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DIRECT AND INVERSE PROBLEMS FOR TIME-FRACTIONAL
PSEUDO-PARABOLIC EQUATIONS

MICHAEL RUZHANSKY, DAURENBEK SERIKBAEV, NIYAZ TOKMAGAMBETOV,
AND BERIKBOL T. TOREBEK

ABSTRACT. The purpose of this paper is to establish the solvability results to direct
and inverse problems for time-fractional pseudo-parabolic equations with the self-
adjoint operators. We are especially interested in proving existence and uniqueness
of the solutions in the abstract setting of Hilbert spaces.
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1. INTRODUCTION

The problems of determination of temperature at interior points of a region when
the initial and boundary conditions along with diffusion source term are specified are
known as direct diffusion conduction problems. In many physical problems, determi-
nation of coefficients or the right-hand side (the source term, in case of the diffusion
equation) in a differential equation from some available information is required; these
problems are known as inverse problems.

Inverse source problems for the diffusion, sub-diffusion and for other types of equa-
tions are well studied. There are numerous works published only in recent years in
this area (for example, see [AIKT19, HLIK19, KY19, RZh18, SSB19]). However, in-
verse problems for pseudo-parabolic equations and for their fractional analogues have
been studied relatively little (see [IXJ18, LT11a, LT11h, LV19, Rung0, RTT19]).
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The inverse problem of determining the coefficient and the right hand side of a
pseudo-parabolic equation from local over defined states has important applications
in various fields of applied science and engineering. The study of inverse problems
for pseudo-parabolic equations began in the 1980s by Rundell (see [Rung0]).

Let H be a separable Hilbert space and let £, M be operators with the corre-
sponding discrete spectra {A¢}eez, {ite}eer on H, where Z is a countable set.

In this paper we consider solvability of an inverse source problem for the following
pseudo-parabolic equation

(1.1) Dy u(t) + Lu(t)] + Mu(t) = f(t) in H,
for 0 <t < T < oo, with initial data

(1.2) u(0) =p € H,

and final condition

(1.3) w(T) =1 eH.

Here Df* is the Caputo fractional derivative of order 0 < v < 1.

In the particular case o = 1, the equation (1.1) coincides with the classical pseudo-
parabolic equation with some differential operators £ and M. The energy for the
isotropic material can be modeled by a pseudo-parabolic equation [(/GG8]. Some wave
processes [BBN72], filtration of the two-phase flow in porous media with the dynamic
capillary pressure [BGPVO7] are also modeled by pseudo-parabolic equations. Time-
fractional pseudo-parabolic equation (1.1) occurs in the study of flows of the Oldroyd-
B fluid, one of the most important classes for dilute solutions of polymers [FFIV09,
TLO5].

In this paper, we consider direct and inverse problems for the time-fractional
pseudo-parabolic equation with different abstract operators. We seek generalized
solutions to these problems in a form of series expansions using the elements of non-
harmonic analysis (see [RT16, RTT19]) and we also examine the convergence of the
obtained series solutions. The main results on well-posedness of direct and inverse
problems are formulated in three theorems.

We will be making the following assumption:

Assumption 1.1. We assume that the operators L and M are diagonalisable (can
be written in the infinite dimensional matriz form) with respect to some basis {e¢}ecr
of the separable Hilbert space H with the eigenvalues A\¢ € R : A\e > ¢, > 0 and
te € R:pe > cpr > 0 for all § € L, respectively. Here cr, and cyr are some constants,
T 1s some countable set.

We will be sometimes also making the following assumption with Z = N* or Z = Z*
for some k:

Assumption 1.2. In further calculus for our analysis we will also require that e —
oo and pie — 00 as || — oo. Moreover, we will assume that |Ae| = O(|uel®) as
|€| = oo for some Kk > 0.

1.1. Preliminaries. Now, for the formulation of problems we need to define frac-
tional differentiation operators.
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Definition 1.3. The Riemann-Liouville fractional integral ¢ of order 0 < a < 1 for
an integrable function f is defined by

1 t
U0 = g | €= s, 1€ fed)
where ' denotes the Euler gamma function.
The Caputo fractional derivative of order 0 < a < 1 of a differentiable function f

is defined by

D) = 110 =y [ g ¢ € e

For more information see [IKXST00].
In what follows, we will widely use the properties of the Mittag-Leffler type function
(see [L.GY9])

[e. 9]
Zm

P = 2 Fam v )

In [Sim14] the following estimate for the Mittag-Leffler function is proved, when
0 < a <1 (not true for a > 1)

1 1
1.4 - < E.(-2)< 2> 0.
(14) 1+T(1—-a)z — al Z>_1+F(1+a)*1z -
Thus, it follows that
(1.5) 0< Eyi(—2) <1, 2>0.

