the components is straightforwrad. Only
certain bad components require extra consideration —the components ¢3 and ¢4 of
the Weyl tensor and the components ®15 and ®o9 of the Ricci tensor. The final
result of this analysis is the following Proposition estimating the components of the
curvature in terms of the initial data. The key ingredient in this proposition is the

assumption that the curvature is assumed to be bounded.

Proposition 38 (control of the components of the curvature in terms
of the initial data). Suppose we are given a solution to the vacuum CEFE’s in

Stewart’s gauge arising from data for the CIVP satisfying
Ae*,5*7 AF*? AE*? ACD* A¢* < OO?
with the solution itself satisfying

sup H{/’% )\7 a, 57 €0P,0,T, X, Ei}HL‘X’(Su,v) < oo, sup HW{M? )‘7 «, ﬁa € p,0, Ei}HL‘l(Su,v) < 00,

u,v )

sup HWQ{,ua )‘7 «, 67 €& pP,0,T, Ez}‘ ‘LQ(SMYU) <00, sup HWB{,Ua >\7 «, Ba €T, Ei}HLQ(Su,U) < 00,

) )

Aq>(8)<00, A¢><OO, A¢(8)<OO, A¢<OO,

on some truncated causal diamond Div.. Then there exists €, = e.(I, A, =,, Ar,, As,, Ag,, Ay,)
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such that for e, < e we have

Ap < Ci(I, A, =,,Ar,, A, , Ag,, Ay, ),
Ay < Co(I,A Ap*,Ag*,A¢*,A¢*).

[t

5.4.4 Last slice argument

The estimates discussed in the previous subsections can be used, in turn, to show
that the solution to the conformal Einstein field equations exist on a rectangular
domain of the form

D={0<u<eg 0<v <.},

with v, such that Z|,—,, = 0. Accordingly, the set {v = v,} N D corresponds to a
portion of future null infinity .# . The strategy to show this result is similar to the
one used in Chapter 3 and Chapter 4 and is based on a last slice argument. In this
scheme one argues by contradiction and assumes that the solution does not fill the
whole domain D. Accordingly, there must exist a hypersurface (the last slice) which
bounds the domain of existence of the solution. The estimates constructed in the
previous subsections allow then to show that in this last slice the solution and its
derivatives are bounded so that it is possible to formulate a (standard) initial value
problem for the conformal Einstein field equations to show that the solution extends
beyond the last slice —thus resulting in a contradiction.

As the workings of the last slice argument have been discussed in detail in Chap-
ter 3 —see Section 3.6 of this reference— here we focus on the modifications that
need to be taken into account due to the peculiarities of the problem at hand. As
the main purpose of the present analysis is to ensure that one recovers a portion of
future null infinity, in order to ensure existence of the solution to the CEFE on the
domain D one actually needs to show existence in a slightly larger domain. This is
because the existence domains are given in terms of open sets. As the CEFE are
regular at the sets where Z = 0, one can consider an initial hypersurface N, which
extends beyond .#*. The basic initial data on N, as described in Proposition 20 can
be extended in an arbitrary, but controlled, manner beyond the intersection of null

infinity with .#+ up to, say ve + =, in such a way that it coincides with the original

10°
data for v € [0,v,] —see Figure 5.4. In particular we require that the extension is
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Figure 5.4: Extension of the initial data on N,. By causality the choice of the
extension of the data beyond .#% does not influence the solution of the causal
domain D.

such that the norms A, =,, Ar,, Ay,, Ag, and A, which have a contribution along
N, are finite. Using this extended data on N, together with the data on A and
S, one can compute the full initial data set for the conformal evolution equations.
The last slice argument as discussed in Chapter 3 and Chapter 4 can then be used

to ensure existence on
/I 1
D'={0<u<e 0<v<w,+5}DD.

