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Abstract

This thesis explores the world of quantum field theories through an analytic ap-
proach. It focuses on three special types of quantum field theories: supersymmetric,
conformal and topological ones. The necessary background knowledge is introduced in
chapter one, then two types of problems are studied in the next three chapters: index
relations and fusion rules[]

For index relations we study certain exactly marginal gaugings involving arbitrary
numbers of Argyres-Douglas (AD) theories and show that the resulting Schur indices
are related to those of certain Lagrangian theories of class S via simple transforma-
tions. By writing these quantities in the language of 2D topological quantum field
theory (TQFT), we easily read off the S-duality action on the flavor symmetries of
the AD quivers and also find expressions for the Schur indices of various classes of
exotic AD theories appearing in different decoupling limits. The TQFT expressions
for these latter theories are related by simple transformations to the corresponding
quantities for certain well-known isolated theories with regular punctures (e.g., the
Minahan-Nemeschansky Eg theory and various generalizations). We then reinterpret
the TQFT expressions for the indices of our AD theories in terms of the topology
of the corresponding 3D mirror quivers, and we show that our isolated AD theories
generically admit renormalization group (RG) flows to interacting superconformal field
theories (SCFTs) with thirty-two (Poincaré plus special) supercharges. Motivated by
these examples, we argue that, in a sense we make precise, the existence of RG flows
to interacting SCFTs with thirty-two supercharges is generic in a far larger class of 4D
N =2 SCFTs arising from compactifications of the 6D (2,0) theory on surfaces with
irregular singularities.

Then we study fusion rules in modular tensor categories. We first relate fusion
rules to the mathematical conjecture of Arad and Herzog (AH) in group theory: in
finite simple groups, the product of two conjugacy classes of length greater than one
is never a single conjugacy class. We discuss implications of this conjecture for non-
abelian anyons in 2 4+ 1-dimensional discrete gauge theories. Thinking in this way
suggests closely related statements about finite simple groups and their associated
discrete gauge theories. We prove these statements and give physical intuition for their
validity. Finally, we explain that the lack of certain dualities in theories with non-
abelian finite simple gauge groups provides a non-trivial check of the AH conjecture.

We also study the implications of the anyon fusion equation a X b = ¢ on global
properties of 2 + 1D topological quantum field theories (TQFTs). Here a and b are
anyons that fuse together to give a unique anyon, c. As is well known, when at least one
of a and b is abelian, such equations describe aspects of the one-form symmetry of the
theory. When a and b are non-abelian, the most obvious way such fusions arise is when
a TQFT can be resolved into a product of TQFTs with trivial mutual braiding, and
a and b lie in separate factors. More generally, we argue that the appearance of such
fusions for non-abelian a and b can also be an indication of zero-form symmetries in a
TQFT, of what we term “quasi-zero-form symmetries” (as in the case of discrete gauge

!Chapter two, three , four are based on the papers [34],[35],[36] respectively.



theories based on the largest Mathieu group, May), or of the existence of non-modular
fusion subcategories. We study these ideas in a variety of TQFT settings from (twisted
and untwisted) discrete gauge theories to Chern-Simons theories based on continuous
gauge groups and related cosets. Along the way, we prove various useful theorems.
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1 Introduction

Exact solutions in physics are rare, and generic ones are always difficult. Even in the clas-
sical world, for example,the three-body problem in Newtonian mechanics can not be solved
exactly, one has to rely on approximations, perturbative expansions, numerical simulations,
and global analysis to extract information and make predictions, not to mention extremely
difficult problems such as Navier-Stokes equations in fluid mechanics.

In order to make progress, one usually studies solvable toy models first to obtain some
general feature, and then one uses such models as a starting point for more realistic treat-
ments or approximations.These solvable toy models differ from generic ones mainly because
they have certain kinds of symmetry, which give rise to integrals of motion, i.e. conserved
quantities such as energy and parity. Because of these constrains , the problems are simpli-
fied, sometimes even completely solved.

Classical celestial mechanics is the first and one of the most prominent examples of this
strategy, here one first studies the completely solvable Kepler problem, then adds corrections
and perturbations to account for more realistic situations, and finally one performs numerical
calculations to make actual predictions. As a result, in practice the motion of planets in the
solar system can be predicted in a very precise way.

In quantum field theory, the solutions are even more difficult to find; and sometimes the
problems of finding solutions themselves are not well defined. So in early applications of
quantum field theory, one was mainly concerned with perturbative calculations, or practi-
cally, diagrammatics of scattering amplitudes and Green functions. The toy models here are
effective field theories with nice symmetry properties, especially gauge theories with appro-
priate gauge groups. Sometimes the toy models are obvious, as are free-field representations
of underlying symmetry groups such as quantum electrodynamics, and sometimes clever
physical intuition is needed, for example in the BCS theory of superconductivity.

Based on such calculations, QFT is very successful. In particle physics it gives rise to the
standard model, and in condensed matter physics it describes phase transitions of various
systems.

One may tend to consider larger symmetry groups to construct more complicated models
to deal with more complicated problems, especially as a way to unify the fundamental
interactions in the standard model, or even to include gravity using higher dimensional
spacetime models. It turns out, however, that the global symmetry group of a QFT cannot
be chosen arbitrarily. Under reasonable assumptions, the Coleman-Mandula theorem states
that in a QFT with a well-defined S-matrix and massive particles the symmetry group has
to be a direct product of the Poincaré group and the internal global symmetry group, hence
no mixing. One can also have local symmetry groups, or gauge groups, the corresponding
QFTs are usually called gauge theories. These theories are of central importance in modern
physics and mathematics, and it turns out that different types of gauge groups can lead to
drastically different theories, so in order to be consistent with experiments the gauge group
is not arbitrary either.



Especially, on the global symmetry side, the Coleman-Mandula theorem is a serving re-
striction, but like many no-go theorems, there are ways out. First there is a Zen-like way to
bypass the Coleman-Mandula theorem; that is, we simply drop our assumptions, such that
we can consider theories without an S-matrix or massive particles. After all, Green func-
tions,scattering amplitudes or mass spectrum are not the most fundamental objects in QFT,
they are defined by correlators under some assumptions, although usually they represent
the most common and important observables in a theory, it is not necessary the case. We
can have non-trivial QFTs without an S-matrix or massive particles, among other theories,
there are two important types: topological quantum field theory(TQFT) and conformal field
theory(CFT)

In TQFT, the actions and observables are of a topological type, hence the correlators are
topological invariants of the underlying manifold. Unlike generic QFT, TQFT is rigorously
defined and the exact calculation of physical quantities is possible.

In CFT, the spacetime symmetry group is enlarged to conformal groups, which leads
to new kinds of constraints and the so-called bootstrap method, which is essentially non-
perturbative in nature. In dimension two, conformal symmetry algebra becomes infinite
dimensional, hence a very powerful tool to study and even define the theory, and in many of
the important cases complete solutions are obtained.

Secondly, there is also a loophole in the original formulation of Coleman—Mandula the-
orem, where conserved charges are assumed to be scalars, by allowing spinor charges, su-
persymmetry(SUSY) is possible. With SUSY field theory, many new phenomena have been
discovered and accurate results are now possible. The results obtained by SUSY are espe-
cially relevant to understanding RG flow, so it is beneficial to study the SUSY model and
try to obtain some general lessons.

All three types of QFT have important applications both in physics and mathematics,
and they relate to each other. In this thesis, we are going to discuss some of those relations
and applications. For reference, in this chapter we will introduce some basic facts of those
theories, along with some concrete examples which are needed later, while the relevant
background knowledge in mathematics and physics is also reviewed briefly in the appendix.

1.1 Topological quantum field theory

Topological quantum field theory, or TQFT, is a special kind of quantum field theory in
which the correlators are topological invariants. It originated in the interplay between lower
dimensional topology and gauge theory in the 1980s, and has since become an increasingly
important subject both in physics and mathematics.

e TQFTs arise naturally in effective field theoretical descriptions of topologically non-
trivial physical systems, usually associated with highly degenerate ground states, e.g.
Chern-Simons theory and quantum Hall effects, in particular, some of these systems
have important practical applications, such as quantum computation and information,
as well.



e TQFT is mathematically well defined and rich in content and also suitable for rigorous
analytic study. This offers important insights and clues for axiomatic quantum field
theory in general. When compared to a generic QFT, TQFT is easy to solve but is
non-trivial, hence it can be used as a toy model to test new ideas and techniques in
QFT.

e Topology is one of the pillars of modern mathematics, where the finding and calculation
of topological invariants is the core problem. Since TQFT provides a novel but useful
way to deal with this, it has numerous applications in mathematics.

In this section, we first give an elementary introduction to anyons through toy models of
Chern-Simons theory[132, 133} [60] , then we introduce general TQFTs with the path integral
formalism[116] 4], [45], finally we discuss Chern-Simons theory in a more general setting and
show our previous models are all special examples of it[63]. The relevant data, definitions,
notations and classification can be found in [112, 156, 139

1.1.1 Anyons

Before formal constructions, let us discuss a simple and concrete example of topological
quantum field theory. The action for the usual electrodynamics in d = 4 is

1
@ﬂmzﬁ/#x@%4¥+AJ+Aw) (1.1)
where the equation of motion is the usual Maxwell equation

_ OE __
V-E=pVxB-2Z_]

V-B=0,VxE+2 =0 (1.2)

Now suppose we are interested in electrodynamics in d = 3 spacetime, where the most
general Lorentz and gauge invariant, homogeneous and isotropic action is

1

Ieyi[A] 2/fxm%4¥+AJ+Aw+mw%%mm) (1.3)

the additional new term, the so called Chern-Simons term, is

Jazg/me&@@ (1.4)
now the equation of motion is
0B
VXE+ —=0
“ET ’
V-E+mB=p (1.5)
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This set of equations has some surprising topological features differing from the usual
Maxwell-equations, which can be illustrated by the Aharonov-Bohm effect.

To show this, suppose we have a constant magnetic field B along z direction, confined
inside an impenetrable solenoid passing through the x — y plane. Let us also assume that
E. = 0, then effectively we are dealing with d = 3 electrodynamics. If we have a charge @)
on the x — y plane traveling around the solenoid through a counter C, the wave function of
the charged particle will acquire the Aharonov-Bohm phase

_Q
go—c—h]iA-dr (1.6)

If we ignore the z direction completely, imagine a three dimensional cylinder spacetime
where particles traveling out their world lines, then the section of the magnetic solenoid on
the x—vy plane will behave as a point particle if the solenoid is infinitely thin , and unlike usual
electrodynamics, now the elementary particle is a charge-flux composited object because if
m # 0 in .as a consequence we would have [d*xV -E + m [d>xB = [d*xp , then
associated with each charge (), we have a magnetic flux

o= Q (1.7)

m
Then our particle is a charge-flux composite, suppose we have two such particles, topologi-

cally exchanging them twice is equivalent to a circulation plus a translation, but the latter
is irrelevant here, due to the Aharonov-Bohm effect, such a particle will effectively have a

statistical angle ¢, where
2

20, = QO = — (1.8)
m
In particular, if a particle’s charge circles around its flux, we effectively have a spin
QQ
= 1.9
§ 4mm (1.9)

So in general, s # 0,7 and s is not a half integer,so that such a particle is neither a boson
nor a fermion, it is instead an example of (abelian) anyon.

Suppose as illustrated in figure 1| we have r of those anyons with world lines C};, and the
product of their Wilson loops is a physical observable.

W(L) = ﬁexp (ZQ 740 A) (1.10)

i=1
Its vacuum expectation is a correlator
(oW (L)) [ DAW (L)eileslA
(W(L)) == o) _J )
(tho | tho) fDAe cs

We can indeed calculate the path integral, and it turns out, quite surprisingly

(1.11)

(W(L)) = exp (%ZQ@M%Q)) (1.12)

9



Figure 1: Worldlines of anyons in three dimensional spacetime[132]

with

1 7{ 7{ (z —y)”
dx* dy’etr =d(C;,,C;) €eZ 1.13
A Je, Cy |z —y|? ( 2 ( )

is the Gauss (but not Gaussian) integral , named after Gauss, who introduced this long ago
as one of the earliest topological invariants in the history of mathematics. It calculates the
linking number ® (C;, C;), which counts how many times two curves wind with each other
counting orientation. Notice that it is not obvious at all that the integral will produce an
integer, but it certainly does so, and it is satisfying to see that this simple TQFT at least
reproduced this classical result and actually explained it in a physical way.

The above toy model provides a simple example of anyons, which are more general
realizations of the principle of indistinguishable particles than bosons and fermions. As
we have mentioned, two exchanges of free identical particles are essentially the same as one
particle winding around another through a loop C. While in spatial dimension three or
above C'is always null homotopic, hence exp(2p,) = 1, this gives two solutions ¢, = 0,7
only, corresponding to boson and fermion. In spatial dimension one, C' is not defined, and
particles must pass through each other to change their positions, hence any phase factor
associated with such a process can be explained either by identical free particle symmetry or
as a result of interactions with the same particles, thus the notion of free identical particles
is in a sense ambiguous. Only in spatial dimension two, C' can be a non-trivial homotopy
class, and anyon appears.

Given a set of anyons A = {a,b,---}, there are two basic kinds of operations we can
apply to them, namely, fusion and braiding, those are abstraction of the processes such as
the ones illustrated in figure

e Fusion

If we bring two anyons a, b together and identify the properties of this composite object
as a blackbox, then it behaves as a collection of anyons. To be concrete, suppose we

10



al b ana a b
1 i C
Figure 2: Two dimensional operations on anyons with corresponding worldlines in three

dimensional spacetime(assuming time flows downwards): (a) exchange of a,b (b)creation of
a particle-antiparticle pair a,a from vacuum (c) fuse a, b into ¢ [132]

have some quantum fields ®,, ®, represent two anyons, if we take their OPE we will
find a bunch of anyons with appropriate properties such as scaling dimensions and
conserved internal quantum numbers. This process is called fusion, and symbolically
we have

axb=> Nge, Ny eN (1.14)

ceA

where at least one N, is nonzero. In principle there might be more than one ¢ in
the RHS, if given a this happens for at least one b, we call a as non-abelian anyon,
otherwise it is an abelian anyon, i.e. it gives a unique out come ¢ when fused with any
b. If A contains abelian anyons only,we say A is abelian as well. This nomenclature
is due to the fact that the abelian anyons form a finite abelian group with respect to
fusion.

e Braiding

In three-dimensional spacetime, exchanging identical particles is equivalent to braiding
their world lines. In particular, if we braid a, b we will have phase factors R¢, depending
on ¢, it is convenient to view them as the diagonal entries of a diagonal matrix R, and
there should be a representation B, of the braiding group related to those braiding
processes, see fig [4]

To be consistent, the set A = {a,b, - - -} should not be selected arbitrarily, and we should
expect fusion and braiding to have some reasonable properties

e Fusion is commutative

Since we just view the composite a X b as a blackbox, there is no preferred way to
define left or right fusion, we demand that

axb=bxa (1.15)

11



Figure 3: Illustration of F-move, here we have two ways to fuse a, b, ¢ into d [132]

hence
o = Ny (1.16)

In the special case of abelian A, we have finite abelian groups, and here fusion is just
group multiplication, so in a sense we can view the theory of anyon as some sort of
quantum generalization of finite abelian groups.

e Fusion is associative

Again if we fuse a, b, ¢ together, we just identify the whole system as a blackbox so we
expect that the order of fusion does not matter, and

(axb)xc=ax(bxc) (1.17)
hence

ZN(begc = ZNZTCNG(,{E (118)

zeA zeA

Suppose we are fusing a, b, ¢ to get d, then there are several ways to do this, and just
like crossing symmetry in usual quantum field theory, we can introduce the so called
F-matrix F% to account for this, see fig .

abc
Also, if fusion is associative , it should be compatible with braiding as well, essentially
this means that F-move and R-move are compatible with each other, see fig [5][6]

As a consequence, there are two types of constrains, namely the pentagon equation

(Fio)y (Fona)y = Y (o), (Fia)y (Fs), (1.19)

e
and the hexagon equation

Z (F§31)Z Rilb (F1423)Z = Ris (F2413)Z 12 (1-20)
b

12
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Figure 4: Tllustration of R-move [132]

5 5 4 (Ff34);, (m 1 2 3 4

\<V\ 2 3 4
123) 234)
(F]L )i

Figure 5: Pentagon equation [132]

(Féa)

Figure 6: Hexagon equation [132]

13



We also obtain the following explicit expression for the braiding matrix B as

Buy = F%, 'Ry F2, (1.21)

acb

e Vaccum and antiparticle exist

As in ordinary quantum field theory, we demand that a vacuum exists and is unique,
we usually adopt a multiplicative notation to label it as 1, so

axl=1xa=a (1.22)

hence
Ngl = Nfa = 5ac (123)

Then we interpret the antiparticle a of anyon a as the unique anyon fused with it to
give vacuum
axa=1+-- (1.24)

hence
NL =1 (1.25)

An anyon can be its own antiparticle, in particular 1 = 1, and of course @ = a as
particle-antiparticle pairing is unique.

We can also assign an orientation to the world lines of anyons such that antiparticles
travel backward in time as in usual quantum field theory, and then using crossing
symmetry we can argue thaiﬂ

0(a) = R, (1.26)

effectively defines a spin like quantity 6 : A — U(1) , we will call it as topological
spin, and usually it is understood as 6(a) = exp 2wih, with h, : A — Q/Z the scaling
dimensions (defined mod1 only)

e Quantum dimension and Hilbert space

We want to construct some Hilbert spaces to describe fusion processes such as the ones
in figure [7], just like in particle physics, nuclear physics or chemistry. Suppose we have
a, b as the reagents of fusion, then the various ¢’s appear in a X b as the products of this
reaction, and it is quite reasonable to define a Hilbert space to describe this process
such that

2this form is gauge dependent as indeed §,R., = v, = £1 and R., = (RL.)~!, more generally, one should

define 6(a) = d; ' TrR,, as in eq(211) of [117]

14
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Figure 7: Fusion processes(assume time flows rightwards): (a) a, b fuse into the middle state
i and split into ¢,d (b)A generic fusion process [132]

dim (M3)) = NG, (1.27)

For consistency, obviously, we need to define dim (M(l)) = 0 and dim (./\/l(g)) =1,
then we can define the Hilbert space of n-anyon fusion M, as the set of all possible
outcomes

dim (M) = > N, ... N&» (1.28)

aia2 €n—-30n—1
€1...en_3

In particular, if we have a specific anyon a, we want to define an intrinsic dimension
to measure the complexity of fusion outcomes associated with this anyon, we can take
n copy of a and construct M ,y, We expect the following asymptotic for n — oo exists

dim (M) o d (1.29)

This d, > 1 is called the quantum dimension of a, in general it is just a real number
without being integral or even rational, but by definition an anyon is abelian iff d, = 1.

Quantum dimensions have a very nice property: they form a representation of the
fusion algebra

dady =Y Ny (1.30)
e Modular data

Finally we will introduce some concepts which will be very important later, they will
be constructed from the previous concepts we have introduced.

15



First we can assign an global quantum dimension for A as

D= [> & (1.31)
acA

And some sort of averaged topological spin as

©=D" Zd29 —exp@ (1.32)

Where the number c¢ is called chiral central charge, just like h, it is not defined abso-
lutely, but mod8 onlyﬂ

then we can define the (topological) T-matrix as

T = 6ufe (1.33)

and the (topological) S-matrix as

Z abe 5l (1.34)

and the charge conjugation matrix as

Cap = dap (1.35)

Then we get the following modular representation

(ST =0eC, S*=C, C*=1I (1.36)

Those matrices have many nice properties, for example S is both symmetric and uni-
tary, its elements are algebraic numbers, it also gives some useful identities
Sa 1

, D=— 1.37
Sll Sll ( )

d, =

and we can define the monodromy scalar as the 1-1 entry of B> = F71R*F

Sabsll

M =
’ Sla’slb

(1.38)

When |M,| = 1 we can interpret it as the overall phase factor we get by braiding a
and b, see figurdg|

3In case of MTC from d = 2 RCFT, we usually absorb © into the definition of 7' matrix as Ty, =
dab exp 27i(hq — 57), then ¢ is defined mod24

16
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Figure 8: Illustration of the monodromy phase factor [25]

In particular for a theory A of abelian anyons only, we have

_Sab_H(axb) .
M= 522 = G0~ VIAISa (1.39)

So the twists # alone provide full information of this theory A

Finally,we have the following Verlinde formula that relates the S matrix to the fusion
rules

c Sa:pS :ESEx
Ng=>" S—L (1.40)

This formula is highly non-trivial as it equates a complicated combination of algebraic
numbers to a natural number.

With these new weapons in our hands we can reexamine our 3d electrodynamics toy
model more carefully, for our purpose it is convenient to define the level as k& = 4mm and

rewrite ([1.4) as
k
les= | —AndA (1.41)

AT
with A as an U(1) gauge field on compact three manifold M, for this theory to be well
defined we must have gauge invariance under A, — Ag =U'A,U —iU'd,U, which leads to

[CS [AU] = [CS[A] + 2mkn (142)
where the integer n appears as the winding number expressed as the integral

1

/ dPxet? tr (U0,UU0,UUT9,U) (1.43)
M

so we must have

kel (1.44)

17



The primaries are given by Wilson lines with different representations of U(1)

Wa () :=exp [ia/A} , €L (1.45)
v
with dimensions )
O(a) = ™ hy = ;—k (1.46)

For simplicity we will restrict to positive k£ as we have identified it as the mass m in our toy
model, and call this theory as U(1); Chern-Simons theory, depending on k(mod2) there are
two possibilities:

o kis oddd

A~7,=1{0,1,... k—1} (1.47)

since this theory is abelian we just label the vacuum as 0 instead of 1, and also use an
additive notation for fusion rules

axf=a+p modk (1.48)
e kis even [
ATy =1{0,1,..., 2k — 1} (1.49)
with
axf=a+ mod?2k (1.50)

We see that the U(1); theory is fixed by the level k, it has a very simple set of fusion
rules, which is essentially addition in a finite abelian group, so this theory must be abelian.
In order to get nonabelian anyons, we can start with a nonabelian group and build up some
fusion rules, but since fusion is commutative we can not use the group multiplication directly,
instead we can rely on the physical picture of flux charge composites in our toy model and
try to make some appropriate modifications.

For simplicity we restrict ourselves to finite nonabelian groups to avoid difficulties in-
volved with analysis. For example, we pick the simplest of all nonabelian groups G = S,
and now without explicit Lagrangian and action we just imagine that we have some gauge
field A taking values in G, and just as before we can set up an Aharonov—Bohm experiment
to obtain some flux charge composites. Let us adopt the usual terminology of electrody-
namics, it is reasonable to imagine that there are three kinds of objects in this theory, all
realized as worldlines of anyons

“4these theories are spin TQFTS, so in order for them to be well defined, the corresponding spin structures
must exist

Sthese theories by themselves are non-spin, but we can always tensor them with a trivial spin
TQFT {1,v} to form corresponding spin TQFTs such that A = Z; X Zy and (o,8) x (o/,3) =
(o + o' mod k, 8 + 8’ mod 2)
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e electric charge

These are just the Wilson lines as before, and by electric charge we mean an irre-
ducible representation m of G because we work with representations rather than ab-
stract groups, and this is how we measure charge in reality. These operators should
also have trivial magnetic flux in order to behave as pure charges; alternatively they
should all have fluxes with the identity element I of (G. A reasonable choice for the
fusion rules is the decomposition of tensor representations of G.

e magnetic flux

Such operators should correspond to the abstract group element g of GG, as we have
defined charges as representations m and we measure charges by observing their be-
havior 7(g) under the influence of magnetic fluxes. But it should be noted that in
order to carry out measurements, one has to set up some reference or standard, this
again should be realized as a particular abstract group element h of GG, and different
observables can have different standards h,h’, so they agree only on the conjugacy
class [g]. Hence we define magnetic flux lines as conjugacy classes [g]. Again such
operators should all have trivial charges as the trivial representation 1 : G — {I}of G.
And as multiplication between conjugacy classes is commutative, we can just use it to
implement the fusion rules.

e dyon

Of course more generally, we have flux charge composites, but we should be very careful
when defining them in a consistent manner. Since such an operator carries both charge
and flux, we can just treat it as a blackbox, put it somewhere and then set up some
Aharonov—Bohm experiments with pure charge or pure flux to detect the flux and
charge of this blackbox through interference patterns. But there is a crucial difference
with the abelian U(1); theory, suppose we use some flux [b] to detect the charge of
this dyon, since the dyon itself has flux [a], exchange them will change the system as
R :|a,b) — |aba™!,a) . So if we perform an Aharonov—-Bohm experiment by sending [b]
through the dyon to measure its charge , the two paths followed by [b] are inequivalent
as they differ by one loop around [a] as P, — P, = C, we can tell which path [b] travels
by measuring the flux of the resulting system, hence there is no interface. In order to
avoid this we need aba=! = b, so a dyonic line is given by a conjugacy class of abstract
group element [g|, as well as an irreducible representation 7 of N, the centralizer of g,
due to phase ambiguity, this representation is projective only in general. For dyonic
lines, fusion rules are more complicated, both decomposition of tensor representation
and group multiplication are involved.

For G = S5, we have the following table of anyons, where we have three conjugacy classes
with representatives e, (12), (123),and the corresponding centralizers N, are Ss, Z,, Z3, for
S3 we have the one dimensional trivial and sign representations +, — as well as the unique
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two dimensional representation 2, while representations of Z,, Z3 are all one dimensional and
labeled by their eigenvalues in C( where wy = exp(28*))[133].

Type | Flux | Charge | d(jg]xs)
A e [+] 1
B e [—] 1
C e 2] 2
D (12) [+] 3
E (12) [—] 3
F | (123) 1] 2
G | (123) [ws] 2
H | (123) 03] 2

We can perform the above constructions for any finite nonabelian group G, the resulting
theory is called the discrete gauge theory of G. Just like the k € Z requirement in U(1)g
Chern-Simons theory, there are additional consistency constraints in discrete gauge theory
as well: here we need to specify the Dijkgraaf-Witten twist as a cohomology class of third
order group cohomology

w € H*(G,U(1)) (1.51)
as well as the related cohomology class of second order group cohomology

w(g, h,k)w(h,k,g)
w(h, g, k)

ng(h, k) := € H*(N,,U(1)), h,keN, (1.52)
which appears in 7 (h)7y (k) = ny(h, k)7 (hk) as phase factors.

If w = 0 then n, = 0 automatically for every g, hence all the representations associated
with dyonic lines are true representations instead of projective ones. Such a theory is referred
to as untwisted, otherwise it is twisted. When w # 0 but n, = 0, we still have linear instead
of projective m, and for magnetic flux lines to be well defined, we must have n, = 0 as
well because even if we only need the flux lines to have trivial representation, we need to
have a true representation instead of a projective one. Finally, for charges since [g] = 1, the
representations are always linear, even in twisted theories.

More generally, even if g # 1 and w is non-trivial, we may still have linear representa-
tionsﬁ As an example, we can consider G = PSL(2,4) and the Zs centralizer of the length
twenty conjugacy class. In this case, we have H?(Z3,U(1)) = Z,, so the resulting 7, (with
g in the length twenty conjugacy class) is cohomologically trivial no matter the choice of
we H3(PSL(2,4),U(1)) = Zg x Zyy.

The most important things for us to focus on in what follows are the fusion coefficients

SMore precisely, if 7y is a non-trivial 2-coboundary, we will obtain projective representations that are
in one-to-one correspondence with linear representations. We can remove these projective factors via a
symmetry gauge transformation of the type described in [I4]. Note that while linear representations can
be one-dimensional (e.g., if the centralizer is an abelian group), projective representations resulting from 7,
cohomologically non-trivial are necessarily higher dimensional.
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appearing in
(k]
([g]Jﬁ;U) ZN[g] gk)( )([k]ﬂr(l:) (1.53)
k,my

To arrive a description of such a process we must combine conjugacy classes and repre-
sentations. In particular, we need to multiply elements in [g] and [h] and determine the
corresponding conjugacy classes. At the same time, we must decompose the product of irre-
ducible representations of the corresponding centralizers into irreducible representations of
centralizers of G. A simple prescription for doing this is given in [14]

([k}ﬂr?) _ § w t,_w S,_w
N([g]77rLgA))7([h]77-‘-:) - m(ﬂ-kthgﬂNsthk7 Trg |thﬂNshﬂNk ® ﬂ-thtgﬂNshﬁNk

(t,5)ENg\G/Np,
® Wﬁgﬁh,k)) (154)

where the sum is over the double coset, we define tg := t~!gt, and tW;" |thﬁNshﬂNk ®°my |thﬂNshﬂNk®
7r‘(*§ 05hok) and 7Y | Ni,NNs,NNj, Are restrictions of irreducible representations of Nt,, Nsp, and Ny,

to the triple intersections of these normalizers. These restrictions are generally (though
crucially for us below not always) reducible representations of N, N Nsj, N Ni.. The m(a, b)
function computes inner products of the representations a and b (we will fill in further details

of this function as needed later in this section). Crucially, a and b must be the same type

of representation (i.e., they should both be linear or else transform with the same set of
projective weights) in order to be meaningfully compared.

We can determine the projectivity of the ‘r o> °mp,, and 7 representations by a computa-
tion in the relevant cohomology as in ([1.52]). The representation 7 ., ;) is one dimensional
(it is a representation of the action of symmetries on the one-dimensional Vt’;S , fusion space
in the G-SPT) and ensures that the arguments entering m(a, b) involve the same type of
representations. Therefore, Ttgshk) satisfies

nk(ga m)
ntg(g’ m)nsh(& m)

A more basic quantity of interest to us in what follows is the modular data of the discrete
gauge theory. It is given by [101]

ﬂ-((ligzshk) (£>7T((égvshvk) (m) = ’ Wﬁ%sh,k) (£m> (]'55)

1 * *
Sampinm) = g > X (O X (k)
kelg], Lelh],
()
Xno g
011 e § 1.56
(lg)7%) Yos (©) (1.56)
where we define x7.(¢) as follows
-1 h -1
X (wha™) = ny(@ whe ) X () (1.57)

ng(h,z71)
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Here, 6 is the topological spin, and S is the modular S matrix. It follows from these
definitions that quantum dimensions are given by

Slg)mg)([1),1)
dgmy) = o —— = llgl] - 7] (1.58)
T Sy !
where |[g]] is the size of the conjugacy class, and |7y'| is the dimension of the representation.
Non-abelian anyons have d((y) ~~) > 1. As a consequence, they must satisfy

(lg], ) > (lg™ '], (mg)") = ([, 1) + - (1.59)

where the ellipses necessarily contain additional terms (otherwise we would have d(jg) -«) = 1),

1 is the trivial representation of G, and (([¢™'], (7¥)*) is the anyon conjugate to ([g], 7).

9 g
We may write a dictionary between the non-abelian Wilson lines, flux lines, and dyons

discussed in the previous sections and the objects discussed in this section as follows

We, < ([1],m), |m|>1,

pg < ([gl:15) . gl >1,
Linmyy < ([A]my), |[B]] - |m7[ > 1. (1.60)

We have dropped the w superscript from m; in order to emphasize, as discussed above, that
Wilson lines always transform under linear representations of G. We include an € superscript
on the trivial representation of the flux line because these objects only exist when the relevant
Ny in is trivial in cohomology. This triviality means that n,(h, k) can be expressed in
terms of a one co-chain as follows: n,(h, k) = Ege(:()%()k)

Finally, let us mention two canonical examples of nonabelian anyons as well, more exam-
ples can be found in[139]

e Fibonacci anyons

1+V5
2

is the simplest system capable for universal quantum computation through braiding

this theory is named by the golden ratio ¢ = which appears naturally in it, it

alone.

Anyon types: {1,7}

Fusion rules: 72 =1+ 7

Quantum dimensions: {1, p}
ami

Twists: 6 =1,0, =e5
Total quantum order: D = 2 cos (1) — V5

10 2 sin(% )
4mg 3mi
5

Topological central charge: ¢ = 1—54 Braidings: R]" =e 5 ,R" =e

"Note that 15 is the irreducible projective representation of N, whose character is proportional to the
trivial representation of Ny.
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) 1 e
Do 1
S-matrix: S = NoERT ( o -1 ),

-1 -1/2
F-matrices: FI'77 = < (p_l/g i —1 >
% —¥

e [sing anyons

this is the anyon theory behind two dimensional Ising model

Anyon types: {1,0,9}

Fusion rules: 02 =1+ 1,00 = o = 0,9 =1

Quantum dimensions: {1,v/2,1} Twists: 6; = 1,6, = e%i, Oy =—1

Total quantum order: D = 2

Topological central charge: ¢ = %
Bri

Braidings: R{% = 6_%2'7qu/;¢ = _17RZU — Rgd) = —i, RZG o
1 V2

Smatrix: S=11 v2 0 —v2 |,
1 —v2 1

1 0,0,0 1 1 o o),o
F-matrices: F777 = \/Li ( 1 ) ’F;ba W — (_1)’Fw¢ = (-1

1.1.2 TQFT as a path integral

The d = 3 electrodynamics model and the discrete gauge theory in the last section are all
examples of Chern-Simons theory, which is one of the most important classes of TQFT. Just
like these examples, for TQFT in general the correlators are topological invariants, concretely,
suppose we have a theory defined by some action S (¢;) of fields ¢; on a Riemannian manifold
with metric g, then for the correlators between operators O, (¢;)

(00 Oy -0y, = / D] O, (61) Oy (61) -+ O, () exp (=S (61)  (161)

We should havef]

J

5o (00, Opy -+ O4,) =0 (1.62)

81f one begins with a metric independent classical action, due to possible anomaly the resulting quantum
theory may or may not be topological, so this naive approach may sometimes fail. For example given the ac-
tion in , if G is compact, the quantum theory is topological, but with the non-compact G = SL(n,R),it
is not known whether this theory is topological or not, see for example the online lecture Quantization, Gauge
Theory, and the Analytic Approach to Geometric Langlands 1 by Edward Witten at QUANTUM FIELDS,
GEOMETRY AND REPRESENTATION THEORY 2021 (ONLINE).
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There are two ways to satisfy this, and the resulting TQFTs are called Schwarz type or
Witten type respectively.[115]

For Scgwarz type theories, one simply begin with a metric independent action, i.e. the
energy momentum tensor vanishes

0S
0G

=T, =0 (1.63)

Then there is no local interaction in this theory, and for observables O, (¢;) we can just pick
topological ones such as Wilson lines and surface defects, then

)
—0,(¢;) =0 1.64
55 0n (60 (1.64)

So trivially ((1.62) is satisfied.
For Witten type theories, suppose we have a symmetry generated by ¢ such that

0
g

uv

05 =0, Oa (i) = 008 (9i), T (6i) = 0G L, (¢4) (1.65)

then we have

4]

5.97 <Oa10a2 e Oap> = - / [D¢z] o (Oal (¢2) Oaz <¢z) e Oap (¢z) G,uz/ €xp <_S (QSZ))) =0
(1.66)

This is formally true when we regard every term with ¢ as infinitesimal, one can also impose

=0 (1.67)

such that the action is 0 exact
S (i) = 0A (¢3) (1.68)

Then one construct suitable BRST cohomology classes to define O, (¢;), for this reason,
Witten type theories are also called cohomological type theories. Witten type TQFTs appear
naturally in extended supersymmetric field theories where by ’twisting” a modified version
of SUSY transformation is constructed and it plays the role of ¢

In this thesis we will focus on Chern-Simons theory , which is of Schwarz type. Here
we will show that both the discrete gauge theory and three dimensional electrodynamics we
have discussed the in last section can be viewed as special cases of Chern-Simons theory.

We will assume our spacetime is a three-dimensional oriented manifold M ,the gauge
symmetry is given by a compact group G, which is either a finite group or a Lie group, the
gauge field A is realized as (the pull back on M of) a connection on a G principal bundle E.

When G is a Lie group, locally A is a g vector valued one form, if in addition ,just like
in our three dimensional electrodynamics toy model, E' is trivial, then A is well defined on
M as a g vector valued one form. We can define the Chern-Simons functional as

S(A)—i/ Tr (A/\dAJrgA/\AAA) (1.69)
M

872
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Then just as before we have

Z(M) = / P A5 (1.70)

which enforces k € Z

In particular when G is simply connected, F must be trivial, this includes the most
common examples of simply connected G' with a semisimple g given by an ADE label.

But for our purposes we want to include nontrivial £ as well, so we can generalize (|1.69)
as follow: if we first pick a four dimensional manifold B such that M = 0B and assume that
A can be extended to B, then the following functional is well defined, and reduced to

for trivial F
k

S(A) = @/BTr(F A F) (1.71)
But in general such B may not exist , so we prefer to find an intrinsic way to define a
functional on M, using a cobordism argument, given M we can always construct B = M x [
with 0B = M U (—M), then suppose we have A” on B that interpolates between A on

M x {0} and A" on M x {1}, then

S(A) — S (A = / Tr(F" A F) (1.72)
812 g

But tells us that the RHS depends only on S(A)—S (A’) mod but not on the particular
choice of A”, so if we can fix it as an integration constant depends intrinsically on M, E, we
would be able to define a functional as the topological action.

Indeed there is a natural way to characterize E, given by the map A : m (M) — G, then
we can define the topological action S as a functional assign each pair (M, \) a number
S(A\) € R/Z, which satisfies the following two consistency conditions

e We define S ~ S" up to a functional depends only on A|gys, physically this means

2mwiS 2715’

transition amplitudes e and e are the same up to redefinition of external states

e If OM =0 and B : 9B = M, with A\g : m(B) — G and Ap|sgys = A then S(A\) =

2miS(M1#Ma) 2miS(My) eQW’iS(MQ

0, physically this is the factorization property e =e ) for

connected sum of manifolds

It turns out S(A)’s are in one to one correspondence with cohomology classes of classifying
space BG

H*(BG,R/Z) (1.73)

While for finite groups we have

H*(BG,R/7) = H*(BG,Z) (1.74)

So by a topological Lagrangian we merely mean an element of the abelian group H*(BG,Z)
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When G is a simply connected Lie group, we have
H*(BG,7) =7 (1.75)

And ¢ Tr(F A F) is the generator [1], so the action is classified by [k] directly as an element
of HY(BG,Z) 2 7 as well

More general type of compact G with finite 7 (G) can be built up by these two extreme
cases by the following two exact sequences

1G>G —->1T—1 (1.76)
Where I must be finite for compact G, and
1-m(G) -G —G—1 (1.77)
And indeed for those G, S(A) is determined by an element of
H*(BG,7) (1.78)

To be more precise, recall that we have the map v : M — BG, whose homotopic classes [7]
are in one to one correspondence with the equivalent classes of G-principal bundle [E], hence
given \ there is an associated +y, and it is known that each w € H*(BG,Z) will determine
an real three cochain 8 € H3(BG, R) with

58 =Q(F,) —w (1.79)

Where Q(F) = & Tr F A F and F, is the curvature of the universal connection A, on
the universal bundle

Then we have a three cochain @ = $(modl) in C3(BG,R/Z) such that its pullback
ay = v*a on M is a well defined cohomology class in H?(M,R/Z), the topological action S
is realized as the natural pairing between cohomolgy and homology classes

S = (aa, [M]) (1.80)

For a Lie group this is an integral, while for a finite group it is just a finite sum.

Now we have defined Chern-Simons theory in a general but abstract way, the main point
is that we can treat compact Lie groups and finite groups in an equal footing. This is very
important for us as we are going to deal with these two cases in later applications.

1.2 Conformal field theory

A conformal field theory is a quantum field theory with conformal symmetry. It originates in
several research areas such as the critical phenomena in statistical physics , the high energy
behavior of quantum chromodynamics, and the world-sheet description in string theory,
where the underlying physical systems are scale invariant. Since the 1980s it has become
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a highly developed branch in theoretical and mathematical physics, many new techniques
are employed and new applications are explored, it appears in a vast range of topics both
in physics and mathematics. For example, the AdS/CFT correspondence is used to analyze
blackhole as well as hydrodynamics, CF'T inspired ideas are used in number theory as well
as probability theory. Here we will only review some of the basic ingredients, and more
systematic developments can be found in standard textbooks such as [71], 24].

The importance of CFT arises from several different but related aspects:

e CFT indeed describes some special but important physical systems, either directly
Jfor example in phase transition and in string world-sheet,or via indirect means such
as AdS/CFT correspondence. In particular, some nontrivial models can be solved
exactly or numerically by CFT, which provides non-perturbative ways to deal with
these problems, e.g. in bootstrap analysis of the three-dimensional Ising model. CF'T
is very rich in a range of applications, and it provides a bridge between different areas
of physics.

e Viewed as a special kind of QFT, CFT is finite, that is, the beta function vanishes
exactly. Therefor, CFTs provide natural candidates for renormalization group fixed
points of various kinds, hence knowledge about CFT provides constraints and infor-
mation on generic QFTs and RG processes, for example Zamolodchikov’s c-theorem.

e It involves several important branches of mathematics combined in a specific way, and
this makes CFT useful and inspiring in many important mathematical problems. For
example, the 2d CF'T on the torus provides a physical interpretation for some known
mathematical identities of theta functions, and thus also inspires modern generaliza-
tions of the classical results.

In this section, we first discuss CFT with generic (d > 2) spacetime dimension[145] [141]
148], the important special case d = 2 is then analyzed separately[145] [61) 24] 23], finally we
analyze the field content of CFT from a representation theory viewpoint and introduce the
concept of modularity[145], 61], 24, 23].

1.2.1 Conformal symmetry and conformal field theory: d > 2

But what is conformal symmetry? It is the symmetry associated with conformal transfor-
mations.By definition, a conformal transformation is an invertible mapping of spacetime@
such that it leaves the metric invariant up to a scale:

=, g, (1) = Ma)guw(r) (1.81)

9viewed as an pseudo-Riemann manifold with signature (p, q), and for simplicity assumed to be flat, in

most cases we just need Lorentzian/Euclidean RP+? or torus
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So locally it is just a combination of (pseudo) rotation and dilation, i.e.

ox'*

Oz

J =b(x)M!(x),b(x) = \/A(z) (1.82)

Obviously, all Poincaré transformations are conformal, and dilation is conformal. In addition
we also have the so called special conformal transformation(SCT), taking together they form
the conformal group, in R”?,  p+ ¢ > 2 spacetime it is

Conf (R) =2 SO(p+1,q+ 1) (1.83)

In particular for Euclidean spacetime R?, p = d,q = 0,d > 2 , the conformal group is
Conf (]Rd’o) and we have the following isomorphism

Conf (R*?) = SO(d + 1, 1) (1.84)
As a consequence we find the dimension of Conf (Rd’o) is

(d+2)(d+1)

5 (1.85)
It is generated by:
't = gt + gt
P = M+, z¥
x//}, — OC:CH (186)
P —bH 2
gt = 1—2b-z+b222
with the following Lie algebras
P, = —i0,
D = —iz"0, (1.87)
L, =i(x,0, — x,0,) '
K, = —i(2z,2"0, — 2%0,)
and commutators
[D> PM] = iPM
(D, K] = —iK,
K,,P|=2tn,D—-1L,,
[ % ] ' (m % ) (1.88)
[Kpa L,uv] =1 (npqu npuKu>
[Pp’LW] =1 (Upupu - npuPu)
Ly Lol = @ (MupLipo + Mo Lup = MpupLve — MvoLip)

In the spirit of the last section, if we extend the covariance condition of an ordinary QFT
to a conformal group, we will get a CFT(conformal field theory).
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Since the conformal group contains the Poincaré group, in any local CFT the energy
momentum tensor 7}, always exists and is symmetric, conformal symmetry further enforces
it to be tracelesd™|

wo_
Ty =0 (1.89)

And indeed when d > 2, under some mild assumptions, given a QFT, Poincaré and
scale invariance plus the energy momentum tensor being traceless will enforce full conformal
invariance, but counter examples do exist, there are scale invariant but not conformal the-
ories.E Since RG fixed points are scale invariant theories, it is quite natural for RG fixed
points to be CFTs.

Due to scale invariance, the operator D plays a primary role in CFT through radial
quantization, where the spacetime foliation is given by the family of concentric spheres S9!,
and the radial direction plays the role of time, hence D is the Hamiltonian, to be more

precise we have propagator
U = ePA7 (1.90)

where 7 = logr , and associated with each sphere a Hilbert space, particularly for the
Hilbert space at the origin such states are classified by representations of D, i.e. the scaling
dimension, or simply dimension A

DIA) = iA|A) (1.91)

and of L,,, i.e. the spin [

ws

Lun| A Dy = (S)i3 1A, Dy (1.92)

From the conformal algebra we know that P,, K,, D together forms an oscillator like
system where P,, K, are ladder operators, hence we have

IA) D5 A+ oA 2) - (1.93)
and .
02 |AY &2 A+ 1) - (1.94)

We will call states with the property K,|A) = 0 as primary states, and states obtained
from primary states by P, as descendant states.

On the other hand, we can imagine that a state at spacetime point x are created by a
field operator O(x), then again they are classified by representations

[, O(2)] = —i0,0(x)

[D,0(x)] = =i (A + 29,) O(x)

L, O(x)] = =i (X, + 2,0, — 2,0,) O(x)

(K, O(z)] = —i (2z,A + 228y, + 22, (2°0,) — 229,) O()

(1.95)

19see appendix for the definition of local field, and there are indeed well defined CFTs with non-local
fields, in these theories 7" may not exist, for example in long range Ising model
HSee [65] for more details
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In particular at the origin we have

[K,,0(0)] =0 (1.96)
and
[P;w O(z)] = —Z'aMO(x)
[D,0(0)] = —iAO(0) (1.97)
[Myuw, O(0)] = —i%,,0(0)

we will call such O(0) operators as primary operators with dimension A and spin [. Equiva-
lently, this says that the corresponding field ¢(x) transfers properly under conformal trans-
formations

1
b(x)A

In summary we have the so called state-operator correspondence as

d(x) = 6 (2) =

R[MJ(z)] ¢() (1.98)

|A) = O0a(0)[0) (1.99)
and general states are superposition of primaries and their descendants
, . . 1
|U) = Oa(z)|0) = eP*OA(0)e F7|0) = eT*|A) = Z m(iPx)”|A) (1.100)

n

It turns out conformal symmetry also gives extra constraints on A, [ for unitary or reflec-
tion positive theory, i.e. there is a lower bound for scaling dimension A, in the most common
case of a gauge invariant primary in a spin-f traceless symmetric tensor representation, it
i

A = 0 (unit operator), or
d—2 _
A> 5 (=0 (1.101)
| l+d-2 (>0

this is called unitary bound. In particular for scalar the bound is saturated by free fields
OO0(x) =0 (1.102)

for fields with spin the bound is saturated by conserved currents J*, and it also works
backwards so

A=(+d—-2 iff 9,7"=0 (1.103)

2For an operator (© in representation Ry, the lower bound is the minimum of
1 (= Cas(V ® Rp) + Cas(V) + Cas (Rp)), where Cas denotes the Casimir invariant of the corresponding rep-
resentation and V' = V; is the vector representation, if Ro = V4 then due to the fact VeV, =V,_1@... (¢ >
0) and Cas (V1) = £({+d—2),we have A > 1 (— Cas (Vi—1) + Cas(V) + Cas (V;)) = {+d —2, see [148, [141].
While for a generic d = 4 primary in representation (j1,j2) the bound is ji + j2 + 2 — d;,4,,0[92]. Here we
should emphasize that this holds for gauge invariant operators only, for example the gauge field A, in d =4
Maxwell theory is in vector representation,but it has A = 1 instead of 3. Further details, possible subtleties
and improvements for specific values of d and types of representations are discussed in [120]
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Now since we have defined states and operators in CF'T, the natural objects to study are
the correlators, again the conformal symmetry gives strong constraints. For simplicity we
will consider an Euclidean spacetime without boundary, and for simplicity we just consider
scalars, then the one point function vanishes

(¢ () =0 (1.104)

And the two point function is fixed up to an operator dependent constant

C .
—122 if Al = AQ
x T)) = { le—w2* ’ 1.105
(01 (@1) 62 (22)) { A, (1105
The three point function is also fixed up to an operator dependent constant
Chas
(D1 (71) P2 (22) @3 (23)) = N . Wy, Wy P, W v (1.106)
T12 La3 T13
The four point function is not fixed, but it is of a particular type:
T19T34 X127 !
12234 T12%34 AJ3—Ai—A;
T1)...04(24)) = ,—— Ty 1.107
A R e ) | (1107

1<j

where A = 38 A,

To better understand this, we can use the technique of operator product expansion,or
OPE for short, suppose we are given a family of operators O;(x) , if we apply O;(x)O;(0) to
vacuum, we will get a superposition of primaries and descendants

O;(2)0;(0)|0) = >~ Ciju(, P)Ox(0)[0) (1.108)

This can be viewed as an equation for operators valid only when O, and O, are close enough
and no other operators are inserted nearby

O; (1) O (x2) = Y _ Ciji, (112, 02) O (2) (1.109)

Then using OPE, we can calculate two point functions from three point functions, and the
four point functions can be reduced to the sum of three point functions as well. But we can
either expand as 1 <— 2,3 «<— 4 or 1 <— 4,2 +— 3, just like the crossing symmetry in
scattering amplitude, these two expansions must agree with each other. This put constraints
on these coefficients Cjj;, which is the bootstrap equation,see figure |§| The problem of finding
solutions to and extract information from such equations is called conformal bootstrap, it is
of great importance and has a lot of applications, but we will not discuss it here as we do
not use it in further development@

13See [148] for more details on bootstrap
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Figure 9: Crossing symmetry and bootstrap equation [71]

1.2.2 Conformal symmetry and conformal field theory: d = 2

Two dimensional systems are very special and important in mathematics, and many of them
are related to each other in surprising ways; for example, beginning with classical complex
analysis, we have two dimensional manifolds, algebraic curves and modular forms, all of
which are related to the concept of Riemann surfaces.

And in physics, they provide a lot of nontrivial but solvable models such as the two-
dimensional Ising model, which are cornerstones for physics in general. For our purposes,
there are three important features associated with two dimensional conformal field theory:

e At dimension two the conformal Lie algebra gets enhanced to an infinite dimensional
algebra, and after complexation and central extension it becomes the Virasoro algebra,
which is the cornerstone of 2d CF'T

e We can rewrite 2d CFT using a holomorphic formalism, so that many rich and power-
ful techniques in complex analysis become available. In a sense we just get a quantum
version of classical complex analysis,this idea eventually will lead to a formal axioma-
tization of 2d CFT as vertex operator algebra (or VOA for short).

e Due to the special nature of 2d topology, we can define CFT for some general spacetime
manifolds. Especially where the torus plays an essential role, and CFT on torus leads to
modularity with associated modular data, this will have many surprising consequences
such as the Verlinde formula.

Due to their importance, in this section we will focus on Virasoro algebra and introduce
the basic concepts first, leaving the more formal discussions of modularity to the next section,
VOA is also reviewed in the appendix [A.2]

According to our general results in the last section, the two dimensional conformal group
for Euclidean spacetime is
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Conf (R*?) 22 SO(3,1) (1.110)

which is just the Lorentz group.
Since we are in dimension two, it is quite natural to use complex coordinates z = 2 +

0

iz',z = 2° —iz', and complex analysis tells us that

Conf (R*?) = SO(3,1) = PSL(2,C) (1.111)

So for two dimensional Euclidean theory, the conformal transformations are just Mobius
transformations ¢(z) = %’ those transformations are injective and holomorphic, defined
on the whole C with at most one exceptional point(hence holomorphic on the Riemann
sphere), they are called global conformal transformations.

Also from complex analysis, we know that locally every holomorphic function is conformal
in the sense of an angle and orientation keeping tranformation. It is obvious now, at least
locally, that we have ds? = dzdz %%dzdé for infinite small transformations, but unlike
Mébius transformations we can not define a general f(z) globally as it may have more
than one singular points. While in quantum theory symmetry is defined by the Lie algebra
rather than the Lie group, so here it is quite natural to extend our definition of conformal
transformation to include them. In this sense, we say that the conformal algebra at dimension
two is enhanced to an infinite dimensional one. Precisely, we can first use power series

expansions to write

I — _ . n+l
Z7=Z2+E€Z) =24+ & (=2
and define the generators
l, =—2""9, and [,=—2""10; (1.113)

then they form the so called Witt algebra

[l o] = (M = 1)l
(Lo 1] = (m — 1)l (1.114)

L] =0

We see here that a key feature of Witt algebra is that it contains two decoupled iden-
tical copies {l,} and {[,}, it is a custom in complex analysis and geometry to view z,Z
as independent with z = Z interpreted as reality condition, and call them as holomorphic
and antiholomorphic parts(or chiral and anti-chiral). For simplicity we usually only write
formulas for the holomorphic part only with the understanding that the corresponding an-
tiholomorphic version is obvious[']

this is not true in boundary conformal field theory, but in this thesis we consider bulk theory only
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Also we find that the global conformal transformations are generated by

{1_1,10,11} (1.115)

with [_q,l_; for translation, {1, for SCT, I, + [, for dilation, and i (lo — l_o) for rotation. it
should be noted that in two dimensional Minkowski spacetime, we have

Conf (R"') = Diff . (S) x Diff.(S) (1.116)

This group is indeed infinite dimensional, and its Lie algebra, after complexification, contains
the Witt algebra as a dense subsetﬁ And the finite subgroup

SO(2,2)/{£1} = PSL(2,R) x PSL(2,R) C Conf (S"") (1.117)

is the Minkowski spacetime analogue of PSL(2,C). So in summary, for dimension two, we
should consider the infinite dimensional Witt algebra instead of the finite one {l_1, o, l41}.

The above considerations are pure classical, and after quantization it is modified, and
the Witt algebra W becomes Virasoro algebra Vir. Mathematically, this is characterized by
central extensions of the Witt algebra W

0 —C—Vir— W —20 (1.118)
with
H*(W,C)=C (1.119)
and
Vir =W e CZ (1.120)
then we have n
Ly, L] = (n—m)Lpim + Opimo— (n2 —1) Z
(L L] = (= ) L + Grimots (0% = 1) o

L., Z]=0 for n,meZ

It is important to note that after central extension, the generators of global transformations
{L_1, Ly, L} still form a subalgebra.

We can view the central charge Z as an ordinary c-number ¢ ,i.e. identify it with its
eigenvalue, so we just write

(L, Lon] = (0 — 1) s + % (1% = 1) Smo (1.122)
This number c is a definition datum for a CF'T, it is also known as conformal anomaly, this
is because if we put the underlying CFT in a curved spacetime with genus g and curvature

R then we would have .

(T;;(a;)>g = %R(x) (1.123)

15But as Lie group Diff  (S) has no complexification, hence the ’infinite dimensional conformal group’ does
not exist, for more information see [145]
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physically, it measures the effective number of degrees of freedom of the underlying theory, as
if we put the CFT on an infinite cylinder with circumference £ = 1/7 in the (imaginary)time
direction, then the specific heat of this system is given by

lim ——= = —¢T (1.124)

Central charge is important also because of the following famous theorem for generic
d =2 QFT with coupling constants g; at the energy scale

Theorem 1.1 (C-theorem[164, [70]). There ezists a function C (g;, ) of the coupling con-
stants which is decreasing along the RG flow and it is stationary only at the fixed points.
Moreover, at the fized points the C (g}, u) = C function is equal to the central charge of the
CFT of the fized point

More generally for d > 2 CFT on a generic manifold M with possible boundary M,
we can have different types of anomalies, along with some theorems on RG behaviors which
generalize the C-theorem here[97, [72, 113]. For example with d = 4 we have the bulk a term
as a ~ fs4 <T[j> and the A-theorem roughly says that a;g < ayy [114].

Since we now have an enlarged set of conformal transformations, the concept of a primary
should modified correspondingly.For a general field ¢(z, Z) under scaling transformation z —
Az, if we have

B(z,2) = ¢'(2,2) = NN ¢(\z, A7) (1.125)

then (h, h) are defined as the conformal (or scaling) dimensions of ¢(z, Z), they are related
toAlash=3(A+1) h=3i(A-1)
Given any conformal transformation z — f(z) if we always have

h =\ h
o200 = (5) (3) et 7e (1.126)
or in infinitesimal form
O (2, 2) = (hO.e + €0, + hOse + €0:) &(z, Z) (1.127)

then we will define ¢(z, Z) as a primary(or Virasoro primary) field, if this holds only for global
conformal transformations, we will define ¢(z, Z) as a quasi-primary field. It is obvious that
quasi-primary is primary with respect to our earlier definition for conformal fields with d > 2,
but Virasoro primary is unique for d = 2 CFT, it is indeed an infinite sum of quasi primaries.

As we have mentioned, the Witt algebra, hence the Virasoro algebra, has holomorphic and
anti-holomorphic parts, so we will call a field ¢(z) depending on z only as holomorphic(chiral)
field and similarly ¢(Z) as anti-holomorphic(anti-chiral), then ¢(z), have conformal dimen-
sions h, h respectively, so we can just treat them separately.