2. DIRECT PROBLEM

We consider the pseudo-parabolic equation

(2.1) Dy u(t) + Lu(t)] + Mu(t) = f(t),
for 0 <t < T < oo, with the Cauchy condition
(2.2) u(0) =p € H.

Definition 2.1. Let X be a separable Hilbert space.

e The space C*([0,7]; X), 0 < a < 1 is the space of all continuous functions
g:10,7T] — X with also continuous D¢ : [0,7] — X, such that

gllceomx) = llglleqorix) + 1P glleom:x) < oo.

e The space W2([0,7T]; X), 0 < a < 1 is the space of all L*-integrable functions
g:[0,T] = X with L*-integrable D%g : [0,T] — X, such that

||9||Wa([o,T];X) = ||9||L2([07T};X) + ||D?9||L2([0,T];X) < 0.

A generalised solution of the direct problem (2.1)-(2.2) is the function v € L?([0, T]; H L )N
L*([0,T); Hi,) N W([0,T); Hz). Here we define ’HZL% as

(2.3) Hi"y = {ueH: L'M™ue MY,
for any I,m € R. In view of this we can define H'., H, correspondingly
Hy={ueH: LueH],
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Hy ={veH: M™ueH},
for any [,m € R.
2.1. Case I: 1/2 < a < 1. For Problem (2.1)-(2.2), the following theorem holds true.

Theorem 2.2. Let 1/2 < a < 1. Suppose that Assumption 1.1 holds. Let ¢ €
HENHY, and f € L*([0,T); H)NL([0,T7, 'Hzlj\}‘) Then there exists a unique solution
u(t) of Problem (2.1)-(2.2) such that w € L*([0,T];Hy) N W([0,T]; Hg). This
solution can be written in the form

E . Of
Z‘Pf al( 1+)\5 )66

£eT

- e o
R

where o = (@, e¢)p, fe(t) = (f(t), ec)n.

Proof. Let us first prove the existence result. Since the system of eigenfunctions e
is a basis in H, we seek the function u(t) in the form

(2.4) ult) = uelt)ee,

£er

where ug(t) are unknown functions. Substituting (2.4) into Equations (2.1)-(2.2) and
taking into account Assumption 1.1, we obtain the following equations corresponding
to the function we(t):

(2.5) Diug(t) + —5—ug(t) =

(2.6) ue(0) = e, € € T.
Here f¢(t) is the coefficient function of the expansion of f(t), i.e.
t)=> " fe(t)ee,
¢ez
with
fe(t) = (f(1), ee)n,
and ¢ is the coefficient of the expansion of ¢, i.e.
Y= Z Pele;
ez
with

(2.7) e = (¢, e¢)n-

According to [LGG99], the solutions of the equation (2.5) satisfying the initial con-
dition (2.6) can be represented in the form

e o 1 t d He o
2.8 t) =& — Y - — — | E — t — s)ds.
( ) uf( ) Spf a,l ( 1 + )\5 ) ,Ug A dS a,l 1 )\é’s ff( S) S
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Putting (2.8) into (2.4), we obtain a solution of Problem (2.1)-(2.2), i.e

Pe o
= . t
ek 1( 1+ A )65

£er

_Z{ / ( 1(—ﬁAgs”‘))fg(t—s)ds]eg.

£eT

Here under the integral we have the derivative of the Mittag-Leffler function, which
is a non-positive function, i.e.

d 103 He a1 e
- Ea - ¢ - - “ Eaa - “ SO’
ds( ’1< 1+)\§S)) T+ oo \TTHa"

in view of the fact that

From this we have

[e o
=% al(_ Agt)eg

£er

pe o\ Jelt —s)
+Z{/ a’a<_1+)\£s) L+ X ds} e

e

(2.10)

Now, we prove the convergence of the obtained infinite series corresponding to the
functions u(t), Dfu(t), Mu(t) and Dy Lu(t).

