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Abstract

We study the following problem: Given a variable of interest, we would like to find a best linear
predictor for it by choosing a subset of k relevant variables obeying a matroid constraint. This
problem is a natural generalization of subset selection problems where it is necessary to spread
observations amongst multiple different classes. We derive new, strengthened guarantees for this
problem by improving the analysis of the residual random greedy algorithm and by developing a
novel distorted local-search algorithm. To quantify our approximation guarantees, we refine the
definition of weak submodularity by Das and Kempe (2011) and introduce the notion of an upper
submodularity ratio, which we connect to the minimum k-sparse eigenvalue of the covariance ma-
trix. More generally, we look at the problem of maximizing a set function f with lower and upper
submodularity ratio vy and 8 under a matroid constraint. For this problem, our algorithms have
asymptotic approximation guarantee % and 1 — e~ ! as the function is closer to being submodu-
lar. As a second application, we show that the Bayesian A-optimal design objective falls into our
framework, leading to new guarantees for this problem as well.

1. Introduction

In the subset selection problem for linear regression, we are given a collection X" of predictor vari-
ables and a target variable Z, as well as known covariances between each pair of variables. The
goal is to find a small collection S C X of at most k predictor variables that gives the best linear
predictor for Z. When |X| is very large, the forward regression algorithm is commonly employed
as a heuristic. It constructs § iteratively, at each step adding a variable that greedily maximizes the
squared multiple correlation objective. To explain the success of this approach in practice, Das and
Kempe (2008) connected subset selection problems with submodular optimization. They showed
that the squared multiple correlation objective function, also known as the R? objective, is sub-
modular in the absence of suppressor variables. Intuitively, a variable X € X is a suppressor if
there is some other variable Y € X such that observing X increases the (conditional) correlation
between Y and the target variable Z. We give an example of such a situation in Example 1. Even
in the presence of suppressors, Das and Kempe (2011, 2018) showed that a weaker property they
deemed weak submodularity can be used to derive meaningful guarantees. The submodularity ratio
~ measures how far a function deviates from submodularity when considering the aggregate effect
of adding elements. By treating the forward regression algorithm as a variant of the standard greedy
algorithm, they showed that it has approximation guarantee of (1 — e~7), where v € [0, 1] can be
lower bounded by the smallest 2k-sparse eigenvalue A\, (Cx, 2k) of the covariance matrix for X'.
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Figure 1: Guarantees for (v, 1/v)-weakly submodular maximization under a matroid constraint.

Here, we consider a natural generalization of this problem in which we must select a subset
S that is independent in a general matroid constraint. Such constraints naturally capture settings
in which some observations are mutually exclusive (for example, sensors that may be placed in
different configurations) or in which it is desirable or necessary to spread observations amongst
multiple different classes (for example by time or location). In contrast to cardinality constraints,
the best known guarantee for maximizing the R? objective in a general matroid is a randomized
1/(1 + v~')2-approximation via the RESIDUALRANDOMGREEDY algorithm due to Chen et al.
(2018). However, as ~ tends to 1 (i.e. as the function becomes closer to a submodular function)
this bound tends to only 1/4, while both RESIDUALRANDOMGREEDY and the standard greedy
algorithm are known to provide a 1/2 approximation for submodular objectives under a matroid
constraint. The state of the art in this setting is a (1 — 1/¢)-approximation (Calinescu et al., 2011;
Filmus and Ward, 2014), which is known to be tight (Nemhauser and Wolsey, 1978; Feige, 1998).

A key difficulty is that the definition of weak submodularity considers only the effect of adding
elements to the current solution. In contrast, the analysis of RESIDUALRANDOMGREEDY as well
other state-of-the art procedures for submodular optimization in a matroid requires bounding the
losses when elements are removed or swapped from some solution. Stronger “element-wise” no-
tions of weak submodularity have been proposed that allow the adaptation of such algorithms but in
general, these notions may give weaker bounds than those obtained when the submodularity ratio ~y
can be utilized instead.

1.1. Our results

Here, we give a natural extension of the submodularity ratio + by considering an upper submodu-
larity ratio B > 0, that bounds how far a function deviates from submodularity when considering
the effect of removing elements. Intuitively, the parameter 5 compares the loss by removing an
entire set compared to the aggregate individual losses for each element. We show that, as with
the submodularity ratio -y, our 5 can be bounded by spectral quantities in the setting of regression.
Specifically, we show that the R? objective satisfies 3 < )\;ﬁln(CX, k) < ~~1. Since 3 is defined in
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terms of removing elements from the solution, this requires a different spectral argument than that
used to bound «y in Das and Kempe (2018). While their bound for ~y follows directly by considering
an appropriate Rayleigh quotient, here we must relate the average value of the quadratic forms ob-
tained from the inverses of all rank & — 1 principle submatrices of a matrix C to that obtained from
cL

We also consider the problem of Bayesian A-optimal design, which has been previously studied
via weak submodularity by Bian et al. (2017); Harshaw et al. (2019); Hashemi et al. (2019). In
Appendix C, we show that our parameter 3 can be bounded by v~ for this problem, as well.

Using the connection between subset selection problem and submodular maximization, we con-
sider the more general problem of maximizing a (v, 8)-weakly submodular set function for which
both ratios are bounded. We derive improved guarantees for matroid constrained maximization
problems via RESIDUALRANDOMGREEDY. Our guarantee is /(v + /), which approaches 1/2 as
the function f becomes closer to submodular (i.e. as v, 3 — 1). It is natural, then, to ask whether
it is possible to obtain an algorithm with guarantee approaching the optimal result of 1 — e~! for
submodular functions. We answer this affirmatively by giving a local search algorithm guided by
a distorted potential, and show it achieves a guarantee approaching (1 — e~ — O(¢)) for (v, 3)-
weakly submodular functions as v, 5 — 1, where € > 0 is a constant parameter that can be chosen
independently of -, 5. Combining these with our spectral bounds, our first analysis improves on the
current state of the art for matroid constrained subset selection and A-optimal design problems for
all v > 0, and our second gives further improvements whenever v > 0.7217 (see Figure 1).

Our distorted local-search algorithm builds upon similar techniques from the submodular case
presented in Filmus and Ward (2014). There submodularity of f implies submodularity of the
potential g, which is used to derive the bounds on g necessary for convergence and sampling, as
well the crucial bound linking the local optimality of g to the value of f. Here, however, since
f is only approximately submodular, these techniques will not work, and so we require a more
delicate analysis for each of these components. A further complication in our setting is that the
correct potential g depends on the values of « and 3, which may not be known a priori. We give
an approach that is based on guessing the value of a joint parameter in v and 3. Each such guess
gives a different distorted potential. Inspired (broadly) by simulated annealing, we show that if each
such new potential is initialized by the local optimum of the previous potential, then the overall
running time can be amortized over all guesses. We present a simplified version of the algorithm
and potential function in Section 5, and defer the more technical details to Appendices A and B.

Finally, given the relationship between « and 3 in both problems we consider, it is natural to
conjecture that 3 may be bounded in terms of  in some generic fashion for every weakly submod-
ular function. However, we show that this is not the case by exhibiting (in Appendix D) a function
on a ground set of size k for which 8 must be © (k:l_”/).

1.2. Additional Related Work

The submodularity ratio v and the corresponding notion of weak submodularity was first introduced
to analyze the forward regression and orthogonal matching pursuit algorithms for linear regression
by Das and Kempe (2018). It was latter related to restricted strong convexity by Elenberg et al.
(2018), leading to similar guarantees for generalized linear model (GLM) likelihood, graphical
model learning objectives, or an arbitrary M-estimator. The submodularity ratio has also been
applied to the analysis greedy algorithms in other modes of computation (Khanna et al., 2017b;
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Elenberg et al., 2017). Together with related algorithmic techniques, it has also lead to algorithms
for sensor placement problems (Hashemi et al., 2020), experimental design (Harshaw et al., 2019;
Bian et al., 2017), low rank optimization (Khanna et al., 2017a), document summarization (Chen
et al., 2018), and interpretation of neural networks (Elenberg et al., 2017)

One motivation for the study of weak submodular functions is to bridge the gap between worst-
case theory and the performance of algorithms practice. At the other extreme, one can consider the
deviation of a submodular function from linearity. This leads to the notion of curvature which
can be used to strengthen approximation bounds for both for various submodular optimization
problems (Conforti and Cornuéjols, 1984; Vondrdk, 2010; Sviridenko et al., 2015; Yoshida, 2018;
Friedrich et al., 2019), as well as in combination with weak submodularity (Bian et al., 2017). In-
spired by insights from continuous optimization, Pokutta et al. (2020) have recently introduced a
new notion of sharpness, which provides further explanation for the empirically good performance
of the greedy algorithm on submodular objectives.

