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Abstract

This thesis consists of two parts.

In the first part we examine pole-skipping, a phenomenon observed in thermal
Green’s functions in quantum field theories with gravity duals. We begin by analysing
the near horizon behaviour of bosonic fields in asymptotically Anti-de Sitter spacetimes
before presenting the detailed analysis of fermionic fields in such backgrounds. We find
that at negative imaginary Matsubara frequencies and special values of the wavenum-
ber, there are multiple solutions to the bulk equations of motion that are ingoing at
the horizon and thus the boundary Green’s function is not uniquely defined. At these
points in Fourier space a line of poles and a line of zeros of the correlator intersect
and we derive the generic form of the Green’s function near such locations. We then
consider explicit examples where the correlator is known explicitly and also discuss the

special case of a fermion with half-integer mass in the BTZ background.

In the second part we study the microscopic degrees of freedom of a particular black
hole through the lens of the fuzzball proposal. In particular we construct a new class of
smooth horizonless microstate geometries of the supersymmetric D1-D5-P black hole
in type IIB supergravity. We first work in the AdS3 x S? decoupling limit and use the
fermionic symmetries of the theory to generate new momentum carrying perturbations
in the bulk that have an explicit CFT dual description. We then use the supergravity
equations to calculate the backreaction of these perturbations and find the full non-
linear solutions both in the asymptotically AdS and asymptotically flat case. These new

geometries have a simpler structure than the previously known superstrata solutions.

We conclude with a discussion and an outlook for possible generalizations of the

results.
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Chapter 1

Introduction

This thesis is divided into two parts. In the first we discuss pole-skipping, a phenomenon
observed in holographic thermal correlation functions. In the second part we describe
the construction of a new family of microstates of a particular black hole solution in
supergravity.

Both topics are fundamentally connected to black holes and their properties. Hence
we use this chapter to introduce the basic concepts of black hole physics and estab-
lish the notation that is used throughout the thesis. We also discuss some problems
that arise in the (semi)-classical description of black holes and present string theory,
a framework where these issues are resolved. We then briefly review the AdS/CFT
duality, which plays an important role in both pole-skipping and the construction of

microstates, before outlining the structure of the rest of the thesis.

1.1 History and Motivation

Every course in physics inevitably begins with something along the lines of [3]:

“Physics is an experimental science. Physicists observe the phenomena of

nature and try to find patterns that relate these phenomena.”

What is implied in this statement is that first an observation is made which then
prompts a theoretical explanation of the experimental data. And historically this was
the natural direction in which progress in our understanding of the world around us was
(and still is) made. For example, at the end of the 19th century, the observed spectrum
of black-body radiation was in conflict with the then accepted theories of nature. The
resolution came in the form of Planck’s law which in turn was one of the first steps in
the development of the theory of quantum mechanics.

Black holes, which are the main focus of this thesis, certainly do not follow such a

pattern. Even before the French revolution, John Mitchell and Pierre-Simon Laplace
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were thinking about the values of the escape velocity around a very massive star [4,5].
If an object starts at a distance R from the centre of a star with mass M, then the

escape velocity is given by

2GM
Vesc = R2 (11)

where G is the Newton’s gravitational constant. Notice that in the above expression
the mass of the object is not important. Mitchell and Laplace then wondered if there
exists a star that is so massive (or dense) that the escape velocity exceeds the speed
of light. In this case the star would appear to emit no radiation at all — it would be a
dark star.

The idea stayed quarantined until after Einstein proposed his general theory of
relativity, when Karl Schwarzschild worked out how space and time behave around a
spherically symmetric and non-rotating mass. The geometry, which we now call the
Schwarzschild solution and is discussed in more detail below, includes a region where
the gravitational potential is so high that not even light can escape. The boundary of
the region, called the event horizon, is one of the main objects of this thesis. The event
horizon of a Schwarzschild solution with mass M is located at a distance Ry, called the

Schwarzschild radius, and is given by

2GM
Ry =

, (1.2)

c2

where ¢ is the speed of light. Remarkably, this value coincides with the value obtained
from (1.1), if we take vese = ¢. General relativity allows for dark star-like solutions,
which in this context are better known as black holes. Yet the question whether such
objects exist in our universe was still open. After all, how can you observe something
you cannot see (or hear, touch, smell, or taste for that matter)?

