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ABSTRACT: Using N = 8 supergravity as a theoretical laboratory, we extract the 3PM
gravitational eikonal for two colliding massive scalars from the classical limit of the cor-
responding elastic two-loop amplitude. We employ the eikonal phase to obtain the physi-
cal deflection angle and to show how its non-relativistic (NR) and ultra-relativistic (UR)
regimes are smoothly connected. Such a smooth interpolation rests on keeping contribu-
tions to the loop integrals originating from the full soft region, rather than restricting it
to its potential sub-region. This task is efficiently carried out by using the method of
differential equations with complete near-static boundary conditions. In contrast to the
potential-region result, the physical deflection angle includes radiation-reaction contribu-
tions that are essential for recovering the finite and universal UR limit implied by general
analyticity and crossing arguments. We finally discuss the real emission of massless states,
which accounts for the imaginary part of the 3PM eikonal and for the dissipation of energy-
momentum. Adopting a direct approach based on unitarity and on the classical limit of
the inelastic tree-level amplitude, we are able to treat N' = 8 and General Relativity on
the same footing, and to complete the conservative 3PM eikonal in Einstein’s gravity by
the addition of the radiation-reaction contribution. We also show how this approach can
be used to compute waveforms, as well as the differential and integrated spectra, for the
different radiated massless fields.

KEYwoORDS: Black Holes, Classical Theories of Gravity, Scattering Amplitudes, Super-
gravity Models
ARX1v EPRINT: 2104.03256

OPEN AccCESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP07(2021)169


mailto:divecchi@nbi.dk
mailto:carlo.heissenberg@su.se
mailto:r.russo@qmul.ac.uk
mailto:gabriele.veneziano@cern.ch
https://arxiv.org/abs/2104.03256
https://doi.org/10.1007/JHEP07(2021)169

Contents

1 Introduction 1
2 Eikonal approach for 2 — 2 scattering 7
2.1 The process under study 7
2.2 A reminder of the eikonal approach 9
2.3 Unitarity in b-space 11
3 IBP+ODE toolkit 13
3.1 Box and crossed box 13
3.2 Planar double box 16
3.3 Non-planar double box 21
3.4 H topology 25
3.5 Cut topologies 28
4 The N = 8 eikonal up to 3PM order 34
4.1 Tree and one loop 34
4.2 Two loops 36
4.3 Eikonal and deflection angle to 3PM order 38
5 Real-analytic, crossing-symmetric formulation 40
5.1 Tree and one loop 41
5.2 Two loops 42
5.3 Connecting real and imaginary parts via analyticity 45
6 Direct-unitarity calculations 47
6.1 Direct unitarity in momentum space 49
6.2 Direct unitarity in impact-parameter space 56
7 Discussion and outlook 63
A Static boundary conditions 65
A.1 Evaluation of Gg?%, G(QO% and Géo) 72
B Non-relativistic limit and PN expansion 73
1 Introduction

Effective field theories of Quantum Gravity are amenable to perturbative quantisation, so

it is conceptually straightforward to calculate scattering amplitudes in the standard weak-

coupling expansion, where the Newton constant G is formally regarded as small. Powerful

connections between gauge and gravity theories, such as Kawai-Lewellen-Tye relations and

colour-kinematics duality, render such calculations quite efficient as far as integrand con-



struction is concerned, especially in the presence of supersymmetry, while systematic meth-
ods based on differential equations and integration-by-parts (IBP) identities automatise to
a great extent the evaluation of the Feynman integrals.

The question then arises as to how classical gravity theories, in particular General
Relativity (GR), emerge from such effective quantum theories in the classical limit, and in
particular how classical observables can be recovered from perturbative scattering ampli-
tudes, exporting as much as possible of the above technical tools. This question raises an
immediate challenge: considering for simplicity four-dimensional 2 — 2 scattering in the
centre-of mass-frame, where the total energy is given by /s, the classical regime lies, for
dimensional reasons, at trans-Planckian energies Gs > h, a manifestly non-perturbative
kinematic region. The problem becomes tractable in the post-Minkowskian (PM) approx-
imation, where one expands in powers of the dimensionless ratio G/s/b < 1, with b the
impact parameter: the classical PM regime is captured by the Lorentz-invariant on-shell
amplitudes when enforcing the hierarchy of length scales

I
- b 1.1
\/§<<G\/§<< , (1.1)

where % and G/s can be regarded as the effective Compton wavelength and Schwarzschild
radius, respectively. Notice that the first inequality in (1.1), which is equivalent to G/s >
{p in terms of the Planck length £p = v/Gh, is incompatible with the perturbative expan-
sion of quantum field theory.

Luckily enough, gravitational scattering at high energy and large impact parameter
was extensively studied in the late eighties [1-5] and the fundamental progress achieved
then indeed sheds light on the problem outlined above. The first process studied in the
regime (1.1) was the elastic gravitational scattering of two massless states which, to low-
est order in the perturbative expansion, is given by the one-graviton-exchange diagram.
The graviton couples to the energy itself, and the tree-level scattering amplitude diverges
strongly at high energies, violating partial-wave unitarity bounds. But it was soon un-
derstood that unitarity is restored by the observation that the lowest-order tree diagram,
when looked at in impact-parameter space, is just the first term of an exponential se-
ries which corresponds to summing over the exchange of arbitrarily many gravitons. This
non-perturbative resummation yields a phase factor exp(2idp), called the leading eikonal,
which can be used to compute classical observables such as the deflection angle or the
Shapiro time delay. It turns out that, at this lowest order, the eikonal phase is nothing but
the phase-shift obtained for the scattering of one massless particle in the Aichelburg-Sexl
shock-wave metric [6] produced by the other particle [2]. Let us mention as an aside that
the original motivations for studying trans-Planckian-energy collisions of light particles
(or strings) were essentially theoretical, in the spirit of the old gedanken experiments of
quantum mechanics. They had to do, in particular, with solving Hawking’s celebrated
information paradox [7] by trying to construct a unitary S-matrix even in the regime
G+/s < b in which one expects the collision to lead to black-hole formation. In spite of
some interesting progress [8-10], this has remained, so far, an unfinished program.



For present-day purposes, it is important to stress that the gravitational eikonal expo-
nentiation is not restricted to the case of massless scattering, as already pointed out in [11].
On the contrary, it has become clear over the last few years that it consistently provides the
necessary non-perturbative resummation to extract the proper classical limit of the ampli-
tude and to calculate relevant classical observables in many different setups, including the
scattering of objects with masses m; and mag, in the whole range m;+mg < /s < 00, i.e. for
generic relative velocities between the two bodies [12-16]. For these reasons, since the first
direct detection of gravitational waves, the emphasis in the study of the eikonal exponentia-
tion has naturally shifted towards its application to the classical relativistic two body prob-
lem, for which various GR techniques, like the PM expansion mentioned above, the post-
Newtonian (PN) expansion, and the effective-one-body (EOB) approach [17] had been de-
veloped in the past to describe the inspiral phase of two merging black holes. In particular,
as emphasized by Damour [18], quantum scattering amplitudes can provide useful inputs to
the EOB description of black-hole binaries by fixing some of the parameters appearing in its
effective potential, and there has been considerable interest in the use of amplitudes-based
techniques for extracting the conservative part of the EOB potential [19-30].

The techniques developed for the massless eikonal must be adapted to make room
for the massive scattering problem at arbitrary relative velocities, while keeping suitable
constraints to enforce the classical regime and ensure the validity of the post-Minkowskian
approximation. To this effect, we shall incorporate the non-trivial mass scales m; o in the
hierarchy (1.1) according to
i<i<<Gm12<G\/§<<b (1.2)

Vs Y mag o ’ '
or more precisely, since dimensional regularization is needed to deal with the standard in-
frared divergences that arise along the way, using its (4—2¢)-dimensional counterpart (2.20).
In this setup, the Schwarzschild radii Gm; 2 are taken to be much larger than the two types
of quantum scales corresponding to the Planck length £p ~ v/Gh and to the Compton wave-
lengths %, so that the leading eikonal 24 effectively scales as Gmima/h > 1 and captures
the 1PM two-body dynamics. Higher-order PM corrections are instead parametrised by
the quantity Gmj /b < 1, which is indeed the typical size of Einstein’s deflection angle,

S
mimz’

compared to the leading eikonal 26y and captures the 2PM two-body dynamics. In the

for arbitrary values of In this way, 20, is suppressed by an extra factor of Gmy 2/b
massive case, this 2PM eikonal 24, is non-trivial and its D-dimensional GR expression was
discussed in [12, 28]. In the massless case, the analogous 2PM contribution vanishes for
kinematic reasons, and the same happens in the case of maximally supersymmetry gravity
in D = 4 even when the external states are given a susy-preserving mass (for instance
by assuming that they have a non-zero Kaluza-Klein momentum) [31]. Thus in the latter
cases, the first non-trivial correction to the eikonal, 2d5, comes at two loop (or 3PM) order.

In the massless, non-supersymmetric case, the 3PM eikonal was first derived more
than thirty years ago [32]. Unlike its lower-PM counterparts, 202 has both a real and an
imaginary part: the latter was computed in [32] from the three-particle cut involving the
two massless energetic particles and a graviton, and Re 20y was determined from Im 249



through arguments based on analyticity and crossing. The analysis of [33] suggested that
the same value of Re 2§53 should hold also for supersymmetric theories and this was con-
firmed in [34] for N’ = 8 supergravity. This universality was finally extended to massless
theories with different amounts of supersymmetry including GR [35]. Universality of the
real part depends crucially on a universal log(s)-enhanced term in the Im 202, while the
rest of the imaginary part is not universal and depends on the spectrum of massless states
that contribute to the three-particle cut.

In the massive case, the first GR results at 3PM order [36, 37 used the matching with
an effective theory of interacting scalars to extract a conservative Hamiltonian relevant for
the classical dynamics [22], which could be directly exported from the scattering setup to
the case of bound trajectories. These results were later confirmed in [38, 39], while the
3PM analysis in the maximally supersymmetric theory is more recent [13].

Before commenting further on these results, an important practical observation is in or-
der. Of course, the program of extracting classical physics from scattering amplitude would
hardly simplify matters compared to the PM expansion of classical gravity if one had to
first evaluate the exact quantum amplitude and then take its classical limit/resummation.
The goal is therefore to drop purely quantum contributions, such as short-range interac-
tions localized near b = 0, as early as possible in the calculation of the amplitude. This can
be achieved systematically by performing the near forward expansion of the amplitude, i.e.
the expansion for small ¢ ~ %, via the method of regions [40, 41]. This tool simplifies the
integration by reducing the expansion of a given Feynman integral to the expansion of its
integrand in suitable scaling limits, called regions, which leads, in turn, to the evaluation of
much simpler integrals. In this language, neglecting analytic-in-¢? terms in the amplitude
simply amounts to dropping the so-called hard region, defined by the scaling ¢ ~ O(m 2)
for the momenta ¢ of the gravitons exchanged, and focus on the soft region, ¢ ~ O(q),
which contributes to the long-range effects.

All the investigations of massive 3PM scattering mentioned above focused instead on
the contributions arising from the potential region, a sub-region of the soft region defined
for small velocities v by the non-relativistic scaling /0 ~ O(vq), 0~ O(q), hence break-
ing manifest Lorentz invariance. The rationale behind this further expansion was that
the potential region, tailored to capturing conservative effects, would directly provide the
conservative EOB data. Moreover, the restriction to the potential region allows one to con-
sistently drop certain bubble-like contributions already at the integrand level, thus further
simplifying the task at hand. However, the resulting conservative 3PM deflection angle
exhibited a log(s)-enhancement in the high-energy limit /s > mj 2. This feature, which
is tantamount to a log(s)-enhancement in Re 202, was also claimed to be universal [13], in
tension with the already mentioned and supposedly universal ultrarelativistic massless re-
sult [32], which did not show any sign of such an enhancement. This apparent discontinuity
between the high-energy limit of massive scattering and massless scattering prompted a
lot of discussion and some attempt, such as the one in [42], was made to solve it, but was
eventually contradicted by subsequent checks at 6PN level [43, 44].

This contradiction became even sharper with ref. [15], where we first extended the
analyticity-plus-crossing analysis of [32] to the ultrarelativistic massive case arriving at



exactly the same conclusions. However in ref. [15] we also presented for the first time
the solution of the puzzle. Following [13], but performing the calculation of the various
loop diagrams taking into account the full soft region — rather its potential part — we
computed the 2 — 2 scattering amplitude and the associated eikonal Re 202 in massive
N = 8 supergravity at 3PM level and we found that the resulting deflection angle is free
of log(s)-divergences, thus restoring agreement with [32] and the universality in the ultra-
relativistic limit. The physical interpretation of the new contributions emerging in this
calculation was immediately suggested by Damour: the potential region provides only the
conservative part of the deflection angle, while the soft region provides also the effects of
dissipation due to the emitted gravitational waves, i.e. radiation reaction effects. While
they are crucial to restore universality in the ultra-relativistic limit, these radiation-reaction
terms can be more easily identified in the non-relativistic regime as those associated with
odd powers of the velocity, or equivalently with half-integer PN order. In conclusion, while
the unphysical “conservative deflection angle” has a spurious high-energy divergence, the
physical (in principle measurable) deflection angle has a smooth limit.

By adding to the conservative result obtained in [36, 37] a linear-response contribu-
tion [45] due to an O(G?) radiative loss of angular momentum,' Damour [47] managed to
extend to GR the result of the physical deflection angle presented in [15] for N' = 8, obtain-
ing the cancellation of the log(s)-divergence also in Einstein’s gravity. His result has been
confirmed by a completely different, amplitude-based approach in [49]. This alternative
method consists in computing the infrared-divergent part of the three-particle unitarity
cut due to the emission of a soft graviton. As in the massless case, this determines the
infrared-divergent part of Im 209 (which can be equivalently derived from the exponentia-
tion of infrared divergences in momentum space [50]) and also a specific logarithmic term in
the finite part of Im 2d5. This in its turn uniquely fixes the radiation-reaction contributions
to Re 269 via analyticity, and therefore the needed correction terms to retrieve the physical
deflection angle from the conservative one.

In this paper we provide a fully self-contained discussion of the 3PM eikonal in massive
N = 8 supergravity. In particular, we give the technical tools necessary to verify the A’ = 8
result for Re 202 presented in [15] and also derive the corresponding Im 2d2. We extend the
analysis of the imaginary part also to the non-supersymmetric case and, by building on
previous results [36, 37, 47, 49], present the full 3PM eikonal for the scattering of massive
scalars in Einstein’s gravity. As already mentioned, this requires evaluating the classical
limit of the relevant two-loop Feynman integrals in the full soft region, and we achieve this
goal by extending the method of ordinary differential equations (ODE) developed in [13],
combining ODE and IBP-reduction techniques with the complete near-static boundary
conditions.? This allows us to find from first principles the full 3PM eikonal in N/ = 8

Tt is somewhat puzzling to have an O(G?) loss of angular momentum with an energy loss O(G?). Ac-
tually, in order for the (unambiguous) ADM angular momentum to agree with the one at the infinite past
(u — —o0) of future null infinity, the latter should be computed in a shear-free Bondi frame (see [46] and
references therein), and this implies, in the problem at hand, a loss of angular momentum O(G3). Never-
theless, the final result of [47] is sound because the linear response formula of [45] involves a “mechanical
angular momentum” corresponding to a different, suitably chosen Bondi frame [48].

2This analysis has been performed independently in [51] whose results were used in [52].



and to elucidate the analytic structure of the classical result by writing it explicitly in a
real-analytic and crossing symmetric way. We also extend the analysis of the 3-particle
unitarity cut of [15, 49] to generic centre-of-mass energies and beyond the Weinberg limit
for the intermediate massless states, to include all classical contributions relevant to the
scattering of massive states. This allows us to obtain the complete expression of Im 2d5 in
GR, thus generalising the result of [32]. As a simple extension of this analysis, we are also
able to calculate the total energy emitted at 3PM in the scattering process, both in N’ =8
and in GR, finding perfect agreement with the results of [52]. We finally describe how
our approach can also be applied to obtain waveforms, as well as full differential emission
spectra, for the various massless fields as functions of the frequency/retarded time and
the angles. For GR these results date back to [53], while the complete spectrum has
been recently computed in [54, 55] by using the world-line formalism and diagrammatic
techniques (see also [56, 57] for previous results in the massless case and [49] for the zero-
frequency limit in the massive case).

The detailed outline of the paper is as follows. In section 2 we describe the kinematics
of the process under study and then give a quick reminder of the eikonal approach to
connect quantum scattering amplitudes to classical gravitational observables. In section 3
we give details on the tools used to perform loop calculations, both for the elastic 2 — 2
amplitude and for the 3-particle unitarity cut thereof. These are based on IBP techniques
and ODE tailored to the evaluation of Feynman integrals in the soft region. In section 4 we
present the actual results for the massive N' = 8 case up to two loops in momentum space.
Integration covers the full soft region and is manifestly relativistic invariant. We then
compute the corresponding eikonal phase and physical deflection angle. In section 5 the
same results are recast in an explicitly analytic and crossing symmetric form. This allows us
to connect some contributions to the real part of the amplitude to corresponding imaginary
parts endowed with a simple physical interpretation (e.g. elastic vs. inelastic contributions).
One such connection is the shortcut used in [49] in order to obtain the radiation-reaction
term of the deflection angle. In section 6 we study the 3-particle unitarity cut of the elastic
2 — 2 amplitude, which we obtain directly from the appropriate “square” of the inelastic
2 — 3 amplitude at tree level. We show how the corresponding integrations can be carried
out in momentum space, borrowing tools from the reverse unitarity method [52, 58-61].
These techniques can be used to calculate Im 2§,, which allows us to reconstruct the full GR
eikonal up to 3PM, and the total radiated energy-momentum, for which we find agreement
with ref. [52]. We also indicate (and show in an example) how our method can be adapted
to obtain the wave-forms in impact parameter space and to calculate the full differential
spectrum of the emitted massless field waves from a completely amplitude-based approach.
Section 7 summarizes our results and gives a brief outlook. The two appendices contain
additional technical material. Appendix A shows how to obtain the complete near-static
boundary conditions that are needed for the differential equations in section 3 in order
to encompass the contributions of the full soft region. In appendix B we give the PN
expansion of our results illustrating how the radiation-reaction terms correspond to odd
powers of the velocity in the PN expansion of the real phase while containing logarithms
of v in the imaginary parts.



Figure 1. Schematic representation of a 2 — 2 scattering process involving two objects with
masses my (blue) and my (green).

2 Eikonal approach for 2 — 2 scattering

We are interested in the classical scattering of two spinless massive objects with masses my
and meo. Our approach is to start from the elastic 2 — 2 amplitude depicted in figure 1,
which is evaluated in the usual perturbative expansion in powers of the Newton constant
G, and then apply the eikonal resummation to extract its proper classical asymptotics. In
this section, we first spell out our conventions concerning the process under scrutiny and
then provide a short summary of the eikonal strategy for the calculation of the classical

deflection angle.

2.1 The process under study

With reference to figure 1, we consider formally outgoing external momenta p4, ph, p4 and
ply subject to the conservation and mass-shell conditions

r=m

Pi+ps+py+pi=0, —p =-pi, —ps=m3=—p;. (2.1)

The relative speed v of the asymptotic states is sized by the relativistic factor

: 1
R _bi-p2 _ (2.2)

mime /1 —v?
which tends to 1 in the static limit, v — 0, and to 400 in the ultrarelativistic regime,
v — 1. We work in the centre-of-mass frame and, following [13], we introduce the variables
pt', p4 and the perturbative transferred momentum ¢* according to

pi=—p{'+¢"/2, pi=p{"+q"/2 (2.3)
ph=-p5—q"/2, py=py—q"/2,
together with
78 Py
ut = 2L, ul = =2, 2.5
1 mi 2 mo ( )
where
9 _9 2 q2 — 2 ~2 2 q2
mlz—plzml‘i‘za m2:—p2:m2+z. (2.6)



The usefulness of the new variables lies in the orthogonality relations

pl—pi=-2p1-q=0, pi—pi=2p2-q=0, (2.7)

which imply that ¢/ is constrained to a (D — 2)-plane, although we still regard it as a
D-vector. We also introduce the parameter

Y= —Uui- U (2.8)

which, for small g, is related to o of eq. (2.2) by

2mims + o(m? + m?

2

y=0o 2
8mimsj

Here and in the following, we also employ ¢ as a shorthand notation for /q2.