As a consequence of Lemma 21, one has that the set defined by the condition v = v,
is a null hypersurface and, accordingly, our domain of existence contains a portion
of #*. Finally, observe that by causality the solution on D is independent of the
choice of extended data on {u = 0, v € (ve,ve + 15} —#* is the Cauchy horizon of
the data on {v =0, u € [0,e} U{u =0, v € [0, v.]}.
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Chapter 6

Outlook and Conclusions

6.1 Summary

Chapters 3, 4 and 5 present the main themes of this thesis—the local existence
problem of CIVP of EFE and CEFE and applications. In Chapter 3, following
Luk’s strategy, we use NP language to study the existence of CIVP for EFE under
Stewart’s gauge. Adapting the same strategy, in Chapter 4, we analyze the CIVP
of CEFE and demonstrate the local existence of solutions in a narrow rectangle
along null infinity. Based on the aforementioned result, in Chapter 5, we make use
of CEFE to show the existence of CIVP on the local extension of the future null
infinity.

6.2 Future Directions

Naturally, the first direction is the CIVP of CEFE coupled with a matter field, like
the electromagnetic field, conformally invariant scalar field and radiation perfect
fluids. These fields possess the property of a trace-free energy-momentum tensor
which leads to a simple transformation law for the equations for the matter models.
We hope to explore the equations of these matter models and find a similar hierarchy
structure to discuss the existence problem in the rectangular area. The second
direction is to use the tool of CEFE to explore the perturbation problem of the

Kerr horizon. For this purpose, we shall discuss the Killing spinor data [46] in an
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unphysical spacetime. Finally, one could try to adapt the methods of An [47] which
are also based on the characteristic problem to the CEFE to study the formation of

trapped surfaces.
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Appendix A

Field equations in NP formalism

In this appendix, we provide the NP equations for structure equations, the Bianchi
identities and the conformal Einstein equations. All the fields are defined in un-
physical spacetime M.

Given the NP frame {I% n® m®, m®}, the following is the definition the complex

spin connection coefficients and curvature with NP frame:

k= —m"Vyl,, p=-—-mmVly, 0=—-mmVply, 7=-m n"Vyl,, (la)
V= manbvbnaa n= mambvbnm A= mambvbnm ™= malbvbnaa (1b)
1 1
o= §(l“mbvbna — m*mVyimn,), B = Q(mam”vbma — n*m’Vyl,), (1c)
1 1
€= §(malbvbma —nl"Vl,), v = §(zanbvbna — m*n’Vymy,), (1d)
and
1
Uy = Copeal®mPlm?, Wy = Copeal®n®l°m?, Uy = 5Cabcdz%b(zcnd —m‘m?)  (2a)
\113 = Cabcdn“lbncmd, \114 = Cabcdn“mbncmd, <2b)
1 1 1
Do = QR{ab}lalb, Qg = iR{ab}lamb, gy = QR{ab}mamb> (20)
1 1
Oy = ZR{ab}(lanb + mamb% Oy = §R{ab}namb7 (2d)
o Riapyn®n’, A _R (2e)
22 — {ab} ; - 24’
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The structure equation

Ae—Dy=A— Dy — Vo4 €2y +7) +ve+ kv — B — a — aT — 1T — T,

Ak — D1 = -0y — V) + 3V + Kk — Tp — WO — €T + €T — pT — 0T,
Am — Dy = =Py — U3+ 3ev + €V — YT + HT — um — AT — AT — uT,
0y — AB = ®1p — ay — 287+ By + aX + fu — €7 — vo + 47 + pr,
0e — DB = -V, + ae+ e+ vk + ku — em — Bp — ao — 7o,

0k — Do = =Wy + ak + 30Kk — kT — 3€0 + €0 — po — po + KT,

v — A= Poy + AN+ vy +Ju + p? — av — 3Py — o + v,
om—Dpu=-2N-Vy+epu+eu+rv+arm—pBn—7r — pup — Ao,
6T — Ao = By — kU + A\p — 3y0 + 70 + po — ar + 1 + 72,

08 —da=—AN— &y + Uy —aa+ 20 — B8 — ep+efi — yp — pp + v + Ao,

6y — Aa = Vs — By —aF + BA+ afi — ev — vp + AT + 77,

de — Da = —®y + 20 + fe — a€é + YR + KA — em — ap — wp — 37,
6k — Dp = =gy + 3ak + Bk — kT — €p — €p — p* — 05 + RT,