Fast forward a hundred years and we have been able to gather a huge amount of
experimental evidence that point to black holes. For example, studies of the motion of
stars around galactic centres, such as our own Milky Way galaxy, hint that there is a
supermassive black hole around which nearby objects are orbiting [6]. More recently,
the observation of gravitational waves [7] is consistent with the merger of two black
holes into a more massive one. And, perhaps most convincingly, the Event Horizon
Telescope collaboration has reported the first direct observation of the accretion disk
surrounding a supermassive black hole [8].

Furthermore, our understanding of the nature of massive objects has increased dra-
matically. For example, theoretical results [9-11] have shown that in general relativity
the formation of singularities is a generic feature of well behaved systems.

Today, the existence of black holes is widely accepted. Yet despite the head start

10



CHAPTER 1. INTRODUCTION

that theory had over experiment, a complete understanding of black holes and their
properties is still lacking. New and exciting properties are being discovered even over
two hundred years after their first conception. In this thesis some of these results are

presented.

1.2 Black Holes

We use Einstein’s general relativity as a framework to describe black holes. The central
idea of this theory is that the space and time are not rigid but are malleable. Most
importantly, spatial distances and the rate at which time flows are distorted by presence
of energy and matter. The equation describing the evolution of space and time is the

Einstein’s equation [12]

1
RMN—iRgMN"FAQMN:S?TGTMN. (1.3)

The matter appears in the equation through the energy-momentum tensor 7Ty, while
the structure of spacetime is encoded in the metric g;s v, the Ricci tensor Rysn, and the
Ricci scalar R. Throughout the thesis the spacetime indices are denoted by upper-case
Latin letters, such as M, N. In (1.3) we have set the speed of light ¢ to be equal to 1,
while leaving the Newton’s gravitational constant G explicit. Furthermore, we allow
for a term with a cosmological constant A.

Let us begin by setting A = 0. We look for vacuum solutions of (1.3) which have
Thynv = 0 and describe spacetimes with no matter. The simplest vacuum solution with
vanishing cosmological constant is the flat Minkowski spacetime which is described by

the line element
ds® = nyy deM daN = —dt? + dz® + dy® + d2? | (1.4)

where we have introduced the Minkowski metric nyny = diag(—1,1,1,1). At the mo-
ment we only consider four dimensional spacetimes, however most of the ideas are
readily generalised to higher dimensions.

Another more interesting vacuum solution is the aforementioned Schwarzschild so-

lution, given by the metric

2GM dr?
2 2 2 2 .2 2
ds® = — (1 - )dt + 7(1 Z;TM) +r (d0 + sin” Od¢ ) . (1.5)

where the spatial part is described by the coordinates (r,6,¢) with 0 < 6 < 7 and
0 < ¢ < 27. The coordinate time is given by ¢t € R. This metric personifies the essence

of general relativity. Not only does the presence of mass affect space, as is seen by the

11



CHAPTER 1. INTRODUCTION

coefficient multiplying the term dr?, but it also alters the passage of time, as is seen by
the term multiplying dt?.

This metric describes the spacetime outside any spherically symmetric non-rotating
object with mass M, for example the exterior of a non-rotating star with radius
R, >2GM, in which case the range of the radial coordinate in the metric (1.5) is
r > R,.! We observe that as we approach the star by decreasing 7, the value of the
factor (1 —2GM /r) decreases until it reaches its minimum at the star’s surface.” From
(1.5) it then follows that closer to a star radial distances are longer and time passes
more slowly than further away.

By taking the limit r — oo, we see that the Schwarzschild metric simplifies to the
flat metric given in (1.4). We say that (1.5) is asymptotically flat — at spatial infinity
it approaches the Minkowski solution ”fast enough”.’

In fact, according to Birkhoff’s theorem, (1.5) is the unique spherically symmetric
solution of the vacuum Einstein’s equation [11]. This is important because this metric
also describes the spacetime of a non-rotating black hole. However, in this case we need
to be more careful as the range of the radial coordinate now extends to r — 2GM,
where some components of the metric and its inverse diverge. To further investigate
what happens at this point, we calculate the Kretschmann scalar, a curvature invariant

of the metric, which in the case of (1.5) is

48G2 M2

K(r) = Rynpo RMNP9 = 76

(1.6)
Evaluating this invariant at the Schwarzschild radius yields K(r = Ry) ~ (GM)™%.
Not only is this finite, but it can be made arbitrary small by increasing the mass. The
fact that the metric (1.5) diverges while the curvature remains finite is attributed to a
bad choice of coordinates, hence the point r = R, is called a coordinate singularity. It

can eliminated by introducing a so called “tortoise” coordinate

dr

dT’* = 1 2GM
r

r*=r+2GM10g‘2GLM—1‘ (1.7)

Notice that r, — oo as r — oo, but on the other hand r, — —oco as r — 2GM. Now

!Since the metric (1.5) is a vacuum solution, it cannot describe the interior of the star (r < R.)
where the value of the energy-momentum tensor is non-vanishing due to the presence of matter. In
this region other solutions to (1.3) need to be considered, but we are not interested in those here. Note
that at the surface » = R, we need to impose appropriate boundary conditions (see for example [13]
for more details).

