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Abstract

The Cauchy problem (or, initial value problem) provides a setting for the
analysis of generic solutions to the Einstein field equations parametrised in
terms of the initial conditions. In particular, one is interested in showing
that the Einstein equations admit a well-posed initial value formulation.
The standard strategy to address this issue is to show that the Einstein
equations imply evolution equations that are on a hyperbolic form. This
has been done for the vacuum, dust and Einstein-Euler equations — each
treated separately. In the first part of this thesis, we use an orthonormal
frame approach to show that one can avoid the details of a specific Einstein
- matter model in the construction of a first order symmetric hyperbolic
system by introducing an auxiliary field. The frame is Fermi-Walker propa-
gated and coordinates are chosen such as to satisfy the Lagrange condition.
It is shown that the solution of the system established is a solution to
the Einstein Equations everywhere on the space time by propagation of
constraints. Our analysis covers the special cases of dust and perfect fluid,
and we also provide a discussion of self-gravitating elastic matter. In the
second part of the thesis, we study the conformal Einstein field equations
and show the future stability of N self-gravitating dust bodies in a space
time with positive cosmological constant. This is achieved in three parts.
First, we show that the choice of density function representing N dust
bodies — when ascribed as initial data on the conformal boundary (I+) —
is a solution to the conformal field equations. This result is obtained using
a theorem by H. Friedrich and the Fredholm alternative. We then show
stability for small conformal time for this data, which is equivalent to an
infinite physical time. Finally, using a theorem by Choquet-Bruhat, we
give sufficient conditions for the Einstein constraint equations to admit a
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solution representing N bodies of dust, and show that the geodesics are
future complete.
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Chapter 1

Introduction

1.0.1 The Manifold model of spacetime

Up until the time of Newton and Leibnitz, there were two main types
of scientia. On the one hand, there was the analytic scientia whereunder
Mathematics fell. Thus, the study of Mathematics was more about de-
veloping one’s character rather than its applicability in the World. Then
there was the observational scientia which typically was labeled natu-
ral philosophy. That these two forms of study could be mixed to form
what we call today mathematical physics, was far from obvious; and it
should perhaps not be obvious for us either. It was not until Newton that
Mathematics and natural philosophy combined in such a way that the
laws of nature could be written down in terms of mathematical equations,
typically in the form of differential equations. This thesis follow in that
school of thought and assumes that such an undertaking is fruitful and
warranted. The idea, then, is to model our experiences living in what we
call a gravitational field in a mathematical way such that we can analyse
the mathematical structure and finally translate the results back into the
realm of experience. I say experience and not reality, because to suggest
that Mathematics is somehow less real based on the observation that it
cannot be touched, seen or heard, seems to me to beg the popular question
of the unreasonable effectiveness of Mathematics [1]. Reality — in my
opinion — has more faces than Brahma. And Mathematics is one of them.
The question of how to know, or shall we say, how to gain access to reality
as a whole, has been a long standing question going back to ancient Greek
Philosophy. In this thesis — as far as I am aware — we shall be concerned
with two such faces of reality and their interplay. The one I shall hereafter
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2 chapter 1 introduction

refer to as Gnosisynesisa and concerns the understanding of reality from
experience. This is the basis for all the empirical sciences, including Physics.
The second face of reality I will call Logosophiab. This is the wisdom one
obtains by studying the world of Logic and reason. Naturally, this is the
foundation for subjects such as Logic and Mathematics. In such a view of
the world, the interplay and interaction of Gnosisynesis and Logosophia —
or, in particular, natural philosophy and Mathematics — becomes rather
a natural field of study as part of the study of Reality.

Returning to the subject of this thesis, which is Gravitation, we now
make the following observation from Gnosisynesis: the notion of here and
there is intimately linked with the notion of now and then. When a friend
ask you to meet him at the lamp post behind the bank at 11pm, there is
no ambiguity (given you know the place and how to read a clock.) If, on
the other hand your friend only tells you to meet him at the lamp post,
without specifying the ’when’, you would complain. Every thing we see,
touch and feel has an imaginary flag associated with it which contains
the information we call "when". The information given by the flag we
typically associate with an invisible part of reality we call time. We will
call the ’thing’ together with its flag an event. For example, the flight of a
bumble bee is a sum of uncountable many events. This is all Gnosisynesis
— i.e. arguments derived from experiences. We now move to the branch
of Logosophia we call Mathematics to analyse the situation further. In
Mathematics, there is the notion of points, and the collection of points are
called sets. We make an assumption:

Assumption 1.1. Each event may be represented by a point.

As a consequence, one can construct a set with each element representing
a material particle — i.e. the smallest thing you would be able to see —
and its associated "flag". This set, we shall call spacetime and is henceforth
labeled M . We have thus created a correspondence between objects living
aThis word is made up of two Greek words: Gnosis — which means knowledge gained
by experience — and Synesis — understanding

bFrom the greek words Logos — reason — and Sophis — wisdom
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in the mathematical realm with things of the sensible world. Furthermore,
by this one assumption, we claim to represent the whole of reality as known
by Gnosisynesis through Logosophia. It may not be warranted, but insofar
as the experience of Gravitation is concerned, it is remarkably successful.

So far, M is a set. A set, has no structure, it is more like a jar of powder
that may be shaken, poured out, rearranged, and still remain the same
powder. Clearly the reality of Gnosisynesis is not very well represented
by a bag of flour! What we observe has order, it has structure. Thus, we
introduce the additional structure of a topology O on M .

Definition 1 (Topology). A topology OM on a set M is a subset of M

such that

1) ∅ ∈ OM and M ∈ OM ,

2) Given any two sets V, U ∈ OM , then V ∩ V ∈ OM ,

3) Given any index set α, and let Uα ∈ OM , then ⋃
α
Uα ∈ OM .

We shall label a spacetime M with the additional structure of topology by
(M ,OM ). Thus spacetime is a topological space. We will hereafter refer
to a set U ∈ OM as an open set. An important set which will be used
frequently throughout is the set labelled as Rd, defined as

Rd ≡ R× R× · · · × R︸ ︷︷ ︸
d times

.

Thus a point p ∈ Rd may be labelled by numbers in R — i.e. p =
(p1, p2, . . . pd) with pi ∈ R. A very important topology which is often
assumed when dealing with the set Rd, is the standard topology.

Definition 2 (Standard topology). Let M = Rd and Ostd ⊆P(Rd). We
define the standard topology of M as

Ost ≡ {U ∈ Rd|∀p ∈ U ,∃r|Br(p) ⊆ U }.
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In the above P is the power set of M — i.e. the set of all subsets of M —
and Br(p) is the soft ball defined as

Definition 3 (soft ball). For any p ∈ Rd and r ∈ R+

Br(p) ≡ {(q1, . . . , qd)|
d∑
i=1

(qi − pi)2 < r2}.

Thus, we learn that topology is something which needs to be
chosen. It is not a priori provided. We further introduce the notion
of a map. This is an object that associates with every point in a set M
some point U in the set N . The set U can either be equal to N or a subset.
We write this as U ⊆ N . We say that M is the domain and N the target.
Of course, the domain may itself be a subset of another larger set. A map
φ is represented schematically in the following way

φ : M → N.

A map is called surjective if all the points in the target are mapped onto.
It is said to be injective if all the points in the target are mapped unto only
once. It is bijective if it is surjective and injective. Let us for a moment
move back into the reality of Gnosisynesis and consider a mirror. When
I move my right hand to comb my hair, the mirror produces an image
in which the right hand is also moved. But my nose, which is pointing
towards the mirror, is — in the mirror picture — pointing towards me!
The mirror, in other words, produces an image of me which is inverted
inside out. This is a everyday example of a map. And this map is said to
be continuous — i.e. the image produced by the map has no holes and
jumps. It does not produce an image of my face with a big black cavity in
the middle. More formally, we have,

Definition 4 (Continuity). Let (M ,OM ) and (N ,ON ) be two topolog-
ical spaces. Then a map φ : M → N is said to be continuous with
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respect to OM and ON if, ∀ V ∈ ON

Preimφ(V ) ∈ OM ,

where,
Preimφ ≡ {p ∈M |φ(p) ∈ V }.

A map is thus continuous if and only if the preimages of all open sets
are open. The notion of a continuous curve in spacetime thus
depends on the chosen topology.

Theorem 1 (Composition of continuous maps). If φ : M → N and γ :
N → Q are continuous maps, then the composition map γ◦φ : M → Q

is also continuous.

Important for physics on spacetime is the property that a subset S ⊂M

can "inherit" the topology of M .

Definition 5 (Subset topology). Let (M ,OM ) be a topological space
and S ⊂M . Then

O|S ≡ {U ∩S |U ∈ OM}

is also a topology, and is called the subset topology.

From Gnosisynesis we again establish a part of experienced reality: the
vertex of two walls and the floor produces a frame which the table, the
chair and my writing desk is measured in relation to. I can take a stick,
and measure the floor-distance between the walls and the objects. For
instance my chair may be 5 stick-lenghts away from the one wall and
3 from the other as measured in "straight" lines along the floor. This
completely determines the location of my chair in relation to my room. I
could extend this to my entire neighbourhood and even further. We thus
establish the following Gnosisynesis fact: given any specific location, one
can always establish a reference frame in relation to which to measure
distances for any objects in the neighbourhood of that location. This
experience can be described in the logosophic description of reality by



6 chapter 1 introduction

making use of the topological space (R4,Ostd). The idea is that one wants
to be able to prescribe to every neighbourhood of every point p ∈M the
numbers (q1, q2, q3, q4) = qµ ∈ R. That is, one want to make sure there
exists in every neighbourhood U ∈ M a continuous map x : M → R4

with a continous inverse.

Definition 6 (Topological manifold). A topological space (M ,OM ) is
said to be a topological manifold if ∀p ∈M ∃ an open subset U ∈ OM

and a map x : U → V ∈ Rd such that

1) x is invertible — i.e. x−1(V ) = U ,

2) x and x−1 are continous w.r.t. OM and Ostd.

We call the pair (U , x) a chart. It is, of course, desirable due to our lived
experience, that we shall postulate the condition that

M =
⋃
α

Uα.

This assumption defines an atlas over M

A ≡ {(Uα, x)|
⋃
α

Uα = M }.

Observe from the above discussion that the choice of charts on M is com-
pletely arbitrary. In other words, there is nothing intrinsic or fundamental
about the charts; they are merely a way to label points p ∈ M with
numbers. What these numbers are — i.e. what maps we use — are up to
choice and fancy. Consider two overlapping charts (U , x) and (V , y) on
M . We then have two maps from the region U ∪ V into Rd, and we can
define the transition map — see Figure 1.1

y ◦ x−1 : Rd → Rd.

We may now introduce the notion of coordinates on M in the following
way. The map x : M → Rd maps a point p ∈M to x(p) ∈ Rd — i.e. one
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Figure 1.1: The transition map between two regions of Rd.

has
x(p) = (x1(p), x2(p), . . . , xd(p))

such that,

x1(p) = q1,

x2(p) = q2,

x3(p) = q3,

x4(p) = q4.

It is thus equivalent to consider the collection of i = 1, 2, 3.., d maps
xi(p) : U → R instead of the one map x(p) : U → Rd. The xi are called
the coordinate functions/maps of the point p ∈ U . The advantage of
introducing charts and thus coordinate maps on M is that one can define
notions on M by using the already well established calculus in Rd. This
comes with a warning: any geometric notion must be independent
of the chosen chart. One such notion which is important in order for
(M ,OM ) to be compatible with the Gnosisynesis view of spacetime, is
the differentiabillity of a map or curve.
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Definition 7. Two charts (U , x) and (V , y) are said to be differentiable
if either, U ∩ V = ∅, or U ∩ V 6= ∅ and

1) y ◦ x−1 : Rd → Rd,

2) x ◦ y−1 : Rd → Rd,

are differentiable.

We then restrict the atlas on M to consist of only differentiable charts —
that is:

Definition 8. An atlas Ad is said to be a differentiable atlas if any two
charts in Ad are differentiable.

Furthermore, we define

Definition 9. A differentiable manifold is a triple (M ,OM ,Ad).

Hence, we have argued, so far, that the logosophic description of spacetime
is a differentiable manifold (M ,OM ,Ad). But nothing has been said about
how differentiable the manifold is. It turns out — see [2] for more details
and proof — that if a manifold is once differentiable and continuous (C1),
it is also smooth (C∞).

Theorem 2 (Adapted from Whitney). Any Ck≤1 - atlas of a topological
manifold contains a C∞ - atlas.

Thus, if one can argue that a manifold is C1 one can be sure that it is in
fact a C∞ - manifold. The next structure necessary to equip spacetime
with, is the notion of a straight curve. To this end, one introduce a map
∇ : T M → T M , where T M denotes the tensor bundle on M — i.e.
the collection of all tensors defined at every point on M . Furthermore, we
introduce the notation TM to denote the collection of tangent bundles on
M — i.e. the space of all tangent vectors on M . The space of all smooth
functions on M is denoted by C∞(M ).
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Definition 10. A linear connection ∇ maps a (p, q)-tensor in T M to
a (p, q)-tensor in T M such that ∀u,v ∈ TM , T ,W ∈ T M , t, f ∈
C∞(M ) and a, b ∈ R the following is satisfied,

1) Linearity in T and W :

∇u(aT + bW ) = a∇uT + b∇uW (1.1)

2) Linearity in u,v:

∇fu+vT = f∇uT +∇vT (1.2)

3) Leibnitz rule:

∇u(T ⊗W ) = ∇uT ⊗W + T ⊗∇uW (1.3)

4) Consistency with the notion of tangent vectors as directional deriva-
tives of scalar fields:

∇uf = u(f) (1.4)

Finally, I should go back to the example of my chair and table in relation
to the walls and floor. The act of measuring distances is an experience we
take for granted. Given any rigid object with a definite length, one can use
it to measure the distances between objects and in relation to a chosen
reference frame. As such it is necessary that we equip the manifold model
of spacetime with the property of measuring distances. This is achieved
by introducing a metric g on M such that the smooth manifold model of
spacetime is now a metric space. But one has many options as to what
kind of metric. The specific nature of each metric space is determined
uniquely by the signature of the metric. A positive definite metric is said
to be Riemannian, wheareas a metric with signature (−, ...,+, ..,+, 0, ..., )
is Pseudo-Riemannian. More specifically, it is called Lorentzian when its
signature is (−,+, ...) or (+,−, ...). Again, appealing to Gnosisynesis, we
establish that our experience of causality and the constancy of the speed
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of light, that the metric must be of a Lorentzian type.

Definition 11. Given (M ,OM ,Ad) with TM the space of all tangent
vectors, the metric tensor on M is a (0,2) - tensor field satisfying
∀X,Y ∈ TM ,

1) Symmetry: g(X,Y ) = g(Y ,X),

2) g is Lorentzian.

In addition to the metric structure, one requires all time like curves to be
oriented. That is, no closed time likec curves are permitted. To allow for
such curves would mean in practice that one can travel back in time by
going into the future.

Definition 12 (Time orientation). Let (M , g) be a smooth, Lorentzian
manifold. Then a time orientation is given by a smooth vector field T
that,

1) is non-vanishing everywhere,

2) is time like everywhere.

We thus make the assumption that our description of space-
time in terms of Logosophia, is described by a oriented, smooth
Lorentzian manifold. In the rest of this thesis we shall write (M , g) for
the manifold model of spacetime, and thus suppress the explicit choices
we have made regarding the topology of M . It is worth noting, that what
topology is "correct" for the description of our universe is still an open
question — e.g. see [3] . We end this section with a summary of the
assumptions made in order to arrive at the manifold model of spacetime:

1) spacetime is four dimensional.

2) spacetime is endowed with a topology.

3) spacetime is locally Euclidean and covered by an atlas.
cSee Section 1.0.2
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4) There exists an atlas such that spacetime is everywhere smooth.

5) spacetime has the causal structure of a Lorentzian metric.

6) spacetime is time oriented.

1.0.2 Gravity as the geometry of the spacetime manifold

The previous section briefly outlined the idea behind the attempt at
describing Gnosisynesis in terms of Logosophia — or, in more familiar
terms — Cosmology in terms of Mathematics. But we said nothing about
the form of g — apart from its signature — and the various fields living
on spacetime, and by which rules they are governed. This is what we will
shortly discuss in this section.

One postulates that the objects of physical interest can be described in
terms of tensor fields on the spacetime manifold. But this postulate itself,
suggest that the metric tensor field g should have a physical significance.
One understands from the structure of the metric that it involves the
following concepts:

1) Causal structure. One postulates that light travels on curves such that
the tangent vectors to these curves are null — i.e. g(X,Y ) = 0. The
set of all such curves at a point p ∈ M make up what is called the
null cone — see Figure 1.2. All other objects follow timelike curves —
i.e. g(X,Y ) = −1 and lies within the null cone. Spacelike curves are
generally viewed as not observable due to the postulated/experienced
speed limit of light.

2) Geometry of spacetime. The invariant quantity ds called the line element
and defined in local coordinates xµ as,

ds2 ≡ gµνdx
µ ⊗ dxν ,

has units of length. Consequently, it is understood that the metric
tensor is a geometric quantity. In terms of Gnosisynesis, one may
associate the metric with what is loosely called "shape".
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Figure 1.2: Null cones in a spacetime (M , g) and time like curves σ(τ), γ(τ)
and λ(τ).

Furthermore, the metric give rise to a connection ∇ such that

∇g = 0.

Such a connection is said to be metric compatible. The connection ∇
is said to be torsionfree if it satisfies, for a scalar field φ, the additional
property,

(∇u∇v −∇v∇u)φ = 0.

Definition 13 (Geodesic). Given a curve γ(τ) on (M , g), and let u be
the tangent vector along γ(τ) and ∇ metric compatible and torsion free.
The curve γ is said to be a geodesic if one has

∇uu = au, a ∈ R.

One may choose τ such that a = 0. Such curves are said to be affine
parametrised.
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Remark 1.2. Observe that if is not torsion free, then the curve γ(τ) is
auto-parallel if it is extremised.

The action of gravity on a particle is the deviation of geodesics from
Minkowski geodesics. There is thus a direct relationship between the
metric tensor g and the geometry on (M , g). The significance of Einstein’s
theory of gravity is that it relates this curvature of the spacetime manifold
with the other fields present on the manifold. More precisely, given a
tensor field T which depends on fields describing the matter content in
the Universe, one has that

G = κT , (1.5)

where G is the Einstein tensor and depends on the metric and its second
derivatives, and T is the energy momentum tensor representing the matter
distribution. In other words, the Einstein field equations relate the matter
fields on the spacetime manifold with its curvature as described by the
metric. Hence, given a certain matter distribution, one solves these equa-
tions for the metric. In other words, one is interested in what geometry
the system has under a certain matter distribution.

1.1 The problems studied herein

A closer look at equation (1.5) shows that in local coordinates xµ it can be
written as a second order differential equation in the metric. In general, the
tensor T is also a function of the metric tensor. It is therefore a nonlinear
second order differential equation one must solve. One is thus faced with
two serious challenges. What form should the energy momentum tensor T
take for particular matter models and how would these different choices
affect the stability and solubility of the equation? In this thesis we provide
a tensor T representative for a relativistic, elastic material. The result
is obtained by introducing a frame field to spacetime and to construct a
mapping between spacetime and an additional body manifold. The energy
momentum tensor is then found by varying the action with respect to
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the frame field components — see section 3.4. The rest of the thesis is
focused around the second question. The natural framework to address this
question is to study the Cauchy problem — see section 2.4 for details — of
equation (1.5). We provide sufficient conditions to guarantee the existence
of solutions and their local stability for a general class of tensors T . We
refer to section 4.1 for more details on the motivation and background
of this study. Finally, we employ conformal methods — see Section 2.5
for an introduction on the topic — to prove future stability for the case
when T represents dust — see Section 3.2 — and with the existence of a
positive cosmological constant. We refer to Section 5.1 for a more detailed
introduction to the problem and a precise statement of the results.

In Chapter 2 we introduce the mathematical background material
to follow the argumentations found in this thesis. In Section 2.1 we
provide the notation and conventions, in Section 2.2 we introduce the
frame formalism employed throughout and in Section 2.3 we introduce the
theory of symmetric hyperbolic differential equations. We introduce the
Cauchy problem in general relativity in Section 2.4 and provide a brief
introduction to conformal methods in Section 2.5. Finally, in Section 2.6
we establish the necessary definitions and terminology used in the theory
of hypersurfaces in Section 2.6. In Chapter 3 we give a brief discussion on
the most important matter models in general relativity. In Chapter 4 we
use an orthonormal frame approach to provide a general framework for the
first order hyperbolic reduction of the Einstein equations coupled to a fairly
generic class of matter models. Our analysis covers the special cases of dust
and perfect fluid. We also provide a discussion of self-gravitating elastic
matter. We also show the propagation of the constraints of the Einstein-
matter system. Finally, in Chapter 5 we consider a system representing
self-gravitating balls of dust in an expanding Universe. It is demonstrated
that one can prescribe data for such a system at infinity and evolve it
backward in time without the development of shocks or singularities. The
resulting solution to the Einstein-λ-dust equations exists for an infinite
amount of time in the asymptotic region of the spacetime. Furthermore,
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we find that if the density is small compared to the Cosmological constant,
then it is possible to construct Cosmological solutions to the Einstein
constraint equations on a standard Cauchy hypersurface representing self-
gravitating balls of dust. If, in addition, the density is assumed to be
sufficiently small, then this initial data gives rise to a future geodesically
complete solution to the Einstein-λ-dust equations admitting a smooth
conformal extension at infinity which can be regarded as a perturbation
of de Sitter spacetime.



