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EIGENFUNCTION EXPANSIONS OF ULTRADIFFERENTIABLE
FUNCTIONS AND ULTRADISTRIBUTIONS. III. HILBERT
SPACES AND UNIVERSALITY

APARAJITA DASGUPTA AND MICHAEL RUZHANSKY

ABSTRACT. In this paper we analyse the structure of the spaces of smooth type
functions, generated by elements of arbitrary Hilbert spaces, as a continuation of the
research in our papers [4] and [5]. We prove that these spaces are perfect sequence
spaces. As a consequence we describe the tensor structure of sequential mappings
on the spaces of smooth type functions and characterise their adjoint mappings. As
an application we prove the universality of the spaces of smooth type functions on
compact manifolds without boundary.
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1. INTRODUCTION

The present paper is a continuation of our papers [4] and [5]. In [5], we analysed
the structure of the spaces of coefficients of eigenfunction expansions of functions
in Komatsu classes on compact manifolds. We also described the tensor structure
of sequential mappings on spaces of Fourier coefficients and characterised their ad-
joint mappings. In particular, these classes include spaces of analytic and Gevrey
functions, as well as spaces of ultradistributions, dual spaces of distributions and
ultradistributions, in both Roumieu and Beurling settings. In another work, [4], we
have characterised Komatsu spaces of ultradifferentiable functions and ultradistri-
butions on compact manifolds in terms of the eigenfunction expansions related to
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positive elliptic operators. Here we note that, using properties of the elliptic opera-
tors and the Plancherel formula one can get such type of characterisation of smooth
functions in terms of their Fourier coefficients. For example, if F is a positive ellip-
tic pseudo-differential operator on a compact manifold X without boundary and A,
denotes its eigenvalues in the ascending order, then smooth functions on X can be
characterised in terms of their Fourier coefficients:

feC®(X) & YN 30y : |f(5,1)] < OxATY forall j > 1,1 <1 < dj, (1.1)

where f(j, l) = ( ,eg) ;2 With eg being the " eigenfunction corresponding to the
eigenvalue \; (of multiplicity d;). Such characterisations for analytic functions were
obtained by Seeley in [25], with a subsequent extension to Gevrey and, more generally,
to Komatsu classes, in [4]. The results obtained in [5] do not include the cases of
smooth functions on compact manifolds. We will extend the results in [5] to the spaces
of smooth functions. Moreover in this work, we aim at discussing an abstract analysis
of the spaces of smooth type functions generated by basis elements of an arbitrary
Hilbert space. Considering an abstract point of view has an advantage that the results
will cover the analysis of smooth functions on different spaces like compact Lie groups
and manifolds. In particular, we introduce a notion of smooth functions generated
by elements of a Hilbert space H forming a basis. We will show that the appearing
spaces of coefficients with respect to expansions in eigenfunctions of positive self-
adjoint operators are perfect spaces in the sense of the theory of sequence spaces
(see, e.g., Kothe [I1]). Consequently, we obtain tensor representations for linear
mappings between spaces of smooth type functions. Such discrete representations
in a given basis are useful in different areas of time-frequency analysis, in partial
differential equations, and in numerical investigations.

Using the obtained representations we establish the universality properties of the
appearing spaces. In [29], L. Waelbroeck proved the so-called universality of the space
of Schwartz distributions £(V') with compact support on a C*°-manifold V, with the

d-mapping § : V' — E(V), that is, any vector valued C*°-mapping f : V — FE, from
V' to a sequence space E, factors through § : V' — £(V') by a unique linear morphism

f:E(V)— Eas f = fod. The universality of the spaces of Gevrey functions on the
torus has been established in [27]. As an application of our tensor representations,
we prove the universality of the spaces of smooth functions on compact manifolds.

Our analysis is based on the global Fourier analysis on arbitrary Hilbert spaces
using techniques similar to compact manifold which was consistently developed in
[6], with a number of subsequent applications, for example to the spectral properties
of operators [7], or to the wave equations for the Landau Hamiltonian [21]. The
corresponding version of the Fourier analysis is based on expansions with respect to
orthogonal systems of eigenfunctions of a self-adjoint operator. The non self-adjoint
version has been developed in [20], with a subsequent extension in [22].

The paper is organised as follows. In Section 2l we will briefly recall the construc-
tions leading to the global Fourier analysis on arbitrary Hilbert spaces and define the
smooth type function spaces.In Section Bl we very briefly recall the relevant definitions
from the theory of sequence spaces. In Section [4 we present the main results of this
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paper and their proofs. In Section Bl we prove the universality results for the smooth
functions on compact manifold.

