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ABSTRACT: In this paper a novel approach for modelling failure under a combination of cyclic and static
loading is presented. The cyclic fatigue and steady state tearing performance of two non-strain crystallising
elastomers, NBR and EPDM, are initially characterised. A simplified component was then tested to failure
using a combined cyclic/steady-state loading regime and its service life is compared against predictions from

the developed analytical model.

1 INTRODUCTION

1.1 Problem Background

For non-strain crystallising elastomers crack growth
can either occur during cyclical loading conditions or
under steady state strained conditions providing a
threshold tearing energy has been exceeded, Sa-
kulkaew et al., (2011). Most conventional applica-
tions fail either under cyclic crack growth or as a re-
sult of steady state crack growth and hence the service
life can simply be predicted by applying the relevant
fracture principal to either one or other of these con-
ditions. Nevertheless, there are some engineering ap-
plications, in which the cracks grow through a com-
bination of cyclic and steady state tear conditions.
This is much more complicated to model due to the
inter-dependence between these two fracture phe-
nomena, which prevents direct integration.

1.2 Fracture and Fatigue in Elastomers

As first demonstrated by Rivlin and Thomas (1953),
fracture within elastomers is an energy based phe-
nomena. They extended Griffith’s (1921) fracture cri-
terion to polymers such as elastomers by taking into
consideration the additional energy dissipation ef-
fects. They proposed using the tearing energy, T.
They quantified this as the strain energy, U, released
as the fracture surface grew by area, a:
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As demonstrated by Kadir and Thomas (1981),
cracks grow at different rates, depending on the en-
ergy at the crack tip. This allows characteristic tear
profiles to be built, with typical schematics for this
data being shown, Figure 1.
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Figure 1: a) Static and b) Cyclic, tear profiles.

When plotted on a logarithmic scale typical static
tear profiles split into three linear regions, character-
istic with how the crack grows over that range of tear
rates, Fukahori et al., (2013). Each of the three re-
gions follow a power law relationship. This relates the
change in crack length, ¢, with time, ¢, to the tearing
energy, 7, through two material constants, B and f:
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Similarly, cyclic fatigue profiles for elastomers
break down into four regions when plotted using log-
arithmic scales, Figure 1b. Most engineering cyclic
fatigue problems lie within Region III. Similar to the
steady tearing data the data in this region for the rate
at which the crack length, ¢, changes with cycle num-
ber, N, can be also be represented using a power law
relationship between the tearing energy, 7, and two
material constants, 4 and F-
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If one has a purely static or cyclic problem it is
relatively simple to integrate the above equations to
determine either the time or the number of cycles to
failure. By finding the tearing energy as a function of
crack length one can simply integrate the function to
determine the time or number of cycles to failure.
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2 MATHEMATICAL MODEL

2.1 Complex Fatigue System

Some components exhibit a more complex fatigue
profile, such as actuated seals. In this case, there are
both cyclic and static aspects to the crack growth.
During a sealing cycle the seal is deformed into con-
tact with a counter surface before it is then held for a
period.

Previously Busfield et al, (2002) have demon-
strated that crack growth per cycle can be split into
the cyclic, loading phase, and a time dependent, hold
phase, Eqn. 5. To differentiate between crack length
after a single complete sealing cycle versus during the
separate contributions capitals have been used for the
full cycle.
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In service these seals generally only undergo
500-1000 cycles, nevertheless the hold period can last
up to 8hrs. Although the number of sealing cycles is
relatively low it is impractical to physically replicate
this loading regime. This means mathematical models
and F.E.A. are the only viable option for predicting
and/or determining the component’s lifetime.
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Figure 2: Complex crack growth due to mixed fatigue.

By attempting to directly integrate Eqn. 5 to de-
termine the number of cycles to failure the following
equation is achieved, where ¢, is the initial crack
length and cris the crack length at failure.
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This is nigh on impossible to solve due to the in-
terdependence between the two contributions, Fig-
ure 2. A different approach is therefore required.

