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Statistical CSI-based Design for Reconfigurable
Intelligent Surface-aided Massive MIMO Systems

with Direct Links
Kangda Zhi, Cunhua Pan, Hong Ren and Kezhi Wang

Abstract—This paper investigates the performance of recon-
figurable intelligent surface (RIS)-aided massive multiple-input
multiple-output (mMIMO) systems with direct links, and the
phase shifts of the RIS are designed based on the statistical
channel state information (CSI). We first derive the closed-form
expression of the uplink ergodic data rate. Then, based on the
derived expression, we use the genetic algorithm (GA) to solve
the sum data rate maximization problem. With low-complexity
maximal-ratio combination (MRC) and low-overhead statistical
CSI-based scheme, we validate that the RIS can bring significant
performance gains to the traditional mMIMO systems.

Index Terms—Intelligent reflecting surface (IRS), Reconfig-
urable Intelligent Surface (RIS), massive MIMO, statistical CSI.

I. INTRODUCTION

Reconfigurable intelligent surface (RIS), also known as
intelligent reflecting surface (IRS), has been recognized as
a promising technology for future wireless communication
systems [1], [2]. RIS is a programmable metasurface with low
power consumption, and it can provide passive beamforming
gains. Recently, attractive benefits of RIS have been validated
in various scenarios [3]–[7]. To be more specific, the authors
in [3] showed that RIS has sufficient potential in future
communications by jointly designing its passive beamforming
and base stations (BSs)’ active beamforming vectors. The
benefits of RIS for multicell MIMO communications and si-
multaneous wireless information and power transfer (SWIPT)
have been demonstrated in [4] and [5], respectively. From the
perspective of performance analysis, the authors in [6] proved
the superiority of RIS by presenting a theoretical framework
for the performance comparison of RIS and relaying systems.
The authors in [7] further investigated the indoor and outdoor
RIS-aided systems with Rician channels.

Different from the above instantaneous channel state infor-
mation (CSI)-based contributions, extensive research attention
has been shifted to exploit statistical CSI to design the
phase shifts of RIS [8]–[14], since it can greatly reduce the
channel estimation overhead and computational complexity.
Specifically, RIS-aided single-user systems with and without
interference were studied in work [8] and [9], respectively.
The authors in [10] provided a location-based RIS design and
captured the impacts of user location uncertainty. Adopting the
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correlated Rayleigh model, the asymptotic minimum signal-
to-interference-plus-noise ratio (SINR) and energy efficiency
optimization were investigated in work [11] and [12], re-
spectively. Besides, the authors in [13] provided a novel
two-timescale beamforming optimization scheme in RIS-aided
multi-user systems. Most recently, in [14], we firstly inves-
tigated the RIS-aided massive multiple-input multiple-output
(mMIMO) systems with statistical CSI.

However, in [14], only the special case was studied when the
direct links from BS to users are entirely blocked. For mMIMO
systems deployed in the sub-6 GHz band, the direct link may
exist with high probability. Therefore, it is meaningful to
consider the RIS-aided mMIMO systems with the existence
of direct links. The extension to this new scenario is not
straightforward. On one hand, with massive antennas, the
received power from direct links could be strong, which
may weaken the influence of RIS. On the other hand, with
an excessive number of antennas, it is challenging to adopt
complex beamforming. Instead, the maximal-ratio combina-
tion (MRC) receiver is widely used in mMIMO systems due
to its simplicity and low complexity. However, due to the
shared RIS-BS link between different users, massive antennas
could no longer make the multi-user interference negligible.
Therefore, it is imperative to investigate whether or not the
RIS would still be beneficial in enhancing the performance of
mMIMO systems.

Different from [14], this work further models the impacts
of direct links in RIS-aided mMIMO systems, and theoreti-
cally compares the performance between IRS-aided mMIMO
systems and traditional mMIMO systems. Meanwhile, the
introduction of direct links also increases the complexity of
the analysis. To tackle this problem, we firstly utilize the
independence between cascaded links and direct links and
then derive the closed-form expression for the uplink ergodic
data rate. Based on this expression, we prove that even with
a simple MRC receiver, RIS-aided mMIMO systems could
still outperform traditional mMIMO systems. Then, a genetic
algorithm (GA) is adopted to design the phase shifts of RIS
which only relies on statistical CSI. Finally, simulations are
carried out to verify our analytical results.

