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In this first of two papers, we explain in detail the simplest example of a broader set of relations
between apparently very different theories. Our example relates su(2) N = 4 super Yang-Mills
(SYM) to a theory we call “(3,2).” This latter theory is an exactly marginal diagonal SU(2) gauging
of three D3(SU(2)) Argyres-Douglas (AD) theories. We begin by observing that the Schur indices
of these two theories are related by an algebraic transformation that is surprisingly reminiscent of
index transformations describing spontaneous symmetry breaking on the Higgs branch. However,
this transformation breaks half the supersymmetry of the SYM theory as well as its full N' = 2
SU(2)r flavor symmetry. Moreover, it does so in an interesting way when viewed through the
lens of the corresponding 2D vertex operator algebras (VOASs): affine currents of the small N' = 4
super-Virasoro algebra at ¢ = —9 get mapped to the A(6) stress tensor and some of its conformal
descendants, while the extra supersymmetry currents on the N/ = 4 side get mapped to higher-
dimensional fermionic currents and their descendants on the A(6) side. We prove these relations
are facets of an exact graded vector space isomorphism (GVSI) between these two VOAs. This
GVSI respects the U(1), charge of the parent 4D theories. We briefly sketch how more general
su(N) N =4 SYM theories are related to an infinite class of AD theories via generalizations of our
example. We conclude by showing that, in this class of theories, the A(6) VOA saturates a new

inequality on the number of strong generators.

Introduction

In this note, we revisit a 4D N = 2 superconformal
field theory (SCFT) we first studied in [1] and find some
remarkable relations it has to su(2) A/ = 4 super Yang-
Mills (SYM). We will refer to the N' = 2 theory in ques-
tion as the (3,2) SCFT [34]. This theory consists of three
copies of the so-called D3(SU(2)) ~ (A, As) Argyres-
Douglas (AD) theory [35] with a gauged diagonal SU(2)
symmetry having vanishing beta function (see figure 1).
In what follows, we will refer to these D3(SU(2)) SCFTs
as “D3” theories.

Modulo having the same su(2) gauge algebra, su(2)
N =4 SYM and the (3,2) theory seem to be very differ-
ent beasts. For example, in the former case, the N’ = 2
matter sector (prior to gauging) consists of a free adjoint-
valued hypermultiplet while, in the latter case, it consists
of three strongly interacting D3 SCFTs.

However, this picture begins to change when one thinks
of the so-called “Schur sector” of operators in both SCFT
matter sectors (prior to gauging). In particular, the re-
semblance becomes starker when one thinks in terms of
the related 2D vertex operator algebras (VOAs) that
the general correspondence in [10] assigns to the mat-
ter sectors in question. On the SYM side, we have a
VOA (strongly) generated by adjoint-valued dimension
1/2 symplectic bosons while, on the (3,2) side, we have
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FIG. 1: Our AD theory of interest, (3,2), consists of an ex-
actly marginal diagonal SU(2) gauging of three D3(SU(2))
SCFTs.

a VOA (strongly) generated by adjoint-valued affine cur-
rents for each D3 matter sector [11-14].

This realization motivates a cursory glance at some of
the basic observables of the 4D theories we are discussing
and reveals the following: in both cases a = ¢, and, as
we will explain in section I, the Schur indices of the SYM
theory and (3,2) are related in a simple way

T32)(q) = Touiy (6*;47) (1)

where the label “su(2)” refers to the corresponding N = 4
theory. In writing (1), we have set x = q%, where z is
the flavor SU(2)F fugacity that arises when we think of
the A = 4 theory as an N = 2 theory.

As we will explain in section II, these features have a
deeper explanation in terms of a mathematically precise



exact graded vector space isomorphism (GVSI) between
the 2D vertex operator algebras (VOAs) that correspond
to (3,2) [1] and su(2) N =4 SYM [10]. In other words,
we find a GVSI between the A(6) algebra of [15, 16] and
the small A/ = 4 super-Virasoro algebra at ¢ = —9.

We suggest that the GVSI and its consequences can
be thought of physically as comprising a distant cousin
of spontaneous symmetry breaking on the Higgs branch.
At the level of moduli spaces there is a superficial similar-
ity to moving onto the Higgs branch and removing a de-
coupled Nambu-Goldstone (NG) multiplet: su(2) N = 4
SYM (thought of as an N' = 2 theory) has a 2-complex
dimensional Higgs branch, while the (3,2) theory has a
trivial Higgs branch. Moreover, just as in the case of two
theories related by Higgs branch renormalization group
flows, the (3,2) and su(2) N/ = 4 SYM theories have
the same value of the U(1), C SU(2)g x U(1), anomaly,
namely

Tr|(3,2) U(1)r = Tr|sue2) U(1)r =0 . (2)

This result follows from the fact that a(z2) — ¢32) =
As5u(2) — Csu(2)-

Yet another similarity arises when one thinks of moving
onto the Higgs branch in terms of the index [17]. More
precisely, to describe the Higgsing of the N’ = 4 theory
in terms of the index, we can, just as in (1), set © = qz.
Performing this substitution corresponds to leaving un-
suppressed certain contributions to the Schur index from
the SU(2) r lowest-weight component of the holomorphic
moment map, p—. The resulting divergence of the index
is interpreted as setting (u—) # 0 and moving onto the
moduli space. The corresponding residue of the index
describes the IR theory that remains (after removing the
NG multiplet).