2.2 Proposed Approach

The authors propose using an Explicit Euler
scheme to model the problem. Taking Cycle 1, the
cyclic crack growth contribution can be expressed as:
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Where ¢y is the initial crack length, c; is the crack
length at the end of the loading stage, AN is the
change in cycle number, which of cause for this case
AN =1, A and F are material constants determined
from the material fatigue profile, and T¢ycre is the peak
tearing energy during loading. It is also a function of
crack length:

TCycle = f(Co) (8)

Tcyele as a function of crack length can simply be
found by carrying out an iterative modelling scheme
in F.E.A. As the initial crack length, co, should be
known the only unknown in the expression is the
crack length at the transition between the loading and
holding stage, c1, see Figure 2. Eqn. 7 can be adapted
to find this unknown.
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Similarly, the crack growth during the hold stage
can be expressed as:
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Where c: is the crack length at the end of the hold
stage, hence the crack length after the first sealing cy-
cle, c2 = Ci. 4t is the time of the hold period, B and f
are the material constants from the static tear profile,
and TTime is the tearing energy during the hold stage.
The only unknown in this expression is c2 but it can
be determined by rearranging the previous equations
as before:



¢; = (At * B[Trimel?) + ¢ (11)

Combining Eqn. 9 with Eqn. 11 forms a single
expression for the crack length at the end of the seal-
ing cycle, Ci, in terms of the initial crack length and
the crack growth during the loading and hold stages:
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Iterating to the next step the expression for the
crack length at cycle 2, C2, would be:

Co = (4t BTrimel®) + (AlTeyae] ) + €0 (13)

This scheme could be advanced iteratively and
hence presents a viable option for modelling fatigue
in these complex fatigue problems. However, a diffi-
culty arises as TTime 1s a function of both crack length,
c1, and time, ¢, due to viscoelastic relaxation:
Trime = f(cy,t) (14)
In essence, during the hold stage the tearing en-

ergy is gradually decaying with time causing the rate
of crack growth to decrease.

3 MATERIAL CHARACTERISATION

To better understand this problem two elastomers
were characterised before undergoing mixed mode
fatigue tests, allowing the mathematical model to be
compared against real test data. these tests were un-
dertaken using the pure shear crack growth (also
known as the planar tension crack growth) test piece
geometry. By using this planar geometry, the tearing
energies dependence on crack length was removed,
Eqn. 15. This meant the cyclic crack growth should
be constant and the static crack growth would only
depend on time due to relaxation effects. The charac-
terisation tests were therefore also carried out using
this planar crack growth test piece geometry.

3.1 Material Selection

The elastomers used in this study were an NBR and
an EPDM typically used for sealing applications.
Both elastomers were provided as uncured mas-
terbatch by Clwyd Compounders.

3.2 Cyclic Crack Growth

The cyclic crack growth was characterised on an IN-
STRON 8801 servo-hydraulic test machine using the
planar crack growth test piece geometry. Samples
were cut into rectangular strips of 175mm x 45mm x
2mm, before being installed between the clamps.

Once installed this left a test region of 175mm x
15mm x 2mm.
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Figure 3: Exploded drawing of the planar test set-up.

A 30mm flaw was cut into the sample such that the
crack tip was a suitably distance from the free edge
zones. For the planar crack growth test geometry, the
tearing energy is given by:
T =wh (15)

Where the tearing energy, 7, is the product of the
sample’s unstrained height, 4, and the strain energy
density, w, in the pure shear test region. Nevertheless
due to the complex loading regimes through the test
piece it is difficult to determine the extent of the pure
shear region. Using F.E.A. Busfield (1997) developed
an expression for the tearing in a pure shear test piece
in terms of the force displacement data, with a correc-
tion to account for edge effects. This approach has
been successfully implemented in previous works,
Baumard e al., (2013), and Asare and Busfield,
(2011) and was again adopted here:

fox Fdx
T =
t(L — cx — (0.28R))

(16)

In this equation, the force, F, displacement, x,
curve during loading is integrated to give the strain
energy. This is divided by a function of the sample’s
thickness, ¢, total length, L, unstrained height, /4, and
the horizontal component of the crack length, cx.

