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ABSTRACT

In the 1988 textbook Fractals Everywhere M. Barnsley introduced an algorithm for generating
fractals through a random procedure which he called the chaos game. Using ideas from the
classical theory of covering times of Markov chains we prove an asymptotic formula for the
expected time taken by this procedure to generate a d-dense subset of a given self-similar fractal
satisfying the open set condition.

1. Introduction

An iterated function system or IFS is defined to be a tuple of contracting transformations
of a complete metric space, which in this article will be taken to be R%. It is well-known that
if 1331, ...,Sn) is such an IFS then then there exists a unique non-empty, compact set F =
L_JZ.:1 S;F C R? which is called the attractor or limit set of (S1,...,Sn~). The properties of
attractors of iterated function systems and the natural measures supported on them have been
the subject of substantial mathematical inquiry for several decades since their introduction in
[3, 8], and remain a highly active topic of contemporary mathematical research (we note for
example [1, 4, 7, 10, 13, 14, 15]) as well as being noted for their aesthetic appeal.

In [2] Barnsley introduced an algorithm known as the Chaos Game for the construction of the

limit set F of an iterated function system (S1, ..., Sn). Given an arbitrary starting point zo € RY,
we define a sequence (zn)n—¢ inductively by choosing for each n > 1 an index i, € {1,...,N}
independently at random according to some fixed non-degenerate probability vector (p1,...,pn),

and taking x, := S;,, xn—1 for every n > 1. It is not difficult to show that the resulting sequence
almost surely has the attractor F' as its w-limit set (that is, we have (\>-_, {zn: n > m} = F) and
it is not much more difficult to show that the distribution % ZZ;& 0z, converges almost surely
to the unique Borel probability measure m supported on F' which satisfies m = Zf;l i (Si)«mn,
as was first established in [5]. If the initial point z is taken to be in the attractor (for example,
by taking xo to be the fixed point of one of the contractions S;) then one obtains the simpler
result that the sequence (z,)n=¢ is almost surely dense in the attractor, and for the rest of this
article we will prefer to make this assumption on the starting point xo. Yet surprisingly, we
have found no trace in the literature of the following question: how quickly does the randomly-
generated sequence (x,,) become dense in the attractor? In this direction we are aware only of
the article [6], which informally investigates the problem of choosing probabilities in such a way
as to generate fractal images with maximal efficiency using the chaos game procedure. In the
present note we attempt to fill this gap in the literature with a rigorous investigation.

Let us make our question precise. Given a compact subset F of R? we will say that a subset X
of F is §-dense in F if for every z € F there exists ¢ € X such that d(z,z) < J in the standard
metric on [ R4, (Since X is a subset of F', this is equivalent to asking that the Hausdorff distance
between X and F' is at most §.) Given an IFS (S1,...,Sn) with attractor F', for each § > 0,1 =
i1iz... € {1,..., N} and starting point v € F' we define the d-waiting time along the sequence
ias

Wso(i) :=inf{n > 1: {S;v,Si,Si,v,...,S:, -+ S;v} is 6-dense in F}.
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If additionally a nondegenerate probability vector (p1,...,pn) is understood, then we define the
expected d-waiting time with starting point v to be the expectation E(W;,,) with respect to the
(p1,...,pn)-Bernoulli measure on {1,..., N} .

We recall that an IFS is said to satisfy the open set condition or OSC! if there exists a nonempty
open set U C R? such that vazl S;U C U with the sets S;U being pairwise disjoint. The set U
may without loss of generality be taken to be bounded, and we will always assume that this is
the case. We recall that S;: R? — R? is called a similitude or similarity transformation if there
exists r; € (0,1) such that d(Siu, Siv) = rid(u,v) for all u,v € R? in this case we say that r; is
the contraction ratio of S;. If (S1,...,Sn) is an IFS of similitudes with respective contraction
ratios r1,...,rn then the similarity dimension of (S1,...,Sn) is defined to be the unique real
number s > 0 such that IV | 7§ = 1. By a classical theorem of Hutchinson (see [8]), if an IFS
of similitudes satisfies the open set condition then the Hausdorff and box dimensions of the
attractor F' are both equal to the similarity dimension s. It was also shown by Hutchinson that
there exists a unique Borel probability measure m satisfying m = Efvzl r$(Si)«m, and that this
measure is supported on F' and has Hausdorff dimension equal to that of F'; moreover, if any
other probability vector is chosen then the resulting measure has Hausdorff dimension smaller
than that of F. At an intuitive level this suggests that the limit distribution of the random
sequence (zn)p=o generated by the Chaos Game will be most evenly distributed around the
attractor when the underlying probability vector is (rf,...,r%), and will be more concentrated
in certain subregions of the attractor for other probability vectors. Thus we might expect the
probability vector (r{,...,r%) to generate a random sequence which fills up the attractor most
efficiently, and for other choices of probability vector to result in longer waiting times for the
sequence to become d-dense in the attractor. This intuition is realised in our main result:

THEOREM 1.1. Let (S1,...,Sn) be an IFS of similitudes S;: R? — RY, with contraction
ratios given by r; € (0,1), which satisfies the OSC. Let s denote the similarity dimension of
(S1,...,5n), let (p1,...,pn) be a nondegenerate probability vector, and define

t := max 710gpz7 (1.1)
1<i<N logr;
where we observe that by the arithmetic-geometric mean inequality we have t > s with equality
if and only if (p1,...,pn) = (ri,...,rx). If the maximum in (1.1) is attained at a unique value
ofi € {1,..., N} then there exists a constant C' > 0 such that for every starting point v € F' and
0 <0 < mini<;<n 73,

2
C~'6 " loglog (%) <E(Ws,) <C57° (loglog (%)) . (1.2)

If the maximum in (1.1) is not attained at a unique value of i € {1,..., N} then there exists a
constant C > 0 such that for every starting point v € F and 0 < § < mini<;<n 7,

C ' " log (%) < E(Ws,) < C5 ' log (é) . (1.3)

Thus for the probability vector (p1,...,pn) = (r1,...,7%) we have for every starting point
veF

