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Abstract

This paper presents an abstract parametrised functional interpretation of WE-HA®.
It is based on families of parameters allowing for different degrees of freedom on
the design of concrete interpretations. In this way, we are able to generalise pre-
vious work on unifying functional interpretations by including in the unification
the more recent bounded and Herbrandized functional interpretations.
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1. Introduction

Since Godel [16] published his functional (“Dialectica”) interpretation in 1958,
various other functional interpretations have been proposed”. These include Kreisel’s
modified realizability [20], the Diller-Nahm variant of the Dialectica interpreta-
tion [4], Stein’s family of interpretations [28], and more recently, the bounded
functional interpretation [12], the bounded modified realizability [11], and “Her-
brandized” versions of modified realizability and the Dialectica [3]. In view of
this picture, several natural questions arise: How are these different interpreta-
tions related to each other? What is the common structure behind all of them?

Email addresses: bmdinis@fc.ul.pt (Bruno Dinis), p.oliva@gmul.ac.uk (Paulo Oliva)
'The author acknowledges the support of FCT - Fundagdo para a Ciéncia e Tecnologia un-
der the projects UIDB/04561/2020 and UIDP/04561/2020, and the research center Centro de
Matematica, Aplicacdes Fundamentais e Investigacdo Operacional, Universidade de Lisboa.
2See [2] for a survey on the “Dialectica” interpretation.

Preprint submitted to Annals of Pure and Applied Logic November 20, 2020



Are there any other interpretations out there waiting to be discovered?

These questions were addressed by the second author and various co-authors
in a series of papers on unifying functional interpretations. Starting with a uni-
fication of interpretations of intuitionistic logic [21], which was followed by var-
ious analysis of functional interpretations within the finer setting of linear logic
[13, 22, 23, 24], a proposal on how functional interpretations could actually be
combined in the so-called hybrid functional interpretations [17, 25], and the in-
clusion of truth variants in the unification [15].

Functional interpretations associate with each formula A a new formula {{A}};‘
where x and y are fresh tuples of variables. Intuitively, x captures the “positive”
quantifications in A, while y captures the “negative” quantifications. This is done
in such a way that, in a suitable system, the truth of A is equivalent to that of
AxVy{A}]. The key insight which arises from the programme of “unifying func-
tional interpretations” is that we have some degree of freedom when choosing the
interpretation of the exponentials of linear logic !A and ?A. For instance, we can
take

{1A)) = AR (giving rise to the Dialectica interpretation)
{!1A); == Vy € afA}; (giving rise to the Diller-Nahm interpretation)
1Ay = Vy{Aly (giving rise to modified realizability)

f!Ap* = vyfAl)y ® 1A (giving rise to modified realizability with truth)
and so on

showing that these interpretations only differ in the way they treat the contraction
axiom. In particular, in the pure fragment of linear logic all these interpretations
coincide!

So, it makes sense to introduce an abstract bounded quantification YxC, a A,
capturing this degree of freedom on the design of a functional interpretation, and
to try to isolate the properties of this parameter which ensure the soundness of
the interpretation. With this, one is able to define a “unifying functional inter-
pretation” which when instantiated gave rise to several of the existing functional
interpretations, including the Dialectica interpretation, modified realizability (its
g- and truth variants), Stein’s family of interpretations, and the Diller-Nahm in-
terpretation [21, 24]. This process also led to the design of a “Diller-Nahm with
truth” interpretation [15], which at the time was thought not to be possible.

However, the unifying functional interpretation programme has so far been un-
able to capture the two more recent families of functional interpretations, namely



the bounded functional interpretations [6, 10, 11, 12], and the Herbrandized func-
tional interpretations [3, 9].

In this paper we propose a more general parametrisation of the functional in-
terpretation, introducing other families of parameters which allows us to capture
different interpretations of typed quantifications. We demonstrate that, when de-
vising a functional interpretation, we in fact have two crucial degrees of freedom:
we can choose how to interpret the contraction axiom, as discussed above, but
also, we can choose how to interpret typed quantifications, which ultimately boils
down to the choice of how predicate symbols are interpreted.

ArA (id) LrA (efg)
IA,B+C I'tA A+B
——  (AL) — (AR)
INAABrC ILA+rAAB
INA+rC AB+C T'rA I'+tB
(VL) — (VR)) —— (VR))
I'A,AVB+C I'tAVB I''+AVB
I'krA AB+C I''A+B
(—=L) —(—>R)
I''AJA—- B+ C I'rA— B
I'B IA,A+B I'crA AA+B
(wkn) ——  (con) (cut)
IA+B I'A+B IA+B

IAGZ)+ B '+ A(t7) IA()+ B '+ AZ)
dL R VL

e - - — " (R
I'3z"A(z) + B I'377A®z) IVzA(z) + B I't VZ7A(2) (VR)

Table 1: Logical axioms and rules of WE-HA®

In this paper, we will carry out the details in the context of Heyting arithmetic
in all finite types WE-HA®, but the same can also be done for other theories,
with suitable assumptions for the interpretation of its non-logical axioms. In [7],
we explain how this parametrised interpretation of Heyting arithmetic arises from
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a parametrised interpretation of intuitionistic linear logic combined with transla-
tions of intuitionistic logic into intuitionistic linear logic.

The parametrised interpretation of WE-HA® will be presented in Section 2.
In Section 3 we show how instantiating the different parameters then gives rise to
each of the functional interpretations mentioned above. In this process we have
again discovered some new functional interpretations.

2. A Parametrised Functional Interpretation

We will fix the “source” theory as WE-HA®“, while the “target” theory A
might be a strict extension of WE-HA®”. We will add only enough assumptions
on Ay to ensure that the soundness of WE-HA® into A, goes through. Our as-
sumptions are as follows:

(A1) The target theory A is an extension of WE-HA®.

(A2) For each finite type® p we have, in the target theory A, a formula x < a,
and a finite type wt(p). We will call wt(p) the witnessing type of p. We
write Yx <P a A and dx <P a A as abbreviations for Yx°(x < a — A) and
dx’(x<fa A A), respectively.

(A3) For each finite type p we also have, in the target theory A, a formula W ,(x),
which we will use to restrict the domain of the witnesses and counter-
witnesses. We assume that x <” a implies that a is in W), 1.e.

x<fatz, Wyyp)(a).

When T is a tuple of finite types 7y, ...,T,, we write W.(xy,...,x,) as an
abbreviation for W, (x;), ..., W, (x,), when it appears in the context of a
sequent, or for W, (x;) A... AW, (x,), when it appears in the conclusion of
a sequent. We assume that, provably in Ay, the combinators S, -, and K, -
are in W, and that the application of a function in W to an argument in W
will also be in W, i.e.

(WK) "ﬂt Wp—>T—>p(Kp,‘r)

(WS) "3[, W(p—)r—>o—)—>(p—>7)—>p—>o'(sp,r,<r)
(WAp) WT('X)9 WT—>p(f) l_ﬂt Wp(fx)

3For the sake of simplicity, we will take the booleans B as a primitive base finite type, although
in WE-HA® the booleans are normally defined from the natural numbers N by interpreting O as
true, and n > 0 as false. This means that for us, the atomic formulas of WE-HA® are s =g ¢t (for
s,t: B) and s =y ¢ (for s,7: N).