Sjt — 6N = — @y + Uy — AN\ + 38\ — ap — Bu — pm + im — vp + vp,
6V — AN =Wy + 37\ — YA+ A+ Mi — 3av — fv — vm + vT,

61 — DX = —®yy + 3\ — EN+ R — an + 1 — 1 — A\p — 415,

60 —6p=—Dy + Uy — kp + ki — ap — Bp + 3a0 — fo — pr — pr,
0T —Ap =20 +Ty — kv —yp —Fp+ fip + o + aT — BT + 77

The Bianchi identities

6Wo — DUy + DOgy — 6Pgy = (da — m)Wg — 2(2p + €)¥; + 3k,

+ (7 —2a — 28)Pgo + 2(e + p)Po1 + 20P19 — 26Dy — RPo,

AWy — 60 + DPgy — 6P = (4y — p) Vo — 2(27 + B)¥; + 30Vy — AP
+2(7 — B)Po1 + 20D11 + (p + 2¢ — 26) Py — 26Dy,

OU3 — DUy + 0Dy — ADyy = (de — p)Uy — 227 + @) U3 + 3NV, + 22Dy
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— 2V(I)10 — 5'(1)22 + (2’)/ — 2’7 + ﬂ)‘pgo + 2(’7_' — Oé)q)gl, <4C)
A\Ijg — 5\1/4 + SCI)QQ — A(I)Ql = (45 — T)\I/4 — 2(2,u + 7)‘1’3 + 3V\I/2 + 2)\(1312

— 2Py — Dy + (T — 28 — 20)Pyy + 2(y + 1) Poy, (4d)
DUy — 50, + Ad®yy — 6Pg; + 2DA = AT + 2(m — ) ¥ + 3p¥, — 2xU3

— 27D + 2pP11 + 7 Pgo + (27 + 27 — 1) Poo — 2(T + @)Dy, (de)
AWy — §U3 + Doy — 0Dyy + 2AA = 0V + 2(8 — 7)W3 — 3u¥s + 20V,

+ 27 @1y — 2uP1; — APy + (P — 2€ — 28) Doy + 2(7 + B)Pay, (4f)
DUy — 0y — DBy + Doy — 20A = —k Ty + 2(p — €) U3 + 37Ty — 200,

— 21Dy + 2uD1g + EDoy + (20 — 28 — T)Pog — 2(p — €) Py, (4g)
AUy — 60y — Adgy + 6Py — 26A = vV + 2(y — p) U — 375 + 2003

+ 271y — 2pP1g — UDgg + (T — 28 + 2a) Doy + 2(ji — 7)oy, (4h)
D®yy — §®1g — 0Po; + ADog + 3DA = (2y — 1+ 25 — i) Do + (7 — 2a — 27) Py
+ Poe + 0o + (T — 20 — 27) P10 + 2(p + p) P11 — FP12 — KDy, (4i)
D®1y — §P1y — 0oy + ADg; + 36A = (20 + 28 + 7 — 7)Pgy + (p + 2p — 26) Py
+ 0Py — APyg + 2(7 — 7)1y + (27 — 201 — p)Poy + 0Py — Doy, (4)
D®yy — 5Py — Py + ADyy + 3AA = (p+ p — 26 — 26) Doy + (28 + 271 — 7) Do

+ v®o; + 0P + (28 + 27 — 7)Pay — 2(p + 1) P11 — ADPgy — APps. (4k)

Conformal vacuum Einstein field equations

CFE1

The spinorial counterpart of the first equation (11)
VepVanE = —E®pap + seapap + ZNeapeap.