2Note that for stars R. > 2GM meaning that the factor (1 —2GM /r) is positive for all 7 > R, and
most importantly never vanishes.

3For a more precise definition, see for example [12].

12



CHAPTER 1. INTRODUCTION

let us introduce a new coordinate
V=147, (1.8)

and rewrite Schwarzschild metric using the so-called the ingoing Eddington-Finkelstein

coordinates

ds* = — (1 - QCiM) dv? + 2dr dv + r* (d6* + sin® 0d¢?) . (1.9)
In this coordinate system the point r = R is completely regular as all components of
the metric and its inverse are non-divergent. We can now use this coordinate system
to investigate the region 0 < r < Rgs. At the event horizon the causal structure of
spacetime changes. In the region r < Ry all future light cones are directed towards
r = 0. This means that no causal curve can cross from the region 0 < r < Rgs tor > R,
or, in other words, no information can escape this region of spacetime.

Our current understanding of black holes suggests that the matter inside them is so
dense that there is no force that can withstand the gravitational collapse and thus all
matter is concentrated in a very small region around r = 0. Using the new coordinates
we gain access to this point. There matter highly distorts the spacetime as can be seen
from (1.6) which diverges at the origin. Since this result is coordinate independent,
it suggests that as » — 0, the curvature of the spacetime diverges — this point is a
curvature singularity.

At such singularities general relativity breaks down. From a physical point of view
this may be expected as general relativity is a classical theory that works well over
large distances at which quantum effects are negligible. But at a singularity we expect
these effects to be important. So it should not be a surprise that a classical theory
cannot fully describe a black hole and a new, more complete theory, which reconciles
quantum and gravitational effects, should be used.

The indication that a full theory of quantum gravity is needed can also be seen by
considering the thermodynamic properties of black holes. There exist a set of results,
commonly referred to as the laws of black hole mechanics, that closely resemble the
usual laws of thermodynamics [14,15]. The first law of black hole mechanics is the

analogue of energy conservation. It states that a change of the mass of a black hole

13
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dM is related to the change in the horizon area § A by’

K
M= —/F%A 1.1
6M = =64, (1.10)

with k being the surface gravity of the black hole, which can be interpreted as the
tension of the string that an observer measures at infinity for a test mass suspended
at rest just above the horizon.” This expression closely resembles the first law of ther-
modynamics where the change of internal energy is given by dU = T'dS if we assume
that no work or charges were changed. This is further strengthened by both the zeroth
law of black hole mechanics, which states that the surface gravity is constant across
the event horizon, and by the second law stating that classically the area of the event
horizon of a black hole cannot decrease. Both of these laws are have their analogues in
thermodynamics, dealing with temperature and entropy respectively. This led Beken-
stein to propose that black holes have an associated entropy that is proportional to the
area of the event horizon [16].

The exact expression was derived by Hawking [17] who analysed the behaviour of
quantum fields in a spacetime created by collapsing matter that eventually forms a
black hole. He observed a constant flux of particles, which is now known as Hawking
radiation, originating from the region near the horizon, and furthermore he showed that
the spectrum of these particles is thermal® with the temperature given by the Hawking

temperature

hk

Ty =—
H 27_(_7

(1.11)

where we have set ¢ = kp = 1 while A and G are kept explicit. Inserting this into

(1.10), one can read of the corresponding entropy of a black hole, called the Bekenstein-

4In the case of a charged and rotating black hole we also include the change in the angular momentum
6J and electric charge 6Q

M = 6A+ Q5T +®6Q,
81

where (2 is the angular velocity of the black hole as measured by an observer at infinity, and ® is the
electrostatic potential. This form makes it more apparent that the first law of black hole mechanics
and first law of thermodynamics are analogous.