(A4) For each formula A of Ay, tuple of variables x = xy, ..., x,, and finite types
T=r1,...,T, We associate a tuple of bounding types bt(t) and a formula
Vx C, a A, in which the variables x are no longer free. If I' = Ay,...,A,
then VxC,al abbreviates VxC.A;,...,¥YxC.A,. We do not assume that
the tuple of finite types bt(t) has the same length as 7. The intuition is that
x ranges over elements of type 7, whereas the bounds a range over possi-
bly different types bt(r). The formula construction Yx C, a A is assumed
to satisfy the following properties (so that it indeed behaves as a bounded
universal quantifier):

Qi) IfT'+4 AthenVxCral k5 VxCraA

(Qy) VxVA A, YxCra A (and in particular VxCra W, (x))

(Q3) VxCraA g A, if x is not free in A

(Q4) ¥xCra(A(x) A B) kg, YxCra A(x) A B, if x is not free* in B.

For each formula A of Ay, tuple of variables x, and types T and p we also
assume that there exist terms 7(-), (-) U () and (-) o (-) of A such that

(Cp) We(2), VxTrn(2) A bz Alz/X]

Fa, Weobin (1)
(CL) Wor(x1,x2), VXCr (X LX) A by, VXC X1 AANVYXE XA
Fa, Wbt(‘r)—)bt(r)—)bt(r)(/lx 1, X2.X1 LI X2)
(Co) Wosoiw) (), Woyp)(2), VXCr (f 0 2) A kg VYT, 2 VX fy A
Fa, W pobie)—bip)—bin) (ASf, 2.f © 2)
(A5) Assume that for each finite type p of WE-HA® we have a term in A

m; : wi(B) — wt(p) — wi(p) — wt(p)
such that’

(l) "&th WWt(B)—>Wt(p)—>Wt(p)—)Wt(p) (m’IE)’ and
(ll) W(ala a2)9 Z<B b9 x<F ifp(z’ a, aZ) l_ﬂt x<t mg(b’ a, aZ)'

See Definition 2.6 and Lemma 2.7 where the operation m“f is lifted to arbi-
trary formulas A.
(A6) Assume that for each finite type p of WE-HA® we have a term in A

m': (N — wt(p)) = witN) — wt(p)

such that

“It is easy to check that (Qy) in fact follows from (Q;) and (Qs), but we include it here as an
assumption for future reference.

SWe are denoting by “ifp(zB,x’l) ,x‘z’)” the family of terms definable in WE-HA® such that
if ,(T, x1, x2) =, x1 and if ,(F, x1, x2) =, x», though we will often omit the type in the subscript.
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® kg W(N—>Wt(p))—>wt(N)—>wt(p)(m§)

o Vn'"W(fn),n<"a,x<’ fnra x<"m(f)(a)
See Definition 2.8 and Lemma 2.9 where the operation mf is lifted to arbi-
trary formulas A. We also assume we have a terms NV~ gnd (-
such that n<"a g, n < Na and k4, n<"vn (and hence n < N(vn)).

(A7) Assume that for each term (¢[x?])” of WE-HA® we have a term (f[a"®])™®
in A; such that

o x<7atgqg tlx]<1la]

In particular, it follows that for each boolean constant b® there exists a term
b™'® such that + 4, b<® b, and for each numeral n'' there exists a term /%@
such that 5, n<"7.

Lemma 2.1. Let t[a] be a term of A; built from variables a = a, ..., a, and the
combinators K and S via application. Then W(ay, ..., a,) +z, W(t[a]).
Proof. By induction on the structure of 7, using (Ws), (Wk), and (Wp). O

In each concrete instantiation of the parametrised interpretation we will con-
sider different choices for the parameters {x < a} er, {Wt(p)}per, {W-(X)}rer, and

{(VxCra A}AeFormy{t,‘re‘T .

Definition 2.2 (Adequate parameters). A choice of parameters will be called ad-
equate for A if assumptions (A1) — (A7) hold. Given a class of formulas C C
Formg,, we say that the choice of parameters in Ay, is C-adequate for Ay if it is
adequate for Ay when assumption (A4) is only required to hold for formulas in C.

Notation 2.3. Given tuples of types p = p1,...,0, and T = Ty,...,T, We write
p — T as an abbreviation for the tuple of types

PlL = c. 2Py 2 TlyeeesP1 2 eie 0y Ty
Given tuples of terms t = t,,...,t, and s we write ts for the tuple t,s, ... ,1,S.

2.1. Witnessing types
Let us write & for the empty tuple of terms or the empty tuple of types.



Definition 2.4. We generalise the notion of witnessing type to all formulas by
defining for each formula A tuples of types T, and T, inductively as follows:

T = &, for P atomic T = g, for P atomic

Ting = TaTp Targ = Ty Tp

T = wiB), 1,75 T,p = bt(1)),bt(ry)

Tip = Ty OTpT,>T,obi(ry) 7, = 7,75

Thya = WHO)LT] T, = bi(T))

Tyoa = WiHp) = T Typa = W), T,
Given a tuple of formulas I' = Ay,..., A, we write T (resp., 1) for the tuple
ThseeesTy (€SP Ty oo Ty ).

2.2. Parametrised interpretation

We can now present the parametrised interpretation of WE-HA® into Aj:

Definition 2.5 (Parametrised interpretation). For each formula A of WE-HA®, let
us associate a formula {{A}};‘ of Ay, with two fresh tuples of free-variables x and
y, inductively as follows:

{s =; 1} = s=t, 7€ {B,N}
(AABES = (AR AUBY,
(AVBIS = Je<Pb(@=TAVY Coy AR V = F A YW Cow{(BE,))

w’

{A > BYLS = VyC. gxw (A} — {(B)

{FrA)y" = <"y Ty (AN

(VZAY, = Vi<cfayl
Given a tuple of formulas T = Ay, ..., A,, we write {{F}};‘jjjjjy as an abbreviation
for { 1}}y1,...,{{ }}x” assuming A; has interpretation {{A}}

If A has interpretation {{A}}; we call x the witnesses of A, and y the counter-
witnesses. We say that a formula A has no computational content if its interpreta-
tion is {A}Z, i.e. if the tuples of witnesses and counter-witnesses are both empty.
We often omit &, writing, for instance, {A}}; as simply {A}*, or {A}] as {A}},.



2.3. Monotonicity property for B

Assumption (AS) ensures that we have a term mf which is in some sense
“bounds” the if-then-else term constructor, i.e. if z<® 5 and x < if,(z,ay,a,) then
x<P mf (b, ay, ay). We can lift this property to arbitrary formulas as follows:

Definition 2.6. For each formula A, define the tuple of terms

B. + + +
my: wtB) - 7, > 7, > T,

by induction on A, as follows:

m’ (b, xy, x5), my(b, vy, v,)

m; (b, by, by), m3(b, x1, x,), my(b, vy, v2)

B
mA/\B(b’ x17 v17x27v2)

B
mAvB(b’ b17x17v17b2’ X2, v2)

m; (b, f1, 815 f &) = ﬂx’x.m%(b,flx,fzx), AXTAAWTs g XW U g, XW
mIgZpA(l%al’xl, a2,x2) = mlg(b»al, aZ)’ mﬁ(b,xl,xl)
mI\?sz(b»fl JS2) = A"V .mi(b, fa, f,a)

where m? is the term assumed to exist in (AS).

