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Abstract

The field of topological data analysis (TDA) combines computational geometry and
algebraic topology notions for analyzing data. This thesis presents methods and efficient
algorithms that extend the TDA toolset.

After introducing the needed background information about Euler characteristic curves
and persistent homology, the former objects are extended to bi-dimensional filtrations.
The result are Euler characteristic surfaces, which capture insights about data over a
pair of parameters. Moreover, algorithms to compute these objects are described for
both image and point data.

Persistent homology in £, metric is also studied. It is proven that in this setting Alpha
and Cech filtration are not equivalent in general. On the other hand, two new filtra-
tions — Alpha flag and Minibox — are defined and proven equivalent to Cech filtra-
tions in homological dimensions zero and one. Algorithms for finding Minibox edges are
described, and Minibox filtrations are empirically shown to speed up the computation
of Cech persistence diagrams with computational experiments.

Then a new family of summary functions of persistence diagrams is defined, which is
related to persistence landscapes. These are called cumulative landscapes and are used
to vectorize the information contained in persistence diagrams. In particular, discretiza-
tions of these functions and their Fourier coefficients are used to obtain feature vectors
that can be applied in supervised classification problems. The effectiveness of these
feature vectors for the classification of data is compared against vectors obtained using
persistence landscapes on two open-source datasets.

Finally, a novel method is described for the analysis of high-dimensional genomics data.
Optimized metrics are defined on genomic vectors making use of a loss function. These
are used in combination with a distance-based classification method, showing good per-
formance compared to standard machine learning algorithms. Moreover, the structure
of the given optimized metrics helps identify coordinates of the genomic vectors, which

are most important for the classification task under study.
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Chapter 1

Introduction

The central objective of this thesis is to describe new computational methods for the
analysis of datasets, including efficient algorithms for their application. This research is
carried out in the framework of topological data analysis [Car09, EH10]. The focus is on
using metric information on the data at hand to measure its geometric and topological
features, which can then be used to define useful descriptors for its study. The increasing
interest in this area is motivated by the growing amount of complex data that has
become available in recent years, and the various application domains where topological
data analysis has been shown to provide useful insights. These include collaboration
networks [CH13], sensor networks [DSG07], neuroscience [BMM 116, DHL'16], robotics
[BGK15], and many others.

Persistent homology is one of the main tools of topological data analysis. It studies
the geometric and topological structure of datasets by combining concepts from the fields
of computational geometry and algebraic topology. In particular, it defines persistence
diagrams, which are multi-sets of points that compactly encode information about the
“shape” of the data at hand over a range of parameters. To obtain persistence diagrams,
functions defined on topological representations of data elements are used, which are
often determined using metric information. The notion of persistence was independently
developed by Frosini and Ferri [DFLO03], Robins [Rob99], and the research group lead by
Edelsbrunner [EKS83, EM94, ELZ02]. The property of persistence diagrams that makes
them useful for real-world applications is their stability with respect to noise in the
input data [CSEHO7]. On the other hand, the high computational cost of the standard
algorithm employed for their calculation represents a limit for their application. In cases
where the size of data is an issue, it may be preferable to use Euler characteristic-based

descriptors, for which more efficient algorithms are available [HW17].
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The methods introduced in this work extend the field of topological data analysis.
Euler characteristic curves are generalized to descriptors integrating the information
of two filtrations. Then, filtrations are described for the computation of persistence
diagrams of points in ¢, metric space. These new tools are applied to supervised classi-
fication problems on open-source data, through vectorizations obtained with a new type
of summary function called cumulative landscape. Moreover, a technique is described
for the analysis and classification of high-dimensional cancer genomic vectors, which uses

optimized metrics on the given data.

The thesis is organized as follows. Chapter 2 gives a summary of the theoretical
notions used throughout this work. The definitions of metric spaces and abstract com-
plexes are stated for completeness. Filtrations of complexes are introduced and used to
define Euler characteristic curves. This is the first descriptor presented and comes with
an algorithm for its computation on image data. Next, the theory of persistent homology
is summarized. The standard column algorithm for the computation of persistence dia-
grams is discussed, and an example is given to illustrate its application in practice. To
conclude, some of the main types of proximity filtrations used in the field of persistent
homology are introduced. These include Cech, Alpha, Delaunay-Cech, and Vietoris-Rips
filtrations, which are compared in terms of their size and the persistence diagrams they

produce.

In Chapter 3, the theory of multiparameter Euler characteristic descriptors is intro-
duced. The goal is to extend to a bi-dimensional parameter space Euler characteristic
curves, similarly to what was done in [CZ09] for multidimensional persistent homology.
The obtained objects are called Euler characteristic surfaces, and novel algorithms are
described for their computation for image and point data. The complexities of these
algorithms are stated in Proposition 3.4.1 and Proposition 3.5.1. Moreover, several
experiments, using both real and synthetically generated datasets, show that Euler char-
acteristic surfaces can contain more information than multiple curves derived from the
same data. Finally, we remark that the results and experiments discussed in this chapter
are part of the preprint [BAG™21].

Chapter 4 presents a number of results about the Cech persistent homology of points
in £, metric space from [BS21]. The starting point is that Alpha and Cech filtration
are equivalent in the Euclidean setting, as discussed in Section 2.4. However, the same
proof technique does not work in the ¢, metric setting, and it is possible to show a
counterexample to their equivalence using three-dimensional points. Nonetheless, it is
possible to define two new types of filtrations — Alpha flag and Minibox — having the
same persistence diagrams of Cech filtrations in homological dimensions zero and one.

This equivalence is proven by means of Theorem 4.3.6 and Theorem 4.4.4, as well as
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using the properties of /o-Delaunay edges. Both Alpha flag and Minibox filtrations are
sequences of flag complexes, so they have the advantage of being fully determined by the
edges they contain. On the other hand, Alpha filtrations in the Fuclidean setting need
all the simplices in the Delaunay complex of a set of points to be built. Furthermore,
it is shown that for n randomly sampled points the number of Minibox edges on these
points is proportional to n - polylog(n), while there are @ Cech edges. Algorithms
for finding Minibox edges in two, three, and higher dimensions are described, and used in
computational experiments on random points. These show that the reduced number of
simplices contained in Minibox filtrations helps decrease the time required and memory

used to compute Cech persistence diagrams of points in £, metric space.

In Chapter 5 a new type of summary functions of persistence diagrams is introduced.
These are called cumulative landscapes and are shown to preserve the information con-
tained in persistence diagrams under genericity assumptions on the points of these latter
objects. Moreover, cumulative landscapes can be used for vectorizing persistence dia-
grams using a single resolution parameter. The usefulness of the obtained vectors is
evaluated on two supervised classification problems making use of open-source data.
The average classification accuracy results of vectors obtained from Euler characteristic
curves, Euler characteristic surfaces, persistence landscapes, and cumulative landscapes
are compared. This comparison shows that in the case of image data Euler character-
istic surfaces provide better results than any persistence diagram vectorization method.
However, on both image and point data, Fourier coefficients of cumulative landscapes

improve over the results of discretized persistence landscapes.

Finally, in Chapter 6 a classification problem is studied that involves high-dimensional
cancer genomic vectors. The underlying assumption in this research is that genomic vec-
tors are partitioned into two classes: those of low-risk and high-risk patients respectively.
This information is used to define the loss function used to derive optimized metrics on
a given dataset. These metrics are then used in combination with a distance-based clas-
sification method on the genomic vectors and compared against the average accuracy
results obtained with logistic regression and nearest neighbourhoods classifiers. Exper-
iments on both synthetically generated genomic and real-world vectors show that on
this type of data the optimized distance-based classifier improves over the results of the
standard machine learning algorithms mentioned above. Moreover, the local maximums
of the weight functions used to define optimized metrics correspond to the coordinates

of genomic vectors which are most informative for the classification problem at hand.



Chapter 2
Background

This chapter presents the basic definitions and results used throughout the thesis. After
recalling metric spaces and definitions of abstract/geometric complexes, Euler charac-
teristic curves are introduced together with an algorithm for their computation. Then
an overview of persistent homology is given, followed by a discussion of the main types
of proximity filtrations used in the field of topological data analysis. Several examples
are included to illustrate Euler characteristic curves and the properties of persistence

diagrams.

2.1 Preliminaries

To begin with, it is given a summary of the definitions and notation relative to metric

spaces and abstract/geometric complexes.

Metric spaces. The general definition of metric is stated for completeness. The met-
rics used throughout this work are defined, followed by a discussion of balls and boxes

derived from these.

Definition 2.1.1. A metric or distance function on a set X is a real-valued function
de : X X X — R such that for any z,y,z € X:

(i) de(x,y) =0 if and only if z = y;
(ZZ) d0($7y) - d.(y,.’IJ);
(iii) de(x,2) < do(x,y) + de(y, 2)-

The pair (X, d,) is a metric space.
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Given X = R? and = = (21,22,...,24),¥ = (Y1,¥2,...,¥a) € X, we define three

metrics:
d
o di(z,y) =2 iy |lvi — yils

d
o do(w,y) = /D i1 (zi — yi)?;
L4 doo(xvy) = maxld:l ‘xz - yz|

We refer to ds as to the Euclidean metric, and to d; and d as the ¢; and £, metrics
respectively. Given a metric space (Rd, da), the open ball of radius r > 0 and center p €
R? is B,.(p) = {x € R? | do(z,p) < 7}. The closed ball of radius 7 > 0 and center p € R?
is denoted by B,(p). The difference between the closed and open ball is the boundary
OB, (p). The e-thickening of a set A C R% is (A) = {p € R? | minge4 de(a,p) < €}, and
from the definition of ball it follows e(B,(p)) = Br4+<(p). Moreover, a ball in ¢, metric
space, i.e. (R% dy), is the Cartesian product of d open intervals. This follows from the
definition of d, above, so that B,.(p) = Hle I?, where I? = (p; —7,pi+7). As a box we
refer to the Cartesian product of d intervals in R, i.e. an axis-parallel hyperrectangle.

Intervals and Cartesian products have the following properties.
e The intersection of a finite number of intervals is either empty or an interval.

e Cartesian products and intersections of a finite collection of sets commute, i.e.
(ANB)x (CND)=(AxC)Nn (B x D).

These follow from the definitions of intervals and Cartesian products, as given in [Mun00,
Chapter 1], and allow us to derive the below properties of boxes, which we use in Chapter
4.

Proposition 2.1.2. Let B be a finite collection of either open or closed bozes in RY.

(i) The intersection of the bozes in B is equal to the Cartesian product of the inter-
sections of intervals defining these bozxes. So this intersection is either empty or a

box.

(ii) The intersection of the boxes in B is non-empty if and only if all the pairwise

intersections of these boxes are non-empty.

Proof. Given B = {B7}"_ and B/ = [, I, if follows that

n . n d . d n )
A =N =110 " 2
7=1 j=1i=1 i=1j=1
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from the properties of Cartesian products and intersections mentioned above. Point (i)
follows because ﬂ;-lzl Iij is either empty or an interval for each 1 < 7 < d. Thus by

Equation (2.1) the intersection of all boxes is either empty or a box.

We prove the two directions of point (ii) separately. First, if ﬂ?zl B/ is non-empty,
then also all pairwise intersections of boxes are non-empty because they contain this
set. For the other direction, given that the pairwise intersections of boxes in B are
non-empty, we need to show that ﬂ?zl BJ # (). Equation (2.1) can be applied with
n = 2 to any pair of boxes B!, B2 € B, implying that I' N I7* # () for each 1 <i < d
and 1 < ji,jo < n. Then, defined @] and ] as the maximum of left endpoints and the
minimum of right endpoints of the intervals {IZ] ;-l:l for each 1 <1 < d, it must be that

a; < b, otherwise the intervals realizing these minimum and maximum values would

have an empty intersection. Thus I = (a},b;) C Iij foreach 1 <i<dand 1< j <n,
by definition of aj and b}, and (}_; I’ DI/ # 0 for each 1 <4 < d. Finally Nj=1 B is
non-empty because it contains ngl I. ]

Complexes. This thesis presents several results involving computational methods that
can be applied to real-world data. Two of the main types of datasets to which these
methods apply are finite point sets and images. These are dealt with by representing
them as a collection of complexes, which are hierarchical structures of combinatorial/-

geometric objects.

Definition 2.1.3. An abstract complex K is a finite collection of finite sets such that
if € K and ¢ C 7, then ¢ € K. A finite set in K is called a simplez. The dimension
of a simplex is equal to its cardinality minus one. The dimension of K is the maximum

dimension of any of its simplices.
Definition 2.1.4. Let K be an abstract complex.
o A subcollection of elements of K is a subcomplex if is itself a complex.

e The closure CI(K') of a subcollection K’ of elements of K is the smallest subcom-

plex of K containing K'.

e The star of of 0 in K is St(c) = {7 € K | o C 7}. Note that the star of o is not a

complex in general, while CI(St(0)) is.
e The link of o in K is Lk(0) = {7 € CI(St(0)) | o N7 = 0}.

The definitions above are purely combinatorial. Because of this, abstract complexes
can be translated into the matrices used by the algorithm of Section 2.3. However, the

sets in K do not correspond to geometric objects that can be visualized. To model the
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structure of complexes derived from data, the following definitions are used instead.

Definition 2.1.5. The convex hull of a finite point set S = {p;}I"; is the set of convex
combinations of its points of the form ayp; + aops + ... + aup,, Wwhere «; > 0 for each
i,and ) ", a; = 1.

Definition 2.1.6. A geometric simplex o is the convex hull of k+ 1 affinely independent
points {pi}fill C R?. The dimension of ¢ is k. A face o’ of o is the convex hull of k

points in {p; fill. The set of all faces of the simplex o is its boundary do.

Geometric simplices of dimension from zero to three are vertices, edges, triangles,

and tetrahedra. Higher-dimensional geometric simplices generalize these objects.

Definition 2.1.7. A geometric simplicial complex |K| is a finite set of geometric sim-
plices such that any face of a geometric simplex in |K]| is also in | K|, and the intersection
of any two geometric simplices in | K| is either empty or a geometric simplex of |K|. The

dimension of |K| is the maximum dimension of any of its geometric simplices.

Definition 2.1.8. An elementary interval is a subset I C R of the form [n,n + 1] or

[n,n], where n € Z. The second type of elementary intervals are said to be degenerate.

Definition 2.1.9. Let T = {I;}*_, be elementary intervals, of which [ < k are degener-
ate. The Cartesian product C' = Hle I; is an elementary cube of dimension k—1[. Given
two elementary cubes C’ and C' such that C' C C, then C’ is a face of C. The boundary
0C of C is the set of all its faces.

A zero-dimensional elementary cube is a vertex, a one-dimensional elementary cube
is an edge, a two-dimensional elementary cube a square, and a three-dimensional one a

cube.

Definition 2.1.10. A cubical complex |K]| is a finite set of elementary cubes, such that
the boundary of every elementary cube in |K]| is also in |K|. The dimension of |K| is

the maximum dimension of any of its elementary cubes.

Definition 2.1.11. Let K be an abstract complex. Given an embedding of the zero-
dimensional simplices of K as an affinely independent set of points in some R?, the
geometric realization |K| of K is the collection of convex hulls of the embedded finite

point sets corresponding to the simplices of K.
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2.2 Euler Characteristic Curves

Given an abstract complex K, its structure can be used to define useful topological

invariants [Hat02].

Definition 2.2.1. Let K be an abstract complex, and k, denote the number of n-

dimensional sets in K. The Fuler characteristic of K is the alternating sum

X(K)=ko—ki+ks—Fks+... (2.2)

This is one of the invariants used in this work. It has the advantage of being efficient

to compute algorithmically, as it only requires counts of elements of K.

Sublevel sets filtrations. In the context of topological data analysis [EH10, Chapter
7], the following objects are used to model real-world data parameterized by one real

variable.

Definition 2.2.2. A filtration of an abstract complex K parameterized by R is a nested

sequence of subcomplexes
Kr={K,,C K, C...CK,,}, (2.3)

where R = {r;}", is a monotonically increasing set of real values, and K,, C K for each
0<1<m.

Definition 2.2.3. Let K be an abstract complex. A real-value function h: K — R is a
filtering function on K if for each 0,7 € K such that o C 7, then h(o) < h(7).

The definition above ensures that the sublevel sets h~!((—oc,r]) for r € R, are
subcomplexes of K. Moreover, given any pair of values r1,m79 € R, if r;1 < ro, then
h=((—o0,71]) € h~1((—00,73]), which allows for the following definition.

Definition 2.2.4. Let K be an abstract complex and h : K — R a filtering function on
K. The sublevel sets filtation of K induced by h on a sets of monotonically increasing

real values R = {r;}* is the nested sequence of subcomplexes
Kh = {h_l((—oo,rg]) Ch Y ((-o00,m]) C... C h_l((—oo,rm])} . (2.4)
The idea is to associate a sublevel sets filtration to each element in a given dataset.

The Euler characteristic, or some other invariant, of the complexes in these filtrations,

can then be used to characterize the elements in the dataset [HW17].
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Definition 2.2.5. Let K% be a filtration of an abstract complex K on a set of mono-
tonically increasing real values R = {r;}!",. The Euler characteristic curve of Kr is the

vector of integer values

C(K’R) = [X(Kro)7X(Kr1)7"'vX(Krm)]a (2'5)

where x(K,) is the Euler characteristic of the subcomplexes in the filtration of K.

Euler characteristic curves of images. A gray-scale image M € N"1*"2 ig a ni-by-
ng matrix of integer values in the range [0, m] C Z, i.e. the element in position (s,t) of
M is the pixel intensity vs; € [0, m]. In the following discussion, we describe a method
that can be used to obtain Euler characteristic curves out of images. This is extended

to pair of images in Chapter 3, and applied to texture images in Chapter 5.

Given a gray-scale image M, its cubical complex |K ;| is defined as the set of ele-
mentary squares [s, s + 1] x [t,t + 1] for each pixel vy, together with all their faces and
vertices. The abstract cubical complex Kj; of M is the one whose geometric realization

equals |Kjz|, and where squares [s, s + 1] x [t,t + 1] correspond to sets o +.

Definition 2.2.6. Let M be a gray-scale image and Ky its associated abstract cubical
complex. The pizel intensity filtering function hyr : Ky — [0,m] C Z of M is defined
by setting hps(ost) = vs¢ for each o5y € K and hps(o’) = ming, ,5, har(0s,t) for each

o' C Ost-

Definition 2.2.7. Let M be a gray scale image with values in [0, m] and hys its pixel
intensity filtering function. Given the sublevel sets filtration K%M , with R consisting
of the integer values in [0,m], the Euler characteristic curve Cps of M is defined as
C(K%M), which is a vector of m + 1 integers whose i-th entry is x (hy; ([0,7 — 1])).

The above definition of Euler characteristic curve of an image is illustrated with an

example. Given the matrix

25 125 50
M= |150 225 175], (2.6)
75 200 100

which is as a gray-scale image with values in [0,255], Figure 2.1 displays it and gives
a plot of its Euler characteristic curve vector Cjy; in the form of a piecewise constant
continuous curve with domain [0, 255]. A visualization of the sublevel sets filtration K%M
of the abstract simplicial complex Kj; of M is given in Figure 2.2. This shows only the

complexes for the values at which new elementary squares are added. Note that the
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Figure 2.1: (a) Gray-scale image of example matrix M. (b) Euler characteristic curve of image
in (a).
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Figure 2.2: Sublevel sets filtration used to obtain the Euler characteristic curve in Figure 2.1b.

Algorithm 2.1 Euler characteristic curve of images.

Input: image matrix M and range [0, m].

Car = [Cu[0], Curl0] + Cor[1), .., S Coil]

return Cjy

1: Cps  zeros array of length m + 1

2: for v, in M do

3:  for each face o € K introduced at value vs; in K%M do
4: CM[Us,t] = (—1)dim(a)

5: end for

6: end for

7

8:

Fuler characteristic x of the complexes in Figure 2.2 equals the number of connected

components in the complexes minus the number of holes they contain.

Algorithm. Let Kj; be the abstract cubical complex of an image M, and hys : Ky —
[0, m] its filtering function.  The Euler characteristic curve of M can be computed
with Algorithm 2.1, where dim(c) stands for the dimension of o. This has O(n + m)
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complexity, where n is the number of pixels in M and m the number of pixel intensity
values. The O(m) contribution to this complexity comes from the cumulative sum on
line 7 of Algorithm 2.1. A full discussion of Algorithm 2.1, including computational
experiments and its streaming version generalizing the input to d-dimensional images,

can be found in [HW17].

In Chapter 3 Euler characteristic curves are generalized to objects encoding the infor-
mation provided by a pair of filtering functions, and algorithms are described for their
computation both for image and point data. This way the elements in a dataset can be
characterized based on multiple features at the same time. For example, in the case of
image data, pixel intensities and the values of a gradient on the image can be used. For

point data, distances between points and estimates of local densities can be combined.

2.3 Persistent Homology

In the previous section the concept of filtration, Definition 2.2.2, was introduced to
be used in conjunction with abstract cubical complexes derived from image data, and
obtain a vector of Euler characteristic numbers. In this section, a topological invariant
of abstract simplicial complexes is introduced. The idea is again to characterize the
elements in a dataset with the way this invariant changes on the subcomplexes of a
filtration. This way the structural information of these elements is compactly encoded
on a range of parameters. The result of this procedure is a set of so-called persistence
diagrams for each element in the dataset. In this work, these objects are going to be
primarily applied to filtrations defined on finite point sets in R?. The different ways of
associating such a filtration to a finite set of points are described in Section 2.4. Here
the focus is on the theory underlying persistence diagrams, their properties, and the way

they are computed.

Simplicial Homology. The Euler characteristic of K gives a summary of its structure
based on a combination of connected components and holes, as it was observed in the
example given in the previous section. Homology is a more powerful invariant, which
distinguishes between connectedness and “holes” in different dimensions. The following
discussion reviews the basics of simplicial homology theory. Additional information can
be found in [Hat02].

Definition 2.3.1. An oriented k-simplex [o] is a k-dimensional simplex o with an order-
ing of its elements such that two orientations are equal if the two underlying orderings

differ by an even permutation.

Definition 2.3.2. Let K be an abstract simplicial complex. A k-chain c is a formal
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sum of oriented k-simplices, i.e. ¢ = ), a;[0;], where the oy are coefficients in a field F

and the [o;] are the oriented k-simplices of K.

Definition 2.3.3. The group of k-chains C} of an abstract simplicial complex K is the

set of its k-chains together with the addition operation defined by c¢; + co = Zi(a} +
2

a?)[o;] for any pair of k-chains ¢; = Y, alfo;] and co = 3, a?[o;].

Remark. Because of the use of coefficients in a field F, the chain groups defined above

are vector spaces. Using F instead of Z is required for defining persistence diagrams on
K.

Definition 2.3.4. Let [0] = [p1,p2,...,pk+1] denote an ordered k-simplex in K, and

—[p1,p2, ..., Prr1] the same simplex with orientation reversed. The boundary operator
of o is
k+1 A
ak(a) = Z(_l)l—’—l[pl)'"725i7"'7pk+1]7 (27)
i=1
where [p1,...,Di,...,pr+1] is the oriented face of o with p; missing.

The boundary operator is an homomorphism of k-chains into (k — 1)-chains, because
Ok(c1 + c2) = Okcr + Ogca. Moreover, an important property of the boundary operator
[Hat02, Lemma 2.1] is that the composition O;0k+1 : Cry1 — Cr — Ci_1 is the zero
homomorphism for each £ € N. Defined k-cycles Zy(K) = Ker(0g), and k-boundaries
Bi(K) = Im(0k+1), the mentioned property of the boundary operator guarantees that
B(K) C Zi(K) for each k > 1. In case k = 0, it is assumed that Jy : Cp — 0 is the zero
homomorphism, so that By(K) C Zi(K) = Cp.

Definition 2.3.5. The k-th homology group of K is the quotient group

Hy(k) =

(2.8)

The k-th Betti number Bi(K) is the rank on Hy(K). Elements of Hy(K) are called
homology classes, and two k-cycles mapped into the same homology class by the quotient

operation are said to be homologous.

Remark. In case it is defined 9y : Cy — F by setting do(>, a;03) = >, o, the quotient
groups above are called the reduced homology groups Hy(K) of K.

The zeroth Betti number [y(K) corresponds to the number of connected compo-
nents of the geometric realization |K| of K [Arm13, Theorem 8.2]. Moreover, if |K]| is
homeomorphic to the unit n-sphere S* = {z € R""! : ||z||z = 1}, then By(K) = 0 for
1<k<n-—1,and §,(K) = 1. In general, 3,(K) equals the number of n-dimensional
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holes in the geometric realization of K. Betti numbers and the Euler characteristic of a

complex K are related by the following equation, as stated by Theorem 2.44 in [Hat02].

X(K) = (=1)'Bi(K). (2.9)

k=0

Persistence Diagrams. The information captured by homology groups, and in par-
ticular their rank, is useful for characterizing K. Furthermore, Equation (2.9) ensures
that Betti numbers provide more information than Euler characteristic. Section 2.4
presents various ways of associating a finite set of points S to a sequence of abstract sim-
plicial complexes, i.e. a filtration. The idea is that the complexes in a filtration encode
the topological and geometric structure of S at different scales. A possible strategy for
characterizing filtrations is to compute the Betti numbers of their subcomplexes. This
would be similar to how Euler characteristic curves are associated to K in Section 2.2.
The approach presented here captures even more information by tracking how homology
classes appear and disappear in the given filtration, i.e. how long they persist. The fol-
lowing discussion summarizes the main definitions and results of the theory of persistent

homology. An expanded discussion of these concepts can be found in [EH10, Chapter 7).

Definition 2.3.6. Let K% be a filtration of an abstract simplicial complex K, where
R = {r;}*,, is a monotonically increasing set of real values. The k-th persistence module
of Kp is

My (Kgr) = {Hk(KTO) — Hp(Ky,) — ... = Hy(K,,) — Hk(KTmH)} , (2.10)

where 7,41 = 400 and K = K.

Because homology was defined with coefficients in a field F, persistence modules can
be put in bijection with sets of intervals on the values {r;}”, U {4+o00}. This result
is presented as given in [Oud15, Chapter 1], for the case of finite persistence modules

containing only finite-dimensional homology groups.

