A COMPARISON PRINCIPLE FOR HIGHER ORDER
NONLINEAR HYPOELLIPTIC HEAT OPERATORS
ON GRADED LIE GROUPS

MICHAEL RUZHANSKY AND NURGISSA YESSIRKEGENOV*

ABSTRACT. In this paper we present a comparison principle for higher order nonlin-
ear hypoelliptic heat operators on graded Lie groups. Moreover, using the compari-
son principle we obtain blow-up type results and global in ¢-boundedness of solutions
of nonlinear equations for the heat p-sub-Laplacian on stratified Lie groups.

1. INTRODUCTION

A connected simply connected Lie group G is called a graded Lie group if its Lie
algebra admits a gradation. The graded Lie groups form the subclass of homogeneous
nilpotent Lie groups admitting homogeneous hypoelliptic left-invariant differential

operators ([ ], [ ], see also a discussion in | , Section 4.1]). These
operators are called Rockland operators from the Rockland conjecture, solved by
Helffer and Nourrigat | ]. So, we understand by a Rockland operator any left-

invariant homogeneous hypoelliptic differential operator on G. For example, for the
Heisenberg group, the sub-Laplacian and its powers are Rockland operators. If G is
a stratified Lie group with a given basis Xi,...,X,, for the first stratum of its Lie
algebra, then the operators

are positive Rockland operators for any m € N, yielding the sub-Laplacian for m = 1.
More generally, for any graded Lie group G ~ R™ with dilation weights v, ..., v, and
a basis Xi, ..., X, of the corresponding Lie algebra g with the property

Der:TVij, jzl,...,n,r>0,

the operator
Yo

n vy 20
R=Y (-1)%a;X;”, a;>0, (1.1)
j=1
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is a Rockland operator of homogeneous degree 21, where vy is any common mul-
tiple of vq,...,v,. For many other examples and a detailed discussion of Rockland
operators we can refer to | , Section 4.1.2].

Thus, the considered setting includes the higher order operators on R"™ as well as
higher order hypoelliptic invariant differential operators on the Heisenberg group, on
general stratified Lie groups, and on general graded Lie groups.

Let us also recall that the standard Lebesgue measure is the Haar measure for G.
Let Q C G be a bounded set with smooth boundary. We denote the Sobolev space
by S“P(Q2) = SEP(Q), for @ > 0 and p € (1,00) U {00, }, defined by the norm

lullsesgey = ( | (R + ) dx)’l’ , (12)

where v is the homogeneous order of the Rockland operator R. We have allowed
ourselves to write || - || eo() = || - || Lo () for the supremum norm, in the notation of
[ , Chapter 4]. Let us also define the functional class S5 () to be the completion
of C§°(Q) in the norm (1.2). For a general discussion of Sobolev spaces on graded
Lie groups we refer to | , Chapter 4] and | ].

In this paper we study the higher order nonlinear hypoelliptic heat equation for
u=u(t, ),

al

"2 a4 ag
Uy — 5 R [ [ R u
=1

pj—2 ay ni
Ri'u|u=« 5 |u
i=1

n9g ag ns
"t 5 R Y
j=1 k=1

(1.3)

for x € Q and t > 0, with the initial-boundary conditions
u=0, x€dQ, t>0, (1.4)
u(0,2) = up(x), =z €, (1.5)

where a;,a2 > 0, and o, 8,7 € R, and ny,ne,n3 € N, p; > 2 and

[ >1, if a>0, >1, if >0, [>1, if 8>0, (16)
%) >0, if a<0, ¥ >0, if y<0, 7} >0, if B<0. '

Here, v; and v are the homogeneous orders of the Rockland operators Ry and R,
respectively. We also assume that the initial data satisfies

Uy € Sg’OO(Q), ug > 0,
where a = max{a;,as}.