When we decompose it by the Newman-Penrose null tetrad, we have:

—Y1 (e + &) + Tyk + L3k + DYy = —Edg, (5a)
Yo(e4€) — Ygm — 3y + DYy = s + EA — E@yy, (5b)
—23(6 — E) + EZH - 2177' + DZ?) - _Eq)017 (56)
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—Xi(v+ ) X4+ 3T+ AYy = s+ ZA — Zdyy, (5d
Yo(y+7) — Xgv — Xyv + AXy = —EPgy, (5e
—Y3(y =) = X1¥ + Xo7 + A¥g = —Edyy, (
—Yi(a+ B) + X3p+ X0 + 0% = —EDqy,
Yo+ B) — Tyd — S + 0%y = —EPys,
—Y3(—a+ ) — TiA + Xp0 + 653 = —EDqy, (5i
Yu(—a+p0) —Xip+2p+ 08y = —s —ZA — ZPyy. (

CFE2
The spinorial counterpart of the second equation (6) is

/

—_ BB —
Vans =AVsuZE = PupapV'7 Z,

we can decompose it by Newman-Penrose null tetrad:

—Ds = —ElA -+ ZQCDOO — E4CI)01 — Z3CI)1() + Elq)u, (6&)
—AS = _ZQA + 22@11 — E4q>12 — 23@21 + Elcbgg, (6b)
—0s = —ZgA + 22(1301 - 24(D02 - 23(1)11 + 21@12. (6C)

CFE3

The spinorial counterpart of the third equation (2.20e) is

VaaPpopcr — Ve Pacacr = epceporVaa N — €ac€arcVpp A

—_
(-

—dapcrpeasVeP E — papopan VP E.
The components of this equation with respect to the null tetrad are:

ACI)QO - 5(1310 + 2DA = @00(2’}/ + 2’7 - ,u) - 2@10(@ + ’7') - 2@0177' + 2@11p + (I)Q()O'

+X5¢1 — L1¢a (7a)
A@Ol — (5@11 + 5A = q)[)l (2")/ — ,u) + (130017 + (I)lzﬁ + @210’ — @105\ — 2@117’ — @02’7_'
+X305 — 11, (7b)
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A(I)OQ — 5(1312 = @02(2’7 - 2’7 - [1,) + 2(1)12(64 - 7') + 2(1)0117 + (13220' - 2@115\

+X3¢3 — L164, (7c)
A®yy — 6Py; + AN = v + D1 + Py (26 — 7) 4 Poop — Pogh — 2011 — P17
+32¢2 — Lags, (7d)
Ay — §Pgy = Pgy(2a + 28 — 7) + Ppav + 20117 — 2019(F + 1) — 2Py A
+3203 — L4, (7e)
D®ygy — 6oy + 2AN = Poo(p — 26 — 2€) + 2P51 (B + 7) + 2P 197 — Poygh — 20111
+2303 — 2o (7f)
D®1y — 5Py + A = Pporm + 20117 + P1o(p — 2€) + Poyo — Popk — P1gh — Doyt
— a1 + Lza, (7g)
D®yy — 0P + DA = Py + P10(7 — 2a) + 2P11p + Pogo — Pk — Prak — Poop
—X4P1 + L1, (7h)
D®gy — 6Pg; = Ppa(2e — 26 + p) + 2801 (T — B) + 2P0 — 219k — Py
—Ya¢0 + X3, (71)
Ddy — 0Dgg = 2Py (€ + p) + PooT + 2P190 — 2Pgo(a + ) — 2811k — Dok
— Y40 + X161, (73)
6P19 — 0Po1 = Poo(p — 1) + 2®11(p — p) + 2P10a + P20 — 2010 — Pogo
+34¢1 — B3¢ — S + L1¢o, (7k)
8Py — 6Py + 6N = 2P (B — ) + Doy (1 — 21) + P12(2p — p) + DA — Por0
+0¢1 — B3(¢2 + ¢2) + T1¢3, (71)
0oy — 6P1g = 21 (11 — [i) + Paa(p — p) + 28198 + PapA — 2P91 3 — P
+55(G2 — ¢2) — B + Luds. (7m)

CFE4

The spinorial counterpart of the forth equation (2.20f) is

Vpcrdape” =0.
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Decomposing it by the null tetrad, we obtain:

Apg — dp1 = =201 (8 + 27) + do(4y — 1) + 30,

Agr — 62 = 2¢1(y — p) + gov + 2¢30 — 3¢,
Ay — d¢3 = 2¢3(8 — 7) — 3dapt + 201V + @0,
Ay — 6¢s = ¢4(48 — T) + 3ov — 2¢3(7 + 2p1),
Dy — 6o = go(m — ) + 2¢1 (€ + 2p) — 3ok,
Dy — 61 = 2¢1 (T — ) — g + 3¢2p — 293k,
D — 6¢0 = 2¢3(p — €) — 201X + 3o — Pk,
Doy — 6¢3 = ¢pu(p — 4€) + 2¢3(a + 27) — 3\