Theorem 2.3.7. Every persistence module My (Kg) is decomposable as a direct sum

My (KR) = @ T [ri, )] (2.11)
leL

where ]Ié/, [13,7;] is the indecomposable interval module

[r1,m—1] [ri,rj—1] [rj,mm+1]
7\

050 0%2FLF- FLF%0%0---0%0 (2.12)
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Moreover, the decomposition in Equation (2.11) is unique up to isomorphism and per-

mutation of its terms.

The proof of this theorem follows from the Krull-Remak-Schmidt principle, and
Gabriel’s theorem [Gab72] applied to the special case of persistence modules. Each inde-
composable interval I [r;, 7;] represents an homology class [y] created at r; and deleted at
rj. A simplex o; added going from K, | to K,,, that creates a k-cycle representing [v], is
a positive simplex. On the other hand, a simplex 7; added going from K, _, to K,,, that
creates a k-boundary of [v], is a negative simplex. Together (o;,7;) form a persistence
pair, and the persistence of [y] is r; — r;. This difference quantifies the importance of

the connected component/k-hole represented by [y] in K.

Definition 2.3.8. Let Ky be a filtration and My (KR) its persistence module. The k-th

persistence diagram of Kg is the multi-set of points
Dgmy(KRr) = {(ri,rj) eR’ | I [r;, ;] is indecomposable interval of Mk(KR)} , (2.13)

where R = (R U {+00})? is the extended plane.

Given a d-dimensional abstract complex K, any parameterized filtration K% has non-
trivial persistence diagrams in homological dimensions 0 < k < d — 1. This collection
of multisets of points encodes the information about creation and deletion of connected

components and k-holes in K5 .

Persistent Homology Algorithm. Given a sublevel set filtration K% of a complex
K, its k-th persistence diagram can be computed by reducing a matrix Dy, € ()" *™k+1
where my, is the number of k-simplices in K for any k£ > 0. To obtain this matrix, the &k
and (k + 1)-simplices of K are first sorted on their h values, i.e. o; < o; if h(o;) < h(oj)
for 0;,0; € K. Ties are broken arbitrarily. The result are the sorted lists of k-simplices
(00,01,...,0m;,—1) and (k+1)-simplices (70,71, ..., Tm,,~1). The elements of the matrix

Dy, are defined by setting

1 if oy € Opt1([74]),
Dililli] = ¢ —1  if —o0; € ppr (7)), (2.14)
0 otherwise,

for each 0 < i < mp —1 and 0 < j < mgy1 — 1. This way the j-th column of Dy

represents the boundary of 7;.

We present the standard persistent homology algorithm [DSMVJ11]. Its pseudocode
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Algorithm 2.2 Standard persistent homology algorithm.
Input: matrix Dyg.

1: Ry < Dy
2: for j =0 tomgi1 —1do
3:  while 3 j' < j such that lowg, (') = lowg, (j) do

£ o Rellown, ()]lj]/ Rellowr, (7))17"
5: for i =0tom; —1do

6 Ryfillj] = Rilillj] — ¢ Rili]lf]

7 end for

8: end while

9: end for

10: return R

is given in Algorithm 2.2. This outputs an upper triangular matrix Ry, iterating on the
columns of Dy, from left to right. It makes use of lowg, (j), which is the row index of
the lowest non-zero element in the j-th column of Ry, or is undefined if this column
contains only zeros. The matrix Ry is characterized by the fact of being reduced, i.e.
any two non-zero columns j; and jp are such that lowg, (j1) # lowg, (j2), and of being
obtained with column operations from left to right. Moreover, R defines a collection
of pairs {(i,j) 11 = lowp, (j)}, which the Pairing Lemma of [EH10, Chapter 7] ensures
to be independent of the final reduced form of D). These pairs of indices correspond to
pairs of simplices (o3, 7j) representing the creation and deletion of a k-homology class,
and so to a point (h(c;), h(7;)) in Dgmy(K%). Besides, if row i in Dy, does not contain
the lowg, (j) element of any column j, and either k£ = 0 or column ¢ in Dj_; contains
only zeros, then o; represents a k-homology class created at h(o;) that is never deleted,

and so a point (h(0;),+00) in Dgmy (KR).

Algorithm 2.2 has a worst-case running time of O(mym? +1), as it loops twice of
the columns of Ry and once on its rows. To obtain the persistence diagrams of Kg
up to homological dimension k, the matrices Dy, D1, ..., D need to be reduced with
Algorithm 2.2. Then the points in the persistence diagrams are derived using the filtering

function h as described above.

A substantial amount of work has been done to improve the computational complexity
of persistent homology algorithm, with a large number of results [BKR14a, BKR14b,
CK11, DSMVJ11, MN13, WCV12] which have greatly sped up computations in practice
[OPT*17]. For instance, in [MMS11] the complexity of Algorithm 2.2 it is improved
to O(n") for the computation of zigzag persistent homology, where n is the number

of simplices of K and w ~ 2.376 if using the Coppersmith—Winograd algorithm for
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Figure 2.3: Filtration of a complex on four vertices. The h value of the simplex added at each
step is shown above each K,,.

matrix multiplication [CW90]. However, it has also been observed that smaller complexes
generally result in faster computation. For example, Alpha filtrations are introduced in
Section 2.4 to reduce the number of simplices that need to be taken into consideration
for the computation of the Cech persistence diagrams of points in Euclidean metric
space. Similarly, the filtrations described in Chapter 4 help in reducing the size of Cech

filtrations for points in £, metric space.

To conclude this discussion of the standard persistent homology algorithm, it is worth
mentioning that the field of coefficients F is often assumed to be Zo = Z/27Z. For
instance, this is the case for the original persistent homology algorithm described in
[ELZ02]. Furthermore, using Zy allows to ignore orientations of simplices. Thus it is not
necessary to compute ¢ on line 4 of Algorithm 2.2, and the elements of two columns of

R, can be summed modulo two arithmetic.

Example: Persistence diagrams of filtration on four vertices. Let Kr be the
filtration containing four vertices, five edges, and one triangle in Figure 2.3. These
simplices are parameterized by values from 1 to 10. In particular the list of sorted
vertices is ([1], [2], [3], [4]) with filtrations values (1, 2, 3, 4), the list of sorted edges
([1,2], [2,3], [3,4], [1,4], [1,3]) with filtration values (5, 6, 7, 8, 9), and the list of sorted

triangles ([1, 2, 3]) with value (10). Using coefficients in Zsg, these result in the matrices

[17273]

(1,2] [2,3] [3.4] [1.4] [L,3]
[1,2] 1

1] 1 0 o0 1 1
1 1 0 0 0 2 !

2
Dy = 2 and Dj; = [34] 0 )

[3] o 1 1 0 1
[1,4] 0

[4] 0 0 1 1 0
(1,3] 1
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+00|
12

sDgm,

0 4 & 12

Figure 2.4: Persistence diagrams of filtration in Figure 2.3.

where rows and columns are labeled with their corresponding simplex. Algorithm 2.2

can be used to reduce Dy, obtaining

1,2] [2,3] [34] [1,4] [1,3]
1 0 0 0 0

[y

i)

Ry =

V—‘Er—‘.—v

1
0
0

S =
= = O

0 0

0 0
4] 0 0
On the other hand, Dy = R, is already reduced. The pairs ¢ = lowg, (j) of the reduced
matrices give the pairs of simplices prducing the persistence diagrams in homological
dimensions zero and one of K, which are displayed in Figure 2.4. Note that Dgmg(Kr)
contains one point at infinity, corresponding to the connected component created by [1]

at filtration value 1.0. Similarly, Dgm, (K®) contains (8.0, +00), which corresponds to
the 1-cycle created by [1,4].

Bottleneck distance and stability. In order for persistence diagrams to be used to
distinguish between elements of a dataset, a notion of dissimilarity between diagrams

needs to be introduced.

Definition 2.3.9. Let K713 and K% be two parameterized filtrations, and A = {(ac, x) €
R? with infinite multiplicity : x € R U {+oo}} the diagonal counted with infinite mul-
tiplicity. The bottleneck distance between the persistence diagrams of these filtrations
is

dp(Dgmy,(Kx), Dgmy(K%)) = inf sup doo(z,n(z)), (2.15)
n:X=Y pex

where the infimum is taken over the set of all possible bijections n : X — Y, from
X = Dgmy,(KL)UA into Y = Dgm,(K%) UA.
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The bottleneck distance makes use of a matching 7 of the points in two diagrams. The
diagonal A is added with infinite multiplicity so that X and Y have the same cardinality.
These additional points can be thought as of features having persistence equal to zero.
Moreover, for sublevel sets filtrations, bottleneck distance has the following important
stability property, first described in [CSEHO07].

Theorem 2.3.10 (Stability Theorem for Filtrations [EH10]). Let K be a d-dimensional
abstract simplicial complex and hy : K — R and he : K — R two filtering functions. The
persistence diagrams of the sublevel sets filtrations of h1 and ho on a set of monotonically

increasing real values R satisfy
dp (Dgmy(K), Dgmy,(KR)) < [lh1 — halloc, (2.16)
for each 0 < k <d—1, where ||h1 — h2lloc = Supyex |h1(0) — ha(o)].

This guarantees that small changes in the filtering functions are reflected in small

perturbations of the points of the persistence diagrams.

2.4 Proximity Filtrations

In Section 2.2 it is shown how to define a sequence of abstract cubical complexes given
a gray-scale image M. In the following discussion are described various methods for
defining a sequence of abstract simplicial complexes on a finite set of point S. These
filtrations model the structure of S on a range of scales. In particular, a distance d, on
the points of S is used to define the different sublevel sets filtrations of this section. This
way the proximity of points in S is reflected in the local connectedness and presence of
k-holes in the filtrations subcomplexes K, ,. Persistence diagrams can then be used to

compactly encode this information.

Cech filtrations. The first type of filtration uses intersections of balls centered in the
points of .S to model the topological and geometric structure of this set of points. Its

subcomplexes are an instance of the following general concept.

Definition 2.4.1. The nerve of a finite collection of open or closed sets {A;}icr is the

abstract simplicial complex

Nrv({A; }ies) = {a 1| A+ (z)}. (2.17)

1€0

Definition 2.4.2. Let S be a finite set of points in (R%,d,). The Cech complex with
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radius r of S is

K?:{agsyﬂiﬂﬁ¢®} (2.18)

pEC

Given R = {r;}I", to be a finite set of monotonically increasing real values, the Cech
filtration K% of S is ] ) )
K{ CK{ C...CK{. (2.19)

We use closed balls to define Cech complexes for consistency with the definitions of
Alpha flag and Minibox complexes in Chapter 4. Note that using either open or closed
balls results in the same ordering of simplices of K in Cech filtrations. Thus the input
matrix Dy, of Algorithm 2.2 is unaffected by this choice, as well as the resulting Cech
persistence diagrams. Moreover, the following version of the Nerve Theorem can be used

to establish a connection between the topology of KTC and the finite union {J,c g B (p)-

Theorem 2.4.3 (Theorem 10.7 [GGL95]). Let X be a triangulable space and {A;}icr
a locally finite family of open subsets (or a finite family of closed subsets) such that
X = U,er Ai- If every non-empty intersection Ay N Ay, N ... N A, is contractible, then
X and the nerve Nruv({A;}icr) are homotopy equivalent.

Cech complexes have the following properties.

B, (p) are homotopy

e The Cech complex K,,C and the union of closed balls Upe g
equivalent, by Theorem 2.4.3 applied to the finite family of closed balls { B, (p) } pes-

e If r € R is greater than the radius of the minimal enclosing ball of the points of .S,
then KTC contains all the simplices on the points of S, that is to say KTC = K" the
full complex on S, having (kil) k-simplices for k£ > 0 where n = |S]|.

e The Cech filtration can be seen as a sublevel sets filtration of the full complex
K™ on S. Its filtering function is hps : K™ — R, defined by setting his(0) =
inf,cga maxpyes do(x,p) for each o € K™. Moreover, hx(0) equals the smallest

enclosing ball radius of o.

Given K% , to produce the sorted list of k-simplices used by Algorithm 2.2 the smallest
enclosing ball radiuses of simplices in K Sn need to be computed and sorted. For this pre-
processing step the miniball algorithm of [G&r99] can be used. Finally, Cech persistence

diagrams are computed up to some fixed homological dimension k& > 0. This requires to
n fc+2)
” k+2

of k is typically chosen to be less than or equal to 2, because of the complexity of the

operate on (;",) (k+ 1)-dimensional simplices, i.e. ©(n simplices. Thus, the value

persistent homology algorithm and the number of simplices in Cech filtrations.
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1.0

Figure 2.5: Boundaries of £,.-Voronoi regions of points in R?, and corresponding f..-Delaunay
triangulation.

Voronoi diagrams and Delaunay triangulations. The following discussion intro-
duces geometric constructions that can be used to limit the number of simplices in Cech
filtrations, and still obtain the desired persistence diagrams. In particular, Voronoi dia-
grams and Delaunay triangulations are defined for points in a general metric space.
These have been extensively studied in computational geometry [dBCvKOO8], primar-
ily for Euclidean space. See [AKL13] for a reference for general Voronoi diagrams and

Delaunay triangulations.

Definition 2.4.4. Let S be a finite set of points in (R% d,). The Voronoi region of a
point p € S is
Vp = {x e R | do(p, ) < do(q, ), Vg € S}. (2.20)

The set of Voronoi regions {V}},es is the Voronoi diagram of S.

Definition 2.4.5. The Delaunay complex of a finite set of points S C (R, d,) is the

abstract simplicial complex

KD:{agsy ﬂvpyé@}. (2.21)

peo

In the remainder of this section, the focus is on {,.-Voronoi regions and ¢~.-Delaunay
complexes, as their properties are used in Chapter 4. An example of such objects, for
points in R?, is given in Figure 2.5. To begin with, it is worth noting that the structure
of intersections of Voronoi regions defined using general polyhedral distances may be
degenerate. For instance, as in the Euclidean case, d + 2 points in R? can have foo-
Voronoi regions with a non-empty intersection. This is illustrated by the four points in
R? of Figure 2.6a. Moreover, without assuming any hypothesis on S the intersection of

two £so-Voronoi regions can be a d-dimensional subset of R?. For example, given two
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(a) (b) ()

Figure 2.6: (a) Four points in R? whose Delaunay complex is three-dimensional. (b) Degenerate
intersection of /..-Voronoi regions of two collinear points p and ¢, meaning that the segment pq
is either horizontal or vertical. (¢) ¢o.-Voronoi regions are not convex.

collinear points p and ¢ in R?, i.e. p and ¢ share a coordinate in R?, V, NVg is the union
of a line segment and two cones, the shaded areas in Figure 2.6b. We introduce the
concept of bisector, and then describe constraints that can be imposed on the points of

S to avoid such degenerate cases.

Definition 2.4.6. Let S be a finite set of points in (R?, dy.). The bisector of a subset
cCSis
bis, = {;1: e R? | do(p, z) = do(q, x) for p,q € a} . (2.22)

Remark. We have [

showing that bis, is non-degenerate implies that ﬂpe » Vp is also non-degenerate.

beo Vo C bis, by definition of Voronoi region and bisector. So

In [CJS19] the structure of bisectors of polyhedral distances is studied in light of
different types (weak and strong) of general position assumptions. In particular, by
Proposition 3.1 of [CJS19], it follows that the bisector between any two points in any
(R%, d) is a polyhedral complex.

In this thesis, we use different definitions of general position for point sets in different
dimensions. In particular, more conditions are imposed on points in dimension two, so

that in this case S is in weak general position, as defined in [CJS19].

Definition 2.4.7. Let S be a finite set of points in (R% d). The set S is in general
position if the distances between pairs of points of S are all distinct. Moreover, for d = 2,
it is required that no four points in S lie on the boundary of a square, no three points

are collinear, and no two points have the same x or y coordinate.

Remark. The general position of S ensures that the intersection of three f£,.-Voronoi
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regions in R? is either empty or a point, by Corollary 3.19 of [CJS19].

The following result describes the bisector of a pair of points in general position in

the plane.

Proposition 2.4.8. Let p, ¢ € (R2, dy) be in general position. The bisector of p and

q is the union of the line segment AT = OBy(p) N 0Br(q), where T = %, and two

half-infinite lines with slope either 1 or —1, the initial points of which are the endpoints

of AL.

Proof. Let e = {p, q}. The bisector bis, of p and ¢ is the set of equidistant points from

p and ¢ by definition, i.e. bis, = (-, 0B.(p) N 0B,(¢q). Moreover, both 0B, (p) and

0B, (q) are the boundaries of axis-parallel squares in the plane with sides of length 2r, by

definition of do,. These have an empty intersection for any r < 7, where 7 = M. On

the other hand, A7 = 0Br(p) N dBr(q) is a horizontal or vertical line segment, because

the axis-parallel squares intersect along a face for r = 7. For example, in Figure 2.6¢
AT is the line segment [0.0,0.5] x [0.5,0.5] C R%. In case r = 7 + ¢ > 7, the intersection
OBr1e(p) N OBric(q) consists of exactly two points a® = (a$,af), b° = (b5,b5) € R

Ty

for each € > 0, by the general position assumption on p and ¢q. Given the endpoints
¢ = (cy,¢y) and d = (dy,dy) € R? of A7, we have the below equations, which follow from

the structure of the intersections of boundaries of the axis-parallel squares 0Br.(p) and

O0B5 . (Q):

a, =cy e, (2.23)
a; = ¢y te, (2.24)
b =d, +e, (2.25)
b =dy, +e. (2.26)

Note that ¢ is added or subtracted depending on the relative positioning of p and gq.
Because the choice of sign in these equations is fixed for any € > 0, we have that
Ly = U,so0a® and Ly = |J,-(b° are two half-infinite lines with ¢ and d as initial points
respectively, and that L; and Lo have slope either 1 or —1. We conclude that bis, =
Urs09Br(p) N9B:(q) = AL U L1 U Lo. O

Definition 2.4.9. The Delaunay triangulation of a finite set of points S in general
position in (R?,ds) is the geometric realization of the Delaunay complex K of S,

which is the set of convex hulls of simplices of K.

Finally, ¢.,-Voronoi regions are shown to be generally non-convex. To see this consider
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p = (0,0) and q = (%, 1) in R? and the intersection of their /,-Voronoi regions, as in
Figure 2.6c. These are such that z; = (i, %) 2o = (4, 4) € Vp, Vg, but the middle point
on the line segment from z; to 2o is % = (2, 8) which belongs to V}, only. Thus Vj is
not convex so that the standard way of proving the equivalence of Cech filtrations and

the next type of filtration introduced in this section does not work in £, metric.

Alpha filtrations. The Voronoi regions of .S can be used to filter-out high-dimensional

simplices from Cech complexes.

Definition 2.4.10. Let S be a finite set of points in (R? d,). The Alpha complex with

radius r of S is

{UCS\ N BN V) ;é@} (2.27)

pEoc
Given R = {r;}I", to be a finite set of monotonically increasing real values, the Alpha
filtration K;% of S is
KACKAC.. KA. (2.28)

The idea is to remove “redundant” simplices from Krc and preserve its equivalence
with the union of closed balls centered in the points of S. This might be possible because
Upes Br B.(p) = Upes (B,(p)NV,) for any r € R. In practice, this works only for points in
Euclidean distance. In this case, it is known that the filtration Kj% produces the same
persistence diagrams of Kz ¢ This is proven by means of the Nerve Theorem 2.4.3, which
applies because K4 is the nerve of the collection {B )NV, } beS?

are all convex and closed, assuming the Euclidean dlstance dg is used. Importantly,

the elements of which

convex sets are contractible, as well as any intersection of a finite number of convex sets.
Thus Kf‘ and K¢ are homotopy equivalent for each r € R, and their homology groups

isomorphic. The equivalence of K;% and K% follows from the next theorem.

Theorem 2.4.11 (Persistence Equivalence Theorem [EH10]). Consider two sequences

of homology groups with coefficients in a field connected by homomorphisms ¢; : U; — V;

Uo Ur Unm Um+1
l l l l (2.29)
Vb Vl Vm Vm+1-

If the ¢; are isomorphisms and all square commute, then the persistence diagrams defined
by the U; are the same as those defined by the V.

See [EH10, Section 3.4] for more details on Alpha complexes.
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In conclusion, Alpha filtrations can be used to speed up the computation of Cech
persistent homology of S C (R? dy), because K;f: C KP for each r; € R and the
Delaunay complex of S contains only a subset of the simplices of the full complex K.
In particular, KP is expected to contain O(n[%w) d-dimensional simplices if S consists
of n points in R? [HBOS].

Delaunay-Cech filtrations. Alpha complexes use Voronoi regions to constrain the
intersection of the closed balls centered in the points of .S. The simplices of the Delaunay

complex K can also be used directly.

Definition 2.4.12. Let S be a finite set of points in (R% d,). The Delaunay-Cech

complex with radius r of S is

KPC ={o c K| () B.p) #0}. (2:30)

peo

Given R = {r;}, to be a finite set of monotonically increasing real values, the Delaunay-
Cech filtration K%C of S is

KPC c kPCc .. KPC. (2.31)

Simplices in K,Pé are parameterized by their minimal enclosing ball radius, as for
Cech simplices. So Delaunay-Cech filtrations can be seen as sublevel sets filtrations of
hpe t KP — R with hpa(o) = inf,cpe maxpe, do(z, p) for each o € KP. Given points
in n-dimensional Euclidean space, in [BE17] it is proven that Alpha, Delaunay-Cech,

Cech filtrations all produce the same persistence diagrams.

Example: Perturbed Delaunay-Cech filtration. The stability of persistence dia-
grams of Delaunay-Cech filtrations is illustrated with an example. Recall that the Stabil-
ity Theorem 2.3.10 guarantees that the persistence diagrams of close filtering functions
are going to be close. So, because of the definition of Delaunay-Cech filtering functions
hp¢, infinitesimal perturbations of points sets induce infinitesimal perturbations of their
persistence diagrams. Here, this property is empirically illustrated with an example. Let
S7 and Sy consist of two distinct random perturbations of seven points disposed on a
circle of radius 10 in (R2, dy), plotted in Figures 2.7a and 2.8a. Moreover, let K, K be
the Euclidean Delaunay complexes of 51 and Sa, and R1, Ro the sets of monotonically
increasing real values containing the minimal enclosing ball radiuses of all simplices in
KlD and KQD respectively. Given these, the Euclidean Cech persistence diagrams of S;
and So can be computed using their Delaunay-Cech filtrations K%C and K%QC Figures

2.7c and 2.8c show five of the subcomplexes in these filtrations.



Chapter 2. Background 25

20 (©)
o
© o
10
o
o
0 °
0 10 20
(a) Points is S1. (b) Cech persistence diagrams of S;.

Choee

(¢) Delaunay-Cech filtration of points in Si.

Figure 2.7
o
20 oo
© 12
o
8
10 °
® 4
@)
@)
0 0
0 10 20
(a) Points in S5. (b) Cech persistence diagrams of Sa.

0.0 4.1 6.9

NEVE -+

(¢) Delaunay-Cech filtration of points in Sa.

Figure 2.8

The resulting Cech persistence diagrams are in Figures 2.7b and 2.8b. These were

computed using the gudhi Python package [GUD21], which was also used to calculate
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Figure 2.9: The intersections of disks in (a) produce the Cech and Vietoris-Rips complexes in
(b) and (c) respectively.

the bottleneck distances between diagrams, obtaining dp(Dgm, (Kglc), Dgm,, (K7€2C)) R~
0.397 and dp(Dgm, (KR“), Dgm, (KR®)) ~ 0.626.

Vietoris-Rips filtrations. An abstract simplicial complex K is a flag complex if K is
the clique complex of its 1-skeleton, i.e. K contains a simplex ¢ if and only if it contains
all the edges in . The final parameterized filtration introduced in this section consists

of a sequence of flag complexes.

Definition 2.4.13. Let S be a finite set of points in (R, d,). The Vietoris-Rips complex

with radius r of S is
KVE = {a C S| maxde(p,q) < 2r}. (2.32)
p,g€c

Given R = {r;}I", to be a finite set of monotonically increasing real values, the Vietoris-
Rips filtration K%R of S is

KYRCKYRC. .. CK'E (2.33)

Both Vietoris-Rips and Cech complexes are subcomplexes of the full complex K™ on
S. The advantages of Vietoris-Rips complexes are that the parameters of their simplices
are max, seo de(p, q) for each o € KV (there is no need to compute smallest enclosing
ball radiuses), and that their flag structure allows for shortcuts in the computation of
their persistence diagrams (apparent and emergent persistence pairs of [Baul9]). More-
over, efficient software has been developed for the computation of Vietoris-Rips per-
sistence diagrams [Baul9, TSBO18]. Hence, in case it is not possible to compute the
Delaunay complex of S, for instance in high-dimensions where the complexity of K

explodes, Vietoris-Rips persistence diagrams are usually preferred to Cech persistence
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diagrams as a way of encoding the structure of a set of points on a range of scales.
The following proposition ensures that the sublevel sets filtrations from which Euclidean
Cech and Vietoris-Rips complexes are obtained cannot be too dissimilar. By the Stabil-
ity Theorem 2.3.10 this also gives a (multiplicative) bound on the bottleneck distance

between their diagrams.

Proposition 2.4.14. Let K,,C and KV be the Euclidean Cech and Vietoris-Rips com-
plexes of S C (RY,ds) with radius r € R. The following nesting holds

C VR C C
Ky CK/™"C KQT\/% C K\/ir‘ (2.34)

Proof. The first inclusion follows by the definition of Cech and Vietoris-Rips complexes.
The second by Jung’s theorem [DGKG63] on a set of points in Euclidean space. Finally,

2(d+1)
infinity, hence the third inclusion. O

note that 2r,/=—%— converges to 27"% = /2r from below for dimension d going to



Chapter 3

FEuler Characteristic of

Multiparameter Filtrations

Fuler characteristic curves and persistence diagrams, defined in Sections 2.2 and 2.3,
encode information about the structural changes of abstract complexes in a filtration.
This is a parameterized sequence of nested complexes, obtained by taking sublevel sets
of a real-values function h : K — R. In the case of images, an appropriate h can be
defined using pixel intensity values. On the other hand, for finite point sets the radius
of the smallest enclosing balls of geometric simplices can be used to obtain the Cech

filtering function hx. In both cases, a single parameter determines the final filtration.

