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Abstract

It is shown how the extended conformal Einstein field equations and a gauge based on the
properties of conformal geodesics can be used to analyse the non-linear stability of Einstein
spaces with negative scalar curvature. This class of spacetimes admits a smooth conformal
extension with a spacelike conformal boundary. Central to the analysis is the use of con-
formal Gaussian systems to obtain a hyperbolic reduction of the conformal Einstein field
equations for which standard Cauchy stability results for symmetric hyperbolic systems can
be employed. The use of conformal methods allows to rephrase the question of global exis-
tence of solutions to the Einstein field equations into considerations of finite existence time
for the conformal evolution system.

1 Introduction

In the mathematical Relativity literature, for a Cosmological spacetime it is usually understood
a spacetime with compact spatial sections. Understanding the long-time evolution of generic
examples of these spacetimes in, say the vacuum case, is one of the open challenges in the area.
Although generic initial data is expected to form singularities towards the future, it is never-
theless essential to adress the stability of those solutions which are known to be geodesically
complete. The fundamental example of a geodesically complete Cosmological spacetime is given
by the de Sitter spacetime. Its non-linear stability was analysed in the seminal work by Friedrich
[8, 7]. A central aspect of this result is the use of conformal methods to transform the question
of the global existence of solutions to a finite existence problem. An alternative approach to the
study of the non-linear stability of vacuum Cosmological solutions to the Einstein field equations
by means of so-called CMC foliations has been used by Andersson & Moncrief [2, 3] to prove
the non-linear stability of 4-dimensional Friedmann-Lemâıtre-Robinson-Walker (FLRW) vacuum
solutions. Using similar methods, in [5] Fajman & Kröncke studied the non-linear stability of
large classes of Cosmological solutions to the vacuum Einstein field equations with a positive Cos-
mological constant in arbitrary dimensions. These solutions are characterised by having spatial
sections with constant scalar curvature which can be either positive or negative. The purpose
of this article is to show that, in four dimensions, the stability results for spacetimes with spa-
tial sections of constant negative curvature given in [5] can be addressed via a generalisation of
the conformal methods developed by Friedrich [8, 9, 10, 12] —see also [19]. The analysis of the
case positive constant curvature is essentially contained in the original results in [8] —see also
[17]. The use of conformal methods in the stability problem considered in this article provides
alternative information and insights into the evolution of Cosmological spacetimes.
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†E-mail address:j.a.valiente-kroon@qmul.ac.uk

1



Conformal methods in the analysis of de Sitter-like spacetimes

In what follows, for a de Sitter-like spacetime it is understood a vacuum Einstein spacetime
with a positive value of the Cosmological constant and compact spatial sections. General results
on conformal geometry show that if these spacetimes admit a conformal compactification à
la Penrose then the conformal boundary of the spacetime must be spacelike —see e.g. [19],
Theorem 10.1. Following the standard usage, we refer to the conformal extension of a de Sitter-
like spacetime as the unphysical spacetime. The usefulness of this conformal extension lies in
the fact that points representing the infinity of the physical spacetime (e.g. the endpoints if
timelike geodesics) are mapped to a finite location in the unphysical spacetime. These points are
characterised by the vanishing of the conformal factor.

In the particular case considered in the present article, we consider de Sitter-like spacetimes
which can be conformally embedded into a portion of a cylinder whose sections have negative
scalar curvature. The conformal embedding is realised by means of a conformal factor Θ which
depends quadratically on the affine parameter τ of special curves which are invariants of the
conformal structure. These curves are known as conformal geodesics, and the affine parameter is
used as a time coordinate for the physical metric.

Key in the conformal approach is that the unphysical metric provides a solution to the con-
formal Einstein field equations —i.e. a conformal representation of the vacuum Einstein field
equations which provides equations which are regular up and beyond the conformal boundary
[6, 19]. These equations allow to avoid the difficulties produced by the fact that the direct ap-
plication of conformal transformation laws into the Einstein equations leads to equations with
singular terms. In the present article we make use of a more general version of these equations,
the extended conformal Einstein field equations expressed in terms of a Weyl connection —i.e. a
non-metric torsion free connection which preserves the causal structure. This version of the con-
formal equations allows the use of conformal Gaussian coordinate systems in which coordinates
are propagated along conformal geodesics —rather than along standard geodesics as is done in
the usual Gaussian systems.

As already mentioned, the appeal of conformal methods in the study of solutions to the
Einstein field equations lies in the observation that local results for the unphysical spacetime can,
in principle, be translated into global results for the physical spacetime. In original formulation
of the conformal Einstein field equations the conformal factor realising the conformal embedding
of the physical spacetime into a compact manifold is an unknown of the problem. However,
remarkably, the use of conformal Gaussian coordinate systems provide a natural conformal factor
which singles out a representative in the conformal class of the spacetime. Accordingly, the
location of the conformal boundary is known a priori, thus simplifying further the analysis of
the evolution equations. The extended conformal Einstein field equations expressed in terms of a
conformal Gaussian system can be shown to imply a conformal evolution system which takes the
form of a symmetric hyperbolic system —i.e. a class of evolution systems for which there exists
a well-developed existence, uniqueness and stability theory [16].

The main result

In the following, let (S, γ̊) denote a compact and complete 3-dimensional Riemannian manifold
with negative constant curvature. Then the Lorentzian metric given

˚̃g = −dt⊗ dt+ sinh2 tγ̊ (1)

is an Einstein space over R × S which is geodesically complete and for which the Cosmological
constant takes the value λ = 3. Our main result can be formulated, in formally, as follows:

Theorem. Given smooth initial data (h,K) for the Einstein field equations on S which is suitably
close (as measured by a suitable Sobolev norm) to the data implied by the metric (1), there exists
a smooth metric g̃ defined over [0,∞) × S which is close to ˚̃g (again, in the sense of Sobolev
norms) and solves the vacuum Einstein field equations with Cosmological constant λ = 3. The
spacetime ([0,∞)× S,˚̃g) is future geodesically complete.

A precise formulation of the result is given in Theorem 1 in Section 8. The construction of
the initial data required in the above result has been analysed in [20].
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Outline of the article

The present article is structured as follows: Section 2 provides the required background on the
extended conformal Einstein field equations required for the analysis in this article —this discus-
sion is not only restricted to the equations but also involves the associated constraint equations
and the notion of conformal geodesics which will be used to fix the gauge. Section 3 provides an
analysis of the background spacetimes (Einstein spaces with spatial sections of constant negative
curvature) in the light of the conformal Einstein field equations. In particular, this section gives
a conformal extension of these spacetimes arising from a certain class congruences of conformal
geodesics. Section 4 provides an analysis of the conformal evolution system which will be used in
the main stability argument and its relation to the actual extended conformal Einstein field equa-
tions, including the so-called propagation of the constraints. Section 5 contains a brief discussion
of the initial data for the conformal evolution equations and how it can be constructed. Section 6
contains the main existence and stability analysis of the conformal evolution equations. Section
7 provides a discussion of the future geodesic completeness of the perturbed spacetimes. Finally,
Section 8 contains a precise statement of the main Theorem of this article and some concluding
remarks. In addition, the article contains two appendices: Appendix A provides a summary of the
main technical tool in this article —Kato’s existence and stability result for symmetric hyperbolic
systems. Appendix B provides a brief discussion of the geodesic completeness of the background
solutions.

Notations and conventions

Throughout we mostly follow the notations and conventions of [19] except from the fact that
the sign of the Cosmological constant for de Sitter-like spacetimes is taken to be positive. The
signature of Lorentzian metrics is taken to be (−+ ++). Throughout the Latin letters a, b, c, . . .
denote spacetime abstract indices indicating the tensorial character of the various objects while
the letters i, j, k, . . . correspond to spatial abstract indices. The boldface indices a, b, c, . . . will
be used as spacetime frame indices ranging 0, 1, 2, 3 while i, j, k, . . . range over 1, 2, 3. The
Greek indices µ, ν, λ, . . . play the role of spacetime coordinate indices and α, β, γ, . . . are spatial
coordinate indices. In addition to the index notation described above, when convenient, we also
make use of an index-free notation —e.g. a metric tensor can be described, alternatively, by g
or gab. Associated to a given metric g we also make use of the musical isomorphisms ] and [ to
denote the raising and lowering of indices of tensorial objects away from their natural position.

Our conventions for the curvature are given by the equation

∇a∇bvc −∇b∇avc = Rcdabv
d.

2 The extended conformal Einstein field equations

The main technical tool of this article is given by the extended conformal Einstein field equations
—see [10, 11]; also [19]. This system of equations constitute a conformal representation of the
vacuum Einstein field equations written in terms of Weyl connections. A solution to the extended
conformal equations implies a solution to the vacuum Einstein field equations away from the
conformal boundary. In this section we provide a brief discussion of this system geared towards
the applications of this article. A derivation and further discussion of the general properties of
these equations can be found in [19], Chapter 8.

Throughout this article let (M̃, g̃) with M̃ a 4-dimensional manifold and g̃ a Lorentzian metric
denote a vacuum spacetime satisfying the Einstein field equations with Cosmological constant

R̃ab = λg̃ab. (2)

Let g denote an unphysical Lorentzian metric conformally related to g̃ via the relation

g = Ξ2g̃

with Ξ a suitable conformal factor. Let ∇a and ∇̃a denote, respectively, the Levi-Civita connec-
tions of the metrics g and g̃.
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2.1 Weyl connections

A Weyl connection is a torsion-free connection ∇̂a such that

∇̂agbc = −2fagbc.

It follows from the above that the connections ∇a and ∇̂a are related to each other by

∇̂avb −∇avb = Sac
bdfdv

c, Sac
bd ≡ δabδcd + δa

dδc
b − gacgbd, (3)

where fa is a fixed smooth covector and va is an arbitrary vector. Given that

∇avb − ∇̃avb = Sac
bd(Ξ−1∇aΞ)vc,

one has that
∇̂avb − ∇̃avb = Sac

bdβdv
c, βd ≡ fd + Ξ−1∇dΞ.

In the following, it will be convenient to define

da ≡ Ξfa +∇aΞ. (4)

In the following R̂abcd and L̂ab will denote, respectively, the Riemann tensor and Schouten
tensor of the Weyl connection ∇̂a. Observe that for a generic Weyl connection one has that
L̂ab 6= L̂ba. One has the decomposition

R̂cdab = 2Sd[a
ceL̂b]e + Ccdab,

where Ccdab denotes the conformally invariant Weyl tensor. The (vanishing) torsion of ∇̂a is
denoted by Σ̂a

c
b. In the context of the conformal Einstein field equations it is convenient to

define the rescaled Weyl tensor dcdab via the relation

dcdab ≡ Ξ−1Ccdab.

2.1.1 A frame formalism

Let {ea}, a = 0, . . . ,3 denote a g-orthogonal frame with associated coframe {ωa}. Thus, one
has that

g(ea, eb) = ηab, 〈ωa,ωb〉 = δb
a.

Given a vector va, its components with respect to the frame {ea} are denoted by va.
Let Γa

c
b and Γ̂a

c
b denote, respectively, the connection coefficients of ∇a and ∇̂a with respect

to the frame {ea}. It follows then from equation (3) that

Γ̂a
c
b = Γa

c
d + Sab

cdfd.

In particular, one has that

fa =
1

4
Γ̂a
b
b.