The fatigue tests were carried out at 0.5Hz at am-
plitudes ranging from 20% strain to 40% strain. A
webcam was set up in front of the samples with a pic-
ture quality of 1240x 1024 pixels at 10 fps. Prior to
testing a picture was taken of a ruler on the surface of
the samples. This image quantified the number of pix-
els per mm in the pictures. Time-lapse photo logging
software was then used to take pictures every 50 sec-
onds, Figure 4. As the test frequency was 0.5Hz this
equated to one picture every twenty five cycles.



Figure 4: Crack tip image, N=0 and N=10000 cycles.

Once the data had been collected it was post-pro-
cessed to determine the crack length at different cy-
cles, the plot of which provided the crack growth rate.
As shown in Figure 5, the crack growth rate is initially
overstated, which is due to two spurious phenomena.
Firstly the crack tip is unrealistically sharp and sec-
ondly the modulus is higher as only a limited amount
of cyclic stress softening has taken place. By ignoring
the early data a linear region, more characteristic of
the material’s steady state behaviour is observed,
forms.
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Figure 5: Variation in crack length with number of cycles.

The tearing energy was determined as an aver-
aged value taken over several points in the linear re-
gion. Once the tearing energy and crack growth rate
were determined the data was plotted to form fatigue
profiles for both elastomers, Figure 6.
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Figure 6: Fatigue profiles for the EPDM and NBR.

3.3 Static Crack Growth

In addition, the static crack growth behaviour was
characterised. Due to viscoelastic relaxation the pla-
nar tension tear test geometry is not ideal for static
tear tests. It was however important that the sample

was tested after being exposed to a similar load his-
tory to the samples cycled in pure shear.

To achieve this planar samples were first pre-cy-
cled to 40% strain for 1,000 cycles at 0.5Hz. The test
region was then cut into trouser tear specimens of
58x15x2mm, with the leg cut orientated to match the
direction of flaws cut in to the original planar geome-
try. These were then characterised at tear rates from
0.05 mm/s to 0.0005 mm/s to form static tear profiles,
shown in Figure 7. For trouser tear specimens:

2FA
T :T—bW (17)

Here the tearing energy is given by the force, F,
tearing the sample, the extension of the trouser legs,
A, and the resulting strain energy density, w, in them
and the sample’s thickness, 4, and total width, b.
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Figure 7: Static tear profiles for the EPDM and NBR.

3.4 Cyclic Stress Relaxation

Finally the cyclic stress relaxation behaviour was
studied in this work. Viscoelastic relaxation in elasto-
mers is split into two contributions, a physical contri-
bution due to viscoelastic and filler effects, and a
chemical contribution due to chemical degradation,
Yamaguchi et al., (2014). Over short time scales, the
physical contribution dominates.

Cyclically loading under planar conditions was ex-
pected to induce some directionality to the polymer
chains and filler degradation. This was likely to cause
the relaxation to vary from cycle to cycle. To study
this effect, planar samples were first pre-cycled for
1,000 cycles to 40% strain at 0.5Hz, removing stress
softening effects.

They then underwent trapezoid loading cycles, in
which the samples were strained to 40% at a rate
equivalent to 0.5Hz before being held strained for 30
minutes, causing short term viscoelastic relaxation.
They were then unloaded to complete the cycle. The
data is shown in Figure 8.

As shown from the figures, an equilibrium profile
is reached after only two cycles. The averaged relax-
ation data for each elastomer was used to characterise
the tearing energy during the hold stage.
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Figure 8: Cyclic relaxation of the NBR and EPDM.

3.5 Mixed Mode Fatigue

Mixed mode fatigue tests were run using planar ten-
sion crack growth test pieces. To further simplify the
problem the samples were first pre-cycled for 1,000
cycles to 40% strain at 0.5 Hz, such that a steady state
in the material’s stress softening behaviour was
reached. The tearing energy per cycle should there-
fore be relatively constant.