In [CZ09] it was observed that many applications would benefit from studying the
structural changes in families of complexes determined by multiple parameters. Values
of radii, densities, and curvatures are mentioned as examples of parameters that could
be combined to study the geometric structure and topological connectivity of datasets.
Moreover, in the same paper, it was introduced the theory of multiparameter persistence
and the rank invariant. Unfortunately, the computation of this invariant does not scale
as well as for persistence diagrams (although efficient implementations exist for two-

parameter persistence [LW15]), which restricts its possible applications.

Here it is proposed to utilize the Euler characteristic of families of complexes deter-
mined by two-parameters as an alternative to bi-dimensional persistence. This still allows
getting insights about data on a multidimensional parameter space, while reducing the
computational burden for obtaining them. The price to pay is a reduced amount of
topological information extracted from the given nested family of complexes, as FEuler

characteristic is fully determined by ranks of homology groups, see Equation (2.9).

28
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In this chapter, Euler characteristic curves are generalized to the Cartesian product
of two parameterized filtrations. Then, algorithms are presented for the computation
of such objects, both for image and point data. A Python package implementing these
algorithms is also provided, which allows for their application in practice. To conclude,
computational experiments are given to illustrate how multidimensional parameteriza-
tions capture information that would otherwise be lost by single-parameter Euler char-

acteristic curves.

Note that, the novel results presented in this chapter are also part of the preprint
[BAG21], where Euler characteristic is applied for the detection of diabetic retinopathy

in retinal image.

3.1 Bi-filtrations and Euler Characteristic

The concept of sublevel sets filtration (see Definition 2.2.4) can be modified to make use
of a pair of parameters for each simplex in an abstract complex K. The notation of
Chapter 2 is adopted. Thus, a filtration of an abstract complex K is denoted by Kpg,

where R = {r;}I", is a monotonically increasing set of real values.

Definition 3.1.1. A bi-filtration of an abstract simplicial complex K parameterized by

R1 and Rs is a grid of nested subcomplexes

Koo < Koi1 C C  Kom,
N N N
Kip © Kip C C Kims
Krir, =% N N IN : (3.1)
N N N
Ko © Kmya © -+ C Kpymg

where Ry = {r}}"\ and Ry = {r?};”:zo are mononically increasing sets of real values,
and K;; C K for each 0 <7 <mj and 0 < j < mo.

Remark. The subcomplexes in Equation (3.1) are denoted with K; ; instead of K1 ,2 to
17

simplify notation.
The following definition is given as in [BAGT21].

Definition 3.1.2. Let Kz, r, be a bi-filtration of an abstract complex K on the sets

of monotonically increasing real values Ry = {r;}I"}) and Ry = {7“]2-};”:20. The Euler



Chapter 3. Fuler Characteristic of Multiparameter Filtrations 30

characteristic surface of Kg, r, is the (mi + 1) X (ma + 1) matrix of integers

X(Koo),  x(Kon1), X (Ko,m,)
X(Kip0),  x(K11), - xX(Kims)

S(KR, Ry) = : : . : 1, (3.2)
X(Km1,0)7 X(Km1,1)7 T X(Kml,mz)

where x(K; ;) is the Euler characteristic of the subcomplexes in the bi-filtration of K.

As done in Chapter 2 with filtering functions, we use sublevel sets of appropriate

functions to define bi-filtrations on data.

Definition 3.1.3. Let K be an abstract complex. A function h : K — R? is a bi-
filtering function on K if for each 0,7 € K such that ¢ C 7, then h(o); < h(7); and
h(o)2 < h(7)s, where h(o) = (h(o)1,h(0)2), h(r) = (h(7)1,h(7)2).

Definition 3.1.4. Let K be an abstract complex and h : K — R? a bi-filtering function
on K. The sublevel sets bi-filtration of K induced by h on two sets of monotonically
increasing real-values Ry = {r}}"1, Ry = {7“]2 }72 is the bi-filtration K%LRQ such that

K;j;= h_l((—oo,ril] X (—oo,rjz-]), (3.3)

for each 0 < i <mj and 0 < j < meo.

Remark. If h is defined by means of two filtering functions h; : K — R and he : K — R,
i.e. h(o) = (hi(o), ha(0)) for each o € K, then Equation (3.3) is equivalent at K; ; =
hit ((—o0,r]) N hyt ((—o0, TJQ]) by the definition of Cartesian product.

Euler characteristic surfaces of pairs of images. Given a pair of gray-scale images
M; and My, with the same size ny X ng and values in [0, m] C N, the method described
in Section 2.2 can be used to obtain the pixel intensity filtering functions hys, and hyy,
of My and Ms respectively. Defined h : Kj;, — R by setting h(o) = (hay (0), har, (0))
for each o € Ky, !, it follows that h is a bi-filtering function. The Euler characteristic
surface Sy, m, of the pair of images M; and Ms is defined as S(K%LRQ), where both
R1 and R coincide with the set of integer values in [0,m]. Note that the last column
and last row of S(K%IRQ) are equal to the Euler characteristic curves C(K;glwl) and
C(K;;I;IQ) respectively, by the remark above. So the Euler characteristic surface contains
all the topological information of C(K%ll) and C(K%), plus the information coming

from intersections of sublevel sets of hjp;, and hjps,. In case a pair of three-dimensional

!The abstract cubical complexes Ky, and Kjr, coincide because M; and Ms are both nj-by-ns
matrices.
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images Mj, My is given, it is assumed that Kj;, and Ky, are three-dimensional abstract
cubical complexes whose geometric realizations contain an elementary cube [s, s + 1] X
[t,t + 1] X [u,u + 1] for each voxel vss, € [0,m] in My and M. Moreover, the voxel
intensity filtering functions hjps, and hjs, are the natural extensions of pixel intensity
filtering functions, setting the value of top-dimensional elements in Kj;, and Ky, to the

corresponding voxel intensities.

In Sections 3.4 and 3.5, we describe novel algorithms for computing Euler character-
istic surfaces of two and three-dimensional data. Before discussing these, we study the
invariance properties of Euler characteristic curves and surfaces, as well as their stability
with respect to perturbations in the input data. Furthermore, we investigate the struc-
ture of expected Euler characteristic surfaces of random images in order to show that

they can contain more information than Euler characteristic curves.

3.2 Properties of Euler Characteristic Curves and Surfaces

By Equation 2.9 in Chapter 2, we know that the Euler characteristic x(K') of an abstract
complex K is determined by the ranks of the homology groups of K. So, x(K) is deter-
mined by the homotopy type of K, as homotopy equivalent complexes have isomorphic
homology groups [Hat02]. Thus, we conclude that Euler characteristic curves and sur-
faces are invariant up to homotopy equivalence of the subcomplexes of filtrations Kg

and bi-filtrations Kr, r,.

When dealing with real-world applications, Euler characteristic curves and surfaces
are derived from sublevel sets (bi-)filtrations. Hence, we are interested in the way in
which Euler characteristic changes, given a perturbation of the input data. In this
context, it would be desirable to prove a result equivalent to the Stability Theorem
2.3.10 of persistent homology. However, we show with a counterexample that such a

result cannot be obtained.

Counterexample: “close” gray-scale images with different Euler characteris-
tic curves. We show the existence of gray-scale images My and My, of arbitrary size,
with pixel values in [0,255] such that ||hnr, — hasy|leo = 1, where hyy, and hyy, are the
pixel intensity filtering functions of M7 and Ms. Moreover, we show that, by increasing
the size of M7 and Mo, the difference between their Euler characteristic curves goes to

infinity, i.e. ||Cay — Casylloo — +00.

We start by defining M7 and M. Given two odd integers nq and no, we set their
sizes to (16 - n1) X (16 - ny). The idea is to make M; and M; into the union of 256

rectangular matrices, each of size ny X no. To simplify the exposition, we define Z to be
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Figure 3.1: A gray-scale image, in (a), the Euler characteristic curve of which, in (b), equals a
negative constant on [0, 254], which decreases by increasing the size of the image.

a zero matrix of size ni X no, and H to be a ‘holes’ matrix of size ny X ne such that

o 1if ¢ and j are odd,
HIi|[j] = , (3.4)
0 otherwise.

It should be noted that, by thresholding the matrix H at level 0, we obtain a binary image
like the one on the left in Figure 3.1a. This corresponds to a two-dimensional abstract
cubical complex with one connected component and ”1T_1 . "QT_I one-dimensional holes.
Moreover, we define Z*) and H*®) as the n; x ny matrices such that Z®)[i][j] = Z[i][j]+k

and H®[i][j] = H[i][j] + k for each 0 <i<nj — 1 and 0 < j < ny — 1.

Given these matrices, we first define
Mli-ny:(i+1)-n—1[j-ng:(G+1) ny—1] = UG- (3.5)

Moli-ny:(i+1)-ny—1)[j-ng: (j+1) -ng—1] = ZzUH16-1), (3.6)

foreach 0 <7 < 15and 0 < j <15, where [i-n; : (i4+1)-n1—1] and [j-ng : (j+1)-n2—1]
stand for all the indices from i -nj to (i + 1) -ny — 1 and from j-ng to (j + 1) - ngy — 1.
Finally, we set M;[0 : ny — 1][0 : ng — 1] = Z and M>[0 : ny — 1][0 : ng — 1] = Z, so
that all the elements of M7 and My are values in [0, 255]. Given ny = ng = 15, Figure
3.1a shows M; and the result of thresholding at level k one of its H*) submatrices. Its

corresponding Euler characteristic curves is given in Figure 3.1b.

We have that ||har, — s ||leo = 1 because this distance equals the maximum absolute
value difference between any two pixels at the same position in H (k) and Z®*). On the
other hand, the value of ||Cpr, — Capl|eo increases with the size of M; and M. This
follows, because by definition of M; and Mo:

ni—1 na—1

e The subcomplexes hﬁl ((—oo7 v]) contain one connected component and “5—
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one-dimensional holes for each v € [0,254], and only one connected component for
v = 255.

e The subcomplexes h;jz ((—o0,v]) contain one connected component and no one-

dimensional holes for each v € [0, 255].

Thus, Cjpy, is equal to 1 — an_l . "27_1 on the range [0, 254], while Cjy, is equal to 1 on
the same range. Importantly, the value of the negative constant 1 — ”1771 . "2771 depends
on the size of M; and M, so that, by increasing n; and ng, the value of ||Cys, — Caslloo

can be made arbitrarily big.

Remark. Given the zero matrix Ms of size (16 - n1) x (16 - ny), the Euler characteristic
surfaces Sas, a; and Sar,ar; can be used to extend the counterexample described above
to bi-filtrations.

We conclude that, given a fixed difference in the (bi-)filtrations producing Euler
characteristic curves and surfaces of images, these can be arbitrarily different. Therefore,

it is not possible to prove a general Stability Theorem in this setting.

3.3 Euler Characteristic Surfaces of Random Images

Here we show with an example that Euler characteristic surfaces of pairs of images can
contain useful information for distinguishing between different classes in a dataset, while
the Euler characteristic curves of the same images do not. We introduce a method
that can be used to obtain a family of pairs of random gray-scale images. While all
such images have the same expected Euler characteristic curve, we provide an analytical
expression of the expected values of the entries x(kK; ;) in Equation (3.2), which are not

constant for different pairs in the family.

Fixed the sizes n1,ne € N and a probability p € [0,1] C R, a pair of random gray-scale
images MY, MY € N™*"2 can be generated with the following method. To define each
pair of pixels of M} and M} at position (s,t), denoted by M?[s][t] and M¥[s][t], three
random values z, vy, vy € R are sampled from independent uniform distributions ¢(0, 1),
U(0,256), U(0,256). The value of 0 < < 1 is used to to decide if the (s,t) pixels in
MY and MY are set equal or not. In practice, if = < p, then M?[s][t] = ME[s][t] = |v1].
Otherwise, M/ [s][t] = |v1] and M¥[s][t] = |v2]. Thus, for each position (s,t) pixels are
set to the same random integer with probability p, and to independent random integers
with probability (1 — p). Hence, by sampling multiple values of x, v;, and p for each
position (s, t), it is possible to obtain a set of pairs of random gray-scale images with value

in [0,255]. Moreover, M} and M} have the same expected Euler characteristic curves
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for any p € [0, 1], because pixel values are sampled from the same uniform distributions
U(0,256).

On the other hand, defined h = (hy», hyp), it is possible to show that the expected
Euler characteristic surface of the pairs M MY} are different for different choices of the
probability parameter p. In particular, we derive an analytical expression for the elements

of the expected Euler characteristic surface Sy» jsp, which differs for each 0 < p <1
[BAGT21].

Proposition 3.3.1. Let M}, M} be two random gray-scale images of size ny X ng,
generated with the method described above, where p is a real value in [0,1]. Given the
sublevel sets bi-filtrations K%LRQ of MY and MY, the expected values of the elements of

the Euler characteristic surface S MP MP 0TE

Elx(Kij)]l = (m1 —1)(ng = 1) [1 = (1 = P(oss € Kij)")]
+ (n1(n2 + 1) +na(ng + 1) —4) - [1 — (1 — P(oss € K;7)%)]
+ (ning + 2n1 +2ng +4) - P(og: € K, 5),

where P(os; € K;j) = min{i, j}-p+i-j- (1 —p)

Proof. First, it is observed that the expected value of x(Kj;;), i.e. an element of the
matrix S MPMD> is completely determined by the expected number of vertices, edges,
and squares in Kj; C Kyp = Kyp. Moreover, it is known that a vertex is in Kj; if
and only if at least one of the squares that include it is in Kj; j, and the same holds for
edges. So given the expected probability P(os: € K; ;) of a square belonging to Kj ;,
the expected probabilities of having vertices and edges in K;; can be derived as well.
From the definition of M? and M} and h, it follows

P(oss € K j) = P(hM{»(Js,t) <t and hyp(os) < j) p
+ P(hyp(000) < 1) - P(hag(oo) <) -(1=p)  (37)
= min{s,j}-p+i-j-(1—p),

because the values of hyr(os) and hyp(osy) are uniformly distributed in [0,255] and
0 < 4,5 < 255. Then, because the values of different pixels are independent of each
other, the probability that a vertex or edges o’ belongs to K ; is

1- (1 — Plog, € Km-)k) : (3.8)

where k is the number of squares o, containing ¢’. Besides, it is known that in the
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Figure 3.2: (a) A 64-by-64 random gray scale image.(b) Plot of the expected Euler characteristic
curve of either M¥ or MY for any 0 <p < 1.

n1 x ng abstract cubical complex Koss 255 there are:

e (n1 — 1)(ng — 1) internal vertices contained in four squares each;

2(n1 — 1) + 2(ng — 1) boundary vertices contained in two squares each;

e 4 corner vertices contained in one square only;

ni(n2 + 1) + na(ng + 1) — 2n; — 2ny internal edges contained in two squares each;

2n1 + 2ny boundary edges contained in one square only;
e and nins squares.

Finally, combining the expression in Equation (3.8) with the number of elements in

Kos5,955 above, the expected value of x (K ;) is

E[X(Ki,j)] = (n1 — 1)(n2 — 1) . [1 — (1 — P(O‘s,t S Ki,j)4)]
+ (n1 (ng + 1) + 7”L2(n1 + 1) — 4) . [1 — (1 — P(O‘s,t € Ki’j)Q)] (39)
+ (ning + 2n1 + 2ng +4) - P(os € K; ),

where P(o,; € K; ) =min{i,j}-p+i-j-(1—p). O

Fixed n1 = 64 and no = 64, the expected Euler characteristic surfaces for p = 0.1
and p = 0.8, determined by Equation (3.3.1), are represented as contour plots in Figures
3.3a and 3.3b. Note that in this setting expected Euler characteristic curves are non-
informative for distinguishing between random images generated using any 0 < p < 1,
as these always coincide with the curve in Figure 3.2b. On the other hand, expected
Euler characteristic surfaces are different for each 0 < p < 1. To further illustrate this,
in Figure 3.3c it is given the contour plot of the absolute value of the difference of the

expected surfaces for p = 0.1 and p = 0.8.
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Figure 3.3: In (a) and (b) the contour plots of expected Euler characteristic surfaces of pairs of
random images M¥, ML with p = 0.1 and p = 0.8 respectively. In (c) the contour plot of the
absolute value of the difference of the Euler characteristic surfaces in (a) and (b).

3.4 Algorithm for Image Data

In this and the next section, we describe novel algorithms that can be used to compute
Euler characteristic surfaces. These are part of the results presented in the preprint
[BAGT21]. Here it is discussed the case of image data, while in the following section
the one of points data. In particular, it is given an algorithm to compute the Euler
characteristic surface Sy, a7, of a sublevel sets bi-filtration of h : Kj;, — R?, which
is defined by setting h(o) = (hay, (0), har,(0)) for each o € Ky, where hyy, and hyy,
are the pixel intensity filtering functions of two gray-scale images M7, Ms (see Definition
2.2.6). Algorithm 3.1 takes as inputs a pair of two or three-dimensional gray-scale images
My, Ms and a vector of precomputed Euler characteristic changes, and returns the

matrix of Euler characteristic values Sy, as,.2

The correctness and running time of
this algorithm are discussed below, while an implementation is provided by the euchar

Python package, which is applied to real-world data in the final section of this chapter.

Discussion. It follows from the definition of h and Cartesian product that K;; =
h™! ((—o0,r}]x (=00, 7“]2]) is equivalent to K; j = hJT411 ((—o0,7}]) ﬂh];[lz ((—o0, 7“]2]) So the
j-th column of Sy, a7, equals the Euler characteristic curve of hjps, with Kjy, restricted
to its top-dimensional cubes & such that hjps,(0) < j, because of the intersection with
the cubical complex h]TjQ ((—oo, 7']2]) Thus, a possible approach for computing the Euler
characteristic surface of the sublevel sets bi-filtration of h is to apply Algorithm 2.1
for Euler characteristic curves to the restriction of hjs, to h;jg ((—o0, TJQ]) for each 0 <
j < ma, i.e. obtaining each column of Sy, ar, separately. We refer to this as the naive
approach, the correctness of which follows from the one of the Euler characteristic curve
algorithm. For two-dimensional (three-dimensional) images, it has a running time of

O(nmg + mims), where n is the number of pixels (voxels) in M; and M.

2This is restricted to two and three dimensions because of practical limitations due to the size of the
input vector of Euler characteristic changes for higher-dimensions.
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To further improve the efficiency of real-world implementations, Algorithm 3.1 makes

use of the following two strategies:

(i) Precompute the possible Euler characteristic changes produced by adding a top-
dimensional & into any K;;, and use these to increase or decrease the values of

Sy My

(#1) Loop on each top-dimensional & only once, by modifying all columns of Sys,

where & produces the same change at the same time.

In the following discussion, points (i) and (ii) above are shown to preserve the correctness

of the naive approach computing columns of Sy, a7, independently.

Using Euler characteristic changes as suggested in () is possible because the process
of going from the empty abstract cubical complex to K, = Kas5.255 can be decomposed
into steps at which a single ¢ and its subfaces are added. This follows from the defi-
nition of the filtering functions hps, and hjz, in terms of pixel (voxel) intensity values.
Furthermore, at each such step, the change Ax° in Euler characteristic of the current
cubical complex is completely determined by the structure of elements adjacent to &.
More precisely, defined the neighbourhood N of & to be the set of elementary cubes that
intersect it, by Definition 2.2.1 Ax? only depends on the numbers of elementary cubes
added into N when & is added. So all possible Euler characteristic changes can be pre-
computed because there is a finite number of neighbourhoods N?.2 In particular, there
are 2~ such neighbourhoods in dimension d, meaning that there are 256 Euler char-
acteristic changes to precompute for two-dimensional images and 67, 108, 864 changes for
three-dimensional images. For d = 4, the number of possible neighbourhoods is already
a 25 digits integer, making the computation and storage of their corresponding changes
impractical. Hence Equation (2.2) can be used to compute all the Euler characteristic
changes for d = 2 and d = 3, which can then be stored in a vector preCompChanges
using the binary representation of neighbourhoods to index them. For example, consider

the neighbourhood in Figure 3.4a corresponding to the binary matrix

(3.10)

—_ O =
o O O
===

and in turn to the binary sequence 10100101. Its Euler characteristic change is —3 and
the decimal representation of its binary sequence 165. Thus —3 is stored as the 165-th

element of preCompChanges.

3For two-dimensional images, N is a set of 8 squares and their subfaces, while for three-dimensional
images it is a set of 26 cubes and their subfaces.
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Algorithm 3.1 Euler characteristic surface of bi-filtration on a pair of images.

Input: gray-scale images My, Mo, h : K — [0,m1] x [0,mz] C Z2, and the pre-
computed vector preCompChanges.

1: Add a one pixel (voxel) thick outer layer to images, so that the new boundary pixels
(voxels) are mapped by h into (m; + 1,mg + 1)

20 Sy M, = (m1+ 1) X (mg + 1) zeros matrix

3: for each top-dimensional cube ¢ in Ky, do

4: 11’ j<_hM1( )th( )

5 neighy,neigha < has,, har, values in neighbourhood of o

6:  thresholdsy < sorted values in netghsy greater than r], union msg + 1

7. N{ + boolean matrix defined by (neighy < r}) before & and (neigh; < r}) after

o
8:  for k =1 to [thresholdss| do

9: N¢ «+ boolean matrix defined by (neighy < thresholdss[k — 1])

10: N9 + element-wise AND of NY and NJ

11: [ + decimal integer of binary representation of N?

12: for j = index of thresholdsy[k — 1] to index of thresholdss[k] — 1 do
13: San i, [1][7] += preCompChanges|l]

14: end for

15:  end for

16: end for

17: Spr, M, < cumulative sum on columns of Sy, v,
18: return SM17M2

-5 BE-EE

(a) (b)

Figure 3.4: Euler characteristic changes produced by adding an elementary cube of maximal
dimension in a two-dimensional cubical complex. In (a) the change is equal to —3, while in (b)
it is +1.

Point (i) above is realized by the inner loop on lines 8 — 15 of Algorithm 3.1, where
r} = hpr, (6) and 7"]2» = hp,(0) so that K ; is the first complex including &. The idea is
to use preCompChanges to update the i-th row of Sys, a7, at each iteration. This can be
done because K; j = th411 ((—o0,7}]) ﬂhM2 ((=00,73]), s0 x(Ki ;) and x(K; j+1) can differ
by a change Ax? induced by & if and only if N7 in Kj j4; has changed, i.e. if there is a
top-dimensional cube o’ € N7 such that hp,(0') = ]2 +1- But all such changes depend
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on the hyy, values of top-dimensional cubes in N7 greater than 7“]2-. Sorting and storing
these in thresholdsy with mgo + 1 appended, it follows that the ranges of j-th columns
of Sar, a, such that j is between two consecutive values of thresholdss are such that
the Euler characteristic change induced by adding & is constant because N° does not
change. So the elements of vector preCompChanges can be used on line 13 to update

all j columns such that 7 > j.

In conclusion, at the end of the loop on lines 3 —16, each entry Sas, as,[i][j] equals the
change x(K; ;) — x(Ki—1,), because all changes Ax? induced by the top-dimensional &
in K;; \ K;—1,; have been considered. After the cumulative sum on columns of Sys, ar,,
it follows that

Saranali][7] = (X(Kog) = x®) + -+ (x(Kiy) = X(Ki-1,))
=x(Ki ;) = x(0) = x(Ki;),

(3.11)

which is the required Euler characteristic surface entry.

Proposition 3.4.1. Let M and Mjy be two-dimensional (three-dimensional) gray-scale
images with the same size, and values in [0,m1] and [0, m3] respectively. The Euler
characteristic surface Sy, v, of the pair My, My can be computed with Algorithm 3.1,
which has worst-case complexity O(nma+mims), where n is the number of pizels (voxels)
mn M7 and M.

Proof. The above discussion proves the correctness of Algorithm 3.1 for the computation
of S, ar,- The outer loop on line 3 iterates on the n pixels (voxels) of M; and M, while
the inner loop on lines 8 — 15 takes O(mg) operations in the worst case to update an
entire row. Finally, the cumulative sum on line 17 takes O(mims) operations. So, the

worst-case complexity of Algorithm 3.1 is O(nmg + mima). d

Remark. Compared to computing mo Euler characteristic curves as proposed by the
naive approach at the beginning of this section, the neighbourhood N? is computed only
once for ranges of columns where it does not change. Moreover, the entries of Sys, ar,
are incremented and decremented without having to count subfaces of top-dimensional

cubes in N°.

3.5 Algorithm for Point Data

Given a finite set set of points X and an abstract simplicial complex K on X, Algorithm
3.2 computes the Euler characteristic surface S% R, Of the sublevel sets bi-filtration

K%l,Rg of a given h = (hy,hy) : K — R? on two sets of monotonically increasing
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Algorithm 3.2 Euler characteristic surface of bi-filtration on finite point set.

Input: abstract simplicial complex K, h = (hy,hs) : K — R2, and sorted values in
R1 and Rs.

: 8%1,722 < (mq 4+ 1) x (mg + 1) zeros matrix
for each simplex ¢ in K do
v vy ¢ ha(0), ha(0)

ril, rjz < minimum values greater than v1, vy in R1, Ro with binary search

for j = j to my do
h arn ;
Sk R, [i][J]  (—1)%m()
end for
end for
8%17732 < cumulative sum on columns of S% L Rs

H
e

return S%l Ry

real values Ry = {r}}["} and Ry = {7“]2»};71:20. The euchar Python package provides an

implementation of this algorithm, which is applied in the next section.

Discussion. In this case, when a simplex o is added into a K;; = hy'((—oc,7}]) N
hy ! ((—oo, 7"]2]) its neighbourhood does not have a fixed structure. Thus it is not possible
to precompute Euler characteristic changes as in Algorithm 3.1. However, if 0 € K j,

dim(o) produced

then o € Ki,} for each j > j. So the change in Euler characteristic (—1)
by adding o into Kj ;, also applies to K i for each j7 > j. This property is used on line
6 of Algorithm 3.2 to update the i-th row of S%MRQ for each o. It follows that at the
end of the loop on lines 2 — 8 each entry 8%1,732 [i][7] equals x (K ;) — x(Ki—1;), and

the cumulative sum on columns of on line 9 returns the Euler characteristic surface of
h
KRl,R2'

Proposition 3.5.1. Let K%ﬂ% be a sublevel sets bi-filtration of an abstract simplicial
complex K. The Euler characteristic surface 5’7}{17732 of K?%I,RQ can be computed with
Algorithm 3.2, which has worst-case complezity O(n(logy(my) + ma) + mims), where n
is the number of simplices of K, and mi and ms the numbers of values in R1 and Ro

respectively.