Before we get the convergence, let us calculate Mu(t), Dfu(t) and Dy Lu(t). By
using Assumption 1.1 in (2.7), we have

Aee = Ae(p, ee)n = (o, Lee)y = (Lo, e¢)u;

(2.11) fepe = pie (@, ec)n = (p, Meg)y = (M, ee)y.
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Applying the operator £ to (2.9), and taking into account formulas (2.11), we get

Z@g o,1 <— )\gta) ﬁeg

£eT
fe o) Jelt =)
+) [/ Eoa (— s ) dS] Leg
— T a” ) Toa
:“5 o
ceT §

(2.12)

1+>\§
(2.13) et
:uf a—1 luf
Eou [ - t— s)d
+§;1+Ag UO ’ ( 1+>\S)f< *) 5}65

Applying the operator D to (2.4), we have
(2.14) Diu(t) = > Diue(t)eg
¢ez
By using (2.5), we find Df'ue(t)

(2.15) Deue(t) = 16(1 - i§A§u5(t).

Putting (2.10) into (2.15), we get

Pouc(t) = felt) e B (_ e ta)

1+>\5 1"‘)\5 1+>\5

He "o He
— “FE - « t—s)ds| .
BRCESWE {/os W( 1+/\58)f§( ) 5}
Substituting (2.16) into (2.14), we obtain

e e o
E.i|— t% e
Z1+)\§ 56114—)\5()05 ’1( 14 Ae ) ¢
g

+ Z + )\5 [/ s By (—1 n )\550‘) fe(t — s)ds] ec.

£€I

(2.16)

(2.17)
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Applying the operator £ to (2.17) and taking into account formulas (2.11), we have

DeLult) = 3 50 35 e eonan (25

Eel
 PeAe
N e G
Now let us estimate H-norms

2
lu(®)3 <D a1<—m)

(el
t

ailEoca _ ,ug « t — d
*Z 1+Ag S e |\ T ) Jelt = )ds

2
<OZ< s ta) el

(2.18)

) flt = 9 e

2

cer 1+>\§
. 2
Soz—l d
C t—
(2.19) i Z +>\5 /1+1+A 2 lfelt = 5)lds
t
<CY e’ +C /< a) /|f§ )[*ds
&ZI Z 1‘|‘>\5 ) 1+1i38
t
<C C d d
Y (S py
0

<Cleli+ €3 EBW / /|fg s

Due to the assumption a > 1/2, finally, we get

lullZa0.r20 < CUlell + 1117 0 -
(0,713

Here we take into account that

U g 5] fe®)
;mo/mws—/z;lg

-y / 1F(5)Erds < O oo zyanc

§€L

(2.20)

for some constant C' > 0.
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Finally, by using (1.5) and arguing as in (2.19), from (2.9)-(2.18) we get the fol-
lowing estimates

HEU”%%[O,T},H) < C(H&PHiﬂ + ”fH%Q([QT},’H))u
IMullZ2 07120 < CUMIR + 112 0 m, Hz)

1Dzl om0 < CUP s + 17 gty + 17 2 i)
and

12 Ll < CUIBe, + 17 Bxgomian + 110ty

respectively. Here in all our estimates in the spaces H L’T\A for some [, m € R we play
with the argument as in (2.20). Thus, we finish the proof of the existence result.
Proof of the uniqueness of the solution. Let w(t) and v(t) be two solutions of

Problem (2.1)-(2.2), i.e
Diw(t) + D Lw(t) + Mw(t) = f(t),

w(0) = o,
Div(t) + DiLo(t) + Mo(t) = f(t),
v(0) = .

By subtracting these equations from each other, and denoting u(t) = w(t) — v(t), we
obtain

(2.21) Diu(t) + Df Lu(t) + Mu(t) =
(2.22) u(0) = 0.
We also have
(2.23) uelt) = (u(t), e, € €T
Applying the operator Dy to (2.23), we have
(2.24) Dru(t) = (Dfu(t), cehu, € € T.

From (2.21)—(2.22), we have

o K

(2.25) Djfug(t) + 5 +£>\§u§(t) =0,
(2.26) ug(0) = 0.

By the formula (2.8), when ¢ = 0, fe(t) = 0, the solution of the problem (2.25)-
(2.26) is ue(t) = 0.

Further, by the basis property of the system {e¢}¢er in H, we obtain u(t) = 0. The
uniqueness of the solution of Problem (2.1)—(2.2) is proved. O
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2.2. Case II: 0 < a < 1. Here we deal with the case when 0 < o < 1. But for this
we will require more conditions on source term.