Denoting by ∂a ≡ eaµ∂µ the directional partial derivative in the direction of ea, it follows then
that

∇aT bc ≡ eaaωbbωcc(∇aT bc),
= ∂aT

b
c + Γa

b
dT

d
c − Γa

d
cT
b
d,

with the natural extensions for higher rank tensors and other covariant derivatives.
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2.2 The frame version of the extended conformal Einstein field equa-
tions

In this article we will make use of a frame version of the extended conformal Einstein field
equations. In order to formulate these equations it is convenient to define the following zero-
quantities:

Σ̂a
c
bec ≡ [ea, eb]− (Γ̂a

c
b − Γ̂b

c
a)ec, (5a)

Ξ̂cdab ≡ P̂ cdab − ρ̂cdab, (5b)

∆̂cdb ≡ ∇cL̂db −∇dL̂cb − dad̂abcd, (5c)

Λbcd ≡ ∇adabcd, (5d)

where the components of the geometric curvature P̂ cdab and the algebraic curvature ρ̂cdab are
given, respectively, by

P̂ cdab ≡ ∂a(Γ̂b
c
d)− ∂b(Γ̂acd) + Γ̂f

c
d(Γ̂b

f
a − Γ̂a

f
b) + Γ̂b

f
dΓ̂a

c
f − Γ̂a

f
dΓ̂b

c
f ,

ρ̂cdab ≡ Ξd̂cdab + 2Sd[a
ceL̂b]e,

where L̂ab and dcdab denote, respectively, the components of the Schouten tensor of ∇̂a and the
rescaled Weyl tensor with respect to the frame {ea}. In terms of the zero-quantities (5a)-(5d),
the extended vacuum conformal Einstein field equations are given by the conditions

Σ̂a
c
bec = 0, Ξ̂cdab = 0, ∆̂cdb = 0, Λ̂bcd = 0. (6)

In the above equations the fields Ξ and da —cfr. (4)— are regarded as conformal gauge fields
which are determined by supplementary conditions. In the present article these gauge conditions
will be determined through conformal geodesics —see Subsection 3.1.1 below. In order to account
for this it is convenient to define

δa ≡ da − Ξfa − ∇̂aΞ, (7a)

γab ≡ L̂ab − ∇̂a(Ξ−1db)−
1

2
Ξ−1Sab

cddcdd +
1

6
λΞ−2ηab, (7b)

ςab ≡ L̂[ab] − ∇̂[afb]. (7c)

The conditions
δa = 0, γab = 0, ςab = 0, (8)

will be called the supplementary conditions. They play a role in relating the Einstein field equa-
tions to the extended conformal Einstein field equations and also in the propagation of the con-
straints.

The correspondence between the Einstein field equations and the extended conformal Einstein
field equations is given by the following —see Proposition 8.3 in [19]:

Proposition 1. Let
(ea, Γ̂a

b
c, L̂ab, d

a
bcd)

denote a solution to the extended conformal Einstein field equations (6) for some choice of the
conformal gauge fields (Ξ, da) satisfying the supplementary conditions (8). Furthermore, suppose
that

Ξ 6= 0, det(ηabea ⊗ eb) 6= 0

on an open subset U . Then the metric

g̃ = Ξ−2ηabω
a ⊗ ωb

is a solution to the Einstein field equations (2) on U .
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2.3 The conformal constraint equations

The analysis in this article will make use of the conformal constraint Einstein equations —i.e.
the intrinsic equations implied by the (standard) vacuum conformal Einstein field equations on
a spacelike hypersurface. A derivation of these equations in its frame form can be found in [19],
Section 11.4.

Let S denote a spacelike hypersurface in an unphysical spacetime (M, g). In the following let
{ea} denote a g-orthonormal frame adapted to S. That is, the vector e0 is chosen to coincide
with the unit normal vector to the hypersurface and while the spatial vectors {ei}, i = 1, 2, 3
are intrinsic to S. In our signature conventions we have that g(e0, e0) = −1. The extrinsic
curvature is described by the components χij of the Weingarten tensor. One has that χij = χji
and, moreover

χij = −Γi
0
j .

We denote by Ω the restriction of the spacetime conformal factor Ξ to S and by Σ the normal
component of the gradient of Ξ. The field lij denote the components of the Schouten tensor of
the induced metric hij on S.

With the above conventions, the conformal constraint equations in the vacuum case are given
by —see [19]:

DiDjΩ = Σχij − ΩLij + shij , (9a)

DiΣ = χi
kDkΩ− ΩLi, (9b)

Dis = LiΣ− LikDkΩ, (9c)

DiLjk −DjLik = Σdkij +DlΩdlkij(χikLj − χjkLi), (9d)

DiLj −DjLi = DlΩdlij + χi
kLjk − χjkLik, (9e)

Dkdkij = −(χkidjk − χkjdik), (9f)

Didij = χikdijk, (9g)

λ = 6Ωs+ 3Σ2 − 3DkΩDkΩ, (9h)

Djχki −Dkχji = Ωdijk + hijLk − hikLj , (9i)

lij = Ωdij + Lij − χ(χij −
1

4
χhij) + χkiχj

k − 1

4
χklχ

klhij , (9j)

with the understanding that
hij ≡ gij = δij

and where we have defined

Li ≡ L0i, dij ≡ d0i0j , dijk ≡ di0jk.

The fields dij and dijk correspond, respectively, to the electric and magnetic parts of the rescaled
Weyl tensor. The scalar s denotes the Friedrich scalar defined as

s ≡ 1

4
∇a∇aΞ +

1

24
RΞ,

with R the Ricci scalar of the metric g. Finally, Lij denote the spatial components of the Schouten
tensor of g.

3 Properties of the background solution

In the following let (M̃,˚̃g) denote the solution to the vacuum Einstein field equations with positive
Cosmological constant

R̃ab = λg̃ab, λ = 3,

given by M̃ = R× S and
˚̃g = −dt⊗ dt+ sinh2 t γ̊ (10)
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where γ̊ is a (positive definite) Riemannian metric of constant negative curvature over a compact
manifold S such that

r[̊γ] = −6.

The spacetime (M̃,˚̃g) is future geodesically complete —see Appendix B.

Remark 1. The value λ = 3 for the Cosmological constant is conventional and set for conve-
nience. The analysis in this article can be carried out for any other (positive) value.

The Riemann curvature tensor rijkl [̊γ] of γ̊ is given by

rijkl [̊γ] = γ̊ilγ̊jk − γ̊ikγ̊jk.

From the above expressions it follows that

R̃ = 12,

so that

L̃ab =
1

2
g̃ab (11)

In the following, a spacetime of the form given by (M̃,˚̃g) will be known as a background
solution. In the rest of this section we will perform an analysis of this class of solutions to the
Einstein field equations from the point of view of conformal geometry. In particular, we will make
use of conformal geodesics to provide a canonical conformal extension —see Proposition 2.

3.1 A class of conformal geodesics

In the following we will consider (metric) geodesics x(s) on (M̃,˚̃g) whose tangent vector is
proportional to ∂t —i.e. ẋ = α∂t for some proportionality function α and where the overdot
denotes differentiation with respect to the affine parameter s ∈ R. The geodesic equation

∇̃ẋẋ = 0

implies that

∇̃∂t(α∂t) = ∇̃tα+ ∇̃∂t∂t
= ∇̃tα+ Γt

µ
t∂µ.

A direct calculation for the metric (10) shows that Γt
µ
t = 0 so that one concludes that ∂tα = 0

—that is, α is constant along the integral curves of ∂t. Without loss of generality we then set
α = 1 so that g(ẋ, ẋ) = 1. In summary, we have that the curves

x(t) = (t, x?), x? ∈ S,

are non-intersecting timelike g̃-geodesics over M̃. In a slight abuse of notation the coordinate t
has been used as parameter of the curve.

3.1.1 Conformal geodesics

The extended conformal Einstein field equations are naturally suited to the use of a gauge based
on conformal geodesics.

A conformal geodesic on a spacetime (M̃, g̃) is a pair (x(τ), β̃(τ)) consisting of a curve x(τ)
on M̃, with parameter τ ∈ I ⊂ R, tangent ẋ(τ) and a covector β̃(τ) along x(τ) satisfying the
equations (in index-free notation)

∇̃ẋẋ = −2〈β̃, ẋ〉ẋ+ g̃(ẋ, ẋ)β̃], (12a)

∇̃ẋβ̃ = 〈β̃, ẋ〉β̃ − 1

2
g̃](β̃, β̃)ẋ[ + L̃(ẋ, ·), (12b)

where L̃ denotes the Schouten tensor of the Levi-Civita connection ∇̃a. Associated to a conformal
geodesic, it is natural to consider a frame {ea} which is Weyl propagated along x(τ) according
to the law

∇̃ẋea = −〈β̃, ea〉ẋ− 〈β̃, ẋ〉ea + g̃(ea, ẋ)β̃]. (13)
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3.1.2 Reparametrisation as conformal geodesic

In the following, we will make use of the methods in the proof of Lemma 5.2 in [19] to recast the
family of geodesics discussed in Subsection 3.1 as conformal geodesics. Accordingly, we consider
a reparametrisation of the form

τ 7→ t(τ),

while we look for a 1-form β given by the Ansatz

β̃ = α(τ)x′[ = α(t)dt,

where ′ denotes derivatives with respect to s. From the chain rule it follows that

ẋ =
dt

dτ

dx

dt
= ṫx′, ṫ ≡ dt

dτ
.

In particular, one readily has that

∇̃ẋẋ = ṫ2∇̃x′x′ + ẗx′.

Substituting the previous expressions into equations (12a) and (12b), taking into account expres-
sion (11) for the components of the Schouten tensor one obtains the system of ordinary differential
equations

ẗ+ αṫ2 = 0, (14a)

α̇ =
1

2
ṫ(α2 − 1). (14b)

The general solution to the above system can be found to be

α(τ) = c1τ + c2,

t(τ) = −2arctanh(c1τ + c2) + c3,

with c1, c2, c3 ∈ R constants. For simplicity one can, e.g. set c1 = −1, c2 = c3 = 0 to get the
simpler expressions

α(τ) = −τ,
t(τ) = 2arctanh τ.

Thus, observing that

sinh
(
2arctanh τ

)
=

2τ

1− τ2
,

d

dτ

(
2arctanh τ

)
=

2

1− τ2
,

it follows that the pair (x(τ), β̃(τ)), τ ∈ (−1, 1) with

x(τ) = (2 arctanh τ, x?), β̃(τ) = − 2τ

1− τ2
dτ,

give rise to a congruence of non-intersecting conformal geodesics on the background spacetime
(M̃,˚̃g). Using the parameter τ as new coordinate in the metric (10) one concludes that

˚̃g =
4

(1− τ2)2

(
− dτ ⊗ dτ + τ2γ̊

)
. (15)

Notice that the metric is singular at τ ± 1.
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3.1.3 The canonical factor associated to the congruence of conformal geodesics

The line element (15) readily suggest the conformal factor

Θ ≡ 1

2
(1− τ2).