Chapter 2

Theoretical foundations and conventions

In this chapter we provide the mathematical background material used
throughout the thesis. It is attempted to keep the discussion as introductory
and self contained as possible without making it too long. We provide
suggested reading for further study and more details where natural.

2.1 Notation and conventions

2.1.1 Abstract index notation

The abstract index notation was invented by Roger Penrose — see [4] for
details — and is a notation system which allows for tensor manipulations
and representation used when dealing with tensor coordinate components,
but without introducing coordinates. Thus, one get the best from both
the worlds of coordinate representation and coordinate-free notation. The
construction is as follows.

Let F be an element in the space of C∞ functions X on a manifold M ,
and let V be the vector space with elements V operating on the elements
F — i.e V (F ) ∈ R. With a vector space is also associated a natural dual
vector space V ∗ with elements ω. The idea is now to introduce a space
consisting of an infinite set of labels

L ≡ {a, b, c, ..., a0, b0, c0, ..., a1, b2, c2, ...},

such that for any x ∈ L one may construct the vector spaces V x and V ∗x ,

16
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respectively given by

V x ≡ V × {x}, V ∗x ≡ V ∗ × {x}.

Thus for any element V ∈ V and a ∈ L , one is given a unique vector
V a ∈ V a; and similarly for the dual. As such, each element V x satisfies
the axioms of vectors. It is important to note, that the vectors V a and V b

are elements of different vector spaces. Hence, it is not allowed to write
V a + V b, which is in agreement with the coordinate tensor notation. Since
the elements x of L can only belong to one unique vector, it is not allowed
to write V aUa. One could, however, write for two elements V a ∈ V a and
U b ∈ V b,

V aU b ≡ Ua ⊗ V b.

However, the tensor product is not in general commutative, and we want a
notation in which V aU b = U bV a. Thus one defines a new product between
the vector spaces which is essentially a commutative version of the tensor
product. It can then be shown that one can construct a space T abc...

def...

which is spanned by elements on the form

V aU bZc...ωdαeβf .... (2.1)

Thus any element T abc...def... ∈ T abc...
def... is a linear combination of (2.1).

Note that the labels of T abc...
def... may be freely permuted while not those

of the elements T abc...def.... In this manner, one can construct the entire
system of tensors {T }

{T } = {F ,V a,T a
b, ...,T

cde...
fgh...}.

The operations on {T } are addition, multiplication, index substitution
and contraction, respectively:

T cde...
fgh...+T cde...

fgh... → T cde...
fgh..., (2.2)

T cde...
fgh...×T xyz...

wmn... → T cdexyz...
fghwmn..., (2.3)

T cde...
fgh... → T ade...

fgh..., (2.4)
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T cde...
fgh... → T de...

gh.... (2.5)

Finally, for any va ∈ V a and ωb ∈ V ∗b one can define the inner product by,

vaωa ≡ 〈ω,V 〉.

As with any vector space, one can introduce a basis and write V a and ωa
in terms of coordinates in relation to these basis vectors.

2.1.2 Coordinate indices

The first part of the Latin alphabet {a, b, c, d, ...} will be used as abstract
labels. For coordinates, we will use greek letters {µ, ν, γ, ...} for spacetime
coordinates xµ with µ = {0, 1, 2, 3}. We will use the middle part of the
Latin alphabet {i, j, k, ....} for spacetime coordinates xi with i = {1, 2, 3}.
Occasionally, the first part of the greek alphabet— i.e. {α, β, ..} will be used
for spacetime coordinates taking the values 1, 2, 3. We will use bold Latin
letters {a, b, c, ..., i, j,k, ...} for frame indices and where a, b, .. = 0, 1, 2, 3
and i, j, ... = 1, 2, 3 . Finally, capital latin letters refer to a summation
index, and not a coordinate — i.e. I, J,K, ... run from 1 to n.

Remark 2.1. At times it will be convenient to use bold symbols for vectors
and tensors — e.g. u,T and g for ua, T ab and gab, respectively. This
is in particular true when the focus of the discussion is on structural
properties as opposed to the details of the equations. For this reason you
may find discussions in this thesis which depart from the abstract index
notation.

2.2 Orthonormal frames

So far we have set up a theory which claims to give a precise mathematical
account of every event in the Universe. This means that me observing
the moon and little Eliana mesmerised by the passing train are included
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in the formalism of the spacetime manifold. In other words, we need
a rigorous definition of what events constitute what we typically call
observers.

Definition 14 (Observer). An observer is a time like worldline γ(s) to-
gether with a choice of an orthonormal frame {ea(s)} ∈ Tγ(s)(M ) such
that,

g(ea, eb) = ηab, e0 ≡ U , (2.6)

where,
ηab ≡ diag(−1, 1, 1, 1).

The choice of {ea} uniquely specifies a dual basis {ωb} ∈ T ∗(M ) satisfying,

ea
aωba = δa

b.

Thus, any tensor field T ∈ M written in an orthonormal frame basis,
represents the reading of a particular measurement T (ea, eb) made by the
observer at a point p ∈M . For instance, let V be the tangent vector to
a massive particle world line δ meeting an observer γ at a point p — i.e.
δ(τ) = γ(s) = p — , then the three numbers vi ≡ ωi(V ) represents the
velocity of the particle as measured by the observer at the point p. In
terms of local coordinates x = {xµ} the frame and dual frame fields can
be expanded as

ea
a = ea

µ(∂µ)a, ωbb = ωbν(dxν)b.

In the remainder of this section we will introduce important tensor fields
and relations in the frame formalism which will be used later in the thesis.
Throughout we follow the conventions in [5] —see Chapters 2 and 12.
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2.2.1 Frame covariant derivatives

Given ∇a, the Levi-Civita connection of the metric gab, we denote by
∇a the associated directional derivative along the vector frame ea. The
connection coefficients of ∇a with respect to the frame {ea} are defined
by the relation

∇aebc = Γa
d
bed

c (2.7)

so that
Γa

c
b = ωcb∇aebb.

The metric compatibility of the connection∇a is expressed by the condition

ηdbΓc
d
a + ηadΓc

d
b = 0. (2.8)

Given a vector va with components va ≡ ωaav
a we define

∇avb ≡ ea
aωbb(∇av

b).

A direct computation then shows that

∇avb = ∂av
b + Γa

b
cv
c

where ∂a ≡ ea
µ∂µ is the directional partial derivative along eaa.

Remark 2.2. Note that it is common in the literature to write ea[vb]
instead of ∂avb. We have chosen the latter to make the exposition more
accessable to readers with less familiarity with the frame formulation.
But be warned that ∂a is not the same as the partial derivative!

Similarly, for a covector αa with components αa ≡ ea
aαa one defines

∇aαb ≡ ea
aeb

b(∇aαb),

so that
∇aαb ≡ ∂aαb − Γacbαc.

The above calculus can be extended in the obvious way to tensors of
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arbitrary rank.

2.2.2 Curvature

Given the connection ∇a, the torsion tensor Σa
c
b and Riemann curvature

tensor Rc
dab are defined in the usual way through the relations

∇a∇bφ−∇b∇aφ = Σa
c
b∇cφ,

∇a∇bv
c −∇b∇av

c = Rc
dabv

d +Σa
d
b∇dv

c.

When applied to a covector αa, the commutator of covariant derivatives is
given by

∇a∇bαc −∇b∇aαc = −Rd
cabαd +Σa

d
b∇dv

c. (2.9)

For a torsion-free connection, one has that

Σa
c
b = 0. (2.10)

The connection ∇ is called the Levi-Civita connection of g if it satisfies
(2.8) and (2.10). In what follows we will assume the connection to be
Levi-Civita. Consequently, one naturally has that the Riemann tensor
with all indices down Rcdab has all the usual symmetries. A calculation
—see [5] for details— shows that the components of the above tensors with
respect to the frame can be expressed as

Σa
c
bec

c = [ea, eb]c − (Γacb − Γbca)ecc, (2.11)

Rcdab = ∂aΓb
c
d − ∂bΓacd + Γf

c
d(Γbfa − Γaf b)

+ Γb
f
dΓa

c
f − ΓafdΓbcf −Σaf bΓf cd. (2.12)

Bianchi identities

For reference we list the general first and second Bianchi identities for a
general covariant derivative ∇a:

Rd
[cab] +∇[aΣb

d
c] +Σ[a

e
bΣc]

d
e = 0, (2.13)
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∇[aR
d
|e|bc] +Σ[a

f
bR

d
|e|c]f = 0. (2.14)

The frame version of the above expressions can be readily obtained by
simply replacing the abstract indices by frame indices and interpreting
the resulting expression in the light of the frame calculus introduced in
the previous subsection. Further details on the derivation of the above
expressions can be found in Chapter 2 of [5]. Furthermore, we recall that
the Riemann tensor admits the irreducible decomposition

Rcdab = Ccdab + 2(δc[aLb]d − ηd[aLb]
c), (2.15)

with Ccdab the components of the Weyl tensor and

Lab ≡ Rab −
1
6Rηab (2.16)

denotes the components of the Schouten tensor.

2.3 Symmetric hyperbolic differential equations

This discussion follows closely that given in [5] and the interested readers
are referred there and the references therein for more details.

2.3.1 Basic notions

In what follows, let x = {xµ} be coordinates in a neighbourhood U ⊂ R4.
In these coordinates, consider the quasi-linear evolution equation of the
form,

Aµ (x,u) ∂µu = B (x,u) . (2.17)

In what follows we let Aµ be N ×N matrices. Furhtermore, we assume
that the components of u are scalar functions, and we let u : R4 → R.
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The principal partd of (2.17) is

Aµ (x,u) ∂µu,

and for a covector ξ ∈ T ∗p (U ) at a point p, with coordinates x (p), one
defines the symbol of (2.17) as

σ (x,u, ξ) ≡ Aµ (x,u) ξµ.

A straight forward calculation shows that the symbol is an invariant of the
equation — i.e. σ is invariant under a general coordinate transformation
x→ x′.

Definition 15 (Symmetric hyperbolic system.). The system (2.17) is said
to be symmetric hyperbolic at (x,u) if:

1) The matricies Aµ are Hermitian — i.e. Aµ = (Aµ)∗

2) There exists a covector ξ such that the symbol σ is positive definite.

Remark 2.3. Observe that for u(p) ∈ R, it follows that Aµ symmetric
and σ positive definite is sufficient for symmetric hyperbolicity.

Let φ be a smooth scalar on M . We may then construct a hypersurface
S on U ⊂M as follows

S ≡ {p ∈ U |φ (p) = 0}.

We assume that dφ 6= 0 such that there is a well defined normal on
S . We say that S is — with respect to a solution u — spacelike if
σ (x,u,dφ) > 0, timelike if σ (x,u,dφ) < 0 and det (σ) 6= 0, and finally
characteristic if det (σ) = 0.

dThe principal part is the term involving the highest order of derivatives; it determines
the properties of the equation.
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2.3.2 Initial data

Let x = {xi} and the coordinates x = {x0, x} on U be such that S

is represented by x0 = 0. An initial data set for (2.17) on S which is
spacelike — i.e. the symbol is positive definite — consists of a set of
functions u∗ = u|S . In these adapted coordinates one can write (2.17) in
the form,

A0 (0, x,u∗) (∂0u) |S +Ai (0, x,u∗) (∂iu) |S = B (0, x,u∗) .

But since the ∂i are restricted to S and assuming u∗ = u|S , then
(∂iu) |S = ∂iu∗. Thus, one has that,

A0 (0, x,u∗) (∂0u) |S +Ai (0, x,u∗) ∂iu∗ = B (0, x,u∗) ,

may be interpreted as an algebraic system for (∂0u) |S if A0 (0, x,u∗) can
be inverted — i.e. if

det
(
A0
)
6= 0.

On the other hand, if det (A0) = 0, it implies there are a set of constraint
equations to be satisfied by u∗.

An initial value problem for (2.17) with data prescribed on S which is
nowhere characteristic or time like with respect to u∗ will be called a
Cauchy initial value problem. One can say it is well posed if:

1) There exist solutions to all initial data.

2) The solutions depends continually on the initial data.

3) The solutions are uniquely determined by the initial data.

In what follows it will be established through a series of theorems (unique-
ness, existence and stability) that the Cauchy initial value problem for
symmetric hyperbolic systems are well posed.
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2.3.3 Uniqueness and domain of dependence

Theorem 3. [Uniqueness of solutions to symmetric hyperbolic systems.]
Let G be a lens shaped domain — see Figure 2.1. If u1 and u2 are two
solutions to the symmetric hyperbolic system,

Aµ (x,u) ∂µu = B (x,u) , u|S0 = u∗

then u1 = u2 on G .

Figure 2.1: A lens shaped domain. G ⊂ R4 with compact closure and ∂G =
S0

⋃
S1, where S0 and S1 are space like with respect to a solution u.

Since, any point sufficiently close to S is contained in a lens shaped
domain, Theorem 3 shows that a solution u to a symmetric hyperbolic
system is uniquely determined by the initial data on S , as long as u is in
the neighbourhood of S .

Definition 16. [Domain of dependence]
Let R ⊂ S . The domain of dependence D(R) — Figure 2.2 is all the
points p ∈ U ⊂ R4 such that the value of a solution u to a system of
the form (2.17) is uniquely determined by the initial data restricted to
R — i.e. u∗|R .

Definition 16 means that the Cauchy problem for a symmetric hyperbolic
system can be localised in space — i.e. a solution u to a symmetric hyper-
bolic system can be uniquely determined by initial data on a proper subset
of S . This is called the localisability property of symmetric hyperbolic
systems, and it is this property of symmetric hyperbolic systems



26 chapter 2 theoretical foundations and conventions

Figure 2.2: Domain of dependence of a region R ⊂ S .

which distinguishes them from other PDEs. A global knowledge of
S is thus not necessary to solve the Cauchy problem for such systems, as
a solution u in D(R) is independent of initial data from outside of the
region R.

2.3.4 Local Existence for Symmetric Hyperbolic Systems

In what follows let x ≡ {xi} denote some particular Cartesian coordinate
system in R3, and let d3x be the volume element. Furthermore, let the
components of w be smooth, real functions — i.e. we let w : R3 →
RN — and let the space of such functions be denoted C∞(R3,RN). On
C∞(R3,RN) one defines the Sobolev norm:

‖w‖2
R3,m ≡

m∑
k=0

( 3∑
α=1

∫
R3
|∂kαw|2d3x

)
, (2.18)

withm ∈ N,w = (w1, ..., wN ) and |w|2 denoting the usual norm in RN . By
restricting the set of functions to be {w ∈ C∞(R3,RN) | ‖w‖ <∞} and
including the limit points of its Cauchy sequence, one has the Sobolev space
Hm(R3,RN). In what follows, we will restrict the discussion to functions
w ∈ Hm(R3,RN).

We define the open ball Bε(w•) of radius ε and centred atw• ∈ Hm(R3,RN )
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as,
Bε(w•) ≡

{
w ∈ Hm(R3,RN) | ‖w −w•‖R3,m < ε

}
.

It is convenient to consider the solutions u of (2.17) as u(t, ·) : [0, T ]→
Hm(R3,RN).

Proposition 2.4. [extension of functions on compact space] Let R ⊂ R3

be bounded with smooth boundary ∂R. Then there exists a linear
operator E : Hm(R,RN)→ Hm(R3,RN) such that for each u ∈ R

1) Eu = u almost everywhere

2) Eu has support in a open bounded set R ′ ⊂ R.

3) There exists a constant C depending only on u and R such that
‖Eu‖R3,m ≤ C‖u‖R,m.

Eu is called an extension of u to R3.

We can now state the existence theorem for symmetric hyperbolic sys-
tems.

Theorem 4. [Local existence of solutions to symmetric hyperbolic sys-
tems]
Consider the Cauchy problem

A0(t, x,u)∂0u+Ai(t, x,u)∂iu = B(t, x,u),

u(0, x) = u∗(x) ∈ Hm(R3,RN), m ≥ 4,

for a quasilinear symmetric hyperbolic system. If there exists a δ > 0
such that A0(t, x,u∗) is positive definite with lower bound δ for all
p ∈ R3, then there exists a T > 0 and a unique solution u to the Cauchy
problem defined on [0, T ] × R3 such that u has regularity m − 2 and
A0(t, x,u) is positive definite with lower bound δ for [t, x] ∈ [0, T ]×R3.
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Remark 2.5. Observe that the matrix A0(t, x,u) may fail to be positive
definite except at the point (t, x); but as one is interested in uniqueness
and existence beyond one point, it is necessary to ensure that if it is
positive definite at a point p it remains so in the neighbourhood U of
p up to a "distance" δ > 0. This is sometimes formulated as "bounded
away from zero by δ" and other times "...with lower bound δ." But the
meaning is the same.

2.3.5 Cauchy stability

Cauchy stability is the idea that initial data which are "close" should
lead to solutions with similar "closeness." It is crucial for a differential
equation to admit Cauchy stability in order to be useful as a model for
a physical system, since the initial data as measured by an observer has
a certain uncertainty. Mathematically the "closeness" mentioned above,
is formulated in terms of Sobolev norms. In what follows let D denote a
bounded open subset of Hm(R3,RN ) such that for all w ∈ D , A0(t, x,w)
is positive definite bounded away from zero by δ for all p ∈ R4. From [6]
we adopt the following theorem.

Theorem 5. [Cauchy stability for symmetric hyperbolic systems]
Let u∗ ∈ D be initial data for the symmetric hyperbolic system. Then:

1) There exist an ε > 0 such that T can be chosen as the common
existence time for all initial data in Bε(u∗) ∈ D .

2) If the solution u with initial data u∗ exists on [0, T ] × R3, then a
solution exists on [0, T ]×R3 for all initial data in Bε(u∗) ∈ D given
ε is sufficiently small.

3) If ε and T are chosen as in 1) and given a sequence u∗n ∈ Bε(u∗) ∈ D

such that
‖u∗n − u∗‖R3,m → 0, as n→∞.
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Then for the solutions un(t, ·) with un(0, ·) = u∗
n, one has that

‖un(t, ·)− u(t, ·)‖R3,m → 0, as n→∞,

uniformly for t ∈ [0, T ]× R3.

Point 1) in Theorem 5 states that one can always find a common T > 0
such that in the region [0, T ]×R3 a solution u for all the initial conditions
in Bε(u∗) ∈ D is guaranteed by applying Theorem 4. Observe that T is
the existence time of a known background data u∗.

Figure 2.3: Common existence time T .

Point 2) gives the assurance that if a solution u with initial data u∗
is already known, then the existence of solutions to all the initial data
sufficiently close to u∗ is guaranteed for some time interval [0, T ]. In other
words, one can choose the existence time for the known solution as the
common existence time given that ε > 0 is sufficiently small.

Finally, point 3) is the statement of Cauchy stability. Given a common
existence time T and a sufficiently small ε > 0, then data close to the
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reference initial data give rise to solutions close to the reference solution.

2.3.6 The Cauchy problem on manifolds

In the previous subsections we explored the Cauchy problem for a sym-
metric hyperbolic system in R4 and established it as well posed through a
series of theorems. In General Relativity, however, the tensor quantities in
study are defined on a manifold rather than in R4. In what follows, we
shall present a way to relate these tensors to sections of R4 such that the
theorems established in the previous subsection may be applied, and thus
obtain a theorem which ensures the well posedness of the Cauchy problem
even for systems defined on a manifold.

In what follows let S be a 3-dimensional, compact and oriented manifold.
Due to its compactness there exists a finite cover e — i.e. given R ⊂ S

then ⋃n
I=1 RI = S . By introducing coordinates xI = {xIα} with α =

{1, 2, 3} on each of the patches RI , we get a map which relates RI with a
corresponding subset BI in R3 — see Figure 2.4. We assume S is smooth
and therefore the change from xI to xJ in overlapping regions RI ∩RJ is
smooth.

We further assume that a smooth set of functions u∗ : S → RN has
been prescribed on S and let u∗I denote the restriction of u∗ unto a
particular patch RI . By the coordinate maps xI , the functions (u∗I)α :
R3 → RN . Clearly, (u∗I)α are the u∗I in their local coordinates. Since
(u∗I)α ∈ Hm(R3,RN) we can now apply the results from the previous
subsections. We apply first proposition 2.4 to extend the initial data
(u∗I)α to the whole of R3 in a controlled manner. This is necessary as the
exsistence and stabillity theorems are only applicable for systems where

eA manifold is said to be compact if every open cover of the manifold has a finite
sub cover. A finite sub cover is essentially the idea that there exists a subset which
covers the open set completely but with finite number of subsets. See [7] for a rigorous
exposition.
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Figure 2.4: A compact manifold S with patches, and their coordinate maps
into R3.

initial data is prescribed throughout R3. We also define

‖u‖S ,m ≡
n∑
I=1
‖(u∗I)α‖R3,m.

Assuming thatA0(0, x, E(u∗I)α) is positive definite with lower bound δ > 0,
one gets a unique solution (uI)α with initial data (uI)α(0, x) = E(u∗I)α(x)
and with exsistence interval [0, T ]. See Figure 2.5 for an illustration.

Figure 2.5: The extension and existence of solutions to the initial data (u∗I)α

on R3.

It follows that D(BI) ⊂ [0, T ]×BI , and in the intersection between two
patches BI ∩BJ that (u∗I)α = (u∗J)α — see Figure 2.6. Consequently,
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the respective solutions (uI)α and (uJ)α also coincides in D(BI ∩BJ)
— i.e. one has that D(BI ∩BJ) = D(BI) ∩D(BJ). We may now patch
together all the BI ’s and obtain the existence of a solution in the region
[0, T ]×Σ, where we define Σ ≡ ⋃nI BI and T ≡ min(TI). By the inverse
of xI we find equivalent solutions in the region [0, T ]×S .