II. SYSTEM MODEL

As shown in Fig. 1, a typical uplink mMIMO system is
considered, where a BS equipped with M antennas simul-
taneously communicates with K single-antenna users with
the aid of an RIS. The RIS is composed of N reflecting
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Fig. 1. An RIS-aided mMIMO system with direct links.

elements, and its configuration matrix can be expressed as
Φ = diag

{
ejθ1 , ejθ2 , ..., ejθN

}
with the unit reflection am-

plitude, where θn is the phase shift of element n. Then, the
cascaded M ×K channels can be written as G = H2ΦH1,
where H1 = [h1, ...,hK ] is the N×K channels between users
and the RIS, and H2 represents the M ×N RIS-BS channels.

Thanks to the thin and light property of RIS, there exist
extensive optional deployment positions for the RIS. It can be
installed on the facades of a tall building with a few scatters.
Therefore, it is highly possible that LoS components exist in
RIS-related channels. As in work [7]–[10], we adopt the Rician
fading model to respectively express the user k-RIS link hk
and RIS-BS link H2 as

hk =
√
αk

(√
εk/ (εk + 1)h̄k +

√
1/ (εk + 1)h̃k

)
, (1)

H2 =
√
β
(√

δ/(δ + 1)H̄2 +
√

1/(δ + 1)H̃2

)
, (2)

where 1 ≤ k ≤ K, αk and β are distance-dependent large-
scale path-loss factors, εk and δ are Rician factors. h̃k ∈ CN×1
and H̃2 ∈ CM×N are non-line-of-sight (NLoS) channel com-
ponents whose elements are independent and identical distribu-
tion (i.i.d.) random variables following CN (0, 1). By contrast,
h̄k and H̄2 are deterministic LoS channel components. Under
the uniform square planar array (USPA) model, h̄k and H̄2 can
be respectively expressed as h̄k = aN (ϕakr, ϕ

e
kr) , 1 ≤ k ≤ K,

and H̄2 = aM (φar , φ
e
r) aHN (ϕat , ϕ

e
t ) with

aX (ϑa, ϑe) =
[
1, ..., ej2π

d
λ (x sinϑe sinϑa+y cosϑe),

..., ej2π
d
λ ((
√
X−1) sinϑe sinϑa+(

√
X−1) cosϑe)

]T
, (3)

where d is the elements spacing, λ is wavelength, ϕakr, ϕ
e
kr

(φar , φer) are respectively the azimuth and elevation angles of
arrival (AoA) from user k to the RIS (from the RIS to the
BS), ϕat , ϕet are respectively the azimuth and elevation angles
of departure (AoD) from the RIS to the BS.

Since rich scatters often exist near the ground, we use
Rayleigh fading model to express the direct links between the
BS and users as [4], [8], [9]. The channel of direct links D ∈
CM×K can be written as D = [d1,d2, ...,dK ],dk =

√
γkd̃k,

where γk is large-scale path loss and d̃k represents the NLoS
direct link for user k.

Based on the above definitions, we can express the received
signal at the BS as

y = (G + D)Px + n = (H2ΦH1 + D) Px + n, (4)

where P = diag(
√
p1, ...,

√
pK) and pk is transmit power

of user k, x = [x1, ..., xK ]T denotes the information symbol
vector, n ∼ CN (0, σ2IN ) is the receiver noise vector.

To reduce the implementation complexity in practical sys-
tems, we employ the low-complexity MRC technique. The
BS decides the MRC matrix by estimating the overall instan-
taneous channel matrix G + D. At the beginning of each
coherence interval, users will transmit the orthogonal pilot
sequences to the BS, and then the BS uses the received pilot
signals to estimate the overall M × K channel G + D by
using the same method in traditional mMIMO systems [15].
We assume this channel is perfectly estimated as in [8], [9]
which serves as an upper bound for practical systems, and
the extension to imperfect CSI scenario is left for our further
work. Thus, using its perfect estimates, the BS can configure
the MRC matrix as (G+D)H , and process the received signal
as r = (G + D)Hy = (G + D)H((G + D)Px + n).

