ON KUZNETSOV-BYKOVSKII’'S FORMULA OF COUNTING PRIME GEODESICS

GIACOMO CHERUBINI HAN WU GERGELY ZABRADI

ABSTRACT. We generalize a formula on the counting of prime geodesics, due to Kuznetsov—Bykovskii,
used in the work of Soundararajan—Young on the prime geodesic theorem. The method works over any
number field and for any congruence subgroup. We give explicit computation in the cases of principal
and Hecke subgroups.
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1. INTRODUCTION

1.1. Prime Geodesic Theorem. The Selberg trace formula, in its classical invariant form, relates the
mysterious (discrete) spectrum of the hyperbolic laplacian A on T'\H to the so-called “length spectrum”
of T'\H, which is closely related to the concrete arithmetics of the lattice I'. Precisely, let A; = 1/4 + 7“32.
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run over the discrete spectrum of A, let g € C2°(R) and h(z) = /g(r)e_i”dr, then the formula takes
R

the form (see [20, (2.4)] and assume I is torsion-free)

Area(T"\H) (7o)
1. h(r;) = ————= [ h(r)rtanh(zr)dr + E —g(l + (CSC),
. Z: " am /R i) [7]r hyperbolic 2 sinh (ﬂ;)) g(() +( )

where [(7) is the length of the closed geodesic in I'\H associated with the hyperbolic I'-conjugacy class
[v]r, and 7o represents the(a) primitive class for [y]r such that [y]r = [y&]r for some integer k > 1. We
have omitted the contribution from the continuous spectrum by simply writing it as (CSC). In particular,
this formula allows Vignéras [30] to construct isospectral but non-isometric compact hyperbolic manifolds,
giving a beautiful counter-example to Kac’s question [14].

The Selberg trace formula also has a lot of analogies with the explicit formula (of Weil, in this general
form) of the Riemann zeta function. Precisely, let p = 8+1iv with § € [0,1],v € R run over the set of non
trivial zeros of the Riemann zeta function. Let f be a nice function on Ry defined by F(z) = f(e™®).

Define M, 5 f(s) = / F(x)e/279)%dz. Then the explicit formula takes the form
R

Jim h%T Mo f(p) — (My)2f(0) 4+ My o f(1))

lo . .
1)log2 + Z Z n/,g;p —nlogp) + F(nlogp)) + (Weil’s Functional).
p n>1
(1.1) is analogous to the above formula if one regards N([y]r) := exp(I(7)) as the prime powers p" (and
if F' is even). This analogy motivated Selberg to define the Selberg zeta function

= H[%]F H:O:O(l - N([’YO]F)_S_k)a

and other mathematicians, especially analytic number theorists, to introduce counting functions analo-
gous to the ones in the prime number theorem

mr(a) i= {bolr | N(bolr) <@}l r@)i= 3" Albn),

where A(-) is the analogue of the von Mangoldt function defined by A([y]r) = log N([v]r) if [7]r is a
power of the primitive hyperbolic class [y9]r. One then expects the prime geodesic theorem, analogous
to the prime number theorem, of the form
rodt
= 1i T]-‘rE 1 — —_—
(1.2) mr(x) =li(z) + O(z"7°), li(x) | Togt

where 77 < 1 is an absolute constant.

1.2. Kuznetsov-Bykovskii’s formula. Finding the smallest possible value of the exponent 7 in
is a deep problem. For I' = SLy(Z) Iwaniec [I1, Theorem 2] obtained n = 35/48 using the spectral theory
of automorphic forms; this was improved subsequently by Luo—Sarnak [I7, Theorem 1.4] to n = 7/10 and
to n = 71/102 by Cai [7]. Recently, Soundararajan—Young [27, Theorem 1.1] succeeded to improve this
exponent to n = 25/36. Their method has the following new ingredient, i.e., a formula due to Kuznetsov,
quoted by Bykovskii [6l, (2.2)] or [27, Proposition 2.2], used to establish an estimation of Ur(x+u)—¥r(x)
for small u compared to x [27, Theorem 3.2]: Setting X = v/ + 1/y/x, one has for I' = PSLy(Z)

(1.3) Ur(z) ZQZHSX‘/"Q —4-L(1,n? -4

where L(s,d) is a certain L-series closely related to quadratic Dirichlet L-functions. Its origin goes back
to the work of Zagier [32] and even Siegel [25]. Among other things, we only recall that L(s,d) has the
following representation as Dirichlet series [27, (3)]

L(s,8) = C(((is)) qu(é)q_s, =[{z (mod2q):2”>=4 (mod4q)}|;

q=1
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that it has a meromorphic continuation and satisfies the following functional equation [27, Lemma 2.1]

A(s, 8) = (W>S/2r (5 ;r “> L(s,6) = A(1 — 5,0).

™

Remark 1.1. Recall [27, (4) & Lemma 2.1] that if we write § = DI? for a fundamental discriminant D
and an integer I > 0, then

L(s,8) = 17T\ ") (s) L(s, xp),

where xp s the non-trivial quadratic Dirichlet character of modulus D and Tl(D)(s) 18 a product of
polynomials in p°,p~° for p| 1. In particular, the above functional equation is equivalent to

D D
1) = 17 (1 - s).

Remark 1.2. There is another property of L(s,d), which is interesting but does not enter into the proof of
the Prime Geodesic Theorem (PGT). Namely, the zeros of TZ(D)(S) all lie on the critical line RN(s) = 1/2.
Following Nelson, Pitale and Saha [23, §1.7], who encountered a similar phenomenon in the explicit
computation of certain local Rankin—Selberg integrals, we shall refer to this property as the “(geometric)
local Riemann hypothesis™.

Remark 1.3. There is a parallel story for the upper half space Hs and T' = PSLy(Z[i]), starting from Sar-
nak [Z4)], Koyama [16] and continued with the recent work of Balkanova—Chatzakos—Cherubini—Frolenkov—
Laaksonen [1l] and Balkanova—Frolenkov [2]. The approach of Balkanova—Frolenkov [2] is the closest to
that of Soundararajan—Young. In fact, although they did not mention the (generalization of ) Kuznetsov-
Bykouvskii’s formula in their paper, they did relate the relevant mean value of the symmetric L-functions
to the analogue of L(s,9), see [2, (3.18) & Lemma 4.6]. The equivalence of these two methods fit into
the framework of the Rankin—Selberg trace formula, initiated and explained in [31)].

1.3. Main Results. In this paper, we simplify and generalize the proof of (1.3). We shall work over a
number field F which is

e cither Q, in which case we denote by Hr = H the usual upper half plane;
e or an imaginary quadratic field, in which case we denote by Hg = H3 the upper half space.

In either case we denote by o the ring of integers in F' and by C1(F) the ideal class group. For lattices,
we will take I' < PSLy(0) to be

e cither a principal congruence subgroup of level 9, i.e., those v < PSLs(0) which has a represen-
tative in SLa(0) congruent to the identity matrix modulo the integral ideal 9 C o;

e or a Hecke subgroup of level 9N, i.e., those v < PSLy(0) which has a representative in SLy(0)
congruent to an upper triangular matrix modulo 1.

Rigorously speaking, there are issues from geometry:

(1) If T is not torsion-free, the quotient space I'\Hy is not a Riemannian manifold but an orbifold.
Therefore a priori the notion of “closed geodesics” is not defined.

(2) Even with an adequate definition of closed geodesics in the case of Hp = Hs, the bijective
correspondence between the set of closed geodesics and the conjugacy classes in I fails in general.
However, this failure is only “up to a finite number”. In particular, primitive hyperbolic conjugacy
classes cannot be defined as [yo] for which there exists no other class [y] such that [yo] = [y*] for
some integer |k| > 2. This is clear from the shape of the (invariant) Selberg trace formula (see
[1, Theorem 2.2]), but still needs a geometric clarification.

Both issues will be carefully looked at in Section 2. In particular, we will replace the notion of a
conjugacy class in I' by “root conjugacy class” but keep the same notation, which remedy the bijective
correspondence. We will also introduce £(y) € 2Z~¢ in Remarkfor such classes, so that our counting
function becomes (drop the subscript I' for simplicity, or regard it as root-conjugacy class)

B A([])
Ur(z) = ZN(M)SI E(y)
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Theorem 1.4. (1) There exists Lr(s,0) such that
Ur(z) = Y |duea|L® - Lr(1,n? = 4),
where n runs over the set of Tr(vy) for hyperbolic v € T' (considered as a subset of o) such that

{n+\/n2—4 n—vn2—4 }
max < uz;

2 2
and dp2_4 € 0 is the fundamental discriminant of the quadratic extension F[v/n? — 4]/F.
(2) The L-series Lr(s,d) has the following factorization

L(s,0) = €xo - |CI(F)| - [PSL2(0) : T'] - Pr(s) - L(s, Xds)s
where xq, is the quadratic character associated with F[V3]/F, eso = 1 or (2m)~% according as Foo = R
or C, and Pr(s) is a product of polynomials Pr ,(s) in Nr(p)®,Nr(p)~° for p | (6/ds) satisfying
Pr,(s) = Prp(1—s).
(3) Moreover, Pr y(s) satisfies the local Riemann hypothesis if I' is a principal congruence subgroup.

Remark 1.5. The precise form of the polynomials Pr ,(s) will be given in for the case of principal
congruence subgroups, in @, (@), (4.10), (4.11), (4.12) and (4.13) for the case of Hecke subgroups. In

particular, Pr ,(s) has the same shape for the principal congruence subgroups, with a “shift” determined
by the level of T'.

3

o0

Remark 1.6. We have restricted to principal and Hecke subgroups for explicit computation, but our
method is applicable to any congruence subgroup. However, the analogue of Wy for number fields is
unclear to us. This paper should also be viewed as a refinement of the explicit computation of the elliptic
terms in the geometric side of the Rankin—Selberg trace formula in our previous paper [31|]. Hence although
forn # 1, the terms I, (s;t, f), which will be defined in , do not contribute to the final formula, we
have included their computation in detail.

Remark 1.7. Section §3.3 contains the beginning of a non-adelic treatment, which leads directly to the
Dirichlet series representation of L(s,0) by Rankin—Selberg unfolding.

Remark 1.8. Although we have written this paper as a preparation for the prime geodesic theorems, the
method of computation is potentially useful for the beyond endoscopy proposal. For example, our method
should give a simpler proof of the Eichler-Selberg formula as treated in Rudnick’s thesis. All these will
come in a later paper.

As an application, we deduce a prime geodesic theorem for principal congruence subgroups of SLo(Z)
and SLy(Z[é]). Like in [27] and [4], our results are expressed in terms of the subconvexity exponent 6 for
quadratic Dirichlet L-functions over F, that is, a number such that

(1.4) L(1/2 +it,xp) < (1 + [t|)*|D|%,
where xp is any quadratic character over F and A is some fixed constant. The convexity bound is § = 1/4

and if F = Q one can take § = 1/6 by the work of Conrey and Iwaniec [8]. More recently, Nelson [22]
has announced the same exponent over number fields.

Theorem 1.9. Let T be a principal congruence subgroup of SLy(Z[i]) and let € > 0. Then
1 .

(1.5) Ur(X) = S X7+ O(X3+5+e),

where 0 is as in (1.4).

Notice that corresponds to the bound obtained in [4, Remark 4]. By inserting the convexity
exponent § = 1/4, one recovers the classical exponent 5/3 due to Sarnak [24] Theorem 5.1]. Therefore,
any subconvexity exponent gives a non-trivial result. One could reduce further the error in if one had
better bounds for a spectral exponential sum featuring in the proof (see Section 7 which are available
for SLy(Z[i]), see [1 3], but not for general congruence groups.
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We give a proof of Theorem in Section [5.2| and at the end of that section we sketch the case when
T is a congruence subgroup of SLy(Z), which leads to the following generalization of [27, Theorem 1.1].

Theorem 1.10. Let T' be a principal congruence subgroup of SLa(Z) and let € > 0. Then we have
(1.6) Up(X) = X +O(X 516+,
with 0 is as in (L.4)).

The proof of Theorem implicitly uses an estimate for Rankin-Selberg L-functions attached to
Maass forms for ', which is essentially the same ingredient needed to improve Theorem [I.9] Over Q,
such a bound was proved by Luo and Sarnak [I7] in detail for the modular group and they mention in
[I'7, p.211] that the proof extends to congruence subgroups. By analogy, we are inclined to believe that
the exponent 3/2 + 20/3 + € in Theorem [1.9| may be lowered to

3, 3207 +280 -1

—t+————+t¢

2 46 + 400

matching the currently best known result for SLy(Z[i]), see [3], where a Luo—Sarnak-type bound is proved
with an additional dependence on 6.

As a more technical remark, we point out that in Theorem the function ¥ counts geodesics
without orientation, which differs by a factor of two compared to the more common definition used in
e.g. [, B, 4, 111, [16] 17, 24, 27] (see also Remark . For consistency with the rest of the literature, and
by a slight abuse of notation, Theorems [1.9] and are stated for the non-oriented counting function.