From the perspective of the index, only the fact that
we simultaneously rescale ¢ — ¢° in (1) keeps Ty (2) finite
and tells the index to describe physics different from Hig-
gsing. As we will see, this rescaling leads to interesting
phenomena like the fact that, at the level of the corre-
sponding VOAs, some of the (strong) generators of the
¢ = —9 small ' = 4 super-Virasoro algebra are mapped
to generators of the A(6) chiral algebra while others are
mapped to descendants. More generally, the number of
derivatives acting on an operator in one theory is not
preserved under the mapping to its cousin in the other
theory (see section II for details).

However, even this peculiar mapping of operators is
somewhat reminiscent of spontaneous symmetry break-
ing. Indeed, consider a flavor symmetry current for some
spontaneously broken symmetry in a general quantum
field theory (QFT) in d > 2. In the deep IR, this current
is mapped to a descendant of the NG field

Ju = [rOum . (3)

More generally, we may expect the following mapping
between operators in the UV and IR

0"Opy — 0™Orr (4)
where it may happen that n # m [36].

In the context of AV = 2 theories, it is useful to think of
the above discussion in terms of Higgs branch operators
and their Hall-Littlewood (HL) generalizations [10, 18].
Thinking along these lines, we easily find examples of
(3) and (4). Such situations often arise due to the fact
that certain Higgs branch operators of the UV theory
get mapped to operators that, in the deep IR, have sup-
port only in the low energy effective QFT describing the
decoupled NG multiplets and vanish in the remaining IR
QFT (e.g., the N' = 2 flavor symmetry current multiplets
for spontaneously broken flavor symmetries). In terms of
symbols, we have

OII}I%/ — OIR‘rem. =0 y (5)

where OML, is an HL operator in the UV theory, Org # 0
is its IR avatar supported in the NG effective QFT, and
“lrem.” denotes the restriction of this operator to the part
of the IR theory decoupled from the NG multiplets.

We will see that many of these phenomena have cousins
in our case. For example, all HL operators of the su(2)
N =4 SYM theory will be mapped to non-HL operators
in the (3,2) theory (whose Higgs branch and HL sector
vanishes). In other words, instead of (5), we will have

Oty = Oyl =0, (6)

where O(39) # 0 is an operator of the (3,2) SCFT, and
“lgL” denotes the restriction to the (trivial) HL ring.

The plan of this paper is as follows. In the next sec-
tion we describe the ingredients that lead to the index
relation (1). With this groundwork out of the way, in
section II we proceed to describe the GVSI between the
VOAs discussed above. In section III, we tease a gener-
alization of the relation between (3,2) and su(2) N' = 4
SYM that will be discussed in much greater detail in [26].
In particular, we show that the A(6) VOA saturates an
inequality on the number of strong generators for VOAs
in the class of theories discussed in [26]. We conclude
with some open questions and future directions.

I. THE INDEX RELATION

In this section we derive the index relation (1) and
explain some of its consequences before setting the stage
for a discussion of the GVSI in section II.



Let us begin by briefly reminding the reader that the
Schur index [18] is a specialization of the N' = 2 su-
perconformal index counting certain, at worst 1/4-BPS,
local operators. In particular, the Schur index is a refined
signed trace over the Hilbert space of local operators, H

I(g; &) := T‘f\n(—l)Fe_ﬁAqE_RH(wi)ff‘ (D

where |q| < 1, & is a vector of flavor fugacities cor-
responding to weights f, F' is fermion number, E is
the conformal dimension, R is the SU(2)r weight, and

A= {QQ;, (Q2;)T}.

Given this definition, we would like to construct Z(3 o),
Tsu(2), and check (1). For ease of reference in what fol-
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lows, we reproduce this relation below

Z(3,2)(q) = Zouz) (¢ q%) ) (8)

where we again remind the reader that “su(2)” stands
for su(2) N =4 SYM.

The simple relation in (8) can, at some level, be antic-
ipated from the simple form the Schur index of D3 takes
[37]: it has simple “single letter” contributions when
written as in [19-21]. In particular, we have

o) = | (T D ] @

where y is a fugacity for the D3’s SU(2) flavor sym-
metry that we gauge to produce the (3,2) SCFT,
and we define the “plethystic exponential” to be
P.E.[g(g; 21, - ,2p)] = exp (220:1 %g(qn; Ty, 7*77;))
Notice that the expression in (9) is not too different from
the index of the hypermultiplets in the SYM theory

1

q2

Tuyp(a;y, @) = P.E. | = .

($+$1)Xadj(y)] , (10)

where y is the fugacity for the su(2) flavor symmetry we
gauge to produce the SYM theory, and x is a fugacity for
the remaining SU(2)r N = 2 flavor symmetry we have
discussed at length above.