Remark 2. Alternatively, we can make use of the equation

Θ̇ = 〈β̃, ẋ〉Θ, 〈β̃, ẋ〉 = αṫ = − 2τ

1− τ2

implied by the condition Θ2g̃(ẋ, ẋ) = −1. Integrating one readily finds that

Θ

Θ?
=

1− τ2

1− τ2
?

where Θ? is the value of the conformal factor at a fiduciary time τ?. Observe, also, that

β̃(τ) = − 2τ

1− τ2
dτ,

= d
(

ln Θ(τ)
)
. (16)

Following expression (15) we introduce a new unphysical metric g̊ via the relation

g̊ = Θ2˚̃g, Θ ≡ 1

2
(1− τ2),

so as to ensure that Θ ≥ 0 for |τ | ≤ 1. It follows then that

g̊ = −dτ ⊗ dτ + τ2γ̊ (17)

is well defined for τ ∈ [τ∗,∞) with τ? > 0. For future use we define the spatial metric h̊

h̊ ≡ τ2γ̊,

with associated Levi-Civita connection to be denoted by D̊. Also, denote by D̊ the Levi-Civita
connection of the metric γ̊.

Remark 3. Observe that as the metrics γ̊ and h̊ are conformally related via a conformal factor
(i.e. τ) independent of the spatial coordinates, it follows then that expressed in terms of local
(spatial) coordinates one has that

D̊α = D̊α.

Remark 4. A computation readily shows that the integral curves of the vector field ∂τ are
geodesics of the metric g̊ given by equation (17) —that is, one has that

∇∂τ∂τ = 0.

Remark 5. Taking into account the expression (16), the conformal transformation law for con-
formal geodesics gives that

β = β̃ − d
(

ln Θ(τ)
)

= 0.

To any (non-singular) congruence of conformal geodesics one can associate a Weyl connection ∇̂
via the rule

∇̂ − ∇̃ = S(β̃).

In the present case, β̃ is a closed 1-form and, thus, the Weyl connection is, in fact, a Levi-Civita
connection which coincides with ∇.
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3.2 The background spacetime as a solution to the conformal Einstein
field equations

In this subsection we show how to recast the unphysical spacetime (M, g̊) withM = [τ?,∞)×S
as a solution to the conformal Einstein field equations. This construction is conveniently done
using an adapted frame formalism.

3.2.1 The frame

Let {c̊i}, i = 1, 2, 3, denote a γ̊-orthonormal frame over S with associated cobasis {α̊i}. Ac-
cordingly, one has that

γ̊(c̊i, c̊j) = δij , 〈α̊j , c̊i〉 = δi
j ,

so that
γ̊ = δijα̊

i ⊗ α̊j .

The above frame is used to introduce a g̊-orthonormal frame {e̊a} with associated cobasis {ω̊b}
so that 〈ω̊b, e̊a〉 = δa

b. We do this by setting

e̊0 ≡ ∂τ , e̊i ≡
1

τ
c̊i,

ω̊0 ≡ dτ, ω̊i = τα̊i,

so that
g̊ = ηabω̊

a ⊗ ω̊b.

Remark 6. It follows that all the coefficients of the frame are smooth (C∞) over [τ?,∞) × S,
τ? > 0.

3.2.2 The connection coefficients

The connection coefficients γ̊i
k
j of the Levi-Civita connection D̊ with respect to the frame {c̊i}

are defined through the relations

D̊ic̊j = γ̊i
k
j c̊k, γi

k
j ≡ 〈α̊k, D̊ic̊j〉.

Similarly, for the connection coefficients Γ̊i
k
j of the Levi-Civita connection ∇̊ with respect to the

frame {e̊a} one has that

∇̊ae̊c = Γ̊a
c
be̊c, Γ̊a

c
b ≡ 〈ω̊c, ∇̊ae̊c〉.

We now proceed to compute the various connection coefficients.

The coefficients Γ̊i
k
j. Recalling the definition the connection coefficients and of the basis fields

{e̊i} and {ω̊j} one has that

Γ̊i
k
j = 〈ωk, ∇̊ie̊j〉 = 〈ωk, e̊iα∇̊αe̊j〉

=
1

τ
〈α̊k, c̊iα∇̊αc̊j〉 =

1

τ
〈α̊k, c̊iαD̊αc̊j〉 =

1

τ
〈α̊k, D̊ic̊j〉

=
1

τ
γ̊i
k
j .

The coefficients Γ̊0
a
0. Recall that e̊0 = ∂τ is tangent to geodesics —see Remark 4. Thus,

∇̊0e̊0 = Γ̊0
c
0e̊c,

from where it follows that
Γ̊0
a
0 = 0.

10



The coefficients Γ̊i
j
0 and Γ̊i

0
j. In this case we have that

Γ̊i
j
0 = 〈ω̊j , ∇̊ie̊0〉 = χ̊i

j ,

where χi
j denote the components of the Weingarten tensor. Defining χ̊ij ≡ ηjkχ̊i

k, one has
that χ̊ij = χ̊(ij) as the congruence defined by ∂τ can readily be verified to be hypersurface
orthogonal. Thus, in this case χ̊ij coincides with the components of the extrinsic curvature of
the hypersurfaces of constant τ . To compute χ̊ij recall that

χab = −1

2
L∂τhab,

where L∂τ denotes the Lie derivative along the direction of ∂t. As

L∂τ h̊ =
1

2
L∂τ

(
τ2γ̊

)
= 2τ γ̊ =

2

τ
h̊,

one concludes that

χ̊ij = −1

τ
δij .

Exploiting the metricity of the connection ∇̊ one finds that, moreover,

Γ̊i
0
j = −χ̊ij =

1

τ
δij .

The coefficients Γ̊0
j
i. In this case one readily finds that

Γ̊0
j
i = 〈ω̊j , ∇̊0e̊i〉 = 〈ω̊j , ∇̊0

(
1

τ
c̊i

)
〉

= −1

τ
〈α̊j , c̊i〉 = − 1

τ2
〈τα̊j , c̊i〉

= −1

τ
δi
j .

The coefficients Γ̊i
0
0. In this case, one readily finds that

Γ̊0
0
i = 〈ω̊0, ∇̊0e̊i〉 = 〈ω̊0, ∇̊0

(
1

τ
c̊i

)
〉 = − 1

τ2
〈dτ, c̊i〉 = 0.

The coefficients Γ̊i
0
0. Observing that [e̊i, e̊0] = 0 and recalling that in the absence of torsion

one has that

[e̊i, e̊0] =

(
Γ̊i
c
0 − Γ̊0

c
i

)
ec,

it follows from the previous results that

Γ̊i
0
0 = 0.

Remark 7. It follows that all the coefficients of the connection are smooth (C∞) over [τ?,∞)×S.

Remark 8. For latter use it is observed that the extrinsic curvature (Weingarten tensor) can be
written in abstract index notation as

χ̊ij = −1

τ
h̊ij . (18)

11



3.2.3 Conformal fields

The next step is the computation of the components of the conformal fields appearing in the
extended conformal Einstein field equations. To this end, we make use of the conformal Einstein
constraints discussed in Section 2.3.

We make use of an adapted frame with e0 = ∂τ and make the identification Ω 7→ Θ in
equations (9a)-(9j). Observe that one has that

D̊iΩ = 0.

The scalars Σ and s. By definition one has that

Σ̊ ≡ n(Θ) = −∂τΘ = τ.

The minus sign arises from the fact that in our conventions (dτ)] = −∂τ . Using the later in the
conformal equation (9h) with λ = 3 one readily concludes

s̊ = 1.

Components of the Schouten tensor. The constraint (9b) readily yields for Θ ≥ 0 that

L̊i = 0.

The spatial components, L̊ij , are computed using the constraint (9j). Observing that in our case

D̊iD̊jΘ = 0 one readily concludes that

L̊ij = 0.

Thus, all the components of the Schouten tensor, except for its trace, vanish. This trace is
proportional to the Ricci scalar of the metric (17).

Components of the rescaled Weyl tensor. The constraint (9i) offers an easy way of com-
puting the magnetic part of the rescaled Weyl tensor. As D̊jχ̊ki = 0 and we already know that

L̊i = 0, it follows then that d̊ijk = 0 so that, in fact,

d̊∗ij = 0.

To compute the electric part of the rescaled Weyl tensor we make use of the constraint equation
(9j). This equation requires knowing the value of the Schouten tensor l̊ij of the metric h̊. From
the definition of the 3-dimensional Schouten tensor one readily finds that if r[̊γ] = −6, then

Schouten [̊γ] = −1

2
γ̊.

Now, we have that h̊ = τ2γ̊ so that h̊ and γ̊ are conformally related. However, the conformal fac-
tor does not depend on the spatial coordinates. It follows then, from the conformal transformation
rule of the Schouten tensor that

Schouten [̊γ] = Schouten [̊h].

Hence, one has that

l̊ij = −1

2
γ̊ij = − 1

τ2
h̊ij .

Now, a calculation using equation (18) reveals that

l̊ij = −χ̊
(
χ̊ij −

1

4
χ̊̊hij

)
+ χ̊kiχ̊j

k − 1

4
χ̊klχ̊

kl̊hij

so that
dij = 0.

12



Remark 9. In summary, on has that the metric (17) is conformally flat.

Ricci scalar. Finally, although it does not appear as an unknown in the extended conformal
Einstein equations, it is of interest to compute the Ricci scalar of the metric. To do this we
observe that from the definition of the Friedrich scalar one has that

R̊Θ = 24
(
s− 1

4
∇̊c∇̊cΘ

)
.

A computation readily yields ∇̊c∇̊cΘ = −2 so that one concludes that

R̊ =
72

1− τ2
.

That is, the Ricci scalar is singular at τ = 1.

Remark 10. Although the Ricci scalar of the background solution solution is singular, this
will not pose any difficulty in our subsequent analysis as the Ricci scalar does not appear as an
unknown in the extended conformal Einstein field equations.

4 Evolution equations

In this section we discuss the evolution system associated to the extended conformal Einstein
equations (6) written in terms of a conformal Gaussian system. This evolution system is central
in the discussion of the stability of the background spacetime. In addition, we also discuss the
subsidiary evolution system satisfied by the zero-quantities associated to the field equations, (5a)-
(5d), and the supplementary zero-quantities (7a)-(7c). The subsidiary system is key in the analysis
of the so-called propagation of the constraints which allows to establish the relation between a
solution to the extended conformal Einstein equations (6) and the Einstein field equations (2).

4.1 The conformal Gaussian gauge

In order to obtain suitable evolution equations for the conformal fields, we make use of a conformal
Gaussian gauge. More precisely, we assume that we are working on a region U ⊂ M which can
be covered by a congruence of non-intersecting conformal geodesics. Choosing

Θ? =
1

2
, Θ̇? = 0, Θ̈? = −1

2
,

for τ = τ?, τ? ∈ (0, 1), the following Proposition gives a conformal factor associated to the curves
of the congruence —see e.g. [19], Proposition 5.1, page 133:

Proposition 2. Let (M̃, g̃) denote an Einstein spacetime. Suppose that (x(τ),β(τ)) is a solution
to the conformal geodesic equations (12a)-(12b) and that {ea} is a g-orthogonal frame propagated
along the curve according to (13). If

g = Θ2g̃, such that, g(ẋ, ẋ) = −1,

then the conformal factor Θ satisfies

Θ(τ) = Θ? + Θ̇?(τ − τ?) +
1

2
Θ̈?(τ − τ?)2,

where the coefficients Θ?, Θ̇?, Θ̈? are constant along the conformal geodesic and are subject to
the constraints

Θ̇? = 〈β?, ẋ?〉Θ?, Θ?Θ̈? =
1

2
g̃](β?,β?) +

1

6
λ.