1.4. Acknowledgement. H.-Wu would like to thank the Rényi institute, EPFL, the IMS at NUS and
QMUL for providing stimulating working conditions during the preparation of this paper, and the sup-
port of the Leverhulme Trust Research Project Grant RPG-2018-401. G.Zabradi was supported by the
MTA Rényi Intézet Lendiilet Automorphic Research Group, by the Janos Bolyai Research Scholarship
of the Hungarian Academy of Sciences, and by the NKFIH Research Grant FK-127906, and by Project
ED 18-1-2019-0030 (Application-specific highly reliable IT solutions) under the Thematic Excellence Pro-
gramme funding scheme. G. Cherubini was supported by the project PRIMUS/20/SCI/002 from Charles
University.

(1.7)

2. GEOMETRIC PRELIMINARIES

2.1. Closed Geodesics. Throughout this paper, F is either Q or a quadratic imaginary number field.
The two cases are distinguished by Fo, = R or F, = C. We write
_ JHy ifF =R . Ji ifF=R
HF—{H3 P, =C’ WF2F =1 §p_—C°
where Hj resp. Hj is the half upper plane resp. half upper space and j = (0,0, 1).
We work in the category of Riemannian manifolds with orientation. Recall that a geodesic flow with
unit speed or simply geodesic flow is an orientation-preserving isometric embedding ¢ : R — Hg which
satisfies the (second order) differential equation of geodesics. Here R is regarded as a one-dimensional
Riemannian manifold with orientation, whose group of orientation-preseving isometries is
Isomy (R) ~ R.

We define a geodesic curve with orientation or simply geodesic to be a class of geodesic flows

[f] :={loo|ocIsomi(R)}.
An element g € Isom (Hg) ~ PSLy(F o) stabilizes [{] if for some o € Isom(R) and any ¢ € R

g.l(t) = o (1)),

Changing ¢ to another £ o ¢’ in the above equation will change o to the conjugate o’c(c’)~". Since
Isom, (R) is abelian, o does not change. The group of stabilizers of [(] is denoted by Nj,. Hence we get
a well-defined homomorphism of (Lie) groups

1

e :N[g] —)ISOIII+(R), gw—o.
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There is a special geodesic flow
o(t) = elip.
Lemma 2.1. The group of stabilizers N, equals A1(Fo), where

A (F.) = {a(x) _ <A /\1> ’ Ne F;o} {21},

Proof. Let g € Nj,). This is equivalent to the existence of o € R such that

got)=p(t+t) < ale ™?)g.pt) = o(t).

The last equation is equivalent to that a(e/?)g fixes the point (i, ig) in the unit tangent bundle of
Hg. We conclude by showing that the stabilizer of this point is

i0
Ti(R) = {1} or Ty(C)= {(e e—i9> ‘ 0 € R} J{£1}.
This is elementary and left to the reader. 0

Corollary 2.2. There is a bijection between the set of geodesics in Hp and PSLa(Foo)/A1(Fs).

Proof. By the transitivity of the action of PSLy(Fo,) on the unit tangent bundle of Hg, any geodesic
flow in Hp is of the form £(t) = g.¢(t) for some g € PSLy(Fo). The association ¢ — g descends to
g € PSLy(Fo /A1 (Fo)) and establishes a bijective correspondence by the above discussion. O

Let I' < PSLy(F& ) be a lattice. Some geodesics [¢] are globally stable by non-trivial elements in I". We
formalize this property in the following definition.

Definition 2.3. A geodesic [{] is called I'-periodic, if n (N NT) is a lattice in Isom (R) ~ R. In this
case, Nig N T is called the group of automorphs of [¢], denoted by Ay if the lattice T' is clear from the
context.

Proposition 2.4. For each I'-periodic geodesic [¢], Ajy is a mazimal abelian subgroup of T'. It is iso-
morphic to Z X Z/nZ for some n € Zo, and if Foo = R we must have n = 1.

Proof. If £(t) = g.(t), then Nj;j = gNj,9~ ", which by Lemma is isomorphic to

. { R ifF.=R
Foo/{#1} =~ {R x (R/Z) ifFo=C"

With this identification, 7, is identified with the projection onto the R-component. Consequently, Ajy
is identified with a discrete subgroup with non-trivial R-component, hence is of the asserted form. It
remains to show that A, is maximal abelian. If v € I' commutes with Ay, then it commutes with N,
hence lies in Ny since the later is a maximal abelian Lie subgroup of PSLy(Fo). Thus v € NjgNT' = Ay
by definition. |

In general, I'\Hp is not necessarily a Riemannian manifold, but an orbifold. We do not know an intrinsic
way to define closed geodesics on an orbifold. In our special case, we make use of geodesics on Hp.

Definition 2.5. A closed geodesic on T\Hy is the image under the natural projection Hyg — I'\HF of a

T-periodic geodesic.

Remark 2.6. In the special case that T\Hg does admit the structure of a Riemannian manifold, our
notion of “closed geodesics” is that of “compact geodesics” or “closed geodesics with finite length”, in the
sense that they are (classes of ) isometric embeddings of the form

¢:R/TR — I'\Hp,

where both R/TR and T\Hyg are regarded as Riemannian manifolds with orientation and T > 0 is the
length of [£].
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2.2. Relation with Conjugacy Classes. We recall the standard classification of elements in PSLa(F )
(or SLe(Fs)). For Fo, = R, this is standard. + € SLy(R) is elliptic resp. hyperbolic resp. parabolic
if |[Try| < 2 resp. |Try| > 2 resp. |Try| = 2. For Fo, = C, we follow [0, Definition 2.1.3]. Namely,
v € SLo(C) is elliptic resp. hyperbolic resp. parabolic if Try € R and |Try| < 2 resp. |Try| > 2 resp.
|Try| = 2; it is lozodromic if Try ¢ R.

Remark 2.7. For the purpose of this paper, it is not important to distinguish hyperbolic elements from
loxodromic elements. We will simply call them hyperbolic.

We also recall the arithmetic classification of elements v € GLo(F) — Z(F): « is called F-elliptic resp.
F-hyperbolic resp. F-parabolic if the F-algebra F[y] is a quadratic field extension of F resp. isomor-
phic to F x F resp. isomorphic to F[X]/(X?). For congruence subgroups, the hyperbolic elements are
automatically F-elliptic as the following lemma shows.

Lemma 2.8. If v € SLa(0) is hyperbolic, then it is F-elliptic.

Proof. The element y cannot be F-parabolic, otherwise either (y+1)? = 0 or (y—1)* = 0, which implies
~ is parabolic. If v is F-hyperbolic, then it is conjugate in GLs(F) to a diagonal matrix with entries ¢
and t~1 for some t € F. We thus get Tr(y) =t + t~1 € 0, hence both ¢ and ¢~! are integral over o. It
follows that t € 0™. Under our assumption on F, 0 is a finite group. Hence + is of finite order and must
be elliptic. The only remaining possibility is F-elliptic. ]

Remark 2.9. IfF = Q, the condition “y € SLy(0)” in the above lemma can be relazed to “y € SLy(Q)”,
since “hyperbolic” is the same as “R-elliptic” in this situation.

Remark 2.10. The set of elliptic elements in T" will be denoted by U(T"). It has the following description
UT) = {7 €T | 3n € Zog,r" = 1}
It is the set of elements in T’ which admits (at least) a fized point in Hg (c.f. [19, Theorem 1.8.1] and
[9, Proposition 2.1.4]).
Definition 2.11. For hyperbolic v € I', we denote by C., the centralizer of v in PSLa(F). We define
the root-conjugacy class of v by
{7}:::Lju60¢uurﬂ7“L

where for any v € T, [y] is the usual conjugacy class in T'.

Lemma 2.12. For hyperbolic v € ', C, is a mazimal Fo.-split torus in PSLy(F,), hence isomorphic
to F,. Under this isomorphism, Cy NT is a lattice in F.

Proof. Only the last assertion needs some explanation. In fact, under the isomorphism mentioned in the

statement, v € C,, is mapped to some r € FZ with |r| # 1. Hence 7” is identified with some lattice in
FX . A fortiori, the discrete subgroup C, NT" > ~% is a lattice. O

Remark 2.13. In concrete terms, the isomorphism takes v to r, one of its eigenvalue in FZ,. We call
I(7) := 21og max(lrl, r|™?) € Rs

the length of v. This quantity is unchanged by conjugation, hence passes to conjugacy and root-conjugacy
classes, i.e., l([y]) and l({y}) are well-defined. It is equal to the length of the geodesic on T\Hp to which
it corresponds. We also denote by E(y) € Zso such that the torsion part of Cy NT is isomorphic to
Z/E(y)Z. Since we work with PSLy, we have

(1) £(v) =2 if Foo = R;

(2) E(v) is an even positive integer if Foo = C.
The fact that E(v) is always even reflects the geometric view that a geodesic flow has a direction.
Definition 2.14. A hyperbolic v € T" is called primitive, if its length I(y) altains the minimum among

elements in C, NT'. A root-conjugacy class {v} of a hyperbolic element v € T' is called primtive if y is
primitive.
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Proposition 2.15. LetT' < PSLs(F) be a discrete subgroup. Closed geodesics on T'\Hp are in bijection
with the primitive Toot-conjugacy classes of hyperbolic elements in T.

Proof. Let [{] be a closed geodesic on I'\Hp. Since m(Ajy) is a lattice in R, it is £oZ for some unique
to > 0. Let v € Apy be any element such that 7y (y) = to = (). Other choices of 7 are of the form yu
for some u € U(T'). Moreover, it is easy to see

N[g] = C,y.

Hence if ' 54" € C,, v' € Ajy = Ny NT. Thus 7 (y') = I(7') is an integral multiple of to. This proves
that v is primitive. We thus get a well-defined map from the set of closed geodesics to the set of primitive
root-conjugacy classes
L[] = {v}

Conversely, if v € T' is hyperbolic, then for some g € PSLy(Foo), ¢ 'vg € A1(Fs), hence stabilizes
the unique geodesic flow ¢(t). Changing g to gw if necessary, we may assume that g g fixes the
orientation of ¢(t). If v/ € C,, then g~ 'v'g € Cy-1,, = A1(Fs). Thus g~ '4'g also stabilizes ¢(t) and
fixes its orientation. We thus get a map from the set of root-conjugacy classes in I' to the set of closed
geodesics on I'\Hyg

{7} = [g.¢].
It is easy to verify that 7 o¢ = id is the identity map on the set of closed geodesics. Hence ¢ is a bijection
onto its image, i.e., the set of primitive root-conjugacy classes. |

Remark 2.16. [t may be clearer if we summarize the above proof in words. Closed geodesics [¢] correspond
bijectively to T'-conjugacy classes of mazximal split tori Ny (the stabilizer group of [£]) in PSLa(Fo) for
which Ay = Ny NT is a lattice in Nig. In the group of automorphs Ay, there is {v} inducing the
translation t +— t + tg in the parameters R of ¢ such that tg > 0 is smallest possible. These are the
primitive hyperbolic elements. In particular, the fibers of T in the above proof are precisely hyperbolic
conjugacy classes which admit the same centralizer group up to I'-conjugacy.

Proposition 2.17. U(T) is a finite union of conjugacy classes in T.

We leave the technical detail of the proof in an appendix. For the moment, we are content with the
following remark, since we will eventually work with arithmetic non-uniform lattices.

Remark 2.18. In the case F = Q, this is part of [19, Theorem 1.7.8]. But we do not see how to extend
this method to the case ¥, = C. However, the argument given in the appendiz for the case Foo = C
can be easily adapted to the case ¥ = Q, replacing [4, Theorem 2.7] by [19, (1.9.9)]. Moreover, if T
is a congruence subgroup, we have a simpler proof. We first reduce to the case I' = PSLy(ow) for the
ring of integers ox of F by noticing that Proposition [2.17 for T and Ty are equivalent if Ty < I'y and
[['y : T9] < 0co. Then we take a Siegel domain S which contains a fundamental domain for PSLa(op).
Since the mnumber of elements v € PSLa(op) such that .S NS # 0 is finite [10, Lemma (3.3)], we
conclude.

Corollary 2.19. IfT' < PSLy(F) is a lattice, then the number of primitive root-conjugacy classes {v}
which contains more than one conjugacy class is finite.

Proof. There is nothing to prove in the case Fo, = R. In the case F, = C, if {7} is such a primitive
root-conjugacy class, then C, = C,, for some 1 # « € U(I"). Thus v is an element in C;, NI" with minimal
positive length. But the I'-conjugacy classes of possible C',, N I" are finite by Proposition Thus the
possible root-conjugacy classes of y are finite. |

3. TRANSFORMING TO RANKIN-SELBERG INTEGRALS

3.1. Relevant Orbital Integrals. Take f., : PSLy(Fs) — C to be a nice test function (ie. smooth
with compact support). Let I' < PSLs(0) be a congruence subgroup. For every hyperbolic conjugacy
class [7] in T, the following sum

K(.’E; foos [’YD = Z’Y’E[’y] foo(x_l’ylx)
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is a well-defined function on I'\PSLy(F). Fix a t € F lying in the image of hyperbolic elements in T
under the trace map. We are interested in

I(t, fxo) := K(x; foo, dx.
(t foo) Z[’Y]:Tr(’v)=t /F\PSLQ(FOO) (@3 foo, [Y])dz

The computation is part of the orbital integrals in the geometric side of the Selberg trace formula. We
include it for convenience. Recall that C, is the centralizer of v in PSLy(F). We have

_ -1_—1
I(t, foo) = Z[w]:T‘r(v):t/ Zaecmr\r foo(x™ 0" yox)de

\PSL;(Fo)

_ f xflfyx dz
2 ety /cmp\psmn,c) oot :

= Vol(C, NT\C. ™ yx)d.

