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Abstract

It is shown how the extended conformal Einstein field equations and a gauge based on the
properties of conformal geodesics can be used to analyse the non-linear stability of Einstein
spaces with negative scalar curvature. This class of spacetimes admits a smooth conformal
extension with a spacelike conformal boundary. Central to the analysis is the use of con-
formal Gaussian systems to obtain a hyperbolic reduction of the conformal Einstein field
equations for which standard Cauchy stability results for symmetric hyperbolic systems can
be employed. The use of conformal methods allows to rephrase the question of global exis-
tence of solutions to the Einstein field equations into considerations of finite existence time
for the conformal evolution system.

1 Introduction

In the mathematical Relativity literature, for a Cosmological spacetime it is usually understood
a spacetime with compact spatial sections. Understanding the long-time evolution of generic
examples of these spacetimes in, say the vacuum case, is one of the open challenges in the area.
Although generic initial data is expected to form singularities towards the future, it is never-
theless essential to adress the stability of those solutions which are known to be geodesically
complete. The fundamental example of a geodesically complete Cosmological spacetime is given
by the de Sitter spacetime. Its non-linear stability was analysed in the seminal work by Friedrich
[8,[7]. A central aspect of this result is the use of conformal methods to transform the question
of the global existence of solutions to a finite existence problem. An alternative approach to the
study of the non-linear stability of vacuum Cosmological solutions to the Einstein field equations
by means of so-called CMC foliations has been used by Andersson & Moncrief [2, B3] to prove
the non-linear stability of 4-dimensional Friedmann-Lemaitre-Robinson-Walker (FLRW) vacuum
solutions. Using similar methods, in [5] Fajman & Kroncke studied the non-linear stability of
large classes of Cosmological solutions to the vacuum Einstein field equations with a positive Cos-
mological constant in arbitrary dimensions. These solutions are characterised by having spatial
sections with constant scalar curvature which can be either positive or negative. The purpose
of this article is to show that, in four dimensions, the stability results for spacetimes with spa-
tial sections of constant negative curvature given in [5] can be addressed via a generalisation of
the conformal methods developed by Friedrich [8, [9, [10, [I2] —see also [19]. The analysis of the
case positive constant curvature is essentially contained in the original results in [§] —see also
[I7). The use of conformal methods in the stability problem considered in this article provides
alternative information and insights into the evolution of Cosmological spacetimes.
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Conformal methods in the analysis of de Sitter-like spacetimes

In what follows, for a de Sitter-like spacetime it is understood a vacuum Einstein spacetime
with a positive value of the Cosmological constant and compact spatial sections. General results
on conformal geometry show that if these spacetimes admit a conformal compactification a
la Penrose then the conformal boundary of the spacetime must be spacelike —see e.g. [19],
Theorem 10.1. Following the standard usage, we refer to the conformal extension of a de Sitter-
like spacetime as the unphysical spacetime. The usefulness of this conformal extension lies in
the fact that points representing the infinity of the physical spacetime (e.g. the endpoints if
timelike geodesics) are mapped to a finite location in the unphysical spacetime. These points are
characterised by the vanishing of the conformal factor.

In the particular case considered in the present article, we consider de Sitter-like spacetimes
which can be conformally embedded into a portion of a cylinder whose sections have negative
scalar curvature. The conformal embedding is realised by means of a conformal factor © which
depends quadratically on the affine parameter 7 of special curves which are invariants of the
conformal structure. These curves are known as conformal geodesics, and the affine parameter is
used as a time coordinate for the physical metric.

Key in the conformal approach is that the unphysical metric provides a solution to the con-
formal FEinstein field equations —i.e. a conformal representation of the vacuum Einstein field
equations which provides equations which are regular up and beyond the conformal boundary
[6, 19]. These equations allow to avoid the difficulties produced by the fact that the direct ap-
plication of conformal transformation laws into the Einstein equations leads to equations with
singular terms. In the present article we make use of a more general version of these equations,
the extended conformal Einstein field equations expressed in terms of a Weyl connection —i.e. a
non-metric torsion free connection which preserves the causal structure. This version of the con-
formal equations allows the use of conformal Gaussian coordinate systems in which coordinates
are propagated along conformal geodesics —rather than along standard geodesics as is done in
the usual Gaussian systems.

As already mentioned, the appeal of conformal methods in the study of solutions to the
Einstein field equations lies in the observation that local results for the unphysical spacetime can,
in principle, be translated into global results for the physical spacetime. In original formulation
of the conformal Einstein field equations the conformal factor realising the conformal embedding
of the physical spacetime into a compact manifold is an unknown of the problem. However,
remarkably, the use of conformal Gaussian coordinate systems provide a natural conformal factor
which singles out a representative in the conformal class of the spacetime. Accordingly, the
location of the conformal boundary is known a priori, thus simplifying further the analysis of
the evolution equations. The extended conformal Einstein field equations expressed in terms of a
conformal Gaussian system can be shown to imply a conformal evolution system which takes the
form of a symmetric hyperbolic system —i.e. a class of evolution systems for which there exists
a well-developed existence, uniqueness and stability theory [16].

The main result

In the following, let (S,) denote a compact and complete 3-dimensional Riemannian manifold
with negative constant curvature. Then the Lorentzian metric given

g = —dt ® dt + sinh® t5 (1)

is an Einstein space over R x § which is geodesically complete and for which the Cosmological
constant takes the value A = 3. Our main result can be formulated, in formally, as follows:

Theorem. Given smooth initial data (h, K) for the Einstein field equations on S which is suitably
close (as measured by a suitable Sobolev norm) to the data implied by the metric , there exists
a smooth metric g defined over [0,00) X S which is close to g (again, in the sense of Sobolev
norms) and solves the vacuum FEinstein field equations with Cosmological constant X\ = 3. The
spacetime ([0, 00) X S“(E]) is future geodesically complete.

A precise formulation of the result is given in Theorem [l in Section [8] The construction of
the initial data required in the above result has been analysed in [20].



Outline of the article

The present article is structured as follows: Section [2] provides the required background on the
extended conformal Einstein field equations required for the analysis in this article —this discus-
sion is not only restricted to the equations but also involves the associated constraint equations
and the notion of conformal geodesics which will be used to fix the gauge. Section [3] provides an
analysis of the background spacetimes (Einstein spaces with spatial sections of constant negative
curvature) in the light of the conformal Einstein field equations. In particular, this section gives
a conformal extension of these spacetimes arising from a certain class congruences of conformal
geodesics. Section [d] provides an analysis of the conformal evolution system which will be used in
the main stability argument and its relation to the actual extended conformal Einstein field equa-
tions, including the so-called propagation of the constraints. Section [b] contains a brief discussion
of the initial data for the conformal evolution equations and how it can be constructed. Section [f]
contains the main existence and stability analysis of the conformal evolution equations. Section
[7 provides a discussion of the future geodesic completeness of the perturbed spacetimes. Finally,
Section [§] contains a precise statement of the main Theorem of this article and some concluding
remarks. In addition, the article contains two appendices: Appendix[A]provides a summary of the
main technical tool in this article —Kato’s existence and stability result for symmetric hyperbolic
systems. Appendix [B] provides a brief discussion of the geodesic completeness of the background
solutions.

Notations and conventions

Throughout we mostly follow the notations and conventions of [I9] except from the fact that
the sign of the Cosmological constant for de Sitter-like spacetimes is taken to be positive. The
signature of Lorentzian metrics is taken to be (— + ++). Throughout the Latin letters a, b, ¢, ...
denote spacetime abstract indices indicating the tensorial character of the various objects while
the letters 4, j, k, ... correspond to spatial abstract indices. The boldface indices a, b, c, ... will
be used as spacetime frame indices ranging 0, 1, 2, 3 while %, 7, k, ... range over 1, 2, 3. The
Greek indices y, v, A, ... play the role of spacetime coordinate indices and «, f3, 7, ... are spatial
coordinate indices. In addition to the index notation described above, when convenient, we also
make use of an index-free notation —e.g. a metric tensor can be described, alternatively, by g
or gap. Associated to a given metric g we also make use of the musical isomorphisms * and ® to
denote the raising and lowering of indices of tensorial objects away from their natural position.
Our conventions for the curvature are given by the equation

VoVt — VpVav¢ = R gupv®.

2 The extended conformal Einstein field equations

The main technical tool of this article is given by the extended conformal Finstein field equations
—see [0 [IT]; also [I9]. This system of equations constitute a conformal representation of the
vacuum Einstein field equations written in terms of Weyl connections. A solution to the extended
conformal equations implies a solution to the vacuum Einstein field equations away from the
conformal boundary. In this section we provide a brief discussion of this system geared towards
the applications of this article. A derivation and further discussion of the general properties of
these equations can be found in [I9], Chapter 8.

Throughout this article let (/\;l, g) with M a 4-dimensional manifold and g a Lorentzian metric
denote a vacuum spacetime satisfying the Einstein field equations with Cosmological constant

Rap = Map- (2)
Let g denote an unphysical Lorentzian metric conformally related to g via the relation
9=2%

with = a suitable conformal factor. Let V, and V, denote, respectively, the Levi-Civita connec-
tions of the metrics g and g.