To generate the relation in (8) given the building blocks
in (9) and (10), we need only integrate the vector multi-
plet contribution to the index

Lolin) = PE [~ 2ova)] . ()

over the su(2) Haar measure and include the appropriate
matter contributions. Doing so, we find

Toui2) (g5 ) = /dusu@)(y)-lvec(q;y)-Ihyp(q;y,w), (12)

and
Lis,2)(q) = / dpsv() () Teee(@:9) - (Ipy(a:9))° . (13)

from which (8) easily follows upon taking ¢ — ¢* and
x — q2 in (12).

It is interesting to note that one consequence of the
index relation we have derived in (8) is that the U(1),
anomalies discussed in the introduction must match. In-
deed, since the SU(2)r flavor symmetry has vanishing
linear 't Hooft anomaly [38], we see that Z(3 5y and Zgy(2)
have the same “high-temperature” behavior and hence
the same value of a — ¢ (see the discussion in [11]). In-
deed,

aez2) = €(3,2) = 2 = T‘I‘|(3’2) U(l)r =0,

Asu(2) = Csu(2)) = 1 = Tr|5u(2) U(l)r =0. (14)

While the above discussion strongly suggests that the
Schur sectors of su(2) N'=4 SYM and the (3,2) SCFT
are related, it is not at all obvious from the facts pre-
sented thus far that there is a particularly simple map
between these two sectors. Indeed, it turns out that both
the (3,2) and su(2) N = 4 theories have fermionic and
bosonic Schur operators [39]. Therefore, even though the
Schur indices are closely related, the (—1)%" in the defini-
tion (7) can sweep various differences in operator content
under the rug. For example, at the level of the index,
there is no general way to distinguish operator relations
amongst bosons from fermionic Schur operators with the
same quantum numbers (and vice versa). The main re-
sult of the next section will be to show that, in spite of
this possibility, there is in fact a GVSI between the two
Schur sectors when analyzed at the levels of the corre-
sponding VOAs.

II. THE EXACT GRADED VECTOR SPACE
ISOMORPHISM

To gain further insight into the mechanism that ex-
plains the index relation in (8), it is useful to consider the
associated 2D VOAs in the sense of [10]. Indeed, for any
4D N =2 SCFT, T, [10] showed there is a corresponding
2D chiral algebra, x[T], living on a plane P ~ R? C R%.
Via an SU(2)g twisting on P, one can show that each
Schur operator resides in a cohomology class (with re-
spect to a nilpotent supercharge) that is in one-to-one
correspondence with a state of the VOA living on P.

We can make contact with the discussion of the pre-
vious section by noting that the torus partition function



for x[T] takes the form
Zr27(q; 2, %) = Tr zMLqLO_%Z H(xz)fl , o (15)

i

where M+ = j; — jo = —r is the spin transverse to P,
coq = —12c¢4q is central charge of the VOA in terms of
the 4D central charge, L is the holomorphic weight, and
x; is a flavor fugacity (sometimes referred to in the VOA
literature as a Jacobi variable) with corresponding weight
fi. Note here that r is just the U(1), charge and that it
is a conserved (though non-local) charge of the VOA.

Since they count essentially the same states, it should
come as no surprise that [10]

Zreogr(@; (—1);8) = ¢~ HIr(g @) . (16)

In this relation, the holomorhpic dimension maps as fol-
lows: h = E — R. Therefore, we can translate (8) into
the 2D statement that

Zro (3.2 (@ (—1)) = 45 Zp2 yjouray) (@ (—1); %) . (17)

However, our goal is to go beyond this relation and to

understand if there is a non-trivial mapping of states in
the two VOAs. On the N = 4 side we have the following:

1. From [10, 28], we know that x[su(2)] = sVir, v,
i.e., the VOA associated with the su(2) N/ = 4 the-
ory is the small A/ = 4 super-Virasoro algebra at
c=-9.

2. The bosonic strong generators of this VOA are the
three affine currents of su(2)_ 3

Bos. strong gens. : JOF ¢ 5/(\2)_% CsVirs, J_, . (18)

These currents have h = 1, r = 0, and are related
to 4D Higgs branch operators (i.e., moment map
primaries of El type with R = 1 in the language
of [29] that correspond to SU(2)F; see also [30]).
Therefore J%* are also the bosonic generators of
the HL chiral ring. Here, T is not an independent
generator (it is the Sugawara stress tensor).

3. The fermionic strong generators are the four N’ = 4
supercurrents of h = 3

Ferm. strong gens. : G, G* , (19)

where GF have r = 1/2 and G* have r = —1/2.
These latter currents are also HL generators (they
reside in multiplets of type Dy g gy) and the former

are not (they reside in multiplets of type D 1 (0’0)).

On the (3,2) side we have the following;:

1. From [1], we know that x[(3,2)] = .A(6), ie.,
the VOA associated with the (3,2) theory is the
¢ = —24 A(6) chiral algebra of Feigin, Feigin, and
Tipunin [15, 16].

2. The only bosonic strong generator of this VOA is
the energy momentum tensor

Bos. strong gens. : T' € Vir.—_o4 C A(6) . (20)

This operator has h = 2, r = 0, and is related
to the 4D SU(2)gr current (it is a superconformal

~

descendant in the Cy(g,) stress tensor multiplet).
This is not a Higgs branch or HL operator.