Lemma 2.7 (Monotonicity lemma for B). Under assumption (AS), for each for-
mula A, we have:

(l) "ﬂg WWt(B)—)TX—)TX—)TX (mE)

. B
(i) W1, x2,9),2< b, (Y5 b (AYH0

Proof. By induction on the complexity of the formula A. Point (i) follows directly
from assumptions (AS) (i) and (C_), and Lemma 2.1. As for point (i), the cases
where A is an atomic formula, a conjunction, or a universal quantifier are easy to
verify. Let us check the cases of existential quantifier, disjunction and implication.

Existential quantifier. Suppose A = dw”B. By induction hypothesis we have

mE (b.x1.x2)

W(x1, %2, ), 2<" b, (BY, <" b, {Bl)y

By (Q;) we have

mS (b.x1.x2)
’

W(x1, %2,),2<" b, Yy Cy B, ka, Yy Cy {(BY)

By (AS) (ii), we get, assuming W(xy, X3, y),

. B
e<P b, w<Pif (2 ar, a)AYY CYUBES ) kg w <t mE(b,ar, ap) AVY £y {BY
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and hence, assuming W(a, x1, az, x2,y),

mE (b,x1,x2)
’

2<"b, A<’ if (2, a1, )y Cy B kg, W<y (b, a1, )Yy Ty { B

which by Definitions 2.5 and 2.6 is

(b,ay,x1,a2,x2)

. mB
Z<B b, {{HWpB}};f(z,al,xl,az,xz) o, {{HWpB}}y InPA

Disjunction. The case of disjunction is similar to the existential quantifier above,
and also uses the assumption (AS) for p = B.

Implication. Assume W(f, g, f>, &5, %,w) and z<® b. Noting that
(#) VyCe gxw (AN VY Cr goxw (AN F VY Cors if(z, g, 5w, g,3w) (AN

we have
(A — By, v
= VyCo,if(z g xow. g,xw) (A); — (B,
2 VyCo gw AN A VY Ce goow (A — (BIC
S Ve gaw U goxw AN - (B
= Yy g U gyow (A - (BI
= (A - B
since the assumptions imply W(f,x, f,x,w) — needed for the (IH). O

2.4. Monotonicity property for N
As with the booleans above, we can also lift assumption (A6) to arbitrary
formulas as follows:

Definition 2.8. For each intuitionistic formula A, define the tuple of terms
m): (N - 7)) - wt(N) — 7}
by induction on A, as follows:
myy, 5(f 4. fp)(@)
myy 5(ba, f 4, s, f5)(@)
my_,(f, g)(a)
(R, f @)

N— -1t
m,, (f VO (a)

m} (f )(@), my (f 3)(a)

my (baa, bpa)(a), m(f (@), my(fp)(a)
AxTh.mi(An. fnx)(a); Ax%a, ws.g"(Na)xw
my(h)(a), ) (f)(a)

AB™Pml (An. fnb)(a)
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where mf and N are the terms assumed to exist in (A6), and g- is defined recur-
sively as

g0xw ifn=0

g-nxw = .
gnxwllg'(n—xw ifn>0

Lemma 2.9 (Monotonicity lemma for N). Under assumption (A6), for each for-
mula A, we have:

(D) Fa, Waisehswianor: (M})
II]N a
i) VW (fn), W), n<"a, (AY" Fa gAY

Proof. The proof is very similar to that of the monotonicity lemma for B (Lemma
2.7). In the case of implication we first need to prove

x
y

(*) VyCr g"(Na)xw {A};, n<"a ka, YyC. gnxw {A}
which we can do by first proving, using induction on k and then taking k = Na,

X

VyCr g kxw {A)}, n < k Fa, VyCTr gnxw (A}

The above also uses applications of (C) for the induction step. Hence, assuming
VYn"W(fn, gn) and W(x,w) and (n<" a) we have
{A > BYLE" = Vyc. gnaw (A} — (B}
) n.yjnx)n
= Yy, g“(Na)xw (A} — {BY," /"
(IH) mY (. fnx)(a)

= YyC.. g"(Na)xw {A)E — (B
= {{A N B}}:?[’B(f’g)(a)

since the assumptions imply Yn''"W(fnx) — needed for the (IH). O

2.5. Soundness

We are now ready to present the (parametrised) soundness of the parametrised
functional interpretation (Definition 2.5).

Definition 2.10 (Witnessable sequents). A sequent I'lm™] + A[m"] of WE-HA®
(with free variables m™) is said to be {}}-witnessable in the target theory A; if
there are tuples of closed terms vy, a of Ay such that

(l) "ﬂt WTFHTXHW((T)Hbt(Tli)(‘}/) and "ﬂt W‘rlf—>wt(7')—>‘rz (a)
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(1) W o=(v, ), m<7 iit, YW o yvyi (T[m1) bz, {A[m])o™

Definition 2.11 (Sound {}}-interpretation). An instantiation of the {}}-interpretation
is said to be sound if the provable sequents of WE-HA® are {{}}-witnessable in the
target theory A.

Theorem 2.12 (Soundness of the {{}}-interpretation). Assume a fixed choice of the
parameters for a theory Ay. Let C be the set of formulas {AY}, for formulas A of
WE-HA®. If this choice of parameters is C-adequate for A (Def. 2.2) then this
instance of the parametrised interpretation (Def. 2.5) is sound (Def. 2.11).

Proof. We must show that the provable sequents ['[m] + A[m] of WE-HA® are
{}-witnessable in A;. We do this by induction on the WE-HA® derivation of
['[m] + A[m]. The free-variables m only play an important role in the treatment
of the quantifiers. Therefore, in the treatment of the logical rules we will w.l.o.g.
assume that I" and A have no free variables.

The non-logical axioms of WE-HA® (except for induction) and the weak exten-
sionality rule are easily seen to be witnessable since atomic formulas have empty
“computational content”. We treat the induction rule as the last case in this proof.
Let us first consider each of the logical rules (see Table 1) and show that they
turn witnessable premisses into witnessable conclusions. In each case we need
to prove points (i) and (ii) of Definition 2.10. Point (i), however, will follow di-
rectly from the induction hypothesis and Lemma 2.1, since the terms witnessing
the conclusion of each rule will be built from the terms witnessing the premise via
simple A-term constructions (definable from S and K). Therefore, we will focus
our attention on proving point (if).