2.1 Weyl connections

A Weyl connection is a torsion-free connection V., such that

Vagoe = =2 faGbe-
It follows from the above that the connections V, and @a are related to each other by
Vot = Vot = 8o fav®,  Sac™ = 62700 + 6276:" — gacg™, (3)
where f, is a fixed smooth covector and v® is an arbitrary vector. Given that
Vat? — Vol = 8, b4 E7IV,E)NC,

one has that . R
vavb - Va’Ub = Sacbdﬁdvc7 Bd = fd + E_1vdE-

In the following, it will be convenient to define

d, =

(1]

fo+ Va2 (4)

In the following R%.q and Ilab will denote, respectively, the Riemann tensor and Schouten
tensor of the Weyl connection V,. Observe that for a generic Weyl connection one has that
Lap # Lpg. One has the decomposition

R0 = 2541 Lyje + CCdap,

where C¢g4p Adenotes the conformally invariant Weyl tensor. The (vanishing) torsion of @a is
denoted by ¥X4%. In the context of the conformal Einstein field equations it is convenient to
define the rescaled Weyl tensor d€qqp via the relation

o _ =—1 o
dqap = 27 Cqap.

2.1.1 A frame formalism

Let {eq}, @ = 0,...,3 denote a g-orthogonal frame with associated coframe {w®}. Thus, one
has that

g(ea7 eb) = Tab, <wa,wb> = 5p2.

Given a vector v, its components with respect to the frame {eq} are denoted by v®.
Let ', % and ', ¢y denote, respectively, the connection coefficients of V, and V, with respect
to the frame {eg}. It follows then from equation that

Ia%% =Ta% + Sap*fa.
In particular, one has that

1A
fa = Zl—‘abb

Denoting by 0q = eq*0,, the directional partial derivative in the direction of eq, it follows then
that

VaoT?. = e wlywe(V,T0,),
= aaTbc + Fadedc - Fadchd;

with the natural extensions for higher rank tensors and other covariant derivatives.



2.2 The frame version of the extended conformal Einstein field equa-
tions
In this article we will make use of a frame version of the extended conformal Einstein field

equations. In order to formulate these equations it is convenient to define the following zero-
quantities:

Yavec = [€asen] — (Da — pa)ee, (5a)
=% dab = PCaab — $°dab, (5b)
Acab =VeLay — Valep — dad®ped. (5¢)
Abed = Vad®bed, (5d)

where the components of the geometric curvature Pcdab and the algebraic curvature pCqqp are
given, respectively, by

PCaab = 0a(T6%4) — 9p(Taa) + T5%a(Tof 0 — Tafo) + Tofal'a®s — Tuf alv®y,

$°dab = Ed°dab + 2S 4o Lye,

where ﬁab and d®gqqep denote, respectively, the components of the Schouten tensor of @a and the
rescaled Weyl tensor with respect to the frame {e,}. In terms of the zero-quantities —,
the extended vacuum conformal Einstein field equations are given by the conditions

Yo pec =0, ¢

[1]>

dab =0, Acap =0, Apea = 0. (6)

In the above equations the fields = and d, —cfr. (4)— are regarded as conformal gauge fields
which are determined by supplementary conditions. In the present article these gauge conditions
will be determined through conformal geodesics —see Subsection [3.1.1] below. In order to account
for this it is convenient to define

ba =do —Efa — VaZ, (7a)
Yab = Lab — Va (27 1dp) — %E—lsabcddcdd + é)\E_Qnaba (7b)
Sab = Liab) — Viafy)- (7c)
The conditions
6a=0,  Yab=0,  cap=0, (8)

will be called the supplementary conditions. They play a role in relating the Einstein field equa-
tions to the extended conformal Einstein field equations and also in the propagation of the con-
straints.

The correspondence between the Einstein field equations and the extended conformal Einstein
field equations is given by the following —see Proposition 8.3 in [19]:
Proposition 1. Let

(6,17 Fabca Laba dabcd)

denote a solution to the extended conformal Einstein field equations (6) for some choice of the
conformal gauge fields (2, dg) satisfying the supplementary conditions . Furthermore, suppose
that

=2#0, det(n®e, @ ep) # 0

on an open subset U. Then the metric

g — Eiznabwa ® wb

is a solution to the Finstein field equations onU.



2.3 The conformal constraint equations

The analysis in this article will make use of the conformal constraint Einstein equations —i.e.
the intrinsic equations implied by the (standard) vacuum conformal Einstein field equations on
a spacelike hypersurface. A derivation of these equations in its frame form can be found in [19],
Section 11.4.

Let S denote a spacelike hypersurface in an unphysical spacetime (M, g). In the following let
{eq} denote a g-orthonormal frame adapted to §. That is, the vector eg is chosen to coincide
with the unit normal vector to the hypersurface and while the spatial vectors {e;}, i =1, 2, 3
are intrinsic to S. In our signature conventions we have that g(eg,eq) = —1. The extrinsic
curvature is described by the components x;; of the Weingarten tensor. One has that x;; = xjs
and, moreover

Xij = —Ti%.

We denote by 2 the restriction of the spacetime conformal factor = to & and by ¥ the normal
component of the gradient of Z. The field /;; denote the components of the Schouten tensor of
the induced metric h;; on S.

With the above conventions, the conformal constraint equations in the vacuum case are given
by —see [19]:

D; D) = Yxs5 — QLsj + shyj,

D;Y = x:*Dr — QL;,

D;s = L;¥ — Ly D*Q,

D;Ljk — DjLig = Sdiij + D'Qdigiz (XinLj — XjkLi),
D;L;j — DjL; = D'Qdyiz + X" Ljx — x5* Lik,

DFdyi; = —(x*;djk — ijdik)v

Didsj = x*dij,

= 6Qs + 382 — 3D, QD*Q,

Djxri — Drxjs = Qdijr + hij L — hawLj,

— —
DD © B © L
? 2 -, O A 6 T oo
o =22 sl =222

S ®
Ne)
L =09

£

1 1
lij = Qdij + Lij — x (x5 — thij) + XwiX;® — ZXleklhijy

with the understanding that

and where we have defined
L; = Lo, dij = doiog, dijr = diojk-

The fields d;; and d;jk correspond, respectively, to the electric and magnetic parts of the rescaled
Weyl tensor. The scalar s denotes the Friedrich scalar defined as

1
4

1
=-V,V*2+ —RE
s a + o 1=
with R the Ricci scalar of the metric g. Finally, L;; denote the spatial components of the Schouten
tensor of g.

3 Properties of the background solution

In the following let (M, Q) denote the solution to the vacuum Einstein field equations with positive
Cosmological constant R
Ry = )\gaba A= 3,
given by M =R x S and )
g = —dt ® dt + sinh? ¢ 4 (10)



where ¥ is a (positive definite) Riemannian metric of constant negative curvature over a compact
manifold § such that

r[4] = 6.
The spacetime (M, g) is future geodesically complete —see Appendix

Remark 1. The value A = 3 for the Cosmological constant is conventional and set for conve-
nience. The analysis in this article can be carried out for any other (positive) value.

The Riemann curvature tensor r’ jk1[y] of 7 is given by
rijr[Y] = YaYie — YiwVik-

From the above expressions it follows that

R=12,
so that 1
Lab = igab (11)

In the following, a spacetime of the form given by (M,Q) will be known as a background
solution. In the rest of this section we will perform an analysis of this class of solutions to the
Einstein field equations from the point of view of conformal geometry. In particular, we will make
use of conformal geodesics to provide a canonical conformal extension —see Proposition

3.1 A class of conformal geodesics

In the following we will consider (metric) geodesics x(s) on (/\;l,g) whose tangent vector is
proportional to 8; —i.e. & = «ad; for some proportionality function o and where the overdot
denotes differentiation with respect to the affine parameter s € R. The geodesic equation

Vzx =0
implies that

ﬁat (Oéat) = ?ta + @34‘3,5
= @ta + Ft“taﬂ.
A direct calculation for the metric (10) shows that T';#; = 0 so that one concludes that 9, = 0

—that is, « is constant along the integral curves of 8;. Without loss of generality we then set
a =1 so that g(@, @) = 1. In summary, we have that the curves

.I(t) = (taz*% z, € S,

are non-intersecting timelike g-geodesics over M. In a slight abuse of notation the coordinate ¢
has been used as parameter of the curve.

3.1.1 Conformal geodesics

The extended conformal Einstein field equations are naturally suited to the use of a gauge based
on conformal geodesics.

A conformal geodesic on a spacetime (M, §) is a pair (I(T),B(j’)) consisting of a curve z(7)
on M, with parameter 7 € I C R, tangent &(7) and a covector 3(7) along x(7) satisfying the
equations (in index-free notation)

Ve = —2(8, &) + §(a, )5, (12a)
Vafi = (B.8)8 — 38°(8. B8 + L(. ), (12b)

where L denotes the Schouten tensor of the Levi-Civita connection V,. Associated to a conformal
geodesic, it is natural to consider a frame {eg} which is Weyl propagated along z(7) according
to the law

V:i:ea = —<B,ea>ib - <B,i>€a +g(€a,$)éﬂ (13)



3.1.2 Reparametrisation as conformal geodesic

In the following, we will make use of the methods in the proof of Lemma 5.2 in [I9] to recast the
family of geodesics discussed in Subsection [3.1| as conformal geodesics. Accordingly, we consider
a reparametrisation of the form

T (1),

while we look for a 1-form 3 given by the Ansatz

B =alr)z" = a(t)dt,

where ’ denotes derivatives with respect to s. From the chain rule it follows that

p= LAy =
Cdrdt Tdr
In particular, one readily has that
Vad = 2V’ + i

Substituting the previous expressions into equations ((12a)) and (12b)), taking into account expres-
sion for the components of the Schouten tensor one obtains the system of ordinary differential
equations

t+at? =0, (14a)
1,
Q= 5t(oﬂ —1). (14b)

The general solution to the above system can be found to be

a(T) = a7 + cq,
t(1) = —2arctanh(ci7 + co) + 3,

with ¢1, co, c3 € R constants. For simplicity one can, e.g. set ¢; = —1, co = c3 = 0 to get the
simpler expressions

t(1) = 2arctanh 7.