3. The fermionic currents are two h = 4 currents

Ferm. strong gens. : U, ¥ | (21)

where W has r = 1/2 and ¥ has r = —1/2. Using
the D3 Macdonald index [14] or conformal pertur-
bation theory, one can argue that these operators
have to be of (?%(%70) D C’A%(Oé) type [1]. Hence, as
discussed in the introduction, the (3,2) theory has
no Higgs branch or HL operators [40].

Clearly the above VOAs are not isomorphic: the cen-
tral charges and number of strong generators are differ-
ent. Moreover the HL rings and Higgs branches do not
match. Still, given the result in (17) we can hope for a
non-trivial isomorphism of the VOAs when thought of as
(—=1)¥ (or equivalently U(1),) graded vector spaces. In
particular, we would like to see if we can map operators
to operators and null states to null states while preserv-
ing statistics and U(1),. In other words, we would like
to see if we can construct the GVSI promised in the in-
troduction. Such a GVSI implies (8) and (17), but, as
discussed in section I, it is a much stronger result.

To motivate such a GVSI, let us work out what such
a map

@ xlsu(2)] = x[(3,2)] (22)

would look like for small values of h. Crucially, in addi-
tion to preserving U(1),, we are forced by (17) to set

1
h(z,2) = 3hgu(2) + §f ; (23)

where M3 2) is the holomorphic dimension in A(6), hgy(2)
is the corresponding quantity in sVir;jjg: 4, and f is the
weight under SU(2)p.

The lowest-dimensional non-trivial operator in A(6) is
the stress tensor at h(s 2y = 2. The constraint (23) fixes

o(J)=T. (24)



The next non-trivial state is 9T at h(32) = 3 , and again
(23) fixes a unique choice

©o(J%) =0T . (25)

At h(z2) = 4 we have two bosonic states: O0%T and T2.
At the level of a GVSI, we can set ¢(J ) and p((J7)?) to
any two independent linear combinations of these states.
However, it is natural to also demand that the normal-
ordered product is respected so that

P(JF) =0T, o((J7)*) =17 (26)

We also have two h3 ) = 4 fermionic operators: ¥ and

0. These are uniquely identified via the requirement that
¢ respect U(1), as

P(G)=T, p(GT)=1. (27)

The relations in (24), (25), (26), and (27) succinctly ex-
press the idea behind our generalization of Higgsing: the
VOA generators that map to HL states on the SYM Higgs
branch (i.e., the N' = 2 NG multiplet for the SU(2)p
symmetry breaking and its A/ = 4 vector multiplet part-
ner) are set to zero in the (trivial) (3,2) HL ring (as in
(6)). However, unlike the case of motion onto the Higgs
branch, the HL operators are mapped to non-trivial but
non-HL states in the (3,2) theory.

Before moving on to a proof, it is also worth consider-
ing operators with h(3 2y = 5 in order to understand how
derivatives get mapped by ¢ and to understand the map-
ping of the remaining fermionic generators of sVir;lea: 4
To that end, the bosonic operators at h(32) = 5 are o>T
and TOT. We can again choose ¢ to preserve the normal
ordered product by taking

©(0J ) =0T, o(J°J7) = (01T . (28)

The fermionic operators at h(z o) = 5 are Gt and Gt.
The fact that ¢ respects U(1), means that

©(GT) =0T, p(GT) =0V . (29)

Finally, it is worth further motivating our proof by
considering the fermionic operators with A3 2y = 6, since
this is the first level with null vectors in A(6) [15, 16]

KPPU + TV = kP LTI =0, K#0 . (30)

These two null vectors are important for our candidate
GVSI, ¢, to work. Indeed, (30) means that there are now
just two fermionic states at h(zg) = 6: TV ~ 0%V and
TU ~ 92U, This number is just right because there are
only two candidate states in sVirgz_j\%ﬂl that can map
onto these A(6) fermions, and U(1), fixes this mapping
uniquely

O(J G)=T¥ , o(J " G)=TV . (31)

In addition to these tests, we also explicitly checked the
remaining states at h(3 o) = 6 as well as the states with
h(s,2) = 7,8 and found that they are all consistent with
the existence of the above GVSI [41].

This discussion makes plausible the following theorem:

Theorem 1: The map ¢ in (22) is a GVSI respecting
(23) with the following additional properties:

1. ¢ respects U(1), charge: 7(O) = r(¢(0Q)) for all
O € x[su(2)]. By the taxonomy of Schur operators,
this means ¢ respects the Bose/Fermi statistics of
the operators it maps.

2. There exists a basis {O;} of x[su(2)] such that
every 0; is a normal ordered product of strong
generators and/or their derivatives, and ¢(0;) =

30(01'71) cee @(Oz,ki) when Oz = OiJ cee Oi,ki [42]

3. p(0%0) = 9% (0) for all strong generators O of
X[su(2)] in the basis mentioned in property 2.

4. The non-local su(2) under which (G*, GF) trans-
form as doublets is mapped to a non-local su(2)
under which (¥, ¥) transform as a doublet.