We can employ radical quantization as in general conformal field theory, and now because
spacetime is two dimensional, the foliation is given by concentric circles on complex plane,
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Figure 10: The conformal map from cylinder to complex plane [24]

see figurdI0] In analogue with the Fourier expansion on the cylinder we can obtain the
Laurent expansion on the complex plane

Blz,2)= Y 2 (1.128)

n,mez

where the Laurent modes ¢, become operators after quantization, then using operator-
state correspondence we can define an in state as

6) = lim 6(z,2)[0) = 64,40} (1.129)
with Hermitian conjugation
(Gnm)' = G—n—m (1.130)
we also have an out state
(6 = Tim w0 (0]o(w, ©) = (01,4 . (1.131)
W, W—»00

For a holomorphic field, this is simply ¢(z) = >, ., 27" "¢, and |¢) = |h) = ¢_,|0)
In order to calculate correlators we also need to define commutators and OPEs. To do
this, first notice that now the time ordering is represented as radial ordering.m

R(A(2)B(w)) :_{ ‘g((i))ﬁ(g Ei ;fu’; “”‘Z} (1.132)

and using the contour sum in figure [I1], the equal time commutator is

dz|A(z), B(w)] = dzA(z)B(w) — dzB(w)A(z
el B@l=§  EAGBW) - §  dBwAR) -
= fé( )dzR(A(z)B(w))
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Figure 11: The contour sum at LHS is equivalent to the one on RHS [24]

dz o(z)x(w)

g2 or in terms of modes

And normal ordering is defined by N(x¢)(w fc(w

= > Xok®+ D> OXnk (1.134)

k>—ho k<—ho

such that ¢,’s with n > —h are annihilation operators and ¢,,’s with n < —h are creation
operators. In this way we can define OPEs and calculate the correlators between primaries
just as before, again correlators(X) = (¢;(wy,w;) ... ¢n(wy,wy)) are constrained by con-
formal symmetry, hence n < 4 points functions are fixed in the same form, while n > 4
points functions are determined by bootstrap equation.

The energy momentum tensor is of central importance in d = 2 CFT, and has many nice
properties. First we should notice that in the Euclidean plane the traceless condition for the
energy momentum tensor becomes Tpy + 7111 = 0, as a consequence, in complex coordinates
T also separates into holomorphic and anti-holomorphic part

T..(2,2) =T(2), Ts(z2)=T(2) (1.135)
with 1 1
T, = 3 (Too — iT1o), T = 3 (Too + 1Tho) (1.136)

In this notation, for a general correlator (X) = (¢1(wq,w1)...dn(wy,wx)) we have the
following conformal Ward identity

1 1 . —
0ualX) = —g § e HTEX) + 5 7€ 472 (3)(T(2)X) (1.137)
where §, enriches all the field positions (w;,@;) appear in (X). In particular,for a single
primary (X) = (¢(w, w)) we should recover (1.127)),using the residue theorem, we find the
following OPEs

16

we usually omit the explicit radial ordering symbol R if it is clear from the context.
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T(2)p(w,w) :ﬁqﬁ(w,w)—l— L0, (w, w) + ...

zZ—w

T()6(w, 0) = i (w,0) + L5 Oudlw @) + . (1.138)

Z—w
which can be used as an alternative definition for primary, and using those OPEs, we can
write the conformal Ward identity in differential notation

(T'(2)p1 (wy,w1) ... on (Wn, WN))

-y & ! o _ (1.139)
= ZZI ((z s + (9wi) (1 (w1, 101) ... dn (W, WN))

Z — W;

It is important to point out that T'(z) itself is not primary, instead it is only a quasi
primary and we have

c/2 2T (w)  0,T(w)
T(2)T(w) = e 1.14
()T (w) o) T GowE ! aow T (1.140)
To see this, using the Laurent expansion
1
T _ —n—2 - n+1 ]
(2) Z 2z~ ""*L, where L, 5 dzz"""T(2) (1.141)
neZ
because )
Q. = 9s dze(2)T'(2), 0.P(w)=—[Q., P(w)] (1.142)
™
hence for e(z) = Y, ., 2" e, we have
neZ

so we should identify L, as the Virasoro generator in (1.122)), then the OPE ([1.140) is
equivalent to ([1.122). Indeed, under a finite transformation w = f(z), by explicit calculation
we have

af 2 c
/ f— —
T'(z) = (82) T(f(z))+—125(f(z),z) (1.144)
where the part deviates from being a primary is called Schwarzian derivative

1

S(w, z) = @ w)2

(@) (0P) — 3 ()’ (1.145)
( )

Using L, we can construct the Hilbert space associated with a primary. Begin with
|¢) = |h) = ¢_4|0), and notice that

[Lma ¢n] = ((h - 1)m - n)¢m+n (1'146)
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so Lolh) = [Lo, ¢-p]|0) = h|h) and Ly|¢) = [Ly, ¢-1]|0) = (h(n + 1) = n)¢_p1s|0) = O for
n > 0, while applying L_,, repeatedly generates descendants of the form

Lol gy Loy |h) 1<k < <k) (1.147)

For ) = L_y,L_y, -+ L_y,|h) we have Lg|¢)) = (k+ h) [¢) where k = )" k; is defined as
the level of |¢), for example the first few descendants are

Field State Level
$(2) h|0> h) 0
0¢ L_1¢_4]0) 1
¢ 1L 10-1]0) 2
N(T9) L_yp_pl0) 2
o L 1L L1620y 3
N(T0¢) 2L 10-4l0) 3
N(9T9) L_3¢_4|0) 3

The collection of |h) along with its descendants is a collection of representations of Vi-
rasoro algebra, i.e. a Verma module with the primary as the irreducible highest weight
representation, we will denote it as V' (¢, h). Using operator-state correspondence, we can
also represent L_,,’s as differential operators act on correlators

<Z_n¢(w)¢1 (w1) ... bn (wN)> = L (d(w)ér (w1) ... b (wx) (1.148)
with

L, = i (((Z__%Ln - ! )n_lawi) (1.149)

P (w; —w
Finally, here we give two basic examples of 2d CFT, first we have the free boson defined

by the action
1 _
S = —/dzdz(’?X -0X (1.150)
A

There are two types of primary, one type is j(z) = i0X(z, 2),j(2) = i0X(z) with (h,h) =

(1,1) and the following OPE
GEIW) = = (1.151)

another type is so the called vertex operator, it is an operator of the form V (z, 2) =: ei®X (2:2) .

with dimension (b, h) = (4,5 ) with OPE
1

(z —w)**(z —w)**

(V_alz, 2)Va(w, w)) = (1.152)

In this theory ¢ = 1 and the energy momentum tensor is 7'(z) = 1N(jj)(z), with a similar
antiholomorphic part. Correspondingly, the free fermion is defined by the action

s / d=d=($0 + OD) (1.153)
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where we must specify the (anti)periodic condition

¥ (e¥™z) = +4(z) Neveu-Schwarz sector (NS),

¥ (€¥™z) = —(z) Ramond sector (R). (1.154)

with 7 € Z +  Neveu-Schwarz sector (NS), 7 € Z Ramond sector (R) for the mode in-
dex. ¥ and ¢ are primaries with conformal dimensions (h, k) = (3,0), and (h,h) = (0, 1)
respectively, with the following OPE

Y(2)v(w) = (1.155)

In this theory ¢ = % and the energy momentum tensor is 7'(z) = %N(@/J@@/J), with a similar

antiholomorphic part.

1.2.3 Representations, symmetries and modularity

We have defined the basic vocabulary of d = 2 CFT in the last section, and we see that the
key data are the central charge ¢ and the primaries (h, h). In ordinary QFT,we have some
particles interacting with each other that we want to study, so we first construct fields with
appropriate transformation properties of the symmetry group of the interaction, and then
identify particles as quanta of corresponding fields, hence also labeled by representations of
the symmetry algebras, so in essence a QFT is a collection of representations. Although due
to scale invariance, there is no cluster decomposition so we can not identify primaries (h, h)
as massless particles in the usual sense, but it is still reasonable to say that a CFT is just
a collection of primaries as irreducible representations of conformal algebras. Especially for
2d CFT, it is a collection of Verma modules of Virasoro algebra, and due to chirality it has
a tensor structure.

This allows us to identify a 2d CFT as an inner product space $), which is a direct sum
of tensor products of Verma modules as representations of Vir, x Vir, [18, 122]

H=EPV(hc)@V(he) (1.156)
h,h
such that
e Vacuum
0y with (h,h) = (0,0) exists and is unique, it is invariant under global conformal
transformations

e Operator-state correspondence

To each vector o € ), there is an associated operator ®,(z), in particular |0) corre-
sponds to unit operator. These field operators have OPEs, and for a given ®,(z) there
is a conjugate @,/ such that ®,P, contains a descendant of the unit operator.
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e Primary

Chrial /anti-chrial primaries |h) and |h) are highest weight vectors of V' (h, ¢) and V (h, ¢)
respectively, with Virasoro algebra generators L,, and L, act on them.

e Analyticity

The correlators of chiral fields are analytic functions of z

e Modularity

The correlators and the one loop partition functions are modular invariant, i.e. V'(h,c)
and V (h, &) should be paired in a restricted but not arbitrary way.

The first four properties are obvious, while the last one will be discussed later, now it
is enough to say that if V =V, i.e. ¢ = ¢ h = h, then modularity is always satisfied, such
theories are called diagonal, and for simplicity we will treat the holomorphic part V (e, h)
only.

The core concept underlying the above formalism is the chiral operator 7'(z), which is
physically the energy momentum tensor. We know that in QFTs it is common to have con-
served currents other than the energy momentum tensor, in d = 2 CFTs they are represented
by chiral operators W (z)’s, for example the current operator j(z) in the free boson theory
. Given W (z), there is usually an associated larger symmetry algebra W containing
the Virasoro algebra as a subalgebra, where we can take the Laurent modes W, of W (z)
as the generators of YW with a consistent set of commutators [W,,, L], [W,,, W], for exam-
ple [Lo, W] = —nW,, this is called W-algebra. Using W-algebra, W-primaries are defined
and realized as special combinations of Virasoro primaries, with a similar construction for
the antiholomorphic part W, we can have the diagonal theory W x W and direct sums of
corresponding modules

Hw =P M @ M; (1.157)
i
In principle the possible number of primaries in a CFT can be infinite, and this is indeed
the case in generic settings, but for some special theories there are finite many primaries
only, or sometimes we can reorganizing infinite many Virasoro algebra modules into finite
W-algebra ones, then we have rational conformal field theories, the term rational originates
in the fact that c, h are rational numbers in those theories, we will denote it as

H= P Mc,h)®Mc,h), |I],[I]<oc (1.158)
hel,hel
and using M (¢, h) to denote its (reduced) Verma module or more general W-algebra module.
In this section we will introduce two different kinds of RCFT, the (Virasoro) minimal model
and the WZW model, where the former involves Virasoro algebra only and the later is a
special type of W-algebra induced by current operators J(z).
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Before we get to concrete constructions, it is useful to first introduce the notation of the
fusion rule for d = 2 CFT. We will only cover the basic notations here, a more abstract
formalism using category is also summarized briefly in the appendix for a more sys-
tematic development see [73]. Indeed d = 2 CFTs have some properties very similar with
d =3 TQFTs, i.e. we can define brading and fusion processes through OPEs. In CFT, OPEs
or correlators calculation is a basic problem, and once we have calculated all four point func-
tions, the theory is solved, practically the OPEs contain almost all the information we want.
However, OPEs are basis dependent, and we have to specify the field points z; as well as
some normalization constants to obtain CZ This problem is similar to the Clebsch—Gordan
coefficients calculation, but in that case we know there is a basis independent way to encode
the information, that is, using irreducible decomposition of tensor products of representa-
tions. In this sense fusion rules are just the basis independent reformulation of OPEs based
on the following two facts:

e Aswe have seen above, fields are organized into direct sums of modules of corresponding
algebras, in particular primaries ¢; are just highest weight modules and the descendants
are determined by them to form families [¢;], so we only need to consider OPEs between
primaries

e Like Ward identities, the OPEs

6i(2,2) ¢, (w, @) Z w, z, W) (w, ) (1.159)

are operator equations valid inside correlators and they are closed, hence constitute a
closed associative operator algebra

= Nl (1.160)
k
Technically, we define fusion as follow:
e If we have
$i(2,2)¢(w,m) = Y C(z —w) A8 (2 — @) AR gy (w,w) + .. ] (1.161)

kel

or equivalently C = lim, ;o 2722627255 (;(0,0)¢;(1, 1)k (2, 2)) is nonvanishing, we
say N;’; > (, hence it counts the number of distinct coupling constants between pri-
maries appear on the RHS of the OPE.

To obtain the exact values of N} we need to specific overall normalization constants.
While in simple theories such as Virasoro minimal models , this is unnecessary as
./\f-’? = 0, 1 only, however, in more complicated examples it is possible to have ./\lej > 1

and we need extra labels such as C’k (1) b (1) + C’ (2) + ... to do proper counting.
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In practice, such calculations are rather cumbersome, and one usually begins with a
set of well defined fusion rules based on representation theoretical considerations and
using it to calculate the OPEs, but in principle one can obtain ./\/;’; from C’fj and vice
versa.

e Then it is obvious that 1¢;(z,2) = ¢;(z, Z) so the vacuum serves as the identity 1 x
[¢;] = [#4] of this algebra, and the antiparticle or involution ¢; of ¢; is defined by

(612,26 (w, @) = (2 — w) (2 — )2 (1.162)
such that [¢;] x [¢f] =1+ ---
Fusion rules are indeed closely related to conformal blocks:
e Follow the bootstrap rule, the four-point function
F(2,2) = Fiju(z, 2) = (6i(2, 2)9;(0,0)dx(1, 1) ¢u (00, 00)) (1.163)

is given by a sum over products of chiral and anti-chiral blocks

M M
F(2.2) =YY amnFm(2) Fm(?) (1.164)
m=1m=1
where the number M = M;;i; of blocks is
=S AN (1.165)
nel

with an appropriate normalization we also have a,m = @m0 o(m) With some permuta-
tion o and a,, = C’[;‘kal.

e We can also define F-move and braiding matrices F, B by

zlk]p Z Fpm [zl } ijkl,m ( 1)

(1.166)

ijln Z B [zl } wklm(l —z),
Then we will have hexagon and pentagon equations, this eventually leading to the
categories we discussed in appendix [A.3.1] And we can verify that just like the fusion
rules of anyons, the CF'T fusion rules are well defined and consistent. However it should
be pointed out that the fusion rules we have constructed are not identical to irreducible
decomposition of tensor products of representations of Virasoro algebra or W-algebra
as in that case quantities such as central charges c;, cp should sum up rather than
stay the same. The point is, when view fusion rules as tensor products, the collection
of modules in a CFT are the objects of a rigid braided monoidal category, while for
RCFT it is indeed a modular tensor category, hence we have a pure algebraic way to
characterize them.
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As the simplest example of RCFT, given ) , using the commutation relations of Vira-
soro algebra, the norm (x|y) of a generic state |y) , either primary or descendant, can be
calculated, and it is possible that (x|x) <0

o If (x|x) = 0, then |x) is a null state, we may want to quotient out all of such |y) by
identifying [1) ~ [1) + a|x) as physical states to obtain a new theory $)’, this new
theory may again contain null states |x’) so we repeat quotient out them, for some
special § if we do this in a very careful and consistent eventually we can arrive at a
RCFT

e If (x|x) < 0 the theory is non-unitary, E if we want unitary theories we have to adjust
the value of ¢, h, it terms out that either

cz1l, h>=0 (1.167)

or they take some special discrete rational values only, labeled by a natural number m

c=1——6 _
m{mtl) 1.168
hralim) = LDl (1 <y a1 <5 <) 0

Combine those two facts we can construct a series of RCFT, namely the minimal models:

Homin = @D M (¢, hys) @ M (c, hys) (1.169)

1<<p/
1<s<p

where p > p/ > 2 are two coprime integers and

J— /2
c=1-62—F)
pp
(or— sV — (p— p') (1.170)
o Wwr—ps)—p—p
8 4pp/

the theory is unitary iff p=p' +1=m + 1.
In minimal models we can label a generic primary as ¢, where the following identifi-
cation rule is understood

Prs) = P/ —rp-s) (1.171)
Minimal models are completely solvable and the fusion rules are known explicitly as
min(r+m—1,2p'—1—r—m) min(s+n—1,2p—1—s—n)
Pirs) X Plmm) = > > buy  (L172)
=14 |r—m)| l=1+]s—n]

k+r+m=1 mod2) [+s+n=1( mod?2)

17t should be noted that this does not mean nonphysical as many physical systems such as Lee-Yang
model are described by non-unitary theories
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the mod2 restrictions are equivalent to increment by 2 instead of 1, for simplicity, sometimes
we will simply use >’ to denote a sum with this restriction, and use (r, s) for D5y Kmazs lmaz
and K,in, lmin for the upper and lower bounds of k,[, and the model it self is denoted as
M(p,p’). Minimal models also have a lot of applications, in particular the first few ones
are well known models for two dimensional phase transitions, M (5,2) the simplest but non-
unitary one is the Lee-Yang model, while M (4,3) the simplest unitary one is the Ising
model, then we have M(5,4) as the tricritical Ising model and M(6,5) as the three-state
Potts model.

Up to now we have assumed that our spacetime is the complex plane C, or its conformal
compactification, the Riemann sphere S?. We may also want to define CFTs on general two
dimensional manifolds, especially on oriented compacted ones, as we can always perform con-
formal compactification. We know from topology that two dimensional oriented compacted
manifolds are just compact Riemann surfaces and they are labeled by their genus g, with
g = 0 for Riemann sphere S?, g = 1 for torus 7, = C/(Z + 7Z), and g = n for the generic
case as a sphere with n handles, or identically, as a connected sum of n tori. Physically,
CFTs on g > 0 surfaces correspond to perturbative expansions of string amplitudes, where
the g = 1 case of one loop processes is especially important, these CFTs on 7, can also
be interpreted as periodic systems on both space and time directions, which are common
in the context of statistical mechanics. The set of consistency constrains for a CFT to be
well defined on 7. is called modularity, and more generally we will have sewing conditions as
consistency constraints for CF'T on higher genus surfaces. Basically, we want the partition
function on 7

Z(r)="Tr (qLO‘C/ Hglo=el 24) (1.173)

with ¢ = exp 2mi7, ¢ = exp —27iT to be modular invariant.
To analyze the action of modular group PSL(2,Z) on Z(7),we first introduce the formal
graded-dimension of V'(c, h) as

Xn(T) = Tryen (¢ 77*) (1.174)

usually, this is divergent and represents a formal sum only, but for RCF'T it reduces to a well
defined function with appropriate modular properties, and since the number of primaries is
finite in RCFT we can rewrite the partition function as a finite sum

2(r) = 3 My () (?) (1175)

with M, ;, counts the possible multiplicity of M(c, h) ® M(c, h) in H, for simplicity we can
always order the index set [ of primaries and assume Y, corresponds to vacuum, i.e. we
denote the RCFT and its partition function as

H= P MM Z= Y M) (1.176)

€T IEL i€ L
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b
then under modular transformation v = ( ¢ ) € PSL(2,7) we demand that

c d

Xi(yT) = ZP(’Y)UXJ'(T) (1.177)

with some modular representationp : PSL(2,Z) — GL(V) on the space of characters, in
particular for the generator S : 7 — —1/7, T :7 — 7+ 1 we just omit p and write

N-1 N-1
1
Xi (—;) = Z Sixi (1), xi(T+1) = Z Tiix;(7) (1.178)
7=0 7=0
then modularity just means
Z(1t)=2Z(S1)=Z(TT) (1.179)

And this reduces to construct the natural number valued matrix M,; compatible with
the actions of S, 7.

M()’(] =1
MT =TM (1.180)
MS = SM

Obviously, the identity matrix is a trivial solution and it corresponds to diagonal theories,
but other solutions do exist. For example for minimal models, the complete solutions are
known, and quite surprisingly it has an ADE pattern classification.

We can choose a basis such that 7 is diagonal

Ti; = 6,2 (hi=5) (1.181)

usually the representation of S in this basis is refereed as the S-matrix. For example, for
minimal models we have

Srsipo = 2 i(—l)lﬁp*”’ sin (7T£Tp> sin (71']1/80'> (1.182)
o v v p

S-matrix has the very important property such that it is related to the fusion rules as

N* = Zm: W (1.183)
This is the CF'T version of the Verlinde formula, we see for example from , that the
elements of S matrix are usually complicated, in general they are not rational numbers,
but the special combinations on the right hand side of Verlinde formula indeed reproduce
the natural numbers on the left hand side. This formula has many generalizations and the
appearance of those natural numbers can be interpreted as dimension counting of certain
spaces of representations.|[145]
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The (Virasoro) minimal models we have introduced above are 'minimal’ in the sense
that they are the only RCFT realization of a CF'T with conformal symmetry, i.e. Virasoro
algebra, only. But a CFT may have extra symmetries hence a larger algebra with Virasoro
algebra as a subalgebra, it is possible to combine infinite many Virasoro algebra irreducible
representations to form a single irreducible representation of this larger algebra, and an
RCFT can be constructed with respect to such representations.The WZW model we have
mentioned in the discussion of Chern-Simons theory is a typical example of this kind, where
the larger algebra is an affine Lie algebra g at level k, another common example is super
conformal field theory where we have super conformal algebra, there are other options beyond
those two as well, such as W-algebra, but we are mainly interested in the WZW model and
we here will introduce more details about it.

In the free boson example, we have dimension h = 1,h = 1 primary j(z),j(2), which
is very special as it is related to a conserved current. We will call such a chiral field with
h =1 as (chiral) current, and similar for anti-chiral case. The most general OPE between
two currents are

J(2) " (w) ~ L”)? + Zz’me (1.184)

(z—w (z —w)
or in terms of Laurent modes
[T Ih] = i fabe TS + EnGabOnsm,o (1.185)

but those are just the commutators of an affine Lie algebra g, with level k£, and we indeed
have the following concrete realization of such currents through WZW model

SWIW — %/dszr’ ("9 0,9) + kT (1.186)

where the first part is a nonlinear sigma model with g(x) a bonsonic field takes values in the
(semisimple) Lie group G of g as the finite part of g; with some representation, and the trace

is normalized by the Dynkin index as Tr = ﬁTr and x), = W for convenience.
And the WZW term is given by
I=— [ dyens T (77 0°55 ' 0%5510"F) (1.187)

~ 2n J,
with B some tree manifold such that 0B is the compactification of our two dimensional
spacetime, and g(z) extends g(x) to B. Then the equation of motion in complex coordinate
is

0. (g7'0:9) =0 (1.188)
So we can define the conserved currents as

J(2) = —kJ.(2) = —kD.gg™"

J(2) = kJ.(2) = kg 0.9 (1.189)
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Then in terms of the Lie algebra generator t* we have J = > J%" and similar expansion
for anti-chiral part. And we have the energy momentum tensor as the sum of the normal
ordered products of current

T(z) = m ; (T (2) (1.190)

where Cy is the dual Coxeter number of g, this is known as Sugawara construction, and it
gives the central charge

kdimg
= 1.191
‘T htC, (1.191)
Using Sugawara construction, we can also represent the Virasoro algebra as
1
L,=——— SJeJ 1.192
ey L (1192
and the full algebra is
(L, L) = (n —m) Ly + 5 (0* — 1) gm0
Ly, J2) = —mJg,,, (1.193)

[‘]37 ng] = Zc ifabcjrcl+m + kn(sabén—&-m,()

We identify the highest weight representation ) of g, with finite part A as the highest
weight representation of g. For simplicity we just call it as A, then a WZW primary is a field
such that

J%pr) =0 for n>0
It has dimension jaga ")t
2(k + Cy) 2(k + Cy)

where p = %Zae A, @ is the Weyl vector as the half sum of positive roots of g.
In WZW models the general correlators between primaries are solutions of the Knizh-

nik—Zamolodchikov Equation

L et )
%t rvG, R (1 (21) -+ fn (20)) =0 (1.196)

An appropriate character x5 can be defined for ) in terms of affine Lie algebra data as

> wew €(w)@w(i+ﬁ)

S )0 (1.197)

o —m;0 P
Xz =€ " chy =

along with the corresponding S—matrix@

8see standard textbook such as[71] for more details
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SXﬁ — Z’\A+| |P/er% (/{5 4 Og)—r/2 Z 6(w)6—27rz‘(w(>\—i-p),u—&-p)(k—i-cg) (1.198)
weW
while in our later calculations we only need the following special case of g = su(2); theory
S matrix

k+2 (k+2)

The fusion rules of generic WZW models are quite complicated, so in the following we

Sxﬁ:[ 2 ]QSm erH)(“IH)} 0 < A, < k (1.199)

will just mention some general features of them, and as typical examples we will focus
on g = su(N); A-series. The fusion rules are closely related to the corresponding tensor
representation decomposition rules in Lie algebras, in some sense they are truncated version
of tensor representation decomposition rules, hence the latter can be viewed as the k — oo
classical limits.

v i AfRD
ae = Jim N (1.200)

and - -
N < N (1.201)

indeed we have a finer result as

(k)5 max(i) such that k > k(" and Ny, # 0
~. = . (1) (1202)
Al 0if k < ky’ or Ny =0

and this defines the so called threshold level kéi), after which the fusion of A x f will produce ¥
exactly as tensor representation decomposition. More explicitly, the fusion coefficient ./\/’X(lf)v

is given by the following Kac-Walton formula as a special kind of alternative sums of Ny

Ap
K)o w0
N = Z Noe(w) (1.203)
wew
w~v€P+

the fusion coefficient also has a symmetry property associated with the action A € O(g) of
the outer automorphism group

ANG)  _ ad
N =N (1.204)

except for Fs with k = 2, in all WZW models A € O(g) can be realized as fusion with a

simple current i.e. an abelian anyon a which acts in fusion rules as permutations:
AX L= m;
amA x a'p=a"t" (Y0, miy) =Y, mia™ "y,

(1.205)

and indeed we can identify a with A(T), for example in g = su(N)y, by table 14.1 of [71] we
know O(g) = Zy where a is of the form [0,--- , k,--- ,0] , and we can pick a = [0, k,0,-- , 0]
as the single generator of O(g) = Zy.
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For g = su(2), the fusion rules are very simple, and the result is usually expressed in
spin basis j = % where A\ = [k — A, ], we have the textbook result on tensor representation

decomposition
Jit+j2

1®G= > (1.206)

J=lj1—72|

and the truncated version

min(j1-+j2,k—j1—J2)
J1®J2 = Z J (1.207)
J=li1—Jsal
with a = [0, k] and a X X as group action alk = A\ A = [\ k— A
WZW models can be used to construct other RCFTs through the so called coset con-
struction, historically this method is tailor-made to perform explicit realizations of unitary
minimal models, but it is used wildly beyond this purpose and provides very fruitful appli-
cations. To start, we begin with an affine Lie algebra g and one of its subalgebra p with
embedding index z., and we observe that the difference of their energy momentum tensors
T3 — T; also behaves as a energy momentum tensor and defines an representation of the
Virasoro algebra with generators LY» = Ly — LP

3

(LG9, L] = (= m 2, + (00) — ¢ (But)) oy Mbens (1208

12

and central charge

~ kdimg  x.kdimp

¢ (8/Per) = e T Lk y C,
This is known as Goddard-Kent-Olive (GKO) construction, and we obtain a quotient RCFT
with energy momentum tensor T — Tj, it is referred as the coset gy, [Pk

(1.209)

As the weights in g split into direct sums of weight in p through the following branch
rule

X P osai (1.210)
i
after taking trace bxﬁ’s behave as characters,to be more precise we have
Xy (1) = 7T be (1) (1.211)
D T

2(h+Cq) 20,
by pairs of the form {\, i}, where )\, /i are representations in gy, p..» respectively, but we

where m; = is the modular anomaly. So the fields in a coset theory are given

can not combine them arbitrarily, instead there are two kinds of constraints:

e Field selection rule

The finite parts of X, it’s have to satisfy the following projection condition in root lattice

PA—pePQ (1.212)
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e [ield identification rule

Fields related to each other by outer automorphisms A — A for Ac O(g), Ace
O(p) are identified

{X 2} ~ {AX; AR} (1.213)

In a coset theory the S, T matrices are just products up to a complex conjugation

A (k) kl"e)
S{Nﬁ}:()\/?ﬂ/} S)\XS (1 214)
T~ _ T(k)T(kxe) '
Qany- (Ve T v an
as a consequence the modular matrix are
M = ME) ppkee) (1.215)

and by the Verlinde formula the fusion matrix are
{ar} ()N Akt
/\/{A A3} = NM/ N (1.216)

so the fusion matrices are also products.
For our purpose, we will consider only the special case of diagonal embedding g — g® g,
with coset gﬁw& and central charge

kq+ko
: ky ks ki + ko )
—d + _ 1.217
¢ lmg<k1+og kot Cy  ki+ ks + Cy (1.217)
where the selection rule is
A+p—veQR (1.218)
and the identification rule is
(N1 D) ~ {AX, ATl AD} VA € O(3) (1.219)

For example, with k + 2 = p > 3 the unitary minimal model M (p + 1, p) is realized as
5u(2)r @ su(2),

— 1.220
SU(2) k1 ( )
More generally we can construct

su(N)g @ su(N), (1.221)

SU(N ) kg
This works as long as NN is relative prime to k,[, otherwise our field identification rule will
have fixed points or points with shorter orbitals under the action of O(g), then we have to
treat such fields separately, the simplest nontrivial example of this kind is given by
@(2)2 @ su(2)y
5u(2)s

(1.222)
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Figure 12: Illustration of the 3d to 2d correspondence between G$* and G}V#W . [157]

where the field {\, u, v} = {1,2, 3} is invariant under the action of O(g) , we have to resolve
it as
f—=A+f: {1,2,3) = {1,2,3}' +{1,2,3}° (1.223)
and the corresponding S matrix should be modified appropriately to obtain a well defined
theory, indeed we have a new S , if we denote generic fields other than the fixed point f as
a,b,--- then
Sab = 28w, Spa = Spa = Sta (1.224)

Ser+1 Sep—1 —
Sy, ( o " > - ( ) 1.225
i Spr—1 Spp+1 -3 3 ( )

This example will be studied further in chapter four.

and

[
N |—=

Finally, let us briefly mention the correspondence between WZW model and Chern-
Simons theory. The basic idea is very simple, given a three dimensional manifold M and
a Chern-Simons theory with a simple ADE gauge group G of level k, at least locally we
can cut M through a (compact) Riemann surface ¥ so at least locally it behaves as R x X,
where the R can be viewed as the direction of time so X represents a spatial slice. Now
suppose we have a Wilson line W in representation R, it may pierce this spatial slice X and
leave marked points P; on M ,and depending on the orientation we can view these points as
particles carrying representations R or R, then we simply label them as R; or R;. They are
indeed well defined anyons, and can be identified as primaries of a G, WZW model on X
insert at P;’s, see fig [12] For convenience we will call these two theories as G¢S and G}VZW
respectively.

Indeed, on the G}'4W side, the Lagrangian of is labeled by an element of

H*(G,7Z) (1.226)
Similarly it induces a differential characte o€ H %(G,R/Z) such that we have the

those are differential forms such that («, 9B) f B (mod1) for some k + 1 form  instead of vanish
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natural pairing

S(g) = (9"a, [X]) (1.227)
But using the bundle map
G - EG — BG (1.228)
We have
7: H*(BG,F) — H* (G, F) (1.229)
And in particular
r: HYBG,Z) — H*(G,Z) (1.230)

While we know from (1.75) H*(BG,Z) classify G{*’s classical actions, so at least at
classical level, this correspondence is valid , and physically this means we take the endpoints
of the world lines of anyons as objects living in a two dimensional boundary of spacetime
and form an interacting theory through the projections of braiding and fusion in three
dimensions Y]

Indeed this correspondence holds even after quantization as G¢* and GJY#" will get the
same Hilbert space J%4:

e On the G¢° side, we first construct the moduli space .# of classical solutions with
gauge fixing constrains, it turns out it is finite dimensional and compact. By intro-
ducing a complex structure J, M; becomes Kahler, essentially it is the moduli space
of some special line bundles, then J&; is the corresponding space of sections and it
does not depend on J.The above construction is for the partition function only, more
generally, we need to consider Riemann surface with marked points (X, P;, R;) to deal
with correlators. [157]

e On the G}Y?W side, the same object M; and % appear again, but as the space of
conformal blocks on ¥. Now the correlators are linear combinations of products of
holomorphic and antiholomorphic blocks, and when genus is nonzero suitable gluing
conditions have to be implemented, which eventually lead to the abstract form ({1.157])
of 74, as a direct sum of representations of affine Lie algebra gy [146].

For example when G = SU(N) , M is the moduli space of all stable rank N holomorphic
vector bundles L’s of vanishing first Chern class ¢;(L) = 0, and J&; is the space of global
holomorphic sections of L®*. And as a consequence the Verlinde formula can be viewed as
a dimension counting formula of these spaces, see[145] chapter 11.

While the above discussion holds at general level, it is very abstract, concretely there

are several ways to realize this correspondence, an elementary one is as follow(for simplicity,
assume X,, = My as the d = 2 Minkowski space and G = SU(2))[43]:

20this map 7 is not onto, so only a subset of WZW models are obtained, see [93} [63]
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e Imagine a stack of ¥, with a discrete transverse dimension of a N sites periodic chain,
where we put on each layer a G}V theory with field g,. Then introduce a set of
gauge fields A, ,, coupling between two layers such that g, is left-coupled to A4, ,, and
right-coupled to A, 41, so we have

Sn = kW [gn] +1 [gna A:i;na A:i:,n-i—l] (1231)

where kW denotes the original WZW action, and I is a suitable interaction term.
Although the individual term S, is not gauge invariant, the overall action S =) S,
is.

e Then by identifying

z3+a
Jn = €xp (—/ Az (x+, x, x3) dx3> ~ —aAsz (1.232)

3

and taking the limit of infinite many sites N — oo and infinite small lattice spacing
a — 0 with constant Na, we have

k y 2

a—0,N—oc0 27T Max St

e By a careful analysis, a discrete version of Wilson loop can be defined as
N
R; (z%,27) =Try H e~ As(v" " nata/2) (1.234)
n=1

where j label the spin, then we have the following continuum limit
Ry (04,07) —ano Ty P (e Jode ) (1.235)

The key point is that these R; operators are living in WZW theories, so by calculating
their correlators and taking limits we can calculate Chern-Simons correlators.

Because of this CS-WZW correspondence, we will mainly use the language of Chern-
Simons theory in later chapters, especially in section where we analyze G¢ theories and
the corresponding cosets.

1.3 Supersymetry

Supersymmetry, or SUSY in short, is an extension of spacetime symmetry, it bypasses the
Coleman—Mandula theorem by using spinor charges instead of the usual scalar ones, and
as a result bosons and fermions are related to each other. Since its discovery in the 1970s,
suspersymmetry has been used widely in physics and mathematics.
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e Supersymmetric extensions of physical theories are studied intensively, especially in
gauge theory and string theory, this generates a lot of surprising results and deep
insights, even for non-supersymmetric systems. In many important situations, super-
symmetry will bring in highly nontrivial constraints into the theoretical models such
that full or partial analytic solutions are possible, and those solutions in turn will re-
veal some generic features of those theories, in particular one can study the process of
supersymmetry breaking and see what remains. And unlike TQFT and CFT, some su-
persymmetric QFTs have cluster decomposition property hence scattering amplitudes
exist, which makes them useful as more realistic toy models of generic quantum field
theories with scattering interactions.

e Supersymmetry has found a wide range of applications. For example, in particle
physics, supersymmetry will lead to amplitude cancellations, hence modify the RG
behavior, and through this it provides a natural way to resolve the Higgs hierarchy
problem of the standard model, it also makes the coupling constants converge in the
grand unification scale, and more generally it is used to construct extensions of the
standard model. As another example, supersymmetry is mandatory for consistent
tachyon free string theory, the resulting superstrings have central importance in the
development of string theory along with its applications. Finally supersymmetry is also
used widely in other areas of physics such as quantum mechanics, condensed matter
physics and statistical mechanics.

e Supersymmetry is also important in mathematics, it extends some mathematical ob-
jects found in quantum field theories to supersymmetric ones such as super versions of
groups, Lie algebras, manifolds and bundles, which are rich in structures with surpris-
ing new features. For example, using supersymmetric quantum mechanics, a simple
proof of the Atiyah—Singer index theorem is found, this also gives it a nice physical
interpretation. And the very fact of the existence of supersymmetry in a QFT is indeed
closely related to the algebraic and geometric properties of the underlying spacetime
manifold, as a very basic example, the amount of supersymmetries allowed in a QFT
depends on the spacetime dimensions and spin structures, as another example, com-
plex manifolds, algebraic curves or surfaces appear naturally as vacuum moduli spaces
of supersymmetric QFTs and superstrings.

In this section we first introduce the basic notations regarding supersymmetry[147, [5],
then analyze the structure of moduli space of supersymetric gauge theories[I52), 103, ],
finally we introduce the superconformal index|[T53] [74].
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1.3.1 Quantum field theory with supersymmetry

To illustrate the general idea, we will begin with a toy model, i.e. the supersymmetric version
of the harmonic oscillator in quantum mechanics.

L= %jﬂ — %xQ + i) — (1.236)

where we simply add the Lagrangians of the usual bosonic harmonic oscillator and its Grass-
mann number version together, then after quantization we have

1 1 -
H = §p2 + 5.172 + ¢w = (CLTBCLB + UJ}’@F> (1237)

where [aB,aH =1 and {ap,a}} =1 with

a}rg = %(—ip%—x), ag = %(ip—l—ﬂc), a} =, ap=1 (1.238)

We can solve this model exactly to obtain the partition function by simply multiplying
the partition functions of bosonic and fermionic oscillators

1+e b

7=7p7r =1

(1.239)

If we define ) = aEaF and Q = a}aB, which are in some sense just like the square roots of
the Hamiltonian H, then the following super algebra is obtained

Q. H|=[Q,H =0, {QQ}=H (1.240)

In this system, excited sates are |yg,n) = (a%) 0), |xp,m)= <aj9) al,|0), we also find

that the fermionic number F' = > a}ap is conserved mod2, hence we have a discrete Zs
symmetry given by (—1)F, this induces a natural 2— grading for excited sates such that there
is a bijection between the bosonic and the fermionic parts, notice that here the vacuum is
bosonic and unique.

Now if we turn on some generic interaction by the introducing the following super-

potential W (z)
1 1 y -
L= 5:552 - 5W’(gc)2 + iphp — W () (1.241)
instead of the harmonic superpotential W (z) = 2%/2 , we can not solve this system exactly,
but since W (z) preserves supersymmetry, it should keep the boson fermion correspondence,

except for possible zero modes, which is captured by the following Witten index
I =Tr(-1)"ePH (1.242)

Usually, there are different vacua , and some of them break SUSY, if SUSY is not broken,
Witten index must vanish. More generally this index depends only on the structure of vacua,
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and in a sense it classifies the vacua since its value is invariant under deformations as long as
the associated Hilbert space remains the same. So to calculate it we can either take § — 0
or § — 0o, and by knowing this index and identifying different expressions under different
limits, a lot of information can be gained.

In the same spirit, we would like to study supersymmetric quantum field theories, just like
our treatment of CFT, in this section we will analyze superalgebra and its representations in
general first, and introduce physical realizations of such representations as supersymmetric
quantum fields. Then in the next section we will study the moduli space of these theories
and the related dualities. Finally we will combine supersymmetry with conformal symmetry
to obtain some SCFTs and introduce the related superconformal indexes /]

As the first step we can generalize to the super Poincaré algebra

(Qas ™) = (0"), Q. [Qar I™] = e ()47
[Qa; P*] =0, [Qa, P"] =0 (1.243)
{Qa, Qa} =200 P, {Qa, Qs} = {Qs, Qs} =0
In addition, we can assign an U(1) charge to the superalgebra generators @, Q by the fol-
lowing automorphism

Qo= Q= €%Qa, Quar> Qf =e Qs (1.244)
This is called the U(1) R symmetry

[Qa; Rl = Qu,  [Qa: R] = —Qa (1.245)

The above super Poincaré algebra can be viewed as a trivial central extension of the usual
Poincaré algebra, more generally one can have A pairs of super generators with non-vanishing
central charges as

{qu Qbﬁ} - 20-56P,u5lc:7 {QZ? Q%} - gaﬂzaby {Qad, Qbﬁ} = gdBZab (1246)
with more general R symmetry groups as subgroups of U(N)
Q% QY = RiQ", Qua = Qs = Qus (R)) (1.247)

We can construct particle states as finite dimensional representations of super Poincaré
algebra, they are called multiplets, but since the super Poincaré algebra is larger, such mul-
tipets are given by combinations of usual particle states, and it is obvious that by symmetry
there should be a Boson-Fermion pairing, just as in ordinary quantum field theory we dis-
tinguish the massless and massive cases

21For more information about spinor and superalgebra, see standard textbooks such as [5l [147].
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e Massless representation
We go to a lightlike frame p* = (E,0,0, E') and define helicity as in Poincaré algebra,
now the super algebra generators satisfy {Ql, Ql} = 4F with Qy = Q, = 0, then we
take the state |Q2) of minimal helicity A, we find that it is annihilated by Q, so Q; is
the creation operator, along with the CPT conjugations we have

1
P EA), P E (A + 5) > (1.248)

The A = 0 case is called chiral multiplet
The \ = % case is called vector multiplet
More generally if N > 1 ,there is still a unique |Q) and we just act Qg witha =1,..., N
on it to obtain 2V different states
e Massive representation

Similarly, we go to the rest frame p* = (m,0,0,0) of the particle and define mass and
spin, if the central charges are trivial, we have Z = 0 and {Qg, Qbﬁ-} = 2moy (Ug)aB =

10 : .
2moy < 01 ) so now we have twice the number of creation operators
af

b )
abl, = j% (a)} = \fzim (1.249)

Again we can find the state |Q2) with lowest spin so in total we have

22N states. If
Z # 0 we may pick a special basis and write it in the Jordan canonical form such that

0 ¢ 0 0 O
—q1 0 0 0 O
0 0 0 ¢ 0
0O 0 —g O 0 ---
Zb — 0 0 00 -l (1.250)
0 q%
—qy 0

Then redefine @’ . = <Q§j*1 + (Qij)T> to have

{00.(@) '} = a0 mra)

(1.251)
{ . (@g_)f} = 307 (2m — g;)
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By construction we have |¢;| < 2m for j = 1,...,N /2, this is known as Bogomolnyi-

Prasad-Sommerfield bound or BPS bound for short, if it happens that for k of 7 we

22(/\/7k)

have |g;| = 2m we will have states only, we call such multiplets as 1/2% BPS

multiplets, in summary we have:
k=0 2%V states long multiplet
0<k< %/ 22N k) states short multiplet

k= %/2 2N states ultrashort multiplet

To have supersymmetric quantum fields, we can construct infinite dimensional field rep-
resentations of super Poincaré algebra, using operator valued distributions to realize them
and make sure they obey the basic axioms, in parallel of the formal constructions in ordinary
quantum field theory introduced in appendix [B.2.1]

In practice, one usually begins with simple Lagrangian theories, which are supersymmet-
ric generalizations of well known quantum field theories, especially the d = 4 ones in the
standard model. In the following we will assume d = 4, if it is not the case we will give d
explicitly. As a simple example, consider a massless free complex scalar and a massless free
left-handed Weyl spinor, add their Lagrangians together

L=—0,0"0"¢ — iha" (1.252)
we find this Lagrangian is invariant under
0ch = V2eih, by = V2i (0"€),, 0, (1.253)

which generates some spinor charges as i6.¢ = [eQ + €9, ¢], d.1) = [eQ + €Q, 1], but
those transformations are not closed off-shell, we have [d.,d,] ¢ = 2i (note — eatfj) 0,¢ and
[0c, 0y) 0 = 2i (not€ — eatn) O, — 2i (€6"0,0) n + 21 (7a*d,1)) € so the equation of motion
must be used to obtain [, d,] = 2i (no*€ — ea*n) 0, as well. To fix this we can introduce an
auxiliary complex scalar F’

Liin = —0,0" "¢ — inpd"01p + F*F (1.254)
and define
0ch = V2eh,  Octby = +V2ea F +V2i (0"€,) Dup, O F = V/2iec" 9. (1.255)

The above Lagrangian is the kinematic part of the Wess-Zumino model, where supersym-
metry appears in the first time, in the full model, a mass term

Lonass =M <—%¢¢ + )+ Fo+ F*gb*) (1.256)
and a interaction term
Lint = g (¢°F + ¢ F* — Y — Pipg) (1.257)
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are added.

Similarly one can construct supersymmetric versions of QED and Yang-Mills theories
by such ad hoc trials, since we have only a handful set of renormalizable Lagrangians,
and supersymmetry gives us more stringent constraints, this method works well in many
situations.

But for the convenience of a theoretical treatment, the so called superspace formalism
is used widely, to be concrete assuming we have a A/ = 1 supersymmetric QFT in (3 + 1)
-dimensional flat spacetime, then we add Weyl spinor coordinates as some sort of quan-
tum spacetime dimensions to the usual coordinates of Minkowski spacetime, this defines a

superspace labeled by
2 = (2",0,,0,) (1.258)

More generally this can be viewed as a trivialization on a coordinate chart, similar con-
structions can be done for generic spaces compatible with SUSY and define supermanifolds,
superbundles and so on. Then as a central extension we obtain the super Poincaré group

G(x,0,0) = ¢! +i10Q+0Q (1.259)
where
G(0,£,8)G(x,0,0) = G (2" +if0"E — io™6,0 + £,0 + €) (1.260)
and
o .
Qa = % — wgéﬁo‘@u
% , (1.261)
_e Y pa Béx
Q = 0. 0 ol 4€ Oy

It is also convenient to introduce

0 _.
Da = % + iagdea(()“
P (1.262)
Dd = —% - i@aazdﬁu
Then a generic super field is defined as a formal Taylor expansion in terms of spinor coordi-

nates
F(z,0,0) Zf(l)(:v) +0f® (z) + 67> (z) + 62 f4) (z) + g2 ()

_ Lo _ 1.263
+000fD + 20 fT + 620 fS + 0207 fO) () (1.263)

where f@) are usual fields with appropriate symmetries:
o fW(2), fD(2), O (z), fO(x) are all scalars
o f@(z), f®(x) and ) (z), fD(z) are left- and right-handed Weyl spinors

e fO(x)is a vector field
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o f is auxiliary and usually refereed as the D— term, so does f*, f©®) _ they are
refereed as the F'— terms.

and under a supersymmetry transformation we have
6 F(2,0,0) = (¢Q +€Q)F(x,0,0) (1.264)
There are two important special cases of super field

e Chiral superfield
It is the SUSY version of quark field, defined by the chirality constraint

Da®(x,0,0) =0 (1.265)

And similarly anti-chiral superfield is defined by

D, ®' =0 (1.266)

Then we have the following generic Lagrangian

£ = K (@8, M) o+ (W () o + W1 (04) ) (1.267)

where the Kihler potential K is a real function, and the superpotential W (WT) a
(anti)holomorphic function, those terms are named by the corresponding complex ge-
ometric structures associated with this theory. Usually by renormalizability in d = 4
spacetime one has

K=0o®, W= %@2 + %@3 (1.268)

e Vector superfield
It is the SUSY version of gauge field, defined by the covariant reality constraint

V(z,0,0) =V(x,0,0) (1.269)

with gauge transformation
Vs V4 o4 of (1.270)

Then we obtain the following SUSY version of (chiral/anti-chiral) field strengths

W, = —iﬁ (e7VDae"), Wi= EDD (e"Dae”") (1.271)

with gauge transformations

Wy = e M Wae™, Wy s e B Wae™ (1.272)

61



and the following super Yang-Mills Lagrangian

1
S = ﬂ/d% Im Tr (T/d29 Tr (WaWa)) (1.273)
™
where the super coupling constant is a combination of Yang-Mills coupling and theta
term 9 4
T=— i (1.274)
2 9

More generally, one can define 7 = (77;) as a matrix of couplings between different
gauge fields if more than one species are present.

The above superspace formalism is defined for A/ = 1 theories only, for AV > 1 theories we
need to introduce 2" Weyl spinor coordinates 6, f, and define corresponding superspace and
superfields, this is rather cumbersome as there are a lot of auxiliary fields. In practice, one
usually takes a middle way approach by using compatible N” = 1 superfields and combining
them together to form A > 1 multiplets. For later applications we are mainly interested in
the N/ = 2 case, and here we give two basic examples of N’ = 2 multiplets, they are all made
up by two N/ = 1 multiplets, and the overall R-symmetry is SU(2)g x U(1)g , but the two
multiplets are charged only under different parts of it.

e N = 2 Vector multiplet

Ao < A, N =1 vector multiplet,
d s N, N =1 chiral multiplet.

where the arrows are super transformations, and the horizontal ones are explicit in
N =1 formalism, while the vertical ones are implicit. Here all the N’ = 1 multiplets
are in adjoint representations of the gauge group G, and we have a SU(2)g symmetry
acting on A\, and Nay 2 U (1)g symmetry for the scalar ®. The Lagrangian is

I .
ﬂ/d‘lé’ tr dfelV" 1 4 /dQQ—lT tr W W + ce. (1.275)
4 8T
e N = 2 Hyper multiplet
Q +—— 1 N =1 chiral multiplet,
Ot O N =1 anti-chiral multiplet.

Here the N = 1 multiplets are in same representation R of the overall symmetry group
G x Gy, and we we have a SU(2)p symmetry acting on () and @T, as a consequence of
this, a complex mass matrix x in the adjoint representation of Gy with [u, u'] =0, we
have the following Lagrangian
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/d‘*& (Q“eri + @%‘%}U) + (/ d*0Q'dQ; + Cc.) + (Z/dQGM{@in +cc)
Z (1.276)

As more symmetries are added , more constraints are put in, the N’ = 2 Lagrangian is
indeed fixed, with 7 and p as the only two (matrices of) parameters.

More generally, without using explicit Lagrangians, one can work with representations
and BPS conditions directly, just like in ordinary QFTs. In particular, with A" > 1 SUSY,
there are a lot of short and semi-short multiplets defined by algebraic constraints, these
multiplets transform into each other under the action of @, Q, for more details, see for
example [64].

Finally let us mention the method of compactification or dimensional reduction@ , one
can begin with a higher dimensional N" = 1 theory, and use dimension reduction and SUSY
breaking to obtain N > 1 theories at lower dimensions, for example we can begin with the
following N' = 1,d = 10 super Yang-Mills theory

1 i
Siop = / 4%z Tr (—§anan + %\ImeDm\IJ) (1.277)

with a 7% compactification where m,n are ten dimensional coordinates and u,v are four
dimensional ones.

A= (A, (27) 61 () (L.278)

From a four dimensional viewpoint, we will produce six extra scalars , and a similar reduction
applies to ¥ as well. By reorganizing the those fields and their super partners appropriately,
we will arrive at the NV = 4, d = 4 super Yang-Mills theory

Sn=a = / d*z Tr [ / A0 eV dleV + 8ilm (T / d29WaWa)
T

(1.279)
2 . .
+ (’ZQYM\/—_ d29€ijkq)l [(I)j, (I)k} + CC.>

3!

By adding extra terms break part of the N = 4 supersymmetry, N' = 2,1 theories can
be generated. Similarly,we can begin with a A" = 1,d = 6 super Yang-Mills theory, and
compact it on a torus T to obtain a N' = 2,d = 4 theory, if we compact it further on S!, we
will get a N = 4,d = 3 theory

22By compactification, mathematicians usually mean the process of making a topological space compact,
while physicists, especially in string theorists, use it to mean the reduction of extra dimensions(as a compact
manifold) as well, we use this term mainly in the first sense in previous sections on TQFT and CFT, but in
this section we mainly use it in the second sense
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1.3.2 Moduli space and duality

With the basic notations we have introduced we can now analyze supersymmetric quantum
fields more carefully, first recall that at one-loop the beta function is
d g° g [11 2

e’ ~ _(477)2b - (47)2 §C< adj ) — 3

Blg)=F C (Ry) — %C (Rs) (1.280)

A key consequence of SUSY is that the above expression is one loop exact, so using the
complex coupling 7, we can introduce the complexified dynamical scale A by the following
equality valid at all orders

Ab = Ebe?miT(E) (1.281)

As SUSY reorganizes the scalars, spinors and vectors into multiplets, the g function is
constrained. On the reverse, if for some physical reason such as asymptotic freedom or
conformal invariance we require 3 to be negative or zero, the range of possible SUSYs is also
restricted. For example with (V) = 2, given the representation R of the chiral multiplet in
the hypermultiplet we would have

b=2C(adj)— C(R) (1.282)

By adjusting R we can make b vanish, for example taking the N’ = 4, d = 4 super Yang-Mills
theory, or assuming N = 2,d = 4 with gauge group SU(N) and matter Ny = 2N.In those
cases the coupling is exact marginal and we have conformal fixed points where supersymme-
try is compatible with conformal symmetry, the resulting theories are super conformal field
theories(SCFTs). To be precise, we have to extend the notion of superalgebra to supercon-
formal algebra, to do this we just introduce the special conformal supercharges S and S
as the super partners of K, then we have, for examplﬂ

{Q: @b} = {Sau S} = { Q5. S} =0
{ng Q,Bb} =2 (Uu)aﬁ' Pudg

(55 S} = 207, K —
Q% S} = eas (5D + R) + 5000 ("),
Then we can define a superconformal primary a@
95,0} =0,  [Sas, O} =0 (1.284)
In particular it has a special kind of descendant called super descendant
O —[Q.0}, Ao = Ao+ % (1.285)

Zfor the full algebra, see for example appendix B3 of [5]
24here by [, } we mean a commutator or an anticommutator depends on the situation, when both operators
are fermionic it is anticommute, otherwise it is commute
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it is a conformal primary(in the usual sense) as now
K, 0] = [K,1 [, 0)] = 0 (1.286)
One important type of superconformal primaries is chiral primary, where in addition satisfies
Jda,a: Q5,0 =0 (1.287)

These are all BPS operators, and their scaling dimensions are related to their spins and R
charges, hence stable under RG, as

0=[{S,Q},00)]=[L+D+R,O00)]~(A+R+7)O(I) (1.288)

Now let us analyze the RG behaviors of super gauge theory more carefully. For concrete-
ness, assume that at UV we have a non-abelian gauge theory 7 with Lie group G and Lie
algebra g of rank r, a set of parameters including couplings and masses {gx}, then at IR it
flows to one of the following:

e A gapped theory where all local interactions are frozen and all fields are massive, but
it can still be a nontrivial TQFT.

e A gapless theory, usually it is a CF'T, and it can be free or interacting. Some of these
theories allow for exact marginal deformations, hence forming a family, or a conformal
manifold if it is parameterized by some suitable coupling constants as coordinates,
otherwise they are isolated and have no exact marginal deformations.

For our present purposes, we are primarily interested in the latter case. And by the
Coleman-Gross theorem|[52], for any U(1) gauge theory when the couplings are small enough
the IR theory is free. Since we can break G down completely to U(1)", a free CFT at IR
should be common for generic G as well. While interacting CFT at IR is limited to specific
combinations of masses, couplings and field representations, it is highly non-trivial. Also the
existence of conformal manifolds and isolated points are highly non-trivial, they encode key
information of underlying theories.

If in addition we have supersymmetry and it is unbroken at IR, we may either have
free abelian super gauge fields or isolated interacting SCFTs. In the former case we have
a collection of real scalars ¢' , Weyl spinors 12 and U(1) vectors Aﬁ ,
spacetime labels on bottom and internal labels on top. In the latter case we have some

where we have put

(super)conformal primary operators O along with their (super) descendants, and for this
to occur, the parameters {gy} must take special values, and the field content, i.e. the
representations R, for multiplets  must be chosen in special ways.

In particular, we are interested in the vacua of such IR theories as to a large extent they
characterize the underlying theories, the space of all possible vacuums is called the moduli
space of vacuum, or simply moduli space, it captures the IR behavior of the UV theory in a
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geometric way. Usually, vacuum is determined by the minimal value of the scalar potential
V(¢) in L = =V(¢) + 39i;(0)0,0'0"¢7, it is given by ¢' = C(gx) as a set of real constant
numbers formed by g, usually the minimal value is set to be zero, hence we get a structure of
Riemann manifold with metric g;; for the moduli space My = {¢" : V(¢) = 0}, if we consider
gauge symmetry as well, we should have M = M,/G’ where G’ is the gauge group at IR,
say G’ = U(1)" with maximally broken symmetry.