CFES5

The spinorial counterpart of the fifth equation (9a) is:
A =6Zs — 3V 4 EVAYE,
and its components equation is:

A= —62122 + 62324 + 6=s
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Appendix B

Inequalities

In this appendix, as a quick reference, we list the key inequalities which are used
routinely in our analysis. These inequalities are standard and proofs can be found,
e.g. in [48].

Cauchy-Schwarz inequality. If uq,...,u, € C and vy, ...,v, € C, we have
lurvr 4 oo 4 wvn | < (Jua ] + oo+ |un]®) (Joi]* + o+ oa]?).

Gronwall’s inequality. If §(t) is a non-negative continuous function and w(t)

satisfies
u(t) < aft) —i—/ B(s)u(s)ds, Vte la, b,

then

u(t) < alt) + /toz(s)ﬂ(s)exp (/stﬁ(r)dr) ds, t€la, b

a

In addition, if the function « is non-decreasing, then

u(t) < alt) exp </:ﬁ(s)ds> tela b,

Moreover, if f = C where C is a positive constant, then

u(t) < C(b—a)a(t).
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Young’s inequality. If ¢ and b are non negative real numbers and p and ¢ are

positive real numbers such that 1/p + 1/g = 1, then

ab? b
ab < — + —.
p q

The equality holds if and only if a? = b?. Moreover, if a and b are non negative real

numbers and p > 1, then
a? + b < (a+b)P.

Finally, if f(x) is non-negative continuous function and p > 1, then
p
()
K K

Generalised Holder’s inequality. Let K be a measurable space. Assume f €
LP(K) and g € LY(K) with 1 <p,q<ooand 1/r =1/p+1/q <1, then

where K is a compact set.

I[f9llerxy < | fllro)l|gllLacr)-

Gagliardo-Nirenberg-Sobolev inequality. Let U be a bounded, open subset
of R", and assume OU is C'. Let 1 < p < n, and suppose that u € W'?(U).
Then u € LP*(U), with the estimate,

H“HLP*(U) < CH“HWLP(U)

the constant C' depending only on p, n and U and 1/p + 1/p* = 1/n.
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Appendix C

Angular derivatives of a scalar function

In our analysis we make repeated use of properties of the angular derivatives of a
scalar field over the 2-spheres S, ,, of constant u, v. In the following let f : S, = C

denote a sufficiently smooth complex scalar field.

Definitions and basic inequalities

In terms of the NP vectors m® and m® one has that
Vof = =mam’Vyf —mam"Vyf = —madf —madf.
Moreover, we have that
V1P = —0"VafWuf = 5f6f +5f6f.

A direct computation shows that,

1/p
||>z7f||m<su,u>=</$ |5f5f+5f5f|p/2> = 15F12+ 10F 22 s,

= 1/2
< (NP1 o8,y + |||5f|2||LP/2(S1 )

1/2 1/2
< S F1P1 s, +|||5f| [~

196



Conversely, we have

1/p
10| osys NOSlLrisas) < (/S 0fof + 5f5f\p/2> < IV fllzr(Su)-

Thus, we can estimate YV f in terms of §f and §f and vice versa. This observation

15 used repeatedly in the main text.

The Hessian
The Hessian Y ,¥, f of the scalar function f can be expanded in terms of NP objects

as

YVoVof = (65f + (B — )df) mamy + (66 f + (B — @)8.f) marmy
+ (661 4 (a = B)8f) mainy, + (00 f + (. — B)0 f) mam

S

allth,

where we have made use of the expansion

Vaomp = (a0 — B)mgmy + (8 — @)mgmy.
Defining, for convenience, the scalars

Ty=066f+ (B—a)f, Ty=066f + (a—B)of,
Ts=60f + (a—B)of, T, =06f + (B — a)df,

one can then write
V2 f1? = 00NV efVo¥af = |T1] + |To* + T3> + | Ta|*.