The key idea that leads to a proof of the theorem
is to compare a decomposition of s\/irg:ljg=4 in terms
of Weyl modules of the universal affine vertex algebra,
V_z(su(2)), given in [31]

oo

sVir>—J_, ~ @ (7Tm+1 ® V_g(m&})) ) (32)

m=0

with a corresponding decomposition of the A(6) VOA in
terms of Virasoro modules given in [15]

A(6) =~ D (41 ® Mins1,16) - (33)

m=0

In (32) and (33), 41 are m+ 1-dimensional irreducible
representations of the su(2) mentioned in bullet 4 of the
above theorem.

Proof: We wish to first show that, under the identifica-
tion in (23)

M7n+1,1;6 ~ V—%(mw) 5 (34)

as a linear equivalence of graded vector spaces. Here
M,y41,16 is the Virasoro module with Kac labels (m +
1,1) at ¢ = =24, and V_z (mw) is the Weyl module of
V_3(su(2)) associated with mw (where w is the funda-

mental weight of su(2)).

To that end, as discussed in [31], V_s(mw) has no
singular vectors and is therefore spanned by all vectors



of the form
s, {ar}, {bx}, {er})ouie) =
(H(JJrk)ak(JEk)bk(J_k)Ck) |$You2) »  (35)

k=1

where the product is taken so that J ‘_4k is on the right
of er if £ < ¢, ag, by, and ¢ are non-negative integers,
and s = 0,--- ,m labels eigenstates of J{ with eigenvalue
s — % [43]. Therefore, V_s (mw) is linearly isomorphic to
the Virasoro Verma module spanned by

|S’§Oak} Abe}t {exhvie =
H(L3k1)ak(L3k)bk(L3k+1)ck> L%, |R) , (36)

k=1

where we set

ho— 3 (mw,mw+2p) m
2(ksu(2) + hgy) 2
m(3m +5)

- min+d (37
in order to guarantee that [s)sy2) — (L% )|h) under our
identification (23). We also have the following mapping
of modes that is manifestly compatible with (23)

Jitk — L_3k+1) Jgk — L_3k . (38)

We can write the space spanned by our states in (36)
more succinctly as the quotient of the Verma module,
Verma(h), by the subspace generated by (L_;)™"t|h),
and so we find

V_z(mw)

~ Verma(h)/Vir_(L_1)™ 1) , (39)

where Vir_ is the subalgebra spanned by L_j; with &k > 0.
Let us now analyze M,,11.1,6. As discussed in [15], this

is the quotient of Verma(h,,+1,1) by a subspace generated
by a singular vector |¢) at level m + 1

Mm+1,1;6 = Verma(hm—i-l,l)/vir—|w> ) (4())
where
6(m+1)—1)2-25 m@Bm+5
ppn = OOAD 22 _mlam+8)

Note that this holomorphic dimension coincides with the
one in (37). Therefore, we have proven (34).

In the rest of this proof, we show that the above
graded linear isomorphism can be equipped with the
additional properties listed in Theorem 1. As shown
in the proof of Theorem 2.5 of [31], the highest
weight state of 1 @ V_s(mw) in (32) corresponds

to GTOGTO?2GT .- 9™~ 1G™T [44], where the su(2) action

is such that (G*,GT) transforms as a doublet. There-
fore the decomposition (32) implies that sVirl, v_, is
spanned by the normal ordered products

o0

H(ak—1J+)ak (8k_1J0>bk (8k_1J_)Ck
= crocs.omia)  (42)

(i1
where GV := G, Gl =G+, GY =G, GL :=GT, 51 €
{0,1},4; € {1,2}, and we used the state operator map
JA,|0) — 0F=1JA(0) for A = 0,4 and k > 1. Note that
both the sub-scripts and super-scripts of Gj are com-
pletely symmetric in (42).

We now turn to the A(6) side. We use the free field
realization of A(6) discussed in [15]; T = £(0¢)?
%ﬁang, U = e V3 and U = [ﬁfdze‘/%(z),e*‘/%]
where ¢ is a free field such that ¢(2)¢(0) ~ logz.
With this realization, the highest weight state of
Tmt+1 ® Mmi1,1.6 in (33) is written as e~mV3é
VO3WPOW - - - §3m =3P [45], where the su(2)-action is such
that (¥, ¥) transforms as a doublet. Then (33) and our
proof of (34) imply that A(6) is spanned by

o0

H aSk lT ag 83k 2T)bk(83k 3T)c;c
k=1
0" (W@, 0", 00, )) (43)

where ¥, = U, Uy =, s € {0,--- ,m}, i € {1,2}, and
we used the state operator map L_x|0) — 9*=2T(0) for
k> 2.

Let us now consider the linear map ¢ : s\/ir;j_/\g/=4 —
A(6) that satisfies the properties listed in Theorem 1
for the basis (42) of sVire _,. Here we set ¢(J~) =
T, p(J%) = 0T, p(J*) = O°T, p(G~) = ¥, p(G*) =
OV, p(G7) = ¥ and p(GT) = V. Then gp maps the
basis (42) to

H aSk: lT ar aSk 2T)bk(a3k ST)
k=1
*: Y PO, PPy, -

: oESH,

aSm 3485 (m) ]
im)

(44)

where S,,, is the symmetric group of degree m (note from
comparing (42) and (44), properties 1-3 mentioned in the
theorem follow). Below we show that this ¢ is a graded
linear isomorphism. It is straightforward to show that ¢
is compatible with (23) and therefore is a graded linear
map. Then all we need to show is that (43) and (44)
span the same space so that ¢ is a linear isomorphism.