Figure 2.6: The domain in R3 where existence of solutions of the initial data
(u∗I)α is guaranteed.

From the above discussion one can formulate a fairly general theorem of
existence and stabillity:

Theorem 6. (Existence and stability for symmetric hyperbolic systems
on compact spatial sections)
Consider the following Cauchy problem on a 3-dimensional compact,
spatial manifold S :

A0(t, x,u)∂0u+Ai(t, x,u)∂iu = B(t, x,u),

u(0, x) = u∗(x) ∈ Hm(R3,RN), m ≥ 4,

If there exists a δ > 0 such that A0(t, x,u∗) is positive definite and
bounded away from zero by δ, then for all p ∈ S

1) There exists a T > 0 and a unique solution u on [0, T ] ×S such
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that u is Cm−2 and A0(t, x,u) is positive definite bounded away
from zero.

2) There exist an ε > 0 such that for any u∗ in Bε(u∗) ∈ D there exist
a common existence time T .

3) If a solution u exist on [0, T ]×S for T > 0 and with initial data
u∗, then the solutions to all of the initial data in Bε(u∗) ∈ D exists
on [0, T ]×S if ε is sufficiently small.

4) If ε > 0 and T are chosen as in 1) and given a sequence u∗n ∈
Bε(u∗) ∈ D such that

‖u∗n − u∗‖S ,m → 0, as n→∞.

Then for the solutions un(t, ·) with un(0, ·) = u∗
n, one has that

‖un(t, ·)− u(t, ·)‖S ,m → 0, as n→∞,

uniformly for t ∈ [0, T ]×S .
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2.4 The Cauchy problem in general relativity

In the previous section the Cauchy problem was given for systems given on
a background manifold R4. By introducing local coordinates, the Einstein
field equation is a set of second order partial differential equations in the
metric. The formulation of the Cauchy problem for these equations are
far from straight forward. There are essentially two problems one faces:

1) The equations are non-linear and self interacting: one solves for the
gravitational field and the spacetime upon which it propagates, simul-
taneously.

2) The diffeomorphism invariance of the theory allows for uniqueness
only up to a diffeomorphism — i.e. a solution g of the equations are
physically equivalent to any other solution g̃ = φ∗g, where φ : M → M̂

is an isomorphism and φ∗ denotes the push forward.

A consequence of 1) is that one has no information of the domain of
dependence of the surface where initial data is prescribed and where the
solution is to be determined. In other words the spacetime where the
solution is to be propagated, is itself part of the solution. It is for these
reasons, that the Cauchy problem takes on a different form than that
mentioned in the previous section. In what follows I will only briefly sketch
out the idea. The interested reader is referred to [8], [9] and [10] for more
details.

The Cauchy problem in general relativity thus takes on the following form.
One is given an abstract 3-dim manifold S with prescribed initial data
ω — see section 2.6 for the explicit form of the data — and ask whether
there exists a map θ such that the spacetime (M , g, θ) is a development
of (ω,S ) — i.e.

1) D(θ(S )) = M ,

2) g satisfies the Einstein field equations and agrees with θ(ω).
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Figure 2.7: Two developments of (ω,S ) of which (M ′, g′, θ′) is an extension
of (M , g, θ).

This is illustrated in Figure 2.7. A spacetime which satisfy the above is
called globally hyperbolic and S is called a Cauchy surface of M . If there
are two developments (M , g, θ) and (M ′, g′, θ′) of (ω,S ), then (M ′, g′, θ′)
will be called an extension of (M , g, θ) if there exists a diffeomorphism α

such that ,

1) θ−1 ◦ α−1 ◦ θ′(p) = id(p) for any point p ∈ S ,

2) g = α∗g′,

where α∗ denotes the pull back under α. This ensures that one has unique-
ness up to a diffeomorphism.

In order to show that the Einstein equations are well posed, one can
advance in various ways. The standard strategy to address this issue is
to choose some gauge in which the Einstein equations imply evolution
equations that are of a hyperbolic form. Physical considerations associated
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to causality lead to the expectation of the Einstein equations admitting a
hyperbolic formulation despite the fact that the immediate form of the
equations is not manifestly hyperbolic due to general covariance. Thus,
it is necessary to find a subset of the Einstein equations which indeed
admits hyperbolicity. This procedure is called hyperbolic reduction —see [5]
and [11] for details; for an overview of the different reduction methods,
see [12].

The well-posedness of the vacuum Einstein equations was first shown
in [13] —and later in the case for dust and the Einstein-Euler by the same
author [14]. These results were obtained using a harmonic gauge to reduce
the field equations to a form which is mixed first-second order hyperbolic
(Leray hyperbolicity). In [15] this method is extended to show existence
of solutions locally for a self-gravitating, relativistic elastic body with
compact support. Furthermore, in [16] well-posedness of a viscous fluid
coupled to the Einstein equations is presented and in [17] a viable first
order system is constructed. In [18] the concept of first order symmetric
hyperbolic (FOSH) equations was developed. The same author showed
later [19] that the Einstein-Euler system could be put on a FOSH form.
In [20] a different approach, which makes use of a formulation in terms of
frame fields, is employed to construct evolution equations for the Einstein-
Euler system which also are on the form of a FOSH system. This method
has the advantage that the reduced equations are symmetric hyperbolic
while still maintaining a Lagrangianf form —which is important in order to
keep track of a boundary in the case of matter distributions with compact
support.

fWe mean by this that e0 coincides with the four velocity of the particle trajectories.
See 4.3 for details
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2.5 The conformal Einstein field equations

The knowledge of the light cone structure of a spacetime is sufficient in
determining the metric up to a positive factor. This can be seen by the
following observations. Given V , U in TpM , then using the properties of
the metric, we have

g(λU + V , λU + V ) = λ2g(U ,U) + 2λg(U ,V ) + g(V ,V ).

If we now equate the above equation to zero, we obtain a second order
polynomial for the parameter λ:

λ2g(U ,U) + 2λg(U ,V ) + g(V ,V ) = 0. (2.19)

If the null cone structure of g is known — i.e. the structure of the vectors
X obeying the equation g(X,X) = 0 — and one let V and U be timelike
and spacelike vectors, respectively, a simple calculation gives an expression
for the relative lengths of V and U

λ2 = −g(V ,V )
g(U ,U) .

Let W and Y be any two non-null vectors in TpM , then using the above
relation, one can determine the metric by the equation

−g(W ,Y ) = 1
2 (g(W ,W ) + g(Y ,Y )− g(W + Y ,W + Y )) .

In other words, the null cone structure at each point in spacetime gives
essentially the same information as the metric up to a conformal fac-
tor.

Remark 2.6. IfW +Y turns out to be null, one can arbitrarily re-scale
one of the vectors e.g W + 2Y to ensure that g(W + Y ,W + Y ) is
time like or space like.

The light cone structure itself is preserved under a conformal rescaling of
the metric. Furthermore, by studying the conformal structure, one can
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relate the light cone structure to the global aspects of solutions to the
Einstein field equations. This is the main motivation for the study of the
conformal Einstein field equations: one hope to uncover the large scale
structure of a solution.

Two spacetimes (M , g) and (M̃ , g̃) are conformally related if their respec-
tive metrics are related by a conformal factor Ω = Ω(x) > 0,

g = Ω2g̃, g] = Ω−2g̃]. (2.20)

In the above, and throughut, a ] represent the contravariant form of the
metric. Thus, two conformally related spacetimes have the same causal
structure — i.e. a trajectory which is time like, space like or null with
respect to g̃ is so also with respect to g. In what follows we shall call
(M̃ , g̃) the interior spacetime. Any tensor fields defined on the interior
spacetime will be so indicated by placing a tilde on top of it — e.g. ũ, T̃
etc. The spacetime without a tilde will be called the conformal spacetime.
Note that in the literature it is common to refer to the two spacetimes as
the physical and unphysical spacetimes, respectively. I will avoid such ter-
minology as it is ambiguous what constitute a ’physical’ and ’non-physical’
manifold; and I will not enter into that debate herein apart from what is
already mentioned earlier.

We assume Ω to be a smooth function on M and playing the role of a
boundary defining function. More precicely, we define the conformal bound-
ary I + as all the points where Ω vanish — i.e. I ≡ {p ∈M | Ω(p) = 0}.
One can then define the conformal spacetime as the union of the interior
spacetime with the boundary — i.e. one have

M ≡ M̃ ∪I .

It is customary to let I = I + ∪ I − where I + and I − are called
future and past null infinity, respectively. This represent the "end points"
and "origin", respectvely, of all null geodesics. In what follows, we shall be
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concerned about future null infinity only, and hence simply use I + instead
of I . Since Ω is a smooth function, the differential form dΩ defines the
normal on I +. The geometry of M determine whether the hyper surface
I + is timelike, null or spacelike. In the second part of this thesis — i.e.
Chapter 5 — we shall only consider geometries of the form R× S3.g. In
such a geometry, one finds that

g(dΩ,dΩ) < 0,

which implies that I + is a spacelike hypersurface.

The two metrics g and g̃ define, respectively, two derivative operators ∇
and ∇̃; and these are related to one another by(

∇− ∇̃
)
ω = Q · ω, (2.21)

where ω is any one form and Q is a symmetric 3-rank tensor defined in
local coordinates (xµ) by

Q ≡ Ω−1
(
∇δΩgµνg

δγ −∇µΩδ
γ
ν −∇νΩδ

γ
µ

)
dxµ ⊗ ∂γ ⊗ dxν .

From equations (2.20) and (2.21) one can derive how all metric tensors
transform under a conformal mapping. It suffices, at the moment, to point
out that the divergencefree condition for the energy momentum tensor T̃ ,
is not invariant under a conformal rescaling. More precisely, one has that,

∇ · T = −Tg Ω−1dΩ, (2.22)

where Tg denotes the trace of T with respect to the metric g. It is for
this reason that until recently it was thought that one could only treat
trace-free matter models on conformal spacetime. Friedrich has, however,
showed that regular Einstein field equations can be formulated also in the
case for dust [21]. This will be discussed more in detail in Chapter 5.

gThis is because we want to use the deSitter solution as background data
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2.6 The geometry of hypersurfaces

If one is to have any hopes of studying the Cauchy problem for the Einstein
field equations, it is necessary to have a notion of initial hypersurfaces on
which the initial data may be prescribed. Here we will introduce what a
hyper-surface is as well as the theoretical framework which will be employed
later in the thesis. We start with a definition of a submanifold

Definition 17 (Submanifold). Let (M ,OM ,AM ) be a smooth manifold
and N a set. Furthermore, let φ : N →M be a surjective map such
that φ(N ) ⊆M , and (U , x) be any chart in AM . We say

S ≡ (N ,O|N ,AN )

is a submanifold of (M ,OM ,A ) if ∃ a y such that ∀ q ∈ U ∩S ∈ O|N ,

x ◦ y−1(q) = id(q).

Put simply: a submanifold S of an already existing manifold M with
a certain structure OM ,AM ,..., is a manifold of equal or less dimension
than that of M , and which has inherited the structure from M via the
map φ.

It is clear from the above definition, that the tangent space T (S ) of the
submanifold S is itself a sub-space of the tangent space T (M ) of M . In
other words, it is a distribution P over M :

Definition 18 (Distribution). A distribution P over a smooth manifold
M is a vector space such that at each point p ∈ M one has that
P|p ⊆ Tp(M ).

The space time we construct in Chapter 4 gives a congruence and thus
a distribution, rather than a hypersurface. A manifold S is said to be
an integrable manifold of P if ∀p ∈ S one has P|p = Tp(S ). A useful
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theorem due to Frobenius give the condition for a distribution to be
integrable:

Definition 19 (Integrable distribution). A distribution P is integrable
iff ∀ V ,U ∈P, one also has that [V ,U ] ∈P.

In the above, we mean by [V ,U ] the commutator between V and U —
i.e.

[V ,U ] ≡ V U −UV .

A sub-manifold of dimension m is called a hyper-surface if m = n − 1,
with n the dimension of the manifold it is embedded in. We also call S

space like or time like if its norm ν is time like or space like, respectively,
with respect to the metric g by the operation of the pull back — see [5]
for more details. The sub-manifold S will naturally inherit a metric from
(M , g),

h ≡ φ∗g.

For S space like, we have that ∀ V 6= 0 ∈ T (S ) and U 6= 0 ∈ T (M )
such that g(U ,U) = −1, that h(U ,V ) = 0. From now on — unless
otherwise stated — we will assume (S ,h) to be a 3-dimensional, space
like hyper-surface of spacetime (M , g). If the connection ∇ is metric
compatible and torsion free, then the connection D associated with h on
S is given by

D = φ∗∇.

And obviously one has that

Dh = 0.

The metric and connection on S respectively define the extrinsic and
intrinsic curvature of S via

2D[aDb]v
c ≡ Rc

dab[h]vd, (2.23)

Kab ≡ ha
c∇cνb, (2.24)
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where νb = gabν
a is the normal on S . It is readily showed that the intrinsic

curvature tensors Rc
dab[g] and Rc

dab[h] are related by

Rabcd[g] = Rabcd[h] +KacKbd −KadKbc, (2.25)

ubRabcd[g] = DcKda −DdKca. (2.26)

The first is the Gauss-Codazzi equation and the last is called the Codazzi -
Mainardi equation. Given that the Einstein equations (5.60) hold every-
where on (M , g), equations (2.25) and (2.26) imply a set of constraint
equations which must be satisfied on the hypersurface (S ,h)

Ra
a[h] +Ka

aK
b
b −KabK

ab = 2(ρ− λ), (2.27)

DaKab −DbK
a
a = Tabν

a ≡ jb. (2.28)

One can say that a hypersurface (S ,h) with data (ρ, jb) satisfying equa-
tions (5.60) and (5.61) constitutes an initial data set for the Einstein
field equations (1.5). Finally, we should mention the seminal work of
Yvonne Choquet-Bruhat [13] wherin she proves the existence of a Cauchy
development of the Einstein constraint data. More precisely,

Theorem 7 (Existence of a development of initial data). Given the ini-
tial data set ω = (S ,h,K, ρ, j) satisfying the Einstein constraint
equations (2.27) and (2.28), then there exists a corresponding Cauchy
development (M , g) satisfying the Einstein field equation (4.1).
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Matter models

In the introductory chapters we have mostly discussed the structure
and assumptions behind Einsteins theory of gravitation as well as some
mathematical techniques to be used later. We have not, however, elaborated
on the meaning and implications of the energy momentum tensor T
appearing at the right hand side of equation (1.5). In this chapter we will
give a brief overview of the most important matter models in General
relativity as well as a more extensive treatment of relativistic elastic
material.

3.1 Vacuum

In the case of vacuum one has that T = 0 everywhere and equation (1.5)
will then be the vacuum Einstein field equations

Rab = 0.

From the irreducible decomposition of the Riemann tensor (2.15), one see
that the vacuum equation implies that

Rc
dab = Cc

dab. (3.1)

In other words, the components of the Riemann tensor which are non-
vanishing when Rab = 0 are the components of the Weyl tensor. It is
therefore generally agreed that the Weyl tensor contains the information of
gravitational waves away from any matter sources. Hence the vacuum equa-
tion is very important in the study of the propagation of the gravitational
field.

43
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3.2 Dust

The next simplest form of the energy momentum tensor is that of dust.
Given a matter distribution B in a space time (M , g) such that for each
point p ∈ B there is a vector ua ∈ Tp(B) which is tangent to the world
line γ of the dust particles passing through p, then one defines the energy
momentum tensor for dust to be

T ab ≡ ρuaub,

with ρ a smooth positive function. The positivity condition of ρ is due
to the following reasons. Firstly, it is obvious that for ρ = 0 the energy
momentum tensor would reduce to that of vacuum. It is customary to
interpret ρ as the density of energy and matter. It is then assumed that one
cannot have negative energy or matter density, hence the case of ρ < 0 is
ruled out. Since, galaxies in the Universe can be viewed as noninteracting
"particles", it is common to model the large scale Universe with an energy
momentum tensor of dust.

3.3 Perfect fluid

In the case of dust, the material particles do not interact with one another—
that is, there are no pressure terms. But in the interior of a star, one expects
the molecules to be interacting with each other, hence it is necessary to add
a term representing this interaction. This form of the energy momentum
tensor is called a perfect fluid and is defined as

T ab ≡ ρuaub + phab,

with hab the projector metric, and p a function representing the pressure
between matter particles. For p = 0 the above reduces to the case of dust;
and hence dust is a special case of a perfect fluid. In order to specify what
sort of fluid one is dealing with, it is necessary to give an equation of state
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p = p(ρ) — i.e. how the density depends on the pressure.

3.4 Elastic fluid

In cases such as Neutron stars, where the gravitational pressure is immense,
one expect the crust to be of a solid-like material. This can best be
modelled by an elastic energy momentum tensor. In what follows we will
derive the frame components of such a tensor. The discussion is based on
the approach found in [22]; but essential to the derivation is the use of
orthonormal frames, which is new. Let B — called the body manifold— be

Figure 3.1: The map φ between spacetime and the body manifold is an
essential part in constructing the relativistic theory of elasticity.

a 3-dimensional manifold representing the ensemble of particles making
up the elastic body. The key object in relativistic elasticity is a map

φ :M→ B,

such that if x = (xµ) and X = (XM ) are, respectively, coordinates on the
spacetime and body manifold we then have

φM(xµ) = XM .

As the manifoldsM and B have, respectively, dimension 4 and 3, the map
φ is non-injective (not one-to-one). In the following it will be assumed that
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the inverse image φ−1(X) of a point on B with coordinates X = (XM)
is a timelike curve on M. We denote the tangent vector to the curve
γ : R→M with γ ≡ φ−1(X) by u. If we assume γ to be parametrised by
its proper time, then we have that

g(u,u) = −1.

The curve γ describes the worldline of the particle of the point on B with
coordinates X.

The map φ represents the configuration of the elastic body. This means
that φ associates to each spacetime event a material particle. In other
words, φ relates the physical state of a material body with the notion of
an event in spacetime. The deformation of the elastic body is represented
by the deformation gradient, defined by in terms of the coordinates atM
and B by

φMµ = ∂µφ
M .

For a fixed value of the coordinate indices on the body manifold, the
components φMµ give rise to a covector field φMa on M satisfying the
condition

φMau
a = 0.

We introduce the strain of the material by applying the push-forward to
the inverse metric tensor gµν onM. Its components are given by

hMN ≡ φMµφ
N
νg

µν .

The body manifold is assumed to be equipped with a volume form VABC

which allows us to construct a scalar function n interpreted as the particle
density number of the material via the relation

n2 = 1
3! det

(
hMN

)
.

This interpretation of n is justified by the observation that the equation
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for particle conservation hold —that is, one has that

∇µ (nuµ) = 0.

In order to formulate a frame version of the energy momentum tensor
of a relativistic elastic material, we begin by consider a frame {EA} on
B with associated coframe {ΩB}. As we have not introduced a metric
on B, we do not assume any orthonormality condition on the frame and
coframe.

Remark 3.1. Note that although the frame {EA} and coframe {ΩB}
on B may not be orthonormal, the frame {ea} and coframe {ωb} onM
are g − orthonormal.

The map φ, defines the pullback φ∗ which can be used to pull-back the
coframe toM. More precisely, one has that

ΛB ≡ φ∗ΩB, ΛBa = 〈ΛB, ea〉.

As the map φ is surjective and has maximal rank, the set of covectors
{ΛB} is linearly independent. The fields {ΛBa} will be used, in the sequel,
to describe the configuration of the material body. The coefficients ΛAa
are orthogonal with respect to ua —that is

ΛA
au

a = 0.

We denote the determinant of the frame field as e. It is related to the
determinant of the metric tensor by e = √−g. Furthermore, we have

δe = ωa
µδeµa, (3.2a)

δΛAa = ΛAµδea
µ. (3.2b)

In the above δ is understood as an infinitesimal variation. More precisely,
for a function f we have,

δf ≡ ∂f

∂xµ
δxµ.
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Equation (3.2a) can be obtained by using Jacobi’s formula for a square
matrix given by,

∂ det(A)
∂Aµν

= det(A)(A−1)µν ,

and recalling that ωaµ = (e−1)aµ. Equation (3.2b) follows from observing
that

ΛAa = ΛAµea
µ,

∂ea
ν

∂ecµ
= δcaδ

ν
µ.

In terms of the above fields we construct a Lagrangian of the form L =
L
(
ΛAb, ea

µ
)
. The action thus reads

S =
∫
L
(
ΛAb, ea

µ
)
d4x,

where we have defined the Lagrangian density

L
(
ΛAb, ea

µ
)
≡ eL

(
ΛAb, ea

µ
)
.

The variation of the action yields

δS =
∫ (

∂e

∂eaµ
δea

µL+ e
∂L

∂eaµ
δea

µ + e
∂L

∂ΛAb
δΛAb

)
d4x

=
∫ (

ωaµL+ ∂L

∂eaµ
+ ∂L

∂ΛAa
ΛAµ

)
eδea

µd4x

=
∫
T aµeδeaµd4x,

where we have made use of equations (3.2a) and (3.2b) and defined

T aµ ≡ ωaµL+ ∂L

∂eaµ
+ ∂L

∂ΛAa
ΛAµ.

By multiplying with ec
µηac, and applying the chain rule to the second

term, we obtain
T ab = ηabL+ 2 ∂L

∂ΛAa
ΛAcη

bc. (3.3)

Assuming that the Lagrangian may be written on the form (see [23] for
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details)
L = ρ = nε,

we find that
∂L

∂ΛAb
= n

∂ε

∂hAB
∂hAB

∂ΛAb
+ ε

∂n

∂ΛAb

with

∂hAB

∂ΛDa
= 2ηacΛ(A

cδ
B)
D,

∂n

∂ΛDa
= nhABη

acΛ(A
cδ
B)
d.