2. FOURIER ANALYSIS ON HILBERT SPACES

Let (H, || - ||3) be a separable Hilbert space and denote by
U:={ej:eieH,1<1<d;d; € N}jey
a collection of elements of H . We assume that U is a basis of the space H with the
property
(€jts €mn)1 = OjmOim, jymeNand 1 <1 <d;, 1 <n<d,,
where ¢;,, is the Kroneckar delta, equal to 1 for j = m, and to zero otherwise. Also let

us fix a sequence of positive numbers A := {A;} ey such that 0 < A\ < Ay < A3 <
and the series

D di* < oo (2.1)
j=1

converges for some sy > 0. For example, in a compact C'* manifold X of dimension
n without boundary and with a fixed measure we have

Zdj(l + ;)Y < oo if and only if ¢ > ﬁ,

=1 v
where 0 < A < Ay < ... are eigenvalues of a positive elliptic pseudo-differential
operator F of an integer order v, with H; C L?*(X) the corresponding eigenspace and

dj = dim H], HO = kerE, )\0 = O, do = dim H(].
We associate to the pair {U/, A} a linear self-adjoint operator £ : H — H such that

oo dj
Ef =) X(f.e)en (2.2)

j=1 i1=1
for s € R and those f € H for which the series converges in H. Then FE is densely
defined since
Eseﬂ = )\j@jl, 1< [ < dj, j S N,
and U is a basis of H. Also we write H; = span{ejl}lslgdj, and so dim H; = d;. Then
we have
H - @ Hj.
jEN
The Fourier transform for f € H is defined as

~

f(])l) = (faejl)'Ha jGN, 1 Slgd]

We next define the following notions:

The spaces of smooth type functions are defined by

Hy = () Hj,

seR
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where
1 {¢ e Y A0 < oo}-
j=1

There exists a linear pairing

(f)g)HZw = (Esfa E_Sg)'Ha

for f € Hy, and g € H;". It is easy to see from this that every continuous linear
functional on Hy, is of the form f — (f, g)u; for some g € Hy*, that is (Hj) = Hy".

Then we denote the space of distributions as (Hg) = |J Hp*.
seR

3. SEQUENCE SPACES AND SEQUENTIAL LINEAR MAPPINGS

We briefly recall that a sequence space V' is a linear subspace of
C* = {a = (a;)|a; € C,j € Z}.
The dual V (a-dual in the terminology of G. Kothe [I1]) is a sequence space defined
by
?:{QGCZ:Z|fj||aj| < oo forall f eV}
JEZ

A sequence space V' is called perfect if V=V.A sequence space is called normal

if f=(fj)jen € V implies |f| = (|fj])jen € V. A dual space V is normal so that any
perfect space is normal.

A pairing (-,-),, on V is a bilinear function on V' x V defined by

jez
which converges absolutely by the definition of V.

Definition 3.1. ¢ : V' — C is called a sequential linear functional if there exists

some a € V such that o(f) = (f,a)y for all f € V. We abuse the notation by also
writing a : V — C for this mapping.

Definition 3.2. A mapping ¢ : V. — W between two sequence spaces is called a
sequential linear mapping if

(1) ¢ is algebraically linear,

(2) for any g € W, the composed mapping go ¢ : V — C is in V.

4. TENSOR REPRESENTATIONS AND THE ADJOINTNESS

In this section we discuss a-duals of the spaces, tensor representations for mappings
between these spaces and their a-duals, and obtain the corresponding adjointness
theorem.
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4.1. Duals and a-duals.

In this section we first prove that the a-dual, P/IJ\% of the space Hj,, where

oo dj
H; = v=(v))jen,vj € Cdf;zz |64, D)||vji| < oo, forall p € Hy, »,

j=1 I=1
coincides with the space H,*
Remark 4.1. Here we observe that,
o
75 —s—50/2
we Hy = Y A s < oo
j=1

Indeed, let w € Hy,. Define ¢(j,1) = A;*"" for j e N and 1 <1< d;.

Then ||6(j)||us = d1/2)\78 2 It follows from @) and the definition of H3 that
¢ € Hj,.
From the definition of the a-dual and using the inequality,

[[wyllas < [[w;[]in,

we can then conclude that,

o0 o0
ST gl <Y AT w |
j=1 Jj=1

dJ

= > > 16U Dljwyl < oo (4.1)

j=1 =1

Our first result is the identifiction of the topological dual with the a-dual.

Theorem 4.2. IE = H.".

Proof. First we will show H,* C I;T\fg
Let u € Hp".

Then from the definition we have )\;25||2/Z(j)||12{s < 00. We denote for j € N,
j=1

uy = u(j,l) € C4, | = 1,2,...,d;. Using the Cauchy-Schwartz inequality, for any
¢ € Hj, we get

o dj
> > 160 Dllwl
j=1 I=1
o 4 2 1/2
< Z )\?S|¢ 7, 1) Z A% g < 00, (by assumption).
j=1 I=1 Jj=11=1
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This implies that u € ﬁg We thus obtain H;* C P/IJ\‘EJ
Next we will show that Hj, C H,".