Thus, observing that
2

1—72’

sinh (Zarctanh ’7') = 1377—7_2, % (2arctanh T) =

it follows that the pair (z(7), 3(7)), 7 € (=1,1) with

. 2
z(r) = (2arctanh 7, 2,),  B(1) = 71772(“’
-7

give rise to a congruence of non-intersecting conformal geodesics on the background spacetime
(M, g). Using the parameter 7 as new coordinate in the metric (10} one concludes that

4

Notice that the metric is singular at 7+ 1.



3.1.3 The canonical factor associated to the congruence of conformal geodesics
The line element readily suggest the conformal factor

1

0= 2(1—72).

Remark 2. Alternatively, we can make use of the equation

27
1—72

©=(B,@)0, (B.d)=oai=
implied by the condition ©2g(#, &) = —1. Integrating one readily finds that

© _1—72

0, 1-72

where O, is the value of the conformal factor at a fiduciary time 7,. Observe, also, that

Br) = -2 _ar,

172
=d(InO(7)). (16)

Following expression we introduce a new unphysical metric g via the relation

1(1 - 7—2)7

026227 @E*
g g B

so as to ensure that © > 0 for |7| < 1. It follows then that
g=—dredr+71*% (17)
is well defined for 7 € [1,, 00) with 7, > 0. For future use we define the spatial metric h
h = 25,
with associated Levi-Civita connection to be denoted by D. Also, denote by D the Levi-Civita
connection of the metric .

Remark 3. Observe that as the metrics 4 and h are conformally related via a conformal factor
(i.e. 7) independent of the spatial coordinates, it follows then that expressed in terms of local
(spatial) coordinates one has that

Dy =9,.

Remark 4. A computation readily shows that the integral curves of the vector field 8, are
geodesics of the metric g given by equation —that is, one has that

Ve, 8, =0.

Remark 5. Taking into account the expression , the conformal transformation law for con-
formal geodesics gives that

B=pB-d(lne(r)) =0.

To any (non-singular) congruence of conformal geodesics one can associate a Weyl connection V
via the rule

V-V=8(04).

In the present case, 3 is a closed 1-form and, thus, the Weyl connection is, in fact, a Levi-Civita
connection which coincides with V.



3.2 The background spacetime as a solution to the conformal Einstein
field equations

In this subsection we show how to recast the unphysical spacetime (M, g) with M = [1,,00) X S

as a solution to the conformal Einstein field equations. This construction is conveniently done
using an adapted frame formalism.

3.2.1 The frame

Let {é;}, i = 1, 2, 3, denote a -orthonormal frame over S with associated cobasis {&¢}. Ac-
cordingly, one has that

Y(¢i, ¢5) = dij, (&9, ¢;) = 67,
so that . '
»'Oy = 5@'&1 ®Qal.

The above frame is used to introduce a g-orthonormal frame {é,} with associated cobasis {w®}
so that (W é,) = 6,°. We do this by setting

. . 1,

€y =0, é; = —¢;,
T

@ =dr, w'=71a"

so that

Remark 6. It follows that all the coefficients of the frame are smooth (C°°) over [ry,00) X S,
7, > 0.

3.2.2 The connection coefficients

The connection coefficients 4;%; of the Levi-Civita connection D with respect to the frame {¢&}
are defined through the relations

o o ok o E _ ok A o
Dicj = 4" jcu, 75 = (&%, Diéj).

Similarly, for the connection coefficients f‘ik j of the Levi-Civita connection V with respect to the
frame {€4} one has that

o . o L © . e .
va,ec = Fa b€, Fa b —= <(.d 7vaec>~
We now proceed to compute the various connection coefficients.

The coefficients [';* j+ Recalling the definition the connection coefficients and of the basis fields
{é;} and {w’} one has that

Fikj = <wk,©lé‘7> = <wk,éia%aé]’>
1 ok oag o ook sap oy L ok o
= 7<ak,cﬁvacj> = 7<Oék,c7;aDaCj> = 7<ak,Dicj>
T T T
1, &

= =% j.
T J

The coefficients f‘oao- Recall that ég9 = 8, is tangent to geodesics —see Remark [4. Thus,
Voéo = I'o%0ée,

from where it follows that )
Foa() =0.

10



The coefficients f‘ij o and lo“ioj. In this case we have that

o

T'io = (W7, Viéo) = X,
where x;7 denote the components of the Weingarten tensor. Defining X;; = njrX:"*, one has
that xij = X(ij) as the congruence defined by 9, can readily be verified to be hypersurface

orthogonal. Thus, in this case x;; coincides with the components of the extrinsic curvature of
the hypersurfaces of constant 7. To compute x;; recall that

1
Xab = _§£8, hay,

where Lg, denotes the Lie derivative along the direction of 0;. As

Lo h = %,ca, (724) = 20% = 2h,

T T

one concludes that 1

Xij = ——0ij-
J T J

Exploiting the metricity of the connection V one finds that, moreover,

, ) 1
0% =i = ;5ij~

The coefficients f‘oj i- In this case one readily finds that

. . . (1
I'o?i = (w?, Voé;) = (w?, Vo (Téi>>

1, 1
:—;< J7Ci>:—ﬁ<7—a'7,c1:>
1 .
— 15,
T

The coefficients fiog. In this case, one readily finds that

. . . (1 1
0 o o0 o _ o0 o _ o o
I'o"; = (w”,Voe;) = (w”, Vo <7_c1->> =—= (dr,¢;) =0.

The coefficients I';%. Observing that [é;, €] = 0 and recalling that in the absence of torsion
one has that

[€i,€0] = (fico - 1Oﬂo%) €c,
it follows from the previous results that
;% = 0.
Remark 7. It follows that all the coefficients of the connection are smooth (C°) over |7, 00) X S.

Remark 8. For latter use it is observed that the extrinsic curvature (Weingarten tensor) can be

written in abstract index notation as 1
Xij = *;hij- (18)

11



3.2.3 Conformal fields

The next step is the computation of the components of the conformal fields appearing in the
extended conformal Einstein field equations. To this end, we make use of the conformal Einstein
constraints discussed in Section 2.3

We make use of an adapted frame with eg = 8, and make the identification Q — © in
equations —. Observe that one has that

D, =0.

The scalars ¥ and s. By definition one has that
Y=n(0)=-0,0 =1

The minus sign arises from the fact that in our conventions (d7)f = —@,. Using the later in the
conformal equation with A = 3 one readily concludes

s=1.

Components of the Schouten tensor. The constraint readily yields for © > 0 that
Li=0.

The spatial components, f/ij, are computed using the constraint . Observing that in our case
D;D;0O = 0 one readily concludes that

Thus, all the components of the Schouten tensor, except for its trace, vanish. This trace is
proportional to the Ricci scalar of the metric .

Components of the rescaled Weyl tensor. The constraint offers an easy way of com-

puting the magnetic part of the rescaled Weyl tensor. As D,;xx; = 0 and we already know that
L; =0, it follows then that d;;; = 0 so that, in fact,

d;; = 0.

To compute the electric part of the rescaled Weyl tensor we make use of the constraint equation
(9i). This equation requires knowing the value of the Schouten tensor I;; of the metric h. From
the definition of the 3-dimensional Schouten tensor one readily finds that if r[¥] = —6, then

1
Schouten[y] = —57

Now, we have that h= 724 so that h and ~ are conformally related. However, the conformal fac-
tor does not depend on the spatial coordinates. It follows then, from the conformal transformation
rule of the Schouten tensor that

o

Schouten[y] = Schouten|h].

Hence, one has that

Now, a calculation using equation reveals that

thij) + iXs" = XX hig

loij = *f(()ocij - 1

so that
dij = 0.

12



Remark 9. In summary, on has that the metric is conformally flat.

Ricci scalar. Finally, although it does not appear as an unknown in the extended conformal
Einstein equations, it is of interest to compute the Ricci scalar of the metric. To do this we
observe that from the definition of the Friedrich scalar one has that

70 = 24(s — {V.V°0).

A computation readily yields 66669 = —2 so that one concludes that
72

R=_—"_.
1—72
That is, the Ricci scalar is singular at 7 = 1.

Remark 10. Although the Ricci scalar of the background solution solution is singular, this
will not pose any difficulty in our subsequent analysis as the Ricci scalar does not appear as an
unknown in the extended conformal Einstein field equations.

4 Evolution equations

In this section we discuss the evolution system associated to the extended conformal Einstein
equations (@ written in terms of a conformal Gaussian system. This evolution system is central
in the discussion of the stability of the background spacetime. In addition, we also discuss the
subsidiary evolution system satisfied by the zero-quantities associated to the field equations, —
, and the supplementary zero-quantities —. The subsidiary system is key in the analysis
of the so-called propagation of the constraints which allows to establish the relation between a
solution to the extended conformal Einstein equations (6]) and the Einstein field equations (2).