Cut. By induction hypothesis we have closed terms ag, a,7y, d, b such that
(IHy) + W(ap) and - W(y) and + W(b) and - W(S) and - W(a,)

(IHuiy) W(u,y),vYw’ Co-yuy {{]"}}x, E {{A}}fvlou and
W, x,w), Yw" Cr 6vaw (AR, Yy Co arvxw (A F (BYY™

w'’? w

Let a := /lu: v,w.av(agu)w and b := Au,v.bv(agu) and y = Au,v,w.(yu) o
(auvw) and 6 := Au,v,w.6v(apu)w. Using the induction hypothesis (IH;) and

11



(IH;)) we have

- - — (IH¢)
W, y), Vw' T yuy (T, F (A}

Q1)
W), VyCr. auvw W(y), Yy Co- auvw Vw’ Co- yuy {rye, - Vy C., auvw {A hy

W), Yy o auvw Yw' o yuy (T}, F Yy T, auvw (A} Q)
W(w), VW' Co- Juvw {T)2, - Yy Co auvw {A)5" ’
Using the above (in the cut step) and W(u) + W(aou), we then have
W, X, w), YW Co- vxw (A, Vy Co arvw A F (BY2™ (Hif)’f)
WO, agu, w), Yw"” Crr duvw {ay, vy Co. auvw {{A}};’O" F {{B}}ﬁ“v ((j;

Wu,v,w),Yw’ Cr yuvw {ry,, Yw” Crs Suvw AR, + {{B}}{’V'”
(AR). Direct, from the induction hypothesis.

For the sake of presentation, in the cases below we may omit the contexts I' and A
whenever they do not play an important role in the treatment of the rule.

(AL). By the induction hypothesis we have closed terms a, b, ¢ in W such that
(IH) W(x,v,w),VyC.. axvw {A}], Vw' T, bxvw {BY,, + {C}”

We claim that the terms 7y, a, b and ¢ witness the conclusion of the rule. We have

(IH)

W(x,v,w),VyC,. axvw {{A}}; ,Yw’ Cr bxvw {BY}, + {C}~

W(x,v,w), Yy Cr. axvw {A}] A VW T bxvw (B, + {CHS”
W(x,v,w), ¥y, w o o axvw, bxvw ({A}; A (BY,) F {CH”

w w

W(x,v,w), Yy, w’ Cr.  axvw,bxvw {A A B}};‘,’;, F{CH

(Q4)
D2.5)

(VL). By induction hypothesis we have

1. W(x,u),VyCr axu {A}] + {C});"", for closed terms @ and ¢4 in W
2. W(v,u),YwC.. bvu { B}, + {C}};”, for closed terms b and ¢ in W

The above implies

1. W(x, ), Yy T axu {AN, z<5 b,z = T F {C, S5
2. W, u), Yw e, byu (B, 2<"b,z = F F {C), ")

12



By Lemma 2.7

u

L Wt v.u) My Cos axu fA). 2 <P b,z = T+ (C)e e
2. WCe,v,u), YWy byu (BY,, 2<E b,z = B+ (CYpe e
By (VL), we get
W(x,v,u),
2<"b,((z= T AVYCr- axu {A)) V (z = F A YWC, bvu {BY,))

- Cypeteter)
By (AL), we get

W(x,v,u),
Fz<Bb(z=TAVy Cr, axu {{A}};) ViIz=FAVYw Cr, bvu {B}))

B b, .
L {{C}}mc( CAX,CBV)

u

And hence, by (C)),

W(x,v,u),
VY. W Coiryury) (axu), n(bva)

F2<Fb((z = TAYYC, F AN V (2 = F A VYW, w (B)))
- {CpEteer

u

which by Definition 2.5 is

- v mE(b,cax,cpv
W(x,v,u), V3, W, n(axu), n(bvu) {A v BYLE + (O

(—=R). Direct, from the induction hypothesis.
(—L). By the induction hypothesis we have closed terms a, b, ¢, v, § such that
(IHy) + W(a) and - W(b) and - W(c) and - W(y) and - W(9)

(IH) W, y),Yw' Ce_yuy (T}, + {A)e and

Ww,v,z), Yw" Co dwvz (AR, YW T bwvz {BY,,., F {C}7”

w’’? w’
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Using (IH(;)) and (IH;), with b =bw( f(au))z and d = g(au) o b, we have

- - — (IH@)
W(u,y), Vw' Coyuy {T, - (A}

W(u, ), VyC, dW(y),VyCr, d¥w Co_yuy {U}}, + VyC. d {A)}
W(u, ), Yw' Cooyu o d T, v VyCr, d{A}}"

—(Qn)
~(Qy), (C,)

and, letting ¢ = cw(f(au)) and 6= ow(f(au))z

(IH¢)
W, v, 2), YW ez SWrz (AR, YW Eos bwvz (B, F(CH"

WOw. flau).2). Yw" E S AN W Ea b (Bl HICK,
WOw, f,u,2), VW' Co 8 {AYS,, YW T b (B F {C)E (Hq)

Z

Let us call the two derivations above m; and m,. Then (omitting the contexts
vw’ Co-yu o d {I'},, and Yw” Crs 6 {{A})}, for the sake of presentation):

™ Uy’

WOw. f. g.1.2). ¥y o d{AN™ — V' Co b (B + (C)E

y W’’’

(= L)

(Co)

Q)
(D2.5)

Ww, f, 8.1, 2), YW Co- by C glamw’” {AY™ — vw' o b (B + {C):

1,
w’”’

Ww, £, 81,2), YW Co- B (1y T glawpw”” (AN > (BYL") F {C)
Ww, f. g.u.2).Yw" o b {A — BYLE,, v {C)E

auw’’

177 1 f.8 ¢ (Cn)
WOw, f. .1, 2), YW - b YxCo: n(au) (A — BYS,, + (C):

Quantifiers. In the case of the quantifiers the free variables m are obviously rele-
vant, so in these cases we will make these explicit:

(YL). By the induction hypothesis we have closed terms a, b in W such that
(IH) W(x,w), m<" i, Yy Cr- axwin {A(lmD)}; + {BYL"

Let f[m] be a term such that m <° i + t[m] <" f[/], using (A7). Note also that
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(Qy) and (Q3) imply VyCaVz<bA + Vz<bVyC aA. Then

W(x,w), m< i,y Co- axwin {AGm)Y; + (B S

X

W(f (@), w), m<° i, ¥y - a(f @ mDwinn {AGIm), ™ + By, D™

. —— (>L)
W(f.w), m<F i, tlm] <" ili) - VyC. a(f@m])win {AGCmDY; W™ v (B, .