There have been various approaches based on considering element-wise bounds on the deviation
of a function from submodularity (Bogunovic et al., 2018; Nong et al., 2019; Gong et al., 2019)
including generalizations to functions over the integer lattice (Qian et al., 2018; Kuhnle et al., 2018).
These approaches all involve relaxing the notion of decreasing marginal returns by requiring that a
function f satisfy f(AU {e}) — f(A) > v - (f(BU{e}) — f(B)) foralle ¢ Band A C B,
where 7. € [0, 1] has been variously dubbed the inverse curvature (Bogunovic et al., 2018), DR
ratio (Kuhnle et al., 2018), or generic submodularity ratio (Nong et al., 2019). For such functions,
it is easy to show that our parameters satisfy 7 > 7. and 5 < 1/7.. Unfortunately, as we show in
Section 3, the resulting inequalities may be very far from tight in our setting. In particular, analyses
relying on v. may fail to give any non-trivial approximation bounds for regression problems, even
in situations when A, (Cx) and the submodularity ratio + are positive. This observation has
motivated our consideration of the more general parameter /3, which allows spectral bounds to be
utilized.

Finally, we note that all the definitions introduced here assume that the objective is monotone.
Recently, Santiago and Yoshida (2020) have proposed a notion of approximate submodularity that
extends to the non-monotone case, as well.

2. Preliminaries and Key Definitions

Throughout the remainder of the paper, all set functions f : 2X — R that we consider will be
monotone, satisfying f(B) > f(A) forall A C B. Because we are focusing on maximization prob-
lems, we will further assume without loss of generality that our objective functions are normalized,
so f() = 0. When there is no risk of confusion, we will use the shorthands A + e for AU {e} and
A —efor A\ {e}. We use the notation f(e|A) = f(A+e) — f(A) for the marginal gain obtained
in f when adding an element e ¢ A to A.

The problems that we consider will be constrained by an arbitrary matroid M = (X,Z). Here
7 C2Xisa family of independent sets, satisfying ) € Z, A C B € T = A € Z, and for all
A, B € T with |A| < |B], there exists e € B \ A such that A + e € Z. The maximal independent
sets of Z are called bases of M, and the last condition implies that they all have the same size,
called the rank of M, which we typically denote by k. Our goal will be to find some S € 7 that
maximizes the objective f. Since f is monotone, we can assume without loss of generality that .S
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and the maximizer of f is a base of M. Throughout, we will make use of the following standard
result (in fact, this is the only property of matroids that we will use for our analyses):

Proposition 1 Let M = (X,Z) be a matroid. Then for any pair of bases A, B of M, there exists
a bijectionm : A — Bsothat A —a+ m(a) € I forall a € A.

A set function f : 2X — R, is submodular if and only if f(e|A) > f(e|B)forall AC B C X
and e ¢ B. It can be shown that this is equivalent to requiring that f(B) — f(A) < }_.cp\ 4 f(e|A)

for any A C B C X. The definition of weak-submodularity' relaxes this inequality by requiring:

v (f(B) = f(A) < > flelA), (1

e€B\A

for any set A C B, where v € [0,1] is called the submodularity ratio of f. Note that when
~v > 1, (1) iff the function f is submodular. Submodularity can equivalently be characterized by
f(B) = f(A) 2 >cep\a f(e|B —¢) forall A C B C X. Thus, another natural approach is to
consider functions that satisfy:

B-(f(B) = f(A) = > flelB—e) )

e€B\A

for some 8 > 1. We call this property B-weak submodularity from above to distinguish it from (1),
which we will now refer to as v-weak submodularity from below. Here, § < 1 if and only if f is
submodular. Note that by monotonicity, f(B) — f(A) > f(B) — f(B—e) > 0foranye € B\ A
and so every monotone function f satisfies (2) for 5 = |B|. We say that a set function f is (v, 5)-
weakly submodular if it is y-weakly submodular from below and 5-weakly submodular from above
(i.e. it satisfies both (1) and (2)).

3. Subset Selection

We now turn to the subset selection problem. Let M = (X,Z) be a matroid. Let Z be a target
random variable we wish to predict, and let X = {X3,..., X,,} be a set of n predictor variables
(where here and throughout this section we use calligraphic letters to denote sets of random variables
to avoid confusion). We suppose that Z and all X; have been normalized to have mean 0 and
variance 1, and let C'y be the n x n covariance matrix for the variables X;. Our goal is to find a set
S C A, that is independent in some given matroid over X and gives the best linear predictor for Z.
In other words, we want to solve the following optimization problem:

arg max RQZ,S = argmax(Var(Z) — E[(Z — Z3)2])/Var(Z),
Se1 Se1

where R? is a measure of fitness of the linear predictor using the squared multiple correlation,
and Zs = x,es @iX is the linear predictor over S which optimally minimizes the mean square

prediction error for Z. The coefficients of this best linear predictor are given by o« = Cglb 7,85

1. We note that the definition given here, which is also used in Bian et al. (2017); Chen et al. (2018); Elenberg et al.
(2017); Harshaw et al. (2019); Santiago and Yoshida (2020), is slightly adapted from the original definition given in
Das and Kempe (2011).
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where Cys is the principle submatrix of C'x corresponding to variables in S, and bz s is a vector of
covariances between Z, and each X; € S, i.e. (Cs); j = Cov(X;, X;) and (bzs); = Cov(X;, Z).
Therefore, if we let Xs denote the corresponding vector of random variables in S, the best linear
predictor can be written as: Zg = XgCglb z,5. Because Z has unit variance, the objective sim-
plifies to R2Z7 s =1~ IE[(Z — Zs)z}, and so the R? objective can be regarded as a measure of
the fraction of variance of Z that is explained by S. In addition, we can define the residual of Z
with respect to this predictor as the random variable Res(Z,S) = Z — Zg = Z — XgCglb Z.5-
Therefore, R}, ¢ = 1 — Var(Res(Z,S)) = b, sC5'bzs.

Das and Kempe (2018) show that the R? objective satisfies (1) for all A C B C X with v >
Amin (Cxy |B|) > Amin(Cx), where Apin (Cy) is the smallest eigenvalue of C'y and Apin (Cy, |B])
is the smallest | B|-sparse eigenvalue of C'y. In this section we derive an analogous result.

Theorem 2 For any B C X, the R? objective satisfies (2) with 5 < /\min(éx" B) < /\minl(Cx)'
Combined with existing bounds for -, it shows that the R? objective is (-, 1/v)-weakly submodular
for v = Amin(Cx). To analyze the greedy algorithm, it suffices to let B \ .4 and .4 both be subsets
containing at most k variables, so |B| = 2k, which can lead to tighter bounds on +. In fact, for both
the algorithms we consider in the next two sections, it suffices to consider sets B of size k in (2)
and so in practice the tighter bound of 5 < 1/Anin(Cx, k) holds.

First, we consider the following small example that illustrates that the element-wise bounds
on . (inverse curvature, DR ratio, or generic submodularity ratio) are in general not bounded by
Amin (Cx). In fact, we may have 7. = 0 (and so approximation bounds based on ~, fail) even when
Amin(Cx) is bounded away from O.

Example 1 Let Z, X1, X5 be random variables with unit variance and zero mean. Suppose that X,
is uncorrelated with Z, and Xo = (Z + X1)/\/2. Then, Cov(X1,Z) = 0 and Cov(X1, X3) =
Cov(Xs,Z) = 1/v/2. Let f(S) = RZZ78. Then, it can be verified that f(X|0) = 0 and
F(Xai{X2}) = 1/2. Thus f(X1]0) > ~. - f(X1|{X2}) is satisfied only for . = 0. However,
)\min(C’;(l) =1—1/+/2 and, in fact, explicitly computing ~ gives v = 1/2.

Next, we turn to the proof of Theorem 2. In order to prove our bounds, we will use the following
facts stated in Das and Kempe (2018):

Lemma 3 Given two sets of random variables S = {X1, ..., X, }, and A, and a random variable
Z we have: Res(Z, AU S) = Res(Res(Z, A), {Res(X;, A)} x,es)-

Lemma 4 Given two sets of random variables S = { X1, ..., X, }, and A, and a random variable
Z we have: RQZ,AUS = R2Z,A + R%:{Res(xi:A)}XieS'

We define following quantities, which we use for the rest of the section. Let A, B be some fixed
sets of random variables with A C . Let 7 = B\ A and suppose without loss of generality that
T ={X1,...,X;}. Foreach X; € T, let X; = Res(X;, A) and suppose further that each X, has
been renormahzed to have unit variance. Let 7 = {XZ, .. Xt} C to be the covariance matrix
for 7, and b to be the vector of covariances between Z and each X;eT. Wefixa single random
variable X;. For ease of notation, in the next two Lemmas we assume without loss of generality
that C' and b have been permuted so that X; corresponds to the last row and column of C. Then,
we define 7_; = T\ {X;}, T = T\ {Xi}, and let X _; denote the vector containing the variables
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of 7_; (ordered as in C' and b). Similarly, let C_; be the principle submatrix of C obtained by
excluding the row and column corresponding to X; (i.e., the last row and column), and b_; be the
vector obtained from b by excluding the entry for X; (i.e., the last entry). Finally, we let u; be the
vector of covariances between XZ and each X j € 71, Note that u; corresponds to the last column
of C with its last entry (corresponding to Var(f(i)) removed. We begin by computing the loss in
RQZ7 5 When removing X; from 3:

Lemma 5 RQZ’B - RZZ7B\{XZ,} = Cov(Z,Res(X;,T-:))?/ Var(Res(X;, T_;)) = bT H;b/s;, where
Cluyu?C! —C 1y, A
Hy= | -t} ~ ") and s; =1 —ul'C” .
Proof Note that B\ {X;} = AU 7_;. Thus, by Lemma 4 and Lemma 3, respectively:
2 2 2 2
Rz = Bz p\(xy = Bz Res(x,,407-) = 17 Res(Res(X,,4) {Res(X; A)} x 7, 3)

Recall that each X;is obtained from Res(Xj, A) by renormalization and that Ti=T\{X;} =
{X;}x;e7_;- Thus, Res(X;, 7—;) is a rescaling of Res(Res(X;, A), {Res(X;, A)}x,e7_,). Since
the R? objective is invariant under scaling of the predictor variables, (3) then implies that

RQZ’B - RQZ,B\{Xi} = RQZ,Res(Xi,%_i) = Cov(Z,Res(X;,T4))?/ Var(Res(X;, T3)),  (4)

where the last line follows directly from the definition of the R? objective. It remains to express (4)
in terms of C, b and u. By definition, Res(X;, 7_;) = X; — XF;FlC:ilui. Hence,

Var(Res(X;, 7)) = Var(X; — XT,C0-}w,)
E[X?] - 2EBX; XL, )07y + o O EIX  XT)C ey =1 —ul C M,

1

where the last equality follows from normalization of X;, E[X;X”,] = u! and E[X ,X7T,] = C_;.
Furthermore,

~ ~ ~ ~ ~ N 2
Cov(Z,Res(X;, T-1))? = Cov(Z, X; — XT,C " uy)? = (cov(z, X;) — Cov(Z, XTiC:ilui)>

s p 2 o (CTlu?CTr —CTha ¢
— (b T 14 ) = KT —i S g -i .
_<bz b7, C- uz) b < "t are . >b

—1

Substituting the above 2 expressions into (4) completes the proof. |

In the next lemma we show that the previous lemma can be simplified for eigenvectors of c-1.

Lemma 6 Letr (\,v), (1, W) be any 2 eigenpairs of C~'. Then, vI Hyw = Aus?viw;, where H;
and s; are as defined in the statement of Lemma 5.

Proof Applying the formula for block matrix inversion (Lemma 21) to C~1, we have

~

A w07 A lgul Ol Oy,
ol (C}Z m) _ (c_i o) P S (C_Z wu! C~; c?uz) )

u 1 0 0/ 1—uwl¢lu \ —ufCT]

7
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Now, because (1, w) is an eigenpair of C~1, we must have (C~'w); = pw;. By (5), this is
equivalent to (—u;-rC'_Z w_; + w;)/s; = pw; (where, as usual, we let w_; be the vector obtained

from w by discarding its i entry). Rearranging this equation gives u?é:ilw,i = wi(1 — us;).
Since C~1is symmetric, the same argument implies that VTiC':ilui = v;(1 — As;). Thus,

vIiHw = vf.(f'_iluiuiTC_llw_i — wi(vzé’:}ui) — vi(uZTCA’:Z-lw_i) + vjw;
= ini(l — /\Si) 1— ,usi)— ini(l — )\SZ')— viwi(l — MSZ'>+’inZ'

1= As)(1— psg) — (1= Asg) — (1 — ps;) + 1) = Aus?ow;

—

= vjw; (
as claimed. [ |

We can now complete the proof of our main result from this section (Theorem 2).
Proof of Theorem 2 Let {vy,...,v;} be an eigenbasis of C~1 with correspondmg eigenvalues
AL, ..., At Let V be a matrix Wlth columns given by these v;. Since Clisa symmetric positive
senndeﬁmte matrix, the matrix V is orthonormal. Hence, we can write b = V'y for some vector y.
By Lemma 5, b” H;b = COV(Z Res(XZ,'T ))?> > 0and s; = Var(Res(X;, 7-i)) < 1, for each
i=1,....,tand R} 5 — RZB\{X} = bTH;b/s; < bTH;b/s? = y'VTH;Vy/s?. Finally, by
Lemma 6, (VTHzV)&m = MAm52(ve)i(Vim)i- Thus, summing over all i we have:

t t t
> Rs = Romxy < 20 Z (YeymAeAm) (Ve)i(Vin)i -
=1 i=14m=1

t t t
= > WeymAdm) Y (v)i(vin)i —Zy2A2<AmaX CHY uihi, ()
i=1 i=1

m=1

where the last equation follows from the orthonormality of the eigenvectors v;. Moreover, by
Lemma 4

t
Ryp—Rya=R,;=b'C'b=) 4\ ©)
=1

Combining (7) and (6), we have ) ;s R2 —- R% B\(X} < /\maX(C_l)[R2 - R2 4] and so in-

equality (2) is satisfied for § = )\max(C’ ) = 1/Amin(C). It remains to bound 1/ )\mm(C’) in terms
of the eigenvalues of C'y. Recall that C' is a normalized covariance matrix for the random variables
{Res(X;, B\ A)}x,c4. As shown in Das and Kempe (2018) (see Lemma 23 in Appendix E for a
formal statement), this implies that Ay, (C') > Amin(C(B\4)u4) = Amin(Cx, |B]) = Amin(Cx).
The claimed bound on S then follows. |

4. Improved Analysis of RESIDUALRANDOMGREEDY

In this section, we show that we can derive stronger approximation guarantees for (v, 3)-weakly
submodular functions by using the RESIDUALRANDOMGREEDY algorithm considered in Buch-
binder et al. (2014); Chen et al. (2018). Combined with the results from the previous section, this
gives improved approximation bounds for the subset selection problem with an arbitrary matroid
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constraint M. The algorithm RESIDUALRANDOMGREEDY (shown in Algorithm 1) proceeds over
k iterations. In iteration ¢, it greedily extends the current solution S;_1 to a base S;_; U M; of M by
selecting a set M; of the k — |.S;_1| = k — i+ 1 elements with the largest marginal contribution with
respect to the S;_1. Then, it chooses an element s; uniformly at random from M; which is added to
S;_1 to obtain a new solution S;. After k iterations, the final set S, is returned.

Algorithm 1: RESIDUALRANDOMGREEDY (M, X, f)
S() — @;
fori=1,2,... . kdo
M; + argmax{} ..y f(e|S): T € X,SUT is a base of M};
s; < an element of M; chosen uniformly at random;
S; < S;_1 U {Si};

return S;;

Theorem 7 Suppose that f : 2% is (v, 3)-weakly submodular and M = (X, T) is a matroid and let
O = argmaxe7 f(A). Then, RESIDUALRANDOMGREEDY (M, X, f) returns a solution S € T
that satisfies E[f(S)] > %/3 - f(O).

-

Proof We begin by introducing some auxiliary sets used in the analysis. For each¢ = 0,1,--- , k,
we let O; to be a subset of O of size k — i such that S; U O; is a base of M, as follows. Let
Op = O. For each ¢ > 1, suppose that .S;_1 U O;_1 is a base and consider the bijection 7; :
Si—1 U M; — S;_1 U O,;_; guaranteed by Proposition 1. We set O; = O;_1 — m;(s;). Then,
S;i UO; = S;—1UO;—1 + s; — m(s;) is a base, as required. Moreover, note the choice of ;
is independent of the random choice s;, which implies that 7;(s;) is an element of O;_1 chosen
uniformly at random. Let £ be the event which fixes the random decisions of the algorithm up to
iteration ¢ — 1. Conditioned on &, we have:

E[f(S:) — f(Sic1)] = ]\IM > flelSia) = k;—t—i—l > flelSiz1)

ecM; eeM;

1 gl
= k_iﬂee%:l f(elSiz1) = m(f(Oi—l USi—1) = f(Si—1)). (8)

Here, the third inequality follows the fact that S;_1 U O;_1 is a base and so O;_; is a candidate
for M;. The fourth inequality follows from (1) since f is (v, 3)-weakly submodular. Similarly, (2)
together with the fact that m;(s;) is a uniformly random element of O;_; implies

1 Bt

m(f(Oi—l USi—1) — f(Si=1)) > it Z f(elOi—1 U Si—1 —e),

e€c0;_1

= 67" Elf (mi(s0)|Oi1 U Simy = milsi)] . (9)
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Algorithm 2: DISTORTEDLOCALSEARCH(M, X, f)

Suppose that f is (v, 3)-weakly submodular and let ¢ = 72 + B(1 — );

A < an arbitrary base of M;

while Ja € S,b € X \ SwithS —a+beTand gy(A—a+b) > gy(A) do
L A+ S—a+b

return A;

We can bound the expected decrease in f(O; U S;) in iteration 7 as:

E[f(O; US;) — f(O;-1 U S;—1)]

=E[f(Oi—1USi—1 + s; — mi(si)) — f(Oi—1 U Si—1)]
= E[f(54|Oi—1 U Si—1 — mi(s4)) — f(mi(5:)|Oi-1 U Si—1 — mi(s4))]
> —E[f(mi(5:)]Oi—1 U Si—1 — mi(s))] (10)

where the inequality follows by monotonicity of f. Thus

E[f(Si) — f(Si-1)] > %E[f(m(smoi_l USi_1 — mils:))]