Definition 1.1. Set Q7 = (0,7) x Q, Sy = (0,T) x 99, 0Qr = Sy U {{0} x O},
p = max{p,;} and m = max{p;, ¢, ;,sr}. A nonnegative function u(t,z) is called a
weak super- (sub-) solution of (1.3)-(1.5) on Qr if it satisfies
we C(0,T) x ) N L™ ((0,T); S5 (), o € L2 ((0,T); L())
U(O,I’) 2 (S)u()’ ulaQ 2 (S)Ov
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// <8tu¢+2|72"1u\p7272”u RV1¢> dedt
// <a2‘uql u+ﬁZ|rRu2u|r] +’YZ|U|Sk 1 )gbdxdt,

for all ¢ € C(Qr) N L ((0,T); Sg*"(€)) such that ¢ > 0, ¢|g = 0. Then u is called
a weak solution if it is a super-solution and a sub-solution. Here and after, we use
Trax to denote the maximal existence time.

Our goal in this paper is to give a simple proof of a comparison principle for the
initial boundary value problem for higher order nonlinear hypoelliptic heat operators
on graded Lie groups using pure algebraic relations, inspired by the works | ]
and | .

The structure of this paper is as follows. Section 2 establishes a comparison prin-
ciple for the problem (1.3)-(1.5). Then, in Section 3, using the comparison principle,
we investigate the blow-up or the boundedness of solution of (1.3)-(1.5) depending
on the signs of «, 3, 7, and relations between parameters p;, ¢;, ;, S, and on uy.

2. A COMPARISON PRINCIPLE ON GRADED LIE GROUPS

In this section we state a comparison principle for the problem (1.3)-(1.5).

Theorem 2.1. Assume thatu,v € L2, ((0,7); S“*(2)) are sub- and super-solutions
of (1.3)-(1.5), respectively. Assume also that at least one of the parameters «, B and
v be positive or o = B =~ =0. Let r; > % if 8> 0. Then we have u < v on Qr.

Remark 2.2. In the special case ny =ny, =n3z =1, § =0 and ay < 0, Theorem 2.1
was obtained in | ].

The proof of the comparison principle mostly based on the following algebraic
lemma (see e.g. | , Lemma 2.1] or | , [Section 10]).

Lemma 2.3. Let o > 2. For all@, b € RY, we have

— o—2 >

o2 o— T 4 L1 a=2
(jat=2a ~5725,a - 5) > —llal"=a — {175

Proof of Theorem 2.1. First, let us consider the case a, 5 and v > 0. Denote ¢ :=
max{u — v, 0}, hence ¢(0,z) = 0 and ¢(t,7)|,.5o = 0. By the definitions of sub- and
super-solutions, using ¢ as the test function, for any 7 € (0,7), we have

%/ngQ(T,aj)da::/oT/Q%at (6(t,2)) dxdt:/oT/Qat¢¢da:dt

na T ay aj ay ag ay
< - Z/ / ("Rfl ulpjfZRiq U — |'R,1V1 U|pj72’Rf1 U) . Riq (bdxdt
7=1 0 {¢(t7')>0}
h ~ o (2.1)

I

+BZ o, (RS R ot
(t,)>0}

12
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ni
+az / / . (Ju
13

n3 r
+VZ/ / (Ju|* u — o] v) pdadt .
k=170 J{e(t,)>0}

-~

Iy

qi— 1u—]vq

1v) odxdt

J/

By Lemma 2.3, for I; we have

S
Z p] ,)>0}
27"]-

Let us now estimate the term I,. We put h(s) = s% for s > 0. Given that r; > %,

2

p;j—2 4 4 pi-2 4
|R u|T'Rflu—|Rflv|TRf1v dxdt. (2.2)

2r;—pa
we have h/(s) = %s ?i . Then, by the mean value theorem we have
J

2

< CH(0)?

2

a2 a2 a2 a2
R ul"s = (R3] Pl = R ol

a2 a2
for some 0 < 6 < max |R2”2u|1"d/27 IRS? U‘Pj/Q}.