Substituting the above expressions back into equation (3.3) we find an
expression for the components of the energy-momentum tensor of the form

T ab = nεηab +Πab (3.4)

where, in the following, Πab will be known as the components of the
Cauchy stress tensor and is given by

Πab ≡ 2nτABΛ
A
aΛ

B
b + εnhABΛ

A
aΛ

B
b, (3.5)

where τAB is the second Piola-Kirchoff stress tensor defined by.

τAB ≡
∂ε

∂hAB
.

We further make the reasonable assumption that

hab = hABΛ
A
aΛ

B
b,

where hab as usual denotes the frame components of the projector metric.
To show that this is reasonable, we note the following: the equation holds
identically both under multiplication of ua and ηcaΛCa — in the latter
case, one has to invoke the definition of hAB on the right hand side of
the equation to show this. Secondly, on a spatial hypersurface S ∈ M the
map φ is a diffeomorphism which implies that the object hab defined on S
is physically equivalent to the corresponding object defined on B via φ.
Using this assumption in (3.5) we obtain the desired form of the energy
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momentum tensor. Namely, one has that

Tab = ρuaub +Πab, (3.6)

with
Πab ≡ 2ρηab + 2nτABΛ

A
aΛ

B
b. (3.7)

The form of (3.7) is the same as the form of the tensor Sab defined in [22];
but whereas the latter is defined in terms of the coordinate-dependent
fields FA

µ, in our treatment we have the frame dependent fields ΛAa. In
view of definition 14 the fields ΛAa has a direct physical interpretation
as the deformation gradient of the body as measured by a co-moving
observer.

Remark 3.2. Observe that the energy momentum tensor obtained in
the above treatment is the canonical energy momentum tensor. But it
has been shown in [23] that for the elastic case, the metric and canonical
energy momentum tensors are the same. Thus, the equations of motion
can either be obtained by variation of the action or the divergence free
condition.



Chapter 4

Evolution equations for Einstein-matter
systems

4.1 Introduction

Einstein’s theory of General Relativity provides us with the most appropri-
ate tool for studying the dynamics of self gravitating objects. It is therefore
of clear interest to study the structural properties of the Einstein field
equations and to provide a framework for studying their solutions. The
Cauchy problem provides a setting for the analysis of generic solutions to
the field equations parametrised in terms of the initial conditions —for
details, see [8, 10,24]. In particular, one is interested in showing that the
Einstein equations admit a well-posed initial value formulation — see
the discussion in Section 2.4 for more details. See also [25] for a lucid
discussion on the Cauchy problem.
The motivation for our study is provided by the observation that the
energy momentum tensor for a perfect fluid, elastic matter —see [22,26,27]
for details— and bulk viscosity —e.g. see [28–32] and references therein—
may be put on a form consisting of a part involving the 4-velocity u
and energy density ρ and a part involving a spatial symmetric tensor Π .
Thus, by "hiding" the specific matter variables in the tensorΠ one cannot
differentiate between elastic matter, perfect or viscous fluid by considering
the energy momentum tensor alone. By employing a hyperbolic reduction
of the Einstein field equations coupled to an energy-momentum tensor
of such a general form, we provide the necessary conditions for such a
matter model to form First order symmetric hyperbolic (FOSH) evolution
equations. We show that one can avoid the details of the specific matter
models in the construction of a FOSH system by introducing an auxilliary

51
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field.

The procedure we employ to obtain these evolution equations is similar to
that of [20] and may be described as follows: we introduce a frame field
to replace the metric tensor as a variable and fix the gauge by choosing
Lagrangian coordinates —i.e. one of the vectors of the frame field is chosen
as to coincide with the 4-velocity of the particle trajectories; we also let the
rest of the frame be Fermi propagated. By virtue of the Bianchi identity
and assuming the connection to be Levi-Civita we show that the solution
to a set of new field equations constructed with so called zero-quantities
implies the existence of a metric solution to the Einstein field equations.
A subset of these equations provides the symmetric hyperbolic evolution
equations. As part of this construction, it turns out to be necessary to
introduce an auxilliary field to remove derivatives of the energy-momentum
tensor from the principal part of the evolution equation of some of the
geometric fields. The evolution equation ofΠ —which encodes the matter
fields— is given in terms of the electric decomposition of the auxilliary
field. Finally, we make use of the evolution equations, Cartan’s identity
and the Bianchi identities to show the propagation of constraints. It is
important to stress that due to the generality of the procedure, we do
not provide an equation defining ρ. It is therefore necessary to provide
an equation of state (or the equivalent) when using our equations for a
specific matter model. We treat dust and perfect fluid as examples at the
end and briefly discuss elastic matter.

A limitation of our procedure is the requirement of Π being a purely
spatial tensor — indeed, without this requirement the energy momentum
tensor would take its most general decomposed form. The difficulty of
allowing Π to have timelike components resides in the procedure of keep-
ing the hyperbolicity of the theory. We have used the spatial property
of Π extensively in the process of eliminating problematic derivative
terms from the principal part of the equations. We also assume that the
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equations of motion for a matter system may be entirely determined by
the divergence-free condition of the energy-momentum tensor. Thus, any
matter models which require additional equations to close the evolution
of the matter variables, are not considered herein.

Lastly, we should mention that a very good discussion of the Einstein-
Euler-entropy system is found in [33] where a complete discussion of the
arguments of the framework put forward in [20] is given.

4.2 The Einstein equations

In this work we consider the Einstein equations

Rab −
1
2gabR = κTab (4.1)

with energy-momentum tensor on the form

Tab = ρuaub +Πab. (4.2)

where ρ is a positive function of the matter fields. We require Πab to be a
symmetric and purely spatial tensor —i.e.

Πabu
a = 0, (4.3a)

Πab = Π(ab). (4.3b)

We do not put any further restrictions on Πab other than that it satisfies
the divergence-free condition of (4.2)

∇aTab = 0. (4.4)

Remark 4.1. An energy momentum tensor of the form given in (4.2) is
of a very general form and the conditions (4.3a), (4.3b) are not stringent
restrictions. Thus, the power of the formalism developed herein lies in its
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generality: given an equation for ρ in terms of the matter fields, one can
ignore the matter specific equations of motion and instead solve equations
for Πab. The equations obtained will then be symmetric hyperbolic. This
assumes that one can extract the complete set of equations of motion
for the matter fields from (4.4).

A projection formalism

At each point in the spacetime manifold M the flow lines give rise to
a tangent space which can be split into parts in the direction of u and
those orthogonal. This means that without implying a foliation, we may
decompose every tensor defined at each point p ∈M into its orthogonal
and timelike part. This may be done by contracting with ua and the
projector defined as

ha
b ≡ ηa

b + uau
b, ua = uaea

a.

Remark 4.2. In order to prevent confusion around notation and unnec-
essarily messy calculations, we will sometimes henceforth write ea and
ωa instead of eaa and ωaa. That is, wherever convenient we resort to
the indexfree notation.

Thus, a tensor Tab may be split into its time-like, mixed and space-like
parts given, respectively, by

T00 = uaubTab, T ′0c = uahbcTab, T ′cd = hach
b
dTab,

where ′ denotes that the remaining indices have been projected so that
the object is spatial —e.g. T ′a0u

a = 0. Decomposing ∇au
b we obtain

∇aub = χa
b + uaa

b, (4.5)

where χab and ab are the components of the Weingarten tensor and
4-acceleration, respectively, defined by

χa
b ≡ ha

c∇cub, ab ≡ uc∇cub.
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Alternatively, the spatial frame components of the Weingarten tensor and
4-acceleration can be respectively expressed by,

χi
j = 〈ωj ,∇ie0〉 = Γi

j
0, ai = 〈ωi,a〉. (4.6)

In the literature (e.g. see [25] p.217) the trace, trace-free and antisymmetric
part of (4.5) is called, respectively, the expansion, shear and the twist
of the fluid. By decomposing (4.4) we obtain an equivalent system of
equations in terms of the above quantities

∇aΠab = −abρ+ ubΠacχ
ac, (4.7a)

ua∇aρ = −ρχ−Πabχ
ab. (4.7b)

The decomposition of the 4-volume is

εabcd = −2
(
u[aεb]cd − εab[cud]

)
, εbcd = εabcdu

a. (4.8)

Given a tensor Tabc which is antisymmetric in its two last indices, we may
construct the electric and magnetic parts with respect to ua. In frame
indices this is, respectively, defined by

Ecd ≡ Tabehc
ahd

bue, Bcd ≡ T ∗abehc
ahd

bue,

where the Hodge dual operator, denoted by ∗, is defined by

T ∗abe ≡ −
1
2ε
mn

beTamn,

and has the property that

T ∗∗abc = −Tabc.

Depending on the symmetries and rank of the tensor, the above definition
for electric and magnetic decomposition may vary slightly. Central for our
discussion is that Eab and Bab are spatial and symmetric.
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4.3 Gauge considerations

The gauge to be considered in our hyperbolic reduction procedure for
the Einstein field equations follows the same considerations as in [20]. In
particular, we make the following choices:

i. Orientation of the frame. We align the time-leg of the frame with
the flow vector ua tangent to the worldlines of the particle —that is,
we set

ua = e0
a.

ii. Basis in a coordinate system. Given a coordinate system x = (xµ)
we expand the basis vectors as

ea
a = ea

µ∂µ
a. (4.9)

Given an initial hypersurface, S?, then the coordinates (xj) defined on
S? remain constant along the flow and, thus, specify the frame.

iii. Lagrangian condition. The implementation of a Lagrangian gauge
is equivalent to requiring that e0

a = ∂t
a where t is a suitable parameter

along the world-lines of the material —e.g. the proper time. In terms of
the components of the frame, this condition is equivalent to requiring
that

e0
µ = δ0

µ. (4.10)

iv. Fermi Propagation of the frame. We require the vector fields eaa

to be Fermi propagated along the direction of e0
a —i.e.

∇0ea
a + g (ea,∇0e0) e0 − g (ea, e0)∇0e0 = 0.

By using equations (2.7) and (2.8) the Fermi propagation of the frame
implies the following conditions on the connection coefficients:

Γ0
i
j = 0, (4.11a)

Γ0
0

0 = 0, (4.11b)
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for i, j = 1, 2, 3. A frame satisfying the above equation is a frame
where e0

a = ua and {eia} is orthonormal at every point along the
trajectory for which ua is the tangent vector.

4.4 Zero-quantities

In the subsequent discussion it will prove convenient to introduce, as a
book-keeping device, the zero-quantities

∆d
abc ≡ R̂dabc − ρdabc, (4.12a)

Fbcd ≡ ∇aF abcd, (4.12b)

Ncab ≡ Zcab − 2∇[aΠb]c, , (4.12c)

where Lce denotes the components of the Schouten tensor as defined by
equation (2.16). Moreover, by R̂dabc it is understood the expression for
the Riemann tensor in terms of the connection coefficients Γabc and its
frame derivatives. We have also defined

ρdabc ≡ Ĉdabc + 2ηd[bL̂c]a − 2ηa[bL̂c]
d, (4.13a)

F cabd ≡ Ĉcabd − 2ηc[bL̂d]a, (4.13b)

Zcab ≡ 2∇[aΠb]c, (4.13c)

L̂ab ≡ Tab −
1
3ηabT, , (4.13d)

where Ĉdabc is defined as having the same symmetries as the components
of the Weyl tensor Cdabc.

Remark 4.3. The components ρdabc are known as the algebraic curvature
and encode the decomposition of the Riemann curvature tensor in terms
of the Weyl and Schouten tensors while F cabc are the components of
the Friedrich tensor. The latter provides a convenient way to encode the
second Bianchi identity for the curvature.
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Remark 4.4. The tensor Zcab, hereafter to be referred to as the Z-tensor,
is introduced so that the evolution equations of the electric and magnetic
part of the Weyl tensor can be expressed in terms of lower order terms
—i.e. preventing any derivatives of Πab to appear in the equations and
hence keeping their hyperbolicity.

In terms of the objects introduced in the previous paragraphs, the Einstein
field equations (4.1) can be encoded in the conditions

∇aTab = 0, (4.14a)

Σa
e
b = 0, (4.14b)

∆d
abc = 0, (4.14c)

Fbcd = 0. (4.14d)

More precisely, one has the following result:

Lemma 1. For a given ρ, let (L̂ab, eµa, Γacb, Ĉdabc) be a solution to
equations (4.14a)-(4.14d) for which the metric compatibility condition
(2.8) holds. Then (L̂ab, eµa, Γacb, Ĉdabc) implies the existence of a metric
g solution to the Einstein field equations (4.1) with energy-momentum
tensor defined by the components Tab. Moreover, the fields Ĉdabc are,
in fact, the components of the Weyl tensor of g.

Remark 4.5. Note that equations (4.14a)-(4.14d) do not provide a closed
system of evolution equations for the unknowns of our system. They are
only the necessary equations for giving Lemma 1.

Proof. The frame {ea} obtained from the solution to equation (4.14b)
implies, in turn, by the condition 〈ωb, ea〉 = δa

b the existence of a coframe
{ωb} from which one can construct a metric tensor g via the relation

g = ηabω
a ⊗ ωa.
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Since the coefficients Γacb satisfy the no-torsion and metric compatibility
conditions (4.14b) and (2.8), then they must coincide with the connection
coefficients of the metric g with respect to the frame {ea}. Moreover, by
equation (2.12) we have that

R̂dabc = Rdabc,

where Rdabc denotes the frame components of the Riemann curvature
tensor. Using the Riemann decomposition as defined by equation (2.15)
together with equation (4.14c) we obtain

Cdabc + 2ηa[bLc]a − 2ηa[bLc]
a = Ĉdabc + 2ηa[bL̂c]a − 2ηa[bL̂c]

a. (4.15)

Taking the trace of equation (4.15) with respect to the indices b and d
and using the trace-free property of the Weyl tensor and Ĉdabc we obtain

Lca + 1
2ηcaL

d
d = L̂ca + 1

2ηcaL̂
d
d. (4.16)

Finally, taking the trace of equation (4.16) and using equations (4.4) and
(2.14), we get the identity

Ldd = L̂dd.

The latter shows that L̂ab are, in fact, the components of the Schouten
tensor of the metric g. Using the definition of the Schouten tensor in terms
of the Ricci tensor, equation (2.16), it follows readily that the metric g
satisfies the Einstein field equations with an energy-momentum tensor
defined by the components Tab. Returning to equation (4.16) we conclude
by the uniqueness of the decomposition of the Riemann tensor that the
fields Ĉdabc are, in fact, the components of the Weyl tensor of g.

Remark 4.6. In the following to ease the notation, and in a slight abuse
of notation we simply write Cdabc instead of Ĉdabc.
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4.5 Evolution equations

Given the gauge conditions introduced in Section 4.3, the next step in
our analysis involves the extraction of a suitable (symmetric hyperbolic)
evolution system from equations (4.14a)-(4.14d). We do this in a number
of steps.

4.5.1 Equations for the components of the frame

The evolution equations for the components of the frame eaµ are obtained
from the no-torsion condition (4.14b). In order to do so we exploit the
freedom available in the choice of the frame and require it to be adapted to
the world-lines of the material particles and the gauge conditions outlined
above.

Making use of the expansion (4.9) in equation (4.14b) one readily finds
that

ea
µ∂µeb

ν − ebµ∂µeaν = (Γac
b − Γbc

a) ec
ν .

Setting a = 0 in the above expression and making use of the Lagrangian
gauge condition (iii) we obtain

∂0eb
ν − (Γ0

c
b − Γbc

0) ec
ν = 0. (4.17)

This last equation will be read as an evolution equation for the frame
coefficients ebν with b = 1, 2, 3. As it only contains derivatives along the
flow lines of the matter, it is, in fact, a transport equation along the world-
lines. Observe that for b = 0 the equation is satisfied automatically —recall
that as a consequence of the Lagrangian condition (4.10) the coefficients
e0
µ are already fixed.

Remark 4.7. Assuming that the gauge conditions (i), (ii) and (iii) above
hold, equation (4.17) can be succinctly written as

Σ0
c
b = 0.
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This observation will be of use in the discussion of the propagation of
the constraints.

4.5.2 Evolution equations for the connection coefficients

The evolution equations for the frame components are given in terms of the
frame connection coefficients. Due to the Fermi propagation and the metric
compatibility, equation (2.8), the independent, non-zero components of
the connection coefficients are Γikj, Γ0

0
j and Γi0j. Evolution equations

for Γikj and Γi0j may be extracted from the equation for the algebraic
curvature (4.14c). More precisely, we consider the condition

∆a
bc0 = 0. (4.18)

But ∆a
bcd inherits the symmetries of the Riemann tensor — in particular

∆abcd = ∆[ab][cd].

As a consequence one has that

∆a
b00 = 0, ∆0

0cd = 0

are satisfied identically. Thus, the non trivial components of ∆a
bc0 are

∆i
jk0, ∆0

ij0, ∆k
0j0,

where i, j, k, . . . = 1, 2, 3. It is readily verified that from the metric
compatibility condition — i.e. equation (2.8) — one can further reduce
the independent components of the connection. More precisely, one has
that

Γa
b
b = 0, Γi

0
j = Γi

j
0, Γ0

0
i = Γ0

k
0ηik.

Consequently, it follows that

∆0
ij0 = ηik∆

k
0j0.
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Hence, the condition (4.18) is equivalent to imposing the conditions

∆i
jk0 = 0, (4.19)

∆0
ij0 = 0. (4.20)

From equation (4.19) and (4.20) we may extract the evolution equation
for Γijk and Γi0j, respectively. Using equations (4.12a) and (4.13a), the
above equations take the form

R̂ijk0 = Cijk0 + 2ηi[jL0]k − 2ηk[jL0]
i, (4.21)

R̂0
jk0 = C0

jk0 + 2η0
[jL0]k − 2ηk[jL0]

0. (4.22)

The Lagrangian gauge — i.e. gauge condition (iii) — and the condition
that the frame remains orthonormal along e0 — i.e. equation (2.6) —
imply that

L0i = 0, η0i = 0.

Substituting these conditions back into equation (4.21) and (4.22) gives,

R̂ijk0 = Cijk0, (4.23)

R̂ijk0 = C0
ij0 + Lij − ηijL00. (4.24)

Finally, the Riemann tensor can be expressed in terms of the connection
coefficients via equation (2.12). Making use of gauge condition (iv), we
obtain

∂0Γi
j
k = Cjki0 + Γl

j
kΓi

l
0 + Γ0

j
0Γi

0
k − Γij0Γ0

0
k, (4.25)

∂0Γj
0
i − ∂jΓ0

0
i = Γ0

0
iΓ0

0
j − Γk0

iΓj
j

0 − Γk0
iΓj

k
0

+ C0
ij0 + Lij − ηijL00. (4.26)
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Remark 4.8. Assuming that the gauge condition (iii) and (iv) holds and
that Γacb is Levi-Civita, equations (4.25) and (4.26) are equivalent to

∆c
ab0 = 0.

Observe again, that the resulting equations are, in fact, transport equa-
tions along the world-line of the material particles.

The evolution equation for the remaining connection coefficients — i.e.
Γ0

0
i = Γ0

i
0 —will be obtained by splittingΠab into its trace and trace-free

part
Πab = Π{ab} + 1

4Πηab,

where Π{ab} denotes the trace-free part of Πab. Plugging this into (4.7a)
and (4.7b), we obtain

∇aΠ{ab} = −1
4∇bΠ − ρab + ubΠ{ac}χ

ac + 1
4Πχub, (4.27a)

ua∇aρ = −ρχ−Π{ab}χab −
1
4Πχ. (4.27b)

In the above and throughout we have put Π ≡ Πa
a. Since ∇[d∇b]Π = 0,

we obtain from equation (4.27a) that

Jdb = 0,

with

Jdb ≡ −2ρ∇[bad + 2a[d∇b]ρ+ 2Π{ac}χac∇[dub] + 2u[b∇d]
(
Π{ac}χ

ac
)

+ 1
2Πχ∇[dub] + 1

2u[b∇d] (Πχ)− 2∇[d∇aΠ{b]a}.

The last term may be written

∇[d∇aΠ{b]a} = −RmbdaΠ{ma} +Rmdb
aΠ{ma} + 2Rm[dΠ{a]m} +∇aZadb,

= 2Rm[dΠ{a]m} +∇aZadb, (4.28)

where we have used the symmetry of the Riemann tensor in the last step.
A straight forward calculation using the definition of the Z-tensor and
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equations (4.14d), (4.12b) and (4.13b) shows that

Zadb = ∇mCmadb + Padb,

where
Padb ≡

2
3∇[d(ηb]aT )− 2∇[d(ρub]ua).

Using that
∇a∇bCabcd = 0, ∇[a∇b]T = 0,

we have
∇aZadb = −2∇a∇[d(ρub]ua). (4.29)

Substituting this back into (4.28), we may now write the {0, i} components
of Jdb as

J0i = −2ρ∇0ai −R0
jΠij − 2aiρχ− 2aiΠijχ

ij

+ ajρχij − ρ∇jχij + ρ∇iχ.
(4.30)

In the above expression we have used the Lagrangian gauge condition
to set ui = 0. Finally, using the definition for χij and ai in terms of the
connection coefficients — see (4.6) — we readily obtain

3∂0Γ0
0
i − ηjk∂iΓj0

k = −2aiχ+ ajχij − ∂jΓj0
i + Γj

k
iχk

j − Γjjkχik

− 1
ρ

(
R0

jΠij + 2aiΠijχ
ij
)
− Γj0

0χ
j
i − Γ0

0
iχ

+ Γ0
j
iΓ0

0
j + ηjkΓi

l
jΓl

0
k + ηjkΓi

l
kΓj

0
l. (4.31)

Equations (4.25), (4.26) and (4.31) are of a form which is known to be
symmetric hyperbolic — we refer again to [34] for details.