C™ 6 % log (%) < E(Ws.) < C§ °log (%)

for all 0 < 6 < minj<;<n 7i, and for every other probability vector E(W;,) tends to infinity
more rapidly as 6 — 0. At an intuitive level the principle underlying this result is that for the
“natural” probability measure (r3,...,7%), all regions of the attractor with diameter ¢ take an
approximately equal time to visit; for other probability measures, some d-balls in the attractor
are substantially more difficult to access than others. As we will see below, the key determiner
of the expected waiting time is the expected time taken to visit the most slowly accessible part
of the attractor, and it transpires that this in turn corresponds to a region of the form Sj'U
where ¢ is chosen to maximise the ratio logp;/logr; and n > 1 is chosen such that this region
has diameter approximately 0. In the case where log p;/logr; is maximised at a unique index %
it is interesting to ask to what extent the result (1.2) may be sharpened, but we have not been
able to determine the exact rate of growth of E(W;,,) in that case in the present article. It is
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(a)  Probability vector  (p1,p2,p3) =
(%, %, %) The observed J-waiting time
was W = 3408. The expected value for the
d-waiting time W according to (1.3) was of

the order of magnitude of §~¢ log(%) ~ 3032.

(b)  Probability
(533

(p1,p2,p3) ==
). The observed §-waiting time was
W = 18732. The expected value for the §-
waiting time W according to (1.3) was of the
order of magnitude of §~* log(%) ~ 17035.

vector

Figure 1: Each of these diagrams shows a randomly-generated sequence (z,,)/", starting at
o := 0 and terminating when every point of the Sierpinski triangle has been approached to
within distance 6 := 276, Here the underlying iterated function system is given by T} (z) := 3,

To(z) == £ + (5,0) and T3(z) := £ + (3, ?) As indicated by Theorem 1.1 and suggested by

the accompanying heuristic description, with unbalanced probabilities the trajectory spends
much more time confined to a small region closest to the fixed point of the transformation
carrying highest probability weight, and requires correspondingly more points in order to
terminate.

also interesting to ask what information may be obtained regarding the pointwise almost sure
behaviour of the family of random variables W, for fixed v.

In the case where the starting point v is not taken to be in the attractor, since the sequence
Si,, - -+ Si; v approaches the attractor at a uniform exponential rate, one may obtain the same
asymptotics for the expected waiting time as in Theorem 1.1 but with a larger constant C
depending on the initial distance between v and the attractor; we leave the details of this
adaptation of our result to the reader.

To illustrate the structure of the proof of Theorem 1.1 it is helpful to consider a simpler case in
which the contraction ratios r; are all equal to the same constant r and the diameter of the set U
is precisely 1. In this case, if every set of the form S;,, - - - .S;; U has been visited by the sequence
(zn)5lo by time N then we certainly have Wym , < N. On the other hand one may shown that
there exists k > 0 such that for every m > 1, every set of the form S;,, - - - S;; U contains an open
ball of radius 7™k which in particular does not intersect any other set of the form S;,, ---S;, U.
Thus if the sequence of indices i fails to include a particular string of the form i - - - i,, before
time N, we expect that Wym, , > N. (There is some imprecision here in that the initial point
v may by chance have belonged to the ball r™k, but it transpires that this imprecision has a
negligible effect in practice.) This suggests that the asymptotic behaviour of the expectation of
Ws,» can be reduced to the problem of determining the expected first time for an IID random
sequence in {1,..., N}N, chosen with respect to the Bernoulli measure (p1, ... ,pN)N, to include
all of the distinct words of length m over the alphabet {1,..., N}, where m is chosen so that
r™ is approximately the size of §. But this symbolic problem is precisely the classical coupon
collector’s problem described in, for example, [9]. In the full generality of Theorem 1.1 this
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approach must be adapted somewhat: since the sets S;,, ---S;, U will in general have different
diameters for different sequences i1, ..., i, of the same length m, it is necessary to partition the
set {1,...,N }N into cylinders and estimate the expected time for all of these cylinders to be
visited by a random sequence. This results in a Markov chain analogue of the coupon collector’s
problem which we solve using techniques adapted from [9, §11].

Our proof of Theorem 1.1 will thus be divided into two parts: the reduction of the problem
to a covering problem for Markov chains, and the solution of the latter covering problem. Some
possible directions for future research are described at the end of this note.

2. A Markov chain construction

For the remainder of this article we fix an IFS of similarities (Si,...,S~) which satisfies
the OSC and denote the contraction ratio of each map S; by r;. We also fix a nondegenerate
probability vector (p1,...,pn). Let us write rmin := min;=1,..,~ 7;. In this section we will show
that for each 0 < § < rmin, We can construct a Markov chain whose expected time to visit all of
its states is approximately proportional to EWs .. More precisely, given a Markov chain (X, )52
on a finite state space €2, we define the covering time by

Teov =min{t >0: Vy € Q, Is < ts.t. Xs =y},

that is, the first time that all of the states in 2 have been visited by the Markov chain. Given
x € Q, we denote by E,7cov the expected covering time given that Xo = z. We can now state
the main result of this section.

oo

PROPOSITION 2.1. For each 0 < § < Tmin there exists an irreducible Markov chain (X5)52,
on a finite state space Ps such that for each vy € F', there exists ip € Ps for which
EWs 0 S ]EiOTcov S ]EWCJ,'UO (21)

o

where the constant ¢ € (0, 1) is independent of §, vo and ig.

We will derive Proposition 2.1 from the combination of two results to be proved below,
Proposition 2.2 and Proposition 2.3. The significance of (2.1) is that for each 0 < § < rmin and
ip € Ps, Ei,Tcov can be estimated by employing classical methods for bounding covering times
of irreducible Markov chains. In particular, we will show that for any 0 < § < rmin and ig € Ps,
E;,Teov satisfies the upper and lower bounds presented in (1.2) and (1.3), which will directly
imply the bounds for EWs ,, by (2.1), up to a change in the uniform constant.