Z[V]:Tr(v):t (Cy \C5) /CW\PSLQ(FM) foo (@™ )

Now C, NT is a lattice in C,, a maximal F-split torus isomorphic to FX . If 7o € C, NI is a primitive
element, and if g € PSLy(F4) such that g~ 'vg € A (Fy), we get an identification via conjugation by g

C, o~ FX/{£1}~RorRx (R/Z)

1 1 .
CyNT =~ l(y0)Z or l(v)Z x (Z/E(Y)Z)

2

If we transport the Haar measure of FX to C.,, then we obtain (note that the measure dz on C is twice
the Lebesgue measure and the measure on C* is dz/|z|¢)

VOl((C, NTNC) = 4 100) Ly o o
E() =

The orbital integral is transformed to
Gy o= [ fola s = [ foola™ g™ g .
C,\PSL2(Fo) A (Foo)\PSL2(Foo)

Remark 3.1. From now on, we choose fs to be bi-Koo-invariant. Since v € PSLa(F), the above
integral depends only on the trace t = Tr(y) € FX /{£1l}, and we shall also write O(t, foo) instead of
O,(fs)- In fact, the above transform is given by the Selberg transform. We recall: for Foo =R

s L T)E )G D) e

forFoo =C

09 (6 T)E 56 D) g e

We do not need these explicit formulae in this paper, but only need that for any t there is foo such that

Ot foo) # 0.
If for some P € GL3(F o) we have

1/2
prap= (N L) e s

so that I(y) = log| N (v)|, we arrive at the formula

Z[W]:Tr(,y):tl(vo) O (fso) = Ot foo) - ZM:TM):J(%) if Foo =R
(34 It Joo) = 2O 1(70) FF. —C :
T foo)- Zm:Trm:t E() B Hee =
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3.2. Spherical Eisenstein Series. We need to work with two algebraic groups SLo and GLy. Let P
resp. P denote the upper triangular subgroup of GLy resp. SL,. Let N denote the upper unipotent
subgroup of both SLs and GL2, A; resp. A the split sub-torus of diagonal matrices, Z resp. Z; be the
center of GLg resp. SLo, K resp. K be the standard maximal compact subgroup of GLg resp. SLg. Let
F be a general number field with ring of integers o, ring of adeles A = FX X Ag,. Let 0 be the closure
of 0 in Ag,. The class group admits a description

A% FX\AZ, /6% ~ CI(F).
Hence any character x of C1(F) can be viewed as a Hecke character of A* which is

e trivial on FZ,
e unramified at every finite place p.

Let eg be the function on K taking constant value 1. It can be viewed as a spherical element e, in

zf(g)}«
A

1

(0 2)) =]

to

(1, x) = Indg 2" (1, %) = {f : GLy(A) > C

It determines a flat section e, s € m(|-|3, x|-|5°)

s+%

24 , Vi, to € Az e A ke K.

tl x o t
s ((0 tZ) K) = x{ta) t2p
Hence we get a collection of spherical Eisenstein series

E(s,ex)(9) = > (v9), g € GLa(A).

Remark 3.2. If x =1 is the trivial character, we shall write e for e1 s and E(s, g) for E(s, e1)(g).

2

€x,s
YEP(F)\GL2(F)

Lemma 3.3. The set of double cosets
P1(F)\SL2(F)/SL2 (o)
is in bijection with the class group CI(F) of F.
Proof. This is the content of [26, Proposition 20]. For convenience we include a proof. Recall
SLy(F) = P1(F)w|_|P1(F)N_(F),
where IN_ is the lower unipotent subgroup, and record
A:N_(F) = CI(F), n_(a/b)— [oa+o0b], a,b€o,b+#0.
Then A extends to SLy(F) by A(w) = 1 and left invariance of Py (F). Since

a b
(C d)ESLQ(O) = co+do=o,

(i Z) € Pi(F)n_(—c/d) ifd+0,
we easily deduce that for any v € SLy(F)
Ay)=1 <= ~e€Py(F)SLy(o).
|

Lemma 3.4. Fiz once and for all a uniformizer wy, of F, at each finite place p < oo. To any x € F we
associate an idele 1(x) defined by ¢(0) =1 and for x # 0

min(0,vy, (z
a) = (™), € A,
Then we have for any x € F

n_(z) € (“Wl szl)) SLs (3).

Moreover, A(n_(z)) =1 if and only if 1(x) € F*0*.
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Proof. The first relation follows from

ca- (" (L)

For the moreover part, write = a/b with a,b € 0 and b # 0. Then a representative ideal in the class of
A(n_(z)), i.e., oa 4 ob corresponds to the idele (wgnn(v”(a)’v"(b)))p cb ti(x)ox. O

Recall the height function

Hto : SL(Fo) — C, (t tgl)m—>|t|io, Vie FX ueFo, ke Ky

The classical spherical Eisenstein series is defined by

1 e lis
(3:5) B, 900) 1= Z’YGPl(U)\SLz(U) Htoo (790) ™", goo € SLa(Foo).

Proposition 3.5. Write goo € SLa(Foo) and let 1ay be the identity element in SLa(Agn) (or GLa(Agn) ),
then we have the relation

1
1 .
E (Sagoo) = ‘CI(F” E XECI(F) E(S,ex)(g()O7 ].ﬁn).

Proof. Tt is easy to see that the sum
ZX ex,s(gooa gﬁn)

is non-vanishing only at elements (goo, gin) for which
t1 % X XX
Jfin = " K, tl GAﬁn,tQGF 0 ,K/EKﬁn,
2

since for t € A
|Cl )| Z Lpx Foxcux)( )-
It follows that for v € SLy(F) the sum

ZX Ex.s(V9s0:7)
is non-vanishing only if v € P (F)SLy(0) by the above Lemma and Consequently,
1 1
T1 /710 | E 1 n) = T—=—— ,
|CI(F)] ZXGCMFW (5 €x)(goo: Lin) |CI(F)| Z’yePl(o)\SLz(o) ZX €x,5(7920,7)
= I+s _ @l
B ZVGPl(o)\SLz(o) Ht(7900) 2™ = E'(5, goo)-

Corollary 3.6. E'(s, goo) has a constant residue at s = 1/2 equal to

1 1 ALQD)
|CI(F)] [CIF)[  2Ar(2)’
where Ag(s) is the complete Dedekind zeta-function of F and A*(1) is its residue at 1.

Ress=1/2E1(sagoo) ReSg 1/2E(8 61)

Proof. Tt suffices to notice that x is not trivial on A', the subgroup of A* with adelic norm 1, unless
x = 1 is trivial, which then implies that the intertwining operator

M(s,x) = Tndp ™ (-2 x2%) = Indpzf® o 12%, 112).
whose restriction to spherical elements is multiplication by
A1 —2s,x)
A(1+2s,x7 1)’
is holomorphic at s = 1/2. Hence E(s, e, ) is holomorphic at s = 1/2 for x # 1. O
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3.3. Heuristic: Rankin—Selberg Method. In this subsection, we suppose I' = PSLy(0) is the full
modular group. We propose to compute

I ;t7 0o ) *— K y Joos E1 ’ d
5080 = 3 s oo K P DB 20

where fo is a smooth bi-K.-invariant test function with compact support. By (3.5)), we can apply the
Rankin—Selberg unfolding method to get

1
I(s;t, foo) = K(7; f, Htoo B/
(5%, foo) Z[W]:Tr(v)—t/Pl(u)\PSLg(Foc) (&3 foor 1) (@) !

) / (Z”EP% (o) foo (7™ vx>) Htoo (2) 2 Hoda,
P;(0)\PSL2(Foo)

Tr(y)=t
Definition 3.7. We introduce the P1(0)-conjugacy classes of PSLa(0) b
[lp == {p"" | p € Pi(0)}.

We regroup the inner summation by P;(0)-conjugacy classes and get

I(s;t, foo) = “lyix)Ht o ()2 d,
I SED VRN S N L NERETE

If we regard foo as a function on PGLg(R) with support contained in the connected component of identity
if Foo = R, then we can relate the integral above to the Zagier’s transform (c.f. [33, (3.10)], [13] (3.24)]
or [3I], Definition 1.6]) as (c.f. [3I], Proposition 4.10])

u

(3.6) Zfoo(s,u) i= /P e ooz (‘1 _01> ) Htu () dz,

1
/ foo(x_lfylm)Htoo(x)%+sdx = — Zfoo( + s, —t),
PLa(re) () £

_f(a b
Nn=\e d)-

_ _ 1 _ —(3+s)
I(svtafoo)_zfoo(i"i_sv t) Z[’Yl]PITT(’h) t| (’Yl)

Lemma 3.8. If we write the summation on the RHS of the above equation as

where we denote by ¢ = ¢(y1) such that

We thus obtain

L(1/2 t?2 —4) = s
2458 =)= 3 el
then we have ().9)
t
L 2 _4 — X X\ 2 pn),
(5,87 = 4) = [ /(0*)*| 3 . Ne()s

where the sum is over all principal integml ideals (n) # 0 and

=[{z (mod (2n)) |z €0,2° =t>—4 (mod (4n))}|.

Proof. Writing an element v € [y1]p as

_fa b
T=\n t—a)

and observing the two possible ways of conjugation by elements in Py (o)

1 —u a b 1 u\ _ (a—un * c
1 n t—a 1) n t—a+un)’ Y o
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vt a b v a v % «
( v)(n t—a)< v1>_<v2n t—a>’ vee
we see that p((n),t) counts the number of solutions to
a(t—a)=1 (modn), ac€oa/(n).

If we write x = t + 2a, then the above equation is equivalent to

2> =t*—-4 (mod (4n)), z=t (mod?2), x€o/(2n).
We claim that the first equation implies the second one, i.e., if p | 2 with v,(2) = e, then

(x+t)(z—t)=0 (mod4) = z=t (modp®).

Otherwise, assume vy(z —t) = f < e, then vy(x +t) = vy(x —t +2t) = vy(x —t) = f. Hence
vp((x+1t)(x —1t)) =2f < 2e = vy(t), contradiction. O

The above lemma shows that the Rankin—Selberg unfolding gives the direct link between the counting of
geodesics and the counting of the solutions of the relevant congruence equation, which appeared in [27]
p.108]. Hence one can carry out the rest of the calculation just like in [27] and obtain the desired final
formula. But the generalization to arbitrary congruence subgroups of this approach is not obvious. For
this reason, we prefer the adelic translation which we now develop.

3.4. Adelization. We return to the general case that I' < PSLy(0) is a congruence subgroup. This
means that there is an integral ideal 91 C o0 such that

(M) < T < PSLy(o), TL(N) := {7 € PSLs(o) ’ v = (é ?) (mod m)} .

Taking closure at a place p < oo, we get
10
K, (M) <T, <PSLy(0p), Ky(N):= {7 € PSLs(o,) ‘ v = <o 1) (mod m)};
or we can write down its pro-finite version

K}, (M) < T < PSLy(3).
We take a test function of the form f = foo ® 1p with fo bi-K-invariant, i.e.,

_ Jfuclwae) ifap, €T
(3.7) I (@0, hin) = { 0 otherwise ’

and consider the orbital integral for a conjugacy class [y]; in PSLy(F)

(/1)) = / K(z: f,y))de,
PSLa(F)\PSLa ()

K(x; = ).
(3 £, (7)) Zw/eml fa 'y z)
Since T''(MN) <« PSLy(o), it is a normal subgroup of T'. Hence K}, (M) is a normal subgroup of T, i.e.,
]lf(xflyac) =1a(y), Vz € Kg,(M),y € PSLa(Agy).
Hence the integrand in the defining integral of I(f, [v]1) is a function in x € PSLy(F)\PSLa(A) invariant
by right translation by Kén(‘ﬁ) By the strong approximation theorem for SLy, we have
PSL(F)\PSL2(A) /K, (91) =~ I (97)\PSLy (Feo ).

Hence we can dis-adelize the integral and get

(7, 12) = Vol(Ken(0) [

T1(M)\PSL2 (F)

Zv’e[vh F(25, 17 (o0, 1)) 7o

— Vol(Kgn () / S el e,

T (O)\PSL2 (Foo)
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By definition, [y]; N T is the set of elements in I' conjugate to v in PSLy(F). It is a union of conjugacy
classes in I'. In particular, we have

Tr(y') =Tr(v), ¥y €[yhiNT.