Assuming d = 4, if supersymmetry is present, M is enhanced to a Kahler manifold,
this is due to the fact that now the kinematic part %gij(gb)ﬁugbi@“gbj is replaced by the
Kihler potential K (®* ®*T) And for N’ = 2 theory, M is enhanced further to a hyperKéhler
manifold as now K splits into two pieces depending on the hyper and the vector multiplets
vevs separately

K=Ky (¢, 05) + Ky (o, @) (1.289)

As a consequence we now have in classical sense, at least locally in the moduli space a
product structure

M = MH X MV (1290)
We can classify it further as

e Coulomb branch

Where My shrinks to a point hence is trivial
M = My (1.291)

This branch is parameterized by the VEVs of Coulomb branch operators. Where by
definition a Coulomb branch operator is always a SU(2)g singlet, but charged under
U(1)r ,it is a special type of chiral operator annihilated by all anti-chiral super charges

[Q%,0/] =0 (1.292)

It has scaling dimension A(O;) = —r(Oy) as the negative of its U(1)r R-charge As a
hyperKéhler manifold, it is of the form My = M/U(1); , as the usual case, under
quantum corrections, its metric is modified, Coulomb branch may not exist in some
free theories but it usually exists in interacting theories, however this is still an open
problem. Physically, say for G = SU(N), then tr ®" are Coulomb operators, so only
scalars which are superpartners of gauge fields are condensed, and we get the usual
Coulomb phase of gauge theory.

® = diag(a*,d®, - a7, — al) (1.293)
We have r = N — 1 abelian U(1) gauge field A/,
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e Higgs branch

Where My, shrinks to a point hence is trivial

M = My (1.294)

This branch is parameterized by VEVs of Higgs branch operators. Where by definition
a Higgs branch operator is always a U(1)g singlet, but charged under SU(2)g as the
lowest or highest components, it is a special type of BPS operator Wher@

QP4 O ayany) =0 Qfay O aya50n,) =0 (1.295)

It has scaling dimension A(Og,4,..4,) = R(O11..1) = n as its SU(2)g R-charge of
highest weight component As a hyperKéhler manifold, it is of the form My = M/Gg,
a key feature of SUSY is that, using holomorphy arguments, quantum corrections will
not changes the Higgs branch. This is a rather strong constraint, and unlike Coulomb
branch, in many examples Higgs branch do not exist. Physically, now & = 0 and the
mass matrix g is turned on and diagonalized@

Here only scalars that are not connected to gauge fields by supersymmetries get con-
densed, and this corresponds to the usual Higgs phase of gauge theory.

e Mixed branch

The generic case, where only the Coulomb factor gets modified under quantum correc-
tion

We have seen that the existence of supersymmetry will enhance the moduli space and give
them rich geometric structures, but we have not considered the isolated SCFT fixed points
yet or possible BPS saturated points. From the viewpoint of moduli space, the vacua of the
theories are singular points, and their very existence will change the geometry drastically. In
particular singular points will induce monodromies around them, but physically we expect
that the underlying physics should be invariant, to resolve this problem we need to use
duality, i.e. different descriptions for the same physical content. A particularly nice feature
of supersymmetry is that the dual of a theory is still supersymmetric with the same A but
different G and fields, usually it can be regarded as another point in moduli space. Singular
points can cause ramifications as well, and so there might be associated cover spaces of
moduli space.

25In the notation of [64], it is a Br type operator such that QLIR, r)&vlvmd% =0 and Qo4 R, r)ﬁvlvv__agj =0
withr=j=7=0

26Notice that even in Coulomb branch we can diagonalize the mass matrix as well for our convenience
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To illustrate this point, let us begin with the electromagnetic duality in classical electro-
dynamics, where for a free field without a source we have

dF =dxF =0 (1.297)
Then introduce the dual field as
47 Y

Under this transformation, electric charge v, and magnetic charge ~,, are exchanged as

S
(767’7771) — (—Vm,%) (1299)
For two dyons, there is an invariant symplectic pairing(Dirac pairing)
<9, >= YV = Vem (1.300)

More generally, we can introduce a 6 term and suppose that e, all depends on a neutral
scalar ¢ , then for the following Lagrangian

1 0(o) ., =
WFWFW + WFWFW (1.301)
W have
g =0,
Am 0(¢) ~ (1.302)
F F,| =0.
O {etgp " o Fw] =0
Now we define the dual field as
47 0
Fp €(¢)2*F—%F (1.303)
And the dual coupling by
i 0(¢) 47 0p(9)
N = 1.304
(¢) €(¢)2 o TD(‘b) eD((b)Q + o ( 30 )
with 1
T = —— 1.305

Then the action is invariant if we replace all the original quantities by their dual correspon-
dences, explicitly the equation of motion is

A Op(0) ~ (1.306)

e Lentop P o
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Since 6 is an angle, we can shift it to 6(¢) 4+ 27, or in terms of complex coupling

T(@new = T(B)ola + 1 (1.307)

Then
T
(’Ye? Vm) — (%n + Ve ’Ym) (1308)
Again < 7,+' > is invariant under this transformation. These two kinds of transformations

are just the S, T transformations of the modular group on the complex coupling 7, more
generally we have

a b dr +b
(C d> €SL2.Z) T (1.309)

This is the simplest example of S-duality, where we have a dual transformation between a
strongly coupled theory and a weakly coupled theory.

Now consider the Coulomb branch of our N = 2super gauge theory 7, with U(1)" at IR
we have a symplectic pairing between vectors

<Y = e Y = Ve Im (1.310)
And the above duality transformations generalize to

Trg — (A%TLM + B[M) (OJNTNM + DJM)_l

(AKX By (1.311)
M = ( K DY € Sp(2n,Z).
where the coupling matrix is given by a holomorphic prepotential F
0?F
= — 1.312
= Haloa’ ( )
If we define the dual variable a? for
oOF
D _
Then including the flavor charge, we have the following central charge function
Zy=a-ye+a” v+ (1.314)
with BPS bound on mass
M>Z, (1.315)

When the bound is saturated, we have free hypermuliplets with M = Z, hence extra massless
states if Z, = 0, as a result there are nontrivial monodromies around such points. Near
certain points, both a,a® are small so the electric and magnetic particles are all very light,
and so we have conformal fixed points and the monodromies are even more complicated.
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As a concrete example, let us apply these ideas to the simplest non-abelian gauge theory,
namely the pure SU(2) gauge theory. In this case r = 1, Ny = 0 , this theory has no Higgs
branch. For Coulomb branch SU(2) is broken down to U(1), and we have

[@7,®] =0, @ = diag(a,—a) (1.316)

as well as
FoV®) = diag (FM, —Fo), 70 = 27500) (1.317)

v v

SU(2

We will simply denote this 7V(") as 7(a) ,and 75Y® at UV as iy, then the invariant com-

bination of scales is
A = Af eV (1.318)

with one loop expansion valid at |a| > |A|

8
T(a) = 21yv — —,logi +- -
2mi Aoy (1.319)
8 o &+ '
- 2mi OgA
and 8a a
= log— 4+ --- 1.32
ap omi B A + (1.320)
If we introduce 1
2 2
u:§<tr<1>>:a + - (1.321)
and the following phase
u=e’ul, 0=0~2r (1.322)

then the mass

= (a,aD)( e )‘ (1.323)

(3;)%(_01 _41)(;) (1.324)

this can be viewed as a monodromy at u = oo with

M, = < _01 _41 > (1.325)

transform as

It must be compensated by some singularities at finite points, indeed there are two symmetric
singular points at finite u = Fug, to see this we assign the R-charges

1A A (1.326)
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then the T transformation gives us

60— 0+2r, ®— ™20 (1.327)
At IR it is the following symmetry

Or = Oir +47, u— —u (1.328)

so we must have
My =M, M_ (1.329)

Indeed we can solve this to find

1 0

-1 1

_ -1 _
M, = STS _( L5

-1 4
) . M_=T*STS™'T?%= ( ) (1.330)
These two singular points £ug correspond to a (0, 1) monopole point and a (2, 1)dyon point
respectively.
All of the above information is encoded in the following equation

A2
¥ A22+?:x2—u (1.331)
where we have two auxiliary complex variables x, z, by adding z = oo , where z parameterizes
the UV moduli space C, in this case, just the Riemann sphere , and the curve ¥ defined by
this equation is a parametrization of the IR moduli space, called the Seiberg-Witten curve,
which gives us the covering in figure [13}

2:1

¥ =C (1.332)

We can introduce the differential J
A=z2 (1.333)

z

Then a, ap are periods along different homology classes

1 1
=— ¢ A =— ¢ A 1.334
= omi a 9= on B ( )
We also have uy = £2A? for » = F1 , by studying those integrals near singular points we
can calculate all the monodromies. This method extends to general theory with semisimple
g and flavor Ny. For example , take SU(2) theory with Ny =1, this theory does not have

Higgs branch as well , while for Coulomb branch the S-W curve is

2A(z —
n. @0 e ey, (1.335)
z
with S-W differential p
P ——— (1.336)
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Figure 13: The UV curve and Seiberg-Witten curve for pure SU(2) theory [152]

Then there are three finite singular points

A special new feature of this theory is that under certain conditions, say when p = —%A, u =
3A? these singular points will collide to z = —1, and also in u plane two singular points will

collide as shown in figure

In this case the A — B cycles can be made arbitrarily small hence

a=ap=0 (1.338)

Figure 14: The Argyres-Douglas point of Ny = 1 theory, on u plane and z UV curve [152]
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Now we have a conformal field theory, this is a simple example of the Argyres-Douglas CFT,
using the S-W curve we can find the scaling dimensions by rewriting it asE]

14 p2® 4w
=—

A2 dz* (1.339)
and assign scaling dimension 1 to \ since it integrates to a, a” as the masses of BPS particles,
then

[u] = - (1.340)

More generally, one can have the so called class S theories, where by string theoretical
constructions a class of six dimensional (2,0) SCFTs is given, this class has an ADE clas-
sification. Begin with one of those theories with simply laced Lie algebra g, and reduce it
to five dimensions on a circle, a N' = 2 super Yang Mills theory is obtained, by choosing
different boundary conditions, or equivalently a twisted compactification of the original the-
ory on a punctured Riemann surface Cy , with genus g and s punctures ﬁ, one can obtain a
N = 2 theory with g symmetry, where C,  is its UV curve. Different theories correspond to
different types of punctured Riemann surfaces, and we can assign a system of ODEs to Cj ,
a system known as the Hitchin system, where different punctures are singular points of it,
hence are classified as regular singular, irregular singular and so on. Hitchin system encodes
the integrability conditions on the hypercomplex structures of moduli space, as a result the
S-W curve can be obtained from it as well. In particular if g = Ay_1, a rank N cover X
of a punctured sphere Cj, is obtained as the S-W curve, with some minor modifications
this works for all ADE types. But the types and numbers of punctures are restricted by
consistency, and only some of them correspond to well defined theories at dimension four, in
particular the corresponding (generalized)Argyres-Douglas CFTs are limited in number and
can be classified.[15§]

We can reduce N' = 2, d = 4 theories on S! further to N = 4, d = 3 ones with a large R
symmetry group

From the six dimensional viewpoint, SU(2)g is the original R symmetry group, while SU(2),,
is the rotation group of the three compact dimensions. For these theories we have a special
kind of duality, known as three dimensional mirror symmetry. This is a mirror symmetry in
the sense that we can begin with a pair of mirror three (complex) dimensional Calabi-Yau
manifolds M and M’ with an appropriate d = 10 superstring theory, then the reductions
on M x St and M’ x S! are dual three dimensional theories. Under this duality:

e SU(2)L exchanges with SU(2)g

e Coulomb branch exchanges with Higgs branch

2There we use dz2 = dz ® dz and so on
28without twisting the N' = 4 super Yang Mills is generated
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o Mass termsY, [ d*0u] Q'Q;+cc exchanges with Fayet-Tliopoulos D terms Sp; = & [drov

In the simplest case of a simply laced g, the symmetry group of the mirror theory is

where ¢ runs over the nodes of extended Dynkin diagrams, with n; as the Dynkin index
and by definition ng = 1. As the group K¢ is already very complicated, in practice it is
convenient to give the product of gauge groups like this kind a graphic representation, such
a graph is called a (linear) quiver, constructed as followsﬁ

e Nodes
Assign a gauge symmetry group U(n) a circle node () with number n

Assign a global symmetry group U(p) a square node [J with number p

e Edges

Assign a bifundamental hypermultiplet (n,m) @ (n, m) of U(n) x U(m) fermion an
edge — from circle node n to m

Assign p fundamental hypermultiplets of U(n) an edge — from n to p

Follow similar rules, we have, for example, more complicated quivers in the figures [25][26]
Using some group theoretical arguments, given a quiver, some algorithms can be constructed
to calculate the R charges hence the scaling dimensions for some special operators. In
appendix [B.1.3] we will use these algorithms to calculate the lower bound on the scaling
dimension of a monopole operator.By definition, a monopole operator is an local operator
that creates a classical magnetic monopole solution at a particular point EL it is a local
operator only in dimension three, in generic dimensions it is a defect. In N = 4,d = 3
theories, monopole operators with suitable BPS conditions are K Coulomb branch duals
of hypermultiplets in G Higgs branch, in particular for a free hypermultiplet we must have
scaling dimension %, and the corresponding monopole operator has scaling dimension %.[26]

1.3.3 Superconformal index

Most super Yang Mills theories or SCFTs are hard to solve, even the basic field contents are
usually hard to identify. So just like in quantum mechanics, it is useful to focus on stable
quantities under deformations, and extract information from them. The superconformal
index is a direct generalization of the Witten index, which dependents on the structure
of vacua, its value is invariant under deformations as long as the associated Hilbert space
remains the same. For a d dimensional SCF'T, it is defined as

29%there are several similar but different quivers used in the study of super gauge theory, and while the
conventions vary, here we refer to the quiver and convention used in [8I]
30in this case actually a vortex configuration
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T () =Te(-1)" [[ui'e ™, 6:={Q Q'} (1.343)

where F' is the fermionic number operator, the trace is taken over over the Hilbert space of
the radially quantized theory on S?~!. Here {C;} is a maximal set of commuting charges,
e.g. quantum numbers of overall flavor symmetries, for consistency they must commute with
Q, Qf as well, then we can introduce a set of formal fugacities {y;} to keep track of them.
And Q a particular supercharge along with its conjugate QF, i.e. the super conformal charge
S = QF | where for unitary theories we must have § := {Q, QT} > 0.

There are two interpretations for this index

e As cohomology

It is obvious that §% = 0 then we can construct cohomology classes as kerd/imd, and
here the superconformal index receives contributions only from the representatives of
these classes of short multiplets, it indeed counts them with signs. It is possible for
several short multiplets to cancel each other out as they can be combined into a long
multiplet, just like a bosonic zero mode and a fermionic zero mode cancel each other
out in the Witten index, so only the special short multiplets which are protected hence
cannot be combined into long multiplets Contributeﬂ

Just like the Witten index, we expect this index to be stable, formally it should be
invariant under all exact marginal superconformal deformations, however this fails in
general, but if we restrict to theories with a discrete spectrum and finite dimensional
space of fixed {C;}, it still holds.

e As partition function

Alternatively, we can also view this index as the partition function on S9! x S with
suitable twisted boundary conditions on S*.

In this sense there should exist an extension of this index to the non-conformal but
supersymmetric case, and still stable under RG flows with some reasonable restrictions.

For our interest, we will specific to N/ = 2,d = 4 theories. In this case we can write the
superconformal index explicitly as

t\" . s,
T (p,q,t;x) := Tr(-1)F (_> pizgiagR szfle B, (1.344)
P i

and
25, = {éz_,é;;} —E—2j,—2R+71>0 (1.345)

with the following conventions:

31See appendix B of [I5] for more details.
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e x = (x1,---,x,---) are fugacities associated flavor symmetries, when we want to
specify different subgroups we will also use y,z and so on.

P, q,t are fugacities associated with linear combinations of rotation and R symmetries

® ji,jo are generators of the S3 rotation symmetry SU(2); x SU(2),, and jio := jo —
Ji,  Jsai=Jat+ N1

e F (energy’ in radical quantization) denote the scaling dimension and R for R charge.

the following formal convergence condition is assumed

o<1, o<1, |tl<1, |ul=1, |2 <1 1.346
t

Just as Witten index, one can calculate the superconformal indexes from free theories
and using the invariance property to obtain the indexes of interested non-trivial theories.
More generally, begin with a theory 7 with known index, one can gauging a subgroup G of
its flavor symmetry to obtain a new SCFT 7g, their indexes are related as

1170] = [daleTy (7102 (1.347)

where Zy is the index of a free vector multiplet in adj of G, and [dz]g the invariant Haar mea-
sure. Using this method, one can calculate the superconformal indexes for class S theories.
In particular, given a theory with symmetry g and UV curve C, s, when all the punctures
are regular singular, we can assign a map A : su(2) — g for each puncture, and the overall
flavor symmetry group is a direct sum of centralizers h C g as B;_,b;, this system is denoted
as T'[g;Cy.5; {A;}], then the index has a third interpretation as a TQFT correlator on C, 4

9 [p,q, ;%] = (O (x1) ... O (x))e, | (1.348)

with O (x;) a local operator living at puncture ¢, we can glue Cy, 5,11 and Cy, 5,41 t0 Cy 5, 9 =
g1+ g+ 2,5 = s1 + s9, hence we have

Z9xq,...X4) = /[dy}gf‘“ %, Y| Zv (y)I% [y, xx], J € s1,k € s9 (1.349)

If we introduce a basis of functions {1, }

/ (A6 Ty (%)2ha (X)5 (%) = b (1.350)

and the following integral transformation

0, = / (dx]o Ty ()1 () O(x) (1.351)
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Then using standard gluing arguments, we can define the three punctures sphere indexes

7970 = Curanas (1.352)

Q1203

As basic building blocks, they satisfy
Oa1a2606a3a4 = Ca1a3'ycvaga4 (1353)

hence can be viewed as three point function coefficients, or structure constants, now the
gluing property is simply

g g
Ta.. ZI{Q}B T5 o) (1.354)

And there exists a particular basis, the so-called Frobenius basis {¢,(x)}, such that

C}\1)\2)\3 = C)\6)\/\16)\)\25)\)\3 (1355>
and
I = Cts (1.356)
and more generally
T [x1,. .. x] = Y C 2y (x1) L () (1.357)

For more general type of punctures, we have

T=3 ] ) (1.358)
A j=1

where {(ﬁﬁ’ (YA, P 4, t)} is a system of 'wave functions’ on those punctures. With the above
TQFT interpretation, now the topologically equivalent gluing processes on UV curves can
be explained as S-dualities for the corresponding four dimensional field theories.

In practice, it would be hard to calculate those wavefunctions and the corresponding
indices, one usually taking some limits to extract partial information. If we rewrite the
superconformal index as

T(q.p.1) = Te(~ 1) pigdohhire™ o T ol (1.359)

where
20} = {0l (@)} = E+2j, —2R—r >0
—{'. (@)} =F-2j—2R-r>0

and let ¢ = t, this is refereed as the Schur limit, and the corresponding index ,the so called

(1.360)

Schur index is
rank G g

Ir(g;x) = Trp(=1)" " " H (x:)" (1.361)
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now the cohomology condition is

5L =0, =0 (1.362)
or equivalently
R £ (i .
LO::#—R:Q Zi=ji—jotr=0 (1.363)
in particular, for unitary theories EO > %l so we need EO = 0 only, a operator satisfies

this condition is refereed as Schur operator. We will calculate the Schur indexes for spe-
cial types of Argyres-Douglas CFTs in chapter two, and analyze the corresponding TQFT
interpretations and RG flows.

2 Index relations and SUSY enhancement

2.1 Peculiar Index Relations, 2D TQFT,and Universality of SUSY
Enhancement

In this chapter, we begin by focusing on a particularly simple—yet surprisingly rich—class
of strongly interacting 4D A" = 2 SCFTs called the Dy(SU(N)) theories, with N = 2n+1 an
odd integer [46], 47]. These theories are often imagined as arising in type IIB string theory|
at local Calabi-Yau singularities and are part of a larger class of theories called the D,(G)
theories, where G is the ADE flavor symmetry of the SCFT. However, using the methods of
[158], we will primarily think of these theories as coming from twisted compactifications of
the 6D (2,0) theory on Riemann surfaces with an irregular puncture.ﬁ

While the strongly coupled Dy(SU(2n + 1)) SCFTs are of Argyres-Douglas (AD) typd™]
and therefore lack NV = 2 Lagrangians, they behave in various surprising ways like collections
of free hypermultiplets:

e The role of the Dy(SU(3)) theory in the S-duality studied in [29] [32] [33] is reminiscent
of the role played by some of the hypermultiplets in the S-duality of N' = 2 SU(3)
Supersymmetric Quantum Chromodynamics (SQCD) with N; = 6 flavors [10].

e The so-called “Schur” limits of the 4D N = 2 superconformal indices of the Do (SU (2n+
1)) theories are related to the Schur indices of free hypermultiplets by a simple rescaling
of the superconformal fugacity and a specialization of the flavor fugacities [160}, T50].

e The (partially refined) Schur indices of the Dy(SU(2n + 1)) theories can be computed
via theories of free non-unitary hypermultiplets with wrong statistics in 4D [30, [31].

32 Although note that the simplest example, Dy (SU(3)), was originally constructed in [9].

33Depending on the realization, the twisted compactification may or may not be accompanied by an extra
regular singularity.

34In other words, they have A = 2 chiral operators (i.e., operators annihilated by the anti-chiral half of
N = 2 superspace sometimes called “Coulomb branch” operators) of non-integer scaling dimension.
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’ AD theory ‘ Class S fixture analog ‘ Flow to 32 supercharges

Dy(SU((2n +1)) Yiimple, Yra, Yran ; (free) o
RS:;:D }/é(l) s Yran, Y (iﬂteraCtiIlg) yes
T(ii?ng ma3) Yn(’bll) ) Yﬂgl2) ) Y7£LI3) ) (interacting) yes

Table 1: Three important classes of isolated SCFTs we study in this paper are in the
leftmost column (note that we assume, without loss of generality, that mg > my > my;
these quantities obey further constraints discussed in the main text). The middle column
indicates the corresponding regular puncture class S fixture (specified by a triple of Young
diagrams) in the sense described in Sec. , where Yk(é) is the Young diagram shown in
Fig. The parenthetical comment in this column indicates whether the class S fixture is
interacting or not. The final column indicates if the theory admits an RG flow, of the type
described in the main text, to an interacting SCFT with thirty-two (Poincaré plus special)
supercharges. The above AD relatives of interacting class S fixtures always admit such flows
while relatives of free fixtures do not. All the above theories can be realized as type 11 in
the nomenclature of [I58]. In Sec. , we vastly generalize these results.

Given these parallels, it is interesting to ask if at least some of these close relations with
Lagrangian theories persist upon conformally gauging subgroups of the flavor symmetry of
the Do(SU(2n+1)) theories. As we will see below, the answer to this question is a resounding,
“yes.” In particular, we will show that the Schur indices of an infinite set of theories gotten
by gauging various diagonal flavor symmetries of collections of arbitrarily large numbers
of Dy(SU(2n + 1)) theories and hypermultiplets are related to the Schur indices of certain
Lagrangian theories of class S [79] by simple transformations. Rephrasing these relations
in the language of 2D TQFT allows us to efficiently study the action of S-duality on the
flavor symmetries of the Dy(SU(2n+ 1)) quiver gauge theories (see [162] [163] [159] for recent
discussions of other S-duality properties of these theories).

Beyond the action on flavor symmetries, one of the most interesting aspects of N' =
2 S-duality is the emergence of exotic isolated theories at cusps in the space of exactly
marginal gauge couplings. For example, Argyres and Seiberg found the exotic Eg Minahan-
Nemeschansky theory in SU(3) SQCD with Ny = 6 emerging at a dual cusp with a weakly
coupled SU(2) C Es gauge group [10]. This construction was then vastly generalized to find
new classes of isolated non-Lagrangian N' = 2 SCFTs (e.g, see [79, 49]).

As we will see, the TQFT relations we find between the AD quivers and their Lagrangian
cousins lead to an interesting new expression for the Schur index of the exotic AD analog
of the Eg theory, the so-called “Tx” SCFT, arising via the S-duality studied in [29] [32], 33].
Moreover, we are able to find the Schur indices for infinitely many generalizations of the Tx
theory arising via various AD generalizations of S-dualities involving only regular punctures.
For example, we find indices for AD analogs of the Ry, theories (with p € Z>(cq4) arising
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via the S-dualities studied in [49]. We call these theories Rﬁf D SCFTs. In all cases, the
AD index expressions we find are related to those of their regular puncture relatives (e.g.,
see [77]) by simple transformations on the fugacities. We term these types of AD theories
“AD fixtures” in reference to the terminology for the corresponding isolated theories arising
from three-punctured spheres in class S (e.g., see the terminology in [49]). In this context,
one may also think of the Dy(SU(2n + 1)) theories as AD relatives of free regular puncture
fixtures. On the other hand, the jo;m SCFTs (and other theories we construct below) are
AD relatives of interacting regular puncture fixtures (see Table. .

However, the TQFT index expressions we find for these isolated exotic theories are rather
illuminating in their own right. For example, unlike the usual expressions for regular punc-
ture theories, the AD indices feature products over TQFT wave functions that are not
independent. We then interpret this lack of independence in terms of the topology of the
corresponding quivers of the 3D mirrors associated with the AD theories [158]. As we will
see, the quiver topology of our AD relatives of interacting fixtures is characterized by a
loop of non-abelian gauge nodes in the 3D mirror. This loop has interesting physical con-
sequences: it guarantees that one can take these isolated AD theories, compactify them
on S', and flow (up to free decoupled matter fields) to interacting theories with thirty-two
(Poincaré plus special) superchages (thereby generalizing the examples in [33])@ We believe
that these latter fixed points uplift to 4D N = 4 theories, but we leave a detailed study of
this correspondence to future Workﬂ

Based on the generic existence of RG flows with enhancement to thirty-two supercharges
in the exotic isolated AD theories we studyﬂ we ask more generally when such flows can
occur. As we will see, the existence of these types of flows is in fact generic in the space of
4D N = 2 SCFTs (with known 3D Lagrangian mirrors) obtained by compactifying the 6D
(2,0) theory on a Riemann surface with an irregular singularity (we may or may not add an
additional regular singularity).ﬁ Combined with the results of [118| 117, 2] 211, [3, 87, 1], 20,
88], our work here and in [33] suggests that AD theories naturally live along RG flows with
accidental SUSY@ We discuss further implications of these ideas in the conclusions.

35Like their free AD fixture counterparts, the Dy(SU(2n + 1)) fixtures do not admit RG flows via vevs
and relevant deformations to interacting theories with thirty-two supercharges (note that we do not consider
turning on additional gauge couplings in these flows).

36See also [I1] for examples of N' = 2 — N = 4 enhancement (in the case of theories with integer
dimensional Coulomb branch operators).

37In fact, this enhancement can also occur in AD quivers. Indeed, these theories also have indices with
non-independent wave functions, and some of the general results we prove below apply to these theories as
well. The fact that we gauge some symmetries to build these theories means that the 3D mirror interpretation
of their indices is more subtle.

38In this sense, the word “exotic” for our isolated AD theories is inappropriate. Indeed, although flows to
thirty-two supercharges of the type we describe are not common among the AD theories often studied in the
literature, we will see that this is because such theories are actually rather special.

39 Although note that here and in [33] we imagine that the accidental SUSY enhancement arises along RG
flows emanating from the AD theories in the UV. On the other hand, in [T18| 117, 2} 2T, 3 87, [T}, 20} [88] the
accidental SUSY enhancement mainly arises for flows ending on AD theories in the IR.
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The outline of the rest of this chapter is as follows. In the next section we give more
details regarding the Dy(SU(IN)) theories, the resulting quiver gauge theories, and the index
relations between these quivers and certain Lagrangian theories of class §. We then move
on to construct the 2D TQFT expressions for our indices and study S-duality using these
expressions. We conclude this section by computing indices for various exotic type I1]
AD fixtures that arise via S-duality and relating them to indices of better-known theories
consisting purely of regular punctures. In the following section, we analyze the implications
of these expressions for the quivers of the corresponding 3D mirrors. We then move on to a
discussion of the resulting RG flows with accidental supersymmetry enhancement to thirty-
two supercharges and conclude by proving a theorem on the universality of such flows in the
class of theories arising from compactification of the (2,0) theory on surfaces with irregular
punctures and known 3D mirrors.

Note that throughout our discussion below, we will use the following shorthand to refer
to the Do(SU(N)) theories in order to ease notational burden:

ADN = DQ(SU(N)) y N € ZZO,odd . (21)

2.2 Conformal gauging of ADy = Dy(SU(N)) theories

In this section we introduce relevant technical aspects of the ADy = Do(SU(N)) SCFTs
(with N odd) and the quiver theories built by conformally gauging them. In particular, we
first construct an intermediate building block, ﬁf}nw and then construct the main quiver
theories of interest, 771(1@,)71,”2. We then move on to construct Schur indices for these quivers
and relate them to Schur indices of certain Lagrangian theories.

2.2.1 More details of the AD quiver building blocks

The ADy theories are a class of isolated strongly coupled 4D N = 2 SCFTs. Their Coulomb
branch chiral rings are generated by operators of dimensions 5 — i for 0 < i < [3] — 2 [46].
Since N is odd, these theories have ' = 2 chiral primaries (i.e., “Coulomb branch” operators)
of non-integer dimension and are therefore of AD type[®| The conformal anomalies of ADy
are given by aap, = 5c(N? — 1) and cap, = 15(N? — 1). Most importantly for us in what
follows, the flavor symmetry of ADy is SU(NN), and the corresponding flavor central charge
is given by

ksunvy =N, (2.2)

where a fundamental hypermultiplet of SU(N) contributes as kgyn) = 2.
For reference, here we also briefly review the 6d-4d construction of this theory [158,
150]. Using the notation of [I50], we begin with a d = 6, V' = (2,0) SCFT of ADE type

40Tn particular, ADj3 is identical to the Hy Argyres-Douglas theory [9] and is sometimes also called the
(A1, Dy4) theory [48].

81



ADgp 1y ADgp 30

Figure 15: The quiver diagram of two conformally gauged ADy SCFTs. The left box stands
for an ADsy,, theory, the right box stands for an ADsy, 3, theory, and the middle circle
stands for an SU(n + ¢) vector multiplet diagonally gauging the two AD theories. Here n

is an integer, and ¢ is an odd integer. This is the simplest example of a conformally gauged
AD building block for the more complicated class of quivers we will focus on (see Fig. .

J, and compactify it on a Riemann surface ¥ with irregular punctures of (2.3), then by
consistency we must have g = 0 so ¥ is a Riemann sphere with punctures, there are two
further possibilities for conformal d = 4 theories:

e Y is a sphere with an irregular singularity,
e ) is a sphere with an irregular singularity plus one regular singularity.
Where the singularities are defined by a Hitchin system on XE:

e We have a holomorphic one form ® on X such that the irregular singularity appears as

.. (2.3)

where T}, is an semi-simple element of J , then we can label this irregular singularity
by these two numbers b, k as J°[k],

e We can also add a regular singular term to the above and in this case there is a flavor
symmetry group associated with the regular singular point, we will use the label Y to
denote it.lﬂ In particular, when this regular singular point is absent, we say it is null,
and denote it as Y = {0}, otherwise we say it is full, and denote it as Y = F.

In summary, our d = 4 theory is labeled by the pair (J°[k],Y), then we have

ADy = (AY_12—=N|,F) , N € Zsp0a4 - (2.4)

More generally, a D,(G) with g = J theory is realized by setting b = hY,Y = F with
some suitable k relating to p, J, where h" is the dual Coxeter number of J.

From the isolated ADy theories, we can construct an intermediate building block for the
theories we are interested in as follows. Consider ADs, ., and AD,, .3, for a positive integer

41Recall that a regular singular point is an order one pole, otherwise it is irregular.
42For J = An_1, Y corresponds to a Young diagram Y = [n}l“ sy n};} with . hyn; = N, and the flavor

symmetry is Gy = ([[;_, U (h;)) /U(1).
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AD2n1+Z AD2n1+3€ o ADan—Z

Figure 16: The quiver diagram of the 7;(16)”2 building block for the larger quiver we will

consider in Fig. and focus on in the next section. Here / is a positive odd integer, and
ny and ny are two integers such that (ny — ny)/¢ is a positive integer. The gauge group
of the quiver is SU(ny + ) x SU(ny 4+ 20) x --- x SU(ny — £). The flavor symmetry is

na—nj

U(nl) X U(].) T2 x U(ng)

n and an odd positive integer ¢ (so that 2n + ¢ and 2n + 3¢ are odd). These theories have
SU(2n + () and SU(2n + 3¢) flavor symmetries respectively. We can couple an SU(n + /)
vector multiplet to these SCFTs by gauging a diagonal SU (n+/) flavor symmetry. The flavor
central charge implies that this gauging is exactly marginal. The resulting theory is an
N =2 SCFT described by the quiver diagram in Fig. [15| and has U(n) x U(n + 2¢) flavor
symmetry.

Given this flavor symmetry, we can further gauge an SU(n + 2¢) C U(n + 2¢) subgroup.
This gauging is exactly marginal when the SU(n + 2¢) vector multiplet is coupled to an
additional ADs, 5, theory in such a way that the residual flavor symmetry of the ADs, 5,
sector is U(n + 3¢). The resulting theory now has U(n) x U(1) x U(n + 3¢) flavor symmetry.

By continuing this procedure, we obtain a series of conformal linear quiver theories whose
matter sector is comprised of various ADy theories. The quiver diagram for these theories
is shown in Fig. [L6] where the gauge group is SU(n; + €) x SU(ny +2£) x --- x SU(ny — ()
for a positive odd integer, ¢, and two integers, n; and ns, such that (ny —mny)/¢ is a positive
integer. We denote this theory by Tn‘n,, and it has U(ny) x U172 x U(ny) flavor
symmetry[?| From the quiver diagram, we see that the flavor central charge of the SU(n;)

and SU(ng) subgroups are 2n; + ¢ and 2ny — ¢, respectively.

2.2.2 The main quiver theories of interest: the E(f)n ny SCFEFTs

Now we come to the main quiver theories of interest that are built from the above SCFTs
and also from fundamental hypermultiplets. To be more explicit, let us take 7;(1[ ?n, 7;(57)”, and
¢ fundamental hypermultiplets of SU (n)@ By the discussion in the previous subsection, if
we gauge a diagonal SU(n) flavor subgroup of these theories, the beta function vanishes:

B=2n—0)+@2n—0)+20—4dn=0, (2:5)

43Note that, when we write 771(1[,)”2, we always have ny < ng so that (ny —n1)/¢ is a positive integer.
4“4 Note that n,ny,n9, and £ are positive integers such that ¢ is odd, and (n —n;)/¢ and (n — ny)/{ are
positive integers.
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Figure 17: The diagram for the main quiver theory of interest: the 7;(14)””2 theory. The
middle SU(n) diagonally gauges the SU(n) flavor subgroups of 7;(16)”, 7,'1(2%, and ¢ > 1 fun-
damental hypermultiplets (recall that ¢ € Zyqq). This theory has U(ny) x U(ng) x U(€) x

2n—n1—n
Uiy

*=2 flavor symmetry.

where %(f)n and 7;(26)" both contribute 2n — ¢, the ¢ fundamental hypermultiplets contribute
2¢, and the SU(n) vector multiplet contributes —4n. The resulting theory is an A" = 2 SCFT
described by the quiver diagram in Fig. [17)and has U(ny) x U(ng) x U(¢) x U(l)%fn%@*2
flavor symmetry. We denote this theory by ’ﬁff,)n,m, where the middle n in the subscript

stands for the largest rank of the simple components of the gauge group.

2.2.3 Schur index

In this subsection, we construct the Schur indices of the 771(1@,)”7”2 SCFTs from the various
building blocks described previously. As we will see, these quantities turn out to be closely
related to the indices of certain Lagrangian theories of class S.

To understand these statements, first recall that the Schur index of a general N' = 2
SCFT, T, is defined as [77, 7S]

rank G g

Ir(g;x) = Try(—1)F¢" " H (x:) (2.6)

where H is the Hilbert space of local operators of 7, FE is the scaling dimension, R is
the Cartan generator of SU(2)gr normalized so that the fundamental representation has
eigenvalues :I:%, G is the flavor symmetry of the theory, and f; is the i*" Cartan generator
of Gr (i.e., the i*® flavor charge).

In the case of ADy, the Schur index was conjectured to be [I60] (see also the mathemat-
ical results in [107, 54]

q
Tyl = PE. | V) | 27)

where x = (z1,--- ,xx) subject to [[I-, #; = 1 is the fugacity for the SU(N) flavor sym-
metry, ng ) (x) is the character of the adjoint representation, and P.E. is the “plethystic

45The Schur index is a particular limit of a more general superconformal index [109} [137].
46The N = 3 case is also discussed in [39, 38, 53, B7], and the formula in (2.7) agrees with the formula
found in these references.
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exponential.” This latter quantity is defined as

P.E.[f(z1, - ,xy)] = exp (Z flab, - ,x%)) . (2.8)

Let us focus on the case N = 2n; + ¢ for a positive integer n; and an odd positive integer
¢, since these theories enter the quivers we are interested in. In order to make contact with
the index of the 'ﬁb(f ,)nz SCFT, it is useful to consider the splitting of the SU(2n; +/) fugacity,
x, into those for the SU(ny) x SU(ny +¢) x U(1) C SU(2n; + £) subgroup. In particular, x
splits into y = (Y1, *+ ,Yny)s 2 = (21, , Zny4¢), and a such that [, y; = H?:lfe 2 = 1
In terms of these variables, the Schur index for N =2n,; +/¢ iﬂ

q SU(n SU(ni+4 ni+¢
Ty, (€Y, 2,0) = P.E. [1 e (1 X ) o )(Z)>] X Lo g%y, 2,0) .
(2.11)
(N)

39

is the character of an SU(N) representation R, “adj” stands for the adjoint

representation, and Z\*M (g, y,z, a) is the Schur index of a bifundamental hypermultiplet of

SU(N) x SU(M)

SU
where x5

1
qi
1 —

M (g y,2,a) = P.E.

SU(N SU(M —1. SU(N SU(M
q <a Xfungl )(y)Xaful(ld )(Z) +a 1Xafu1(1d)(y)Xfunc(1 )(Z>>] )
(2.12)

with “fund” and “afund” being fundamental and anti-fundamental representations, respec-
tively. Note that the last factor of is identical to the Schur index of a bifundamental
hypermultiplet of SU(n;) x SU(n; + £) with ¢ replaced by ¢?. This expression will be
important in our discussions below.

The index of the 7;(f?n2 building block Let us now evaluate the Schur indices of the
7;(1[)”2 quiver building blocks we will eventually use to construct the Schur indices of the
quivers of ultimate interest. Since the 7;(14)712 SCFTs are obtained by conformally gauging
ADy theories, their indices are evaluated as integrals of products of the indices associated
with each sector of the quivers.

4TThe precise relation between x and (y, z, a) is given by
n1 ny
az(H:cZ) , yi=z;/a for i=1,--- ,n, z;=xa for i=ny+1,---,2n;+¢. (2.9)

48For ny = 1, we instead have

q SU (¢ SU (¢ —1.8SU(«
IAD£+2 (q;z,a) = P.E. |:1 _ q2 (1 + Xadj( = (Z) + aXanI’(ld+1) (Z) +a 1Xfun((i +1) (Z)):| . (210)
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To describe this gauging, let zg, Zny—n; , and @ = (aq, - - - , any—ny ) be fugacities for SU (ny),
14 4

SU(ngy), and U(1 ) "7 subgroups of the 7}1 ny flavor symmetry, respectively. Then the quiver
diagram in Fig. [L6| implies that

Z (‘J§Z07@7ZLZM)

Tni'ng
ng—mnj n1 n2;"1 —1
. SU (n1+il . .
B / H d'u’ Z; Ivec ! )(q’ Zi) H IAD2n1+(2i+l)l (q7 Zi, Zi+1, ai+1> ’ (213)
1=0

where the integral is taken over SU(ny + £) x SU(ny + 20) x -+ x SU(ny — £), dp; is the
Haar measure on SU(n; +if), z; for 1 <i < #2257 — 1 is the SU(n; +if) fugacity associated
with dp;, and
29 suv
LU(g0) = P | L) | (2.14)
is the index contribution from an SU(N) vector multiplet.

Note that, up to adjoint-valued pre-factors (whose role we will clarify below) and a ¢ — ¢*
fugacity rescaling, the Schur indices of the ADy,, 1, SCFTs in (2.11)) are just the indices of
bifundamental hypermultiplets. As a result, the indices of the ﬁf,m SCFTs will also have
a close connection with those of Lagrangian theories. Indeed, using the identities (B.2]) and

(2.11)), one can rewrite (2.13)) as

I B 1 q SU() SU(ny)
ITn(?,ng (q, ZO,Q,Z%) = WPE {H <XadJ (Z()) —I—XadJ (ZTQl%nl)>
X Lo (q% 20,0, Znyny ) (2.15)
ny,n9 12
where

IE(E) (q7Z07a7Zw>
ni,ng 0

ng—mj '"'1 -1 na—mj ”1 -1

E/ H dpi(2:) T30, nlw)(CI; z;) H Ik()rflulr;tiw nﬁ(iﬂm(q;Zi7zz‘+17az‘+1) , (2.16)

is the Schur index of the Lagrangian theory described by the quiver in Fig. I8} Note that
this quiver has the same gauge group as in Fig. [I6] but its matter sector is composed purely
of fundamental and bifundamental hypermultlplets@ The expressmn shows that the
Schur index of 7?117n2 has a close connection with that of Em ny (We need only multiply by
adjoint-valued prefactors and rescale ¢ — ¢?).

Let us briefly comment on the plethystic exponential pre-factor in front of Z.¢) on the

»Cnl )

RHS of (2.15)). This term is inherited from the AD theories at the ends of the quiver and

49The ngl),m theory has the same flavor symmetry as 'ﬁff ,)n2 unless there is an accidental enhancement.
Therefore, its Schur index is a function of the same set of fugacities as Z 7O

nl n2
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Figure 18: The quiver diagram of the Lagrangian theory we call Eq(fl)m. Each edge connecting

[19ee)]

two nodes stands for a bifundamental hypermultiplet, and each box labeled by “n” stands
for n fundamental hypermultiplets. The flavor symmetry of E%B,M is generically the same as
that of 771(1[ ?nz.

is independent of the abelian flavor fugacities, a@. On the other hand, this pre-factor does

depend on the fugacities, x and y, for the non-abelian flavor subgroup. The role of this

dependence can be understood by noting that IT“) and 7 20 satisfy recursive relations.
ni,n2

ni,ng

Indeed, IT@ satisfies

ni,ng

ny,ng ny,ng—il ng—il,no

Iy (%X@Y):/( )du(Z)ITw (@:%,0,2) LN g2) Lo (g2.y,0)
SU (no—il

(2.17)

where 1 <4 < 27 and @ = (b1, -+ ,bny—ny_,,C1,---,¢;). There is a similar recursive
0
relation for Z .« , where all Z ) are replaced with Z.» . These two recursive relations
Enl,nQ 7Tn,m ﬁn,m

are consistent with (2.15) if the P.E. factor is present in the relation (2.15) [

The indices of the ﬁ(f ,)mnz quivers Let us now assemble our previous results and compute
the Schur indices of the quivers we will ultimately be interested in for our discussion below—
the 7o) n, SCFTs. To begin, we let (x1,a1), (X2,b1), and (y,c) denote the fugacities for
the flavor U(ny), U(ny), and U(¢) subgroups, respectively. We also let (ag, -+ ,an-n, ) and
L
(ba, -+, bn-ny ) represent the fugacities for the residual U(1) #2222 favor subgroup. From
£

its quiver description in Fig. , we see that the Schur index of 7;(1( ,)nm can be evaluated as

—

Iﬁ(f) (Q7 X1, &'7 (Y7 C)v bv X2) = / ) d:u(z) I\i(i(n) (Q7 Z)Ibzl}(u?’ld(q? Y,z C)
SU(n

1] ,M,M9
x Lo (¢:%1,@.2)T 50 (6%, b,z) (2.18)
where @ = (ay,- -+ ,an-n ) and b= (b1, -+ bnony ).
[ £

As in the case of 7;(12,)”2, this Schur index is also related to the index of a quiver gauge

theory with a Lagrangian description. Indeed, using (B.2), (B.4)) and (2.15]), one can rewrite

59The flavor-independent part of the pre-factor multiplying Z ., in (2.15), (g; q2)_(n2;n1 ), is present in
ni,ng
order to make up the difference in a — ¢ between the Lagrangian and non-Lagrangian theories in the Cardy
limit of the index.
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l l
', ¥,

Figure 19: The left quiver is a weak coupling description of the Lagrangian theory E%l),nm.
The gauge group is the same as that in Fig. [I7] but the matter sector is composed purely of
fundamental and bifundamental hypermultiplets. The rank of the flavor symmetry group of
ngl),nm is larger than that of 7;(1[ ?nm by ¢. The ngl),nm theory is obtained by compactifying
the 6D (2,0) A,,_; theory on the punctured sphere shown in the right picture. The sphere has

2n—mi—no

‘
associated with Yn(f ) and Yn(f). The complex structure moduli space of this punctured sphere

simple punctures (represented by black points) and two additional regular punctures

is identified as the conformal manifold of dﬁ),nm.

ET) of]

- T 1 q SU(n SU(n
o (¢5%1,4,(y,0),b,%2) = —— 5= P.E. [ 5 (Xadj( D(xy) + Xadj( 2)(X2)>
e (S L4
R 1 _1, >
X Iﬁﬁff g (q2a X1, Q, (ya cq* )7 (Y7 cq 2)7 b7 X2) ) (219)
where

—

.’Z:[’(Z) (q;X1767 (YI7CI)7 (y2762)7b7 X2)

ni,m,ng

2

<Qa X1, C_ia Z) Iﬁ%z),n (q7 X2, 57 Z) Hz_li:‘l?nd(q’ Yi, z, Ci) ) (220)
i=1

= / dp(z) I (q;2) I,

(£)
ni,m

is the Schur index of a Lagrangian theory described by the quiver diagram in Fig. [I9 We
call this quiver gauge theory Eﬁfl),nm.

Note that the flavor symmetry of .c%f,m is U(ny) x U(ng) x U(20) x U(l)m*? In
(2.20]), (x1,a1) and (x3,b1) are fugacities for the U(ny) and U(ny) flavor subgroups respec-
tively, while (y1,ys, c1,co) are fugacities for the U(2¢) flavor subgroup. Note that the flavor
symmetry of ﬁ%l)m,nz is not the same as the flavor symmetry of ’E(f )nm Indeed, the rank of
the flavor symmetry of ngl),nm is larger than that of ’ﬁl(f ,)nm by £. Therefore, in the relation
(2-19), 2¢ fugacities for the U(2¢) flavor subgroup of .c?(fl’,m are restricted to ¢ fugacities
(y,c¢). Finally, note that the P.E. factor depending on x; and x5 plays the same role as in
the case of 7;(1[)“2

51Tn the case of n; = 1, the factor xf(g("i) is replaced with 0. In the case of n; = 0, it is replaced by —1.
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q2fy1 | q2fy2 | 42fys

n—k
l

—92 -2 _1 _1 _1
1 H J 72w | ST 2 (g7 2 fyi|q 2 fye|a” 2 fys

Figure 20: The left picture shows the Young diagram Yk@) with n boxes. Here k and ¢ are
non-negative integers such that ”TTk is a positive integer. There are k columns of height
n—k

one and £ columns of height “7*. We also use the shorthand notation Ymple = Yl(l) and

Yia = YO(") = Yn(i)l in the main text. The right picture shows how the SU(n) fugacity w in
(2.26)) is related to the SU(k) x SU(¥) x U(1) fugacities (x,y, f) (in the particular case of
n =8,k =2, and ¢ = 3), where wy, - -+ ,w, are assigned to the boxes.

2.3 TQFT expressions and S-duality
2.3.1 TQFT expressions for the Schur indices and S-duality

In this section we begin by focusing on the 771(1{)”,”2 SCFTs and studying the resulting S-
dualities via the connection with ngf,n,m discussed in the previous section. In particular,
this connection leads us to simple TQFT expressions for the Schur indices of the 7;(1@7)”,”2
SCFTs and makes it straightfoward to read off the action of S-duality on the corresponding
abelian flavor symmetriesF_ZI Moreover, as we will see, the TQFT approach gives rise to
interesting new expressions for indices of certain exotic AD building blocks that appear at
certain cusps in the conformal manifolds of the 7;(1[ ?nm theories.

One useful aspect of the Lagrangian quiver theory, Effl),nm, is that it can be obtained by
compactifying the 6D (2,0) A,_; theory on a sphere with 2"_”l+"2 simple punctures and two
additional regular punctures associated with Yn(f ) and Yn(f) (see Fig. ) [79]. This fact implies
that the superconformal index of ,C%l),nm can be computed via a TQFT on the sphere [75].
In this context, its Schur index, Z 29 is written as a correlation function of ¢-deformed
Yang-Mills (¢-YM) theory [77]. Moreover, since the compactificaiton of the 6D (2,0) theory
involves only regular punctures, the TQFT expression for 7 X is particularly simple.

On the other hand, AD theories arise from the compactifications of the (2,0) theory with
one irregular puncture and, depending on the case, at most one additional regular puncture.
The resulting TQFT index expressions tend to be considerably more elaborate [39] 40].

However, the simple TQFT expression for Z . and the relation (2.19)) imply that the

ni,n,ny

Schur index of the non-Lagrangian quiver theory 771(f ?n,m also has a simple TQFT expression.

52The generalization of this discussion to 7;1(?,12 is straightforward but involves extra decoupled hypermul-
tiplets.
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Indeed, applying the transformation in (2.19) to the ¢g-YM expression for Z ..y , we obtain

ni,n,ng

Ifﬁgf),n,ng (q7 X1, 6, (y7 C), ga XQ)
1 n n
= — = DE. 4 (ng( D(x) + ng( 2)(X2)>
(G:¢%) ¢ 1-¢?

YTE? 2 % Yts,lmplc % slmplc Yrgé) 2 *
Ir (Q;XlaYan)<Hi:1 (¢% @))(1_[3-:1 (¢? f;))fR (¢*; %2, 5% fo)

x Z n=ny—ng J
7

R: irreps of su(n) (CR<Q2)>
(2.21)
where y* = (y; ', -+ ,y; ") and
n—1 \n—~L
S (1=¢)"" Ssum), n=1 n-s o1
Cr(q) = =5 Xp g F g% g 7). (2.22)
(@t
The parameters e; and f; are functions of a, g, ¢, and ¢ satisfying
TL}’ILl w
(o' =q%en T ta)™,  (fo) =aFe [T ) (2.23)
i=1 j=1
n— nl "7'74”2
L n [ —no—(j—
(e:)" = q2c’(a;)m =1 H (ar)™", ()" =q2e™ (b)) 070 T (0w)f, (2.24)
k=i+1 k=j+1

forl<i< =" and1<j< % The “wave function” f¥ depends on the Young diagram
Y, and Yk(z) is the n-box Young diagram with k columns of height one and ¢ columns of height
”77’“ (see Fig. . We use the short-hand notation Yiimple = Yl(l) and Y = eri)l = YO(").
The wave function f} for Y = Yk(g) is given by [77, [16]

v ® SU(n
fi (@xy, f) = K% (@xy, v " w) (2.26)
n—k 1)
() qd  Suk C]2( ) SU (k) sSu(e
K a5,y f) = P | 37 00+ = s (0 )
1(n—k n—k
q5(7+1) n SU(K Su(e q1—q7) v
+Tf Xt (x )Xfunc(i)(Y)JF(l_—q)QXad(j)(Y) , (2.27)

53Note that not all e; and f; are independent. Indeed, we see that there is one constraint on them:
( IT ¢ ) ( 11 fj> =q. (2.25)
1=0
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where w is an SU(n) fugacity such that w; = f_nT_kxi for 1 <<k and Wy pnzh i 1)) =

q%(n%k“)*jfyi for 1 <i</land1<j< 2% (see Fig. , and ng(f)(y) = Xiz(e)(y) +1
Note here that the wave function factors in are not directly given by but involve
the rescaling g — ¢.

Note also that the expression for the Schur index of ﬂf}nm is invariant under
the permutations of (e1, -+ ,€n—ny, f1, -, fn-ny ). It turns out that such permutations are

3 [
realized by reparameterizing a;, b; and c. Indeed, e; <— e;41 is realized by

L na+(i+1)¢ no+(i—1)¢ e
a; = (a;) "2 (aj41) 2P0, Qip1 = (@) "2 (@qq) "2t (2.30)

with the other fugacities kept fixed. Similarly, f; <— f; 11 is realized by a transformation of
b; and b;y1. Finally, en—n, <— fn-n, is realized by
[ 3

Gy = (@ )5 (bumng )55 bumny = (@ )5 (baong )iC 7
[ [ [ [ [ £
£_q £_1 1-2¢
Cc — (an—nl )" (bnfn2>n c n (231)
£ [

with the other fugacities kept fixed. Note that all these transformations keep ey and f; invari-
14

ant, and therefore preserve the wave functions f;’s? (¢%;%1,y,€0) and f;ﬁ?) (¢%%x2,¥*, fo). This
discussion shows that the Schur index of 7;(16)71”2 is invariant under the action of S2n-—n;—n,.
As discussed below, this invariance can be regarded as a natural generalization of an Son
symmetry of the index of ’7]%)1 = (Agy_1, Aoy_1), which was identified in [40] as the action
of the S-duality group (see also [55]). It is therefore natural to interpret the above S 2nmy =y

invariance as a consequence of the S-duality invariance of 771(f )nm

In the next section, we carefully study two special cases, 76(72?0 and 7‘1(;)1, and show that,
from various S-dual descriptions of these theories, one can read off the Schur indices of
various infinite series of exotic type 111 AD theories that decouple at cusps in the space of

gauge couplings.

2.3.2 S-duality of the 7(')(72?0 SCFTs and AD analogs for R, theories

In this and next section we perform a more thorough analysis of two sets of examples of the
S-dualities discussed in the previous section. In particular, we construct indices for exotic
AD fixtures that arise in certain decoupling limits of the 76(72?0 and 7‘1(;)1 SCFTs. The first
set of examples gives rise to theories that generalize the Tx theory discussed in [33] and are

54For Yiimple and Y, this expression reduces to

z n—2 \yn—~0—1
simple qz n —-n — l_q n n—-2 _n—2 —n
I (q;f)—PE-L(f +f ﬂ U U g2 T ) (208)
—q (;9)%
q T
Fi(@;x) = P.E. [foz ““(x)} i M) - (2.20)
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1 @ Ron ADs @ RyAP

Figure 21: S-dual descriptions for Lg’g,o (left) and 76(:30 (right). In the left quiver, an
SU(2) gauge group is coupled to a fundamental hypermultiplet and an isolated SCFT called

Ry . In the right quiver, an SU(2) gauge group is coupled to ADj (playing the role of the
hypermultiplet) and an exotic fixture we call RS:?D (this latter theory is a type I11 theory
in the nomenclature of [I5§]).

AD analogs of the Ry, theories studied in [49]. Some of the theories in the second set of
examples are AD analogs of other regular puncture fixtures (although, we will see there are
some interesting subtleties in this analysis).

Let us first focus on the 76(2?0 theory, where n > 3 is an odd positive integer. The quiver
diagrams of 76(72?0 and Eé@o are shown in Fig. [17| and Fig. respectively. For ¢ = n and
n1 = ng = 0, the TQFT expression (2.21]) reduces to

I%(,Z%o(q; y,c) =

)

Y;im e 1 Ysim e 1 _ u *
5 Fr™ (@ y) [ (@ a2 o) fe™™ (@ a7 e ) fr (a5 y)

2

R: irreps of su(n) (CR(QQ))
(2.32)

where y and ¢ are fugacities for SU(n) C U(n) and U(1) C U(n) subgroups of the flavor
U(n) symmetry, respectivelyﬁ Note that, unlike in the case of regular puncture theories,
the two full puncture wave functions are not independent of each other since they have
conjugate fugacities (the same statement applies for the simple puncture wave functions).
We will discuss some implications of this fact in the context of the isolated theories that
emerge from cusps in the 76(72?0 gauge coupling space

Let us now discuss the different S-duality frames of the 76(’2?0 SCFTs and the exotic
fixtures that appear at certain cusps in the gauge coupling constant space. In order to
proceed, it is useful to first review the corresponding story for the 5(()?7)1,0 theories. To that
end, recall that the £(({270 theory has another S-dual description in terms of the quiver
diagram on the left of Fig. , where the SU(2) gauge group is coupled to a fundamental
hypermultiplet and an isolated SCFT / fixture called Ry, [49]. The flavor symmetry of Ry,
is generically SU(2) x SU(2n), which is enhanced to Es in the case n = 37| The gauge
coupling, 7/, of the dual description is related to the coupling, 7, of the original description

by 7 = ﬁ In terms of the punctured sphere on the right of Fig. , this description

55Note that, for n; = no = 0, the first line of the RHS in reduces to 1. Moreover, the Young
diagrams Yn(f) and Y,Sf) reduce to Y = Yb(n) = Y,fi)l. We also note that eg = fo = 1 in this case.