4.1 The conformal Gaussian gauge

In order to obtain suitable evolution equations for the conformal fields, we make use of a conformal
Gaussian gauge. More precisely, we assume that we are working on a region 4 C M which can
be covered by a congruence of non-intersecting conformal geodesics. Choosing

6* - 5,
for 7 = 74, 7 € (0,1), the following Proposition gives a conformal factor associated to the curves
of the congruence —see e.g. [19], Proposition 5.1, page 133:

Proposition 2. Let (M, §) denote an Einstein spacetime. Suppose that (x(), B(T)) is a solution
to the conformal geodesic equations (12a)-(12b)) and that {eq} is a g-orthogonal frame propagated
along the curve according to , If

g = 623, such that, g(&,x) = —1,

then the conformal factor © satisfies
. 1.
O(T) =0, + 0, (1 — 1) + 59*(7' —7)2,

where the coefficients ©,, O,, O, are constant along the conformal geodesic and are subject to
the constraints

O, = <ﬂ*’i'*>®*’ 0,0, = igﬁ(ﬁ*vﬂ*) + g)\,

Furthermore, along each conformal geodesic one has

08 = 6., 08; = 0,84

13



Remark 11. Thus, if one has a congruence of non-intersecting conformal geodesics in a region
U of spacetime, then the above proposition provides a canonical way of obtaining a conformal
extension. This strategy naturally leads to a so-called conformal Gaussian gauge.

The Proposition [2| gives the conformal factor

o(r) = %(1 —(r— 7‘*)2) (19)

along the curves of the congruences. The choice of initial data for the conformal factor is associated
to a congruence that leaves orthogonally a fiduciary initial hypersurface S, with 7 = 7, —notice,
however, that the congruence of conformal geodesics is, in general, not hypersurface orthogonal.

Remark 12. Since the conformal factor © given by equation does not depend on the initial
data for the evolution equations it can be regarded as universal —i.e. valid not only for the
background solution but also for perturbations thereof. Similarly, a consequence of Proposition
2, it follows that the components d, of the the covector d are, in the same sense, universal.

Along the congruence of conformal geodesics one considers a g-orthogonal frame {eo} which
is Weyl-propagated and such that 7 = eg. The Weyl connection V, associated to the congruence
then satisfies

which is equivalent to . R

FObc = 07 .fO = 07 LO(I = 07
—see e.g. [19], Section 13.4, page 366. By choosing the parameter, 7, of the conformal geodesics
as time coordinate one gets the additional gauge condition

€9 = 87—, 60“ = 50”.

On S, we choose some local coordinates = (z%). Assuming that each curve of the congruence
intersects S, only once, one can extend the coordinates off the initial hypersurface by requiring
them to be constant along the conformal geodesic which intersects S, at the point with coordinates
2. The coordinates (7, x) thus obtained are known as conformal Gaussian coordinates.

4.2 The main evolution system

One of the main advantages of writing the conformal field equations in terms of zero-quantities
and using a frame formalism is that the various evolution equations can be readily identified as
certain components of the zero-quantities.

The required evolution equations for the frame components, connection coefficients and com-
ponents of the Schouten tensor are obtained from the conditions

Y0%pee =0, E%406 = 0, Aobe = 0. (20)

In particular, the evolution equation for components of the covector f, defining the Weyl con-
nection is given by .

=c

= cob — 0.

In the following we analyse each of these equations in more detail.

4.2.1 Evolution equations for the components of the frame
Now, starting from equation
Savee = [€as €] — (Do — TvCa)ec
and writing eq = eq"8,, it follows that the condition f]acbec = 0 implies
(Oaeb” — Obes”) = (f‘acb — f‘bca)ec”7 Oa = €a"0,.

Setting a = 0 it follows that the evolution equation for the components of the frame takes the

form R
Ooep” = —T'p%0ec”. (21)
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4.2.2 Evolution equations for the components of the connection

In order to obtain the evolution equation for the components of the frame not determined by the
gauge conditions one considers the condition =¢g49p = 0.

Now, since
PCaob = 9o(Tp%a) — Op(T0%a) + (Tuf alo®s — Tofals®s) + T#%a(T 0 — ToTs),
then using the gauge condition I'o¢q = 0 one has that
PSop = eo(Tp%a) + 5%l 7.
In addition, observing that
S0 Lije = 64°Lio + 00° Lo — 9409°° Lve — daLob — 66 Lo + gabg°®Loe,
together with the gauge condition Loa = 0, it follows that
€ dob = ©d°aob + 204° Lo + 260°Lva — 20a0n°® Lye,

where it has been used that ggqog°® = nqon°¢. It follows that the evolution equation for the
coefficients of the connection not determined by the gauge is given by

do(Tp%a) + T#%alsT 0 = 21a0m°® Lbe — 20a°Lo — 200 Loa — OdC aob-

The above expression can be written in terms of the Levi-Civita connection coefficients I'q .. and
the 1-form f, through the relation

1z‘abc = Fa,bc + Sadefd-
In particular, since
1.
fa = Zrabbv
it follows from the gauge condition fo = 0 and S0 = 0 that

dofi + fiTido = Lio.

4.2.3 Evolution equations for the components of the Schouten tensor

The evolution equations for the components of the Schouten tensor not determined by the gauge
are obtained from the condition Aggp = 0. It follows then that

VoLab — VaLob — dad®soa = 0.

However, in the conformal Gaussian gauge one has that Lob = 0 so that the evolution equation
for the components of the Schouten tensor can be simplified to

doLap = To0%aLeb + T0% Lac + dad®soa = 0,
as f‘gcd =0.

4.2.4 Evolution equations for the components of the rescaled Weyl tensor

The evolution equations for the components of the Weyl tensor are extracted from the decom-
position of the zero-quantity Apeq. As this zero-quantity contains a contracted derivative, the
decomposition is more involved than for the other zero-quantities. As in the case of the conformal
constraint equations, this analysis is best done using the decomposition of the rescaled Weyl ten-
sor in its electric and magnetic parts with respect to the tangent to the congruence of conformal
geodesics on which our gauge is based.
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In the following, let h,® denote the projector to the hyperplanes orthogonal to the tangent
vector field 7® to the congruence of conformal geodesics. One has that

ha® = 8,° — 747,
so that
Apea = V*(0aT dfbed) = 60 V¥ fbed
= TfTaV“dfbcd + hafvadﬂ,cd
= Ddfpea + D¥ dgpear?,

where D, = h,"V;, and D = 7V, denote, respectively, the Sen and Fermi covariant derivatives
associated to the congruence. Now, observing that the acceleration and Weingarten tensor of the
congruence are given, respectively by

aq = V74 = D1,
Xab = ha“Verp = Do,
it follows that
Abeat® = Apoa = 7°D(7F dgbea) + 7°DF dpped — af 7°d fbea
=D(r7 %A tpea) + DT dgroa — af dgoa — a®dobea — XT “dppeds

so that
Avoa = Ddoboa + D dsvoa — a¥ dgpoa — a®dobea — XT “dfbea-

To further simplify we make use of the decomposition
dabed = 2(lbjcdd)a — lafeddp) — 2(T[ed” gje€®ab + Tlad blec®cd),

of the rescaled Weyl tensor in terms of its electric part dqp and magnetic part d}, with respect
to the vector field t* where I, = hgp — T4 Tp to Obtain

Abod =Ddpa + D¥ dgpa — a¥ dppa — a®dpea — 2Xfc(lb[cdd]f — lfredap)
+ 2Xfc(7-[cd*d]e€efb + T[fd*b]eeecd)~

To finally extract the required evolution equation we consider Ap)oq)- Observing that all the
involved tensors are spatial one obtains, after some simplification, that

A(b\O\d) = a()dij + Ekl(iDmd*j)k, - 2al€kl(id*j)k + Xdij - 2Xk(idj)k =0. (22)

To complete the system of evolution equations for the components of the Weyl tensor one
carries out a completely analogous calculation with the zero-quantity

Apeq = Dd" abed
and the decomposition
dabea = 2(lbjed” dja — Lfjcd” alp) + 2(Ticdd)e®ab + Tladplet cd),
where the Hodge dual of the rescaled Weyl tensor is defined as

* _

abed = iezgdcdef-
More precisely, the decomposition
Apea = T*Ddgpeq + D" abed,
leads, after a lengthy computation, to the evolution equation
A*(jojg) = Oodi; — €1 D'djye — 20 e djy + xdiy; — 2x* i djyp = O, (23)

in which all the fields are spatial.

16



Remark 13. The zero-quantities Apeq and Aj., are no independent. In fact, Apeq = 0 if and
only if A, =0.

Remark 14. Equations and imply a symmetric hyperbolic evolution system for the
(ten) independent components of the fields Fqp and Bap —see e.g. [I] for explicit expressions of
the associated matrices.

4.3 The subsidiary evolution system

The analysis of the relation between the solutions to the evolution equations and actual solutions
to the full conformal Einstein field equations, the so-called propagation of the constraints, requires
the construction of a system of subsidiary evolution equations for the zero-quantities associated to
the conformal equations, —, and the gauge conditions —. for the standard argument
of the propagation of the constraints to follow through, the subsidiary system is required to be
homogeneous in the zero-quantities. If this is the case, then it follows from the uniqueness of
solutions to symmetric hyperbolic systems that if the zero-quantities vanish initially, then they
will vanish for all later times as the vanishing (zero) solution is always a solution of a homogeneous
evolution equation.

4.3.1 General remarks

The basic assumption in the construction of the subsidiary evolution system is that the evolution
equations associated to the extended conformal field equations are satisfied. Hence, we assume
that R .

Yo% =10, Z%ob =0, Agpe =0,

together with
Agojj) =0, Aol = 0.

These evolution equations have been constructed using the gauge conditions
fO = Oa fObc = 07 fzob =0.

These gauge conditions will also be used in the construction of the subsidiary evolution system.
Accordingly, the construction requires the evolution equations for the additional zero-quantities
0q, Yab and ¢qp which are associated to the gauge. In our gauge dyp = 0 so that

0o = 0.

Since Lop = 0, by virtue of the definition of S, and the evolution equation for the covector f,,
namely,

R 1
VoBa + BoBa — §T]0a(5eﬁe —2X07?) =0,
it follows that )
~Yob = Lob — VoS — §Sobef/5e5f + A0 2n0p = 0.