A 30mm flaw was cut into the specimens before
they were put through a trapezoidal strain cycle. In
the first second of the cycle the uncut section of the
sample was loaded to 40% strain at a rate that was
equivalent to loading at 0.5Hz. The sample was then
held for 1797 seconds before being unloaded in one
second followed by a one second hold stage. Each test
consisted of 120, 30 minute cycles. Using a similar
set up as for the cyclic tear tests, pictures were taken
of the crack tip every 30 minutes to determine the
crack growth rate, Figure 9. The results are shown in
Tables 1 and 2.
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Figure 9: Variation in crack length with number of cycles.

4 RESULTS

The peak tearing energy was defined as the averaged
value taken at every 10th cycle. Once this was known
the cyclic component of the crack growth was readily
determined from the fatigue profiles, Figure 6.

Finding the growth during the hold stage was a
little more difficult. The tearing energy should de-
crease in line with relaxation, hence the tearing en-
ergy as a function of time was known. The static tear
profiles relate the crack growth rate to the tearing en-
ergy. By combining these, one can plot the crack
growth rate with time, Figure 10, the integral of which
gives the crack growth during the hold stage.
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Figure 10: Crack growth during hold stage.

Table 1: Predication vs test data for mixed cycle, EPDM.

Variable Source EPDM, R1 EPDM, R2
Tpeak /Jm2 Test 6091.8 5408.8
dC/dN Test Test 2.83E-04 2.36E-04
/m-cycle™!
de/N et Model  2.93E-05 1.96E-05
/m-cycle
Ae/dNrme — niodel  2.08E-03  8.76E-04
/m-cycle
dC/Nvoder— \pogel 2.11E-03 8.95E-04
/m-cycle
(dc/dN)model / (dc/dN)rest 7.44 380

Table 2: Predication vs test data for mixed cycle, NBR.

Variable Source NBR, R1 NBR, R2
T peat /I Test 6884.6 7561.4
dC/dN Te_sll Test 1.74E-05 3.27E-05
/m-cycle
deldNewe  njogel  2.84E-06 4.11E-06
/m-cycle
de/dN Time Model ~ 2.38E-05  4.23E-05
/m-cycle
dCdN Mol \pogel  2.66E-05  4.65E-05
/m-cycle

(dc/dN)Modet / (de/dN)rest 1.53 1.42




5 DISCUSSION

Considering the complications of the model, for the
predications to be within the correct order of magni-
tude for both elastomers is a good result. The NBR
data in particular is a very good prediction all things
considered. Slight variances between the two were
expected due to a culmination of errors from the three
characterisation methods. Furthermore, predications
for very simple, single contribution, fatigue problems
generally do not achieve perfect results either.

The cyclic crack growth contribution is likely to be
over predicted as stress relaxation will cause the tear-
ing energy during the unloading phase to be much
lower, nevertheless the cyclic contribution appears to
be minor. The main error arises in the calculation of
the crack growth during the hold stage.

As the hold time is 1797 seconds, slight miscalcu-
lations in the static tear behaviour are amplified
through the model. This is not helped by the logarith-
mic nature of the static tear plots which also magni-
fies small errors. Taking EPDM, R2 as an example,
the correct predication requires the static tearing en-
ergy values to be 20% greater than the laboratory tests
predicted. This demonstrates an impractical sensitiv-
ity to the static tear data which is notoriously difficult
to characterise. The model provides a better predica-
tion for the NBR sample probably because the static
term is less dominant and a better fit is achieved to for
static tear data.

The NBR was more tear resistant than the EPDM,
as shown in Figures 6 and 7. Analysing the mixed
mode cycles this was benefitted by its relaxation be-
haviour. As the NBR relaxed further the tearing en-
ergy in it reduced faster, slowing the crack growth.
This means that under fixed displacement tear condi-
tions that viscoelastic relaxation actually enhances
the component’s fatigue life.

6 CONCLUSION

A mathematical model for predicting crack growth
during mixed mode fatigue regimes was presented.
The analytical model was compared against test data,
and showed promising results, fitting within an order
of magnitude for both elastomers tested. The difficul-
ties encountered in matching the data was attributed
to its sensitivity to errors in the static tear data. Of
note, viscoelastic relaxation was shown to have a ben-
eficial effect on the elastomer’s fatigue resistance.
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