WS, w), m<F i, Vo< flimlVy o a(f@m)win (AT v (B ™
P fi - 7 7 T S (fm]) b(f(ilm])in Q0. (Q3)
W(f,w), m< i, ¥y T a(f @) win Vo <" AmlAQN "™ + (B)) 025)
W) m < in My Co alf @mDwin (Y2 A,y , + (Bl (C' )
WS W), m<F i e,y o nlin). a(f@m)win (4 AN, - (B ™

(VR). This case is straightforward:

(TH
W(u,y), z<"c, Yw' C-yuyc (T}, + A"

W(u,y), YW Coyuye (T, b 2<7c — {A@)™
W(u,y), W' Co yuye (T, F V2 <T cfAR))
W(u,y), YW’ Cryuye (T, b (YZAQY™

R)

(D2.5)

(dL). By the induction hypothesis we have closed terms a, b in W such that

(IH) W(x,w),z<"c,VyCr axwc {AQY; F {B)oX

w

Then

IH)

W(x,w),z<"c AVyCraxwe {AQY; + {BY
W(x,w), 3z<"cVy T axwe {AQY; + {BYLX
Wi, w), {37 A@N,. - (BI

W0, w), Yy B axwe) (ITAQST - (B)E

w

W(x,w),z<"c, YyCr- axwe {AQY; + {BI (

(D2.5)
(Cy)

15



(dR). Let f[7n] be the term such that m<* i + t[m] <" f[m] — see (A7). Then
(IH)

W, y), m<’ i, \'w' T yuiny (Tl + (AGTmDY;"™
Q). (Q2)

Wa.y).m<"in ¥y Cy VW' B yuimy (L), - Yy £y (AGImD )" (AR)
A

W(u,y), m<’ in,Vy' Cyw' o yuiny' {Tly, v (im] <" ilin] Ay Cy {AGIm])}5 "
(3R)

W, y),m<’mNy Cyw Coyuiny’ (T}, v Iz<"i[m]Vy' Cr y {{A(z)}}‘y’f"h

R (C,), (D2.5)
W(u,y), m<P ﬁ'l, VW’ ETF ()’uﬁz) oy {{F}}ﬁ,/ F {{EIZA(Z)}};[M],aum

Weakening. By the induction hypothesis the premise of the weakening rule is
witnessable, i.e. we have closed terms y, b in W such that

(TH) W(u,w), YW’ T yuw (T}, + (BY)"

Let 0 be an arbitrary closed terms of the appropriate type. It follows that the terms
Au, x,w.yuw and 0 and Au, x.bu witness the conclusion of the weakening rule:

(IH)

W, w), Yw' o yuw (), - (B (wkn)
W(u,w,x), Yw'Cr_yuw (T}, Yy Co, Ouxw {A}} + {B) v

Contraction. By the induction hypothesis we have closed terms v, ay, @, b such
that

(IH;) + W(y) and F W(a,), for i € {0, 1}, and - W(b)

(IH(i) W(xo, X1, w), VyCr aoxoxw {AN°, Yy o @i xox w (AN + (B!

We have Let d; := apxxw and d; := a;xxw. Then

(IHg)
W(xo, X1, W), Yy Cos agxoX w (AN, Yy oz arxox w (AN F {(BY™"
X0’ x|

W(x, w), Yy Co- o (AN, Yy Co- i (AN + (BY2S
W(x,w), Yy Cr-do {A}; AVyCe di {AY F {BYL™
bxx

W(x, w, do, ), Yy Co- do U @) (AN + (BY,
W, w), Yy Eo do U @y (A + (B2

AL)
LI

(IH ;)

Induction. Let us now consider the induction rule
+FA0) Am)+rAn+1)

F V' A(n)

Let s, r, t in W be realisers for the premises:
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(D) W(y) Fa, (A}
(ii) W(x,y), ¥y Cr; raxy (A, n<"a ra {A@n + DI

Using assumption (A6) that n <" vn, we have

(iii) W(x,), Yy Eo; rOm)xy (AP, b, A+ DY
which, by (Q,), implies

(iv) W(x), VyV AN ka, VYV HAR + DI

Let fn be defined by primitive recursion on n as

(s ifn=0
Jn= { tom)(f(n—1)) ifn>0

Since W(s, ¢, vn), it follows that Vn''W(fn). From (i) and (iv), by induction on n
we have

) W) Fa, (AMY"

and, by Lemma 2.9, W(y).n <"a -, A}y,

3. Concrete Interpretations of WE-HA®

Let us now consider several instances of the parametrised interpretation {{-}.
By the parametrised Soundness Theorem 2.12, in order to prove the soundness of
the instantiation, it is enough to check that the choice of parameters is adequate for
the formulas in the image of the interpretation, and that the non-logical axioms of
WE-HA® are witnessable in A;. For simplicity, for all instantiations considered
here we always take the target theory to be A; = N-HA® (equality available for
all types).

We consider three groups of instantiations, depending on the choice of the
parameter x <" a, which we will take to be either

1. x =; a with wt(t) = 7 (equality),

2. x €, a with wt(t) = 7* (set inclusion) or

3. x <! a with wt(1) = T (majorizability).
In each of these cases, and for the corresponding instances of W considered here,
it should be straightforward to verify that assumptions (AS), (A6) and (A7) are
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satisfied (disjunction, induction and finite types). For instance, in the case of
majorizability, when W (x) = x <} x, assumption (A6) becomes

Vr''(fn < fr),n<a,x <t fnr x < mh(f)(a)

which is satisfied for mf?f( f)(a) = max,, fn; and (A7) is the standard result that
says that all terms of Godel’s system 7" are majorizable.

3.1. Interpretations where x<"a = x=:a

The instances where x < a is chosen to be x =; a, with wt(r) = 7 and
mE(f)(a) = m(f)(a) = f(a), which we call precise interpretations, include the
seminal interpretations such as Godel’s Dialectica interpretation, its Diller-Nahm
variant, and Kreisel’s modified realizability. In these cases the soundness of the
interpretation is already known, so we will simply show in detail how the param-
eters are instantiated to obtain these interpretations, without duelling too much on
their soundness.

Modified realizability interpretation. Consider the following instantiation of
the parameters:

x<'a wt(r) Wi(x) VYxC.eA bt(r) mf m
xX=a T true VxTA e if, Af.f

where € denotes the empty tuple of terms or types.

Proposition 3.1 (Kreisel’s modified realizability of WE-HA® — pointwise presen-
tation). With the parameters instantiated as above we have:

{{s =1} S s=t

(AABY o {AN A(BY,

{AV B o (b=TAVy{A) V(b =F AVw{B})
{A—BY., o Vy{A) - (B

(A7AY o VyfAle/zl):

vVAY, e {Ale/af

so that Vy{{A}}; S xmrA(cf [26]).
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Dialectica interpretation. Consider this instantiation of the parameters:

x<Ta wi(rt) Wi(x) VxCraA bt(r) m® m!

T

XxX=;a T true Ala/x] T if, Af.f

Proposition 3.2 (Godel’s Dialectica interpretation of WE-HA®). With the param-
eters instantiated as above we have:

{{s =1} S s=t

(AABY, o (AN A(BY,

AVBIE o (b=TA {AY) v (b = F A {B))
(A - BYLS o {A),, — (BYS

B7A)* o {Alc/2)

vzAY, o (Alb/zN

so that {A}}) & Ap(x;y).
Proof. We are using here the equivalences
Ax'(x =t ANA(x)) © A(t) and VYx'(x=,1—> A(x)) © A(@)

which are valid in N-HA®, in order to remove equality on higher-types. In this
way, since our source theory is WE-HA“, we also have that for all formulas A
of WE-HA®, the formula {{A}}; will be decidable. This property is essential for
satisfying condition (C,,), where y, Ll y, is defined via a case distinction involving
the formula {A}]. This is also the only place where we make use of the assumption
that the choice of parameters only needs to be adequate for the formulas in the
image of the interpretation. m|

Diller-Nahm interpretation. Consider this instantiation of the parameters:

x<Ta wt(t) W.(x) VxCraA bt(r) m? m

T

XxX=,a T true Vxe,aA Tt if, Af.f

Proposition 3.3. With the parameters instantiated as above we have:

{{s =1t} S s=t

{AABY, o (AN A{BY,

AV B o (b=TAVy e y{A):) V(b =F AW e wiiB},)
{A— BYS o Vye. gew{A) — (BY

(37AY" o Yy e y AL/l

VAN, e {Alc/apf
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The treatment of disjunction and the existential quantifier in the instantiation
above appears to diverge from the standard Diller-Nahm interpretation, but the
following proposition shows that this is in fact an equivalent way of presenting
the Diller-Nahm interpretation.