By duality we know that (Hj) = Hz°. So it will be enough if we can prove ]—E C
(HE)'.

Let w € ]—?\g Then for ¢ € Hy, we define

00 o) d;
w(g) =Y AP00) wy =Y Ay o Dy
j=1 j=1 =1
Then using Remark A.1] we have

w(@) < A0 s s
j=1

o
< O AN s < oo,
j=1

(4.2)
since ¢ € HE,. So w(¢) is well defined.

We next check that w is continuous. Let ¢, — ¢ as m — oo in Hj,. This means,

|[¢m — @[]z, — 0 as m — oo, which implies )\?H(Z;LO) - 5(j)||Hs — 0 as m — oo, for
j € N. So we have

[6m(5) — @()ls < CA;”,
where C,, — 0 as m — oo. Then

w(dm — )| <D AT 10m(5) — 00 ls! [ lss
j=1

< Con Xy las = 0,

j=1
as m — o0o. Hence w is continuous. This gives w € (Hj) = Hg°. So we have
H$, C H;®, that implies Hj, = H”. 0
From this we can have the following corollary.
o oo
Corollary 4.3. v € H}, <= Z%A;QSHUJ-HI%S < oo and v; € C%, we denote vy =

J
fjl = (’U, ejl)’H-

Remark 4.4. From the definition of HyY,

o
vEHY <= Y A|lujllis < o0, Vs €R,
j=1

where v; = 0(j) € C%.
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We next define the a-dual of the space ﬁgo,

oo dj

Hy = v =(v)),1€CY: 3 Juallo(j, 1)] < oo, for all g € HyF

j=1 1=1

Also observe that f[g" = ﬂ/ﬁs = U H = H;®. From this we can state the
seR seR seR
following lemma and the proof will follow from our above observation.

Lemma 4.5. vEHOO <= for some s € R we have E)\ *||v;] 3 < 00.
j_

Next we proceed to prove that Hy is a perfect space. But before that let us prove
the following lemma.
Lemma 4.6. We have w € [HE)" if and only if > A3 Jw;][is < oo for all s € R.
j=1
Proof. Let w € [ﬁgo]/\ Let s € R, we define
v =0(j,1) = Aj, 1 <1< dj.

50
—S—— . .
Then ||v;]|fs = d;A?* and so v € Hy™ ? because in view of (ZI)) we have

SO ujllas = D diATEATONT = " diA* < oo (4.3)
j=1 j=1 j=1
— S d
Then v € Hy = |J Hy® which gives E E |wji||vji| < co. Now we observe first that
seR : =1
> Ml < Zdﬂzs\\wﬂ\ﬁs
j=1

= Z 101l T s (4.4)
j=1

since d; > 1.
oo
We want to show that > ||v;||as||w;||as < oo. To prove this we will use the following

j=1
identity:

Z Zb, _Z §b§+zn:a§ (ib?—bf) .
1=1 =1

i=1 i=1

From this we get

d; d;
Z|wji|22|vjl|2 Z|Uﬂ| |w]l|2+2|w]l|2 Z|Ujl| |0jil?
i=1 =1
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We consider the second term of the above inequality, that is,

d; d;
Z Jwjil? Z ol = Jvl* | < Z Jwjil? Z oal® < Z |w]l|2 )‘28+80)
i=1 =1

—s5—50/2

since v € Hp . Then we get

o0 00 dj
ZHUJHIQ{SHU}J'HI%S < ZZ‘U@‘@"Q (|Uj¢|2—|—C)\?S+SO)
j=1

j=1 i=1
oo dj
< 3D g lugil?
j=1 i=1
oo dj 2
< C ZZ|ij||ujl| ) (4.5)
j=1 i=1

where Juj;|?* = |vji]? + CAFT. Now

oo oo oo
SOl = DAl + O Y did Az
j=1

j=1 j=1

< O NRHCY A < oo, (4.6)
j=1 j=1

which implies that v € H;*, that is u € ﬁg" This gives that

d;j

D> fwjillugil < o, (4.7)

j=1 i=1

as w € [f[go]/\ and u € ﬁgo So we have from (£4)), (£5) and (£71) that

o0

> APl s < oo

j=1
Next we proceed to prove the opposite direction. Let

we X ={v=(v;)jen, v; € CH}

be such that 7 A\¥*[|w;||3s < oo for all s € R. Let v € ﬁg" = |J Hz’. In particular,
j=1 seR

we have v € H,”® for some s € R. We have to show

d

o0
D> lwillvg] < oo

j=1 1=1

<0



Eigenfunction expansions of ultradifferentiable functions and ultradistributions. III

By the Cauchy-Schwartz inequality we have

oo dj oo dj
SN lwilloal = D0 Xwal A7 vl
j=1 1=1 =1 1=1
o d 2, 1/2
< Z A2 wj|? Z A% v < 0. (4.8)
j=1 1=1 j=1 1=1
It follows that w € []TIEO]/\, completing the proof. O

Now using Remark [£.4] and Lemma [£.6] we can prove that the spaces Hg are perfect
spaces.