As a result of the ©~2 in the last term of this equation, it can only be used away from the
conformal boundary —this is, however, not a problem in our analysis as the propagation of the
constraints only need to be considered in the regions where © # 0. Moreover, by virtue of the
gauge conditions and the evolution equation for the covector f,, we have

sob = —Lyo — Vofo + Ip%0 fe = 0.

4.3.2 The subsidiary equation for the torsion

To obtain the subsidiary equation for the no-torsion condition we consider the totally antisym-
metric covariant derivative V[aEbdc] and observe that

3V 056 = VoLpte — [p%08cte — Te®0%e%. (24)
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On the other hand, from the first Bianchi identity
R cap) + ViaSp%e + S Eg%e = 0,
and the definition of édcab one obtains
ViaZo%e = —E%cab) — Lol g%, (25)

where it has been used that, by construction, ﬁd[cab} = 0. The desired evolution equation is
obtained combining equations and to yield

PN 1 - 1 - -
VoZpTe = —3Tc%03e — 5T %02e s — Zobe. (26)
This evolution equation is homogeneous in the various zero-quantities.

4.3.3 The subsidiary equation for the Ricci identity

To obtain a subsidiary equation for the Ricci identity, we consider the totally symmetrised co-
variant derivative V[aEd|e|bc] and observe that

3V 0=% b = Vo= ebe — ToT0=%cs — Tl 0= % s (27)
Using the second Bianchi identity
Vialtjejpe) + Sial 6 eje) = 0
and the definition of 294, it follows that
ViaZepe) = ~ZiaT6BYelclr — Viah?jefpe)- (28)

The first term on the right-hand side is already of the required form. The second one needs to
be analysed in more detail. For this, it is recalled that

ﬁdebc = Cdebc + 2Se[bdfic]f.
Thus,

~d v d df\ T
V[aﬂ lelbe] = v[aC|e|bc] + 256[1) fVaLc]f.

To further expand this expression we consider the combination ef“bcﬁa[)debc. A direct compu-
tation shows that

ViaC%epe] = ViaC%eibe] + 01a®f17C7 elbe + NefafT C% 11be).-

Moreover, one has
abce d dgh a
€f VaO ebe — —€e g VaC fgh-

Thus, using that C€gap = Od®gap and the definition of the zero quantity Agpe it follows that
€4V 0 C% be = O A p g 4 2V90d* % g + 20 f9d" gep® + 20 f9d* % 5e.
A similar computation using the definition of Aabe yields
298 bW N yog = 2084d79 1% — 208,d"9% ;..
Thus, using the symmetries of d*.qqp and the definition of d, one concludes that
€7V ap%ebe = O A gn — 2009d* % g + €S pY A g
Alternatively, using the properties of the generalised Hodge duals we can write
Viah?ebe] = %eefabceedghAfgh - %Gefabc(sgd*defg — Sep™Aqg-

Combining the expressions, we obtain the following evolution equation

S Sf A 8 Of A o 3 1
v0~:*debc :beozdecf + Fch\:defb - z]bfc-FLuieOf - ieefobceedghAfgh (29)
+ €f0bc(sgd*defg + 3SeOdQAcbg;

which is homogeneous in the zero-quantities.
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4.3.4 Subsidiary equation for the Cotton equation

Now, to compute the subsidiary equation for the Cotton equation we consider @[aAbc}d. On the
one hand, a direct computation yields

3V0Apeja = VoAped — Tp®0Aced — T'e®0Aepa.
On the other hand, using the definition of éecab and the symmetries of §€.qp One obtains
ViaAbeja = —Z°(cab) Lea — =4 djabLeje — P2 djabLeje + X1abV e| Leja— Viadied® ajbe) — de V[ad®|ajbe)-
Using the definition of §, and 4, one finds that
Viadje@® ajpe] = —O0(aBled® ajpe] — OViale@®djpe) — © fiaBledabe] + OL{aled® djba-
Finally, a calculation shows that €%V ,d®abe = €4°9"V 4d® fgh, so that using
ViaCelbe] = ViaC%elbe) + 0101107 eppe] + Melat T C4 bl

and the properties of the generalised duals we find that

= e 1 e e e
Viad®djbg = geabcfed I ggh + 610 f178” ajpe) + Naja ST d° 160

Combining the above expressions and using the properties of the decomposition of p€4qp we
obtain the expression

i fe ¢ e e e 1
V[aAbc]d = _:'e[cab]Led_:ed[ach]e+E[aebv|e|Lc]d+®5[aﬂ\eded\bc]+®’Y[a\eded\bc]_7

6 6a,bcfEdeghAj"ghBe

and, eventually, the evolution equation
Volped =T%0Aced + Te®0Aebd — Z°0beLed + 0bded® deo + deded® aon
1
+ @7bededc0 + G’Ycededob - ieobcfedeghAfghﬂe7

which is homogeneous in zero-quantities as required.

4.3.5 Subsidiary equations for the Bianchi identity

Finally, we are left to show the propagation of the physical Bianchi identity. In view of the
contracted derivative appearing in this equation, the construction of suitable subsidiary equations
is more involved.

Since hq? = §,° + 7,70, it follows then that
Aabc = 5adAdbc = (had - TaTd)Adbc = hadAdbc - TaTdAdbc' (30)

Now, let
Qabc = hadAdbca ch = TdAdbc-

By construction, the tensor §2;. is antisymmetric, hence it admits a decomposition in electric and
magnetic parts. That is, one can write

Dpe = Qe = Qo€ pe — 2Qp7),

where
Qo = Qu7ha®, Q= Q57 h,C

Furthermore, one also has that

Qave = Qappe) = Hye€ ae — 2H g7
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where
_ by ¢ * — O* by ¢
Hio = Qqepm heS, H* 4o = Q7 ha

Substituting the above expressions for ;. and Q4. into equation it follows then that
Aabc = had(H;eeedc — 2Hd[bnc]) — na(ﬂzeebc — QQ[an]). (31)

Crucially, it can be verified that if the evolution equations and for the electric and
magnetic part sof the rescaled Weyl tensor are satisfied then

Hy, =0, H*3,=0.
If the above holds, then equation reduces to
Aabc - na(2Q[bnc] - Q*eeebc) = nach~

Remark 15. The tensors 2, and €2} encode, respectively, the Gauss constraints for the electric
and magnetic parts of the Weyl tensor —that is, the equations

Dy = 0, Dedry, =
To conclude the computation, it remains to compute V*Agp.. A direct calculation gives
VAape = VT Qe + 7o Ve = VT Qpe + 07 Qpe. (32)
An alternative computation of V%A using the commutator of the covariant derivative V gives
2V Apea = 2V OV Ydapea = 2R (P dgear, — 2R 0" debea + S0 Ved™ca
Observing that f]acb =X, as V-V= S(f), it follows that the equation
R%ciq — R%ea = 200% NV afo + Vief Gap — 0V e fa) — 0% fafo + duefa f* + 6% 1cdap e )

together with the definitions of the zero quantities ZC4ab and cap and the symmetries of dgped
so that after projecting the equations with respect to the frame one obtains

A A 1~
vbAbcd ==° [cbadd]eab - Eeabadebcd + izbeavedabcd + gabdabcdv (33)

which is homogeneous in zero-quantities. Hence, combining equations and , we obtain
the following equation for the components of Q;:

e a ~e a J
00Qbe = Z°pp fdc]efa—: + deabe + =2a®Ved e + T fabe — XQbe-

l\D

4.3.6 Subsidiary equations for the gauge conditions

To conclude our discussion of the subsidiary equations, we are left with the task of providing
evolution equations for the zero-quantities associated to the gauge. In order to do so we expand
V[Oéb} V[O’yb] and V[ogbc] to get

2V(od6] = Vo + % e,

2V078je = Vobe + [b%0Vee:

3ﬁ[OCbc] = @Ogbc - f‘beogce - fceogeb~

We then compute V a%b)5 v [aVb]c and V[agbc explicitly making use of the definitions of the zero-
quantities and re-expressing the result in terms of zero-quantities so as to obtain

A 1 N
2V[a§b] = —Y[ab] + Sab — 56_12aebve@7

2@[a7b]c = Aabc + /Beéecab - 2A:aebﬁeﬂc + 2Bc’Y[ab] - 2/6[a7b]c

+nc[aﬁe’yb —+ 2)‘@_25[0.7717 + ﬁ a’lb] cﬁeﬁe - 2)\@_277(;[(151:]7

. 1.
Alabg +t3 E€cab) fe — *E @6V e| fo)-

1
V[agbc] = 5
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From the above expressions it follows that the evolution equations for 04, Vs and ¢4 are given
by

Vodi = vio — [i®00e, (34a)
Vovie = —Vjel i’ 0 — BoYie — BeYio + Moc(BVie — 2X0725;), (34b)
. . 1. 1. 1, o

Vosjk =1'j%05ke + T'k%0Se; + iAjkO + gzerkfe + izjekrefoffa (34c)

where, in particular, the evolution equation for the covector S,

Voba + Bofla — 5ioa(feB” ~2207%) =0,

has been used in the derivation of equation (34b)). Again, as required, the equations (34al)-(34c)

are homogeneous in various zero-quantities.

Remark 16. Observe that equation contains the potentially singular term AO~26;. As
such, this equation can only be used away from the conformal boundary where © # 0. This is a
consequence of the use of a conformal Gaussian gauge hinged on a standard Cauchy hypersurface.
This singular behaviour is of no consequence in our analysis as one is only interested on solutions
to the subsidiary equations away from the conformal boundary.