Proposition 3.4 (Correspondence with Diller-Nahm interpretation of WE-HA®).
The interpretation {{A}}; in Proposition 3.3 can be seen to correspond to Apn(X;y),
in the sense that for each A there are terms sy, t, and s,, t, such that

(i) Vy' € sixy{A}), + Apn(t1x:y)

t)x

(ii) Vy" € s;xy Apn(x;y') + {Al)y
Proof. By induction on A.
Existential quantifier (i). Let sy, #; be given by the induction hypothesis. Then:

Vy' € {sixyH{3 A}

= Vy' € {s1xy}Vy” € y' {Alc/zI},

= Vy” e siplAle/a);,
(Hp)

= (Alc/zDpn(t1x3y)
(3z"A)pn(c, t1x3y)
Existential quantifier (ii). Let s,, ¢, be given by the induction hypothesis. Then:

DN def.

Yy € Uyey $2xy" (A2"A)pn(c, X y")
Vy” € Uy’ey Sny, (A[C/Z]DN(x;y”))

DN def.

= Vy” € Uy’ey Sny,A[C/Z]DN(x;y”)
= Vy' €yVYy” € s;xy’ Alc/zlpn(x;y”)
(IHgiy) , trx
=" Vy' € ylALe/2)E
P33 - cox
SN TEPV

Implication (i). Let s, ¢¥ and 57, ¢ be given by the induction hypothesis. Then:
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(IH¢;),IHiy)
=

U

DN def.

where t/75[f, g]

Vx' € (thx}vw’ € sB(fx"w{A — B)LE,
vw € sE(f(tix)wlA — B}}{éiw,

A
tx

V' € SEFERW(Yy € getxm (AN — (BYL)
Vw' € sP(f(t5x)wVy € g(tix)w’ {{A}};2x

- v e SBF(E ) wiBY Y

w/
Yw’ € sB(f(t5x)wVy € g(thx)w'Vy’ € syxy Apn(x;y’)
— Bpon(tP(f(£5%)); w)
Vy’ € Uw/esf(f(t/;x))w Uyeg(t’z*x)w’ sg‘xy ADN(x;y’)
— Bpon(tP(f(£5%)); w)
(A — B)on(t{”PLf. gl x,w)

- A B( £(¢A
= Ax,w. Uw'esf(f(tgx))w Uyeg(tgx)w' s5xy, Ax.t](f (85 x)).

Implication (ii). Let s, ¢{ and s3, 5 be given by the induction hypothesis. Then:

U

DN def.

U

(IH;),IHi)

Vx' € {t{x}¥w’ € s5(fx WA — B)pn(f, g:x',w')
Vw’ € s5(f(t1x)w(A = B)on(f, g tix,w)
Vw’ € sB(f(tlx)w(Vy € gt!x)w’ Apn(tix;y)

— Bpn(f(tx);w"))
Yw’ € sB(f(t!x))wVy € g(tx)w’ Apn(tix;y)

— Yw' € s3(f(t1x))wBpn(f(t]x);w')
Vw’ € s5(f(tix)wVy € g(tix)w'Vy € stxy Ay

5(f(t1x)
- {Bl}y
, B(f(thx))

Vy € Uw’eszB(f(tfx))w Uyeg(tfx)w/ s/l*xy {{A}};, - {{B}}w2 i
Axw. Uw’esg(f(t’i“x))w Uyeg(t’]“x)w’ slquy’/lx'tZB(f(t/li‘x))

A — B,y

O

Remark 3.5 (Stein’s family of interpretations). In [28] Stein describes a family
of interpretations parametrised by a number n. The idea is that when p is a type
of type level > n we treat the contraction in a way similar to the Diller-Nahm
interpretation and so bt(p) = p* and VxC,aA = Vx €, range(a) A, where a is
a function from the pure type (n — 1). But when p is a type of type level < n we
treat it as modified realizability and therefore bt(p) = € and VxT, A = VxPA.
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Although we could consider combinations of this with the various interpretations
of quantifiers, we will leave this for future work.

Remark 3.6 (Diller-Nahm with majorizability). One could also consider the fol-
lowing choice of parameters

x<Ta wi(rt) Wi(x) VxC,aA bt(r) m® m

T

X=ra T true Vx<iaA 1t if; Af.f

which corresponds to a version of the Diller-Nahm interpretation where set inclu-
sion is replaced by majorizability. Unfortunately this does not seem to lead to a
sound interpretation, and indeed we cannot satisfy condition (C,), as there is no
term n which satisfies:
Yy < n(z)Aly] + Alz]

in the target theory N-HA" for an arbitrary z, since this would imply z <} 1(z).
One could then try to take {W.(X)}.cs to be “x is monotone of type t”°, i.e. W, (x) =
x <} x, but then assumption (A3) fails, since we no longer have x <" a + W yr(a).

3.2. Interpretations where x<"a = x <ia

The instances where x <" a is chosen to be x <} a, with wt(r) = 7, which we
call bounded interpretations, include the bounded functional interpretation [12],
and the bounded modified realizability [11]. In this case we will also discuss a
new interpretation: the bounded Diller-Nahm interpretation. In the following we
will write Yx"A as an abbreviation for Vx"(x <7 x — A).
Bounded modified realizability. Consider this instantiation of the parameters:

x<Ta wt(t) Wi(x) VxC.eA bt(r) mi(b,x,y) m

x<fa T x<'x VxA e max.(x,y) Af.f

Definition 3.7. Two functional interpretations of WE-HA® into Ay are said to be
equivalent if they have the same set of witnessable sequents.

Proposition 3.8 (Bounded modified realizability, [11]). With the parameters in-
stantiated as above we have:

s =1t} S s=t

(AABY, o (AN A(BY,

{AVBY™ o Jz< b((z=TAY(A))V (z=FAIw{B))
{A— BY, o yafA) — (B}

{A7AR* s A7 <*ch{{A}}

(V7 AY, e VI<icfAps
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and {AY} is equivalent to the bounded modified realizability.