A direct computation yields that
2

ay ay 2 ay ay ay ay
\Rgzu\pjﬂ _ ‘szzvypjﬂ < ‘\R;Qu\(ij)/QRz"Qu _ |R52U’(pj*2)/2732"27)

Taking into account u,v € L ((0,7"); S“*°(Q2)), it follows that
2

;o (23)

a2

|R”2 ul" — |Ry? v|”

C ‘|R§§u|(pf_2)/27€§§u _ |R2%U|(pj_2)/27€2%’0

ag az
where C is a positive constant depending on 7, p; and max{|R,>u[Pi/2 | Ry>v[Pi/?},
On the other hand, by Young’s inequality we have

Zej/ /¢<t >0}

ay ay 2
|R2u|™ — |Ry2v|"| dxdt

+Zce] / / Q2drdt. (2.4)
{6(t,)>0)

A combination of (2.3) and (2.4) leads to

XTI

2

ay ay ay ay
|R2"2u|(pj_2)/2722"2u — |R2”Zv|(pf_2)/27€2”21) dxdt

+3 0() / / $2dzdt. (2.5)
; "o S0
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For I3, by the mean value theorem we obtain

ni r
I <) gillullfst / / S ddt. (2.6)
i=1 0 J{¢(t,)>0}

Similarly, for I, we have

n3 T
<Y sl / / Sdudt. (2.7)
k=1 0 J{a(t,)>0}

Choosing 0 < ¢; < 4/(8Cp3) and combining the estimates (2.1), (2.2), (2.5), (2.6)
and (2.7), we obtain for any 7 € (0,7) that

/ & (r, 2)da
Q
az ag T
5C(a’ﬁw’sk,m,r|uuLoo,max{rR;2uW,m;zv\pj/?})/ / ¢ dudt. (28)
0 Q

Then by Gronwall’s lemma we conclude that ¢ = 0 almost everywhere.

The case a = = v = 0 is trivial.

Now, we discuss the case, when not all, but at least one of the parameters «, 3, v
is positive. Note that I3 is positive, since for ¢; > 0 we have

|ty — |v|% o = u% — 0% >0, for u>v>0
lu|% Ty — o4 o = u% + |v]% >0, for u>0>wv
lu|%u — |v]% o = —|u|% + |[v]% >0, for 0>u>w.

Similarly, one can verify that I is positive for s; > 0. Therefore, in the case when
a<0or <0 (or vy <0) by dropping I3 or I (or 1), respectively, we can always
get (2.8). O

3. SOME APPLICATIONS TO NONLINEAR EQUATIONS FOR THE HEAT
P-SUB-LAPLACIAN

In this section, we give some applications of Theorem 2.1 to nonlinear equations
for the heat p-sub-Laplacian on stratified Lie groups. These groups are an important

class of graded Lie groups, investigated thoroughly by Folland | ]. There are
many different, equivalent ways to define a stratified Lie group (see, for example,
[ , | or | , | for the Lie group and Lie algebra points of view,

respectively). A Lie group G = (RN , O) is called a stratified Lie group if it satisfies
the following two conditions:

e for every A > 0 the dilation dy : RN — RY defined by
I(z) =0y (:1:/, o ,x(”)) = (Ax/, . ,)\T;U(’"))

is an automorphism of the group G, where 2/ = () € R and z®*) e RV
for k=2,...,r with Ny +---+ N, = N and RN = RM x ... x RN,
o let Xy,..., Xn, be the left invariant vector fields on G such that X;(0)

for j =1,..., N;. Then, for every x € R" the Hérmander condition
rank (Lie {X;,..., Xn}) =N

_ 0
=2,
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holds, that is, Xi,..., Xy, with their iterated commutators span the whole
Lie algebra of the group G.

Let us also recall that the left invariant vector field X; has an explicit form given by
(see, e.g. | , Section 3.1.5])

X; = 0 + ZT: ia(-l) («/,...,2""Y) i (3.1)
0w et Oy

Throughout this section, we will also use the following notations
V= (X1,...,Xn)
for the horizontal gradient,
Lof =V (VuflP?Vuf), 2<p<oo, (3.2)
for the p-sub-Laplacian, and

2’| = \/x’f—ir"-—l—x’ﬁ,l
for the Euclidean norm on RM,

Using (3.1) one can observe that (see, e.g. [ 1)

b—1
Vaula'|’| = bla’

x N1 —b
() -7 >
for all b € R, 2’ € R™ and |2/| # 0.

Let us first consider the following initial boundary value problem for the p-sub-
Laplacian, 2 < p < o0,

and

u — Lyu=alul u+ B|Vyul", z€Q, t>0,
u(t,z) =0, z€0dQ, t>0, (3.5)
u(0,z) = up(x), x€Q,

where ug(z) = 0, ug(z) Z 0, ug € SS’OO(Q), and the parameters «, 3, ¢ and r will be
determined later. By Definition 1.1 let us recall that T, is the maximal existence
time of a weak solution of (3.5).