56In fact, some of these implications apply to the gauged theories as well. However, the 3D mirror analysis
is more complicated in this case.

57Since its Coulomb branch operators are all of integral dimension, the Ry, theory is not an AD theory.
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Figure 22: The pants decomposition for the punctured sphere corresponding to the S-dual
description of E[()TZ’O shown on the left of Fig. . The left and right spheres correspond to a
fundamental hypermultiplet and Ry, respectively, while the middle cylinder corresponds to
the SU(2) vector multiplet.

corresponds to the pants decomposition shown in Fig. [22| This dual description implies that
the Schur index of ﬁ(()tz,o can also be expressed as

T (@ (Wi,c1), (Wayc0)) = / dp(2) oo\ (q; 2, )59 (¢, 2) I, , (q; 2,7, W1, W3)

(n)
00 SU(2)

(2.33)
where (w;,¢;) are U(n) fugacities as in (2.20)), z = (z,27!) is an SU(2) fugacity, and s =
(c1c2)? and r = ¢1/cy are U(1) fugacities. The last factor in (2.33)) is the Schur index of Ry,
given by [77]

y® .
I (@2 1) f5™" (g wh) S (0 w3)
> : (2.34)
Cr(q)

. * —
IRo,n (QJ Z,7,Wi, W2> -
R: irrep of su(n)

where only an SU(2) x U(1) x SU(n)? subgroup of the flavor symmetry is manifest.

As we discuss in appendix [B.1.2] the 76(72?0 theory has a similar S-dual description, which

is described by the quiver shown on the right of Fig. The gauge group is again SU(2),
which is now coupled to an ADj3 theory (acting as an AD generalization of hypermultiplets)
and a type I11 AD theory in the language of [I5§]. This type 111 AD theory is labeled by
three Young diagrams Y1 =Y, = [n—1,n—1,2] and Y3 = [2,--- ,2,1,1] with 2n boxes and
generically has SU(2) x SU(n) flavor symmetry (the n = 3 case has SU(3) x SU(2) x SU(2)
flavor symmetry). We denote this type I11 theory by RSﬁD since it can be regarded as an
AD counterpart of the Ry, fixture. This quiver description implies that the Schur index of
T(,Z?o can also be expressed as

Lo (4¥5¢) :/ ()du(Z)IApg(q;z,0”)155(2)(%Z)IRgvAD(q;z,y), (2.35)
i SU( &

0

where Z2.ap is the Schur index of the RgﬁD theory. Note that previously this index was

0,n

obtained only for the special case n = 3 [32], while here we describe it for all odd n > 3.@

®8The identification of the flavor U(1) fugacity in Zap,(q;z,c") can be understood as follows. From the
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By substituting (2.33)) and (| - ) into - ) and using the identities ) and ( -

we obtain

o:/ dpi(z) Zrana (65 2, ") I50 P (¢%; 2)
SU(2)

. q
x {IRO,R(QQ;z,q,y,y ) - P.E. L — 7 (1 - szm)(z))} IjogD(q;z,y)} . (2.36)

This equation is solved by

q

Indeed, there exists an inversion formula [76] that extracts the integrand of (2.36), which

implies that (| is the unique solution to - Comblnlng 2.37)) and - we obtain
the following TQFT expression for the Schur index of RQn

(1)

1 3 e (@2, f (% y) fa (6% y)
(2¢;¢*)(2q; ¢*) Cr(q?)

Tpoan(g:2,y) =
R: irrep of su(n)

(2.38)

Note that, even though the flavor U(1) C U(2) fugacity r of f?l) (¢%;z,7) is set to ¢, one can
show that only has integer and half-integer powers of ¢ as it should. Moreover, one
can check that for n > 3 the index does not have an (’)(q%) term and so the theory does not
have free hypermultiplets. In appendix we find another proof of this fact by bounding
monopole operator dimensions in the 3D mirrorﬂ

For n = 3, one can perform a stronger consistency check of the above result. Indeed, the
RS 2P theory was carefully studied in [32], where it was shown that R2 P splits into an exotic
AD theory called Tx and a decoupled half-hypermultiplet in the fundarnental representation

of the flavor SU(2 m The Schur index of the 7x SCFT is then

Ir(@:2,y) = (24%: ) (7 a%: @)L eaw (a2, y) | (2.39)

quiver description in Fig. we see that 76(;?’0 has two baryonic Higgs branch operators of dimension n.
These operators are charge conjugate to each other and contribute ¢ ¢*™ to the Schur index. In the dual
description shown in Fig. [21] these operators are realized as the product of a ﬂavor SU(3) moment map in
ADj3 and a Higgs branch operator in RO,nD. Indeed, from the 3D mirror of RO " D discussed in appendix

we see that R(()?,’LAD) has a Higgs branch operator of dimension (n — 2) in the 2 ® 1 representation of
the flavor SU(2) x SU(n) symmetry (this operator corresponds to a mirror monopole of scaling dimension
(n —2)/2). Let us denote it by O% with a = 1,2 being the SU(2) index. Let us also denote by O% two
flavor SU(3) moment maps in the doublet of SU(2) C SU(3), where the subscript stands for the charge
under U(1) C SU(3). Then we see that €,,O%LOP can be identified as the baryonic Higgs branch operators
mentioned above. This discussion implies that the flavor U(1) fugacity in Zap, is ¢™.

59Due to the non-trivial quiver topology of the 3D mirror that will be discussed further in the next section,
this computation is non-trivial and does not follow directly from the results in [81].

60Tn [32], the R%jBAD theory is denoted as Ty 3.
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where the first two factors comprise the Schur index of the free matter fields. One can
check, order by order in ¢, that (2.39)) with (2.38) substituted in is identical to the following

expression for the index of Tx obtained in [32]:

o0 s 2(]2
Ir(¢;2,y) =Y > PE. [1 —, T2 20" | chiy, @ (g 2)ehp P (giy) . (2.40)
A=0

where Ch;U(N)(q;x) is the character of a representation R of su(N)_ ., and R, and R, )

—

are the highest weight representations of 517(3)72 and su(3)_, corresponding to the Dynkin
labels (=2 — X\, \) and (=3 — 2X, A, \), respectively.

Let us further analyze the two equivalent expressions in ([2.39)), with substituted
in, and . Note that these two expressions have very different origins. Indeed, the
expression in ([2.40f) is written in terms of affine Kac-Moody representationﬂ while
is closely related to the correlator of a TQFT on a sphere with three regular punctures.
Moreover, takes the form of a sum over a full set of SU(2) representations (with the
SU(3) representations restricted in terms of the SU(2) data), while takes the form
of a sum over a full set of SU(3) representations (here the SU(2) data is fixed in terms
of the larger SU(3) data). In spite of these differences, the two formulas both take the
form of a product of group theoretical factors of SU(2) x SU(3). Indeed, the second SU(3)
wave function in is dependent on the first SU(3) wave function since their fugacities
are complex conjugates of each other (therefore, in some sense, both expressions involve
restrictions on SU(3) data). In Sec. , we will reinterpret this dependence of the wave

functions in terms of the topology of the corresponding 3D mirrors of the R(Q)jr’? D SCFTs.

2.3.3 S-duality of 7\, = (42,1, As,_1) theory

Next let us consider the 7'1(?1 theories for positive integer n > 2. Taking ¢ = ny = ny = 1,
the TQFT expression (2.21]) reduces to

Y

n—1 X/simp e . n—1 Y;irllp e .
o e -] > (T £ (s en)) (T fi™ (a2 1))
T q;a,C0) = 7o 5 2n—2
bt (q’q ) R: irreps of su(n) (CR(QZ))
(2.41)

where e; and f; are determined by (2.23)) and (2.24). Note that this index is invariant under
the Sy, that permutes eg,--- ,e,_1 and fo, -, fn_1. These permutations are realized by
transforming the flavor fugacities as in and , but now for ¢t = 0,--- ;n — 1. In
particular, the permutation symmetry is “accidentally” enhanced in this case from So(,—1)
to So,.

61This expansion is natural considering that the Schur index is related to the vacuum character of the
corresponding 2D chiral algebra under the 4D /2D map of [15].
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Figure 23: The S-dual descriptions of ﬁ 1 and ’7; w1 corresponding to (my,my, m3) such

that mi +ma+ms =2nand 1 <m; <n. Here a circle with m; inside stands for an SU(m;)
gauge group.

This Sy, invariance can be interpreted as reflecting the S-duality invariance of the the-
ories. Indeed, it has been argued in [29, 161] that the 7'1711)1 theories are identical to the
so-called (Agn—1,A2,—1) SCFTs [48], whose S-duality group acts on the flavor fugacities
through Sy, [40]. Our formula clarifies how this Sy, acts on the (2n — 1) flavor
fugacities, (@, c, g), of 7‘1(;)1

As in the case of 76(72?0, other S-dual descriptions of our theories lead us to expressions
for the Schur indices of a series of exotic type I11 AD fixtures. Indeed, by applying the
technique developed in [161], we see that the 7'1(1) SCFTs have an S-dual description for
each set (my,ms, m3) of integers such that 2 < m; < 2n — 4 and my + my + mg = 2n.
We focus on the case in which 2 < m; < n for all ¢ = 1,2,3 (we will discuss relaxing
the condition that m; < n below). Then this dual description is characterized by the quiver
diagram shown on the right of Fig. . The quiver has three tails corresponding to three 7’1(2
SCFTs, which are connected to the central node by an SU(m;) gauge group. The central
node corresponds to an isolated type 111 AD theory labeled by three Young diagrams with n

boxes Y1 = Yy = [my, ma, mg] and Y3 = [1,-- - , 1], which we denote by T2 AD . The flavor

AD (m1,m2,m3)
2
T

symmetry of T¢» © . is generically U (1)? x H¢:1 SU(m;). From this S-dual description

of 7'1(2)1, we see that its Schur index can also be written as

1,n, (m1,mg,m3)

Ty (@:d,c,b) = / (H dp(z;) Zo7™) (4:2:) oo (q;i,zz-)) Lyeav (g 21,22, 23, b1, t2)

(2.42)
where §; = (S;1,- -+, Sim,—1), t; are some functions of a@, ¢ and 5, and the last factor is the
Schur index of T2 AD . This latter index has not been worked out in the literature before.

(m1,mz2,m3)
The Lagrangian counterpart, ﬁﬁ)ﬂ, has a similar S-dual frame described by the quiver
diagram on the left of Fig. [79], where the gauge group is the same but each tail now
corresponds to £§1)n

the 6d (2,0) A,_; theory on a sphere with three regular punctures associated with Young di-

.- The central node now stands for the theory obtained by compactifying
agrams Yn(fl) [79, 49], which we call the T, m,ms) theory. The flavor symmetry of T, g ,ms)
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Figure 24: The decomposition of the punctured sphere corresponding to the S-dual descrip-
tion of E .1 shown on the left of Fig. The i-th tail contains m; (simple) punctures
and corresponds to ELmi' The three cyhnders correspond to SU(m;) vector multiplets. The
middle sphere corresponds to T, mo,ms)-

contains [[>_, U(m;), and the diagonal U(1) enhances to SU(2) | This description of El i
corresponds to a decomposition of the punctured sphere as in Frg. 4| (note that the punc-
tures are all simple punctures when ¢ = ny = ny = 1). This S-dual description implies that
the Schur indices of LS}M have integral expressions similar to but with the indices of

" and Ty, m2,ms) replacing those of 7’1(’1) and T2 AD Note that the Schur indices

1,m; (m1,m2,m3)"

(1)
of Timy ma.my) have already been written down in [77] as 32 ,(Cr(q) ' o, f;m" (q; 24, v;),
where the sum runs over irreducible representations of su(n), and z; and v; are fugacities for

SU(m;) C U(m;) and U(1) C U(m;), respectively. Using (2.19)), (2.15]), and m, one can

translate this integral expression for Z.a) into the following formula for I
1 n,l 1 n 1

ITI<’1H),1(Q§5, ¢,b) = /(H dpu(z;) T, ™) (q;zi>ITl<fT}” (q;ﬁiazi>>

SU(m;) Hz 1 meZ (q Z;, q2” Uz)
x P.E. ZxadJ zl)] Z (@) :
R: irrep of su(n)

(2.43)
where z; is an SU(m;) fugacity, and @; = (u; 1, -+, Uim,—1) and v; are U(1) fugacities related
to e and fi by

k) (Gas)* S ETT. 44
(uz,k’) = 5 vy =q 2 ng,k s (2 )

(Gin - Gig)"

62There can be additional enhancements when n = m; + 1 for at least one 4. If this statement holds for
all 4, then we get the usual Eg SCFT (i.e., T(2,2,9) = T3).
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With(glla : ;glm17921;‘ : 7g2m27g317' : 793m3)_(607 ©yEn— 17f07 fn 1 From-
and - we see that w;; and v; are functions only of flavor fugacities @, b and ¢ and are

therefore independent of q. Note also that, since vivov3 = 1, only two of the v; are indepen-
dent.

We now see that the two expressions and are consistent if §; = u;, t; = v;
and the Schur index of T3P ) Is given by

(m1,m2,ms3

724D (¢;21, 22,23, 11, t2)

(mq,mg,m3)
<1+Z o (2 ))] > I 1fRW;}£? )Zq o)

R: irrep of su(n)

= PE.

with t3 = -1 (as in the case of the R2 AD

t1to
consequences for the corresponding 3D mirrors to be discussed in the next section). While
we don’t have a full proof that this is the only expression consistent with (2.42)) and (2.43)),

we see that it gives a physically meaningful result, since there are only integer and half-

SCFTs, this fugacity dependence will have

integer powers of ¢ (which is necessary for the quantity to be a Schur index of an N = 2
SCFT), and it has the expected S5 symmetry acting on the z; and ¢;.

Finally, let us note that the expression in assumes that m; < n (at least for the
corresponding 4D regular puncture theory to make sense). Indeed, for m; > n, we would
end up with a Young diagram with m,; columns of height one and one column of non-positive
height, n — m,; < O.@

On the other hand, the expression in (2.42)) may in principle make sense for m; > n. It
would be interesting to understand if we can analytically continue the expression in to
the regime of m; > n and understand the corresponding regular puncture theory, T, ms,ms),
as a non-unitary 4D theory (perhaps generalizing the discussion in [6, 95, 96| 155 62]).

2.4 RG flows to thirty-two supercharges

2.4.1 Wave function relations and topology of 3D mirrors

In this section, we interpret the TQFT formulas and (| - ) for the Schur indices of
the RS QD and T, 2mA]3n2 ms) SCF'Ts in terms of the correspondmg 3D mirrors given in Flg .
and Fig. [28 respectively. In the following subsection, we argue that this discussion implies
the existence of RG flows with accidental SUSY enhancement to thirty-two (Poincaré plus
special) supercharges.

We begin by discussing the TQFT formula for the Rg:ﬁ Y index, which we reproduce below

63If m; > n for some i € {1,2,3}, the decomposition of the punctured sphere shown in Fig. leads to a
different S-dual description of ﬁ%r)m from the one described by the left quiver of Fig. In particular, the
central three-punctured sphere corfesponds to a different fixture from T{,;,, 1, ms)- It would be interesting
to find an AD analog of this class S fixture.
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Figure 25: The 3D mirror of the S' reduction of the Ry, SCFT. Nodes labeled by “N”
represent U(N) gauge nodes and lines between nodes denote bifundamental hypermultiplets
(an overall decoupled U(1) is removed). The Ry, index has a TQFT expression with three
independent wave functions corresponding to the three quiver tails in the above diagram of
the 3D mirror. The two quiver tails circled in red generate monopoles which are responsible
for the SU(n)? C SU(2n) x SU(2) flavor symmetry of the theory (the SU(2) C SU(2n) x
SU(2) factor comes from the third tail, and the balanced central node is responsible for
the U(1) x SU(n)* — SU(2n) C SU(2n) x SU(2) enhancement). When we perform the
transformation that takes us from the Schur index of Ry, to that of RSZQD, the two SU(n)
tails fuse to form a single SU(n) line of nodes as in Fig. [26|

for ease of reference

Tpaav(g;2,y) = P.E. L _qq2 (—1 + xfﬁf”(@)] Try,(4°:2,4,y,5") - (2.46)

Using the expression for Zr, , (2.34)) we then have

v .
1 y (4% 2, 90) [ (6% ¥) " (g% y*)

T 2, x4 =
i @mY) = g ) ()

R: irrep of su(n)

(2.47)

Let us pay special attention to the transformation on the flavor fugacities when we go from
the TQFT expression for Ry, to that for Ré:ﬁD. At the level of flavor symmetries, recall that
Ry, has a Gg,, = SU(2) x SU(2n) flavor symmetry (which is enhanced to Eg for n = 3)
[49]. On the other hand, RSZSD has flavor symmetry Gpzap = SU(2) x SU(n) (which is
enhanced to SU(2)? x SU(3) for n = 3). 7

The TQFT expression in ([2.34) makes manifest a U(2) x SU(n)*> C Gg,, flavor sub-
group via the wave function with U(2) symmetry, f;z(l) (q,z,r), and the two wave functions
with SU(n) symmetry, fy"(¢,wy) and f5"" (g, w3). These wave functions, and the flavor
symmetries they describe, are related to punctures in the A,,_; (2,0) theory. The punctures
appear in the 3D mirrors of the S* compactifications of our 4D theories via the presence of
certain quiver tails radiating off a central SU(n) node as in Fig. [49, 19]. In particular,
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Figure 26: The 3D mirror of the S* reduction of the RngD theory. Nodes and lines are
defined as in Fig. 25| The two quiver tails corresponding to the TQFT wave functions with
conjugate fugacities are fused together to give one linear set of nodes generating an SU(n)
symmetry. The corresponding nodes are inside the red oval. The remaining quiver tail gives
an SU(2) symmetry and is symmetrically fused with the SU(n) nodes via an unbalanced
SU(2) node. As a result, the quiver contains a closed non-abelian loop, and the theory can
flow to an interacting N/ = 8 SCFT via the procedure described in the text.

the two tails with gauge groups U(n — 1) x .-+ x U(1) correspond to punctures described
by the fi™" wave functions, while the tail with gauge group U(2) x U(1) corresponds to the

puncture described by fl?l). Indeed, by the linear quiver rules given in [81], the dimension
one monopole operators with fluxes supported on, say, one of the U(n — 1) x --- x U(1)
tails give rise to multiplets containing the additional symmetry currents that enhance the
corresponding U(1)"~! topological symmetry to SU (n)ﬁ This statement follows from the
fact that the corresponding line of nodes is “balanced,” i.e., each U(n.) node has ny = 2n,
flavors. A similar phenomenon occurs in the other U(n — 1) x -+ x U(1) tail and the
U(2) x U(1) tail, thereby giving rise to the U(2) x SU(n)* C Gg,, non-abelian symmetry
(the U(1) x SU(n)? — SU(2n) enhancement occurs because of monopole operators with flux
through the central U(n) node).

Given this discussion and the relations between and , let us give an expla-
nation for the form of the quiver tails for the 3D mirror of RS:;?D shown in Fig. . First,
note that the two independent SU(n) TQFT Ry, wave functions in are no longer
independent in . Indeed, we must set w; = wy = y (in addition to taking ¢ — ¢?)
and so there is just one independent set of SU(n) fugacities. Since the two SU(n) wave

64Recall that any 3D U(n.) gauge group has a corresponding topological symmetry current, j,, = €,,,,F"?,
where F¥? is the field strength corresponding to the trace part of U(n.). Note that this is a global flavor
symmetry acting on the Coulomb branch. In the direct reduction (i.e., the mirror of the mirror quivers
we are discussing), the topological symmetry (along with any additional enhanced symmetry via monopole
operators) acts on the Higgs branch and descends from the usual 4D flavor symmetry.
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Figure 27: The 3D mirror of the S* reduction of the Ty, m,.ms) theory. Nodes and lines are
defined as in Fig. 25| The three quiver tails correspond to TQFT wave functions carrying
U(m;) global symmetry.

functions are no longer independent, it is natural that in going from Fig. to Fig.
we should fuse the two previously independent quiver tails into a single tail giving rise to a
single SU(n) Symmetry.ﬁ Indeed, note that the line of nodes in the red oval in Fig. [26| have
a bifundamental connecting the two previously independent tails and consist of n — 1 total
balanced nodes. By the rules of [81], this line of nodes gives rise to the SU(n) C G R2AD
symmetry.

Since the two previously independent SU(n) wave functions are now related by complex
conjugation of fugacities, non-chirality demands that that their corresponding line of nodes
connects to the quiver tail corresponding to the SU(2) wave function in a symmetric fashion.
Indeed, the loop of nodes appearing in Fig. is precisely such a symmetric connection. The
shortening of the remaining tail reduces the U(2) global symmetry factor to SU(2) and also
ensures that the line of nodes generating the SU(n) symmetry are indeed balanced. Note
that this loop topology of the R2 AD

with thirty-two (Poincaré plus spemal) supercharges in the next section.
2,AD
m17m2)m3

quiver will be important in arguing for flows to theories

Next let us discuss the case of T ) For ease of reference, we again write the TQFT

65In fact, since the wave functions have conjugate fugacities, it is tempting to write fo““ (%, y") =

Y*““ (¢%,y), where R is the SU(n) representation conjugate to R. We may then write the product of

S U( ) wave functions in ([2.47)) as

P& )R @ y") = F (@ ) f (@ y) = ) D SR (2.48)
R'€ER®R

where Zy is the Schur index of the SU(n) vector multiplet. The appearance of a single wave function suggests
that the SU(n) symmetry should be associated with a single line of nodes in the 3D mirror. Moreover, the
additional inverse factor of I‘;% reminds us that this symmetry was associated with two punctures in the
original regular puncture theory. At the level of the mirror quiver, this factor reflects the fact that the ranks
of the gauge groups in the red oval increase by two between successive nodes in the tails.
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expression for the Schur indices of these theories originally appearing in ([2.45))

I 2,AD (q;Z1,Zz,Z3,t17t2)

(m1 mg,m3)

3 m my
q SU(m;) Hz 1 fR ’ (q Z;,q2n tz)
= PE. 1 () (g (2.49
1 — q2 ( + : XadJ (Z ))] Z CR( ) ( )
i=1 R: irrep of su(n)
where the U(1) fugacities are constrained to satisfy t3 = ;= (i.c., there is only a U(1)

abelian symmetry), and z; are SU(m;) fugacities. In the case of the Ty, mym,) theory,
, D U(mi) x U(mz) x U(ms) (the
diagonal U(1) enhances to SU(2)), while for the T(if:[:n my) theory, we have GT<2mADm =
SU(my) x SU(my) x SU(ms) x U(1)2. e

The correspondence between TQFT wave functions and quiver tails is clear in the case of
o)
the 3D mirror of the reduction of T{,,; iy, .ms) in Fig. [27; each f r " wave function corresponds

to an independent U(m;) X --- x U(1) quiver tail of balanced nodes which, by the rules of
[81] gives rise to monopole operators leading to the U(1)™ — U(m;) flavor enhancement
(again, this statement holds assuming generic m; such that m; +ms+ms = 2n and m; < n).

@,
@

we have a generic global symmetry group GT(m1 -

o
)t (0
o®®

Figure 28: The 3D mirror of the S' reduction of the T (2";?1;2 ms) SCFT. Nodes and lines
are defined as in Fig. 25] The three U(m;) x -+ x U(1) quiver taﬂs generate independent
SU(m;) fugacities and correspond to the independent SU(m;) parts of the three TQFT
wave functions. On the other hand, the U(1) parts of the three TQFT wave functions are
symmetrically dependent. This dependence is reflected in the quiver by the loop of three

U(m;) nodes.

On the other hand, the T(if:DmQ ma) theory no longer has independent wave functions

carrying U(m;) flavor symmetry since the t¢; fugacities in (2.49)) are constrained so that
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Figure 29: The mirror quiver obtained after performing the Coulomb branch flow from Fig.
described in the main text. Nodes and lines are defined as in Fig. [25]

(®-@

Figure 30: The mirror quiver obtained after performing the Higgs branch flow from Fig.
described in the main text (we drop decoupled hypermultiplets). The circular line is an
adjoint hypermultiplet, and the remaining lines and nodes are defined as in Fig. This
theory flows to 3D A = 8 in the IR.

t3 = i Indeed, only the SU(m;) parts of the wave functions are still independent. We
can then give an argument in favor of the 3D mirror of the S* reduction of T2>4” shown in
Fig. 28] The point is that the three balanced U(m; — 1) x ---U(1) tails correspond to the
independent SU (m;) parts of the TQFT wave functions, while the loop of three U(m;) nodes
appears because of the constraint on the U(1) parts of the TQFTs wave functions. Again,
this difference in the topology of the AD mirror relative to the T, m, m,) mirror gives rise
to the RG flows to theories with thirty-two supercharges that will be discussed further in

the next section.

2.4.2 Flows to thirty-two supercharges

As alluded to in the previous section and also in the introduction, one important characteris-
tic of the isolated AD fixtures we are discussing is that, unlike the regular puncture theories
they are related to, the AD theories have RG flows (triggered by vevs and genuinely relevant
deformations) with accidental SUSY enhancement to interacting theories with thirty-two
(Poincaré plus special) supercharges (thereby generalizing the examples in [33]). In the next
section, we will argue that such flows are in fact generic in the landscape of AD theories
with known 3D mirrors. Note that these flows will proceed via reduction to 3D and via
flowing onto the moduli spaces of the resulting theories. We briefly discuss the possibility of
uplifting this discussion to 4D at the end of this subsection while postponing a more detailed
analysis for future work.
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To first understand why the RG flows to interacting theories with thirty-two supercharges
occur in the RS’}?D and T(zy;ﬁ?n%m) theories discussed above, it is sufficient to compactify
these theories on S' and consider the corresponding 3D mirrors. Let us start with the
mirror in Fig. 26| Flowing to generic points on the Coulomb branch of the two lines of
nodes with gauge groups U(2) x U(4) x --- x U(n — 3) and also onto points of the Coulomb
branch of U(n — 1) x U(n — 1) with symmetry breaking pattern U(n — 1) x U(n — 1) —
U(2) x U(2) x U(1)2"=3) we obtain the quiver in Fig. 29 where we have dropped decoupled
U(1) factors. This is the mirror of the lowest rank theory studied in [33], which we know
from that reference flows to N’ = 8 via mass terms in the direct reduction. However, it will
be useful for our more general discussion below to analyze a purely moduli space flow to

N = 8 in the mirror theory itself/’| To that end, consider turning on Higgs branch vevs

<Q1@1> = <Q2@2> = <Q3@3> #0, (2'50)

where the Q);, @Z pairs correspond to the three edges in the loop of Fig. so that we break
U(2)* — U(2)aiag leaving the quiver in Fig. after dropping decoupled ﬁelds.m To see
this, notice that the bifundamentals @);, Q);’s all carry non-trivial representations for two
out of the three U(2) factors, we may label them as (1,2, 2),(2,1,2),(2,2,1) and similarly
for their conjugates with 1,2, 2 as the trivial/fundamental /anti-fundamental representations
respectively. Under the action of a generic group element (g1, g2, g3) of U(2)3, the common
VEV u of <Q16§1), <Q2©2>7 (Q3@3> will transform in three ways as g2g5 'u, 9195 'u, 9195 ‘u
for consistency we must have g; = g» = g3. Then we are left with the representation 2 ® 2
in U(2)diag, but that is precisely the adjoint representation, including the conjugate we have
the adjoint hypermultiplet, which is Fig. Similarly this argument generalizes to Fig.
and Fig. 32 where we have U(m,) instead of U(2), but adj = n® i is true in all U(n).

In terms of the squark fields, we may imagine turning on vevs

(Qi) = (Qi) = vlaws £0 (2.51)

for i+ = 1,2,3. This latter theory flows directly to N’ = 8 in the IR. Therefore, we see that
through a combination of Coulomb and Higgs branch flows in the mirror theory, we flow to
an interacting 3D N' = 8 SCFT.

Now consider the T2 2 SCFTs. Since the 7247 ) mirror clearly flows to the

) (m1,mz2,m (m1,ma2,m3
2.AD . . . . .
Ry, mirror via excursions on the Coulomb branch, we can appeal to the above discussion

and conclude that there are flows from T(i’n‘??m ms) 1O theories with thirty-two supercharges.

On the other hand, the T, 2,AD ) theories also admit other flows to a richer set of NV = 8

(ma,m2,m3
theories, which we now describe.

66The mirror analog of the flow in [33] proceeds by turning on Fayet-Iliopoulos terms.

57In the direct reduction, this maneuver corresponds to turning on vevs for the overall U(1) C U(2) vector
multiplet primary.

68Notice that we have an adjoint hypermultiplet of U(2), but at the level of Lie algebra we have u(2) =
u(1) ®su(2) so we can drop further the decoupled u(1) factor and keep the su(2) adjoint hypermultiplet only.
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Figure 31: The mirror quiver obtained after performing the Coulomb branch flow from Fig.
described in the main text. Nodes and lines are defined as in Fig. [25]

(B®-@

Figure 32: The mirror quiver obtained after performing the Higgs branch flow from Fig.
described in the main text (we drop decoupled hypermultiplets). The circular line is an
adjoint hypermultiplet, and the remaining lines and nodes are defined as in Fig. This
theory flows to 3D A = 8 in the IR.

Without loss of generailty, we will assume that ms > mo > my. Now, let us flow to points
on the Coulomb branches of the two quiver tails of length m; with ¢ = 3,2 such that the
corresponding gauge groups break as U(m;) xU(m; —1)x---xU(1) — U(my) x U(1)™~™ x
U(1)™=! x .-« x U(1) (where the ellipses on the RHS of the breaking contain only abelian
gauge groups). Simultaneously, we flow to a generic point on a Coulomb sub-branch in the
third tail specified by SU(m; — 1) x U(my — 2) x --- x U(1) and obtain the theory in Fig.
. We can then turn on vevs as in where the Q;, @Z pairs are now bifundamentals of
U(my) x U(my) [ This procedure produces the interacting V' = 8 theory described in Fig.
02l

Note that in all RG flows described in this subsection, we flow on both the Coulomb
and Higgs branches of the 3D mirror. Therefore, by mirror symmetry, in order to reach
the A/ = 8 fixed points, we flow on both the Higgs and Coulomb branches of the direct S!
reductions of our 4D SCFTs. It would be interesting to understand if these flows uplift to
4D flows along the Higgs and Coulomb branches of our 4D theories (i.e., if the corresponding
4D RG flows commute with the S' reduction as in [33]).

If the flows do uplift, then it would also be interesting to understand if the 3D A = 8 fixed
points map to N = 4 theories in 4D. In principle, if the flows are well behaved enough, then
the detailed properties of these possible N' = 4 fixed points—e.g., if they are of Super-Yang
Mills (SYM) type or not—can be studied.

69In analogy with the previous case, we turn on vevs (Q;) = (Q;) = vl xm, # 0 for all i = 1,2, 3.

105



Universality of flows to interacting SCFTs with thirty-two supercharges In this
section, we briefly state and prove a theorem governing how universally we may expect
the existence of RG flows to interacting theories with thirty-two (Poincaré plus special)
supercharges. This discussion is motivated by our TQFT formulae for the Schur indices of
the R(Q):;?D and T(Qﬁﬁfm,mg,) theories and our reinterpretation of these formulae as leading to
closed loops of non-abelian nodes in the corresponding 3D mirrors. Indeed, we saw that the
existence of such closed loops generically led to RG flows ending on interacting SCF'Ts with
thirty-two supercharges.

Combined with the infinite class of examples in [33], it is then tempting to wonder
whether such flows are generic in the class of (untwisted) type I11 theories (and therefore,
perhaps, in the space of N’ = 2 theories coming from compactifications of the (2,0) theory
on surfaces with untwisted punctures). In fact, it is straightforward to show this is the case,
if we assume the classification of such theories given in [162, 163]. In this classification,
the space of type I11 theories is specified by N > 2 Young diagrams (the theories discussed
above have N = 3). The N = 2 theories cannot flow to theories with thirty-two supercharges
(we do not consider turning on additional gauge couplings in the UV), and so we focus on
the more generic theories with N > 3] The Young diagrams in question take the form
[162, 163]

Vi=Yy=--=Yy1=[h,ha byl Yy=[a11, 0,001 s Gom - Gpn)]
(2.52)
where the column heights h; and a;; are non-decreasing (from left to right) positive integers
satisfying

np

> aiy=h;. (2.53)

b=1
The above Young diagrams correspond to the degeneracy of the eigenvalues of the singular
terms in the Higgs field one obtains in the Hitchin system describing the type 111 compact-
ification [I58] (although note that in our conventions Y; corresponds to the most singular
piece). At the level of the 3D mirror, the quiver consists of a core with gauge group

G =U(hy) x U(hg) x --- x U(hy) , (2.54)

and N — 2 bifundamentals between each node.@ The final Young diagram, Yy, describes
the quiver tails. For example, if the column of height h;, is broken up into [ap1, -, apn,),
we attach a tail to U(hy) with gauge group

Gy = U(hy — ap1) X U(hy = ap1 — ap2) X == X U(hy = @1 ==+ = Qn, ) (2.55)

"OInterestingly if one adds a regular singularity one finds, among the N = 2 theories, 3D mirrors equivalent
to the star-shaped quivers found in the case of some theories with regular punctures (and no irregular

punctures).
"In the case of the Rg:;?D and Ti;ﬁ?m ms) theories, the cores are the triangular loops in Fig. and Fig.
respectively.
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and bifundamentals between each corresponding node (and also a single bifundamental be-
tween the U(hy — ap1) and U(hy) node). One repeats this procedure for all b € {1,--- ,p}.
Given this setup and assumptions, we can prove the following theorem on the universality
of non-perturbative flows from sixteen to thirty-two supercharges:

Theorem 2.1. If the quantities hy and ny in satisfy hg,ny > 1, the corresponding
type I1I SCFT flows, up to free decoupled factors, to an interacting theory with thirty-two
(Poincaré plus special) supercharges upon compactification to 3D, flowing to certain points
on the moduli space of the theory, and, for N > 3, turning on mass terms in the 3D mirrorm

Proof: We would like to reduce the 3D mirror to the diagram in Fig. with m; = hy > 1.
To accomplish this task, we can first move along the Coulomb branch to reduce our theory to
a diagram similar to the one in Fig. but containing N — 2 bifundamentals between each
node. To get to this diagram, first go to generic points on the Coulomb branches of the subset
of the core nodes (see (2.54)) characterized by U(hy) x --- x U(h,) C G and to generic points
on the Coulomb branches of all their tails (if any exist). Next, we go to generic points on the
Coulomb branches of the tails of the U(hy) x U(hs) nodes to remove them as well. Then, we
go to generic points on the Coulomb branch of the U(h;—ay 1—1)%- - -xU(h;—a;1— - -—ay n,)
part of the U(hy) quiver tail. This procedure leaves us (up to decoupled U (1) factors, which
we drop) with a U(hy) x U (hy)x U (h3) group of core nodes connected by N —2 bifundamentals
between each node and a U(1) node connected to U(h;) via a fundamental. To proceed, we
now go to a point on the U(hy) x U(hg) Coulomb branch that breaks the gauge symmetry
as U(hy) x U(hy) — U(hz)? x U(1)M=hs x U(1)"27". Up to decoupled U(1)’s, we have a
diagram equivalent to that in Fig. with m; = hg except for the fact that there are N — 2
bifundamentals between each non-abelian node. We may add mass terms to remove N — 3 of
the bifundamentals between each node to end up with a diagram identical to the one in Fig.
BI] Combined with the Higgs branch flow described below Fig. 31} we flow to an interacting
N = 8 theory. Therefore, if we are willing to go on the Coulomb and Higgs branches of the
3D mirror and, at the same time, add mass terms for some of the bifundamentals between
the remaining non-abelian nodes, we flow to a theory with thirty-two superchargesﬂ q.e.d.

"2The same caveats described at the end of the previous section apply in lifting these flows to 4D.

"3Note that adding a regular singularity to the above set of theories does not change the above proof:
we can decouple the additional nodes associated with this singularity via flowing to generic points on the
corresponding Coulomb branches.
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3 Fusion of non-abelian anyons I: Arad-Herzog conjec-

ture

3.1 Arad-Herzog conjecture and its discrete gauge theory cousins

Non-abelian anyons are interesting for a variety of reasons. For example, they naturally
appear in quantum field theory descriptions of knot theory [I57], they are believed to play an
important role in the fractional quantum Hall effect [121], and they underly a topological form
of quantum computation [I56]. More recently, they have attracted attention as providing
possible lessons for quantum gravity [140].

We will be exclusively concerned with non-abelian anyons in a particular type of 2 4 1-
dimensional topological quantum field theory (TQFT): discrete gauge theories [63], 136]. As
we have introduced in [[.1.1], these are gauge theories based on some discrete gauge group,
G, along with a Dijkgraaf-Witten 3-cocycle, w € H3(G,U(1)) (when w is cohomologically
non-trivial, the theory is said to be “twisted”). The basic degrees of freedom are anyonic
line operators (i.e., operators supported on one-dimensional loci of spacetime that have non-
trivial braiding with each other) of three general types:

1. Wilson lines, which carry electric charge labeled by a linear irreducible representation
of G, m. These operators have trivial magnetic charge.

2. Magnetic fluz lines carrying magnetic charge labeled by a conjugacy class, [g], of an
element g € G with g # 1. These operators have trivial electric charge. Depending on
the choice of w, such operators may or may not exist.

3. Dyonic lines (or simply dyons) carrying a magnetic charge labeled by a conjugacy class,
lg], of an element g € G with g # 1 and an electric charge labeled by an, in general,
projective representation of the centralizer of g, N,. In the case of an untwisted gauge
theory (i.e., w = 0 € H3*(G,U(1))), the representation is linear. Dyons are the most
generic type of anyons in discrete gauge theories.

As a physical toy model, one can think of dyons as Aharonov-Bohm systems with charges
bound to magnetic flux lines [133].

Our first observation is that the above line operators naturally relate close cousins in
group theory: representations to centralizers. Therefore, discrete gauge theory is a natural
way to organize and unify ideas in the theory of finite groups.

We will focus exclusively on the case of finite simple groups. Via group extensions, these
are the basic building blocks of all finite groups. The celebrated classification of finite simple
groups guarantees that any such group fits into the following categories:

1. Abelian groups of prime order

2. Alternating groups
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3. Lie groups over finite fields
4. Twenty-six sporadic groups

In spite of this classification, various open problems remain. Of particular interest to us
is the following:
Conjecture (Arad-Herzog): Consider a non-abelian finite simple group, G, and non-
trivial elements g, h € G. Then,

9] - [h] # [gh] (3.1)

where [g], [h], and [gh] are conjugacy classes of g, h, and gh respectively [7].
More pithily, Arad and Herzog (AH) conjectured that in non-abelian finite simple groups,
the product of non-trivial conjugacy classes cannot be a single conjugacy class.

As we will argue in section this conjecture implies:

Theorem 3.1. In a (twisted or untwisted) 2 + 1-dimensional discrete gauge theory with
a non-abelian finite simple gauge group, the fusion of any two lines carrying non-trivial
magnetic flux cannot have a unique fusion outcome.

In other words, theorem asserts we cannot have

Lgme) X Liipjagy = L(wag) s gh#1 (3.2)

where, generically, all lines (denoted by £) are non-abelian dyons [ We will think of this
theorem as a first cousin of the AH conjecture.

So far, we have avoided discussing the fusion of Wilson lines. However, in light of ,
it is interesting to ask if we can fuse non-abelian Wilson lines to obtain a unique outcome

Wa X Wer = W (3.3)
As follows from our general discussion in section [1.1.1] (3.3]) is equivalent to

Xr * Xa! = Xz (34)

where xr, X, and y,» are the characters of irreducible linear representations, =, 7', and 7”,
of G with dimension greater than 1. Although it might seem strange that is possible
(especially if one thinks of SU(N)), it turns out that products of irreducible representations
of finite simple groups can be irreducible [165].

The corresponding (twisted or untwisted) discrete gauge theory then has a product of
Wilson lines as in . One simple example of this phenomenon involves the fusion of a Wil-
son line carrying charge in the 8-dimensional representation of Ag with a Wilson line carrying
charge in either of the 21-dimensional representations. Intriguingly, discrete gauge theories
based on finite simple groups are prime [127], so they do not consist of separate TQFTs with

"We may allow for pure fluxes as well.
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trivial mutual braiding. Therefore, corresponds to other structural properties of the
Ay discrete gauge theory. We discuss such properties further in chapter four.

Therefore, we learn that a version of the AH conjecture for characters alone cannot hold.
However, our physical discussion above suggests studying one more type of fusion

Wi X L(gme) = L(nlmy » 9 F 1 (3.5)

where W, is a non-abelian Wilson line, and the remaining anyons are non-abelian dyons. As
a simpler fusion, we may study

Wﬂ' X gl = E([h},ﬂ'f) y g 7£ 1 (36)

where we have replaced the dyon on the left-hand side of with a non-abelian flux line.
Here we have implicitly assumed that the flux line also exists in the theory (depending on
the twist, this assumption may or may not hold).

This observation brings us to our second cousin of the AH conjecture:

Theorem 3.2. In any (twisted or untwisted) discrete gauge theory based on a non-abelian

finite simple group, G, fusion of the types in (3.5) and (3.6) is forbidden.

Intuition: One heuristic intuition behind this theorem is the following. As a consequence of
theorem [3.1], theorem implies that in discrete gauge theories based on non-abelian simple
groups, the only allowed fusions with unique outcomes involving non-abelian anyons are those
in (3.3). Wilson lines have trivial braiding amongst themselves m Therefore, even though
the fusion in does not arise from a factorization of the TQFT into separate theories
with trivial mutual braiding, the Wilson lines themselves have trivial mutual braiding.

Just as theorem 1 follows from the AH conjecture, so too theorem 2 follows from a
more basic theorem on finite simple groups which we refer to as the third cousin of the AH
conjecture:

Theorem 3.3. Consider any non-abelian finite simple group, G, any irreducible linear rep-
resentation, w, of G having dimension greater than one, and the centralizer, N,, of any
g # 1. The restricted representation, m|y,, is reducible.

We refer to theorems as “cousins” of the AH conjecture since they are all related
by TQFT.

Note that the above discussion is not relevant for abelian simple groups since they do
not have conjugacy classes of length larger than one or representations of dimension larger
than one. In other words, the corresponding TQFT fusion rules are those of a discrete finite
group. As a result, we focus on non-abelian groups.

Duality: It is also interesting to understand how our above picture is compatible with a
type of electric/magnetic duality that often features in discrete gauge theories. For example,

"5Physically, this last statement is clear from the fact that Wilson lines do not carry magnetic flux.
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the S5 discrete gauge theory has a duality that exchanges the Wilson line charged under
the 2-dimensional representation with the line having flux in the 3-cycle conjugacy class
[17, 130]. More general examples appear in [I30, 126, 99]. Clearly, theorems [3.1] 3.2 and
can only be compatible with such dualities if the Wilson lines participating in are
not exchanged with lines carying non-abelian flux. In fact, no such dualities exist in theories
based on non-abelian finite simple gauge groups (Proof: apply theorem 5.8 of [126] noting
that non-abelian simple groups have no non-trivial abelian normal subgroups). This fact is
a non-trivial check of the above picture and of the AH conjecture (this latter claim holds
since, if theorem were not true, then the AH conjecture would be false).

In the next section, we first set up an useful lemma, then derive theorem from the
AH conjecture and explain the equivalence of theorems [3.2 and [3.3] Finally, we prove our
theorems and provide some additional technical details [3.2.2]

3.2 Proofs

To begin, notice that non-abelian anyons have d(g »~) > 1 and necessarily satisfy

(lg]. ) > (lg™']; (mg)7) = ([, 1) + - (3.7)

where the ellipses must contain additional terms, 1 is the trivial representation of G, and

(([g™", (wg)) is conjugate to ([g], 7).
As we will see in more detail when we prove theorems and 3.2} anyons ([g], 7)) and
([h], ) that fuse to give a unique outcome satisfy

1
|S(igime), (1,7) | = @dqmw)d([hm;) (3.8)

Here we will use (3.8)) to prove the following lemma that will star in our proofs of theorems
B.1 and 3.2

Lemma 3.4. The condition (3.8)) is satisfied iff the conjugacy classes [g] and [h] commute
element-wise and the projective characters satisfy

Xy (D] = deg w5 and [xz (K)| = deg mj; (3.9)
Vielhl,kelg.

Proof: To proceed it is useful to first recall the formula for the modular S matrix

1 * *
St ) = 1@y D (O X (k) (3.10)
kelq), Lelh],
clg) S

where XZ;; (¢) is defined through the relation

ng(x™t, xha™t)
779<h7 z1)
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XW;’ (‘rh‘ril) =

Xz () . (3.11)



More importantly, from these definitions, one can check that the quantum dimensions of the

anyons are
S(lglm)([1],1)

d(g)my) = = |lg]| - deg 7, (3.12)

S(,1([,1)

where |[g]| is the size of [g], and |7¢'| is the dimension of 7y’

From (3.12), we have dg re)d(nxe) = [[g]l|[R]| - deg 7 - deg 7. Substituting in (3.8)
and using (3.10]), we have

& 1lgll[A)]- deg 72 - deg 7

1 N %
_ ‘@ SO R
kelg], Le[h],
kb=tk
1
< il Z |X7]i; (@HX%(@’
kelgl, Le[h],
b=tk
h

In the last inequality above, we have used (3.11]) as well as the fact that projective characters
satisfy |xqe| < deg my m It is clear that (3.8)) is satisfied if and only if the conjugacy classes
[g] and [h] commute element-wise and the projective characters satisfy (3.9). O

3.2.1 From fusion to theorem 3.1 and a relation between theorems 3.2 and 3.3

Here we first explain why the AH conjecture implies that, in (twisted and untwisted) discrete
gauge theories based on simple groups, the fusion of any two lines carrying magnetic flux
must have more than one fusion outcome (i.e., theorem [3.1). We then explain the relation

between theorems 3.2 and [3.3]
To that end, we would like to rule out fusion rules of the type

(lg], mg) > ([h], 7)) = (K], =), g, h #1, (3.14)

where all magnetic fluxes on the LHS are non-trivial. In fact, equation (1.54]) implies the
existence of such a fusion is equivalent to:

w w w w w _
2. E” 7Tk SUCh that m(ﬂ'k ‘NgﬂNhﬂNkaﬂ-g |NgﬂNhﬁNk ® 7Th|NgﬂNhﬁNk ® Tr(g,h,k)) =1

"6This statement is guaranteed as long as the projection factors defining the representations are roots of
unity, which is satisfied in our case. Indeed, the 3-cocycle w € H3(G,U(1)) can be chosen to be valued in
roots of unity without loss of generality.
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To see this, recall the fusion formula ((1.54]). Since the arguments of the m(-,-) func-
tion are representations of Nty N Nsj, N Ny, we can decompose them in terms of irreducible

w(i

representations, 7 of this group

t_w S,_w w
Ty ‘thmNsthk X 7Th|thﬂNshﬂNk & (g shk)
= E Oéiﬂ'w(z),

i

W:’thmNsthk = Za;ﬂ'w(i) ) (3.15)

for some non-negative integers a;, «;. Then the definition of m(-,-) in [14] implies

w t,_w s, W
m<7rk ’thﬁNshﬂNk7 7Tg |thﬁNshﬂNk ® 7Th ’thﬂNshﬂNk
w . ’
X ﬂ.(tg,shyk.)) = E ;0 . (316)
7

We know that 7y is an irreducible representation of Njy. Also, Niy M Nsj, NNy, is a subgroup of
Nj.. According to the Frobenius reciprocity theorem for projective representations of finite
groups [108] , we know that, given any irreducible representation, 7¢®), of Ni, N N, N Ny,
there is always an irreducible representation, 7, of Nj such that the decomposition of
| Nt Ns NN into irreducible representations of N:;MNs, NN, contains 7@ This reasoning

shows that, given ‘7

|thﬂNsthk ®S7T;°j\thmNsthk ®7Tﬁg’5h’k), there is always some irreducible
representation, 7%, such that m(wﬂthmNshnNk,t7r;’|thnNsme ® sﬂ,“j|thmNsme ®7rzig,sh,k)) is
non-zero. It follows that once we choose some conjugacy class, [k], such that [k] € [g] - [h],

([k]75) .
N([g],ﬂ;?)([h}mﬁ) # 0. Here, [g] - [h] are the conjugacy classes

obtained from taking a product of anyons with magnetic charges in [g] and [h].

there is always some 7’ such that

Hence, in order to have a fusion rule of the type

(lg], mg) > ([A], 7)) = (K], 75) g, h #1, (3.17)

where all magnetic fluxes on the LHS are non-trivial, we need the fusion of the orbits [g] -
[h] to contain only a single orbit [k] (note that |[k]| need not be equal to [[g]||[h]] [F).
Moreover, commutativity of the fusion rules requires [k] = [h] - [g]. Hence, the double
coset N, \G//N}, should have only a single element. (Since the double coset is trivial, we will
remove the ¢, s dependence in the expressions below). We also require that the decomposition
of representations 7| n,An,nn, and 7| nyav, AN, @ T | NN AN, @ T, hx) inbO irreps of N, N
Nj, N Ny to have only a single irrep (of multiplicity one) in common. That is, if

w w w _ . w(i)
g |NgNunv, © T3 NN © T gy = Z im
i

, )
7T;:|NgﬁNhﬁNk = E Oéiﬂ'w(l) s (318)
7
""We use this theorem in the twisted case; in the untwisted case we use the usual theorem for linear
representations.
"In the case of the fusion of pure fluxes, we do require |[k]| = |[g]||[h]|-
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then there should be only one @ = iy for which o;, = 04;0 # 0. Furthermore, we require that
QG = 1.
So, in order to have a fusion of the type (3.2)), we arrive at the two desired constraints:

w w w w w —
2. 4! T such that m(ﬂ'k |NgﬂNhﬂNk77Tg |NgﬂNhﬁNk & 7Th|NgﬁNhﬁNk &® Tr(g,h,k:)) =1

The first constraint is on the conjugacy classes involved, and the second one is on the
representations. The AH conjecture implies that (1) is impossible. Therefore, we see that

AH conjecture = no fusions as in (3.2) for simple G .

In particular, we see that
Litglms) X Linlm) 7 L(iklmg) 5 (3.19)
where £([g],7rg’) = ([g],ﬂ';), ﬁ([h],w;’) = ([h],ﬂz}), and E([k},wg) = ([k],ﬂg) Therefore:

AH conjecture = Theorem 3.1 .

This result does not prove theorem 1 since the AH conjecture is still unproven. However, it
is a non-trivial consistency check of this conjecture. We will return to theorem in section
0. 2. 21

Next, let us show how theorem implies theorem (3.2} To that end, let us specialize the
general fusion in to the product of a non-abelian Wilson line, W,, = ([1], ), with
a non-abelian flux line, up) = ([R],13). In order to have such a flux line in our theory we
should either consider an untwisted discrete gauge theory or a theory in which w is such that
nn € H?(Ny,U(1)) is cohomologically trivial.

Now, it is not hard to argue that

(1)) y 6
N auag) = MR ™, © 1) - (3.20)

To understand this point, let us specialize the general fusion in (1.54) to the product of a
non-abelian Wilson line, Wy, = ([1],m), with a non-abelian flux line, pp,) = ([h], 15,).Then

we find
([h],m3) w s1€
Ny = Z m(my, ', @ °15,
(t,s)GG\G/Nh
® TnmylNn) - (3.21)

In this case, the double coset G\G/Nj, is trivial. Hence, we have

([h}»ﬂ'f) _ € w
Ny ag) = T Tiln, @ 1y @ 7 pw n,) - (3.22)

In fact, the representation (), ) is trivial (this follows from the fixed nature of the vk
fusion space in the G-SPT [14]). So the product of representations |, ® 1j, @ 7, , |, 18
isomorphic to 7|y, ® 15. Therefore, the expression above simplifies to

([]3) w .
N([l]ﬂflh),([h]ylz) = m(my, ™|y, @ 13) (3.23)
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as desired.

Note that 7; is an irreducible representation of G. Its restriction to IV, is in general
reducible. So m(my,, m1|n, ®15,) gives the multiplicity of the irreducible representation, 7, in
the decomposition of the representation, m |y, ® 17, into irreducible representations of NN,.

If 7|, is irreducible, m(mp,, m|n, ® 15,) = 64 . Hence, we have

haT1| Ny, ®15,
([1);m) @ ([h], 1) = ([b], m|n, @ 13) (3.24)

if and only if m|x, is an irreducible representation of Nj,.
As a result, theorem 3 implies that we have more than one fusion channel

Wiy X pn = E([h}ﬂrﬁ) 4+ (3.25)

In fact, we may take the flux, ([h],15,), and replace it with a dyon, ([h],7y). Note that, in
some theories, such a dyon may exist while the flux line does not. We then find that the
right-hand side of becomes m(7y, m1|n, ® 7). Clearly, if the fusion in (3.25) requires
more terms on the right-hand side, so too will the fusion with the dyon replacing the flux.
This is the content of theorem [3.2

Similarly, by the logic of this section, if we satisfy theorem for the untwisted discrete
G gauge theory, we then have that, for any irreducible linear representation, m, of G having
dimension greater than one, 7|y, is reducible. This is the content of theorem , and so:

Theorem 3.3 & Theorem 3.2 .

What remains is to prove at least one of these theorems, this will be done in next section.
Where we choose to prove theorem first since it has a more physical flavor, then a direct
proof of theorem [3.3]is also given.

3.2.2 Proofs of the cousin theorems

proof of theorem 3.2 Let us first prove theorem [3.2 To that end, suppose we have a
fusion as in . In section [3.2.1 we argued that, if such a fusion exists, the electric charge
of the dyon on the right-hand side is given by a reduction of an irreducible representation of
the gauge group G (i.e., 7 = 7|y, ® 1}) and h = g. Next, note that the S-matrix satisfies
[112]

1 eﬁ([g] @) 1 95([9] mg)
S - = 9 = o d 3.26
qu[g—1] ‘Glewﬂeu[g] E([g],wg> \Gfewﬂeu[g] Warlpg ( )
where fijz-1] is the conjugate of jy. Therefore,
1
| SWopigg | = ‘adwﬁdu[g] : (3.27)
Lemma 4 then implies |x.(g)| = deg xx, where x, is the character corresponding to the

Wilson line’s charge, and deg x, = |r| > 1 is the dimension of 7.
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A standard argument in representation theory then says tha@
7(g9) = ¢+ Ljx|, where 1 is the |7| x |7| unit matrix, and c is an n™ root of unity (the

twist of the dyon). Next, choose some k € |G, g] := ((gl" g7 € G). Clearly,

(k) = allglt'g )y =a(l) c- L 7)1y

I
=
El

(3.28)

Since G is a simple group, we can choose k # 1. As a result, 7 is an unfaithful representation
of G. Therefore, the kernel, ker(r), is a non trivial normal subgroup. Since G is simple, we
must have ker(7) = G. But then, 7 cannot be irreducible. Note that we may repeat this
proof verbatim by taking L »+) instead of the flux line. Therefore fusion of the form in
(3.5 is also forbidden. [J

By the discussion in section [3.2.1], we have also proved theorem [3.3] Although this proof
is mathematical, it has a distinctly TQFT-flavor: notice the prominent role of the modular
S matrix (and, to a lesser extent, the twists). We give a direct group theoretical proof of
theorem [3.3] in the end of this section.

proof of theorem 3.1 The proof of theorem [3.1] proceeds similarly to that of theorem [3.2]
We would like to show the following fusion is impossible

Lg ey X Linmyy = Lpyney s gsh#F 1, (3.29)

k

where, according to the discussion in section [3.2.2] [k] = [gh]. Similarly to the case of
theorem 2, we have that

0 w
_ 1 L(igh), 7, d,
|G| eﬁ(wlmgf)eﬁah]mg)
1 95<[gmmgh)

|G| eﬁ(wlmg’)eﬁ(m,wz)

Sﬁ([g]»ﬂg)ﬁ([h_l],(w‘;:)*) (lgh),m%,)

'dﬁ([g]m;)dﬁqh] (3.30)

) )
where E([hfl]’(ﬂ-(;:)*) is the conjugate of ‘C([h],w:)- Therefore,

1

‘Sﬁ[gmwﬁ(mm;ﬁ’ - @dﬁqg]m;)dﬁqhmw : (3.31)

This last result allows us, as in the case of theorem [3.2] to use lemma [3.4, We then conclude
that for any ¢ € [g] and m € [h], fm = ml (i.e., that the two conjugacy classes [h] and [g]
commute element-by-element).