Theorem 2.3. Let 0 < o < 1. Suppose that Assumption 1.1 holds. Let p € HpNH},
and f € WY([0,T);H). Then there exists a unique solution u(t) of Problem (2.1)-
(2.2) such that uw € L*([0,T); Hi,) N W([0,T); Hz). This solution can be written in

the form
=2 ¢cbun ( 1+)\§ )65

ceT
fg fg ( i )
+ Z Z ta 65
ceT gez L+ A
t _
- U Jelt—s) (_1 %A Sa) ds} e,
ceT T A

where o¢ = (0, e¢)n; fe(t) = (f(t), ec)n-

Proof. By repeating the arguments of Theorem 2.2, we start from the formula (2.8).
For the last term of the equation (2.8), we have

1 [*d e
- o - o t—s)d
ds( ’1< W ))fg( s)ds

t

—— iEaJ (— A sa) fe(t —s) .

I L+ Ae

I He
9.97 —— | B, (- o) 1t — s)d
(2:27) pe Jo ’1< 1+>\58)f£< $)ds

_ 1 1 He o
o filt) = o () KO

1 t ,ug
- — E, — @ "(t — s)ds.
e Jo ’1< 1+)\58 )fg( 3)ds

Thus, for the solution of the Cauchy problem

fe(?)
1+ )\5

o %
Dlug(t) + ——ug(t) =

0) —
oy , ug(0) = e,

we have

He o 1
t) = @peEo1 | — |+ t
l0) = peliun (~THt) + ki)

(2.28) - iEa,l (— : f&t“) J(0)

1 t
“ue ) Eaq (—Asa) fi(t = s)ds,

1—0—)\5

for all £ € 7.
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Putting (2.28) into (2.4), we obtain the solution of Problem (2.1)-(2.2) in the
following form

e o
=3 ST (e S
ek 1( 1+ A )65

EeT
fs fs Pe o
(2.29) +Y e =Y 2By, Tt ) e
Eel geI
t_
_ Z |:/ f£ 5 a’ (_1 Mﬁ)\ Sa) ds} ee.
ceT T A

To prove the convergence of the obtained infinite series corresponding to the func-
tions Lu(t), Mu(t), Dfu(t) and Dy Lu(t), first, we need to calculate them.
Applying the operator £ to (2.9), and taking into account formulas (2.11), we get

Cult) = 3oL ecubos (-T2t e

= T+ Ae
He o
2:30) + X et = 30 200 (- T )
EEI 561

)‘f |:/ / He
- Je(t —8)Eqq | — s ) ds| ee.
gze; pe Lo 7 L+ Ae

Analogously, we have

Mu(t) = (M. comon (1250 e

P 1+ )\5
He  a

(2.31) + Y fe(tee = > f(0)E < ﬁ/\gt ) e

Eel £eT

He
_Z/f5 al( s)ds}eg.
> | o
Applying the operator D to (2.4), we have
(2.32) Diu(t) = > Diue(t)ee
ez

By using (2.5), we find Df'ue(t)

(233) D?Us(t) = 1fj_<12£ — 1_’;&)%715(15).
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Putting (2.8) into (2.33), we get

25 u5(t) == 1 +§)\§90§Ea,1 <— S ¢ )

1+ X
1 He
. Eoi | — e
(2.34) Fa ,1( Y )fg(O)

1 ' He
E, —— g '(t — s)ds.
+1+A5/0 ’1( 1+A55>f5< s)ds

Substituting (2.34) into (2.32), we obtain

£el
1 He
——FE.. (- e
(2.35) +> T a,1< T+ e )fg(O)eg
£el
1 t
+ Ea - d
;LHJO ANRE )fﬁ( )s}ef

11

Applying the operator £ to (2.35) and taking into account formulas (2.11), we have

Dy Lu(t

(2.36) Z

€T

22{

He o
en (—715)65
I 1+)\5

( ) Sty

/ a1 (— 1 ig)\g 80‘) fe(t — s)ds} ec.
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Now, let us estimate H-norms

2
(ol < 3 al(— rer)

ceT
fg fe(0)|? ( i ) ?
P SO 5 O g, (e
cez cer | He L+ Ag
fg (t—s) He i
a - “ d
_'_Z / ’ 1+ )\58 §

el

(2.37) 2
<CZ< e t“) |90§|2

ceT 1+>\§
2
fs ( 1 fe(0) |
+ o Yo\ s
cez ¢eT 1+ T+Ae t He
t 2
1
+CZ—-/ﬂﬁ?4wpgm
¢eT 1+)\
f&