Furthermore, along each conformal geodesic one has

Θβ0 = Θ̇?, Θβi = Θ?βi?.
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Remark 11. Thus, if one has a congruence of non-intersecting conformal geodesics in a region
U of spacetime, then the above proposition provides a canonical way of obtaining a conformal
extension. This strategy naturally leads to a so-called conformal Gaussian gauge.

The Proposition 2 gives the conformal factor

Θ(τ) =
1

2

(
1− (τ − τ?)2

)
(19)

along the curves of the congruences. The choice of initial data for the conformal factor is associated
to a congruence that leaves orthogonally a fiduciary initial hypersurface S? with τ = τ? —notice,
however, that the congruence of conformal geodesics is, in general, not hypersurface orthogonal.

Remark 12. Since the conformal factor Θ given by equation (19) does not depend on the initial
data for the evolution equations it can be regarded as universal —i.e. valid not only for the
background solution but also for perturbations thereof. Similarly, a consequence of Proposition
2, it follows that the components da of the the covector d are, in the same sense, universal.

Along the congruence of conformal geodesics one considers a g-orthogonal frame {e0} which
is Weyl-propagated and such that τ = e0. The Weyl connection ∇̂a associated to the congruence
then satisfies

∇̂τea = 0, L̂(τ, ·) = 0,

which is equivalent to
Γ̂0
b
c = 0, f0 = 0, L̂0a = 0,

—see e.g. [19], Section 13.4, page 366. By choosing the parameter, τ , of the conformal geodesics
as time coordinate one gets the additional gauge condition

e0 = ∂τ , e0
µ = δ0

µ.

On S? we choose some local coordinates x = (xα). Assuming that each curve of the congruence
intersects S? only once, one can extend the coordinates off the initial hypersurface by requiring
them to be constant along the conformal geodesic which intersects S? at the point with coordinates
x. The coordinates (τ, x) thus obtained are known as conformal Gaussian coordinates.

4.2 The main evolution system

One of the main advantages of writing the conformal field equations in terms of zero-quantities
and using a frame formalism is that the various evolution equations can be readily identified as
certain components of the zero-quantities.

The required evolution equations for the frame components, connection coefficients and com-
ponents of the Schouten tensor are obtained from the conditions

Σ̂0
c
bec = 0, Ξ̂cd0b = 0, ∆̂0bc = 0. (20)

In particular, the evolution equation for components of the covector fa defining the Weyl con-
nection is given by

Ξ̂cc0b = 0.

In the following we analyse each of these equations in more detail.

4.2.1 Evolution equations for the components of the frame

Now, starting from equation (5a)

Σ̂a
c
bec ≡ [ea, eb]− (Γ̂a

c
b − Γ̂b

c
a)ec

and writing ea = ea
µ∂µ, it follows that the condition Σ̂a

c
bec = 0 implies

(∂aeb
ν − ∂beaν) = (Γ̂a

c
b − Γ̂b

c
a)ec

ν , ∂a ≡ eaµ∂µ.

Setting a = 0 it follows that the evolution equation for the components of the frame takes the
form

∂0eb
ν = −Γ̂b

c
0ec

ν . (21)
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4.2.2 Evolution equations for the components of the connection

In order to obtain the evolution equation for the components of the frame not determined by the
gauge conditions one considers the condition Ξ̂cd0b = 0.

Now, since

P̂ cd0b = ∂0(Γ̂b
c
d)− ∂b(Γ̂0

c
d) + (Γ̂b

f
dΓ̂0

c
f − Γ̂0

f
dΓ̂b

c
f ) + Γ̂f

c
d(Γ̂b

f
0 − Γ̂0

f
b),

then using the gauge condition Γ̂0
c
d = 0 one has that

P̂ cd0b = e0(Γ̂b
c
d) + Γ̂f

c
dΓ̂b

f
0.

In addition, observing that

Sd[0
ceL̂b]e = δd

cL̂b0 + δ0
cL̂bd − gd0gceL̂be − δdcL̂0b − δbcL̂b0 + gdbg

ceL̂0e,

together with the gauge condition L̂0a = 0, it follows that

ρ̂cd0b = Θd̂cd0b + 2δd
cL̂b0 + 2δ0

cL̂bd − 2ηd0η
ceL̂be,

where it has been used that gd0g
ce = ηd0η

ce. It follows that the evolution equation for the
coefficients of the connection not determined by the gauge is given by

∂0(Γ̂b
c
d) + Γ̂f

c
dΓ̂b

f
0 = 2ηd0η

ceL̂be − 2δd
cL̂b0 − 2δ0

cL̂bd −Θd̂cd0b.

The above expression can be written in terms of the Levi-Civita connection coefficients Γa
b
c and

the 1-form fa through the relation

Γ̂a
b
c = Γa

b
c + Sab

cdfd.

In particular, since

fa =
1

4
Γ̂a
b
b,

it follows from the gauge condition f0 = 0 and Ξ̂cc0b = 0 that

∂0fi + fj Γ̂i
j
0 = L̂i0.

4.2.3 Evolution equations for the components of the Schouten tensor

The evolution equations for the components of the Schouten tensor not determined by the gauge
are obtained from the condition ∆̂0db = 0. It follows then that

∇0L̂db −∇dL̂0b − dadab0d = 0.

However, in the conformal Gaussian gauge one has that L̂0b = 0 so that the evolution equation
for the components of the Schouten tensor can be simplified to

∂0L̂db = Γ̂0
c
dL̂cb + Γ̂0

c
bL̂dc + dad

a
b0d = 0,

as Γ̂0
c
d = 0.

4.2.4 Evolution equations for the components of the rescaled Weyl tensor

The evolution equations for the components of the Weyl tensor are extracted from the decom-
position of the zero-quantity Λbcd. As this zero-quantity contains a contracted derivative, the
decomposition is more involved than for the other zero-quantities. As in the case of the conformal
constraint equations, this analysis is best done using the decomposition of the rescaled Weyl ten-
sor in its electric and magnetic parts with respect to the tangent to the congruence of conformal
geodesics on which our gauge is based.

15



In the following, let ha
b denote the projector to the hyperplanes orthogonal to the tangent

vector field τa to the congruence of conformal geodesics. One has that

ha
b = δa

b − τaτ b,

so that

Λbcd = ∇a(δa
fdfbcd) = δa

f∇adfbcd
= τfτa∇adfbcd + ha

f∇adfbcd
= Ddfbcd +Dfdfbcdτf ,

where Da ≡ ha
b∇b and D ≡ τa∇a denote, respectively, the Sen and Fermi covariant derivatives

associated to the congruence. Now, observing that the acceleration and Weingarten tensor of the
congruence are given, respectively by

aa ≡ τ b∇bτa = Dτa,
χab ≡ hac∇cτb = Daτb,

it follows that

Λbcdτ
c = Λb0d = τcD(τfdfbcd) + τcDfdfbcd − afτcdfbcd

= D(τfτcdfbcd) +Dfdfb0d − afdfb0d − acd0bcd − χfcdfbcd,

so that
Λb0d = Dd0b0d +Dfdfb0d − afdfb0d − acd0bcd − χfcdfbcd.

To further simplify we make use of the decomposition

dabcd = 2(lb[cdd]a − la[cdd]b)− 2(τ[cd
∗
d]eε

e
ab + τ[ad

∗
b]eε

e
cd),

of the rescaled Weyl tensor in terms of its electric part dab and magnetic part d∗ab with respect
to the vector field ta where lab = hab − τaτb to obtain

Λb0d =Ddbd +Dfdfbd − afdfbd − acdbcd − 2χfc(lb[cdd]f − lf [cdd]b)

+ 2χfc(τ[cd
∗
d]eε

e
fb + τ[fd

∗
b]eε

e
cd).

To finally extract the required evolution equation we consider Λ(b|0|d). Observing that all the
involved tensors are spatial one obtains, after some simplification, that

Λ(b|0|d) = ∂0dij + εkl(iD|l|d
∗
j)k − 2alε

kl
(id
∗
j)k + χdij − 2χk(idj)k = 0. (22)

To complete the system of evolution equations for the components of the Weyl tensor one
carries out a completely analogous calculation with the zero-quantity

Λ∗bcd ≡ Dad∗abcd

and the decomposition

d∗abcd = 2(lb[cd
∗
d]a − lf [cd

∗
d]b) + 2(τ[cdd]eε

e
ab + τ[adb]eε

e
cd),

where the Hodge dual of the rescaled Weyl tensor is defined as

d∗abcd ≡
1

2
εefabdcdef .

More precisely, the decomposition

Λ∗bcd = τaDd∗abcd +Dad∗abcd,

leads, after a lengthy computation, to the evolution equation

Λ∗(i|0|j) = ∂0d
∗
ij − εkl(iDldj)k − 2alεl(i

kdj)k + χd∗ij − 2χk(id
∗
j)k = 0, (23)

in which all the fields are spatial.
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Remark 13. The zero-quantities Λbcd and Λ∗bcd are no independent. In fact, Λbcd = 0 if and
only if Λ∗bcd = 0.

Remark 14. Equations (22) and (23) imply a symmetric hyperbolic evolution system for the
(ten) independent components of the fields Eab and Bab —see e.g. [1] for explicit expressions of
the associated matrices.

4.3 The subsidiary evolution system

The analysis of the relation between the solutions to the evolution equations and actual solutions
to the full conformal Einstein field equations, the so-called propagation of the constraints, requires
the construction of a system of subsidiary evolution equations for the zero-quantities associated to
the conformal equations, (5a)-(5d), and the gauge conditions (7a)-(7c). for the standard argument
of the propagation of the constraints to follow through, the subsidiary system is required to be
homogeneous in the zero-quantities. If this is the case, then it follows from the uniqueness of
solutions to symmetric hyperbolic systems that if the zero-quantities vanish initially, then they
will vanish for all later times as the vanishing (zero) solution is always a solution of a homogeneous
evolution equation.

4.3.1 General remarks

The basic assumption in the construction of the subsidiary evolution system is that the evolution
equations associated to the extended conformal field equations are satisfied. Hence, we assume
that

Σ̂0
c
b = 0, Ξ̂cd0b = 0, ∆̂0bc = 0,

together with
Λ(i|0|j) = 0, Λ∗(i|0|j) = 0.

These evolution equations have been constructed using the gauge conditions

f0 = 0, Γ̂0
b
c = 0, L̂0b = 0.

These gauge conditions will also be used in the construction of the subsidiary evolution system.
Accordingly, the construction requires the evolution equations for the additional zero-quantities
δa, γab and ςab which are associated to the gauge. In our gauge d0 = 0 so that

δ0 = 0.

Since L̂0b = 0, by virtue of the definition of Sab
cd and the evolution equation for the covector βa,

namely,

∇̂0βa + β0βa −
1

2
η0a(βeβ

e − 2λΘ−2) = 0,

it follows that

γ0b = L̂0b − ∇̂0βb −
1

2
S0b

efβeβf + λΘ−2η0b = 0.

As a result of the Θ−2 in the last term of this equation, it can only be used away from the
conformal boundary —this is, however, not a problem in our analysis as the propagation of the
constraints only need to be considered in the regions where Θ 6= 0. Moreover, by virtue of the
gauge conditions and the evolution equation for the covector fa, we have

ς0b = −L̂b0 − ∇̂0fb + Γ̂b
e
0fe = 0.