™Since G is finite, let g be an element of G of order k, then m(g*) = m(g)* = 1,5, so the eigenvalues
of m(g) are all k-th roots of unity and there are deg x, of them, while they sum up to x.(g) = Trn(g), if
Ixx(9)| = deg xx, all the eigenvalues must be the same, then 7(g) = c- 1|, in eigenbasis, but this result is
basis independent
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Now, consider the product of conjugacy classes

Z Nl Nl € Tso (3.32)

9] [9] [g] lg

Clearly, we have that all elements on the left hand side commute with all elements of [h].
Therefore, the same is true of all elements in the conjugacy classes [a]. Now, consider taking
pairwise products of all the [a]’s with themselves and with [¢g] and so on. Eventually, we
will come to a set of conjugacy classes closed under multiplication. This defines a normal
subgroup K < G in which each element commutes with [h]. Since G is simple, we must have
that K = G. However, this means that [h] commutes with all elements of the group and so
we have a non-trivial center. This is a contradiction. []

proof of theorem 3.3 As theorem implies theorem and vice versa. In this sense,
we have already proven theorem . However, here we would like to give a direct (albeit
mathematical) proof:

Since G is a non-abelian simple group, its irreducible representations of dimension larger
than one must be faithful (otherwise their kernels would be non-trivial normal subgroups).
Now, consider some faithful non-abelian representation, 7. Furthermore, take some g € G
such that g # 1 and consider the centralizer, N,.

Suppose the restriction 7|y, is irreducible. Clearly g is central in Ny. As a result, by
Schur’s lemma

v, (9) = ¢ Ljzy (3.33)

th

where ¢ is an n*" root of unity. Since this is a restriction of a representation of GG, we must

also have in the parent group that
7T(g) =cC- ]1|7r| s (3.34)

and so it follows that
m(hgh™'g™") =1 . (3.35)

Since the group is simple, g # 1 cannot be in the (trivial) center of G. As a result, there
exists h such that hgh™1g~! # 1. The result in ([3.35)) contradicts the fact that 7 is faithful.
0]

3.2.3 Special cases

Although we have given full proofs of theorems [3.3]and [3.2] it is amusing to give direct proofs

that apply to certain classes of finite simple groups.

CA groups For example, there is a large class of groups called “AC” groups or, depending
on the literature, “CA” groups. These groups are defined to have abelian centralizers for
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all conjugacy classes of elements g # 1. In this case, theorem is trivially true: |y, is
automatically reducible since || > 1.

In particular, the PSL(2,2") groups with n > 2 are simple AC groups. In fact, these are
the only such groups [151]. For n = 2, we have PSL(2,4) ~ As. More generally, however,
the PSL(2,2") groups are a distinct class of groups.

As a result, we conclude that in all (twisted or untwisted) discrete gauge theories based
on AC groups our theorems hold. [J

A, groups As a more involved example here we will prove our theorems for A, groups. In
order for A, to be simple, we require n = 3 or n > 5 (proofs of the AH conjecture exist in the
cases discussed here as well [69]). The basic idea is to use Saxl’s classification of irreducible
characters of A,, x*, that remain irreducible upon reduction to a subgroup G < A,, [142].
We will argue that such subgroups cannot act as centralizers.

To that end, theorems [3.1) and [3.2| of [142] constrain A and G to be one of the following
(note that Q = {1,2,--- ,n} is the set of elements A,, acts on):

1. A = (n) is the trivial representation.
2. A= (n—1,1) is the n — 1 dimensional representation, and G acts 2-transitively on 2.
3. A=(n—2,2),n=09,11,12,23,24 and G is PI'L(2,8), My1, M1a, M3, My, respectively.

4. X = (n—2,1,1) = (n — 2,1?) and either n = 2¢ for some integer, ¢, with G =
AGL(C, 2) orn = ]_1, 12, 12, ]_6, 22, 23, 24 with G = Mlla MH, Mlg, ‘/161477 MQQ, Mgg, M24

respectively.
5. A= (21,2,1) or A = (21,1%), n = 24, and G = Moy,.
6. A= (A}) with a # A\, n = a\;, and G = A,,_; stabilizing a point in 2.
7. A= (a%), n =a?® G > A, _», the stabilizer of two points in Q.
8. A= (a’b*®), n=(2a — b)b, and G = A,_1, the stabilizer of a point in €.
9. A=(3%),n=09, and G = PTL(2,8) or G = AGL(3,2).
10. A =(3%,2), n =8, and G = AGL(3,2).

Here we have used partitions of n to label representations of A,,.

In case (1) there is nothing to prove as the Wilson line would be the trivial abelian line.
For case (2), the fact that G is 2-transitive on 2 rules it out as a centralizer. To understand
this statement, consider non-trivial o € A,, and g € G. Without loss of generality, we may
take o(1) = 2. Since G is 2-transitive on €2, it is also transitive, and we can choose g so
that g(1) = 3. Now, 0(3) = a # 2. By 2-transitivity, we may further choose g such that
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g(2) =2 # a. As aresult g log(l) = g7'o(3) = g7'(a) # 2 = o(1) and so G does not
centralize o.

In case (3) we may check that there is no conjugacy class of length |Aq|/|PT'L(2,8)],
|Au1|/| M, |Ava|/[ Mo, [Ass|/[Mas|, or |Azal/[Ma4| respectively.

We may rule out the possibility of G = AGL(c,2) in (4) by noting, as in [129], that
AGL(c,2) acts 2-transitively on the c-dimensional vector space over GF(2) ~ Z, % Since
this vector space is 2¢ dimensional, we may associate vectors with points in €2, and we are
done by the logic that solved case (2). Since G = VigA; acts 2-transitively on Q [142], we see
this will not work either. We may rule out the remaining possibilities in case (4) by similar
logic to that employed in case (3). This logic also rules out case (5).

Let us now consider case (6). Here we may use the fact that non-trivial conjugacy classes
in S, have length at least n(n —1)/2. As is well known, conjugacy classes in A,, either have
the same length as those in S,, or else they have half the length. As a result, we conclude
that non-trivial conjugacy classes in A, have length at least n(n — 1)/4. This reasoning
implies that A,_; is too large to act as a centralizer in A, (this statement holds since we
can use GAP [85] to explicitly check all cases n < 11; therefore, we need only worry about
the cases n > 11). This logic also rules out case (8). Cases (9) and (10) may be ruled out
by explicit computation in GAP.

This leaves case (7). Here we may use the fact that A,_» fixes two points in 2 and acts
(n —4)-transitively on the remaining n — 2 points in ' C . In fact, since we can check with
GAP that this scenario doesn’t arise for n < 11, we only need to discuss the case n > 11
and use the weaker condition that (n — 4)-transitivity implies 2-transitivity. Without loss of
generality, we can again take non-trivial o € A,, satisfying (1) = 2. Without further loss of
generality, there are three sub-cases to consider:

e case (a):

0(2) =1and o(3) = 4.

e case (b):

o(2) =3 and 0(3) = 1.

e case (c):

0(2) =3 and o(3) = 4.

Let us consider (a) first. Suppose that 1,2 € €. By transitivity, we can choose g € A,,_»
such that g(1) = = # 1,2 and = € €. We then have o(z) = a # 2. By 2-transitivity, we
may choose g(2) = 2 # a, and we have g log(1) = g~ lo(x) = g7'(a) # 2 = o(1). Next,
suppose that 1 € ' but 2 ¢ Q. Here we are forced to choose ¢g(2) = 2, but this doesn’t
matter. Indeed, the same logic we used when both 1,2 € € now works in this case as
well. Continuing on, suppose instead that 1 € €' but 2 € '. Here we are forced to take

80In fact, AGL(c,2) acts generously 3-transitively on the c-dimensional vector space over Zy [129).
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g(1) = 1. Since 2 € ', we are free to choose g(2) = y # 2. As a result, we have that
g log(l) = g7to(1) = g74(2) # 2 = o(1). To finish our discussion of (a), let us suppose
that 1,2 ¢ Q. Then, g(1) = 1 and g(2) = 2. So g 'og(1) = 2 = o(1). However, we have
that 3,4 € . As a result, we can repeat our logic for the case 1,2 € €0 with 1,2 — 3, 4.

Next consider (b). This case can be treated identically to (a) except for the scenario in
which 1,2 & . However, the treatment here is similar. We must have 3 € Q' and so we
can take g(3) = x # 1,2,3. We also have o(z) = a # 1. Therefore, g7'og(3) = g 'o(z) =
g '(a) # 1 (if a € O, then this is clear since 1 ¢ Q; if a = 2, then g~ '(a) = 2).

Finally, consider (¢). This case may be treated analogously to (a). O

4 Fusion of non-abelian anyons II: axb=c

4.1 a x b= c fusion rule

Topological quantum field theories (TQFTs) in 2+1 dimensions and their anyonic excitations
lie at the heart of important physical [121], mathematical [I57], and computational [156]
systems and constructions. In principle, these TQFTs can be fully characterized by solving
a set of polynomial consistency conditions [123| [13] [112], although proceeding in this way is
often quite difficult as a practical matter (however, see [I139] 28] for examples of some results;
see also [51] for a potentially very different approach). More generally, it is interesting to
understand aspects of the global structure of a TQFT and its symmetries without the need
to fully solve the theory (e.g., see [125]).
Proceeding in this way, we will study anyonic fusions a x b that have a unique product
anyon, ¢
axb=c, a,b ceT, (4.1)

in a general 2 4+ 1 dimensional TQFT, 7’.@ Our main questions is: what does tell us
about the global structure of 7 and its symmetries?

For invertible @ and b (i.e., a and b are abelian anyons), fusion rules of the form
describe the abelian 1-form symmetry group of the theory [80] (the closely related modular
S matrix characterizes its 't Hooft anomalies [98]). In the case in which, say, a is abelian
and b is non—abelianﬁ the equation gives the fixed points of the fusion of anyons in
the theory with the one-form generator, a. Such equations have important consequences for
anyon condensation / one-form symmetry gauging in TQFT [12], [08] as well as for orbifolding
and coset constructions in closely related 2D rational conformal field theories (RCFTs) (e.g.,
see [104) [144]).

81Throughout what follows, we only consider non-spin TQFTs. These are theories that do not require a
spin structure in order to be well-defined.

82In this case, b is non-invertible, and the fusion b x b = 1 4 ---, where b is the anyon conjugate to b,
necessarily contains at least one more anyon in the ellipses.
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Although these cases will play a role below, we will be more interested in the situation
in which both a and b are non-abelian

axb=c, d,, dy>1. (4.2)

Here d,; denote the quantum dimensions of @ and b (given they are larger than one, neither
a nor b are invertible). Since both a and b are non-abelian, one typically finds that the
right-hand side of has multiple fusion products. For example, fusions as in do
not occur in SU(2); Chern-Simons (CS) theory for any value of k € N As we will see,
when fusions of non-abelian a and b do have a unique outcome, there are consequences for
the global structure of 7.

The most trivial case in which a fusion of the type occurs is when 7 factorizes (not
necessarily uniquely) as

with 7; and 75 two separate TQFTs that have trivial mutual braiding, a € 7Ty, and b €
7'2@ Here “X” denotes a categorical generalization of the direct product called a “Deligne
product” that respects some of the additional structure present in TQFT.

As we will discuss in section [4.3] precisely such a situation arises in the modular tensor
categories (MTCs) related to unitary A-type Virasoro minimal models with ¢ > 1/ Z.ﬁ MTCs
are mathematical descriptions of TQFTs, and, for the theories in question, they encapsulate
the topological properties of the Virasoro primary fields. One may think of the, say, left-
movers in these RCFTs as arising at a 1+1 dimensional interface between 241 dimensional
CS theories with gauge groups SU(2); x SU(2); and SU(2)g+1. In the minimal models, we
have

Or1) X P1,5) = P(r,s) s (4.4)

where 2 < r < p—2and 2 < s < p—1 are Kac labels that give Virasoro primaries with
non-abelian fusion rules (here we have (r,s) ~ (p —1—r,p — s), and p > 4 is an integer
labeling the unitary minimal model)ﬂ Thinking in terms of cosets, we will see that
arises because the Virasoro MTC factorizes as in ﬁ

To gain further insight into more general situations in which occurs, it is useful to
imagine connecting a fusion vertex involving the a, b, ¢ ayons with a fusion vertex involving
the @, b, and ¢ anyons via a c internal line as in the left diagram of figure Using
associativity of fusion (via a so-called Ff“b symbol) we arrive at the right diagram of figure
33l The relation between these two diagrams can be thought of as a change of basis on the

83In section we will discuss the situation for more general G CS theories.

84Note that 77 » may factorize further. Moreover, a may contain an abelian component in 73, and b may
contain an abelian component in 77.

85Note that in the case of the Ising model (¢ = 1/2), at least one of the anyons in the fusion a x b = c is
abelian (and the corresponding MTC does not factorize). We thank I. Runkel for drawing our attention to
the a x b = ¢ fusion rules for non-abelian fields in Virasoro minimal models.

86The abelian field P(p—2,1) ~ P(1,p—1) satisfies the fusion rule o1 ,_1) X Y1 p—1) = @1 = 1.

87Note that this factorization does not extend to one of the RCFT.
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a b
Figure 33: The fusions a x b and a x b have unique outcomes ¢ and ¢ respectively. In the left
diagram, we connect the corresponding fusion vertices. To get to the diagram on the right,
we perform an Fl—f“b transformation. Just as the left diagram has a unique internal line, so
too does the diagram on the right (in this latter case, the internal line must be the identity).

space of internal states. Since, by construction, the left diagram in figure 33| can only involve
a c¢ internal line, the right diagram in figure [33| can also only involve a single internal line. On
general grounds, this line must be the identity@ This result can also be derived by looking
at decomposition of fusion spaces. Consider the fusion space V;?_. It can be decomposed in
the following different ways

Via > Ve @V =Y VieVh=> ViV (4.5)

where, in the last equality above, we have used the fusion space isomorphism, V2 ~ Vb% If
we have the fusion rule a x b = ¢, then (4.5)) simplifies to

Voa = Ve @Vh = Vi V] (4.6)

Moreover, we know that V¢ and V2 are 1-dimensional. Hence, the dimension of direct sum
of fusion spaces ) Vi ® V2 should be 1-dimensional. It follows that the sum should be
over a single element and that the fusion spaces V7 and V7 should be 1-dimensional. Since
the trivial anyon 1 is always an element in the fusions a x @ and b x b, we have

Vi = Vi ® Vi = Vig ® Vg (4.7)
Therefore, we learn that a fusion rule of the form (4.2)) is equivalent to the following
axa=1+Y Nia, bxb=1+Y NZb;, bjebxb = bgaxa,

a1 ) b #1
aEaxa = a;¢bxb Vijg. (4.8)

In other words, the fusion of a x b has a unique outcome if and only if the only fusion product
that a x @ and b x b have in common is the identity.

88By rotating the a, b, and ¢ vertex, we see that a x b = ¢ is equivalent to requiring a x b =d and a x b = d
(see figure [34]). This logic also explains why, for non-abelian a, it is impossible to have a x a = ¢ even if

a # a.
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b a
Figure 34: By rotating the bottom vertex in the left diagram of figure , we arrive at the
above diagram on the left. Again, we have a single internal line labeled by c¢. We get to the
diagram on the right by performing an F%® transformation. Just as the left diagram has a
unique internal line, so too does the diagram on the right.

Reformulating the problem as in immediately suggests scenarios in which fusions of
the form occur beyond cases in which 7T factorizes into prime TQFTs. For example, if
a€C CT andbeCy, CT lie in non-modular fusion subcategories of T, C; 2, with trivial
intersection (i.e., C;NCy = 1 only contains the trivial anyon), then we have and 7 need
not factorize.@ More generally, when a € C C T is a member of a non-modular subcategory
that does not include b (i.e., b € C), we expect it to be more likely to find fusions of the form
and since a x @ € C, but b x b will generally include elements outside C. In fact,
we will see that we can often say more when the fusion of a non-abelian Wilson line carrying
charge in an unfaithful representation of a discrete gauge group is involved.

Another scenario in which we can imagine (4.8)—and therefore (4.2)—arising is one
in which zero-form symmetries act non-trivially on a (i.e., g(a) # a for some zero-form
generator g € G, where G is the zero-form group) and the a; # 1 but not on b.@ In this
case, combinations of a; that do not form full orbits under GG are forbidden from appearing
in b x b. Given a particular G, this argument may suffice to show that, for all i, a; & b x b.
More generally, symmetries constrain what can appear as fusion products of a x @ and b x b.
The more powerful these symmetries, the more likely to find fusion rules of the type .

Interestingly, there is a close connection between the existence of symmetries and the
existence of subcategories in TQFT. For example, as we will discuss further in section [4.2.3|
for TQFTs corresponding to discrete gauge theories [63], [136], certain “quantum symmetries”
or electric-magnetic self-dualities arise when we have particular non-modular subcategories
Ci C T (see [130] for a general theory of such symmetries and [I7] for the case of S5 discrete
gauge theory).

89In other words, fusion of anyons in C; is closed. Moreover, the C; inherit associativity and braiding from
T, but the Hopf link evaluated on anyons in these subcategories is degenerate (as a matrix). By modularity,
the C; will have non-trivial braiding with some anyons x4 ¢ C1 2 (where A is an index running over such
anyons). On the other hand, if the Hopf links for the C; are non-degenerate, Miiger’s theorem [125] guarantees
that they will in fact be separate TQFTs and so we are back in the situation of .

99By definition, the symmetry also acts non-trivially on @ so that m = g(a) # a. On the other hand,
note that one-form symmetry will act trivially on the product a x a.
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We will also find various other, more subtle, connections between symmetries and fusion
rules of the form and . Moreover, we will see that symmetry is ubiquitous: in
all the theories with fusion rules of the form (4.8) and we analyze, either there is a
zero-form symmetry present or else there is, at the very least, a symmetry of the modular
data that exchanges anyons (in cases where this action does not lift to the full TQFT, we
call these symmetries “quasi zero-form symmetries”).

We will study fusions of the above type in two typically very different classes of 2 + 1D
TQFTSE discrete gauge theories and cosets built out of CS theories with continuous gauge
groups (we will refer to these latter theories simply as “cosets”). Discrete gauge theories are
always non-chiral, whereas Chern-Simons theories and their associated cosets are typically
chiral P2

In the context of discrete gauge theories, whenever we have a (full) zero-form symmetry
present, we will see that fusion rules of the type (4.8) and have simple interpretations
in certain parent theories gotten by gauging the zero-form symmetry, Go. We go from the
parent theories back to the original theories by gauging a “dual” one-form symmetry, G,
that is isomorphic (as a group) to Gy (see [14] for a more general review of this procedure).
In this reverse process, we produce the a x b = ¢ fusion rules of the corresponding discrete
gauge theories via certain fusion fixed points of the one-form symmetry generators in the
parent theories.

Similarly, in the context of our coset theories, we will see that fusion rules of the form
a x b = c arise due to certain fixed points in the coset construction (though these fixed points
do not generally involve a, b, and ¢). Cosets corresponding to the Virasoro minimal models
lack such fixed points and so, as discussed above, they factorize. On the other hand, more
complicated cosets do sometimes have such fixed points, and we will construct an explicit
example of such a prime TQFT that has fusion rules of the form and (4.2).

To summarize, this discussion leads us to the following questions we will answer in sub-
sequent sections:

1. Does (4.2) imply a factorization of TQFTs
T=T1XT,, (4.9)

with a € 77 and b € 757 As has been hinted at above, we will see in sections [4.2] and
that the answer is generally no.

2. Does (4.2)) imply that a belongs to one fusion subcategory and b to another and that
the intersection of these subcategories is trivial? In other words, do we have

CLEC1CT, bGCQCT, CiNnCy=17 (410)

91Note that there are sometimes dualities between theories in these two classes.
92By a chiral TQFT, we mean one in which the topological central charge satisfies ctop # 0 (mod 8).
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As we will see in section [4.2] the answer is generally no, even if we relax the requirement
of trivial intersection. However, we will explicitly construct such examples (with non-
modular C; 2 C T, where T is prime) in the case of discrete gauge theories.

. Does (4.2) imply that a is in some subcategory C C T that b is not a member of? In
other words, do we have

aeCCT, bdC? (4.11)

As we will see in section [4.2] the answer is generally no. However, we will argue that
such constructions are quite easy to engineer in the context of discrete gauge theories,
and we will explain when they arise. We will see that these constructions often have
interesting interactions with symmetries.

. Given a and b as in (4.2)), do they have trivial mutual braiding? In other words, do we

have
Sab _

Sob
where S'is the modular S-matrix? This is true in the context of discrete gauge theories

dy | (4.12)

with a simple gauge group [35]. However, non-trivial braiding does arise naturally in
the context of the fusion of non-abelian electrically charged lines with non-abelian
magnetically charged lines.

. Given a and b as in , does T have a non-trivial zero-form symmetry acting on
either a or b7 Does the TQFT have a zero-form symmetry that acts more generally?
We will see in section the answer to both these questions is no. However, in cases
in which this is true, it seems to always be related to the existence of a certain fusion
fixed point of one-form symmetry generators in a parent TQFT. Of the infinitely many
examples of untwisted discrete gauge theories we study, only gauge theories based on
the Mathieu groups M3 and Moy fail to have zero-form symmetries.

. Given a and b as in , does T have a non-trivial symmetry of the modular data?
As we will see in sections and [4.3] the answer seems to be yes. Clearly, it would
be interesting to see if it is possible to define parents of such theories that generalize
the relationship in (5). Note that the Mathieu gauge theories discussed in the previous
point do have symmetries of their modular data (however, these symmetries do not lift
to symmetries of the full TQFTs).

As we will see, many of these questions have simpler answers when studying discrete gauge

theories. The reason is that powerful statements in these TQFTs can often be deduced from

simple reasoning in the underlying theory of discrete groups. On the other hand, intuition

one gains from taking products of representations in various continuous groups, like SU(N),

turns out to be somewhat misleading for our questions above.

The plan of this chapter is as follows. In section 4.2, we start with discrete gauge theories

and explain how intuition in the theory of finite groups leads us to various answers to the
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above questions. Along the way, we prove various theorems about discrete gauge theories
and fusion rules of the form and generalizing our work in [35]. Moreover, we
discuss the role that subcategories and symmetries of discrete gauge theories play in such
fusion rules. In section 4.3, we go to continuous groups and discuss coset theories. We
tie the existence of fusion rules of type and to certain fixed points in the coset
construction. We then finish with some conclusions and future directions.

4.2 a X b= c and discrete gauge theories

In this section we test the ideas presented in the introduction on discrete gauge theories
[63, 136]. These TQFTs are characterized by a choice of discrete gauge group, G, and a
Dijkgraaf-Witten twist, w € H3*(G,U (1))@ The basic degrees of freedom are anyonic line
operators of the following three types

1. Wilson lines, W,, carrying electric charge labeled by a linear representation, m, of G
and trivial magnetic charge. This set of operators exists no matter the value of w.

2. Magnetic flux lines, g, carrying magnetic charge labeled by a conjugacy class, [g], of
a representative element, g € G, but having trivial electric charge. In general, their
existence depends on the choice of w.

3. Dyonic lines, E([g],ﬂ;}), carrying both magnetic flux and electric charge. In general, they
carry a projective representation of G.

These theories have the advantage that we can prove many theorems about them. At the
same time, they are very broad and so we can gain some insight into the physical and
mathematical questions we are asking "]

As we will see in the subsequent subsections, the physics of the various operators listed
above is qualitatively different. In order to take the shortest route to answering some of the
questions posed in the introduction and in order to establish the existence of fusion rules
of the form in prime TQFTs, we will start with an analysis of Wilson lines. These
objects form a closed fusion subcategory that is particular easy to analyze["| As we explain,
these are the most “group theoretical” and least anyonic objects in a discrete gauge theory
(in addition, as we see from the discussion of the above list of operators, they are the most
robust). As a result, we can borrow various useful results from the study of finite groups.

In order to study the physics of other sectors of discrete gauge theories, we will find it
convenient to introduce some additional machinery for discussing subcategories (in section

4.2.2) and symmetries (in section [4.2.3). We also discuss quasi zero-form symmetries and

9There are redundancies / dualities in this description: see [126].

94Discrete gauge theories are, however, necessarily non-chiral. We will consider chiral coset theories in
section

95 For other degrees of freedom, the story is more complicated. For example, in section we will see
that in non-abelian discrete gauge theories, full sets of magnetic fluxes do not form fusion subcategories.
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their appearance in various discrete gauge theories of interest based on large Mathieu groups.
Finally, we move beyond Wilson lines in section and discuss fusions of the form (4.2)

involving non-abelian fluxes, magnetic fluxes, and dyons.

4.2.1 Non-abelian Wilson lines and a x b = ¢

We would like to recast the problem of constructing discrete gauge theories with fusion rules
and in terms of the closely related problem of finding irreducible products of
irreducible finite group representations. To make this connection as direct as possible, it is
useful to focus on Wilson lines of the discrete gauge theories we are studying. Indeed, by
specializing ([1.54]) to Wilson lines, we find

1"

1
1,m * *
NG = ma' r@r) = el S X @)X (9) = O XrXar) , (4.13)

geG

where (-, ) is the standard inner product on characters. Therefore, the Wilson lines form
a closed fusion subcategory of the discrete gauge theory, Cyy. Moreover, the fusion rules of
the Wilson lines are those of the representation semiring of the gauge group@ Note that
Cyy is, in some sense, the “least anyonic” part of the theory: it is easy to check from (|1.56))
that the Wilson lines are bosonic, so 6y, = 1, and that the braiding of Wilson lines amongst

themselves is trivial 50 Sy, = dw,dy, /D (here D = /S @2, and the sum is over all
the anyons)ﬁ To summarize, we see that if we can find representations of some group, G,
satisfying

X7 * Xn/ = Xz s |7T|7 |7T,|7 |7TH| >1, (414)

where 7, 7/, and #” are irreducible, then, in the corresponding G discrete gauge theory, we
will have non-abelian Wilson lines satisfying

VV7r X Wﬁl = Wﬂ// . (415)

Since, by Cayley’s theorem, every finite group is isomorphic to a subgroup of the sym-
metric group, Sy, (for some N) it is natural to start our discussion with Sy. In particular,
to check whether 7" is irreducible, we want to perform the group theory analog of the F
transformation discussed in the introduction (see figure

<X7r *Xaty X X7r’> = <X72r7 X72r/> ) (416>

1

where we have used the fact that Sy is ambivalent (g and ¢! are in the same conjugacy

class for all g € Sy) so that the characters are real. A theorem of Zisser [165] shows that

9Tn fact, we have Cyy ~ Rep(G), where Rep(G) is the category of finite dimensional representations of G
over C.

97The Wilson lines braid non-trivially with other anyons in the theory (more formally: the Wilson line
subcategory is Lagrangian and so the Miiger center of Cyy is Cyy itself).

981n fact, [59] guarantees that any such subcategory is equivalent to Rep(H) for some group H.
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X[N-22] € X2, where [N —2, 2] is a partition of N labeling the corresponding representation of
Sy, and « is any irreducible representation of dimension larger than one, |o| > 1. Moreover,
since Sy is ambivalent, this means that x(n] € x2, where x(yj is the trivial representation of

Sn. As a result, we see that the analog of (4.8)) yields

Xr Xr = XN FXIN=22F" " 5 Xa''Xar = XIN|FX[N=2,21F - = (X' Xa's Xn-Xar) > 1, (4.17)

and so products of non-abelian representations of Sy are never irreducible. Therefore, we
cannot have (3.3)) in Sy discrete gauge theory.

Discrete gauge theories of finite simple groups Since we have Ay < Sy (i.e., the
alternating group, Ay, is a normal subgroup of Sy), it is natural to consider Ay discrete
gauge theories as the next possibility for realizing [165] and hence . Moreover,
since Ay is simple, only pure Wilson lines can be involved in fusions of the form (4.2)) [35],
and the Ay discrete gauge theories are guaranteed to be prime [127] (we will return to the
question of primality in greater generality in section . Therefore, finding an example of
in Ay discrete gauge theories is sufficient to answer question (1) from the introduction
in the negative.

To understand if going to Ay is a fruitful direction, we note that there are two types of
characters that arise in going from Sy to Ay:

1. Characters that are restrictions of Sy characters satisfying xx # xji~7 - X, where x~
corresponds to the sign representation of Sy. Let us call these “type A” characters:

5(,)\ = X>\|AN-

2. Characters that descend from Sy characters satisfying x, = xp~) - Xx,. As representa-
tions of Ay, they split into two representations of the same dimension, p.. Let us call

these “type B” characters: XE,B) = Xp. + Xo_ = Xplan-

In going from Sy to Ay, we perform a group-theoretical version of gauging the “one-form
symmetry” generated by x~: we identify characters related by multiplication with X,
and we split characters that are invariant under multiplication with x~. Clearly, products
of type A characters cannot be irreducible since they will always contain XE;‘/]) and XE;‘T)*Z?]
after performing the F-transformation and computing @

A little more work in [165] shows that we can obtain for Ay if and only if N =

k% > 9 by taking the product of the following type A and type B representations
XIN-1,1] * X[kF]a = X[eb—1k—1,1] - (4.18)
Moreover, the Zs outer automorphism of Ay acts on the type B characters as

g (X[kk]i) = Xty » 1 # g€ Out(Ay) = Zy . (4.19)

9n this discussion, we have implicitly assumed that N # 4 (although, for N = 3, we should take
[N —2,2] — [2,1] to conform to usual conventions). For N = 4, we have XE[j:l[lQ 9 Xfﬁ),g 9] = X[N-2,2,+ +

X[N=-2,2],—-
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Therefore, at the level of the non-abelian Wilson lines in the corresponding Ay discrete
gauge theory, we learn that

Win-1,1) X Wik, = Wigk—1 4211 - (4.20)

Finally, Out(Ay) lifts to a full zero-form symmetry of the discrete gauge theory [I30], since,
according to corollary 7.8 of [130]

Aut™(Z(Vecay)) ~ H*(Ay,U(1)) x Out(Ay) =~ Zy x Zy , (4.21)

where the group on the left hand side is the group of braided tensor auto-equivalences of
the MTC underlying the discrete gauge theory, Z(Vecy, ). As a result, we learn that the
symmetries of the discrete gauge theory exchange the Wy, lines

g Wy, ) = Wikl » 1 # g € Out(Ay) < Aut™(Z(Vecy,,) . (4.22)

In other words, we have found that, in an infinite number of prime theories, fusion rules
of the type are generated in pairs related by symmetries of the discrete gauge theory.
This discussion shows that TQFTs with fusions of the form (4.2]) need not factorize and so
the answer to question (1) in the introduction is “no.”

Let us now drive home the importance of symmetries in arriving at and, at the
same time, gain insight that will be useful later. To that end, let us consider gauging the
Zso outer automorphism symmetry of the Ay discrete gauge theory. Note that this gauging
is allowed since the “defectification” obstruction described physically in [14] is trivial here:
H*(Zy,U(1)) = Z,. Moreover, since Ay is simple, the discrete gauge theory has no non-
trivial abelian anyons (i.e., A = Wiy)) and so H*(Z,, A) = Z;. Therefore, is a genuine
zero-form symmetry group (as opposed to being a 2-group).

More abstractly, let us consider a generalization of the fusion rules in to the case of
gauging a zero form group, H, of a more general G-crossed braided theory, T« (as worked
out in [14])

N(([[;]]::Z;([b]ﬂb) = Z m(ﬂ'c‘NtaﬂNsbﬂNc; tﬂ'a|NtaﬂNsbﬂNc ® S7Tb|NtaﬁNsbﬁNc & Wﬁa,sb,c)) ,(4‘23)
(t,s)ENG\H/Ny

where a, b, c € Tgx, |a] := {h(a), YVh € H}, N, := {h € H|h(a) = a}, and 7, is a representa-
tion of NV,.

In our case at hand, Tgx = Z(Veca, )yx is the Ay discrete gauge theory extended
by surface defects implementing the H = Zj, global symmetry. Moreover, a = Wn_1,1,

b= Wyw,, No = Zy, and Ny = Z;. As a result, t = s = 1, the summation in (4.23)) is
trivial, the various representations are all restricted to the trivial subgroup, and m;, . =1

(this latter statement follows from the fact that the action of H on the V5 fusion space via
Ui(a,b,c) is trivial). In particular, we have

([W[kkflykfl’l]]vj:)

V1 b Wy o) = MHElr Elzy © +z,) =m(11) =1, (4.24)
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where + denote the two representations of Z,. Therefore, we learn that when we gauge the
outer automorphism group of Ay, we have

(Wiv—111] £) X (Wi, s +) = (Wis=1k-10]s +) + (W1 o], =) (4.25)

which is the TQFT version of the lift of (4.18) to Sy. This is what we expect, since we can
always fix our choice of parameters so that gauging Z, yields [57]

Z(Vecay )z T Z(Vecaynz,) = Z(Vecs,) (4.26)

where we have used the fact that Sy ~ Ay X Zs.

Finally, from the general rules above, it is not hard to check that the trivial Wilson line
in the Ay theory lifts to a Zy one-form symmetry in the Sy gauge theory. The resulting
non-trivial one-form symmetry generator acts as

(Wil =) x (Wiv-1) 1) = (Wiv-rgl, F)
([W[N]]v _) X ([W[kz’“]i]? +) ([W[kk]iL +) )
([W[N}L _) X ([W[kkfl,k:—l,l]]a j:) = ([W[kkfl,k—l,l]L :F) ; (427)

where ((Win], —) = Wy

To summarize, we learn that, in order to generate the fusion rule , we can gauge
a Zy one-form symmetry in the Sy (with N = k* > 9) discrete gauge theory with fusion
rules (4.25) and . Crucially, we need a fixed point of the one-form symmetry (as in
the second line in ) in order to generate the fusion rule of the form in the
Ap discrete gauge theory. We will return to the existence of fixed points of various kinds

repeatedly throughout this paper.
One may wonder if zero-form gaugings always resolve fusion rules of the form a x b = ¢

into fusion rules with multiple outcomes. Taking G = O(5,3), one can see the answer is
nom Indeed, in this theory, one can check that we have the following analogs of (4.20))

W5Z. X Wﬁ = Wg()i s 1= 1, 2 s (428)

where 5; are the two five-dimensional representations of O(5, 3), 6 is the unique six-dimensional
representation, and 30; are the two complex thirty-dimensional representations (there is also
a third, real, thirty-dimensional representation that does not appear in (4.28))). As in the
previous case, Out(O(5,3)) = Zs and it acts non-trivially on the Wilson lines involved in
the fusion above. In particular, we have

W51 d W52 and W301 g W302 (429)

under the action of the non-trivial element in Out(O(5,3)). This symmetry lifts to

a symmetry of the discrete gauge theory that we can gauge. Doing so, we can choose
parameters such that

Z(VGCO(573))Z2X gaﬂe Z(Veco(573)x22). (4.30)

100This is the group O(5) over the field F3. It has order 25920 and is the smallest simple group whose
discrete gauge theory has a fusion of non-abelian Wilson lines with a unique outcome.
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We may again apply (4.23) to find

(Wso;1:+4) B B B
N([W;O},—i-),(wg;,j:) =m(+[z,, +Hz, ® £[z,) =m(1,1) =1, (4.31)

and conclude
(Ws,], +) x (Ws, £) = ((Wso,], +) - (4.32)

Such a situation arises whenever N, = Z; = N, N N,. This equality is special since, more
generally, we have N, " N, C N.,.

Non-simple groups and unfaithful higher-dimensional representations Before mov-
ing on to discuss other phenomena, let us note that the above discrete gauge theories based
on simple groups also provide answers to questions (2) and (3) from the introduction. In-
deed, as we will see in greater detail in section 4.2.2 a discrete gauge theory with a simple
gauge group has no non-trivial proper fusion subcategories except the subcategory of Wilson
lines. Therefore, our above examples are enough to answer questions (2) and (3) generally
in the negative (although we will see interesting examples of some of these ideas below).

Let us now consider discrete gauge theories with unfaithful higher-dimensional (i.e., non-
abelian) representations. The corresponding gauge groups are necessarily non-simple because
the kernel of a non-trivial unfaithful representation is a non-trivial proper normal subgroup.
As we will explain at a more pedestrian level below (and in a somewhat more sophisticated
way in section , these examples illustrate the appearance of non-trivial fusion subcate-
gories in the Wilson line sector. As a result, they demonstrate some of the ideas—described
in the introduction—behind constraints from subcategory structure leading to fusion rules
of the type . In particular, these theories provide examples where ideas in questions (2)
and (3) of the introduction are realized.

To that end, let us consider some unfaithful higher-dimensional irreducible representation
of the gauge group, 7 € Irrep(G). Since 7 is unfaithful, it has a non-trivial kernel, Ker(7)<G.
Let us also define the set of characters whose kernel includes Ker() as follows

Kn = {Xp : Xp|Ker(7r) = deg Xp} ) (433)

where deg x, = |p| is the degree of the character. Now, consider x,, x» € K.. We claim
Xa - Xy € K. To see this, let us study

XA'Ker(ﬂ) : X/\’|Ker(7r) = deg XX deg XN = Z XA”|Ker(7r) < Z ‘X)\’"Ker(ﬂ)| . (434)
>\// A//

Evaluating this expression on the identity element shows that deg x-deg xx = >, deg x .
Therefore, we have xx/|ker(r) = deg xar, and A" € K. In particular, we see that

X X = Z X (4.35)

NeKy
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As a result, the Wilson lines with charges in K, form a closed fusion subcategorylﬂ_ﬂ-l

Wi x Wy = Y Wy € Cx, ~ Rep(G/Ker(r)) . (4.36)

NeKy

If we now consider the fusion of W, € Cg, with a non-abelian Wilson line W, & C, we
see that the subcategory structure makes it more likely to find a unique outcome. Indeed,
Wr X Wi € Ck, whereas W, x W5 will typically include lines not in Cg, .

In fact, we can go further if we take y|ker(r) to be an irreducible representation of Ker(r).
Since we are assuming that v is a higher-dimensional representation, irreducibility of v|ker(x)
implies that Ker(m) is a non-abelian group. Invoking Gallagher’s theorem (e.g., see corollary
6.17 of [105]), we see that, for v, 7 € Irrep(G), v ® 7 is an irreducible representation if the
restriction 7|Ker(7r) is irreducible. Then, we are guaranteed to have the following fusion rule
of non-abelian Wilson lines

We X Wy =W, . (4.37)

To understand this statement, let us first prove that v ¢ K. Suppose this were not the
case: then we arrive at a contradiction since |y| > 1 would imply that v|ker(r) is reducible.
As a result, W, & Ck,. Let us now consider the product

Xo Xg = X1+ D Xa (4.38)

where «; are irreps of GG. Then we have

(X’y ’ X7)|Ker(7r) = XllKer(ﬁ) + Z Xa; |Ker(n) - (439)

Here, X1 |ker(r) corresponds to the trivial irreducible representation of Ker(7), Xa,|Ker(x) corre-
sponds to an, in general, reducible representation of Ker(7). Suppose that a;|ker(r) contains
the trivial irreducible representation of Ker(w) for some i, then we will have at least two
copies of the trivial character of Ker(7) on the right hand side of (4.39). However, we know
that (7 ®7%)|ker(x) = V|Ker(r) ®¥|Ker(r)- Therefore, we cannot have more than one copy of the
trivial character in the decomposition . Hence, ai\Kcr(ﬁ) cannot contain the trivial rep-
resentation for any 7. It follows that o;|ker()(h) is non-trivial for at least some h € Ker(r).
Therefore, it is clear that Ker(m) cannot be in the kernel of the representations «; for any 1.
This shows that

Wa, EWy X W5 = W, €Ck, . (4.40)

As a result, the subcategory structure guarantees (4.37)).
To better understand the above general discussion (as well as the continuing role of sym-
metries), let us consider some examples. Note that these results give explicit realizations of

101Such Wilson lines recently played an interesting role in [140]. Indeed, when one adds non-topological
matter charged under these representations, the corresponding Wilson lines can end on a point. Magnetic
flux lines or dyons with flux supported in Ker(7) remain topological while lines carrying other fluxes do not.
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the idea in question (3) in the introduction. The simplest discrete gauge theories realizing the
above discussion are based on gauge groups of order forty-eight. Interestingly, the existence
of subcategory structure in the Wilson line sector, Cyy ~ Rep(G), explains the large ratio
of orders, Ag,,, between these groups and the smallest simple group, O(5,3), with unique
non-abelian fusion outcomes

25920

Bgp = 1

— 540> 1. (4.41)

In this section, we will discuss the examples of the binary octahedral group (BOG) and
the very closely related general linear group of 2 x 2 matrices with elements in the finite field
F3, GL(2,3). In appendix we will consider the remaining cases at order forty-eight.

Let us begin with BOG. In this case, we have that 2; is an unfaithful (real) two-
dimensional representation and that the restrictions of the other (real and faithful) two-
dimensional irreducible representations to Ker(2;) = Qs < BOG, 22’3|Ker(21), are irreducible.
As expected from the general discussion above we have the following Wilson line fusions

ng X W22 = W21 X W23 = W4 . (442)

Similarly to the simple discrete gauge theories discussed in the previous subsection, BOG’s
Zo outer automorphism again lifts to a non-trivial symmetry of the TQFT, and the non-
trivial element g # 1 acts as follows: g(Wh,) = Wh,.

Let us note that in this case, the role of symmetries is even more pronounced. Indeed,
one can check that

W21 X W21 = W+ W12 + W, € CK21 ~ Rep(BOG/Qg) ~ Rep(Sg) ,
W22 X W22 = W23 X W23 = W1 + W32 , (443)

where 15 is a non-trivial one-dimensional irreducible representation, and 35 is a real three-
dimensional irreducible representationm This latter representation satisfies x1, - X3, = X3,
(and similarly x1, - x3, = X3,). Therefore, we see that W, generates a non-trivial one-form
symmetry in the BOG discrete gauge theory and that W, , and W, ; form doublets under
fusion with this generator while W, is fixed

W12 X W32 = W31 s W12 X W22 = W23 s W12 X W21 = WQl . (444)

This non-trivial orbit structure then implies that W5, & Wy, X Wy, on symmetry grounds
alone. Hence, in this example, both the subcategory structure and the symmetries guarantee
the fusion rules .

Before finishing this example, we should check that Z(Vecgog) is indeed prime. After
we discuss more formal aspects of subcategory structure in section [£.2.2] we will have more
tools to use when answering this type of question. For now, let us prove that the Wilson

102Note that since 29 3 are faithful representations, a result of Burnside [42] generalized to Wilson lines
shows that there exist nj 2 € N such that W2X2"31 D Wi, and WQX;;Z D W, . Our discussion implies nq 2 > 2.
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lines must all lie in the same TQFT factor [ To that end, write down the Wilson lines of
the BOG discrete gauge theory

Wl ) ng ) W21 ) W22 ) W23 - W22 X ng 9 W31 ) W32 = W31 X le )
W4 = ng X W22 = ng X W23 . (445)

We can consider two cases: (1) Wj, is in the same TQFT factor as Wy, (call this factor 7y)
or (2) Ws, is not in the same TQFT factor as W,.

Let us consider case (1) first. From the fusion equation involving Ws,, we immediately
see that Wi, is also in 75. Note that W,, cannot be written as the fusion product of two
other Wilson lines. Since there is no Wilson line of quantum dimension six, we also have
Ws, € To. Now, we must clearly have that either W, , € Ty or Wh, , € To. However, in the
latter case we will again have a Wilson line of quantum dimension six. Therefore, we have
that W, , € Ty. Therefore, by the Wy fusion rule in , all Wilson lines are in the same
TQFT factor.

Let us now consider case (2). Let W5, € To and Wy, € T; with Z(Vecgog) = To X T1.
As in case (1), Ws, cannot be written as the fusion product of two other Wilson lines; and,
since there is no Wilson line of quantum dimension six, we have W, € 7y. However, this
leads to a contradiction because then Wy x Wi # W,. As a result, we conclude that all
Wilson lines must lie in the same factor of Z(Vecgog).

Let us conclude with a brief discussion of the GL(2, 3) discrete gauge theory. This gauge
group is quite similar to BOG. For the purposes of the above discussion, the only difference is
that 25 3 become complex conjugate two-dimensional irreducible representations (otherwise,
the remaining representations and remaining parts of the character tables are the same).
Therefore, (4.42)) and (4.44) apply to Z(Vecgr(2,3)) as well (by identifying these Wilson lines
with their relatives in Z(Vecgr23))). The only change is that in the second line of ([£.43),
we should take Wh, , X Wh, , — Wh, X Wh,. In particular, the roles of subcategory structure
(again Rep(S;3) C Rep(GL(2,3))) as well as outer automorphisms and one-form symmetries
is the same in both the BOG and the GL(2,3) discrete gauge theories.

Note that Gallagher’s theorem does not exhaust all cases where representations with

non-trivial kernel have irreducible products. Another interesting case is given by Gajen-
dragadkar’s theorem [82) [128]. If we have a group G which is both 7-separable as well as
Y-separable, for two disjoint set of primes 7 and X, then this theorem guarantees that the
product of a m-special character with a Y-special character is irreducible. A character y is
known as m-special if x(1) is a product of powers of primes in 7 (a 7 number) and if, for
every subnormal subgroup N of G, any irreducible constituent 6 of x|y is such that o(6)"]
is a m-number. Hence, the fusion of Wilson lines corresponding to such characters have a
unique outcome. Note that, in this case, one of the characters involved in the fusion is not
required to be irreducible in the kernel of the other (unlike in Gallagher’s theorem).

103The same pedestrian arguments used below can be extended to the full set of lines in the theory to prove
that Z(Vecpog) is prime.
1045(9) is the order of the determinental character det() in the group of linear characters.
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Some general lessons and theorems Let us conclude this section with a recapitulation
of some of the main points above as well as some general theorems that amplify our discussion:

e In all of the infinitely many examples we studied so far, symmetries played an important
role. For example, zero-form symmetries had a non-trivial action on Wilson lines
involved in the fusion rules of interest in the Ay (with N = k? > 9) and O(5,3)
discrete gauge theories (see and ), and similarly in theories based on BOG,
GL(2,3), and the other order forty-eight groups (e.g., see below and in appendix
. We will revisit some of these discussions after introducing further technical tools
for symmetries in section 4.2.3

e We also saw that we can use Zy one-form symmetry gauging in the Sy (with N =
k* > 9) gauge theory to generate fusion rules involving non-abelian Wilson lines with
unique outcomes in the Ay discrete gauge theories. We can constrain when such a
situation arises with the following theorem:

Theorem 4.1 (one-form fixed points). Consider a TQFT, T, with no fusion rules of
the form . Suppose we can gauge a non-trivial one-form symmetry of this TQFT,
H. After performing this gauging, we have fusion rules of the form only if there
are a € T such that fusion with at least one of the one-form generators, a € Rep(H),
yields a X a = a.

Proof: Suppose this were not the case. Then, all anyons are organized into full length
orbits under fusion with the one-form symmetry generators. When we gauge the one-
form symmetry, we identify these orbits as single elements (if the braiding with one-
form symmetry generators is trivial, these orbits become genuine lines of the gauged
theory; if the braiding is non-trivial, these orbits become lines bounding symmetry-
generating surface operators in the gauged theory). Note that all anyons appearing on
the right hand side of fusion rules have the same braiding with the one-form symmetry
generators. Therefore, the claim follows. [J

As we will see, this theorem will have echoes in the coset theories we describe in the
second half of this paper.

e In the case of O(5,3) discrete gauge theories, we saw that we can gauge the outer
automorphisms and have fusion rules of form (4.2 in this gauged theory as well. This
discussion inspires the following theorem:

Theorem 4.2 (zero-form fixed points). Consider a TQFT, T, and suppose we can
gauge a non-trivial zero-form symmetry of this TQFT, H. After performing this gaug-
ing, we have fusion rules of the form only if there are non-trivial a; € T such
that at least one of the non-trivial elements of the zero-form group fizes a;.
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Proof: Suppose that all non-trivial elements of the discrete gauge theory leave all
the non-trivial anyons unfixed. Now consider anyons a,b,c € T such that ¢ € a x b.
From the general discussion around , we see that Ni, N Nsy NN, = Z; and
N, \H/N, = H. Moreover, since the stabilizers are trivial, 7, = m, = m. = 1 are the
trivial representations. We then have

@y _ B
Nay.quy = HI-m(1,1) = [H| > 1. (4.46)

Therefore, we cannot produce fusion rules of the desired type. [J
Our discussion of the O(5,3) theory also suggests the following theorem

Corollary 4.2.1. Consider a TQFT, T, with a fusion rule of the form a x b = ¢ and
a zero-form symmetry, H. If at least one of {a,b,c} is unfived by H, then the only

way for a x b= c to map to a fusion rule with unique outcome in the gauged theory is
for ¢ to be unfized by H.

Proof: If ¢ is unfixed by H, then N. = N, N N, = Z,. If either a or b are unfixed
then N, N N, = Z; as well (although we need not have N, = Z;). In any case, (4.23))
becomes

N = 2 el Talzy ® °Molz, @ Tgng) - (4.47)
(t,8)EN\H/N,
We have two cases: (1) N,\H/N, # Z; or (2) N,\H/Ny, = Z,. Consider case (1)
first. In this case, all resulting fusion rules will have multiplicity |N,\H/N,| > 1.
Next, consider case (2). If ¢ is fixed by some element of H, then we have at least
two possible 7. (one is the trivial representation). This results in a fusion rules with
non-unique outcomes. [

In the case of the BOG and GL(2,3) discrete gauge theories we saw that both one-
form symmetries and subcategory structure offered an explanation of the existence of
the fusion rules (4.42). The following theorem further explains and generalizes this
connection between symmetries and subcategories of the Wilson line sector:

Theorem 4.3 (subcategories and symmetries). Consider a finite group, G, with an
unfaithful higher-dimensional irreducible representation, w. Moreover, suppose there
are one-dimensional representations, m;, with Ker(m;) &> Ker(w). Then, in the cor-
responding (twisted or untwisted) discrete gauge theory, Wilson lines charged under
representations, vy, that have y|ke(r) irreducible transform non-trivially under fusion
with the abelian Wilson lines, W;,.

Proof: We have that W, € Ck,_, where Cx, was defined around (4.36)) as the subcat-
egory of Wilson lines charged under representations whose kernels contain Ker() (see
(4.33)). Therefore, we see that the abelian Wilson lines W,.. € C, .
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By the discussion around (4.40]), we also see that all non-identity lines W,, € W, x W
are not elements of Cg,. As a result, W,, € W, x W5. On the other hand, the trivial
line is clearly in W, x W5. This logic implies

Wi, X Wy x W5 =W, x Wy, (4.48)
from which the claim in the theorem trivially follows. [J

This result tells us that the YW, must transform under fusion with the one-form sym-
metry generators while W, need not. In the case of the BOG and GL(2,3) dis-
crete gauge theories, precisely this mechanism gave a symmetry explanation for the
W, x W, = W,, fusion rule in . Here we see it is somewhat more general.

e Note that the results of this section answer questions (1)-(3) of the introduction nega-
tively in general. Still, we saw that in the BOG and G'L(2,3) discrete gauge theories,
the ideas in (3) and do apply in some cases. We will return to a proposal for
construct a theory satisfying in question (2) in section 4.2.2]

4.2.2 Subgroups, subcategories, and primality

In sections we saw the important role subcategories play in generating fusion rules
involving non-abelian Wilson lines with unique outcomes (e.g., they explained the hierarchy
in (4.41))). Moreover, understanding the subcategory structure is crucial to resolving the
question of whether a particular discrete gauge theory is prime or not. In the case of
theories with simple gauge groups (see section [4.2.1]), we used results from [127]. In the
case of the examples of discrete gauge theories with non-simple groups we studied, we used
an argument that does not easily generalize. Therefore, in this section, we review some of
the more general results of [127] on subcategories of discrete gauge theories. We then apply
these results to generate some useful theorems that will serve us in subsequent sections.

The main power of the results in [I127] is that they rephrase questions about subcategories
in discrete gauge theories in terms of data of the underlying gauge group. In particular, we
have:

Theorem 4.4 ([127]). Fusion subcategories of discrete gauge theories with finite group G
are in bijective correspondence with triples, (K, H, B). Here K, H < G are normal subgroups
that centralize each other (i.e., they commute element-by-element), and B : K x H — C* is
a G-invariant bicharacter. If we have a non-trivial twist, w, then the same conditions hold
except that we demand that B is a G-invariant w-bicharacter.

Proof: See proofs of Theorems 1.1 and 1.2 (though they are phrased using different, but
equivalent, terminology) of [127]. O

Since B is a bicharacter, it satisfies

B(kiks,h) = B(ky,h) - B(ka,h) ,  B(k, hihs) = B(k, hy) - B(k, hs) . (4.49)
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Here G invariance means that B(g~'kg,g 'hg) = B(k,h) forall k € K, h € H, and g € G.
In fact, [127] also give a way to construct the subcategory, S(K, H, B), in question given the
above data:

S(K,H,B):=gen((a,x)|{ae KNR, x €Irr(N,) s.t. x(h) = B(a,h)degx , Vh € H}) ,
(4.50)
where R is a set of representatives of conjugacy classes, Irr(V,) is the set of characters of

7

irreducible representations of the centralizer N,, and “gen(---)” means that the category
is generated by the simple objects inside the parenthesis. A normal subgroup is a union
of conjugacy classes. Hence, K specifies all the conjugacy classes labelling the anyons in
the subcategory S(K, H,B). Also, all the Wilson lines in S(K, H, B) are such that the
corresponding representations have kernels which contain H.

If we have non-trivial twist, then (4.49) and G-invariance become [127]

B(k?ll{?Q, h) = T]h(kl, ]{32) . B(k?l,h> . B(l{ig, h) y B(k’, hlhg) = T]kjl<h1, hg) . B(k’, h1> . B(l{?, hg) >

_ , h)mi(gh, g7") _
B(g~ kg, h (g 9 ) Bk, ghg™)) 451
(9 kg, h) (01 (k,ghg™) (4.51)

where

w(g,h, k) -wlh,k,k~*h=tghk
ny (k) = ( ) (_1 ) 7
w(h, h=1gh, k)
is a generalization of ((1.52). For non-trivial twist, we also have that (4.50)) becomes

(4.52)

S(K,H,B) :=gen((a,x)|{a € KNR,x € Irr,(N,) s.t. x(h) = B(a,h)degx ,Vh € H}) ,

(4.53)
where the w in Irr,(V,) is a reminder that we should consider characters with projectivity
phase given by or .

We can now immediately see how the subcategories we studied in previous sections arose:
S(G,7Z4,1) ~ Z(Vecg) is the full discrete gauge theory, S(Z;,G, 1) is the trivial subcate-
gory, and S§(Z1,7Z,,1) ~ Rep(G) ~ Cyy is the full subcategory of Wilson lines. In the case
of simple discrete gauge theories, we see that, as claimed in section [£.2.1] these are the only
subcategories. However, in the case of the Z(Vechoe), Z(Vecd(o3)), and other gauge theo-
ries based on gauge groups with unfaithful irreducible representations, 7, we find additional
subcategories: S(Zy, Ker(r),1) ~ Rep(G/Ker(n)) and S(Ker(w),Z;,1). Using Lemma 3.11
of [127], we have that S(Ker(w), Z, 1) is the Miiger center of S(Z, Ker(7), 1).

Since we will study flux lines and dyons below, it is interesting to ask what the above
theorems imply for such operators. One immediate consequence is that magnetic flux lines
behave very differently from Wilson lines. For example:

Theorem 4.5. The set of magnetic flux lines, M, of a discrete gauge theory (both un-

twisted and twisted) with non-abelian gauge group, G, do not form a fusion subcategory. In
particular, M % Rep(G).
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Proof: Suppose the full set of flux lines form a subcategory. Then, we need K to include at
least one element of each conjugacy class in order to include all of M in §. However, since
K is a normal subgroup, it must consist of full conjugacy classes. Therefore, K = GG. Using
theorem , we can label this putative subcategory as S(G, H, B). Since H has to commute
with all elements in G, it has to be a subgroup of the center of the group Z(G). Suppose the
group has trivial center. This forces B = 1, and S(G, Z1, 1) is the full discrete gauge theory,
which means we also include objects with charge. This is a contradiction.

Suppose H is a non-trivial subgroup of Z(G). We know that the function B, being a
bicharacter, satisfies B(e,h) = 1 Yh € H. So the Wilson line ([e],7) € S(G,H,B) if =
has H in its kernel. Recall that the irreducible representations of G/H are in one-to-one
correspondence with irreducible representations of G with H in its kernel. Since G is non-
abelian, Z(G) # G. Hence, G/H is a non-trivial group. It follows that there is at least one
non-trivial irreducible representation n’ of G such that H is in its kernel. Hence, the Wilson
line ([e], 7’) belongs to the subcategory S(G, H, B) for any B. A contradiction. [J

The fact that M % Rep(G) has consequences in section . In particular, it explains why
electric-magnetic self-dualities are non-trivial to engineer in theories with non-abelian gauge
groups and trivial centersFEl If such a duality exists and involves magnetic flux lines, then
they will necessarily be in a Rep(G)-like subcategory with objects carrying electric charge
(e.g., see the S5 discrete gauge theory self-duality [I7], where the dimension-two flux line is
in a Rep(93) subcategory with both dimension one Wilson lines).