> %E[f(oi—l USi—1) = f(O; US;)], (11)

where the first inequality follows by combining (8) and (9) and the second by (10).
Removing the conditioning on £ and summing the inequalities (11) for ¢ = 1,--- ,k, gives
E[f(Sk) — f(So)] > %E[f(So U Op) — f(Sk U Og)]. The claim then follows by observing that
So =10, Sk =S, 00U Sy = O and O, U Sy, = Sy and so (1 + 2) E[f(5)] > f(O). |

5. Distorted Local Search

Here, we present an algorithm for (v, 5)-weakly submodular functions with a guarantee that smoothly
approaches the optimal value of (1 — 1/e) as v, 3 — 1. The algorithm (Algorithm 2), is a local
search routine that attempts to swap a single element into the current solution if and only if it im-
proves the following auxiliary potential function parameterized by ¢ € Ry, which we will set
appropriately depending on -~y and 5:

L petp
96(A) =/ S WP A= AP (B dp = 3 m ) L £(B)

e? —1
0 BCA BCA

where we define .
mlf) 2 [ oemt - pr e~ 1) dp
0

In the analysis of Filmus and Ward (2014), it is shown that if f is submodular, its associated potential
g is as well, and this plays a crucial role in the analysis. Here, however, f is only weakly submodular,
which means we must carry out an alternative analysis to bound the quality of a local optimum for
ges- Our analysis will rely on the following properties of the coefficients mgﬁb) (see Appendix A.1

for a full proof of each):

10
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(¢

Lemma 8 Forany ¢ > 0, the coefficients m, satisfy the following:

1. gg(e|A) =D pca mfjfﬁ‘B‘f(dB),for any AC X ande ¢ A.

2. ZBQA ml(j)\,lBl =1, forall A C X.

3. mgbb) = mgi)l b1 T mf:i)l pJorall0 < b <a.

4. (bmgf)b) = —bm((;]ﬁ_)l’b_1 + (a— b)m((f_)m + (0/ (2™ 1p—o + (¢e?/(e? — 1)) 1p—q,
foralla > 0and 0 < b < a.

In order to analyze the performance of Algorithm 2, we consider now two arbitrary bases A and
O of the given matroid M. We index the elements a; € A and o; € O according to the bijection
7 : A — O guaranteed by Proposition 1 so that A — a; + o; is a base for all 1 < ¢ < |A|. Our main
theorem is the following:

Theorem 9 Suppose that f is (v, 3)-weakly submodular and let ¢ = (b('y B) & 42+ B(1 — 7).

Then, for any bases A, O of a matroid M, ¢6¢1 (A) > ~2f(0)+ ZZ 1[g¢( ) —9s(A—a;+0;)).

Note that the base A ultimately returned by Algorithm 2, necessarily has g4(A) —gs(A—a;+0;) <0

for all 7, so Theorem 9 immediately implies that f(A) > 72(1%5;(1)) f(O), where ¢ = 2+ B(1—7).
To prove Theorem 9, we first note that g4 (A — a; + 0;) — g(A) = g(0;|A — a;) — g(a;|A — a;)

and so
|Al |Al |Al

Zg ailA—a;) = [g(A) = g(A—ai + o)) + Y _ gloi A — ay). (12)

=1 =1

The final term in (12) can now be bounded as follows:

Lemma 10 Suppose that f is (v, B)-weakly submodular; and let A,O C X with A = {ay, ..., a4}
and O = {01, ...,0/4/} (so |A| = |O|). Then,

A

> gloilAd—a)) = 2 F(0) = (¥ + B0 =) > m%) 5 f

i=1 BCA

Proof By parts 1 and 3 of Lemma 8, we have

goloil A —ai) =S m(§ | 5 fl0i]B) = [m(%) g Foil B) +mi%] p F0i] B (13)

BCA—a; BCA—a;

Since f is y-weakly submodular from below
f(0il B) + f(ai| B) = vf(B U{os, ai}) = vf(B) = vf(0i| B + ai) + 7 (ail B),
and so f(0;|B) > vf(0i|B + a;) — (1 —7) f(a;|B). Thus, the right-hand side of (13) is at least

Soml s DB+ a) = (1 =) f@[B)] +m§) g folB) =P+Q,  (14)
BCA—a;

11
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where
P = 'YZ [ \A\ |B|+1f Oz’B + az) +m‘A‘ |B|f(oz‘B } =7 Z m‘A‘ |B|f(01,’B)
BCA—a; BCA
_ (¢) (#) (¢)
Q= (1 - 'Y) Z {m|A|7|B|f(0i‘B> - m|A\’|B|+1f(az‘B } me ‘B‘Jrlf aZ]B)
BCA—a; BCA a;

In the first equation, we have used that for each set 7' C A, f(o;|T) appears in the right-hand

summation exactly once: if a; € T' it appears as T' = B + a; with coefficient m® m®

ALIBI+1 T Al T
and if a; & T it appears as T" = B with coefficient ml(ﬁ)‘ Bl = \(j?,m' Summing (14) over each
a; € A we then have

|A] |A] |A]
Z go(0ilA—a;) >y> Y m|A| g fiIB) = (1= > m‘A| 41/ (@il B). (15)
i=1 BCA i=1 BCA—a;

Since f is y-weakly submodular from below and monotone,

|A| |A|
YD w0l B) =7 30 S mil) g f(eilB) =97 Y miG  [F(OU B) ~ £(B)]
i=1 BCA BCA i=1 BCA
> 92 3 ml) p [F0) = F(B) = 42£(0) =22 - mi) 1y /(B
BCA BCA

where the last equation follows from part 2 of Lemma 8. Similarly, since f is S-weakly submodular
from above:

|A| |A]
A=Y > m g (F(B+a) = F(B) = 1=+ 3 > mi% 1 (F(1) = F(T = ay)
i=1 BCA—a; TCA i=1
<B 1_ Zm|A| \T| f(@)]zﬁ(l—’)/) meﬁ,\B\f(B
TCA BCA

where the first equation can be verified by substituting B = T' — a; for each a; € T and noting that
|T| = |B| + 1, and the last equation simply follows from f(()) = 0 and renaming 7" to B. Using
the two previous inequalities to bound the right-hand side of (15), then gives the claimed result. W

Proof of Theorem 9 Applying Lemma 10 to the last term in (12) and rearranging gives:

| |
Y gslailA—ai)+ (3% + B(1 Zm|A| E +Z 96(A) = go(A—a;+0;)].
i1 BCA
(16)

From part 1 of Lemma 8,

] 14| @

Zgzﬁ(ai‘A_az Z Z m‘A| 1‘3‘ (B+az‘)_f(B))

i=1 i=1 BCA—a;

= > ATm ]y S — (A = [ TmfS) g £,
TCA

12
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where the last equation follows from the fact that each 7" C A appears once as T’ = B + a; for each
a; € T (in which case it has coefficient mfj)‘fl Bl = mfﬁffl T)-1

|(i)\—1 B = m‘(j?_l ‘T|). Thus, we can rewrite (16) as:

) and once as T' = B for each

a; ¢ T (in which case it has coefficient m

> (1B 1 s~ (AL= 1BDmG) g+ (2 + B0 =) mi) ) £(B)

|A]
> 42 f(0 +ZQ¢ —9s(A—a;+o0;)]. (17)

Since ¢ = 72 + B(1 — =), the recurrence in part 4 of Lemma 8 implies that the left-hand side
vanishes for all B except B = (), in which case it is — f (0) = 0 or B = A, in which case it is

pe?
61

(A). The theorem then follows. [ |

There are several further issues that must be addressed in order to convert Algorithm 2 to a
general, polynomial-time algorithm. First, we cannot compute g4(A) directly, as it depends on the
values f(A) for all subsets of A. In Appendix A.4 we show that we can efficiently estimate g4 via
simple sampling procedure. To bound the number of improvements made, we can instead require
that each improvement makes a (1 + ¢) increase in g,. Then at termination, we will instead have

ZZ 196(A) = g4(A —a; + 0;)] < |Alegs(A). In order to bound the resulting loss in our guarantee
we must bound the value g4 (A) in terms of f(A), which we accomplish in Appendix A.2. Finally,
we address the fact that v and 5 may not be known and so we cannot set ¢ a priori. We show that
by initializing the algorithm with a solution produced by RESIDUALRANDOMGREEDY, we can
bound the range of values for ¢ that must be considered to obtain our guarantee. It then suffices
to enumerate guesses for ¢ from this range. In Appendix A.3 we show that small changes in ¢
result in small changes to g4(A), and so by initializing the run for each subsequent guess of ¢ with
the solution produced for the previous guess, we can amortize the total number of improvements
(and work) required across all guesses. The final algorithm, presented in Appendlx B, has the same
guarantee as Algorithm 2 minus a small O(¢) term, and requires O (nk*c3) evaluations of f. Thus,
we have the following:

Theorem 11 Let M = (X,I) be a matroid, f : 2X — R, be a (v, 3)-weakly submodular
function, and € > 0. Then, there is a randomized algorithm that with probability 1 — o(1) returns

a set S satisfying f(S) > (%_;;w”) - (’)(5)) f(O) for any solution O € I, where ¢(7, ) =

~% + B(1 — 7). The algorithm runs in time O(nk*c=3).