Hence for any ¢ € o lying in the image of I under the trace map, we get

Zhh:mv):t I(f,[vh) = Vol(Kﬁn(sm)/

K(Zoo; foos [7])dT oo,
(M) \PSL2(Fo ) [v]:Tr(v)=t [ D

where [y] denotes a conjugacy class in I' and we recall the notation in Section
K 005 Joos = ) = 00 )-
(o0 foos 1)) 1= D Foe (0 7000)

But the integrand is a function in z., obviously invariant by left translation by I'. Hence we get

S ity L0610 = V) |

I'\PSL2(Foo) [V Tr(y)=t
= Vol(T) - I(t, f~o)-

K (203 foo, [7])d2oc

Similarly, if we define
I(s;t, f) = / K (x: £, 1 )E(s. 2)da.
(55802 2ot Josn qeyponyay 5 F DIVEC:2)
then we arrive at
I(s;t, f) = Vol(T') - I(s;t, fo0)-

We record what we have done in the following lemma.

Lemma 3.9. Let I' < PSLa(0) be a congruence subgroup. Take f = foo ® 15 given in . For any
v €T resp. PSLo(F), write [y] resp. [y]1 for the conjugacy class of v in T resp. PSLa(F). Define

K(z; f,[7)h) =) fla™'y'x),

' €[vh

D S | K(a: f, b,

PSLy(F)\PSLy (A)

; ’f : Z Y T(v)= / ( ‘/E; ;7 Y E S,.T d.fI;.
( ) [ ]1: ( ) t PSLQ(F)\PSLQ(A) ( [ ] ) ( )
jhen we ha”e

I(t, f) = Vol(T) - I(t, fx), I(s;t, f)=Vol(T)-I(s;t, foc)-

3.5. From SL; to GLs. We need to further analyze the conjugacy classes [y]; in PSLy(F) with Tr(vy) = ¢.
Any such ~ satisfies the equation

X2 —tX+1=0,

hence the F-algebra F[y] ~ E for some quadratic separable extension of F depends only on ¢. In particular,
any two such ~y are stably conjugate to each other. By Skolem-Noether theorem, this is equivalent to that
they are conjugate in PGL2(F). We record this observation in the following lemma.

Lemma 3.10. For any v € PSLy(F) with Tr() = t, the disjoint union

{7} = U[v']lzﬂ(v’):th/]

is the set of elements of T in a single (stable) conjugacy class in PGLy(F).
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Taking any hyperbolic v € PSLy(0) with Tr(vy) = ¢ and defining
K(x; = 7)) = K(x; f, [
(@ f o) =D f@ =30 K@),

we can consequently rewrite

I(s;t, f) = / K(x; f,{v}E(s, z)dx.
PSLa2(F)\PSLa (A)

The rest of the subsection is devoted to the analysis of the right hand side of the above equation. There
are a priori three cases according to the nature of E = F[y]:

(1) E is a quadratic field extension of F, which is equivalent to t* — 4 ¢ (F*)?;

(2) E ~F @ F is split, which is equivalent to t* — 4 € (F*)?

(3) E ~ F[z]/(x?) is not separable, which is equivalent to t* = 4.
But Lemma shows that only the case (1) is possible. The realization of E as a subalgebra in My (F)
implies that there exists a(n) (abstract) basis e1, es € E such that

v e{r}

(3.8) (ve1,vez) = (e1,e2)7,

where the multiplication in LHS is interpreted as the abstract one in the algebra E while the multiplication
in RHS is the matrix multiplication. In particular, the matrix realization of E* resp. the elements of
norm one E! becomes an F-torus T = Tg resp. T! = Tll‘3 in GLgy resp. SLo. Recall

E(s,z) = ZUEP(F)\GLz(F) es(ow) = ZPI(F)\SLZ(F) es(0w),

a standard Rankin—Selberg unfolding yields

I(s:t, f) :/ ( f(mlalfyam)> -es(x)dx.
Z1(A)P1(F)\SL2(A) ZUGT(F)\GLz(F) s

Lemma 3.11. We have a double coset decomposition

GLo(F) = || s TF) <a 1) P.(F).

Moreover, for every a we have

TENTE) (T ) PaF) = (EIVPL(F) = 20(4) 1 P (F) P (F),

Proof. Identifying E with F @ F (row vectors) in view of (3.8]), the set
{(a,0) e FOF | (a,0) # (0,0)}
becomes a single orbit of GLy(F) and corresponds to E*. The stabilizer of (0,1) being

B, (F) = {(8 ”13) ‘ teFX,xeF},
we deduce the decomposition

GLy(F) = By (F)T(F) = T(F)By(F), T(F)NB:(F)={1}.

We introduce the group
2
B, (F) = {(’B f) ' teFX,xeF}.

Then every element in P (F) is the product of an element in Bo(F) and an element in the center Z(F).
The desired decomposition then follows from

B, (F) = |—|aeF></(F><)2 (O‘ 1) B, (F).

The other assertion is easy. ]
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We deduce from the previous lemma that

_ - a
I(s;t, f) = ZaeFX/(FX)z /Zl(A)\SL2(A) f(@ ta(a) ya(a)z)es(z)dz, a(a) = < 1> .

Lemma 3.12. (1) The following function defined over A*
3+s -1 -1
) = id™ | Fla aly) yay)a)e,(x)dr
Z,(A)\SL2(4)

is invariant by multiplication by elements in (AX)? for whichever test function f.
(2) Consider f = foo ® ]lF as before (with bi-Ko-invariant test function fs). Let N(T) be the
normalizer group ofF in PGLy(Agn) and

o = {u €% | a(u) e NT)N GLQ(H)} .

Then h(y) is invariant by multiplication by elements in o} .

Proof. (1) For z € A*, we have a decomposition

)= (7)o (* ).

We get the desired invariance from

/ fla™ a(yz®) " "va(y2?)z)es(x)de
Z:1(A)\SL2(A)

= o 0 e (7)o

ol / Faa(y) aly)r)es(x)dz.
Z,(A)\SLz2(A)

-1

(2) By definition, for any u € o we have
1x(a(u)'ga(u)) = 1a(g), Vg € PSLa(Agy).
Writing @, = a(u)za(u)™!, we thus get

1
h(yu) = [yl / flay!
Z;(A)\SLz(A)

Since conjugation by a(u) stabilizes both B(A) and K resp. K; and leaves the height unchanged, we
have e (z) = es(xy) and dz = dz,. It follows that h(yu) = h(y). O

a(y) " 'ya(y)wy)es(z)dx

Consequently, I(s;t, f) is the sum over F* /(F*)? of h(y), a smooth function on A /(A*)?, to which we
can apply Fourier inversion. If we write

Ig := FX\AX
for the idele class group of F and I} for its unitary dual group, then we getE|

5+s —1 -1 x
15, f) = o Mz o MO [ e ) e )

z yx)es(z)n(det z)dz,
= i) Zn 6,y T )

where 7 runs over quadratic Hecke characters trivial on o) defined in Lemma (2). In particular, the
sum over 7 is finite and the number depends only on T'.

IThis identity has the following explanation: The image of Z; (A)SLz2(F)\SLa(A) < Z(A)GL2(F)\GLa(A) is character-
ized by det g € ]I%.
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Lemma 3.13. If Fo =R, fo is bi-SO2(R)-invariant, and n. = sgn is non-trivial, then
/ f(z7 yx)es(x)n(det z)dz = 0.
Z(A)\GL2(A)

Proof. There is an outer automorphism of SLs(R) given by

oo (o)

which obviously leaves a bi-SO2(R)-invariant function invariant. Moreover, we also have

e () meme (1 )R( )= wesoum

Hence the two parts of the infinite component of the integral over PGL2(R)1 and PGLy(R) — PGLy(R) ™"
cancel with each other, yielding a vanishing integral. |

Remark 3.14. For I' being principal or Hecke congruence subgroups, we have o = 0*. The sum in
7 1s over quadratic characters unramified at every finite place and each real place, i.e., quadratic class
group characters. We thus obtain

1
1Ot 0) = e gy ey oS

(3.9) I,(s;t, f) == /Z(A)\GL “ (7 ya)es(x)n(det x)da.

Note that the notations in suggest that the RHS is independent of the choice of v € SLy(F) such
that Tr(y) =t € F* — (F*)®. This is indeed true for arbitrary test function f. In fact, any two such v
are conjugate by an element P € GLo(F). Moreover, the proof of Lemma shows that we can take
P € B(F). Since es(x) is left invariant by B(F) and n is trivial on F*, we get the independence of the
choice of ~.

Before ending this section, we shall calculate the volume Vol(Ig /I%).

Lemma 3.15. In (3.9), the volume Vol(Ig /%) = 2.

Proof. Following the procedure of passing from SLy to GLs in (3.9), the quotient Ig /I is interpreted
as the quotient of PGLy(A)/PGLy(F) by PSLa(A)/PSLy(F) in the following way. We have both locally
and globally semi-direct product decompositions

GLy(F,) = (FOX ‘f) % SLo(F,), GLy(A) = (AO ?) x SLy(A).

Compatible with these decompositions are the Tamagawa measures on GLs, GL; and SLs. In fact, if w;
is the F-differential form in the following coordinates of SLy

r Y — 1
(z (1 +yz)/x) ,  wi = |z dedydz,

and if w is the F-differential form in the following coordinates of GLo

r y _ . -2
(z w)’ w = |zw — yz| " “dadydzdw,

then in the following coordinates of GL,

65 aadoe)

w = \t|_1dtw1.

one verifies easily that
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If one take U a fundamental domain for Iy = A* /F* and S; a fundamental domain for SLy(A)/SLo(F),
then it is easy to verify that
U 0
(0 1)

is a fundamental domain for GL2(A)/GL2(F). Quotient by the center gives

Ig/T% 0

GLQ(A)/GLz(F)Z(A)ﬁ( 0 1

)xﬁamvﬂdFﬂﬂM-

Thus the volume Vol(Ig/I%) is the ratio of the Tamagawa number of GLy by the Tamagawa number of
SLg, which is 2/1 = 2. O

4. ExpriciT COMPUTATION

4.1. Some Arithmetics of Quadratic Orders. Consider a quadratic field extension E/F with ring of
integers Og. Let O C Og be a sub-o-order. At any finite prime p of o, we write w, for a uniformizer.
There is n, € N such that

Op =0, + @, " Og,p
and ny, # 0 for finitely many p. n, is called the (local) level of O,. It follows that
O=0+J0g, J= pr"v
and we call the integral ideal J C o the level ideal of O. To any 5 € Og, we associate an order
Op := 0+ Po.
Lemma 4.1. The level ideal J3 of Og as above satisfies
(8- B)* = J3Dg,
where B is the conjugation of B in B and Dg = D(E/F) is the relative discriminant ideal of E/F.
Proof. At a prime p < oo of 0, 0, is a PID. Hence there exists 6, € Og,, such that
Orp=0p+0ply = Opp=0p+JspO08p=0p+ @ 00y, n, = ordy(Jp).
We also have Og , = 0, + fo,. Hence we can calculate the discriminant of O, in two ways and get
(8= B)%0p =" (05 — 05)°0y,
from which we deduce the desired equality. O

Remark 4.2. Obviously Jg depends only on t := Tr(83). Hence we can write J; instead of Jg. In the
sequel, we shall denote by [J;] the image of J; in CI(F).

4.2. Rankin—Selberg Orbital Integrals. In this subsection we shall consider a general test function
f (see ) and introduce some notations and terminologies which are parallel to those in the study of
trace formulae. We expect these results to be useful for the potential application of the comparison of
Rankin—Selberg trace formulae. In particular, one could try and simplify certain proofs towards the Sato—
Tate conjectures [28] and towards the bias of signs [I8]. In the next two subsections, we will specialize
(the finite part of) f to be the characteristic functions of the principal or Hecke congruence subgroups,
and carry out an explicit computation. Recall that in this case n appearing in must be quadratic
class group characters. We still assume fo, is bi-K-invariant.

As noted after , the right hand side of that equation depends only on the trace t of +. In fact,
all v’s with trace ¢ are conjugate under B(F) and we shall choose a particular element in the stable
conjugacy class of 7. To this end, we denote by E = E; the quadratic field extension F[X]/(X? —tX 41).
Obviously, v corresponds to an (abstract) element 5 in E such that

E=FaFp3, 52—t5+1=00r5(f) = G _01) (‘f)
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We choose v according to this embedding, i.e., we can assume in the following discussion that

C(t -1
= o)
Secondly I,,(s; t, f) is decomposable for decomposable f = ®! f,, with
Iﬂ(s;tvf) = H I U(*S?t»fv)a L, (55t fo) == / fv(xilvx)ev,s(z)nv(detm)dx'
v PGLy(F,)

The computation of the infinite component is simply given by [31, Proposition 4.10] since 7., = 1, i.e.,
we have (note that difference in the definitions of ey!)

I(sitid) = [ fula am)enla)de = (s +1/2-1),
PGL3(Foo)
since the lower-left entry of v is 1.