Then, the received signal at the BS that corresponds to the
k-th user can be written as

rk =
√
pk
(
gHk + dHk

)
(gk + dk)xk

+
K∑

i=1,i6=k

√
pi
(
gHk + dHk

)
(gi + di)xi +

(
gHk + dHk

)
n, (5)

where gk , H2Φhk is the k-th column of G and gk
denotes the cascaded channel of user k. Based on (5), we
can express the ergodic rate expression of user k as Rk =
E {log2 (1+ SINRk)}, and the SINR of user k is given by

SNIRk=
pk ‖gk + dk‖4∑K

i=1,i6=k pi
∣∣(gHk + dHk

)
(gi + di)

∣∣2 + σ2 ‖gk + dk‖2
.

(6)

III. ERGODIC RATE ANALYSIS

Theorem 1 In the RIS-aided mMIMO systems with the exis-
tence of direct links, the uplink ergodic data rate of user k
can be approximated as

Rk ≈ log2

(
1+

pkE
(signal)
k (Φ)∑K

i=1,i6=k piIki(Φ) + σ2E
(noise)
k (Φ)

)
, (7)

where E
(signal)
k (Φ), Iki(Φ) and E

(noise)
k (Φ) are respec-

tively given by (8), (9) and (10) on the top of next page.
Besides, ck , βαk

(δ+1)(εk+1) , fk(Φ) , aHN (ϕat , ϕ
e
t ) Φhk =∑N

n=1 e
j(ζkn+θn), where

ζkn =2π
d

λ

(
b(n− 1)/

√
Nc (sinϕekr sinϕakr − sinϕet sinϕat )

+((n− 1) mod
√
N) (cosϕekr − cosϕet )

)
. (11)

Proof: Please refer to Appendix A. �
Theorem 1 shows that expression (7) does not depend on the

fast-varying instantaneous CSI h̃k, H̃2 and d̃k, but it only re-
lies on the statistical CSI, i.e., the AoA and AoD in h̄k and H̄2,
the path-loss coefficients β, αk, γk and Rician factors δ, εk,
which change very slowly. Specifically, environment-related
path-loss coefficients and Rician factors can be measured and
saved at the BS in advance. The BS can also estimate the AoA
and AoD based on global position systems [10]. Therefore, to
simplify our analysis and draw key insights, we assume that
the statistical CSI is perfectly known at the BS before the data
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E
(signal)
k (Φ) = M2c2kδ

2ε2k |fk(Φ)|4 + 2ckMδεk |fk(Φ)|2 (ck (2MNδ +MNεk +MN + 2M +Nεk +N + 2) + γk (M + 1))

+ c2kM
2N2

(
2δ2 + ε2k + 2δεk + 2δ + 2εk + 1

)
+ c2kMN2

(
ε2k + 2δεk + 2δ + 2εk + 1

)
+ ckMN(M + 1) (ck (2δ + 2εk + 1) + 2γk (δ + εk + 1)) + γ2k

(
M2 +M

)
, (8)

Iki(Φ) = M2ckciδ
2εkεi |fk(Φ)|2 |fi(Φ)|2 +Mckδεk |fk(Φ)|2 (ci (δMN +Nεi +N + 2M) + γi)

+Mciδεi |fi(Φ)|2 (ck (δMN +Nεk +N + 2M) + γk) +MN2ckci
(
Mδ2 + δ (εi + εk + 2) + (εk + 1) (εi + 1)

)
+M2Nckci (2δ + εi + εk + 1) +M2ckciεkεi

∣∣∣hHk hi

∣∣∣2 + 2M2ckciδεkεi Re
{
fHk (Φ)fi(Φ)h

H

i hk

}
+M (ciγkN (δ + εi + 1) + ckγiN (δ + εk + 1) + γiγk) , (9)

E
(noise)
k (Φ) = M

(
ckδεk |fk(Φ)|2 + ck (δ + εk + 1)N + γk

)
. (10)

SINR
(NL)
k ≈

pk
(
c2k
(
MN2 +N2 +MN +N

)
+ 2ckγkN (M + 1) + γ2k(M + 1)

)∑K
i=1,i6=k pi (ckci (N2 +MN) + ckγiN + ciγkN + γkγi) + σ2 (ckN + γk)

. (12)

transmission [8], [9], [15]. Then, based on Eq. (7), the BS
exploits statistical CSI to design and update the phase shifts
of RIS. Note that this operation only needs to be done once
for a long time, which significantly reduces the computational
complexity and feedback overhead.