Proof. The correctness of the algorithm follows from the above discussion. The outer
loop on line 2 iterates on the n simplices in K. Then, within this loop the indices ¢ and
j are found with binary search, taking O(logy(mq) + logy(m2)) operations, and used to
update row ¢ of 8%17732 with at most mso operations in the inner loop on lines 5 — 7.
Thus, the complexity of lines 2 — 8 is O(n - (logy(m1) + me)). Finally, the cumulative

sum of line 9 takes O(mims) operations. So, the worst-case complexity of Algorithm 3.2
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is O(n(loga(m1) + me) + mims), where n is the number of simplices in K, and m; and

mg the number of values in R, and Ro respectively. L]

3.6 Experiments

Several experiments are presented that illustrate the additional information encoded by
Euler characteristic surfaces compared to Euler characteristic curves. For image and
point data, it is found that regions of the bi-dimensional parameter space, onto which
bi-filtrations are defined, are useful in distinguishing between elements belonging to
different classes of a given dataset. Algorithms 3.1 and 3.2 are used to compute the
Euler characteristic surfaces of two and three-dimensional gray-scale images, and finite
point sets in R?, by means of the implementations provided by the euchar Python

package.

Handwritten digits images. The MNIST dataset of handwritten digits is an open-
source collection of 28 x 28 gray-scale images with values in [0, 255], see Figure 3.5a. It
contains 60,000 training and 10,000 test images and is a standard tool used in bench-

marking pattern recognition and machine learning algorithms [LBBH98].

In this setting Euler characteristic curves are expected to be non-informative in dis-
criminating between some classes of images. For instance, take the sets of images rep-
resenting a 6 and a 9 respectively, their average Euler characteristic curves cannot be
used to distinguish between them. This happens because these two sets of MNIST images
represent the same shape up to a rotation so that their pixel intensity sublevel sets have
almost identical expected Euler characteristics. Luckily, the second parameterization
used to define Euler characteristic surfaces can be used to account for this problem.
Given the 28 x 28 top-down uniform gradient image G displayed in Figure 3.5b, the
Euler characteristic surfaces of the pairs (M, G) for each MNIST image M were computed
with Algorithm 3.1. The idea is that this gradient should help discriminate between the
same shapes rotated by 180 degrees. The elementwise averages of surfaces representing
the digits 6 and 9 are in Figures 3.6a and 3.6b respectively, and their difference in Fig-
ure 3.6¢. Finally, Figure 3.6d shows the regions of the bi-dimensional parameter space
[0, 255] x [0, 255] where the one standard deviation thickenings of these average surfaces
are disjoint. These are indices (7, j) where the elementwise average minus one standard
deviation of the surfaces representing a 6 is greater than the elementwise average plus
one standard deviation of surfaces representing a 9, or vice versa. In this case, the aver-
age values of x(K_ 255) and x(Kas55.—), i.e. average Euler characteristic curves, are such
that their one standard deviations thickenings are not disjoint, while this is true in other

regions of the bi-parameter space of Euler characteristic surfaces. Thus, utilizing the
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Figure 3.5: (a) MNIST images. (b) Top-down gradient image G.
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Figure 3.6: (a) Contour plots of average Euler characteristic surfaces of pairs (M, G), where G is
the gradient in Figure 3.5b, and M is a MNIST images representing a 6. (b) Same as in (a), but
for MNIST images representing a 9. (¢) Absolute value of the difference of the average surfaces in
(a) and (b). (d) The black areas are the regions of the parameter space where the one standard
deviation thickenings of the average surfaces are disjoint.

gradient image G, it is possible to capture information that would otherwise be missed

by single parameter Euler characteristic curves.
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Random images with copula distributions. In Section 3.1 it is given an analytical
expression, Equation (3.3.1), for the expected values of entries of Euler characteristic
surfaces of n; X no random images. In that case a single parameter 0 < p < 1 is used
to regulate the strength of dependence within pairs of images. More generally, a pair of
random images M, M5 can be generated by sampling points in R? according to a given
bivariate distribution and setting the values of the entries of M; and M> equal to the
coordinates of these randomly generated points. In the following, it is shown that average
Euler characteristic surfaces of pairs of random three-dimension images generated from
two given bivariate distributions are different, while their Euler characteristic curves are

not.

A standard tool to define classes of multidimensional distributions are copula func-
tions [Nel06], which can be used to join univariate marginal distribution functions. Here,
the family of Clayton Archimedean copulas, with generator functions ¢(t) = (t=% —1)/6
for 6 € [-1 + o0), is chosen and used to join a pair of univariate uniform distribu-
tions U(0,1). The result is a collection of bivariate distributions parameterized by
6 € [-1,400). In practice, the copula [HKMY20, Yan07] R package was used to sam-
ple random points from the two bivariate Clayton copula distributions with uniform
marginals and # = 1 and 6 = 5 respectively. See Figure 3.7 for examples of such points.
Then, pairs of three-dimensional 16 x 16 x 16 gray-scale images Mle , Mg were generated
by setting their entries to the coordinate values of sampled points. The expected Euler
characteristic curve of any image M{’ or Mg is constant because the bivariate distribu-
tions from which voxel intensity values are obtained have the same uniform marginals.
On the other hand, average Euler characteristic surfaces of sublevel sets bi-filtrations of
h=(h M h Mg), computed with Algorithm 3.1 over 50 pairs of random images, are dif-
ferent. Contour plots of these surfaces for § = 1 and 6 = 5 are in Figures 3.8a and 3.8b,
and the absolute value of their difference in Figure 3.8c. Furthermore, the black area in
Figure 3.8d represents the indices (i, j) € [0, 255] x [0, 255] where the one standard devia-
tion thickenings of the average surfaces are disjoint. Thus, as in the case of MNIST images
above, indices such that either ¢ # 255 or j # 255 are useful in distinguishing between

the two given classes of data, while Euler characteristic curves are non-informative.

Poisson and Hawkes spatial processes. For this last experiment, average Euler
characteristic surfaces of finite sets of points are compared. In particular, a homogeneous
Poisson process and a Hawkes cluster process are used for generating random points in
the unit square [0,1] x [0,1] € R? as described in [KB13]. The intensity parameter of
the first process is set to A = 200, while for the cluster process the intensity is A = 140,
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Figure 3.7: Random points sampled in the unit square from bivariate distributions derived from
a Clayton copula function with uniform marginals ¢/(0,1). For the points in (a) the Clayton
copula parameter is set to 6§ = 1, while in (b) it is set to § = 5.
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Figure 3.8: (a) Contour plots of average Euler characteristic surfaces of sublevel sets bi-filtration
of pairs (MY, M{) for & = 1. (b) Same as in (a), but for § = 5. (c) Absolute value of the difference
of the average surfaces in (a) and (b). (d) The black areas are the regions of the parameter space
where the one standard deviation thickenings of the average surfaces are disjoint.
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and the two parameters used in the definition of the offspring intensity function

1
o(x1,x2) = %ﬂ? exp <—252(a:% + x%)), (3.12)

are set to a = 0.3, 8 = 0.02. Figure 3.9b provides examples of finite point sets obtained
from such spatial point processes. On these, Euler characteristic surfaces can be com-
puted by defining an appropriate bi-filtering function h and sets R1, Ra. In this case, it
is used h = (hy, he) : KP — R2, where K is the Delaunay complex of the given finite
point set, h1 encodes information about local densities at points, and hg maps simplices
to the radius of their minimal enclosing ball. An estimate of the inverse of the local den-
sity is obtained using the root mean square of the distances to its nearest-neighbours,

that is to say

B+di+.. . +d?
densiknv(p):\/ it 2—; + k. (3.13)

where d; is the distance from any point p to its i-th nearest neighbour. In practice, it

6
mv

is set h1(0) = maxpe, densh, (p) and ho(c) = hpe(o) for each o € K, where hp
is the Delaunay-Cech filtering function of Section 2.4. Besides, the values in R; and
R2 are defined so to subdivide the ranges [0, max,cxp h1(0)] and [0, max,cgp ho(o)]
into 200 intervals of equal length. Finally, Euler characteristic surfaces are computed
with Algorithm 3.2. A contour plot of the average Euler characteristic surface of h,
over 50 different point sets obtained from the Poisson process, is in Figure 3.10a. The
same, but for the Hawkes cluster process, is in Figure 3.10b. As for the previous two
experiments, the absolute value of the difference of these two surfaces is computed,
and displayed in Figure 3.10c. Regions of the parameter space where the one standard
deviation thickenings of the average surfaces are disjoint are represented by black areas
in Figure 3.10d. In this case, some of the average values of x(K_ 200) and x(K200,—),
corresponding to those of Euler characteristic curves of hy and ho above, fall in regions
of the parameter space where average surfaces are disjoint. However, there exist pairs
of indices i,j € [0,200] x [0,200] at which one standard deviation thickenings of the
average surfaces are disjoint, while the same does not hold for any (i,200) and (200, 7).
For example, this happens for (4,7) such that (ril,r]z) = (0.07,0.08), which is the point
marked by a red cross in Figure 3.10d. So Euler characteristic surfaces of h capture

information that is not available in the Euler curve of h1 nor in the Euler curve of hs.

3.7 Discussion

The main contribution of this chapter is the introduction of Fuler characteristic surfaces,

which extend Euler characteristic curves to bi-filtrations, i.e. Cartesian products of
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Figure 3.9: (a) Points obtained from a homogeneous Poisson process with intensity A = 200.
(b) Points obtained from a Hawkes cluster process with intensity A = 140 and offspring intensity
parameters o = 0.3 and 5 = 0.02.
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Figure 3.10: (a) Contour plots of average Euler characteristic surfaces of h = (hy, hg) : KP — R?
defined on the Delaunay complex of random points obtained from a homogeneous Poisson process.
(b) Same as in (a), but for points obtained from a Hawkes cluster process. (c) Absolute value
of the difference of the average surfaces in (a) and (b). (d) The black areas are the regions of
the parameter space where the one standard deviation thickenings of the average surfaces are
disjoint.
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single-parameter filtrations. These can be used to characterize data over bi-dimensional
parameter spaces. In particular, it is possible to obtain insights on the pairs of parameters
that better distinguish between different types of data, that is to say the parameters
maximising the difference in Euler characteristic between subcomplexes of different bi-
filtrations. To illustrate this, we give various experiments on both real and synthetic
data. These show how Euler characteristic surfaces identify regions of pairs of parameters
discriminating between elements in different classes of a dataset, which would not be

detected by Euler characteristic curves.

Furthermore, Algorithm 3.1 and Algorithm 3.2 are presented for the computation of
Euler characteristic surfaces of image and point data. These have a worst-case running
time of O(nmg +mimg) and O(n(logy(m1) + ma) +mimsa) respectively, see Proposition
3.4.1 and Proposition 3.5.1. Note that the computation of these objects scales better
than the one of persistence diagrams introduced in Chapter 2. In that case, Algorithm
2.2 takes O(nknzﬂ) time to compute the k-th persistence diagram of a filtration, where

nyg is the number of k-simplices in K.

In Chapter 5 Euler characteristic surfaces are used to produce feature vectors from
real-world data, which are then applied to classification tasks with standard machine
learning methods. Moreover, these are compared against classification accuracy results

obtained with feature vectors derived from persistence diagrams.



Chapter 4
Persistent Homology in /o, Metric

This chapter studies the problem of computing the Cech persistent homology of a finite
set of points S in ¢, metric space. The idea is to investigate whether or not filtrations
of abstract simplicial complexes built out of nerves of {,-balls (i.e. nerves of sets of
axis-parallel hypercubes in a general dimension d) can be used to efficiently compute
Cech persistence diagrams. In Euclidean metric space, it is known that Alpha filtrations
can be used for such computations while restricting simplices to those of the Delaunay
triangulation of S as discussed in Section 2.4. The main goals here are to find whether
the same approach works in the £, metric setting, and possibly describe novel proximity
filtrations that can be used to limit the size of Cech filtrations while producing the same

persistence diagrams.

It should be noted that, the material presented in this chapter is part of [BS21].
Given a finite set of points S C (Rd, d~), the contributions of this research project can

be summarized as follows.

e Under genericity assumptions, i.e. the general position of S, Alpha complexes are
proven to be equivalent to Cech complexes for points in two-dimensions, i.e. filtra-
tions built with these complexes produce the same persistence diagrams. Moreover,

it is given a counterexample of this equivalence for points in higher-dimensions.

e Alpha flag and Minibox filtrations are introduced and proven equivalent with Cech

filtration in homological dimensions zero and one.

e Efficient algorithms are described for finding edges contained in Minibox complexes
of two, three, and higher-dimensional points. In two dimensions, using a sweeping

algorithm, it is shown a running time bound of O(n?) (which is optimal). In three

48
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dimensions, it is achieved a worst-case bound of O(n?log(n)) by extending the
two-dimensional algorithm. In higher dimensions, using orthogonal range queries,
the proposed algorithm has complexity O(n?log? !(n)).

e For randomly sampled points in R? the expected number of Minibox edges is
proportional to © (%nlogd_l(n)). This is an improvement over the quadratic
number of edges contained in Cech complexes and results in smaller filtrations.
Interestingly, this implies that Minibox complexes are only a polylogarithmic factor

larger than Euclidean Delanauy complexes of random points.

e We provide experimental evidence for speedups in the computation of persistence

diagrams by means of Minibox filtrations.

While there is not as large a body of work on complexes in ¢, metric, as there is for
Fuclidean metric, there are several relevant related studies. In particular, approxima-
tions of /-Vietoris-Rips complexes are studied in [CKR17]. Moreover, the equivalence
of the different complexes in zero and one homology is related to the results of [HKS15].
In this work offset filtrations of convex objects in two and three-dimensional space are
considered. As in our case, an equivalence of filtrations is proven in homological dimen-
sions zero and one by restricting offsets with Voronoi regions. While this result holds
for general convex objects, Minibox filtrations can be used to reduce the size of £o,-Cech
filtration in dimensions higher than three. Moreover, the approach presented here, which
tries to constrain the number of edges of filtrations, is similar in spirit to the preprocess-
ing step via collapses of [BP20], but works directly on the geometry of the given finite
point set S.

4.1 [(,-Delaunay Edges

A characterization of ¢.-Delaunay edges is given in terms of witness points, which are
defined below. In the next section, this is used to show that and Alpha complexes
of two-dimensional points in f,, metric are flag complexes, as well as to prove their

equivalence.

Recall from Chapter 2 that a box is an axis-parallel hyperrectangle, i.e. the Cartesian
product of d intervals in RY, and the e-thickening of a set A C RY is e(A) = {p €
RY | mingea doo(a,p) < €}. In particular, a £-ball of radius r is a box with sides of
length 27, such that its e-thickening is a box with sides of length 2r 4+ 2¢. Moreover, the
Delaunay complex of S if denoted by K, and the Alpha and Cech filtrations of S by
K{% and Kg respectively.
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The following properties of e-thickenings are needed for the main result of this section.

Proposition 4.1.1. (i) Let I1,1Is C R be two non-empty closed intervals. If Iy NIy #
0, then e(I1y N I3) = (1) Ne(ly).

(ii) Let B1,Bs C R be two non-empty boxes. If By N By # (), then e(By N By) =
6(31) N E(BQ).

(iii) Taking e-thickenings preserves inclusions.

(iv) Let A= {A}icr be a finite collection of sets. The e-thickening of the union of sets

in A is equal to the union of the e-thickenings of sets in A.

Proof. (i) We have Iy = [a1,b1] and Iy = [ag,bs], with I} NIy # (). So either one of
the two intervals is contained in the other or they share a common subinterval. In the
first case, we can suppose without loss of generality that Iy C I5. Then e(I; N 1I3) =
e(lh) =la1 —e,by +¢e] =[a1 —e,by + ] Nfag —e,ba +¢] = e(I1) Ne(l2). In the latter
case, we can assume without loss of generality that I; N Io = [ag,b;], and it follows
e(hNlz)=lag—e,by+e]=la1 —e,bi +e|Nfag —e,ba + ] = e(I1) Ne(lz).

(ii) Follows from property (i) and the definition of box in terms of Cartesian products,

because e-thickenings are in £, metric.

(iii) Consider A, B C R? such that A C B. Given any = € (A)\ 4, by the definition
of e-thickening there exists a € A such that de(z,a) < e. Then z € ¢(B), because
a € B and do(z,a) <e. Soe(A)\ A C g(B), and because A C B C ¢(B) it follows that
e(A) C e(B).

(iv) Given a set A C R its e-thickening is equivalently defined as e(A) = (J,c 4 B=(2).

Thus
£ (U AZ) = |J B@)= lJ Blz) =Je(4) (4.1)

el r€lU;er Ai el zeA; iel

O]

The concept of witness points is introduced next. The idea is to define these as the
points in the intersection of ¢,,-Voronoi regions that can be used to characterize an edge

as either belonging or not to a ¢,.-Delaunay complex.

Definition 4.1.2. A witness point of ¢ C S is a point z € R% such that z € ﬂpeg Vy, # 0,
where V}, is the Voronoi region of p, and dw (2, p) = maxgeqs M for each p € 0. The

set of witness points of ¢ is denoted by Z,.
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Figure 4.1: The e-thickening of the non-empty intersection of two squares equals the intersection
of the e-thickenings of the squares.

The following result is presented as given in [BS21].

Proposition 4.1.3. Let S be a finite set of points in (R? ds) and e = {p,q} C S.

ro_ P Ba) 7 — O
Defined A, = 0By(p) N 0B,(q) for r > 0, then A} = Bz(p) N B(q), where 7 = (2 9

which is a non-empty box. Moreover, the set of witness points of e is Z. = AL\

(UyES\e Bf(y)), and e is an edge of the lo-Delaunay complex of S if and only if 2,

18 non-empty.

Proof. AT is the intersection of the boundaries of the closed balls By(p) and By(q),
which are axis-parallel hypercubes. So we have A7 C B:(p) N Br(q), because 8By (p)
B:r(p) and dB(q) C Br(q). Moreover By(p) N By(q) is non-empty by definition of 7
and By(p) N Br(q) € dBr(p) N dBr(q) = AL, because we can show a contradiction if
(Br(p) N Br(q)) \ AL is non-empty. In particular, given y € (Br(p) N Bs(q)) \ AL, then
doo(y,p) < 7, deo(y,q) < 7, and at least one of these two distances must be strictly

less than r, i.e. doo(y,p) < T or do(y,q) < 7. Applying the triangular inequality
to these distances it follows 7 + 7 > doo(p,y) + doo(q,y) > doo(p,q) = 27, which is
the desired contradiction. Thus A7 = By(p) N Br(q) is a non-empty box, which is the

Cartesian product of the intervals defining Br(p) and Br(q), because Cartesian products

and intersections commute.

Furthermore

A7 = 0Brie(p) N 0Brie(q)
C Brye(p) N Brye(q) (4.2)
= £(B;(p)) Ne(Br(q)) = e(AL),

because Proposition 4.1.1 (4) can be applied to (A~) = e(Br(p) N Br(q)), see Figure 4.1.
Hence A7*¢ C g(A”) for any € > 0, which is used below to prove the desired property of
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Figure 4.2: In (a) Euclidean balls centered in p and ¢ intersect in a point which is covered by
the ball centered in y. As the radius grows in (b) this intersection is not covered by the ball
centered in y, so that z € V,NV, and e = {p,q} € KP. In (c) loo-balls centered in p, q intersect
in A7 which is covered by the £..-ball centered in y. Again the radius grows in (d) but in this
case the f-ball centered in y covers ATte.

witness points by contradiction.

First note that Z, = A7 \ (U,cg\. Br(y)) by definition of witness point, A7 and 7.

The two directions of the equivalence are proven separately.

(=) The pair e = {p, ¢} is a Delaunay edge, so V,, NV # 0. Equivalently there exist
e >0and z € R? such that 2 € A7\ (U,ego Brre(y)), where 7 = o) pecause

VonVy=JAI"\ (| Bree). (4.3)

>0 yeS\e

Suppose that Af is covered by U,cg\. Br(y), i.e. Ze is empty. Then A7™ C e(A7)
from Equation (4.2), and applying points (i) and (iv) of Proposition 4.1.1 the following
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sequence of inclusions is obtained

ace(ar)ce((U Bw) = U Bl (44)

yeS\e yeS\e

for any ¢ > 0. Thus ATT¢ C Uyes\e Br+<(y), which contradicts the existence of z €
ATFEN (UyES\e Biic(y)) for any £ > 0.

(«) Any point in Z, # () belongs to Vj, NV, so that e € KP. O

Figure 4.2 illustrates the inclusions in Equation (4.4). Moreover, it give an example
showing that the same inclusions do not hold in the Euclidean case. The above result
allows to determine if a pair of points forms an edge in the £y .-Delaunay complex K

of S by checking whether A7 is covered or not by a union of £.-balls.

4.2 Alpha Complexes

Given a finite set of points S in Euclidean space, it is known that the Alpha filtration
K;% produces the same persistence diagrams of the Cech filtration K. O, see Section 2.4.
Moreover, K;% restricts the simplices to those of the Delaunay complex K, thus speeding
up the computation of the Cech persistence diagrams of S C (R% ds). Nonetheless,
this requires finding the O(n(%) top-dimensional simplices of K, which can be done
efficiently only in low-dimensions [HBO8]. In this section, Alpha filtrations of points
in /s metric are proven to be equivalent to Cech filtrations for d = 2. Moreover, in
two-dimensions Alpha filtrations are shown to be sequences of flag complexes, so that
they are completely determined by ¢..-Delaunay edges. Counterexamples of both these

properties are given for higher-dimensional points.

Alpha Filtrations in R%. For the following two results, the two-dimensional finite set
of points .S is assumed to be in general position as defined in Chapter 2, i.e. pairwise
distance between points are distinct, no four points lie on the boundary of a square, no
three points are collinear, and no two points have same x or y coordinates. The following

novel result is stated as in Section 3 of the preprint [BS21].

Theorem 4.2.1. Let S be a finite set of points in (R?, dw) in general position. The Alpha

and Cech filtrations of S are equivalent, i.e. produce the same persistence diagrams.

Proof. Alpha complexes K/ are nerves of collections of closed sets {B,(p) NV, }pes for
r € R. We show that any intersection of k elements in any such collection is either empty

or contractible.
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e k=2. Let p,q be two points of S, and 7 = w. We show that

L = Br(p) NV, N Br(q) NV, (4.5)

is either empty or contractible. In R? we have that A7 = Bx(p) N Br(q) is a line
segment of length strictly less than 27, by our general position assumption. If
this line segment is covered by Uye S\{p.q} Bi(y), then by Proposition 4.1.3 we have
that V, NV, is empty, so that L is empty. Moreover L is empty if » < 7, because
B, (p) N B, (q) is.

On the other hand, if r > 7 and A" = A7\ U,eg\ (.1 Br(y) is a non-empty line
segment, we show that L is contractible. First, we define a deformation retraction
¢ of V, NV, onto A’ as the Euclidean projection of (V, NV,) \ A" onto (V,NV,) N

A’ This can be done because (V,NV;) \ A’ contains a maximum of two line

segments, defined by the union of points in 0Bsi:(p) N dBr4+:(q) not contained
in (yes\pqp Bre(y) for any € > 0. For instance, consider the bisector V, NV,
in Figure 2.6c given in Chapter 2 to illustrate the non-convexity of ¢..-Voronoi
regions. In this case, ¢ retracts the two line segments oriented at a forty-five
degree angle onto the horizontal line segment, which equals A7 = A’. Moreover, ¢
restricts to L, by the convexity of B,(p) N B,(q) for any r > 0, and the fact that

this contains A’ for » > 7. Hence L has the same homotopy type of A’, which is a

line segment, and so is contractible.

e k = 3. These intersections can either be empty or contain a single point by the

general position of S.

e k> 3. Any such intersection is empty, again by the general position of S.

Thus we can apply the Nerve Theorem 2.4.3, obtaining that X = Upe s (BT (p)N Vp) and
K;f‘ are homotopy equivalent for any » € R. Besides X = UpE g m, and by applying
the Nerve Theorem to the collection { B, (p)}pes, we have that X is homotopy equivalent
to K,,C as well. So KA ~ KTC for any 7 € R, and the desired equivalence of Alpha and

Cech filtrations follows by applying the Persistence Equivalence Theorem 2.4.11. O

This is similar to the results of [HKS15], which proves that the nerve of offsets of
convex shapes is equivalent to the union of the shapes for zero and one-dimensional
homology in two and three dimensions. Our argument using general position implies
that no higher-dimensional homology can appear in the nerve. In particular, the theorem
implies that Alpha filtrations of two-dimensional points produce equivalent persistence
diagrams to Cech filtrations. Hence, the above result ensures that the two-dimensional

homology of Alpha complexes of S C R? is trivial, because it equals the one of the two-
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0.0 0.5 1.0 0.0 0.5 1.0

Figure 4.3: Voronoi diagrams and Delaunay triangulations of four points in R?, with Euclidean
and £, metric in (a) and (b) respectively.

dimensional sets (J,cg Br(p). At the end of this section, it is shown that in general this
is not the case for three-dimensional points, and so for any set of points in dimension
d>3.

In order to construct the Alpha filtration of S C (R?, dw,) in general position, the £uo-
Delaunay triangulation of S is needed. Its simplices can be found with the O(nlog(n))
plane-sweep algorithm of [SDT91], but it is also necessary to find the radius parameter r;
of each simplex o € K to build the Alpha filtration, i.e. the minimum r; > 0 such that
MNpeo (B, (p)NV,) # 0. Luckily, from the next result if follows that this is w
for each ¢ € KP, i.e. half the edge length of the longest edge in o. Thus information
about £,.-Delaunay edges is all that is needed to build Alpha filtrations of points in R?,
and compute their persistence diagrams. Figure 4.3 illustrates the differences between
Euclidean and /,.-Delaunay triangulations. The following result is presented as given in
[BS21].

Proposition 4.2.2. Let S be a finite set of points in general position in (R?, ds) and r >
0. Both the Delaunay complex KP and the Alpha complex Kf of S are flag complezes.

Moreover, given an edge e = {p,q} € KP, thene e K;f1 if and only if w <r.