4.3.2 The subsidiary equation for the torsion

To obtain the subsidiary equation for the no-torsion condition we consider the totally antisym-
metric covariant derivative ∇̂[aΣ̂b

d
c] and observe that

3∇̂[0Σ̂b
d
c] = ∇̂0Σ̂b

d
c − Γ̂b

e
0Σ̂c

d
e − Γ̂c

e
0Σ̂e

d
b. (24)
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On the other hand, from the first Bianchi identity

R̂d[cab] + ∇̂[aΣ̂b
d
c + Σ̂[a

e
bΣ̂c]

d
e = 0,

and the definition of Ξ̂dcab one obtains

∇̂[aΣ̂b
d
c] = −Ξ̂d[cab] − Σ̂[a

e
bΣ̂c]

d
e, (25)

where it has been used that, by construction, ρ̂d[cab] = 0. The desired evolution equation is
obtained combining equations (24) and (25) to yield

∇̂0Σ̂b
d
c = −1

3
Γ̂c
e
0Σ̂e

d
b −

1

3
Γ̂c
e
0Σ̂e

d
b − Ξ̂d0bc. (26)

This evolution equation is homogeneous in the various zero-quantities.

4.3.3 The subsidiary equation for the Ricci identity

To obtain a subsidiary equation for the Ricci identity, we consider the totally symmetrised co-
variant derivative ∇̂[aΞ̂d|e|bc] and observe that

3∇̂[0Ξ̂d|e|bc] = ∇̂0Ξ̂debc − Γ̂b
f
0Ξ̂decf − Γ̂c

f
0Ξ̂defb. (27)

Using the second Bianchi identity

∇̂[aR̂
d
|e|bc] + Σ̂[a

f
bR̂

d
|e|c]f = 0

and the definition of Ξ̂debc it follows that

∇̂[aΞ̂d|e|bc] = −Σ̂[a
f
bR̂

d
|e|c]f − ∇̂[aρ̂

d
|e|bc]. (28)

The first term on the right-hand side is already of the required form. The second one needs to
be analysed in more detail. For this, it is recalled that

ρ̂debc ≡ Cdebc + 2Se[b
df L̂c]f .

Thus,
∇̂[aρ̂

d
|e|bc] = ∇̂[aC

d
|e|bc] + 2Se[b

df ∇̂aL̂c]f .

To further expand this expression we consider the combination εf
abc∇̂aρ̂debc. A direct compu-

tation shows that

∇̂[aC
d
|e|bc] = ∇[aC

d
|e|bc] + δ[a

df |fC
f
e|bc] + ηe[af

fCd|f |bc].

Moreover, one has
εf
abc∇aCdebc = −εedgh∇aCafgh.

Thus, using that Ccdab = Θdcdab and the definition of the zero quantity Λabc it follows that

εf
abc∇̂aCdebc = Θεe

dghΛfgh + 2∇gΘd∗defg + 2Θfgd∗gef
d + 2Θfgd∗dgfe.

A similar computation using the definition of ∆̂abc yields

2εf
abcSeb

dg∆̂acg = 2Θβgd
∗g
ef
d − 2Θβgd

∗gd
fe.

Thus, using the symmetries of d∗cdab and the definition of δa one concludes that

εf
abc∇̂aρ̂debc = Θεe

dghΛfgh − 2Θδgd∗defg + εf
abcSeb

dg∆̂acg.

Alternatively, using the properties of the generalised Hodge duals we can write

∇̂[aρ̂
d
|e|bc] =

1

6
Θεfabcεe

dghΛfgh −
1

3
Θεfabcδ

gd∗defg − Se[b
dg∆̂ac]g.

Combining the expressions, we obtain the following evolution equation

∇̂0Ξ̂debc =Γ̂b
f
0Ξ̂decf + Γ̂c

f
0Ξ̂defb − Σ̂b

f
cR̂

d
e0f −

1

2
Θεf0bcεe

dghΛfgh

+ εf0bcδ
gd∗defg + 3Se0

dg∆̂cbg,
(29)

which is homogeneous in the zero-quantities.
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4.3.4 Subsidiary equation for the Cotton equation

Now, to compute the subsidiary equation for the Cotton equation we consider ∇̂[a∆̂bc]d. On the
one hand, a direct computation yields

3∇̂[0∆̂bc]d = ∇̂0∆̂bcd − Γ̂b
e
0∆̂ced − Γ̂c

e
0∆̂ebd.

On the other hand, using the definition of Ξ̂ecab and the symmetries of ρ̂ecab one obtains

∇̂[a∆̂bc]d = −Ξ̂e[cab]L̂ed−Ξ̂ed[abL̂c]e−ρ̂ed[abL̂c]e+Σ̂[a
e
b∇̂|e|L̂c]d−∇̂[ad|ed

e
d|bc]−de∇̂[ad

e
|d|bc].

Using the definition of δa and γab one finds that

∇̂[ad|ed
e
d|bc] = −Θδ[aβ|ed

e
d|bc] −Θγ[a|ed

e
d|bc] −Θf[aβ|ed

e
d|bc] + ΘL̂[a|ed

e
d|bc].

Finally, a calculation shows that εf
abc∇adedbc = εd

egh∇adefgh, so that using

∇̂[aC
d
|e|bc] = ∇[aC

d
|e|bc] + δ[a

df|fC
f
e|bc] + ηe[af

fCd|f |bc],

and the properties of the generalised duals we find that

∇̂[ad
e
|d|bc] =

1

6
εabc

f εd
eghΛfgh + δ[a

ef|fd
f
d|bc] + ηd[af

fde|f |bc].

Combining the above expressions and using the properties of the decomposition of ρ̂cdab we
obtain the expression

∇̂[a∆̂bc]d = −Ξ̂e[cab]L̂ed−Ξ̂ed[abL̂c]e+Σ̂[a
e
b∇̂|e|L̂c]d+Θδ[aβ|ed

e
d|bc]+Θγ[a|ed

e
d|bc]−

1

6
εabc

f εd
eghΛfghβe

and, eventually, the evolution equation

∇̂0∆̂bcd =Γ̂b
e
0∆̂ced + Γ̂c

e
0∆̂ebd − Ξ̂e0bcL̂ed + δbded

e
dc0 + δcded

e
d0b

+ Θγbed
e
dc0 + Θγced

e
d0b −

1

2
ε0bc

f εd
eghΛfghβe,

which is homogeneous in zero-quantities as required.

4.3.5 Subsidiary equations for the Bianchi identity

Finally, we are left to show the propagation of the physical Bianchi identity. In view of the
contracted derivative appearing in this equation, the construction of suitable subsidiary equations
is more involved.

Since ha
b = δa

b + τaτ
b, it follows then that

Λabc = δa
dΛdbc = (ha

d − τaτd)Λdbc = ha
dΛdbc − τaτdΛdbc. (30)

Now, let
Ωabc ≡ hadΛdbc, Ωbc ≡ τdΛdbc.

By construction, the tensor Ωbc is antisymmetric, hence it admits a decomposition in electric and
magnetic parts. That is, one can write

Ωbc = Ω[bc] = Ω∗eε
e
bc − 2Ω[bτ c],

where
Ωa ≡ Ωcbτ

bha
c, Ω∗a ≡ Ω∗cbτ

bha
c.

Furthermore, one also has that

Ωdbc = Ωd[bc] = H∗deε
e
dc − 2Hd[bτ c],

19



where
Hda ≡ Ωdcbτ

bha
c, H∗da ≡ Ω∗dcbτ

bha
c.

Substituting the above expressions for Ωbc and Ωdbc into equation (30) it follows then that

Λabc = ha
d(H∗deε

e
dc − 2Hd[bnc])− na(Ω∗eε

e
bc − 2Ω[bnc]). (31)

Crucially, it can be verified that if the evolution equations (22) and (23) for the electric and
magnetic part sof the rescaled Weyl tensor are satisfied then

Hda = 0, H∗da = 0.

If the above holds, then equation (31) reduces to

Λabc = na(2Ω[bnc] − Ω∗eε
e
bc) = naΩbc.

Remark 15. The tensors Ωa and Ω∗a encode, respectively, the Gauss constraints for the electric
and magnetic parts of the Weyl tensor —that is, the equations

Dadab = 0, Dad∗ab = 0.

To conclude the computation, it remains to compute ∇aΛabc. A direct calculation gives

∇aΛabc = ∇aτaΩbc + τa∇aΩbc = ∇aτaΩbc + ∂τΩbc. (32)

An alternative computation of ∇aΛabc using the commutator of the covariant derivative ∇ gives

2∇bΛbcd = 2∇[b∇a]dabcd = 2Re[c
badd]eab − 2Rea

badebcd + Σb
e
a∇edabcd.

Observing that Σ̂a
c
b = Σa

c
b as ∇̂ − ∇ = S(f), it follows that the equation

R̂abcd −Rabcd = 2(δa[c∇̂d]f̂b + ∇̂[cf̂
aĝd]b − δab∇̂[cf̂d] − δa[cf̂d]f̂b + ĝb[cf̂d]f̂

a + δa[cĝd]bf̂ef̂
e)

together with the definitions of the zero quantities Ξ̂cdab and ςab and the symmetries of dabcd
so that after projecting the equations with respect to the frame one obtains

∇bΛbcd = Ξ̂e[c
badd]eab − Ξ̂ea

badebcd +
1

2
Σ̂b
e
a∇edabcd + ςabdabcd, (33)

which is homogeneous in zero-quantities. Hence, combining equations (32) and (33), we obtain
the following equation for the components of Ωab:

∂0Ωbc = Ξ̂e[b
afdc]efa − Ξ̂ef

afdeabc +
1

2
Σ̂a

e
f∇edfabc + ςfadfabc − χΩbc.

4.3.6 Subsidiary equations for the gauge conditions

To conclude our discussion of the subsidiary equations, we are left with the task of providing
evolution equations for the zero-quantities associated to the gauge. In order to do so we expand
∇̂[0δb], ∇̂[0γb]c and ∇̂[0ςbc] to get

2∇̂[0δb] = ∇̂0δb + Γ̂b
e
eδe,

2∇̂[0γb]c = ∇̂0γbc + Γ̂b
e
0γec,

3∇̂[0ςbc] = ∇̂0ςbc − Γ̂b
e
0ςce − Γ̂c

e
0ςeb.

We then compute ∇̂[aδb], ∇̂[aγb]c and ∇̂[aςbc] explicitly making use of the definitions of the zero-
quantities and re-expressing the result in terms of zero-quantities so as to obtain

2∇̂[aδb] = −γ[ab] + ςab −
1

2
Θ−1Σa

e
b∇̂eΘ,

2∇̂[aγb]c = ∆̂abc + βeΞ̂
e
cab − Σ̂a

e
b∇̂eβc + 2βcγ[ab] − 2β[aγb]c

+ηc[aβ
eγb]e + 2λΘ−2δ[aηb]c + β[aηb]cβeβ

e − 2λΘ−2ηc[aβb],

∇̂[aςbc] =
1

2
∆̂[abc] +

1

2
Ξ̂e[cab]fe −

1

2
Σ̂[a

e
b∇̂|e|fc].
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From the above expressions it follows that the evolution equations for δa, γab and ςab are given
by

∇̂0δi = γi0 − Γ̂i
e
0δe, (34a)

∇̂0γic = −γjcΓ̂ij0 − β0γic − βcγi0 + η0c(β
eγie − 2λΘ−2δi), (34b)

∇̂0ςjk = Γ̂j
e
0ςke + Γk

e
0ςej +

1

2
∆̂jk0 +

1

2
Ξ̂e0jkfe +

1

2
Σ̂j
e
kΓ̂e

f
0ff , (34c)

where, in particular, the evolution equation for the covector βa,

∇̂0βa + β0βa −
1

2
η0a(βeβ

e − 2λΘ−2) = 0,

has been used in the derivation of equation (34b). Again, as required, the equations (34a)-(34c)
are homogeneous in various zero-quantities.