We introduce some notation. Define Z = {1,..., N}, which we call the index set. Let " =
{i1...49n : i; € I} denote the set of all words of length n over the index set, Z* = | J, . Z" the
set of all finite words over the index set and ¥ = Z" the set of all sequences over the index
set. ¥ is equipped with the infinite product topology with respect to which it is compact and
metrisable. If i € Z* and j € Z*UX we let ij denote the concatenation of i with j. Given
i € Z", let [i] denote the cylinder set [i] = {ij : j € £}. Cylinder sets are clopen and generate
the topology on ¥. Given i =1i;i...i, € Z* let |i| denote the length of the word i, so that
in this case |i| :=n. Given i =41...1, € Z* with |i| > 2 denote i~ :=41...ipn—1. Given i =
i1i2... €EXori=1i1...0n4m €L leti]p :=i1...0n. Giveni =d1...9p € Z" let ry := 14, -+ 74,,,
Pi = Pi, - Di,, and S := Sy -+ Sy, .

It is not difficult to show that for every i € ¥ the limit

7'I'(i) = nli)lrolo Sil cee Sin’l}

exists for every v € R? and that moreover the limit is independent of the starting point v. This
coding map 7: ¥ — R? is continuous and its image 7(X) is precisely F. (However, in cases where
T;UNT;U # ( for some ¢ # j the coding map 7 can fail to be injective.) Obviously, for every
i€ 3 and n > 1 we have i € [j] where j is the word corresponding to the first n symbols of i.
Since 7: ¥ — F' is surjective, for every x € F' and n > 1 there exists at least one word j € Z*
with |j| = n such that z € 7([j]) = S;F.

For each ¢ € (0, 7min), define a subset of Z* by

Ps={ieZ":ri<d<r;-}.




Page 5 of 15

Note that since § < rmin, if r; < then necessarily |i| > 2 and hence i~ is well defined. It is
easy to see that {[i] : i € Ps} is a finite partition of X. Therefore, for any = € F' there exists at
least one word i € Ps such that « € S;F. Let N5 = |Ps|, where |Ps| denotes the cardinality of
the set Ps. We claim that 6~° < N5 <77 §7°. To see this let P denote the Bernoulli probability
measure on % defined by P([i]) = r{ for every i € Z". Then } ., P([i]) = 1 since {[i]: i € P5}
is a partition, which is to say ZieP5 r; = 1. Therefore r5,;,0°Ns < 1 < §°Ns which proves the
claim.

We say that a list of words ji,...,jx € Z* visits the cylinder set [i] C X if at least one of the
words j; satisfies [j;] C [i]. We will show that instead of keeping track of which regions of the
attractor are visited by the chaos game algorithm, we can keep track of which cylinder sets in
{[i] : i € Ps} are visited by a symbolic analogue of the algorithm. This is made precise in the
following proposition.

PROPOSITION 2.2. There exist k > 0 and A > 0 depending only on (Si,...,Sn) having the
following property. Let vo € F be arbitrary, § € (0, 7min) and choose any ig € Ps such that vo €

Sio F:
(i) If i9,41i0,..,%n -..4110 visits every cylinder in {[i] : i € Ps} then the set
{vo, Si;vo,...,Si, -+ Si,v0} is 20A-dense in F'.
(ii) If {vo,Sivo,...,Si, -+ Siyvo} is ké-dense in F then io,i1io,...,0n...9110 visits each

cylinder in {[i] : 1 € Ps}.

Proof. Since the IFS (S, ..., Sn) satisfies the OSC, by a result of A. Schief ([12]) it also
satisfies the strong open set condition (SOSC), that is, there exists a bounded open set U such
that UiV:1 S;U C U where the union is disjoint and U N F # @. Let A := diamF'. It follows that
there exists # € F' and 0 < ¢ < A with B(x,¢) C U. In particular for i, j € Ps with i # j, the
balls S; B(z,€) and S;B(x,¢€) are disjoint. If y € F' is arbitrary then we may choose i € P;5 such
that y € SiF'. Since Siz,y € S; F it then follows that |Slx —y| < riA. We have shown that

FC U (Siz,ri A (2.2)
i€Ps
Now, to prove (i), fix io,41i0,...,%n...%110 satisfying the hypothesis of (i) and consider an

arbitrary i € Ps. By assumption there exists k satisfying 0 < k < n such that [ix ...4110] C [1].
Thus S;,, - - - Si;v0 € SiF, and in particular S;, - - - Si;vo € B(Siz,m:A). Moreover, since for any
y € B(Siz,riA) we have

|y — Szk s Sil'U0| < |y — Sll‘| 4+ \Sla: — Szk cee Sik s S“Uo| <riA4+riA < 25A,
it follows that B(Siz,miA) C B(Ss, - - Si;vo,20A). Since i € Ps was arbitrary, it follows that

Fc | B(Siz,mA) C | B(Si, - Siyvo,204),

i€ePs

i S50 is 20A-dense in F' as required to establish (i).

To prove (ii), define k := rmine. For each i € Ps we have Siz € SiF C F and Si(B(z,¢)) =
B(Siz,ri€), and we note also that 0k = drmine < 7ie where we have used the definition of
Ps. Thus if {vo, Si,vo,...,Si, - Sivo} is kd-dense in F then for each i € Ps\ {io} there
must exist k satisfying 0 < k <n such that S;, ---Siv0 is kd-close to Siz and therefore
satisfies Sy, --- Si;vo € B(Siw, k) C B(Siz,ri€) = SiB(z,€). By the definition of ¢ we know
that {S;B(x,€)}icp, are disjoint balls, so we necessarily have [iy ...411i0] C [i] and therefore
ig,%110,---,%n ...4110 Visits every cylinder [1} such that i € Ps. This completes the proof. [}

in other words, vo, Si, vo, ..., S

Proposition 2.2 is key to the construction of the Markov chain (X;SL);'LO:O, which we are now
ready to provide details of:

PROPOSITION 2.3. Let § € (0,7min). Define a square matrix As = [as,j]i,jep, of dimension
Ns by

[ woitflcl
B 0 otherwise,

and define a vector ws € RNs by ;i := pi. Then:
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(a) As is a row stochastic matrix,
(b) s is a left stationary vector, i.e. msAs = 7,
(c) As is irreducible.