In order to rationalize certain square roots that naturally emerge, it is also convenient

to further define
z2=0—vVo?-1, r=y—/y2 -1, (2.10)

so that 1
log — = arccosh o (2.11)
z

and similarly for log % Comparing with eq. (2.2), we see in particular that log% plays the
role of a relative rapidity in this context, since

1—-w 1
=/ . log~ = arctanhwv. 9.12
z o og ~ = arctanhv (2.12)

Finally, we will also employ the shorthand definition

1— 2
r=yy2 1= 2;”, (2.13)

especially in the discussion of differential equations and their boundary conditions.
In terms of the variables introduced above, the Mandelstam invariants

s =—(p1+p2)°, t=—(p1+ps)?, u=—(p1 +p3)* (2.14)

take the form

s =m? + 2mymao 4+ m3, t=—¢*, uw=m3 — 2mymao +m3 + ¢*. (2.15)

Let us also record here some useful relations that link p, the momentum of either particle
in the centre-of-mass frame, to the centre-of-mass energy E = /s:

2mims z

22\ 2 9 152
4pE:4m1m2\J (‘W) S = dmymgy/e? — 1 = 22 = ) o g6



2.2 A reminder of the eikonal approach

As usual, we decompose the S-matrix according to
S=14i, T=0nPP (Y p)A4, (2.17)
so that the elastic 2 — 2 amplitude A(s, ¢?) is defined by the matrix element

(p4,p3|T|p1, p2) = (2m)P3P) (p1 4 p2 + p3 + pa) A(s, %) . (2.18)

Its perturbative expansion in powers of the coupling G takes the form

A(Sa q2) = ./40(5,(]2) + ./41(3,(]2) + AQ(S,q2) ey (219)
with A; (s, ¢%) ~ O(G7T1) the j-loop contribution. For brevity the dependence of A on the
masses mp, mg and on the dimensional regulator € = % is left implicit. The classical

weak-coupling regime obtains considering the following hierarchy of length scales,

< (@) (h)2 < (GE) (h>26 < (2.20)
mi,2 q q q
where the two quantities in the middle are constructed in analogy to the Schwarzschild
radius. The first inequality ensures that quantum effects be negligible, i.e. suppressed by
the ratio between the Compton wavelength and the size of the objects under consideration,
while the last inequality allows us to focus on a regime of weak gravitational interactions,
i.e. of near-forward scattering.

In this near-forward limit, namely for small momentum transfer g> — 0, each of the
above contributions to the amplitude in eq. (2.19) can be schematically expanded as follows

Ao(s,¢%) = aoq(;) + - (2.21a)
o afls) | af(s) | al(s)
Ai(s,q°) = @ @i (@) 4 (2.21b)
aSSCl(S) ascl(s) a 1(8)
As(s,¢%) = (q22)1+2e (¢? 2) +2¢ (2 2)2¢ T (2.21c)

up to terms that are either proportional to non-negative integer powers of ¢> or subleading
for small ¢2. The superscripts refer to the i power counting, which marks the appearance
of both classical O(h~!), quantum O(R°, Al,...) and super-classical O(A=2,A=3,...) terms.
The most natural interpretation of the singular, super-classical terms is that such contri-
butions arise from the formal small-G expansion of an exponential of the type e that
oscillates infinitely rapidly in the classical limit, where its phase Re 2§ becomes large.

To see that this is indeed the case, however, one needs first to rewrite the amplitude
in terms of the (D — 2)-dimensional impact-parameter b* according to

_ deQ A ’ 2 b
,Lt(s,b):/(%)D(_J2 SgEq ) g-iba (2.22)




In impact-parameter space, the following exponentiation becomes manifest,
1+iA(s,b) = (1+ 2iA(s, b)) 20(0) (2.23)

where d(s,b) is the classical eikonal, while A(s,b) is a quantum remainder. Employing
term by term the formula

dP=2q e7a 1 MNl—e—a)

/(27T)D—2 (¢)* ~ 7l €4oT(a) (B2)l-ea ’ (2.24)
the Fourier transform of eq. (2.21) to impact parameter grants

T J

AO(Sub) = (bg()'s)e ) (225)

e P! (s) f'(s) fi'(s)

Ai(s,b) = (1)12)_26 + (b?l)%—QE + (b21)1_2€ - (2.26)

. _ sscl(s) scl(s) fCl<3>

As(s,b) = (;2)_35 (b?z)%—?’e (622)1_36 N (2.27)
where for instance

fols) = ao() Tl A7) = i) o) (229)

Agl—e’ 1 7-‘-176414’611(1 +€)

and analogous relations link the f’s to the a’s for higher-order terms. Expanding § and A
appearing in eq. (2.23) in powers of G,

0=0d0+0+dh+- -, A=A+ - (2.29)

the eikonal resummation amounts to identifying

_Jo B il B N S —ifofy
2(50 - (b2)—e , 251 — W’ 2A1 — W’ 2(52 — W, (230)

and checking that
i 1 .
Fe s =g B =ind (2:31)
The eikonal data is therefore determined by the classical and quantum terms of the ampli-

tude, while the superclassical terms should be simply regarded as redundant objects.
Once the eikonal phase is properly retrieved, the inverse Fourier transform

A(s,@Q%) D=2, [ 2i8(sb) ib-Q
leads one to identify the total classical momentum transfer as

~ ORe2i(s,b)

"=
Q 8bu’ )

(2.33)

~10 -



since the integral is dominated by the stationary point of the (large) phase
Re26(s,0) +b- Q. (2.34)

Distinguishing between the real and imaginary part is crucial because, starting from
two-loop order, the eikonal acquires an imaginary part connected to the suppression of
the probability of the purely elastic process compared to the inelastic process including
Bremsstrahlung. The deflection angle x can be obtained by noting that

Q| = 2psin g . (2.35)
Note that the impact parameter b* used in all previous equations is by construction oriented
along the direction of the momentum transfer Q. It is sometime more informative to
recast the final result as a function of the impact parameter b’ that is orthogonal to the
asymptotic momentum in the centre-of-mass frame, so that the angular momentum J is
given by pby = J. To this effect, it is sufficient to note that

by = bcosg , (2.36)
so that | 9Res
X e
A — . 2.
tan 5 5 Ob, (2.37)

This is the basic relation that we are going to employ in the following in order to retrieve
the scattering angle x from the eikonal.

2.3 Unitarity in b-space

In this paper we shall make use of (perturbative) unitarity constraints in impact parameter
space up to the two-loop level. In momentum space the standard unitarity equation reads

—i(T—-TH =TT". (2.38)

We will consider (2.38) between our initial and final two-particle states, using the loop
expansion (2.19), but, of course, enforcing the full unitarity constraint involves elastic
as well as inelastic amplitudes. Below we shall briefly review the implications of these
constraints on the elastic impact-parameter amplitude as parametrized in (2.23).

At tree level (2.23) simply defines the leading eikonal phase 2§y which is real. If one
could neglect all inelastic intermediate states, (2.23) with § = §p and A = 0 would be the
exact solution of the unitarity constraint, modulo a subtle point to be mentioned shortly.

Up to two loops, the possible intermediate states entering the right-hand side of the
unitarity equation (2.38) consist of either two or three particles. Given that there is con-
servation for each heavy-particle species, the possible two-particle intermediate states are
either the same as the initial/final ones or their (fermionic or KK) partners. The possi-
ble 3-particle intermediate states, occurring first at two-loop order, contain in addition a
massless particle.
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At one loop, the unitarity constraint (2.38) reads:

2Tm A = Ay @ Ag + AT 0 AT (2.39)
in
where we indicated by ® the standard on shell convolution with the appropriate phase space
factors (see e.g. section 6) and by A(()m) a generic 2 — 2 inelastic tree-level amplitude. On
the other hand, going to impact parameter space and using (2.23) gives:

T 1 1, - n n
Im Ay = 5(200)” +2Tm 3y +2Im Ay = 5 (Ao)’ 4o+ FTIA @ AIM) . (2.40)

where we indicated by F'T|[-] the Fourier transform according to (2.22) and the dots cor-
respond to a possible lack of exact factorization when one converts the convolution in
momentum space to a product in impact-parameter space. It turns out that in our frame
(in which ¢ is orthogonal to both py — p3 and p; — ps), FT[A ® Ag] = (200)?, so that
b-space factorization is exact in D = 4.3 As a consequence, 2Im §; = 0 while 2Im A is
just related to the inelastic two-body channels mentioned above.*

In general, Re A; has a non-vanishing classical real part of O(h~'), denoted by 2Re 6,
in (2.29), as well as a quantum contribution (O(h")) denoted there by 2 Re A;. As discussed
later in the paper, A; should be kept up to O(e) since it intervenes in the determination of
do. It will be ignored here since it does not play an important role in the present discussion.

Consider now (2.38) at two-loop order. In momentum space it takes the form:

2Tm Ay = 240 @ Re Ay + AV @ AP (2.41)

where we have used the fact that the tree-level amplitudes Ag and A(()2_>3) are real. On the
other hand, assuming eikonal exponentiation as in (2.23):

. 260)3
Ay = —(60) +i(200) (261 + 2A1) + 265, (2.42)

that can be separated into an equation for its real and one for its imaginary part. For the
latter we get:

Im Ay = (260)(2Re 1 +2Re Ay) +2Im 6y . (2.43)

Using again that the two-particle convolution in momentum space factorizes in b space,
we find:
FT[.A() ® Re.Al] = (250)(2 Red; + 2Re Al) R (2.44)

and inserting this in the Fourier transform of (2.39) gives
4Im 6, = FTIAYY 0 A7) (2.45)

This is the sought-for connection between Im o and the three-particle cut of the elastic
amplitude to be used later in this paper. We will show there how the r.h.s. of (2.45) can be

3We refer to appendix B of [32] for details on this latter point.
4For instance, it vanishes in pure gravity while it gets a contribution from n species of two-gravitino
intermediate states in N' = n supergravity.
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factorized through a suitable definition of the Fourier transform of the 2 — 3 amplitude.
We also point out that 2 — 3 processes in which the final state does not consist of the
initial two particles and a massless quantum do not contribute to the classical eikonal ds,
but only to its quantum counterpart Ay in (2.29) which is not of interest at the 3PM level.
The above arguments can be generalized to higher loops but we shall not need them in the
context of this paper.

3 IBP+4+ODE toolkit

In this section we apply the method of differential equations [13] to the calculation of the
integrals that are needed to evaluate the 2 — 2 amplitude in the limit of small momentum
transfer up to two-loop order. In general, the flowchart of the method can be summarized
as follows:

1. Express the 2 — 2 amplitude in terms of elementary (possibly scalar) integrals Ir,
each corresponding to a certain topology T' (which, by following the notation of [13],
we dub II, IIT, IX, H and for their crossed counterparts II, III, IX, H);

2. Consider the limit of small momentum transfer ¢ — 0 and expand each integrand in
the soft region, defined by the scaling ¢; ~ O(q) of the loop momenta ¢;;

3. Perform Integration By Parts (IBP) reduction to identify a basis of master integrals
and find the differential equations that link them to one another;

4. Solve these equations order by order in € using as boundary conditions the values of
the integrals for small velocities.

In step number 2 one neglects contributions arising from the hard region, £; ~ O(q°),
which amounts to disregarding terms proportional to non-negative integer powers of ¢?
in the amplitude. This is fully justified, for the present purposes, because it amounts
to neglecting contributions to the eikonal whose support is localized at b = 0 in impact-
parameter space. Step number 3 is automated using LiteRed [62, 63] and FIRE6 [64].
For N/ = 8 supergravity, steps 1-3 were already performed in [13] (except for the odd-q
master integrals associated to the H family), where however step 4 was simplified by further
restricting the evaluation of the integrals to the potential region, in the static limit.

In this section,we perform step 1-to-4 for the full soft region, evaluating the static limit
of the master integrals without any extra ingredient (in particular, without restricting to
the potential region). We first discuss ordinary (planar and non-planar) topologies arising
at one and two loops, and then turn to the analysis of the integrals subject to the three-
particle cut.

3.1 Box and crossed box

The relevant integrals at one loop are

1
G o= /77 3.1
21,12,13,%4 v ,0211 p'L22 ,0%3024 ( )
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P 2

D2 b3
2

Figure 2. The box diagram.

where b
d~l evEe
; 3.2
/ / yrDr2 (3:2)
pr=2uy - £ —i0, py=—2uy-L—i0, p3=40*—4i0, py=(—q)?—i0 (3.3)

and 1 are integers. The association between the labels i1, i2, i3, 74 and the internal lines
is depicted in figure 2.
The master integrals can be taken as follows

fi =€q®Gooo1, fr=—€qGio11, f3=e¢T7¢°Gra11. (3.4)

The scalar box integral®

1

Iy = / - — 3.5
U= Jy s+ (@ —q- Oimaps + (@ —q- Olpsps (35)
can be then expanded in the soft region and IBP-reduced to obtain
I Ly (3.6a)
.6a
= e2mima/y? — 162 s
(y+1) (m1 +mo) 1

= f 3.6b
A3 — 1) (360)

(1 + 2¢) (2mamyy —l— m3 + m3) (1+2¢) [(m?+m ) y + 2mima)
_ —— 372 f3— 3 I, (BGC)

Setimib (47 — 1) Semimg (4% — 1)

where (3.6a) is superclassical, (3.6b) is classical, (3.6¢) is the first quantum correction and
we neglect higher-order quantum contributions.

The differential equations for the master integrals are conveniently expressed in terms
of the parameter x defined in eq. (2.10) and read

> 000

d -

/ =€Af, A=1000]| . (3.7)
dlog x 100

5To restore the proper loop-integral normalization
(47r e”’E)6 for each loop.

, %, we need to eventually multiply by a factor

i
(4m)?
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Their solutions
fi=ca, fa=c2, fs=¢€cilogz+c3 (3.8)

are uniquely determined by fixing the integration constants ci, co, c3 using the boundary
conditions at x = 1. For the first two master integrals, one obtains by standard methods

eE¢ T(1 + €)I'(1 — ¢)?
(¢*)  T(A-2)

fi=— (3.9)

and )
evee /T (% —I—e) r (% —e)
N L 7 R

In this simple case, f3 can be also evaluated by standard methods for any x, obtaining

(3.10)

@B T(14e)T(1—e)? ,
f3= ) 3T (—20) (log z + im) (3.11)

consistently with the general solution (3.8). Substituting back into the decomposition given
by egs. (3.6a), (3.6b) and (3.6¢), one then finds, up to subleading orders in ¢,

_ePD(1—€)’T(e + 1) (log 2 + im)

It = 3.12a
. mimavo? — 1el'(1 — 2¢)(g?) e ( )
2
eVES/m (my +mo) T (% - 6) r (6 + %)
' (3.12b)
Amim3(o — 1)I'(—2€)(q%)2 "
eET(1 — €)’I'(e + 1) { 02 — 1 (m3o +mio + 2mims) + s(log z + m’)}
. (3.12
am3m3(o? — 12T (1 — 26)(¢2)" (8.12c)
where s is the Mandelstam invariant s = —(p1 + p2)?.

The crossed box is given by replacing p; <> p4 in the box. It can be obtained by first
expressing I1 in terms of z and then implementing crossing symmetry according to
sl s — T Lo (3.13)
Z —— —1 _ . .
z mima(1l — 22) e
The result is

eET(1 — €)%I'(e + 1) log (2)

= mimavVo? — 1el'(1 — 2¢)(g?) e (3-142)
€7E€\/7T-(m1 + TTLQ)F (% - E)QF (6 + %)
— - (3.14b)
4m3m3(o + 1)T(—2¢)(¢?)2 "
BT (e + 1)I(1 — €)? ((m? + m3)e — 2(1 + €)mimao) log 2
dm3m3 (o2 — 1)3/2eD(1 — 2€)(g?)e (3.14¢)

T (e 4+ DT(1 = )* ((mf +m3)oe — 2(1 + €)mymy)
Amim3(o? — 1)el'(1 — 2€)(¢?)* ’

up to subleading orders in q.
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P Y2

P2 p3
2 4

Figure 3. The double box diagram.

3.2 Planar double box

In this case the relevant soft integrals are

. 3.15
Guinin = [ [ e (315)

Here the first four entries are associated to massive lines in the soft limit,
P1 = 2£1 c U1, p2 = —261 s U2, pP3 = —252 s U, P4 = 262 s U2, (3.16)
while i5, ig, i7 correspond to massless lines
_ )2 _ 92 _ 2
ps =11, pe =13, pr=(l1+4l2—q) (3.17)
as depicted in figure 3. The last two entries
ps = (61 —q)*, po = (t2—q)*, (3.18)

are needed to complete the basis. The Feynman prescription has been left implicit but it
can be restored by adding —i0 on the right-hand sides of (3.16), (3.17) and (3.18). We
consider the master integrals

fig = — €¢°Go,0,0000,1,2.2 (3.19a)
fire = — € 7G011,0001,1.1 (3.19b)
fins = 21 Go1.1.00021.1 (3.19¢)
fina = €¢6°Go22,0001,1,1 + €Y 7°G0.1,1,0,002.1,1 » (3.19d)
fins = €1 q2G1,1,0 0,1,1,2,0,0 » (3.19¢)
Jure = (1 — 6€) G1,0,1,0,1,1,1,0,0 5 (3.19f)
furr = — m2¢*G11111.1.1.00 (3.19g)

which depend on even powers of ¢, and

Jig = — e*q G1,00,0,1,1,2,0,0 » (3.20a)
Jure = eq G0,2,1,0,1,1,1,0,0 5 (3.20b)
firio = €74 G11.1,01,1,1,0,0 (3.20c)
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which depend on odd powers of ¢q. The scalar double box integral

1

wel L s -

M o Jo, Tmaps + (=01 q)] [maps + (3 — 6 - q)]
1

[m1ps + (63 — lo - q)] [maps + (€3 — 2 - )] pspepr

can be decomposed as follows in the soft limit,

@
11112%4‘%4-]1(101)4—”'

with
JAS fimz 7w 2(m1 + m2) 10
M dmmy(2 -1 T Smimd(y — 1)V -1
and

3e (y% (M3 + m3) + dymama + m3 + m3) + 2ymamy + m? + m3
24 (y2 — 1)* emims
y (m? +m3) + 2mima
(2 — 1)*? emim}
y (m? +m3) + 2mime
8 (y? — 1) i
2

3e (y? (M2 + m3) + dymams + m3 + m3) + 2ymamy + m3 + m3

11(101) = fu

+ fi2

+ fi,3

+ J1I1,4 ;
fm, 12 (y2 — 1)* Smimi

(26 + 3) (y (M3 4+ m3) + 2mams)
12 (y? — 1)*? S
3e (y? (M2 + m3) + dymama + m3 + m3) + 2ymamy + m3 + m3

— fuis

+ Jm
fms 12 (y2 — 1) Smimd

(4e + 3) (2ymamy + m3 + m3)
12 (y2 — 1)? edmimi

+ fin,7

The differential equations for the master integrals
dﬁll =€ [AIII,O dlog(m) + AIU,-H dlog(x + 1) + AIII,—I dlog(:n — 1)] fiII

decompose into two disjoint sectors, depending on even and odd powers of ¢,

A L AE?I),’L 0
I, — (o) )
0 AIII,i
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(3.21)

(3.22)

(3.23)

(3.24a)
(3.24D)
(3.24c)
(3.24d)
(3.24e)
(3.24f)

(3.24g)

(3.25)

(3.26)



where the matrices are given by

0 000 000 0000000
—3-60-1000 06 00000
-202-2000 00-20000
A%),Oz 0 1220 000/, Aﬁ}’ﬂ: 000 0000][, (3.27)
32000 000 0000000
0 000 000 0000000
0 010 -200 0000000
000 000 0 00
Aflo=[o—20], A5 =360, A ,=[-3-20]. (3.28)
010 000 0 00

In order to solve the above differential equations, we need to first determine the static
boundary conditions by studying x-dependence of the master integrals in the limit x — 1.
The details of this calculation are presented in appendix A. For the even sector, we have

iy = — e2E€ T (1 — €)° T (1 + 2¢)
T T -39
furel,_, =0, (3.29b)

) (3.29a)

[ eim/2am \ 201+ 260)0(1 = 2020 (1 — )T (3 +¢)
S|, o~ Z?T( 2) n : (3.29¢)
(1-=)q 21 (1 — 46T (3)
3
e2VEee L(1—¢)3 re2 T (% - 5)
fimal =M1 4+26) | =5~ ——F—~ | » (3.29d)
|:12—1 (q2)26 2F(1 _ 36) 3 T (% _ 36)
e8¢ T'(1 — €)3T(1 + 2¢)
= — I ] 3.29
Jus BB (30 (logz + im), (3.29¢)
3
; e2Ee 527TP(1 +2¢)T (% — 6) (3.201)
e = — - ; '
(4°)? 6I (4 — 3¢)
e215¢ er®T(1 4 26)[(1 —€)3
= — 2
fIHv7|m:1 (q2)2€ 6F(—36) (3 Qg)

Egs. (3.29a), (3.29¢), (3.29f) are actually valid for generic x, eq. (3.29¢) refers to the leading
asymptotic behaviour as  — 1, while egs. (3.29b), (3.29d) and (3.29g) only apply for
x = 1. For the odd sector, we have instead

o2V VT EET(1 —€)’T (% + 26) T (% — 26) r (% — e)

Jus = 7oy 9T (1 — 26)(1 — 3¢) ’ (3:30a)
o2vme 3+ 272 2re2 (1 — €)1 (% - 26) r (% + 26)
friwgl,yy ~ = ()% T(1— 3¢)
,  (3.30b)
eim/2¢1e \ 2 /T ET(1+ 01— )T (5 +2¢) T (§ - 2¢)
((1 - 37)(12) 2I'(1 — 4e) ’

~ 18 —



e2VEE 12722623 (% — 6) r (% — 26) I (% + 26)
fwol,_, = - D) r (1 - 36) :
2

The solutions of the differential equations can be then determined in a perturbative

(3.30¢)

fashion order by order in €. Letting for j =1,2,...,10,

L O pk) ok
fHLj = (q2)2€ Z fHLje > (3-31)
k=0
allows one to recast (3.25) in terms of the recursion relations
Afi% = [Apo dlog(z) + Ap i dlog(z + 1) + Ay _y dlog(z — 1)] /%Y (3.32)
which can be then solved for k£ = 0,1,2,... taking into account the e-expansion of the

boundary conditions at each step.
We find, for the even sector,

2 s
fl(H),l )
2
fI(II),Q =0,
f1(121)73 = %logQ(—m) —log(—x)log(1 — 2?)