Theorem 4.7. Hg is a perfect space.

Proof. From the definition we always have Hy C [I/{go]/\ We will prove the other
direction. Let w € [HE]", w = (w;)jeny and w; € C%.

Define
oo dj
gb = Z Wi1€4i.
j=1 1=1
The series is convergent and ¢ € H since
o d;
Bl = ZZ wjie;
Jj=11=1 H
o d 1/2 : 1/2
2 - 2
< > A wsl DD A llealli
=1 =1 j=1 i=1

2

j=1

o dj vz, 1/2

DD AR wal? (Z dej—SO) < 0, (4.9)
j=1 j=1

=1

since w € [1{[?0] and using (Z7]) and Lemma [
Also from the property (€15 Emn) 1 = OjmOn, for jymeNand 1 <[<d;, 1 <n<

dpn, it is obvious that gb(j, ) = (¢,ej))n = wj. This gives ||gz5( ) |as = ||w;|]as- So by
Lemma [4.6]

€ [@O]A — Z)\?Hu}j\\ﬁs < o0, forall s € R
=1

= > APl < oo,
j=1

and so from Remark [£.4] we have w € Hj which implies that [lflgo]A C Hg holds. O

9
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4.2. Adjointness.

Before proving the adjointness theorem we first prove the following lemma,

Lemma 4.8. Letv € H and w € I{IEO Then we have
Y llsllus ;s < oo, (4.10)

where v; = (vji)i<i<q; = 0(j,1), and j € N, and the same for w. Moreover, suppose
that for all v € Hgp, ([AI0) holds. Then we must have w € ]TI%’ Also, if for all
w e HY, [EI0) holds, we have v € HY.

Proof. Let us assume first that
o
Z |[vj]]ms||w;]|ss < o0,
j=1

for v e HyY or w € ﬁgo We observe that
d;

> lvallwil < llojllasllw; as.
=1

And so we have

ZZ ol [wil < Z [0 [s [ ss < o0

7j=1 [1=1
Now we prove the other direction. Here we will use the following inequality,

Z sl Z |bu| = Z il ba] + Z sl <Z [ou] — [bs \)

for any a;,b; € R, yleldmg

d; d;
lojllaslfwilles < > Jwsal D ol
i=1 1=1
d; d;
= Z |vjil [wji| + Z |wjil Z vt = fvsl | - (4.11)
i=1 i=1

We consider the second term of the above inequality, that is,

d; d;

dj
Z |wjil Z il = sl | < Z lwji| (Cd;jA;°), Vs €R,
=1

i=1 =1

since v € H® and so v € Hg, Vs € R. Then we get

oo oo dj
D losllssllewslles < DD fwil (Jugsl + Cd;AT*) . (4.12)
j=1

j=1 i=1

10
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Let |uji| = |vji| + Cd; A%, for i = 1,2, ...,d;. Then

77
d; d; d;
S lug? = Z|vj,~|2+202d§A;28+220 il
i=1 i=1 i=1
= |lvjllis + C?dIN> + 20d§Aj 28. (4.13)
Then for any ¢ > 0 we have, using (£I3)), that
D N Muillis = D A sl + C* Y AN + 202 AN
j=1 j=1 j=1
< Z )\itH,UJHI%S + 02 Z dj)\§t+230)\;25
j=1 j=1
2t4+2s0 \ —2s
+20) T NFRNT2 (4.14)
j=1

Now since v € Hpy, in particular we can have 2s = 2t + 3s,, for any ¢ > 0, which
gives, using (2ZTI)

Z)‘QtHujHHs < Z)‘QtHUJHHs + CQZ it 202)‘;80 < 00.

j=1 j=1

So u € Hg'. Then we have for w € H%O,

Z [0 [s]|w;]lss < ZZ |wjil luss| < oo,

Jj=1 =1
completing the proof. O
We next prove the adjointness theorem, also recalling Definition 3.1l Let H,G be

two Hilbert spaces and E and F' be the operators defined by (2.2)) corresponding to
the bases {e;}jen, {h}ren, respectively, where d; = dim X and ¢g; = dimY}, and

X; = span{ejl}ldil, Yi, = span{hy;}7¥,. Also H = @ X, and G = @ Y,. We denote
JEN keN
the corresponding spaces to the operators £ and F' in the Hilbert space H and G

respectively by Hy and G¥.