In both the subset selection problem and Bayesian A-optimal design (considered in Appendix C),
we can derive an upper bound for 3 matching existing spectral bounds on v~!. Then we have
(v, B8) =¥+ % — 1 and so for both problems we obtain a guarantee of 2 - P?y;i:i—j_lfl) —O(e).
In particular, as v tends to 1 (and so f becomes closer to submodular) our guarantee approaches
1 —e~! — O(e), matching (up to O(¢)) the optimal guarantee for submodular functions.

Surprisingly, we show that this relationship between v~! and 3 does not hold in general. In

Appendix D, we prove the following:

13
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Theorem 12 For any v > 0 and k > 0 there exists a function on a ground set of size k that is
~v-weakly submodular from below but not S-weakly submodular from above for any 5 < (Z:;’) =

o (k).

Note that as v — 0 (respectively v — 1), we have 5 — k (respectively 5 — 1). Hence, we
recover the trivial upper bound for monotone set functions when v — 0 and as v — 1, our lower
bound on S approaches 1, corresponding to submodularity. We conjecture that this bound on £ is in
fact the tightest achievable.
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Appendix A. Properties of g,

Here we give further properties of the potential

1 pedp
9s(A) = eﬁe_ S PP AP By dp = Y mG) p S(B)
0 BCA BCA

defined in Section 5. We recall that the coefficients mff)b) for 0 < b < a are defined by

1 ép
¢) _ ¢6 b . a—b
My, = | e P (1—=p)*"dp.

If we consider a continuous distribution Dy on [0, 1] with density function:

pe?”
Dy(x) =
then we can succinctly express these coefficients as mfg = Epop, [p*(1 - p)?]. For convenience,

we will define m((j)b) = Qifeithera < Oorb < 0.
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Here, and in the following sections, we define the function 2 : R — R by h(z) =
e*(e*—1—x)
e

algorithm’s claimed guarantee can then be expressed as ij) where ¢(v, 8) = 72 + B(1 — 7).
Finally, for k € Z,., we let Hj, denote the k™ harmonic number Hj, = Zle 1/i = O(logk).

by Bernoulli’s inequality % = > 0 and so h is an increasing function. Note that our

A.1. Properties of the coefficients mgqsb)

Here we provide a proof for the following properties mg@ used in Section 5, which we restate here

for convenience. We give a proof of each claim in turn.

(¢

Lemma 8 For any ¢ > 0, the coefficients m,, ) , satisfy the following:

1. gg(e|A) =D pca mfﬁ‘B‘f(dB),for any AC X ande ¢ A.
2. Ypeamy) |y =1 forall AC X.

3. ml) =ml®, o +m forall0 < b <a.

4. ¢’ma b= bmgd))l p—1 1 (a b)m((zqi)l,b + (¢/ (e ) lp=o + (¢?/(e? — 1)) 10
foralla> OandOSbga

Proof of Claim 1 Note that by the definition of gy:

= 2 mw 51 (B me 1181/ (B)

BCAte BCA
(¢>) (¢)
N Z { \Al Bl—1 ~ Ma|—1,p-1)f (B) +m 5 f(B+e).

It thus suffices to show (m‘(ﬁ?,‘B‘fl — m‘(iffly‘B‘fl)f(B) = \AI ‘B‘f( ). For B = (), we have
f(®) =0 and so (mfj)‘j_l — m‘(i?_lj_l)f((b) =0= _mfjiof( ). When |B| > 1,
(¢) (¢) _ B|- Al-|B B|- Al-|B
A1 1Bl-1 ~ "Al-1,B-1 = pF‘@ [Pl =1 = p)AFIBIFL — pIBIL (1 — gl q
— _pIBl(1 — )l AI=IBI] — _ (@)
—pNI%¢[ p (1 p) } = |A| |B|'
|

Proof of Claim 2 By linearity of expectation:

4| 14|

RIS (IR B () T

BCA b=0
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Proof of Claim 3 When 0 < b < a, the definition of m%) immediately gives:

m) =E PA-p = E p0-p) T p 1)1 -p) = me g+

Proof of Claim 4 For a > 0 and b < a, noting that Dy (p) = %D‘ﬁT@ and applying integration by

parts

1
mffg =/0 Dy(p) - p°(1 —p)* " dp

D¢(p)pb(1 _p)afb =t _ /1 D¢(p) <bpb71(1 _p)afb . (CL _ b)pb(l _ p)afbfl) dp.
0

Which is equivalent to:
_p|P=1
(;Smcfb) = _bm((;b—)l,b—l +(a— b)m((ld)—)l,b + D¢(p)Pb(1 —p)* b‘p:o .

(¢)

This follows immediately from the definition of m,_, when b > 0, and when b = 0 it follows from
_bmgb—)l,b—l =0="bp" (1 —p)’.

To complete the claim, we note that lim,, o+ Dy (p)p®(1 — p)*~° is Dy(0) = ¢/(e? — 1) if
b=0and 0if b > 0, and lim,, ,;- Dy(p)p’(1 — p)*?is Dy(1) = pe®/(e? — 1) if a = b, and O if
0<b<a. [ |

A.2. Bounding the value of g

Here we show that the value of g4(A) can be bounded in terms of f(A) for any set A. In the
analysis of Filmus and Ward (2014), this follows from submodularity of g, which is inherited from
the submodularity of f. Here, we must again adopt a different approach. We begin by proving the
following claim. Fix some set A C X and for all 0 < j < |A| define F; = ZBE(;.‘) f(B) as the

total value of all subsets of A of size j. Note that since we suppose f is normalized, Fy = f(0) = 0.
Lemma 13 If f is y-weakly submodular from below, then F; > ('?L_ll)wf(A)for all1 <i<|A|.

Proof Let k = |A|. Since f is y-weakly submodular, for any B C A we have

> (f(B+e)— f(B) = v(f(A) — f(B)).

ecA\B

Rearranging this, we have

Y. FBHe) = af(A)+ (Al = Bl =) f(B) =7 f(4) + (|A] = |B[ - 1)f(B), (18)
ecA\B
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for all B C A. Summing (18) over all ( ") possible subsets B of size j, we obtain

G+ DE =70 f(A) + (k—j - 1)F, (19)

since each set T' of size j + 1 appears once as B + e on the left-hand side of (18) for each of the
7 + 1 distinct choices of e € T'with B =T — e.

We now show that F; > (k 1)7 f(A) forall 1 < i < k. The proof is by induction on i. For
i = 1, the claim follows immediately from (19) with j = 0, since then (l;) =1= (15:11) and
(k—j—1)F; = (k—1)Fy = 0. For the induction step, (19) and the induction hypothesis imply:

Fia 2 oy (v FA) + (k=i = D) = oy (v F) + (k=i = D7 (5] £(4))
(FODF@) + (k=i = () IA) = g (BE77=) (5 r)
TR () F(A) = M (D S () =2 (T £(A).

V

7

Using the above claim, we now bound the value of g4(A) for any set A.
Lemma 14 If f is y-weakly submodular, then for all A C X, vf(A) < g4(A) < h(¢)H) 4 f(A).

Proof Let k = | A|. We begin with the lower bound for g,4(A). By the definition of the coefficients

mffb) and Lemma 13:

~D
Bcal™e i—1

k
wol) = 0 B [0 g = B |5 nE
p~D¢[2W “(1-p) i('fif)f(A)]z E ['yf(A)‘
=5 DfA)]=af(A).

For the upper bound, we similarly have:

p~D¢ {sz 11— p)h- %F] pg% [Zk:pi‘l(l _ )i (?)f(A)]

Vger YL (9)p(1 - p)ETif(A)

=) @ ; dp = w1 , f(A)dp
g L= (=p)l R
< [ =) | X (1= p )
k—1 1
— h(9) £(4) = ho)Ha f(A),
Jj=0 J+1 .

where the first inequality follows from monotonicity of f and the second inequality from %_p)k >

0 for p € (0,1] and h(¢) = % is an increasing function of p. [
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A.3. Bounding the sensitivity of g, to ¢

The following lemma shows that small changes in the parameter ¢ produce relatively small changes
in the value g4(A) for any set A.