Theorem 3.1. Let Q C G be a bounded open set in a stratified Lie group with Ny
being the dimension of the first stratum. Assume that o, 5, p,q and r in (3.5) satisfy
one of the following conditions:

(i) a<0,8>0,andp>2,r>1withp<r+1andp/2<r<gq;
(1)) « >0, <0, andp>2,g>1withp<r+1andq<r.
Then a weak solution of (3.5) is globally in t-bounded, that is, there exists a constant

M depending only on p, q, r, o, B, N1, 2 and ug such that for every T' > 0 we have
0<u<Mon(0,7).
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Proof of Theorem 3.1. Part (i). For convenience, we assume that f = —a = 1. Set
R = (max) 0 |2’|. Then, since €2 is bounded, we get R’ < oo. For any x = (2/,2") €
z=(z',x'")e

Q, let 29 = (2, 25) € G\Q and € € (0,1) be such that ¢ < |z — 2| < '+ 1. We
also introduce the following notations

Vi(t,z) = K R = |2 — 25|, x=(a',2")eq,

and
Myw = w, — Lyw +w? — |Vyw!".

Let us now find suitable positive K; and oy such that Vi (¢, x) is a super-solution of
(3.5). By using the identities (3.3) and (3.4), we observe that

R
Vil = Kien o]
and

£V = Vi [V ke 7 Ve )

= VH Kp—20_p—2€o1|x’_x6|(p—2)K10_1601|x/_x6| u
1 1 |x, — xa
— VH Kp_lo-p_1€0'1|1'7336|(17*1)u
1 1 |$I — $6|

L ot (e ot il ooy N1 =1
= K770t oy (p — el 7mbl0D et emle st Dlel‘_ 7
0

Ny —1
+——

R

= (p— 1)0'fo_16(”_1)01]% 0117—1}({7—16013(?—1)'

Thus, we have

N, —1
MV =—(p— Do? KPle=Doikt _ 1Taf_1Kf_le<p_l)”1R+K{’e‘mR — Klertfigh,
Now, we need to find oy and K; such that M,V; > 0, that is,
Ny —1

(p . 1)0_11;[({;716(;971)011% + O_;fflefle(pfl)alR + KI@TJIRU{ < KlqqulR.

R
Multiplying both sides of the inequality by K" +1e_(”_1)"1p°, we derive that

(p—1)ol + NlR_ 10{'_1 + KPRy  gaTIpelati-ploilt (3.6)

Taking into account € < R < R'+1, we see that in order to prove (3.6) it is sufficient
to show

Ny —1
g

—1 —p+1 _ / 1—
0117 —{—KI p+ e(r p+1)o1(R +1)O_I < Kiﬁ‘ P

(p—1)o] +

Thus, to have M,V; > 0 we can choose

1
(r—p+1)(R'4+1)°

Ky = max { (260)/00, (2 ((p — D)o} + Mo 1)) V0

o1 =
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when r + 1 > p, and

N, — 1 1/(g+1-p)
o1 =1, Klzmax{21/(q_7")7<2 (p—1+ ! ))
€

when r +1 = p. We also need that K > [ugl| (g, such that Vi(0,2) = Kje? >
up(z). Obviously, we also have Vi (t,z) > 0 = u(t,x) on 0. Therefore, Vi(t, z) is a
super-solution of (3.5). Then, Theorem 2.1 concludes that

0 <u(t,z) < Kie”'W ) < oo, R = max |z'| . (3.7)
z=(z',x'"")e

Note that the right-hand side of (3.7) is independent of ¢, hence u(t, x) is globally in
t-bounded.

Part (ii). In this case, we may assume that a = —f = 1. We recall from Part (i)
that R’ = max Q|x’| <ooand e < |z —2'| < R+ 1 for any z = (2/,2") € Q,
z=(z',x'")€e

where z¢ = (z(,z() € G\Q and ¢ € (0,1).
First, let us consider the case r > ¢. Here, we will use the following notations

K
VQ(t,a:)::O—;RUQ, 02:]%1’ R=|2" —xpy|, x€Q,

and
Nyw = wy — Lyw — w? + |V yw|”.