Lemma 4.3. Suppose v is F-hyperbolic such that for some P € GLy(F)

1/2
Prap= (NS ) e s

Then we have (recall the orbital integral (3.1]))

Zfoo(L _t) = ]I;EOOE;;O<157 foo)

Proof. This is [33, (4.12)] for Fo, = R and [29, (3.15)] for Fo, = C. For convenience, we include a proof,
which follows the style of [31], Proposition 4.9]. We treat the case Fo, = R with details. By assumption
[t| > 2. An easy computation shows

t —1 T T T 0 .
v Py = Pyey, ’Yt:<1 O)’ Pt:<11 12>, et:(ol xg)’ with

t+Vt2 -4 t—Vt2—4
=Ty M E x1 or g = N (7).

With the choice of test function ® in the Godement section, we have

detgl” | a((00glra*e - T2

Z1

ceses(g), ®(z,y) = O,
It follows that

I'g(1
_ Te()
~ TI'r(1) 2 _ 43 1 Bl 1 dod
FR(25)|t | A(R)\GLZ(R) foo(g etg) /A(R) (( , )eg)| et€g| eag.

By the Iwasawa decomposition, we can write ¢ = n(z)k. Evaluated at s = 1, the last integral

/ <I>((1,1)eg)|deteg|sde:/ e~ i+ Etet)) gy gy
A(R) R?

/ foolg™ 1 7e9)@((0,1)g)|det g|*dg
GL2(R)

det P, / Joo(g™ 1) ®((1, 1)g)|det g|*dg
GL2(R)

= / e_w(tf-’—tg)dtldtg =1
R2

is independent of g. We get the desired equality by (3.1) and the identification A(R)\GLy(R) ~
A1 (R)\PSLz(R). For the case Fo, = C, we take

Ba,y) = ¢ 20
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and change the subscript R to C in the above proof. O

We are left for the computation at finite primes p < oco. Let’s make some first reductions. We assume
that the support of f, is contained in SLy(0,). Obviously, the non-vanishing of all I, (s;t, f,) implies
that 3 is integral over o (even a unit in Og of norm 1). Since o, is a PID, there exists 6, € E, such that
the ring O, of integers of E, = E ®F F, is a free o,-module with basis {1,0,}

Op =0, + 0,0, 07 —by0, +a, =0, with a, b, co,.
It gives an embedding ¢, : E, — My(F,) determined by

Op <91p> = tp(6p) <91p) ;e 1p(fp) = <b1p —Slp) :

Remark 4.4. We shall identify pr with its image under vy in the sequel.

Since 8 € Oy — F,, we can find up, v, € 0, with vy, # 0 such that

-1
pmrnt, = we= (%) (5 %)= (0

Consequently, we get
In, (sit, fp) —Up(“p)|“p|p np(s t, fo),

Dyt f) = [ e (8)0)epa (@) (det )
PGLs(F,)
By definition, we obviously have (recall n, is unramified)

— — S—‘—l q
(4.1) (B - »3)2% = v§(9p - ep)QUp = UgDE,p = p(p)lvply * = 1p(Jep)Nr(Jep) ™ 1),
We have two possibilities for n,: n,(w,) = 1 (equivalent to 7, = 1) or n,(w,) = —1. We observe that
the second case can be reduced to the first one as follows. We can write

tl *
x:(o 752),{7 tthEF;,KEGLQ(Op).

Then we have

t1

ordy (t2)—ordy (1)
l, ')

, np(det LC) — (_1)ordp(t1t2) _ (_1)ordp(t2)—0rdp(t1).

p.s(@) = (Nr(p) +

Thus if I (s;t, fp) is expressed as a function H(Nr(p)®), then IN,,p (s;t, fp) is simply H(—Nr(p)®).
We are finally reduced to computing I (s; t, f»), which we write as fp(s; t, fp). Now at a finite place

p < oo such that E/F is not split, the principality of lattices implies (for details, see the discussion leading
to [31), (4.2)])

GLy(F,) = |_|r:0 EJa(w,")GLa(0p), EJ CF}GLa(op),
where @, is a uniformizer of F,. Choosing a Haar measure de on pr \E, we can define
(4.2) dy = Vol(E;\E a(w, ")GLa(0p)).
If we define the (normalized) Rankin-Selberg orbital integral as
Jita(o,) Jo (5™ a(ep)ep(Balemy "))
Vol(GL2(0p)) ’

denote (g, for the product of local factors of the Dedekind zeta-function of E at primes above p, then
we can rewrite

RS—0,(r, fp) =

(sit, fp) = Z RS-0, ( fp)-dr-AX\EX ep,s(ea(w,"))de

CEP(S+1/2

(4.3) ' Cea @51 1)

Z RS—O, (7, fy) - wtp(s, 7, Ep/Fp),
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Similarly, at a finite place p < oo such that E/F is split, the usual Iwasawa decomposition implies
oo . 0, 6,
GLy(F,) = |—|r:0 PApn(wp )GL2(0,), P = <1p 1p> € GLz(0y),

where A, = A(F,) is the diagonal torus and we have identified 8 with an element in o, 0_p =b, —0,.
Choosing a Haar measure de on pr \EPX, we can define

(4.4) dy = Vol(E;\E; Pn(w, ")GLz(0p)) = Vol(Ap\Ayn(w, ")GLa(0p)).
If we define the (normalized) Rankin—Selberg orbital integral as

fGLz(%) FolsIn(—w; ") P~ L1y (B) Pr(ooy " )k)drs

RS-0, (r, fp) ==

VOI(GLg(op)) ’
then we can rewrite
(s5t, fp) = Z RS-0, (r, fp) - dyr - ep,s(ePn(w,”))de
F\E]
CE p(S + 1/2) e o]
(4.5) o251 1) Zr:O RS—=0(r, fy) - wty(s,r, Ey /[Fy),

The Rankin-Selberg weights wty(s; 7, E,/F,) are independent of f,. We record their explicit values and
postpone their computation to the next subsection.

Proposition 4.5. We write ¢ = g, for the cardinality of o/p and Z := ¢°. Then we have

Vol(a}) (1+¢ ") ifE,/F, is unramified
thp(s;QEp/Fp) = Ly(1,mg,/F,) = 1 if Ey/Fy is ramified
ol(GLz(0p)) (1—q¢gHt if Ey/F, is split
where ng, /p, s the quadratic character associated with the quadratic extension E,/F,. We have the
following formulae of the weights wty(s;7, Ey/Fy) forr > 1.

(1) If E,/F, is unramified, then

Vol(op) . _ a2y (27 - D)2
mw%(sm E,/Fp) = 771 .
(2) If E,/F, is ramified, then
Vol(oy) (Z— a3 g22) — (2 —q 3 (g3 2 )"
ST o i Ey/Fy) = )
VOI(GLQ(OP))th(S,T7 p/Fp) 7 71
(3) IfE,/F, is split, then
VOl(O;) (Z+ /A 2q*%)(q%Z)T — (Z*l +q 17— qué)(qézfl)r

wty(s;m, Ep/Fp) =

Vol(GLa(op))

We are thus reduced to the computation of the Rankin-Selberg orbital integrals RS—0O,(r, f;,) for
various concrete choices of f,. For further convenience of notations, we denote

a(w, ") if E, non-split
4.6 ar =19 (0, 0 o
(4.6) ( 1” 1”) n(w,”) if B, ~F;

Thus we get a uniform form of the Rankin—Selberg orbital integrals

fGLg(op) fo(ktar vy (B)ark)dr

RS=0,(r, fy) :== Vol(GLz(0p))
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4.3. Rankin—Selberg weights. For simplicity of notations, let’s drop the subscript p in this subsection.
We shall compute the Rankin—Selberg weights explicitly, i.e., prove Proposition Recall from (4.3))
and (4.5) that these weights have the form

_ Cr(2s+1) g X
wtp (s, 7, E/F) = BT 1/2) d, /FX\EX es(ear)d™ e,

where d, is given in (4.2]) and (4.4) and a, is given in (4.6). In particular, these weights do not depend
on our choice of measure on E*. We shall achieve the computation by replacing the flat sections ey with
the Godement section, i.e., for ®(z,y) := Loxo(z,y)

|det g|**1/2 [L ®((0,8)g)|t|*T/2d*¢
Jex ®(0,t \t|9+1/2dXt

es(g) =

We can then decompose the weight as

i (o p B fEx |s+1/2d><6 CF(2$ + 1)
tp( ) ,E/F)— <d C ( fFX

5—1— 1/2) (0,8)[¢[25H1dxt
s+1/2
A qota /2. Jox ® <0 1>ear>|e| e
do Jex @ e)lelg e

where each term in the first line depends only on the choice of the measure on GLz(F) resp. Z(F), while
each term in the second line depends only on 7.

Lemma 4.6. Whatever the measure on E* we choose, we have

Jex @0, 0)[¢[>5 T d*t fEX Ye]|det e[tz d*e
(r(2s+1) CE(S +1/2)

=Vol(oX),  do = Vol(GLy(0)).

Proof. The first equation is standard. It implies that the zeta-integral in the second equation is equal
to (g(s+ 1/2) - Vol(Og ). By the definition of the quotient measure and the fact that Og is optimally
embedded in My (o), we get

VOI(GLQ(O)) = do . VOI(OE),
hence the second equation. O
Lemma 4.7. If q denotes the cardinality of o/p, then we have for r > 1

¢ (14 ¢~ ) if E/F is unramified
q if E/F is ramified .
¢ (1—q") if E/F is split

dr _
d

Proof. Let O,. := o+w@" Bo denote the order in E of level r. In the non-split case, we have an identification
of spaces of orbits

EX\E~ (wo_ ?) GLa(0) ~ (f) g’) B <w0_ ?) A GLa(0)\GLs (o).

(7% ?) EX (wo_ g’) A GLy(o) = (z% ?) H(O) (wo_ ' (1)) .

Hence we get the ratio

We also have

d./dy =[O0 : O)],

r
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which will be explicitly determined in the next Lemma In the split case, we have similarly

1 w " 1 w "

EX\EXP<0 17>GL2(0):A\A(0 17)GL2(0)

~ ((1) ‘?) A (3 w{ ) A GLo(0)\GLa(0).

T, yeo X, r—yewo L = .
b ) 0 1

d/do = [0 : (1 +w"0)] = ¢ (1 —q ).

It is easy to see

OO N R )

Hence we get the desired ratio

Lemma 4.8. Let vg be the normalized additive valuation of E. For any { € Z>, consider
0¥ ={ecO,|vg(e)=1}.
(1) If e(E/F) € {1,2} is the ramification index, then we have

) ) w0 > e(B/F)r
O = L wpO) y mm i €(B/F) [ €< e(E/F)r.
0 otherwise

(2) We have O < O™ and

x . oyx1 _ Jar(l+ 71) if e(E/F) =
© 'O’"]_{QF qEqF ife(B/F) =2"

Proof. Both assertions are elementary. We omit the details and only point out that (1) follows from the
formula

B min(vg(z), vr(y)) if e(E/F) =1
ve(z + By) = {min(2vF(Fx), QUFlzy% +1) ife(E/F)=2"

and (2) follows from the tower and equality

UE(E/F)PFe(E/F)fl < O;( — o¥ UE(E/F)T+6(E/F)71 < OX, X N UE(E/F)T+6(E/F)71 _ U;;FE(E/F)fl’

where we have written Ul(f) resp. US) for the standard neighborhoods of identity
Ul(f) =14 who, U}(EZ) =14 wg0.

Then note that
(0% : 0] = [0 : UE(E/F)T+€(E/F)71]/[0>< : U;‘Jre(E/F)fl].

r

We have obviously

_Jq¢" it E/F is non-split,
[det ar| = { 1 if B/F is split.

It remains the last term. It is an analogue of Legendre functions. Exploiting the construction of our
embedding E — My(F), it is not difficult to identify the last term as the following Legendre functions
associated with the quadratic extension E/F.
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Definition 4.9. (1) If E/F is non-split with ring of integers O, we take § € O — o such that O =
00 4+ 0. Hence all the o-orders in E are listed by

O,=o0w'@+0, reZ>0.
The r-th Legendre function is defined to be
J o, ()lelsde
fE ILO |e‘é d*e
(2) IfE/F is split, we identify it with F x F. Write Ly = 0 & 0 and consider the lattices
L, =Loyn(—w™ ") =0o(l,—w™ ") +0(0,1), r € Z>o.