Remark 16. Observe that equation (34b) contains the potentially singular term λΘ−2δi. As
such, this equation can only be used away from the conformal boundary where Θ 6= 0. This is a
consequence of the use of a conformal Gaussian gauge hinged on a standard Cauchy hypersurface.
This singular behaviour is of no consequence in our analysis as one is only interested on solutions
to the subsidiary equations away from the conformal boundary.

4.4 Summary: structural properties of the evolution and subsidiary
equations

As conclusion of the long computations in this section, we now provide a summary of the confor-
mal evolution equations, the associated subsidiary system and the structural properties of these
systems which will be required in the reminder of our analysis.

The computations discussed in the previous subsections show that in a conformal Gaussian
gauge the various fields associated to the extended vacuum conformal Einstein field equations
satisfy the evolution equations

∂τeb
ν = −Γ̂b

c
0ec

ν , (35a)

∂τ L̂db = Γ̂0
c
dL̂cb + Γ̂0

c
bL̂dc + dad̂

a
b0d, (35b)

∂τfi = −fj Γ̂ij0 + L̂i0, (35c)

∂τ (Γ̂b
c
d) = −Γ̂f

c
dΓ̂b

f
0 − Ξd̂cd0b − 2δd

cL̂b0 − 2δ0
cL̂bd + 2gd0g

ceL̂be, (35d)

∂τdbd + εef (dDfd
∗
b)e = 2af ε

ef
(d d
∗
b)e − χdbd + 2χf (bdd)f , (35e)

∂τd
∗
bd − εef(dD

fdb)e = 2af εf(d
edb)e − χd∗bd + 2χf(bd

∗
d)f . (35f)

Letting e, Γ, L̂ and φ denote, respectively, the independent components of the coefficients of the
frame, the connection coefficients, the Schouten tensor of the Weyl connection and the rescaled
Weyl tensor and setting, for convenience, û ≡ (υ̂,φ), υ̂ ≡ (e, Γ̂, L̂), one has that equations
(35a)-(35f) can be written, schematically, in the form

∂τ υ̂ = Kυ̂ + Q(υ̂, υ̂) + L(x̄)φ, (36a)

(I + A0(e))∂τφ+ Aα(e)∂αφ = B(Γ̂)φ, (36b)

where K and Q denote, respectively, a matrix and a quadratic form, both with constant coef-
ficients while L is a matrix with coefficients depending smoothly on the coordinates. Moreover,
Aµ(e) denote, for µ = 0, . . . , 3 Hermitian matrix-valued functions depending smoothly on e. In

particular I + A0(e) is positive definite for suitable small e. Finally, B(Γ̂) denotes a smooth
matrix-value function of the component of the connection.

Remark 17. Altogether, the conformal evolution system described by equations (36a)-(36b) con-
stitutes a quasilinear symmetric hyperbolic system for which a well-posedness theory is available
—see [16], also [19] for an abridged version. This theory will be used in the remaining sections of
this article to establish the stability of the solution to the Einstein field equations given by the
metric (10).
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Remark 18. A remarkable structural property of the conformal evolution system (36a)-(36b)
is that the equations in (36a) are, in fact, mere transport equations along conformal geodesics.
The true hyperbolic content of the system is contained in the Bianchi subsystem (36b). This
property does not play any particular role in our analysis, but it may prove key in, for example,
the analysis of formation of singularities.

Regarding the subsidiary evolution system, the key conclusion from the system

∇̂0Σ̂b
d
c = −1

3
Γ̂c
e
0Σ̂e

d
b −

1

3
Γ̂c
e
0Σ̂e

d
b − Ξ̂d0bc, (37a)

∇̂0Ξ̂debc = Γ̂b
f
0Ξ̂decf + Γ̂c

f
0Ξ̂defb − Σ̂b

f
cR̂

d
e0f −

1

2
Θεf0bcεe

dghΛfgh (37b)

+εf0bcδ
gd∗defg + 3Se0

dg∆̂cbg, (37c)

∇̂0∆̂bcd = Γ̂b
e
0∆̂ced + Γ̂c

e
0∆̂ebd − Ξ̂e0bcL̂ed + δbded

e
dc0 + δcded

e
d0b (37d)

+Θγbed
e
dc0 + Θγced

e
d0b −

1

2
ε0bc

f εd
eghΛfghβe, (37e)

∇̂0Ω̂bc = Ξ̂e[b
afdc]efa − Ξ̂ef

afdeabc +
1

2
Σ̂a

e
f∇edfabc + ςfadfabc − χΩbc, (37f)

∇̂0δi = γi0 − Γ̂i
e
0δe; (37g)

∇̂0γic = −γjcΓ̂ij0 − β0γic − βcγi0 + η0c(β
eγie − 2λΘ−2δi), (37h)

∇̂0ςjk = Γ̂j
e
0ςke + Γk

e
0ςej +

1

2
∆̂jk0 +

1

2
Ξ̂e0jkfe +

1

2
Σ̂j
e
kΓ̂e

f
0ff , (37i)

is that the zero-quantities Σ̂a
c
b, Ξ̂abcd, ∆̂abc, Λ̂abc, δab, γab and ςab satisfy, if the conformal

evolution equations (35a)-(35e) hold, a symmetric hyperbolic system which is homogeneous in
the zero-quantities —accordingly, the particular situation in which all the zero-quantities vanish
identically gives rise to the subsidiary evolution system. The subsidiary system is regular away
from the conformal boundary —i.e. the sets for which the conformal factor vanishes.

5 Initial data for the evolution equations

Given a solution (S, h̃, K̃) to the Einstein constraint equations (i.e the Hamiltonian and the
momentum constraints), there exists an algebraic procedure to compute initial data for the con-
formal evolution equations —see e.g. [19], Lemma 11.1, page 265. Now, a suitable perturbative
existence theorem which covers perturbations of the initial data implied by the metric (10) on
the hypersurfaces of constant t has been provided in [20] —see Theorem 1. From this result one
can deduce the following assertion:

Proposition 3. Let (S, h̊, K̊) with S compact,
˚̃
h a smooth Riemannian metric of constant neg-

ative curvature and K̊ = κh̊ with κ a constant, denote a initial data set for the vacuum Einstein
field equations with positive Cosmological constant. Then for each pair of sufficiently small (in the

sense of suitable Sobolev norms) tensors Tij and T̄ij over S, transverse-tracefree with respect to h̊,
and each sufficiently small scalar field φ over S, there exists a solution of the Einstein constraint
equations (S,h,K) with positive Cosmological constant which is suitably close to (S, h̊, K̊) and

such that trh̊(K − K̊) = φ and for which the electric and magnetic parts of the Weyl tensor
(restricted to S) of the resulting spacetime development take the form

dij = L̊(X)ij + Tij −
1

3
trh(L̊(X) + T )hij ,

d∗ij = L̊(X̄)ij + T̄ij −
1

3
trh(L̊(X̄) + T̄ )hij ,

for some covectors X, X̄ over S and where L̊ denotes the conformal Killing operator with respect
to h̊.
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Remark 19. Thus, choosing the free data Tij , T̄ij and φ suitably small one can ensure that the

perturbed data (S,h,K) is as close to (S, h̊, K̊). Accordingly, the associated initial data for the
conformal evolution equations will be close to initial data for the background solution.

Remark 20. Theorem 1 in [20] applies to the broader class of conformally rigid hyperbolic
compact manifolds —that is, Einstein manifolds with negative Ricci scalar which do not admit
a non-trivial Codazzi tensor; see the discussion in Section 3.4.3 of this reference. The precise
statement of the result also excludes values of κ which are related in a specific manner to the
eigenvalues of the Laplacian of h̊—however, we do not require this level of detail in the subsequent
discussion.

6 Analysis of the existence and stability of solutions

In this section we develop the theory of the existence, uniqueness and stability of solutions to the
Einstein field equations which can be regarded as perturbations of the background solution. The
argument proceeds in several steps: first, the Cauchy stability of solutions to symmetric hyperbolic
systems is used to conclude the existence of solutions to the conformal evolution system (35a)-
(35f); in a second step the uniqueness of solutions to the subsidiary system (37a)-(37i) to argue
the propagation of constraints; finally general theory of the conformal Einstein field equations
is invoked to establish the connection between solutions to the conformal equations and actual
solutions to the Einstein field equations.

6.1 A symmetric hyperbolic evolution system

In the following we look for solutions to the system (36a)-(36b) of the form

û = ů + ŭ

where ů is the solution to the conformal evolution equations (35a)-(35f) implied by a background
solution, while ŭ denotes a (small) perturbation. Accordingly, making use of the schematic
notation of equations (36a)-(36b) one can set

υ̂ = υ̊ + ῠ, φ̂ = φ̆, (38a)

ê = e̊+ ĕ, Γ̂ = Γ̊ + Γ̌. (38b)

Now, we have found that on the initial surface S? described by the condition τ = τ? one can write
ů? = (υ̊?, φ̊?) = (υ̊?, 0). As the conformal factor Θ and the covector d are universal, it follows
that

∂τ υ̊ = Kυ̊ + Q(υ̊, υ̊).

Substituting (38a) and (38b) into equations (36a) and (36b) yields evolution equations for ŭ =
(ῠ, ῠ) which, schematically, take the form

∂τ ῠ = Kῠ + Q(Γ̊ + Γ̆)ῠ + Q(Γ̆)υ̊ + L(x̄)φ̆, (39a)

(I + A0(e̊+ ĕ))∂τ φ̆+ Aα(e̊+ ĕ)∂αφ̆ = B(Γ̊ + Γ̆)φ̆. (39b)

Now, in the following it is convenient to define

Ā0(τ, x, ŭ) ≡
(

I 0
0 I + A0(e̊+ ĕ)

)
, Āα(τ, x, ŭ) ≡

(
0 0
0 Aα(e̊+ ĕ)

)
and

B̄(τ, x, ŭ) ≡ ŭQ̄ŭ + L̄(x̄)ŭ + K̄ŭ,

where

ŭQ̄ŭ ≡
(
ῠQῠ 0

0 B(Γ̆)φ̆

)
, L̄(x̄)ŭ ≡

(
υ̊Qῠ + Q(Γ̆)υ̊ L(x̄)φ̆

0 0

)
, K̄ŭ ≡

(
Kῠ 0

0 B(̊Γ)φ̆

)
,
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denote, respectively, quadratic, linear and constant terms in the unknowns. In terms of the latter
it is possible to rewrite the system (39a) and (39b) in the form

Ā0(τ, x, ŭ)∂τ ŭ + Āα(τ, x, ŭ)∂αŭ = B̄(τ, x, ŭ). (40)

From the discussion in the previous sections, it follows that the system described by (40) is a
symmetric hyperbolic system for which the theory of [16] can be applied. The natural domain of
the solutions to this system is of the form

M = [τ?, τ•)× S, τ? ∈ (0, 1), τ• ≥ 1.