Now, we need to find a suitable positive Ky such that V5(¢, ) is a super-solution of
(3.5). By using the identities (3.3) and (3.4), we observe that

K P2 K.
e s () o ()
2

02
p—1
— (&) \v% (Ug—QR(UQ—l)(p—Q)UQRaz—l v’ — ‘% )

09 |ZE, - fE/0|

_ vy L —
= K} v, [ Rl D@ 1)%

|2/ — g
= N, K
Then we have
r Ko\ 7
N, Vy = =N K2 + K Rv 1 — (—2> Ro-T.
02

From this, we have
o _1 Ko\ _
NV >0 <<= KjRv—1 > N\ Ky + ( — | Rv1.
Thus, it is sufficient to choose K5 such that

K}Rv1 > 2N, KP™!, (3.8)

T K a qp
K;Rv1 > 2 (—2> Ro-1. (3.9)

02
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Note that the inequality (3.8) is satisfied if we take

K> (20 =
2 = Epil )

provided that 7 > p — 1. We divide inequality (3.9) by KIR7 7 to derive

qp—r

Ky 7> —RP T,
o3
For qp > r, we can set

1
K}z(%)r%RWJWﬂWw,
92

while for gp < r, we can set

1

2 r—a gp—1
Ky > | — e -1 |

b

We also need that Ky > ””Z# to have V5(0, x) > uy. Thus, taking K, as follows

1 1 1
09 ||U oo 2N r—p+l 2\ r—a gp—r 2\ ra gp—r
K5 > max 2| OHL , rl o\ = (R’ +1)e-00-0 — er-00—a) &
80-2 5?*1 02 0—2

we obtain A, V2 > 0 and V5(0,2) > ug. It is clear that Vi(t,2) > 0 = u(t, ) on OS2
Therefore, V5(t, x) is a super-solution of (3.5). Then, Theorem 2.1 concludes that

Ko(R + 1)1
0 <u(t,z) < 2R +1) < 00.
02

In the case when r = ¢, we can take

o3 > max {1,2Y"(R' + 1)},

2 1 — 1)+ N —1)\" =
KS Z max {803 ||uOHLoo ) < ((p )(0-3 + - ) }

and

e(r—p+1)(os—1)+1

such that the function V5(t,x) = K3R is a super-solution of (3.5). By the same
procedure, one can obtain the uniform boundedness of u(t, ). UJ

Theorem 3.2. Let a« >0, <0, p>2 andr > 0. If ¢ > max{p — 1,r}, then the
solution of the problem (3.5) blows up in finite time for some large ug > 0.

Proof of Theorem 5.2. For convenience, let us assume that o« = - = 1. Set
1 || 1
t,|2']) = F to <t < - 3.10
u(t, |2]) e ((1_5t)k2), 0<t< 3, (3.10)
where
A o
F(y):1+__ Y y>07 0 = b )

o ogAo v - p—1
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1
klz—, O<k2<min{

g—p+1 qg—r } A>k1 1
q—1 ’

; —, 0< ——~.
plg—=1) "r(g—1) ke Fa(1+5)

Then, it can be noted that v(t,|z’|) is positive and smooth when ¢t € [to, %() and
|2| < Ri(1 — 6t)*2, where Ry := (A7 1(A + a))l/a.

We want to show that v(t, |2'|) is a sub-solution of (3.5). For y = %, by a
direct calculation we have

Nov =vy — Lo — 07 + [V gol”
_ / _ —
8 (F +kayF)  ([F'PF) + B F R

(1 — §t)katl (1 — 6t)P=2)(keatho)+(k1+2k2)
1 i
(1 — 5t)qk1 T (1 _ 5t)r(k1+k2)'

Note that qu = kl +1> (p— 2)(1{31 +k2) +k‘1 +2]€2 and l{il +1> (k)l +k‘2)7“ by (311)
Observe that

_ Ny —1 _ N
(PP F) + == |FP?F = -5l 0<y<R
Y A
Let us now show that My < 0 for all t € [to, %) and 0 < y < R;. In the case
0 <y < A, from the representation of F'(y) we note that
A
1<F(y)y<l+— and —-1<F'(y)<0.
o

Then, we can take ty = to(p, q,r,d, N1, A) close to % such that
1 A Ny 1—2ka— (p—2) (k1 +h
< Ok (14 2 ) = 1 2 (1= Gt R Rt R)
'/\[I’U—(l_(st)k1+1< 1(+U) +A< 0)
+(1— 5t0)’“+1"“(’“+’”>> <0. (3.12)
In the case A <y < R;, we have

o—1
0<F(y) <1 and —<%) < F'(y) < -—1.