4.5.3 Evolution equations for the decomposed Z-tensor

It is well known that in vacuum the Bianchi equation leads to a sym-
metric hyperbolic equation for the independent components of the Weyl
tensor. By contrast, an inspection of the definition of the Friedrich tensor
Fabcd, equation (4.12b), reveals that the condition Fabc = 0 involves both
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derivatives of Cabcd and the matter variables. This potentially destroys the
symmetric hyperbolicity of the equation for the components of the Weyl
tensor. In the following we will show that it is possible to deal with this
difficulty by providing two auxiliary fields —the Z-tensor and σ-tensor as
defined by equations (4.13c) and (4.38), respectively.

We first define some important quantities and identities used in the
following discussion. The Z-tensor has the symmetries

Z[abc] = 0, Zabc = Za[bc].

The symmetry of the Z-tensor thus allows for a decomposition in terms
of its electric and magnetic parts defined respectively as

Ψac ≡ Zebdu
dha

ehc
b, Φac ≡ Z∗ebdu

dha
ehc

b,

where, Z∗ebd, is the dual Z-tensor defined in the customary way. The electric
and magnetic part of the Z-tensor are symmetric tensors defined on the
orthogonal space of u —i.e. one has that

Ψac = Ψ(ac), Ψacu
a = 0, Φac = Φ(ac), Φacu

a = 0.

As such, the Z-tensor and its dual may be expressed in terms of the spatial
fields Ψab and Φab

Zcab = Ψcbua − Ψcaub − εabeΦce + ucΠdbχa
d − ucΠdaχb

d, (4.32a)

Z∗amn = 1
2Ψacεmn

c + u[mΦn]a + 1
2εmndΠc

dχa
c − 1

2εmncΠadχ
cd. (4.32b)

By plugging the definition for the Z-tensor into the definitions of Ψab and
Φab, respectively, we obtain an evolution equation for the matter tensor
Πab in terms of Ψab together with a constraint equation. Namely, one has
that

ua∇aΠfm = aaumΠfa + aaufΠma −Πmaχf
a − Ψfm, (4.33a)

εf
b
aDbΠm

a = εfbaumΠc
aχbc + Φfm. (4.33b)
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where Db denotes the Sen connection defined as,

DbΠcd ≡ hb
a∇aΠcd.

It is worth noting that due to the 1 + 3 split of space time, we do not
have a spatial metric on the 3-dimensional surfaces. Hence, we cannot
define a spatial derivative — i.e. a spatial metric satisfying the metric
compatibility condition does not exist on the three surfaces. Equation
(4.33b) is regarded as a constraint equation.

Remark 4.9. Note that equation (4.33b) will always hold as long as the
definition of the Z-tensor (i.e. equation (4.13c)) propagates. This will
be shown in Section 4.6.

In order to close the system and to ensure hyperbolicity a set of evolution
equations for the fields Ψab and Φab are needed. In the rest of this section we
shall develop these equations and show they form a first order symmetric
hyperbolic system.

The evolution equations for Ψab is obtained by taking the divergence
of the Z-tensor —i.e we have the equation

∇bZcab = 2∇b∇[aΠb]c.

Expanding the above equation and using the decomposition of the Z-tensor
—i.e. equation (4.32a)— we obtain an equation of the form,

ub∇bΨac − εabdDdΦcb = ua∇bΨcb −Πadχ
bd∇buc − ucχbd∇bΠad

− ucΠad∇bχbd −∇b∇aΠc
b +∇b∇bΠac

+ Ψcb∇bua + Φc
b∇dεabd + ucχa

b∇dΠb
d

+Πbdχa
b∇duc + ucΠbd∇dχab.

(4.34)

It is necessary to write the terms which involve derivatives of Ψab and Πab

in terms of lower order terms. The divergence of Ψab can be obtained from
equation (4.33a),
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∇aΨma = −aaΨma − aaaaumρ+ aaafumΠaf

+ aaΠmaχ
f
f + aaΠafχ

f
m − aaΠafχm

f

+ uaΠmf∇aaf − aaΠmfχa
f − χaf∇aΠmf

−Πmf∇aχaf − χaf∇fΠma − ua∇f∇aΠm
f

+ umΠaf∇faa

(4.35)

In the above calculation we have made use of equations (4.33a), (4.5) and
(4.7a). A straight forward calculation using the definition for the Riemann
tensor — i.e. equation (2.9) — and equations (4.7a), (4.7b) as well as
(4.33a), gives the relation

ua∇b∇aΠc
b = −uaRcbamΠbm − uaRabΠcb + acρχ

− Ψabucχab − ucΠbmχa
mχab − uaρ∇aac

+ uaucΠbm∇aχbm.

(4.36)

Using equations (4.35), (4.36), (2.9), (4.33a), (4.5), (4.7a) and (4.7b) in
equation (4.34), and by contracting with the projector — i.e hamhcn — we
obtain after some algebraic manipulations the desired form of the evolution
equation for Ψab,

ub∇bΨmn − εmbdDdΦnb =Wmn, (4.37)

where Wab denotes the lower order terms and is explicitly given by

Wmn = −aaΨnaum − aaΨmaun + aaεnabΦm
b

+ uaubumunσab + uaunσma + σmn + uaumσna

+RmanbΩ
ab + uaunRmbacΩ

bc + uaumRnbacΩ
bc

+ uaubumunRacbdΩ
cd +Rn

aΩma + uaunRa
bΩmb

− Ψmnχ− amunρχ+ εnacumΦb
cχab

− amunΩabχab −Ωnbχabχam + Ψmaχ
a
n

− aaumρχna +Ωabχ
b
mχn

a −Ωabχabχnm
+ uaunρ∇aam + ρ∇nam + am∇nρ.
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In the above, we have defined

σab ≡ ∇c∇cΠab. (4.38)

Observe that the derivatives in equation (4.38) are covariant differentiation
in the direction of the frame ec. More precisely one has

ηab∇ea∇eb
Π = ωb(eb[Πac]) ωa ⊗ ωc + L.O.T

= 4Πac ω
a ⊗ ωc + L.O.T,

(4.39)

where we have observed that omegaa belong to the dual space of ea and
may thus be defined such that,

ωa[eb] = δab.

The lower order terms consist of connection coefficients. Hence, the ten-
sor σab appearing in expression (4.37) consists of only lower order
terms. Note also that the derivatives of χab and aa may be expressed
in terms of the connection coefficients and thus dealt with by (4.31) and
(4.26) —i.e. we have

χab = ha
mhb

nΓm
0
n, aa = hacΓ0

c
0.

In obtaining equation (4.37) we have used standard tensor manipulations
involving the commutation of derivatives using the Riemann tensor and
frequently making use of the spatial property ofΠab to get rid of derivatives.

To obtain the evolution equation for the field Φab, we first provide
two preliminary identities obtained by again using the commutator of the
covariant derivative — i.e. equation (2.9). We have

εamnu
b∇n∇bΠc

m = εamnu
bRd

mn
bΠc

d − εamnubRdcnbΠd
m (4.40)

+ εamnu
b∇b∇nΠc

m,

εamnu
b∇n∇mΠcb = εanm ubRdb

nmΠcd. (4.41)

We then proceed in a similar way as with the field Ψab and considering
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the dual equation

∇bZ∗cab = −εabde∇b∇[dΠe]c.

By applying the decomposition (4.32b) and (4.8), the above identities —
i.e. (4.40) and (4.41) — and contracting with haphcl we obtain after a few
manipulations the evolution equation on the desired form,

ub∇bΦlp + εpbmDmΨlb = Ulp, (4.42)

with Uac denoting the lower order terms —explicitly given by

Ulp = −aaΨlbεpab − aaupΦla − aaulΦpa + εpb
muaRlcamΠ

bc

+ εpc
duaubulRambdΠ

cm − εpcmuaRabcmΠl
b − εpcmuaRacbmΠl

b

− Φlpχaa − Ψbcεpaculχab − alεpacΠb
cχab + Φlaχ

a
p.

Equations (4.37) and (4.42) are of a form known to be symmetric hyper-
bolic — see [34] for a more detailed discussion. We note that we have
made ample use of the suite xActh to obtain W and U .

Remark 4.10. The presence of a spatial derivative of ρ in equations
(4.37) means that an equation for ρ is necessary to ensure the hyperbol-
icity of the equations. Furthermore, the choice of ρ must at least be C1.
In other words our treatment does not allow for discontinuities in the
matter source.

Remark 4.11. In the expressions for Wac and Uac it is understood that
wherever Rdabc appears, it is to be evaluated using the decomposition in
terms of the Cdabc and L̂ab.

4.5.4 Evolution equations for the decomposed Weyl tensor

The construction of suitable evolution equations for the components of
the Weyl tensor follows a similar approach as in the previous discussion.
hSee http://www.xact.es for more information.
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Again, the strategy is to decompose the Weyl tensor into parts orthogonal
to the 4-velocity —i.e. one needs to understand the form the Weyl tensor
takes on the orthogonal space to the 4-velocity.

Due to the symmetries of the Weyl tensor, the essential components
are encoded in what are called the electric and magnetic parts of the Weyl
tensor defined, respectively, as

Eac ≡ Cebfdu
budha

ehc
f , Bac ≡ C∗ebfdu

budha
ehc

f ,

where C∗abcd denotes components the Hodge dual of the Weyl tensor. In
terms of these spatial tensors, the frame components of the Weyl tensor
and its dual admit the decomposition

Cabcd = −2
(
lb[cEd]a − la[cEd]b

)
− 2

(
u[cBd]pε

p
ab + u[aBb]pε

p
cd

)
, (4.43)

C∗abcd = 2u[aEb]pε
p
cd − 4Ep[aεb]p[cud] − 4u[aBb][cud] −Bpqεpabεqcd, (4.44)

—see e.g. [5] for details. For convenience we have written

lab ≡ hab − uaub.

Similarly, we decompose the Friedrich tensor — defined by (4.12b) — and
its dual in terms of their spatial, mixed and temporal components,

Fabcd = uaubudF
′
000c − ubudF ′a00c − uaudF ′0b0c + udF

′
ab0c

− uaubucF ′000d + ubucF
′
a00d + uaucF

′
0b0d − ucF ′ab0d (4.45)

+ uaubF
′
00cd − ubF ′a0cd − uaF ′0bcd + F ′abcd

F ∗abcd = uaubudF
∗′

000c − ubudF ∗′a00c − uaudF ∗′0b0c + udF
∗′
ab0c

− uaubucF ∗′000d + ubucF
∗′
a00d + uaucF

∗′
0b0d − ucF ∗′ab0d (4.46)

+ uaubF
∗′

00cd − ubF ∗′a0cd − uaF ∗′0bcd + F ∗′abcd,

where F ∗abcd is defined in the usual way. In order to obtain evolution
equations for Eab and Bab, we make use of the following decomposition of
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the Bianchi identity (4.14d) and its dual:

Fbcd = ub (F ′0c0ud − F ′0d0uc) + 2F ′b0[cud] − ubF ′0cd + F ′bcd, (4.47a)

F ∗bcd = ub (F ′∗0c0ud − F ′∗0d0uc) + 2F ′∗b0[cud] − ubF ′∗0cd + F ′∗bcd. (4.47b)

The term Fa0b = −Fab0 in equation (4.47a) gives the evolution equations
for Eab. Using the definition for Fabc and Fabcd — i.e. equation (4.12b)
and (4.13b) — and using the decomposition (4.45) we get an expression
(rather long) which involves terms of the Weyl tensor and its derivative.
Consequently we make use of the decomposition (4.43). Furthermore, using
the definition for the Schouten tensor — i.e. (2.16) — and observing that
Fabc is a zero quantity, we finally obtain after a few manipulations,

uc∇cEab − εaefDfBb
e = 1

2κΨab − a
cEbcua − acEacub

− 1
6κΨ

c
chab + acεcefBa

ehb
f − κacubΠac

− κacuaΠbc + 1
2κΠbcχa

c − 1
2κρχba − Eacχb

c

− 1
2κΠacχb

c + 2Ebcχca − 2Eabχcc + 1
6κρhabχ

c
c

− Ecdhabχcd + εcdefBb
eha

fχcd + εdfaubBe
fχde.

(4.48)

Similarly, the symmetric part of the term F ∗ab0 in equation (4.47b) gives
the evolution equations for Bab. The steps to obtain the evolution equation
are almost identical to that for the field Eab except that one substitute the
dual equations (4.47b), (4.46) and (4.44) in place of (4.47a), (4.45) and
(4.43). Another difference is that it is necessary to symmetrize about the
free indices to obtain the final equation —namely,

ud∇dBab +DfE(b
dεa)df = −1

2a
dEb

fεadf − 1
2a
dEa

fεbdf

− adubBad − aduaBbd − 1
2κΦab −

1
4κa

dεbdfΠa
f

− 1
4κa

dεadfΠb
f + 1

2Bbdχa
d + 1

2Badχb
d +Bbdχ

d
a

+Badχ
d
b − 2Babχdd − 1

2Ef
cεbdcuaχ

df

− 1
2Ef

cεadcubχ
df −Bdfhabχdf .

(4.49)
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In the above calculations we have also made use of the equations (4.33a),
(4.33b) and (4.7b). We note that equations (4.48) and (4.49) are on the
same form as the one given in [20] and constitutes a symmetric hyperbolic
system of equations. We refer once again to [34] for an explicit discussion.

Remark 4.12. The standard approach to show that equations (4.48) and
(4.49) constitute a symmetric hyperbolic system ignores the tracefreeness
of the fields Eab and Bab and list 12 components in a vector. Thus, a
posteriori it is necessary to show that the fields are tracefree if they were
so initially. This is discussed in Section 4.7.

4.5.5 Summary

We summarise the results of the long computations of this section by the
following proposition:

Proposition 4.13. The evolution equations for the matter fields as ex-
pressed by ρ and Πab are respectively given by (4.7b) and (4.33a), and
Πab satisfy the constraints (4.7a) and (4.33b). Furthermore, the evolu-
tion equations for the geometric fields eaµ, Γikj, Γi0j, Γ0

0
i, Eab, Bab

and the auxiliary fields Ψab, Φab are given, respectively, by

Σ0
e
b = 0, (4.50a)

∆d
ca0 = 0, (4.50b)

Ji0 = 0, (4.50c)

Fab0 = 0, (4.50d)

F ∗(ab)0 = 0, (4.50e)

∇bN ′cab = 0, (4.50f)

∇bN ′∗cab = 0. (4.50g)

The above evolution equations constitutes a symmetric hyperbolic sys-
tem. The remaining equations from (4.14a)-(4.14d) are considered con-
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straint equations.

4.6 Propagation equations

In order to complete our analysis of the evolution system, we need to show
that the equations that have been discarded in the process of hyperbolic
reduction (i.e. the constraints) propagate. In this section we will, therefore,
construct a subsidiary system for the zero-quantities Qa,Nabc,Σe

ab,∆d
cab

and Fabc. The task is then to show that either the Lie derivative of the
constraints vanish, or that it may be written in terms of zero-quantities.
A key observation in this strategy is the fact that several of the zero-
quantities can be regarded as differential forms with respect to a certain
subset of their indices —thus, Cartan’s identity can be readily be used to
compute the Lie derivative in a very convenient way.

Remark 4.14. In what follows one should be careful when evaluating the
covariant derivative of a tensor fields in frame coordinates. The following
order should be employed: first, evaluate the tensorial expression for the
derivative of the tensor, then write the expression in a frame basis, and
lastly do any contractions if necessary — e.g contracting with the four
velocity.

4.6.1 Propagation of Divergence-free condition

The divergence free condition gives rise to two equations: on the one
hand, equation (4.85b) is an evolution equation for ρ and the other hand
equation (4.85a) a constraint forΠ . As such, the latter needs to be shown
to hold on the whole space time if satisfied on an initial hypersurface.

We first define the zero quantity

Qb ≡ ∇aΠab + abρ− ubΠacχ
ac.



74 chapter 4 evolution equations for einstein-matter systems

As is obvious from the above, Qb = 0 must hold for the Einstein equations
to be satisfied. By contracting with ua it is readily shown that Q0 =
Qbu

b = 0. Thus it is sufficient to only consider Qi in what follows. A
simple calculation shows that

2∇[dQb] = 2∇aZadb + 2∇[d
(
ab]ρ

)
+ 2Rea[d|a|Πb]

e

− 2∇[d
(
ub]Πacχ

ac
)

+ 4Σ[d
c
|a|∇cΠb]

a,

where we have used the commutation property of the connection followed
by the definition of the Z-tensor, as well as

2Re[ad]aΠe
a = 0.

By using equation (4.29) and multiplying through with ud, followed by
applying equations (4.12a) and (4.30), we obtain the propagation equation

ua∇aQi = −Qjχij +∆0
kj
kΠij + 2ΣiljΠk

jχl
k + 2Σi0jΠk

jak. (4.51)

Note that ρjk0k = 0 due to the divergence free property of Weyl and
T0i = 0 as a consequence of the gauge. We have also made use of the
evolution equation Σ0

c
a = 0.

4.6.2 Propagation equations for the torsion

For fixed value of the index e, the torsion Σaeb can be regarded as the
components of a 2-form —namely, one has that

Σe ≡ Σ[b
e
c]ω

b ⊗ ωc.

Using Cartan’s identity to compute its Lie derivative along the vector ua

one finds that
LuΣe = iudΣe + d(iuΣe). (4.52)

The second term in the right-hand side of the above equation can be seen
to vanish as a consequence of the evolution equations (cf. Remark 4.7)
while the first one involves the exterior derivative of the torsion which can
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be manipulated using the general form of the Bianchi identity. For clarity,
these computations are done explicitly using frame index notation.

Following the general discussion given above consider the expression
∇[0Σa

c
b] which roughly corresponds to the first term in the right-hand

side of equation (4.52). Expanding the expression one readily finds that

3∇[0Σa
c
b] = ∇0Σa

c
b +∇aΣbc0 +∇bΣ0

c
a

= ∇0Σa
c
b − Γae0Σb

c
e − Γbe0Σa

c
e.

Now, we compute ∇[0Σa
c
b] in a different way using the general expression

for the first Bianchi identity (i.e. the form this identity takes in the presence
of torsion):

Rd[cab] = −∇[aΣb
d
c] −Σ[a

e
bΣc]

d
e.

Setting a = 0 and making use of the zero-quantity defined in (4.12a) to
eliminate the components of the Riemann curvature tensor one finds that

3∇[0Σb
d
c] = −∆d

[c0b] −Σ[0
e
bΣc]

d
e

= −∆d
0bc

where we have used the fact that

ρd[cab] = 0,

and the evolution equations (4.50a) and (4.50b) in the last step. From the
above discussion it follows that the propagation equation is

∇0Σa
c
b = Γa

e
0Σb

c
e + Γb

e
0Σa

c
e −∆d

0bc. (4.53)

Remark 4.15. The main structural feature of equation (4.53) is the fact
that it is homogeneous in the zero-quantities Σacb and ∆d

abc.
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4.6.3 Propagation equations for the geometric curvature

Next we turn to equation (4.14c). For this we observe that the zero-quantity
∆d

cab for fixed values of d and c can be regarded as the components of
a 2-form on the indices a and b. Using again Cartan’s identity one finds
that

Lu∆
d
c = iud∆d

c + d
(
iu∆

d
c

)
.

Now, the last term in the right-hand side vanishes due to the evolution
equation for the connection coefficients (see Remark 4.8), while the first
term takes the form

iud∆d
c = ∇[0∆

d
|c|ab]ω

a ⊗ ωb.

As in the case of the torsion, the strategy is to rewrite this expression in
terms of zero-quantities only. For convenience in the following calculations
we set

Sab
cd ≡ δa

cδb
d + δa

dδb
c − ηabηcd. (4.54)

From equations (2.14) and (4.13a) it readily follows that

∇[a∆
d
|e|bc] = ∇[aC

d
|e|bc] − Sdf e[b∇aL̂c]f −Σf

[abR
d
|e|c]f .

To simplify the calculations, we multiply by εlabc. The first term yields

εl
abc∇[aC

d
|e|bc] = εabcl ∇aCdebc

= ∇a
(
εl
abcCdebc

)
= 2∇aC∗dela

= −2∇aC∗a dl e.

(4.55)

In the above, we have used that

∇aεlabc = 0.

The second term require a few more steps. Using the definition (4.54) we
have
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εl
abcSe[b

df∇aL̂c]f = εl
abcδe

dδb
f∇aL̂cf + εl

abcδe
fδb

d∇aL̂cf
− εlabcηdfηeb∇aL̂cf

= δe
d∇a(εlabcL̂cf )

+ εl
afcδe

f∇aL̂cf − εlaecηdf∇aL̂cf
= −εldac∇aL̂ce + εle

acηdf∇aL̂cf

(4.56)

where we have made use of the symmetry of the Schouten tensor in the
last step. Now, from equations (4.12b), (4.13b) and (4.14d) we readily
obtain that

εl
dbc∇[bL̂c]a = −εldbcFabc + εl

dbc∇mCmabc.