Now, we turn to the question of primality. Here the following theorem of [127] is useful

Theorem 4.6 ([127]). A discrete gauge theory with gauge group, G, is a prime TQFT if
and only if there is no triple (K, H, B) with K, H <G normal subgroups centralizing each
other, HK = G, (G,Z,) # (K, H) # (Z1,G), and B is a G-invariant bicharacter on K x H
such that BBOP|(KQH)X(KQH) is non-degenerate. In the case of non-trivial twisting, w, the
previous conditions still hold, but B is also a G-invariant w-bicharacter.

Proof: See proof of theorem 1.3 (though it is phrased using different, but equivalent, ter-
minology) in [127]. O

Note that in the statement of theorem 6, B°?(h, k) := B(k,h) for all k € K and h € H.
Given this theorem, we may prove the following result that will be useful to us in section
4.2,k

Theorem 4.7. If G is a non-direct product group with trivial center, then the corresponding
(twisted or untwisted) gauge theory is a prime TQF'T.

Proof: We have a non-direct product group G with trivial center. Let us assume that
Rep(D(G)) has a modular subcategory. Then, there exists two normal subgroups, K and H,

105Tn any untwisted abelian gauge theory, this is not an issue as M ~ Rep(G) and there is a canonical
electric/magnetic duality.

139



commuting with each other and satisfying K H = G. So, every element of GG is a product of
an element of K with an element of H. Hence, any element in K N H has to commute with
all elements of G. Since the center of G is trivial by choice, K N H = Z;. It follows that
G has to be a direct product of K and H. A contradiction. Hence, for non-direct product
groups G with trivial center, Rep(D(G)) is prime. O

A simple set of examples subject to this theorem include the Sy discrete gauge theories
analyzed above and the Z5 x Z, discrete gauge theory we will analyze further in section
4.2.0l

Finally, we conclude with a proposal for engineering an example of a theory of the type
envisioned in question (2) in the introduction. In particular, consider a G x G discrete
gauge theory, Z(Vec, ). Clearly, for trivial twisting this is a non-prime theory since
Z(Vecgxg) = Z(Vecg) ® Z(Vece). Indeed, by theorem [4.6] we can take K = G x Z,
H =7, x G, and B = 1. However, if we turn on a twist, w € H*(G x G,U(1)), we might
be able to generate a prime theory. In particular, if we can find GG such that w is non-trivial
and does not factorize, then we would have an example of a prime theory with Wilson lines
in Rep(G x G) = Rep(G) X Rep(G). Choosing one Wilson line in each Rep(G) factor and
fusing would give a unique fusion outcome@ It would be interesting to see if this proposal
can be realized. For example, we would like to see if there is an obstruction at the level of
the existence of a G-invariant w-bicharacter (all other requirements of theorem can be
satisfied). A concrete example of a theory of the type discussed in question (2) is studied in
section

4.2.3 Zero-form symmetries

In sections [4.2.1] and 4.2.1] we saw that zero-form symmetries played an important role in

generating fusions rules of the form . In this section we review some relevant results of
[130] and prove a theorem that will be useful to us in section [4.2.5

In three spacetime dimensions, zero-form symmetries are implemented by dimension two
topological defects (recall that one-form symmetries are generated by abelian lines). These
defects act on lines that pierce them as in figure 35, We will say the corresponding symmetry
group, H, is non-trivial iff it has a generator, h € H, such that there is an anyon a € T
satisfying h(a) # a.

Note that the automorphisms of the gauge group G, Aut(G), are a natural source of
symmetries. Indeed, in the context of the G-SPT that we gauge to generate the discrete
gauge theory, these automorphisms permute the symmetry defects. Therefore, we expect
they will play a role in the discrete gauge theory. To be more precise, recall that we can
distinguish between the inner automorphisms Inn(G) < Aut(G), generated by conjugations
of the form gzg~! for z, g € G, and outer automorphisms, Out(G) := Aut(G)/Inn(G). Since
the discrete gauge theory involves magnetic charges labeled by conjugacy classes and electric
charges labeled by representations of centralizers, it is clear that inner automorphisms will

106\We thank D. Aasen for suggesting the basis for this idea.
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Figure 35: The symmetry defect 3, labelled by a zero-form symmetry group element g, acts
on an anyon a.

act trivially on the discrete gauge theory (conjugacy classes are invariant under Inn(G) and
the normalizers of different elements in a conjugacy class are isomorphic). Therefore, we can
at best expect Out(G) to lift to a symmetry of the TQFT. Indeed, this is precisely what
happens.

More formally, we have that, in a discrete gauge theory Out(G) lifts to a part of the
group of braided autoequivalences of the discrete gauge theory, Aut™(Z(Vecg)):

Theorem 4.8 ([I30]). The subgroup of braided autoequivalences that fix the Wilson lines
Stab(Rep(G)) < Aut™(Z(Vecg)) takes the form

Stab(Rep(G)) ~ H*(G,U(1)) % Out(G) . (4.54)

Proof: See the proof of Corollary 6.9 (though it is phrased using different, but equivalent,
terminology) in [130]. OJ

Note that Out(G) generally acts non-trivially on the conjugacy classes. Therefore, it will
also generally act non-trivially on the Wilson lines. However, in certain more exotic cases,
all of Out(G) preserves conjugacy classes.m In such cases, the Wilson lines are fixed. Note
that elements ¢ € H?(G,U(1)) always leave the Wilson lines invariant since they act as
follows [130]

¢(z,9)
¢(g,2)

where g € [a] (in particular, g = 1 for Wilson lines). Note that p,(z) depends only on the

C((la],ma)) = ([al; mgpg) »  pg() := (4.55)

cohomology class of ¢ (it is invariant under shifts by a 2-coboundary).

107The smallest group that has this feature has order 27 [27]. See [56] for an application of groups that
have at least some class-preserving outer automorphisms to quantum doubles.
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A second set of symmetries involves the exchange of electric and magnetic degrees of
freedom. These are electric/manetic self-dualities and are inherently quantum mechanical in
nature. These symmetries are closely related to the existence of Lagrangian subcategories.
As we briefly mentioned at the beginning of section [4.2.1] a Lagrangian subcategory, L, is
a collection of bosons with trivial mutual braiding that is equal to its Miiger center (e.g.,
like the subcategory of Wilson lines, Cyy ~ Rep(G)) . This latter condition simply means
that the only objects that braid non-trivially with every element of £ are elements of that
subcategory.

To find the set of these symmetries, it turns out to be useful to construct the categorical
Lagrangian Grassmannian, IL(G). This is the collection of all Lagrangian subcategories.
Each such subcategory, L(n,) ~ Rep(Gn,)) with |Gy | = |G|, is labeled by a normal
abelian subgroup, N <G, and a G-invariant u € H*(N,U(1)) (the Wilson line subcategory
is £11). For the purposes of understanding these symmetries, the important subcategory is
[130]

LD Ly:={L € L(G)|L ~Rep(G)} . (4.56)

In particular, we have

Theorem 4.9 ([I30]). The action of Aut™(Z(Vece)) on Lo(G) is transitive. Moreover,

|Aut™ (Z(Vecg))| = |H*(G,U(1))] - |Out(G)] - [Lo(G)] (4.57)

Proof: See proposition 7.6 and corollary 7.7 of [130]. O

Examples of such dualities appear in the S3 discrete gauge theory [I7] and beyond [100].
Let us now apply this theorem to prove a result that will be useful for us below

Theorem 4.10. If G ~ N x K, where N 1is an abelian group, then the corresponding
untwisted discrete gauge theory has an electric-magnetic self-duality.

Proof: By theorem [£.9] in order to find a self-duality, we need to find a normal abelian
subgroup N < G and a G-invariant 2-cocycle, u € H?(N,U(1)). Moreover, we need to find
a corresponding Gy, ~ G. In particular, from remark 7.3 of [130], when p is trivial, we
have that Gy 1) ~ NxG /N, where N is the character group of N. For an abelian group,
N~ N. Therefore, we have that G(N,l) ~ N x K = (G as desired. [

This theorem will be useful in our symmetry searches in section [£.2.5] Note that one
immediate consequence of the above discussion is that none of the examples discussed
above have self-dualities. Indeed, theories with simple gauge groups have no non-trivial
normal abelian subgroups. On the other hand, theories like BOG and GL(2,3) have
H?*(BOG,U(1)) ~ H*(GL(2,3),U(1)) ~ Z; (and similarly for all normal abelian subgroups).
Since these groups are not semi-direct products, we conclude they lack self-dualities.
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4.2.4 Quasi-zero-form symmetries

In the previous subsections, we have seen that zero-form symmetries play an important role
in generating fusion rules for non-abelian anyons with unique outcomes. However, since our
interest is simply in the existence of such fusion rules, it is natural that we should generalize
our notion of symmetry to include symmetries of the modular data (and hence, by Verlinde’s
formula, automorphisms of the fusion rules) that don’t necessarily lift to symmetries of the
TQFT@ The basic reason such “quasi zero-form symmetries” as we will call them exist is
that the modular data does not define a TQFT (see [I19] for a consequence of this fact). In
particular, the underlying F' and R symbols may not be invariant (up to an allowed gauge
transformation) under a quasi zero-form symmetry even if S and 7" are.

In fact, such “quasi-zero-form symmetries” are common, with charge conjugation being
a particular example [58]. Indeed, even in the Ay (with N = k* > 9) theories we discussed
in section [.2.1], such quasi-charge conjugation symmetries exist. These symmetries are in
addition to the genuine zero-form symmetries we described when analyzing these examples.
In appendix [B.2.2] we study the particular case of Ay discrete gauge theory in more detail
and explicitly disentangle the quasi-symmetries from the genuine symmetries.

More generally, there are theories that have no genuine symmetries. One set of examples
include discrete gauge theories based on the Mathieu groups. These are simple groups with
trivial Out(G) and H?*(G,U(1)). Moreover, since these groups have no non-trivial normal
abelian subgroups, L(G) = Lo(G) ~ Rep(G), and so there are no non-trivial self-dualities.

The largest Mathieu groups, M3 and My, are of particular interest to us since their
discrete gauge theories have non-abelian Wilson lines that fuse together to produce a unique
outcome.@ Moreover, of the theories with fusions of type , these are the only untwisted
discrete gauge theories that have no modular symmetries that lift to symmetries of the full
TQFTs.

For Mss it is not hard to check that

Wiao X Wis, = Wago, ,  Waa X Wiys, = Wago, (4.58)

where 22 is the real twenty-two dimensional representation, 45, o are two forty five dimen-
sional complex representations, and 990, 5 are two nine hundred and ninety dimensional
representations. Under charge conjugation

Wias, < Wiz, . Wago, <> Waoo, - (4.59)
For Ma,, we have a particularly rich set of fusiong™™|

Waz X Was, = Wioss, , Waz X Wiz, = Wigss, , Was X Wasi, = Whsis

108Tp fact, most generally, we might expect automorphisms of the fusion rules that are not even symmetries
of the modular data (e.g., as studied recently in [41]).

109By the results of [35], these theories cannot have such fusions involving lines that carry magnetic flux.

0Tt would be interesting to know if our results here have any connection with moonshine phenomena
observed involving May as in [66] B0, [84].
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Wasz X Waszt, = Wiz, Wias, X Wast, = Whoses , Wis, X Wast, = Woses
Wis, X Wasi, = Wiosgs » Was, X Wasi, = Wigsgs - (4.60)

where 23 is a real twenty-three dimensional representation, 45, 5 are complex forty-five di-
mensional representations, 231; o are two-hundred and thirty-one dimensional complex rep-
resentations, and 10353 are complex one-thousand and thirty-five dimensional representa-
tions, 5313 is a real five-thousand three-hundred and thirteen dimensional representation,
and 10395 is a real ten-thousand three-hundred and ninety-five dimensional representation.
Under charge conjugation, we have

Wis, < Was, » Waai, < Wast, ,  Wioss, < Wioss, - (4~61)

While we have seen similar actions in previous sections, but here the novelty is that charge
conjugation is a quasi-symmetry.

More generally, as we will discuss in greater detail below, all other examples of TQFTs
that we have found with fusion rules involving non-abelian anyons with unique outcome have
at least quasi zero-form symmetries.

Finally, let us conclude this section by discussing how twisting affects the quasi-zero-form
symmetries. When the quasi-symmetry is charge conjugation and the group has complex
representations, the quasi-symmetry lifts to an action on Wilson lines (see appendix m
for a discussion in a concrete example). In this case, the quasi-symmetry persists regardless
of the twisting.

As a more complicated example, let us consider the case of BOG first discussed in
section [£.2.1] This theory only has real conjugacy classes and representations. However,
there is still a non-trivial charge conjugation acting on certain dyons since elements in BOG
have centralizer groups Z,, Z¢, and Zg. These latter groups admit complex representations.
However, unlike the spectrum of Wilson lines, the spectrum of dyons generally changes as we
change the twist. Therefore, we might imagine that the charge conjugation quasi symmetry
can be twisted away.

In fact, this is not the case. The main point is that any twisting w € H*(BOG,U(1)) =~
Z4g of the BOG discrete gauge theory is “cohomologically trivial” in the following sense:
the n,(h, k) € H*(N,,U(1)) phases defined in are all trivial. Indeed, this statement
follows from the fact that H*(N,,U(1)) = Z; for all ¢ € BOG. Therefore, none of the
anyons are lifted by the twisting, and the characters of BOG change as follows

Xz (h) — €g(h) - Xz (h) (4.62)

where ¢, is a 1-cochain that gives the 2-coboundary, n,. It is not too hard to check that all
choices of the twisting leave us with complex characters. Therefore, the charge conjugation
quasi-symmetry persists (here it would be more accurate to term it a “modular symmetry”
since it is apriori possible—though we have not checked—that charge conjugation becomes
a symmetry of the theory for certain choices of w)r'_Tl

111 0One may also wonder about the fate of the genuine Out(BOG) ~ Zy zero-form symmetry under twisting.
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4.2.5 Beyond Wilson lines

So far, we have only constructed fusion rules of the form (4.2)) using Wilson lines. In the
case of gauge theories with simple groups, this is all we can do [35]. However, when we have
non-simple gauge groups, the existence of self-dualities discussed in section 4.2.3| as well as
the possibility of electric-magnetic dualities between theories with different gauge groups and
Dijkgraaf-Witten twists [120] [100] suggests that we should also be able to involve non-abelian
anyons carrying flux. Indeed, we will see this is the case.

To that end, let us study a fusion of the form

Lg ey X Linjmy) = Lpmey » gsh# 1, (4.63)

Carefully applying the machinery in section reveals the following contraint{™|

w w w w w _
2. E“ 7Tk, SU_Ch that m(ﬂ'k |NgﬂNhﬂNk77Tg |NgﬂNhﬁNk ® 7Th|NgﬁNhﬁNk ® Tr(g,h,k)) = 1

We will apply these constraints in what follows.

For an untwisted discrete gauge theory based on a group G with a non-trivial center
Z(@), the constraints above implies that if we have a fusion of Wilson lines giving a unique
outcome

We x Wy =Wy, | (4.64)

then we have a fusion of dyons of the form

Ligm X Lnyy = L(gh)m) » (4.65)

where for any g, h € Z(G). Hence, we can dress the Wilson lines with fluxes from the center
of the group to obtain fusion rules involving dyons with unique outcomes. For example, we
have already seen that the discrete gauge theories corresponding to BOG and GL(2,3) have
Wilson lines fusing to give a unique outcome. Since these two groups have a non-trivial
center (isomorphic to Z,), the above discussion immediately implies the existence of dyonic
fusions where the dyons are labelled by the non-trivial element of the centre. In fact, these
two types of fusions exhaust all a x b = ¢ type fusions in both Z(Vecpoq) and Z(Vecgr23))-

In the case of the fusion of non-abelian Wilson lines with a unique outcome, we saw that
we were not guaranteed to find fusion subcategories beyond the three universal subcategories

First, consider w corresponding to the order 2 element in Zsg. Since Out(BOG) acts on H3(BOG,U(1))
through Aut(H3(BOG,U(1))), w should be fixed under it. Hence, it seems plausible that the twisted discrete
gauge theory corresponding to this choice of w has Out(BOG) as a subgroup of its symmetries (while theorem
8 has nothing to say on this point since it assumes untwisted theories, we view the existence of a symmetry in
this case as a plausible assumption). In fact, more generally, if the action of Out(G) leaves w € H*(G,U(1))
invariant up to a 3-coboundary, then it can be shown that this is a symmetry of the modular data of the
twisted theory. It would be interesting to understand what happens for other twists as well.
12We refer the interested reader to the derivation in section III of [35] for further details.

145



present in any discrete gauge theory (the theory itself, the trivial TQFT, and the Wilson
line sector, Cyy ~ Rep(G)). On the other hand, when we have fusions of non-abelian anyons
carrying flux with a unique outcome, we are guaranteed to have fusion subcategories. When
the gauge group has a non-trivial center, Z(G), this statement is trivialm The following
theorems guarantee this fact more generally:

Theorem 4.11. Let G be a non-simple finite non-abelian group. If we have a fusion rule
involving two dyons or fluzes giving a unique outcome in the (twisted or untwisted) G gauge
theory, then S(My,7Zy,1) and S(My,Zq,1) (along with S(Zy, My, 1) and S(Zy, My, 1)) are
proper fusion subcategories of the theory. Here, g and h are elements labelling the non-trivial
conjugacy classes (of length > 1) involved in the fusion. M, is the normal subgroup generated
by the elements in [g].

Proof: We have an a x b = ¢ type fusion rule involving the non-trivial conjugacy classes
lg] and [h]. Let M, be the normal subgroup generated by [g]. In fact, it has to be a proper
normal subgroup. To see this, suppose M, = G. From Lemma 3.4 of [127], we know that [g]
and [h] commute element-wise. Hence, [h] commutes with all elements in M, = G. It follows
that [h] should be a subset of the elements in Z(G). However, elements of Z(G) form single
element conjugacy classes. A contradiction. Hence, M, has to be a proper normal subgroup
of G. Since g # e, it is clear that M, is not the trivial subgroup either. We can use the same
argument to show that M), is also a proper non-trivial normal subgroup of G. Therefore,
by theorem , we have fusion subcategories corresponding to the choices S(My, Zq, 1) and
S(My,Z,1) (and similarly S(Zy, My, 1) and S(Zy, My, 1)). O

Note that we have, L) xs) € S(My, Z1,1) and L) zey € S(Mp, Z1,1). Generically, we also
expect Lg)nwy & S(Mp,Zy1,1) and Lp)xp) & S(M,,Zy,1). In such situations we have, in
the spirit of section [£.2.1] an “explanation” for the fusion rule.

In fact, the reasoning in the proof to theorem immediately implies that if [h] has
at least one element h' € [h] such that [#',h] # 1, then Ly rv) and L qe) lie in different
subcategories

Corollary 4.11.1. Given the conditions in theorem if there exists h' € [h] such that
[, h] # 1, g € S(My, Z1,1), Ljnawy & S(My,Z1,1), and similarly for h < g.

For a € M, the fusion subcategory S(M,,Z;,1) contains anyons ([a], 7,) where 7, is
any irrep of the centralizer N,. In an untwisted discrete gauge theory, for a fusion of fluxes
labelled by conjugacy classes [g] and [h], we can define fusion subcategories S(M,, M, 1) and
S(MyM,, 1) which have a more restricted set of elements. For a € My, the anyon ([a], 7,)
is an element of S(M,, My, 1) if and only if M), C Ker(rw,). Clearly, (|g],1,) € S(My, M}, 1)

13 The discussion in section m guarantees that S(Z(G),Z1,1) and S(Z1,Z(G),1) are non-trivial sub-
categories.
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and ([h],15) € S(M),, M,,1). However, in general, we don’t expect ([g],1,) & S(M},, M,, 1)
and ([h], 1) & S(My, My, 1). We will discuss an example of this below.

If one of the operators involved in the fusion of non-abelian anyons with a unique outcome
is a Wilson line, then we also have the following theorem:

Theorem 4.12. Let G be a non-simple group. If we have a fusion of a Wilson line and
a dyon giving a unique outcome, then S(Ker(xr),Z1,1) and S(Zy,Ker(x,),1) are proper
fusion subcategories of the (twisted or untwisted) discrete gauge theory. Here, 7 is an irrep
of G labelling the Wilson line.

Proof: Suppose [b] is the non-trivial conjugacy labelling the flux line. Let x, be the character
of an irreducible representation, 7, of G labelling the Wilson line. From note 3.5 of [127]
we know that y should be trivial on a subset of elements given by [G,b]. Since b is not in
the center, [G,b] is guaranteed to have a non-trivial element. Hence, x, is not a faithful
representation. Ker(x,) is a non-trivial normal subgroup of G. Since x, is not the trivial
representation, Ker(y,) # G is a non-trivial proper normal subgroup. Hence, by theorem

[1.4] we have a fusion subcategory given by S(Ker(xx),Z1,1) and S(Z;, Ker(x,),1). O

Note that in this case the Wilson line is an element of S(Z;, Ker(x,), 1) while the magnetic
flux is not. In this sense, such fusions are “natural.” To illustrate the ideas above, let us
consider the following examples.

Z(Vecz,x0,,) Let us consider the Zs x Q14 discrete gauge theory. Even though this group
has many non-trivial proper normal subgroups, we have Zs x Q14 # HK for any proper
normal subgroups H, K. Hence, using theorem , we have that Z(Vecz,«q,,) is a prime
theory.

This group has a length 2 conjugacy class [f3] (here we are using the notation of GAP
[85], where this group is entry (48,18) in GAP’s small group library) and a 2-dimensional
representation 23 (the third 2-dimensional representation in the character table of Zz x Q16
on GAP). We have the following fusion of a Wilson line and a flux line giving a unique
outcome.

Way X piigs) = L1fs] 25w, (4.66)

where the restricted representation 23] Ny, 18 irreducible.

Since we have a prime theory, the existence of this fusion rule is not due to a Deligne
product. However, it can be explained using the subcategory structure of Z(Vecz,uq,q)-
To that end, consider the fusion subcategory S(Z;,Ker(23)),1). This fusion subcategory
contains only Wilson lines. A Wilson line W, belongs to this subcategory only if Ker(23) is
in Ker(m). From the character table of Zs x (14, we find three representations satisfying this
constraint: 1, 13 and 23. Here 1 is the trivial representation and 13 is the third 1-dimensional
representation in the character table. Hence, the anyons contained in the fusion subcategory
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S(Zy,Ker(23),1) are the Wilson lines Wy, W, as well as W,,. Moreover, we can check the
following

13><13:1; 13X23:23; 23X23:1—|—13—|—23. (467)

Now let us consider a fusion subcategory corresponding to the triple S(My,, Ker(13), 1)
where M, is the normal subgroup generated by the elements of the conjugacy class [fs]
and 15 is the second 1 dimensional representation in the character table of Zs x (Q15. We
have My, = {e, fs, fa, f5 - fa}. A Wilson line W, belongs to the set of generators of this
subcategory only if Ker(1s) is in Ker(w). Using the character table we can check that there
are only two representations which satisfy this constraint: 1 and 15. Moreover, we have
15 x 13 = 1. Hence, the Wilson lines in S(My,, Ker(13),1) are W, and W,,. Note that the
flux line piyz,) belongs to this subcategory.

Hence, we have two fusion subcategories S(Zq, Ker(23)), 1) and (My,, Ker(15), 1) with the
following structure

WQs S S(Zlv Ker(23))7 1); Hifs) € (Mf3> Ker(12)a 1);
S(Zy,Ker(23)),1) N S(My,, Ker(1y),1) = {1} (4.68)

Therefore, the fusions W, x W23 and gz, X Aify] have only W, in common. This trivial
intersection explains the fusion (4.66|) and gives an example of the idea behind question (2)
in the introduction.

Z(Vecy,.«z,) Let us consider the Zy5 x Z, discrete gauge theory. Since the center of the
gauge group is trivial and the group involves a semi-direct product, we know from theorem
that this gauge theory is prime.

This group has a length 5 conjugacy class labelled by the element f; and a length 2
conjugacy class labelled by the element f3 (here we are using the notation of GAP, where
this group is entry (60, 7) in GAP’s small group library). We also have a length 10 conjugacy
class labeled by fs f5. It is therefore clear that we have a fusion of flux lines giving a unique
outcome corresponding to these conjugacy classes

Hifa] X Hifs] = Hfafs] - (4'69)

Based on our discussion above, let us consider the groups My, and My, generated by the
elements in the corresponding conjugacy class. It is not too hard to show that

My, = le]U[f] (4.70)
My, = [e]U[fs]U[fd] (4.71)

Hence, the fusion subcategories S(My,, My,, 1) and S(My,, My,, 1) can only have Wilson lines
as common elements. The trivial Wilson line W is of course a common element. As we saw
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in section |4.2.2) a Wilson line, Wy, is a member of the fusion subcategory, S(My,, My,, 1),
only if the condition

Xx(h) := B(e,h) deg xx = deg xx, Vhe My, (4.72)

is satisfied. Hence, My, should be in the kernel of x,. Similarly, a Wilson line Wy, is a
member of (My,, My,, 1) only if My, is in the kernel of x,s. Therefore, the common elements
of the two fusion subcategories are given by the Wilson lines W3 for which My, and My; are
in the kernel of yz. Using the character table of Zi5 x Zy, we find that there is only one
representation 7y,, which satisfies this constraint.

Consider the fusions

i) X My = Wit (4.73)
Hfs] X M- = Wi+ (474)

We know fi,) and gz, belong to the fusion subcategories (Mjy,, My,,1) and (My,, My,, 1).
Therefore, the only anyons common to both fusions above are W, and W;,. We would like
to know whether the Wilson line, W,,, appears on the right hand side of these fusions. To
that end, consider the fusion

W12 X M[fa] = £([f3]712|Nf3) . (475)

It turns out that 1o|y,, is the trivial representation of Ny,. Hence, yz, is fixed under fusion
with the one-form symmetry generator, W;,. So it is clear that W, should appear in the
fusion pup) X pyp,-1). Similarly, consider the fusion

Wi, X piga) = L(2)121w,,) - (4.76)

It is easy to check that 15|y, is a non-trivial representation of Ny,. Hence, pis,] is not fixed
under the fusion with W,,. Since W, is an order two anyon, it cannot appear in the fusion
i) X Mgt (because if Wi, C gy X pyp,-1, then multiplying both sides on the left with
W, implies that Ls,)1,) is the inverse of ji,) which is clearly false).

We have that the fusions pjz,) X o and puf,) ¥ O only have the trivial anyon in
common. Hence, the combination of subcategory structure and one-form symmetry explains
the fusion rule

Higa) X Hifs) = Hifafs] - (4.77)
It is interesting to note that this discussion parallels the one for Wilson lines in section [4.2.1]

This example is additionally illuminating because this theory also has a fusion involving a
Wilson and a flux line with unique outcome. Indeed, we have two 2-dimensional representa-
tions 2; and 29 of Z5 x Z4 whose restriction to the centralizer Ny, = Z3 X Z, are irreducible.
Hence, we have the fusion rules

Way X g = Liiplng,) - Wae X Hip) = L(ifal 2l - (4.78)
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Do we have trivial braiding between the anyons involved in this fusion? This question is
equivalent to whether the dyons are bosons are not. For L((y,) 2, ny,) tO be a boson, we want
f2 to be in the kernel of 2;|,, which is equivalent to the condition that f; be in the kernel
of 2;. Using this condition, we can easily check to see that the anyons W, and pjs,) braid
non-trivially with each other, while W, and iy, braid trivially with each other.

Moreover, this theory has several fusions involving dyons which give a unique output. For
example, consider the dyons £([fz]if2) and L([fs]ﬁfg,)’ where TfQ and ng are the unique non-
trivial real 1-dimensional representations of Ny, = Z3z x Z4 and Ny, = Zs3 x D, respectively.
We have the fusion

Lin1in X Lanliy = Lnasling) (4.79)

where TfQ #, 1s the unique non-trivial 1-dimensional representation of Ny, s, = Zs.

Let us also explore the zero-form symmetry of this theory. We have Out(Z;5 x Zy) = Zs
and H?(Zy5 x Z,) = Z,. From theorem , we know that this theory features non-trivial
self-duality. In fact, the group Z;5 x Z, has three non-trivial normal abelian subgroups
Zs,Zs, Zq5 all of which have trivial 2°¢ cohomology group. So we have the Lagrangian
subcategories

(L@ Lasy Lz Lasn ) (4.80)
Using remark 7.3 in [I30], we have

Linay = Rep((Zys ¥ Za) ) = N %t (Zys 3 Z4) /N (4.81)

where N is the group of representations of N and N = Zgs,Zs,Z15. Also, we have the
isomorphisms
Z15 X Z4 >~ Zg X (Z5 X Z4) ~ Z5 X (Zg X Z4) (482)

Hence, all Lagrangian subcategories above are isomorphic to Rep(Zi5xZ,). Hence, |Lo(Z15 %
Z4)| = 4. From theorem , we know that Aut™(Z(Vecz,..z,)) should act transitively
on L(Zy5 x Z,). In fact, we can use proposition 7.11 of [130] to show that H?(Z;5 x
Z4,U(1)) x Out(Zy5 % Zy) =~ Zo acts trivially on Lo(Zi5 x Z4). Using theorem (.9 we
have |[Aut™ (Z(Vecz,,xz,))| = 8.

Finally, since Z5 3 Z, has complex characters, Z(Vecy, _,,) has a non-trivial quasi-zero-
form symmetry given by charge conjugation.

Symmetry and quasi-symmetry searches We have used the software GAP to search
for groups for which the corresponding untwisted discrete gauge theories have fusions rules
with unique outcomes. We present our results below. The relevant GAP code is given in

Appendix
Fusion of Wilson lines

Irreducible representations of a direct product of groups is the product of representations of
the individual groups. Hence, it is natural that the first example with two Wilson lines fusing
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to give a unique Wilson line is the quantum double of S3 x S3 (however, this fusion arises
because the discrete gauge theory factorizes; this follows from theorem . More interesting
(non-direct-product) groups with this property only appear at order 48 (see Appendix.
For groups of order less than or equal to 639 (except orders 384, 512, 576)@ we have
verified that whenever the corresponding untwisted discrete gauge theory has a fusion Wilson
lines giving a unique outcome, Aut™Z(Vecg) is non-trivial. In this set of groups, there
are two which have a trivial automorphism group. They are S3 x (Zs x Z4) and (((Zs X
Z3) X Qg) % Z3) X Zy. However, H*(S3 X (Zs x Z4),U(1)) = Zy leading to non-trivial
Aut™ (Z(Vecs, x zs124))). The group (((Zs x Zs) x Qg) x Zs) x Zy has trivial H(G, U(1)).
So the theory Z(Vec(((zyx2zs)xQs)xZs)xz,) doesn’t have classical symmetries. (((Zg x Zs3) X
Qs) X Zs3) X Zs has only one abelian normal subgroup N = Zs x Zz. Moreover, we have
(((Zg x Z3) xQg) X Z3) xZs ~ N x K where K = GL(2,3). Therefore, using theorem 10, we
know that this theory has non-trivial electric-magnetic duality. The groups Sz X (Zs X Zy)
and (((Zs x Z3) x Qs) X Z3) x Zy have complex characters, hence the corresponding discrete
gauge theories have quasi-zero-form symmetries.

Fusion of flux lines

The simplest example of an untwisted discrete gauge theory with a fusion of two flux lines
giving a single outcome is Z(Vecg,«s,). The conjugacy classes of a direct product is a product
of conjugacy classes of the individual groups. Hence, it follows that quantum doubles of direct
products naturally have such fusions. As mentioned above, it follows from theorem that
discrete gauge theories based on direct product groups are non-prime. Therefore, the fusion
rules with unique outcome in this case are a consequence of the Deligne product. Since
Out (S5 x S3) = Zs, Z(Vecs,xs,) has non-trivial zero-form symmetry.

After S5 x S3, we have several groups of order 48 with flux fusions giving unique outcome.
The examples discussed in Appendix (except BOG and GL(2,3)) exhaust all such
groups of order 48. All of these groups have non-trivial automorphism group, and hence
the corresponding discrete gauge theory has non-trivial symmetries. In fact, for groups of
order less than or equal to 639 (except orders 384, 512, 576) we have verified that whenever
the corresponding untwisted discrete gauge theory has a fusion of flux lines with a unique
outcome, Aut™ (Z(Vecg)) is non-trivial. In fact, the only group with a trivial automorphism
group in this set is S3 x (Z5xZ4). We already discussed above that this theory has non-trivial
zero-form symmetries as well as non-trivial quasi-zero-form symmetries.

Fusion of a Wilson line with a flux line

The simplest example with a fusion of a Wilson line and a flux line giving a single outcome is
Z(Vecg,xs,). Then we have more examples in order 48. The examples discussed in Appendix
B.2.1| (except BOG and GL(2,3)) exhausts all such groups of order 48. For groups of order

114We have not checked order 384, 512, 576 due to the huge number of groups (up to isomorphism) with
these orders.
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less than or equal to 639 (except orders 384, 512, 576) we have verified that whenever the
corresponding untwisted discrete gauge theory has a fusion of a Wilson line with a flux line
giving a unique outcome, Aut™ Z(Vecg) is non-trivial. In this set of groups, there are three
which have a trivial automorphism group. They are S5 X (Zs X Z,), (Zs X Z3) x QD1
(where QD¢ is the semi-dihedral group of order 16) and (((Zs x Zs) X Qg) X Zs) X Zs.
We discussed the groups S3 X (Zs ¥ Z4) and (((Z3 X Zs3) X Qg) X Zs) X Zg above. The
group (Zz X Zz) x QD1 has trivial H*(G,U(1)). So the theory Z(Vec(z,xz)x0n.s) doesn’t
have classical symmetries. However, (Z3 x Z3) x (QD1s has one abelian normal subgroup
N = Zs3 x Z3. Moreover, we have (Zz x Z3) x QD1 ~ N x K where K = QQD;4. Therefore,
using theorem [4.10, we know that the corresponding untwisted discrete gauge theory has
non-trivial electric-magnetic self-duality.

The group (Zs X Z3) x QD¢ has complex characters, hence the corresponding discrete
gauge theory has quasi-zero-form symmetries.

Fusion of general dyons

Being a Deligne product, Z(Vecg,xs,) also has fusions involving dyons, and this is the
smallest rank theory with such fusions. The next example is in order 48. The examples
discussed in Appendix exhausts all such groups of order 48. For groups of order less
than or equal to 100 we have verified that whenever the corresponding untwisted discrete
gauge theory has a fusion of two dyons giving a unique outcome, Aut™ Z(Vecg) is non-trivial.
In fact, every group in this set has non-trivial automorphism group. Hence, they all have
non-trivial classical O-form symmetries.

4.3 axb=cand WZW models

In this section, we turn our attention to a (generally) very different set of theories: TQFTs
based on G, Chern-Simons (CS) theories and cosets thereof (here G is a compact simple Lie
group). Unlike the theories discussed in section the theories we discuss here are typically
chiral (i.e., ¢top 7# 0 (mod 8)).

In order to gain a sense of what such theories allow us to do in constructing TQFTs with
fusion rules of the form and , it is useful to recall the basic representation theory of
SU(2). Somewhat surprisingly, this intuition will be quite useful for more general SU(N)y
CS theories. To that end, consider the textbook matter of the fusion of SU(2) spin j; and
7o Tepresentations

Jiti2
J1®J2 = Z J - (4.83)
J=li1—7sel
As in the case of the finite groups in the previous section, we would like to understand if we
can have j; ® jo = j3 for ji,jo > 0 and fixed j3 spin. Clearly this is impossible, since we
would have j; + jo > |71 — j2| and the sum (4.83)) will have at least two contributions.
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While this result is rather trivial, it is useful to recast it using the group theory analog
of the F-transformation described in the introduction (as well as in section for the case
of discrete groups). To that end, we wish to consider

271 272

j1®j122j> j2®j2:zk7 rel > 1, (4.84)
=0 k=0

where |j;2| are the dimensions of the representations. In particular, we see that (since
Ji12 > 0) both products in must always contain the trivial representation and the
adjoint representation. This observation also implies that j; ® j, # j3 for fixed js spin.

The discussion around easily generalizes to arbitrary compact simple Lie group,
G. In particular, let us consider

a@a=1+Y Nlyv, BeB=1+> Ni;d, |of, |8>1, (4.85)
7#1 0

where «, 8 and @, (3 are conjugate higher-dimensional irreducible representations of G, Irr(G).
The number of times the adjoint appears in the product o ® a is [22]:

NAdi HA@ ] 0}‘ >1, (4.86)

where )\§O‘) are the Dynkin labels of a. Therefore, we learn that for all higher-dimensional
representations of G

a@pf#y,Ylal, |8l >1, a,p,y € Irr(G) , (4.87)

Of course, our interest is in the fusion algebra of Gy. From this perspective, the above
discussion is in the limit & — oco. As we will prove in the next section, taking Gy = SU(N);
and imposing finite level does not lead to fusions of the form (4.2)) or (4.8)).

4.3.1 ) CS theory

Let us now consider the finite-level deformation of the fusion rules discussed in the previous
section. These are the fusion rules of Wilson lines in Gy, CS theory. We first consider SU(2);
as it is rather illustrative. We will then generalize to SU(N); and comment on more general
Gy.

In the case of SU(2)y, becomes [86, [61]

min(j1+j2,k—j1—J2)
1@ o = > . (4.88)

Jj=lj1—j2l

In addition to truncating the spectrum to the spins {0,1/2,1,--- , k/2}, the above deforma-
tion abelianizes the spin k/2 representation (since k/2 ® k/2 = 0). However, these changes
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do not alter the conclusion from the previous section: we cannot write j; ® jo, = j3 for j3
non-abelian irreducible j; 2 3. Indeed, consider

min(2j1,k—271) min(2j2,k—252) L
N1 ®n = ZO D, 12®J= ZO J. J12#0, 5 (4.89)
j= j=

The conditions j; 2 # 0, % are to ensure that the representation is non-abelian. In particular,
we again see that the adjoint representation appears in (4.89)).

While the fusion rules discussed in [86, 61] apply to more general groups, they are rather
difficult to implement. Instead, using proposals suggested in [I11), 1T10] and finally proven
in [68], the authors of [154] show that for av an irreducible representation of Gy (with G a
compact simple Lie group), we have

(k) yadi — HX;'Q) ” OH 1, (4.90)

where Xj‘ are the associated affine Dynkin labels.

In particular, for SU(N)y, if | > 1, then ® N3 > 1 Indeed, the abelian rep-
resentations, ;, satisfy a Zy fusion algebra and are characterized by ;\\5-%) = kd;j, where
i € {0,1,...,N —1}. On the other hand, all non-abelian representations have at least two
non-zero Dynkin labels. As a result, we learn that

a®pf#y, Vo,B,yelr(SUN)), lal,|p]>1. (4.91)

Therefore, we see that we have the following fusions for non-abelian Wilson lines in SU (N )y

CS TQFT
Wa x Wa =W, 4+, |af,|8>1, (4.92)

where the ellipses necessarily include additional Wilson lines. This statement is more gener-
ally true in any Gy CS theory (with G a compact and simple Lie group) for which the lines
in question correspond to affine representations with at least two non-zero Dynkin labels.

Note that for certain Gy, non-abelian representations can have a single non-vanishing
Dynkin label. For example, consider the (£7)s CS theorym It has Wilson lines W, and W,
with quantum dimensions %g and /2, repectively, and they fuse to give a unique outcome.
The existence of this fusion rule follows from the fact that (E7), is not a prime TQFT. In
fact, it resolves into the product of prime theories Fib X Ising’, where Fib is the Fibonacci
anyon theory and Ising’ is a TQFT with the same fusion rules as the the Ising model.

We can apply the above arguments to learn about global properties of Gy CS theory. For
example, we can ask if G CS theory is prime or not. The answer is no in general. Indeed,
consider the case G = SU(2). For k € Neyen, SU(2) is prime. However, for k € Nyqgq,
the abelian anyon generating the Zs one-form symmetry forms a modular subcategory. By

15Here we define |a| to be the quantum dimension.
H6We thank a referee for pointing out this example.
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Miiger’s theorem [125] (see also [104] for a discussion at the level of RCFT), it then decouples
and the theory resolves into a product of two prime theories

oA / (4.93)
SU(2); ®RSU(2), if k=3 (mod4) .

SU(2), ~ {SU(2>1 R SU@2)pt, if k=1 (mod4)

where SU(2) is a TQFT built out of the integer spin SU(2); representations. Here SU(2),
is the TQFT conjugate to SU(2); (these TQFTs are sometimes called the anti-semion and
semion theories in the condensed matter literature).

While G, CS theory is not prime in general, our arguments above readily prove the
following:

Claim : Non-abelian Wilson lines in SU(N); CS theory must all lie in the same prime
TQFT factor. For more general Gy CS theory (with G compact and simple), all Wilson
lines corresponding to affine representations with at least two non-zero Dynkin labels must
be part of the same prime TQFT factor.

Proof: Suppose this were not the case. Then, we would find fusion rules of the form (4.92))
with no Wilson lines in the ellipses. [

Clearly, to produce fusion rules of the form for non-abelian Wilson lines in the same
prime TQFT, we will need to go beyond SU(N); CS theory. One way to proceed is to
consider coset theories and use some intuition from section 4.2} Indeed, since cosets can
have fixed points (which we will describe below), it is natural to think they can lead to

fusion rules of the form (4.2)).

4.3.2 Virasoro minimal models and some cosets without fixed points

We begin with a discussion of the Virasoro minimal models, as these are simple examples of
theories that are related to cosets. While these cosets do not have fixed points, they turn
out to produce factorized TQFTs that are nonetheless illustrative. In the next section, we
will focus on cosets that have fixed points, and we will see how to engineer fusion rules of
the form ([4.2)).

One way to construct the Virasoro minimal models is to take a three-dimensional space-
time R x 3 and place SU(2)x_; x SU(2); CS theory on I x X, where I is an interval in R.
We can place SU(2), CS theory outside this region. At the two 1+ 1 dimensional interfaces
between the CS theories (which form two copies of X, call them ¥, ), we obtain the left
and right movers of the RCFT. Here the chiral (anti-chiral) primaries lie where endpoints of
Wilson lines from the SU(2), and SU(2),_1 x SU(2); theories meet on Xy (Xs).

Another way to think about the Wilson lines related to the Virasoro minimal models is to
start with SU(2)_1 x SU(2); CS theory and change variables to make an SU(2), subsector
manifest [I06]. Integrating this sector out leaves an effective coset TQFT.
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The end result is that the TQFT we are interested in iﬂ

SUR)p2MSURL 5 (4.95)

e e, Pe

Here, the natural number p > 3 labels the corresponding Virasoro minimal model (so, for
example, p = 3 for the Ising model)m We may construct the MTC data underlying the
RCFT and the coset TQFT by taking products (e.g., see [134])

Fr. = Fsu@), .,  Fsuen - Fsve), . » Rr, = Rsue), . Rsue), - Rsu@),_, - (4.96)

In order to make precise, we need to explain how the states in 7, are related to those in
the individual SU(2);, theories that make up the coset. Let us denote the SU(2),_2, SU(2);,
and SU(2),_; weights as A\, u, and v. Then, to build the coset we should identify Wilson
lines as follows

Wit = WA X Wy X W, > (W,_o x W) X (W1 x W,) x W1 x W) (4.97)

where W,_o, Wy, and W,_; are abelian Wilson lines transforming in the weight p — 2 (spin
(p —2)/2), weight 1 (spin 1/2), and weight p — 1 (spin (p — 1)/2) representations of the
different TQFT factors.@ Moreover, in order to be a valid Wilson line in 7,, we should
demand that our Wilson lines satisfy

Wourt €T, © A+pu—veQ & A+pu+v=0(mod?2), (4.99)

where @ is the SU(2) root lattice. This relation guarantees that all lines that remain have
trivial braiding with Wy,_2 1,13 (which is a boson that is in turn identified with the vacuum).
It is in terms of these degrees of freedom that should be understood.

Before proceeding, let us stop and note that the fusion in has no fixed points.
Indeed, this statement readily follows from the fact that SU(2); is an abelian TQFT, and
abelian theories cannot have fixed points since their fusion rules are those of a finite abelian
group (in this case Zy).

17This is the TQFT analog of the classic result [90] for the corresponding affine algebras:

§i1(2)p—2 X §(2);
5AL‘(Q)p—l

Vir, >~ (4.94)

H18In writing (4.95]), we have used the Deligne product to emphasize the fact that the SU(2),-2 x SU(2);
CS theory is a product TQFT.
H9At the level of the corresponding affine algebras, this is the statement that [61]

{X, 7, a} ~ {aX, afi, aa} , (4.98)

where the hat denotes affine weights, and a is the generator of the (diagonal) O(su(2)) outer automorphism.
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Given this groundwork, we claim that 7, factorizes as follows

p—1>

SU(2)t, K SU(2)5 if p=1 (mod 2) .

p—1>

~

p =

{(SU(Q)p_z X SU(2))™ ’SU2)p, , if p=0 (mod 2) (4.100)

The various TQFTs appearing in (4.100)) are

(SU(2),—2 ®SU(2)1)™ = gen ({Wpuy € SU(2),—2 ®SU(2)1| A+ =0 (mod 2)}) ,

1
SU(2);‘fl = gen ({W, € SU(2)p-1] v =0 (mod 2)}) ,
SU2)M = gen (Wil A+ p+v =0 (mod 2) , Wy, W, abelian}) ,
SU@2)M, = gen({W € SU(2)p—2| A =0 (mod 2)}) , (4.101)

where “gen(---)” means that the TQFT is generated by the Wilson lines enclosed. Notice
that in the case that p is even, p — 1 is odd and SU (2);“}1 is precisely the decoupled TQFT
factor required by Miiger’s theorem in containing integer spins (even Dynkin labels).
Similar logic applies to SU(2)%, in the case that p is odd. The TQFT SU(2)%* has the

p —
same fusion rules as SU(2),_1, but it is a different TQFT. Finally, for the case that p = 3

(i.e., the Ising model), we see that 73 does not factorize@

Our strategy to prove the factorization in (4.100)) is to construct the various factors and
then argue that they are well-defined TQFTs by Miiger’s theorem [125]. Although we will
not pursue it in this paper, this same approach leads to interesting generalizations for cosets
built out of groups other than SU(2).

To that end, let us first take the case of p > 3 odd. Using the result in , we have
that the modular S matrix also takes a product form

1) (r—2) 8(1) . g(p—l)
pu

-2 —1
S{Avuvy}{Alaul7yl} = Sg\I;\/ ) ) S'U',U‘/ ’ SIE?// ) ) 9{)‘711‘7”}{)‘/7MI7V,} = QAA/ 2% ? (4102)

where the superscripts on the righthand sides of the above equations refer to the correspond-
ing factors in the coset (4.95). From the S matrix, Verlinde’s formula yields (see also the
discussion in [61])

" ' N(p_l)y//

vv! ’

{)\//,/J//,l///} . (p_Q)A// (1)“
N{/\%u}{,\/,w,y/} = Nyx N

where, again, the superscripts on the righthand side denote the different coset factors in
(4.95). The factor SU(2)™, in the second line of (4.100) is clearly closed under fusion. So

: p—2
too is SU(2);™. To have factorization of the TQFT, we need only show that all Wilson lines

—
can be written in this way and, by Miiger’s theorem, that one of these factors is modular.

(4.103)

The second part is trivial: we have already seen that SU (2);)“f2 is modular in the discussion

surrounding (4.93)). We can confirm this statement by looking at the modular S-matrix for

SU<2)p72
5@ 26 (Q LG 1)”) . (4.104)
p p

120Note also that Ising shares the same fusion rules as SU(2),, though they are not the same TQFTs. For
example, the o fields have different twists.
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and taking the submatrix involving the integer spins (even weights).
Therefore, we need only check that all states in the coset (4.95]) can be expressed in this
way. To that end, we can see that

ST, == 1SU@) =p (4.105)

where the norm denotes the number of simple elements within. Therefore, we see that we
have |T,| = p(p — 1)/2, which is precisely the number of states in the coset (note
that in these computations we have used and ) and the corresponding A-type
Virasoro minimal model.

To make contact with the fusion rules in , we need to explain precisely how coset lines
map onto the Virasoro primaries. The results above allow us to realize the, say, Virasoro left-
movers as states on the boundary of the bulk TQFT, 7, ~ SU(2)!, R SU(2):™ with p odd.
Now, we need to see how we can map boundary endpoints of lines in this theory to Virasoro
primaries, ¢(,s). To that end, by comparing the S-matrix for 7, ~ SU(2)™, K SU(2)5™}
with the corresponding expressions for those of the Virasoro minimal models, we have that
the labels of the Virasoro primary, ¢, sy map as follows (see also [61])

r=A+1, s=v+1. (4.106)

In particular, we see that the (1) primaries are endpoints of lines in SU(2 )mt while the
©q1,5) are endpoints of lines in SU(2 )COHJ This reasoning explains the fact that non-abelian
Virasoro primaries of these types have unique fusion outcomes{lzl

Pr,1) X P(1,5) = Plrs) (4.107)

discussed in the introduction (at least for p odd). As an example, we have T3 ~ Ising (i.e.,
the TQFT is the Ising MTC), which does not factorize. On the other hand, for p = 5, we
have

Ts = (G2)1 X SU(2 )ConJ (4.108)

where (Gs); is the so-called “Fibnonacci” TQFT, and SU(2)5™ is a TQFT with the same
fusion rules and S-matrix as SU(2)4.

Let us now consider p > 4 even. The modular data and fusion rules still take a product
form as in and ([£.103). Now, however, we should examine the first line in ([4.100)).
Using (4.103)), it is again easy to see that both SU(2)!™, and (SU(2),-2 B SU(2)1)™ are
separately closed under fusion. Moreover, just as before, we can use the discussion around
and Miiger’s theorem to conclude that SU (2)2‘f1 is indeed a decoupled TQFT as
claimed in (4.100)).

We should again check that all states in can be reproduced. To that end, we have

SU@)| =2 . [(SU),» BSU@))™ =p—1. (4.109)

p—1

121Though, again, we stress that this factorization is not a factorization of RCFT correlators.
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As a result, we have |7,| = p(p — 1)/2, which is the correct number of states in the coset
and the corresponding A-type Virasoro minimal model.

Our mapping is again as in , but now ¢,y primaries are endpoints of lines in
(SU(2)p-2 X SU(2)1)™, and 1, are endpoints of lines in SU(2)1*,. This again explains the
fusion outcomes in for the case of p even as well. As an example, note that

Ty = Ising' X (Fy); (4.110)

where the first factor is a rank three TQFT with the same fusion rules as Ising (and SU(2)2),
and the second factor is the time reversal of the Fibonacci theory in (4.108]).
As a result, we conclude that, although the TQFTs discussed in this section do have non-

abelian anyons fusing to give a unique outcome, this is due to the fact that the corresponding
TQFTs factorize.

4.3.3 Beyond Virasoro: cosets with fixed points

In section 4.2| we saw that fixed points of various kinds gave rise to fusion rules of the form
(4.8)) (in particular, see theorem 1 of section . In the context of cosets, we can also
naturally engineer fixed points under the action of fusion with abelian anyons generating
identifications of fields. In the case of Virasoro, this didn’t happen (see ) Indeed, this
statement followed from the fact that we had an abelian factor in the coset .

The simplest way to get around this obstacle and generate fixed points is to consider

instead
SU(2),—2 R SU(2)s

SU@,
where p > 3 (we should take p > 4 to avoid the problem of abelian factors). By further
identifying some of these coset fields, we get theories related to the A" = 1 super-Virasoro
minimal models [91, 90]. Note that the case of p = 3 corresponds to the 7, case discussed

previously (i.e., to the TQFT related to the tri-critical Ising model).
For the theories in (4.111)), we find the following generalization of the identification

condition in @

Wit = Wh X Wy x W, = (W,_a x Wy) X (Wa x W,) x (W, x W,)
= Wp_2_>\ X WQ_H X Wp_y , (4112)

T, = (4.111)

In particular, if A = (p —2)/2, p =1, and v = p/2, we can have a fixed poinﬂ. Of course,
if p is odd, we don’t have a fixed point. In this case, we can again run logic similar to that
used in the Virasoro case to argue that the TQFT factorizes.

122We also require that A + pu + v = 0 (mod 2) so that the lines in the coset theory have trivial braiding
with the bosonic line Wy, _5 5 ;3. This line is in turn identified with the vacuum.

123Note that the fixed points discussed in section are fixed points under 1-form and 0-form symmetry
action. In the coset examples studied here, fixed points refer to field identification fixed points.
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However, if p is even, then we need to properly define the coset. In particular, we should
resolve the fixed point Wilson line as follows (see [143] [144] for the dual RCFT discussion)

(1) @
Wiw-2)2.10020 2 Wigaya12) T Wi-2)/21072) (4.113)

Let us consider what turns out to be the simplest interesting case, p =6

_ SU2)RSU2)s
To=""5002),

(4.114)

The fixed point resolution in (4.113)) becomes Wyo 133 — Wg?m} + W{(§?173}. As in the cases

of one-form gauging with fixed points discussed in section 4.2}, it is natural that there should
()
{2,1,3}"

As a first step to better understand the theory after resolving the fixed point, note that
Ts has the following number of lines

be a zero-form symmetry exchanging W{(;)l 3 < w

76| = 28 . (4.115)

Of these fields, twenty-six come from identifying full length-two orbits in (4.112]) while two
come from resolving the fixed point. In what follows, {\, i, v} will denote fields in full orbits,
while labels of the form {2, 1,3} (with i = 1, 2) will denote the fixed point lines.

To understand the fusion rules and the question of primality after fixed point resolution,
we can compute the S matrix using the algorithm discussed in [143] (let us denote the result
by S). It takes the form

SNy = 290uuHNar ey s Sia1 a0 vy = PL2LSHN WY
= 1/1 -1
5{2,1,3}(“{2,1,3}@ = 5(_1 1 ) ) (4.116)

where
Spapyvwy = Sh D - S - 8% (4.117)

T v’
is the naive generalization of to the cosets at hand. Note that the fusion rules we
obtain from S for fields not involving {2, 1, 3}(i) are the naive ones we get from S via the
restrictions and identifications described above.

The above discussion is sufficient to prove that '7{; is prime. Indeed, we see from (4.116|)
that the fields that come from identifying length-two orbits have the quantum dimensions
they inherit from S. The fixed point resolution fields, on the other hand, have half the
quantum dimension of the fixed point field. We therefore have the following four abelian
anyons generating a Zy X Z, fusion algebra

Wio000 = Wiaaer » Wiso0r =~ Wiozer » Wio20r =~ Wiaoet s W6 = Wiy - (4.118)

By (4.116)), we see that the braiding amongst abelian anyons is not affected by taking S — S.
As a result, we see that the four abelian anyons all braid trivially. Therefore, they cannot
form a decoupled TQFT.
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Wilson lines ‘ Quantum dimensions ‘

Wi0,0,03: Wia0,03 Wio2,03 Wio.63 1
Wiho,0.23, Wi0,043> Wia.2y, Wia,04) cot %)
Wii013 Wi051 Wis01y, Wiz, \/%CSC (%)
Wio1,31: Wiai,310: Wi 33 V2esc (%)
Wiosp Wisos) V3ese (§)

Wia.0,0), Wi2,0,6) 2
Wiy, Wio.s) cse (§)
Wii105, Wit 16} V6
Wizo2p, Wizoay 2cot (§)
W2y, Wii,4 V6 cot (%)
Wiy 2csc (%)

Table 2: The twenty-eight Wilson lines and associated quantum dimensions in the 7\?; TQFT.

Given this discussion, what can a putative factorized theory look like? Since 7\6 has
order 28 = 7 - 2%, we see that the only way to have a non-trivial factorization is to have a
factorization of the form 774 X 7:2 into prime TQFTs with rank fourteen and rank two, or
7> X T, with prime TQFTs of rank seven and four, or T X T, X 7~5’ with prime TQFTs of
rank seven, two, and two.

Let us consider the first factorization first. Since the abelian anyons (and any subset
thereof) cannot form a separate TQFT factor (this factor would be non-modular), the clas-
sification in [I39] implies that we have either %2 ~ (Gg); or %2 ~ (Fy);. In any case, the
non-trivial anyon in 73 has quantum dimension d. = (1 + v/5)/2. It is easy to check that
no such quantum dimension can be produced from products of quantum dimensions in the
different coset factors (and so restrictions cannot produce them either). Moreover, one can
check that the resolved fixed point fields cannot have this quantum dimension either. This
same logic applies to the ’7} X ’7'2 X ’7;/ factorization as well.

Therefore, it only remains to consider 7> X T,. The other factor, 'ﬁ, has four anyons. By
[139], this theory is either (G)z or its time reversal. In either case, we cannot produce the
requisite d, = 2 cos(m/9) quantum dimension from our coset. Therefore, we conclude that
7AE is indeed a prime TQFT.