Similarly as above, one verifies that

1 N o
N < s (900 = ko) + S (1= 122

Ry\"Y fer+1—r (k1 +k2)
+ (7) (1 — oto)frti—rlitk) | < (3.13)

From (3.12) and (3.13), we conclude that Nyv < 0 for all t € [ty,3) and |2/]| <
Ri(1 — 6t)k.

Next, we estimate ug. By the group translation, without loss of generality we may
assume that €2 contains the unit element of the group G. Then, we can take suitable



A COMPARISON PRINCIPLE FOR HIGHER ORDER NONLINEAR HYPOELLIPTIC 11

to such that Ry(1 — dtg)™ < (max) Q|x’| and ug > v (tg,-) in QN {zx = (2/,2") :
z=(z',x'")e

|2’| < Ryi(1 — 6tg)*2} for some large uy > 0. Then, taking into account v < 0 when

|2'| > Ri(1 — 6t)*2, we obtain that ug > v (¢, -) in Q. Obviously, we also have v < 0

when (¢, z) € (fo, 3) x 9Q. Thus, the comparison principle (Theorem 2.1) implies that

u(t,z) >v(t+to,z), te [to,é) . |2 < Ry(1 — 6t)™.

On the other hand, by the definition of v we have lim v(¢,0) — oo. Consequently, u

t—1/6
must blow up at a finite time 7" < % —tg < 0. 0

Theorem 3.3. Assume that « <0, §>0,p>2,r>1 and q > 0 in (3.5) satisfy
one of the following conditions:

e r > max{p, q};
er=q>p, and B> |a|.

2r—p

There exists M > 0 such that if fQ ug " dx > M, then T, < 0.

Proof of Theorem 5.53. Assume for a contradiction that T,,,, = co. By Cy and C5 we
denote positive constants which may vary from line to line. Set x = r/(r — p) and

y(t) = =5 [ou "'dr. Then, using k — 1 = - = % we have

—p
y'(t):ﬁ/u“|VHu|rd:p—/{/u”_1|VHu|pdx—|0z|/uq+”dx
0 Q 0
:ﬁ/u"lVHqu:c—/ﬁ/ (u*|V gu|" )" dx — |a\/uq+"‘dx.
0 0 0

For r > ¢, using Holder’s and Young’s inequalities we get

p/T
/(u"‘|VHu|7")p/’" dx S (/ UF"|VHU|TCZ$) |Q|(T—p)/r
Q Q

r —

p
2]
.

SGI—)/UK|VHU|Td:L‘+C(E)
rJa

and

gtk

gtk rtK r—q
/u“”dz — / (u”“) rH dr < (/ u’“*"‘dm) [l
Q Q Q

§5Q+R/ur+“dx+0(5)r_q|9|.
r+ K Jo r+ K
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Then, by Poincaré’s (see, e.g. | , Formula 1.10]) and reverse Holder’s inequalities

we obtain
y'(t) > /u”’|VHu|”dx - |oz|5q+ " / utde — C
Q T+ K Jo

:ﬁr—ep( d > /|VHurtn|de—|a|5Q+K/uT+“dx—C
0 +rJa

pr —ep

r r+ K T

2<5T_€p( - ) C’—\alsﬁ“)/u’“*ﬁdx—c
T r+ K r+ K Q

=4 / utrdr — C
Q

r+kK

w1 1—r
> C </ u““dm) Q=1 — O
Q
KL
Z Cl </ U'Lﬁ_ldl’) - Cg.
Q

Thus, we have obtained

y(t) > Cry=i () = Co,
where C; = Ci(p,r,q,a, B,€,6,Q, Ny) and Cy = Co(p,1,q, o, B,€,6,€, N7) > 0 with
suitable € and e, and N; is the dimension of the first stratum of the group G. Set
k41