Making use of the above decomposition we then have that

1/p 4
V2 fllLo(su) = (ngu,v(|T1|2 + [T + | T5° + |T4|2)p/2> < i 1Tl eesa)
<2l LoSu) + 02 f 1 Lr(S00) + 160 1 oS0y + 100 f]|Lo(S0)
FAAL (16 f1| 2o (800) + 101 Lo(S00)): (10)
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where Ar is defined as in the main text. Also, observe that ||V f]|rr(s,.) is not
smaller than any of the individual terms in the right side of the first inequality (10).

A final observation following the irreducible decomposition

V¥ f =V ¥ f + %Uabﬁf + ¥ (Ve f (11)

of the Hessian, where the curly brackets denote the symmetric-tracefree part with

respect to the metric o4, is that

VoV fl? = VoW 7 + ST + VT 1 (12)

so that

AfIP < 2(VaYuf|? (13)

Third derivatives of a scalar field

As in the main text denote by w = 8 — & the simple independent component of the
connection of the 2-sphere S, ,. It follows from the from the structure equation (3j)

and its complex conjugate, that the Gaussian curvature curvature
K = 2w + 26@ + 26w
satisfies the relation
K =0X4+6\—pp— pii + Wy + Wy,

see [36] for details.

Now, the third order covariant derivative of f on S, , can be expanded as

Waybycf = Mlmambmc + M5mambmc + MZmambmc + Mﬁmambmc

+ Msmompme + Momompme + Mymompme + Mgmgmpme,,
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where,

My, = —(0°f + 38 f + 0o f + 270 f),

My = —66%f — @00 f + 2w f — d@d f + 2wwé f,
Ms = —8°0f + @00 f + 66 f,

My = —606f + @6 f + d@é f,

Ms = —(8f + 3w f + dwd f + 2?0 f),

Mg = —00°f — wdsf + 26 f — dwd f + 2wl f,
M; = —8°0f + wdo f + 6wdf,

Mg = —606f + wbf + 6wdf.

It follows then that,

8
VEF1P = 1M
i=1
From the above expression one finds that

IV° fllzes.n) < N6 Flloe(san) + 107 flliris,.) + 11620 f 1 Le(s,.) + 1166° flliv(s..)
020 f|2o(Su0) + 106 Fll o(500) + 11000 f1|Lo(500) + 1000 f[ L (s.,.0)
+3[1@0% fll Lo(su) + 1100 fl|Lns,) + 211@0° fll oS,y + @00 || o(s.0)
+ ||@0% 1| Lo(50,0) + 3@ fll Lr(5,0) + |00 fll Lo (500) + 211@0° f] 0 (5000
+ 1000 f||o(5) + @02 fllo(s00) + 10F0 || 20(500) + 110F0f1|Lr(500)
+ 1000 || Lr(Su) + 100 | Lr(Su) + 100 f||Lr(Su) + 100 ] Lr(s00)
+ 166 f||Lr(S.0) + 1100 f]| L (500) + 2||@25JC||LP(SM,H) + 2||W@5f||m(su,v)
+ 2| @0 f||o(50.0) + 2@ T f]|L0(500)-

The above expression contains four representative terms, namely |[0° f|| 1o (s, )5 |00 f | 1o(Su0)s
100 f|| Lo (s...) and ||@w?d f||re(s,..) which will be used to illustrate the analysis in

the main text.
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Appendix D

Details in Propositions 9 and 10

In this appendix we provide further details regarding the lengthy computations

arising in the analysis of Propositions 9 and 10.

Estimates on the L*-norm of connection coefficients

In the following we consider, for conciseness, the NP spin connection coefficient .

Making use of Proposition 3 to estimate ||A||14(s) one finds that

. 1/4
VA2, < 2 | 920y + C(Aw, Ar) / (/S Aow,wi) du’

u! v

One can then estimate

J

AEATAL = [ [PAPIAGNA + 5160)

u! v Su’,'u

v

_ / AZI(AGA)A + GAAGA + SAAGA + SAAGA
Sy,

< / VA2 /2002 + 2042/ 21A0A + 2| ASAP

u',v

<2 [ AP (A0 + A0,
S

u! v
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where we have made use of the Cauchy-Schwarz inequality in the first inequality.