Lemma 15 Forall ¢, e > 0,and S C X,
1. gs1-0)(S) = e7%gy(S)
2. h(¢) < e™h(¢(1—¢))
Proof Both claims will follow from the inequality

(1 — 5)e¢(175)p - de?r ’
eb(l—e) — 1 e? —1

(20)

which we show is valid for all p € [0, 1] and £ > 0. Indeed, under these assumptions,

¢(1 - 5)6¢(1—5)p . 6¢ —1 — (1 o g)e*qﬁsp e(b —1 — (1 _ g)eﬂzﬁsp €¢ —1
etl—e) —1 pedr ePe=% — 1 e?(1+(e=?—1))kF -1
¢ _1 ¢ _1
e e
> (1 — g)e~%ep 1 — g)e=%ep — o= beP > =9
e ke e e g s s Sl S r e v s e

Here the first inequality follows from the generalized Bernoulli inequality (1 + z)! < (1 + tx),
which holds for all z > —1 and 0 < ¢ < 1, and the second inequality follows from p € [0, 1].
For the first claim, applying (20) gives

¢1—~”56¢ B 1 A|—-|B
15) T ZPH I\Hf()
BCA

e? —1
BCA

1 ¢p
> /0 e—te ¢ ¢€ > PP = p)AIB (B dp = €797 g,(A),

as required. For the second claim, setting p = 1 in (20) gives h(¢(1 — €)) > e~ **h(¢) or, equiva-
lently, h(¢) < e?h(p(1 — ¢)). [

A.4. Efficiently estimating g, via sampling

The definition of g4 requires evaluating f(5) on all B C A, which requires 214l calls to the value
oracle for f. In this section, we show that we can efficiently estimate g4 using only a polynomial
number of value queries to f. Our sampling procedure is based on the same general ideas described
in Filmus and Ward (2014), but here we focus on evaluating only the marginals of g4, which results
in a considerably simpler implementation. In particular, our algorithm does not require computation

of the coefficients mg(bb) .

Lemma 16 For any ¢, N, there is a randomized procedure for obtaining an estimate §(e|A) of
ge(e|A) using N queries to the value oracle for f so that for any 6 > 0,

2N

Pllg(elA) — gle]A)| = 0f(A+e)] <2 2,
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Proof We consider the following 2-step procedure given as an interpretation of g in Filmus and
Ward (2014): we first sample p ~ Dy, then construct a random B C A by taking each element
of A independently with probability p. The probability that any given B C A is selected by the
procedure is then precisely

L pedr

)M dp = mi
e

|ALIB| *
Thus, for a random B C A sampled in this fashion, E[f(e|B)] = >_BcaA m‘(ﬁ? ‘B‘f(e]B) = g(e|A),
by part 1 of Lemma 8. We remark that for the particular distributions Dy we consider, the first step
of the procedure can easily by implemented with inverse transform sampling.

Suppose now that we draw N independent random samples {Bl}fi 1 in this fashion and define

the random variables Y; = W. Then, E[Y;] = 0 for all . Moreover, by monotonicity of

£,0 < f(e|B) < f(B+e) < f(A+e)forall BC Aandalso 0 < X pcami%l p f(e]B) =

g(e|A) and g(e|A) = > pc4 mfjfﬁ‘B‘f(dB) <> Bca m‘(ji‘B‘f(A +e) = f(A+e) by part 2 of
Lemma 8. Thus, |Y;| < 1 for all i. Let jg(e|4) = + Zfil f(e|B;). Applying the Chernoff bound
(Lemma 24), for any § > 0 we have

2N

P[lg(e|4) — §(el4)] > f(A+e)] <P[TN, ¥ > 6N] < 2e~ 7",

Appendix B. A randomized, polynomial time distorted local-search algorithm

Our final algorithm is shown in Algorithm 3. Before presenting it in detail, we describe the main
concerns involved in its formulation.

B.1. Initialization

We initialize the algorithm with a solution Sy by using the guarantee for RESIDUALRANDOM-
GREEDY provided by Chen et al. (2018) when only -y is bounded. In this case, their analysis shows
that the expected value of the solution produced by the algorithm is at least W f(O), where
O is an optimal solution to the problem. Here, however, we will require a guarantee that holds with
high probability. This is easily ensured by independently running RESIDUALRANDOMGREEDY a
sufficient number of times and taking the best solution found.

Formally, suppose we set e’ = min(e, %) and run RESIDUALRANDOMGREEDY G = 21‘;%52(”) =
@(5*2) times independently. For each 1 < I < G, let T} be the solution produced by the /™ instance
of the RESIDUALRANDOMGREEDY. Define the random variables Z; = @ JWI,I)Q — J}((g)) , Where
O € T is the optimal solution. Then, E[Z;] = 0 and | Z;| < 1 for all [.

Let Sp = arg max;<;<¢ f(717). Then, by the Chernoff bound (Lemma 24),

P[£(S0) < (147772 =) (O)] <P|& T, £@) < (1477172 =) £(O)]

2 1

—P[Cl, 2> G| < e = L

Thus, with probability at least 1 — 2 =1 — o(1), f(So) > (W - 6/) f(O).
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B.2. Determining ¢

In Theorem 9, we considered a (v, )-weakly submodular function f, and used the potential g,
with ¢ = ¢(v, B) = 72 + B(1 — ¥) to guide the search. In general, however, the values of v and 3
may not be known in advance. One approach to coping with this would be to make an appropriate
series of guesses for each of the values, then run our the algorithm for each guess and return the best
solution obtained.

Here we describe an alternative and more efficient approach: we guess the value of ¢(v, 3)
directly from an appropriate range of values. Moreover, when running the algorithm for each sub-
sequent guess, we initialize the local search procedure using the solution produced by the algorithm
for the previous guess. Combined with the bounds from 15, this will allow us to amortize the
number of improvements made by the algorithm across all guesses.

In the next lemma, we show that if v or ¢(v, ) is very small, then guarantee for RESIDU-
ALRANDOMGREEDY is stronger than that required by our analysis (and so Sy is already a good
solution). This will allow us to bound the range of values for both ¢ and ~y that we must consider in
our algorithm.

Lemma 17 Forall v € (0,1] and 8 > 1, ¢(v,B) > %. Moreover, if $(v,0) > 4dory < % then

1 Y2(1—e=¢(:8))
(E= A #(v,8)
Proof First, we show that ¢(~, 5) > 3/4 for any value of v € (0,1] and 5 > 1. Note that g—g =
1 —~ >0, forall v € [0,1]. Thus, any minimizer of ¢(v, 3) sets = 1. Moreover, g—f =2y—p
and 327‘5 = 250 a ¢(v, ) is minimized by vy = g = % It follows that ¢(y, 8) > ¢ (%, 1) = % for
ally € [0,1] and 8 > 1.

Now suppose that ¢(~y, ) > 4. Then, the claim follows, since

72(1 — e~ ¢(rh)) f - 72 _ 1
¢(7, ) 47 (1492 (A4+q71)?
It remains to consider the case in which v < % Recall that h(z) £ e”ﬁ.e_zl is increasing in x and

so h(p(v,B)) > h(%) > % (where the last inequality follows directly by computation of h(%)).
Suppose that v < % Then,
YA(1 = e=¢0:h)) 7 "

6B he(np) AT

Comparing the previous estimation to the approximation ratio of Chen et al. (2018) and using that
v < 1/7, we have

3.2 2
1 3 9 3 (8
— = N)<-12] <1
(I+y71)2 ey <7>
Thus, %72 < W and again the claim follows. |

Lemma 17 shows that it suffices to consider ¢(v, ) € [3/4,4] andy > 1/7, since otherwise the
starting solution already satisfies the claimed guarantee.> Thus, our algorithm considers a geomet-

2. We remark that the use of the RESIDUALRANDOMGREEDY is not strictly necessary for our results. One can instead
initialize the algorithm with a base containing the best singleton as in the standard local search procedure to obtain
a guarantee of ~/k for the initial solution. The remaining arguments can then be modified at the cost of a larger
running time dependence on the parameter k.
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rically decreasing sequence of guesses for the value ¢ € [3/4, 4], given by ¢; = 4(1 — )7, where
0<j</[log_. 1—361 For the first guess, we initialize our algorithm with the solution Sy produced
using several runs of RESIDUALRANDOMGREEDY. For each guess after the this, we initialize .S
with the approximately locally optimal solution produced for the previous guess.

For each guess, the algorithm proceeds by repeatedly searching for single element swaps that
significantly improve the potential g, (.S). Specifically, we will exchange an element a ¢ S with an
element b € S whenever gy, (a|S —b) > gy, (b]S — b) + Af(S), where gy (-|S — b) is an estimate
of gg,(:|S — b) computed using N samples as described in Section A.4 and A is an appropriately
chosen parameter. We show that by setting /V appropriately, we can ensure that with high proba-
bility an approximate local optimum of every g, is reached after at most some total number M of
improvements across all guesses.

B.3. The algorithm and its analysis

Our final algorithm is shown in Algorithm 3. Let M = (X, T) be a matroid, and f : 2¥ — R, be
a (y, B)-weakly submodular function. Given some 0 < ¢ < 1 we set the parameters:

A=z (threshold for accepting improvements)
0= 4h(zﬁ~Hk = 4h(4)6‘Hkk = 0O(e/(klogk)) (bound on sampling accuracy)
L=1+ [log;_. 13—61 =0 (number of guesses for ¢)
M =logy,5(7-128 - e*“h(4) - Hy) = O(6™') = O(ke™')  (total number of improvements)
N =4-76"2In(Mkn) = O(67%) = O(k*™?) (number of samples to estimate g)

In Algorithm 3, we evaluate potential improvements using an estimate g, (-|S —b) for the marginals
of g that is computed using N samples. By Lemma 16, we then have [g4.(e|A) — g4, (e]A)| <

52+2N

Y0 f(A + e) for any A, e considered by the algorithm with probability at least 1 — 2¢~ 2 . If
62
v > 1/7, this is at least 1 — 2¢ 22N — 1= W In our algorithm we will limit the total number

of improvements made across all guesses for ¢ to be at most M. Note that any improvement can
be found by testing at most kn marginal values, so we must estimate at most M kn marginal values
across the algorithm. By a union bound, we then have |Gy, (e|A) — gy, (e|A)| < v f(A + e) for
all A, e considered by Algorithm 3 with probability at least 1 — o(1) whenever v > 1/7. Before
proving our main result, let us show that if the algorithm terminates and returns S after making M
improvements, we must in fact have an optimal solution with high probability.