Plugging this result back into (4.56), we obtain after making use of the
definition for the dual that

εl
abcSe[b

df∇aL̂c]f = εl
dacFeac − ηdfεleacFfac

+ ηdf2∇aC∗afle − 2∇aC∗bmaeld.
(4.57)

Putting the result for calculation (4.57) and (4.55) together, we obtain

εl
abc∇a∆d

ebc = εl
dacFeac − ηdfεleacFfac

+ ηdf (−2∇aC∗alfe + 2∇aC∗afle − 2∇aC∗aelf )

= εl
dacFeac − ηdfεleacFfac
− 2ηdf (∇aC∗alfe +∇aC∗afel +∇aC

∗a
elf )

= εl
dacFeac − ηdfεleacFfac,

where we made use of equation (2.13) in the last step. Multiplying by
εlmnp, we recover the equation in its original form. Thus, the right-hand
side of the propagation equation for ∆d

c[ab] is given by

∇[0∆
d
|e|bc] = −ηe[0F

d
bc] + ηd[0F|e|bc]. (4.58)

But we also have that,

∇[0∆
d
|e|bc] = ∇0∆

d
ebc − Γcf0∆

d
efb − Γbf0∆

d
ecf .
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Plugging the above result back into equation (4.58), we obtain the final
propagation equation

∇0∆
d
ebc = −ηe[0F

d
bc] + ηd[0F|e|bc] + Γc

f
0∆

d
efb + Γb

f
0∆

d
ecf . (4.59)

Remark 4.16. As in the case of the propagation equation for the torsion
the main conclusion of the previous discussion is that the propagation
equation for the zero-quantitity ∆d

abc is homogeneous on zero-quantities.

4.6.4 Propagation of the N-tensor

It is also necessary to show that Nabc —see equation (4.12c)— propagates.
The strategy will be different than what has been employed in the above
discussions; rather, we will follow the strategy employed for the propagation
of the Friedrich tensor in [11].

In the subsequent discussion we shall make use of the observation that,

∇bN ′∗cab = 0, N ′c0b = 0, N ′∗c0b = 0.

respectively are equivalent to the evolution equations for Ψab, Φab and Πab

and the constraint equation as given in (4.33b). Furthermore, we define
the fields,

ξab ≡ N ′∗ab0, λab ≡ N ′0ab.

By decomposing N∗abc in terms of the fields λab and ξab, we have

N∗cab = ξcaub − ξcbua + 3λdeu[bεa]
deuc (4.60)

Using the symmetry relation

N[abc] = 0,

we obtain the expression
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λab = N ′ba0 −N ′ab0.

But from the evolution equation for Πab, we have that N ′ba0 = 0, thus

λab = 0.

Applying the above result, and the divergence in equation (4.60) we obtain,

ub∇bξcd = ξcaa
aud − ξcdχ+ ξcbχ

b
d.

To obtain the above we have used the evolution equation for Φab and
multiplied through with the projector hda to get rid of a divergence. This
is permitted as the field ξab is spatial. Thus, we have established the
following lemma:

Lemma 2. If the constraint ξab = 0 — equivalently equation (4.33b) —
holds initially, and under the assumption that the evolution equations
(4.33a) and (4.50g) holds everywhere onM, then the relation

Zcab = 2∇[aΠb]c,

also holds everywhere onM.

4.6.5 Propagation equations for the Bianchi identity

Lastly, we need to show propagation of the Bianchi identity, equation
(4.14d). Again the strategy is to use the decomposition of the Friedrich
tensor and its dual and use the divergence to obtain propagation equations
for the constraints.

First, we shall express the divergence of Fabc in terms of known zero
quantities. Making use of the antisymmetry property of the Weyl tensor
about the indices a and b, We have,
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2∇bFbcd = 2∇[b∇a]Cabcd −∇b∇cL̂db +∇b∇dL̂cb.

By virtue of the commutator as defined in (2.9), we obtain,

2∇bFbcd = −2RlabaClbcd − 2RlbbaCalcd − 2RlcbaCabld
− 2RldbaCabcl + 2RldbcL̂lb + 2RlbbcL̂dl
−RlcbdL̂lb −RlbbdL̂cl + 4Σalb∇lCabcd
+∇b∇dL̂cb −∇b∇cL̂db.

(4.61)

Similarly, we may rewrite the terms involving the Schouten tensor in the
following way:

∇b∇cL̂db = ηeb
(
∇[e∇c]L̂db +∇c∇eL̂db

)
= ηeb

(
−RldecL̂lb −RlbecL̂dl +∇c∇eL̂db

)
= −RldbcL̂lb −RlbbcL̂dl +∇c∇bL̂db.

(4.62)

Substituting the above result into equation (4.61), we obtain

2∇bFbcd = −2RlabaClbcd − 2RlbbaCalcd − 2RlcbaCabld
− 2RldbaCabcl + 2RldbcL̂lb + 2RlbbcL̂dl
−RlcbdL̂lb −RlbbdL̂cl +∇d∇bL̂cb −∇c∇bL̂db.

(4.63)

Solving equation (4.12a) for the Riemann tensor and substituting into
equation (4.63), results in

2∇bFbcd = −2∆l
a
baClbcd − 2∆l

b
baCalcd − 2∆l

c
baCabld

− 2∆l
d
baCabcl +−2ρlabaClbcd − 2ρlbbaCalcd

− 2ρlcbaCabld − 2ρldbaCabcl +∆l
d
b
cL̂lb +∆l

b
b
cL̂dl

−∆l
c
b
dL̂lb −∆l

b
b
dL̂cl + ρld

b
cL̂lb + ρlb

b
cL̂dl

− ρlcbdL̂lb − ρlbbdL̂cl +∇d∇bL̂cb −∇c∇bL̂db.

(4.64)
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Next we evaluate each term involving ρabcd. First, we have

ρla
baClbcd = C la

baClbcd + Slea[mL̂n]eη
mbηnaClbcd

=
(
δa
lδm

e + δa
eδm

l − ηleηam
)
L̂neη

mbηnaClbcd

−
(
δa
lδn

e + δa
eδn

l − ηleetaan
)
L̂meη

mbηnaClbcd

= L̂aeCa
e
cd + L̂aeCm

m
cdδ

e
a − L̂aeCeacd

− L̂beCebcd − L̂beCebcd + 4L̂beCebcd
= 0,

(4.65)

where we have used that Sab = S(ab) and Cabcd = C[ab][cd] , as well as the
trace-free property of the Weyl tensor. Using the same approach as above,
we find that

ρlc
baCabld = C lc

baCabld + L̂blCcbld − L̂alCacld, (4.66)

ρld
baCablc = −C ldbaCablc + L̂blCdblc − L̂alCadlc. (4.67)

Interchanging c and l in equation (4.67), will change the overall sign, and
thus when we subtract with equation (4.66) we obtain

ρld
baCablc − ρlcbaCabld = C lc

baCabld − C ldbaCablc
= ClcbaC

abl
d − C ldbaCablc

= CbalcC
l
d
ab − C ldbaCablc

= C ld
baCablc − C ldbaCablc

= 0.

(4.68)

Furthermore, we find that

ρlb
b
cL̂dl = −2L̂clL̂dl − L̂bbL̂dc

ρlb
b
dL̂cl = −2L̂dlL̂cl − L̂bbL̂cd.
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Consequently, subtracting one from the other leads to

ρlb
b
cL̂dl − ρlbbdL̂cl = 2L̂dlL̂cl − 2L̂clL̂dl

= 2L̂dlL̂cl − 2L̂clL̂dl

= 0.

(4.69)

Finally, we have that

ρld
b
cL̂lb = L̂m

lL̂l
mηcd − L̂cdL̂ll,

ρlc
b
dL̂lb = L̂m

lL̂l
mηdc − L̂dcL̂ll.

A straight forward calculation shows that

ρld
b
cL̂lb − ρlcbdL̂lb = 0, (4.70)

due to the symmetry of the Schouten and the metric tensor. Substituting
the above results back into equation (4.64), we obtain

∇bFbcd = −∆l
a
baClbcd −∆l

b
baCalcd −∆l

c
baCabld −∆l

d
baCabcl

+∆l
d
b
cL̂lb +∆l

b
b
cL̂dl −∆l

c
b
dL̂lb −∆l

b
b
dL̂cl +∇[dQc]

+ 4Σalb∇lCabcd − 2Σblc∇lSdb + 2Σblc∇lScb + 1
3Σ

e
dc∇eT,

(4.71)

where Qa is the zero quantity defined in section 4.6.1. Following the
strategy outlined in [11], we define the fields

pa ≡ F ′0a0, qa ≡ F ∗′0a0,

which encodes the information of the constraint equations of Fabc and
F ∗abc, respectively. Thus, the aim is to find evolution equations for pa and
qa. In terms of the above fields the decomposition (4.47a) takes the form

Fbcd = 2ubp[cud] + hb[dpc] −
1
2ubqeεcd

e, (4.72)
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where we have used

F ′0bd = qeεbd
e, F ′bcd = hb[dpc] + 1

2ubqeεcd
e.

To obtain the above, we used the evolution equations —i.e. that Fbc0 = 0
and F ∗(bc)0 = 0 as well as the identity

F[ab]c = −1
2Fcab,

which is a direct result of the symmetry properties of Fabc. By taking
the divergence of the first index of (4.72) and equating with udhac times
(4.71), we obtain a propagation equation for the pa field, namely

2ub∇bpa = 2uaacpc − εacdacqd + χa
cpc + 3χpa + 2∆l

a
bmClbc0ha

c

+ 2∆l
b
bmCmlc0ha

c + 2∆l
c
bmCmbl0ha

c + 2∆l
0
bmCmbclha

c

+ 2∆l
c
b

0L̂lbha
c + 2∆l

b
b

0L̂al − 2∇[0Qc]ha
d

+ 4udhacΣalb∇lCabcd − 2udhacΣblc∇lSdb + 2udhacΣblc∇lScb.
(4.73)

In the above, we have used that Σ0
d
b = 0 everywhere onM. Applying

the same procedure to (4.47b) we obtain the propagation equations for
the qa field,

ub∇bqa − εacdDcpd = uaa
cqc − χqa + 2pcεabab

+∆l
a
bmC∗lbc0ha

c +∆l
b
bmC∗mlc0ha

c +∆l
p
bmCmblnεa

pn

+∆l
n
bmCmbplεa

pn +∆l
p
b
nL̂lbεa

pn +∆l
b
b
nL̂plεa

pn

+∇nQpεanp + 4umΣalb∇lC∗abma + 2Σbln∇lSpbεanp.
(4.74)

Remark 4.17. Again, the main observation to be extracted from the
previous analysis is that equations (4.73) and (4.74) are homogeneous in
the various zero-quantities. Moreover, their form is analogous to that of
the evolution equations (4.48) and (4.49). Thus, it can be verified they



84 chapter 4 evolution equations for einstein-matter systems

imply a symmetric hyperbolic system. Note also that equation (4.73) is
different in the principle part compared to equation (4.74). This is due
to the fact that the evolution equation Fab0 = 0 is not symmetrized. It
is also understood in equation (4.73) that one can apply equation (4.51)
to eliminate the time derivative of Qa.

4.6.6 Main theorem

The homogeneity of the propagation equations for the various zero-quantities
implies, from the uniqueness of symmetric hyperbolic systems that if the
zero-quantities vanish on some initial hypersurface S? then they will also
vanish at later times. We summarise the analysis of the previous subsections
in the following statement:

Theorem 8. A solution

(eaµ, Γijk, Γ0
0
k, Γi

0
j , Eab, Bab, Ψab, Φab, Πab, ρ)

to the system of evolution equations given, respectively, by equations
(4.17), (4.25), (4.31), (4.26), (4.48), (4.49), (4.33a), (4.37), (4.42) and
(4.7b) with initial data satisfying the conditions

Σa
b
c = 0, ∆d

abc = 0, Fabc = 0,

on an initial hypersurface S? implies a solution to the Einstein-matter
frame equations (4.14a)-(4.14d).

Remark 4.18. As a consequence of Lemma 1 it follows that a solution
of the Einstein matter frame equations implies, in turn, a solution to
the standard Einstein-matter field equations (4.1).
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4.7 Examples of matter models

We will in the following exemplify the previous discussion with a number of
particular matter models. We shall also note that although the equations
given in the following resembles those found in [20], the treatment of the
propagation of constraints for dust or perfect fluid was not treated therein.
In this thesis we fill this gap.

4.7.1 Dust

The simplest case is of course that of dust. In this case Πab = 0 and the
expression for the energy-momentum tensor, equation (4.2), reduces to

Tab = ρuaub.

Furthermore, as there are no internal interactions, each dust particle follows
a geodesic —i.e the following hold

Γ0
c
b = 0.

Consequently, equation (4.7b) reduces to

ua∇aρ = −ρχ (4.75)

and equations (4.25) and (4.26) take the form,

∂0Γi
j
k = −ΓljkΓil0 + Cjki0, (4.76)

∂0Γj
0
i = −2Γk0

iΓj
k

0 + C0
ij0 −

1
3ρηij . (4.77)

Remark 4.19. Note that the condition Γ0
c
b = 0 implies that aa = 0.

Consequently, the evolution equation (4.31) is not necessary.

Also, we have that Zabc = 0. Thus, the discussion of the Z-tensor and its
evolution equations are irrelevant—i.e. there is no need for the construction
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of an auxiliary field. The evolution equations for the Weyl tensor reduce
to

uc∇cEab − εaefDfBb
e = −1

2κρχba − Eacχb
c + 2Ebcχca − 2Eabχcc + 1

6κρhabχ
c
c

− Ecdhabχcd + εcdefBb
eha

fχcd + εdfaubBe
fχde,

(4.78)

and

ud∇dBab +DfE(b
dεa)df = 1

2Bbdχa
d + 1

2Badχb
d +Bbdχ

d
a +Badχ

d
b − 2Babχdd

− 1
2Ef

cεbdcuaχ
df − 1

2Ef
cεadcubχ

df −Bdfhabχdf .
(4.79)

Thus, equations (4.17), (4.76), (4.77), (4.78), (4.79) and (4.75) provide the
symmetric hyperbolic evolution equations for the fields eµa, Γikj ,Γi0j , Eab,
Bab and ρ, respectively.

4.7.2 Perfect fluid

Before we discuss the details of a perfect fluid, we shall briefly review some
important quantities in relativistic thermodynamics.

Given a material with N different particle species, let nA denote the
number density of a particular species, where A = {1, 2, ..., N}. Further-
more, we denote by s the entropy density. The energy density of the system
is a function of these quantities —i.e. we have

ρ = f (s, n1, n2, ..., nN) . (4.80)

The function f is called the equation of state of the system. Finally, the
first law of Thermodynamics is given by,

dρ = Tds+ µAdnA, (4.81)

where,

T ≡
(
∂ρ

∂s

)
nA

, µA ≡
(
∂ρ

∂nA

)
s

,
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denotes the temperature and chemical potential, respectively. In what
follows we shall consider a simple perfect fluid — i.e a fluid of only one
type of particles (A = 1) and with an energy momentum tensor with

Πab = phab. (4.82)

Consequently, we have

Π{ab} = puaub, Π = 3p,

where p denotes the pressure and is defined by

p ≡ nµ− ρ. (4.83)

Throughout we shall assume an equation of state of the form given by
(4.80) with A = 1 and the law of particle conservation —i.e.

ua∇an = −nχ. (4.84)

With these assumptions, equations (4.27a) and (4.27b) reduce to the well
known Einstein-Euler equations, given by

ubu
a∇ap+∇bp = − (ρ+ p) ab, (4.85a)

ua∇aρ = − (ρ+ p)χ. (4.85b)

It follows from equations (4.83), (4.85b), (4.84) and (4.81) that the fluid
is adiabatic —i.e we have

ua∇as = 0. (4.86)

From the above discussion it follows that equation (4.31) takes the form

3∂0Γ0
0
i − ηjk∂iΓj0

k = −2aiχ+ ajχij − ∂jΓj0
i + Γj

k
iχk

j − Γjjkχik

− 1
ρ

(R0ip+ 2paiχ)− Γj0
0χ

j
i − Γ0

0
iχ

+ Γ0
j
iΓ0

0
j + ηjkΓi

l
jΓl

0
k + ηjkΓi

l
kΓj

0
l..

(4.87)
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Similarly, equation (4.26) takes the form

∂0Γj
0
i − ∂jΓ0

0
i = Γ0

0
iΓ0

0
j − Γk0

iΓj
j

0 − Γk0
iΓj

k
0

+ C0
ij0 + phij −

1
3ρηij + 2pηij . (4.88)

Now, writing equations (4.33a) and (4.33b) in terms of the above
definitions we obtain

Ψab = χba − hab (ρ+ p)
(
1− ν2

)
χ+ habµnχ, (4.89a)

Φab = −εadb (ρ+ p) ad − εacdχcdpub, (4.89b)

where we have defined the scalar,

ν2 ≡ ∂p

∂ρ
,

and used equation (4.83) and the definition of µ to obtain,

ua∇ap = (ρ+ p)
(
1− ν2

)
χ− µnχ. (4.90)

Finally, the evolution equations for Eab and Bab are obtained by substi-
tuting equations (4.89a), (4.89b) and (4.82) into the equations (4.48) and
(4.49)

uc∇cEab − εacdDdBb
c = −2acu(aEb)c + acεbcdBa

d − 2κa(bua)p+ κpχ[ab] + 1
2κχba

− 1
2κρχba + Eacχb

c + 2Ebcχca − 2Eabχcc − 1
6κhabχ

c
c

+ 1
6κρhabχ

c
c + εaceubBd

eχcd − Ecdhabχcd,
(4.91)

ud∇dBab −DfE(a
dεb)df = −1

2a
dEb

fεadf − 1
2a
dEa

fεbdf − adubBad
− aduaBbd + 1

2Bbdχa
d + 1

2Badχb
d

+Bbdχ
d
a +Badχ

d
b − 2Babχdd − 1

2Ef
cεbdcuaχ

df

− 1
2Ef

cεadcubχ
df −Bdfhabχdf + 1

4κεbdfuapχ
df

+ 1
4κεadfubpχ

df .

(4.92)
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Equations (4.17), (4.25), (4.87), (4.25),(4.88), (4.91), (4.92), (4.90), (4.85b),
(4.86) and (4.84) provide the symmetric hyperbolic system for the fields
(eµa, Γijk, Γ0

0
k, Γi0j , Eab, Ba,b, p, ρ,s,n) respectively.

4.7.3 Elastic matter

The following discussion follows the treatment of relativistic elasticity
found in [22].

The energy density of the elastic system is given by

ρ = nε, (4.93)

where ε is the stored energy function of the system. It can be showni that
the elastic energy-momentum tensor in frame coordinates can be put on
the form of equation (4.2) with an energy density as given by (4.93) and

Πab ≡ 2ρηab + 2nτABΛ
A
aΛ

B
b. (4.94)

where τAB denotes the relativistic Piola-Kirchoff stress tensor and is defined
in Chapter 3. Thus, the field ΛAa is the fundamental material field of the
theory. We shall, however, not write explicit equations for these fields,
but rather use the formalism described earlier in the chapter. Hence, the
information regarding ΛaA is encoded in the tensor Πab by equation (4.94).
Consequently, the symmetric hyperbolic system for the fields (eµa, Γijk,
Γ0

0
k, Γi0j , Eab, Ba,b, Ψab, Φab, Πab, ρ) are respectively given by equations

(4.17), (4.25), (4.31), (4.26), (4.48),(4.49), (4.33a), (4.37),(4.42) and (4.7b).
Equations (4.7a) and (4.33b) are considered constraint equations.

iSee Section 3.4.
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4.8 Concluding remarks

As stressed previously, we have developed first order symmetric hyperbolic
evolution equations for a wide range of matter models which solves the
Einstein equations. In fact, any matter model which has zero heat transfer
should be covered by our formalism. It should thus be applicable to the
development of a theory of neutron stars as a relativistic elastic system.
In this case one would proceed as with the perfect fluid case: one needs to
write the tensor Π in terms of its trace and trace-free parts and provide
equations for n and ε to close the system. The latter is likely obtained
from thermodynamical considerations. Remarkably no other information
is needed to solve the system.

The treatment given in this chapter is sufficiently general that showing
symmetric hyperbolicity for a given matter model coupled to the Einstein
equations, is reduced to the simple task of showing that the system admits
an energy momentum tensor on the form (4.2) satisfying (4.3b) and (4.3a).
It is understood that an equation of state for ρ is provided.

The analysis of this chapter assumes that suitable initial data for the
evolution equations has been provided. The details on how to construct
suitable data depend on the particular details of the matter model under
consideration. However, there exists a more or less general procedure
to construct solutions to the constraint equations of General Relativity
coupled to general classes of data —see e.g. [35]. Accordingly, we do not
expect the construction of initial data to be a major issue.

The ultimate aim of the formulation of the evolution problem of
relativistic self-gravitating systems provided in the present chapter is to
make connections with numerical Relativity. There is, however, currently a
limited experience in the numerical community regarding the use of frame
formulations of General Relativity in simulations —see however [36,37].
The techniques developed in these references provides an initial stepping
stone for the implementation of the equations in the present chapter.

A natural, and in some ways necessary, extension of the analysis in
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this chapter is the formulation of an initial-boundary value problem for
the evolution equations. This analysis requires the identification of proper
boundary conditions and evolution equations which ensure the propagation
of the constraints. This is a challenging task. However, the seminal work
on the initial-boundary value problem for the Einstein vacuum equations
given in [38] makes use of a frame formulation for the vacuum Einstein
field similar to the one used in the present chapter. Thus, several of the
key ideas in that reference may be carried over to the more general setting
of matter models. These ideas will be explored elsewhere.



Chapter 5

Future stability of N - bodies in general
relativity

5.1 Introduction

Much of Physics is the study of evolution of a system under certain
conditions and laws. In Cosmology one is thus interested in the evolution
of our Universe from the far past to the distant future. The dominant
law governing galaxies and the evolution of the Cosmos is embedded in
Einsteins theory of gravitation. In the large scale structure of the Universe,
galaxies can be treated as dust —i.e. each galaxy is represented by a "dust"
particle— exerting no pressure on the surrounding particles. Given that
current observations suggest our Universe is expanding, the setting to
investigate the evolution of our Universe is thus the Einstein equations
coupled to dust matter with a positive cosmological constant. There is a
challenge associated to the study of our Universe at such large scales and
its evolution over long time: namely, the global properties of the theory
become important. Accordingly, any comprehensive study of a solution
to the Einstein field equations should also take into account its global
properties.