Theorem 4.9. A linear mapping f : HY — G¥ is sequential if and only if f is
represented by an infinite tensor (fiji), k,j € N, 1 <1 <d; and 1 <i < g such that
for any w € Hy and v € G¥ we have

oo dj

S fwulla(i )] < oo, forallk €N, i=1,2,..., g, (4.15)

j=1 =1

and
Z Z |(vk )4 (Z fkjﬂ(j)> < 0. (4.16)

11
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Furthermore, the adjoint mapping ]?: 5%\0 — f[go defined by the formula J?(v) =wvof
is also sequential, and the transposed matriz (fkj)t represents f, with f and f related

~

by (f (u), v)ap = (u, f(v)) g
Let us summarise the ranges for indices in the used notation as well as give more
explanation to ([ALI6). For f: HY — G¥ and u € HY we write

oo oo dj
Co% 3 f(u) =Y fui(j) = D> figli(j,1), k€N, (4.17)
j=1 j=1 1=1
so that
Jeit € C%, fiji € C, kg €N, 1 <1<dj, 1 <i< gy, (4.18)
and
oo dj
Co (fu)i=fwe =YY fuut(jl), keN, 1<i<g, (4.19)
j=1 1=

where we view fi; as a matrix, f; € C%*% and the product of the matrices has
been explained in (4L.17).

Remark 4.10. Let us now describe how the tensor (fiju), k,j € N, 1 < 1 < d;,
1 <@ < gy, is constructed given a sequential mapping f : Hy — G%. For every
k€N and1l <i < g, define the family v* = (vfi)jeN such that each v¥" € C% is
defined by

) 1. 7=k.1l=1
v’?Z(l):{ S (4.20)

J 0, otherwise.

Then vkt € é%, and since f is sequential we have v¥ o f € ﬁgo, and we can write
vkio f = (vFio f)jeN, where (v o f); € CY%. Then for each 1 <1 < d; we set

Jrjii = (Uki o f); (1), (4.21)
the I component of the vector (v* o f); € CY4. The formula ([E2ZI)) will be shown in
the proof of Theorem [{.9. In particular, since for ¢ € Hy we have f(¢) € G¥, it
will be a consequence of ([A32)) and ([A33)) later on that

Fo () = (FNk) =SS fundli.]). (4.22)

j=1 1=1
so that the tensor (fyji) is describing the transformation of the Fourier coefficients

of ¢ into those of f(¢).
To prove Theorem we first establish the following lemma.

Lemma 4.11. Let f : Hy — G¥ be a linear mapping represented by an infinite
tensor (frjii)kjen1<i<d;1<i<g, Satisfying @EID) and ([EI6). Then for allu € Hy and

—

v e GY, we have

T}E&ZZKWM (Z fkja(j)> = > l(w <kajﬁ(j)>

k=1 i=1 1<j<n ; k=1 i=1 j=1 ;

12
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Proof of Lemma[{.11 Let u € HF and u ~ (u(j));cy - Define u" := (@™ (j))
setting

by

jeN
() [ ; u(j), j <n,
u( M:{OOM

Then for any w € @O’ we get (u — unaw>H%° — 0 as n — oo. This is true since
> 5oy [u(j) - wj| < oo so that

(=™ w)pze| <D |y - wy] = 0
jzn

as n — o0o. Now for any u € Hy® and v € é? and from (£15) and (4.16) we have

k=1 k=1 \j=1
oo 00 d] Ik e e} dj oo gk
=3 faeiG O () = D> 0G0 D Y frjei(vr)i
k=1 j=1 (=1 i=1 j=1 ¢=1 k=1 i=1
oo dj 00 o)
=D D AGO Y frge-ve =Y () - (vo f); = (w,vo fluxs, (4.23)
j=1 ¢=1 k=1 j=1
where
e’} dj
C% > (vof); = {kajrvk} , JEN,
k=1 =1
and

vo f={(wo Y5,
Now we have the mapping f : Hy — G¥ and v € (/}’?, so we have vo f : HY — X,
where ¥ = {v = (v;)jen,v; € C%} . For any u € Hy and v € G we have

d; k

Fu),vdae =3 D D3 fueiti(G. O)(vr)i = {u,v0 fss.

j=1 t=1 k=1 i=1

Then from (4I5) and (416) we have (u, (vo f)) < oo, and since Hg is perfect, we

have for any u =~ (u(j)),;eny € Hyy that the series ) |(vo f); - u(j)| is convergent. So
j=1

then vo f € I/{go Then we have

(f(u) — f(u"),v)G%o = <U—u",vof>H%o =0

as n — 0o. Therefore,

(f(u),v)gee = lim (f(u"),v)ase,

n—o0

13
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for all w € HyY and v € éOF\O Hence for any v € Hy® and v € 5%\0 we have

m Y < > fkjao)) =2 (Z fkjao)) ,

1<j<n
that is,
T}E&ZZ(UM@' < Z fkja(j)> = ZZ(Uk)i (Z fkﬁ(ﬁ) :
k=1 i=1 1<j<n . k=1 =1 =1 ;