50On a more technical note, a theorem by Hawking showed that in a stationary, analytic, and
asymptotically flat spacetime describing a black hole, the event horizon is a Killing horizon, meaning
that in the neighbourhood of the horizon there exist a Killing vector field k™ normal to the horizon.
The surface gravity can then be defined through the equation

MV kY = sk

where V) is the covariant derivative on the spacetime and the left hand side of the equation is evaluated
on the horizon. The surface gravity thus measures the failure of the integral curves of k™ to be affinely
parametrised. For more details see [11,12]

5Tn fact, this is the same spectrum that Planck was analysing some 70 years prior.

14



CHAPTER 1. INTRODUCTION

Hawking entropy (reinstating G)

Ap

(1.12)

By retaining i we can observe the “quantumness” of these results, as classical expres-
sions are obtained by taking the formal limit A~ — 0, where the entropy diverges and
the temperature vanishes.

To give a sense of the magnitude these values take, we can evaluate them for the
Schwarzschild black hole. The entropy scales with the square while the temperature

scales with the inverse of the mass. Reinstating all the constants, we obtain

2
Spy ~ 1077 (;‘f@) xkpg, Tyg~6x107° (%9) K. (1.13)
While the precise values vary between different types of black holes (e.g. rotating,
charged), we can gain some intuition about the magnitude of the values. The temper-
ature of a black hole is typically very close to the absolute zero, whereas the entropy
of a black hole is enormous.

The above results are not without their problems. They offer us a glimpse into the
quantum nature of space and time without the proper understanding of the full theory,
so it should not be surprising that we run into paradoxical results. Two problems that
arise if we try to understand the consequences of (1.11) and (1.12) are the entropy
puzzle and the information paradox. They are related to the apparent inconsistencies
of the encoding of information in a black hole, at least when we treat the problem

classically.

1.2.1 Entropy Puzzle

The only parameter in the Schwarzschild solution (1.5) is the mass. More compli-
cated metrics, such as the Kerr-Newman that describe the spacetimes of rotating and
(electrically and magnetically) charged black holes, depend also on the electric and
magnetic charges, and angular momentum. In all such cases, there exist uniqueness
theorems [18,19] which state that a black hole geometry is uniquelly specified by only
a finite number of parameters.

On the other hand, the entropy of a black hole with a non-vanishing horizon area
is non-zero. This implies that there should exists a set of microstates whose ensemble
averages reproduce the macroscopical observables of a black hole. Recall that the
relation between the entropy and the number of microstates €2, in a microcanonical

ensemble is given by Boltzmann’s law (kg = 1)
S =1logQ, . (1.14)
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Combining this with the Bekenstein-Hawking entropy suggests that a black hole should
have e”BH microstates. In the case of a Schwarzschild solution with a mass equal to
that of the Sun this amounts to roughly 9, ~ 4 x 107.

The two results are at odds. If the spacetime is determined uniquely, then there is
no room for microstates. But the non-zero entropy suggests that some microscopical
description may exist. Our current understanding is that to resolve this puzzle one
needs a consistent theory of quantum gravity, after all, the uniqueness theorems are
classical results, whereas the Bekenstein-Hawking entropy is a quantum (or at least

semi-classical) expression.

1.2.2 Information Paradox

Quantum mechanics teaches us that in physical systems time evolution is unitary,
meaning that information is neither spontaneously destroyed nor spontaneously created.
Black holes seem to violate this principle, as can be seen from the following scenario
(see left panel of figure 1).

Start with matter in a pure state so that information about the initial configuration
is completely known and let this matter collapse into a black hole. According to the
uniqueness theorems, once the spacetime settles it is parametrised only by a few charges.
Furthermore, classically the black hole can only increase in size and the information
about the initial state is forever hidden behind the horizon, inaccessible to an outside
observer.

However, semi-classically black holes lose mass through Hawking’s radiation. As-
sume that the black hole evaporates completely so that the final system consists only
of Hawking radiation. The information paradox arises because the spectrum of the
emitted particles is thermal [11], which is described by a mized state. Thus we have
described a process in which a pure state evolved into a mixed state. This is not allowed
in a unitary theory, as in such a process information is lost forever.”

A heuristic picture of Hawking radiation is the following (see right panel of figure 1)
[22]. By turning on quantum effects, we allow for quantum fluctuations of the fields
around the vacuum. This allows for particle-anti-particle pairs to jump in and out
of existence for a short period of time, according to the uncertainty principle. At
a generic point in space the two particles are pair-created and annihilated in quick
succession. However, if the pair-creation occurs near the horizon, one of the particles
can cross into the black hole region and is thus unable to recombine with its partner.