In order to prove Proposition 2.3 we require two preliminary lemmas concerning Ps.

LEMMA 2.4. Let ¢ € (0,7min). The Markov partition property holds: for every i = i1 - -in €
Ps there exist ji,...,jm € Ps such that [i] = ] [{1]x].

Proof. If n =1 then we have [i] = [i1] = U;cp, [i1]] using the fact that |J;cp, [j] =2, so
assume n > 2. Given i =iy -4, € Ps with n > 2, define i’ =4iy---4,. Since {[j]: j € Ps} is
a partition there exist j1,...,jm € Ps such that [i'] C (J;~,[jx] and [1'] N [jx] # 0 for all k =
1,...,m. We appeal to the fact that if two cylinder sets intersect then one of them contains the
other. If for some k the set [i] is a subset of [j] then either i’ = jj or i’ = jyk for some finite
word k. In the former case we have [i] = [i1i'] = [i1x] and the proof is complete. In the latter
case we have i = 411’ = i1,k so that i1jx is a proper prefix of i € Ps. This implies 7§y Ty, >0
and in particular 7j, > 76 > § contradicting that j, € Ps. We conclude that [jx] C [i'] for

U

1

each k =1,...m, so [1'] C U, [3x] C [i'] and the result [1i'] = (U, [i1jx] follows.

LEMMA 2.5. Let§ € (0, rmin). Then for every i € Ps andi € {1,..., N} there exists a unique
j € Ps such that [ii] C [j].

Proof. Fix such an ¢ and i. To demonstrate the existence of j we observe that by the
partition property there must exist j € Ps such that [¢i] N [j] # 0. Writing [j] = U}~ [ijx] using
the Markov partition property (Lemma 2.4) we see that there exists k such that [¢1] N [ijx] # 0.
By the partition property this is only possible if i = j, and we deduce that [¢i] C [j]. This
proves existence. To obtain uniqueness we observe that if distinct j1, jo € Ps satisfy [ii] C [j1]
and [ii] C [j2] then [j1]N[j2] # @ and the partition property is contradicted. The lemma is
proved. |

Proof of Proposition 2.3. To see that As is row stochastic we observe that for each i € Ps and
each i =1,..., N there exists a unique j € Ps such that [¢i] C [j] by Lemma 2.5. This implies
there exists a unique j € P5 such that as; ; = p;. It follows that every p1,...,pn occurs once in
the row of As corresponding to i and the remaining entries in that column are zero, so As is
row stochastic as claimed.

That 75 is a stochastic vector follows directly from the fact that P; is a partition of X.
To verify the equation msAs = ms, let j € Ps be arbitrary and using Lemma 2.4 we can write
[i] = Uj,[iix] where ii,...,im € Ps and 4 is the first symbol of j. We obtain

Z Tili,j = Z Pipi = Z;Dikpi =Pj=Tj
i€ePs i€Ps k=1
[#]<[3]

as required, where the penultimate equation follows from [j] = ;. [¢ix] and where we have
used the fact that if [¢1] C [j] then i is necessarily equal to some iy by the partition property.

To show that As is irreducible, it is sufficient to show that there exists L > 0 such that A%
is a positive matrix. We will show that this is true for L = Ls := maxiep;{|i|}. Let i,j € Ps be
arbitrary with j = j1,...,Jn, say, and if n < L let jn41,...,751 € {1,..., N} be arbitrary. Define
kr4+1 :=1i. By a simple inductive application of Lemma 2.5 starting at ¢ = L and descending
to t =1 we may choose ki,...,k; € Ps such that for all ¢t =1,...,L we have [jiker1] C [ke].
Define ¢y := min{L + 1 — ¢, |k¢|} foreach t = 1,..., L 4+ 1. We claim that foreacht =1,..., L +1
the first ¢ symbols of k; are j¢,...,jt—14¢, in that order. This statement is clearly true for
t =L +1, so let us assume its truth for some ¢t € {2,..., L + 1} and deduce its truth for ¢ — 1.
Since [ji—1ke] C [ke—1] we have |ki—1] < 1+ |k¢| and therefore £,—1 = min{L + 2 — ¢, |k;—1|} <
min{L + 2 —t,1+ |k¢|} = 1+ €. The relation [ji—1k¢] C [ke—1] also implies that the first |k¢—1|
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symbols of j._1k: are precisely the word k;_;. Since the first 1+ ¢; symbols of ji_1k; are
Je—1Jt - - - Ji—1+¢,, the first £,_1 < min{|k,—1|,1 + ¢;} symbols of k,—1 must be ji_1 - ji—24¢, ;-
This is precisely what is required for the claim to be true in the case ¢ — 1. The claim follows by
induction.

Applying the claim with ¢ =1 it follows that the first ¢, = min{L, [ki|} = |k1| symbols of k;
are ji,...,Je; - If £1 < n then [j] is a proper subset of [ki] and if ¢; > n then [ki] is a proper
subset of [j], but both of these contradict the partition property of Ps and we conclude that
£1 = n and therefore k1 = j. The relation [jiki+1] C [k¢] for each ¢ implies that ax,,,x, > 0 for

all t=1,...,L. Since k1 = j and kr41 =1 it follows that a;x, ax; x;_, - Gx,,; > 0. This is
precisely what is needed to show that the entry of A% in position (i, j) is positive. Since i and
j were arbitrary the proof of (c) is complete. |

We may now prove Proposition 2.1:

Proof of Proposition 2.1. Let k > 0 be as given by Proposition 2.2 and for each ¢ € (0, 7min)
let (Xﬁ)flo:o be the irreducible Markov chain on the state space Ps which is induced by the
transition matrix As defined in Proposition 2.3. Given vy € F', choose any io € Ps such that
vo € Sy, F. For every i = i142... € ¥ define

Ws,10(1) :=1inf{m >1:Vj € Ps In € Nsuch that 1 <n <m and [in ...i11i0] C [j]},

so that #5:,(1) € NU{+oo}. If #5:,(i) =n € N then by definition io,é1i0,...,%n - i1d0
have visited all cylinders in {[j]:j € Ps}. By Proposition 2.2(i) it follows that the set
{vo, Siyvo, ..., S, -+ Si;v0} is 20 A-dense in F, so we have Wasa v, (1) < n = #5,1,(1). Similarly,
we obtain #5 (1) < Wis,u, (1) from Proposition 2.2(ii). Hence

W2A5,U0 (1) S %,io (1) S Wfﬂs,vo(i)- (23)

By the definition of (Xi)ff:o it is clear that E;j7cov = E#5,1,, therefore it follows that Proposition
2.1 holds for (X})3%, where the uniform constant ¢ € (0, 1) can be taken to be ¢ = min{5k, x}.