The fact that (43) and (44) span the same space
can be seen as follows. We focus on the sub-space
spanned by the su(2) highest weight states, since its or-
thogonal complement is generated by the action of the



s5u(2) lowering generator. We start with the fact that
O (WP ... PPm=3W) o §e V3 = P, (dp)e V3,
where P;(0¢) is a degree-s differential polynomial of
d¢ involving s derivatives. Using T = £(0¢)?

%82417, we see that Py(d¢)e ™V3¢ o (9¢)e mV3¢ 4

S Qu(T)(0¢)* ke V3 where Qu(T) are differ-
ential polynomials of 7. This implies that (43) for
ak, bk, c > 0 and 0 < s < m span the same space as

H aSk 1T a 83k QT)bk(a?)k ST)% (a(b)e —mf¢

(45)

for the same ranges of ay, bx, ¢, and s. Similarly, one can
show that (44) for ag, by, cr, > 0 and s € {0,1} span the
same space as (45) where we identify s = s1 + -+ + s,
[46]. Hence, the spaces spanned by (43) and (44) are
identical, and therefore ¢ is a graded linear isomorphism
satisfying properties 1-4. [J

I [x[(3,2)]] VERSUS |y[su(2)]| AND AN
INEQUALITY

In this section we will describe some additional rela-
tions between the (3,2) VOA and its ' =4 SYM VOA
cousin. Our starting point is to recall that the number of
strong generators in A(6) = x[(3,2)] saturates a univer-
sal bound on the number of strong generators in VOAs
related to 4D A = 2 theories with exactly marginal gauge
couplings [1]

IX[T] =3, (46)

where T is any 4D N' = 2 SCFT with an exactly marginal
gauge coupling, and |x[7]| denotes the number of strong
generators of x(7) (here |A(6)| = 3 since, as discussed
in the previous section, it is strongly generated by T', ¥,
and ).

In what follows, we would like to argue that |.A(6)]
saturates another bound on the number of strong gener-
ators, but this time from below.

However, to discuss this bound, we will preview some
results that will appear in our upcoming work [26]. In
particular, in [26] we will argue that one can generalize
some of the above results (and find various new ones)
by considering an infinite set of N/’ = 2 SCFTs that are
closely related to the (3,2) theory.

We call these generalized theories (n, N) SCFTs (they
have also been studied in [2] under different names [47]).
We consider four infinite cases:

1. The (3, N) SCFT with ged(3, N) = 1 as in figure 2.
It consists of an exactly marginal SU(N) gauging

D3 n @ D3 N

D3 n

(3, N)

FIG. 2: Our main theory of interest, (3,2), has N = 2 and is
the simplest member of this larger class of theories (see figure
1). More generally, we may consider exactly marginal diago-
nal SU(N) gaugings of three D3(SU(N)) := D3 n SCFTs
(where D32 := Ds3). The only constraint on N is that
ged(3,N) = 1.

of three D3(SU(N)) := D3 y SCFTs. The (3,2)
SCF'T discussed in the previous sections has N = 2
(and D3’2 = D3)

2. The (2, N) SCFT with gcd(2, N) = 1 as in figure 3.
It consists of an exactly marginal SU(N) gauging
of four Dy (SU(N)) := Dy n SCFTs.

3. The (4, N) SCFT with gcd(4, N) = 1 as in figure 4.
It consists of an exactly marginal SU(N) gauging
of two D4(SU(N)) := D4qn SCFTs and one Ds
theory.

4. The (6, N) SCFT with ged(6, N) = 1 as in figure
5. It consists of an exactly marginal SU(N) gaug-
ing of one Dy y SCFT, one D3 n theory, and one
DG(SU(N)) = DG,N SCFT.

Among other results, we will argue in [26] for the fol-
lowing generalization of (1), where su(2) N'=4 SYM is

generalized to su(N) N =4 SYM
Zin ) () = Zouny) (@™, 4™*71) (47)
and the following generalization of (23)
n
h(n,N) =n-: hsu(N) + (5 - 1) f . (48)

Generalizing section II, we will argue in [26] that, among
other things, there is an underlying GVSI

©n,N : X[ﬁu(N)] — X[(na N)] ; (49)
that respects U(1), and (48).

Given this picture, we claim that A(6) saturates a new
bound (this time from below) on the number of strong
VOA generators in the infinite set of (n, N) SCFTs rel-
ative to the number of strong generators in the corre-
sponding A" = 4 theory:

Claim 3: Assuming the conjecture in [10] for the VOA
corresponding to su(N) N =4 SYM, x[su(N)], [48] and



assuming the existence of a GVSI, ¢,, v, described above,
we have the following bound on the number of strong
generators of x[(n, N)] relative to the number of strong
generators of x[su(N)]

Ix[(n, N)]| < [x[su(N)]| — 4. (50)

Moreover, A(6) is the unique theory saturating (50) in
the class of (n, N) SCFTs.