Proof. Consider three points x1, 9, z3 C S, such that {x1,x2}, {z1, 23} and {z9, 3} are

lo-Delaunay edges. Without loss of generality, we can assume {x1,z2} to be the longest

edge. Defined 7 = W, and A}, ., = 0Br(x1) N OBr(x2), by Proposition 4.1.3 we
have that A7 . = Bp(x1) N Br(xz). This is a non-empty axis-parallel line segment of

length less than 27 by the general position assumption. Moreover, by definition of 7, the
intersections Br(x1) N Br(x2), Br(x1) N Br(xs), and Br(xz2) N By(x3) are non-empty. So

the intersection A” . N Br(x3) # 0 by property (i) of Proposition 2.1.2.

r1r2

It A7\ Bp(zs) = 0, then A7 _ is covered by B;(z3), which is in contradiction with

T1T2 T1T2
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Figure 4.4: Tllustration of the last two cases of the proof of Proposition 4.2.2. In (a) the red

square marker represents point (a1, by) on A7 L,» Which is covered by B;(y’) from above. In (b)

the same point is covered by Br(y’) from below. In both (a) and (b) the boundary of Br(y') is
drawn as a dashed line.

{x1, 2} being a Delaunay edge from Proposition 4.1.3.

On the other hand, if A" .\ Br(x3) # 0, then the line segment A7 _  must intersect

r1T2 T1T2

the boundary of the square By(z3). Defined 7 = {z1, 29,23} and AT = AT NOB:(z3),

T1T2

we have that the set of witness points of 7 is Z, = AT \ (UyGS\T Bs(y)). Hence, if
Z, is non-empty, we can conclude that the Delaunay complex of S is a clique complex
from the definition of witness point. We suppose by contradiction that Z, = ), and
show that in every possible case one between {x1,z2}, {x1, 23}, and {xe, 3} cannot be

a lx-Delaunay edge.

We know that the axis-parallel square Br(x3) intersects A7 . without covering it, so

that AT is a point by our general position assumption. To simplify the exposition, we

T

" e, 10 be a vertical line segment in R?, and Br(z3)

assume without loss of generality A
;lmg

to be intersecting A from below. More precisely, given z1 = (z1,2}), 7o = (22, 23),
and 3 = (z3,23), we assume doo(71,22) = |21 — 23| = 2F > |2l — 23|, and that
23 < min{z},z3}. This implies

Ai - A;m N Br(x3) = [a1,a1] X [ag, ba]
where a; = max{z!, 22} — 7, ag = max{z}, 22} — 7, by = min{z}, 23} +7, and by = 23 +7.
So AT = (a1, by), and because we are assuming by contradiction that AT is covered by
balls of radius 7 centered in the points of S\ 7, there exists ¥’ € S\ 7 such that

(a1,b2) € Br(y'). Finally, either By(y') intersects A7, from above or from below. These

two cases are illustrated in Figure 4.4, where the boundary of By(y’) is represented as
a dashed line, and the point AT = (al,l;g) as a red square marker. In the former

case Br(z3) U Br(y') covers A"

r1T9?

which is in contradiction with {x1,z2} being a foo-
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Delaunay edge, by Proposition 4.1.3. In the latter case, given y' = (y'!,4%), we have

min{z}, 23} < ! < max{z}, i}, and 23 < y"* < min{z?}, 23}, because B:(y’) intersects

A7, without covering it, and contains (a;, ?)2) Finally, the location of ¢y prevents either

{z1,z3} or {z2, x3} from being a {,-Delaunay edge. This follows from Proposition 4.1.3

d — d
00(3621,13) and 79 = 00(9321:932)'

7 ; 7 7 —
because By(y’) covers either A713. or A2, ., where 713 =

Thus in every possible case the set Z, must be non-empty, and K is a flag complex.

To conclude it is shown that K4 is also a flag complex. By Proposition 4.1.3 any
lx-Delaunay edge e = {p, q} is added into the Alpha filtration at 7 = M. Moreover,
when the longest edge of any Delaunay triangle 7 is added at radius 7, also 7 is added
in KA, because from the discussion above there exist a point A7 at distance 7 from the

vertices of 7, which is a witness of this triangle. O

Counterexample: Alpha complexes are not flag in higher dimensions. A
counterexample to Proposition 4.2.2 is given for points in dimension three. Given
S = {z;}2_; C (R3,dw), where z; = [0,0,0], 2o = [2,1,1], z3 = [1.4,1.6,—0.6],
x4 =[0.9,—-0.3,-0.3], and x5 = [1.1,1.4,1.2], it is shown that the Alpha complex K{* of
S is not a flag complex. In practice, the existence of witness points is used to prove that
{z1, 22}, {x1, 23}, {22, 23} € Kf‘, and {x1,x9,x3} & Kf‘. One can check that:

e (1,0,1) is a witness of {x1,z2} at distance 1 from x; and xs.
e (0.8,0.8,0.0) is a witness of {x1,z3} at distance 0.8 from z; and z3.
e (1.5,1.5,0.2) is a witness of {x2,z3} at distance 0.8 from x5 and x3.

Thus the pairs {x1, 22}, {1, 23}, {z2, 23} are edges of the Delaunay complex K, and
edges of Kf‘ by Proposition 4.2.2. On the other hand 7 = {z1,x2,z3} is not a triangle
in KP, and so does not belong to any Alpha complex. This follows from the fact
that AL = 0B;(z1) N 0B1(x2) N OB (x3) is formed by the two line segments, plotted
as thickened lines in Figure 4.5, with endpoints (1,0.6,0), (1,0.6,0.4) and (1,0.6,0.4),
(1,1,0.4), which are covered by By (z4)UBj(z5). The e-thickenings of these line segments

contain AL for any ¢ > 0, by the properties of e-thickenings used in the proof of
Proposition 4.1.3. In turn, the e-thickenings of the two line segments are contained in
e(Bi(z4) U Bi(z4)) = Biye(z4) U Bige(xs5). This implies that it does not exist a point
2 € Vi NVy, NVyy, as this would require A\ (Byi<(24) UBy4<(5)) to be non-empty

for some ¢ > 0.

Counterexample: Non-equivalence in higher dimensions. We conclude this sec-
tion by providing a counterexample to the equivalence of Alpha and Cech filtrations in

homological dimension higher than two. This is shown with a configuration of eight
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(a) Projection along z and y axes. (b) Projection along y and z axes.

Figure 4.5: Five points in R? realising a counterexample to Delaunay complexes being flag
complexes in dimensions higher than two. Projections along two pairs of axes are given. The
thickened line segments represent AL = 9By (x1) N dB1(z2) N OB (z3).

Table 4.1: Coordinates of points S C (R3,d.) giving a counterexample to the equivalence of
Alpha and Cech filtrations in dimension higher than 2.

X y v/
7162 1.1 1.9
7o | 2.4 | 48| 14
75 | 8.6 | 44 | 5.3
24 | 73|82 4.9
x5 | 7939 7.6
z6 | 4.2 6.8 0.2
z7 909297
zs | 1.0 | 0.1 | 2.4

points S = {z;}5_; C R3, the coordinate of which are listed in Table 4.1.

The points in S are such that their Delaunay complex contains the four faces of
the tetrahedron {z1,x2, 3,4}, but not the tetrahedron itself. This way the Alpha
complexes of S never contain {x1,x9, 3,24} as a simplex, but for a big enough radius
parameter they contain its the four faces. Moreover, the Delaunay complex of S also
does not contain other tetrahedra that fill in the two-dimensional void created by the

faces of {x1, x2,x3, x4}

The points in this S were found by randomly sampling many sets of eight points in
R3, and testing whether their Alpha and Cech persistence diagrams were equal. The
existence of such a counterexample can be thought of as a consequence of the non-
convexity of general f,,-Voronoi regions, even if one may hope the nerve of general

Voronoi regions to be well behaved enough to prevent this from happening.

One can check that there are six tetrahedra belonging to the Delaunay complex K
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Figure 4.6: Counterexample to the equivalence of Alpha and Cech persistent homology in fo
metric. The two circumcenters of the tetrahedron {x1, 2,3, x4} are the red square markers.
The boundaries of cubes centered in the vertices of {x1, 2, 3,24} are shown as dashed lines.

of St {z1,x2, 23,25}, {z1, 22,23, 26}, {x1, 22, 24,25}, {T1,23, 24,26}, {T2, 23, 24,75},
and {x2,x3,24,26}. This can be done by finding the circumcenters of any four given
points, and checking that the circumspheres of these (which in this case are cubes) do
not contain any of the other points. It is important to note that in £, metric four three-
dimensional points might have two distinct circumcenters. For instance this is the case
for {x1,x9, x3, 24}, the circumcenters of which are represented as red square markers in
Figure 4.6, having coordinates wy = (5.95,4.65,1.75) and we = (5.05,4.65,4.95). On the
other hand, in Euclidean metric four affinely independent three-dimensional points have
exactly one circumcenter. Moreover, wy and wy are not witnesses of {x1,$2,$3,$4},
because they are closer to x5 and xg than to the vertices of this tetrahedron. Thus

{21, 79, 23,24} & KP. Regarding the faces of {x1, 22, 3,24}, one can check that:
e (5.5,4.2,3.9) is a witness of {x1,x9, 3} at distance 3.1 from x, x2, and z3.
e (4.05,4.65,4.95) is a witness of {z1,x2, x4} at distance 3.55 from x7, z2, and x4.
e (8.75,4.65,1.75) is a witness of {z1,x3,x4} at distance 3.55 from x7, z3, and x4.
e (5.5,5.1,3.9) is a witness point of {x9, 3, x4} at distance 3.1 from x9, x3, and z4.

The tetrahedra belonging to the Delaunay complex of S (listed in the above discussion)
do not create a boundary to the two-dimensional homology class created by adding
{21, 29,23}, {21, 20,24}, {71, 23,24}, and {zo,x3, 24} into KA, for r > 0 big enough.
Thus the two-dimensional persistence diagram of the Alpha filtration of S has a point at
infinity, i.e. an homology class that never dies. On the other hand, the two-dimensional
persistence diagrams of the Cech filtration of S cannot have such a point, because Cech

complexes have trivial homology for a big enough radius.
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4.3 Alpha Flag Complexes

In the previous section, we have seen that Alpha filtrations can be used to compute Cech
persistence diagrams of points in R?. On the other hand, already in three dimensions
there exists a set of points S having different Alpha and Cech persistence diagrams in
homological dimensions two. Moreover, for points in (R?, /) Alpha and Cech filtrations
are sequences of flag complexes. In particular a simplex o belongs to KTC if and only
if max, qeo doo(p,q) < 2r. The new family of complexes defined here has the same

properties.

Definition 4.3.1. The Alpha flag complex of S with radius r is

KA = {eCS5| max doo(p,q) < 2r and {p, q} € K for each p,q € o}
p.g€o

In this section, we prove that Alpha flag and Cech persistence diagrams coincide in
homological dimensions zero and one. In particular, we think of Cech filtrations as a
sequence of complexes where a single edge is added when going from Kg to Kg - Itis
proven that at each such step the zero and one-dimensional homology groups of Alpha
flag and Cech complexes remain isomorphic. To deal with the problem of multiple edges
having equal length, we assume that the £, distances between pairs of points of S are
all distinct, i.e. S is in general position. In case this property does not hold, the finite
set of points S can be infinitesimally perturbed to obtain it. Importantly, the Stability
Theorem 2.3.10, guarantees that the persistence diagrams of the original and perturbed

points are close in bottleneck distance.

From now on the field F is omitted when referring to the homology of complexes to
simplify notation, and a pair of points {p,q} C S is said to be a non-Delaunay edge if
it does not belong to the £,-Delaunay complex of S. We start by presenting supporting

results used in the proofs of the main two theorems.

Proposition 4.3.2. Let By and By be two boxes in R, If By N By is non-empty, then
the Buclidean projection mp, : By — B, defined by mapping each x € By to its closest
points in Euclidean distance on Ba, is such that np,(B1) C By N Ba.

Proof. Let By = Hle[aBl, b5'] and By = Hle[aBQ, b52] such that By N By # (). Because

(2 (2

Cartesian products and intersections of intervals commute, defined [a;, b;] = [a?l,bfl] N
[aP?,bP2], we have that [a;,b;] # 0 for each 1 < i < d, and By N By = Hle[di,lai].

Given = € Bj, we suppose by contradiction that y = mp,(z) € B is such that
y &€ Bi N By. Thus y ¢ Hle[c‘zi,l_)i], and there exists 1 < 7 < d such that y; € [a;, b

T
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The intervals [aéB 1,b%B '] and [af 2, bgB %] can intersect in four possible ways:

(i) [afl,bgBl] intersects [a%BQ,szﬂ on the left, i.e. afl < afZ < biB1 < P2, Thus

a?l <z < b?l < y;, and we define 3’ = [yl,...,bfl,...,yd];
(ii) [afl,b?] intersects [a?,b?] on the right, i.e. a£32 < afh < bfz < b?l. Thus
y; < afl <uz; < bfl, and we define y” = [yl,...,afl,...,yd];
(iii) [afl,bfl] is contained in [agBQ,bgBﬂ, ie. a€B2 < a?l < bfl < 6%32. Thus afl <
x; < WP < y; or y; < Pt < r; < bP1 and in the first case we define 3/ =
1 (] 1
[yl,...,bfl,...,yd] and in the second 3" = [yl,...,afl,...,yd];
(iv) [aP',bP1] contains [aP2,b52], ie. Pt < aP? <bP2 <pP1,
K3 (] 1 K2 (] (2 (] K]
In case (iv) we have a contradiction as
By ;B -7
Y; € [a’% 27b% 2] = [aiabi] % Y;-
In the other three cases, taken either ¢/ or y” we have
d d
dao(z,y) = | (z; — bgsl)2 Y (@i i)? < | D (i —wi)? = da(,y), (4.6)
i=1,i#i \ i=1
d d
do(z,y") = | (w; — aégl)2 + Z (xi —yi)* < Z(fﬂi —yi)? = da(z,y). (4.7)
i=1,i#i i=1

because (z%—bf”l)Q < (z;—y;)? in Equation (4.6), and (x;—a?l)Z < (z;—y;)? in Equation

(4.7). The proof follows because this contradicts y being the closest point in Euclidean

distance to = in Bs. ]

Proposition 4.3.3. Let S be a finite set of points in (R, ds). Given e = {p,q} C S,

we have that Nrv({Bs(y)},cy) has the homotopy type of A7, where 7 = doc(QP"]) and
YV={yeS|du(y,p) <2F and ds(y,q) < 27}, and so is contractible.

Proof. From the Nerve Theorem 2.4.3 it follows that Nrv({B:(y)}),cy) and U, ey Br(y)
are homotopy equivalent, because {,,-balls are convex so that their intersections are

either empty or contractible. Next, we show how to define a deformation retraction

b : < U B,@)) x [0,1] — AT, (4.8)

yey
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Given ¢, we have that the set Uy@-, Br(y) has the homotopy type of A%, which is con-

e’

tractible by its convexity. To obtain ¢, we first define ¢, : Br(y) x [0,1] — A’ for each

y € V. Given the Euclidean projection U Br(y) — AL, we set

by(z,t) = (1= 1) -2+t (o), (4.9)

for every z € B(y) and ¢ € [0, 1]. From Proposition 4.3.2 we have 5w (x) € Br(y)NAL,
so that the straight line segment from z to T, () () is fully contained in Br(y), by the
convexity of this set. Thus ¢, is well-defined and continuous by the continuity of Tg,_ ().

Then we set

d(x,t) = ¢g(x,t), (4.10)

for every x € U,y Br(y) and t € [0,1], with § € Y such that € Br(j). This might
not be well-defined, because for a given z all the ¢; corresponding to a point in V¥ =
{) € Y| x € Bs(9)} can be used to define ¢(x,t) for any ¢t € [0,1]. Luckily, given
R = mgejﬂ Br(y), which is a box containing x, Proposition 4.3.2 guarantees that wp :
R — A is such that ng(R) € RN A.. Thus ¢ is well-defined because the straight line
segment defined by (1 —t) - x +¢-nr(z) for t € [0,1] is contained within R, again by
convexity. Furthermore, ¢ is continuous by the continuity of the Euclidean projections,

and is a deformation retraction onto A7 because A7 C Uyey Br(y)- O]

Proposition 4.3.4. Let K1 and Ko be two abstract simplicial complexes such that K1 C
Ks. If there is only one edge e contained in Ko and not in Ky, and it exists a triangle
T € Ky of which e is a face, then Hi(K2) cannot contain an homology class [y] not in
Hy(Ky).

Proof. Any 1-cycle representing an homology class [y] such that [y] € Hi(K3) and [y] &
H,(K7) must contain e. But given e = {p, ¢} and 7 = {p, ¢,y}, any such 1l-cycle would
be homologous to a formal sum containing {p,y} and {y, ¢} in place of e. Thus it would
exist a l-cycle representing [y] containing edges in Kj only, which is in contradiction
with [y] & Hi(K). O

The following result is presented as given in [BS21].

Theorem 4.3.5. Let S be a finite set of points in (R, ds) in general position, and
K¢ the Cech complex of S with radius r > 0. If e = {p,q} C S is a non-Delaunay
edge contained in K, then H,(KS \ St(e)) and Hy(KS) are isomorphic in homological

dimensions zero and one.

Proof. We can apply the reduced Mayer-Vietoris sequence, as given in [Spal2, Sec-
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tion 4.6], with A4 = CI(St(e)) € K€ and B = KC \ St(e), because AN B = Cl(St(e)) \
St(e) # 0. It follows

Hy(ANB) = H,(A) ® Hy(B) = Hy(AUB) = H,_1(ANB)---
Y
Hi(CU(St(e)) \ St(e)) — Hp(KE\ St(e) — Hi(KE) — Hy—1(C1(St(e)) \ St(e)) -

where Hj(A) cancels out, because it is trivial by definition of A = Cl(St(e)). Thus
showing that Hj(Cl(St(e)) \ St(e)) is trivial in homological dimensions k and k — 1,
implies that Hy(KS \ St(e)) — Hp(KY) is an isomorphism, from the exactness of the

Mayer-Vietoris sequence above.

By definition of nerve, and Proposition 2.1.2 (ii), it follows that A = Cl(St(e)) =
Nrv({B,(y) }yey) C K&, where

Y={y € S| doo(y,p) <2r and doo(y,q) < 2r}. (4.11)

Defined A” = dB;(p) N 0Br(q), where 7 = w < r, we have that A” is covered by
UyeS\e Br(y) by Proposition 4.1.3. We can restrict this union of open balls to those

centered in the points of
V = {y € S| doo(y,p) < 27 and doo(y,q) < 27} C ), (4.12)

because Br(y) N AL =0 if y ¢ V. So AL must be covered by J, . Br(y) and

yey

Nv({Br (1)} yey) € Nev({B,(y)}yey) \ St(e) = CI(St(e)) \ St(e) € K.

By Proposition 4.3.3, the nerve Nrv({B;(y) )}yey) has the homotopy type of A,
and so trivial homology. Then, given the simplices in CIl(St(e)) \ St(e) and not in
er({B (Y)}yey), we prove that adding them into er({B (Y)},ey) does not alter its

zero and one-dimensional homology.

Regarding zero-dimensional homology we know that er({TM}yey) consists of one
connected component. Also, the vertices in CI(St(e)) \ St(e) not in er({B (y )}yey)
that could potentially create a homology class in Hy(Cl(St(e)) \ St(e)), are the points in
Y\ Y. We have that p,q € Y\ ), and these are fully connected to the points in ), so do
not create any connected component. Moreover, all other points in )\ )V are connected
to both p and ¢ by definition of J. So Cl(St(e)) \ St(e) cannot contain a connected
component not in er({%}yej), and Ho(C1(St(e)) \ St(e)) must be trivial.
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U1 :'.JZ | Y1 Y2 Y1 Y2

(a) (b) (c)

Figure 4.7: (a) Balls centered in the points of Y = {yi,v2,¥3,%4} covering AL. (b) K, =
Nrv({Br(y)},ey)- (c) Ki, i.e. the union of the cones from Ky to p and q.

For one-dimensional homology, we define

Ko =Nrv({Br(y)},ey) and K, = Nrv({B,(y)}yey) \ St(e), (4.13)

and show the existence of a filtration Ko C K; C ... C K,, such that at each step
K; C K;y1 no one-dimensional homology class is created. We start by defining K; as
the union of the cones from Ky to p and q. Subfgures 4.7b and 4.7c illustrate this step for
the points in Figure 4.7a. So going from Ky to K one-dimensional homology remains
trivial because adding these cones cannot create any new l-cycle. Then we add the
points of 4’ € Y\ (Y U {p, ¢}) into K7 one by one, obtaining a new complex K;1 of the
filtration above each time. Furthermore, at each such step K; C K;,1, we also add two
triangles {p,v’, 4} and {q,%,y}, where j € V. This can be done because A’ is covered
by U, ey Br(y), so that there exist y € Y such that B,(y') N B, (y) 2 B,(y') N Br(y) # 0,
because B, (y') N AL # 0. Hence both B, (p) N B.(y') N B, (y) and B,(q) N B.(y") N B.(y)
must be non-empty, by Proposition 2.1.2 (i1), so that {p,y,y},{q,v,y} € KTC Thus

by Proposition 4.3.4 no one-dimensional homology class is created going from K; to
Kiy1 = K, U{yu{p, vy} U{q, vy} U{p,v,5} U{q,v',5}. We denote the K; 1 having
Y as its set of vertices by K,,—;. Finally, we add all the simplices in K,, \ K,_1 in the
last filtration step. Again we can apply Proposition 4.3.4, because for each edge {v/,vy"},
with ¢/, 4" € Y added into K, there must be a triangle {p,v’,y"} € K, by definition of
Y. Hence we can conclude that K, has trivial reduced one-dimensional homology, i.e.
Hi(CI(St(e)) \ St(e)) is trivial.

The proof follows from the exactness of the reduced Mayer-Vietoris sequence as men-
tioned above, and the fact that isomorphisms in reduced homology translate into iso-

morphisms in non-reduced homology. O
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The following result is one of the main contributions of this chapter. It is also

discussed in Section 4 of the preprint [BS21].

Theorem 4.3.6. Let S be a ﬁm'te set of points in (RY, dy) in general position. Given
r>0ande >0 such that K, e contains exactly one edge not in KC, ifik: Hy(KAT) —
Hk(KC) is an isomorphism, then i¥, _ : Hy(KAL) — Hk(Kr+5) is also an isomorphism

for k=0,1.

€

Proof. Let e = {p,q} € S be the only edge added to KTC by increasing the radius
parameter of € > 0. Then either e is a {,-Delaunay edge, so that e € K;4F and e € KTC,
or e is non-Delaunay edge, so that e ¢ KAT and e € KTC . We split the proof in two

parts, dealing with these two cases separately.

We use the notation of Proposition 4.1.3, meaning that r < 7 = M <r-+e
and AT = By(p) N Br(q). Also, as in the proof of Theorem 4.3.5, we define J = {y €
S | doo(y,p) < 27 and dwo(y,q) < 27}, so that if e is a non-Delaunay edge, then A7 must

be covered by |,y Br(y)-

CASE 1: e is {5 -Delaunay

For r > 0 the complexes KAF and KTC contain the same vertices by definition. Also,
because the homomorphism induced by the inclusion of complexes Ho(KAF) — HO(KTC )
is an isomorphism, KAF and K,? have the same connected components. Thus after e is
added in both KA and KTC either connected components do not change or the same
connected component is merged in both. In the first case zero-dimensional homology
remains unchanged, while in the second case the same zero-dimensional homology class
is deleted in Ho(KA) and HO(KC). In both cases i0 : Ho(KAL) — HO(KHE) is an
isomorphism induced by the inclusion K;ff; - KT,OJNg

We now look at one-dimensional homology. Adding a single edge e and the cliques
it forms into KA and K¢ can result in the creation or deletion of one-dimensional

homology classes. We further split this case into two subcases.
1. The edge e adds nothing but itself to the Alpha flag complex KA.
2. The edge e adds itself and one or more triangles to the Alpha flag complex K;“F .

SUBCASE 1.1

We start by proving that the edge e is the only simplex added into KTC as well. To show
this, suppose by contradiction that increasing the radius parameter from r to r+e¢ results
into adding e and a triangle {p, ¢, y} into K,(,j This means {p,y},{q,y} € KC, so that

they are strictly shorter than {p,q} from our hypothesis on distances between pairs of
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points in S, i.e. general position. Given 0 < 20 < 27 — max{ds(p, y), do(q,y)}, we have
doo(p,y) < 27 — 26 and doo(q,y) < 27 — 25. Moreover doo(p, q) = 27, so the three axis-

parallel hypercubes Br(p), Br(q), and B;_5(y) have non-empty pairwise intersections.
Their triple intersection is also non-empty, by Proposition 2.1.2 (i), and it follows that
A" N Br(y) = Br(p) N Bi(q) N Br(y) # 0. Hence the set of points ) contains at least
one point, and because e is a £o-Delaunay edge, we have that A7\ (Uye? Bs(y)) is non-

empty. Thus the closed set (Uye)'i Bi(y))° needs to intersect A7, which is a closed box.
So there exist a point z of A” belonging to the boundary of the closure of Uyey Br(v),
otherwise A} would need to be disconnected, i.e. ALNI(U,cy Br(y)) # 0. Furthermore,
z€ ATn( Uyey 9B (y)), because d( Uyey Bi(y)) C (Uyey 9B5(y)). In conclusion there
exist z € AT NOBx(y') for some 3y € Y, so {p,q,y'} is a {x-Delaunay triangle with z as

a witness point, which belongs to K,ﬁf;. This contradicts the hypothesis of Subcase 1.1,
because the Alpha flag complex Kffe cannot contain any triangles of which {p, ¢} is an
edge. Thus, when increasing the radius parameter from r to r + ¢, the edge e = {p, ¢} is
the only simplex added in both K;f‘F and KTC .

In general, adding a single edge to an abstract simplicial complex can result in either
the deletion of a connected component or the creation of a one-dimensional homology
class. The former of these two cases is dealt with the discussion of zero-dimensional
homology above and does not affect one-dimensional homology. On the other hand, if e
does not merge connected components in KAF, then it also does not merge connected
components in KTC , because as already discussed zero-dimensional homology remains
isomorphic. Thus both H; (KAL) and Hl(ng) contain a new homology class. In
this case it ., : Hi(KAE) — Hl(K§+5) is the isomorphism induced by the inclusion,
which extends i! : Hy(KAF) — Hl(Kfj ) by mapping the one-dimensional homology
class created by e in K\, into the one created by e in Kga.