Now we will use the fact that if uw € Hg then |u| € H where |u| = (‘IL|]> ,
jeN

|/7I|j € R%, with

u(j, 1)
=~ | [u(j,2)]
(). ;)]

in view of Theorem Bl The same is true for the dual space [G%]". So then this
argument gives

T}LH;OZZKWM (Z fkja(j)> =) l(w <kajﬁ(j)>

k=1 i=1 1<j<n k=1 i=1 ;

The proof is complete. O

Remark 4.12. This proof does not require sequentiality and it can be used to improve
the argument in [5, Theorem 4.7].

Proof of Theorem[4.9 Let us assume first that the mapping f : Hy — G¥ can be
represented by f = (fijii)k,jen,1<i<d;1<i<g,, an infinite tensor such that

0o d

SN I fwgull(i )] < oo, forall k€N, i =1,2,..., g, (4.24)
j=1 I=1
and
o0 Jdk (o]
>3 Il (Z ﬁﬁ(j)) <00 (4.25)
k=1 i=1 j=1 i

hold for all u € H3 and v € G.
Let uy = (u1(p)),en be such that for some j,1 where j € N, 1 <1 < d;, we have

’ 0, otherwise.

14
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Then u; € HY so fu; = f(u1) € G¥ and

(fur), = Z Srptin (p)

o dp

= Z kapqa\l(pu Q>

p=1 ¢=1

d;
= > frjg(G,q)
q=1
= fu € T (4.26)
We now first show that

where fi;; € Cforeach k,j € N, 1 <1 <d; and 1 <7 < g;. The way in which f has
been defined we have

dj

- szk‘jla(ja ), fr € Co*.

j=1 I1=1
Also since u € Hgy, from our assumption we have fu € G¥ and fu ~ ((ﬁ)(])) ,
jeN

so that (fu)r ~ (fu)(k).
We can then write (/\)( k) = E E frjiti(4,1). Since we know that v € [G%]" and
j=1ll=1
fu € G¥, we have

00 00
S NCSICICITED SRS HZkamw )| < 0.
k=1 i=1 k=1 i=1 7j=1 1=1

In particular using the definition of u; and (4.26) we get

oo dp

S frpaitin(p )

p=1 ¢=1

o0

>l

k=1 i=1

o0

- Z Z |(Vr )i | frjis] < o0, (4.27)

k=1 i=1

forany j e Nand 1 <1 <d;.
Now for any u € Hp® consider

co dj oo gk
J = Z | Z Z(Uk)ifkjliHa(ja Dl
j=1 I=1 k=1 i=1
Then we consider the series
dj oo gk
= Z |ZZ vk)i frejual [u (7, 1)1,
1<j<n =1 k=1 i=1

15
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so that we have

o= 3 IS S il D)

1<j<n l=1 k=1 i=1

[e.e]

— Z Z | ZZ(Uk>ifkjlia<ju 0.

1<j<n =1 k=1 i=1

Let € = (€;)1<i<a,, k € N, be such that ¢; € C and |¢;| < C, for all i and such that

| Z Z(Uk)z‘fkaﬁ(j, | = Z Z(Uk)ifkjlia(ja De

k=1 i=1 k=1 i=1
Then
dj oo gk
I, = Z Z Z(Uk)ifkaﬁ(j,lk
1<j<n I=1 k=1 i=1
< C Z| (k)i Z ka]lz u(j, e - (4.28)
k=1 i=1 1<j<n 1=1

It follows from Lemma l;ljj] that

o) oo o dJ
lim § :5 :| Uk E E fk]lz ]7 E | Vg z| E fk]lz ja Ez < 0.
n—»00
k=1 i=1 1<j<n I=1 k=1 =1 j=1 I=1
Then

J = Z > > (vr)ifigllals, D] < oo. (4.29)

So we proved that if (fy;i;) satisfies

oo dj

. | fruil [ (g, )| < o0,
j=1i=1

o > > )l || 22 fryul) | | < oo,
k=1i=1 7=1 ;

then for any u € H3 and v € [G¥]" we have from ([#27) and [E29), respectively,
that

> (k)ifl Fijul < o0,

> f(vwifkmna(j, D] < co.

k=1i=1
Now recall that for f: Hp — G¥ we have



Eigenfunction expansions of ultradifferentiable functions and ultradistributions. III

for any u € H?, then for any v € [G¥]", the composed mapping vo f: H® — C is
given by

dj

(o w) = Y v (flu)k= > D fratiil)
k=1 k=1 i=1 j=1 I=1
oo d; © gk
= 2 (ZZ Uk fkm) 3, ). (4.30)
j=1 1=1 \k=1 i=1

So by (ii) we get that

J oo gk

’UOf |§Z | ka fk}jll“uj’ )|<OO

=1 1=1 k=1 i=1

~ ~ 0 gk

So f(v) = (f(v)j1)jen1<i<d;, With f(v); = (k)i frjii € ]TI%\O (from the definition

k=1i=1
of Hy), that is f is sequential. And then (f(u),v)ge = (u, f(v))wg is also true.