4.4 Summary: structural properties of the evolution and subsidiary
equations

As conclusion of the long computations in this section, we now provide a summary of the confor-
mal evolution equations, the associated subsidiary system and the structural properties of these
systems which will be required in the reminder of our analysis.

The computations discussed in the previous subsections show that in a conformal Gaussian
gauge the various fields associated to the extended vacuum conformal Einstein field equations
satisfy the evolution equations

drer” = T 0ec", (35a)
OrLay = f‘OACd.[A/cb + 0% Lac + dad®sod, (35b)
Orfi = —fil'i’ 0 + Lio, (35¢)
9-(Tp%a) = —Ts%alfo — Zd® a0 — 20a° Lo — 200° Lba + 29409 Loe, (35d)
Ordpa + € @Dydy, = 2af€f({di)e — xdba + 2X7 pdayy, (35¢)
Ordig — € paD¥ dpye = 207 € p(a®dbye — Xlq + 2X0, iy (35¢)

Letting e, T, L and ¢ denote, respectively, the independent components of the coefficients of the
frame, the connection coefficients, the Schouten tensor of the Weyl connection and the rescaled
Weyl tensor and setting, for convenience, a = (U,¢), 0 = (e,I', L), one has that equations

— can be written, schematically, in the form
0:0 = KU + Q(0,0) + L(2) ¢, (36a)
(I+A%(e))d-¢ + A%(e)dap = B(I)9, (36b)

where K and Q denote, respectively, a matrix and a quadratic form, both with constant coef-
ficients while L is a matrix with coefficients depending smoothly on the coordinates. Moreover,
A#(e) denote, for yu = 0,...,3 Hermitian matrix-valued functions depending smoothly on e. In
particular I+ A%(e) is positive definite for suitable small e. Finally, B(T') denotes a smooth
matrix-value function of the component of the connection.

Remark 17. Altogether, the conformal evolution system described by equations — con-
stitutes a quasilinear symmetric hyperbolic system for which a well-posedness theory is available
—see [16], also [19] for an abridged version. This theory will be used in the remaining sections of
this article to establish the stability of the solution to the Einstein field equations given by the
metric ([10)).
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Remark 18. A remarkable structural property of the conformal evolution system (36a))-(36b)
is that the equations in are, in fact, mere transport equations along conformal geodesics.
The true hyperbolic content of the system is contained in the Bianchi subsystem . This
property does not play any particular role in our analysis, but it may prove key in, for example,
the analysis of formation of singularities.

Regarding the subsidiary evolution system, the key conclusion from the system

L 1. . 1. . .
Vople = —grceozedb — grceozedb — 2%, (37a)
= = - = - = - 7 1
v()~:4debc = beOZdecf + FchZdefb - Ebfc]%deof - ieefﬂbcﬁedgh/\fgh (3713)
+'5f0bc5gd*defg + 3SeOdgAcbgv (37C)
VoAbed = T%0Aced + Te®0Acba — Z0beLed + 0pded®aco + eded® aob (37d)
1
+07bed®dco + OYeed®dob — §€0bcf6degh1\fghﬂe, (37e)
Ze af ls fa fa
VOQbC =z=° b dc]efa f deabc + 5 a fV d’e be T ¢ dfabc Xcha (37f)
Vodi = Yio — [i®00e; (37g)
VoYie = —Vjel'ilo — BoYie — Beio + Noe(BVie — 2A0725;), (37h)
. . 1, 1. le . - .
Vosik = I'j%Ske + T'k®0%ej + iAjk:O + §:eojsze + §Ejekref0ff» (371)

is that the zero-quantities iacb, é“bcd, Aabc, Aabc, Oabs Yab and ¢qp satisfy, if the conformal
evolution equations — hold, a symmetric hyperbolic system which is homogeneous in
the zero-quantities —accordingly, the particular situation in which all the zero-quantities vanish
identically gives rise to the subsidiary evolution system. The subsidiary system is regular away
from the conformal boundary —i.e. the sets for which the conformal factor vanishes.

5 Initial data for the evolution equations

Given a solution (S,h, K) to the Einstein constraint equations (i.e the Hamiltonian and the
momentum constraints), there exists an algebraic procedure to compute initial data for the con-
formal evolution equations —see e.g. [19], Lemma 11.1, page 265. Now, a suitable perturbative
existence theorem which covers perturbations of the initial data implied by the metric on
the hypersurfaces of constant ¢ has been provided in [20] —see Theorem 1. From this result one
can deduce the following assertion:

Proposition 3. Let (S h K) with S compact, h a smooth Riemannian metric of constant neg-
ative curvature and K = »h with » a constant, denote a initial data set for the vacuum FEinstein
field equations with positive Cosmological constant. Then for each pair of sufficiently small (in the
sense of suitable Sobolev norms) tensors T;; and Tij over S, transverse-tracefree with respect to Ioz,
and each sufficiently small scalar field ¢ over S, there exists a solution of the Einstein constraint
equations (S, h, K) with positive Cosmological constant which is suitably close to (S, h,K) and
such that tr; (K — K) = ¢ and for which the electric and magnetic parts of the Weyl tensor
(restricted to S) of the resulting spacetime development take the form

1 -
g t’f’h(L(X) + T)hij,

1 o —
3 tTh(L(X) + T)hw’,

dij = L(X)ij + T;j —
di; = L(X)i; + Tyj —

for some covectors X, X over S and where L denotes the conformal Killing operator with respect
to h.
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Remark 19. Thus, choosing the free data T;;, T;; and ¢ suitably small one can ensure that the

perturbed data (S, h, K) is as close to (S, iz, K ). Accordingly, the associated initial data for the
conformal evolution equations will be close to initial data for the background solution.

Remark 20. Theorem 1 in [20] applies to the broader class of conformally rigid hyperbolic
compact manifolds —that is, Einstein manifolds with negative Ricci scalar which do not admit
a non-trivial Codazzi tensor; see the discussion in Section 3.4.3 of this reference. The precise
statement of the result also excludes values of > which are related in a specific manner to the
eigenvalues of the Laplacian of h —however, we do not require this level of detail in the subsequent
discussion.

6 Analysis of the existence and stability of solutions

In this section we develop the theory of the existence, uniqueness and stability of solutions to the
FEinstein field equations which can be regarded as perturbations of the background solution. The
argument proceeds in several steps: first, the Cauchy stability of solutions to symmetric hyperbolic
systems is used to conclude the existence of solutions to the conformal evolution system —
; in a second step the uniqueness of solutions to the subsidiary system — to argue
the propagation of constraints; finally general theory of the conformal Einstein field equations
is invoked to establish the connection between solutions to the conformal equations and actual
solutions to the Einstein field equations.

6.1 A symmetric hyperbolic evolution system
In the following we look for solutions to the system (36a))-(36b)) of the form

a=u+u

where 1 is the solution to the conformal evolution equations (35a))-(35{]) implied by a background
solution, while @ denotes a (small) perturbation. Accordingly, making use of the schematic

notation of equations (36al)-(36b|) one can set

v, ¢ =9, (38a)
é, =T+T. (38D)
Now, we have found that on the initial surface S, described by the condition 7 = 7, one can write
U, = (U4, ¢x) = (U4,0). As the conformal factor © and the covector d are universal, it follows

that
0,0 =Ko + Q(v,v).

Substituting (38a)) and (38b) into equations (36a) and (36b) yields evolution equations for u =

(0, V) which, schematically, take the form

9,0 = Ko+ QI +T)v + Q(I)v + L(z)¢, (39a)
I+ A%é+8))0,h+ A%(é + €)dnd = B(I' + ). (39Db)

Now, in the following it is convenient to define

S0 (1 0 ca o (0 0
A(T’x7“)—(0 11A%+e)) AU (g peeqg

and
B(r,z, 1) = uQu + L(z)i + Ki,
where
AL (UQU 0 c o (0Qo+ Q)Y L(z)d _ . (Ko 0
“Q“:< 0 B(f)q“&)’ L(x)uz( 0 0 ) Ku = ( 0 B(f)&)’



denote, respectively, quadratic, linear and constant terms in the unknowns. In terms of the latter
it is possible to rewrite the system (39a) and (39b)) in the form

A%(7,z,0)0, 0+ A% (T, 2,1)0,1 = B(7, 2, 11). (40)

From the discussion in the previous sections, it follows that the system described by is a
symmetric hyperbolic system for which the theory of [I6] can be applied. The natural domain of
the solutions to this system is of the form

M =[14,7e) X S, T+ € (0,1), Te > 1.

6.2 The existence, uniqueness and Cauchy stability of the solution

The existence of de Sitter-like solutions to the conformal evolution system is given by the
following proposition:

Proposition 4 (existence and uniqueness of the solutions to the perturbed de Sitter—
like evolution equations). Given u, = U, + U, and m > 4, one has that:

(i) There exists € > 0 such that if
0ulsm <&, (41)

then there exists a unique solution 0 € Cm_Q([T*, %) x S,RY) to the Cauchy problem for
the conformal evolution equations with initial data u(0,z) = Uy, 75 > 0 and with N
denoting the dimension of the vector u.

(i) Given a sequence of initial data al™ such that

||ﬁ(") n—00

108 | s.m < & and lsm 22250,

then for the corresponding solutions u(™) € C™2([r.,2) xS,RY), one has @™ |5.m — 0
uniformly in T € [T*, %) as n — 0o.

Remark 21. In the above proposition ||ii||s ., denotes the standard L?-Sobolev norm over S
of order m > 4 of the independent components of the vector .