3. Bounds on the covering time

Fix 0 < 6 < rmin. In order to prove Theorem 1.1 it suffices, via Proposition 2.1, to obtain
estimates on the expected covering time E; 7.ov for all ip € P5s. To this end, we will make
extensive use of a family of bounds on the expected covering time of irreducible Markov chains
derived from the so called “Matthews method” [9, 11]. Roughly speaking, this type of bound
reduces the task of estimating the expected covering time to only having to estimate the expected
time for the Markov chain to travel between a pair of states. In particular, for i € Ps we define
the hitting time

73 :=min{t >0: X0 = i},

that is, the first time that the state i is visited by the Markov chain, and denote by E;T;
the expected hitting time of j € Ps given that X$ = i. Then, provided the expected hitting
time between a pair of states is fairly homogeneous over a (large part of) the state space, the
Matthews method exploits the fact that states can be visited by the Markov chain in many
different orders to deduce that the expected covering time is approximately proportional to the
logarithm of the cardinality of the state space times the typical expected hitting time between
a pair of states. Translated through the symbolic coding introduced in the previous section, the
requirement that the expected hitting time be fairly homogenous over a sufficiently large part of
the state space turns out to correspond to the situation that the probability vector (p1,...,pn~)
is chosen in such a way that (1.1) is not satisfied for a unique index. In this situation the
measures m = vazl pi(S;)«m of many of the similarly sized pieces {S; F'}iecp; are approximately
comparable, which implies that expected hitting times between many pairs of states in Ps are
also roughly uniform. On the other hand, when the expected hitting time between pairs of states
varies substantially according to the pair of states which are chosen — which is the case when (1.1)
is satisfied uniquely and therefore the measure m is far from being uniformly distributed over
any large subcollection of pieces {SiF}ic p; — Matthews’ method yields bounds which are less
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sharp, which accounts for the gap between the upper and lower estimates for the rate of growth
of EWs,, in (1.3). We will provide precise statements for the “Matthews method” bounds which
we use in Propositions 3.1, 3.3 and 3.7, each of which will appear directly preceding the proof
of the corresponding bound from the part of Theorem 1.1 to which it pertains.

There are a couple more notions related to the covering and hitting times which will be useful
in our analysis. Firstly, for i € Ps we define

i :=min{t > 1: X7 = i},

which we call the first return time to the state i.

In order to introduce the second one, it is helpful to visualise the Markov chain (Xfl)ff:l in
the following way. At each transition we append a new bit i € {1,..., N} with probability p; on
the left of the current state, say i = 41 ...14,. There is now a unique way that we can delete the
tail of 41 = 4d1 ... 4, to yield a new word j =441 ...%n—m € Ps. Then, j is the new current state
of the chain. In this sense, our Markov chain (Xi)ff:o is closely related to the Markov chain
which describes observing patterns of heads and tails in coin tossing, and we can exploit this
connection to adapt techniques which were used in [9, §11.3.3] to compute waiting times for all
patterns of a fixed length when tossing a fair coin.

Let w; denote the first time that i appears using all new bits, that is, with no overlap with the
initial state. This random variable is easier to study than the waiting time 7; since it does not
depend on the initial state. There are two trivial observations which will be useful: (i) ws > 73
for all i € P5 and (ii) since w; does not depend on the initial state, Ew; > E;7;", where we have
purposefully suppressed the dependence on the initial state in Ew;.

Finally, we fix some extra notation which will be used throughout the proofs. We will write A <
B if A < ¢B for some constant ¢ which depends only on the parameters fixed by the hypothesis
of the result being proved, which in our case may be the IFS itself and the probability vector
(p1,...,pnN), but crucially it will never depend on §, vy or ig. Similarly we write A 2 Bif B S A
and A~ B if both A < Band B S A.

Also recall that in the proof of Proposition 2.3 we introduced the notation

log 8
Ls = max{|i| : 1 € Ps} = LO;%W .

Additionally we will denote

05— min{li| i€ Py} = [10{;%6} .

3.1. Proofs of upper bounds

First, we obtain the upper bound on EW; ,,, in the case where (1.1) is not maximised uniquely
in {1,..., N}, that is, we settle the upper bound in (1.3). For this we will appeal to Matthews’
original upper bound on the expected covering time of an irreducible Markov chain (see [9,
Theorem 11.2] based on [11]).

PRoOPOSITION 3.1. Fix 0 < § < Tmin. Then

1 1
. < T 44— ).
Ii’Iéan?é(Echov < max Ei; <1 Tyttt \Pal)

We will require the following short lemma which describes which states are most difficult to
hit and, given such a state, provides an approximate formula for its stationary probability.