Moreover, we find the following fusion rules of non-abelian Wilson lines with unique
outcome

W{2,0,0} X W{o,o,z} = W{2,0,2} ) W{2,0,0} X W{0,0,4} = W{2,0,4} )
Wity X Wiy = Wiizy , Wiy X Wiooay = Wit14;y 5
W{OJJ} X W{27070} = W{27171} . (4119)

We can obtain additional such fusion rules by taking a product with some of the abelian
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lines in (4.118).

Just as in the case of discrete gauge theories with fusion rules of the above type, our
theory also has a non-trivial symmetry of the modular data. Indeed, from (4.116]), it is clear
that the S-matrix has a Z, symmetry under the interchange

g (W{2,1,3}“)> =Wyine, 1#g€ls. (4.120)

Note that this symmetry is not charge conjugation since S is manifestly real. Moreover, since
we don’t change the twists, this action lifts to a symmetry of the modular data (additionally,
it should lift to a symmetry of the full TQFT).

If we wish to make contact with the A/ = 1 minimal model, then we should note that the
fermionic Wy 2,0y line corresponds to the supercurrent of the SCF'T. We can then organize
the Neveu-Schwarz (NS) sector into supermultiplets under fusion with this operator. Doing
so (and paying careful attention to the fields in the resolution of the fixed point), we find
nine NS sector fields and nine Ramond sector fields as required.

There are many ways to generalize the example we have given here. Indeed, when there
are fixed points in the coset construction we expect to often be able to generate fusion rules
of the form (4.2). A deeper understanding of these theories and some more general methods
to characterize whether the cosets are prime (along the lines of the general criteria we have
in the case of discrete gauge theories) would be useful. In any case, we see that, as in the
case of discrete gauge theories, symmetry fixed points and zero-form (quasi) symmetries are
deeply connected with fusion rules of the form (4.2]).

5 Conclusion

In this paper we have introduced three kinds of QFTs, that is TQFT, CFT and SQFT, then
discussed three problems associated with those theories

Index relations and SUSY enhancement In chapter two we found various new re-
lations between theories with non-integer scaling dimension A/ = 2 chiral operators (i.e.,
AD theories) and those with purely integer dimensional A/ = 2 chiral operators (the regu-
lar puncture class S theories). The latter theories have TQFT index expressions that are
typically simpler (and more uniformly presented) than those of the former. The additional
complication in the TQFT expressions for the case of AD theories (e.g., see [40], [149]) is
related to the fact that the corresponding singularities in the compactification from 6D to
4D generally contain more data. However, we saw that we can, in some sense, encode this
additional data by taking TQFT data for regular puncture theories (which only have integer
dimension N = 2 chiral operators) and demanding interdependence of the different TQFT
wave functions through intricate fugacity relations. This fugacity interdependence has im-
portant physical consequences: a large class of AD theories flow to interacting IR SCFTs
with thirty-two (Poincaré plus special) supercharges via flows of the type discussed in Sec.
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[2.4.2] Using these index relations, we also found expressions for the Schur indices of various
classes of exotic type I11 AD theories.

Clearly, there is a lot more to be said. We conclude with some open problems (and
potential solutions):

e [t would be interesting to understand if the RG flows we discussed above can be lifted
to 4D (for some flows, we know this is the case; e.g., see [33]). If so, then it would
be particularly intriguing to try to compute the indices of some of the resulting IR
theories and see if they are N' = 4 theories or not. If they are N/ = 4 theories, then it
would be interesting to understand if they are Lagrangian (SYM theories) or not.

e One way to address the above point would be to try to construct better-behaved RG
flows in the class described in Sec. [2.4.2] This might involve better understanding the
role that monopole operators can play in the corresponding mirror RG flows. Alterna-
tively, this might involve a better understanding of non-abelian mirror symmetry.

e Another approach to the problem in the first bullet point might be as follows. The
authors of [135] find AV = 1 Lagrangians for certain class S regular puncture theories
by considering excursions along A/ = 1 conformal manifolds that include these N' = 2
SCFTs as special points. In their discussion, the authors find A/ = 1 Lagrangians on
certain conformal manifolds containing NV = 2 SCFTs that have both dimension three
Higgs branch and dimension three Coulomb branch operators. Some of the theories
discussed in the present article satisfy this condition. Moreover, given the similarity of
the Schur indices of our theories to those in the regular puncture class S case, it would

be interesting to see if one can find N/ = 1 Lagrangians for some of the R&;?D and

2,AD
T

(m1,ma2,m3
an N = 1 conformal manifold might in turn make it easier to study flows to N = 4.

) theories in this manner. Having an A/ = 1 Lagrangian or, at the very least,

e The ubiquity of RG flows to interacting theories with thirty-two supercharges emanat-
ing from compactifications of the 6D (2,0) theory on Riemann surfaces with irregular
punctures strongly suggests the existence of another way of understanding these theo-
ries via D3 branes probing type [IB / F-theory backgrounds far beyond what has been
explored in the literature.

e It would be interesting to understand the most general class of N' = 2 SCFTs with
non-integer dimensional N = 2 chiral operators (i.e., Coulomb branch operators) that
are involved in RG flows with SUSY enhancement either as UV or IR end points.

e We had to rescale fugacities as ¢ — ¢? in order to find a match between the indices
of the AD theories and those of the regular puncture theories. In the process, we had
to consider going from the A, _; to the Ay, ; 6D (2,0) parent theories. It would be
interesting to understand why this is the case and also to see if more general ¢ — ¢™
rescalings are meaningful.
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e Finally, we saw that there is a close relation between regular puncture class S fixtures
and our AD fixtures. It would be interesting to understand if to each class S fixture
there exists an AD counterpart and, if so, how many such counterparts exist. In
addition, we saw that in our class of theories, the AD fixtures with interacting regular
puncture relatives admitted RG flows to interacting thirty-two supercharge theories.
On the other hand, AD fixtures with free class S relatives did not admit such flows
(even though the corresponding AD theories are strongly interacting). It would be
interesting to understand if this story is completely general in the space of theories of
class S.

Arad-Herzog conjecture In chapter three we have argued that discrete gauge theory is
useful for putting conjectures involving finite simple groups into a broader context. Using
this approach, we proved three theorems that TQFT relates to the AH conjecture.

In fact, we may also generalize the discussion in section [3.2.1] and show that the AH
conjecture implies that in our theories of interest

Litgms) X Lanagy = O Liggnimsy » Gh#1, (5.1)
ﬂ;’h

is not allowed.

Finally, we argued that the lack of electric-magnetic dualities involving discrete gauge
theories with non-abelian finite simple groups is a consistency check of our picture above
and of the AH conjecture.

One natural question is to better understand to what extent ideas involving non-abelian
anyons can be used to prove the AH conjecture (see [124] 94, [44] for recent progress on this
conjecture). Since discrete gauge theories feature in various physical systems, perhaps there
is a physical proof that awaits.

Another interesting question is to understand to what degree fusion rules of the types we
have been discussing constrain global properties of more general TQFT's, which is the topic
of chapter four.

a X b = c fusion rule In chapter four, we have seen that the existence of fusions of non-
abelian anyons having a unique outcome is intimately connected with the global structure
of the corresponding TQFT.

Let us summarize our results for continuous gauge groups (and continuous groups more
generally):

e Building on the well-known fact that SU(2) spin addition / fusion of two non-abelian
representations (i.e., higher-dimensional / spin non-singlet representations) is reducible
(i.e., has multiple outcomes with different total spin), we argued that a similar result
holds in all compact simple Lie groups.
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e We argued that the result in the previous bullet point on classical groups can be
extended to a theorem constraining SU(N); CS theory: fusions of non-abelian Wilson
lines in these theories do not have unique outcomes. More generally, Wilson lines
corresponding to affine representations with at least two non-vanishing Dynkin labels
in any Gy, CS theory (for G' a compact simple Lie group) do not have unique outcomes.
These results have implications for the global structure of these theories (the claim in
section : the Wilson lines discussed here must all lie in the same prime factor
(although Gy CS theories are not prime in general).

e We showed that one way to produce a x b = ¢ fusions involving non-abelian a and b
is to consider cosets. In the case of TQFTs underlying Virasoro minimal models we
argued that (as in the (F7), case) such rules arise from factorizations of the TQFTs
into multiple prime factors. On the other hand, if we include cosets with fixed points,
we can obtain prime theories with such fusion rules.

Next, let us summarize our results for discrete gauge groups (and discrete groups more
generally):

e We argued that Zisser’s construction of irreducible products of higher-dimensional
irreducible Ay representations [165] can be lifted to fusions of non-abelian Wilson lines
with unique outcomes in Ay discrete gauge theory. From the perspective of the closely
related Sy group and corresponding discrete gauge theory, the Ay result requires
certain 1-form symmetry fixed points (where we define “one-form symmetry” in the
Sy group to correspond to the Zy C Rep(Sy) generated by the sign representation).
We then derived theorem that generalizes this relation between the Ay and Sy
discrete gauge theories to other TQFTs.

e Going to the Sy discrete gauge theory by gauging the Z, 0-form outer automorphism
symmetry of the Ay discrete gauge theory resolves the a x b = ¢ non-abelian fusion rule
into fusion rules not of this type. However, we saw that in the case of O(5,3) discrete
gauge theory such resolutions do not always occur via automorphism gauging. On the
other hand, a symmetry fixed point again plays a role: in the resulting O(5,3) X Zs
discrete gauge theory, there is a O-form symmetry fixed point. We then proved theorem
[4.2] which explains why this phenomenon occurs in more general theories. In fact, the
O(5,3) X Zy discrete gauge theory relative of the a x b = ¢ fusion equations in the
0(5,3) TQFT described in also has a 1-form symmetry fixed point for the
anyon appearing on the right hand side. In the original O(5,3) TQFT this latter
anyon becomes a set of two anyons related by the 0-form symmetry. Our corollary
generalizes this observation to other TQFTs.

e We showed that one can lift Gallagher’s theorem to a statement on the fusion of non-
abelian Wilson lines involving unfaithful representations with a unique outcome in
TQFT. Moreover, we elucidated the roles that subcategory structure and symmetries
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play in this result for various specific TQFTs. We then proved theorem that
generalizes these observations to a broader set of theories. We also argued that this
subcategory structure helps explain the large ratio of group orders in (4.41]).

e To gain a sense of how magnetic fluxes behave in general discrete gauge theories, we
proved theorem [£.5] In particular, we showed that in discrete gauge theories with
a non-abelian gauge group, GG, the magnetic fluxes do not form a fusion subcategory.
This result immediately places constraints on electric-magnetic self-dualities / quantum
symmetries that constrain our symmetry searches later in section 2.

e At a more constructive level, we also proved theorem This result gives infinitely
many generalizations of the well-known electric-magnetic self-duality of the S3 discrete
gauge theory.

e In order to better understand which discrete gauge theories are prime, we proved
theorem This result allowed us to more easily analyze which prime discrete gauge
theories have fusions of non-abelian anyons with unique outcomes.

e In order to get a handle on the structure of discrete gauge theories with fusion rules
of our desired type involving anyons carying non-trivial flux, we proved theorem [4.11
and corollary [L.T1T.1] These results give the subcategory structure that arises when
such fusions occur. In turn, this structure gives an explanation of these fusion rules.
Theorem then partially extends these results to the case in which one of the
non-abelian anyons involved is a Wilson line.

e The software GAP was used to analyze the fusion rules of hundreds of untwisted
discrete gauge theories. In all the cases we checked, we find that discrete gauge theories
with a x b = ¢ type fusion rules have quasi-zero-form symmetries. This suggests that
symmetries of the modular data are a characteristic feature of such fusion rules.

The above discussion leads to various natural questions:

e In the discussion around we explained the large hierarchy between the size of
simple and non-simple groups whose corresponding discrete gauge theories have non-
abelian Wilson lines satisfying by using symmetries and subcategory structure.
It would be interesting to explore whether other related hierarchies can be explained
in a similar way.

e We saw that in almost all the prime untwisted discrete gauge theories we studied, if
there was a fusion rule of the form , then the theory had non-trivial zero-form
symmetries. The only exceptions where discrete gauge theories based on the Ms3 and
M4 Mathieu groups discussed in section |4.2.4. Here we argued that there were zero-
form symmetries of the modular data that did not lift to symmetries of the full theory.
It would be interesting to understand if gauge theories based on certain finite simple
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sporadic groups are the only prime theories with fusion rules of the form (4.2)) that
exhibit this phenomenon.

e In section [4.3.1] we proved that the non-abelian lines of SU(N); CS theory don’t have
fusion rules of the form (4.2). While (E7), CS theory does have such fusion rules,
we do not know of an example of such a fusion in a prime G CS theory with G a
compact and simple Lie group. It would be interesting to either find an example of
such a fusion or prove a more general theorem forbidding one. Given such fusions are
common for discrete gauge theories, it would be interesting to understand how these
two statements interact with each other.

e As we saw in section [£.3.3] it would be useful to develop new tools to understand
primality in theories built on cosets. One promising direction is to study the role of
Galois actions in such theories.

A Axiomatic approaches and categorical constructions

Quantum field theory is a rich and deep subject, but up to the present time it is mathemat-
ically ill defined and a completely rigorous understanding is lacking.

In practice we usually do not bother with rigorousness , and begin with some classical
Lagrangians or Hamiltonians, then do quantization, although the procedure 'quantization’
by itself is again mathematically highly nontrivial and sometimes even ill defined, it indeed
leads to many testable correct results and deep insights, this is just like how Newton did
calculus in his time, where he always has some specific series or functions at hand and only
then differentiation or integration are carried out, of course some care must be taken, but
such Weierstrass style delta-epsilon issues are usually ’safely’ ignored and assumed to be
treated systematically somewhere in a textbook.

However, we do not have any such textbooks, although since the very beginning of this
subject, a huge amount of effort has been put into rigorous axiomatic constructions. What
we can say is that, to some extent, at least in some special cases, this goal has been partially
achieved. In this appendix, we will review some of these axiomatic approaches to quantum
field theory and discuss some of the theories we have discussed in the text.

We first introduce the notation of operator valued distributions,then use it to develop a
reasonable set of basic axioms for generic quantum field theory, this serves as a blue print for
further development[I45]. Then similarly, we introduce the notation of formal distribution
which is tailor made for CFT, then use it to develop the theory of vertex operator algebra
as an axiomatic characterization of CFT[145].

Then we turn to categorical constructions, where we introduce the theory of modular
tensor categories, which characterize fusion and braiding in an abstract way and hence
summaries the common essential algebraic features of d = 3 TQFT and d = 2 RCFT[156], 13].
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We also introduce functorial formalism as an alternative approach, where TQFT is analyzed
as the main example[1506, [13, [45].

Finally, we summarize some mathematical facts about groups and algebras that are used
throughout the context[145], 83] [138].

A.1 Basic axioms of quantum field theory
A.1.1 Operator valued distributions

Here we will first introduce the notation of a distribution, it is a formal generalization of
the real smooth function of several variables such that we can take derivatives and Fourier
transforms freely without worrying about their very existence first. As an example we use
these tools to solve the Klein-Gordon equation, which justifies the validity of the usual "plane
wave expansion’ for the free field used in physics textbooks. After this we can get a straight
forward generalization to the case of operator valued distribution.

In this section all functions are defined on R"% and assumed to be complex valued and
smooth, that is , of the form f : R®™ — C with continuous derivatives to any order

Recall that the Scgwarz space is defined as the vector space of rapidly decreasing functions
with respect to the following seminorm

| flps = sup sup [0 f(z)| (1 + |x|2)k < 00 (A.1)
o] <p z€R™

We will call the elements of . = . (R") as test functions. Then a tempered distribution
T is a linear functional 7' : . — C such that it is continuous with respect to all | |, ,
the space of tempered distributions is denoted as ./ = .’/ (R™) and equipped with the
compact-open topology. We will only consider tempered distributions here so we just call

them as distributions.
As examples, first let us note that every measurable and bounded ¢ induces a distribution

1,0)i= [ s@f@infes (A2)
Then we also have the delta function’
oy(f) = fly) = - 6(x —y) f(z)dz. (A.3)

which is indeed a distribution but can not be induced by any g
The main advantage of using distributions is that they are automatically smooth, because
we can define the derivatives as

O°T(f) = (-1)IT(0°f), f€.¥ (A.4)

1245r RL=1 all the following discussions hold without any essential difference
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so we are actually taking derivatives of f, which are smooth by construction. In particular
0°T, = Tyay when it is defined, and indeed every T € . is a linear combination for some
derivatives of continuousg, : R™ — C of polynomial growth

T= Y 07, (A.5)

0<]a|<k

Similar with derivative, the Fourier transform % : . — . is defined by its action on
the argument of the functional, i.e by its adjoint .Z T

F(T)(v) = T(F W) = FNT)(v),ve.S (A.6)

In particular, for T} it is

FO)@ =10 = [ [ ot =T (0 (A7
And for delta function it is
F (0) = /RD So(x)e™Pdr = 1 (A.8)
with inverse
FH(ePY) = (2m)7" /]RD eP W= dp = §(x — y) (A.9)

Combine derivative and Fourier transform together, we find
F (Oku) = —ipp-Z (u) (A.10)

Using this formula we can solve linear differential equations formally, suppose we have an
inhomogeneous linear PDE induced by a polynomial P(X) = ¢, X* € C[Xy,...,X,] as

P(—id)u=wv (A.11)
Then we define a fundamental solution for this equation as a distribution G such that
P(—id)G =6 (A.12)

and it satisfies
P(—i0)(G xv) =v (A.13)

So the convolution product G * v is a particular solution, but since we can do Fourier
transforms, such G is easily found by solving the algebraic equation PT" = 1 and transforming
it back as G = . }(T). To be specific, consider the inhomogeneous Klein-Gordon equation

(O+m?*)u=v (A.14)
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Then we have T' = (m? — p2)_1 which gives us the familiar propagator

G(z) = (27?)_D/ (m* — p2)_1 e Pdp (A.15)

RD

And for the homogenous Klein Gordon equation

(O+m*)¢=0 (A.16)

The fundamental solution is generated by
Dy (z) :=2miZ " ((sgn (po) 6 (p* — m?)) (z) (A.17)

Which gives the general solution, or the familiar plane wave expansion

o(t,x) = (27r)D/ (a(p)ei(p'x_“(p)t) +a (p)e_i(p'x_“(p)t)) dAm (D) (A.18)

RD-1
where a, a* are functions in the Scgwarz space of the forward light cone, and \,, the invariant
measure on it.
Now we can generalize all the above concepts to the case of operator valued distribution
on some Hilbert space H
. S (R") = 0O (A.19)

This is because we define derivative and Fourier transform only through their actions on the
argument f € . (R™). But for the field operator in quantum field theory, we should put on
some extra constrains, we demand there is a dense subspace D C H such that

1. Vf € % we have D C Dg(y) so all ®(f) are well defined on the common subspace D,
this is necessary as usually field operator can not be defined everywhere on whole H

2. The induced map . — End(D), f — ®(f)|p, is linear. This is an abstraction of the
idea of linear response in measurement such that the field couples to the classical source
linearly.

3. Yvo € D,Vw € H the assignment f — (w, ®(f)(v)) is a tempered distribution, this
means that the physical observation processes are characterized by tempered distribu-
tions.

It can be shown without too much difficulty that free fields such as the one in and
its generalizations with appropriate symmetry properties are all well defined field operators.
And nontrivial examples of interacting fields also exist, but the explicit constructions are
much more difficult and technical.[]9]
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A.1.2 Wightman axioms

Minkowiski formalism and Wightman axioms By a quantum field theory we mean
a collection of some quantum fields with certain axioms, naively we tend to consider a
quantum field as an operator valued mappings defined on each spacetime point, in physical
textbooks it is usually denoted as ;I\)(t,x) , with the implicit understanding that ®(¢,x) is
the corresponding classical field, also exists, and cT>(t,x) is its quantization. But careful
examination shows that it is better to view quantum fields as operator valued (tempered)

distributions, and there are two reasons for this:

e The concept of operator valued field is simply mathematically inconsistent with the
axioms we want hence ill defined.

~

e More importantly, from a physical viewpoint, an object such as ®(¢,z) is of meta-
physical 'Ding an sich’ type, in actual experiments one can not measure the quantity
® defined precisely at the spacetime point (¢, ), rather one only measures things in
some finite region A of spacetime around (¢, ), and what we get is the exception value
< ® >a, in this way we may view our experiment as a test function f compactly
supported on A , and the quantum field ® as a distribution applied to it to generate
the number ®(f) =< & >4.

For convenience we will still use the notation ;I\D(t, x), and usually we omit the hat and denote
t,x simply by z as well, so we just write ®(z), but with the above understanding in mind.

By axioms, we mean some obvious properties we would like to have for our quantum
fields, in the most typical examples of fields in the standard model, we have the following
Wightman axioms for fields in Minkowski spacetime:

e Covariance

We have the Poincaré group P, with an unitary representation U on a Hilbert space
H with a vacuum [§2), such that the vacuum is invariant and the fields are covariant |

Ulg) Q) =19Q) Ulg)®(x)U(9)" = ®(ga) (A.20)

e Locality
Fields always (anti)commute at spacelike separation@]

V(i —y)? <0, [®(x),P(y)] =0 (A.21)

e Spectrum condition

The joint spectrum of the momentum P, is contained in the forward light cone, i.e.
mass is non-negative and causality points toward the future.

125Usually, the vacuum is assumed to be unique, so if Vg, U(g) [v) = |v) then |v) = ¢|Q) for some constant
c
126for fermionic fields anti commutators are used instead
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Once a quantum field theory is defined, the main objects of study interest are the n-body
correlators, or vacuum expectation values(VEVs for short),or in math jargon Wightman
distributions

Wa(fi for -5 fn) = (Q 1(f1) P2 f2) - - - Pu(fn) [2) (A.22)

Again, we usually stick with physicists’ shorthand notation for convenience:
Wn(xl, XTo, - ,.Tn) =<< <I>1(x1)<1)2(x2) s q)n<£lfn) > <A23)

or simply just W, (z) with x = {x1, 29, -+ ,x,}.
Every correlator W, satisfies:
e Covariance
W, is invariant under g € P
Wia(z) = W,(gx) (A.24)
e Locality
W, does not depend on the order of z;, z; if they are spacelike separated
V(l’z _xj)Q < Oa Wn('xl;"' y Lyt 3 Lgy 7xn) = Wn(xly"' y Ly 3 Ly 7xn)
(A.25)
e Spectrum condition

By translational invariance, W, indeed just depends on the n — 1 variables x;; —; so
we can introduce the Fourier transform M, (p) of W,,(z) where p = (p1,- -+ ,pn-1),dp =
dpy - - - dpp—y and

Wy(x) = /Mn(p) eXpinj < (Tjy1 —xy)dp (A.26)
Then M, (p) is supported in the products of forward lightcone

e Positive Definiteness

For sequence of test functions f = {fi,---, fut,9 ={91,- -, 9m} , define

f ® g<x1a T 7'Tm+n) - f(ajla e ,$m)g(Im+1, e ,$m+n) (A27)
then for any fixed k € N
k
m,n=0

This property is indeed a characterization of unitarity, i.e. in our theory

(Yly) >0 (A.29)
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operationally speaking, the main purpose of using quantum field theory is to calculate the
correlators, and indeed we have the following;:

Theorem A.1 (Wightman Reconstruction theorem). Given a collection of tempered distri-
butions W, satisfies the above four proprieties, then there exists a Wightman QFT where
W, ’s are the Wightman distributions of this theory

Euclidean formalism and reflection positivity The above discussions all focus on
Minkowski spacetime, while in many cases, Euclidean spacetime is used instead. To obtain a
Euclidean version of a given Wightman QFT, we can do analytic continuation on Wightman
distributions by using imaginary time t — t, i.e. by the following identification

E = {(it,z", - 2% ) e C~ (1,2',-- 2% 1) e RY} (A.30)

This is always possible unless two points coincide, i.e. =z € A = {{zy,--- ,z,} : Ji #
J,  x; =x;}, so we have the extended version of W,

And these Euclidean correlators are also called the Schwinger functions.
Locality and Covariance generalize to Schwinger functions in an obvious way, but the
Spectrum condition and Positive Definiteness are replaced by the following property:

e Reflection Positivity

Let 0 : (r,2%,--+ 2% Y) — (=72, .-+ 2971) be the Euclidean reflection in time di-
rection, and the operator © acts on time ordered test functions f(z) = f(z1,--- ,2,)
with 7 < 7 < --- <7, as Of(z) := f(fz) , then we have [

k
m,n=0
From this perspective, given
¥) = O(=11)0(=72) -+ - O(=7) ) (A.33)
we should define
(0] = Q[ O()O(7n-1) - - - O(m1) (A.34)
and we again need
(¢[) =0 (A.35)

On the reverse, we can define a Euclidean QFT at the beginning and derive Schwinger
functions as analytic tempered distributions on E™\ A, then we have the following theorem:

12746 avoid confusion, here we use x; to mean different spacetime points, rather than components of a given
point, and 7; is understood as the zeroth components of x;

173



Theorem A.2 (Osterwalder-Schrader theorem). Schwinger functions of a Euclidean QFT
satisfy covariance, locality and reflection positivity are precisely the analytic continuations of
Wightman distributions of a Wightman QF'T.

The main lesson here is that unitarity in Euclidean theory needs non-trivial check.
The benefits of the above axiomatic approach are:

e [t is weak enough such that it contains only essential features of QFT, all packed
together in an economic and universal way, hence these axioms are especially useful as

basic criteria.

e [t is strong enough such that with those axioms we can prove important generic the-
orems about QFT directly or by a adding few extra assumptions, for example, CPT
theorem, spin-statistics theorem, Coleman—Mandula theorem and so on.

However, the main problem with the above axiomatic approach is that these axioms do
not tell us how to construct actual quantum field theories other than trivial ones, i.e free
fields such as the one in where we can indeed prove that all axioms are satisfied and
all fields are well defined. And this construction in general is indeed extremely difficult,
especially when the spacetime is four dimensional and gauge symmetries are involved, and
this is the famous Yang-Mills existence and mass gap problem. Up to now, only lower
dimensional(d < 4) examples are known.

For special types of QFTs, such as TQFT, CFT and super QFT, similar sets of axioms
exist by simply reducing or enlarging the symmetry involved , and adding corresponding
consistency conditions. We will not discuss these extensions in detail, instead we will intro-
duce some alternative formalism for these special types in the following sections, where all
the alternatives are and indeed must be consistent with their Wightman style axioms.

A.2 Vertex operator algebra
A.2.1 Formal distributions

In a similar spirit to our treatment for operator valued tempered distribution, in this section
we will introduce the notation of formal distribution, it mimics complex analysis of one
variable in a formal way such that we can talk about series expansions and residues without
out worrying about contours, convergence conditions and explicit integration processes. This
feature makes it an ideal tool for the mathematical formulation of d = 2 CFT, as a result
we will define fields in a CF'T as a sepcial type of formal distribution.

Let Z = {z1,...,2,} be a set of formal variables, and R be a C vector space, then a
formal distribution is a formal series expansion with A; € R

A(z1y.eoy2) = Z A = Z Aj 2t (A.36)

jezn jezn
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The space of formal distributions is denoted as R Hzf, e ,sz” =R [[zl, e Zm 2t zglﬂ

or R[[Z%]], it contains the subspace of Laurent polynomials

Rl ....zf] ={AeR[[F,...,25]] | 3k,0:A; =0except for k <j<I}. (A.37)

rn

and the subspace of formal power series

R[z1,. .., z]] = {A A= Z Ay 2 zfl"} (A.38)

In particular, for the case of one formal variable only, we also define the subspace of formal
Laurent series

R((z))={A€eR[[:F]] |ZkeVj€Z: j<k=A; =0} (A.39)

Formal distributions can be added easily, but multiplication is not always well defined. For
A, B € R[[Z*]], the usual Cauchy product is well defined whenever A and B are formal
Laurent series or when B is a Laurent polynomial. And for A(z)B(w) € R[[Z%, W*]] it is
always well defined.

In the following we will mainly focus on the Z = {z} case where z can be viewed as
the complex coordinate for d = 2 CFT, here we can formally define the residue of A &€
R, A(Z) = ¥yep Aj#? s

Res, A(z) =A_1 €R (A.40)

and formal derivative
JET JET

Every A will induce the following map
A:C[*] = R, A(f(2)) :=Res. A(2)f(2),¢ € C [*] (A.42)

And it turns out that this provides an isomorphism R [[2%]] — Hom (C [z*], R) in this sense
we can view A as a functional hence a R valued distribution over the ring of formal complex
series, which justifies the nomenclature of formal distribution.

Similarly to tempered distributions, true polynomials and series in C[z*] are formal
distributions.

Since we also need to define commutators between fields, C [[z*, w®]] appears also natu-
rally, and here the (formal) delta function is defined to be § € C [[z%, w*]] such that

iz —w) = Z 2l = Z 2w = Z 2y, (A.43)
neZ neZ neZ
In particular, we are interested in the special type of formal distribution such that f €

RI[[z%, w¥]] with (z — w)Vf = 0 for some fixed N € N: N > 0, as we will see later
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this resemblances locality. These special f’s have a very nice property such that they can
be written uniquely as linear combinations of derivatives, in a way similar to tempered

distributions on R” — C in (|A.5))

i

flz,w) = A (w)D16(z — w),d € R [[w*]] (A.44)

J

I
o

where D}, := 50}, and in addition, we have
Vn:0<n<N, "(w)=Res.(z—w)"f(z,w) (A.45)

This formally generalizes the concept of pole and meromorphic function.

Unlike tempered distributions, we do not need to define integration and Fourier trans-
form, because in the world of meromorphic functions all these can be replaced by formal
manipulations on poles, especially on Res. The point is that we have made some formal
constructions such that actual contour integrals never appear, but the results of integration
processes are obtained formally.

We say two formal distributions A, B € R[[2%]] are local with respect to each other if for
some N € N

(z —w)N[A(2), B(w)] = 0 (A.46)

By differentiate both sides, it is obvious that if A and B are mutually local, so does A and
B and so on, physically this just says if primaries are mutually local so does the descendants.

Now we define normal ordering as(assuming |z| > |w| so the expansion makes sense
formally)

: A(z)B(w) = Z (Z Ay Bayz "+ Z B(n)A(m)z_m_1> w ! (A.A47)

neZ \m<O0 m>0

where Ag,y = A_,,_1 = Res, A(2)2", then A, B are mutually local iff we have

N-1

m A()Bw) ~ Y % (A.48)

i=0 7=0

C’j

.

We also have the following nontrivial result

Lemma A.3 (Dong). suppose A(z), B(z),C(z) are pair wise mutually local, so does: A(z)B(z) :
and C(z)

The point of above discussions is that physically OPEs are well defined for mutually local
fields.

Finally, let us define field operators, including both primary and descendant. First we
fix R=EndV withbe R, b:V — V and denote b(v) as b-v or bv, then a field is a formal
distribution

a€EndV | a4 = Z amyz ! (A.49)
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such that Vv € V, dng e N: Vn > ng

a(n) (U) = a(n) U = a(n)v =0 (A50)

If a, b are fields, so does da and : a(z)b(z) : and so on.
Especially,for example in Virasoro algebra, when V' has a natural grading ,

V=, (A.51)

neL

with V,, = {0} for n < 0 and dimV}, < oo, we say T' € End V is homogenous of degree g
if T'(V,,) C Vi4y, and a formal distribution is homogenous of conformal weight h € Z if all
a(yy are homogenous of degree h — k — 1, then all homogenous formal distributions are fields.
This weight so defined behaves in a reasonable way, for example if a has weight h,, da has
weight h, + 1, and : a(z)b(z) : has weight h, + hy,

A.2.2 d =2 chiral CFT as vertex operator algebra

In parallel with our approach to generic QFT, we now define a CFT as a collection of
fields with some axioms, the corresponding mathematical object is called a vertex operator
algebra, or simply VOA. This name comes from the vertex operators in free boson theory,
which serves as the prototype of VOA.

A vertex operator algebra is a vector space V equipped with an element 2 € V' as the
vacuum, an endomorphism 7' € End(V') as the infinite small translation operator(the energy
momentum tensor), a linear map Y : V — .% (V) to the space of field{™™| as a realization of
operator-state correspondence

a— Y(a; Z) = Za(n)z_n_l, An) € End V (A.52)

neEL

It satisfies the following axioms:

e Translation covariance

VaecV: [T,Y(a,z)]=0Y(a,z2) (A.53)

e Locality
VYa,b€ V,2IN € N: (z—w)"[Y(a,2),Y(bw)] =0 (A.54)

e Vacuum
VaeV :TQ=0,Y(Q,z2) =idy, Y(a,2)Q|,_, =a (A.55)

128Here the field is defined in the sense of last section as a special kind of formal distribution
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Usually, one assume further that

e Nonnegative Grading

By direct calculation we have T'a = a(_5)2, i.e the standard physical argument ’the
energy momentum tensor is a quasi primary as a h = 2 descendant of the vacuum’,
and when the above grading exists, we will assume further that V, = C€), and T is
homogeneous of degree 1, Y (a, z) is homogeneous of weight m for a € V,,, in accordance
with the Virasoro example.

With those axioms, we can view the chiral part of a conformal field as an operator valued
formal distribution in the sense of

Y(a,):C[[z*]] = End V (A.57)

The primary example is, of course the Virasoro algebra, where in section [1.2.2] we have
and

More generally we will call any 7' satisfies and as a Virasoro field with
central charge ¢. If we have a vector v € V such that Y (v,2) = Y vz "t =Y Liz""2
is a Virasoro field with central charge ¢ and in addition

[ ] T — L’lil
e [ is diagonalizable.

then we will call this vector as a conformal vector with central charge ¢, and a VOA with
a conformal vector with central charge ¢ as a conformal VOA with central charge ¢. This
merely means that 7" is indeed an energy momentum tensor as it generates translation , the
corresponding scaling dimension and central charge are all well defined.

With those notations we can actually verify that the chiral parts of all those d = 2 CFT's
we have introduced in sectionl.2.2] and sectionI.2.3| are conformal VOAs with corresponding
central charges, and all the relevant properties for OPEs, primaries, states and so on are
proved as well. Indeed all of these models are special types of representations of VOAs, and
correspondingly RCFTs are finite direct sums of irreducible representations. So essentially
VOA characterizes the genus zero part of chiral d = 2 CFT. With an appropriate construction
for the superpartner G(z) of T'(z), super VOA can be defined and it again characterize the
genus zero part of chiral d =2 SCFT.

We should note that unlike the Wightman axioms, the VOA axioms are very simple, and
actual models are easy to construct as all constructions are formal hence problems such as
definable domain for operator or convergence issues all disappear. This is possible because
we have restricted to d = 2 spacetime and given this theory an 'meromorphic’ or 'analytic
on Riemann sphere’ flavor at the very beginning, just like the theory of one complex variable
compares with the several real variables case.
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A.3 Categories and functors
A.3.1 Modular tensor category

In this section we will introduce some basic facts about categories and functors, with these
concepts we can define tensor product, braiding, fusion formally and analyze their relations,
which essentially characterize the properties and concepts we have seen in d = 3 TQFT
and d = 2 RCFT in an algebraic way, in particular we can define modulartiy and this
characterizes the genus one or higher parts of these theories.

Throughout this section we will work in a characteristic zero field k, and use stylized
letters A, B, - - - for categories, capital letters U,V - - - for objects, Greek letters 1, p, - - - for
morphisms.

An additive category C over k is a category such that

e All Hom¢ (U, V') are k vector space, and all compositions Home(V, W) x Home (U, V') —
Home (U, W), (p,1) — p o1 are k bilinear

e Zero object 0 exists, and Home (0, V) = Home(V,0) = 0 for all V
e Finite sum @ exists
An abelian category A is an additive category such that

e cvery ¢ is a composition of an epimorphism followed by a monomorphism, and ker ¢, coker ¢
always exist. If ker p = 0, then ¢ = ker(coker ¢); if coker ¢ = 0, then ¢ = coker(ker ¢)

As the name suggests, the category of abelian groups Ab is an abelian category, and indeed it
is the primary one rules over all because we have a metatheorem which says that a proposition
that depends only on the above data in a categorical way is true for A iff the same thing is
true for Ab. In a sense, this just says that in Ab we can formally pretend that we are dealing
with abelian groups and perform all the typical constructions without using the actual group
structures. Other common examples of abelian categories are the category Vec(k) of k vector
spaces, the category Vecy(k) of finite dimensional k vector spaces, the category Rep(A) of
representations of a k algebra A, the category Rep(G) of representations of a group G over
k.

Given an abelian category A, an object U of it is simple if every injection V — U is
either 0 or isomorphic, and we call A as semisimple if every object V is a direct sum of
simple objects, that is

vV~ PNV (A.58)

with N; € N: N; > 0 and [ runs over all (isomorphism classes of )non-zero simple objects.
We will consider semisimple abelian categories only, and assume further that

Viel, EndV,=k (A.59)
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And we should notice that by definition Hom (V;,V;) = 0 when ¢ # j.
In abelian categories we have a well defined natural addition as &, now we will introduce
another kind of category where a natural multiplication, that is , the tensor product ® is

well defined.
A monoidal category M is a category equipped with

a bifunctor

®:Mx M- M (A.60)

a functorial isomorphism

apvw : (U@V)aW = U (VeW) (A.61)

a unit object 1 with isomorphisms

)\V1®VL>V

A.62
pv:Vel-—V ( )

and satisfies the associativity axiom

All compositions of o ’s, A s, p ’s and their inverses are associative

Just like abelian category is an abstract generalization of abelian group, monoidal cate-
gory is an abstract generalization of monoid. It also includes Vec(k) , Vecs(k) and Rep(A),
in addition, it contains the category of Rep(g) of representations of a Lie algebra g over
k(and the finite dimensional Reps(g) ) . As those examples suggest, a category C can be
both abelian and monoidal, in this case for consistency we will assume further that

e 1 is simple and Ende(1) = &
A notable fact of monoidal category is that at this level we already have the following theorem

Theorem A.4 (MacLane Coherence theorem). Given (C,®,a, A, p) as above, C is monoidal
iff it satisfies

e Pentagon azxiom, see ﬁgur@@

e Triangle axiom see figurd37

A monoidal category M is strict if instead of isomorphisms we have equalities
Vel=V, 1V=V, (VeWheaV;=e (heVs) (A.63)

In this case we can omit the brackets altogether, we will always assume this as well, and
indeed this is fine because another theorem from MacLane

1294 particular figure [5|is a special case of this
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(VieV)@Vs) eV,

e (Va8 V)8V, (Vi@V2)® (V38 Vi) |
&01.23.4 01,2.3~1j
e (e V)e V) i1®02“>V1®(V2®(V3®V4))

Figure 36: Pentagon axiom [13]

(V1®1)@ Vs . >V1Q (10 Vs)
V1@V,

Figure 37: Triangle axiom [13]
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a a+l . b+l b+2 .. ¢

Figure 38: the action of braid bap on strands [13]

Theorem A.5 (MacLane). Every monoidal category is equivalent to a strict one

Now that we have equipped with both ® and @, it is time to talk about braiding. A
braided tensor category B is a monoidal category equipped with

e a functorial isomorphism called braiding
realized as a representation of the generators of the braid groups B,,, through

O-AB:...®(‘/;Q®...®%5)®(‘/'L'b+1®'..®-‘/;c)®.‘.

N (A.65)
=@ (Vi @0V )@ (V;, @ @ V;,) ® -

such that all compositions of a ’s, A ’s, p s, 0 ’s and their inverses depend only on its
image of the braid groups B,, see figure

Typical examples of braided tensor category are again Vec(k), Vecs(k) and Rep(A). At
this level, we have a similar coherence theorem as follow

Theorem A.6. (C,®,1,a,\, p,0) is a braided tensor category iff it satisfies the following
e Pentagon axiom

e Triangle axiom

e Hezagon axiom, see figurd39[™
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o (1h6 1) ——> (b8 1)@ i

Vial)el he(seh) .

(Vg&Vﬂ@V;W‘/Z@(Vl@V%)

\

Figure 39: Hexagon axiom [13]

A particularly important case of the braided tensor category is the symmetric braided
tensor category, where for all o we have owyoyw = idygw. As examples, Vec(k) and
Vecy(k) are all symmetric.

In Vec(k) we have dual, and dual of dual, all of which are very powerful tools in con-
structions and calculations, so we generalize those notations as well. Let M be a monoidal
category and V' an object, the right dual V* of V' is an object with two isomorphims

€V:V*®V—>1

, (A.66)
y:1—=>VeV"

iy Qidy

such that V"2 V@ V@ V U5V v is equal to idy and
pr NEEY RV @V 6V®ldv V* is equal to idy+ These properties are called right
rigidity axioms, similarly one can define the left dual *V with

ey VeV -1
Y (A.67)
iy 1 ="VeV

and similar left rigidity axioms. Then M is called rigid if every object has both its left and
right duals. The main reason for elaborating on this is that we now have:

Hom(U ® V,W) = Hom (U, W @ V*)

(A.68)
Hom(U,V @ W) = Hom (V* @ U, W)

and
Hom(U,V) = Hom (V*,U*) = Hom (1,V @ U™) (A.69)

130in particular figure |§| is a special case of this
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along with
"=1="1

VoW =w*aV* (A.70)
(aleng)* = QVrvyve

and especially for braided tensor category
(ovw)" = oye-

evew = (ev ® ew) (ow+ vev ®id) (A.71)

ivew = (id ® oy wew~) (iv ® iw)

All of these suggest that rigidity mimics the notion of antiparticle. But this is not enough,
as we expect the antiparticle of an antiparticle is the original particle, that is , we need the
notion of dual of dual. A ribbon category R is a rigid braided tensor category equipped with

e a functorial isomorphism §

oy V=V (A.72)
such that
dvew = 0y @ Ow
0; = id, (A.73)
by = (67"

Notice that in any rigid braided tensor category B we can construct the following

~

by VLV (A.74)
as . . . —1 .
VS v oo vevt g vt By (A.75)

In symmetric B, we have dy = ;' and B becomes ribbon automatically, but in general this
does not happen, and we can define the so called balancing isomorphism to measure how far
a ribbon category R is deviated from this

9\/ = ¢V5V Vv ;> %4 (A76)

this 6 satisfies
Ovew = owvoyw (Ov ® Ow)
6, =id (A.77)
Oy = (6y)"
Although looks strange, this 6y is very important, and indeed we will see later that it is
closely related to what we called topological twist.
The main point of using ribbon category is that, just like a ribbon we can twist it as
we want, so here the usual graphic calculus for braiding is well defined, see figurd40l For
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o P
(a) the map f (b) the trace tr f
1 b w! Iv wi tv
| g} || /
SRS ‘ S Ji = f >
| - ]--— —y— f "-II
| | I I

(c) the map 6y (d) the map oyw

Figure 40: Examples of graphic calculus[13]

example we can represent a map f : V. — W as a line with a box, and by convention idy
will be omitted. Especially for f € EndV we have

1 % vev B yegy Yy gy 2 (A.78)

but since Endg(1) ~ k this defines the trace of f as an element tr f € End;(1) ~ k, and for
idy it is defined to be dim V. In this graphic language, ¢ is braiding and 6 is twisting in the
literal sense.

Now we turn to fusion, a fusion category F is defined to be a rigid semisimple k linear
monoidal category such that

e the index set is finite || < oo, i.e. there are finite many (up to isomorphism classes)
of simple objects.

e 1 is simple

In F , V* is simple when V; is and V;* ~ V;- for some * € I | so we have a notation of
antiparticle here. We can also define fusion rule as

VeV, ~ P NV (A.79)
k
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i J

Figure 41: Graphic representation of s [13]

where the standard properties

N} = dim Hom (V;, V; ® V;) = dimHom (1,V; ® V; @ V7) ,

., . (A.80)
k_ atk _ ATk 0 _
are satisfied. we also have the twist and quantum dimension
where
90 = 17 ei* = 97,
A.82
do=1, dv=di did;=3 Ndy. (A.82)
k

Now it is time to bring all of the above together to define a category compatible with
braiding and fusion.

To do this, let us begin with a semisimple ribbon category C with |I| < oo, so it is a
ribbon category as well as a fusion category. Then we can define the matrix

Sij = 0,107 vy, = 0,107 NE 61dy (A.83)

kel

As a consequence we have
Sij = 8ji = Sizjr = Sy, Sio = dy = dim'Vj (A.84)
we say this C is a modular tensor category, or MTC for short, if
e The matrix s = (8;), ,.; is invertible
In MTC we can define the quantity
pt =) 6Fd; (A.85)
iel
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as well as the standard 7" matrix and charge conjugation matrix C'

Ti; = 6,0
(A.86)
Cij — 57;]'*
where
(37)° = p*s°
(T = pFC (A.87)
CT=TC,Cs=sC, C? =
and
s =pp C (A.88)

The usual S matrix is obtained from 5 as S := §/D by the following normalization factor,
or the total quantum order

D =+/ptp~ =/ _dim’V; = Sioo (A.89)

Then from here we can recover all the modular data and their properties that we have
introduced in chapter one. For example if we introduce

¢:= (pt/p)"° (A.90)

then in RCFT we have
01’ — e27rihi’ C _ 627ric/24 (Agl)

as conformal dimensions and central charge.

The main source of MTC is d = 2 RCFT, under some reasonable assumptions, given a
VOA V for a RCFT, Rep(V) is a MTC, see [102] .Equivalently, it can be obtained from
d =3 TQFT, which we will discuss in next section.

A.3.2 Functorial QFT

In this section we will introduce an alternative formalism of quantum field theory: the
functorial formalism. Unlike the previous approaches, here we will not attempt to define
quantum field operator of any kind, instead we just view quantum field theory as a way to
assign collections of quantum states to spacetime submanifolds. Physically, this means we
are using the path integral approach instead of the canonical one. But mathematically, we do
not know how to define path integrals for fields, and to bypass this difficulty, we again rely on
formal constructions. The strategy goes like this, first we merely list some good properties of
path integral that we would like to have, then we abstract those properties into compatible
axioms in terms of categorical language. To be more specific, we will characterize spacetime
submanifolds and collections of quantum states as categories,and define a quantum field
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theory as a special functor between those categories such that all of our axioms are satisfied.
In summary, we have the following map:

‘geometry/spacetime’ — ’algebra/quanta’ (A.92)

Typically, we will have a Riemannian manifold M on the geometric side,a Hilbert space
H on the algebraic side, and a symmetry group G acting on both sides, a categorical charac-
terization might be quite complicated. However, for certain special cases, the construction
is not that hard because some part of the data (M, H,G) becomes trivial or simple enough
to deal with, especially, there are two important examples of this kind:

e TQFT, where only the metric independent part of M is needed, H happens to be
finite dimensional, and G is trivial. At least for d = 1,2, 3 the constructions are well
understood. We will focus on this formalism of TQFT and these lower dimensional
cases in the rest of this section.

e d = 2 CFT, where M can be taken as a compact Riemann surface hence the metric,
conformal and topological structures are all compatible and highly constrained, H can
be reorganized into representations of the Virasoro algebra, and G is essentially the
modular group. Here everything is under control and formal construction is possible,
the resulting theory is equivalent to the one we obtained using VOA approach.@

As we have seen, Vec(k) is a symmetric braided tensor category, it can be used on
the algebraic or quantum side of our construction, for the geometric or spacetime side we
will introduce the category C'ob(n) of n dimensional cobordisms, which is also a symmetric
braided tensor category. A n dimensional TQFT is defined as a functor Z compatible with
those symmetric braided tensor category structures

Z : Cob(n) — Vec(k) (A.93)

Physically, cobordism is an abstract of spacetime slices with common boundary, mathe-
matically it is defined as follow: given two closed manifolds X, of dimension n — 1, a
corbordism between them is a n dimensional manifold M such that

oM = %o [[ % (A.94)

In order to mimic the concept of in and out states, we will further assume M is oriented
and compact, then decorate it with a frame on ¥ = 0M. To be more precise, suppose
[v1,...,U,_1] is a positive basis for T,X at x € X, then a vector w € T, M is defined to be
positive normal if [vy, ..., v, 1, w] is positive. A connected component 3; of ¥ is called in-
boundary/out-boundary if a positive normal points inward /outward. We will always assume
that we have maps ¥y — M and ¥; — M such that ¥, is diffeomorphically equivalent to

131 for more details see [146],[101]
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Zg—:r-ﬂ..f-f—E
¥
M’

Figure 42: Equivalence of cobordism [4]

SO ﬂ.[[) El ﬂj[l EQ ._JO —_— ‘u’rl o ,'11[0 B
v v
My My Mo M{]

(a) the composition process (b) the product M; o M)

Figure 43: Composition of cobordisms[4]

the in-boundary and 33; is diffeomorphically equivalent to the out-boundary. In summary,
an (oriented) cobordism is given by the triple

This is also denoted as
M : ¥y — 34 (A96)

Two cobordisms Yy — M <+ ¥ and ¥y — M’ < X; between X, X; is equivalent iff there
exists an orientation-preserving diffeomorphism ¢ : M — M’ makes the diagram in figure
commutes

As an example, given an closed ¥ of dimension n — 1, we can construct the cylinder
M = ¥ x [0,1] such that ¥y = X x {0},%; = ¥ x {1} with obvious diffeomorphisms, and
usually we will denote this as ¥ — ¥ x [0, 1] - ¥ This example also provides a way to define
composition in C'ob(n), suppose we have ¢q : My ~ o x [0,1], @1 : My ~ 34 x[1,2], then
naturally we have M o My = My [ [ M; as

o1 [Jo2: Mo ] My — £ % [0,2] (A.97)
% %

More generally one can prove that M; o M, is well defined as long as Mj, M; have a common
boundary component X, and it does not depend on particular representatives (g, ¢ chosen
for the equivalence classes of cobordisms as in figure [43] Cob(n) consists of ¥’s as objects
where 3 plays the role of * dual, and cobordisms M’s between them as morphisms, the
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composition of morphisms is given by cylinder gluing M; o My = M, [ [, M, it is monoidal
by the operation X [[Y, the braiding is defined by reverse the in/out boundaries

oxy X[y =V][x (A.98)

and it is symmetric, physically this means micro reversibility.

A symmetric monoidal functor between two symmetric braided tensor categories (C, [, 1¢)
and (D,0,1p) is a functor F' : C — D equipped with natural transformations pxy :
FXOFY — F(XOY) and a morphism ¢ : 1p — F'1¢ such that

e it is compatible with the associativity morphism a’s
e it is compatible with the identity morphism 1’s
e it is compatible with the braiding morphism o’s

where the explicit diagrams are shown in figure
In this sense the functor in (A.93) is defined as a symmetric monoidal functor between
Cob(n) and Vec(k), concretely, we have

e A n — 1 dimensional closed manifold ¥ is mapped into a k vector space Z(X), and it
can be proved that by consistency Z(3) is finite dimensional so Z actually takes values
in Vecs(k) hence physically we have assigned a finite Hilbert space of the topological
ground quantum states at every spacetime slice under some suitable foliation.

e Given a corbordism M : ¥; — X, we can understand this as an evolution process

from in-state to out-state
Z(M): Z(%9) — Z(21) (A.99)

e Consistency with associativity and braiding means
ZW0) =k, Z(S[[S1) = 2(S0) @k 2(h) (A.100)

In particular, if ¥ = OM we can also view it as the cobordism M : ) — X, then such
Z(M) : k — Z(X) is just a particular vector in Z(X), and physically it is a quantum
state.

e Consistency with identity means
Z(X x [0,1]) = idzy) (A.101)

physically, this means there is no evolution and the system is left untouched.
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(FXOFY)OFZ == FXO(FYOFZ)

ﬂf?x,yﬁlpzl ilpxﬂmﬂz
F(XOY)OFZz FXOF(YOZ)
GGXDY.zl lﬂﬁx,ycz

F((XOY)0Z) —— F(XO(YOZ))

FXOl, 25 FX0OF1, 1,0FY =X F1LOFY

PFX | J@X,lc ,\pyl l/{ﬂca‘f

FX——F(XOl)  FY —— F(1.0Y)
Fy

Fpx

Figure 44: The commutative diagrams for symmetric monoidal functor [4]
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e Finally, we have the gluing property

Z <M2 HM1> = Z (M) o Z (M) (A.102)

which says that a spacetime gluing process corresponds to a combination of state
transitions. This property is an essential feature of path integral formalism, i.e.

(ZMy o ZMy) (f) (11) = /w . /¢ o [V E ) K ) Dy Dy

(A.103)
The point is, although the RHS of the above equation is ill defined, we have found a
way to characterize the LHS such that it has all the essential properties we want from
the RHS.

In lower dimensional cases d = 1,2, 3, the actual constructions of Z are done, and it is
known that

o d =1, Cob(1) is trivially equivalent to Vecy(k) equipped with *, i.e. the category of
dual pairs of Vecs(k)

e d = 2 Cob(2) are in one to one correspondence with finite dimensional Frobenius
algebras A over k. To be more specific, A is commutative and associative, it also
equips with an unit and a non-degenerate bilinear trace tr: A — k

e d = 3 in MTC with p™/p~ = 1, a corresponding d = 3 TQFT exists and calculate
some well define topological invariants.

Finally, as a guide to the more mathematically inclined reader, we summarize certain
aspects of discrete gauge theory in a more formal way using the concepts we have developed
in this section.

The mathematical framework underlying the physical discussion of [I4] used in sec-
tio is the notion of a G-crossed braided category [67]. The gauging procedure cor-
responds to the mathematical notion of equivariantization.

In fact, to construct the (twisted or untwisted) discrete gauge theory we can use a simpler
notion. Our starting point is the category of G-graded vector spaces, Vecf, with associator
given by the C*-valued 3-cocycle, w. The theory we obtain upon equivariantization is the
modular tensor category (MTC) constructed by the process of taking the Drinfeld center
[13, 131]. In particular, our gauge theory is just

Twisted G discrete gauge theory <> Z(Vect) .

The various operators discussed in the dictionary at the end of section I of the main text
correspond to the simple objects of Z(VecS) with categorical dimension larger than one. The
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simple objects corresponding to the trivial conjugacy class in G (what we have called Wilson
lines) have trivial topological spin, #, and are closed under fusion. This means they form a
symmetric subcategory. In fact, as is well-known, these simple objects form a Lagrangian
subcategory isomorphic to Rep(G), the category of finite dimensional representations of G
over C. In particular, Wilson line fusion rules are those of the corresponding representation
semiring. This observation explains the equivalence, mentioned in the introduction of the
main text, of the fusion W, x W,y = Wy» and the character identitiy x - Xo = Xa-

A.4 Groups and algebras

In this section we will review some concepts and facts about groups, Lie algebras, their
representations and cohomologies, which are very important in pure and applied mathematics
but usually omitted in textbooks for physicists. For convenience, here we recall some basic
notations as follow:

e rings and fields
R, a ring with unit 1 such that 1 # 0 and f(1) = 1 for every ring homomorphism f.
K, afield, in physics usually it is assumed that it is algebraically closed and char K = 0,
i.e. K = C,but here we will keep K to be generic.

® groups

G,H --- for groups, and g, h--- for group elements, with [g], [h] - - - the corresponding
conjugacy classes. We also define 29 = gxrg~' and extend it to subset X of G as
X9 ={z9x e X}, ifVg € G, X9 =X we say X is G-invariant.

e Lie algebras

g,b - for Lie algebras of simply connected Lie groups G, H, «, - - - for simple roots,
A, i -+ - for weights. The corresponding affine version is labeled by an hat, e.g g, and
the level is denoted by k.

For simple g(A) with a n x n Cartan matrix A we will use the Cartan-Weyl basis
€, fi, hi, fOI ] = 17 .o, n SU_Ch that [62‘7 fj] = 5ijhi7 [hu Gj] = aijej, [hu f]] = —aijfj, and
[hi, h] = 0, for all i, j; and (ade;)' "% e; = (ad f;)' ™" f; = 0 whenever i # 7.

A.4.1 Modules, representations and conjugacy classes

We first introduce some formal generalizations of familiar concepts in linear algebra.
A left R-module gk M is an abelian group M on which R acts linearly on the left, i.e. we
have a multiplication law R x M — M, denoted by (r,m) — rm, such that
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r(m+m')=rm+rm
r+rYm=rm+r'm
( . ) . (A.104)
(rr"ym =r (r'm)
1m =m.
The corresponding R-homomorphism f : M — N is as a map such that for all m, m' € M

and r € R:
fm+m') = f(m)+ f(m)

flrm) =rf(m)

If instead R acts on the right, we can similarly define right R-module Mg, for commu-

(A.105)

tative ring R M and Mp are essentially the same thing so we simply call it as R-module M.
Sometimes M have left and right actions of different rings R, .S, in this case we say it is a
R, S-bimodule zpMg.

Then we have the category RkMod of R-modules in an obvious way, and it is easy to
verify that xkMod is Vec(K), and zMod is Ab so R-module generalizes both vector space
and abelian group, hence pkMod also has well defined direct sum , direct product, tensor
product and so on.