Proof. The proof is an application of the existence and stability results for symmetric hyper-
bolic systems with compact spatial sections —see e.g. [I9], Section 12.3 which, in turn, fol-
lows from Kato’s theory for symmetric hyperbolic systems over R™ [16]. More precisely, since
the 3-dimensional manifold S is compact, there exists a finite cover consisting of open sets
Ri,...,Ru C S such that Ui—1™R; = S. On each of the open sets R, it is possible to in-
troduce coordinates z; = (x%;) which allow one to identify R; with open subsets B; C R3. As &
is assumed to be a smooth manifold, the coordinate patches can be chosen so that the change of
coordinates on intersecting sets is smooth. The initial data 1, : S — R is a smooth function
on S and can be restricted to a particular open set R;. The restriction 0;4, in local coordinates
x;, can be regarded as a function 1;, : B; — RY. Now, assuming that R C R? is bounded
with smooth boundary dR, it is possible to extend 1, to a function £i,, : R? — RY —see e.g.
Proposition 12.2 in [I9]. Using these extensions it is possible to define the Sobolev norm

M
[llsm = D i [z -
i=1

Now, for each of the £u;, one can formulate an initial value problem of the form

A%(7,z,0)0,1 + A% (T, z,1)0,0 = B(T, z, 1),
(0, z) = &g, (z) € H™(S,RY)  for m > 4.

For this initial value problem it is observed that:
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(a) The matrices A*(7,z,EM,,) are positive definite and depend linearly on the solution i
with coefficients which are constant.

(b) The dependence of B on 1; is at most quadratic: there are linear and quadratic terms for
the connection coefficients; linear terms for the components of the Schouten tensor. The
explicit dependence on (7,z) comes from the conformal factor and the covector d, —this
dependence is smooth.

(c) The connection coefficients and the components of the Schouten tensor of the background
solution are smooth functions (C*°) of (7, z).

(d) The dependence of the frame coefficients of the background solution is smooth (C*°) on 7
for 7 € [ry, 3] with 7, # 0.

It follows from the above observations that the system considered in the present article satisfies
the conditions of Kato’s theorems —see Appendix [A] This theory implies existence, uniqueness
and stability —i.e. points (i) and (ii) in the theorem. Notice, however, that strictly speaking,
this theorem only applies to settings in which the spatial sections are diffeomorphic to R3. To
address this one makes use of the following strategy: standard results on causality theory imply
that

DT (RH)NIT(S\R;) =0,

where DT (R;) denotes the causal future of R; —see e.g. [19], Theorem 14.1. Accordingly, the
value of 1 on D; = DT(R;) is determined only by the data on R;. Then the solution on D; is
independent of the particular extension £u,, being used. Hence, one can speak of a solution 1,
on a domain D; C [7y, 7;] X R;. Since the manifold is smooth and as a consequence of uniqueness,
it follows that given two solutions #; and ; defined, respectively, on intersecting domains D;
and D; they must coincide on D; () D;. Proceeding in the same manner over the whole finite
cover of § and since the compactness of S ensures the existence of a minimum non-zero existence
time for the whole of the domains D;, then there is a unique solution @ on [ry, 3] x & with
% = min;—1 . am{7:} which is constructed by patching together the localised solutions s, ..., Uy
defined, respectively on the domains D;,...,Dys. The existence interval |74, %) follows from the
fact that the background solution u has this existence interval.

O

Remark 22. The existence and Cauchy stability of the solution to the initial value problem for
the original conformal evolution problem

A'(1,2,0)0,0 + A%(7,2,1)0,0 = B(r, z,0),

i, =0, + 10, € Hm(S,RN) for m>4

follows from the fact that G satisfies the same properties as u in Proposition [4f and then it exists
in the same solution manifold and with the same regularity properties, existence and uniqueness.

6.3 Propagation of the constraints

In this section we discuss the so-called propagation of the constraints. This argument is essential
to establish the connection between solutions to the conformal evolution systems and actual
solutions to the Einstein field equations. More precisely, one has the following:

Proposition 5 (propagation of the constraints). Let 0, = U, + 0, denote initial data for

the conformal evolution equations on a 3-manifold S, ~ S such that

—_
—

Sabls, =0, Zdabls, =0, Aavels, =0, Aapels, =0,

and
dals, =0, 7vabls, =0, <apls, =0,

then the solution 1 to the conformal evolution equations given by Proposition@ implies a C™ ™2
solution @ =+ u to the extended conformal field equations on [7'*, 1) x S.
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Proof. The proof follows from the properties of the subsidiary evolution system. First, it is
observed that by assumption

Yo% =0, =06 =0, Agpe =0,

hold —cfr. the equations in . Moreover, the associated evolution equations are expressed
in terms of a conformal Gaussian gauge system and the independent components of the rescaled
Weyl tensor satisfy either the evolution system and . Now, following the discussion of
Section the independent components of the zero-quantities

Za,cb; Ecdaba Aabe, Aabc, Oa, Yab, Sab;

which are not determined by either the evolution equations or gauge conditions satisfy a symmetric
hyperbolic system which is homogeneous in the zero-quantities. More precisely, defining X =
(ﬁ)acb, écdab, Aabc,f\abc,éa,fyab,cab), these equations can be recast as a symmetric hyperbolic
system of the form

9:X = H(X),

where H is a homogeneous function of its arguments —i.e. H(0) = 0. It follows then that a
solution to the initial value problem

9:X = H(X),
X, =

is given (trivially) by X = 0. Moreover, following Kato’s theorem it follows this is the unique
solution. Thus, the zero-quantities must vanish on [7*7 1) x §. That is, the solution u to the con-
formal evolution equations implies a solution to the extended conformal Einstein field equations
over the latter domain. O

From the above statement, making use of the relation between the extended conformal Einstein
field equations and the actual Einstein field equations —see Proposition 8.3 in 208 — in [19] it
follows the following:

Corollary 1. The metric

g=067"g
obtained from the solution to the conformal evolution equations given in Proposition[{] implies a
solution to the vacuum Finstein field equations with A = 3.

7 Future geodesic completeness

In this section we discuss the future geodesic completeness of the spacetimes obtained in the
previous section. Our analysis distinguishes two cases: null geodesics and timelike geodesics.

7.1 Null geodesics

As a consequence of the compactness of the unphysical manifold
M{(T,J:)ERXST.ﬁTSl},

null geodesics in the unphysical manifold starting at the initial hypersurface S,, reach the con-
formal boundary in a finite amount of affine parameter. Furthermore, null geodesics with respect
to the unphysical metric g coincide, up to a reparametrisation, with null geodesics respect to the
physical metric § on M. More precisely, let ~ be a null geodesic in (M, g) with affine parameter
v such that v = 0 on M. The equations for ~y are

A2zt " dzv dz? B

0 TV
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Let 4 denote the corresponding geodesics in M. Using a different parameter ¢ = @(v) and the
relation between the Christoffel symbols I'#, 5 and T'#,, it follows that

A%z - da¥ @ 1 (17” 2@’) dxt

7 e
By requiring that ¥ to be an affine parameter the right hand side must vanish. This implies
¥ = const/©?, and absorbing the constant into @ we obtain

dv 1

dv 02’
Furthermore, at .#, © = 0 and d© # 0, and we may choose v so that near M, v ~ —O. Thus
¥ ~ —1/v becomes unbounded —i.e. the physical affine parameter for the physical geodesic must
blow up as © — 0. Thus, 4 never reaches M and the null geodesic must be complete —see also
the discussion in [I8], Chapter 3.

HV}\ = —= .
do? do dv 4 dv

7.2 Timelike geodesics

The argument used for null geodesics cannot readily be applied to the discussion of timelike
geodesics as these are not conformally invariant. Instead, we make use of timelike conformal
geodesics.

Every timelike metric geodesic on the physical spacetime (M,g) can be recast, after a
reparametrisation, as a conformal geodesics (z,3) —see e.g. [19], Lemma 5.2 in page 131; also
[T4]. Under the rescaling g = ©2g, the conformal geodesic (z, B) transforms into a geodesic (z, ()
in the unphysical spacetime (M, g). Now, it is known that any g-conformal geodesic that leaves
# 7T orthogonally into the past, is up to a reparametrisation, a timelike future complete geodesic
for the physical metric § —see e.g. [14] [13]. Moreover, a conformal geodesic through a point
of #* which is not orthogonal to the conformal boundary cannot represent a geodesic in the
physical spacetime.

Now, from the g-future geodesic completeness of the background solution (see Appendix
it follows that every conformal geodesic in the background spacetime starting orthogonal to the
initial hypersurface S, must reach the conformal boundary .#+. Hence, every timelike g-geodesic
is, up to a reparametrisation, a timelike conformal curve reaching .#* orthogonally. Moreover,
let us consider a pair (x(7), 3(7)) with parameter 7 € R. Furthermore, let us suppose that this
geodesic starts at 7 = 7, i.e. the initial hypersurface S, and it reaches the conformal boundary
T at 7 = 1. Now, consider a small perturbation of the quantities (z, ﬁ~) so that

where & and 5’ are small perturbations. In this case, the perturbed conformal geodesic equations
read

Vo (' + &) = =2((B+8), (@ + &) (' + &)+ g((a' + &), (' +2)(B+ B),
Vur(B+8) = (B+8), @ +&)(B+ )~ 56" (B+0), (B +)e+8)" + (@ +&),),

where the metric, covariant derivative and Schouten tensor are those obtained from the solution
to the Einstein field equations given in Corollary [I} These equations can be read as a system of
ordinary differential equations for the fields & and 3. Because of the smoothness of the perturbed
spacetime it follows that one can make use of the stability theory for ordinary differential equations
—see e.g. [15], Theorem 2.1 in page 94 and Corollary 4.1 in page 101. In particular, these
conformal geodesics will have the same existence interval as those in the background spacetime.
Accordingly, it follows that (M, g) is future g-geodesically complete.