The outside particle is thus free escape the gravitational potential and is emitted as

7 There are other, equivalent ways to state the information paradox. For example, one can analyse
the entanglement between the radiation and the evaporating black hole. The entanglement entropy of
the radiation rises monotonically, while in a unitary theory one expects the entanglement entropy to
eventually start decreasing and follow the Page curve [20,21].
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Figure 1: (Left): The schematical depiction of a black hole collapse and subsequent
radiation. Some matter (black) collapses and at some point forms the horizon (red
dashed) and a singularity (zigzag black line). The black hole emits thermal Hawking
radiation (blue wavy curves) and decreases in size until it evaporates completely. In such
a process an initial pure state (matter) evolves into a mixed state (thermal radiation)
which violates unitarity. (Right): The pair-production of a particle X and its anti-particle
X. Away from the black hole (gray with dashed boundary representing the horizon), the
pair quickly annihilate. Near the horizon, the anti-particle crosses the horizon, thereby
lowering the mass and decreasing the horizon area, while the particle escapes to infinity.

Hawking radiation.

One important aspect of the above process is that Hawking particles get created
at the horizon and thus can carry information only about that region of spacetime.
As we discussed, the curvature at the horizon is small for black holes with high mass.
Therefore we expect that in such a region (effective) quantum field theory is a good
approximation to the full physical theory, or in other words, quantum gravitational
effects should not make significant contributions, so perhaps then it should not be
surprising that there is no information encoded in the Hawking radiation

The above argument is not completely sound proof. It was shown in [23] that for
a sufficiently old black hole under reasonable conditions the following three statements

cannot be simultaneously true

1. Hawking radiation is in a pure state, thus allowing for preservation of unitarity.
2. The radiation originates at the horizon where no new physics is necessary.

3. An observer passing through the horizon experiences nothing out of the ordinary.

This suggests that we either need to accept the loss of information, assume new non-
trivial physics already at the horizon scale, or let an observer burn in a firewall as they
cross the horizon.

It seems that the resolution of the paradox requires a full quantum theory of gravity.
Yet combining quantum field theory and general relativity famously runs into troubles
(see for example [12]). However, a unified framework where these two theories emerge

consistently in the low energy limit is string theory.
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Figure 2: A schematic depiction of the world-sheets of a closed string (left) and an
open string (right) whose left endpoint is fixed on a flat brane, while the right endpoint
is free to move. The extended nature of the fundamental objects resolves many problems
of conventional theories where the funamental objects are point-like. Different species of
fields (particles) arise as excitations on these strings.

1.3 String Theory and Supergravity

Here we only introduce concepts which are of relevance for the thesis. In doing so, we
mainly follow [22,24-26].

The main idea of string theory is that the fundamental objects are one-dimensional
strings that get resolved at the length scale I, called the string length.® Particles of
different masses are manifested as vibrational excitations of the string. We typically
assume that the string length is much smaller than the experimentally accessible length
scales, hence the stringy nature of fundamental particles remains unresolved which is
why they effectively behave as point-like objects.

As strings propagate in spacetime, they trace out a two-dimensional world-sheet
and depending on its topology, we can distinguish two types of strings. Closed strings
are loops propagating in time and form a cylinder in spacetime, while the world-sheets
of open strings have the topology of a sheet, as they can be seen as finite open lines
evolving in time (see figure 2 for a schematic depiction).

Open strings have two endpoints at which we need to specify the boundary condi-
tions, which needs to be done in every spatial direction. If we impose the Neumann
boundary condition (N), the endpoint is allowed to move freely along the chosen di-
rection at the speed of light. If we impose the Dirichlet boundary conditions (D), the

endpoint is fixed at a certain position in the chosen direction. Such boundary condi-

8We use the string length I, as the free parameter of string theory. One could equivalently use the
Regge slope o’. We set the relation between them as I; = v/o/. Note that in some of the literature
ls = 27V’ can be used.
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Figure 3: An example of a process where open and close strings interact — the emission
of a closed string from a brane. In this process the endpoints of an open string on the
brane combine to form a close string which gets emitted. Since close strings contain the
gravitational part of the spectrum, the strength of such an interaction determines the
extend to which the branes “gravitate”, meaning whether they backreact on the geometry
and cause a bending of surrounding spacetime.

tions describe dynamical hypersurfaces in spacetime, called Dp-branes [27], which are
(p + 1)-dimensional objects extended in the directions where N boundary conditions
are imposed and localised in the directions where D boundary conditions are imposed
(see right panel of figure 2).