Now to prove the converse part we assume that f : Hy — G¥ is sequential. We
have to show that f can be represented as f ~ (fk]lz)kjeN 1<i<d;1<i<g, and satisfies

@) and @0.

Define for k,i where k € N and 1 < i < gy, the sequence u** = (u?i)jeN such that

u;m c C% and u;‘”(l) = Ek\i(j, [), given by

1, j=k1l=1,

0, otherwise.

uﬂwzﬁmwz{

Then v* € [G]". Now since f is sequential we have u* o f € ﬁg" and u* o

f= ((u’“ of)j)jEN, where (u¥ o f); € C%. We denote u* o f = (ffi)jeN, where
fF=(uF" o f);. Then (ff")jen € H}}o and f5* € C%.
Then for any ¢ ~ (gb(])) € Hyp® we have
JEN

dj
|, 1)] < oc. (4.31)
1

o0
j=1 1=

For ¢ € H we can write f(¢) € G¥. We can also write

10 = (fow) .

17
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So

Fof(e) = Y ub(f(9)),

= (f(¢))(k,i) (from the definition of u*"). (4.32)
We have u* o f = (f*) e fl%, SO

j=1
o dj
= SO GG, (4.33)
j=1 i=1
From (T and () we have (F))(k. i) = 3 3° 530, )
j=li=1
Hence (f(¢))ki i ZJ 6(j,1), k €N, and 1 < i < g, that is f is represented by

Jj=
}k j€N,1<z<g;c 1<I<d;"

Il i) Rl

the tensor {

If we denote fF by = frju, we can say that f is represented by the tensor

A5, 30>

the deﬁnltlon of G%" we have

oo

Z Z | (ve)il Z Z fkju%(j, l)] < .

k=1 i=1 j=1 1=1

This completes the proof of Theorem (4.9 O

5. APPLICATIONS TO UNIVERSALITY

In this section we give an application of the developed analysis to the universality
problem. We start with the spaces of smooth functions, and then make some remarks
how the same arguments can be extended to the Komatsu classes setting from [4].

First we recall the notations:

Let H,G be two Hilbert spaces and let E and F' be the operators corresponding
to the bases {e;};en, {hk}ren, as in (Z2)), where d; = dim X; and g, = dim Y}, and
X; = span{ejl}fil, Y = span{hy; }?*,. Also H = P X; and G = P V5.

JEN keN
We denote the spaces of smooth type functions corresponding to the operators E and

F' in the Hilbert space H and G, respectively, by Hg and G%.

18
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The main application of Theorem .9 will be in the setting when X, Y are compact
manifold without boundary, where H = L*(X) and HY = C*(X), and G = L*(Y),
G¥ = C>=(Y).

Using Theorem we prove the universality of the spaces of the smooth type
functions, C*°(X), where we can write

feC®(X) « VYNICy : |f(j, k)| < Cn(1+ X))~ for all j, k.

Further details of such spaces can be found in [6]. In particular, if E is an elliptic
pseudo-differential operator of positive order, then this is just the usual space of
smooth functions on X.

Definition 5.1. Let E be a self-adjoint, positive operator. A mapping f : X — W
from the compact manifold X to a sequence space W, is said to be a Hg-mapping if

for any w € W, the composed mapping wo f: X — C belongs to Hgy .
Next we prove the universality of the spaces of smooth type functions.

Theorem 5.2. Let X be a compact manifold.
(i) The delta mapping 6 : X — FIE" defined by
d(x) = g,

00(6) = (00y @) brze = Z 05, 1)(0.)51 = (), for all ¢ € HF, = € X,

s a Hy-mapping.

(i) If g : ﬁ;;?o — G¥ is a sequential linear mapping, then the composed mapping
god: X — G¥ is a HY-mapping.

(i1i) For any HE- mappmg f X — G¥, there exists a unique sequential linear
mapping f H°° — G such that [ = f 0.

Proof. (i) Recall that ﬁg" = Hy® = [HyY].
seR
Let v € [H¥]" = H. We define the composed mapping

J

Zvﬂ 2)ji = v(z) (by definition of ¢).