. . 1 1, . . .
LEMMA 3.2. Letio € {1,..., N} satisfy 12?:_0 = max; iif’; =t. Given 0 < § < rmin let ig €

Ps denote the unique string which is made up 01011y of the digit ip. Then

] ~ . ~ t
min ps & pso ~ 0 (3.1)

where the implied constants are independent of §.
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log pig

Proof. Since t = § ,
og iy

L4,
pi() = Ti(‘) ol = Tfo ~ 6t7 (32)
where the last approximate equality follows because §7min < ri?f”fl
of Pg.

log p,

Also, since t = max; Togrr for any i =41...1n, € P5 we have
s

Tmin < 73, < & by definition

log piy log py,,
log Tiq log r; t t t
Pi = Piy o Piy =Ty sy S 215 > (0rmin)” &0 (3.3)

where the second inequality follows because r; > ri; -+ 7, Tmin > 07min by definition of Ps.
Combining (3.2) and (3.3) gives (3.1). U

Proof of upper bound in (1.3). Let ip € {1,...,N} satisfy Eiffo = max; igif? =t. Fix
io i

arbitary 0 < € < rmin throughout the proof, and for each k£ € N consider P.. Let i € P... We

can write i uniquely as ixig—1...11 where for each 1 < m <k, iy, ...1i1 € Pem. We note that

since € < Tmin, |i1| > 2 by definition of P.. Moreover, for each 1 < m < k,
Pig.ay <€0< Tim.ini)
where i} denotes i; with its last digit removed. Therefore

em+1 <ry

...

m
iIIE <7y i/lrmin S Tipy..ig S €

hence i1 must necessarily have non-zero length. Let C1 := maxjep, Ew; < oo and let Cs :=
max;jep, |j|. Let C = max{C1, C>}.
Now, for each 2 < m < k,
Ews,,..i; < (Bwi,, .5y + O)ps,, + (Bws,, gy +C + EBwi,pa0) (1= piy,)
= Ewi?nfl-uil + C + (1 - pirn)Ewi7n~~pil N (34)
Therefore
PipEwi,,. 1, <Ewi, .4 +C. (3.5)

In particular, for & > 2,
C
Piy P Bwiy iy <20+ Cpiy + Cpigiy + - +Cpiy_y.i, <C+ 1=

where p := max;e7 p;. Therefore,
where the implied constant depends on the probability vector (p1,...,pn) and on the choice of
€ but does not depend on the length k = |i|.

Now, fix 6 > 0, and let k € N satisfy €® < § < €*~!. Let j € P5s. Then we can choose some
i € Py such that i|, = j for some n € N. Then p; > p;p,2, = p; where pmin := min; p;. In
particular

Ew; < Bw;s <pi' < p}l. (3.7)
Let ip € Ps be the unique string consisting only of the digit 7. By (3.1),
<pl<pil st
maxEw; S p;- Spig 0 (3-8)
By Proposition 3.1,
E < 1+1+ + L max E;ry < 1+1+ +1 maxEw; <6 " lo 1
i Teow e — x By e — x Bws -
0 - 2 |Ps| ) 1.5€Ps )= 2 Ns | jePs )~ & )
where we have used the fact that Ns:=|Ps| <r_; 0 ° as remarked at the beginning of the
previous section. The result now follows by Proposition 2.1. |

In the above proof we did not refer to the question of whether or not (1.1) is uniquely
maximised only at io, and indeed the upper bound of EWs ,, < 5t log (%) for all v € F' is
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valid whether or not this is the case. However, in the case where (1.1) is maximised uniquely
this upper bound is not optimal owing to the fact that on a large part of the state space Ps, the
expected hitting times are significantly lower than 6~¢. Indeed for a typical choice of i € Ps an
expected hitting time E;7; will be of the order 6" only if the word j contains many instances of
the digit 49. Thus in the case where (1.1) is maximised at a unique index it is useful to separate
the less accessible part of the state space from the more accessible part of the state space and
estimate the expected covering times of each of these parts separately.
To be precise, for any B C Ps we define

8, =min{t >0:Vie B, 3s<tst. X,=1i},

that is, the first time that all of the states in B have been visited by the chain. The expected
covering time of B satisfies an analogous upper bound to the expected covering time (see [9,
(11.16)] which can easily be proven by adapting the proof of [9, Theorem 11.2]):

PROPOSITION 3.3. Fix 0 < § < Tmin and B C Ps. Then

1 1
r}lEaB?(ETCOVSI?}g}é}ETJ (1+§++E)

In particular, in the case where (1.1) is uniquely maximised one can improve on the upper
bound of EWs,,, < 6 flog ( ) by instead estimating how long it would take for the Markov chain
to first visit all states in a subset B consisting of states i € P5; which contain a restricted number
of the digit 7o, followed by visiting all states in B’ = Ps \ B. The subset B would constitute most
of the state space Ps, but would benefit from having a reduced upper bound on max; jep Esi7;.
On the other hand, the upper bound on max; jecp/ Ei75 would be of the order 57, but B’ would
only comprise a small proportion of the state space. Of course, there is a lot of flexibility in how
the subset B could be defined, so by carefully considering the contribution of each covering time
E;72, and ]Ej_Tg):, one can choose B in such a way that the upper bound on EW5 ,,, is improved
to the degree noted in Theorem 1.1:

Proof of upper bound in (1.2). Suppose that io € {1,..., N} is the unique digit that satisfies

1 i
lzzf 0 — max; iog Pi — ¢ Fix 6 > 0 and consider ks satlsfymg 1 < ks <45 to be chosen later.

Define B C Pj to be all strings which contain at most ks — 1 digits from the set {1,..., N} \ {io}.
Also denote B’ = Ps \ B, so that B’ are all strings in Ps which contain at least k,; digits from
the set {1,...,N}\ {io}.

We can bound the covering time above by the time it would take to first cover B and then
cover B’ (plus the intermediate travel time) yielding

max E; 7eov < maxminE;7; + max E; TCOV + max min E;7; + max E; TCOV (3.9)
i€Pg i€Ps jEB ieB i€Ps jeB’ ieB’

We will use Proposition 3.3 to bound max;ep E;72, and max;ep/ Eiﬂf,:, in terms of ks, before
choosing ks in a way that optimises this bound.

To calculate |B|, notice that B = J*_) B,, where By, is the set of strings in Ps which
contain exactly m occurrences of digits from the set {1,..., N} \ {éo}. Since any i € B has length
|i| < Ls, there are no more than Ls positions where the first digit from the set {1,..., N} \ {io}
can appear, followed by no more than Ls — 1 positions where the second digit from the set
{1,...,N}\ {io} can appear and so on. Since we have N — 1 possible choices of digits for each
of these,

|Bm| < (N —=1)"Ls(Ls —1) -+ (Ls —m+1) < (N —1)"Lg".