6.2 The existence, uniqueness and Cauchy stability of the solution

The existence of de Sitter-like solutions to the conformal evolution system (40) is given by the
following proposition:

Proposition 4 (existence and uniqueness of the solutions to the perturbed de Sitter–
like evolution equations). Given u? = ů? + ŭ? and m ≥ 4, one has that:

(i) There exists ε > 0 such that if
||ŭ?||S,m < ε, (41)

then there exists a unique solution ŭ ∈ Cm−2(
[
τ?,

3
2

)
× S,RN ) to the Cauchy problem for

the conformal evolution equations (40) with initial data u(0, x) = ŭ?, τ? > 0 and with N
denoting the dimension of the vector u.

(ii) Given a sequence of initial data ŭ
(n)
? such that

||ŭ(n)
? ||S,m < ε, and ||ŭ(n)

?||S,m
n→∞−−−−→ 0,

then for the corresponding solutions ŭ(n) ∈ Cm−2
([
τ?,

3
2

)
×S,RN

)
, one has ||ŭ(n)||S,m → 0

uniformly in τ ∈
[
τ?,

3
2

)
as n→∞.

Remark 21. In the above proposition ||ŭ?||S,m denotes the standard L2-Sobolev norm over S
of order m ≥ 4 of the independent components of the vector ŭ?.

Proof. The proof is an application of the existence and stability results for symmetric hyper-
bolic systems with compact spatial sections —see e.g. [19], Section 12.3 which, in turn, fol-
lows from Kato’s theory for symmetric hyperbolic systems over Rn [16]. More precisely, since
the 3-dimensional manifold S is compact, there exists a finite cover consisting of open sets
R1, . . . ,RM ⊂ S such that ∪i=1

MRi = S. On each of the open sets Ri it is possible to in-
troduce coordinates xi ≡ (xαi) which allow one to identify Ri with open subsets Bi ⊂ R3. As S
is assumed to be a smooth manifold, the coordinate patches can be chosen so that the change of
coordinates on intersecting sets is smooth. The initial data ŭ? : S → RN is a smooth function
on S and can be restricted to a particular open set Ri. The restriction ŭi?, in local coordinates
xi, can be regarded as a function ŭi? : Bi → RN . Now, assuming that R ⊂ R3 is bounded
with smooth boundary ∂R, it is possible to extend ŭi? to a function Eŭi? : R3 → RN —see e.g.
Proposition 12.2 in [19]. Using these extensions it is possible to define the Sobolev norm

||ŭ?||S,m ≡
M∑
i=1

||ŭi?||R3,m.

Now, for each of the Eŭi? one can formulate an initial value problem of the form

Ā0(τ, x, ŭ)∂τ ŭ + Āα(τ, x, ŭ)∂αŭ = B(τ, x, ŭ),

ŭ(0, x) = Eŭi?(x) ∈ Hm(S,RN ) for m ≥ 4.

For this initial value problem it is observed that:
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(a) The matrices Āµ(τ, x, Eŭi?) are positive definite and depend linearly on the solution ŭi
with coefficients which are constant.

(b) The dependence of B on ŭi is at most quadratic: there are linear and quadratic terms for
the connection coefficients; linear terms for the components of the Schouten tensor. The
explicit dependence on (τ, x) comes from the conformal factor and the covector da —this
dependence is smooth.

(c) The connection coefficients and the components of the Schouten tensor of the background
solution are smooth functions (C∞) of (τ, x).

(d) The dependence of the frame coefficients of the background solution is smooth (C∞) on τ
for τ ∈ [τ?,

3
2 ] with τ? 6= 0.

It follows from the above observations that the system considered in the present article satisfies
the conditions of Kato’s theorems —see Appendix A. This theory implies existence, uniqueness
and stability —i.e. points (i) and (ii) in the theorem. Notice, however, that strictly speaking,
this theorem only applies to settings in which the spatial sections are diffeomorphic to R3. To
address this one makes use of the following strategy: standard results on causality theory imply
that

D+(Ri) ∩ I+(S \ Ri) = ∅,

where D+(Ri) denotes the causal future of Ri —see e.g. [19], Theorem 14.1. Accordingly, the
value of ŭ on Di ≡ D+(Ri) is determined only by the data on Ri. Then the solution on Di is
independent of the particular extension Eŭi? being used. Hence, one can speak of a solution ŭi
on a domain Di ⊂ [τ?, τi]×Ri. Since the manifold is smooth and as a consequence of uniqueness,
it follows that given two solutions ŭi and ŭj defined, respectively, on intersecting domains Di
and Dj they must coincide on Di

⋂
Dj . Proceeding in the same manner over the whole finite

cover of S and since the compactness of S ensures the existence of a minimum non-zero existence
time for the whole of the domains Di, then there is a unique solution ŭ on [τ?,

3
2 ] × S with

3
2 = mini=1,...,M{τi} which is constructed by patching together the localised solutions ŭ1, . . . , ŭM
defined, respectively on the domains Di, . . . ,DM . The existence interval [τ?,

3
2 ) follows from the

fact that the background solution ů has this existence interval.

Remark 22. The existence and Cauchy stability of the solution to the initial value problem for
the original conformal evolution problem

A0(τ, x, û)∂τ û + Aα(τ, x, û)∂αû = B(τ, x, û),

û|? = ů? + ŭ? ∈ Hm(S,RN ) for m ≥ 4

follows from the fact that û satisfies the same properties as ŭ in Proposition 4 and then it exists
in the same solution manifold and with the same regularity properties, existence and uniqueness.

6.3 Propagation of the constraints

In this section we discuss the so-called propagation of the constraints. This argument is essential
to establish the connection between solutions to the conformal evolution systems and actual
solutions to the Einstein field equations. More precisely, one has the following:

Proposition 5 (propagation of the constraints). Let û? = ů? + ŭ? denote initial data for
the conformal evolution equations on a 3-manifold S? ≈ S such that

Σ̂a
c
b|S? = 0, Ξ̂cdab|S? = 0, ∆̂abc|S? = 0, Λ̂abc|S? = 0,

and
δa|S? = 0, γab|S? = 0, ςab|S? = 0,

then the solution ŭ to the conformal evolution equations given by Proposition 4 implies a Cm−2

solution û = ů + ŭ to the extended conformal field equations on
[
τ?, 1

)
× S.
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Proof. The proof follows from the properties of the subsidiary evolution system. First, it is
observed that by assumption

Σ̂0
c
b = 0, Ξ̂cd0b = 0, ∆̂0bc = 0,

hold —cfr. the equations in (20). Moreover, the associated evolution equations are expressed
in terms of a conformal Gaussian gauge system and the independent components of the rescaled
Weyl tensor satisfy either the evolution system (22) and (23). Now, following the discussion of
Section 4.3, the independent components of the zero-quantities

Σ̂a
c
b, Ξ̂cdab, ∆̂abc, Λ̂abc, δa, γab, ςab,

which are not determined by either the evolution equations or gauge conditions satisfy a symmetric
hyperbolic system which is homogeneous in the zero-quantities. More precisely, defining X̂ ≡
(Σ̂a

c
b, Ξ̂

c
dab, ∆̂abc, Λ̂abc, δa, γab, ςab), these equations can be recast as a symmetric hyperbolic

system of the form
∂τ X̂ = H(X̂),

where H is a homogeneous function of its arguments —i.e. H(0) = 0. It follows then that a
solution to the initial value problem

∂τ X̂ = H(X̂),

X̂? = 0.

is given (trivially) by X̂ = 0. Moreover, following Kato’s theorem it follows this is the unique
solution. Thus, the zero-quantities must vanish on

[
τ?, 1

)
×S. That is, the solution ŭ to the con-

formal evolution equations implies a solution to the extended conformal Einstein field equations
over the latter domain.

From the above statement, making use of the relation between the extended conformal Einstein
field equations and the actual Einstein field equations —see Proposition 8.3 in 208 — in [19] it
follows the following:

Corollary 1. The metric
g̃ = Θ−2g

obtained from the solution to the conformal evolution equations given in Proposition 4 implies a
solution to the vacuum Einstein field equations with λ = 3.

7 Future geodesic completeness

In this section we discuss the future geodesic completeness of the spacetimes obtained in the
previous section. Our analysis distinguishes two cases: null geodesics and timelike geodesics.

7.1 Null geodesics

As a consequence of the compactness of the unphysical manifold

M =

{
(τ, x) ∈ R× S | τ• ≤ τ ≤ 1

}
,

null geodesics in the unphysical manifold starting at the initial hypersurface S?, reach the con-
formal boundary in a finite amount of affine parameter. Furthermore, null geodesics with respect
to the unphysical metric g coincide, up to a reparametrisation, with null geodesics respect to the
physical metric g̃ on M̃. More precisely, let γ be a null geodesic in (M, g) with affine parameter
v such that v = 0 on ∂M̃. The equations for γ are

d2xµ

dv2
+ Γµνλ

dxν

dv

dxλ

dv
= 0.
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Let γ̃ denote the corresponding geodesics in M̃. Using a different parameter ṽ = ṽ(v) and the
relation between the Christoffel symbols Γµνλ and Γ̃µνλ it follows that

d2xµ

dṽ2
+ Γ̃µνλ

dxν

dṽ

dxλ

dṽ
= − 1

ṽ′

(
ṽ′′

ṽ′
+ 2

Θ′

Θ

)
dxµ

dṽ
.

By requiring that ṽ to be an affine parameter the right hand side must vanish. This implies
ṽ′ = const/Θ2, and absorbing the constant into ṽ we obtain

dṽ

dv
=

1

Θ2
.

Furthermore, at I +, Θ = 0 and dΘ 6= 0, and we may choose v so that near ∂M̃ , v ∼ −Θ. Thus
ṽ ∼ −1/v becomes unbounded —i.e. the physical affine parameter for the physical geodesic must
blow up as Θ→ 0. Thus, γ̃ never reaches ∂M̃ and the null geodesic must be complete —see also
the discussion in [18], Chapter 3.

7.2 Timelike geodesics

The argument used for null geodesics cannot readily be applied to the discussion of timelike
geodesics as these are not conformally invariant. Instead, we make use of timelike conformal
geodesics.

Every timelike metric geodesic on the physical spacetime (M̃, g̃) can be recast, after a
reparametrisation, as a conformal geodesics (x, β̃) —see e.g. [19], Lemma 5.2 in page 131; also
[14]. Under the rescaling g = Θ2g̃, the conformal geodesic (x, β̃) transforms into a geodesic (x, β)
in the unphysical spacetime (M, g). Now, it is known that any g-conformal geodesic that leaves
I + orthogonally into the past, is up to a reparametrisation, a timelike future complete geodesic
for the physical metric g̃ —see e.g. [14, 13]. Moreover, a conformal geodesic through a point
of I + which is not orthogonal to the conformal boundary cannot represent a geodesic in the
physical spacetime.