<O JeelP+C>

Eel EeT

2 T
+C " ds /|f§'(s)|2ds
5621 “5 <1 - 1+>\ )

< CI!¢|1H+C!\f( [ +C|!fHW1 0.THY)

Finally, we obtain
20,090 < CUIel5 + 1 10 2050

By using (1.5) and arguing as in (2.37), from (2.29)-(2.36) we get the following
estimates

£l Zao,mya < CULAIR A+ CEIR A oz 20171y

[Mull220 1.5y < CllMIIF, + ClLF I 0.07.200

D2l 010 < U1 + 1 oy
and
"D?Lu"%Q([O7T},H) < C(”‘PH?{}M + Hf”%/vl([O,TLH))a

respectively. It proves the existence result.
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The proof of the uniqueness of the solution of Theorem 2.3 is the same as in the
case of Theorem 2.2. O

3. INVERSE PROBLEM

This section is concerned with an inverse problem for the pseudo-parabolic equation
(1.1). We obtain existence and uniqueness results for this problem, by using the £—
Fourier method.

Problem 3.1. Find a pair of functions (u(t), f) satisfying the inverse problem (1.1)-
(1.3).

Let us define v := max{0, x — 1}, where x is from Assumption 1.2. A generalised
solution of the inverse problem (1.1)-(1.3) is the pair of functions (u(t), f), where
u € Co[0,T); H "N HMT), and f € H.

For Problem (1.1)—(1.3) the following statement holds true.

Theorem 3.2. Suppose that Assumptions 1.1 and 1.2 hold. Let @, € ’Hzﬂ ﬂ?—[}\j‘w
Then the generalised solution of the inverse problem (1.1)—(1.3) exists, is unique, and
can be written in the form

) (el — (9, eahul (1= Baa(—155t") ec
ut) = ¢+ gze; (1= B 1)

f=Mo+) (M, e)n — (Mo, eo)m] ec

1= B (—15-T7)

Y

el

Proof. Eristence. Since the system {eg}ec7 is a basis in the space H, we expand the
functions u(t) and f as follows:

(3.1) ult) =) ugt)ee,

Eel

and

(3.2) f = Zf§6§>
EeT

where ug(t) and fe are
ue(t) = (u(t), e¢)n, € €1,
fe=(f.ed)u, €L
Substituting (3.1) and (3.2) into the equations (1.1)—(1.3) and using the relations
Leg = Aeee, Mee = pieeg,
we get the following problem for the functions u¢(t) and for the constants fe, £ € I:

Je

a He
(33) Difuelt) + 5wl = 75

1+ A

(3-4) ue(0) = e,

)
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for ¢ € [0, 7] and for any £ € Z. Where ¢, )¢ are the coefficients of the expansions
of ¢, 1, i.e.

(3.6) 0= pcee, b= e,
§eT ¢eT

given by

(37) Pe = (@765)7'[7 ?/’5 = (wv ef)'H-

We seek a general solution of Problem (3.3)—(3.5) in the following form

fe e
3.8 ue(t) = = + CeEyq1(— ),
(33 () = 354 Cels (— 21
where the constants C¢, fe are unknown. By using the conditions (1.2)-(1.3) we can
find them.
We first find Cg:

_ e

ug(0) + C¢ = ¢,
Ihe
fe He
we(T) = 15 4 OB,y (— TY) = o,
(T) e §,d1+& ) = Ve
I o
@6"C%%_C%E@JQ_1%fA;T ) = .
Then ’
e — We
Ce = .
T~ B (5.1

Then f¢ is represented as
fe = pepe — p1eCe.
Substituting fe, ue(t) into the expansions (3.1) and (3.2), we find

£eT
f=) nepeee — Y peCeee.
EeT Eel

By using the self-adjointness of the operator M,
(Mo, e¢)y = (@, Mee)n,
and using Meg = pieee, we obtain
(M’QZ), 65)7—[

M% €¢)H

( 5) ) (1/}7 65)7.[ = :
He He

Substituting these identities into the formula of C¢, we get that

(M, eg)y — (M, 65)7{.
pe (1= Baa (—£457))

(907 65)?{ -

Ce =
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Then, formally, one obtains

(3.9) =+ Z

Uy eehn — (el 1(1—Ea,1< ) e

§eL (1 - EOul( 1+)\§ Ta))

M@/) ee)n — (MSanﬁ)H]
(3.10) f=Mp+ ¢
gezl' Ea,l( 1+)\ rswiA )

Since T' > Ty > 0, Ty = const, for denominators of (3.9) and (3.10), the following
estimate holds true by (1.4),

1
1= Eoy(——E 12y > 1 -

LA 77 I+ 45T (1 +a)!