Proof. Let us show that ﬁxgy{{A}}; & Jx(x bmr A). We proof the two implica-
tions by induction on A. The only non-trivial case is disjunction. Assume first that
we have a monotone terms s, Z4, £z such that

Iz < s((z = T A IpHAY) V (2 = F A Iw{(B)2))
By induction hypothesis we have monotone terms #, and ¢}, such that
Az <" s((z=TA ¢, bmr A) V (z=F A t; bmr B))
which indeed implies (¢, bmr A) Vv (¢}, bmr B), and hence, ¢/, ¢, bmr A V B.
On the other hand, assume we have monotone terms ¢/, and ¢/, such that
(¢, bmr A) V (¢ bmr B).
Assuming F < T, we have
Az <" T((z=TAt, bmr A) V (z =F A t}; bmr B))
which by the induction hypothesis gives us monotone terms £, and ¢ such that
T <" 5@ =T A TPIAN) v (2 = F A Iw{iB)L))
and hence {A Vv B)T1s, m]

Bounded functional interpretation. Consider this instantiation of the parame-
ters:

x<'a wt(rt) Wi(x) YxCr,aA bt(r) mi(b,x,y) ml

B
x<fa 1t x<'x Yx<iaA v max(x,y) Af.f

Proposition 3.9 (Bounded functional interpretation, [12]). With the parameters
instantiated as above we have:

{{s =1t} S s=t

(AABYS, o {AN A(BY,

(AVBES & F< be=TAYY < y{A)) V@ =FA%W <_w(B),)
(A - BYS & Vy<_gaw(A) - (B

@A) o To<tcly <y (AN

(VZAY, o Vr<ic {{A}}f ‘

and {{A}}Jy‘ is equivalent to the bounded functional interpretation.
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Proof. Similar to Proposition 3.8. O

Remark 3.10. In order to extend the source theory with bounded quantifiers, in
this case one must add an “intensional” majorizability relation x <y, which
satisfies

f2g = VYxyxdy—- (fxdgy) A(fx D fy)

with a rule-version of the other direction:
Lxgyr(fxdgn A(fx < fy)

'rf<g

Adding the other direction as an axiom would require us to produce a majorant
for arbitrary x’s and y’s, which we do not have in the target theory N-HA®.

Bounded Diller-Nahm interpretation. Let us consider now what we believe is
a novel functional interpretation of WE-HA®“, where contraction is treated like in
the Diller-Nahm interpretation (via finite sets), but the typing axioms are treated as
in the bounded interpretations (via majorizability). As above, we are considering
the source theory to be WE-HA® and the target theory to be N-HA“, but consider
the following instantiation of the parameters:

x<Ta wit(rt) Wi(x) VYxC.aA bt(r) mP(b,x,y) m!

T

x<fa 1 x<'x Vxe€aA T max(x,y) Af.f

With these parameters the {:}}-interpretation becomes:

Il
~
==
11

s=1

Wy {AY: A (B,

W = < be=TAYY e yIARE)V c=F AW e wiB},)
18 = VUye. gow{A) — (BY

ATAY” Az <7 ey & y{AY

¥z < b{AN’

l
Z
=

')

I

<
8\l
)
=
=<
I

Proposition 3.11 (Bounded Diller-Nahm interpretation). The derived functional
interpretation above is a sound interpretation of WE-HA®.

Proof. In order to prove the soundness for the interpretation it is enough to show
that this choice of parameters is adequate for the formulas {A}], for all A in
WE-HA®. Since W.(x) is the assumption that x is self-majorizing (i.e. mono-
tone), conditions (Ws), (W), (Wy,) easily follow. (Q;) and (Q,) are also straight-
forward. The conditions for validating “contraction” (C,), (C.), (C,) hold by
taking n(x) = {x} and y, Ly, =y, Uy, and f o 7 = U, fx as indeed we have:
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(C) (2<"2),Yy € (A kg Alz]
(CL) Yy €y, Uy,Aly] ko, Yy € y,Aly] A VY € y,Aly]
(Co) Vy € Uy fx Alyl b, VX € 2Vy € fx Aly]

That concludes the proof that the choice of parameters is an adequate choice for
the formulas {A }};‘, for all A in WE-HA®. |

Remark 3.12. It could turn out, however, that this “Bounded Diller-Nahm inter-
pretation” is actually equivalent (in the sense of having the same characterising
principles) as the Diller-Nahm interpretation or the bounded functional interpre-
tation. Even though this is still open, we suspect this will not be the case, since
being a member of a finite set is strictly stronger than being majorized by some
element. More precisely, from x €. a we indeed have x <* max a. But from the as-
sumption x < a we cannot in general find a finite set a (depending only on a) such
that x € a. ThlS should be settled once we have investigated the characterising
principles of this new interpretation, which we plan to do in a follow up paper.

3.3. Interpretations where x<"a = X €;a

The instances where x <* a is chosen to be x €, a, with wt(t) = 7 and
my(f)(a) = U{fz : z € a}, which we call Herbrand interpretations, give some
new interpretations for WE-HA® which are related with recently developed func-
tional interpretations for nonstandard arithmetic [3]. In fact, to obtain the latter
interpretations one needs to consider two types of predicate symbols, as explained
in Section 4.

Herbrand realizability (for WE-HA“). Consider the following instantiation of
the parameters:

x<Ta wi(t) Wi(x) VxC.eA bt(r) mE(b,x,y) mi(f)(a)
xX€a T true YxTA g xUy U fz

Z€a

Proposition 3.13 (Herbrand realizability). With the parameters instantiated as
above we have:

s =1t} S s=t

(AABY, o (AN ABY,

AV B o 3Jze b((b=TA Vy{{A}};) V (b =FAVYw{B}}))
{A— BY, o VyufA) - (BY

(F7AN o e MyfA);

VAN, e Vze Al
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and {{A}}Jy‘ is equivalent to the Herbrand realizability of [3] (when that interpreta-
tion is restricted to the theory WE-HA®).

Proof. The Herbrand realizability is presented in [3] as an interpretation of the
“nonstandard” theory E-HA{". But, as discussed in [3, Prop. 2.7], E-HA{™ is a
conservative extension of E-HA®, and hence also of WE-HA®. It has been shown
in [26] that this Herbrand realizability can be equivalently presented as:

ehrs=t S s=t

x,vhrAANB & xhrAAvhrB
x,vhrAvVB & xhrAvvhrB
fhrA—-B & Vx(xhrA — fxhrB)
c,xhrd7A & 3dze€,c(xhrA)
fhrvz7’A & Vze c(fchrA)

It is straightforward to show (by induction on A) that dx(x hr A) & JxVy{Al}].
O

Herbrand Diller-Nahm interpretation. Consider the following instantiation of
the parameters:

x<Ta wit(t) Wi(x) VYxC.aA bt(r) mZ(b,x,y) m(f)(a)

*

X€&a T true VYxe,aA T xUy U fz

zZea

Proposition 3.14 (Herbrand Diller-Nahm interpretation). With the parameters in-
stantiated as above we have:

{{s =1} S s=t

{AABY, o (A¥A(BY,

(AVBY © Teeb(z=TAYY e y{AN)V (@=FAYw e.w{B},))
(A > BYLS o Vye. gaw{A) — (B}

(37 AY; & Jdze ¥y ey (Al

(VA), e Vze blAR

and this is a sound interpretation of WE-HA®.