Lemma 18 Suppose that v > 1/7. Then, if Algorithm 3 makes M improvements, the set S it
returns satisfies f(S) > f(O) with probability 1 — o(1).

Proof With probability 1 — o(1) we have |gy, (e|A) — gg.(e]A)| < 75f(A + e) for any e, A con-
sidered by Algorithm 3. Whenever the algorithm exchanges some a € X \ S for b € S for some
guess ¢;, we have gy (alS — b) — gy, (b|S — b) > Af(S) and so
9¢; (S —b+a) = gy,(S) = gy, (alS — b) — g4, (b]S — b)
> Go,;(alS = b) = 67f(S = b+ a) = g, (b]S = b) = 57/ (5)
> Af(S) = 09¢;(S = b+ a) =gy, (),
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Algorithm 3: Distorted Local Search Implementation

Let A= {0 = mim = mame M = (1L+671)(37 + In(Hy)), N = 2862 In(Mkn),

G = log(n)/(2min(e, ﬁls)2);
Sy <+ the best output produced by G independent runs of RESIDUALRANDOMGREEDY

applied to f and M;
Smax  S03
1 < 0;
for 0 < j < [log,_.16/3] do
¢ 4(1 —¢e);
S+ Sj;
repeat

isLocalOpt < true;
foreachb € Sanda € X \ SwithS —b+a €7 do
Compute g, (alS — b) and gy, (b]S — b) using N random samples;
if gy, (a|S — b) > gy, (b]S — b) + Af(S) then
S+ S—-b+a;
141+ 1;
isLocalOpt < false;
break

until isLocalOpt or¢ > M,

Sj+1 r
| if f(Sj+1) > f(Smax) them Spax < Sjq1;
return Sy, .«

where the second inequality follows from the lower bound on g, in Lemma (14). Rearranging
and using the upper bound on gy, (S) from Lemma 14, together with the definition of § and A, we
obtain:

1
Af(S) + (1 —0)gg;(S) S %h(¢j)~Hk +1-9

) — > )
96,(S —b+a) > T > 5 9o; (S)
£ 1
E—+1-94§ 1
k h(4)-Hy, + 36
> ) = ) > .
> o 96,(8) = 775 90,(5) = (1 +0)94,(5), (21)

where the last inequality follows from 111% > (111?2 forall0 < x < 1.

Now suppose that f(Sp) > ((1+~71)"2—¢’) f(O), which we have shown also occurs with high
probability 1 —o(1). Then, since v > 1 and ¢’ = min(kg, ), we have f(So) > 135f(O). Suppose
that ¢ = M when the algorithm is considering some guess ¢;. We consider how the current value
of ge, (S) changes throughout Algorithm 3, both as improvements are made and as j increases. As
shown in (21), each of our M improvements increases this value by a factor of (1 + ¢). Moreover,

as shown in Lemma 15,

9o; (S) = g(l*E)Qﬁjfl(S) > 67%7169%—1(5) > 67469%—1(5)7

24



Two-SIDED WEAK SUBMODULARITY FOR MATROID CONSTRAINED OPTIMIZATION AND REGRESSION

for any set S. Thus, each time j is incremented, the value gy, (S) decreases by a factor of at most
¢*¢. Since we made M improvements, we then have:

96,(Senn) = (L+6)Me™ g5, (S0) = (L+0)Me o f(S0) = (1 +0)Me 1 55 £(0),

where the second inequality follows from the lower bound on g given in Lemma 14, and the
second from vy > % The upper bound on g given by Lemma 14 implies that: g4, (S;4+1) <
h(@r)Hi f (Si41) < h(4)Hi f(Si41). Thus,

1

7-128- h(4) - Hy

F(Sir1) = (14 8)Me e F0).
Since I < L and M = log;  5(e* €7 - 128 - h(4) - Hy,), the set Syax returned by the algorithm thus
has f(Smax) = f(Si+1) > f(O), as claimed. [ |

We are now ready to prove our main claim, from Section 5, restated here for convenience:

Theorem 11 Let M = (X,T) be a matroid, f : 2% — Ry be a (v, )-weakly submodular
function, and € > 0. Then, there is a randomized algorithm that with probability 1 — o(1) re-

turns a set S satisfying f(S) > (% — O(e)) f(O) for any solution O € I, where

o(v, B) =%+ B(1 — 7). The algorithm runs in time O(nkc=3).

Proof We have shown that f(Sg) > ((1+~7')"% —¢’) f(O) with probability 1 — o(1), where

g = min(g, 555 ). It v < or ¢(v, ,4|, then Lemma 17 implies that (1 +~7")7° >
" = min(e, 135)- If v < 1/7 or (v, B) € [3/4,4], then L 17 implies that (1 =2
w, and so the claim follows as f(Smax) > f(So0). Thus, we suppose that v > 1/7 and

qﬁ(fy,d) g)ﬂe [3/4,4]. Then, if Algorithm 3 makes M improvements, Lemma 18 implies that the set
returned by the algorithm is optimal with probability at least 1 — o(1).

In the remaining case, we have ¢(v, §) € [3/4,4],v > 1/7, and each set Sj; 1 produced by the
algorithm must have gy (01[Sj+1 — s1) < 95, (s11Sj41 —s1) + Af(S) forevery s; € Sand o; € O.
Since v > 1/7 and the algorithm makes at most M improvements, with probability 1 — o(1), we
have ‘§¢j (elA) — g4, (e|A)| < 70 f(A+e) for all guesses ¢; and e, A considered by the algorithm.
Thus,

9, (Sj+1— s1+01) — g, (Sj+1)

= 9o, (01]Sj1 — 51) — 9¢; (5118541 — 1)

< o, (o1]Sj1 — 81) + 07 f(Sjr1 — 51+ 01) — Gg; (51|41 — 51) + 67 (Sj41)

< Af(Sj1) + 0vf(Sj41) + 07f(Sjt1 — st + 1)

< (A+26)f(0)

= O(%) - f(O).
Consider the smallest j such that ¢;11 = 4(1 — e)i*t < ¢(v,8). Then, ¢pj11 < ¢(v,8) <
Gi1/(1— ) £ ¢ Let f = 40 Then, ¢(7,8) = 1>+ 4= (1 —4) = ¢; and § >
(1.8 —* 3

= B, so f is also (v, B)-weakly submodular. Theorem 9 then implies

2 k 2
F(S341) 2 525 F(O) + 3 [96,(9) = g0, (S = s +01)] > (h(”%) - o<a>) 1(0)
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By Lemma 15 part 2, our choice of j, and ¢; < 4,

h(e;) < e%7h((1 = €);) < e¥=h(@(, B)) < e=h((v, ))
Thus, £(Sj11) = (gt — O(€)) F(0) = (U257 — 0(e) ) £(0).
The running time of the algorithm is dominated by the number of value oracle queries made to
f. The initialization requires running RESIDUALRANDOMGREEDY @(5_2) times, each of which
requires O (nk) value queries. The remaining execution makes at most M = O(s k) local search
improvements, each requiring at most Nnk = @(nk35_2) value queries to find. Altogether the
running time is thus at most O(nk*e ). [ |

Appendix C. A-optimal design for Bayesian linear regression

In Bayesian linear regression, we suppose data is generated by a linear model y = X760 + €,
where y € R", X € RP*" and € ~ N(0,021), where I is the identity matrix. Here, X =
[xl Xg - xn] with x; € RP? is a vector of data, and y is a vector corresponding observations
for the response variable. The variable e represents Gaussian noise with 0 mean and variance
o2. When the number of columns n (i.e., the number of potential observations) is very large,
experimental design focuses on selecting a small subset S C {1,2,...,n} of columns of X to
maximally reduce the variance of the estimator 6.

Let Xg,ygs be the matrix X (the vector y respectively) restricted to columns (rows respectively)
indexed by S. From classical statistical theory, the optimal choice of parameters for any such .S is
given by s = (XTXs) ' Xsys and satisfies Var(s) = o2 (XZ X)L, Because the variance of
65 is a matrix, there is not a universal function which one tries to minimize to find the appropriate
set S. Instead, there are multiple objective functions depending on the context leading to different
optimality criteria.

As in Krause et al. (2008); Bian et al. (2017); Harshaw et al. (2019), we consider the A-optimal
design objective. We suppose our prior probability distribution has 8 ~ N (0, A). We start by
stating a standard result from Bayesian linear regression.