115,\ T°T(1+ a)™!

(3.11) 1+ 1ﬁ§ TeT(1+ )t
F'l+a)t

14+

;Tf; +T(14+ o)t

> M > 0.

Here, by Assumption 1.2 we have |A\¢| = O(|pe]®) as || — oo for some x > 0. In
the case if K < 1 the estimate (3.11) makes a sense. Now, suppose that £ > 1. Then,
we have

k—1 :u a k—1
(312)  lpel™ (1= Eaa(— T+ e 1) = e

F(1+a)™t

> M > 0.
1+
“T§+F(1+a)

According to [LG99], we have
(3.13) Dy (Ea1(—=AtY)) = =AEq1(—At%).

Now, we prove the convergence of the obtained infinite series corresponding to the
functions u(t), Dfu(t), Mu(t), Dy Lu(t), and f.

Before we get the convergence, let us calculate Dfu(t), Mu(t) and D Lu(t). Ap-
plying the operator D{ to (3.9), and using (3.13), we have

) (M, e — (M, ech] Df (1= Eaa(—125:1%)) ec
Dju(t) = Z i
§eT e (1 — E, 1( B Ta))
Z (M, )y — (M, ee)n] Eai(— 1135#1) ¢
cez (14 A¢) (1 — Eaa(-1% T“))
Applying the operators £ and M to (3.9) and taking into account (2.11), we have

L), ey — (Lo, e 1 — Fo #it“ e
ol = 2o 3 EE <1¢i Egm(( Ta)( )) ‘.

(3.14)
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M, e — (M, eeu] (1= Ea(—7251%)) e

1= Bon(—15-T7) ’

(315)  Mu(t) = Mo+ !

respectively.
Now, applying the operator D to the first equality in (3.15), and taking into
account formulas (2.11), we have

L ’ — (£ ’ Eq — et
(3.16) Do) = 3 1el(LY, ee)n — (Lop, ec)nl :( Tt ee
¢eT (14 Xe) (1 — Ea,l(—ﬁTa))

Let us recall that v = max{0, x—1}. By using the formulas (3.9)—(3.16), and taking
into account estimates (1.5), we get the following estimates

(3.17) lulléora0 < CURIR + lelg, + 1¥15,),
IMulleor.0) < CUelRa, + el + 1U150),

M M M

IDFullE oy 20 < C(Ilwllimﬂ + ||w||iz’w>,

HDS‘CUH%’([O,TLH) < C(H‘Pniﬁw + ||¢||i;rw)

For clarity, we only show the first estimate. By taking the H-norm from the both
sides of the representation (3.9), we obtain

2
(1 _ Ea,l(—lj—gta»
(3.18) lu()I; < llellz + D [loel® + Iel] -
¢ez (1 - Ea,l(—mTa))

Now, by using the estimates (1.5), (3.11) and (3.12), we get
(@) < Nell3 + Co ) luel™ [lel® + [wel’]
(3.19) ¢eT
< Cllgl, + el + Il )

for some constants C; > 0 and C' > 0. Thus, we finish the proof of (3.17).
Similarly, for the source term f, one obtains the estimate

1713 < Cllelay, + Il + 1015).

Existence of the solution of Problem (1.1)-(1.3) is proved.

Proof of the uniqueness result. Let us suppose that {u(t), fi} and {ua(t), fo} are
solution of the Problem (1.1)-(1.3). Let u(t) = uy(t) — u2(t) and f = f; — fo. Then
u(t) and f satisfy

(3.20) D u(t) + Lu(t)] + Mu(t) = f,
(3.21) u(0) =0,

(3.22) w(T) = 0.
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We also have

(3.23) ug(t) = (u(t), ee)n, € €I,
and
(324) fg = (f, 65)7.[, f 7.

Applying the operator D§ to (3.23), we have

(1+ Ae)Djue(t) = (Dy[u(t) + Lu(t)], e)n = (—=Mu(t) + f,ee)n = —peue(t) + fe.

Thus, we get the problem with homogeneous conditions. The general solution of
this equation has the form (3.8). Using the homogeneous conditions u¢(0) = 0 and
ug(T) = 0 we obtain

fe =0 and ue(t) = 0.

Further, by the completeness of the system {e¢}ecr in H, we obtain f = 0,u(t) = 0.
Uniqueness of the solution of Problem (1.1)-(1.3) is proved. O]
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