Therefore,

ks—1

1Bl < Y (N =1L S (N = 1)Ls)*

m=0
Since Ls < log (%) we have log|B| < ks loglog (%) Notice that B contains a string ip which
contains only the digit 7o, therefore miniep p; = pi, =~ 5t by (3.1).

Next we consider B’. Since B’ = Ps\ B we have log|B’| ~log (). Next we calculate

min;cps pi. Let i € B’. Then for some integer m satisfying ks < m < Ls, i contains m digits
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from the set {1,..., N} \ {io}. In particular there exist ji,...,7m € Z\ {i0} and some integer n
such that

TL =Ty T iy RO

We have
log Pig ¢
pn _ Tnlogrio ~ ( 5 )
io0 — Tig [ N .
Ti1 " Tim
Therefore
~ tPj1 " Pim
pPi~ 6 7'r't . ’r't .
Ji Jm
Fix
1 .
¢ =1—max 08 Pi R
e log T

where positivity follows from the fact that 7o uniquely achieves the maximum in (1.1). It follows
that for each i € {1,..., N} \ {io},

log p;
log r; logp;
& _ Ti _ 7”logm > T_C
t t - -
Ty T

Therefore
5t —cm > 5t —cks

Tmax

Note that by (3.7),

—t
max min E; 7y < min Ew; < mmp 1<y
jeEB jeEB

iP5 jEB
and
max min E;7; < min Ew; < mlnp <6t reks
i€Ps jEB/ jeB’ j€B
Therefore, by Proposition 3.3 and (3.9),
?éaxIE Teov < 0 ks loglog ((15) + 675 log (%) . (3.10)

Consider the function f5(x) = zloglog (3) — Tiax log (5). Observe that f5(2) < 0 and f5({s) >
0, provided ¢ is sufficiently small. Therefore there exists 2 < x5 < £s such that fs(xzs) = 0. Notice
that fs(loglog (%)) < 0 provided ¢ is sufficiently small. Since fs(z) is increasing with z, x5 >
loglog (3). Therefore, if we fix ks = 5], we have

ks log log 5 ~ rffa‘sx log (%)
). Hence by (3.10),

2
1?212’% EigTeov S 07 ks loglog (;) <45t <loglog (%)) .

The result now follows from Proposition 2.1. ]

and ks < loglog (%

3.2. Proofs of lower bounds

To estimate the lower bounds on the expected covering time, we begin by obtaining a lower
estimate for the expected hitting time E;7; in terms of Ew;.

LEMMA 3.4. Given arbitrary i,j € Ps where i # j denote
917]' = ]P)i(Tj < L§)

Then
]EiTj 2 ij — Gi,j (L§ + ]E’LUJ) (311)
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Proof. Observe that
wy <75+ 1<y (Ls + wy) (3.12)

where wj is the amount of time required to build j from new bits after the Lsth bit has been
added. Indeed (3.12) holds since if (X¢) is such that j appears for the first time after Ls time
then w;((X¢)) = 735((X¢)) whereas if (X;) is such that j appears for the first time before Ls time
then w;((X¢)) < Ls + wi ((X4)).

Now, since wj is independent of the event {75 < Ls} and wj has the same distribution as wj,
we can take expectations in (3.12) to obtain

E’LUj S ]Ei’l'j =4 Hi,j (L5 =4 EwJ)
which completes the proof of (3.11). U

The usefulness of (3.11) is that Ew; > E; TJ«+, and the expected return time E; T;r satisfies the
following formula (see [9, Proposition 1.14 ]).

PROPOSITION 3.5. Fix 0 < § < Tmin. For all i € Ps,

So, in order to apply (3.11) we require an estimate on the probability 6; ;j of a fast hitting
time of state j from state i, which is provided by the following lemma.

LEMMA 3.6. Fix i,j € Ps, where i # j. Suppose that 73((X;)) > j whenever Xo = i. Then

J
91,3‘ :Pi(Tj < La) < 1pr +p£‘5(L5 —55).

Proof. Fix such i and j. We have
Pi(ry < Ls) <Pi(ry =j) +Pu(ry =5+ 1)+ + Pi(r5 = Ls — 1).

For each j <k <|j|—1, Pi(r; = k) < p*, since k correct transitions are required (which
correspond to the k correct digits that need to be appended to the left of the word i). If
lj| < Ls, for each |j| <k < Ls — 1, Ps(1; = k) < pHl, since |j| correct transitions are required.
Therefore
Pi(ry < Ls) <Pi(m5 =j) +Pi(my =5+ )+ +Pi(r3 = Ls — 1)
<p 4ptt 4l (Ls — |j|)p‘j|
<p 4P BT+ (L — 45)p"

1 —ple—i—2
=+ (L — Lo)p"
pj 05
< -7 +p o (Ls — £s).

O

We are almost ready to prove the lower bounds on EW5 4, from (1.2) and (1.3) via appropriate
lower bounds on the expected covering time of (X$)%%,. Analogously to Proposition 3.1, the
original lower bound of Matthews [11] bounds the minimum expected covering time from below
by the minimum expected hitting times between distinct states multiplied by the logarithm of
the cardinality of the state space. Clearly, this bound is insufficient for our purposes, since it can
yield a lower bound merely of the order log (%) owing to the fact in general some states in Ps
will be extremely close to one other. Instead, we can again improve on this bound by considering
the expected covering time of a subset of the state space, where this time the elements in the
subset are chosen in such a way that they are all “uniformly far” from each other in the sense
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that the expected hitting times of possible pairs of states are uniformly bounded below. For this
we will require the following analogue of Proposition 3.3 (see [9, Proposition 11.4 ]F).

PROPOSITION 3.7. Let 0 < 0 < Tmin and B C Ps. Then for all i¢p € B,

1 1
EIOTCOV > IE1()7_cov 2 131611332#_] Ei(Tj) (1 + 5 +ooet |B| — 1) '

We are now ready to obtain a lower bound on EWj ., in the case that (1.1) is maximised
uniquely at some 4o € {1,..., N}. Since the least accessible part of the state space Ps comprises
states i € Ps which consist mostly of the digit i, the most effective choice of B in Proposition
3.7 is a subset of this type. Then applying the lower estimates from Lemma 3.4 on the expected
hitting time will yield the desired result.