Now, from the g̃-future geodesic completeness of the background solution (see Appendix B)
it follows that every conformal geodesic in the background spacetime starting orthogonal to the
initial hypersurface S? must reach the conformal boundary I +. Hence, every timelike g̃-geodesic
is, up to a reparametrisation, a timelike conformal curve reaching I + orthogonally. Moreover,
let us consider a pair (x(τ), β̃(τ)) with parameter τ ∈ R. Furthermore, let us suppose that this
geodesic starts at τ = τ?, i.e. the initial hypersurface S, and it reaches the conformal boundary
I + at τ = 1. Now, consider a small perturbation of the quantities (x, β̃) so that

x̂ = x+ x̆,

β̂ = β̃ + β̆,

where x̆ and β̆ are small perturbations. In this case, the perturbed conformal geodesic equations
read

∇̃x′(x′ + x̆′) = −2〈(β̃ + β̆), (x′ + x̆′)〉(x′ + x̆′) + g̃((x′ + x̆′), (x′ + x̆′))(β̃ + β̆)],

∇̃x′(β̃ + β̆) = 〈(β̃ + β̆), (x′ + x̆′)〉(β̃ + β̆)− 1

2
g]((β̃ + β̆), (β̃ + β̆))(x+ x̆)′[ + L̃((x′ + x̆′), ·),

where the metric, covariant derivative and Schouten tensor are those obtained from the solution
to the Einstein field equations given in Corollary 1. These equations can be read as a system of
ordinary differential equations for the fields x̆ and β̆. Because of the smoothness of the perturbed
spacetime it follows that one can make use of the stability theory for ordinary differential equations
—see e.g. [15], Theorem 2.1 in page 94 and Corollary 4.1 in page 101. In particular, these
conformal geodesics will have the same existence interval as those in the background spacetime.
Accordingly, it follows that (M̃, g̃) is future g̃-geodesically complete.

Remark 23. An alternative way of concluding the future geodesic completeness of the solutions
to the Einstein field equations provided by Corollary 1 is to make use of the theory in [4] —see also
Appendix B. By choosing the ε > 0 in condition (41) of Proposition 4 sufficiently small, it can be
shown that the physical metric g̃ satisfies the bounds required to shown geodesic completeness.
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8 The main result

We summarise the discussion of the preceding sections with a more detailed formulation of the
main result of this article:

Theorem 1. Let û? = u? + ŭ? denote smooth initial data for the conformal evolution equations
satisfying the conformal constraint equations on a hypersurface S?. Then, there exists ε > 0 such
that if

||ŭ?||S?,m < ε, m ≥ 4

then there exists a unique Cm−2 solution g̃ to the vacuum Einstein field equation with positive
Cosmological constant over [τ?,∞)×S? for τ? > 0 which is future geodesically complete and whose
restriction to S? implies the initial data û?. Moreover, the solution û remains suitably close (in
the Sobolev norm ‖ · ‖S,m) to the background solution ů.

Remark 24. It follows from Proposition 3 that there exists an open set of initial data for the
Einstein field equations satisfying the hypothesis of the above theorem.

A On Kato’s existence and stability result for symmetric
hyperbolic systems

In this appendix we make some remarks concerning the hypothesis in Kato’s existence, uniqueness
and stability result for symmetric hyperbolic equations in [16]. The results in this reference and,
in particular the main Theorem II, are very general and presented in an abstract manner. This
abstract presentation hinders the direct applicability of the theory. The purpose of this Appendix
is to provide a guide to the use of this theorem and to verify that the main evolution system in
this article satisfies the hypothesis of the result.

Kato’s theory is concerned with symmetric hyperbolic systems in which the unknown u is
regarded as a P-valued function over Rm where P is a Hilbert space. The Hilbert space can be
real or complex and, in fact, infinite dimensional. In the present article we are interested in the
case where P is finite dimensional —say, of dimension N . In this case the symmetric hyperbolic
system becomes a standard partial differential equation. For concreteness we set here P = RN
and m = 3. The following discussion of Kato’s theorem will be made with this particular choice.
in mind.

Kato’s theorem is concerned with (N -dimensional) symmetric hyperbolic quasilinear systems
of the form

A0(t, x,u)∂tu + Aα(t, x,u)∂αu = F(t, x,u). (42)

for 0 ≤ t ≤ T , x ∈ R3, α = 1, 2, 3, and initial conditions

u(0, x) = u?(x). (43)

In Kato’s theory it is convenient to regard the coefficients A0(t, x,u) and Aα(t, x,u) as non-linear
operators depending on t sending RN -valued functions (i.e. the vector u) over R3 into (N ×N)-
matrix valued functions on R3 —in Kato’s terminology these are the elements of B(P), the space
of bounded linear operators over P. Similarly, F(t, x,u) is regarded as an non-linear operator
depending on t sending RN -valued functions on R3 into RN -valued functions on R3.

Consider now Hs(R3,RN ), the space of (RN )-vector valued functions over R3 such that their
entries have finite Sobolev norm of order s. Let D be a bounded open subset of Hs(R3,RN ).
Writing

Aµ(t, x,u) =
(
aµij(t, x,u)

)
, F(t, x,u) =

(
fi(t, x,u)

)
, i, j = 1, . . . N, µ = 0, . . . , 3,

one has that for fixed t and u ∈ D

aµij(t, x,u) : Rm → R,
fi(t, x,u) : Rm → R.
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Key in Kato’s analysis are the uniformly local Sobolev spaces Hs
ul. Let C∞0 (R3,R) denote the

sets of smooth functions of compact support from R3 to R. Given any non-zero φ ∈ C∞0 (R3,R)
not identically zero, then u ∈ Hs

ul if and only if

sup
x∈R3

‖ φxu ‖s<∞, φx(y) ≡ φ(y − x).

Remark 25. In other words, the vector-valued function u is in Hs
ul if its Sobolev norm of order

s over any compact set over R3 is finite and remains finite as one considers larger and larger
compact sets on R3.

Remark 26. The spaces Hs
ul satisfy nice embedding properties analogous to those of Hs —see

Lemma 2.7 in [16].

In the following it will be assumed that, for fixed t and u ∈ D, the coefficients aµij(t, x,u(x))

are functions from D to Hs
ul(R3,R). For fi(t, x,u(x)) one has the more relaxed condition of

being a function from D to Hs(R3,R). In Kato’s more abstract terminology this is equivalent to
requiring that Aµ is a function from D to Hs

ul(R3,B(P)) and F from D to Hs(R3,P).

One has the following reformulation of Theorem II in [16]:

Theorem 2. Let s be a positive integer such that s > 3/2 + 1 = 5/2. Let Aµ(t, x,v(x)),
F(t, x,v(x)) and v ∈ D as above with 0 ≤ t ≤ T . Assume that the following conditions hold:

(i) The components aµij(t, x,v(x)) (respectively, fi(t, x,v(x))) are bounded in the Hs
ul-norm

(respectively Hs-norm) for v ∈ D, uniformly in t.

(ii) For each t, the map v(x) 7→ Aα(t, x,v(x)) is uniformly Lipschitz continuous on D from
the H0-norm to the H0

ul-norm, uniformly in t. Similarly, the map v(x) 7→ F(t, x,v(x)) is
Lipschitz continuous from the H0-norm to the H0-norm, again uniformly in t.

(iii) The map v(x) 7→ A0(t, x,v(x)) is Lipschitz continuous on D from the Hs−1-norm to the
Hs−1
ul -norm, uniformly in t.

(iv) The maps t 7→ Aα(t, x,v(x)) are continuous in the H0
ul-norm for each v ∈ D. Similarly,

the map t 7→ F(t, x,v(x)) is continuous in the H0-norm for each v ∈ D.

(v) The map t 7→ A0(t, x,v(x)) is Lipschitz-continuous on [0, T ] in the Hs−1
ul -norm, uniformly

for v ∈ D.

(vi) For each v ∈ D the matrix-valued functions Aµ(t, x,v(x)) are symmetric for each (t, x) ∈
[0, T ]× Rm.

(vii) The matrix A0(t, x,v(x)) is positive definite with eigenvalues larger that, say, 1 for each
(t, x) and each v ∈ D.

(viii) u? ∈ D.

Then there is a unique solution u to (42)-(43) defined on [0, T ′] where 0 < T ′ ≤ T such that

u ∈ C[0, T ′;D] ∪ C1[0, T ′;Hs−1(R3,RN )],

where T ′ can be chosen common to all initial conditions u? in a suitably small condition of a
given point in D.

In practice, the conditions of the above theorem are hard to verify. Kato provides sufficient
conditions ensuring that conditions in the above theorem are satisfied (Theorem IV in [16]:

Theorem 3. Suppose that s > 3/2 + 1 = 5/2. Let Ω be the subset of R3×RN consisting of pairs
(x, v) such that

|v − v?(x)| < ω, x ∈ R3
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where ω > 0 and v? ∈ Hs(R3,RN ) ⊂ C1(R3,RN ) are fixed. Let, as before,

Aµ : [0, T ]× Ω −→ B(RN ),

F : [0, T ]× Ω −→ RN ,

where B(RN ) denotes the set of (N ×N)-matrix valued functions over R3 with the properties

(a) Aα ∈ C[0, T ;Csb (Ω,B(RN ))],

(b) A0 ∈ Lip[0, T ;Cs−1
b (Ω,B(RN ))],

(c) F ∈ C[0, T ;Cs+1
b (Ω,RN )],

(d) F? ∈ L∞[0, T ;Hs(R3,RN )] ∩ C[0, T ;H0(R3,RN )],

where F?(t, x) ≡ F(t, x, v?(x)). Then conditions (i)-(v) in Theorem 2 are satisfied by Aµ, F
provided that D is chosen as a ball in Hs(R3,RN ) with v? as center and a sufficiently small
radius R?. In addition, (ix) is satisfied if (a) is assumed to hold with s replaced by s+ 1.

Remark 27. The sets Crb (Ω,B(RN )) and Crb (Ω,RN ) denote the spaces of functions having deriva-
tives up to the r-th order which are continuous and bounded in the supremum norm.

Remark 28. If the Aµ are polynomials in p it actually suffices that the coefficients only be in

C[0, T ;Hs
ul] and also in C1[0, T ;Hs−1

ul ] for A0.

B Geodesic completeness of the background solution

The geodesic completeness of the metric (10) can be shown using the theory developed in [4] —in
particular, Corollary 3.3 in this reference applies to the present situation.

More precisely, the theory in [4] applies to spacetimes (M, g) such that M = [t•,∞) × S
where t• > 0 and S is a smooth 3-dimensional manifold. The metric g has the 3 + 1 split

g = −α2ω0 ⊗ ω0 + hijω
i ⊗ ωj ,

with
ω0 = dt, ωi = dxi + βidt.

There exist numbers 0 < α−, α+ such that

0 < α− ≤ α ≤ α+.

The metric h ≡ hijdxi⊗dxj is a geodesically complete Riemannian metric on St ≡ {t}×S such
that there exists a constant C1 > 0 such that

C1hij(t•)v
ivj ≤ hij(t)vivj

for all vectors on TS and t ∈ [t•,∞). Furthermore, there exists another constant C2 such that

βiβ
i ≤ C2, t ∈ [t•,∞).

In the following let Kij denote the extrinsic curvature of the hypersurfaces St, K{ij} is tracefree
part and K its trace.

With the above conditions, the metric g is future geodesically complete if the following two
conditions hold:

(i) DiαD
iα is bounded by a function of t which is integrable on [t•,∞);

(ii) K < 0 and KijK
ij is integrable on [t•,∞).
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The metric (10) can be readily seen to satisfy the above conditions. In particular, as α = 1,
the norm of the spatial gradient of the lapse vanishes and, accordingly, it is integrable —this
verifies condition (i) above. Moreover, the extrinsic curvature of the hypersurfaces of constant t
is given by

Kij = − sinh t cosh t̊γij ,

so that it is pure trace. Moreover, one has that

K = −3 coth t < 0, t ∈ [t•,∞).

As K{ij} = 0 in this case one has that (ii) is also satisfied. It follows then that the background

metric ˚̃g is future geodesically complete.
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