0 1

fI(H),l =-1, fI(II),l =0,
0 1

fI(H),Q =0, fI(H),Q =0,

0 1
fI(II),B =0, fI(H),B = %108?(—1‘) , 2 1r. /9
0 1 +15 — g Li2(2%)
0 _1 ) _ (3.33)
fIII,4 20 fIH,4 - (2) 1 9 x .
(0) 1 3 4 = 3log”™(—z) + 13,
f111,5 =0, f111,5 = 3 log(—z), @ _,
mrs — Y
fI(IOI),G =0, f1(111),6 =0, @ g2
L6 = ~ 6
fI(IOI)7 =0, f1(111)7 =0, 27
’ 7 fI(II)J = *%logz(*ﬁﬂ)
and
3 32
fI(II),l = §C3a
3 1 2
fI(II),2 = 6 108;3(—95) 6 log(—z),
1 . . 13
f1(131),4 =3 log®(—x) + log(—2) (6 + L12(x2)> — Lig(x?) — 5 (s,
(3.34)
3 _ ™
fHI,5 = —glog(—x),
3
fI(II),G =0,
1 1 I 1. 1
fI(IgI),7 =5 log?(—x) + 3 log(—x) (6 + L12(x2)) -5 Lis(2?) + 5 Gs.

In these expressions x is understood to have a small negative imaginary part, so that
log(—z) = logz + im. For the odd sector, we have instead

2 2 3

fI(II),S = 25 fI(II),8 = 7%log 2,

fie=-". I =1 log(~2z) — n’log(1 - ), (3.35)
2 3 2

fI(II),IO =0, fl(u),w =~ log(—x).
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These explicit expressions for the master integrals in their turn determine the decom-
position coefficients defined in (3.22), for which we find

I — €2 m%m% (Z2 _ 1) 2(q2)25

3.36
N 2?6 Lig (2*) — (6 Lig (2*) + 7°) log(—2) — 2 (log(—2)) * — 6¢(3) (8:36)

€ 3m3m3 (22 — 1) 2(q?)2% ’

up to O(e"), while II(III) = O(%) and
2
o 1 —z”log (—2) 2 2\ 4 3

JAOp—— . 4 log (—2) — 1

0= odd (22 — 1) AP { (m1 + mg) z" +4myimaz® (log (—z) — 1) (3.37)

+4 (m% + m%) 22log (—2) + 4mimaz (log (—2) + 1) + m? + m%}

up to O(e”). In these equations, z is understood to have a small negative imaginary part,
so that log(—z) = log z + i.

The corresponding expressions for the crossed double box diagram, which is obtained
from the double box by exchanging p; <> p4, can be retrieved via analytic continuation in
the same manner as described for the crossed box. Applying therefore (3.13) we find

L
_ i il
Iy =D+ i+ (3.38)
with
@ _ 1 2221og? »
= 2 g (7 - D7
3.39
52 [—6 Liz (22) + 6 Lig (22) log 2 + 2log® 2 + 72 log 2 + 6{(3)} (3.39)
e S (2 1) 2P |
up to O(e"), while II%) = O(€%) and
70 _ l4z3 log 2 (2% (log z — 1) + log () + 1)
T2 lmd (22— D)
n 1 22
€ 6mims (22 —1)4
{ — 2m1mgz( — 12Li3 (22) + 6 Liy (22) (2logz —1)
(3.40)

+2log 2 (2 log? 2 — 6log (1 - 22) TP 3) +12¢(3) + 7r2)

— 2mymy2®(— 12Lig (22) + 6 Lip (%) (2log 2 + 1)

+2log 2 (2 (log z — 3) log 2 + 6log (1 — 22) + 7* + 3) +12((3) — 72)
— 12 (m} +m3) 2 log? 2 + 3 (m} + m3) 2" log () — 3 (md + m3) log 2|

up to O(e°).
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3.3 Non-planar double box

In this case the relevant soft integrals are

~ 1
G g :/ / S — (3.41)
21,225--+,29 0 Jo, 15711 ﬁl22 . 15%9

where
p1 = —201 - uy, p2 = 201 - ug, p3 = 203 - uy, pa = 2(01 + €32) - ug, (3.42)

while
ps=101,  pe=10, pr=U+Ll+q’ (3.43)

and

ps=(L+q)°,  po=(l+q). (3.44)
The Feynman prescription —i0 is left implicit. Aside from some different sign choices
compared to the planar case, an important novelty is that p4 now depends on both ¢

and #s.
A pure basis of master integrals is given by

fixi = — €6°G0,0,00221,00, (3.45a)

frxe = — €7 Go01.111.1.00, (3.45b)

fixz = SqPr 60,0,1,1,2,1,1,0,0, (3.45c¢)

Jixa= — 62q2éo,0,2,2,1,1,1,0,0 + Py 60,071,1,2,1,1,070 ; (3.45d)

fixs = —€*7G011,01.11,00 (3.45¢)

fixe = €T Go 11,011,200 (3.45f)

fixt= — €¢2G0,2201,1,1,00 — €¢°Y G0,1,1,0,1,1,2,0,0 (3.45g)

fixg = — (1 —66)G1,01,0,1,1,1,00 + (3.45h)

fixo = SqPr é1,1,0,0,1,1,2,0,0, (3.451)

fixio = — €' @Pm*Gra1,1,1,1,1,00 (3.457)

together with

frxii = —€¢G10001.1.200, (3.46a)

Jix12 = e*q é0,2,1,0,1,1,1,0,07 (3.46D)

fix13 = €4 G0.02,1,1,1,1,00 (3.46¢)

fixia=e'q7G101111,1.005 (3.46d)

fixis = €*q7G111,01.1,1,00 - (3.46¢)

This family of master integrals embeds the nonplanar double box as in figure 4.
The scalar non-planar double box integral
Iix = / / —— ! —
0 Jey [Mipr + (02 + 1y - q)] [mep2 + (02 + ¢y - q)] (3.47)

1
[m1ps + (63 + Lo - q)] [mapa + (01 + £2)% + (01 + £2) - q)] pspepr
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P Y2

P2 p3
2 4

Figure 4. The nonplanar box diagram.

can be decomposed as follows in the soft limit,

@
e =B+ Q4

with
1(2) _ fix,10
IX q2 (y2 _ 1) 64771?771% ’
I&) = fix,12 e
T2/ (—y — 1)1 — y)eSmim
. f mi + moe
B @ (—y — 1)1 - y)emim
+ f1x,14 (s + iz) (e — y — 2c) .
2@ (—y — 1)1 - y)/y? — Letmimd
_ f m1 + m2
PRy = )V — ey
and
II(>O<) — s e(mi+m3) (3(y° +1) e+ 1) +4y(e + 1)(6€ + 1)mam

48 (y2 — 1) eAmims
yems + yema + 4(e + 1)mama
4(y> —1)°2 Smimd
(1 — 4e(3e + 1))m3 + y(1 — 4e(3e + 1))m3 + 2(1 — 2¢)mamy
16 (y2 — 1)%/% €3(2e — 1)ymtmi
e(mi +m3) (4e ((6y° —3) e — 1) — 1)
48 (y2 — 1) €4(2e — 1)mim3

+ fix,2

+ fixz 2

+ fix4

4y(e + 1)(2e — 1)(6e + 1)mamy
48 (y2 — 1) €4(2e — 1)mim}

—e (y (mF +m3) + dmams) — 4marms
F i 42— ) mim

y(1 = 3e(2e + 1))m7 + y(1 — 3e(2e + 1))m3 + 2 (1 — 4€*) marin

+ g
fixs 8 (y2 — 1)%/% €3(2e — 1)mimi

e(m? +m3) (2¢ (—3y*(2e + 1) + 12e +1) — 1)
48 (y2 — 1) €4(2¢ — 1)mimi

4y(6 —+ 1)(26 — 1)(66 + 1)7?7,27?7,1
48 (12 — 1)% (2 — ymim

(3.48)

(3.49)

(3.50)
(3.51)
(3.52)

(3.53)

(3.54a)
(3.54b)

(3.54c¢)

(3.54d)

(3.54e)

(3.54f)

(3.54g)



(m3 +m3) (16 (y> —2) €) +4y(e + 1)(6e + 1)marin

€
3.54h
+ fIX,S 48 (y2 _ 1)2 64T7L41177’L421 ( )
y(2e + 3)m3 + y(2e + 3)m3 + (2 — de)marm .
+ fix,9 ( i 2( 3/)2 574(74 (3.54i)
24 (y? — 1)°/ 7 e3mim;
dy(e + 1)mami + (4e + 3)mi + (4e + 3)m3 .
. 3.54
+ fix,10 12(5% — 1) i (3.54j)
The master integrals satisfy the following differential equations
df[X = € [AIX,O dlog(m) + A1X7+1 dlog(a: + 1) + AIX,fl dlog(x — 1)] f[)(. (355)
The even- and odd-q systems once again decouple and we can write
A(e) 0
X
AIX71 = g A(o) , (3-56)
0 IX,i
where the matrices are given by
0 00 0 0 00000
1 -60 -1 0 00000
2 00 00000000
Po 2o oo 055,20 8 ouns
0 12 2 0 0 00000 -
a0 _ |30 00 s o0ro00f o _ 080808806000
X0~ | 10 0 0 o 22000 AX&1= [000 0020000 (3.57)
0 0 0 0 -12-20000
000 0 0 00000 2200302929
20 0 0 0 00000 0000000000
0 0-20 0 —-10010
5 ¢ 88 8888 % %388
A9 — 00 200, A9, = (56200), 49 =73 0 600]. 3.58
1X,0 0-1 100 [ ~TIXH 00000/ “IX-I 0 0000 (3.58)
01 000 00000 0 0000

Most master integrals can be obtained from the ones discussed in the case of the III
topology. Indeed, some integrals of the IX family are identical to their III counterparts,
possibly up to the overall sign, while others are related to them by crossing symmetry, here
denoted by “«”,

frxa = fima s
x5 = fiw2 s
fix,e = fim,3 »
fix2 < fine,
fix,r = —fu4, f I
IX,3 < J111,3,
Jix,s = fue (3.59)
Jixa < —fi4
fix,o = fims

Jix13 < fiLe s
frxa1 = fing s

fix,i2 = fune
Jix,15 = fur10,

Crossing symmetry can be effectively implemented by the replacement

1
Ty —— —i0. (3.60)
X
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The only genuinely new integrals are therefore fix 19, for the even sector, and fix 14, for
the odd sector, whose boundary conditions are given by

fixol,_, =0, fixa],_, =0. (3.61)

More details about this point are provided in appendix A. The first few terms of fix 19 in
the € expansion, obtained by solving the differential equations perturbatively, are as follows:

0

fI(X),lo =0,
1

fI(X),lo =0,

2 1
fI(X),lo = 1 Ing IOg(_x)7 (3.62)

1 2 . T
f&?lo =7 log®(—x) — ﬂ(log(—x) + 2im) + 5 log z log(—x)

— %(logx — im) Lig (%) + %Lig(ﬁ) - EC(S) .

On the other hand fix 14 vanishes up to O(€?) included. As before, in the above expressions
x is implicitly understood to have a small negative imaginary part, so that log(—z) =
log x + im.

The final result for the decomposition coefficients defined in (3.48) is
7@ _ 1 22 log z log (—2)
T Emimd (22— 1) ()
22

_|_
e 6mim3 (22 —1)* (¢2)* [

—|—logz( 1172 +210gz(10gz+627r)) +6¢(3) — 2im } ,

6 Lis (22 + 6 Liy ( ) (log z + 2im) (3.63)

up to O(e), while Il(i) = O(e) and

0) 1 z3log (—2) (2% (logz — 1) + log 2z + 1)
Ix =—3 3,3 (.2 40 2\2¢
1ms (22 — 1) (¢°)

€ m

22

e12mimd (22 — 1)* (¢?)2¢ {
+log z (2log z (log (2) + 12) + m(m + 241) — 18) + 6¢(3) — 18i7r)

— 2m1m2z( — 6 Lig (zQ) + 6 Lis (2'2) log 2z

— 2m1m223< — 6 Lig (22) + 6 Lis (z2) log 2z

(3.64)

+log 2 (21og 2 (log  + 12) + m(r + 24i) + 18) + 6((3) + 18
—3i (m% + mg) 24 (27 —ilog 2) 4 12 (m% + m%) 2?2 log zlog(—z)
+3 (ml + m2> (log z + 2177)}

up to O(e").

The corresponding expressions for the crossed non-planar double box diagram can be
retrieved applying (3.13), which yields

R
Ix = ;X + I;( +I() : (3.65)
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with

1@ _ 1 2?log zlog (—2)
X €2 m%m% (22 — 1)2 (q2)2€
2
: [~ 6imLia (2%) — 6Li3 (2?) + 6Liz (2*) log = (3:00)

comim (=2 — 1) ()%
+ 2log3 z — 6imlog? z + Tn? log z + 6((3) + i7r3} ,
up to O(e°), while II%) = O(e) and
10 _ 1 23 (log z +im) (22 (logz — 1) + log z + 1)

x=e mimi (2 = 1)" (¢?)

’ {2m1m223( — 18 Lig (zg)

z
e12mimi (22 — 1)* (¢2)2¢

+ 6 Lio (22) (3log z — im 4+ 1) + 6log® z + 6(3 — in) log? 2

+9(—2 + 7(m + 44)) log z + 12 (log z — im) log (1 - z2)

+18¢(3) + in?(m + i) (3.67)
+ 2m1m22< — 18 Li3 (22) + 6 Lis (22> (Blogz —im — 1)

+ 3log 2 (210gz(logz —im+5) —4log (1 - z2> + 32 +6)

+12imlog (= — 2°) + 18¢(3) + (7 + im)r?)

+ 3i (m% + m%) 2 (7 +ilogz) +12 (m% + m%) 2?log z (log z + i)

+3 (m% + m%) (log z — m)}

up to O(e°).
We have checked, where applicable, that our expressions for planar and non-planar
double box integrals agree with the soft limit of the exact results in [65, 66] and [67].

3.4 H topology

Considering the same family of integrals defined in eq. (3.15), a pure basis of master
integrals for the H topology obtains letting, for the even sector,

fiu1=—€24*G00,0,000.1.22 (3.68a)
fr2 = —€(1 —4€)G0,0,201,0,1,1,0 (3.68b)
frs =€¢"Gop002,101.2 (3.68¢)
fia=e"*Gor101,1.011 (3.68d)
fus = —€'7 Go1,1,000,1,1,1 (3.68¢)
fire = €7¢°Go110002.1,1 (3.68f)
Jur = 62q2G0,2,2,0,0,0,1,1,1 + 63y q2G0,1,1,0,0,0,2,1,1 (3.68g)
fug = *% €*(4e — 1) [(2¢ — 1)G0,1,1,0,0,1,1,01 + ¥ G0,2,0,0,0,1,1,0,1] (3.68h)
fio = —€*r¢*Go11011111 (3.681)
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P 2

D2 ps3
2

Figure 5. The H diagram.

1
42 2
faio=€q¢G111,-1,1,1,1,1,1 + € (2¢ = 1)G0,0,0,0,1,1,0,1,1

1
+2¢* *Go11.011.011 — €(3€ — 2)(3e — 1)(72 G0,0,0,0,1,1,1,0,0 -

It it ]

(3.68;)

For the odd sector, we used the software epsilon [68] to derive the following pure basis of

master integrals,

fan = €1 —26)*¢ " Go,0,1,1,0,1,1.0

fr2 = €64 Go2,1,00,1,1,0,1

fras =€ (=142€) ¢Go,0,0,1,1,1,01,1

3e3(1 + 3e)
2(1+2¢)
(1 — 2¢(2 + 3y)) 2¢4

G +
12(1+2e) qG0,2,1,0,1,1,1,0,0 (1+26)(1+y) q

1
3 5
o =5y —1)e¢°Goz1,01,1,1,11 + qG1,0,0,0,1,1,2,0,0

8

G0,2,1,0,0,1,1,0,1

1
+ 5(1 —26)€*qGo0.011.1.01.1

2¢2(1 — 2€)?(—1 — 2e + y(—1 +¢))
3(1+26)(1+y)g

3
Ja1s = —€°¢G10,0,0,1,1,2,0,0

G0,0,0,1,1,0,1,1,0

3
fu,16 = €9 Go,2,1,0,1,1,1,0,0 -

The scalar H diagram is given in particular as in figure 5 by

1
S p—
T oy Joy Tmapa + (B = 6 - q)[maps + (B — €2 - @)l pspeprpspo
1 faoe n

q4 64T_n177_7,27'

up to subleading corrections in q.
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(3.69)
(3.69D)
(3.69¢)

(3.69d)

(3.69%)
(3.69f)

(3.70)

(3.71)



The differential equations read in this case

dfir = € [Ano dlog(x) + Ag 41 dlog(x + 1) + An,_1 dlog(z — 1)] fi,

with
(e)
Ay, = Ay 0
(2 Y
0 A
00 0000000
0 0 000000O00
0 0 00000O00
00 0000000
gl _| 720 00-60-100
H,0 -2 0 0002-200
0 0 00122000
0 2 0000020
2 —40004 242
-1 0 -10128 0 82
00000 0
@ _[00000 0 | L0
o o
Ay o= 00300-2 s A=
00000 O
00000 -2

N
=

0
0
0
0
0 (e)
o |- Ay =
0
0
-2
-2
0 00000
2 —20000
g 00000
3 20233 0Pp
0 00000
0 00036

RHOOOOoOOoO0Oo00O
[elelelelelololelole]
HOOOOOoO0O0o0oOo
H_OOO [e]elelalols]

S

—
o
|
—
\

0000 00
0000 00
0000 00
0000 00
6000 00
0-200 00|
0000 00
000-200
0-40—-4-20
0000 02
0 00 0 0 O
-2 -20 0 0 0
0,0 0 0 0 0
-0 _2-1-2-12
0 0 0 0 0 O
0 0 0 0 —3 -2

Let us note that some integrals coincide with those appearing in section 3.2,

fag =

and

fima s

fus = finz,

Ju,15 = fug

fue = fins,

fu,16 = fure -

fu,7 = fia,

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

For the near-static boundary conditions of the remaining integrals, we find (see appendix A)

e275¢ 2T(1 — 2€)%T(1 — €)T'(e)T'(2¢)

fH,2 - - (q2)2€ 2F(1 - 46) 5
Firs = e?1€ Tel'(1 — )T (—€)T(e + 1)]2
H,3 (q2)26 | F(l _ 26) ,
[ 2 2
e2ee eyrT (%—6) T(e+%)
fH,4 - (q2)26 2F(1 — 26) s
fus| _ ( ei™/2e7E )26 el'(1 4 26)1(1 — 2¢)I'(1 — )T (% + 6)
H8|, ,q ~ T ,
. (1 —z)¢? 20(1 — 400 (})
faol,_, =0,
62’YE€ € 2F(26)F(1 — 6)3 T SeCQ(T{'e) CSC2 (776)
fH’lo‘:c: = €9 +7T31666 — >
L (g?)*2 (1 — 3e€) r—e? (% - 6)
and
2
fors (1 — 20 T(—3+2e)T(3-2¢) TA-eT (-3 +¢)
e (¢%)* 2T (3 — 4e) :
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(3.78)

(3.78b)

(3.78c¢)

(3.784)
(3.78e¢)

(3.78¢)

(3.79a)



jeree T (3 - 26)2 (=T (e+ )T (2¢ + )

fH,12|$H ~ € - -
! (¢?)? AT(1 — 4e) 2 5.790)
Gin/2g \ 26T D1 4+ (1 — )T (% + 26) r (% - 26)
((1 - w)q2> 2T (1 — 4e) '

We omit the boundary condition for fy 13, which we shall not need in the following, while
postponing the discussion of the static limit of fi 14 to its cut counterpart. For the re-
mainder of this subsection, we shall focus on even master integrals only.

Egs. (3.78a), (3.78b), (3.78¢c) and (3.79a) hold for any z, and are independent of it.
For fug, fu,e we find instead

70 =0, (3.80)
1
Ak = —5 log(~a), (3.81)
(2) L. 9 2 L
fig = —3 log“(—z) + log(—z) log(1 — x*) — ) + 3 Lig(z*) (3.82)
and
1
=0, fiy=0, = 3 log(—) (7# n 10g2(_g;)) , (3.83)
while
0 0 3
fio =0, Juw=0,  fir1o=—3(3). (3.84)

Substituting eq. (3.83) into eq. (3.70), we thus find

2zlog z
3mimeo(1 — 22)e(q?)?t2¢

Iy = (—27 + log? 2 + Bimlog 2) + -+ , (3.85)
up to subleading orders in q. Applying eq. (3.13) we also obtain the corresponding result
for the crossed topology,

2zlog z

I~ = 2 4 log? 3.86
B 3myma (1 — 22)e(q?)2+2¢ (W +log Z) T ( )

Results (3.85) and (3.86) agree in particular with the exact expressions obtained in ref. [69]
for the equal mass case without expanding in ¢. The real part of Iy + Iy also agrees with
the result obtained via velocity resummation of the potential-region expansion [13, 37].