202 rtr
M av2
g < Cy ) ’

then if y(0) > M, we have

r+K

Cry=+1(t
y(t) > ”’T() (3.14)
A contradiction then follows by integrating (3.14), hence Tyax < 00.
In the case r = ¢, the proof above is still valid for 5> |a|. O

As another application of the comparison principle, we now investigate the follow-
ing initial boundary value problem for the p-sub-Laplacian, 2 < p < oo,

u— Lyu=ad 2 |uli a4+ 4300 Julfu, 2 eQ, t>0,
u(t,z) =0, ze€d, t>0, (3.15)
u(0,7) = up(x), €0,

where ug(z) = 0, ug(z) £ 0, ug € Sé’oo(Q), and the parameters «, v, ¢; and s; will be
determined later.

Theorem 3.4. Let Q2 C G be a bounded open set in a stratified Lie group with N
being the dimension of the first stratum. Let s = min{s;} and ¢ = min{q;}. Assume
that o, 7y, q; and s; in (3.15) satisfy one of the following conditions:

(i) a>0,v<0,and ¢; > 1 with2 <p<s+1ands; < q;

(i) a <0,v>0, and s; > 1 with2 <p<q+1 and s; > g.
Then a weak solution of (3.15) is globally in t-bounded, that is, there exists a constant

M depending only on p, q;, s;, o, v, N1, Q and ug such that for everyT' > 0 we have
0<u<Mon(0,7).
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Remark 3.5. We refer to | , Section 3| for a similar investigation when a =
—y=1,n =1

Proof of Theorem 3./. We only prove Part (i), since Part (ii) is actually the same,
but only a and ¢; are swapped by v and s;, respectively. For convenience, we assume

that « = —y = 1. We recall that R’ = (max 0 |2'| < 00 and € < |xy — x/| <R +1
z=(z',2'")€e

for any x = (2/,2") € Q, where zy = (x(, 25) € G\ and € € (0,1). We also employ
the following notations

K
Vilt,0) = DR o= o Belkioml =) e,

ni ni
Kpw :=w; — Lyw — E w? + E w®.
i=1 i=1

Now, we look for a suitable positive K4 such that Vy(¢, z) is a super-solution of (3.15).
Then we have

v () ()

i=1

and

From this, we note that

K SiD K q; P
ICV4>O<:>Z< 4) Rr- >N1Kp1+z< 4) Ry»-1.

So, it is sufficient to choose K} such that

[un

ni K
> (—4) RrT > 2N, KV, (3.16)
i1 \ 74
K\ s K a;p
(_4> Rt > 9 (_4) Rv1. (3.17)
g4 04

The inequality (3.16) is satisfied if we take

1 AN
Ky> (2N)& [y — )
- Oy

provided that § = min{s;} > p— 1. Dividing the inequality (3.17) by K&

sip

we get

p(a;—5;)

Ksz qi > 20.52 Q'LR p—1 ,
that is,
K4 2 20457%.

We also need that K, > ‘74”:# to ensure V,4(0,2) > wuy. Thus, choosing Ky as
follows

AL e\ T
Ky > max —oor (QN)“’“ Z 5 ;2048 7T 5
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we obtain K,Vy > 0 and V4(0,2) > ug. Clearly, we also have Vy(t,z) > 0 = u(t, z)
on 0f2. Therefore, we can conclude that Vj(¢,z) is a super-solution of (3.15). Then,
the comparison principle yields that

Ky(R + 1)1

0 <u(t,z) < <oo, R'= max [2]. (3.18)
04 z=(a',x')eN

Since the right-hand side of (3.18) is independent of ¢, we can conclude that u(t, z)
is globally in t-bounded. O

By the same procedure as in the proof of Theorem 3.2, one can obtain the following
result for the problem (3.15) when ny = 1:

Theorem 3.6. Let « >0, v <0, p>2 and s > 0. If ¢ > max{s,p — 1}, then the
solution of the problem (3.15) blows up in finite time for some large ug > 0.

Proof of Theorem 5.6. As in the proof of Theorem 3.2, one can show that the same
function v from (3.10) is a sub-solution of the problem (3.15). Then, the comparison
principle (Theorem 2.1) concludes the proof. O
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