The r-th Legendre function is defined to be
Jer L, (@, y)|zy[*d* zd*y
foF Lr,(z,y)|ry|sd*zd*y

P,(r,E/F) =

P,(r,F?/F) =

Proposition 4.10. If F is non-archimedean with g the cardinality of the residue class field and E is a

quadratic field extension of ¥, then, writing Z = q; 1/2 , we have for r € Zx>

(Z 4" 27 )4p2) — (27 — 45 D)@ Z7)"
R A [ D
(Z—q?)(@p2)" = (Z7' —qp* )@ Z )"
A VA A
while if E=F @ F, then we have for r € Z>g

if E/F is unramified
Py(r,E/F) =

if E/F is ramified

_11 L

(Z+qp' 27 =205 ) (@R 2) — (Z7' + q5' Z — 2q5° ) (@R Z71)"
Ge(l—ag )(Z=27")

Proof. Write ¢g for the cardinality of the residue class field of E. If E/F is unramified, then

o s (£)
Jolo,(e)lelpd e _ D, 4" VollOr)
Je lo(e)lelgd>e Vol(O* )¢k (s)

r—1
= <Zz—0 S (Gl Orxe]_1> (1-g¢g™) +¢57""
2s

_ l—gqgp —(r— E) —ors
=—= +
1+ qF (Z[ 0 Ir Ir

P,(r,F?/F) =

P.(r,E/F) =

If E/F is ramified, then

Py(r,E/F) = fE lo, (e)lelxd™e Ze:o qEKSVOI(Og))
s\T, =
' Jg lo(e)lelpd~e Vol(O*)(r(s)
r—1
= (Ze 0 e (Gl Orxz]_l) (1-g¢g") +¢57"°

s r—17T£ 75
:(1_qF)Zg:0qF( ) 20 +q

In the split case E =F x F, we have
fo K F X 1r,(z, y)|xy|%d><xdxy o fFX X F X Lo(z)1o(y + ™ x)|xy|Fd><xd><
fo < F X 1L0(Qj,y)|iﬂy|%d><l'dxy fFX X F X 10( ) ( )|xy|Fd><‘Td><

—1\— r=1 _ —(r—£)(1—s — —rs
:(lqul) 1.(ZZOqF€9q( )( )> (1inS)2+qFr

We get the desired formulas after some elementary manipulation. |

P,(r,F?/F) =
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Proposition is thus proved by combining all the above computation.

Remark 4.11. It is obvious from the explicit formulas that the weights satisfy the functional equation
wt(s;r, E/F) = wt(—s;r, E/F).

This can be proved via the functional equation for local zeta-integrals.

4.4. Principal Congruence Subgroups. The case of the full modular group I' = PSLy(0) has been
essentially dealt with in the proof of [31l Proposition 1.9]. The case of principal congruence subgroups is
similar, since fg, = 15 is still invariant by GLz(0)-conjugation. For definiteness, let

r=rioy = {3 epsiato) [1= (§ ) moam},

where 91 C o is an integral ideal. Suppose F[y] ~ E with Tr(y) = t. We have specified an abstract
element 5 € E corresponding to . Recall that we have chosen the global and local embeddings so that

i up + vpb —VUpa
7:(1 0>’ Lp(ﬁ)zuﬁvpbp(ep):(p pbp pp)_

Up Up

Lemma 4.12. (1) The non-vanishing of 1(s;t, f), i.e., the conditions that for any finite place p there
exists r > 0 such that

RS—0,(r, fy) = 1r, (a; "tp(B)a,) = 1,
and that the weighted sum of I,(s;t, f) 18 mon zero implies
t € Tr(T).
(2) Under this condition, the non-vanishing of RS—0Ox(r, f,) is equivalent to
0 <r < ordp(vy) — ord, (M).

(3) Recall Dg the relative discriminant ideal of the quadratic field extension E ~ F[X]/(X? —tX +1).
We have

ordy (vy) = (ordy(t* — 4) — ord,(Dg))/2 = ord, (J;).

Proof. (1) follows directly from the non-adelic translation of I(s;t, f) established in Lemma We
assume this condition ¢t € Tr(I") in the rest of the proof.
(2) At p for which E, is non-split, we have

r
ailbp (5)047” = <Upbp + Up _'Upapwp>
(s T )
vap Uy

while at p for which E, ~ Ff_ is split, we have

-1 _ (vpOp tuy @, "0 (0y — 0p) =
a, “tp(B)a, = ( 0 vpB + , and 60, #6, (modp).

It follows that if a, *¢,(8)a, € Ty for some r, then a; '1y(B)a; € Ty for all 0 < I < r. The largest such r
satisfies

ordy(vpw, ") resp. ordy(w, "vp(0y — 0,)) = ord, (M) <= 7 =ordy(vy) — ord,(N).
(3) This equation follows from the definition, the following relation and Lemma
t? —4=(B-B) =v;(6p — 0,)° =v;Dg.
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By the above lemma, the proof of [31] Lemma 3.3] then implies

o _ Cep(s+1/2)
Iy(s;t,1p,) = m

with a polynomial P,(s,,) in Nr(p)® and Nr(p)~* which satisfies the functional equation
Py(s,ly) = Py(1 —s,1y).

-Py(s+1/2,1,), 1, =ordy(J;) — ord,(N).

5=1/2 then we have

i (le+1 _ Zf(lp+1)) —¢g er(p)f%(le _ Zflp)
4.7 P, l,) =N 2 )
( ) P(S? p) I'(p) 7 _7-1 )
where egp = —1 resp. 0 resp. 1 according as E, is unramified resp. ramified resp. split over F,. It
satisfies the local Riemann hypothesis by the last part of [27, Lemma 2.1]. We deduce the general case

= Ly(s+1/2,n,)Ly(s+1/2,
Inp(5§t711“p): p( / np) P( / nPnEm).

Precisely, writing Z = Nr(p)

P,
CF,p(ZS + 1) e

where P, (s +1/2,1,) is obtained from P,(s,l,) by re-defining Z = Np (wp)Nr(p)* /2.

(s+1/2,1y), 1, =ordy(J;) —ord,(N),

4.5. Hecke Congruence Subgroups. By omparison with the previous case, the difficulty lies in the
computation of the Rankin—Selberg orbital integrals, which are no longer indicator functions, since I',
is no longer invariant under conjugation by GLs(0,), but only under conjugation by the congruence
subgroup

Kol = {5 € GLafoy) | 1= (1) Gmoa )}
We fix a finite place p. For simplicity of notations, we introduce
n:=ord,(N), [:=ordy(vy) = % (ordy(t* — 4) — ordy (Dg)) = ordy(J;).
The case n = 0 is already treated. We assume n > 1 in what follows. Since I', < SLa(0,), we deduce
from the previous case (with 91 = o) that the non-vanishing requires the condition
(n>1;) 0<r<l
The computation of the split case is different from the non-split case in nature.

4.5.1. p is not split. For simplicity of notations, we omit the subscript p and write ¢ = Nr(p). Recall the
decomposition

6La(@) = [, oy (1) Kb I L,y () o) Kol

We have

1 1 1 _ vb +u — ayvaw” —vaw”
(al 1) a,tp(B)ar <a1 1) - (vw_r — ayvb + a%vaw’" u+ alvaw’"> €Ly

r n+r—1,
)

— vw " — aivb + a%vawr ept<—=1—abw" + a%aw% €p

1 211 1 u— v " —vw "
(—ag 1) wa, p(Barw (ag 1) - (vawT + aguvb 4+ ajvw ™" vb+u+ ang_r> €l
= vaw” + agvb + Advw " € p" <= aw® + awbw” + a3 € p L
Lemma 4.13. Assumen >1 and 0 <r <[. Write
N(r;n,l) = No(r;n, 1) + Neo(r5m, 1);
No(rin,l) == [{a €p/p" | 1 — abw” + o®aw® € p"t" 1},
Noo(rin,1) := [{a € o/p" | aw® — abw” +a? € p""1}].

Then we have the following formulae.
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(1) No(r;n,l) is non-vanishing only if I > n, in which case it is given by
No(rin, 1) = ¢" " locr<i—n.

(2) If E/F is unramified at p and if | > n, then we have

n ifo<r<l-—
Noo(r;nvl) = L"%Z*TJ Z.f == " ;
ql 2 ifl—nmn<r<li
while if | < n, then we have
0 if0<r<mn-—I
Noo(r;n,l) = | mtl=r | lf =ren .
q ifn—01<r<lI
(3) If E/F is ramified at p and if | > n — 1, then we have
n ifo<r<l—
Noo(r3n,l) = LV,L({rzfrr»J Zf =r= n;
ql = ifl—-n<r<li
while if l <n — 1, then we have
0 f0<r<n-—I1-1
Noo(r;n,l) = | 2l | Zf =ren .
ql 2 ifn—I01-1<r<lI

Proof. For (1), since 1 — abw” 4+ a?aw?” € 1+ p for any a € p, No(r;n,1) # 0 only if n 4+ —1 <0, in
which case all o € p/p™ contribute and Ny(r;n,1) = ¢"~*. For the unramified case (2), we notice that

aw’” — abw” + o? = Nr(a — fw"),

where Nr is the relative norm map for E, /F,. We thus have

2min(ordy(a),r) = ordy(Nr(a — fw")) 2 n+r—1 <<= r=>n—1& ordy(a)> [n—i_;_l—‘ :

The formulae for Noo(r;n,1) then follows easily. For the ramified case (3), there is zg € o such that 8 —xg
is a uniformizer of E,. We thus get

aw? —abw” +a? = Nr((a — zow") — (B — wo)w"),

min(2 - ord, (v — xow"),2r + 1) = ordy(Nr(a — fw")) > n+1r—1

: -1
— r>n—-1-1&ordy(a —zow") > PH_;-‘ .
The formulae for N (r;n,1) then follows the same way as the previous case. |

We have the obvious relation
N(r;n,l)
RS—OW(T, ]].l"p) = W
Writing
Py(s;l,n,Ey /Fy) == Zr:O RS-0, (r, 1r,) - wtp(s,r, Ey /Fy)

so that we have

= s+1/2

(st - GEals t1/2)

CFp(2s+1)

Lemma then readily implies the following formulae (recall Z = ¢ 2.

Py(s+1/2;1,n,E,/F,),
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(1) If E/F is unramifed at p and if I > n, then

—n (it =z (et —3(zlmn — z=(-n)
(4.8) Py(sil,n, By /Fy) =q =" - ( Z)_+Zq—1 ( )

5 I VAt /0 U C2 ) e Vet I AL 0 I
r=11+¢7* Z—Z1 ;

while if [ < n, then
(4.9)

Py(s;1,n, Ep/Fp) = ¢' " Z

2—n q|_—§J (Z _ qflzfl)(q%Z)rJrnfl _ (Zfl _ qflz)(qézfl)wnfl
r=0 1+4¢* Z—Z1 :

In particular, Py(s;1,n, E,/F,) is non-vanishing only if n < 2[.
(2) If E/F is ramifed at p and if I > n — 1, then

Zl-n+1 _ 7—(l-n+1)

l—n

(4.10)  Py(s;l,n,Ep/Fp)=¢q 2 -

Z—Z1
5 oz a2 - ez
r=1 1—|—q_1 Z— 71 ’

while if [ < n, then

2l—n qtng (Z — q*%)(q%Z)TJrnfl _ (Zfl _ qfé)(qézflyq,n,l
r=0 14¢7! 7 — 71 :

(4.11) Py(s;l,n, By /Fy) = ¢ 7" z
In particular, Py (s;1,n, E,/F,) is non-vanishing only if n < max(2l,1+ 1).

Remark 4.14. Although these polynomials Py(s;l,n,Ey/F,) = Py(1 — s;1,n,E,/F,) still satisfy the
functional equation, local Riemann hypothesis fails in general (ie. the zeros of Py(s;1,n,Ey/Fy) may not
lie on the critical line Re(s) = 1/2). For example,

1
—(Z+7Z7 ) +1 if E/F is unramified at p
Pp(s;]_’]_,Ep/Fp) — q12 +q 2 1 .
—(Z+Z77)+

q2 +q 2 1+g¢

—  if E/F is ramified at p

We deduce the general case

i Lp(s +1/2,1p) Ly (s + 1/2, 1p1m.p)
CFJJ(QS + 1)

Mp (‘97 t? ]]-Fp) =
where P, (s;1,n,Ep/Fy) is obtained from P, (s;1,n, Ey/Fy) by re-defining Z = Mp (zp)Nr(p)* /2.

P, (s;1,n,Ey/Fy),

p

4.5.2. p is split. We omit the subscript p and write ¢ = Nr(p). Recall the decomposition

cLa@) = L, o (o 1) Kb I U, () o) Ko7

1 1 1 B vl +u 0
<a1 1) waytp(Blarw <a1 1) o <v(9 —0) (g —w™") v+ u) €l
= v@—-0)(a; —w ") EP = cepy
1 1 1 (B4 u+ azw "v(0 - 0) @ "v(0 — 0)
(—ag 1> a; " tp(B)ar (ag 1) - (v(@ —0)az(1 +apw™") v +u+ azww "v(d —0) €ly

= (0 — )z (1 + asw™") € p" <= az(ag +@") € p"T L.