3.5 Cut topologies

In the calculation of inclusive quantities associated to the three-particle cut, which will
be discussed in section 6.1, it is useful to consider master integrals where two massive
propagators and one massless propagator are replaced with delta functions according to

1 1

(P2 +m2 —i0)" T (p2 + m?2 + i0)n+1’

(1" S8 50 (5 o m?) =

(3.87)

~ 98 —



the so-called cut master integrals. The advantage of this step is to make differential equa-
tions and IBP reduction techniques directly available for the calculation of otherwise com-
plicated phase space integrals [52, 58—61]. Indeed, cut integrals can be handled just as the
standard integrals discussed in the previous subsections above up to two novelties:

e while performing the IBP reduction, integrals where any of the cut propagators cancel
out should be dropped at all intermediate steps,®

e once the corresponding differential equations are obtained, they should be solved
imposing appropriate cut boundary conditions.

The needed cut boundary conditions can be directly determined via Cutkosky rules, taking
twice the imaginary part of the standard boundary conditions, whenever the integral’s
topology only involves one cut. When more than one cut is present, we select imaginary
parts arising from the singular static region discussed in appendix A.

Let us now present the cut integral families topology by topology. For the cut III family,
cIII, we choose to cut propagators number 1, 4 and 7, which highlight by underlining the
corresponding entries. A basis of master integrals is given by:

4
feng = —€7G1,0,0,1,00,1,1,1 5 (3.88a)
3 2
Jerns = €¢°7 G1,0,0,1,0,0,2,1,1 5 (3.88D)
2 2 3 2
Jermra = €47 G2,0,0,2,001,1,1 T €Y 47 G1,0,0,1,0,02,1,1 5 (3.88¢c)
4_2 2
fang = —€7°¢°Gra11001,1,1 (3.884)
and
3
Jerry = €4 G2,0,0,1,0,0,1,1,1 5 (3.89a)
4
feri0 = €79¢G1,0,1,1,0,0,1,1,1 5 - (3.89Db)

These obey the differential equations

dfernr = € [Acro dlog(x) + Aer 41 dlog(x 4 1) + Acrrr, 1 dlog(z — 1)] fe (3.90)

with
A(e) ) 0
Agm = |- , (3.91)
0 A%,
—60—-10 6 0 00
e 0 2-20 () 0-200
Al A - 3.92
clILo 122 0 0f “elib 0000 (3.92)
0300 0000
o -20 o 60 o 20
Agn)l,o = ( 1 0) ) AEI%LJA = (0 0) ) Agl%l,q = < 0 0> : (3.93)

5This can be done via the “CutDs” option in LiteRed, for instance.
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The new equations can be thus obtained from the old ones by erasing all integrals that do
not posses the needed three-particle cut. The only exception to this rule is the differential
equation for fcir 7, an integral with two distinct three-particle cuts, which acquires an extra

)

factor of %, as can be seen from the last line of ASH o- The nontrivial boundary conditions

read
e \2eD(1+200(1 = 2¢)2T(1 - )T (§ +¢)
ool ~ “OS(“)<<1 - x)q?) D1 —4or (3) -
femol, ,, ~ cpo(z), (3.94b)
where
e N\26ymeT(1+e)T(1— )l (5 +2¢)T (3 —2¢ ’
cpola) = sin(we)<(1 - :c)q2> s 4(1:) Jr(2-2) . (3.95)

Note that the imaginary part in the boundary condition of fir10 in eq. (3.30c) arises
from the two-particle cut (i.e. from the ordinary static region of appendix A) and must be
discarded. The solutions are, for the even sector,

1 2
fc(11)1,2 =0, fc(H)LQ =0,
Q 2 _ _ )
fcIH,S =, fcIII,3 = 2nlogx — 2w log(1l — x°)
1) @) (3.96)
fcIH,4 =0, chL4 =2rlogx,
1 2 -
fc(II)I,7 =0, f£11)1,7 = 5 logx,
together with
3
fc(II)I,Q = —WIOgQ(UC) )
3
3) 2/ .2\ AN
ferir 3 = 2mlog (1 x ) 47 log(z) log (1 x ) 5 o
3 )
fc(f’I)M = 27Lis (xQ) + 2mlog?(z) — % ,
3 wLig (22) 1 w3
fc(II)I,7 =5 + §7T10g2(x) BETE
and
1
fiiha = —27Lis (2?) — anLig (1 - 22) + 47Lis (1 - 2?) log (x - x)
Al 7 Vo (1-42)1 4 log? L3 21¢(3
—dmlog | -/ og( -z ) og(z) — 4w log (33)—§7r og(z) + 2m((3),
3.98)
Li 2 1 (
fc(ﬁ)m = —7T132($) — wLig (1 — x2) + mLip (1 — m2) log <$ — x)
a? 2 I 3 7((3)
— 7log <1 — :c2> log (1 —x ) log(x) — 37 log(x) + 5 -
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For the odd sector,

fc(fl)l’g =73, fc(ﬁ)l?g = —273 log (%) — 2713 log(z) + 673 log (%H) , (3.99)
félgl)I,lo =0, féfl)l,m =77 log(z) . '
For the cut IX family, cIX, we consider,
faxs = — €7 G1001,1,1,1,00 5 (3.100a)
feaxe = €¢*7 G10,01,12,1.00 » (3.100b)
faxr= — €¢°G2,0,021,1,1,00 — €0°Y G1,0,01,1,2,1,0,0 (3.100c)
fex,10 = — 64(]272@;,1,1;,1,;,1,0,0 ) (3.100d)
and
fax12 = €4 G2,001,1,1,1,00 5 (3.101a)
foaxa = €'q7G10,1,1,1,1,1,00 » (3.101b)
fax15 = €'q7 G1,1,01,1,1,1,0,0 » (3.101c)

which satisfy the differential equations

dfex = €[Acxo dlog(w) + Acix,+1 dlog(z + 1) + Acx —1 dlog(z — 1)] fax ~ (3.102)

with
A(e) ) 0
Aaxi = | 3.103
( 0 Aszw) o
and
—6 0 10 6 000
e 0 220 e 0-200
Af;&,o = .12 200l Aﬁ&,ﬂ =100 00l (3.104)
0 —200 0000
-200 600 —200
Aﬁc&,o =[(-100], AE?;,H =(000], A§§;<7_1 =|lo0oo00]. (3.105)
100 000 000

The boundary conditions can be determined via (3.59), which also hold for cut integrals.
Since this specific family does not enter any of the calculations discussed below, we refrain
from displaying the corresponding solutions explicitly.

We can encompass the three-particle cut of the IX topology by using crossing and
cutting a different set of propagators in the IX family, as follows:

fﬁ’g = —¢élr éo,o,;,;,;,l,l,o,o, (3.106a)
faxs = P G001,1.21,1,00 5 (3.106b)
chXA = - 62472@070,272,1,1,1,0,0 +€q%y éo,o,;,;,g,l,l,o,o ; (3.106¢)
faxi0= — P G1111,1,1,1,00 (3.106d)
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together with
faxs = €4 Go0211,1,1,00, (3.107a)
faxas = €'amGon1,1,1,1,1,00 (3.107b)

These master integrals obey

—

dfs =€ [Aﬁp dlog(z) + Agg .y dlog( + 1) + Agx _, dlog(z — 1)} fa (3.108)

with

( g
A= T o | (3.109)
0 Afe.
and
—6 0 —10 6 000
(e) 0 2 =20 4 0-200
X0 X = 11
cIX,0 12 2 00 ’ cIX,+1 0000 ) (3 O)
0 -3 00 0000
(© _ (20 0 _(—20 0 (60
Aﬁp B ( 1 0) ’ Aﬁ,ﬂ - (0 0/’ Aﬁ,—l “\oo/- (3.111)

For this family, using the dictionary provided by (3.59), the solutions of the differential
equations can be obtained from those of the clII family using crossing symmetry

Jaxo < fee,
Jax s € fems,
Jaxa < — e,

Jaxas € famg

(3.112)

The only new integrals are thus fax 4, fox 14, Whose static boundary conditions are zero.
Since they always enter the calculations discussed below via crossing symmetry, it is natural
to display their crossed expressions directly:

mLip (22) 1 73

(2) E (3) - 200y — 2 11
chX,m AN 5 log(x), chX,m -~ 2 + 27rlog (z) 12 (3.113)
and
4
f%ﬂ + —7°log(z). (3.114)
Finally, for the cut H topology, cH, we choose

fens = —elr G0,1,1,0,0,0,1,1,1 (3.115a)

fee = €7¢*Go11,00021,1 (3.115b)

fenr = €4°Go22000111 + €y 6*Go,1,10002.1,1 (3.115¢)

1

fen,g = - *(4e — 1)(2¢ — 1)G0,1,1,0,0,1,1,0,1 (3.115d)

femo = —€4TQ4G0,;,;,0,1,1,;,1,1 (3.115¢)

fero = €' PG 111111111 (3.115f)
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and

fer12 = €9¢G0210011.01 (3.116a)
1
fer14 = g(y —1)€°¢°Go2,1,01,1,1,1,1
L0224 3y) ) 9¢d . (3.116b)
12(1 + 26) q 072717070707l7171 (1 + 26)(1 + y) q 072717070717l7071
fer6 = €20 Go2,1,0001.1,1 - (3.116¢)
The differential equations read in this case
Aferr = €[Aero dlog(z) + Aer, 1 dlog(z + 1) + Acqr 1 dlog(z — 1)] ferr (3.117)
with
A(e) ) 0
A= " o ] (3.118)
0 AcH,i
—-60-100 0 6 000 00
02-2000 0-200 00
122 0 00 O 0000 0O
4 A©) 3.119
cH,0 000200 |’ HAELT10 0 0-20 0] ( )
04 2 42 -2 0-40-4-20
128 0 82 —2 000O0 02
20 0 -200 -2 0 0
A((:(g,o =(00 _% ’ Afzcl){),-l—l =22 % ’ A((:(;%,—l =|-2-22|. (3.120)
00 —2 0 06 0 0 -2

The cut boundary conditions are given by twice the imaginary part of the corresponding
standard ones discussed in the previous subsections. The only integral that requires a
separate analysis is fc,14, for which one can check using the tools developed in appendix A
that the contribution coming from the first line of (3.116b) is suppressed in the static limit
due to the factor of y — 1. Consequently, as x — 17,

1
fer2 ~ feme ~ cpo(x), feH14 ~ 3¢ cpe(z) (3.121)

where cpc(x) is defined in eq. (3.95). The corresponding solutions are, for the even sector,

fc(H)S =0, fc(12{)5 =0,

f(fll{)g =, fc(f{)ﬁ = 27 log(x) — 2mlog (1 — 2?) ,

. =0, £ = 2rlog(x),

fc(ll{)s =T, f(2)8 = 2mlog (1 — 2?) — 2w log(x), (3.122)
f(1)9 —0, f(z)9 —0,

f(II{)m = f(12{)10 =
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together with

f(SH 5= T 10g2($)
3
2 2y _ T
fH6 = 27 log (1—:1c ) —47rlog(x)log(l—:c ) -5
3
f(SH)? = 27Liy <x2) + 27 log?(z) —
3

T
3
fc(gl),S = —27log? (1 - :1:2) + 47 log (1 — :1:2> log(x) — 2w log?(z) + % ,

g =2m 1og2<x> :
3
fiitho =
For the odd sector, instead,

3
3 3 7T 3
f(EH),12 =7, f(EH),M 12 f(SH),16 =7,

and

1- 1
e = —2n10g (S5 ) + 2% bog(a) — 22°1og ()
fc(H),14 = _67"3 log ( 1 ) — 6773 log(x) + 5773 log ( 5 ) ,

1-— 1
fc(glﬁ = —2713log <4$> — 273 log(x) + 673 log < ; > :

4 The N = 8 eikonal up to 3PM order

(3.123)

(3.124)

(3.125)

In this section we combine the above integrals to obtain the scattering amplitude and to

reconstruct the eikonal as in eq. (2.23). After discussing for completeness tree and one-loop

level in subsection 4.1, we then turn to the two-loop (3PM) level in subsections 4.1 and 4.2.

4.1 Tree and one loop

We consider the elastic 2 — 2 scattering in N/ = 8 supergravity where the external states are

massive thanks to a non-trivial Kaluza-Klein momentum in the compact directions [13, 31].

For later convenience we focus on a s — u symmetric process where the states labelled by

p1 and p4 in figure 1 are dilatons with KK momentum in one compact direction and those

labelled by ps and p3 are axions with KK momentum in another orthogonal compact

direction. Then the tree-level amplitude reads

Ao(s,q°) = ) Gl —m3)* + (u—m3 —m3)* —t!
) 2(s —m2 —m3)t (u—m2 —m3)
1 G<(3_m%—m§)2+(u—m%_m%)2
= am
—t

t? — (u—mi — m3)” t2—(s—m%—m%)2>

(s —mf —m3) (u—m? —m3)

in terms of the Mandelstam invariants (2.14).
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From the scattering amplitude in eq. (4.1) we can get the leading eikonal by going to
impact parameter space, following the general strategy outlined in section 2.2 and using
in particular eq. (2.22). The tree-level amplitude 4¢ in the classical limit and the eikonal
phase 20y can be thus cast in the form

_ 8mmim3G(1+2%)?  32rGmim3o?

= = 4.2
Ao qzzz q2 ( )

and
mlmgG(wa)GF(—e)(l + Z2)2

z(1 — 22)

The one-loop amplitude is instead equal to

20p = = Gmyma(7h?)T(—e)

02 -1

Ai(s,¢%) = (87TG)20(2€)((8 —m3 —md+ (u—m} —md)t - q8> (In+ I) , (4.4)

where
e_’YEE

cle) = A= (4.5)

Inserting the results of section 3.1 in eq. (4.4) we get

Ai(s,¢®)  (87G)? (4W>6{mm%m§ (1+z2>2 <1+22>2 I2(—e)0(1 + €)

ApE (472 242 2 1— 22 T'(—2¢)

e
N Vrmima(my + ms) (1 + 22> (1 + 22>3 L(e+ $)I%(5 —¢)
V@ z 1—22 I'(—2e¢)

1422\’ P2 (—e)l(1 + ¢)
122 T'(—2¢)

1+ 22
2z

mima(1 + 2¢) 1+ 5 log 2

}

1+ 22 ]

2, 2)1—1—22+, 1—z2+, 1+221+22
m 1Tmym ITEMIMy———— ——%
1 2 2 e P ey 1222

+,7re(
i—(m —
1—2z

2

or equivalently in terms of ¢, using the relations collected in section 2.1,

Ai(s,¢%)  (87G)? (4n)€{2z‘wm%m§ ot T(14€)I2(—e)

pE (4m2 \ &2 @ o2—1 TI(—2¢)

+2\/77m1m2(m1+m2) ot T(e+3)T%(3—¢) o3 T?(—e)T(1+e)

Ve @oni TC29  @p 129 4P

X lmlmz {(14—26) (02 logz+oV 02—1) +im (2(02—1)4-602)} +i7;6(m%+m%)(f] } .

The term in the first line of the two previous equations, that we call Agl), is the super-
classical term. Its Fourier transform in impact parameter space reproduces the quadratic

term of the expansion of the leading eikonal:

_ 1 /2 Gb2621“7 2 1
MP@m=2<”mngjf (Q>:zm%f' )
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The Fourier transform of the term in the second line of egs. (4.6) and (4.7), that we call
Agz), gives the sub-leading eikonal:

iAP = 2i5,
4(mb?)2mima(my + mo)G? ’

B N
8i(mb?)2¢G*myma(my + mo) ot F(% _ 26){\2(% — o)

B VTVb2 (02— 1)3 I'(—2e) ' (49)

1422 (1422
1— 22

z

Finally, going to impact parameter with the quantum term one gets the quantum part of
the eikonal that has a real part given by

1422 (1+2%)?

3
4mamaeG?(mb?)%¢ (14 22 9
2Re Ay = 1 1+26)I(1 —
et b2 1—22 z 2(1 - 22) ogz| (1+2e)I°(1—¢)
4 2
8G2myma(mb?)2 0 (0 logz + vo* — 1) )
= 1+ 26)I(1 — 4.10
= o (12010, (4.10)
and an imaginary part given by
3
4(mb?)%G? (14 22
I pu—
2 mAl b2 1_ 22
1+ 22 1— 22 (1+ 22)?
X [e(m% + m%)m + 2m1m2 > + Emlmgm F2(1 - 6) (411)

_ 8G*(mbH)*T% 1 —¢€) o° [6
B 2

b2 (02— 1) =(mf +m3)o + 2mima(0? — 1) + em1m2021 .

4.2 Two loops

We combine here the results of sections 3.2, 3.3 and 3.4 to give the expansion of the
two-loop amplitude in powers of ¢?> and e. As already emphasized, we restrict to the
terms that are non-analytic in ¢, which are the only ones relevant for the long-range
behaviour of the eikonal in b-space. Furthermore, we will neglect terms of order (’)((12)%726
or smaller, which are irrelevant for determining 205 and would only enter the calculation
of the quantum remainder 2A5. To this effect, the relevant terms of the s — u symmetric

two-loop scattering amplitude [52] are given by:

2

As(s.a?) = (87G) ) (s - )4 (- md - m3)1] (4.12)

X [(s —mi —m3)? (I +2Iix) + (u—mi —m3)? (I +2Ix) +*(In + Ig) | »
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with ¢(€) as in eq. (4.5). Inserting the previously computed diagrams we get the following

result:
1422\ (142"
1—22 z

As(s,¢?) = (87G)° (4776_9”5)26 { _ 2m*mims
{7‘(‘(1 — 22 4 (—1 —42%log z + 24”

(47[.)4 q2 2,2

€°q
drmi3mi (1 + 22)°
2 (1— 22)423

1+22\"1
1—22) 23

+ 6mims {4(1 + 22)%(1 — 2°%) + 2(im + 2log 2) (1 + 22)?

imm?m3

3€

6im(m? 4+ m2)z(1 + 2°)?

+ <7;’2 - Liz(z2)> (2% + 1)(z* = 627 +1) — 2(1 + 2°)*(1 — ) log(1 — 2°)

+ 2(imlog z + log? 2) (z2 + 424 — 26) H } . (4.13)

The above result can be organized in the following convenient form:

se()? [A72  APY A
(q2)25 55 Tt~ F +o

€2q €

up to terms that are further suppressed in ¢2, i.e. (’)((qz)%_%) or smaller, or that are
subleading in €. Note in particular that the coefficient of ((q2)1+256)71 vanishes identically.
A term of O(e°(¢?)~17%¢) is also needed in order to fully reproduce the O(43) exponentiation
and will not be discussed further. Similarly, O((q2)7%726) terms start contributing to
order O(e°), although they are omitted for simplicity. We checked that they reproduce
the O(dpd1) exponentiation to leading order. Explicitly, in terms of the variable z and o

As = (87G)

(4.14)

€

defined in section 2.1, the above coeflicients read

(22) _ 2mmimy (2 4+1)%  32n°mimge®

As

24 (22 -1)2 - (2 —-1) ~
Armim3 (22 +1)5 drmim$ (22 +1)5 (2 — 42%log () — 1)
i
B(2-1)2 B2 _1)4

32m2mimia® 3 3 ot o®
= NCE 1 32mmyms; e + 02172 log(z) | , (4.16)

(4.15)

AR _

and
_2m?mim3 (22 4+ 1) O ((m3 + m3) z + 2myma)
23 (22 —-1)4
Arimimg (22 4+ 1) 4 (2% — 422 — 1) log (2)
a 2 (22 -1)4 ’
., o o7 56 (4.17)
(mi + mﬁm + 2myme <(02 —y + (02— 1)3/2>1

Re AS’O’

Q2,22
= 8 mim;

1 o(o? -2
(02— 1)/2 ((52 _ 1)2)> log(z) ,

+ 167°m3m3o? (
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together with

2rmim3 (2% — 622 + 1) (22 + 1) ® Lig (2?)