Lemma 19 Given the previous assumption, and the prior on @ ~ N (0,A), The posterior dis-
tribution of 0 follows a normal distribution p(6|yg) ~ /\/'(Ms_ngyg, Ms_l) where MsTl =
(02X XL + A1),

In A-optimal design, our objective function seeks to reduce the variance of the posterior distribution
of 6 by reducing the trace of Mg ! ie., the sum of the variance of the regression coefficients.
Mathematically, we seek to maximize the following objective function

F(S) = tr(A) — tr(Mg') = tr(A) — tr(A™! + 02X XT) 7). (22)

The function F' is not submodular as shown in Krause et al. (2008). The current tightest estimation
of the lower weak-submodular ratio of I is due to Harshaw et al. Harshaw et al. (2019). They
show that v > (1 + j—i)\max(A))*l, where s = max;e[,) ||x;||. Here we give a bound on the upper
weak-submodularity ratio 3.
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Theorem 20 Assume a prior distribution @ ~ N(0,A), and let s = max;c[,) ||X;||. The function
Fis(1/c, c)-weakly submodular with ¢ = 1 + j—z)\maX(A).

Observe that like for the R? objective, our upper bound for /3 is the the inverse of the lower bound
for ~.

Proof The lower bound on + is shown is Harshaw et al. (2019). It remains to prove the upper bound
on 3. Let B be some set of observations and A C B with k& = |A| and for convenience, define
T = B\ A. By the Sherman-Morrisson-Woodbury formula (see Lemma 22), we have

F(B) — F(A) = tr(My") — te(Mg")

r((MB — o 2 XpXT) 7Y — tr(Mph)

r(Mg' + Mg Xp(o?] — X7 Mg Xp) ' XT Mg') — tr(Mz")
r(Mp' Xr(o?] — X7 My Xp) ' XT Mg")

tr((o?I — XT Mg' Xr) ' X7 M52 Xr). (23)

t
t
=t
t

The third equality uses the linearity of the trace while the last equality uses the cyclic property of
the trace. We use the previous equation to derive an upper and lower bound for the numerator and
denominator of the submodularity ratio respectively. Applying (23) with A = B\ {i} (and so
T = {i}) we obtain

tr(x] M52x;)
F(B)—F(B—1i) = B
(B) ( ) o2 X;MglxZ

Let < be the Loewner ordering of positive semidefinite matrices, where A < B if and only if
B — A = 0. First, observe that A=' < Mp for any set R, which implies that A > M R L Using
a second time the Sherman-Morrison-Woodbury formula (Lemma 22) together with the previous
observation, we get

(02 — )(ZTM]§1>(Z-)71 =c 240 4XT (MB — J_QxixiT)il X,

_ T
=0 240" XMB\{}Xi,

<o 40" XTAXZ,

240" )\maX(A)S2,

where s = max; ||x;||2 and the last inequality follows by the Courant-Fischer min-max theorem.
Summing over all i € T'= B \ A and using the linearity of the trace, we have

] ) tI‘(XTM_2X') _ T
ZF(@]B—”:Z#A% S(U 24 %0 Amax ( Ztr M X;)
€T ieT @ i Mg i €T

= (072 + 520 M Amax(A)) tr(XF M52 X7).  (24)
Returning to the expression of F'(B) — F(A), we note that Mp is positive definite, which im-
plies that Mgl is positive definite. This in turn implies that —X% Mg X7 < 0 and so 0T —
XEMp X7 < 021. Thus, (02] — XXMz X7)™' = 0721 » 0. Therefore,

tr((0?] — X Mg X7) ' XE M52 X71) > tr (0 2 X+ M5*Xr) = o 2 tr (X5 M52 X7).
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Combining this with the bound (24), we have:

. . — — -2
Tigr FUIB=1) (o7 +0 4Amax<A>-52)it2r(X%MB Xr) 145 Ama(A).
F(B) — F(A) o2 tr (XEM5*X7) o

Recalling that 7' = B\ A, this completes the proof. |

Appendix D. How large can  be?

We have shown that the R? objective (Section 3) and the A-optimal design objective for Bayesian
linear regression (Section C) are (¢, 1/c¢)-weakly submodular for some parameter c. A natural ques-
tion to ask is whether, given v > 0, there is a small non-trivial bound for 3 independent of the size
of the ground set. Here we show that this is not true in general, by proving the following claim
stated in Section 5:

Theorem 12 For any v > 0 and k > 0 there exists a function on a ground set of size k that is
~v-weakly submodular from below but not 5-weakly submodular from above for any 5 < (k_“’) =

k—1
o (k).

The intuition behind the construction is simple. We build a set function recursively with lower
submodularity ratio exactly v. The recurrence relation holds until the (k — 1) marginal, which
allows us to have a large value for the final marginal and thus increase (.

Proof of Theorem 12 We start by constructing a monotone set function f on a ground set of k
elements. The elements are indistinguishable, meaning that for any given set S, two elements e, ¢’ €
X\ S have the same marginal contribution. Therefore, because elements are indistinguishable, the
value of a set is a function of its size. Let x; be the value of any set of size ¢« = 0,1,...,k.
Additionally, let zo = f(0) = 0 and z, = 1. We define z; inductively with the following recurrence
fori=0,1,....k—2:

Tir1 = m ~x; + L or equivalently x;11 —z; = L(l — ;). (25)

k—1 k—1 k—1

It can easily be shown (by induction) that the described sequence is valid, i.e. it is monotone and
each z; € [0, 1]. Additionally, we note that the sequence satisfies:

1_mi+1=1_<’“‘i‘7.xi+ ”.)=(1—7><1—xi), (26)

k—1 k—1 k—1

forallt=0,1,...,k— 2.
First, we show that f has a lower submodularity ratio at most . We prove that for any B and
A C Bsuchthat |B| = jand |[A| =1

2eepallel4) _ U =)@ — ) ~y 27
f(B) = f(A) Tj— 1 -
First, we consider the case in which j = k. If i = k — 1, then the left-hand side of (27) is 1. If
1 < k — 2, then applying the identity (25), and recalling that x;, = 1 gives:
(k—i)(zig1 —x;) _ (k—1) 751 — )

T — T 1—ux
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forany:=1,...,k— 1.
Next, we consider the case in which j < k—1 and so ¢ < k—2. Then, by employing recursively
the identity (26) we obtain

j—1
xj—;cz-:(1—@)—(1—%):(1—;c,~)<1—H<1—k%)) (28)

=i
Since v €0, 1], we can use the generalized Bernoulli (1 —1/n)* < 1—z/n for z €10, 1] to bound
each term in the product above. This gives:

f(1-52) = H10-2) (2 (-2 =1-(2)

where in the last inequality we used the fact that (1 — )Y > 1 — z for x € [0,1] and v € [0, 1].
Thus we have:

(= ) (@wir1 — i) _ (=51 —a) A=) _
7= (-e)(-T (- ) O-mE
where we have used (25) and (28) in the first equation. Combining these cases, we find f is -
weakly submodular from below.

To complete the proof we now show that f is not S-weakly submodular from above for any
B < (’;:1’) Here we consider the case in which A = () and B = X and show that:

YeenflelB—e)  k(zp—zp-1) _ <k _ 7>.

fB) —fO) —  xp—m k-1

Recall that z; = 1, and xg = 0, which implies that the denominator is equal to 1. Recursively
applying the identity (26) gives

k(L —ap1) = k- H<1_> —"/‘H<1—*)

_Il(—7) _Ihoi(+1-9) _ <k _fy>
I ¢ =) ¢ k1)
as required. -

Appendix E. Basic results from linear algebra and probability

We make use of the following basic results related to matrix inverses (see e.g. (Rasmussen and
Williams, 2005, Section A.3))

Lemma 21 (Block Matrix Inverse) Let B and A be matrices of dimension k x k and h X h, re-
spectively, and let U and V' be matrices of dimension k x h and h X k respectively. Then,

-1
B U B+ B tUsSvB~! —-B~lUS

vV A -SvB1 S
where S = (A — VB™1U) ™Y is the Schur complement of B.
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Lemma 22 (Sherman-Morrisson-Woodbury formula) Let A, U, C,V be matrices of conformable
sizes. Then,

(A+UcV)t=al—a (T +vATlU) T TvaTt

We also make use of the following bound on eigenvalues of normalized covariance matrices
shown in Lemmas 13, 14, and 15 of Das and Kempe (2018):

Lemma 23 Let L and S ={X1, Xo,..., X, } be two disjoint sets of zero-mean random variables
each of which has variance at most 1. Let C' be the covariance matrix of the set LU S. Let C, be
the covariance matrix of the set{Res(X1, L), ...,Res(X,,, L)} after normalization of the random
variables to have unit variance. Then Ayin(Cp) > Amin(C).

Finally, we use the following form of the Chernoff bound given in (Alon and Spencer, 2016,
Theorem A.1.16):

Lemma 24 (Chernoff Bound) Ler X;, 1 < i < n be mutually independent random variables with
E[X;] = 0and |X;| <1 foralli. Set S = Xy + - - - + X,,. Then for any a,

Pr[S >a] < e /2n
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