Proof: Let us first consider the case of n = 2. We
require that gcd(N,n) = 1 and therefore that N > 3.
From (48), we see that the SU(2)p generators of the
SYM theory are mapped to dimension two operators: T,
X1, and Xs. Here T is the energy-momentum tensor and
X1,2 are other spin-two currents in x[(2, N)]. These must
be strong generators since the (2, N) theory has no flavor
symmetries. By the conjecture for x[su(N)] in [10], there
are no other bosonic generators at h(z n) = 2.

At hz,n) = 3 we will have the bosonic operators 97T,
0X4, and 0X,. There cannot be any relation involving
just these operators (otherwise some linear combination
of T, X1, and X2 would be constant), and we also see
from (48) that o N (0J7), w2.n(0J°), w2 N(OJT) can
only contribute at h yy = 4. Therefore, we learn that
three strong generators of x[su(N)] must map to the
h(2,ny = 3 bosonic derivatives in x[(2, N)]. These are
the 2D states arising from three of the four B;j, opera-
tors of the su(N) N =4 SYM VOA conjectured in [10]
(note that here we are using the fact that N > 3).

At h(2, vy = 3 we also have four fermionic states arising
from mapping {Gi,éi} to {\I/i,\ili} under g . By
similar logic to the one used above in the bosonic case,
we must have four independent derivatives at h ny = 4:
OU* and OU*. From (48) we see that these states can-
not arise from images of p(GE) or ¢(AGE). Therefore,
these must be generated by four fermionic currents in
x[su(N)] (these are four of the 2D avatars of the 4D
TrQin;\+ and TrQ;Q;\; operators). As a result, we
find the stronger result that

IX[(n, N)]| < Ix[(su(NV)]| = 7 < x[su(N)]| =4 . (51)

Consider now the case of n = 3. Just as in the dis-
cussion of the (3,2) theory in the previous sections, we
see that (48) implies that the first non-trivial operator
of x[(3,N)] enters at h(3 ) = 2: the stress tensor, T
We again have the unique identification, p(J~) =T. At
h(s,ny = 3 we have 0T # 0. Since (48) implies ¢©(9.J7)
has h(3 ) = 5, we see that a strong generator of x[su(V)]
must map to dT. By the conjecture in [10] we have that

@(a'blll +ﬂ~J0)=8TEX[(2,Nﬂ ) (52)

for some constants « and 5. Here b111 = x(B111) where
Bi1n = Tr@Q1Q1Q1 (“1” is a label denoting the lowest

Do N

D2 N @ D2 N

D2 N

(2,N)

FIG. 3: We may further generalize the (3,2) theory by con-
sidering a diagonal exactly marginal SU(N) gauging of four
D3(SU(N)) := D2 n theories. Here ged(2, N) = 1.

D2 N @» Dy N

Dy N

(4,N)

FIG. 4: We may also generalize the (3,2) theory by con-
sidering a diagonal exactly marginal SU(N) gauging of two
D4(SU(N)) := Dy4,n theories and one D3(SU(N)) := D2 n
SCFT. Here ged(4,N) = 1.

SU(2)r weight state in the doublet @;). An indepen-
dent linear combination of ¢(b111) and ¢(J°) map to a
x[(3, V)] strong generator, X, at h(s ) = 3 (this state
was absent in the case N = 2, but it exists for N > 4).

Next consider the bosonic states at hz ) = 4. We
have T2, 92T, and 0X. We can’t have a null state in-
volving just 9*T and X (since this would contradict T
and X being independent operators at (s ny = 3) [49].
Therefore, we have that 9T and 90X are independent.
Since ¢(9b111) has h(s ny = 6, we see that two strong
generators of x[su(N)] must map to the derivatives in
question. This mapping occurs via two linear combina-
tions of p(JT), ¢(b211)) (where the indices of b(211) are
symmetrized), and ¢(b1111). We therefore see that there
is an additional independent generator at this level, Y
(again only for N > 4).

To finish off the case of n = 3, let us consider the
fermionic states at h(z n) = 4. We have two states arising
from the mapping of {G_,é_} to {\I/, \i/} under @3 .
Therefore, at h(s ny = 5, we have 0¥ and oU. By (23),

these cannot arise from (G ™) or (G ™). As a result,
two strong generators of x[su(N)] must map onto them.
We conclude that

X3, NI < Ix[su(N)]| -4, (53)

with the equality saturated if and only if N = 2.



Do N @» D3 n

D¢, n

(6, N)

FIG. 5: As a final generalization of the (3,2) theory we may
considering a diagonal exactly marginal SU(N) gauging of a
DQ(SU(N)) = D27N theory, a Dg(SU(N)) = D3,N SCFT,
and a Dg(SU(N)) := Dg,n theory. Here ged(6, N) = 1.

Consider now the case of n = 4 (since ged(4, N) = 1,
we see that N > 3). Again our first bosonic operator
in x[(4, N)] enters at h¢4 ) = 2 and has a unique map-
ping: ¢(J~) =T. As in the previous case, at h(4,n) = 3
we have 9T # 0. Since (48) implies that ¢(0J~) has
h(a,ny = 6, we see that a strong generator of x[su(N)]
must map to 97. By the conjecture in [10], we have
that ¢(b111) = OT. Next, at hy y) = 4, we have T2
and 92T # 0 (since ¢ # —2—52 we also have 0?7 is inde-
pendent of T?). Since (9b111) has h(4 n) = 7, we must
have ¢(J°), p(J~J7), and ¢(by111) mapping into these
stress tensor states and a new strong generator X (for
N > 5; we see that for N = 3, X cannot exist using [10]).
Since ga(@JO), @(6J7J7)7 cp(abnn) have h(4,N) =38, this
means there is a strong generator that maps to 9°T.