(1,0) _
Im A2 = 23 (22 — 1) 1
ﬂ'mlmQ (=24(z4 = 1)+ 72(2* =622+ 1)) (22 +1)°
323 (22 - 1)
N drmim (z* —42% —1) (2> + 1) *log® (2)  dmmim§ (2> + 1) Clog (1 — 2?)
S EIEEE
 8mmim3 (2* +1) ®log (2)
23 (22 —-1)4 ’
16mm3m3o’(0? — 2)Lis (22) 3 3 ot 8 5 5 50°(c?-2)
= 02 1) - 647rm1m27(02 SENETE — 37 m1m27(02 ~1)2
1 o(o? —2) 32rmim3oClog (1 — 2?)
_ 3.3 4 _ 2 1M
16mmym;o <( 2112 (02— 1)2) log® (z) + (02 — 1)3/2
3,3 6 g 1
— 32mrmimyo <(02 B + (02 1)3/2> log (2) . (4.18)

4.3 Eikonal and deflection angle to 3PM order

In subsection 4.1 we have computed 209 and 2A; that can now be used to verify that the
eikonal exponentiation takes place as expected up to two loops and to extract 2do from the
previous amplitude through the following relations:

RG(Q(SQ) Re A2 + = 6 (2(50) + 200 Im 2A4
Im(265) = Im Ay — 250 Re 24 (4.19)

where with flg(s, b) we mean the Fourier transform in impact parameter space of the two-
loop amplitude divided by the factor 4pE as in eq. (2.22). We get:

4mim3G3(1 +
Re(262) = mggzg( E z2)§ i (1+ 2521 — 22) +22%(1 + 422 — 2%) log z]
(4.20)
_ 16mim3G3o° B 16m?m3oiG? cosh~1(0) |1 — o(o? —2)
b2(o2 — 1)2 b2(o2 — 1) 7 (07 — 1)3
and
4mIm3G3 (14 2%)° 4 9 4
Im 26, = e (1= 22732 [—14—2 + (1—6z +z >logz}

Amim3G® (1 + %) 2 2 4 2
_ 2122 2z (1+4z —z >log z

+ (14 2%)%(1 - 2?) [2 + 3log(mb*e?E) — 2log(1 — 2%) + 2log z}

71_2

— — Lig(2?) — 3log z log(mb*e7®)

1%

(2 +1)(z* — 6224+ 1)
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- 16mymsG ot {1 <a2 + 70(02 —2 cosh_l(0)>

wb?  (0? —1)* | € (02 —1)2
_ (log(4(02 —1)) — 3log(7rb2e7E)) o + ((7;32__1)2; coshl(a)]
+ (0% —1) |1+ ((;(;'2__1)2;] (cosh™1(c))?
- mmgu — 2% +202}, (4.21)

where we made the branch-cut singularity for z > 1 more explicit via

2

Lis(22) = — Lig(1 — 22) + % — log(22) log(1 — 22), (4.22)
and used
-1
—log z = cosh™ (o) = log (U + Vo2 — 1) — 2sinh~1 /2 5 (4.23)
N 2 _ 1)) _ -1
log(1 —2%) = 5 log(4(c° — 1)) — cosh™ (o). (4.24)

Notice that in the ultrarelativistic limit o > 1 the terms proportional to (o log(20))?
present in the second and third last lines separately cancel in agreement with the general
pattern discussed in [15].
Let us finally turn to the calculation of the deflection angle x as outlined in section 2.2.
To 3PM order, we have
X 10 Re2d(s,b)

2sin = =

= 0=htatd (4.25)

where p is the momentum of either particle in the centre-of-mass frame as in eq. (2.16).
Moving from b to the orthogonal impact parameter b;, we have

X 1 5 19Re26 4Gmimaoc?
otan (X)) =y (14 —y2 4. ) =2+ - 4.26
an(Q) X( TRt ) p by JP—12 T (4.26)
from which we obtain:
X = X1PM 1 X2PM + X3PM (4.27)

with (to leading non-vanishing order in € at each PM order):

AGmymeoo?

= - < 4.28
8mm2m3(my + mo)G?ea?
X2PM = — 13 (m 2) (4.29)
JQ\/m% +m3 + 2myimao (02 — 1)
. 16m3m3o®G3 32mimioSG3
XSPM = 3J3(02 —1)3/2 ° J3(02 — 1)(m?2 + m3 + 2mymao)
4.30
32mimioiG? o(o? —2) 1 (4.30)
- =33 5 1-— 5| cosh™ (o)
J3(m{ 4+ m3 + 2mimqo) (02 —1)2
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The 1PM contribution corresponds to a tree diagram where both the graviton and the
dilaton are exchanged, the 2PM contribution is absent for ¢ = 0 in agreement with the
results of ref. [31] at one loop. The first term in yspnm comes from the expansion of tan(%)
at small x while the remaining terms are genuine new contributions from Re ds.

Anticipating a more complete discussion in subsection 5.3 we remark that in the sec-
ond form of equation (4.20) (already presented together with (4.30) in [15]) the first and
last term contain only even powers of p ~ Vo2 — 1 (see (4.32) below), while the second
term has only odd powers. This means that those two terms represent half-integer-PN
corrections which are known to be a consequence of dissipative processes (so-called radi-
ation reaction). Instead, the second term in (4.20) corresponds to the more conventional
integer-PN expansion due to conservative dynamics.

Looking now at the second form of (4.21) we note that its IR divergent term (the one
appearing on the first line) is simply related to the above mentioned half-integer PN terms
by a trivial factor —é. Furthermore, the same half-integer PN terms also multiply, up
to a factor %, a logv? ~ log(4(c? — 1)) coefficient. More specifically one can immediately
see that the divergent part and the part with log(c? — 1) of Im 283 are related to the two
half-integer PN terms that we call Re 25§TT) by the following relation:

265" = [1 += (—1 +log(0? — 1))] Re 26" (4.31)
T\ €
where 3 9 9.4 9
(7«7«) 16G m1m20 2 J(U - ) —1
92 — - a2 ——— 2 cosh . 4.32
Re 265 (0% — 1) E 1)% cosh™ (o) (4.32)

In the next section, using general analyticity and unitarity arguments, we will argue
that these relations, rather than mere coincidences, should be regarded as generic relations
between IR divergent terms in Im 265 and radiation-reaction corrections to Re 2ds. Since
analyticity and crossing are spoiled when we go from the amplitude to its partial waves
(the Fourier/Legendre transform introduces spurious kinematical singularities and refers
to one specific channel), we have to go back to the amplitude itself.

5 Real-analytic, crossing-symmetric formulation

In the previous subsection we have collected the contribution of the different diagrams
both at the one and at the two-loop level, noticing that they combine into much simpler
expressions than those of individual diagrams. Those expressions are typically in the form
of an expansion in powers of ¢ and, for the two-loop calculation, of e.

Furthermore, as a computer output, they simply collect independently real and imagi-
nary terms and express the result in terms of a choice of the two independent Mandelstam
variables, ¢> = —t and s (or of quantities like o or z which are themselves functions of s
and the masses).

On the other hand we expect the full amplitude to satisfy two exact properties:

 Real analyticity i.e. A(s*,¢%) = (A(s, ¢?))*;

o Crossing symmetry i.e. A(s,¢?) = A(u = —s + ¢* + 2m? + 2m3, ¢%).
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Those properties are not at all apparent in the formulae of the previous subsection but
they must be hidden somewhere, of course up to the order in ¢ at which we stop our
expansion. Here we will explicitly show how to rewrite the tree, one-loop and two-loop am-
plitudes, given in the previous section in a real analytic crossing-symmetric form. Besides
its usefulness for the interpretation of the result this also serves as a rather stringent test
of the calculations themselves.

To this purpose it is useful to introduce variables which are related by s <> u exchange
to those introduced earlier in section 2.1:

__u—mi—m3 ¢
o= — = — —
2m1m2 2m1m2
1 2/(2
zza—\/i_—<1— /( Tlnf)) O(q")
z o4 —

5.1 Tree and one loop

The tree-level amplitude itself can be rewritten trivially as:

Ao(s,qz) = B;G; [4m%m% (02 + 62) — q4] (5.2)

At one-loop, equation (4.7) suggests trying the following analytic, crossing-symmetric
ansatz for the super classical term:

2 4 € 4€ 3
At (s,) = =it (7)) 2
q? sin(

(47)2 2 Te)T(3 —¢)
st +o (Gt + )| =

With the help of the following relation

46

sinmel'(5 —

_ T*(—el(1+¢)
e)  2T(—2¢) (54)

l\’)\»i w\w

it is easy to check that, when expanded in ¢? using (5.1), (5.3) reproduces both the super-
classical (first line in (4.7)) and the O(e®myms) terms in the square bracket of (4.7).
The remaining terms can be described as follows:

« The classical contribution proportional to (¢?)~/? (second line in (4.7)). Tt can be
trivially symmetrized in s — u since the error in doing so is of order (¢%)'/?;

o A quantum contribution of O(€) which can be written in the crossing-symmetric form:

. 81G)? 4m A
Af 1<qu2>:(<47r>gm%m2<q ) sin(me)T(§ — )

o°log(—2) = o°log(—2)
X 8¢ [((U )3/2+( — 1) /2>

M\W

+
/N
qw
Q
| IS
—
+
SY
[N Ql
| i
—_
~
| I
=
=
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o A purely imaginary quantum term proportional to myma(m? + m3)e

3
(87G)? 5 5 <47r>€ 4éma
(47)2 mama(my +m3) q? sin(we)I’(% —€)

otlog(—z a*log(—%
X de <<02 _‘g(l)3/)2 + (52 _g(l):s/)2> (5.6)

AL (s,¢°) =

Note that, in (5.5) and (5.6), we can again neglect the difference between ¢ and —o as well
as the difference between z and —1/z.

In order to facilitate the discussion of the various terms in egs. (5.11b)—(5.11f) we give
here the Fourier transform in the impact parameter space (denoted as usual with a tilde)
of the two previous quantum terms. We get

cau 8G%mima(mb?)3e o® ) 204
A({ 1(8, b) — 17Tb22( ) 6F2(1 - 6) m(@ﬂ' + 2log Z) + m (57)
and
0w AG(mh?)2T2(1 — € eo?
A({ 2(8, b) .y, ( )b2 ( ) (0-2 — 1)2 (m% —+ m%) . (58)

5.2 Two loops

Moving now to two loops we combine the different contributions in the known form of
eq. (4.13), which suggests to try the ansatz:

3 o—E 2e A
AQ(S,Q2) _ (?Igi (47Tq27 ) (0_4 +54)A2(s,q2);

R AP g o2y AW (g 02
Ay(s,¢%) = =2 (j’q ) Ay 7(5.47) (5.9)
€ €
In order to reproduce egs. (4.15) and (4.16) we find:
2,4, 4 2 )
/\(2) 2\ 87T m1m2 g g
AQ (57Q)_l_ qg <0_2_1+0_2_1>
- _
— 8m?m§ ﬁ 1Og2(—2) + ﬁ 1Og2(—2)
(62 -1) (62 -1)
o? o2 _
+2 GT_1 log(—z) + I log(—%) (5.10)
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and for egs. (4.17) and (4.18):

A ) = i) (5.112)
—32m§m§(02‘_’;w (log(—2)—log(2)) (5.11b)
+4m§m§m (log(—z)—log(2)) (Lig(z2)—Lig (;)) (5.11c)
—imi{’mg(az_ll)m [(108%(—2) —log*(2)) +7? (log(~=) —log(=))] ~ (5.11d)
i (og(—=)~log(2))(og(—=) +log() (5.11¢)

)

+8mi”m§((ﬂi’W (log(—2)—log(2)) <log(1 )4 log (1— ;)) (5.11)

The two previous equations have been derived using log(—z) = im + log z and the following
identities and branch choices:
2

1 S
— Liy <z2) = Lip(2%) + % + 5 log?(—2?) = Lig(2?) — % + 2log? z + 2im log z;

1
log (1 - 2) = log(1 — 2%) — 2log z — i. (5.12)
z

Combining these with (4.22) we can also write the combination appearing in (5.11c)
in a form:

1
Lis(22) — Liy <2> = 2 (Lia(1 — 22) + log 2*log(1 — 22) — log? 2 — imlog 2) ,  (5.13)
z

that is useful to discuss the non relativistic (o, z — 1) limit.

We can check that the expressions (5.10) and (5.11) satisfy crossing symmetry and
real-analyticity. The first property follows simply from the fact that, at this order in ¢?,
we can use the identification z = —%.

Checking real analyticity is a bit more subtle. For (5.10) one needs to take into account
the subleading (in ¢?) term origination from the first line. This (purely real) term exactly
cancels a similar term coming from the second line. Then one is left with a purely imaginary
term from the second line:

16mim3mro .
— mzlogz, (514)
that can be written in real-analytic crossing-symmetric form as
1
~ smim} g iy (lo8(—) + log(~)) (loa(=?) — log(£)) (5.15)
At this point checking that the amplitude is real in the unphysical region o2 < 1 is
straightforward once one realizes that, in that region, |z|> = 1, i.e. z is a pure phase and

thus log z is purely imaginary. This implies that the term in eq. (5.14) is real and the same
is true for the last term in (5.10) because of an extra factor ¢ coming from Vo2 — 1.
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Coming now to (5.11), real analyticity is easily checked along the same lines for (5.11a),
(5.11b), (5.11d) and (5.11e). Concerning instead (5.11c) and (5.11f) one has to remember
that, in the unphysical region, z=! = z. Since both Liy(2?) and log(l — 22) are real-
analytic functions, the combinations involving them, appearing in (5.11c) and (5.11f) give
a purely imaginary and purely real factor, respectively. Because of the different powers of
(02 — 1) appearing in the two contributions this is exactly as needed for real analyticity.
In conclusion, we have shown that eq. (5.10) and eqs. (5.11a) ... (5.11f) are real analytic
functions. Note that this would not have been the case for the eikonal itself.

Before going further, in subsection 5.3, into considerations of analyticity let us discuss,
with the help of the Fourier transform of the pre-factor in eq. (5.9)

G3(o* + %)
7r2b2m1m2\/ O'2 —1 ’

how the different terms in (5.11) have precise correspondences in the eikonal:”

(5.16)

o Eq. (5.11a) is a purely real term. It is easy to check that its Fourier transform matches
exactly the combination —40gIm Ay if we insert for Im A; the corresponding term
given by the Fourier transform of (5.6) in (5.8). Therefore (5.11a) does not contribute
to Re do;

o Eq. (5.11b) matches only half of the corresponding contribution from 4i Re A1dq if
we insert for Re Ay the second term in (5.7). This leaves an identical contribution in
Im 52 .

o Eq. (5.11c) provides a new logs-enhanced contribution to be discussed below. It
corresponds to the last term in eq. (4.20);

e Eq. (5.11d) gives a log(s)-enhanced contribution whose real part can be checked to
match the result for Redy given in ref. [13]. It corresponds to the second term in
eq. (4.20);

o Eq. (5.11e) This contribution has both a real and an imaginary part. The real part,
like with (5.11a), matches exactly a corresponding term in —4dp Im A; (the imaginary
term in (5.7)) leaving behind no contribution to Re d9. Similarly, the imaginary part
matches 4idp Re Ay (the term with log z in (5.7)) leaving no residual contribution to
Im é9;

o Eq. (5.11f) is a new non log-enhanced contribution reproducing at high energy the
ACVI0 result. It corresponds to the first term in eq. (4.20).

In summary, for what concerns Reds we are left with the result given in [13] accom-
panied by two new contributions given by eq. (5.11¢) and eq. (5.11f). It is thanks to these
new contributions, given already in eq. (4.20), that the high-energy limit of Re d is finite,
universal, and in agreement with [32]. The two above-mentioned new contributions to Re da
have some distinctive features, in particular with respect to their PN expansion discussed
in the appendix B.

"Comparison among the various quantities is performed up to terms that vanish when e — 0.
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5.3 Connecting real and imaginary parts via analyticity

Before turning to the discussion of the analytic properties of our results (5.10) and (5.11)
let us look at the imaginary parts they contain picking up, in particular, those containing,
in (5.11), a log(1 — z) ~ 1log(c? — 1) enhancement for ¢ — 1. The result is:

i AP = _16mmimi( — A
m Ay’ = —16mmim; (02— 1) + (02 — 1) 0g(2)

2 2
A _ 3,3 o o(0* —2) 2
ImA;”’ = 167Tm1m2<(02 2 (o2 1) log(z) | log(1 — 27) (5.17)
After multiplying both equations by the appropriate power of ¢ we note that they fail to
reproduce the combination

1
— =+ 2log(1 — 2?) (5.18)
€

we had noticed at the end of subsection 4.3 for Im d,. More specifically, the contribution
of (5.11f) is accompanied by twice as large a contribution from (5.10). At the same time
the contribution of (5.11c) has the correct counterpart in (5.10), but only for its —20 piece
in the last term of (5.17) while the o3 piece is missing.

Fortunately, this apparent contradiction is completely resolved once we subtract from
Im Ay those pieces that correspond to the elastic cut of the amplitude itself (note that this
subtraction only affects eq. (5.10)) given by the Fourier transform from impact parameter
to momentum space of the quantity 25p2 Re A14mimovo? — 1. In other words, the full
analyticity argument has to be carried out on the (analytic and crossing-symmetric) piece
of the two-loop amplitude whose imaginary part (entering suitably subtracted dispersion
relations as discussed below) is restricted to inelastic contributions. Therefore, indicating
by /Alésp °) that piece of the two-loop amplitude, we find:

~(3pe o2 o(c? -2 1
Im Aé?ﬂ? ) — 167rm§m§<(02 “1yE T (;2 — 1)2) log(z)) <_2e + log(1 — 32)> (5.19)

in full agreement with the structure (5.18).

The appearance of that combination is by no means an accident and can be under-
stood [49] as following from unitarity and three-particle phase space considerations. In
D = 4—2¢ one finds that the imaginary part of the three-particle cut behaves, for 0 — 1 as

w —1h)—2€
Im flg?’pc) = / dw(wb) ™2 ~ — G

0.2 _ —€
0 )~ (—1 —i—log(@b)) U Gttty B P

where hw is the energy of the massless particle and we have used the fact that the relevant
upper limit in w is O(v/b). We refer to [49] for further details.

Let us now look at (5.11) which corresponds to O(e”) contributions to ds. Let us
look, in particular, at the new contributions appearing in (5.11¢c) and (5.11f). Leaving the
discussion of their PN expansion to appendix B we note that, in both, the real parts we are
interested in are accompanied by an imaginary piece that contains an overall log(c? — 1)
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factor. More precisely, in the s-channel physical region real and imaginary parts appear in
the combination:

(s =m?) (m? —u)

7 +ilog((0? — 1)) = +ilog ppy (5.21)
where we have used the relation:
_m?2 2 _
(02—~ =) (”; 9 = (my +my) (5.22)

2
dmims3

showing that the position of the branch points correspond to thresholds for the s and
u-channels.

On the other hand we have seen that, combining real and imaginary parts, the combi-
nation (5.20) appears giving, in total, the structure:

T+ <—1 + log(o® — 1)> =7+ <—1 + log [(S —m) (722 _U)D (5.23)

2
dmims

in full agreement with (and in addition to) what we have observed at the dy level.

The combination appearing in (5.23) looks to be forced upon by general considerations
of unitarity, analyticity and crossing. Unitarity determines the behaviour of the imaginary
parts of the amplitude near the branch points at ¢ = 41. for the elastic and inelastic
(i.e. three-particle) channels. The elastic channel leads to a square-root type branch point,
while for the inelastic channel integration over the soft-particle momentum induces the
logarithmic enhancement ~ log(o? — 1) of (5.20).

Concerning the implications of analyticity it is convenient to strip out of the amplitude
a harmless (0% + &%) as in (5.9) and meromorphic factors such as 02/(0? — 1). We can
then write an unsubtracted dispersion relation for the resulting “reduced” flgl) amplitude.
Also, because of s <+ u symmetry, the left and right hand cut contributions combine to
give the familiar form:

00 A N g
ey 2 o[~ A
1

™

3 =Re AW (=0, (5.24)
where P denotes the principal value of the integral.

Finally, inserting in (5.24) each contribution to the imaginary part generates automat-
ically the corresponding real part given in (5.11). In other words, the full real-analytic
amplitude is uniquely reconstructed from its discontinuities across the physical cuts via
a Cauchy integral going around the branch cuts and a circle at infinity. In particular a
log(o? — 1) factor in the imaginary part induces, via (5.24), a corresponding factor +7 in
the real part, in agreement with (5.23).

The above general considerations are neatly illustrated by considering, as an example,
two different imaginary parts, one with and one without the log(a? — 1) factor, see (5.11b)
and (5.11f). The above mentioned Cauchy integrals can be computed explicitly and give,
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at 02 > 1 and above the cut,

9 0o / 12_1 ,ll /2_1
2 [T g TS DR T2 (o2 1)+ oo~ 1)
1

— (0 +i0)?
2 [ o (d?—1)" 3 , 1
— d ,— 21 2
7r/1 7 — (0 +10)? =ilo ) (5.25)

showing the appearance of the extra 7-term in the real part for the former case.

The above considerations lead us to conjecture that the combination (5.23) is a generic
feature for gravitational theories containing, besides a graviton, other massless degrees of
freedom. This conjecture is indeed fully confirmed [49] by the GR example, for which
we recover the recent result of [47] as well as by the N/ = 8 supergravity example at
different values of the cos ¢ parameter. It is also confirmed by the explicit calculations of
the three-particle cuts given in section 6.

6 Direct-unitarity calculations

So far we focused on massive N' = 8 supergravity where the 4-point amplitudes take a
particularly simple form, see (4.2), (4.4) and (4.12). We then considered the soft-region
expansion, which is the one relevant for the classical limit, and used the results of section 3
to evaluate the resulting integrals. This allowed us to extract the complete eikonal ¢ up to
3PM order by applying (2.23). When considering the contributions of the full soft region,
one obtains both a real and an imaginary part for d2, the 3PM term of the eikonal. The
complete A/ = 8 results display an intriguing relation between the IR-divergent O(e~!)
term of Im 24 and the radiation-reaction terms Re 25§M) of the real part, see (4.31). In the
previous section, we argued that this relation is in fact a general feature of gravitational
field theories in the two derivative approximation, including GR. The main goal of this
section is to provide further evidence for this by deriving both the O(¢~1) and O(€) terms
of Im 2J, for GR and showing that they indeed display the structure appearing in (5.23)
with a coefficient that agrees with the radiation-reaction result of [47, 49].

We will take a direct approach based on the 3-particle unitarity cut, which can be
evaluated starting from the tree-level 2 — 3 inelastic amplitude A5 and taking its “square”
to obtain the corresponding contribution to the imaginary part of the elastic two-loop
amplitude, schematically

d°k dPk, dPk
Hm 2423 :/ (2m)P (277)]; (271'); (m)P8(ps +pot iyt ka+ )

210(k°) 6 (k?) 270(KY) (k3 4+ m3) 270(K) 6 (k3 +m3) |As|?,

(6.1)

where k£ and k; 2 are the momenta of the massless and the two massive particles involved in
the cut, while p; » denote the massive external momenta, as in figure 6. We will specify more
precisely how |A5|? must be understood in the next subsection. Starting from (6.1), after
taking the classical limit, a Fourier transform to impact-parameter space directly yields
Im 245, which can be interpreted as the total number of gravitons emitted in collisions at
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b1 P4

Figure 6. Kinematic conventions for the three-particle cut. The lines in bold represent classical
states. The drawing inside the dashed bubbles does not represent a specific topology, but just
provides a visual help to recall the definition of the ¢; variables.

given energy and impact parameter. Moreover, multiplying the integrand in (6.1) by k*,
the very same steps lead instead to the total emitted energy-momentum for such processes.