SUBCASE 1.2

Adding e = {p, ¢} to both KA and KTC results in one or more triangles {77 };c; added
to the Alpha flag complex K,ﬁfg. Moreover, by the definition of flag complex, the same
triangles are added to K&, .. Also, there might be triangles {%]f}jej added to KY,,,
which are not added to K/ These {77}, contain {p, ¢} as an edge, and at least one

non-Delaunay edge among their other edges.

To begin with, we note that e does not create any one-dimensional homology class
in KAL and Kga by Proposition 4.3.4. It remains to prove that a one-dimensional
homology class [y] € Hy(KAF) is deleted at radius r + ¢ if and only if i}([y]) = [§] €
Hl(KTC) is also deleted.

The first direction holds because if a homology class is deleted in the Alpha flag
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complex, then the same formal sum of triangles is a boundary for the same homology

class of the Cech complex.

For the opposite direction, let us suppose that [§] € Hy (KC) is deleted at radius r+¢,
and that [y] remains open in the Alpha flag complex with radius r + . We can think
of adding thevtriangles {77 }jes and {77}, ; one by one in KC in any order, obtaining a
new K; C KTCJF(S at each step. At some point, one of these must be creating a boundary
deleting [¥] in K;. If this is a triangle ] " (containing Delaunay edges only), then its edges
form a formal sum which is homologous to both [y] and [§]. Moreover, 77 bounds this
formal sums in both complexes, so that [y] ¢ H; (K;“st), which is a contradiction. On
the other hand, if a non-Delaunay triangle 7‘; is creating a boundary deleting [¥], we can
apply Theorem 4.3.5 to one of the non-Delaunay edges é of 7;. We have a contradiction
with the assumption of 77 deleting [4], because K&\ St(é) and ng need to have the

same one-dimensional homology and Tj € St(e).

In conclusion the same one-dimensional homology classes are deleted in both com-
plexes by the same triangles, and so il,, : Hy (KAL) — Hl(KT ) is an isomorphism
induced by the inclusion K;“fs - K%E

CASE 2: e is non-Delaunay
By applying Theorem 4.3.5, we have that Hk(K e\ St(e)) — Hk(KT+€) is an isomor-
phism for £k =0, 1.

Finally, the diagram

Hiy(KAT) —=— Hy(KS. \ St(e))

lnz luz (4.14)

Hy(KD) ——— Hi(Kf)

obtained by applying the homology functor to the inclusion maps between complexes
commutes, because K¢ = K& _ \ St(e) and K/ = KA proving that Hy (KAL) —

Hk(KTJrE) is an isomorphism for £ =0, 1. O

Corollary 4.3.7. Let S be a finite set of points in (R, ds) in general position. Given
the Alpha flag K;%F and

Cech filtrations K% of S have the same persistence diagrams in homological dimensions

a finite set of monotonically increasing real-values R = {r;}7*,,

zero and one.

Proof. Given the two parameterized filtrations KT%C C K;‘}C Cc...C K;“mc and K,% C
KE C ... C K& . We have that Hy(K{¥') — Hy(KS) is an isomorphism for each
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0<¢:<mand k=0,1.
e For r; <0, K;,‘:F and Kg are empty.

e For r; > 0, we can think of Kf:F and K,,C; as the result of adding one edge at a
time, plus the cliques formed by edges, into Ké‘w and Kg . Theorem 4.3.6 ensures
that each new edge added preserves the isomorphism between the zero and one-

dimensional homology groups of the Alpha flag and Cech complexes.

The proof follows by applying the Persistence Equivalence Theorem 2.4.11. ]

The above result extends to a general ambient dimension d the equivalence of zero and
one-dimensional persistence diagrams proven in [HKS15] for two and three-dimensional

points.

4.4 Minibox Complexes

In this section, yet another family of complexes is introduced, which we prove to have
the same property of Alpha flag complexes, i.e. they can be used to compute the Cech
persistence diagrams of S in homological dimensions zero and one. We also discuss the
expected number of edges these complexes contain. In the next section, we describe

algorithms for finding these edges.

Definition 4.4.1. Let p, ¢ be two points in (R?, du). The minibox of p and ¢ is

d

Miniy,, = H (min{pi, qi }, max{p;, qi}), (4.15)
i=1

that is to say the interior of the minimal bounding box of p and gq.

Proposition 4.4.2. Let S be a finite set of points in (R, dw), e = {p,q} a pair of points
of S, and Miniy,, the minibozx of p and q. If it exists y € S\ e such that y € Mini,q, then

e is not an edge of the Lo-Delaunay complex of S.

Proof. Given 7 = M, we have A” = By(p)N Br(q) by Proposition 4.1.3. Equivalently

AT = H?Zl[bi —T,a; + 7], where a; = min{p;, ¢;} and b; = max{p;,¢;} for each 1 <1i < d.
Then, given y € Miniy,, it follows that a; < y; < b; for each 1 < i < d, implying
yi—7 < b;—7 and a;+7 < y;+7. Thus [b; —T,a; +7] C (y; —7,y; +7) for each 1 < i < d,
and A’ C By(y). The result follows applying Proposition 4.1.3. O



Chapter 4. Persistent Homology in ~, Metric 69

Definition 4.4.3. The Minibox complex of S with radius r is

KM={occCS| max doo(p, q) < 2r and Minip, NS = 0 for each p,q € o}.
p.g€o

The next theorem is another novel result, which is also presented in Section 5 of the
preprint [BS21].

Theorem 4.4.4. Let S be a finite set of points in (RY, dy) in general position. Given the
Alpha flag KAT and Minibox KM complexes with radius r, then Hy(KAT) and Hy(KM)

are isomorphic in homological dimensions zero and one.

Proof. We have KAF € KM C Kré, and we know that Hy(KAT) — Hk(KTC) is an
isomorphism for £ = 0,1 from the discussion in the proof of Corollary 4.3.7. Thus
we have the following commutative diagrams, implying that Hy(KAT) — Hi(KM) is
injective for k = 0,1 and any r € R.

1%

KAF K¢ Hy,(KAF) y Hy(K©)

\ KM / - \H (KM )/

(4.16)

To conclude our proof we need to show the surjectivity of this homomorphism for &k = 0, 1.

For k = 0, because KA and KM have the same set of vertices, and KM might
contain more edges, it follows that KA has the same or more connected components
than K. So in homological dimension zero the homomorphism induced by the inclusion
KA C KM must be surjective.

To prove the surjetivity of il : Hy(KAT) — Hy(KM), we show that for any [y] €
Hi(KM) a 1-cycle v representing it has to be homologous to a 1-cycle 4’ containing only

{so-Delaunay edges of length less than or equal to 27, so that il ([y']) = [v].

Let v be a l-cycle in KM representing [y] € Hi(KM), and e = {p,q} the non-
doo (P,9)
2

Delaunay edge in v of maximum length. We have AT = By(p) N Br(q), where 7 =
by Proposition 4.1.3. Defined Y = {y € S | doo(y,p) < 27 and doo(y,q) < 27}, we
equivalently have Y = S N Bor(p) N Bar(q) = S N 7(AL), because e(AL) = ¢(Br(p) N
Bi(q)) = Brie(p) N Brye(q) by Proposition 4.1.1 (i). For points in R?, these sets are

illustrated in Figure 4.8, where A” is represented by a thickened vertical line between p

and ¢q. Moreover, given ¢ = pTJrq, we have Mini,, C 7(c) C 7(AL), because ¢ C A”, taking

e-thickenings preserves inclusions, and Miniy, has sizes of length less than or equal to
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27 and center c¢. Then, because e is not a Delaunay edge, A’ must be covered by the
union of balls centered in the points of S\ {p, ¢} by Proposition 4.1.3. Thus at least one
y € S\ {p, q} is such that Br(y) intersects AT, i.e. ) # ). Defined i € Y to be the point
realizing

min do (y, Miniy,),
yey

we have that Mini,; and Minigzy do not contain points in S\ {p, ¢, 7}, as we can show a
contradiction otherwise. Suppose there exist either 3/ € S\ Y or ¢ € Y belonging to
one of these two miniboxes. Without loss of generality, we assume either y' C Minipy or
y” C Miniyz. In the former case we have Mini,; C 7#(A~), because p is on the boundary of
7(A7T) and 7 in its interior. So 3’ € 7#(AT), implying that ¢’ € ), which is a contradiction.
In the latter case, it must be that doo(y”, Miniyy) < doo(y, Minip,) by definition of Mini,;

and duo, which is in contradiction with ¢ being the closest point of Y to Miniy,.

So there exists a vertex y of the Minibox complex connected to p and ¢ by the edges
{p,y} and {7,q}. These are shorter than 27 so that {p,7},{7,q} € KM. Swapping
{p,y} and {y, q} for e in v, we obtain a 1-cycle homologous to v with the property of
having a shorter longest non-Delaunay edge. This procedure can be repeated only a finite
number of times, as we have a finite number of non-Delaunay edges, and at each iteration
the maximum non-Delaunay edge length in the current 1-cycle decreases. When the
procedure cannot be repeated, we have a 1-cycle 4/ in K homologous to vy, containing
only /s-Delaunay edges. Hence v represents a one-dimensional homology class in the
Alpha flag complex which is mapped into [y] by i} : Hy (KAF) — H(KM). O

Corollary 4.4.5. Let S be a finite set of points in (R, ds) in general position. Given
a finite set of monotonically increasing real-values R = {r;}", the Alpha flag K;%F
and Minibox filtrations K% of S have the same persistence diagrams in homological

dimensions zero and one.

Proof. Follows from the Persistence Equivalence Theorem of 2.4.11 as for Corollary 4.3.7.
O

Number of Minibox edges. We conclude this section by studying the number of
edges that a Minibox complex K can contain. We are able to show that for ran-
domly sampled points the expected number of empty miniboxes on the points of S is

proportional to n - polylog(n), where n is the number of points of S.

We start by noting that in the worst case a Minibox complex can contain O(n?)
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Figure 4.8: (a) The pair (p,q) is not a Delaunay edge, but is a Minibox edge. Mini,, is the
gray region having p and ¢ as two vertices. The set ) consists of four y; points contained in
the rectangle 7( A7), whose boundary is represented by a dash-dot line. (b) Expected number of
Minibox edges of randomly sampled points for d = 2, 3,4, compared to the number of all possible
edges (dashed line).

edges. For example the union of

Slz{pi:(l—z,l—z)} andSQI{qj:(3—],1—])} s (4'17)
n n/))i=1 n /) j=1

is a set of 2n points in R?, on parallel line segments, such that all the miniboxes Miniy,q;
for 1 <4 < j < n do not contain any point in S; U .Se. Thus the Minibox complex of
S1 U .Sy contains more than w points for a large enough radius parameter.

Next, given S to be a set of random points in R?, we can derive the expected number

of edges contained in any maximal Minibox complex.

Definition 4.4.6. Let p and ¢ be points in R%. We say that p dominates q if each of
the coordinates of p is greater than the corresponding coordinate of q. Given a finite set
of points S C RY, we say that p directly dominates ¢ if p dominates ¢ and there is no
other point y € S such that p dominates y and y dominates q.

Proposition 4.4.7. Let S be a finite set of uniformly distributed random points in the
unit hypercube [0,1]% C (R?, ds). The expected number of edges contained in the mazimal

2d— 1

Minibox complex of S is © (mnlogd_l(n)) , where n is the number of points of S.

Proof. We have that if p directly dominates ¢, then Mini,, NS = (). On the other hand,
Minip, NS = O does not imply that either p directly dominates g or ¢ directly dominates
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p. However, for each pair {p,q} there exists a sequence of a maximum of d reflections
about the coordinate hyperplanes that transforms S into a set of points such that ¢
dominates p. There are 2% possible such sequences of reflections, one for each orthant,
and each produces a set of points Sy with a set of directly dominated pairs disjoint from
those of the other Sis. Moreover, if {p, ¢} is not a directly dominated pair in any S
for 1 < k < 2%, then Mini,, N S must be non-empty. So if the expected number of
directly dominated pairs in Sy is m, then the expected number of empty miniboxes on .S
is 291.m, because each edge {p, q} is counted twice in the 2¢ transformed point sets Sj.
In [Kl1e86] it is shown that for n random points in a bounded region of R? the expected
number of directly dominated pairs is © (ﬁnlogd_l(n)). Thus, in dimension d there

d—l(

are © (%nlog n)) pair of points {p,q} such that Mini,, NS = 0. The proof

follows from the definition of Minibox complex. O

Figure 4.8b plots the expected number of minibox edges for random points in dimen-
sion 2 < d < 4 with n in the range [0,2000]. This is an empirical estimate obtained
by randomly sampling points in the unit hypercube, and counting the number of edges

found with the algorithms of the next section.

4.5 Algorithms

We present algorithms for finding all pairs of points {p, ¢} C S such that Miniy, NS is
empty. By definition, these are all the edges a Minibox complex can contain. We study
the two-dimensional, three-dimensional, and higher-dimensional cases separately. For
d = 2 and d = 3, we present a plane-sweep and a space-sweep algorithm respectively.
These maintain front data structures that can be used to efficiently determine whether
Mini,, N S is empty or not. For general dimension d, we see the problem of finding all
empty miniboxes on S as of an offline orthogonal range emptiness problem with %

range queries, and reference known results on range queries.

We also provide an implementation of these algorithms in the form of the persty

Python package, the source code of which is available at github.com/gbeltramo/persty.

Points in two dimensions. We start by taking S to be a finite set of points in
(R?% ds). For this case, we describe a O(n?) algorithm, whose pseudocode is given in
Algorithm 4.1. This is worst-case optimal by the discussion on the number of Minibox
edges at the end of Section 4.4. An example of the edges contained in the maximal
Minibox complex of random points in the unit square [0,1] x [0,1] € R? is given in
Figure 4.9b. This can be compared to the edges in Figures 4.9a and 4.9c showing the

edges contained in the maximal Alpha flag and Cech complexes on the same points.
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(a) Alpha flag edges. (b) Minibox edges. (c) Cech edges.

Figure 4.9: Comparison of Alpha flag (i.e. Delaunay), Minibox, and Cech edges of random points

in

0,1] x [0,1] C R2.

Algorithm 4.1 Minibox edges of a finite set of points S in R2.

_ = = =

Input: array points, the finite set of points S in two dimensions.

edges < empty list of two-tuples of integers
Sort points on their z-coordinate
fronts, front, < (p2, +00), (p%, —00), where p° = points[0]
for i =0to |S|—1do
for j=i+1to|S|—1do
P, q < points[i], points[j]
if Mini,, does not contain front; or front; then
Add (i, 7) to edges
Set fronty = q if py < gy, or front, = q if p, > ¢,
end if
end for
: end for
: return edges

The algorithm works by sweeping the plane form left to right for each point p =

(pe, py), starting from p,. In particular, it checks whether (p,q) is a Minibox edge for

each point ¢ = (¢y, qy) in the half plane (p,, +00) x (—00, +00). This is done on line 7 of

Algorithm 4.1. For this it uses a front, which consists of two points front; and front,.

These have the following properties:

e fronts has a y-coordinate greater than p,, while front; has a y-coordinate less

than or equal to py;

e Defined X to be the set of points in S with x-coordinate in the range (pg,qz),
fronty has a y-coordinate smaller than any other point x € X such that z, > p,,
and front) has a y-coordinate larger than any other point € X such that z, < p,.
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Figure 4.10: Illustration of the plane-sweep algorithm for Minibox edges in R?, with X =
{z1,22, 23,24} and fronty = x4. In (a) {p, ¢} is not a Minibox edge, because fronts € Mini,,.
In (b) Mini,, is empty, so in this case {p, ¢} is a Minibox edge.

These properties are true when fronty and front, are defined on line 3 and are preserved
by the update operation on line 9. Moreover, because these properties always hold,
Mini,, can be non-empty if and only if it contains either front; or front|. For example,
given p and ¢ such that ¢, > p,, by definition Mini,, is non-empty if and only if there
exist of point x € X C S such that x, > p, and ¢ dominates . But such a point
exists only if ¢ dominates front;. Thus the check on line 7 determines if {p,q} is a
ls-Delaunay edge. This is illustrated in Figure 4.10, where X = {x1,x9, 23,24} and

fronty = x4.

Proposition 4.5.1. Let S be a set of finite points in (R?,dws). Algorithm 4.1 can be
used to find the Minibox edges on S in O(n?) time.

Proof. The correctness of Algorithm 4.1 is discussed above. It loops on all possible @
edges, and at each iteration it needs O(1) operations to check whether Mini,, is empty

and update fronty, front;. Thus, it has complexity O(n?). O

Points in three dimensions. For a finite set of points S in three dimensions, we

present Algorithm 4.2, which uses a space-sweep strategy.

Given p = (pg,py,p-) and ¢ = (¢z, Gy, ¢z) in S, we define the sweep-plane to be the
yz-plane with origin (py,p.). We have that a point y € Miniy, must be such that its
projection onto the sweep-plane belongs to the same quadrant as the projection of q.
Hence, without loss of generality, we always assume the projection of ¢ to belong to the
first quadrant of the sweep-plane. In Algorithm 4.2 this reflects into the definition of p’
and ¢’ on line 8. The idea is to maintain a front data structure for each quadrant of the

sweep-plane, and use it to test whether {p, ¢} is a Minibox edge or not.
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Algorithm 4.2 Minibox edges of a finite set of points S in three-dimensions.

Input: array points, the finite set of points S in (R?, dy).

1: edges + empty list of two-tuples of integers

2: Sort points on their z-coordinate

3: for i =0to |S|—1do

4:  fronts < list of four empty red-black trees, one per quadrant

5 forj=i+1to|S|—1do

6: P, q < pointsli|, points[j]

7: p',q < (0,0), (lgy — pyl, lg- — pz|) projections on the sweep-plane

8 k < index such that (gy,q.) is in the k-th quadrant of the sweep-plane
9 if fronts[k] is non-empty then

10: y' + first element to the left of ¢’ in fronts[k] bisecting on ¢,

11: if 3/ does not exist then

12: Add (i, j) to edges

13: Delete the points in fronts[k| that dominate ¢/, add ¢’ in fronts[k]
14: else

15: if y' ¢ Minip/q/ then

16: Add (i,7) to edges

17: Delete the points in fronts[k] that dominate ¢’, add ¢’ in fronts[k]
18: end if

19: end if

20: else

21: Add (i,7) to edges, and add ¢ to fronts[k]

22: end if

23:  end for

24: end for

25: return edges

At each step of the inner loop on lines 5 — 23, we have that {p, ¢} is a Minibox edge if
and only if Mini,, does not contain a point y' in the sweep-plane. Because we restrict
ourselves to the first quadrant, we only need to check whether or not ¢’ dominates any
y' projected from a y € S with y, in the range (p;,¢.). To speed this up we can store
the points y' as we sweep on (p;,q,) in a red-black tree front, sorting them on their
first coordinate, and then check if Mini,, is empty by searching among the points in
this front. In particular, we only store the points ¢’ which are adding a Minibox edge,
i.e. those that do not dominate points in the front. This happens on lines 13,17,21 of
Algorithm 4.2. The other points ¢”, dominating another point 3’ already in the front,
are not needed. This is because if a future ¢’ dominates ¢”, then it must also dominate
y'. Furthermore, it may happen for ¢’ to be dominated by points previously stored in
the front. In this case, these are no longer needed, as for ¢ above, and we can replace

them with ¢/, which happens on lines 13 and 17. A consequence of the way points are
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stored in and deleted from the red-black tree front is that these are the vertices of a
staircase in the first quadrant of the sweep-plane, i.e. sorting the points using their first
coordinates, their second coordinates are monotonically decreasing. This disposition of
points is similar to those in the examples given for the two-dimensional case in Figure
4.10. The difference is that ¢’ can be dominated by one of the points already in the
front. To find 9’ dominated by ¢’ in the front we can bisect on the first coordinate values
of its points. This follows because if ¢’ dominates any point in the front, then it also
has to dominate the point in the front directly to its left, by the fact that the front is a

staircase.

Proposition 4.5.2. Let S be a set of finite points in (R3,ds). Algorithm 4.2 can be
used to find the Miniboz edges on S in O(n?log(n)) time.

Proof. The correctness of Algorithm 4.2 is discussed above. The inner loop may require
to delete and add O(n) points into a red-black tree, and to bisect on the same tree O(n)
times. Since either deleting, adding, or bisecting on a red-black tree requires O(log(n))
operations, we conclude that the inner loop takes a total of O(nlog(n)) operations.

Hence, Algorithm 4.2 has O(n?log(n)) complexity. O

Points in higher dimensions. For points in general dimension d > 4, we propose
different strategies, using a decreasing amount of additional storage, to test whether

Mini,, NS is empty for each pair of points in S.

For instance, high-dimensional range trees with fractional cascading [dBCvKOOS,
Section 5.6] can be used to answer orthogonal range emptiness queries in O(log?~*(n))
time, at the additional cost of O(nlog?~!(n)) storage. By testing all pairs of points in S,
we have a O(n?log?~1(n)) algorithm. Similarly, kd-trees [dBCvKOO08, Section 5.2] can
be used to answer the same query in O(nl_%) time, only taking O(n) additional storage,
resulting in a O(ngfé) algorithm for finding all the edges contained in any Minibox
complex. Furthermore, we note that by the curse of dimensionality, if d becomes too
big it might be faster to test each of the @ pairs of points in S via a brute force
strategy, searching all points in S sequentially. This results in a O(dn®) total time
algorithm but does not require storing any additional data structure. The choice among
these options depends on the amount of memory that can be spared for storing additional
data structures. Moreover, we note that each of the above strategies could take advantage

of parallel implementations using the independence of tests on each pair of points in S.

Finally, we also mention that in the Word RAM model of computation the offline
orthogonal range counting algorithm of [CP10] can be used to find all empty miniboxes

on S in constant dimension d > 3 in O(n? 10gd_2+§ (n)). Anyway, as remarked in [CP10],



Chapter 4. Persistent Homology in ~, Metric 77

for this algorithm to be applicable to floating-point numbers one needs to assume that
the word size is at least as large as both log(n) and the maximum size of an input

number.

4.6 Computational Experiments

In this final section, we present computational experiments giving empirical evidence
of the speedup obtained by using Minibox filtrations in the calculation of zero and
one-dimensional Cech persistence diagrams of S in o, metric. Moreover, we compute
the persistence diagrams of Alpha flag, Minibox, and Cech filtrations obtained using
randomly sampled points in [0, 1]* C (R3,ds,). These allow us to illustrate the similarities

and dissimilarities between two-dimensional diagrams of these filtrations.

We use the implementation of the persistent homology algorithm provided by the
Ripser.py [TSBO18] Python package, in combination with the algorithms of the persty
Python package. All computations were run on a laptop with Intel Core i7-9750H CPU
with six physical cores clocked at 2.60GHz with 16GB of RAM.

Size of Minibox filtrations. First, we study the expected size of Minibox filtrations
versus the size of Cech filtrations. Our filtrations contain vertices, edges, and triangles
because we only need to compute zero and one-dimensional persistence diagrams. So we
have that the Cech filtration contains ©(n3) simplices. Given the edges in the maximal
Minibox complex of S, the clique triangles on these can be found in O(nk?) time, where
k is the maximum degree of any point in S, i.e. the maximum number of Minibox edges
a point is contained in. Moreover O(nk?) is also an upper bound on the number of
possible Minibox triangles, and by Proposition 4.4.7 it follows that the expected value of

2d71

k for a uniformly distributed finite set of random points is © (W logd_l(n)). Hence,
we expect the Minibox filtration of S to contain fewer simplices compared to the Cech
filtration. We give empirical evidence of this by calculating the expected number of
Minibox simplices for 500, 1000, 1500, and 2000 uniformly distributed random points,
averaging over five runs. Table 4.2 presents our results for Minibox filtrations in two,
three and four dimensions. The number of simplices contained in the Cech filtrations

are listed for comparison.

Running time and memory usage. Next, we explore the use of Minibox filtra-
tions for the computation of Cech persistence diagrams of S C (R%, dy) in homological
dimensions zero and one. As already mentioned, we make use of the Ripser.py package,
which provides a Python interface to Ripser [Baul9] C++ code. In particular, we think

of Minibox filtrations as sparse filtrations, and feed into the persistent homology algo-
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Table 4.2: Average number of simplices contained in the Minibox and Cech filtrations for different

input sizes.

n = 500 n = 1000 n = 1500 n = 2000
Minibox 2D | 0.01 x 10° | 0.03 x 10° 0.05 x 10° 0.07 x 10°
Minibox 3D | 0.17 x 10 | 0.50 x 10° 0.91 x 10° 1.38 x 10°
Minibox 4D | 1.19 x 10° | 4.50 x 10° 9.41 x 109 15.65 x 106
Cech 20.83 x 10° | 166.67 x 10° | 562.50 x 10° | 1333.34 x 10°

rithm a precomputed sparse matrix in coordinate format. We give timing and memory
usage results for points in the range [500,32000] for Minibox filtrations, averaging over
five runs. In the case of Cech filtrations, we limit our experiments to a maximum of
8000 points because of memory constraints. Moreover, we consider only points in R?, as

results are similar in higher dimensions.

We list our results in Tables 4.3, 4.4, 4.5, and 4.6, where columns correspond to
different sizes of the input points set .S, and times are given in seconds. In particular,
we use Algorithm 4.1 for edges in Table 4.3, Algorithm 4.2 for edges in Table 4.4, and
a brute force algorithm for edges in Table 4.5. We also report the average total peak

memory use in megabytes.!

In all the experiments, the reduced number of simplices of Minibox filtrations results
in a substantial improvement in memory usage over Cech filtrations, and in a speedup
in the computation of Dgmg and Dgm;. This allows to increase the maximum size of
inputs of the persistence algorithm, given a fixed amount of available memory. The price
is having to precompute Minibox edges. We note that this computation could also take
advantage of implementations parallelizing the inner loops of Algorithms 4.1 and 4.2,
or the individual checks on edges of any brute force algorithm, as already mentioned in
Section 4.5.

Table 4.3: Timing (seconds) and memory usage (MB) with Minibox filtrations of points in R2.