In the attempt to model astrophysical objects such as stars and galaxies
and solar systems, it is necessary to consider solutions of the Einstein field
equations which represent an isolated system. This is far from a trivial
endeavour. In Newtonian gravity and relativistic electrodynamics, one has
a flat background metric upon which the fields propagates, and one can
meaningfully speak about the fall-off properties of the fields as one moves
away from the sources. In these terms an isolated system is a system

92
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for which the field strength vanishes at infinity and the source density
is zero outside a finite radius. In General Relativity, the metric is part
of the unknowns for which one solves the equations. Thus, there is no
"background" metric upon which the gravitational field propagate and
in terms of which we may define fall-off properties in a meaningful way.
Accordingly, attempts at solving the Einstein equations for an isolated
system by introducing approximations in terms of a background metric
plus perturbations cannot be satisfactory as they disregard the non-linear
aspect of the full theory.

A procedure which has proved successful in the study of global prop-
erties of spacetimes describing isolated systems was devised by Roger
Penrose in [39], and involves a conformal compactification of space time
—essentially allowing for a treatment of infinity as a three dimensional
submanifold; see [5] for details. This allow for a rigorous description of
the asymptotic behaviour and global properties of a space time [40–42].
But not all spacetimes allow for a conformal treatment. Accordingly, one
is interested in knowing which solutions to the Einstein field equations
admit a smooth conformal compactification.

One important aspect of Penrose’s conformal method which will be
extensively used in the following discussion, is that a small conformal
time can represent an infinite amount of physical time. Hence, if the
equations describing the conformally rescaled spacetime imply a regular
system of evolution equations one could, in turn, apply general results
of the theory of partial differential equations to show global existence
and stability. The seminal work of H. Friedrich has established that the
Einstein vacuum equations [43], including de Sitter-like spacetimes with
positive cosmological constant [44,45], the Einstein-Maxwell-Yang-Mills
equations [46] and the Einstein-λ-dust equations [21], all can be described
in terms of a set of regular conformal Einstein field equations from which,
in turn, one can extract a symmetric hyperbolic evolution system for
which general theory of hyperbolic differential equations is available —in
particular, locally the Cauchy problem is well posed and stability over a



94 chapter 5 future stability of n - bodies in general relativity

small time is guaranteed.

In [47], Y. Choquet-Bruhat & H. Friedrich have established the local
existence in time of solutions to the Einstein field equations representing
isolated self-gravitating dust bodies. However, the mathematical technology
available did not allow to pursue the pressing question of the global
existence of solutions. One of the key technical aspects of their analysis is
the use of a formulation of the evolution equations which is well behaved
independently of whether the density of the dust vanishes or not. This
formulation crucially depends on the fact that the flow lines of the dust
are geodesics.

A suitable framework for the analysis of global properties of solutions
to the Einstein-λ-dust system by means of conformal methods was given
in [21]. This setup was used to study the backwards evolution of asymp-
totic data prescribed on the conformal boundary I+. The work in [21] is
remarkable in that it is one of the few conformal treatments of a matter
model with non-vanishing trace of the energy-momentum. The conformal
evolution system used in this analysis is well-defined up to and beyond the
conformal boundary. Its construction depends crucially on the observation
that the flow lines of the dust can be recast as certain conformally invariant
curves —the so-called conformal geodesics. Moreover, as in the case of
the analysis in [47], the evolution system is also regular independently of
whether the density vanishes or not. Accordingly, as it will be discussed
in this article, it provides an ideal framework to study global properties of
the evolution of isolated dust bodies in General Relativity in the presence
of a positive Cosmological constant. The analysis of these relativistic
self-gravitating matter configurations is a subject of physical relevance
as the Cosmological constant is generally believed to be connected with
the observed expansion of our Universe, and dust to the solutions to the
Einstein field equations are good models for the description of the matter
content of the Universe.

In this work we combine the approaches followed in [47] and [21] to
provide a toy model of self-gravitating dust balls in an expanding Universe
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for which it is possible to make assertions regarding global existence and
stability. More precisely, we show that in a spacelike conformal boundary
(which, for simplicity one can assume as having the topology of S3) one
can prescribe asymptotic data which represents patches of dust on the
conformal boundary. Using then the conformal evolution equations one
can then show that these configurations would have to exist for some small
amount of conformal time —which, when translated into the physical
picture corresponds to an infinite amount of physical time. To complement
the above backwards evolution problem, we provide sufficient conditions
for the existence of solutions to the Einstein constraint equations on a
standard Cauchy initial hypersurface which represent patches of dust in a
de-Sitter-like universe. We further show future stability of these patches,
provided the density function satisfies a smallness condition. The resulting
spacetime is future geodesically complete. The above analysis provides
a non-trivial example of fairly generic matter configurations which exist
arbitrarily into the future. The physical mechanism ensuring this result is
the expansion driven by the Cosmological constant λ.

5.1.1 The Einstein-λ-dust system

In what follows we are concerned with the Einstein-λ-dust system governed
by the equations

R̃ab −
(1

2R̃− λ
)
g̃ab = κT̃ab, (5.1)

T̃ab = ρ̃ŨaŨb, (5.2)

Ũa∇̃aŨb = 0, (5.3)

∇̃aj̃
a = 0, (5.4)

where R̃ab, T̃ab and Ũa are the Ricci tensor, energy momentum tensor and
the four velocity for the metric g̃ab. Furthermore, we have defined the
matter current as

j̃a ≡ ρ̃Ũa,
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where ρ̃ is a positive function representing the energy-density of the matter.
We also let κ and λ be positive constants. In the following we shall set
κ = 1 to simplify the discussion.

Remark 5.1. Note that equations (5.3) and (5.4) are the equations of
motion for the matter fields obtained through the divergence-free condition
∇̃aT̃

ab = 0. In particular, equation (5.3) states that the flow lines of the
dust matter model are geodesics.

The objective of this study is to make use of the conformal representation
of equations (5.1) - (5.4) to say something about the stability of the system
over large time. The first step is to find a system of equations which can
be smoothly extended to the conformal boundary. This system has been
found in [21]. We will not derive the equations here, but rather sketch out
the argument employed in [21] leading to the conformal equations.

As shown in section 2.5, the conformal transformation (2.20) implies
the following relationship between the connection ∇a of gab and ∇̂a of ĝ
for any one form ωb,(

∇a − ∇̃a

)
ωb = Ω−1

(
∇dΩgabg

dc −∇aΩδ
c
b −∇bΩδ

c
a

)
ωc. (5.5)

Furthermore we introduce the conformal 4-velocity Ua related to the
tangent vector of the flow lines Ũa in such a way that gabUaU b = g̃abŨ

aŨ b =
−1 — i.e. we have

Ua = Ω−1Ũa Ua = ΩŨa.

Since ρ̃ is a scalar field independent of the metric, its transformation rule
can be freely specified. It is convenient to define the conformal energy
density as

ρ = Ω−3ρ̃.

Using the conformal transformation (2.20) one can thus use (5.5) to obtain
the transformation between the Ricci tensor of the conformal metric Rab



chapter 5 future stability of n - bodies in general relativity 97

and the interior metric R̃ab,

Rab − R̃ab = −2Ω−1∇a∇bΩ

− gab
(
Ω−1∇c∇cΩ − 3Ω−2∇cΩ∇cΩ

)
,

(5.6)

where we have defined,
∇a ≡ gab∇b.

Contracting equation (5.6) with gab, we find the transformation of the
Ricci scalar,

R−Ω−2R̃ = −6Ω−1∇a∇aΩ + 12Ω−3∇aΩ∇aΩ. (5.7)

Remark 5.2. Observe that equations (5.6) and (5.7) are singular at the
points where Ω = 0. Thus, using the form of the Ricci tensor and scalar
as above will not directly lead to a set of field equations which extends
to the conformal boundary I+. It is, therefore, necessary to find another
set of equations which are equivalent to (5.6) and (5.7) but that extends
smoothly to the conformal boundary. Another issue is the freedom in the
choice of the conformal factor Ω. This gauge freedom means a solution
to the equations (5.6) and (5.7) are, in some sense, not unique. Hence,
the new set of equations must be constructed such that one can fix this
gauge freedom.

5.1.2 The conformal regular Einstein-λ-dust system

We refer to [5] for a derivation of the regular conformal field equations. In
what follows we will only give a short summary of some results from [21]
which make up the basis of the next section. We refer the interested reader
to the original paper for details.

Again, we introduce a g-orthonormal frame field {ea} onM such that
in local coordinates x = (xµ) we have that ea = eµa∂µ. Furthermore,
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gab ≡ g(ea, eb) = ηab and we assume the frame connection defined by
(2.7) to be such that the metric compatibility condition (2.8) holds. Then,
one can recover the interior metric g̃ by the transformation (2.20). More
details on the frame formulism is given in Section 2.2. Most equations and
tensor fields are henceforth given in terms of frame indices.

Using {ea} as the fundamental geometric unknown, we may write a new
set of equations entirely in terms of fields onM which is equivalent to
the system (5.1)-(5.4) in the domain for which Ω > 0 — namely

6sΩ − 3∇aΩ∇aΩ − λ = 1
4Ω

3ρ, (5.8)

∇b∇dΩ +ΩLbd − sgbd = 1
2Ω

2ρ
(
UbUd + 1

4gbd
)
, (5.9)

∇ds+∇aΩLad = 1
2∇

aΩρ
(
UaUd + 1

4gad
)

+ 1
8Ωρ∇dΩ (5.10)

+ 1
24Ω

2∇dρ,

2∇[dLc]b −∇aΩW a
bdc = Ω

(
ρ
(
∇[dUc]Ub + U[c∇d]Ub

)
+∇[dρUc]Ub + 1

3∇[dρgc]b

)
+ ρZbdc, (5.11)

∇aW a
bdc = ρ

(
∇[dUc]Ub + U[c∇d]Ub

)
+∇[dρUc]Ub (5.12)

+ 1
3∇[dρgc]b + ρ

Ω
Zbdc.

The matter equations are given by,

Ua∇aUd = 1
Ω

(
gda + UdUa

)
∇aΩ, (5.13)

Ua∇aρ = −ρχaa. (5.14)

In the above, the following fields has been defined:

s ≡ 1
4∇

a∇aΩ + 1
24ΩR[g], (5.15)

W d
abc ≡ Ω−1Cdabc, (5.16)

Zbdc ≡ ∇[dΩgc]b + 2∇[dΩUc]Ub + U[dgc]bg
ef∇eΩUf . (5.17)
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Remark 5.3. The main interest is to find solutions to the system (5.8)-
(5.14) in the domain Ω > 0 which admit a meaningful limit on I+. It
was found by Friedrich that a necessary condition to have this type of
solutions is that the geodesics generated by Ũ approach I+ orthogonally
—see [21].

In the above and in what follows, the frame field is fixed by choosing
e0 = U and the Lagrangian gauge — i.e. given coordinates xµ in a
neighbourhood U ⊂ M then the frame components of e0 are given by
e0
µ = δ0

µ. Moreover, Fermi propagation of the spatial components of the
frame will be employed. More precisely, one has that,

Γ0
a
b = 0.

5.1.3 Regularisation of the equations

In order for the above system to be of use, it is necessary to deal with
the singular equations (5.12) and (5.13). To do so, one makes use of the
conformal geodesic equation,

Ua∇̃aU
b + 2baV aU b − g̃acUaU cbb = 0

Ua∇̃abb − baUabb + 1
2 g̃

acbabcUb − UaL̃ab = 0,

where L̃ab is the Shouten tensor for the interior metric and ba a one
form associated with a curve γ(τ ) for which Ua is the tangent vector.
Furthermore, we have defined

ba ≡ gabbb, Ua ≡ gabU
b.

A solution (ba(τ), Ua(τ)) to the conformal geodesic equation is called a
conformal geodesic.
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Remark 5.4. The one form ba can be thought of as an acceleration
associated with Ua. Thus, for ba = 0, a conformal geodesic coincides
with a metric geodesic.

Given local coordinates x = (xµ) and a curve parametrised by σ ∈ R,
Friedrich defines a new 1-form fa with coordinate components,

fν(σ) ≡ bν(σ)−Ω−1∇νΩ|x(σ), (5.18)

where bν are the components in local coordinates of a one-form satisfying
the geodesic equation. If, in addition, the coordinate components of a
vector V b are given by V µ(σ) = dxµ

dσ
, then

(
fa, V

b
)
is a solution to the

equations

V a∇aV
b + 2faV aV b − V aVaf

b = 0, (5.19)

V a∇afb − faV afb + 1
2f

afaVb − V aLab = 0, (5.20)

where,
fa ≡ gabfa, Va ≡ gabV

b,

and Lab is the Schouten tensor with respect to the conformal metric.

Remark 5.5. Observe that equations (5.19) and (5.20) involve only con-
formal fields, as opposed to the conformal geodesic equation.

By assuming that V a is related to the tangent vector of a geodesic of the
matter particles via

V a = ω−1Ũa, ω−1 ≡ dt

dσ
,

and with the relations

V aVa = −θ−2, θ = ω

Ω
, Ua∇aθ = θUafa,

it can then be shown — see [21] for details —, using the definition for fa,
that one obtains a regularising relation which in frame indices takes the
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form

∇aΩ = − (∇0Ω +Ωf0Ua)−Ωfa. (5.21)

Using the above equation in (5.12) and (5.13) one removes the singularities
in the system of equations (5.8)-(5.14) which now can be smoothly extended
to the conformal boundary. In other words, one has a regular system of
field equations. Moreover, it can be shown that these equations imply a
symmetric hyperbolic system of equations for the unknowns

(eiµ, Γkij , fd, ςij , ξ, Ω,Σd, s, L0i, Lij , ρ, ωij , ω
∗
ij).

More precisely, one has the equations

∂0ei
µ = −fiδ0

µ − χijejµ, (5.22)

∂f0 = −1
2faf

a + L00, (5.23)

∂0fi = L0i, (5.24)

∂0ςij = −Ω
(
ςi
kςkj −

1
3ς

klςlkgij

)
− 2

3 (∇UΩ)−1 (Ωξ − 3s) ςij (5.25)

−W0i0j , (5.26)

∂0ξ = (∇UΩ)−1 (Ωξ − 3s)
(
−1

3ξ + fif
i − L00 + 1

4ρΩ
)

−∇UΩΩςklςlk + 3f iLi0 −
3
4ρ∇UΩ, (5.27)

∇0Ω = Σ0, (5.28)

∇0Σd = −ΩL0d + sg0d + 1
2Ω

2ρ
(
U0Ud + 1

4g0d

)
, (5.29)

∇0s = −∇aΩLa0 = 1
2Ωρ∇

aΩ
(
U0Ud + 1

4g0d

)
+ 1

8Ωρ∇0Ω

+ 1
24Ω

2∇0ρ, (5.30)

∇0L0i = hij∇jLik + 1
6∇iR +Kb

bi, (5.31)

∇0Lii = ∇iL0i +Ki0i, (5.32)

∇0Lij = ∇iL0j +∇jL0i +Ki0j +Kj0i, (5.33)
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∇0ωij +Dkω
∗
l(jεi)

kl = L.O.T, (5.34)

∇0ω
∗
ij −Dkωl(jεi)

kl = L.O.T, (5.35)

where L.O.T stand for "lower order terms." In the above, the following
fields have been defined:

ωab ≡ WcdrsU
cUrhdah

s
b, ω∗ab ≡

1
2Wcdpqε

mn
rsU

cUrhdah
s
b, (5.36)

ςij ≡ Ω−1
(
ξij −

1
3gijξ

)
, ξ ≡ Ω−1 (∇UΩχ+ 3s) , Σd ≡ ∇dΩ.

(5.37)

We have also made use of the relations

χij = Ωςij + 1
3 (∇UΩ)−1 (Ωξ − 3s) gij , (5.38)

ςij = − (∇UΩ)−1
(
Difj − fifj − Lij −

1
3
(
Dkf

k − fkfk − Lkkgij
))

,

(5.39)

ξ = −Dif
i + fif

i + Li
i − 3

8Ωρ, (5.40)

− L00 + gijLij = Lb
b = 1

6R. (5.41)

5.1.4 Relation to the interior field equations

The equations (5.8)-(5.12) and (5.13)-(5.14) are evolution equations to
the reduced system. This is, however, only a subset of the full Einstein-
frame-equations. The remaining equations are constraints. It is therefore
necessary to show that these constraints propagate, which indeed has been
done in [21]. We thus have the following theorem adapted from Friedrich:

Theorem 9. A solution

u =
(
ei
µ, Γk

i
j , fd, ςij , ξ, Ω,Σd, s, L0i, Lij , ρ, ωij , ω

∗
ij

)
to the symmetric hyperbolic system (5.22)-(5.35) satisfying the con-
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straint equations associated to the conformal equations (5.8)-(5.12)
and (5.13)-(5.14) on an initial hypersurface implies a solution to the
Einstein-λ-dust system (5.1)-(5.4) whenever Ω 6= 0.

In the following we will consider two different types of initial hypersurfaces
for the conformal evolution equations (5.22)-(5.35):

(i) the conformal boundary I+;

(ii) standard Cauchy hypersurface S?.

As it will be seen in more detail in what follows, initial data for the
conformal evolution equations on a standard hypersurface can be obtained
from the solution of the Hamiltonian and momentum constraints implied
by the Einstein-λ-dust system (5.1)-(5.4).

5.2 Backward evolution of self-gravitating dust balls

The purpose of this section is to study the (backward) evolution of asymp-
totic initial data for the conformal Einstein-λ-dust system which describes
a collection of self-gravitating dust balls.

The following result is obtained by assuming certain gauge choices on a
hyper surface S which later is interpreted to be the conformal boundary
I+. These are

s = 0, χij = 0, ∇a∇bΩ = 0, L0i = Li0 = 0.

Note, however, that these choices may not be satisfied if one evolves a
solution fromM to S. In that case, the reader is referred to the original
article [21] for details.

5.2.1 Asymptotic initial data for self-gravitating dust balls

All throughout it is assumed that the initial hyper surface I+ represent-
ing the conformal boundary is a compact 3-manifold. For (asymptotic)
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initial data prescribed on a hyper surface corresponding to the conformal
boundary the following holds:

Lemma 3. [Adopted from [21]] Any smooth initial data set for the
conformal evolution equations (5.22)-(5.35) is uniquely determined on
I+ by a Riemannian metric hij, the density ρ ≥ 0, the acceleration fi
and symmetric, h-tracefree tensor field ωij, which are arbitrary up to
the relation

Diωij = 1
3Djρ− ρfj , (5.42)

on I+, and where D denotes the Levi-Civita operator defined by hij.

Observe that ρ is allowed to be zero. This suggest to consider a density
profile which represents patches of dust in an otherwise empty space. In
the case of a strictly positive density function, the data ρ,ω and h can
be prescribed freely, and equation (5.42) is read as a defining equation
for the acceleration f , unless one has further conditions on f such as
hypersurface orthogonality etc., in which case the equation must be treated
as a differential equation. In the following it will be shown how the
above result can be used to construct asymptotic initial data
representing a collection of dust balls.

The starting observation of our analysis is the fact that equation (5.42)
in Lemma 3 is an underdetermined condition (3 equations) for the 5
independent components of the tracefree tensor ωij. Nevertheless, this
type of divergence equations are well understood in the context of the
analysis of the momentum constraint —see e.g. [35].

In the following it will be convenient to define

$ij ≡ Disj +Djsi −
2
3hijD

ksk + Ψ ′ij , (5.43)

where Ψ ′ij is a symmetric h-tracefree tensor field which may be freely
specified and si is an arbitrary covector field. A direct computation shows
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that $ij is a solution of (5.42) if si satisfies

∆hsj +DiDjsi −
2
3DjDks

k = kj −DiΨ ′ij , (5.44)

where we have defined
ki ≡

1
3Djρ− ρfj .

Equation (5.44) is of elliptic type —in particular, it provides 3 equations
for the 3 components of si. It is convenient to reformulate the above
equations by defining the operators

δ (ω)j ≡ Diωij ,

L (s)ij ≡ Disj +Djsi −
2
3hijD

ksk,

L (s)j ≡ ∆hsj +DiDjsi −
2
3DjDks

k.

We shall refer to these throughout as the divergence operator, the conformal
Killing operator and the vector Laplacian operator, respectively. It is readily
seen that the vector Laplacian operator is a result of the composition of
the divergence and conformal Killing operator —i.e. we have

L (s) = (δ ◦L) (s) . (5.45)

In terms of the above definitions, equations (5.42) and (5.44) take the
simple form

δ (ω)j = kj , (5.46)

L (s)j = kj −DiΨ ′ij . (5.47)

A solution s of equation (5.47) solves equation (5.46) if the symmetric
tracefree tensor ω is of the form given by (5.43). To solve the elliptic
equation for the covector s we make use of the following [48]:

Fact 5.6 (Fredholm alternative). Given any u and v ∈ L2, then there
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exists a solution u of the elliptic equation

L (u) = F

if there exists a v which solves L∗ (v) = 0 and satisfy the L2-inner
product

〈v,F 〉 =
∫
S
hijviFjdµ = 0. (5.48)

The operators δ and L can be regarded as formal adjoints of each other
under the standard L2-inner product over a compact 3-manifold S. It then
follows that their composition, the operator L, is self-adjoint —that is

〈u,L (s)〉 = 〈L (u) , s〉.