Proof of lower bound in (1.2). Fix § > 0 sufficiently small such that p i P (Ls — £5) <
and denote ig € {1,..., N} to be the digit that satisfies Lifjo = max; llgi f’ =t Let j€
{1,..., N} \ {io}. Define

A ={i€ P2 : i contains one instance of j and |i|] — 1 instances of 7o}
J

and B = {jji:i € A} C Ps. For any j € B, 5 = p; ~ ¢' and therefore for any i,j € B, where
i # j we have

Eiry > (1= 05,5)Ews — Lsbs5 > (1= 015)Ey7i" — Loty 2 (1= 015)0 " — Lsbs 5
by (3.11) and Proposition 3.5. In order to bound 6; ;, notice that by definition of B, at least
|j| — 1 transitions are required to hit the state j from i. Thus by Lemma 3.6 and our assumption
on 4,

[31—1 L5—1
Z‘S(Lg—f(s)gzl)_ %

Finally, to calculate | B|, observe that there are at least I r2 = log % distinct positions at which

9173- < ‘s (L5 — [5) <

the digit j can be placed within a string i € A and therefore log |B| = log |A| ~ loglog ().
By Proposition 3.7
min E;)7cov > min min E;7; + min Ey TCOV
ig€P;s i€ePs jEB ieB

1
2(1+§++|B‘7—1) mln]ETJ

i, J¢EB
i
» 1
6 "loglog <5) .

The result follows by Proposition 2.1. |

vV

All that remains is for us to obtain the lower bound in Theorem 1.1 in the case that (1.1) is
not uniquely maximised in {1,..., N}. Since there must be at least two digits which attain this
maximum, Proposition 3.7 can be applied for a choice of B C Ps where the cardinality of B is
exponential in 6. This allows us to recover a sharp lower bound for EW; ,, in this case.

Proof of lower bound in (1.3). Let J C {1,...,N} be the set for which the maximum in
(1.1) is attained, where | J| > 2 by assumption. Define
P5 PsNnJ"
where J* denotes the set of finite words with digits in J. We begin by showing that there exists

a > 0 such that [Ps| ~ d~“. Let a > 0 satisfy >, , 7{ = 1 and let P be the Bernoulli measure on

T Although Proposition 11.4 in [9] is not stated exactly as it is here, Proposition 3.7 can easily be gleaned from
the proof of [9, Proposition 11.4].
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¥ where P([i]) = r{ if i € J and P[i] = 0 otherwise. Then 1 =3, pi = ZiePg r{, therefore
Toind|P§| < 1 < §°|Ps|, implying that |Pj| ~ 6~ °.

Fix j € N sufficiently large such that % < i. Fix § > 0 sufficiently small such that £5 > j
and p% (Ls —5) < %. Fix arbitrary ip € Ps and denote the first j digits of igp by 41 ...4%;. Define
a new word k = ki ... k; by setting k1 = i1 and fixing ko = --- = k; = w1 € J \ {i1}. Note that
it is not necessarily true that {i1} C J, but if this is the case then wi € J \ {i1} can always be
chosen since |\7\ > 2. Define B;, C P5 as the set

B;, ={i € Ps:i=kjforsomeje€ J"}.

We begin by claiming that for all § > 0 sufficiently small and all i € B;,, m < 6°. Writing 1 = kj
as in the definition of Bj,, we have

t .
™ =pi=pepy < 0 S
Next we estimate 6 ; = P (7;" < Ls) for 1, j € Bi,, i # j. Fix such i and j. Observe that both
il; =k and j|; = k. Since k1 does not agree with ks,...,k;, at least j transitions are required
before the chain can hit the state j, when starting from state i. Therefore by Lemma 3.6 and
our assumptions on j and d,

P’ [
0;i; < —— 4+ (Ls — ¢ s <
I=1 7, (Ls = Ls)p™ <

N =

Next we bound |Bj,|. Observe that
Bio:{kj:jepli}v
Tk

=1, as before. Therefore by Lemma

therefore |Bi,| = |Ps | ~ %, where a satisfies Y, 7%
T

3.7, for any j € Bi,,
; _ 1
Ey(rein”) 2 6" log (5) :

By Proposition 3.7,

. . . . . B; —t 1
min E; Teov > min min E;, (75 min min E;(7eol) =6 “log | = ).
ig€Ps oTeov = ip€Ps J€ By, O(TJ)—’_iOGngGBiO 3(Te0’) 2 8 (5)
The result follows by Proposition 2.1. |

4. Directions for future research

Besides the problem of obtaining a sharp estimate for the asymptotic behaviour of the expected
d-waiting time in the case where the maximum in (1.1) is attained uniquely, several further
directions of research suggest themselves. On the one hand, while this work helps to shed light
on how the sequence (z,)n=o approaches the attractor set, we have not investigated the related
question of how quickly the measures % Zz;é 0z, approach the self-similar limit measure m =
Zﬁvzl 7;(S;)«m (with respect to, for example, the Wasserstein distance) and this question may
be of interest in future research. It is also interesting to ask how far these results may be
extended to the context of iterated function systems defined by maps which are not similarities
(such as affine or conformal differentiable transformations) and to cases where the open set
condition is not satisfied. Finally, we note that there are analogous questions which make sense
for deterministic chaotic dynamical systems. For example, if T': R/Z — R/Z is the doubling map
T(x) := 2z mod 1, then for Lebesgue almost every = € R/Z the sequence {x, Tz, T?z,...,} is
dense in R/Z. One could just as easily ask how the expectation with respect to z of the first
integer n such that the sequence {z,Tx,...,T" 'a} is 6-dense in R/Z behaves as a function of
0 in the limit 6 — 0. For the doubling map T'(x) := 2z mod 1 this question can be reduced via
Markov partitions to the coupon-collector’s problem, but for smooth expanding maps or even
Anosov diffeomorphisms the details of such an argument are less clear.
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