1 [=1

Mg

V00, = (02, V) e =

J

This is well-defined since v € H and 6, € [HY] = ﬁg‘” Also since v € Hg?, we see
that v o d € H and that implies d is a Hp’-mapping.

(i) Let u € G = [G°.
From the definition of Hg’-mapping we have to show that wo god € HE.
Now by given condition § : [H) — G%¥, so we have uo j € [Hs]".
Here we claim that [H]" = H.

19
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Note that H® C [H]".

Recall that, [Hy) = J Hz® and so for any s € R,
seR

Hy* C [Hy|' = [HF]" € [Hg"] = [HF]" € Hp.
Since the above is true for any s € R, we have [H¥]”" C (| Hi = Hy and this gives

seR
HE] = H.
Then uog € Hg. Using same argument as in the proof of (7) and from the definition
of the mapping 6 we have wo god, =wuo g(x) and uo god belongs to Hg.
So from Definition 5.1l § o d is a Hg’-mapping.

(iii) Existence of I ﬁg" — GY.

By hypothesis, f : X — G¥ is a Hz-mapping so that for any v € é%, vof e Hy.
A sequential linear mapping f : é% — H$ can be defined by f(v) = wvo f, and
o(f(@)) = (F(@).v)ez- o
Hence by Theorem there is an adjoint mapping, we denote it by f, where f :
ﬁgo — [5%\0]’\ is a sequential mapping. By the definition of the adjoint mapping f
we have

(u, f0) iy = (Fou,v)ax, ue [HF],

where (-, -) is the bilinear function on H§ X ﬁg" defined in Section [3l The above can
be written as

(u,vo fpse = (fo U, V)G, UE ﬁg"

For u = §,, this gives

(Fodnv)oe = (00 fluz = (vo f)(x) = v(f(x)) = (f(x), v)oz,
for any v € @ This proves f = fo J.

Uniqueness of f : ﬁg" — G¥.

Suppose ]?o 0 = f = 0. We have to show that J?: 0 on ﬁg‘” Since ]?is sequential,
there exists g : G¥ — Hp such that

<fo ua’U)G'OFO = <u,gOU>H%o.
Take u =4, € ﬁgo, then

(fods,v)ax = (0e; g0 V) e = g(v(z)) =0

for any v € (/}%, that is, g = 0 on 5}}\0 From (]?o u,v) g = 0 for any v € (/}%, we get
]/C\ou:Ofor any u € Hgy, that is ]/C\:Oon Hp. U
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5.1. Extension to Komatsu classes.

Here we briefly outline how the analysis above can be extended to the setting of
Komatsu classes from [4] [5].

Remark 5.3. In another work ([5]) we studied the Komatsu classes of ultra-differen-
tiable functions Ty (X) on a compact manifold X, where My, be a sequence of
positive numbers such that
(1) Mo =1,
(2) Myyy < AH*M,,, k=0,1,2, ...,
(3) My, < AH* 01<ni£1k M, M_,,k=0,1,2,..., for some A, H > 0.
9>

In [5] we have characterised the dual spaces of these Komatsu classes and have shown
that these spaces are perfect spaces, i.e, these spaces coincide with their second dual
spaces. Furthermore, in [5 Theorem 4.7] we proved the following theorem for Ko-
matsu classes of functions on a compact manifold X :

Theorem 5.4 (Adjointness Theorem). Let { M }and { Ny} satisfy conditions (M.0)—
(M.3). A linear mapping f : Uiy (X) — Tyny(X) is sequential if and only if f is
represented by an infinite tensor (frji), k,j € No, 1 <1< d; and 1 <1 < dj, such

—

that for any u € 'ty (X) and v € Ty (X) we have

oo dj
DO gl [0(5, 1) < 00, for all k € No, i = 1,2, ... dy,
=0 1=1
and
oo dg e’}
ZZK%M (Z fkjﬂ(j)> < 0.
k=0 i=1 =0 i

Furthermore, the adjoint mapping f: F{m) — T{HX) defined by the formula

t

f(v) =vo f is sequential, and the transposed matriz (fy;)" represents . with f and

F related by (f(u),v) = (u, f(v))

The above theorem described the tensor structure of sequential mappings on spaces
of Fourier coefficients and characterised their adjoint mappings. Now in particular the
considered classes include spaces of analytic and Gevrey functions (which are perfect
spaces t00), as well as spaces of ultradistributions, yielding tensor representations for
linear mappings between these spaces on compact manifolds. Now using [5, Theorem
4.7] and the same techniques used in this paper to prove the universality of smooth
functions in Theorem [(.2] on compact manifolds in Section [Al one also obtains the
universality of the Gevrey classes of ultradifferentiable functions on compact groups
(from [3]) and Komatsu classes of functions in compact manifolds. As the proof would
be a repetition of those arguments, we omit it here.
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