Proof. By the definition of the adjoint and the L2−inner product we have
that

〈δ (ω) , s〉 = 〈δ∗ (s) ,ω〉

=
∫
S
δ∗ (s)ij ωijdµ,

(5.49)

where we have used the definition for the L2-inner product. Hence,∫
S
δ (ω)j s

jdµ =
∫
S
δ∗ (s)ij ωijdµ. (5.50)

Evaluating the left hand side of the above equation by using the definition
of the divergence operator and equation (5.46), and using integration by
parts, we find∫

S
δ (ω)j s

jdµ = −
∫
S
Diκidµ+

∫
S
ωijD

isjdµ

= −
∫
∂S
niκidA+

∫
S
ωijD

isjdµ.
(5.51)

In the above, ni is the components of the normal on ∂S, dA the infinitesimal
surface area and we have defined

κi ≡ ωijs
j .
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Remark 5.7. We are interested in studying the fields ω and s on the
conformal boundary of space time — i.e. we let S = I+ — as such, the
boundary ∂S is the empty set; more precisely, we have that ∂I+ = {0}.
Thus, the boundary term vanish,

∫
∂S
niκidA = 0.

Hence, we have ∫
S
δ∗ (s)ij ωijdµ =

∫
S
ωijD

{isj}dµ,

with {ij} denoting the symmetric trace free components. This is a conse-
quence of the summation with the symmetric trace free tensor field ωij.
Direct inspection shows that

δ∗ (s)ij = D{isj}. (5.52)

Expanding the above, we have

δ∗ (s)ij = 1
2

(
Disj +Djsi −

2
3hijD

ksk

)
= 1

2L (s)ij .
(5.53)

Similarly, we have for the operator L

〈L (s) ,ω〉 = 〈L∗ (s) ,ω〉

=
∫
S
δ∗ (s)ij ωijdµ

(5.54)

The left hand side can be expanded using the definition for the conformal
killing operator and the L2- inner product

〈L (s) ,ω〉 =
∫
S

(
Disj +Djsi −

2
3hijD

ksk

)
ωijdV. (5.55)
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Using the chain rule and observing that ω is trace free we readily obtain

〈L (s) ,ω〉 = −
∫
S
Diω

ijdV +
∫
S
Diκ

idV

− 2
∫
S
Dk(ωκk)dV +

∫
S
skD

kωdV

= −
∫
S
Diω

ij ,

(5.56)

where again κi ≡ ωijsj and ω denotes the h-trace free part of ω. In the
last step we have also made use of the divergence theorem and Remark 5.7.
In order to make use of the Fredholm alternative to establish the existence
of solutions to equation (5.47) it is necessary to identify the Kernel of the
operator L. For this, it is observed that

0 = 〈v,L(v)〉 = 〈v, (δ ◦L)(v)〉 (5.57)

= 〈δ∗(v),L(v)〉 = 〈L(v),L(v)〉. (5.58)

Consequently, any element of the Kernel of L satisfies the equation L(v) =
0 —that is, the Kernel consists of conformal Killing vectors. Thus, if the pair
(S,h) does not have conformal Killing vectors (this is the generic situation)
then there are no obstructions to the existence of solutions to equation
(5.47). On the other hand, if conformal Killing vectors are present then
the Kernel orthogonality condition in the Fredholm alternative, equation
(5.48), has to be satisfied.

The discussion of the previous paragraph is summarised in the fol-
lowing result where all the relevant fields are assumed to be suitably
smooth:

Lemma 4. Let S denote a compact 3-dimensional manifold. Given a
(Riemannian) metric hij, a h-tracefree tensor Ψ ′ij, a covector fi and a
scalar ρ over S then one of the following holds:

(i) if (S, hij) admits no conformal Killing vectors then the tracefree ten-
sor $ij given by equation (5.43) gives a solution to the asymptotic
constraint (5.42);
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(ii) if (S, hij) admits conformal Killing vectors then $ij given by equa-
tion (5.43) gives a solution to the asymptotic constraint (5.42) if
and only if ∫

S
vi
(
ki −DjΨ ′ij

)
dµ = 0

for any conformal Killing vector vi.

Remark 5.8. In the present context, the simplest example of a pair
(S, hij) with conformal Killing vectors is the 3-sphere S3 with the round
metric. In this case one has, in fact, the maximal number of conformal
Killing vectors (10) for a 3-dimensional manifold.

Remark 5.9. The freely specifiable data given by the tracefree tensor Ψ ′ij
can be thought of as a candidate describing some gravitational wave
content [49].

In order to construct initial data representing a collection of balls of dust,
let Σi, i = 1, . . . , n denote n compact open subsets on S and consider a
smooth non-negative scalar field ρ over S with support on the union of
the sets Σi. That is, we require that

ρ > 0, ρ ∈
n⋃
i=1

Σi,

ρ = 0, ρ ∈ I+/
n⋃
i=1

Σi.
(5.59)

Lemma 4 gives the conditions for the existence of solution to the asymptotic
constraint (5.42) for this type of density profile ρ and a given choice of
metric hij and fields Ψ ′ij and fi.

Remark 5.10. Let ρ be a smooth non-negative scalar field given by (5.59).
Furthermore, let Ψ ′ be a symmetric, h-tracefree spatial tensor field, h
the projector metric and f a one form, then we say that (ρ,h,Ψ ′,f)
is n-body dust asymptotic data if either condition (i) or (ii) of
Lemma 4 holds on I+.
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5.2.2 Evolution of the asymptotic data

The asymptotic data constructed in the previous subsection can be readily
combined with the conformal evolution equations of Section 5.1.3 to obtain
the asymptotic region of a spacetime with positive Cosmological constant
containing a collection of n balls of dust. The key observation here is that
as we are working in the conformal picture, any interval of time of the
conformal boundary represents an infinite time domain from the physical
perspective. The existence result can be stated as follows:

Theorem 10. Given a choice of asymptotic data representing a collection
of n dust balls, there exists a time τ > 0 such that the conformal Einstein-
λ-dust equations have a unique smooth solution on the slab [0, τ)× S
associated to this data. This solution implies, in turn, a solution to the
(interior) Einstein-λ-dust system on (0, τ)×S for which the hypersurface
{0} × S corresponds to the conformal boundary I+.

Remark 5.11. By restricting the existence time further, if necessary, it
is possible to ensure that the congruence of conformal geodesics on which
our gauge is based remains non-intersecting for the interval [0, τ ]. This,
in turn, ensures that dust balls in the initial asymptotic configuration
do not intersect each other in the past.

In terms of Physics, Theorem 10, suggest the following: if, in the infinite
far future of an expanding universe, one is given a matter distribution
representing patches of dust balls, then one can evolve this system backward
in time for as long as one wish, and still have that the patches of dust
remain non-intersecting.

5.3 Forward evolution of dust balls

In this section we consider the more physically realistic setting of the
evolution of dust balls from a standard Cauchy hypersurface in a spacetime
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with positive Cosmological constant. Our strategy is to consider this setting
as a perturbation of the de Sitter spacetime in order to make a statement
of the future global existence of the dust balls. As in the case of the
backwards evolution we start by constructing suitable initial data.

5.3.1 Standard Cauchy initial data for self-gravitating dust balls

Let τ ∈ M̃ be a positive function such that for t ∈ R, τ(p) = t gives the
level surfaces S̃t. We denote by S̃? ⊂ M̃ the hypersurface which coincides
with the level surface τ(p) = 0, and interpret this as an initial hypersurface
at some fiduciary time. The Einstein constraints on S̃? are given by

r[h̃] + K̃2 − K̃ijK̃
ij = 2 (ρ̃− λ) , (5.60)

D̃iK̃ij − D̃jK̃ = −j̃j, (5.61)

where h̃ and K̃ij denote, respectively, the intrinsic metric and extrinsic
curvature of S̃?, D̃ is the Levi-Civita connection of metric h̃ and r[h̃] its
Ricci scalar. Moreover, ρ̃ and j̃i denote, respectively, the energy-density
and flux current of the matter content.

The constraints (5.60) and (5.61) will be solved using the conformal
method of Licnerowicz-York —see e.g. [35]. In the following, let Σ be a
conformal factor defined on M . Following the discussion in [5], Chapter
11, let hij = Ω2h̃ij. Implementing this rescaling in equations (5.60)-(5.61)
leads to

2ΩDiD
iΩ − 3DiΩD

iΩ + 1
2Ω

2r + 3Σ2

+ 1
2Ω

2
(
K2 −KijK

ij
)
− 2ΩΣK = Ω4ρ− λ, (5.62)

Ω3DiKij − 2Ki
jDiΩ −ΩDkK + 2DkΣ = Ω3jk, (5.63)

where
ρ ≡ Ω−4ρ̃, jk ≡ Ω−3j̃k, Σ ≡ νiDiΞ,

and Ω = Ξ|S̃?
. Now, by setting Ω = θ−2, equation (5.62) leads to the
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manifestly elliptic equation

Lhθ = 1
8θ
(
K2 −KijK

ij
)
− 1

2θ
2ΣK − 1

4θ
5
(
θ−8ρ− λ

)
, (5.64)

where we have defined the Yamabe operator

Lhθ ≡ DiD
iθ − 1

8r[h]θ.

Now, defining

ψij ≡ θ4K{ij}, K{ij} = Kij −
1
3Khij,

it follows that equation (5.63) leads to the equation

Diψij = 2
3θ

6DjK̃ − 2θ6DjΣ + jj. (5.65)

Remark 5.12. We will consider equations (5.64) and (5.65) in the par-
ticular case that

K = Σ = 0.

It can be readily verified that the above conditions imply that S̃? is a
maximal hypersurface.

In order to put equation (5.65) in an elliptic form, we make use of the York
splitting —i.e. given an arbitrary covector field Xi, we consider solutions
ψij of the form

ψij = (LhX)ij + ψ′ij, (5.66)

where ψ′ij is a freely specifiable symmetric and tracefree tensor field, and
LhX is the conformal Killing operator defined by

(LhX)ij ≡ DiXj +DjXi −
2
3hijDkX

k.

For simplicity, we set ψ′ij = 0, so that substituting (5.66) into equation
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(5.65), we obtain the elliptic equation

Di (LhX)ij = jj. (5.67)

We thus seek to show that there exist a solution to the elliptic equations
(5.64) and (5.67) which represents initial data for a de Sitter-like spacetime
with an energy density function given by (5.59) —so that it can be regarded
as describing a collection of dust balls.

With regards to the solution to equation (5.67) we adapt the following
result from [35], Chapter VII, Section 6:

Proposition 5.13. Let hab ∈ H2(S̃?) and ξa be, respectively, a Rieman-
nian metric and a conformal Killing vector over S̃?. Then equation (5.67)
has a solution Xa ∈ H2(S̃?) if ja ∈ L2(S̃?) and∫

S̃?

habj
aξbdV = 0,

where dV denotes the volume form of the metric hab. The solution is
determined up to the addition of a conformal Killing vector. Furthermore,
the solution is unique if one imposes∫

S̃?

XaξadV = 0.

In that case there exists a positive constant C such that

‖Xa‖2
L2 ≤ C‖ja‖2

L2 .

Now, setting K = Σ = 0 and using tracefree tensor ψij defined in equation
(5.66), the Lichnerowicz equation (5.64) can be written as

DiD
iθ − aθ + bθ−7 + cθ5 = 0, (5.68)

where

a ≡ 1
8r[h], b ≡ 1

8ψijψ
ij, c ≡ 1

4 (ρ̃− λ) , ρ̃ = Ω4ρ = θ−8ρ.
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Following the theory developed in [35] Chapter VII, Sections 5, 6 and 7
(see also [50]) the above equation has a unique solution θ > 0 if b ≥ 0
and c < 0. Since one readily has that ψijψij > 0, the only condition to be
imposed is

ρ̃ < λ.

Thus, one has the following

Proposition 5.14. For r[h] > 0, ψijψij > 0 and λ > 0, the condition
ρ̃ < λ is a sufficient condition for the existence of a unique solution θ to
the Lichnerowicz equation (5.68).

Together, Propositions 5.13 and 5.14 ensure the existence of a large class
of solutions to the Einstein constraint equations representing an arbitrary
configuration of dust balls at some fiduciary time. For this, as in the
asymptotic problem, one chooses the density ρ̃ as in eqution (5.59) —
the method for the construction of solutions to the Einstein constraints
described above works irrespectively from the fact that the density is only
non-zero on a finite number of subsets of S̃?. If, in addition, one chooses
the metric h as a constant multiple of the round metric on S3 —as in
the case of the de Sitter spacetime— one can then regard the dust balls
as matter-sourced perturbation of the de Sitter spacetime. The size of
ρ̃ as described in terms of Sobolev norms controls the closeness of θ to
the value 1 (the de Sitter value). This observation is of importance in the
discussion of the stability of solutions to the evolution problem.

Remark 5.15. For the purpose of simplicity of presentation of the subse-
quent discussion it is convenient to consider a setting in which the initial
current vector j vanishes. This choice of free data is consistent with the
4-velocity u being orthogonal to the initial hypersurface S̃?. This choice
is made throughout the whole hypersurface regardless of whether the
density vanishes or not in a given region. For this choice, if the density
vanishes all over the initial hypersurface, then one obtains trivial data
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corresponding to the de Sitter spacetime.

Following the discussion in [5] Chapter 11, from a solution to the Einstein
constraint equations it is possible to obtain a solution to the conformal
Einstein field equations by algebraic manipulations and differentiation.
The deviation of this data from (vacuum) data for the de Sitter spacetime
is controlled by the size of the current j and the density ρ̃.

5.3.2 Long time evolution

In this section we discuss the evolution of the initial data given by Propo-
sitions 5.13 and 5.14. In particular, we discuss how the ideas used in the
stability of the de Sitter spacetime [44] (see also [5], Chapter 15) can be
used to obtain a future global existence statement for the dust balls if the
initial density is sufficiently small.

In the following let u denote a solution to the conformal evolution
equations discussed in Section 5.1.3. Moreover, let ů denote the solution
to these evolution equations with ρ = 0 (i.e. vanishing density) and the
4-velocity ua chosen so that it is tangent to timelike geodesics in the
interior spacetime —see Remark 5.15. Denote by u? and ů? the associated
initial data on some fiduciary initial hypersurface S?. The solution u
provides a conformal representation of the de Sitter spacetime which is
smooth up to and beyond the conformal boundary I+. In particular, it has
vanishing rescaled Weyl tensor. For concreteness assume that the conformal
boundary for this (background) solution is given by the condition τ = τ∞,
for τ∞ some constant. To this background solution one can readily apply
the standard theory of stability for symmetric hyperbolic equations —
see [6]; also [5]— to ensure the existence of nearby solutions (in the sense
of Sobolev spaces) to the evolution equations with a similar existence
time. Accordingly, these solutions extend up to and beyond the conformal
boundary. This amounts to a future global existence result. More precisely,
one has the following:
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Theorem 11. Let u? denote smooth initial data for the conformal Einstein-
λ-dust evolution equations on a compact manifold S? describing a con-
figuration of dust balls as given by Propositions 5.13 and 5.14. There
exists ε > 0 such that for any initial data u? such that

‖u? − ů?‖m < ε, m ≥ 5,

there exists a smooth solution u to the conformal evolution equations
over the domain

M≡ [τ?, τ∞]× S,

S ≈ S?. Moreover, given a sequence of initial data u(n)
? , as above, such

that ∥∥∥u(n)
? − ů?

∥∥∥
m
→ 0, as n→∞,

one has that the corresponding solutions satisfy∥∥∥u(n)(τ, ·)− ů(τ, ·)
∥∥∥
m
→ 0, as n→∞.

The solution u implies, in turn, a future geodesically complete solution
to the (interior) Einstein-λ-dust system for which I+ corresponds to
future (timelike) infinity.

Proof. The proof of this result follows the same structure of that of the
stability of the de Sitter spacetime [44,45] —see also [5], Chapter 15. Here
we provide a brief outline of the main ideas. As already mentioned, the
evolution equations (5.22)-(5.35) imply a symmetric hyperbolic evolution
system for the components of the unknown vector u. Now writing u = ů+ŭ
where ů denotes the background de Sitter solution, it follows that the
perturbation ŭ also satisfies a symmetric hyperbolic evolution system.
Existence of solutions for this system follows from the theory developed
in [6]. Moreover, as the perturbed initial data ŭ? is small (in the sense of
Sobolev spaces), it follows then from Cauchy stability that its existence
interval includes the time τ∞ —so that the development includes the
conformal factor. Finally, a propagation of the constraints argument ensures
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the solution to the reduced evolution system implies a solution to the
interior Einstein-λ-dust system.

Remark 5.16. From the discussion leading to Propositions 5.13 and
5.14, it follows that the size (in the Sobolev norm) of the initial data
u? is controlled by the initial value of the density over S?. In particular,
if ρ? = 0 then u? = ů?. Accordingly, Theorem 11 states that the initial
configuration of dust balls will exist globally into the future if the density
is sufficiently small —that is, if the dust making up the balls is sufficiently
diluted.

Remark 5.17. The spacetimes arising from Theorem 11 can be readily
shown to be geodesically complete. The simplest manner of doing this
is to make use of the theory developed in [51]. The required estimates
needed to establish geodesic completeness follow from the closeness (in
the sense of Sobolev spaces) of the solution provided by Theorem 11
and the background exact de Sitter solution. In the present case it is
possible to show even more: as the background 4-velocity ůa is chosen to
be tangent to a congruence of non-intersecting conformal geodesics, it
follows that if the perturbed solutions given by Theorem 11 are the flow
lines of ua, then they are also non-intersecting. This observation shows,
in addition, that the various members of an arbitrary configuration of
dust balls never intersect in the future.

The purpose of this chapter is the development of a model of self-
gravitating bodies in General Relativity for which it is possible to make
statements of long-term existence. As mentioned in the introduction, the
well-posedness and local existence in time of self-gravitating balls of dust
has been given in [47]. These self-gravitating bodies possess a smooth
boundary (in the sense that the density is assumed to go to zero smoothly).
This observation, combined with an evolution law for the 4-velocity which
is well defined even in the regions where the density vanishes allows one to
obtain a suitable evolution system for which existence theory is available.
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The analysis of the Einstein-λ-dust system in [21] provides a conformal
analogue to this system and thus it allows one to implement an argument
establishing long-term existence of dust ball configurations. The physical
mechanism making it possible to run this argument is the acceleration
provided by the Cosmological constant λ. It should be mentioned that an
extension of this result to the setting where λ = 0 is made much more
challenging by the fact that in this scenario, and following a conformal
point of view, timelike geodesics converge at future timelike infinity i+.
Accordingly, any attempt to analyse the long-term existence of matter
configurations is tied to the development of a suitable description of this
asymptotic point.



Chapter 6

Conclusions and Outlook

We provide here a short summary of the key findings of this thesis and
how these findings motivate the study of further interesting problems.

6.0.1 Conclusions

In this thesis we have applied two very different forms of analysis to
the Einstein field equations. The first method described in Chapter 4,
employ the theory of hyperbolic differential equations in order to show
that the Einstein field equations coupled to a generic matter model admits
a well posed Cauchy problem. This result is obtained by showing that the
Einstein-matter equations reduce to a first order symmetric hyperbolic
set of evolution equations, and that a solution to these equations is also a
solution to the original Einstein-matter system. It is understood in the
above that an equation for the matter density ρ is given and we require
that the energy momentum tensor take the form of that of dust plus a
spatial tensor field Πab. We treat the specific matter models of dust and
perfect fluid, and provide a short discussion on elasticity. The generality
employed in the hyperbolic reduction in this thesis gives a framework
to analyse the Cauchy problem for future Einstein-matter systems not
mentioned herein. The process of showing well posedness of a wide range
of Einstein-matter systems is thus much simplified.

In Chapter 5 we employ conformal methods to show future stability of
the Einstein-λ-dust equations with a energy density representing balls of
dust. We show that one can evolve the balls of dust backward in time from
future infinity as well as from an initial hypersurface into the infinite future
without the geodesics ever forming acoustic shocks. That is, the geodesics
will be future and past complete for the respective situations, given that
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the energy density is sufficiently small. It is understood that λ represents
the cosmological constant and is assumed to be positive. The Cosmological
Universe studied in this chapter is a toy model. That is to say, it may not
be directly applied to study the Cosmology of the observable Universe.
However, our finding is still of interest to the study of physical Cosmology
in that we prove — from a mathematical point of view — that a positive
cosmological constant λ may act as an acceleration which can keep self
gravitating dust balls from interacting with one another.

6.0.2 Outlook

That the Einstein equations coupled to a wide range of matter systems can
now be written in terms of a system of first order hyperbolic differential
equations opens the door for many interesting problems. Firstly, it is
a first step in solving the initial boundary value problem (IBVP) for
Einstein-matter systems. Since the system found herein is written in a
frame formulism, it is suggestive to do a similar approach as that found
in [38], which discusses the IBVP for the Einstein-vacuum equations.

Another avenue for further study is to investigate the conformal analog
of the evolution equations found in this thesis, in a similar spirit as the
seminal work of Friedrich in [43], [44], [46] and [21]. One would hope
to recover a system of symmetric hyperbolic evolution equations which
extends in a regular fashion to the conformal boundary. To date, no such
system exists beyond dust. If one is successful in finding such a system, it
opens the door for global existence and stability results.

The findings in this thesis may also be applicable to Astrophysics — in
particular in the study of neutron stars. It should be rather straight forward
to find the explicit evolution equations for the Einstein-elastic system. An
interesting project would then be to investigate the details of such a system.
In particular, to recover the elastic constants and compare with [52]. Are
there any obvious advantages with the frame-elastic equations?
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