The approach we adopt is thus complementary to the one of [52] as far as the integrand
construction is concerned. In our approach we determine the integrand of (6.1) using the
5-point amplitude in (6.5), while, in the latter reference, the 3-particle cut is extracted from
the 2 — 2 elastic amplitude. However, once the integrand is obtained, we then evaluate
the phase-space integrals by trading the mass-shell delta functions for cut propagators and
reducing the integrations to the cut master integrals discussed in section 3.5, borrowing
ideas and techniques from the reverse unitarity approach [52, 58—61].

Our strategy allows us to treat both the N' = 8 case and pure GR essentially on the
same ground, bypassing the explicit form of the full 2-loop integrand in GR.® In the end,
we can compare the result for Im 24y in AN/ = 8 supergravity with (4.21) finding perfect
agreement, while the GR result is new, provides a confirmation of the general considerations
of section 5.3, and can further serve as a crosscheck for a full derivation of the 3PM eikonal
in that case. Performing the analogous calculations for the radiated energy and momentum,
we also reproduce the results of [52].

Of course it is often interesting to consider differential (as opposed to inclusive) quan-
tities such as the radiated energy per unit of frequency and/or per solid angle. In this
case the direct approach taken here is probably the only one available since it allows one
to obtain the full transition rate |As|? without dropping any of its pieces at intermedi-
ate steps, not even scaleless terms that cancel out in the full integral (6.1). Armed with
the complete integrand one can then integrate (numerically if needed) on any of the re-
maining independent variables, obtaining for instance the graviton emission spectrum or

8The integrand used as a starting point in [37] is tailored to the derivation of the potential contribution
and is not sufficient for extracting the radiation reaction effects and the imaginary part of the 3PM eikonal.
Rather, the full soft-region expression in [51] should be employed.
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the emitted power spectrum. Also, the remaining quantities can be expressed by using
different variables depending on what is most convenient. For instance, one can take a
(D — 2)-dimensional Fourier transform to impact parameter space of As and obtain the
waveforms in terms of the orbital angular momentum and the frequency. This is what was
done in [49], albeit only for the leading soft contribution, i.e. the leading term of Aj as
k — 0. If one starts from the full classical amplitude Az, as for instance discussed in [53]
for the non-relativistic limit and recently done exactly in [55], then instead of the simple
rational dependence on b, the waveforms involve Bessel functions, which provides an ex-
ponential suppression for very large frequencies. Alternatively, it is possible to perform a
(D — 1)-dimensional Fourier transform and write the waveforms in terms of the retarded
time and recently refs. [29, 55] showed how to derive the results of [53] starting directly
from a Feynman diagram approach.

6.1 Direct unitarity in momentum space

In this subsection we focus on inclusive quantities, such as the imaginary part of the 3PM
eikonal or the total radiated energy-momentum to 3PM order, as discussed above.

As a starting point to calculate the five-point amplitude ALY (p1, p2; k1, k2, k) on the
left in figure 6, we use the 2 — 3 tree-level amplitude in eq. (3.1) of [15], which had been
obtained from the low energy limit of a string amplitude in a toroidal compactification.
Thus, in particular, the theory naturally includes the contribution of the dilaton, together
with vectors and scalars arising in the Kaluza-Klein compactification. We then enforce the
classical limit: using the conventions summarised in figure 6, so that

@ =p1+ki, g2 =p2+ ko, Qn+q@+k=0, (6.2)

we take the momenta ¢; 2 and k to be simultaneously small, of the order of the elastic
momentum transfer ¢ (see (2.20)),

a~q~k~O0(). (6.3)

Equivalently, reinstating momentarily A, this can be regarded as a formal A — 0 limit in
which the wavenumbers ¢ 2/h and k/h are held fixed. The particles corresponding to the
bold lines are classical and so their energy and momentum are instead independent of ¢,
to leading order,

p1~ —mlu’f + (’)(q) ~ =k, Py ~ —mgug + O(q) ~ —ky. (64)

To include contributions stemming from the graviton and the dilaton, together with
Kaluza-Klein vectors and scalars, simultaneously, we find it convenient to once again pro-
mote all vectors py 5, k{'y, 47 9, and k* to 10-dimensional vectors PLMQ, Kl%, q%, and kM.
Their precise relation to the effective four-dimensional kinematics depends on the theory
under consideration and will be specified below.
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The leading contribution to As in the classical limit is of order O(g~2) and reproduces
the result of [20, 21, 29]. It can be written in the following convenient form

— PkPM) (PP — PokPY)
a5

8 (P kPM
AMN (87rG)3{ (PikEs

PMPN IR PR PPN PR PPN —pykp(M g
8PP, + —9 -
@ qi 4192
M N M N
8l PMPN(kq)) PP (kgo) Mg PMY) g q1 65)
(Pik)%q3 (Pok)%qt (Pik)g3 (sz)ql 0745 ’ '

where P(MP ) = $(PMPY + PNPM), while the quantity 3 is defined in (6.8) below
depending on the theory under consideration. The main feature of (6.5) is that it satisfies
k MAéV[ Nk NAéW N = 0 for arbitrary values of the free index, which makes the calculations
in general dimensions easier [12, 70].

When focusing on N' = 8 supergravity, it is convenient to choose the following 10D
kinematics [49]°

= (p1:0,0,0,0,0,m1), P2=0,

= (p2:0,0,0,0,m2,0), P2=0, 66)

= (k1;0,0,0,0,0,—m1), K?=0, '
KQ_(k%oooo —ms,0), K:=0,

where p; 2 and ki 2 are 4D momenta. In contrast, in the case of GR all momenta are 4D
and so we have

= (p1;0,0,0,0,0,0), P = —m?,

= (p2;0,0,0,0,0,0),  P5=-mj, 6.7

= (k1;0,0,0,0,0,0), K? = —m?, '
2=<k2;0,0,0,0,0,0>, K3 =-mj.

The momenta k and ¢ 2 are always non-trivial only in the uncompact 4D. Another dif-
ference between N' = 8 and GR is related to the contribution of the dilaton as an internal
state exchanged between the massive objects. This exchange can only occur in massive
N = 8 supergravity and then the parameter 3 in (6.5) should read as the BN=8 below,
while for GR the contribution of the dilaton has to be subtracted, which can be done simply
by using B¢ instead

pN=8 = am2mio?,  BET = am2m? ((72 — Dlg) (6.8)
Moreover, it is useful to realize that, since the amplitude (6.5) is homogeneous of order
O(q~?) under the scaling (6.3), the massive momenta can be safely approximated to leading
order in ¢ as in (6.4).

9For sake of simplicity here we focus directly on the case ¢ = 5 in the notations of that reference.
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Let us now describe how the A/ = 8 supergravity and GR amplitudes are “squared”
in order to construct the integrand in (6.1). In both cases, the kinematics is given as in
figure 6 by

K1+K4:0, K2+K3:O, k—i—k’:O, (69)

and
Q+au=P+Pi=q, ©+@p=P+P=—q. (6.10)

In the maximally supersymmetric case, we simply work in 10D and saturate the Lorentz
indices with the Minkowski metric so as to get

|A{5\/:8|2 — AéWN(Pla P27 K17K27 k) NMRTNS A5RS(P47P37 _K17 _K27 _k) ) (611)

where we do not need to subtract the contribution of the longitudinally polarised states as
the amplitude As is transverse. As already stressed, the advantage of this strategy is that,
doing so, one effectively encompasses all the contributions that were taken into account
separately in [49], i.e. besides the graviton and the dilaton, also the vectors and scalars
arising from the toroidal compactification. For GR all indices become 4D and on the top
of this we need to subtract the contribution of the dilaton. Thus we have

v 1
|AL"* — AE"(p1,p2, k1, ko, ) Muplve = 75— 5 v po AL (pa, ps, —k1, —k2, —k), (6.12)

where the structure within square brackets arises from the sum over the physical polarisa-
tions and is the one appearing also in the de Donder propagator, simplified by using the
symmetry of the As in its two Lorentz indices.

Once the integrand |As|? of (6.1) is constructed according to the above strategy, one
then needs to perform the phase space integrals. This task can be greatly simplified by
resorting to the reverse-unitarity strategy [52, 58-61]: trading the mass-shell delta functions
appearing in the second line of (6.1) with the corresponding cut propagators, one can recast
the integral as an effectively more tractable (cut) two-loop integral. After performing these
steps, we need to decompose the resulting integrand into structures that match the cut
integrals evaluated in section 3.5, that is, to isolate terms having each the appropriate
denominator structure for a given topology once a suitable identification of the integrated
momenta is applied. This decomposition can be performed in several equivalent ways
associated to different possible polynomial divisions.

A simple-minded approach is to just expand out all terms in the product |As|? and
use their denominators written in terms of pik, pok and ¢?, ¢3, ¢3, q3 to group them into
the following classes:

1 1 1 1 1

Gaaa’  (pk)?GE’ (mk)?aE  (mk)(pk)giad T (pk)(pek)asqd
1 1 1 1

(mk)BBa " dpk)da’  ddpsk)dd’  @adad(pak)’

(6.13)

where the massive propagators are in general raised to non-negative integer powers. These
structures can be associated to the topologies of figure 7. With proper identifications of ¢;
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(a) cH (b) Cut mushroom (c) Cut “IY" (d) cIX

Figure 7. Cut topologies arising in the calculation of eq. (6.1).

and ¢ in terms of £1, ¢ and ¢, all such structures can be embedded in the cH or cIX families
of section 3.5, possibly after use of crossing symmetry and of the u; <+ us symmetry. For
example, letting

@ =—lr+q, @ =, k=01+0—q, (6.14)

the first structure of eq. (6.13) can be recognized as belonging to the cH family: inserting
the cut propagators, denoted with an underscore,

1 mimsg 1 1

RBRE (1a) (212 2 BB — % (l — 0)2 (urhy) (ualy) (6 + b — q) (615
Moreover, letting
@ =—bl— Ly, q2 = L2, k=4, (6.16)
we find, for the first structure in the second line of (6.13),
1 mims 1 1
(PRBAEE (1)) (20) B~ (@l)BE + 020+ o+ (w(l+ 6)) <u2€2>£f 7 )
6.17

which we recognize as belonging to the cIX family up to an (immaterial) interchange of
u1 and wug and the exploitation of crossing symmetry. After the appropriate family is
identified, the integral under scrutiny can be reduced to the corresponding cut master
integrals discussed in section 3.5 using LiteRed. When expanding the mushroom 7b and
“IY” 7d topologies in terms of the cIX family, however, one should note that, again via
crossing symmetry,

G0,0,k1,k2,1,1,0,0,1 <> GO.k2,k1,0,0,1,1,0,1 (6.18)

which relates integrals of the type éo,o,kl,kg,l,l,o,o,l written in terms of the cIX family to
integrals G k,,k1,0,0,1,1,0,1 appearing in the definition of cH masters, fcp g for the even sector
and fcm 12 for the odd sector.

A slightly more systematic approach is to start out by fixing a particular choice of
independent momenta, for instance

q=—0, @ ="+, k= —ts, (6.19)

thus rewriting the integrand in the form

N (u1a, uslo, l1q, laq, urly, usly, 03, €102, (3)
D?l DgQ D3D4D5D6&&& ’

(6.20)
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where N is a Lorentz-invariant numerator and the denominators are

Dy = uls, Dy = ugly, Dy =13,
Dy = (41 + £2)?, Ds = (41 +q)?, Dg = (01 + £2 + q)* (6.21)
D7=€2, Dg :ulﬁl, D9:U2(£1 —1—62).

In particular, the powers a; and s in (6.20) take the value 2 in A/ = 8 supergravity and 4
in GR. One can then apply simple integrand-reduction techniques using basic tools from
algebraic geometry such as Groebner basis and syzygy relations (see e.g. [71]). To simplify
matters, one can first trade N with the remainder R of the polynomial division between N
itself and the Groebner basis of D7, Dg and Dy, thus eliminating many terms that vanish
on-shell. Denoting by g7, s, §9 the Groebner basis of D7, Dg and Dy, this means

9 9
N=R+> @g=R+ Y GayD;, (6.22)
i=7 i,j=7
for some quotient polynomials Gz, gs, go and a suitable 3 x 3 conversion matrix @;;. Then,
one can perform the polynomial division between R and the Groebner basis of the full set of
denominators, thus generating a number of integrands with simpler sets of denominators,
determined by the corresponding quotients. One can also check that the remainder of
this division is zero. Explicitly, letting ¢g; with ¢ = 1,...,9 denote the Groebner basis of

D, ..., Dy, with conversion matrix a;; such that
9
9i =Y aiDj, (6.23)
j=1

one then finds quotient polynomials g; such that

9 9
R=> qgi= Y qay;Dj, (6.24)
i=1 ij=1
and therefore
R _ qiGi1
k1 ko - Z ki1—1 ko
D' Dy?* D3 Dy D5 De D7 Dg Dy ~ Di'" " D5*D3D4DsD¢D7 Dg Dy (6.25)
R qiai6 ’

—~ DY DE2D3D,DsD; Dy Dy’

up to terms where the cut propagators would again cancel out. One can automatise this
procedure and repeat it for each of the newly generated ratios, collecting along the way
those terms for which the remainder of the polynomial division is nonzero, which constitute
the irreducible integrands. Moreover, the form of the numerators generated at each step can
be further simplified by using the syzygy identities obeyed by the relevant denominators. To
implement these steps we used the very convenient software Singular [72] in combination
with its Mathematica interface. Proceeding this way, we were able to regroup the integrand
into three contributions associated to the cH and cIX topologies of figures 7a and 7d, in
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the N/ = 8 case, and into seven contributions associated to the cH, “IY” and cIX of
figures 7a, 7c and 7d in the GR case. All integrals can be then mapped to the cIII and cIX
families via appropriate changes of variables and judicious use of the u; < uo symmetry.
For instance, for the denominator

1
(ulfg)f%(fl + 52)2(51 + by + q)2@2 u1ly u2(€1 + fg) ’

(6.26)

we can perform the change of variables ¢; — —¢; — {2 — g, followed by ¢; <+ {5 and by the
harmless replacement u; <+ uo to obtain the denominator
1
(u2l1)03(01 + bo + )2 (o + @) 21> urlo us(f1 + £o)

(6.27)

which is appropriate for the cIX family, up to crossing symmetry. The observation (6.18)
again comes in handy when performing the reduction of integrals associated with figure 7c.
We include in the supplementary material the result of this decomposition of the N = 8
and the GR integrands.

In the calculation of the three-particle cut contribution to the imaginary part of As,
eq. (6.1), only the even sectors of master integrals are actually involved. As already men-
tioned, the 3-particle cut is the only and full contribution to Im 25, so, in the case of
N = 8, evaluating (6.1) and taking the (D — 2)-dimensional Fourier transform to impact
parameter space according to (2.22), we reproduce eq. (4.21). For the case of GR we obtain
instead the new result

2mim3G3 (202 —1)2 [ 1 [8—502 o(3 —20?)
I 25(97‘) — 177°2 1t _ h_l
02 b2 (62 —1)2 € 3 (02 — 1)% cosh™(07)
_ 2 —9 2
+ (log(4(02 —-1)) — 310g(7rb2e7E)> [8 S0” _ 203 01) COSh_l(U)]
3 (o1
_ 952 6 _ 1a.4 2
+ (cosh—1(0))? o (3 201) B 240 160* + 920 +3 (6.28)
(02 —1)2 (202 —1)

+ cosh (o) lo— (8805 — 2400 + 24002 — 97)]

3(20% — 1) (02 — 1)z

3 — 202 —1400% 4 2200* — 12702 + 56
oB=20) 151 o2y M0 22007~ 12707 56 |
(62 —1)2 9(202 —1)

The first line agrees with the result obtained in [49] by using the soft approximation
which is sufficient to capture the IR-divergent term. The second line matches the analytic
behaviour as ¢ — 1 derived on general grounds in section 5.3. The ultrarelativistic limit
o — oo reproduces the universal behaviour derived in [15] by using an argument based on
analyticity /crossing and an explicit calculation in the double Regge limit. In particular the
terms proportional to (o log(20))? in the second and third line cancel and the leading term
is actually (20)2log(20) in agreement with [15]. Combining the conservative eikonal phase
that can be extracted from the scattering angle given in [36, 37] with the radiation-reaction
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contribution derived in [49] and confirmed by (6.28), let us complement (6.28) with the
corresponding (IR-finite) real part:

Re 26§gr) = 1 —

G3mIm3 { (202 —1)%(8 —50%)  o(1402 + 25)

b2 6(c2 —1)2 3vo2 —1
(6.29)
s(120* — 1002 4+ 1) ;) [0(202 —1)2(202 —3) —40'+1202+3 }
=~ +cosh™ o = 5 )
2m1m2(02—1)5 2(02—1)5 of—1

The first term in the curly brackets and the first term in the square brackets (highlighted
in blue) are the radiation-reaction contributions Re 25§TT) [47, 49], while the remaining
ones are those arising from the potential region [36, 37]. One can easily check that (6.29)
reproduces the universal result of [32] in the ultra relativistic limit. In the non-relativistic
limit the new radiation reaction terms start at 2.5 PN order, while the potential region
ones contain a probe-limit contribution (the one proportional to smjims) starting at 1 PN,
with the remaining ones (with an m?m3 coefficient) starting at 2 PN order.

We conclude this section by briefly describing how the same approach can be used
to derive the total radiated energy and momentum RF. It is sufficient to multiply the
integrand of eq. (6.1) by an extra factor of k#. The calculation and decompositions of
| A5|? described above can be imported verbatim, as this factor of k* just goes along for the
ride, and the only new step is to project the resulting vector integrals along the vectors uf,
uh and ¢*, after having identified the appropriate integral topologies. Each contribution
now can be calculated again by reducing it to scalar integrals by using LiteRed and then
by using again the results of section 3.5. Of course in this case the integrals of the odd
sectors appear and we obtain eq. (9) of [52]: after all terms are taken into account with the
appropriate sign dictated by the flow of the cut £ line, the g* component vanishes, while

the u} and uf components are identical. Explicitly, we obtain

3,0,2,0,2 1 H —1
u:T{'G mims uy + uy | o+1 ocosh™ o 6.30
R 73 ] fi(o) + fa(o) log 5 + f3(o) vk (6.30)
where in N =8
8 8ot 1604 (02 =2
fi=——=, fo=——5—, fgz(ié), (6.31)
(02 —1)2 0?2 —1 (02 —-1)2
while in GR
; 2100% — 5526° + 33904 — 91203 + 314802 — 33360 + 1151
1 = b
48(02 —1)2
4 3 2 _
b= 350" + 600° — 1500° 4 760 — 5 | (6.32)
8veo? —1
I (20% — 3)(350* — 3002 + 11)
3 = B

8(02 — 1)2

finding perfect agreement with the results of [52]. It is interesting to compare the previous
exact calculations of the total radiated energy with the ones that can be obtained by
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inserting only the leading Weinberg soft term in the five-point amplitudes and by choosing
the upper limit of integration to be

0'2—1 (m1+m2)7r2

Wmax =~ (6.33)

\/m% +m3 + 2mymao

in order to match as much as possible the two results. For massive N = 8 supergravity we

reproduce precisely f; and f3 of eq. (6.31) but we get fo = 0. In the case of GR we get:

(202 — 1)%(8 — 502)
3(02 — 1)%

; f2=0; f3= 220" 1)2(222 —3) (6.34)
(02— 1)}

fi=

matching the results for f; and f3 in eqgs. (6.32) only for 0 — 17. The vanishing of fy
follows, in both cases, from the fact that this contribution comes from diagrams where the
massless particle is emitted from an internal leg and thus do not contribute to Weinberg’s
soft limit.

Let us also mention that, while the approach developed here directly captures the
classical result (6.30), the analogous calculation based on taking suitable cuts of the elas-
tic two-loop amplitude relies on the cancellation of spurious superclassical contributions
O(b™1), O(b=2) which appear at intermediate steps.