We have
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Lemma 4.15. Assumen >1 and 0 <r <[. Write
N(T;?’L,l) = NO(T;nal) + Noo(r;nvl);

n

No(r;m,l) |{a ep/p" | v - 0)(a—w ")

Noo(rin, 1) = [{a € o/p™ | ala+ ") € p" T 1}].
Then we have the following formulae.
(1) No(r;n,l) is non-vanishing only if 1 > n, in which case it is given by
No(r;n, 1) = ¢ Lo<r<ion.
(2) Ifl > n, then we have
n fo<r<|—
Noo('r',n,l) = L'rL%»l—'rJ Zf == " s
ql = ifl—-n<r<li

while if | < n, then we have

24! f0<r<mn-—I
Noo(rim, 1) = {qt“é"”J ifn—l<r<l’

Proof. (1) is easy. For (2), if | > n, then a(a + @") € p"*" ! is equivalent to o € p"*"~!, from which
we easily deduce the desired formula. Assume [ < n. We introduce for integers 0 < u,v < n

N(u,v) == [{a € 0/p" | ordy(a) = u,ordp (a0 + @w") = v}].

If N(u,v) # 0 then we must have min(u,v) < r, which we assume from now on. We distinguish two
cases: (i) w,v <r; (ii) min(u,v) < r,max(u,v) > r. In the case (i), we have

0 ifu#w
N(u,v) =4 ¢" “—¢" ' ifu=v<r.
T —=2¢" fu=v=r

In the case (ii), we have

n—max(u,v) n—max(u,v)—1

q —q if min(u,v) =r < max(u,v) <n
N(u,v) = 1 if min(u,v) =r < max(u,v) =n.
0 if min(u,v) < r < max(u,v)

We obviously have the relation

Noo (7“; ™ l) - Zu-ﬁ-'uZn-i-r—l N(u7 ’U).

Ifr<n-—1 ie.,if 2r <n4r —1, then

T n, l Z min(u,v)=r (’LL,’U) = 2ql

max(u,v)>n—1

Ifn—lgrghi.e.,if2r2n+r—l,therﬂ

ntl—r

max(u U)>r

O

n+r—1

nt+r—1
2A simpler way is to observe that in this case a(a+ ") € p is equivalent to a € p( 2 -| This observation

applies also to the non-split case.
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We have the obvious relation
N(r;n,l)
RS-0, (r, = —" "=

’Y(r fp) qn +qn,1

Writing
Py(sil,n, By /Fyp) := )~ RS=04(r, fp) - wty(s,r, By /Fy)
so that we have
Cep(s+1/2)
I, (s;t, =P, (s+1/2;l,n,E,/F,),

Lemma then readily implies the following formulae (recall Z = ¢°~'/?):

(1) If I > n, then

. l-n+1 _ z—(1-n+l)\ _ ,—%(7l-n _ 7—(l-n) _r
(412) Py(silin,Ey/F,) = ¢ - Z 4 ) —q 3z —z7 1) 5 gl

Z—Z1 r=11+4¢ 1
(Z+q 127 =20 3) (g2 2) " — (27 +q 1 Z —2¢ %) (g2 2 )T
Z —7z-1 ’
(2) If I < n, then
2ql (Zn—l _ Z—(n—l)) _ q—%(zn—l—l _ Z—(n—l—l))
4.13 P,(s;l,n,E,/F,) = .
( ) p(37 7”7 p/ p) qn +qn71 Z_ Zfl
s () (2 2 2 )@ 2) - (2 g 2 -2 ) (R 2

r=n—1 g 4 ¢qn—1 Z—7Z1 '

Remark 4.16. Although these polynomials Py(s;l,n, By /Fp) = Py(—s;1,n,E,/F,) still satisfy the func-
tional equation, local Riemann hypothesis fails in general. For example,
-1

1—¢q
Z+ 77! )
(Z+ H_lJrcf1

1
Py(s;1, 1L Ey/Fy) = — 1
q* +q72

We deduce the general case

Folstde) = Ly(s+1/2,my)Ly(s+1/2,0pm8,p)
np(87 ) Fp)— CF,p(2s—|—1)

where P, (s;1,n, Ep/Fy) is obtained from B, (s;1,n, Ey/Fy) by re-defining Z = 1p (p)Nr(p)* /2.

: P’le (57 l7na EP/FP)7

4.6. Proof of Main Result. We give the final part of the proof in the case of principal congruence
subgroups, the other case being similar.
Inserting the local computations into (3.9), we get

+

[N
NG

I(S;t,f) - 1 DE 1 Y
Vol(GLa(0)) ~ Vollle/B) | 1| 2=+ 3~
L(s+1/2,n)L(s +1/2, 1
ZnGCI(F)V n(Jt) ( /<F77()28(+ ) / nnE)Pn(S+ 5,9@,

n’=1

where we recall

e E=E, ~F[X]/(X?—tX +1),

e J; is the ideal determined by (t* — 4)o = J?Dg,

e P,(s,M) is the product of local polynomials P, (s, M) given in (4.7).
By Corollary [3.6] and Lemma [3.9] we also have
Vol(T)  Ax(1)
ICI(F)| 2Ar(2)

ReSS:I/QI(S;t,f) = I(t; fOO)?
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with I(t, fs) given by (3.4). Comparing the above two equations with (3.4)), taking into account Lemma
and Lemma [4.3] we see that I, (s;t, f) is L(s+1/2,n)L(s 4+ 1/2, nng) times a factor holomorphic at
s = 1/2. In particular it is holomorphic at s = 1/2 unless = 1. Hence we get
[De|st” T (1) G (DL m/r) o, VolT)  Ap(1) § o) [1 fF.-R
> Tr. () () CU(F)| 2Ap(2) 2= E(y) |27 ifFa=C

Theorem is thus proved by summing over suitable ¢ and by taking Pr(s) = P;(s,MN).

P, =

Remark 4.17. The contribution from I,(s;t, f),n # 1 to Res,—1,21(s;t, f) is zero, which is consistent
with the discussion in [12, §3.2 Case 1]. It reflects the orthogonality between the restriction to the diagonal
of the elliptic terms in the geometric side of the trace formula and n(det ).

5. A PRIME GEODESIC THEOREM FOR PRINCIPAL CONGRUENCE SUBGROUPS

5.1. Preliminary Results. We consider the special cases F = Q or Q(¢). Let 91 be an integral ideal
generated by N € o = Z or Z[i]. Let I' = I'(M) be the principal congruence subgroup modulo 9N of
SLa(0). As the first preliminary task, we need to make our formula explicit in this setting.

} <z
o0
The counting function Y is equal to

Ur(z) = C[PSLy(0) : T Y N (nQN—24> o (LnQN—24> |

ne2+mn?
n satisfies (5.1))

where L(s,0) is Zagier’s L-function defined by

(5.2) £(s,5) CF 25 > b ‘55 =y 0
0#g€o q) 0#g€o r(q)

Corollary 5.1. Recall the condition of summation

(5.1) max{ ntvn?-—4

n—vn?—4

2

oo

and pq(0) is the counting function
|{x (mod 2q) | =4 (mod 4q)}|;
and C =1 or1/(2m) accordmg to F =Q or Q).

Remark 5.2. We emphasize that our sum is over all elements in 2 + N2, In the rational case, this
is Z. This accounts for the missing factor of 2, as compared with Soundararajan-Young’s version [27,
Proposition 2.2].

Proof. This is a direct consequence of Theorem [I.4] as follows. We first need to determine the set Tr(T"),
which we claim to be 2 + N2, In fact, any element in T is of the form

14+ Na Nb
Nc 1+ Nd
for some a, b, c,d € o, subject to the condition

1=det<1+Na Nb

Ne 1+Nd> < a+d=N(bc—ad) €N

Hence the trace 2 + N(a + d) lies in 2 + 0M?. Conversely, let ¢ € 0. Then the following element has trace

2 + N2t and lies in T
1+ N?t Nt
N 1/
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Then we notice that the extra local non-vanishing condition in Lemma (2) is automatically satisfied.
Now if Ty := SLo(Z[i]) denotes the full modular group, then (4.7) implies

n2

—4
ZV2>, n€2+m2

Lr(1,n* — 4) = [PSLy(0) : T'|Lr, (1,
Theorem implies
Ur(z) = Z |dp2 4|32 - Lr(1,n° — 4).
ne2+Mn2
The last displayed equation in [4, §3.1], which relates Lp,(s,d) to Zagier’s L-function, together with the
obvious fact d,2_4 = d(n2_4)/n2 yields the desired formula. O

As the second preliminary task, we need to study some exponential sum which is analoguous to the
Kloosterman sums. They will appear when we bound ¥r(X +Y) — Up(X) via the above formula in
Corollary [5.1} Precisely, we are interested in the size of

(5.3) qu (b(4+ N?b)) e (<2k>>

where k € 0/qo and

e the sum is over a complete system of representatives of 0/qo,

o c(z) :=e*™ and (2,y) = vy if F = Q or (zy +77)/2 if F = Q(i).
Lemma 5.3. Write ¢ = q1g2 with g1 | N° and (q2, N) = 1. Recall the function d(q) is the number of
prime diwisors of q. Then Sy(k, N) for k # 0 satisfies the bound

S (k. N)| < d(g2)Nr((k, )2 Nr(q) .
While for k =0, we have
Sq(0,N) = Nr(q1)¢(q2),

where ¢(+) is the Fuler’s function.
Proof. It is easy to see that S,(k, N) is multiplicative in ¢, as well as the desired bound and formula.
Hence it suffices to consider the case ¢ = ¢o and the case ¢ = p" for some prime p | N and some m € Zx.

We give details for the case k # 0 as follows. }
Case 1: (¢, N) = 1. Making the changes of variables = 2y + Nb then y = y + N, we see

(5.4) Pa(b(4+ N?0)) = [{y(q) | y* + Nby — b= 0()}
(5.5) = {v@ | v + N + Moy + N2 = 0(0)} |,

where we denote by N an inverse of N mod ¢. For a solution y(q) of (5.5), we necessarily have (q,y) = 1.
Thus

= —Ny NByfl — 2N2(q).

Inserting the above expression, we get

(5.6) S,(k,N) = e <<—2N2k>> 3 e<<wk>>
4 y(q) a4

(y,9)=1

which is equal to the Kloosterman sum S (k:]\~f kN3, q) up to a unitary phase factor. The classical bound
as recalled in [4] (16)] concludes the proof in this case.

Case 2: ¢ =p™ | N*°. We may assume (p, k) = 1, since the general case easily reduces to this special
one. Any solution y(q) to satisfies (Ny — 1,¢) = 1. Thus

b=y*(1 - Ny)~(a)-
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We obtain
(5.7) Sy(k,N) = %)e <<3’(1_qu)k>) .

Write S, (V) for Sy(k, N) and ¢(z) for e((z, k)). We distinguish three cases.
Case 2.1: m = 1. Then S;(N) reduces to a quadratic Gauss sum and the required bound follows.
Case 2.2: m = 2a with a > 1. Write y = yo + p“y1 where g, y1 traverse o/p“o. We have

y*(1=Ny)™' = (1= Nyo)~" - (v + Pp®y1)  (mod p™),
where P = (N(1 — Nyo) 'yo + 2)yo and the inverse is understood modulo p™. Thus

- 2 () e ()

Yo,Y1(p*)

The inner sum over y; is non-vanishing only if P € p®o, which is equivalent to yy € p©o. We thus get

= Z 1=Nr(p)® = Nr(q)%.

y1(p®)

Case 2.3: m = 2a+ 1 with a > 1. Write y = yo + p“y1 where yo resp. y; traverse o/p®o resp. o/po‘+1

We similarly get
=y (Y (1-Nyo)~! Z yi P
S /IZ) ( 0 0 ) /(/} ( L Oé-‘rl yl )

yo(p*) P ptt)

where P = (N(1 — Nyo) ‘9o + 2)yo. The inner sum over y; is non-vanishing only if P € p®o, which is
equivalent to yg € p®o. Writing P = p® P in this case, we get

2
= > w(yl )=Nr(p)°‘ Zzﬂ(ywplyl).
y1(pett) y1(p) p p

Bounding the Gauss sum by Nr(p)l/Q7 we obtain

M\»—-

[Sm (V)] < Nr(p)**3 = Ne(g)?.

Before moving to the proof of Theorem [1.9| we also give a small lemma about Dirichlet series.

Lemma 5.4. Let N € Z[i], N # 0. For q # 0, let g(q) = Nr(¢')¢(q") where ¢ = ged(q, N*°) and
q¢" =q/q. Let s € C with R(s) > 0. Then

1 9(g3)  Som(2+2s) 1 -
2 Nagg Nr(g)t+s | 2 M(CD)NT(%) - lom) (24 9) 11 (1 - Ni( )2+S) ‘

p
q#0 q2q2q3=q p|N

Proof. Since R(s) > 0 the sum is absolutely convergent. Writing ¢ = q%rQb with b squarefree, we can
therefore rewrite the left-hand side as

6.9 (2429 Y ot L Al

r
7,b7#0 q2q3=r2b (q3

Since g is multiplicative, the inner sum factors as

(e a—1 Qb
> w8~ T ) TT (s + no)gelets ) = st
q2q93=72b p*||r%b p%||r%b
pIN ptN
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In particular, we must have » = 1. Inserting the above in (5.8) we obtain

(01 ny=1 1 1 !
2 Nr(b)2+s C@(i)(2+5)pl:[\,(1 Nr(p)”s) '

b£0

O

5.2. Proof of Theorem Let us start by taking a smooth version of the counting function ¥r,

defined by
2y

Ur(X, k) = /Y Ur(X + u)k(u)du,

where X/2 <Y < X and k is a smooth, real-valued function with compact support on (Y;2Y), of unit
2y
mass and such that / |k9) (u)|du < Y~ for all j > 0. This choice of smoothing allows us to write
Y
2y

(5.9) Up(X) = Up(X, k) — /Y (Ur (X +u) — (X)) k(u)du.