Remark 1 The ergodic data rate for RIS-aided mMIMO
systems without direct links in [14] can be obtained by setting
γk = 0,∀k. Besides, the single-user case in [9] is a special
case of our work with pi = 0,∀i 6= k.

Corollary 1 The ergodic data rate for traditional mMIMO
systems without an RIS can be obtained by setting ck =

0,∀k, which is given by R
(w)
k , log2

(
1 + SINR

(w)
k

)
with

SINR
(w)
k ≈ pk(M + 1)γk

/(∑K
i=1,i6=k piγi + σ2

)
.

Corollary 1 shows that under a simple MRC receiver but
with a large M , the power of interference is negligible
compared with the signal. However, this feature no longer
holds for RIS-aided mMIMO systems. We can find that both
the signal term in (8) and interference term in (9) are on the
order of O(M2), which means that a large M will make the
signal-interference-ratio converge to a constant. Thus, a basic
question is that whether this additional interference will limit
the gain of RIS. To answer this question and provide clear
insights, we will use some special cases to compare RIS-aided
mMIMO systems with non-RIS-aided mMIMO systems.

Corollary 2 For a special case where cascaded channels are
pure NLoS, i.e., δ = εk = 0,∀k, the ergodic rate is R(NL)

k ,

log2

(
1 + SINR

(NL)
k

)
and SINR

(NL)
k is given by (12) on the

top of this page.

It can be seen that in this special case, there is no need to
design the phase shifts of RIS. Besides, when both N → ∞
and M →∞, rate R(NL)

k could grow without bound. Further-
more, [14, Fig. 4] has shown that this rich-scatter environment
is favorable for RIS-aided muti-user systems since it can
provide sufficient spatial multiplexing gains. Therefore, we
will use this special case to investigate the gain from RIS in
the presence of additional interference. To further facilitate
our analysis and provide useful insights, we focus on the

two-user case where users are located closely and have the
same transmit power, i.e., ck = c, γk = γ, pk = p, k = 1, 2.
Then, by solving the inequality SINR

(NL)
k > SINR

(w)
k , we

can obtain the following Corollary.

Corollary 3 Considering an RIS deployed in the environment
with rich scatters and γ > 0, c > 0, the ergodic data rate
of RIS-aided mMIMO systems is higher than non-RIS-aided
mMIMO systems when
p

σ2
<

N + 1

γ(M−1)
+

1

c(M−1)
, or N>γ

(
p

σ2
(M − 1)− 1

c

)
− 1.

(13)
Corollary 3 indicates that RIS-aided mMIMO can outper-

form non-RIS-aided systems under three cases: 1) in low-
SNR regime; 2) with large N ; 3) with weak direct links
strength γ. Reasons behind these results are: 1) In high SNR
regime, rate will be interference-limited which aggravates the
negative impacts of RIS’s additional interference; 2) large N
can increase the passive beamforming gain of RIS; 3) with
strong direct links, the signal contributions from cascaded links
become relatively small.

Next, we study another case where the phase shifts of the
RIS are adjusted randomly. For analytical tractability, we focus
on an extreme scenario where N →∞. This case is reasonable
since RIS is comprised of low-cost passive elements, and large
N can also help RIS unleash its passive beamforming gains.

Corollary 4 Assume that RIS’s phase shifts are set randomly
in each time block. When N → ∞, the average data rate is
given by R(rm)

k , log2

(
1 + SINR

(rm)
k

)
with

SINR
(rm)
k ≈

pkαk
(
M
(
2δ2 + 2δ + 1

)
+ 2δ + 1

)∑K
i=1,i6=k piαi (Mδ2 + 2δ + 1)

. (14)

Proof: Using the same method as [14, Corollary 4], we can
substitute terms involving Φ in (7) with their expectation.
When N → ∞, we can ignore the insignificant terms which
are not on the order of O(N2) and then complete the proof
after some simplifications. �

Then, we consider a two-user case with ck = c, γk =
γ, εk = ε, pk = p, k = 1, 2. By solving inequality
SINR

(rm)
k > SINR

(w)
k , we can obtain the following result.
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Fig. 2. Rate versus transmit power.