6.2 Direct unitarity in impact-parameter space

We now consider an alternative approach to the one of the previous subsection. This
approach was adopted in [49], even if in that paper the analysis was restricted to the
Weinberg limit [73] of the inelastic amplitude As, i.e. to the leading term for k£ < ¢;. The
basic idea is to introduce the Fourier transform to impact parameter space at an earlier
stage in order to rewrite eq. (6.1) as the product of two inelastic amplitudes Ay expressed
in terms of the impact parameter b, which is then integrated over the momentum k of the
massless particle in the cut. Most importantly, the integrand obtained by this procedure
represents the number of produced quanta per unit of phase space for each massless particle
species and polarisation.
As a first step we write eq. (6.1) for the three-particle cut in the explicit form

delkl dele delk
[Im 2A2]3pc :/ 0 0
(2m)P=12KY (2m) P12k (27r)P—12K0

x AMN(P, Py, Ky, Ko, k) 6.35)

Zﬁg\ZJ)NE%?S] A?S(P47P37_K17_K27_k> (
x (2m) P8P (py + po + k1 + ko + k),

where kY, k9, kU are the energies of the three intermediate particles and we are using the
kinematics of eqs. (6.6) or (6.7) depending on whether we consider N' = 8 or GR. The
sum over physical polarisations in the square brackets reproduces the structures in (6.11)
or (6.12) again depending on the case under consideration.
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To fix ideas, it is useful to further specialize the kinematics (2.3) of the elastic process,
separating transverse and longitudinal components with respect to the classical direction
of propagation:

pP1 = (_Ela %7 _p> 3 b4 = (Eb ap> 3
(6.36)

q _ q _
= —-F5. —— = (FEy. — =, —
D2 ( 25 2ap> 3 b3 ( 25 27 p) )

Here and in the following, where needed, transverse (D — 2)-vectors shall be denoted by

No[Q

boldface letters. Conversely, components along the (D — 1)th direction, referred to as
longitudinal, shall be labelled by a superscript L. On the other hand, spatial (D — 1)-
vectors shall be denoted with an arrow. For instance, for the ¢ o defined in (6.2) and the
massless momentum k,

G2 = (02 @12) = (@ a2 afs) . k= (k) = (& k k"), (6.37)

In eq. (6.35), the integral over the longitudinal components k:fQ of k1 o can be performed
using the longitudinal and energy components of the d-function of momentum conservation,
explicitly

S(KY + K9+ KO+ p0 + p) S (kF + k¥ + kX + p 4 pk)

=4 (\/k%Jr(le)? +m?+ \/k§+(k§)2+m§+k°—E1 —EQ) S(kf+ kL + kD).

(6.38)

The resulting Jacobian cancels the factors of k(l]’Q in the measure and produces an extra
factor of |kVks — k§k{|~!. We are then left with only the integrals over the remaining D — 2
transverse directions:

D—2 D—2 D—1
s Ae= [ L0 [ 0
2m)P-2 ) (2m)P=2 ] (2m)P—12k0
1
X UEOKL k0%
|k ky —ksk{|

(2m)P726P 7 (k+q1+4o) (6.39)

XAéwN(PhPQ,Kl,KQ,k) [ZeﬁNG%g Ags(P4aP377Kla 7K277k)7

where we changed variables in the integration to the ¢; 2 introduced in (6.2) (see also
figure 6 for a visual help). In the classical limit we can safely approximate k' ~ p ~ p and
kY ~ —p ~ —p, where p is the absolute value of the momentum in the centre of mass frame.
Similarly k9 ~ E; and kY ~ E», so that, in terms of the total energy E = Vs = FE1 + E»
in the centre of mass frame, we have 4|/k%k% — kSk{| ~ 4Ep. This is precisely the factor
appearing in the Fourier transform to impact parameter space (2.22).

In order to treat the two 5-point amplitudes in eq. (6.39) more symmetrically, let
us impose the relations in (6.10) by introducing integrals over g3 and g4 and two extra
d-functions. This can be done inserting the factor

1= /dD_2q4 5P (g + g4 — q) /dD_Qqa 5P~ (g3 + g2 + q) (6.40)
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in eq. (6.39). Going to impact parameter space then gives

D—2 D—1
2Im252(b,3):/ A7 _ipg [Im2A2]3pc:/( dP—1k

(2m)D-2° 4Ep 2m)D-12}0 &

dP—2g,dP—2 _ e—l%(qr@) .
[/ W(S(D 2)((]1 + 92 + k)iAéwN(Pla P21 Kl; K27 k>6§\4)N (641)

dD72q3dD72q4 _ e_i%(q4—q3) .
[/ WCs(D 2)(613 +q4 — kf)iA?S(P% P3, — K1, — Ko, —k)e%) )
where we used ¢ = %(ql — @2+ q4 — g3) in the exponent. As reviewed in section 2, Re 24; is
directly related to the classical deflection angle, while, as will become clear shortly, 2 Im 205
is equal to the total number of massless states that are produced in a collision of the two
massive particles, for fixed energy and impact parameter, to order G2. The form obtained
in eq. (6.41) suggests also to focus on each one of the square parenthesis separately, which
represents, for each i, the corresponding wave-form'? in terms of its frequency and angular
direction. Defining As; = Aé\/f N eg\}) y We are thus lead to consider:
5 . dD—2 A e—z‘bA
As (b k :/77A-P,P,K,K,k, 6.42
5.i(b, k) (27)0-2 4Ep 5,i(P1, Poy K1, Ko, k) ( )
where A = %(ql — q2), and we used the delta function to carry out the integration over
q1 + g2, which sets
q1 +q2 = —k. (643)

We display only the dependence on b and k after the Fourier transform, even if, of course, A
depends also on the masses and the centre of mass energy. At leading order in the Weinberg
limit k < g12 only the last line of (6.5) survives and, since in this limit ¢3 ~ ¢¢ ~ q{,
the Fourier transform can be easily performed and one obtains the results summarised in
section 4 of [49]. As discussed in that reference, this limit is sufficient to obtain the IR
divergent part of Im 2§,, the zero-frequency limit of the radiated energy, and the radiation
reaction on Re 2ds.

One can go beyond this approximation by keeping k to be generically of the same
order as qi1,¢2 as in (6.3) and then obtain the full spectrum for each massless particle in
the classical limit. In the rest of this section we will illustrate this procedure for the case
of the dilaton spectrum in A/ = 8 supergravity.

Let us start from the classical amplitude As q; for dilaton emission that is obtained
from eq. (6.5) by taking 3 = 4(p1p2)? and saturating it with the dilaton projector

@ _ _ M 6.44
€1 55 (6.44)

Using in particular the exact relations

211 =qi, 2@ =q5, kg =—kg, (6.45)

10T particular, for ¢ = +, x, it will give the two linear polarizations of the gravitational wave.
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which follow from the mass-shell constraints, and neglecting irrelevant terms in the classical
limit, we obtain

3
2(87G)2 o [ m? 2kqe m3 2kq
Ag g = ———=— +
5,dil D_o {(p1p2) ((plk)g q% <p2k‘)2 q%

mi(p2k) | m3(pik) mi (p2k)® + m3(p1k)?
Tip2) (q%(plk) T B pak) ) i ( 443 ) }

(6.46)

Let us now introduce rapidity variables 31, y2 and y according to

P11 = (_ml cosh Y1, %7 —my sinh ?/1) y

P2 = (—mz coshya, —%, —my sinh yz) ; (6.47)
k = (|k| coshy, k, |k|sinhy),

where
y1 >0, y2 <0, (6.48)

and m; » were introduced in (2.6). Using the conservation conditions
F+dd+¢d=0, kl+ef+d =0, (6.49)

and solving first two constraints (6.45) to leading order in the classical limit, so that

effectively
— ) +pfal ~0,  —pded +piek ~0, (6.50)
we obtain
sinh y tanh yo — coshy
qlL = q? cothy; = [K]|
tanh y; — tanh yo (6.51)
I 0 coth K| cosh y — sinh y tanh g '
= CO =
@ =% 2 tanh y; — tanh yo
so that
cosh(y — y2)
¢ = (a1)” + K*, | =
sinh(y; — y2) (6.52)
cosh(y1 — v)

2 2, 212
g = (q2)” + k™, ca == :
2 ( ) 2 smh(y1 _ y2)
We note that c; 2 are positive. In fact, in the following, they will play the role of effective
masses with respect to the traverse dynamics and will regulate some infrared divergences.
We also find:

cosh(y — yo) sinh(y1 — y)
sinh(y; — y2)
cosh(y1 — y)sinh(y — y2)
sinh(y; — y2)

ka1 = kqi + k*dy dy =
(6.53)

kgr = kqs + k?dz, dy =

)
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where
di+dy =1, (6.54)

which ensures k(g1 + ¢2) = 0.

In eq. (6.47) we have parametrised k in terms of its rapidity and its two components
in transverse space. On the other hand, depending on the problem at hand, it can also be
convenient to parametrise k in terms of its frequency w = |l§| and two angles 6 and ¢, all
measured in the centre of mass frame we defined earlier:

k = w(1,sin 6 cos ¢, sin @ sin ¢, cos b)) . (6.55)

We can then rewrite the previous quantities c; 2 and dj 2 in terms of o, cos@ and the two
masses m1 and ms using

0
sinhy; = % o2 -1, sinh yo = —% o2 -1, sinhy = %, (6.56)
which are obtained using (6.47) and noting that
0,0 _ L. L
o~ w = cosh(y1 — y2),
mimsg
O:plL—l—p%f:mlsinhyl+m23inhy2, 6.57
} (6.57)
cosf = 0= tanh y
w =k = |k| coshy
The resulting expressions are
K| w ma+mio+mivo?—1cosl
1= —F y
Vs Vo? -1 (6.58)
K| w my + maeo — movo? —1cosl
o= —
T s Vor—1
and
(mQ + myo +mqcosOvo? — 1) (mg\/ 02 —1— (m1 4+ mgo) cos 9)
k2d1 = w2 5
svo? — 1 (6.59)
2 _

o (M1 + mao — ma cosOvo? — 1)(m1vVo? — 1+ (ma + myo) cosb)

K2dy = w
2 svo? —1

Note, however, that the expressions in terms of rapidities hold in a general frame boosted
in the longitudinal direction (corresponding to an overall shift of all the rapidities).
Consider now, for fixed k, the Fourier transform of (6.46) rewritten in the form:
3
2(87@G)2

Ap ai = (B(l) +B@ ¢ B(3)) =5

B, (6.60)
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where each B(® corresponds to a different scaling with k at fixed ¢;. The basic objects to
be computed are then:

. 1 dP—2A , 4
BY = / —iab (A 6.61
1Ep ) (2m)D2 ¢ (&) (6.61)
Let us remark once again that, at the classical level, one can neglect corrections of order
q;, k approximating for instance —p; ~ p.
The simplest case is B, which reduces to the standard Bessel integral

/ deZA A 1 me4 K§72(mb) (6 62)
e = , .
(2m)P=2 AZ +m? (271)% (mb)%_2

using equations (6.43) and (6.52) to rewrite

2
@ = (Sar—a) + S +a) + 3= (A 1K)+ A (6.63)

(and similarly for ¢3), and shifting A appropriately. We thus find, restricting for simplicity
to D =4,

m3 pok
e
pik

2 k )
We’k;Ko(cl]k\b)}. (6.64)

(87pE) B® = —4(p1p») [ Ko(c2|k|b) +

The case of B is slightly more involved because of the kg; appearing in the nu-
merators. Using (6.53) we can separate the longitudinal part, for which we can again
apply (6.62) while for the transverse part we need to replace q; by the appropriate deriva-
tive with respect to b. Using K{j = — K1, we get:

~ m2ei’s kb
(87TpE) B(l) = —2(p1 .p2)2k2 [ (pllk) <d2K0(02|k‘b) |k‘bC2K1<62’k|b)>
. (6.65)
m%eﬂ% k-b
+ W d1K0(01|k’b) |k|b61K1(Cl|k‘b)

Let us finally turn to B®). The most convenient way to compute it is by introducing
two Schwinger parameters t1,to in order to write the two propagators in exponential form.
One then performs the Gaussian integral over A followed by the integral over T' = t; 4 to
that can be done in terms of a K; Bessel function. One is left with an integral over
x =t1/T. The final result is:

1-20) K1 (bIK|VF)

8mpE) BB = —2b% (m? (pok)? + m2 (p1k)? /d:z: el ,
( P) ( 1(172) 2 pl b\k|\f (6.66)

f=zz(l-—z)+ Sz +E1-2)

We may further simplify (6.64), (6.65), (6.66) by replacing the remaining scalar prod-
ucts in terms of masses and rapidities. The outcome is that each B depends only upon the

1To evaluate the finite part of 2Im 282, one ought to retain the first e-correction as well.
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products mimg and |k|b, the rapidities y, y1, y2, and the azimuthal angle ¢ between b and
k.
Assembling together the various terms and prefactors we arrive at the following result:

< - AmimaGV8TG dnpl
As ai(b, k) = : Mai Mgy = B, 6.67
s.ai(b, k) V2sinh(y; — y2) m2m3 (6.67)
with
Mair = 2cosh(y; — y2)w€i%f{0(cz|k|b)
cosh(y1 — y)
cosh(y; — _ikb

+ 2 cosh(y1 — y2)coshgl—yz£e 2 Ko(c1]k|b)
cosh?(y1 — yo) £ { k: }

— 8 P 0Y | dy K, k|b) + Ki(calk|b .
cosh2(y — y) 2 Ko (c2|k[b) + \k|b 02 1(c2/k|b) (6.68)
cosh?(yy — y2) _,ko [ k b }

— " e7"2 |d1 K k|b K k|b
cosh?(y — o) ‘ 1Ro(erfkfb) = |k|b c1Ki(erfk|b)

2 2 b (1-22) K1 (OK[V/F)
blk| (cosh (y — y2) + cosh*(y1 — ) / da et — 7

Here, ¢;, d; and f are defined, respectively, in (6.52), (6.53) and (6.66). The above result
uses the transverse momentum k and rapidity y to represent the dilation’s momentum.
Note that Mg; is dimensionless and, when written in these variables, it is also independent
of the masses.

Depending on circumstances it can be more convenient to express (6.68) in terms of
the centre of mass energy w and angles 6, ¢ of the produced dilaton. One finds:

Asan(b, By = fmm;f;z_\/sﬁ
: {W Kd? N W) Ko(calk[b) + ,k‘bcﬂﬁ(cﬂk\b)}
* W [(dl + W) Ko(c1[k[b) — IZM clKl(clyk\b)}
N (m?(mk();;f;%(plky) /01 dxe;bk(l_gm)lw } (6.69)

where one should insert the relations given in equations (6.58), (6.59), (6.57) and write
explicitly the different scalar products.

The amplitude in impact parameter space (6.69), appropriately squared as in (6.41),
determines the differential spectrum of the number of emitted dilatons according to

. -2 Ak
dNai = |As.an(b, k)| ———.
ail ‘ 5,dil (b, )‘ )2

Equivalently, using the relation d®k = d?kd(|k|sinhy) = d?k|k| cosh ydy and the fact that
w = |k|coshy, one rewrite d Ny in the form

(87G)3mIm3
4(27)5 sinh?(y; — o)

(6.70)

dNgiy = |Maa|? d*kdy (6.71)
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with Mgy given in (6.68). Other useful relations that allow one to recast dNgj in different
forms are (6.57), (6.58), (6.59), together with

1
dkdy = 5dk2d¢czy = dwwd?*Q, k= wdwd*Q, d?Q = sin0dlde . (6.72)

It is easy to check that, if we interpret k and w as a classical wave-vector and a
frequency, respectively, (6.70) must have an extra factor 2! on its right-hand side. Indeed
the number of emitted dilatons per unit of phase space diverges in the 2z — 0 limit. On the
other hand the dilaton’s energy emission spectrum is simply obtained multiplying dNgj
by hw,

(87G)3m32m3
4(27)5 sinh?(y; — 2)
and has therefore a smooth classical limit.

dE4y = hw dNg; = |k| coshy | Mau|>d?kdy (6.73)

One can also compute less differential quantities, such as the frequency spectrum dNaiy

dw
dNgy -
“Zab integrated over the

frequency. It should be clear how the above considerations can be applied to the other

obtained after angular integration or the angular distribution

massless particles produced in the collision, in particular to the graviton in GR, where
we can also disentangle the two polarizations of the gravitational wave. Furthermore, in
principle, evaluating the integrals of our spectra corresponding to the total number or
total energy of the emitted particle one ought to reproduce the results derived in the
previous section.

So far we have been discussing waveforms, as well as number and energy differential
rates in the frequency (i.e. w) domain. Performing, at the level of the amplitude, one
more Fourier transform from w to the retarded time u, one can obtain the correspond-
ing waveforms and rates in the time domain and make contact with other results in the
literature [53-55].

7 Discussion and outlook

In this paper we provided a detailed derivation of the full 3PM eikonal in massive N’ = 8
supergravity from the two-loop 2 — 2 elastic amplitude. The real part of the eikonal
captures the classical deflection angle while its imaginary part is related to the total number
of massless particles emitted in the scattering process. This analysis explicitly shows the
necessity of taking into account contributions from the full soft region of the loop integrals
in order to obtain the correct results for the various physical observables, with a smooth
high-energy limit. This is done be using the appropriate boundary conditions of the key
scalar integrals entering the relevant differential equations for the classical limit.

We also showed how to rewrite the N' = 8 result so as to make the analyticity properties
and crossing symmetry manifest. These properties can be used to obtain a direct link
between certain terms of the imaginary part and the radiation-reaction contribution to
the real part which, in turn, determines the corresponding terms in the deflection angle.
The dispersion relation ensuring this relation makes it manifest that the radiation-reaction
contributions have a characteristic PN expansion which is shifted by a single power of the
velocity v with respect to the contribution arising from the potential region. However, in
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the ultrarelativistic limit, the two structures scale in the same way and cannot be separated.
In fact, as already discussed in [15], there are important cancellations of terms enhanced an
by extra-factor of log(s) and this ensures that the deflection angle for the massless case [32]
is smoothly reproduced. This 3PM result is a universal property of all gravitational field
theories in the two derivative approximation.

In section 6, the imaginary part of the 3PM eikonal was derived by following an
alternative approach where the 2 — 3 tree-level classical amplitude is used to calculate
explicitly the 3-particle cut. One can again use the same technical tools developed to
evaluate the 2-loop integrals relevant to the elastic two-loop process. In the N' = 8 case
we reproduce the same result for Im 265 as the one obtained from the evaluation of the full
two-loop amplitude, but this “direct unitarity” approach can be easily extended to obtain
Im 265, waveforms and fully differential spectra even for the case of pure GR. By following
this route we derived the radiation-reaction part of the 3PM eikonal for GR which, when
combined with the previous results [36, 37] for the potential region contribution, provides
the full 3PM eikonal for massive scattering in GR given in (6.28) and (6.29). This fully
amplitude-based approach reproduces the physical deflection angle derived in [47] by using
the linear response formula of [45].

Of course, a first natural generalisation of our analysis is to use again A/ = 8 massive
supergravity as a laboratory for studying the full soft-region contribution at 4PM. Very
recently, the potential contribution in GR was derived [74] and it would be certainly in-
teresting to complete that result by including the radiation-reaction and the tail effects so
as to extract a physical, IR-finite result for the deflection angle both in A/ = 8 and in GR.
More in general, the lesson of our 3PM analysis is that analyticity properties and crossing
symmetry can be very useful to organise the result and find connections between different
terms. On the practical side, this may simplify the derivation of (some parts of) the full
4PM eikonal. On the conceptual side it would be important to extend systematically the
discussion of the eikonal exponentiation to the inelastic terms: this presumably requires
to promote the eikonal phase to an operator containing creation and annihilation modes
for the massless particles that can be emitted in the process, see e.g. [57]. Another inter-
esting development would be to use the direct unitarity approach to continue the analysis
of gravitational waveforms, energy spectra and angular momentum emission at 3PM as a
step towards an extension to higher orders.

The generalisations mentioned above will also help to provide a more clear physical
interpretation of the radiation-reaction contributions to the deflection angle also beyond
the 3PM order. Again, working in a maximally supersymmetric setup will provide the
perfect arena to uncover the physical principles and technical shortcuts that can then be
applied in more general situations. Of course, an ambitious goal would be to provide a
complete post-Minkowskian, amplitude-based approach to the analysis of the inspiral phase
of gravitational binaries. In the spirit of [26, 27], it would be useful not to rely on gauge-
dependent intermediate results and obtain the relevant physical observables directly from
on-shell scattering amplitudes. This approach has been successful when restricted to the
conservative part of the problem, but, as this work hopefully illustrates, radiation effects
should be included in order to complete the programme.
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A Static boundary conditions

This appendix is devoted to the calculation of the (near-)static boundary conditions that
are employed in the body of the text to obtain the solutions of the differential equations in
the soft region. Our goal is thus to evaluate the leading asymptotics of the master integrals
as x — 1. We shall first focus on the III family, from which most of the integrals appearing
in the IX family can be deduced, to then move to the H family.