Now consider the lowest-dimensional fermions
©(G7) = V¥ and o(G™) = ¥ at hy,y) = 5. These are
strong generators of x[(4, N)|, and their derivatives 0¥
and 0¥ must correspond to other strong generators
of the x[su(N)] VOA by (48). Therefore, we have the
stronger result that

IX[(4, N < [x[su(N)]] =5 < [x[su(N)]| =4 . (54)

Finally, consider the case of n = 6 (since ged(6, N) = 1,
we see that N > 5). As above, our first bosonic operator
in x[(6, N)] enters at h( ) = 2 and has a unique map-
ping: ¢(J7) =T. Again at h n) = 3 we have 9T # 0.
Since (48) implies that ©(9.J7) has h n)y = 8, we see
that a strong generator of x[su(NN)] must map to 7. By
the conjecture in [10], we have that ¢(b111) = 0T. Next,
at hg,ny = 4 we have T? and 0*T # 0 (again, since
c # —%, we also have that 9?7 is independent of T?2).
Since ¢(0b111) has h(gny = 9, we must have o(J~J7)
and ¢(b1111) mapping into linear combinations of T2 and
O°T. Since p(dby111) has h,ny = 10, we must have an-
other strong generator mapping into 83T
lowest-dimensional  fermions

Now consider the
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©(G7) =¥ and o(G~) = VU at he,ny = 7. These are
strong generators of x[(6, N)], and their derivatives, O¥
and O¥, must correspond to other strong generators
of the x[su(N)] VOA by (48).Therefore, we have the
stronger result that

IX[(6, N)]| < [x[su(N)]| =5 < |x[su(N)]| =4, (55)

and we have proved our result. [

IV. CONCLUSIONS

In this paper, we have shown that a surprisingly simple
index relation between two very different theories—the
(3,2) AD theory and su(2) N' = 4 SYM—has a math-
ematical explanation in terms of an exact GVSI. We've
argued that physically this relation is a (distant) cousin of
spontaneous symmetry breaking. It would be interesting
to understand this physical perspective better, perhaps
making contact with and generalizing the large charge
literature as in [32, 33].

It will also be interesting to understand how general
the above phenomena are. As we have mentioned, we will
find infinitely many generalizations of some of the above
arguments in an upcoming work [26] (though note that
the index discussion from the introduction referencing
[17] does not directly apply to the case n # 3).

In addition, we have seen that the VOA associated
with the (3,2) SCFT, A(6), saturates two bounds on the
number of strong generators. It would be interesting to
understand if this saturation is related to the fact that
the (3,2) theory lacks a Higgs branch. Moreover, the
saturation of these bounds might imply that this theory
can be targeted in interesting ways with the bootstrap.
Finally, it would be interesting to understand our con-
struction in a more four-dimensional language.
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We thank J. Shafiq for rechecking some of these results.
By definition of strong generators, every element of
X[su(2)] is written as a linear combination of normal or-
dered products of strong generators and/or their deriva-
tives. However, non-trivial null operator relations imply
that some of these normal ordered products are linearly
dependent. Our statement here is that there exists a set
{O;} of linearly independent normal ordered products for
which ¢ preserves the structure of the normal ordering.

Note that f in (23) is twice the eigenvalue of J§.

Here the “highest weight” is in the sense of su(2) ®
V_ 3 (su(2)).

One can show that e ™V3? o WP ... 5" 3@

as follows. First note that e V3¢(=1)...e=V30(zm)

e_‘/g(¢(21)+"'+¢(2m))H1<i<j<m(zi — 2;)%. Differentiat-
ing this identity and using ¥ = ef‘/g‘ﬁ, we see that
U (21)0%W (22)0%W (23) - - - O™ 3W(2) o e~ ™V3OGm) 4
X, where X vanishes in the limit of 2z — 2z, for
k=1,--- ,;m — 1. This implies that the normal ordered

product WP - - - 9™ 3 is proportional to e V3%

Indeed, since e~ V36(z1) | o= V3(zm) =

e*\/§(¢(zl)+<..+¢(2m)) H1§i<j§m(zi _ Zj)37 it is straight

forward to show that 9%1W@3Ts2y...53m 3tsmy
is written as Ps 4..4s,, (8¢)e_m\/§¢ for a differen-
tial polynomial Ps,4...4s,,(04). Since s, € {0,1},
st + -+ sm € {0,---,m}. Therefore, the same ar-
gument as above implies (44) for aw,br,cx > 0 and
sk € {0,1} span the same space as (45).

Various subsets of these theories have also been studied
in (3, 4].

Actually, we will only need to assume that the low-lying
states of the conjectures in [10] are correct.

Moreover, since ¢ # —25—2, we also cannot have a null
relation involving just 8*T and T°2.
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