We claim now that

Gl wrn -y [ N ((X Fu? m( > W) ) k(w)du+ O(XH+),

Y ri<X1te/Yy L 47
and
1 2
(5.11) Ur(X +u) —¥p(X) = 3 (Xu + “2) + O(u2/5X(49+6)/5+5).
Inserting ([5.10) and (5.11)) into (5.9) and using the estimate
Z Xirj < TS,

r <T
which follows from the Weyl law [0, Chap.8 Theorem 9.1], we obtain

Lo X3te 2/5 v (460+6)/5+€ e
\I’F(X)ZZX +O<Y,2+Y X + X4 >
Picking Y = Xi7% the error becomes O(X%'%e'*'e)7 giving Theorem
It is therefore left to prove and . Let us start with the second formula and use Corollary
to express the left-hand side as a sum of Zagier’s L-functions. For convenience we simplify the condition
to X < Nr(n) < X 4w and replace Nr(n? — 4) by Nr(n?) + O(Nr(n)). Observing that we also have
L(1,(n* — 4)/N?) < Nr(n)¢, we can write

n?—4 .
(5.12) Ur(X +u)—¥p(X)= Cr >  Nr(n)L (1, N > +0 (X',
X <Nr(n)<X+u
ne2+mn’
where by Corollary [5.1] the constant Cr equals
[PSLa(0) : T]  Nr(V)? 1
5.13 Cr = = 1—-—— .
(5.13) B T 2aNr(N) 2 HV Nr(p)?
p
Let 0 = (n* —4)/N? and let V > 0 a parameter to be chosen later. We can write
1

(5.14)

1
[(s = 1)L(s,0)V* " ds = L(1,6) + *-/ T(s = 1)L(s,6)V*"ds.
211 (1/2)

211 (1+¢)

Recall Theorem shows that Zagier’s L-function equals a quadratic Dirichlet L-function of modulus di-
viding &, up to a Dirichlet polynomial that can be bounded on the critical line ®s = 1/2 by O(|s|*Nr(6)¢).
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Therefore we can bound £(1/2 + it,§) < (1 + [t|)Nr(8)?+¢, where 0 is a subconvexity exponent as in
the statement of Theorem We deduce that we have the estimate

N 24
> r(n) / I(s—1)L (s, ! ) Vorlds < uX 1ROy,
(/2 N

2ms
X <Nr(n)<X+u

ne2+MN?
We can therefore rewrite (5.12]) as
2 —4 €Y/ — €
V(X +u) — Ur(X) =Cr Z Nr(n)Gy ( e ) FO(uXH20+ey—1/2 4 xlte),
X <Nr(n)<X+u
ne2+mn?

where Gy (0) denotes the integral on the line (1 4 €) in (5.14). Opening £(s,d) as Dirichlet series, the
above sum becomes

n2_4 e—Nr(q)/V n?—4
X <Nr(n)<X+u q#0 X<Nr(n)<X+u
ne2+9n? ne2+mn?

In analogy to [4, Lemma 2.2], one can prove that

n*—4\ 77 9(g3) 1/34e 1/3+¢
(5.16) > A( )= L s B 0z N () (),
Nr(n)< q%qzqzzq
n+2em2

where ¢, in the error is a maximal element such that q/q. is squarefree and g(g3) = Nr(q})¢(q3) with
¢ = ged(gs, N) and ¢4 = q3/q5. To see this, take a smooth function f : R? — [0,1], supported on
2| < VZ + A for some A > 0 and with total mass f(0) = 7Z (for example, take the normalized
convolution of the indicator function of a ball of radius v/Z and one of radius A). Starting from the sum
of py(n), we can write

—4
5 o0 (M) = S0 pa 00+ N S f(2-4 N M) + ONe(a) () VZA),
Nr(n)<Z b (q) meZL[i]
n+2€MN?

where we use pointwise bounds on p,(n) (see [, (15)]) for the error term. Applying Poisson summation
we transform the sum into

ot 57 () s

with S, (k, N) the exponential sum defined in (5.3). The term k = 0 gives the main contribution, while
for the rest we estimate S, (k, N) by Lemma/5.3[and we bound f in absolute value. Since S,(0, N) = ¢(q)

if (¢, N) =1 and S4(0,N) = Nr(q) if ¢ | N*° (ct. (5.6),(5.7)), we obtain

n2—4 7Zg(q) . 1 /24e Vi a1/
> P ( N? ) = Ne(gnve) +ONH@) Nrlg)VZA + Ne(g) =41 + Z2ATHE)
Nr(n)<Z
n+2eN?

_ mZg(q)
Nr(gN?)

upon taking A = Nr(q)/®Z71/6. Since )\, can be expressed as a divisor sum of p,, see (5.2) and [, (14)],
one arrives at (5.16)). Using then (5.16)) into (5.15)) we obtain

n?—4 ™ ,u N
= —Nr(q)/V 4/34+ey,1/3+€
E NI‘ Gv ( N2 ) Nr(NQ) (Xu+ ) E NI‘ Q3q + O (X V ) .

X<Nr(n)<X+u
ne2+mn? q= q1 9293

+O(2Y/3+Na() /* N (q1))
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We express the exponential in terms of its Mellin transform and we recognize the sum by means of Lemma
b4 so we can write

L A B I (e
;} oy ¢ 5 /(6) (s)V° o 2+ 9) };[V STOEE )
q:q%tn%

Moving the line of integration to $(s) = —1/2 and picking up the residue at s = 0 we deduce that the

above equals
1 )‘1 e
[[(1- =) +oWv '3
2 )
p|N( Nr(p)

which in conclusion leads (in combination with (5.13))) to

Ur(X +u) — Up(X) = (Xu—|— - ) L O(XY3TeyL/3te |y x 14204y —1/2 | xldey,

(X
We choose V = (Y3X%~1)6/15 and obtain
Let us now prove (5.10). Denote by Zr(s ) the Selberg zeta function attached to I'. In a box of the
form [—¢,2 + €] x [T, T] in the complex plane, the real poles of Z./Zr are at s = 2 and at a finite
number of s; € [1,71/64] corresponding to the small eigenvalues attached to I' (see [5, 21]). Moreover,
there are simple poles s; = 1+ ir; on the line Rs = 1 and another O(T'log T') simple poles p; in the strip
Rs € (0,1). By Perron’s formula we start by writing

1 2+e+1T Z/ Xs X2+€
— ds = 2V 0]
278 Joqe—iT ZF( ) °T F( )+ ( T )

(recall Remark for the extra factor of two on the right). Next we move the line of integration to
Rs = —e and we pass the poles of Zf./Zr, obtaining

1., X'
Wp(X) =7 X +X§R<Z Hm)

r; <T

(5.17)
1 Zh (X ZL . X®

e 2O T o, 79

X2+e

ds + 19) <X71/64+e +XT5 - ) 7
where CljE are the two horizontal segments [—e + 47,2 + € £ ¢T] while Cy denotes the vertical segment
[—e —iT, —e +4T]. At this point we evaluate the above at X + u and integrate against k(u). Moreover,
we select T'~ X and recall that u € (Y,2Y) with X2 <y <X. Repeated integration by parts allows
us to write

2Y X?Rs-H
(5.18) / (X 4+ u)’k(u)du < ——,

Y |sY'|!

which in turn implies that we can truncate the sum over r; in at height X1*e /Y. By standard
properties of the Selberg zeta function, it also implies that we can bound the integral over C’1i by
O(X?TeT~1) = O(X'"¢). As for the integral over Cs, implies that we can truncated the integral
at height |s| < X'7¢/Y and in that range it gives O(X*7¢/Y?) = O(X ™). Summarizing, we obtain

Wp(X) = i /2Y ((X +u)? + ?R< > W) > k(u)du + O(XTH/04+<),

1+ir;
Y ri<X1+e]Y J

as desired. This proves (|5.10) and thus completes the proof of Theorem
To end this section we sketch the proof of Theorem for the case of principal congruence subgroups
of SLy(Z). While the general strategy is the same as for Theorem equation becomes

SN (n 4> a2 > MﬂLO(q”Q“qD,

q2
n<Z R q3q293=q
n+2eNn
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with ¢ = q%qg and ¢o squarefree, which leads to the identity
(5.19) Ur(X +u) — Up(X) = % + O(uM2X A0/ ey,

On the other hand, Perron’s formula gives the expansion

(5.20) o (X) = 1/2Y <X us 28‘%( Z W))k(u)du + O(X39/64+e),

2 v <Xy 1+ Z"I“j
the exponent 39/64 following from the estimate Ay > 975/4096 from [I5]. Combining and
and using the bound [17]
Z Xi'r'j < T5/4+5X1/8+6,
r; <T
we conclude that

\I]F(X) _ %X + O(y1/2X1/4+0/2+e + X7/8+Ey—1 + X39/64+6),
which gives Theorem upon picking Y = X5/6-20/3,

6. APPENDIX: FINITENESS PROPERTIES

We shall prove Proposition Recall by [0, Theorem 2.7] that I'\H3 has a fundamental domain
given by a Poincaré normal polyhedron Pg(T") for some Q = rj € Hs with r > 1.

Definition 6.1. For any P € Pg(T), write
E(P) = {Ql € PQ : d(Ple) = d(P7 Q)}
The following lemma is geometrically intuitive. We leave the detail of the proof to the reader.

Lemma 6.2. We can distinguish the position of a point P € P = Pgo(T') as follows.
(1) P lies in the interior of Po(T) iff L(P) = {Q} is reduced to a single point.
(2) P lies in the interior of a face S in OPo((T) iff L(P) = {Q,~.Q} with a unique 1 # v € I'. The
geodesic linking Q,~.Q is perpendicular to S.
(3) P lies in the interior of an edge s in OPg(T) iff L(P) is a set of at least three points, all lying in
a geodesic plane perpendicular to s.
(4) P is a vertex of Pgo(T) iff L(P) is not contained in any geodesic plane.

Corollary 6.3. If P € P as above is in the case (k) and v € I' such that v.P € P, then .P is also in
the case (k), k =1,2,3,4.

Proof. We must have v.Q € L(P) in this case. Now if v'.QQ € L(P), then

d(v.P,vy'.Q) = d(P,7'.Q) = d(P,Q) = d(y.P,7.Q) > d(~.P,Q) > d(P,Q),
we must have equality everywhere, proving that v.L(P) C L(.P). Exchanging the roles of P and v.P,
we get v ' L(y.P) C L(P). Hence L(7.P) = ~.L(P). The nature of £(.P) is the same as L(P). O

Proof of Proposition[2.17. Let [yo] be an elliptic conjugacy class in I'. Let £y be the geodesic invariantly
fixed by a representative v9. We may assume Py € £y NPo(I') exists. Py can not lie in the interior of P.
(1) If Py lies in the interior of a face Sy, we have L(Pp) = {Q,7.Q}. Then from

d(Py, Q) = d(vg-Po, Q) = d(FPo,7, ".Q),Vn € Z

we deduce that v} € {1,v}, hence v = 7 is cyclic of order 2. Thus 7 is the rotation about the axis
ly of angle w. Consequently, £y and the geodesic linking @ and ~y.Q lie in a geodesic plane and they
are perpendicular with each other. Hence ¢ lies in the geodesic plane containing Sp. As the rotation g
must map the interior of Sy into itself by Corollary [6.3] ¢y must be an axis of symmetry of the hyperbolic
polygon Sp.

(2) If Py lies in the interior of an edge so, and if £y does not contain sg, then Py must be the middle point
of 59 and = is a rotation of angle 7, since g maps the interior of sy into itself by Corollary We
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also have voL(Py) = L(Pp) by the proof of Corollary hence £ is an axis of symmetry of the polygon
determined by L£(Pp). If £y does contain sg, then 7, is a rotation about so which permutes £(P), since
we still have v L(Py) = L(Fp).

(3) If Py is a vertex of P, we claim that there exist P, € ¢y and v € T' such that v.P; € P is not a
vertex, hence we can replace o resp. Py with 4y9y~* resp. P, and reduce to the previous cases. In
fact, otherwise, the orbits of the vertices under I', which is countably many, would cover ¢y, which is
uncountably many. Contradiction.

We have shown that up to conjugation by elements of I', 7 is

e cither a rotation of angle m about an axis of symmetry of a face of P;

e or a rotation of angle 7 about an axis of symmetry of the polygon determined by L£(F,), where
Py is the middle point of an edge of P;

e or a rotation about an edge of P, which permutes L£(P,) for any Py lying in the interior of that
edge.

Hence there are only finitely many options for vy and we conclude the proof. (|
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