Let us begin by discussing those master integrals that can be actually evaluated for
generic = because they effectively reduce to iterated one-loop integrals, as is the case for
fim,1, funs and frpg. The first master integral can be written in the form

1
fHI,l:_equ// 2 _ N2 —iM2(/2 — 2’
0 Jo, (01 + Lo + q)% — 10) (47 — i0)2 (45 — i0)

(A1)

after sending 1 — £1 + ¢ and £5 — f5 4+ q. Feynman’s —i0 prescription has been explicitly
spelled out in eq. (A.1), but it will be mostly left implicit from here on. Using Schwinger
or Feynman parameters one obtains (see e.g. [41, eq. (A.7)])

(A.2)

/ 1 _ el 2—e—a)l2—e- BT (atf+e—2)
¢ () ((C+q)?)P T(@T ()T (4 —a—f—2¢) (@)rfre2 ’

and applying eq. (A.2) twice, once for each loop integral, the integral (A.1) yields the first
relation (3.29a). For fir5, sending £1 — ¢1 4+ ¢ and recalling that u, us are orthogonal to
q, we obtain instead

fms=[ [ ca (A3)
T o Je @un 6)(=2us - 6) (6 + @)2B((6 + £2)2)° '
The integral over ¢5 can be evaluated by means of eq. (A.2), obtaining
F'l4+eI'(1—¢TI(—¢) / e3¢
— oVEE . A4
fms =e T (1-2¢) ¢ (2ur - 0)(=2ug - £)(£ + q)2(2) 1+ (49
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Going to Schwinger parameters, the remaining integral takes the form
PA—el(=¢€) 5,
I'(1—2e¢)
2 (A.5)

dsids _ 515297 9 4 5
% / 1 21_6 sSe it / di1dty e~ FEH2(-y=i0)trta+5]
R2 (514 s2) R2

27EE

fis =e

One is therefore left with the elementary integral

, 1 [ dt 1 ;
/2 dtydty e~ [B+2(—y=i0)tit2 3] _ 5/ - & _ logx +im 7 (A.6)
R3 0 +2(—y—i0)t+1 27

and with a standard integral over Feynman parameters

3152q2

/ dsidsg sSe s1tsz T (1+ 2¢) /1 dx F'(142¢)T (—e) T (—2¢)
R 0 $1+26(

(s1+s2)lmc (¢?)1F%

1— qu)1+e o (q2)1+26I‘ (_36)

2

+
(A7)

Substituting these two integrals into eq. (A.5) then gives the expression (3.29¢). As far as

fim g is concerned

o=~ |
11,8 0 Joy (2uy - 00)203((0y + b2 — q)2)2

the integral over {2 can be again evaluated thanks to eq. (A.2), so that

(A.8)

e T4+ - T (—¢) e3q
fmg = —e T (1—2¢) /K (2u1 - O)((£ = q)?) 1+ (A.9)

This integral can be tackled with Schwinger parameters, obtaining

2
515249

P ST (1 —¢€) T (—e) dsidsg s§ e s1ts2 [ g (A.10)
11,8 q T(1— 2 ) 3, . .
( ) RZ  (s1+ s2)2 0

JT

The integral over ¢ yields 5~ while the remaining integration over s; and sz can be handled
in a manner similar to the one in eq. (A.7), eventually retrieving (3.30a).

The simplest master integral with a genuine two-loop structure is fir1,6, which can be
put in the form

- e3(1 — 6e)
Jime = /Zl /b (2uy - £1)(—2uy - £2)03 (€ + q)% (1 + £2)?

(A.11)

sending o — 2 + q. Going to Schwinger parameters affords

_titatz 2
T

q
fIII 6 — 63(66 - 1)627E6 dtl dtg dtg 67 dt4 dt567(t23t‘21+2t3t4t5+t13t§) s (A.12)
’ R3 {]ﬂl__ﬁ R2
+ +
where
T(t1,ta,t3) = tite + tots + t3t1, ti13 =11 +13, tog =12 +13. (A.13)

— 66 —



The integral over t4, t5 can be evaluated by imitating the steps followed in eq. (A.6),
although the discriminant of the relevant quadratic polynomial is negative in this case. We
thus find

t1taty 2
_tatats .
fire = 63(66 — 1)@271;6 /[R3 dty dto dts 627172_6 (;T — arctan \/?)T) . (A.14)
T 2

Performing the integral with respect to the overall scale according to

1= /0 D202 —T), (b1, tet3) = Az, 9, 2) (A.15)
then leads to
['(2¢) dx dydz T
— 3 _ 2vpe o ~
firre = €”(6e — 1)e () /Ri (y2)" 0(1—T(x,y,z2)) [2 arctanz] . (A.16)

At this point it should be noted that the integration is completely symmetric under per-
mutations of z, y and z, so that the factor within square brackets can be replaced by its

permutation average

[g — arctan z] — E - é (arctan x 4 arctan y + arctan z)] . (A.17)
Furthermore, since'?
arctan r + arctany + arctan z = g for T(xz,y,2) =1, (A.18)
we have
fiits = € (6c — 1)e27e¢ 2(22)62)7; N mau —T(z,y,2)). (A.19)
Letting

T=yz, J=zr, J=zx (A.20)
finally reduces the integral to a multivariate Beta function

I'(2¢) w dz djdz
(¢*)* 6 Jrz (wyz)%JrE

fire = € (6e — 1)e?7E¢ S(1—2—9-2), (A.21)
which allows one to read off eq. (3.29f).

The master integrals fii1 2, fir,3 and fir4 are instead more challenging as they depend
on z in a nontrivial manner. Their static limit must be discussed with care, since setting x =
1 in the integrand in an ordinary fashion fails to capture certain non-analytic contributions
that behave as (1 —x)~2¢ in the static limit. These singular static terms are actually crucial
to retrieve the imaginary parts of the boundary conditions. We shall therefore distinguish
these two types of terms as ordinary and singular static contributions.

12This can be seen by first noting that log(1 + iz) + log(1 + 4y) + log(1 + iz) = log(i(z + vy + z — zyz))
with ¢ +y + 2z — zyz > 0, if T'(z,y, 2) = 1, and then taking the imaginary part.
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To discuss these integrals, let us first introduce the shorthand notation

G]7k = G07j7j7070707k7171 ) (A'22)

where the labels (7, k) can take values (1,1), (1,2) or (2,1), so that explicitly

S~ [ J, o @ RGO
after shifting ¢; — ¢; + q. Going to Schwinger parameters then affords
i
Gy = 2Ee /R . dty by dty 57— G (A.24)
where we defined
Gj= /Rz dty dts (tats) e tatit2a(y—iO)tats Hasti] (A.25)
+

Here T, t13 and to3 are as in eq. (A.13). We can deal with integrals of this type paralleling
the steps in eq. (A.6), which leads to

log (— t3y + /722 — T +i0) — log ( — t3y — \/72t2 — T +i0
oy (o PR T ) o (= PR T )
4y/7%E — T 40

1+ 2yt3 G
=— . A2
@2 = g T 1) (4.27)

Now we consider the static limit 7 — 0%. A first option in this respect is to simply
interchange the limit and the integral sign in (A.24), which corresponds to enforcing the
following scaling limit,

t1, to, t3 ~ O(TO) (7’ — 0+) (A.28)

in (A.26) and (A.27). This gives rise to the ordinary contributions

(0) _ 1+ 2t3 Ggo)

t3
T 4 arctan —= G
arctan ) 4

ot~ i o ]
boovT L2 VTl

Plugging these values back into eq. (A.24) and integrating out an overall scale according
to eq. (A.15), we find

(A.29)

0 I(—24j 2 lg;
Gg. ) — 2me (Z2+j+k+2) / 2 9;(2) 0(1—T(x,y,2))dedydz, (A.30)
’ R

k i—1( 42\ —2+7+k+2 —24j+k+2
P (g?)TEHI R Jpy (wyz)TEH R

where

T 4 arct =1

gi(z) = { 2 TS U=1 (A.31)

j - :
1+ 2z (5 +arctanz) (j=2).

The simplest case is j = k = 1, for which we find

0 r(2 251 — zy — yz —
G = e (6)/ 30— 2y —yz — 2a) dz dydz, (A.32)

MO (oy2)
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after symmetrizing under permutations of the three variables and making use of the iden-
tity (A.18). Employing the change of variables (A.20) then gives

—

3
]__‘ L
G\’ = 7;(222)? - Eg - 32) e?7Ee (A.33)

and hence, in view of the prefactor 7 appearing in the definition of fi12, we see that the
boundary condition for fi2 receives no contribution from the ordinary static region

fI(IOI),2 =1 0. (A.34)
For the evaluation of the remaining two integrals, we refer to appendix A.1 and quote

here the final results

‘ s (- T (i)
alo) _ eQVEEF(l +2€) | 1 ['(—e¢) LT 2 2 (A.35)
1,2 (q2)1+2€ 6(1 + 26) T (—36) 3 r (% . 36) )
- 2
1 1
o) 627EEI‘(l +2€) | 1+3e T'(—¢)? N EF (_i - 6) I (5 - 6) (A.36)
2,1 (g2)H2 | 6(1+2¢)T(—=3¢) 6 T (% _ 36) ' '

In view of (A.35) and of the prefactor 7 appearing in the definition of fir3 we thus obtain

Fitsl,y =0. (A.37)
Furthermore,
fI(IOI)A =1 — ¢’ (Ggoi te Ggo%) 5 (A.38)
so that (A.35) and (A.36) give
0) e2vEe (1 — 6)3 2T <% _ 6>3
Fiitale—r = @7 LU+ | pg g ~ ?m . (A.39)

However, a second option is available when performing the static limit. Indeed, note
that setting 7 = 0 in the expressions (A.26), (A.27) one neglects a nontrivial region cor-
responding to large t3 that give rise to an imaginary part for any nonzero 7. To capture
these contributions, we consider the scaling limit,

t1, to ~ O(7Y), t3 ~ O(T77%) (r—01) (A.40)
in (A.26) and (A.27). To leading order in this limit, we thus obtain the singular static
contributions

T
~ B b
274/t3y /13 + ;tlﬁfjlo

G~ - l , (A.41)

G(S)
1 — 3
473/ (t3 + =1zt
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where t19 = t; +t2. We now employ these asymptotics to evaluate eq. (A.24), where we also
need to expand the integrand to leading order according to the scaling relations (A.40).
Changing variable

—t120 + iO)
ts=\—35— A.42
3 ( 2 )7 (A.42)
in the t3 integration, we then find
. it 2 .5

jr(—1)7—1 T 0\ F—2+€ poo g, kti—gte
Ggs]z ~ %627E5 dty dto ¢ 7j—c ( 12;_ ‘ ) / 72271 . (A.43)

" = f12 7 0 F(z41y2

The integration thus factorizes and the resulting integrals can be reduced to Euler Beta
functions. To leading order in 7 we therefore have

,L'ﬂ. eZﬂ'G

62’7E6
72j+2k—5+2¢

G} ~ (m1)F

T(k+j 242073 —k—j—20°T@2—k—T(k+jte—3) A4
21 (q2)k+I=2420(6 — 2k — 2] — 4€)T'(j — 3) ’
or more explicitly
25 T(26) T (1 —2e)*T (1 — )T (=1 +¢
Ggsi ~ —irlm2egime S v oe ( 2 ) , (A.45)
’ (¢%) 2T (2~ 4€)T ()
2ype T (1+426)T(—2€)°T (—e)T (L + ¢
Ggsg ~ i T IT2egime 62 o (2 ) , (A.46)
’ (¢%) 20 (—4e)T (1)
2ype (14 2€)T(=2€)? (—e)[ (—e) T (L + ¢
Gési ~ T 17266’Lﬂ'€ 62 T (2 ) (A.47)
’ (¢%) 2T (—4e)T (})

In view of the additional power of 7 involved in the definitions of fi12 and firr3, we see
that their singular static contributions are

fI(ISI),2’x:1 =0, (A.48)
/2078 )266F(1 +2)T(1 — 26)2I(1 — €)T (% + 6)

(s) N m(
vl (1—a)q? 20(1 - 4e)0 (})

Juns

(A.49)

Since the corresponding ordinary static contributions are trivial, as discussed above, we
therefore retrieve egs. (3.29b) and (3.29c). Conversely, for fiir4, we encounter the combi-
nation

Bl ~ €4 (G5 +€G13) (A.50)
which vanishes to leading order due to a cancellation that occurs between egs. (A.46)
and (A.47). The first subleading contribution, which must be evaluated retaining the
next order in the expansion (A.41), is also zero because it gives rise to scaleless integrals.
Therefore, the boundary condition (3.29d) is entirely dictated by the ordinary static con-
tribution (A.39).
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The boundary conditions (3.30b), (3.30c) for fiirg and fir10 can be discussed in a
similar manner: one first explicitly performs the integrals with respect to the Schwinger
parameters associated to the massive lines, and then discusses the static limit of the re-
maining integrals distinguishing between ordinary (A.28) and singular (A.40) scaling. The
leftover integrals are either elementary or can be evaluated systematically using the Mellin-
Barnes representation. The final result is that eq. (3.30c) and the first line of eq. (3.30b)
emerge from ordinary static contributions, while the second line of eq. (3.30b) emerges
from singular static contributions.

The remaining boundary condition for fi77 can be instead discussed as follows. In

2

view of the prefactor 7%, nontrivial contributions to the static limit can only emerge from

the leading singularities of the integral G7 = G111,1,1,1,100 as ¥y — 1. These can be

sty Lytydydydy

evaluated by first writing the integral as

I e e _titaty 2
G7 = e“E /5 dtl dtQ dth e T 4 I4, (A.51)
RJr
where
4
t
Iy = / dtydts dtgdt; e MW | 5] (A.52)
RY 173
7
and
l23 ta3(—y —i0) 13 t3(—y —i0)
M(y) = ta3(—y — i0) t23 t3(—y —i0) t3 (A.53)
t3 t3(—y — iO) t13 t13(—y — iO)
t3(—y — ZO) t3 t13(—y — ZO) t13

Singularities as y — 1 in eq. (A.52) arise from the direction in t-space where the exponent
vanishes, i.e. from the zero-modes of M(1). To highlight them let us introduce

1 1 0 0
k= (1) . k= _01 . aq= (1) , A= (1) , (A.54)
0 0 1 -1
and change variables to
t:%k¢+§k+%qL+gq. (A.55)

In this fashion, 8, b parametrize the directions along the two independent zero modes q,
k of M (1) and «, a parametrize the orthogonal directions q,, k. Therefore, to leading
order small positive 7, we find

(=72-i0)

I4 ~ jl/RZ e*(t1302+2t3aa+t23a2)da da /R2 eff(tl3b2+2t3bﬁ+t23ﬁ2)dﬁ db
+ (A.56)

il <7T arcta t3)
= — — —arctan — | .
2727 \ 2 JT
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Note the appearance of a 72 singularity as 7 — 0. Substituting into eq. (A.51), the
resulting integral over ¢1, to and ¢3 can be tackled in a manner analogous to fir16 discussed
above. The final result indeed reproduces (3.29g) as the overall factor of 72 and the 72
singularity cancel out.

Let us now briefly comment on the boundary conditions for the IX family. In view of
egs. (3.59), all master integrals for the IX family can be deduced from the ones discussed
for the III family except fix,10 and fix 14. The derivation of the corresponding boundary
conditions (3.61) proceeds in a manner similar to the ones for fi17 and fir10. The crucial
point is that, for these topologies, the singularities arising as 7 — 0 are not sufficiently
strong in order to compensate the overall factors of 72 or 7 appearing in their definitions,
so that the static limit eventually gives zero.

Moving to the H family, let us first recall that some integrals coincide with those
appearing in the III family by eq. (3.76). The master integrals fu2, fu3, fua4 can be
directly evaluated via Schwinger parameters. Direct evaluation is also viable for the last
three integrals appearing on the right-hand side of the definition (3.68;j) of f 10. To discuss
the boundary condition for fy g, it is again necessary to distinguish between ordinary and
singular static contributions to the small-7 limit of G 11,00,1,1,01. One can verify that
the ordinary static contributions cancel between the two terms on the right-hand side of
the definition (3.68h) of fig. The corresponding boundary condition (3.78d) is therefore
entirely due to the singular static contributions to Go.1,1,0,0,1,1,0,1. Finally, the (ordinary)

static limit of the integral
Gs=G-111,-11,1,1,11 (A.57)

I e I e b Rt et )

appearing on the left-hand side of the definition (3.68j) of f,10 can be discussed as in
appendix A.1l, obtaining

0  €2E¢ [2I(2e — 1)I'(1 —¢)? [(e)’I'(1 — )4

 (g?)tt2e e2T(1 — 3e) el(1 —26)T(2 — 2€) | (A.58)

The discussion of the odd integrals proceeds in a similar fashion. The integral fi 11 can
be evaluated directly since it is independent of x, while the boundary condition for fg 12
given in eq. (3.79b) emerges both from the ordinary static region (first line) and from the
singular static region (second line).

A.1 Evaluation of Gg‘g ) Gg:i and Géo)

Let us consider a family of integrals which naturally encompasses the ordinary static limit
of the general integrals Gy, . ;, in eq. (3.15),

1
Jir, iy = / / 11 1992 113 14 115 1Ni6 7i7 (A.59)
where
D1 = —2u- 61 s D2 = —2u- 62 s (AGO)

with u = —1 and u - ¢ = 0, together with

Dy=1(}, Dy=105, Ds=(l1+0—q)*, D¢=(l1—q)*, D7=(l2—q)*. (A.61)
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In particular, comparing with eq. (A.22)
Gl = Ti5000k11 (A.62)

Integration by parts reduction performed with LiteRed allows one to express the de-
sired integrals Ggog and Géoz in terms of Gg?% and of the (elementary) integral

I(—1+42¢) (1 —e)?

= = e2VEe A.
Go = Jop,001,11 =€ (@) 7% (3= 30 (A.63)
according to
) _ (=1 4+ 2€)(—2 + 3¢)(1 — 3¢) 2¢(—1 + 6Ge) (0)
G1,2 - E(]_ + 26)(q2)2 GO + (1 T 26)(]2 GLl y (A64)
(0 (=14+2¢)(=2+3¢)(—1+ 9¢2) e(—1 4 6€) (o) A
Ca1 = e(1+ 2¢€)(¢?)? Go+ (1+2¢)q2 B (4.65)

Substituting egs. (A.33) and (A.63) into these expressions yields eqgs. (A.35) and (A.36).
A similar strategy can be applied to the evaluation of the ordinary static limit of G5
in eq. (A.57). The relevant relations in this case are

G = oo (A.66)
nd (2-30(1-3¢)
2(2 — 3¢)(1 — 3¢ 1— 2¢
J0,0,1,1,1,1,1 = 241 J0,0,0,0,1,1,1 + - J0,0,1,1,0,1,1 - (A.67)

The first integral on the right-hand side coincides with Gy given in eq. (A.63), while the
second one easily evaluates to

(A.68)

e2vee [D(1 - €)2I(e) ]
Jo,0,1,1,01,1 = @)% | T(2-2¢ :

Substituting eqs. (A.63) and (A.68) into the decomposition (A.67) leads to the result (A.58)
given for Ggo) in the previous appendix.

B Non-relativistic limit and PN expansion

In this appendix we classify the different contributions according to whether they corre-
spond to an integer (Z) or half-integer (Z + 1/2) term in the PN expansion.

Concerning the PN classification of the different contributions we use the following
standard terminology:

« A contribution to the scattering angle x ~ G™vP is mPM and nPN with n =m + £.
o A contribution to the eikonal phase é,,_1 ~ G™vP is mPM and nPN with n = m+%.

« A contribution to the amplitude A,,—1 ~ G™vP is mPM and nPN with n = m—1+£.
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We will carry out the classification at each loop (PM) order using that o2 — 1 ~ v?

and log z ~ v.
o Tree level (1PM)
This is, by definition, OPN and corresponds to:

_ G G
Ag ~ (0% = 1)° = 5y ~ (0% —1)7V/2; Xo~ -~ 3 (B.1)

e One loop (2PM).
Here OPN is defined by

G? G*  G?

e W gE Y (B-2)

X1~ Xg ~

The super classical contribution, eq. (4.8), has n = § (it has an extra J/h ~ v)
The O(q~!) classical contribution, eq. (4.9), is indeed OPN.

The remaining quantum terms behave as follows:

At O(Y):
ReA; ~ (62 —1)7%2 = n =0,
1
ImA; ~ (6?2 —1)"' =2 n= 5 (B.3)
At O(e):
ReA; ~ (62 —1)"%2 = n =0,
mAs~(o? 1) 5 n=— (BA)
o Two loop (3PM).
Here the situation is richer. The OPN order is given by:
by ~ G302 = 1) = AN © (62 —1)72 (B.5)

For the O(e~2) (IR singular) terms in (5.10) we find, for both the superleading (real)
and the classical contributions:

ReAP) ~ (02— 1) P = Redy~ (02— 1)32 = n=1,

A ~ (0? = 1) > Imdy ~ (07 = 1) 2 = n =, (B.6)

| =

meaning that Re Ag) is ZPN while Im Aé” is (Z +1/2)PN.
For the O(e™!) (i.e. IR finite in b-space) terms in (5.11) we find,

— (5.11a): Ay ~ G302 —1)"2 = n =0~ ImAs;
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(5.11b): Ay ~iG3(02 — 1)%/2 = n =1/2 ~ Re A9 5y;
(5.11c): Re Ay ~ G3(c2 = 1)73/2 = n=1/2,

Im Ay ~ G3(6%2 — 1)73/2 = n = 1/2, with a log v-enhancement;

— (5.11d): Re Ay ~ G = n=2,ImAy ~ G3(c? = 1)1/2 = n=5/2;
(5.11e): ReAy ~G3(0? —1)2 =n=0~ ImAge)do,

Im Ay ~ G3(02 = 1)73/2 = n = 1/2 ~ Re AlV6y;

— (5.11f) : Re Ay ~ G3(0? —1)73/2 = n=1/2,

Im Ay ~ G3(0? — 1)7%/2 = n = 1/2, with a log v-enhancement |

where we have indicated by AY) the O(e) terms in (4.10), (4.11) (recall that 6y ~ €~ 1).

Note that imaginary parts are all (Z+ 1/2)PN but the new contributions are distinguished
by exhibiting an extra logv enhancement. This makes the corresponding real parts to
be also (Z + 1/2)PN. For the usual (Z + 1/2)PN imaginary parts the corresponding real
parts are ZPN. We should also mention that in (5.11c) and (5.11f) the leading 0.5PN term
cancels both in the real part and in the logarithmically-enhanced imaginary part so that
their sum is 1.5PN (it becomes 2.5PN in pure Einstein gravity as discussed in [47] and [49],
and after equation (6.29)).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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