The main purpose of using pMod is to define Hom and tensor functors from pMod to

Ab [PZ

e covariant Hom functor 74 = Hompg(A,O)
on objects T4(B) = Homg(A, B) and on morphisms f : B — B’ we have Ty(f) :
Hom(A, B) — Hom (A, B’) such that T4(f) : h — fh

e contravariant Hom functor 7% = Homg(O, B) similar with T4y = Hompg(A, ) but
reverse the arrows appropriately.

e covariant tensor functors Fy = A®rd and Gg =0 ®r B
Fia(B)=A®rB and Fulg)=1la®gforg:B— B
similarly, one also have Gg(A) = A®r B and Gp(f)=f®@lgfor f: A A

in R-module there is a canonical isomorphism for AQ B ~ B®R A, so G, I are essentially
the same.

The notation of R-module allows us to do all linear operations formally, but sometimes we
also want to be able to perform multiplicative operations, in that case we need the notation
of R-algebra. Suppose we have a commutative ring A with a homomorphism R — A, then

132for R, S-bimodules, tensor functors actually take values in Modg, and for commutative R hom functors
actually take values in pMod, so in the simplest but quite common case of R, R-bimodules with commutative
R, we indeed have functors: pMod — rMod. These functors can be defined in general abelian categories
as well.
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A automatically inherits a natural R-module structure, in addition we can use the ring
multiplication law of A, which by construction is consistent with the R-module structure,
we say A is a R-algebra or an algebra over R. In particular for a field K, we have K-algebra,
it is a formal generalization of matrix algebra. In summary, with R-modules and R-algebras
we can formally do linear algebra over generic fields, rings and abelian groups.In the following
we will give some applications of these concepts, first for representations of group and Lie
algebra, then for conjugacy class multiplication.

As we have said above, we want to do linear algebra formally, in this way we also generalize
the concept of linear representation G/g modules to representation. Given a group G, we
can formally assign to each g an formal generator ey, they multiply with each other just
as group elements i.e. ese, = ey,. Then the group ring R[G] is defined as the R-module
Dgea R - e4 of formal sums of generators over R, where we also assume that R -e, = R for
all g € G, due to the group structure, we indeed have an R-algebra, explicitly{™]

(Z Thle;“) ' (Z 5h2€h2> = (Z rhsh-lg) o (A.106)

hi€G ha€G geG \heG

Because g — 1-e, sometimes one just use g to denote both the group element and its formal
generator. R[G] is not commutative if G is not, but we can still form R[G]-module M. If
R = K isafield and M =V is a vector space, then the above structure map naturally induce
a map ¢ : K[G] — Endg(V), which is indeed a dimg (V') dimensional representation of G
on V, and reversely all linear representations of G arise in this way.

For a discrete group, just like the definition of an R-module, we can simply let elements
of G act linearly on M to define G-modules, and use G equivariant group homomorphisms
f: M — M with gf(m) = f(¢gm) as morphisms, we have the category of G-module, which
is indeed equivalent to the category of Z[G]-module. When M = V these modules again
reduce to usual representations. In particular, the special C[G]-module C* where n = |G| is
associated with the regular representation of G, usually it is referred as group algebra C[G].

Similarly, for a Lie algebra g, we can first define the universal enveloping algebra generated
by the Cartan-Weyl basis e;, f;, h; over R, explicitly its basis is

(1;[ fé”“) (];[ eZ“) (]1 h?) (A.107)

where all the Lie product zy — yx = [z, y] are implemented as relations.

Usually one just takes R = C and denotes the universal enveloping algebra as U(g), which
is the Lie algebra analogue of C[G] . These U(g)-modules are formal generalizations of Lie
algebra representations, where the Verma module in RCFT is a special case . In summary,
U(g) is the algebra where all [z,y] in g is realized as zy — yx in U(g) , and U(g)-modules
generalize g representations.

133For finite groups this notation is obvious, while for infinite groups, z = >
many non-zero terms only, i.e. [{g € G |ry # 0}] < cc.

geG T9€q is defined to finite
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In chapter 3 and 4 we have discussed the Arad-Herzog conjecture and a x b = ¢ fusion
rules where multiplication of conjugacy classes is involved frequently. First recall that by
definition, for a conjugacy class C' and an arbitrary group element g, as a set C satisfies
gCg~' = C, that is gC = Cg, hence given two conjugacy classes C}, Cy, we can multiply
them as sets to obtain a commutative multiplication law C-Cy = Cy-C4. This multiplication
is indeed well defined as gC; - Cog™t = gC1g~ !+ gChg™! = C} - Cy is again G-invariant, hence
is a union of conjugacy classes, so we can simply write it as [g] - [h] by the corresponding
representatives g € C, h € Cy as in chapter 3 and 4.

In discrete gauge theory we have charges as well as fluxes, where Wilson lines are in
a sense classical since their existence do not depend on the quantum twist w and they
always form fusion subcategory, hence the decomposition of tensor representations can be
viewed as classical limits of quantum fusion rules. On the contrary ,in a nonabelian discrete
gauge theory the existence of fluxes depends on w and their fusion never close(theorem ,
although they can be viewed as conjugacy classes of GG, their fusion rules are quite different
from the multiplication law we have introduced above. For example, looking at table [I.1.1]
we have pure fluxes D, F', but they fuse to D x F' = D + E, while as conjugacy classes we
have [(12)] x [(123)] = [(12)], because unlike decomposition of tensor representations, this
multiplication law does not count multiplicity.

However using the concept of group algebra we can introduce another kind of multipli-
cation law for conjugacy classes in finite group, which indeed counts the multiplicity, but
as an operation in G, it knows nothing about the w, hence if we view this multiplication as
classical limit, we will loss some information. To do this, we first label the conjugacy classes
as C,, , then we define a formal element K, as the following sum in C[G]

K,=) e (A.108)
9€Cyu

Then we multiply K, K, in C[G] , but rewrite the result as sums of K , this is always
possible because the result is G-invariant

K, x K, =Y C)K, (A.109)
A

For example now we have K2y X K123 = 2K[12)], in this way the coefficient C’;}V is a sum
of fusion coefficients with all charges being identified as trivial, compare with Dx F' = D+ FE
where D is a flux and FE is a dyon, now we forget about their charges completely and end
up with two copies of K| [(12)]E

A.4.2 Cohomologies, central extensions and projective representations

In this section we will introduce the notation of cohomology for abelian category, then study
the two special but important cases of group cohomology and Lie algebra cohomology. Using

134For an interesting discussion of this multiplication law and its relation with Verlinde formula, see[71]
exercise 10.18
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these tools we can analyze central extensions and projective representations of groups and
Lie algebras.
Recall that a complex in an abelian category A is a sequence of morphisms (differentials)

(Cpods) = Copy 25 € 2 0y — (A.110)

such that d,d,; = 0 for all n € Z, usually we will omit d and use C to denote the
complex.

Since A is abelian, we have well defined ker, im for every d,,, we say C is exact if imd,, 11 =
ker d,, for all n, in particular the following exact complex is called short exact(with redundant
0’s omitted)

05A-5 B0 -0 (A.111)
Then we define

n-chains = C,,
n-cycles = Z,(C) = kerd, (A.112)
n-boundaries = B, (C) =imd,

and the n-th homology is
1,(C) = Z,(C)/Bn(C) (A.113)

All of these are just formal generalizations of the usual singular homology, they work
because A mimics Ab, the key point is that homology measures obstructions for C as being
exact. This is important, because functors such as Hompg(A, ) and A ®g O in general are
not exact, i.e. when applying these functors T': A — A’ to an exact complex C, the image
complex T'C is not exact, hence there are nontrivial obstructions.

The above formalism is useful for general discussions on formal properties, but in actual
calculations, we also need some concrete ways to realize it. Here we will introduce two
important examples, group cohomology and Lie algebra cohomology.

Groups in general are not abelian, but we can study G-modules, so we begin with a group
G and an abelian group A, where we have a natural action o : G — Aut A = Out A.

We define the collection of maps «, : G X ... X G — A as n-cochain group C"(G, A) or
simply C™, that is

At (Grye ey Gn) > Qn (G1y- -, gn) € A (A.114)

we also define C%(G, A) = A, and now for the coboundary operator § : C" — C"*!, depend
on o acts on left or right, we have two versions

e Coboundary operator for left action
(Ocwn) (91, -+ Gns Gna1) i= 0 (91) O (92, -, Gns Y1) +
+ Z(—l)’dn (9155 Gi-1, GiGit1, Git2s - - - Gng1)  (A.115)
i=1
+ (=" (91, -+, gn)
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for example the first few ones are

(5%) (9) = 0(9)040 —

(6c1) (91, 92) = 0 (91) a1 (g2) — 1 (9192) + 1 (g1)

(02) (91,92, 93) = 0 (91) @2 (92, 93) + 2 (91, 9293) — 2 (9192, g3)

— Qg (91, 92)

(603) (91, 92, 93, 94) = 0 (91) 3 (92, g3, 9a) — a3 (9192, g3, 9a) + 3 (1, G2 g3, 9a)
— a3 (91, 92, 9394) + 3 (91, 92, 93)

(A.116)

e Coboundary operator for right action
(60n) (915 s Gns Gn1) == (= 1)n+1 n (92,5 Gns Gnt1)
+ Z Z+Tl+1 gh -5 9i-15 9i9i+15 Gi+25 - - - 7gn+1) (A117)
=1

+an (g1, 9n) 0 (gns1)
for example the first few ones are

(0ao) (9) = awo(g) — ag
(601) (g1, 92) = a1 (g2) — a1 (9192) + @1 (91) 0 (92)
(6c2) (g1, 92:93) = —a2 (92, 93) + @2 (9192, 93) — @ (91, 9293)
+ a2 (g1, 92) 7 (93)
(dc3) (91, 92, 93, 94) = 3 (92, 93, 94) — 3 (9192, 93, 9a) + 3 (g1, 9293, 94)
— a3 (91, 92, 9394) + 3 (91, g2, 93) 0 (94)

(A.118)

then it is obvious that § (o + /) = dar+ 6o’ and by explicit calculation one find 6 0§ = 0 so
0 is indeed well defined, and we have

Z" :=kerd, = { cocycles } (A.119)

B! :=1imd,_; = { coboundaries }

and

H™G, A) := Z"(G, A)/B(G, A) (A.120)

Note that for a Lie group G, we have the usual de-Rham cohomology HJ,(G, A) of G as
a manifold, which is different from H?(G, A), however they are related in the sense that
H.(BG, A) is similar(sometimes isomorphic, e.g. for finite group) to H?(G, A).

For Lie algebra, we similarly begin with U(g)-module, so we have a Lie algebra g and a
finite dimensional representation p on V', then we define the collection of maps w, : g x --- X
g — V as n-cochain group C"(g, V) or simply C™, in particular we define C°(g,V) = V.
The coboundary operator s, : C™ — C™"! again has left and right versions depending on p :
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e Coboundary operator for left action

n+1
(Swn) (X17 s aXTH-l) = Z(_)H_lp (XZ) <w <X17 s 7Xia B 7Xn+1>>
i=1
n+1 N N
+ 3 ()t ( Xk],Xl,...,Xj,...,Xk,...,XnH)
ij<k1
(A.121)
where X means omit X, and the first few examples are
(swo) (X1) = p (X1) wo;
(sw1) (X1, X2) = p (X1) wi (X2) — p (X2) wi (X1) — wi ([X1, X2])

(sw2) (X1, X2, X3) =p (X1) w2 (X2, X3) — p (X2) w2 (X1, X3)
+p (X3) wy (X1, Xo) — wa ([ X1, Xo], X3)
+ws ([ X1, X3], Xo) — wo ([ X2, X3], X1); (A.122)
(sw3) (X1, Xo, X3, Xy) = p(Xy) ws (Xo, X3, Xy) — p(Xo) ws (X1, X3, Xy)

+ p (X3) ws (X1, Xo, Xy) — p (Xy) ws (X7, Xo, X3)
—ws ([ X1, Xa], X3, X4) +ws ([ X1, X3], Xo, Xu) — ws ([ X1, X4], X, X5)
—ws ([ X2, X5], X1, Xy) + ws ([Xo, X4, X7, X3) — ws ([ X5, Xu], X1, Xo)

e Coboundary operator for right action

n+1 N
(sw) (X1, oy Xsr) = (=)o (X)) (w (Xl, X ,Xn+1>>

i=1

n+1 N N

+ 3 (- ( Xk],Xl,...,Xj,...,Xk,...,XnH)
7,k=1
i<k

(A.123)
where X means omit X, and the first few examples are

(swo) (X1) = p (X1) wo;
(swi) (X1, X2) = p (X1) wi (X2) — p (X2) wi (X1) + w1 ([ X3, Xa]);
(sw2) (X1, X2, X3) =p (X1) wa (X2, X3) — p (X2) w2 (X1, X3)

+p (X3) w2 (X1, X2) + ws ([X1, Xo] , X3)

—wy ([ X7, X3], Xo) + we ([X2, X3], X4) (A.124)
(sws3) (X7, X2, X3, X4) = p (X1) ws (Xo, X3, Xy) — p(Xo) ws (X1, X3, Xy)

+p(X3) w3 (Xl,XQ,X4) (X ) (X17X27X3>

Fws ([ X1, Xa], X3, Xy) — ws ([ X1, Xa], Xo, Xy) 4+ ws ([ X1, Xy], X, X5)
+ws ([Xo, X3], X1, X4) — ws ([Xo, Xu], X7, X3) + ws ([X3, Xu], X7, X2)
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and just like the case for group we can define Z7(g,V) = kers, and B}(g,V) = ims,,
then the n-th cohomology group is

H}(g,V):=2)(9,V)/B)(g,V) (A.125)

Now we have defined these cohomology groups and we can apply them to study various
kinds of problems.

By direct calculation we find the first two group cohomologies have interpretations as
follow:

e HY(G,A) This is the subgroup of A contains all elements which are invariant under
the action o, that is , the collection of fixed points.

e H!(G,A) This group characterizes crossed homomorphisms «; : G — A modulo prin-
cipal homomorphsims. Where a crossed homomorphism is defined by the condition
a1 (g192) = o (g1) a1 (g2) + a1 (g1) and a principal homomorphism is defined by the
condition oy (g) = (da)(g) = o(g)a — a.

The corresponding Lie algebra versions are:
. Hg(g, V') This is the subspace V® of invariants in V' under the action of p.

e (g, V) This group classifies 1-cochains satisfy (sw) (X1, X3) = p (X1) w (X2)—p (X2) w (X1)—
w ([X1, X2]) = 0 modulo coboundaries wee(X) = p(X)v. In particular when p is trivial,
we have H (g, V) = (g/[g, 9])* as the group of linear maps vanishing on [g, g.

But what about second order cohomologies? It turns out that H2(G, A) characterizes
central extensions, its elements are in one-to-one correspondence with central extensions of
G by A. Recall that a central extension of G by abelian group A is a exact sequence

l—A-SE-5G—1 (A.126)

such that 2(A) is in the centre of E. For example, trivially the direct product is a central

extension: '
1 — A5 AxG B G —1 (A.127)

and a less trivial example is the semidirect product
l—H->5GxH-SG—1 (A.128)
Concretely, We have the familiar example of
1 — {+1,-1} — SL(2,C) = SO(1,3) — 1 (A.129)

as well as

]

1 — K* - GL(V) = PGL(V) — 1 (A.130)
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For Lie algebra, H]'(g,a) also characterize central extensions. Similar with central ex-
tension of group, we define a central extension of g by an abelian Lie algebra a as a exact
sequence

0—a—h—"—>g—0 (A.131)

such that [a, h] = 0 where— for notational simplicity— we have identified a with its image in

b.

Again the direct sum corresponds to a trivial extension
0O—a—adg—9—0 (A.132)

and a central extension of simply connected Lie group will induce a central extension of its
Lie algebra.
For concrete examples, we have affine Lie algebras
0-C—>g—>g—0 (A.133)

as well as the Virasoro algebra
0 —C—Vir—W—0 (A.134)

Finally, let us mention the relation between central extension and projective represen-
tation. Recall that a projective representation of G on V' is a map P : G — GL(V) such
that:

e Pley=1
e Vg, h,da(g,h) € C: P(g)P(h) = a(g,h)P(gh)

equivalently it is a group homomorphism 7 : G — PGL(V).
By simple calculation we find™|

alh,k)a(g, hk) = a(gh, k)a(g, h) (A.135)

so this « is indeed a 2-cocycle.
What is more, two projective representations are equivalent if they differ by a 2-coboundary,
that is, when there exist a function g : G — C*and an isomorphism ¢ : V; — V5 such that

Vg e G, v (Pip(g)) = B(g)P2(g) such that
ag(g, h) = an(g, h)B(gh) B~ ()87 (h) (A.136)
hence we have a well defined class of

[a] € H? (G,CX) (A.137)

B35n0tice that now we have switched to multiplicative notation, which is more convenient here, and we also

assume here ¢ is trivial and omit it in the cohomology group
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In summary, H*(G,C*), also called Schur multiplier, characterize projective representations,
it is a finite group when G is, when [a] = 0 we can lift it to a linear representation on GL(V).
However, for Lie algebra although we can also define projective representation P : g —

End(V') by
[P(x), P(y)] = P([z,y]) + c(z,y)] (A.138)

with

c(x,y) = —c(y, x)
c([zyl, 2) = c(lyz], z) + c([z2], y) = O,
H?(g, C) does not characterize these projective representations fully.However, there are sev-
eral partial results that can be drawn. First, for finite dimensional semisimple g all have

(A.139)

vanishing H?(g,C). Secondly, in the important case of an infinite dimensional projective
unitary representation of a simply connected Lie group G , if H?*(g,R) = 0 we can always
lift it to a linear unitary representation(Bargmann’s theorem), and this is the typical case
one sees in quantum mechanics for representations of physical observables.

B Supplementary material

B.1 For quivers
B.1.1 Useful identities

In this appendix, we derive useful identities for index contributions from a vector multiplet
and a bifundamental hypermultiplet. The index contribution from an SU(n) vector multiplet

is given by
LX) = P |- 2 )] (B.1)
Using q/(1 —q) = q/(1 — ¢®) + ¢*/(1 — ¢?), we find the following identity
ol Mg 2) = T2 ™ (¢ %) x P, [—1 qu2 oy <z>] . (B.2)

Similarly, for the Schur index of a bifundamental hypermultiplet of SU(N) x SU(M)

1

qz SU(N SU(M _1_SU(N SU(M
Il])\lffirjl‘g(Q7y’ Z, (Z) =PE. 1—_q (a’Xfun((i )(y)Xafm(ld )(Z> +a 1Xafu1(1d)(Y)Xfun((i )(Z)>] )

(B.3)
we can show the identity
TN gy, 2, 0) = T (6% y, 2,002 It (g% y ., 2.aq72) (B.4)

using qza®' /(1 — q) = q(q~% + q2)a*' /(1 — ¢%).
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B.1.2 IIIQX[n_Ln_LQ]’[Q’...72’171] thGOI‘y

In this appendix, we argue that theory described by the right quiver in Fig. [21|is equivalent to
T(,Z?o To that end, first note that the former theory is equivalent to the type 111 AD theory
associated with three Young diagrams, ) = Yo = [n—1,n—1,1,1Jand Y3 = [2,--- ;2,1,1],in
the language of [158]. Indeed, the prescription of [I61] suggests that this type 171 theory has
a weak coupling description corresponding to the splitting of 2n boxes in Y1 = [n—1,n—1, 1, 1]
into the two groups, [1,1] and [n — 1,1 — 1][P% From the 3d mirror analysis, we see that the
sector corresponding to [1,1] is Do(SU(3)) = AD3, the one corresponding to [n—1,n — 1] is
R(Q)ﬁD, and an SU(2) vector multiplet is coupled to them Therefore, all we have to show
here is that this type I11 AD theory is equivalent to 76(72?0.

To see the equivalence of the above-mentioned type 111 theory and 76(,2307 let us consider
a weak coupling description of the type III theory corresponding to the splitting of 2n
boxes in Y; into [n — 1, 1] and [n — 1,1]. From the prescription of [I61] and the spectrum of
N = 2 chiral operators, we see that the sector corresponding to each [n — 1,1] is the type
IV AD theory (in the language of [I58]) associated with an irregular puncture labeled by
three Young diagrams Y} = Y, = [n — 1,1] and Y3 = [2,--- ,2,1], and a full (and therefore
regular) puncture.@ We also see that an SU(n) vector multiplet is coupled to these type IV
AD theories as well as an extra fundamental hypermultiplet. Therefore, this weak coupling
description corresponds to the quiver diagram in Fig. [45]

Hence, all we need to show is the equivalence of 76(2?0 and the theory described by the
quiver in Fig. [45] Note that, for this purpose, it is sufficient to show that the type I'V theory
involved in the quiver is equivalent to the 76(’? = AD,, with ”T_l extra fundamental hyper-
multiplets of SU (n)@ In the rest of this appendix, we show that the Seiberg-Witten (SW)
curves of these two theories are indeed identical, which strongly suggests the equivalence of
these two theories.

Curve of type IV theory Let us first write down the SW curve of the above-mentioned
type IV theory. Since the theory is obtained by compactifying the 6d (2,0) A,,_; theory on

136Here, the idea of [I61] is that there exists an S-dual frame for each splitting of boxes in Y; into two
groups.

137Recall that R(Q)JSD is the type III AD theory associated with Y7 = Y3 = [n — 1,n — 1,2] and Y3 =
[2,---,2,1,1].

I38A type IV theory is obtained by compactifying the 6d (2,0) A, _; theory on sphere with an irregular
puncture and a regular puncture. These punctures are characterized by the singularity of an sl(n)-valued
meromorphic (1,0)-form, ¢, around them. Suppose that a regular puncture is at z = 0. Then ¢ behaves
near z = 0 as ¢ ~ (& +...)dz with M € sl(n), up to conjugation. When the regular puncture is a full
puncture, the eigenvalues of M are all different. When an irregular puncture associated with Y7, Y5 and Y3
are at z = 0,  behaves as @ ~ (% + % + % + - ) dz up to conjugation, where My, My, M3 € sl(n) and
the eigenvalues of M; are such that the ordered list of the numbers of equal eigenvalues is identical to Y;.

139Recall here that n is odd, and therefore "7*1 is an integer.
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IVguil[n—Lu,[z,... 2,1] 4@7 IVguil[n—Lu,[Q,... 2,1]

Figure 45: Another weak coupling description of the type II1 AD theory associated with
the Young diagrams V) = Y = [n—1,n — 1,2] and Y3 = [2,---,2,1,1]. The left and right
boxes each stand for one copy of the type IV AD theory described in the main text, while

the top box stands for a fundamental hypermultiplet. We argue that this quiver theory is
identical to 76(;30.

a sphere with one irregular puncture and a regular puncture, its SW curve is
det(zdz —¢) =0, (B.5)

where zdz is the SW 1-form and ¢ = ¢.dz is a meromorphic (1, 0)-form valued in sl(n). We
take a holomorphic coordinate, z, on the sphere so that the irregular puncture is at z = oo
and the full puncture is at z = 0. The Young diagrams characterizing the irregular puncture,
Yi=Ys=[n—-1,1 and Y3 = [2,---,2,1], imply that ¢ behaves near z = oo as

T
g0~d2<T12+T2+?3—|—---,> (B.6)
where, up to conjugations, Ty = diag(a, - - , a, (n 1) ), Ty = diag(b, - ,b,—(n—1)b) and
T3 = diag(mq, my, mg, ma, - - - ,Minct, Mo 22 21 m;). On the other hand, near z = 0, ¢
behaves as
M
g&wdz(——i—---) , (B.7)
z

where M = diag(M,---, M,) such that > "  M; = 0. By a change of coordinates that
preserves the SW 1-form, the first two matrices can be mapped to T; = diag(0,--- ,0, —1)
and Ty = diag(0,--- ,0, —b). Here, m; and M; are identified as mass parameters, and b is
identified as a relevant coupling of the type IV theory.

While the masses and couplings of the 4D theory are encoded in the singular terms
described above, the vacuum expectation values (vevs) of Coulomb branch operators are
encoded in less singular terms. To write down the most general expression for the curve
including these vevs, let us consider the first correction, U/2z%, to the terms in the bracket
of - Where we parameterize U as U = diag(u; + vy, u1 — vy, -+, Up—1 + U1, Up—1 —
Up_1, —2 Z 2 uz) The parameters u; and v; are not fixed by the boundary conditions, but
they are partially restricted so that det(z — ¢.) has only integer powers of z and z. This
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condition implies that the most general expression for the curve 0 = det(x — ¢,) is

Zz—l P

_ ~ - . >t w8
0=2" n—l b n—t b)— . — ] . B.8
"+ (z + >+;x (<z+ St ot ) (B.8)

where s;,t; and w; are combinations of the parameters such that H?:l (x — M) =z" +

. n—1
n 1t 5 m; 2 - n 1 zn—1
Zizg Si~ H’i:l (:E— 71) = +ZZ g tim1 5= and

n 1

—Zqu(x——>H<x——> sz Vo (B.9)

Note that the curve can be rewritten as

n—21 2

O—H(x——)—i—zH(m——) + Ex%l—kgﬂf ;_i

where u; are defined by

n—1 n—1

2

bH(x__>+§ W[ (e-2) =0 + 5 (B

=1 j#i i=1

Curve of 76(;? with ”T_l fundamental hypers Let us now turn to the SW curve of the
AD,, theory with ”T_l extra fundamental hypermultiplets of SU(n). Our strategy is the same
as in Appendix B of [29], i.e., we start with the curve of AD,,, weakly gauge its SU(n) flavor
symmetry, introduce "T’l extra fundamental hypermultiplets of SU(n), and then turn off the
SU(n) gauge coupling. The SW curve of AD,, = Dy(SU(n)) is [40]

O:t2+tiin"+ﬁ(w—Mi) , (B.12)

where M; are the mass parameters associated with the SU(n) flavor symmetry and therefore
subject to Zf\il M; = 0, Uy is the relevant coupling of dimension l and U; for 1 > 1 are the
vevs of Coulomb branch operators. The SW 1-form is given by )\ = w— . When we weakly
gauge the SU(n) flavor symmetry, the curve becomes

3n

(B.13)

where A is the corresponding dynamical scale, and M; is identified with the vevs of the
Coulomb branch operators arising from the SU(n) vector multiplet. When we introduce "T_l
extra fundamental hypermultiplets of SU(n), the curve becomes

n—1 1 n—1
n A”+2 2

0=+t Uw= "+ ][] (w- M)+ [Tw—mi) . (B.14)

i=0 i=1 i=1
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n—1
In terms of z =t/ [[,2, (w — m;) and = w/z, the curve is

n—1 n—1

2 n=1_, 2

1;[(1"——> ZUxZ H(z——)+H(x—J> % (B.15)

=0 =1

and the 1-form is A = zdz up to exact terms. We finally turn off the SU(n) gauge coupling
by setting A = 0. We then see that the resulting curve is precisely identical to the curve in
(B.10)), where Uy is identified as band U; for i > 1 are identified as @;. This strongly suggests
that the type IV theory discussed in the previous sub-section is identical to the AD,, theory
with ”T_l extra decoupled hyper multiplets of SU(n). The last identification then implies

the equivalence of 76(72?0 and the theory described by the quiver in Fig.

B.1.3 Monopole dimension bounds

In this appendix, we argue that the dimensions of monopole operators in the 3D mirror
SCFTs associated with the R2 AD theories, A(O;), satisty the following bounds

1 =3
A>T (B.16)
1, n>3(nodd).

This result is in agreement with our 4D index analysis in the main text. Indeed, we argued
that the R2 AP SCFT only has a decoupled free field sector for n = 3. Note that the linear
quiver dlscussmn in [81] does not directly apply here since, as discussed around Fig. ,
the mirror quiver contains a closed loop of nodes. Indeed, the fact that the n = 3 case has
free hypermultiplets even though it is “good” by the naive application of the criteria of [S1]
motivates us to examine the case for general n more carefully.

While the bound for n = 3 follows from the mirror symmetry discussion in [32, 33] (and
also the analysis in [29]), we will prove the result in this case and also for all n > 3 directly
via an analytic monopole analysis in the mirror. To that end, the quantity we wish to bound
is

n—1
A= - Z > ey - Ef)l+i ST E — b 4 ey — ol

:1ZA<JA B= liB<jB
1 A+l B+1 1
t 3 Z EAJHZ S0 I = b 01|+ 5 el + e
A= 1ZA7.]A+1 B= ]-ZBJB-Q—I

N | —

+

<Z|a§n21)— H—Z|cz—a |+Z|cz b]<n21 ) , (B.17)

where ig, ja € {1,---,2A},ig,jp € {1,---,2B}, and W) € Z%4,b® ¢ 725 ¢ € 7? label the
magnetic flux through each gauge node in the quiver (note that we have dropped subscripts
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9 ¢
o6& © 60

Figure 46: We reproduce the quiver from Fig. but rotated and with labels o €
724, bB) ¢ 728 ¢ € 72 denoting magnetic charges through the corresponding gauge nodes
(the nodes to the left of the central U(2) node have fluxes labeled by “a,” while those to the
right have fluxes labeled by “b”).

denoting the particular entry in the flux vector)—see Fig. . Note that the negative
contributions in arise from the gauge nodes while the positive contributions arise
from the (bi)fundamentals.

The main strategy in proving is repeated use of the triangle inequality to cancel
four positive matter contributions to A against single gauge contributions (we perform the
cancelation between lines and the nodes that they end on). We will start from the leftmost
U(2) node in Fig. and then inductively argue that we can cancel all the negative contri-
butions from all the nodes in the left tail up to and including negative contributions from
the U(n — 3) node that neighbors the left U(n — 1) node. By Z, symmetry, the correspond-
ing negative contributions from the U(2) to U(n — 3) nodes from the right tail will also be
cancelled by corresponding matter contributions. We then move on to consider the core of
the quiver and prove (B.16]).

Before continuing, let us note that we may always use Weyl transformations at each
gauge node to arrange that

a2 af > >al) W 20 > 2 >, (B.18)
forall o, 5 € {1, 2,00, "T’l} This maneuver has the effect of removing absolute values from

gauge node contributions in (B.17). We may then write the contributions from the U(2A)

node as
A

AD =Y @2(A—i) + 1)@ — a5y, ) (B.19)

i=1

Note that there are A2 = 327 (2(A —4) 4 1) such contributions in total.

Inductive proof of the canceling of negative contributions from the quiver tails
Let us begin by focusing on the left quiver tail in Fig. [46] We start with the somewhat special
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U(2) contributions to A and the contributions of the corresponding eight hypermultiplets in
the bifundamental of U(2) x U(4)

1 1 1 1 2
AD Ay =—(af! —af) + 5D fa —a]. (B.20)
‘?j

We can cancel the negative contributions from U(2) against four hypermultiplet contributions
by using the triangle inequality twice

1
— (@ = ")+ 5 (1ol = a1+ Jaf — | + Jaf — o] + 10 —aPl) 20 (B.21)

This procedure leaves a surplus of four matter contributions we can use to cancel contribu-
tions from the adjoining U(4) node. Moreover, since we have not used matter contributions
involving afi, we can use this surplus to cancel one of the most negative terms from U(4)
(i.e., one proportional to a?) - af)).

Let us now discuss the U(4) node and adjoining matter contributions more carefully.
Since this computation contains contributions from matter fields to the left and right of
the gauge node, we can use this discussion to build a base case for an inductive proof of
the positivity of contributions to A from the left quiver tail. To that end, consider the
contributions

2
) 1
A > A== -+ 1)@ - o)+ 5 (laf” - af| + ol — |+
=1
1 2 1 2 1 2 3
ol — a4 oy — o) + 5 D Jaf? — a7 (8.2

2
k0

We may use the surplus contributions in the second term above to cancel one of the contri-

butions from the U(4) gauge node so that

2 2 2 2 1 2 3
Ay > =20 = af) + (@ — al?)) + 52 o — o] . (B.23)
k.l

Let us now use twelve of the twenty-four U(4) x U(6) hypermultiplets to cancel the remaining
three negative U(4) contributions. To see how this cancelation is done, it is useful to visualize
the hypermultiplet contributions via a 4 x 6 matrix with a “1” indicating an unused matter
contribution and a “0” indicating a used matter contribution. We start with

Lye =

—_ = = =

11111
1 1 111
. (B.24)
1 1111
1 1111

Our strategy is to leave as surplus the first and last columns while using the remainder of
the first and last rows (eight terms in all) to cancel the two U(4) contributions proportional
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to a§2) — af) (this is done via four applications of the triangle inequality). In other words,

we have

Ly — (B.25)

e e
O = = O
O = = O
O = = O
O = = O
— = =

which leads to the bound

1 ) ; ) )
2 2 2 3 2 3 2 3 2 3
—2(af? —af?) + ([0 - +1af? = af| + |of? - af¥ + o - ]

2 3 2 3 2 3 2 3
+ [l = |+ ol — | + [af? — o] + [ — o[} 2 0 (B.26)

We cancel the remaining negative contribution from U(4) by using the middle four entries
of Ly so that

1 00 0 0 1
110011
1 00 0 0 1

Indeed, we see that
1
(" —ag?) + 5
This procedure leaves a surplus of 12 hypermultiplets we can use to cancel negative contri-
butions from U(6).
Now that we have shown how the negative U(2) x U(4) contributions in the left quiver

2 3 2 3 2 3 2 3
0 — ] 4 | — o] 110 — a4 o — P > 0. (B28)

tail are cancelled, we can move on to the induction hypothesis in our proof. We assume that
all the negative contributions in U(1) x --- x U(2A) have been canceled. In particular, the
A?% negative U(2A) contributions (see the discussion below ([B.19))) have been canceled as
follows: w of them from U(2(A — 1)) x U(2A) bifundamentals and @ of them from
U(2A) x U(2(A + 1)) bifundamentals.

Let us understand these statements in more detail. In particular, we should first focus
on the Laa_1)24 generalization of we get after finishing the cancelation of terms in
U(2(A —1)). This matrix has its first column filled with 1’s. The next column has all 1’s
except in the first and last row which are 0. For 2 < p < A, the p'" column consists of
zeros in positions i such that 1 <i <p—1and 24 — p <i <2(A — 1) with 1’s everywhere
else. This discussion specifies half the matrix. The remaining half is set by demanding that
Laa—1)24 is symmetric under reflections through a line running between columns A and
A+1, e

1 0 0 0 () 1
1 1 0 0 1 1
Loa-1)2a — |5 ¢ & o0 o] (B.29)
1 1 0 - 01 1
100 - 00 1
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By using the 2A(A — 1) hypermultiplet contributions corresponding to the 1’s in (B.29)), we
assume we cancel @ of the negative U(2A) contributions via repeated applications of
the triangle innequality.

Next we move to Liaa 2(a41). This is a 24 x 2(A + 1) matrix full of 1’s. Now, as in the
U(4) case, we leave the first column alone. In the p' column, with 2 < p < A+ 1, we set
to zero all rows i such that 1 <i<p—1and 2(A+1) —p <i < 2A. This procedure again
specifies the left half of the matrix. The right half is fixed by requiring the matrix to be
symmetric under reflection through a line running between columns A + 1 and A + 2, i.e.

1 0 0 0 01
1 1 0 01 1
Loaaa+ny — |2 0 0 o0 e n ] (B.30)
1 1 0 01 1
1 00 0 0 1

We have therefore set to zero 2A(A+ 1) entries, and we assume we can use the corresponding
hypermultiplet contributions to cancel the remaining w negative contributions in U(2A)
via repeated use of the triangle inequality.

Given these assumptions, we now show that we can cancel the negative contributions in

U(2(A+ 1)) and complete our inductive proof. The negative contributions in this case take

the form
A+1
AS=>T2A+1—i) + 1)@ —alih ) (B.31)
=1

Let us now focus on the matter contributions from the first and last columns in (B.30). We
have

5 (08 =™ ol — a1+ Jof) — o™+ Jaf — ot
+ [lag? — ™™ 105 — affi) |+ lasil, — a7+ lash s — afii ]
e Qo — Y+ 10 - el el - el 4l - el )
> Al =il (B.32)

where, in the last line, we have repeatedly used the triangle inequality. Working inward, a
similar computation shows that the contributions from columns p and 2(A+ 1) —p + 1 are

bounded from below by (A+1—p)(ay (A+1) aé{ii)l)fp“). Therefore, after using the 2A(A+1)

I's in (B.30]), we have the following remaining negative contributions from U(2(A + 1))

A+1
A =3 (A2 i) @™ —afHD ) (B.33)

i=1

To cancel the remaining negative terms, we must use the U(2(A + 1)) x U(2(A + 2))
bifundamental contributions captured by Lga+1)2(a+2). In particular, this latter matrix
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Figure 47: After cancelling the negative contributions from the left and right quiver tails, we

h wz("fl) surplus contributions

put a “+” in each corresponding node. We are left over wit
to A from bifundamentals of U(n — 3) x U(n — 1) in each quiver tail, and this has been
encoded in the corresponding numbers on the tail links emanating from the U(n — 1) nodes.
The remaining numbers associated with the core links indicate the total number of unused

(bi)fundamental contributions to A.

has I’s in all 2(A+ 1) x 2(A+2) entries. Let us use entries 2 through 24 4 3 of the first and
last rows to cancel the —(A + 1)(a§A+1) —alth ) contribution in (B.33). Indeed, we see

2(A+1)
1 At1 (A+2 At2 (A1) _ (442 At1 At2
5 ( laf*™ =l 4l — ol + fafhh) — bt el — afhE)
A+1 A 2 A+2 A+1 A+2 (A+1) A+2
+ [laf" = o™ + |t _G;X+i|+| (Li | + |a} Aoat1) a((A+)1)|]
A+1 A+2 (A+1) A+2 (A+1) A+2 (A+1) A+2
SRR (T vl FR L wel B SO Wl R Uy el |
A+1 A+1
> <A+1><a§“—a§(,:;1)>, (B.34)

where we have repeatedly used the triangle inequality. Proceeding in a similar fashion with
rows p and 2(A+1) — p+ 1 (but now using entries p + 1 through 2(A + 2) — p of each row),
we find that each contribution is bounded from below by (4 + 2 — p)(al*™ aéﬁﬁ)l) t1op)-

Therefore, we have succeeded in cancelling all the negative contributions of U(2(A +
1)). Note that, after canceling the U(2(A + 1)) contributions, we have 2(A + 1)(A + 2)
contributions from bifundamentals of U(2(A+ 1)) x U(2(A + 2)) left over as surplus. By Z,
symmetry, we have now proven that all the non-core nodes of the quiver have their negative
contributions to A canceled, and we are left over with (”73)2& bifundamental contributions

of U(n — 3) x U(n — 1) in both gauge tails of Fig. . In particular, we have shown

Az —(Zraim— SRS il >r+|c1—czr)

1<j i<j
1 n-3 n-1 n-3 n—1 1
T 5(2 |az‘( ’ )_ag(' ’ )|+ Z |b¢( ’ )_b]( i )|> §(|Cl|+|C2|)
4,J€Sa 1,JESy
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—1

where the first line contains the only remaining negative contributions (i.e., those from the
core U(n — 1) x U(n — 1) x U(2) nodes of the quiver), the first two sums in the second line
are restricted to lie in the sets S, that run over the surplus U(n — 3) x U(n — 1) nodes
in the left and right tails respectively (the “a” and “b” subscripts distinguish these tails),
and the final line contains bifundamentals from the core of the quiver. This discussion is

summarized in Fig. [A7]

Analyzing the quiver core and proving (B.16) To complete our proof, we now proceed
to the quiver core in Fig. 7] In particular, let us begin by canceling some of the negative
contributions to A from the left U(n — 1) node

AD— Z (n — 2i) <al-("21) — ag_il)) . (B.36)
(n—3)(n—

First we use the remaining 5 Y bifundamental contributions of U(n —3) x U(n — 1) as
in the discussion above (B.33]) to cancel some of the U(n — 1) contributions and obtain

n—1

AS —i <”;1 —i) (afngl) - a,Sj)) . (B.37)

i=1

N

~

Without loss of generality, we may also choose to use the 2(n — 1) bifundamentals of U(2) x
U(n — 1) to cancel more of these negative Contributions@ Indeed, repeated use of the
triangle inequality shows that

n—1
1 n—1 n—1 2 n—1 n—1

52 (]cl —ai( : )| + |2 —ai( : )0 > Z <ai( =) —a,(l_i )) : (B.38)

i i=1

As a result, we have that the remaining negative contributions from U(n — 1) are
nT%
n=1 N[ (3 (%)

AD — _ V2 gl 2 , B.39
>3 (M ) (o)l (B.30)

Let us now use some of the U(n — 1) x U(n — 1) bifundamentals to cancel the remaining
negative contributions in (B.39). To that end, consider using entries 2 through n — 2 in the
first and last rows of Ly,_1 n—1. We have

; ( [ S PR e o I A e R P R A

2
2 1 1 2 n—1 n —2

140This choice of cancellation will make some of the later inequalities we derive look less manifestly Zs
symmetric, but this choice does not affect the final result.
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T R S

|
ot ol ) =T ol ) ol

Similarly, we see that the contributions from rows p > 2 and n — p are bounded from above
n-1 n-1
by (%1 —p) (alg =) _ ag_; ) . As a result, we have countered all negative contributions

from the left U(n — 1) node.

We must still counter the negative contributions from the remaining U(n—1) x U(2) nodes
with contributions from 2(n — 1) bifundamentals of U(n — 1) x U(2), @ bifundamentals
of Uln—1)xU(n—1), and (n_?’gﬁ bifundamentals of U(n —1) x U(n —3) (from the right
quiver tail in Fig. [7). Proceeding in analogy with the discussion for the other U(n — 1)
node in (B.37)), we use the remaining U(n — 1) x U(n — 3) bifundamentals to get rid of some
of the U(n — 1) contributions. We are left with

n—1

AS —22: (n;tl -~ z) (b(_) - b§_>) . (B.41)

=1

Now we may use the remaining contributions from the U(n — 1) x U(n — 1) bifundamentals
to cancel the negative contribution in E

We start with the first and last columns of 1’s remaining in L,_; ,_1 and find the following
bound via repeated uses of the triangle inequality

So( 0T <o el

L N R R Y
ot ol = Tl o)

> <"T_1><b§)—b§1)> c (B.42)

Similarly, we find that the remaining contributions from columns p > 2 and n — p can be

bounded from above as ( 5 nj) > . Therefore, we cancel all the remaining

negative contributions in (B.41)).
We are left with one final source of negative contributions, those from the top U(2) node

A D) —(Cl - CQ) . <B43)

141 Note that we have more such bifundamentals left over than we used in the cancelation of the contributions
from the left U(n — 1) node since we chose to use the left U(2) x U(n — 1) bifundamentals in the cancelation
of the contributions from the left U(n — 1) node.
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However, we still have all 2(n — 1) bifundamentals of the right U(2) x U(n — 1) left to cancel
them. This is more than enough since

/\
/\

(|b£ D a3 el ) el el —czr) >oi—c . (BA)
As a result, we have proven that

(ler] + leaf) + % Z i — bj(nT_l)| : (B.45)

While our choice of cancelation below - has the effect of making this inequality less

[43 77

manifestly Z, symmetric (the contributions of the side of the quiver have already been

taken into account in the above bound), this choice does not affect our conclusions.

To prove , we need only consider a few simple cases. For ¢; = ¢o = 0, we know that
all monopole operators have A > 1 by [81] since the quiver effectively reduces to a linear
quiver and all nodes are “good.” Moreover, if |¢;| > 2 for either ¢ = 1 or ¢ = 2, then clearly
A > 1. Similar statements hold if |¢;| = |ca| = 1. Therefore, we need only consider the case
where, without loss of generality, |c;| = 1 and ¢; = 0. We then have

+ Z |b Z |cl—b | (B.46)
?én:i:l j7én:i:l

For n = 3, this bound reduces to (B.16) since the second and third terms are trivial. For
n—1
n > 3, if we choose any of the b]( =) # 0, then A > 1 due to contributions from the second

term in (B.46). However, if we set all bg%) = 0, then the third term leads to A > 1.
Therefore, we have proven (B.16)).

B.2 For discrete gauge theories

B.2.1 Wilson line a x b = ¢ in gauge theories with order forty-eight discrete
gauge group

Let us study groups of order 48 for which the corresponding discrete gauge theories have
Wilson line a x b = ¢ type fusionﬂ.

(48,15) ((Z3 x Dg) xt Zy);

W22><W24 = Wy, W22><W25:W47 W23><W24:W47 W23><W25:W4

142We won’t discuss the direct product groups Sz x S3, Dg x S3 and Qg x S3 which also have such fusions
(the corresponding discrete gauge theories factorize). Since we have already discussed the case of BOG and
GL(2,3), we won'’t be discussing them here
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W24 X Wzﬁ = Wy, W24 X W27 =W, , W25 X W26 =W, , W25 X W27 =Wy -(B~47)

We have Out((Zs x Dg) X Za) = Zg X Zo. Let r1 and ry be the generators of this group.
They act on the Wilson lines involved in the fusion above as follows

T W22 < WQQ; W23 < WQS; W24 < W24; W25 < W25; W26 < W27; (B48)
T W22 g WQZ; ng g WQS; W24 g W25; W26 < WQG; W27 g W27; <B49)

Since this group has complex characters we also have a non-trivial quasi-zero-form symmetry
given by complex conjugation. Z(Vec(z,xpg)xz,) also has all other a x b = ¢ type fusions
(involving fluxes and dyons) discussed in this paper.

(48,16) ((Zs : Qs) X Zsy); This has fusions identical to (B.47). The only difference is that
now W,, and W, are conjugates. The outer automorphism group and symmetry action
is identical to Z(Vec(z,xpg)xz,). Since this group has complex characters we also have a
non-trivial quasi-zero-form symmetry given by complex conjugation. We additionally have
all other a x b = ¢ type fusions (involving fluxes and dyons) discussed in this paper.

(48,17) ((Zs x Qg) X Z3); This has identical character table to (48, 16), so same fusion rules.
The properties are identical to the two cases above.

(48,18) (Zs x (Q16); Identical characters to (48,15), so shares (B.47). The discussion is

identical to the case above.

(48,39) ((Zy x S3) X Zy);

Wo, X Way, = Wy, Wa, X Way = Wy, Wa, X Wo, = Wy, Wo, X Wy, =W,
W23 X W25 = W4, WQS X WQG :W4, W24 X W25 :W4, W24 X W26 :W4 <B50)

We have Out((Zy X S3) X Zo) = Zs X Zsy. Let r; and 79 be the generators of this group. They
act on the Wilson lines involved in the fusion above as follows

T ng — Wzl; W22 — WQQ; W23 — W23; W24 — W24; W25 — W26; <B51)
T W21 g WQQ; W23 g WQS; W24 g W24; W25 g WQS; W26 g WQG; (B52)

Since this group has complex characters we also have a non-trivial quasi-zero-form symmetry
given by complex conjugation. Z(Vecz,xs,)xz,) also have all other a x b = ¢ type fusions
(involving fluxes and dyons) discussed in this paper.

(48,41); ((Zy4 x S3) X Zs)

Fusion of Wilson lines giving unique output is same as . We have Out((Z4 x S3) X
Zs) = Ds.

Since this group has complex characters we also have a non-trivial quasi-zero-form sym-
metry given by complex conjugation. Z(Vec(z,xs;)xz,) also have all other a x b = ¢ type
fusions (involving fluxes and dyons) discussed in this paper.
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B.2.2 Genuine zero-form symmetries and quasi-zero-form symmetries in Aqg dis-
crete gauge theory

Recall from section that Ag is the simplest example of an Ay (with N = k% > 9)
discrete gauge theory with fusion rules involving non-abelian Wilson lines having unique
outcome. Here our goal is to disentangle the genuine zero form symmetries

Aut™(Z(Vecy,)) ~ H?(Ag, U(1)) x Out(Ag) =~ Zy X Zs , (B.53)

from a charge conjugation quasi zero-form symmetry [5§].

Let us first discuss the outer automorphisms. To that end, recall that Ag has an outer
automorphism corresponding to conjugation by odd elements of Sg > Ag. Acting with the
outer automorphism generated by (89) € Sy, we see that the following lines are exchanged

L (((123456789)),m,) <+ L([(123456798)],mp) »  L([(12345)(678)],mn) < L(([(12345)(679)),m0) > (B.54)

where the relevant conjugacy classes are listed in table 3] and 0 < p < 8, 0 < n < 14 label
representations of the corresponding Zg and Z4 centralizers (they are also listed in table |3)).

In fact, as described in the main text, the symmetry in generates an action on
some of the Wilson lines involved in (4.20)

W[33}+ <~ W[33]_ . (B.55)
This action can be read off from the character table of Ag or, equivalently, from the braiding

S Wissy, £(1(12345)(678)],7n)

x 1 ,
g = X[33]+([(12345)(678)]) = —5(1 —iV/15)
Wi L ([(12345)(678)],7n)

Wis3)_ £(1(12345)(678)],7n)

1
=\ ([(12345)(678)])" = —= (1 +4V/15)
SW15<[<12345>(678)1,M> 2

Wiasy, £(1(12345)(679)],7n)

x 1 .
S = xps9. ([(12345)(679)))" = —5 (1 +4V15) |
Wi L (1(12345)(679)],7n)

Wis3)_ £(1(12345)(679)],7n)

— e ([(12345)(6T9)])° = —=(1 —iV/I5) . (B.56)
SWAL (12545679070 2

Note that, since the [(12345)(678)] and [12345)(679)] conjugacy classes are complex, we
also have a non-trivial Z, charge conjugation that acts on the modular data and swaps
]/V[g:%]+ — W[33}7 and E([(123456789)]7ﬂp) — ﬁ([(123456798)]’ﬂp). Recall from the discussion in 4.55
that elements of H?(Ag,U(1)) =~ Z, act trivially on the Wilson lines. Hence, we learn
that charge conjugation cannot be a genuine symmetry of the TQFT (this statement is also
confirmed by the analysis in [58]).

However, this is not a contradiction with what we have written, because Out(Ayg) also
interchanges the real conjugacy classes [(123456789)] and [(123456798)] along with the corre-
sponding lines in . Since charge conjugation leaves these degrees of freedom untouched,
it is a distinct operation.
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’ Conjugacy class ‘ Length ‘ Centralizer

1 1 A,
[(12)(34)] 378 SmallGroup(480, 951)
[(12)(34)(56)(78)] | 945 SmallGroup(192, 1493)
[(123)] 168 SmallGroup(1080, 487)
[(123)(45)(67)] 7560 SmallGroup(24, 10) , (Dg x Z3)
[(123)(456)] 3360 SmallGroup(54, 13)
[(123)(456)(789)] | 2240 | SmallGroup(81,7) , ((Zs x Zs X Zs) x Zs)
[(1234)(56)] 7560 SmallGroup(24,5) , (S3 X Zy4)
[(1234)(567)(89)] | 15120 SmallGroup(12,2) , (Z12)
[(1234)(5678)] 11340 | SmallGroup(16,13) , (central product Dg, Z4)
[(12345)] 3024 SmallGroup(60, 9)
[(12345)(67)(89)] | 9072 SmallGroup(20,5) , (Z1o X Z3)
[(12345)(678)] | 12096 SmallGroup(15, 1) , (Zs)
(12345)(679)] | 12096 SmallGroup(15,1) , (Zs)
[(123456)(78)] 30240 SmallGroup(6, 2) , (Zg)
[(1234567)] 25920 SmallGroup(7,1) , (Z,)
[(123456789)] 20160 SmallGroup(9, 1) , (Zo)
[(123456798)] | 20160 SmallGroup(9, 1) , (Zo)

Table 3: The eighteen conjugacy classes of Ag, their order, and their centralizers (recall that
the centralizers of elements in the same conjugacy class are isomorphic). The centralizer
is labeled by its GAP ID (for sufficiently small groups) as “SmallGroup(a,b)” along with a
more common name in certain cases.
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Note that in the Ay discrete gauge theory we can also turn on a large variety of twists
w € Hg(Ag, U(l)) ~ ZQ X Zg’ X Z4 ~ ZG X Z12 . <B57)

Since the charge conjugation quasi-symmetry is a property of the Wilson line fusion rules,
it remains regardless of the twist.

B.2.3 GAP code

The following GAP code defines the function checkdyon() which takes in a group as an
argument. It checks for a x b = ¢ type fusions for non-abelian anyons a,b,c¢ € Z(Vecg)
and ouputs all such fusions. Moreover, if such fusions exist, it outputs Out(G) as well as
H?*(G,U(1)). Note that it requires the package HAP to function.

In order to define checkdyon() we need to first define the functions comconj() and con-

jprof().
> conjcom:=function(a,b)

> local com,i,j;

> com:=|];

> for i in [1..Size(AsList(a))] do

> for j in [i..Size(AsList(b))] do

> Append(com, [AsList(a)[i]*AsList(b)[j]*Inverse(AsList(b)[j]* AsList(a)[i])]);
> od; od;

> return DuplicateFreeList(com)=[AsList(a)[1]*Inverse(AsList(a)[1])]; end;

This function takes two conjugacy classes of a group G as inputs and outputs true if they
commute element-wise and false otherwise. Now, let us define the function conjprod()

> conjprod:=function(a,b,c)

> local prod,i,j,k;

> prod:=[[;

> for i in [1..Size(AsList(a))] do

> for j in [i..Size(AsList(b))] do

> for k in [1..Size(c)] do

> if AsList(a)[i]*AsList(b)[j] in AsList(c[k]) then

> Append(prod, [k]); break; fi; od; od; od,;

> if Size(DuplicateFreeList(prod))=1 then

> return DuplicateFreeList(prod)[1]; else return 0; fi; end;

This function takes three arguments. The first two arguments a, b are two conjugacy classes
of a group G and the third argument c is the set of all conjugacy classes of G. The function
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outputs an integer k£ > 1 if the product of two input conjugacy is a single conjugacy class
(which is at position k in the list of conjugacy classes ¢). The function outputs 0 otherwise.
Using these two functions, we finally define the checkdyon() function.

checkdyon:=function(G)

> local cn,i,j k,a,l,cenl,cen2,cen3,cenint,irrcenint,irrcenl,irrcen2,irrcens,
cenlres,cen2res,cendres,x,y,z,w,al,a2,A,LF | R;

> cn:=ConjugacyClasses(G);

> a:=0;

> for i in [1..Size(cn)] do

> for j in [i..Size(cn)] do

> if conjcom(cnlfi],cnfj]) then

> k:=conjprod(cnli],cn[j],cn);

> if k<>0 then

> cenl:=Centralizer(G,AsList(cnli])[1])
> cen2:=Centralizer(G,AsList(cnl[j])[1])
> cen3:=Centralizer(G,AsList(cn[k])[1]);

> cenint:=Intersection(cenl,cen2,cen3);

I
Y

> irrcenl:=Irr(cenl);

> irrcen2:=Irr(cen2);

> irrcen3:=Irr(cen3);

> cenlres:=RestrictedClassFunctions(irrcenl,cenint);

> cen2res:=RestrictedClassFunctions(irrcen2,cenint);

> cen3res:=RestrictedClassFunctions(irrcen3,cenint);

> irrcenint:=Irr(cenint);

> for x in [1..Size(cenlres)] do

> for y in [1..Size(cen2res)| do

> if Size(AsList(cn[i]))*DegreeOfCharacter(cenlres[x|)>1 and
Size(AsList(cnlj]))*DegreeOfCharacter(cen2res[y])>1 then
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> for z in [1..Size(cen3res)] do

> al:=[ |; a2:=] |;

> for w in [1..Size(irrcenint)] do

> Append(al,[ScalarProduct (irrcenint[w],cenlres[x|*cen2res[y])]);
> Append(a2,[ScalarProduct(irrcenint|w],cen3res|z])]);

> od;

> if al*a2=1 and
Size(AsList(cnli]))*DegreeOfCharacter(cenlres|x])*
Size(AsList(cnlj]))*DegreeOfCharacter(cen2res|y|)=
Size(AsList(cn[k]))*DegreeOfCharacter(cen3res|z]) then

> ar=1;

> Print(IdSmallGroup(G), “”, StructureDescription(G), “\n”);
> Print(“Anyon a: 7, cnli], “, 7, irrcenl[x], “\n”);

> Print(“Anyon b: 7, enfj], “, 7, irrcen2[y], “\n”);

> Print(“Anyon c: 7, en[k], “, 7, irrcen3[z], “\n”,”\n");

> fi; od; fi; od;od; fi; fi; od; od;

> if a=1 then

> A:=AutomorphismGroup(G);

> [:=InnerAutomorphismsAutomorphismGroup(A);

> F:=FactorGroup(A,I);

> Print(“Out(G): 7 ,StructureDescription(F), “\n”);

> R:=ResolutionFiniteGroup(G,3);

> Print(“H2(G,U(1)): ”,Homology(TensorWithIntegers(R),2),“\n”);
> Print(“\n”,“\n”); fi;

> end;
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