0 10 20 30 40 50 60 70 80 90 100

RIS elements number N

4

6

8

10

S
u

m
 u

s
e

r 
ra

te
 (

b
it
/s

/H
z
)

0 10 20 30 40 50 60 70 80 90 100

BS antenna number M

0

2

4

6

8

10

S
u

m
 u

s
e

r 
ra

te
 (

b
it
/s

/H
z
)

RIS optimized

Simulation

RIS random

Simulation

Without RIS

Simulation

Fig. 3. Rate versus M and N with dIB = 1000 m.
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Fig. 4. Rate versus M and N with dIB = 700 m.

Algorithm 1 GA-based Method
1: Initialize a population of 200 individuals where individual
t has a randomly generated chromosome Φt; Count = 1;

2: while Count ≤ 100 ∗N do
3: Calculate the fitness of each individual as R(t) =∑K

k=1Rk(Φt), where Rk(Φ) is given in (7);
4: Remove the top 10 individuals with higher fitness from

the current population as elites;
5: Remove 40 individuals with lower fitness from the

current population, and use uniform mutation [14] with
probability 0.1 to create 40 offspring;

6: Generate 300 parents from remaining individuals based
on stochastic universal sampling [14], and then perform
two-points crossover [14] to create 150 offspring;

7: Combine 10 elites, 40 offspring and 150 offspring to
evolve to the next-generation; Count = Count+1;

8: end while
9: Output the chromosome of the individual with the highest

fitness in the current population.

Corollary 5 When N →∞, RIS-aided mMIMO systems with
random phase shifts outperform traditional non-RIS systems if

γ
p

σ2
<

(
2δ2 + 2δ + 1

)
M + (2δ + 1)

δ2 (M2 −M)
. (15)

Corollary 5 shows that when RIS’s phase shifts are set
randomly, to beat non-RIS systems, it should operate in
low-SNR regime. Besides, even when N → ∞, it is still
challenging to meet inequality (15) under large M .

IV. NUMERICAL RESULTS

In this section, numerical simulations are presented to verify
the correctness of our analytical results. Based on Eq. (7), a
GA-based method is utilized to design the optimal phase shifts
of RIS, where its framework is shown in Algorithm 1.

Unless stated otherwise, we set M = N = 49, σ2 =
−104 dBm, pk = 30 dBm, εk = 10,∀k, δ = 1. Four users are
evenly located on a circle centered at the RIS with a radius of
dUI = 20 m as in [3, Fig. 6]. RIS-BS distance is dIB = 1000
m and the distance between user k and BS is calculated
by (dUB

k )2 =
(
dIB − dUI sin

(
π
5 k
))2

+
(
dUI cos

(
π
5 k
))2

. All
the AoA and AoD are generated randomly from [0, 2π] [4],
[5]. The distance-based path-loss are αk = 10−3d−2UI , β =

10−3d−2.5IB and γk = 10−3
(
dUB
k

)−4
,∀k.

Fig. 2 shows that even with a simple MRC receiver, sta-
tistical CSI-based RIS can still effectively improve the rate
performance in mMIMO systems in the low-SNR regime.
However, due to the multi-user interference, as SNR increases,
conventional mMIMO systems will outperform random phase
shifts-based RIS systems. Finally, with extremely high SNR,
it could even outperform the optimal phase shifts-based RIS
systems. These results agree with our analysis in Corollary 3
and Corollary 5.

Fig. 3 and Fig. 4 plot the ergodic rate versus N and M
with dIB = 1000 m and dIB = 700 m, respectively. Note
that smaller dIB means stronger direct links. We can see that
the RIS with optimal phase shifts brings a significant rate
improvement to traditional mMIMO systems in both figures,
and this improvement can hold with quite large M . However,
when the direct links are strong or when M is large, mMIMO
systems without RIS have a better performance than RIS-aided
systems with random phase shifts. This result is consistent
with our analysis in Corollary 5. Besides, these observations
indicate that to fully take advantages of RIS with a simple
MRC receiver, it is better to use RIS with a large number of
elements to serve cell-edge users, and the RIS has ability to
play a significant role in the low-SNR regime.

V. CONCLUSION

In this paper, we have studied an RIS-aided mMIMO
system with direct links. A closed-form ergodic rate expression
has been derived. Then, based on the expression, we have
found that with low-complexity MRC beamforming, RIS-aided
mMIMO systems can outperform non-RIS systems in the low-
SNR regime. Finally, our analytical results have been verified
by the simulations.