Now, making use of the expressions for AdA and Ad\ one further finds that,

| @Az <2 [ AR (0P TI] + IIPA + 4P+ )

/ S’U/ s

< O, A, Ar,, A(S)) (/ VAI” + H‘I’dlm(su/,v)/ IYW?’)
Syl v

v

/

u’,v

o) |

S

WA+ C(Ar) / VAPV ] + 209 Wil s, / YAl

u v Su/,v u

u’ v

2
< C(I, A,y Ar., () Area(Su) VIV A s, . (1 (S IV il aacs ,,U>)>
1=0

+C(Ar)[VA[fas,, )

YVillras, ) + C(AF*)|W>\HLE4(SU/W)

3
+ O, Area(Su ) T s, ) (30 IV Wallizgs, ) ).
=1

where in the previous chain of inequalities we have made use of Holder’s inequality
and the Sobolev’s embedding. Moreover, here I' represents a linear combination of
the NP spin connection coefficients 7, «, 3, i1, A whereas [V contains no 7 term, which
allows the use of sharper estimates. Both I and I"” are controlled in L*>(S,/,) as a
result of Proposition 8.

Making use of the latter estimate and of the bootstrap assumption in Proposi-

tion 9, one readily obtains that
VAl 4s00) < 2Ar, + C(I, A, Ar,, Au(S))e + C(I, A, Ar,, Ay(S)) Age™?,

where it has been used that

" 1/8 u /8 7/8
(o) s ([, mese)”" ()" <t
0 Su’,v 0 o/, 0 !

Thus, we can choose a suitable € > 0 such that |[VA||z4s,,) < 3Arp,. This improves

v

the starting bootstrap assumption.
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Estimates on |[V2)\||/z2s, )

In this case we start from

|18 @AT, = [ AMGT 4TI+ TT T
Su,v

u,v

< 2\/5/ VA (|ATy| + |ATy| + |ATs| + |ATy]) .
Su,v
we can then further expand to obtain (in schematic notation for simplicity) that

/ |A<Y72A,¥72A>,,|§2\/§/8 VAN WA + [T[[W2T] + [V 8] + [V (YT

u

T2V 4+ (W4l L] + (WAL + [DIFa] + |94l [T2] + [T
< C(Ar) / Y2AP + C(Ar) / YPAP2T] + / YAV,

Su/,v Su s u’,

+ [ IPAFTINT + €A Ar Au(S) [ FAIVT

u v Su/

+Ce(S) [ WAIVTI+ O A Br, 80(S) [ ANV

s Sur,

U

u! v v

O A, Ar, Ag(S) /
S

VA + / NPV

u! v u

O A, Ar, Ay(S) / YA

u/ v

< O(AF*)HWZ)‘H%?(SU/W) + C(Ar) IV M 25, IV Tl 22¢s,, )

+ IV A2, ) V¥l l 2, ) + VM2, oIV T s,, )
+C(I, A, Ar,, Ag(S))[[V2)

25, IV 24cs, )
+ C(A.,, Ar,) ||V, ’Lw(su/,v)HWQ)\’ r2s,,)
+C(I, A, Ar,, Au(S)IIV N |2, ) IV Wall 225, )
+C(I1, Ac,, Ar,, Au(S)IV?A 22s,. )
+C(L, A, Ar,, Au(S)IV M 25,0 IV Tl s, ) 1Wall (s, )
< O(IL A, Ar,, Au(S) (1 + [[Wallr2s,, ) + IV Wall2s, ) + IV Wullz2s, L)-

u’,v u’,v u’ v
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In the previous chain of inequalities we have made repeated use of our bootstrap as-
sumption, the results in Proposition 5 and of Holder’s inequality. Finally, combining

with the short direction estimate in Proposition 3 we conclude that
1WAl 225,00 < 241, + C(1, A, Ar,, Ap(S))e + C(1, A, Ar,, Au(S)) Age®*.

The factor £3/4 results from the transferring of the 2-sphere estimate of W, to the

light cone.
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