500 | 1000 | 2000 | 4000 | 8000 | 16000 | 32000
Edges time 0.008 | 0.016 | 0.047 | 0.117 | 0.289 | 0.891 | 2.852
Sparse matrix time | 0.023 | 0.070 | 0.141 | 0.312 | 0.734 | 1.562 | 3.406
Dgmyg; time 0.008 | 0.016 | 0.031 | 0.078 | 0.172 | 0.477 | 1.148

| Total time 1 0.039 | 0.102 | 0.219 [ 0.507 | 1.195 | 2.929 [ 7.406 |
| Peak Memory usage | 2.92 | 5.52 | 11.51 | 25.15 | 53.50 | 112.1 [ 246.3 |

In Windows this was measured using the Win32 function GetProcessMemoryInfo() to obtain the
PeakWorkingSetSize memory attribute of the Python process building sparse matrices and computing
persistence diagrams.
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Table 4.4: Timing (seconds) and memory usage (MB) with Minibox filtrations of points in R3.

500 [ 1000 | 2000 [ 4000 | 8000 [ 16000 | 32000
Edges time 0.062 [ 0.188 | 0.586 | 2.047 | 7.500 | 27.89 | 110.6
Sparse matrix time [ 0.117 [ 0.281 | 0.742 | 1.836 | 4.609 | 11.29 | 26.56
Dgmo,1 time 0.016 | 0.055 | 0.211 | 0.547 | 1.664 | 4.516 | 12.34

| Total time | 0.195 | 0.523 | 1.539 | 4.429 | 13.77 | 43.70 [ 149.5 |

| Peak memory usage | 9.22 [ 21.87 | 54.91 | 137.3 | 329.3 | 770.1 | 1848 |

Table 4.5: Timing (seconds) and memory usage (MB) with Minibox filtrations of points in R*.

500 [ 1000 [ 2000 [ 4000 [ 8000 [ 16000 | 32000
Edges time 0.273 [ 1.648 | 9.430 [ 54.16 | 307.1 | 1657 | 8866
Sparse matrix time | 0.258 | 0.727 | 2.055 | 6.250 | 15.68 | 43.52 | 107.8
Dgmo,; time 0.070 [ 0.227 | 0.797 | 2.539 | 9.320 | 27.02 | 107.3

| Total time | 0.601 | 2.601 | 12.281 | 62.95 | 332.1 [ 1728 | 9081 |

| Peak memory usage | 19.19 [ 51.18 | 155.4 | 410.4 | 1122 | 2841 | 7960 |

Table 4.6: Timing (seconds) and memory usage (MB) with Cech filtrations of points in R?.

500 | 1000 [ 2000 [ 4000 | 8000

Sparse matrix 0.656 | 2.758 | 11.05 | 44.79 | 178.7

Dgmo 0.133 | 0.602 | 2.958 | 13.31 | 66.22
| Total time | 0.789 | 3.359 | 14.01 | 58.10 | 244.9 |

| Peak memory usage | 42.05 | 151.14 | 614.13 | 2532 [ 10340 |

Differences in higher-dimensional diagrams. We present two examples of Alpha
flag, Minibox, and Cech persistence diagrams, obtained from distinct Sy, So C (R?, do).
These finite point sets were obtained by randomly sampling fifty points in [0,1]3 C R3.
The persistence diagrams were calculated with Ripser.py passing in the appropriate
space matrix. For the Alpha flag case the edges belonging to the Delaunay complex of
S1 and Sy were computed with a brute force strategy using the result of Proposition

4.1.3, i.e. checking if A’ is covered by Uyes\e By (y) for each pair p,q € S.

The first row in Figure 4.11 contains the diagrams of Si. In this case Dgmy (KA
contains a point at infinity, while Dgm,(K#2") does not. Furthermore, both contain
additional off-diagonal points, which do not coincide. In the second row of Figure 4.11
we have the diagrams of Sp. In this case, it is Dgmy(KAT) that contains a point at
infinity, while Dgm,(K2) only has an additional off-diagonal point. This shows that
it is possible to obtain Alpha flag and Minibox diagrams with off-diagonal points not
contained in the corresponding Cech diagrams in homological dimensions higher than
one. Furthermore, Dgm,(K4%) and Dgm,(K2!) are generally different and are not one
a subset of the other.
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(a) Alpha flag diagrams of S;. (b) Minibox diagrams of S;. (¢) Cech diagrams of S;.
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(d) Alpha flag diagrams of Ss. (e) Minibox diagrams of Ss. (f) Cech diagrams of Ss.

Figure 4.11: Persistence diagrams of finite sets of three-dimensional points in ¢, metric space.
Each row contains the diagrams of a different finite point set. These empirically show the equality
of diagrams in dimensions zero and one, and illustrate the possible differences between diagrams
of Alpha flag, Minibox, and Cech filtrations in homological dimension two.

4.7 Discussion

This chapter provides tools for the efficient computation of Cech persistence diagrams of
a finite set of points S in £/, metric space. The central idea is to make use of filtrations of
flag complexes on S — Alpha flag and Minibox complexes — so that edges information
is all that is needed to build them. This way only the simplices up to dimension i + 1
need to be operated on if we are interested in computing persistence diagrams up to

homological dimension h.

On the other hand, Alpha filtrations of points in Euclidean metric require finding the
full Delaunay complex K of S. Algorithms for finding this K [HB08] make use of
the empty circumsphere property of Delaunay top-dimensional simplices, of which there
are O(n(g]) for S C R4 Thus, it is not possible to determine which edges are in the

Euclidean Delaunay complex without having to consider its d-dimensional simplices.

We prove the equivalence of Alpha flag, Minibox of Cech filtrations in homolog-

ical dimensions zero and one of points in f., metric space, see Theorems 4.3.6 and
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4.4.4. Moreover, it is shown that for n randomly sampled points Minibox filtrations are

expected contain a number of edges proportinal to n - polylog(n), thus improving over

(n—1)
the %

edges. For points in R?, it is given a O(n?) plane-sweep algorithm, while for points

edges of Cech filtrations. Algorithms are also described for finding minibox

in R* a O(n?log(n)) space-sweep one. In dimension d > 4, the running time becomes

O(n?log(n)?4=1') using orthogonal range queries.

The final experiments section illustrates in practice the speedup obtained using Mini-
box filtrations. Examples are also given showing that for higher-dimensional homology

Alpha flag and Minibox filtrations are related to Cech filtrations.

Future work could focus on determining whether alternative filtrations exist that can
be used for computing Cech persistence diagrams in homological dimension two. Efficient
algorithms for finding their simplices would also need to be described, as done in this

chapter with edges of Minibox filtrations.



Chapter 5

Cumulative Landscapes for

Supervised Classification

An application of the TDA descriptors considered in this thesis is their use as signatures
of image and shape data. For example, persistence diagrams can be applied to classifi-
cation problems involving three-dimensional shapes represented as a finite set of points
in R? [COO15]. A nice property of persistence diagrams is their stability with respect to
small perturbations in the given input set of points, which makes them robust to noise
present in real-world data. On the other hand, Euler characteristic curves and surfaces
have the advantage of consisting of a finite number of numerical values. This allows for
their direct application as feature vectors in the context of supervised classification prob-
lems. For this reason, a growing number of research papers has dealt with the problem
of encoding the information of persistence diagrams into finite vectorial representations
[Bub15, AEK'17, RCIU19).

In this chapter, we propose two new methods for vectorizing persistence diagrams.
The goal is to describe computationally efficient methods, which produce small feature
vectors leading to good classification results. The efficacy of these is tested on supervised
classification problems using open-source datasets. In particular, average accuracy scores
are used to compare our methods to other TDA vectorization methods. Moreover, the
algorithms described in Chapter 3 are used to compute Euler characteristic curves and
Euler characteristic surfaces, which are made into feature vectors and added to the

accuracy scores comparison of vectorizations of persistence diagrams.

82
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Figure 5.1: (a) Points randomly sampled on three circles in R?. (b) Delaunay-Cech persistence
diagram in homological dimension one of points in (a). (c) First two persistence landscape
functions of the persistence diagram in (b).

5.1 Persistence Landscapes

A possible strategy is to map persistence diagrams into functions of one or more real
variables, which can then be discretized by sampling their values. For instance persistence

landscapes [Bublb] are defined as sequences of continuous piecewise linear functions.

Definition 5.1.1. Let Dgm;,(Kr) = {p; = (bi,d;)}icr be a persistence diagram in
homological dimension h > 0, and 77,75 € R be such that 77 < b; < d; < Ts for each
1 € I. Defined the triangular function

t—b;, te |:bi, Lgdi}
tri(t) = § d—t, te b (5.1)

0, otherwise

for each point p; = (b;,d;), the persistence landscape of Dgm, (Kg) is the sequence of
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functions Ag(t) : [T1,T2] — R defined by
A (t) = kmax;etri; (t), (5.2)
for t € [T}, T3] and k € N, where kmax is the kth-largest value in a set.

Example: Persistence landscapes of one-dimensional diagram. Figure 5.1c
shows the first and second persistence landscape functions obtained from the persistence
diagram ngl(Kgé) in Figure 5.1b. This was computed using the Delaunay-Cech
filtration of the points in Figure 5.1a, introduced in Section 2.4. Notice that Ai(t)
and \y(t) are completely determined by the three points of maximum persistence in

ngl(ngé), which are also represented in Figure 5.1c.

Fixed a resolution parameter m € N, and defined A = T, — T and 6 = %, any

persistence landscape function Ag(t) can be discretized into the vector of real values
vp = [N (T1) A (1 +0) 5o, A (Th + (m = 1)6) , Ak (T2)] -

Concatenating the vectors {vk}izl, corresponding to the first k¥ € N functions in the
sequence of a persistence landscape of Dgm, (Kr), it is obtained a vectorization of the

1 This procedure requires fixing the integer values of both

given persistence diagram.
the resolution m and the number of landscape functions k. The optimal values of these
parameters need to be determined each time discretized persistence landscapes are com-

puted for a given dataset.

A concept related to persistence landscapes is the following, which was introduced in

[CDSO14].

Definition 5.1.2. Let Dgm,(Kr) = {pi = (bi,d;)}ier be a persistence diagram in
homological dimension h > 0, and 77,75 € R be such that T7 < b; < d; < 15 for
each i € I. Fixed p > 0 and defined the weights w; = |d; — b;|P for each i € I, the
power-weighted silhouette of Dgmy, (Kg) is the function ¢(t) : [T}, Ta] — R defined by

> i Witrii(1)

> ier Wi ’

where tri;(t) is the triangular function of the point p; in the diagram.

o(t) = (5.3)

Any given silhouette ¢(t) can be discretized by fixing a single resolution value m, but

'The concatenation of two vectors v1 and ve containing n; and ny elements respectively is the vector
with n1 4+ ns elements whose first n; elements coincide with those of v1, and the last n2 elements with
those of vs.
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Figure 5.2: Cumulative landscape of ngl(K{gc) is Figure 5.1b.

its definition requires to pick an application-specific optimal value of the power p.

Both in the case of persistence landscapes and silhouettes, a pair of parameters needs
to be determined to derive feature vectors for supervised classification tasks. When
dealing with a classification problem, the optimal values of these parameters can be

chosen via k-fold cross-validation on a subset of the data at hand.

5.2 Cumulative Landscapes

Persistence landscapes and silhouettes are two instances of what is generally called a
summary function of persistence diagrams. In this section, it is introduced a new type

of summary function, which is related to power-weighted silhouettes.

Definition 5.2.1. Let Dgm,(Kr) = {pi = (bi,di)}icr be a persistence diagram in
homological dimension h > 0, and 17,75 € R be such that 77 < b; < d; < Ty for each
i € I. The cumulative landscape of Dgm;, (Kg) is the function A(¢) : [T, T3] — R defined
by

A(t) = trii(t), (5.4)

where tri;(¢) is the triangular function of the point p; in the diagram, as given in Defi-
nition 5.1.1.

Like the summary functions introduced earlier in this chapter, cumulative landscapes
are continuous and piecewise linear functions. Besides, as for power-weighted silhouettes,
all that is required to vectorize cumulative landscapes is a fixed resolution parameter m,
which can be used to sample A(¢) on its domain [T1,75]. In particular, this is the only
parameter to be optimized if using cumulative landscapes for supervised classification,

because the dependence on the parameter p used to define the weight w; in silhouettes
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has been removed. An example of a cumulative landscape is presented in Figure 5.2.
This is the curve obtained by summing up the triangular functions associated with the
points in the persistence diagram in Figure 5.1b. Moreover, under genericity assump-
tions on the coordinates of the points in Dgmj (KR), it can be shown that cumulative
landscapes can be used to reconstruct the persistence diagrams defining them. Thus,
with the appropriate hypotheses, the mapping into cumulative landscapes is information

preserving.

Definition 5.2.2. A persistence diagram Dgm, (Kgr) = {p; = (bi,d;) }icsr is generic if
the set X = J;¢s {bi, d;, bigd"} is such that

(i) x # 2’ for each z,2' € X;

(i) %igb

bi%di _33‘ for each i € I and x € X \ {b;,d;}.

Proposition 5.2.3. Let A(t) be the cumulative landscape of Dgmy, (Kr). If the persis-

tence diagram Dgmy, (KR) is generic, then it is possible to reconstruct its set of points

from A(t).

Proof. The idea is to use the first derivative A’(t) of the cumulative landscape to identify
the maximums of the triangular functions tri;(¢). This A’(¢) is a piecewise constant (and

discontinuous) function with values in Z, because it is the sum of

Lre (b gh)
ti(t) = { -1, te (5%, q) (5.5)

0, otherwise

for each ¢ € I. Thus its value changes at the point of discontinuity ¢ = b;, t = d;, and
t:%foreachiel.

Given X as in Definition 5.2.2, let 6 > 0 be such that ¢ < min, zex |z — 2'|. By
hypothesis Dgm,, (Kr) is generic, so property (i) of Definition 5.2.2 guarantees that

o N(bi+8)— N(bi—8) = N(di +6) — A(d; — 6) = 1,
o A (gt 4 g) - (B —5) = -2,

for each ¢ € I. Otherwise, some b;, d;, or # would need to coincide. Hence, the

midpoints of the triangular functions tri;(¢) are uniquely identified as the values at which
A'(t) decreases by 2. Then, for each midpoint # the pair of values t; = b; and t5 = d;
is such that
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Figure 5.3: Two different sets of triangular functions whose sum is the same cumulative landscape.
In (a) there are three functions with local maximums in (1, 1), (1.5,0.5) and (2,1); in (b) a single
function with maximum in (1.5,1.5).

bi+d; __d;—b bi+d; __ di—b
° 7,27,_t1_7,22andt2_ 121_222’

° A/(tl + (5) — A/(tl — (5) =1,
° A/(tg + (5) — A/(tg — (5) =1,

for each ¢ € I. Moreover, by point (i) of Definition 5.2.2; there is only one pair of
t1,ty € [T1,Ts] satisfying these properties. Thus the triangular function tri;(¢), which is
non-zero in the range [t1,t2] = [b;, d;], must be in the sum defining A(¢). In conclusion,
each value of ¢ at which A’(¢) decreases by 2 uniquely identifies a point (t1,t2) = (b;, d;)

in the persistence diagram used to define A(%). O

Note that if the given persistence diagram is not generic, then it may not be possible
to decompose A(t) into its triangular functions, and so obtain the points of the diagram.
For instance, given the persistence diagram Dgm,, (K ) = {(0,2), (1,2), (1, 3)}, its cumu-
lative landscape could be decomposed both as the sum of the triangular functions with
non-zero values in the intervals [0, 2], [1, 2], and [1, 3], and as the single triangular function

with non zero-values in [0, 3]. See Figure 5.3.

Example: Instability of cumulative landscapes. Given two finite set of points X
and Y in R? the Stability Theorem 2.3.10 of persistent homology ensures that small
perturbations in X and Y result in small perturbations in the Cech persistence diagrams
of X and Y. Here we show with an example that cumulative landscapes do not have the
same property. In particular, we describe point sets in R? at fixed Hausdorff distance
€ > 0 such that the cumulative landscapes of their one-dimensional persistence diagrams

are arbitrarily different.
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Figure 5.4: (a) Point set Y1) in R? together with the edges of its Delaunay triangulation. (b)
Point set Y(¥) in R? producing an unstable cumulative landscape. (c) Cech persistence diagram
in homological dimension one of the points in (a) and (b).

We define

X® = {(z,y) eR? | 0<z<kand 0<y <1 and z,y € N},
Y& = {(z,y—e) eR? |0<z<kand 0<y <1and z,y € N},

where € € (0,1) € R is a fixed constant and k£ € N. We compute the Cech persistence
diagrams of X*) and Y(®) with Alpha complexes, as discussed in Section 2.4. This
way, Delaunay triangulations on X and Y *)| restrict the simplices contained in the

filtrations used for this computation.

To begin with, we study the persistence diagrams in homological dimension one of
XM and Y. Figure 5.4a shows the edges of a Delaunay triangulation of Y1) =
{x1, 9,23, 24}. The length of the diagonal edge {x2, x4} is \/m, because xy =
(0,1 —¢) € R%. Moreover, both 71 = {1, 22,74} and 75 = {29, 73,24} are right-angled
triangles with {x2, x4} as hypotenuse, so 71 and 79 are added into the Alpha complex

V(1—e)2+1
2

angled triangles is the midpoint of their hypotenuse. Thus, we have that the 1-cycle

K;f‘ of YV with radius parameter r = , because the circumcenter of right-

containing {z1, 22}, {22, 23}, {3, 24}, and {z1,24} is created at r = 1, and deleted
J(1—=e)2
at r = % in the Alpha filtration of Y(!). Besides, there is a l-cycle of zero

/(1—2)2
persistence, which is both created and deleted at r = w We conclude that

{(1 \/(1—5)24—1)’(\/(1—5)24-1 \/(1—5)2—1—1)}’

2’ 2 2 ’ 2

is the Cech persistence diagram in homological dimension one of Y1), Similarly, the
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Cech persistence diagram in homological dimension one of X is

(GD2D}

because the ¢ constant is missing from the points of X1,

Then, the Cech persistence diagrams in homological dimension one of X*) and Y (¥)
consist of the same points of those of X1 and Y(!) above, but with the points having
multiplicity & — 1. This follows by the fact that a Delaunay triangulation on 2k points
like those in Figure 5.4b contains k — 1 pairs of triangles with the same properties of 7

and 15 above.

Finally, we write Ay (t) and Ay k) (t) for the cumulative landscapes of the persis-

tence diagrams in homological dimension one of X¥) and Y *). We have

o)~ Ay @l = (6 1) - (2 - VIZDTED) (56)

because the triangular functions of the points (l Q) and (%, (1%)2“) differ by

27 2
vi_ I Jfiep
2 - 2

2
ing Ay (t) and Ay (t). Thus, fixed any value of € € (0, 1), the value of ||A k) (t) —

Ay (t)||oo goes to infinity, with k going to infinity. We conclude that, a small pertur-

, and there are k — 1 such functions in the sums defin-

bation of a set of points X may result in large differences in the cumulative landscapes
derived from X. So, the stability property of persistence diagrams does not hold for

cumulative landscapes.

5.3 Fourier Coefficients of Cumulative Landscapes

The simple structure of cumulative landscapes allows to reduce the dimensionality of
the output vectors obtained by discretizing A(t), without losing much of the structural
information they encode. The idea is to think of A(t) : [T1,T2] — R as a periodic function
of period T' = Ty — T, and to use its Fourier coefficients a; and b as the elements of
the desired feature vectors. Analytical expressions for the values of these coefficients are

derived in this section, and are applied in the next to classification problems.

Definition 5.3.1. Let A(t) : [T1,T5] — R be the cumulative landscape of a persistence
diagrams Dgm,, (K% ) in homological dimension h > 0. The periodic cumulative landscape
of Dgmy,(KR) is the periodic function A(t) : R — R defined by

A i = AE—3-T), (5.7)
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for j € Z, where T' =Ty — T1.

The periodic cumulative landscape can be expanded into the Fourier series

sp(t) = ; + XE: <dk - cos (?t) + by, - sin (Tt)) , (5.8)

k=1
where the coefficients a; and b, are

T
- % Tf A(t)dt;

[ ] &0
° iy =% gf A(t) cos (ZE¢)dt, for 1 <k < k;

o by =2 [ A(t)sin (ZEt)dt, for 1 <k <K

as given in [Tol76, Section 1.6]. Furthermore, the following result (adapted to the nota-
tion of this section) guarantees that in our setting sz(t) converges to A(t) for k going to

infinity.

Theorem 5.3.2 (Section 3.9 [Tol76]). If A(t) is an absolutely integrable function of
period T' which is piecewise smooth on the interval [a,b], then for allt in a <t <b the

Fourier series s100(t) of A(t) converges to A(t) at points of continuity and to the value

At +0) + At —0)
2 )

(5.9)

the arithmetic mean of the right-hand and left-hand limits, at points of discontinuity.

Given the cumulative landscape in Figure 5.2, its periodic version A(t) is approxi-
mated with increasing accuracy by the Fourier series sa(t), s5(t), and s20(t), which are

plotted in Figure 5.5 showing a single period [T}, T3] = [0, 7].

In conclusion, fixed k € N large enough, the Fourier coefficients ég, @y, and by, encode

most of the information of a cumulative landscape A(t), and the vector
vf = |ao, a1, a g, by, b by
k 0,1, A2, ..., U, 01,02,...,0f

can be used as a vectorial representation of the persistence diagram used to define A(t).
This contains 2k + 1 elements, which in practice (i.e. choosing parameters with k-fold
cross-validation as done in the following section) results in smaller vectors compared
to vectorizations of persistence landscapes and cumulative landscapes making use of

resolution parameter m.
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NA
|
)

Figure 5.5: Fourier series of A(t) derived from the cumulative landscape in Figure 5.2, for k fixed
to three different values.

Analytical expressions of Fourier coefficients. The equations defining the Fourier
coefficients ag, ax, and b can be integrated to obtain their values explicitly in terms of
mathematical expressions containing only trigonometric functions. Recall that A(t) =
> icr trii(t) is the cumulative landscape of Dgmy, (Kr) = {p; = (b;, d;) }icr on the interval
[T, T3] of length T.

Given that the integrals fgf tri; (t)dt = fbd"' tri;(t)dt equal the area of the triangular
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functions tri;(¢) for each ¢ € I, which is (d: ) , it follows that
2 [T 2 2 [T
ap = — A()dt = = A(t)dt = = tri; (¢)dt
ao=2 [ AW T/ () T/Tl;nm
_ 2 (b)) e (di = bi)’
=Y / = R
ZEI iel

Next, the expression for a; can be derived by splitting f;; ® tri; (t) cos (%’;—kt) dt in terms
of its value on the intervals [b;, ¢;] and [¢;, d;]. The same works for by, for which it is only

given the final expression.

ap = % T1T2 A(t) cos ( ) A(t) cos (?t) dt
- ;trll cos ( ) ;/ trig (¢ cos 2Tk: t) @t
; /Z (t —b;) - cos (2;’]{:t>dt+/bi;di(dz_t) cos <2;kt>dt]'
(i) s

The terms (i) and (i) can be integrated by parts obtaining

. 2 s 2
o -sin (M4 2E) 4 (5 ) cos (B4t 28) — () - cos (b, 5)

2 2
.. d:—b, . b.+d. b;+d;
i —[()() oo (485 4 () oo (075)

. T
Uk = 5513 Z [2 cos(y;k) — cos(Bik) — cos(&;k)}, (5.10)
el
for each k > 1, where ¢; = bﬁgdi, Bi = bi%’r, v = & T 0 = d T for each ¢ € I. Similarly
b = 5y O | 25in(yik) — sin(Bik) — sin(5ik)] (5.11)
k= 5aps 2 sin(v; sin(3; sin(0;k) |, .

for each k£ > 1.

5.4 Supervised Classification Experiments

In this section vectorial representations of persistence diagrams derived from cumulative

landscapes are applied to two supervised classification problems. The goal is to compare
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Figure 5.6: The 24 textures of the OUTEX_TC_00000 gray-scale image dataset.

the classification accuracy results obtained by applying standard machine learning algo-
rithms with feature vectors derived with different methods from the same persistence
diagrams. Moreover, accuracy results given by Euler characteristic feature vectors are

also included in the final comparison tables.

All computations were performed on a laptop with Intel Core i7-9750H CPU with six
physical cores clocked at 2.60GHz with 16GB of RAM.

Texture images. The first open-source dataset used to benchmark the effectiveness
of TDA feature vectors is the OUTEX_TC_0000 test suite, which contains 480 gray-scale
images of size 128 x 128 [OMP102]. These belong to 24 different classes, corresponding
to as many types of textures, see Figure 5.6. The test suite also provides 100 random
50/50 test-train splits, with each class evenly represented by 10 images in the train and

test data, that need to be used to compute average classification accuracy results.

To begin with, the Euler characteristic curves of pixel intensity values were com-
puted for each image with Algorithm 2.1. Next, the discrete version of the Laplace
operator [GW17]| was applied to extract information about regions of high contrast in
the OUTEX_TC_00000 images. In particular, the OpenCV [KB16] implementation was used
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with kernel

0 1 O
1 -4 1
0 1 O

The result of this operation were Laplacian matrices of integers. Gray-scale absolute
Laplacian images were produced by taking absolute values of the elements in these Lapa-
cian matrices. Euler characteristic surfaces were computed with Algorithm 3.1 using the
pairs of images obtained by taking each OUTEX_TC_00000 image and its associate absolute
Laplacian image. Finally, both Euler characteristic curves and surfaces were employed
to produce feature vectors for classifying OUTEX_TC_00000 images with standard machine
learning algorithms. To obtained such vectors, step parameters s1,s2 € N were chosen
via 3-fold cross-validation on one-third of the data. The curves and surfaces were down-
sampled according to these steps by only keeping their elements in positions ¢ and (i, j)
such that ¢ =0 (mod s1) and j =0 (mod s2).