Remark 23. An alternative way of concluding the future geodesic completeness of the solutions
to the Einstein field equations provided by Corollary is to make use of the theory in [4] —see also
Appendix By choosing the € > 0 in condition of Proposition || sufficiently small, it can be
shown that the physical metric g satisfies the bounds required to shown geodesic completeness.

27



8 The main result

We summarise the discussion of the preceding sections with a more detailed formulation of the
main result of this article:

Theorem 1. Let G4, = u, + 0, denote smooth initial data for the conformal evolution equations
satisfying the conformal constraint equations on a hypersurface Sy. Then, there exists € > 0 such
that if

[[Uyls,.m <&, m >4

then there exists a unique C™ ™2 solution g to the vacuum Einstein field equation with positive
Cosmological constant over [Ty, 00) X Sy for 7, > 0 which is future geodesically complete and whose
restriction to S, implies the initial data G,. Moreover, the solution 0 remains suitably close (in
the Sobolev norm || - ||s.m) to the background solution 1.

Remark 24. It follows from Proposition [3| that there exists an open set of initial data for the
FEinstein field equations satisfying the hypothesis of the above theorem.

A  On Kato’s existence and stability result for symmetric
hyperbolic systems

In this appendix we make some remarks concerning the hypothesis in Kato’s existence, uniqueness
and stability result for symmetric hyperbolic equations in [I6]. The results in this reference and,
in particular the main Theorem II, are very general and presented in an abstract manner. This
abstract presentation hinders the direct applicability of the theory. The purpose of this Appendix
is to provide a guide to the use of this theorem and to verify that the main evolution system in
this article satisfies the hypothesis of the result.

Kato’s theory is concerned with symmetric hyperbolic systems in which the unknown u is
regarded as a P-valued function over R™ where P is a Hilbert space. The Hilbert space can be
real or complex and, in fact, infinite dimensional. In the present article we are interested in the
case where P is finite dimensional —say, of dimension N. In this case the symmetric hyperbolic
system becomes a standard partial differential equation. For concreteness we set here P = RY
and m = 3. The following discussion of Kato’s theorem will be made with this particular choice.
in mind.

Kato’s theorem is concerned with (N-dimensional) symmetric hyperbolic quasilinear systems
of the form
A%(t,z,u)0u + A%(t,z,u)0,u = F(t,z,u). (42)

for 0 <t<T,z€R? a=1,2, 3, and initial conditions
u(0, z) = u. (). (43)

In Kato’s theory it is convenient to regard the coefficients A°(¢, z, u) and A%(¢, z, u) as non-linear
operators depending on t sending R¥-valued functions (i.e. the vector u) over R? into (N x N)-
matrix valued functions on R? —in Kato’s terminology these are the elements of B(P), the space
of bounded linear operators over P. Similarly, F(¢,z,u) is regarded as an non-linear operator
depending on ¢ sending RV -valued functions on R? into R¥-valued functions on R3.

Consider now H*(R? RYM), the space of (R )-vector valued functions over R® such that their
entries have finite Sobolev norm of order s. Let D be a bounded open subset of H*(R3? RY).
Writing

A#(t7£7u):(a%(t7£7u))7 F(ta£7u):(fi(t7£7u))7 Z7j:15N7 ,U’:Oa"'aga
one has that for fixed ¢t and u € D

al’;(t,z,u) : R™ - R,

]

filt,z,u) : R™ — R.
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Key in Kato’s analysis are the uniformly local Sobolev spaces HE;. Let C5°(R?,R) denote the
sets of smooth functions of compact support from R? to R. Given any non-zero ¢ € C§°(R3,R)
not identically zero, then u € H, if and only if

sup ” ¢ u ||s< o0, st(ﬂ) = Qs(ﬂ_l)
z€R3

Remark 25. In other words, the vector-valued function u is in H, if its Sobolev norm of order
s over any compact set over R? is finite and remains finite as one considers larger and larger
compact sets on R3.

Remark 26. The spaces H; satisfy nice embedding properties analogous to those of H® —see
Lemma 2.7 in [16].

In the following it will be assumed that, for fixed ¢t and u € D, the coefficients afj(t, z,u(z))

are functions from D to H?(R3 R). For f;(t,z,u(z)) one has the more relaxed condition of
being a function from D to H*(R?,R). In Kato’s more abstract terminology this is equivalent to
requiring that A* is a function from D to HZ;(R3, B(P)) and F from D to H*(R3,P).

One has the following reformulation of Theorem II in [I6]:

Theorem 2. Let s be a positive integer such that s > 3/2+ 1 = 5/2. Let A*(t,z,v(z)),
F(t,z,v(z)) and v € D as above with 0 <t < T. Assume that the following conditions hold:

(i) The components aj;(t,z,v(zx)) (respectively, fi(t,z,v(z))) are bounded in the H;-norm
(respectively H®-norm) for v € D, uniformly in t.

(i) For each t, the map v(z) — A“(t,z,v(x)) is uniformly Lipschitz continuous on D from
the H®-norm to the H® -norm, uniformly in t. Similarly, the map v(z) — F(t,z,v(z)) is
Lipschitz continuous from the H®-norm to the H'-norm, again uniformly in t.

(iii) The map v(x) — A°(t,x,v(x)) is Lipschitz continuous on D from the H* l-norm to the
H: " -norm, uniformly in t.

(iv) The maps t — A%(t,z,v(z)) are continuous in the H®,-norm for each v € D. Similarly,
the map t — F(t,z,v(z)) is continuous in the H'-norm for each v € D.

(v) The map t — AY(t,z,v(z)) is Lipschitz-continuous on [0,T] in the ijl-norm, uniformly
forveD.

(vi) For each v € D the matriz-valued functions A*(t,z,v(x)) are symmetric for each (t,z) €
[0,T] x R™.

(vii) The matriz A°(t,z,v(z)) is positive definite with eigenvalues larger that, say, 1 for each
(t,z) and each v € D.

(viii) u, € D.
Then there is a unique solution u to — defined on [0,T'] where 0 <T' < T such that
uc C0,7;DlucCo,T'; H*~1(R3 RM),

where T" can be chosen common to all initial conditions u, in a suitably small condition of a
given point in D.

In practice, the conditions of the above theorem are hard to verify. Kato provides sufficient
conditions ensuring that conditions in the above theorem are satisfied (Theorem IV in [16]:

Theorem 3. Suppose that s > 3/2+1=15/2. Let Q be the subset of R® x RN consisting of pairs
(z,v) such that
v — v ()] < w, zeR?
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where w > 0 and v, € H*(R?,RY) c C1(R3, RY) are fized. Let, as before,
A [0,T] x Q — BRY),
F:[0,7] x Q2 — RY,
where B(RY) denotes the set of (N x N )-matriz valued functions over R with the properties
(a) A® € C[0,T;C3(Q, BRY))],
(b) A° € Lip[0, T; C; 1 (2, BRY))],
(¢) F €C[0,T;CsH(Q,RY)],
(d) F, € L>[0,T; H*(R®,RM)] N C[0, T; H*(R?,RN)],

where F,(t,z) = F(t,z,v.(z)). Then conditions (i)-(v) in Theorem [ are satisfied by A", F
provided that D is chosen as a ball in H*(R®,RN) with v, as center and a sufficiently small
radius R,. In addition, (ix) is satisfied if (a) is assumed to hold with s replaced by s + 1.

Remark 27. The sets Cf (0, B(RY)) and CJ (2, RY) denote the spaces of functions having deriva-
tives up to the r-th order which are continuous and bounded in the supremum norm.

Remark 28. If the A# are polynomials in p it actually suffices that the coefficients only be in
C[0,T; H?,] and also in C'[0,T; H: ] for A°.

B Geodesic completeness of the background solution

The geodesic completeness of the metric can be shown using the theory developed in [4] —in
particular, Corollary 3.3 in this reference applies to the present situation.

More precisely, the theory in [4] applies to spacetimes (M, g) such that M = [ts,00) X S
where t, > 0 and S is a smooth 3-dimensional manifold. The metric g has the 3 + 1 split

g=—-0’w®w’+ hijwi @ wl,

with . . ‘
W’ =dt, w® =dz* + 5'dt.

There exist numbers 0 < a_, a4 such that
O<a-<a<as.

The metric h = hijdxi ®dad is a geodesically complete Riemannian metric on S; = {t} x S such
that there exists a constant Cy > 0 such that

Crhij(te)v'v? < hij(t)vio?
for all vectors on TS and t € [to, 00). Furthermore, there exists another constant Cy such that
Bif' < Cy, t € [te, ).

In the following let K;; denote the extrinsic curvature of the hypersurfaces S;, Ky;jy is tracefree
part and K its trace.

With the above conditions, the metric g is future geodesically complete if the following two
conditions hold:

(i) D;aD« is bounded by a function of ¢ which is integrable on [te, o0);

(ii) K <0 and K,;; K% is integrable on [t,, o).
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The metric can be readily seen to satisfy the above conditions. In particular, as a = 1,
the norm of the spatial gradient of the lapse vanishes and, accordingly, it is integrable —this
verifies condition (i) above. Moreover, the extrinsic curvature of the hypersurfaces of constant ¢
is given by

K;; = —sinht cosh t;;,

so that it is pure trace. Moreover, one has that
K = —3cotht <0, t € [te,0).

As Ky;;3 = 0 in this case one has that (ii) is also satisfied. It follows then that the background
metric Q is future geodesically complete.
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