The Herbrand realizability for intuitionistic logic given by Proposition 3.13
and the Herbrand Diller-Nahm interpretation given by Proposition 3.14 are in a
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sense ’rediscovered” interpretations. In fact, these interpretations are closely re-
lated with the interpretations given in [3] for WE-HA{,. They are also closely
connected with the interpretation for “pure logic” considered by Gilda Ferreira
and Fernando Ferreira in the paper [9]. Moreover, Fernando Ferreira has a recent
paper [8] where he considers essentially the Herbrand Diller-Nahm interpretation
for WE-HA® as well as an extension to second-order arithmetic.

Our parametrised interpretations allow us to consider also a Herbrand version
of the bounded functional interpretation.

Herbrandized bfi. We conclude this list of instantiations with what we believe is
another novel functional interpretation of WE-HA®, where contraction is treated
like the Herbrandized interpretations, but the typing axioms are treated as in the
bounded interpretations:

x<Ta wt(t) W.(x) VxCraA bt(r) mZ(b,x,y) mi(f)(a)
x€a T x<'x VYx<laA 71 xUy U fz

Z€a

Proposition 3.15 (Herbrandized bounded functional interpretation of WE-HA®).
With the parameters instantiated as above we have:

=t} s=t
A By fARy A {BY,
vV Bly® Feebz=TAYy < y{Al) V@ =FAw <. w{B},)

Ty <. gxw Ay — (BW

\
=
st s 0CCQ

ATAYS Az €, cVy’ <t y{Aly
vz Ay, Vz €, cfA)

and this is a sound interpretation of WE-HA®.

Proof. In order to show that this interpretation is sound, we should check that the
choice of parameters is adequate — i.e. that (A1) — (A7) hold — which is quite
straightforward and follows the same patterns as in the previous instances. O

A remark similar to Remark 3.12 also applies here. We suspect that this is a
new interpretation, but will only be certain once we have investigated its charac-
terising principles.
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Remark 3.16 (A Herbrandized Dialectica). One might also consider an instanti-
ation of the parameters as follows:

x<Ta wi(t) Wi(x) VxC.aA bi(r) m2(b,x,y) mi(f)(a)

*

X€&a T true  Ala/x] T xUy U fz

zZ€a

which would correspond to a “Herbrandized” version of the Dialectica interpre-
tation. In this case contraction is dealt with in a precise way, but quantifiers are
approximated by finite sets. In WE-HA®, however, where definition by cases is
available, it’s easy to check that this would give rise to an interpretation which is
equivalent to the original Dialectica, since the interpretation of the quantifiers

{37AY" o FzecfAl]

(VAW & Vzecfa)
can be effectively replaced by precise witnesses

A7AY" o {Alc/2)
IVZ7AY,. o {Alc/2)°

4. Final Remarks and Future Work

We have described above a general framework for unifying several functional
interpretations of WE-HA®, which we then used to discover new interpretations.
The instantiations are summarised in Figure 1.

A notable family of functional interpretations that we are not covering in this
paper is Kohlenbach’s monotone functional interpretations (see [18, 19]). We fo-
cus here on the different ways a formula can be given a functional interpretation.
The monotone functional interpretation in fact makes use of these same interpre-
tations of formulas, but with a different interpretation of proofs. More precisely,
given the interpretation of a formula A as {{A}}; , we are focusing here on the sound-
ness theorem that guarantees the existence of terms ¢ such that {{A}}; for provable
A. In the monotone functional interpretation a different soundness proof is used,
which, for provable A, guarantees the existence of terms 7 such that dx <* 7 {{A}}; ,
where <* is Bezem’s strong majorizability relation. Hence, one could consider
“monotone” soundness theorems for each of the interpretations discussed here,
but we leave this to future work.

As shown in the previous section, the parametrised interpretations presented
in this paper can be used as a way to discover new interpretations. The instances
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wi(r) | x<Ta | mE(b, x,y) / mi'(f,a) | bt(r) | VxC.aA W.(x) Interpretation

T X=ra if (b, x,y) / f(a) T Ala/x] true Dialectica

T X=:a if (b, x,y) / f(a) & VxTA true Modified realizability

T xX=a if (b, x,y) / f(a) T Vx <laA |true/x<lx (combination not sound)

T X=:a if (b, x,y) / f(a) T Vx €;aA true Diller-Nahm

T x<la max.(x,y) / f(a) T Ala/x] x<Ix (combination not sound)

T x<la max.(x,y) / f(a) € YxTA x<ix Bounded modified realizability

T x<ia max.(x,y) / f(a) T Vx <jaA x<Ix Bounded functional interpretation

T x<la max.(x,y) / f(a) ™ | Yx€,aA x <" x Bounded Diller-Nahm

™ XE a xUy/ Ufz T Ala/x] true Herbrand Dialectica ( ~ Dialectica)
z€a

T | x€Ea xVUy/ Ufz & VxTA true Herbrand realizability (for IL)
Z€a -

T | x€a xUy/ U fz T | Vx<laA x<ix Herbrandized bfi
Z€a

T X€ra xUy/ U fz T | Vx €raA true Herbrand Diller-Nahm
Z€a

Figure 1: Summary of instantiations (with the two novel interpretations in bold)

that we considered are by no means exhaustive. For instance, we think that the
interpretations for nonstandard arithmetic from [3, 6, 10] should also fit in our
framework. The idea is to consider not just different interpretations of the typed
quantifiers Yx'A and Jx7A, but also the typed standard quantification Yx**A and
Ax*+A. Suitable choices for these should lead to the known interpretations of non-
standard arithmetic, but might also give rise to new interpretations for nonstandard
arithmetic. This study, however, goes behind the scope of this paper.

Another question concerns variants with truth [15]. We think that it may be
possible to obtain the existing interpretations with truth, and maybe to find new
ones, using our parametrised interpretations. We also leave this to future work.

Usually, functional interpretations are accompanied by a characterisation the-
orem where one shows the equivalence between a formula and its interpretation.
In order to show such equivalence one requires some principles — typically, a form
of Choice and of Markov’s principle are among such principles — which are called
the characteristic principles of the interpretation. In the case of our parametrised
interpretation we do not know if such a (parametric) theorem holds. We were
able to define parametrised characteristic principles and obtain the result but only
assuming that the characteristic principles are interpretable (by themselves). This
does not solve the problem since it may happen that the theory with the princi-
ples may not be consistent. However, for each particular instantiation described
in this paper the parametrised characteristic principles indeed correspond to the
actual characteristic principles of the interpretation obtained with that instantia-
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tion. So, it seems that if the resulting theory is consistent, then the parametrised
interpretation admits a characterisation theorem.

Finally, it is well-known that intuitionistic functional interpretations are re-
lated with classical ones by means of a negative translation. For example, as
shown in [1, 29], Jean-Louis Krivine’s negative translation is the correct tool to
connect Godel’s Dialectica with Shoenfield’s interpretation. Other factorisations
were obtained in [5, 14, 29, 27]. It is our impression that composing our in-
tuitionistic parametrised interpretation with various negative translations would
entail parametrised classical interpretations that allows one to obtain all the stan-
dard interpretations for classical logic, showing factorisations are a general feature
among functional interpretations. We also leave this to a future study.
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