In order to compete with the results of Euler characteristic surfaces, which integrate
the information of two sublevel sets filtrations in one vector, multiple persistence dia-
grams were computed for each image. In practice, images were first downsampled to half
their original width and height. Then, each of the resulting 64 x 64 images was mapped
into a collection of four point clouds in R3. These were obtained from the downsampled
images by thresholding their values at four different levels, and mapping the remaining
pixels with value vg; into the points (s,t,vs¢) of R3. The four threshold levels were
determined using the Euler characteristic curves of pixel intensities of OUTEX_TC_00000
images. In particular, these were chosen to correspond to local maximums in the curve of
average Euler characteristic changes of QUTEX_TC_00000 images and to avoid producing
empty point clouds. The result were the values {120, 127, 165,255}. For an example of a
collection of four point clouds derived from a single OUTEX_TC_00000 image see Figure 5.7.
The persistence diagrams in homological dimensions zero and one of these point clouds
were computed with the gudhi [GUD21] Python package using both Delaunay-Cech fil-
trations with Euclidean distance, and Minibox filtrations with £, distance. This resulted
in a collection of 8 diagrams for each OUTEX_TC_00000 image, both for Delaunay-Cech
and Minibox filtrations. All these diagrams were vectorized via persistence landscapes,
cumulative landscapes, and Fourier coeflicients of cumulative landscapes, as previously
described in this section. The parameters m, k € N that needed to be fixed for this step
were chosen applying 3-fold cross-validation to one-third of the OUTEX_TC_00000 data. To
conclude, the sets of 8 vectors corresponding to persistence landscapes, cumulative land-
scapes, and Fourier coefficients of cumulative landscapes were concatenated to produce

the final persistence feature vectors.
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Figure 5.7: Four point clouds derived from one OUTEX_TC_00000 image.

Table 5.1: Average classification accuracy results OUTEX_TC_00000

Features preprocessing

Min-Max scaler

Euler char. curves - Intensity

84.84 + 1.93%

91.52 + 1.70%

Euler char. surfaces - (Intensity, Laplacian)

97.20 £+ 0.89%

96.31 + 1.34%

Minibox pers. landcapes

84.30 + 1.73%

89.30 + 1.71%

Minibox cum. landscapes

96.05 + 1.16%

85.94 + 1.69%

Minibox Fourier coefficients

95.45 +1.22%

95.44 + 1.23%

Delaunay-Cech pers. landcapes

84.04 + 2.21%

92.80 + 1.28%

Delaunay-Cech cum. landscapes

94.53 + 1.61%

88.04 £ 1.89%

95.84 +1.13%

96.40 £+ 1.23%

Delaunay-Cech Fourier coefficients

Classification on the 100 train-test splits provided by the test suite was performed
using logistic regression [FHT09, Section 4.4] with /5 regularization and the LIBLINEAR
[FCHT08] solver, as implemented by the scikit-learn [PVGT11] Python package.
The inverse regularization strength parameter C' was also determined with 3-fold cross-
validation, at the same time of choosing the vectorization parameters m and k, or the
downsampling step in the case of Euler characteristic vectors. The average accuracy
results for all feature vectors taken into consideration are in Table 5.1. The first col-
umn refers to results where no preprocessing on the features was used, and the second
column to the average accuracy results obtained by applying a Min-Max scaler prepro-
cessing step, i.e. transforming the training set so that each feature is in the range [0, 1].
The best results are attained by Euler characteristic surfaces without preprocessing,
though similar performance is provided by Fourier coefficients of cumulative landscapes

of Delaunay-Cech filtrations with Min-Max scaler preprocessing.

Three-dimensional human shapes. The second dataset considered in this section is
the SHREC 2014 collection of 400 real human 3D meshes, representing 40 human subjects
in 10 different poses [PSR*14]. In practice, only the vertices of the meshes are used,
producing points clouds in R3 on top of which Delaunay-Cech and Minibox filtrations are
built in order to compute Euler characteristic curves/surfaces and persistence diagrams.

Note that each shape in this dataset contains approximately 15,000 vertices. The task
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Figure 5.8: Each row displays a different human subject, and each column a different pose of the
SHREC 14 real dataset.

proposed by the SHREC 2014 track was to perform classification of the 40 classes repre-
senting different human subjects, that is to say to distinguish between shapes in different
rows in Figure 5.8. In this section, TDA feature vectors are applied to the problem of
classifying the 10 different poses, i.e. different columns in Figure 5.8, as they are found
to be not informative for the original task. This does not affect the conclusions of these
experiments, as the focus here is on comparing the effectiveness of different vectorization

methods on the same data.

As in the case of texture images above, first Euler characteristic curves and surfaces
were computed for each point cloud. Delaunay-Cech filtrations of points in R3 were
employed in the case of curves. The same filtrations, together with the estimate of the
local density given by Equation (3.13) as a second parameter on Delaunay simplices,

were used to compute Euler characteristic surfaces.

Again, persistence diagrams were computed for four different point clouds for each
element in SHREC 2014. In this case, the already mentioned estimate of the local density
was used to filter the human 3D shapes. The density thresholds chosen for all point
clouds were {0.0046,0.0092,0.0140,0.05}, which were picked based on the maximum



Chapter 5. Cumulative Landscapes for Supervised Classification

97

0.0046 0.0092 0.0500
0.6 e 0.6
0.0 § 3 w
20.6 } ! 20.6
06t _pa  —06 - L 0.2 0.6
0.0 0.0
0.6 0.6

Figure 5.9: Four point clouds derived from one SHREC 2014 human model.

Table 5.2: Average classification accuracy results SHREC 2014

Features preprocessing
- Min-Max scaler

Euler char. curves - Miniball

59.09 £+ 4.25%

75.95 + 3.62%

Euler char. surfaces - (Miniball, Density)

69.39 £+ 3.61%

67.01 + 3.54%

Minibox pers. landcapes

88.98 £ 2.04%

91.17 £ 2.83%

Minibox cum. landscapes

88.52 £+ 2.80%

88.11 £3.37%

Minibox Fourier coefficients

85.42 + 3.58%

87.99 + 2.50%

Delaunay-Cech pers. landcapes

88.41 +2.41%

91.25 + 2.31%

Delaunay-Cech cum. landscapes

89.24 4+ 3.16%

90.38 +£2.17%

Delaunay-Cech Fourier coefficients

89.66 £ 3.34%

91.52 +2.47%

average Euler characteristic changes of Delaunay complexes of the filtered point clouds,
as done with Euler characteristic of images above. On these collections of four point
clouds, persistence diagrams in homological dimensions zero and one were computed
as for OUTEX_TC_00000 images. Furthermore, the same persistence diagrams vectoriza-
tion methods (concatenating multiple vectors) and logistic regression classifier with /o

regularization were used.

Finally, the optimization of hyper-parameters (downsampling steps for Euler char-
acteristic vectors, vectorization parameters m and k, regularization parameter C) was
performed on one-third of the data via 3-fold cross-validation. The remaining two-thirds
of the data were instead used to compute average accuracy results over 10 repetitions
of 3-fold cross-validation. These are given in Table 5.2, including both results with no
preprocessing and with a Min-Max scaling step. In this case, Fuler characteristic vectors
are not as informative as those derived from persistence diagrams. The best result is
given by using Fourier coefficients of cumulative landscapes of Delaunay-Cech filtrations

with Min-Max scaler preprocessing.
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5.5 Discussion

In this chapter the outputs of computational methods presented in this thesis are applied
to supervised classification problems. The goal is to evaluate the effectiveness of existing
vectorization methods for persistence diagrams versus those presented here. In particu-
lar, cumulative landscapes are introduced as an alternative to persistence landscapes and
related objects. Moreover, analytical expressions for the Fourier coefficients of cumula-
tive landscapes are given in terms of trigonometric functions, allowing for their direct
computation. Finally, different vectorizations of persistence diagrams are applied to two
classification problems on open-source datasets. In both cases, the Fourier coefficients
perform better than other vectorization methods of persistence diagrams, while being

competitive with Euler characteristic surfaces in the case of texture images.



Chapter 6

Optimal Metrics on (Genomic
Data

The previous chapter presented an application of topological data analysis methods to
datasets of two-dimensional images and three-dimensional set of points. Here a classifi-
cation problem involving high-dimensional data is studied. In particular, the focus is on
genomic data of ulcerative colitis patients at risk of developing cancer, consisting of infor-
mation about duplication and deletion of base pairs in the genome of such patients. This
comes in the form of n vectors in R% with n < d. The goal is to introduce a new method
that can be used for cancer class prediction and to determine important genes/locations
in chromosomes that identify these classes. The idea is to define a weighted metric opti-
mized for a specific type of genomic vectors, and use the derived weighted distances for
classification tasks. A dataset of 67 ulcerative colitis patients with low-grade dysplasia
(LGD) is used to compare results obtained with this optimized metric against standard

machine learning algorithms.

6.1 Related Work

The method described in the following section is related to studies on gene selection
and classification of cancer data. For instance in [THNCO02] the authors define shrunken
centroids of genomic vectors classes, and use these in combinations with nearest-centorid
classification [FHT09]. The non-zero values of the shrunken centroids identify the genes
useful for selecting the class a patient belongs to. Standard machine learning methods
can also be applied to the same problem. For example, the LASSO [FHTO09, Section
3.4] machine learning shrinkage method can be used to both classify genomic vectors

and select important genes based on the non-zero regularization coefficients it produces.

99
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Moreover, the elastic net was introduced in [ZHO05] to overcome the limitations of LASSO
when working with high-dimensional data. In the same paper the elastic net was applied
to leukemia cancer microarray data, so to classify cancer types and perform automatic

gene selection.

6.2 Loss Function and Optimized Metric for Classification

In this section, it is introduced a novel approach to produce distance-based features out
of genomic vectors, which can then be used for their classification. In particular, the
following setting is considered. Let S be a set of genomic vectors of patients with or at risk
of developing cancer, that is to say S is a finite set of n points in R?, with the dimension
d being much greater than n. It is known that the elements of S can be partitioned
into subsets S' and S?, corresponding to the low-risk and high-risk patients respectively.
Moreover, the elements of S! are locally clustered, as their genomic mutations show a
reduced variability compared to S?, which does not have the same property. In the next
section, data from ulcerative colitis patients with low-grade dysplasia is used, and the
sets S1 and S? are determined by patients either progressing to high-grade dysplasia or
not. Thus it is written SN¥ for the set of non-progressor patients, and ST for the set of

progressor patients. The same notation is used in this section as well.

The goal is to define an algorithmic procedure capable of classifying a new and previ-
ously unseen genomic vector p € R? as coming from either a low-risk /non-progressor or
high-risk /progressor patient. A possible approach is to apply known machine learning
algorithms, using directly the elements p € S as feature vectors. This will be the baseline
for the experiments in Section 6.3. Another possible strategy is to compute distances
from the centroid of non-progressors SN and use these as features for classification. In
this section an optimized weighted metric d,, is defined, so that the weight function w
encodes information about which components of the elements p € S better discriminate
between elements of SN and ST.

Loss function. Let

_ 1 1@ —p)?
(o) = — = exp (5 ) (6.1)

be the Gaussian function of mean p and standard deviation ;. Fixed a value of o1 € R,
a weighted Euclidean distance is defined for each p € [1,d] C N. Given p,q € S, the

(1, o1)-distance

d
du,gl (pa Q) = Z 9u,01 (Z) : (pi - %)27 (62)
i=1
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weights the contributions of the differences (p; —¢;)? based on how close i is to the chosen
w. Then, a loss function L(u) is defined by summing up squared weighted Euclidean

distances.

_ Z d2701 (CNP,p)

peSP

=— Z [Zd:gum (4) - (C?IP _pi)ﬂ (6.3)

pGSP =1

- > [Sdmee(- ) @)

peSP =1

where P € R? is the centroid of non-progressor vectors; i.e. C?IP = ZpesNP npﬁ,
with ¥ equal to the number of elements in SNF. The idea is that ¢N\¥ represents
well the elements of SNF,| which are known to be clustered. So the local minimums of
L(p) correspond to the values p; € [1,d] € N such that the weighted (1, 01)-distances
better discriminate between the progressors genomic vectors and the centroid of non-

progressors. Moreover, the first derivative of the loss function with respect to u is

oL, L (i p) (i — )’
87,u(u)__ Z [Z 3\/§GXP (‘20%> (e NP—Pz) . (6.4)

Hence the expression of g—ﬁ can be used to find local minimums of L(u) with the gradient
descent method [BV04, Section 9.3]. Choosing different starting points for this algorithm

in the domain [1,d], it is possible to find all such local minimums {u}}" .

Optimized metric. An optimized weight w and metric d,, can are obtained using the
loss L(u) in Equation (6.3), and its set of local minimums. Let i be the vector of local
minimums sorted by the absolute values of the losses L(ug); i.e. |L(f1)| > |L(fg)| >

. > |L(fim)|. Fixed an integer k < m and standard deviation value o9, the optimized

weight is
E
ch Gps (i (65)
k=

where C = % This is the sum of the Gaussian functions given by the first k
j=1 J
local minimums in i, weighted by their loss values at the pgs. Finally, the optimized

metric between two vectors p,q € S is

d
du(pq) = | D w(i) - (pi — ¢:)? (6.6)
=1
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The distance d,, (¢, p) can be used to characterize p € S.

Distance-based classification. The classification method used in combination with

the optimized metric d,, is the following.

Let S be partitioned into a train and test subsets Sipain and Siest. The corresponding
SNE and SP

train-test splits of the non-progressor and progressor vectors are SNP train

train’
SP .. Fixed a threshold t € R, a genomic vector p € R? is classified as non-progressor if
dy (cggin, p) < t, and as progressor otherwise. Thus, the train and test accuracy functions

frain(t) : R — [0,1] and fiest(t) : R — [0, 1] are defined by

rain(t) = y 6.7

ft ( ) |Straln| ( )

ftest( ) |{p E test | d (Ctes‘m ) < t}|g+ |J‘Lp € S test | d (Ctest? ) Z t}| (68)
test

The threshold ¢ maximising the value of firain(t), i.e. firain(f) = Maxier fuain(t), can be
found by iterating on the distances {d,, (ngin,p) }pESiraim» Decause by definition these are
the only thresholds at which fiain(t) can increase or decrease its value. In conclusion, the

training and test accuracies obtained by using d,, distances as features for classification
are ftrain(g) and ftest (tA)

Example: Application to synthetic data. Here, the optimized distance classifi-
cation method described above is applied to synthetic genomic data. This is a set S
of 200 vectors with 4401 components, which are assigned random values on 28 fixed
ranges of consecutive components. For instance, p; is constant for 695 < ¢ < 783 and
2262 < ¢ < 2504 for each p € S. The first half of the dataset models non-progressor
vectors studied in the next section. These 100 vectors have real-valued components
randomly sampled in the range [—0.5,0.5]. The second half models progressor vectors.
These have component values p; assigned at random in [—0.8,0.8] with a higher variance
between constant values in different ranges. Moreover, their p;s are decremented by 0.4
for each 695 < ¢ < 793, and incremented by 0.3 for each 2262 < i < 2504, which are
the two already mentioned ranges of constant components. The idea is that these are
the regions of the genome that always get altered similarly in case a patient is likely to
progress to high-grade dysplasia. Figure 6.1 presents two pairs of synthetic genomic vec-
tors. The first column contains two synthetic “non-progressor” vectors and the second

column two synthetic “progressors”.

On this data it is possible to compute the value of the loss function for p € [1,4401],

as given by Equation (6.3), and find it local minimums with gradient descent using the
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Synthetic “non-progressor” vectors  Synthetic “progressor” vectors
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0 1500 3000 4400 0 1500 3000 4400

Figure 6.1: Synthetically generated genomic vectors plotted as piecewise constant curves on the
range [1,4401]. The column on the left shows two “non-progressor” vectors, and the column on
the right two “progressor” vectors.
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Figure 6.2: Loss function and optimized weight obtained by using 60% of the synthetically
generate genomic vectors.

expression in Equation (6.4). For this, it is necessary to choose a standard deviation
value 1. Then the weight w is determined by fixing the values of oo and k. The result
is a weighted distance d,,, which can be used to classify patients and compute accuracy
results with Equations (6.7) and (6.8).

A subset containing 40% of the elements of S is set aside to determine appropriate

values of o1, oo, and k. On this data, average test accuracy results over 100 train-

test splits are used as a score to select a triplet (o1,092,k). In practice, this is done



Chapter 6. Optimal Metrics on Genomic Data 104

Table 6.1: Classification accuracy results of synthetic genomic vectors over 100 train-test splits

Avg. test accuracy
Distance-based classifier - Euclidean distance do 77.55 +4.09%
Distance-based classifier - optimized distance d,, 93.28 + 3.27%

by choosing the parameters maximizing average test accuracy results, searching over all
possible combinations of integer standard deviations and number of local minimums,
i.e. (01,00,k) € N3. This search results into picking o1 = 38, oo = 24, and k = 6,
which are then used to compute the loss function and an optimized weight on the other
60% of S. Figure 6.2 provides a plot of this loss, whose two main local minimums
correspond to the midpoints of the two ranges of components which were incremented
and decremented while generating the data. Thus the weighted distance d,, derived
from this loss correctly encodes values of u which on average discriminate between “non-
progressors” and “progressors’. Lastly, the test accuracy over 100 train-test splits is
calculated with Equation (6.8) on the second 60% of the data using d,,. This is compared
against the average classification accuracy obtained on the same data with standard
Euclidean distances, i.e. using da(cN*,p) as features. Results are in Table 6.1 and show
a clear advantage in using weighted distances d,, for this type of synthetically generated
data. This example provides proof of concept of the distance-based classification method
described above. It illustrates how it can be applied in practice, and it shows that
patterns in the data at hand are detected in the local minimums of the loss function
L(p). In the next section, the same methodology used here is applied to real cancer

genomic vectors.

6.3 Application to Low-Grade Dyspalasia Data

The genomic data under consideration in this final section comes from 67 ulcerative colitis
patients with low-grade dysplasia [BCC*19, CABB*19], and consists of 269 vectors with
4401 real-valued components, representing the log, values of copy number alterations
(CNA)! in patients chromosomes. These vectors are the output of low-pass whole-
genome sequencing of tissue samples obtained at different time-points from the patients.
Due to their condition, the 67 patients are considered at risk of developing colorectal
cancer (CRC). Moreover, it is known that 45 of them did not progress to high-grade
dysplasia or cancer within five years, while the other 22 did. The goal is to be able to
predict which patients are progressors based on the genomic vectors. Besides, it would
also be important to identify which chromosomes regions (i.e. vectors components p;)

are important to distinguish between progressor and non-progressor patients.

'Measuring the amount of additional or missing genetic material found in chromosomes.
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Table 6.2: Classification accuracy results of real-world genomic vectors over 100 train-test splits

Avg. test accuracy
Nearest Neighbours classifier 75.43 + 7.52%
Logistic regression - ¢ regularization 75.62 + 6.71%
Distance-based classifier - Euclidean distance ds 82.67 + 7.18%
Distance-based classifier - optimized distance d,, 84.24 + 7.02%

Patient 27688 Patient 1237
0.8 0.8
0.4 0.4
0.0 F——r Ty 0.0 ﬂ_'_‘J]_I_I—H_LF‘w-'_‘—F‘—ﬂ-erL
—0.4 —0.4
—0.8 —0.8
0 1500 3000 4400 0 1500 3000 4400
Patient 31838 Patient 2429
0.8 0.8
0.4 0.4
0.0 ‘I—I———’—-’"“- 0.0 \——L_'_J—L‘_]—‘—'_'—L\_.-JJ—LL
—04 —0.4
—0.8 —0.8
0 1500 3000 4400 0 1500 3000 4400

Figure 6.3: Genomic vectors of log, CNA values of ulcerative colitis patients with low-grade
dysplasia, plotted as piecewise constant curves on the range [1,4401]. The columns on the left
shows two vectors corresponding to non-progressor patients, and the column on the right two
vectors corresponding to progressor patients.

Loss function - o1 = 26

0 1500 3000 4400

Weight - o3 = 96 and k = 14
0.0015

30.0010
' 0.0005

0.0000
0 1500 3000 4400

Figure 6.4: Loss function and optimized weight obtained by using 60% of the genomic vectors of
log, CNA values.
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The optimized distance classification method of the previous section is applied, select-
ing a single vector per patient. This choice is made by keeping only the vector with the
maximum norm, between the oldest ones of a patient, to use information from early
genetic mutations. Four such vectors are shown in Figure 6.3 as piecewise constant
curves. The column on the left contains data of two non-progressor patients and the
column on the right of two progressor patients. Then, as in the example using synthetic
genomic vectors, 40% of the data is set aside to determine the values of oy, oo, and k
as those maximizing average test accuracy over 100 train-test splits. In this case the
chosen parameters are o1 = 26, 09 = 96, and k = 14. Given the second 60% of data, this
results in the loss function L(x) and optimized weight w(u) plotted in Figure 6.4. Thus,
a total of k = 14 local minimums of the loss are identified as the locations {#k}iﬂ most
useful in characterizing the differences between genomic vectors of low-risk and high-risk
patients. In particular, the minimum found at i = 1438 identifies that location as the

most important for the binary classification task under study.

Finally, the distance-based classifier introduced in the previous section is applied.
Both the Euclidean distance dy and the optimized distance d,, are used to test the effect
of the weight w(u) on classification results. As additional baselines to compare against,
a nearest neighbours classifier and a logistic regression classifier with ¢ regularization
[FHTO09] are employed on the second 60% of genomic vectors as well. For both of
these, the scikit-learn [PVG™'11] Python package implementations are used (choosing
the LIBLINEAR [FCH™08] solver for logistic regression). Furthermore, the 40% of data
which is set aside to determine the values of o1, o9, and k, is also used to pick their
hyperparameters: the number of nearest neighbours to use, and the inverse regularization
strength parameter C. Average test accuracy results over 100 train-test splits are in Table
6.2. The distance-based classifiers produce the best results, with optimized distances

improving over Euclidean distances on average.

6.4 Discussion

A distance-based method for the classification of high-dimensional genomic vectors is
presented. This makes use of a loss and derived optimized weight functions, which allow
identifying coordinates of the given genomic vectors useful for distinguishing between
different classes of patients. Its efficacy in terms of average test accuracy results is
shown both on synthetic and real-world data. On the latter, distance-based classifica-
tion outperforms standard machine learning algorithms. Besides, it provides easily inter-
pretable information regarding the coordinates of genomic vectors (that can be related
to genes/chromosomes locations), which are the most informative in the classification

problem at hand.
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Conclusion

The general concept underlying the field of topological data analysis, and in particular
the theory of persistent homology, is that the geometric shape and topological structure of
data can be used for its analysis. This approach is also at the basis of the computational
methods presented in this thesis. The goal was to describe methods extending the range
of tools available in this context, overcoming some of the existing limitations of persistent

homology, and topological data analysis in general.

For instance, extending persistent homology to multidimensional parameter spaces is
problematic due to the absence of a complete discrete invariant in this setting [CZ09].
In Chapter 3, we propose the use of Euler characteristic numbers, instead of ranks
of persistent homology groups, to characterize bi-filtrations of complexes. This way
it is possible to obtain a well-defined and compact representation of the topological
information of a given bi-filtration. The idea is to generalize Euler characteristic curves
and the algorithms for their computation. This results in matrices of numbers, Euler
characteristic surfaces, which can be used to obtain insights about a two-dimensional
parameter space. Notably, we provide novel algorithms for the computation of Euler
characteristic surfaces of image and point data, the complexities of which are given
in Proposition 3.4.1 and Proposition 3.5.1. A possible development of this research
could be the generalization of our algorithms to higher-dimensional parameter spaces.
Furthermore, it would be interesting to study which combinations of parameters are

most effective in characterizing different types of data.

Another issue with the application of persistent homology is the complexity of algo-
rithms for the computation of persistence diagrams. This problem is partially solved
using Alpha filtrations, which reduce the number of simplices in Cech filtrations as seen

in Section 2.4. However, these apply only to the case of points in FKuclidean metric
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space. Thus, we try to obtain similar results in other metric spaces. In particular, we
study the problem of defining alternative filtrations for the computation of Cech per-
sistence diagrams of points in £, metric space in Chapter 4. Alpha flag and Minibox
filtrations are introduced, which can be used for this task in homological dimensions
zero and one. The main original results discussed in this chapter are Theorem 4.3.6 and
Theorem 4.4.4, which are used to prove the equivalence of Alpha flag, Minibox, and Cech
complexes. In addition to this, algorithms are described for finding the Minibox edges
of a set of points, which is the only information needed to build Minibox filtrations. The
complexities of these algorithms are given in Proposition 4.5.1 and Proposition 4.5.2.
Furthermore, Proposition 4.4.7 shows that, for randomly sampled points, the expected
number of simplices of Minibox filtrations is lower than the one of Cech filtrations. Thus,
Minibox complexes can be seen as a tool for speeding up the computation of persistence
diagrams. Future work could focus on improving the complexity of Minibox edges algo-
rithms for points in high-dimensions. Moreover, the geometric property characterizing
lx-Delaunay edges (Proposition 4.1.3) could be applied to obtain efficient algorithms
for finding these in ambient dimension three or higher. Besides, it may be possible to
define other filtrations, with the same properties of the Alpha flag and Minibox ones,
further reducing the expected number of simplices that need to be considered to compute

persistence diagrams.

The application of topological data analysis invariants to supervised classification
problems has recently received an increasing level of attention, with the introduction
of several methods for discretizing the information of persistence diagrams [Bubl5,
AEK*17, OPT*17]. The goal is to map persistence diagrams into vectors that can
be given as inputs to machine learning algorithms. In this context, a new type of
summary function of persistence diagrams is introduced in Chapter 5, which we call
cumulative landscape. Moreover, we derive analytical expressions of the Fourier coeffi-
cients of cumulative landscapes, which are given in Equations (5.10) and (5.11). These
Fourier coefficients can then be used to produce feature vectors out of cumulative land-
scapes. Experiments on real-world data show that, compared to those obtained with
persistence landscapes, the above-mentioned feature vectors can improve classification
accuracy results. A possible future direction of work is to extend the approach involving
Fourier coefficients. The sine and cosine functions used in the Fourier series form an
orthogonal set, which is a basis for periodic cumulative landscapes. Alternative bases of
function could be used to decompose cumulative landscapes, so as to employ the derived

coefficients as features in classification tasks.

In case the data that needs to be analyzed consists of high-dimensional arrays of

values, the methods discussed in the first part of this thesis do not directly apply. In
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Chapter 6, we consider a classification problem of cancer genomic data, and describe a
technique to define optimized metrics on it. These are used to classify the data with a
distance-based classifier, which outperforms nearest neighbours and logistic regression
classifiers. Thus, by only making use of metric information, we can describe a method
improving over standard machine learning algorithms for a particular type of problem.
Further research could focus on extending our method, which employs a loss function
and optimized distance, to settings where more than two classes of genomic vectors
are given. Moreover, the effectiveness of this approach on data of patients affected by

different types of cancer than the one used in this thesis would be worth exploring.
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