APPENDIX A

To begin with, by applying [15, Lemma 1], ergodic data
rate Rk = E {log2 (1+ SINRk)} can be approximated as

Rk≈ log2

(
1 +

pkE{‖gk+dk‖4}∑K
i=1,i 6=kpiE

{
|(gHk +dHk )(gi+di)|2

}
+σ2E{‖gk+dk‖2}

)
.

(16)

To derive a closed-form expression of (16), we need to
derive E

{
‖gk + dk‖4

}
, E

{∣∣(gHk + dHk
)

(gi + di)
∣∣2} and

E
{
‖gk + dk‖2

}
, respectively. Note that dk are independent
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to gk and di,∀i 6= k, and dk is composed of i.i.d. entries with
zero mean, we can firstly derive the noise term as

E
{
‖gk + dk‖2

}
= E

{
(gk + dk)

H
(gk + dk)

}
= E

{
gHk gk + gHk dk + dHk gk + dHk dk

}
= E

{
gHk gk + dHk dk

}
= E

{
‖gk‖2

}
+ E

{
‖dk‖2

}
= E

{
‖gk‖2

}
+ γkM,

(17)

where E
{
‖gk‖2

}
has been given in [14, Lemma 1].

Next, the signal term E
{
‖gk + dk‖4

}
can be expanded as

E
{
‖gk + dk‖4

}
= E

{(
‖gk‖2 + 2 Re

{
dHk gk

}
+ ‖dk‖2

)2}
= E

{
‖gk‖4

}
+ 4E

{(
Re
{
dHk gk

})2}
+E

{
‖dk‖4

}
+ 2E

{
‖gk‖2 ‖dk‖2

}
,

(18)

where E
{
‖gk‖4

}
has been given in [14, Lemma 1]. Assuming

that [gk]m = vm + jwm and
[
dHk
]
m

= sm + jtm, where both
sm and tm independently follow N

(
0, γk2

)
, we have

E
{(

Re
{
dHk gk

})2}
= E

{(∑M
m=1 smvm − tmwm

)2}
= E

{∑M
m=1 (smvm − tmwm)

2
}

= E
{∑M

m=1 (smvm)
2

+ (tmwm)
2
}

= γk
2 E
{∑M

m=1 (vm)
2

+ (wm)
2
}

= γk
2 E
{
‖gk‖2

}
.

(19)

Then, the remaining two terms in (18) can be obtained as

E
{
‖dk‖4

}
= E

{(∑M
m=1 |[dk]m|

2
)2}

= E
{

M∑
m=1
|[dk]m|

4

}
+E

 M∑
m1=1

M∑
m2=1
m2 6=m1

∣∣[dk]m1

∣∣2 ∣∣[dk]m2

∣∣2
= 2Mγ2k +M(M − 1)γ2k =

(
M2 +M

)
γ2k,

(20)

and

E
{
‖gk‖2‖dk‖2

}
=E

{
‖gk‖2

}
E
{
‖dk‖2

}
=MγkE

{
‖gk‖2

}
.

(21)

Substituting (19), (20) and (21) into (18), the expression of
signal term is given by

E
{
‖gk + dk‖4

}
= E

{
‖gk‖4

}
+ 2(M + 1)γkE

{
‖gk‖2

}
+
(
M2 +M

)
γ2k.

(22)

Finally, the interference term can be written as

E
{∣∣(gHk + dHk

)
(gi + di)

∣∣2}
= E

{∣∣gHk gi + dHk gi + gHk di + dHk di
∣∣2}

= E
{∣∣gHk gi

∣∣2}+E
{∣∣dHk gi

∣∣2}+E
{∣∣gHk di

∣∣2}+E
{∣∣dHk di

∣∣2} ,
(23)

where E
{∣∣gHk gi

∣∣2} has been given in [14, Lemma 1], and

E
{∣∣dHk gi

∣∣2} = E
{
gHi E

{
dkd

H
k

}
gi
}

= γkE
{
‖gi‖2

}
,

E
{∣∣gHk di

∣∣2} = E
{
gHk E

{
did

H
i

}
gk
}

= γiE
{
‖gk‖2

}
,

E
{∣∣dHk di

∣∣2} = E
{
dHk E

{
did

H
i

}
dk
}

= γiγkM.

(24)

Therefore, combining (17), (22) and (23) with (16) and after
some simplifications, we can complete the proof.
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