One of the motivations for using string theory is that it provides a framework where
quantum field theory and gravity are combined in a consistent way. For example, the
closed string spectrum contains a massless spin-2 field which can be identified with the
graviton. On the other hand, the spectrum of an open string ending on a stack of
N Dp-branes contains a massless vector field living on the world-volume of the brane
transforming under the gauge group U(N). This way the spectrum of string theory
naturally contains both gravitational and gauge fields.

The spectrum also contains other fields depending on the type of string theory. We
always find additional massless fields and we review the massless spectrum of Type I1B
superstring theory below. Furthermore, there exists an infinite tower of massive fields
for both the closed and open strings with the mass of all states scaling with m? ~ ;2.

String theory also has a well defined perturbation theory where open and closed
strings are able to interact. For example, an open (closed) string can separate into two
new open (closed) strings which is the process of particle decay. Similarly, a pair of
open strings can join up and form a closed string or vice versa (see figure 3).

The strength of these interactions is controlled by a dimensionless parameter gs,
called the string coupling constant. We will be mostly interested in the classical string

limit g5 < 1 in which string perturbation theory is valid and stringy loop effects are
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suppressed.

A small value for g, is sometimes not enough to ensure a valid perturbation theory.
Consider a system where open strings end on a stack of N coincident Dp-branes. The
effective string coupling for open string scattering is then given by ¢g;/N which is also
the strength of interaction between open and closed strings. However, the interaction
between closed strings is still determined only by gs. It is this combination of factors
gs and N that allow us to interpolate between different descriptions of the same theory
and is one of the main ingredients of the AdS/CFT duality.

String theory has its own problems. For a well defined theory of the bosonic string
we need to work in 26 dimensions. This number is lowered to 10 if we introduce fermions
and make the theory supersymmetric. A string theory with world-sheet supersymmetry

is called superstring theory and from now on we assume we work with such a theory.’

1.3.1 Type IIB String theory

In particular, we work with Type IIB string theory in 10 dimensions with N/ = 2
supersymmetry. This means that there are two fermionic symmetry generators corre-
sponding to the left and right moving excitations on the string. Each generator is a
Majorana-Weyl spinor, containing 16 real degrees of freedom and we commonly refer to
the components of these Majorana-Weyl spinors as the 32 supercharges of the theory.
In Type IIB theory, the spinors have the same chirality, whereas in Type ITA string
theory, the supersymmetry generators have opposite chirality.'”

The solutions of the equations of motion may not be invariant under all fermionic
symmetries and we say that such solutions break some supersymmetry. An object
which preserves only 32/n of all possible supercharges is called 1/n-BPS. For example,
an object that preserves 16 supercharges breaks half of the supersymmetry and is thus
called 1/2-BPS.

There is a variety of objects appearing in this theory allowing for a rich microscopic
structure. The massless spectrum of the closed string includes a graviton gy/n, a
dilaton ¢, and an anti-symmetric two-tensor Bjsy, which can be written in terms of a
differential form B, called the NS-NS two-form. The spectrum in type IIB also contains
RR gauge fields — the axion Cy, the two-form C5, and a four-form Cjy.

Since the theory is supersymmetric, the massless spectrum also includes fermionic
excitations. There are two pairs of Majorana-Weyl spinors: two gravitinos 1/&4 with

positive chiralities and two dilatinos A/ with negative chiralities, where I = 1,2, and

9In what follows any string theory mentioned is assumed to be supersymmetric. We omit the “super”
in superstring theory, except where the clear distinction between the bosonic string and superstring is
needed.

10We discuss Majorana and Weyl conditions and the conventions on the form notation in more detail
in Appendix A
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Field Object
Metric GMN
Dilaton ¢

NS-NS two-form By

Axion Co

RR two-form Cy

self-dual four-form Cy
Gravitinos w&, I1=1,2
Dilatinos M, T=1,2

Table 1: The massless spectrum of closed strings in type IIB superstring theory or
equivalently the spectrum of type IIB supergravity [24,25]. The number of bosonic and
fermionic degrees of freedom are equal. The gravitino and dilatino fields come in a
doublet of Majorana-Weyl spinors (we suppressed the spinor index). The two gravitinos
have equal chirality which is opposite to the chirality of both dilatinos. The massless
spectrum of open strings depends on the boundary conditions at the endpoints. In general
it is that of a supersymmetric gauge theory on the worldvolume of the brane on which
the string ends.

the spinor indices are suppressed. The massless spectrum of the closed string in type
IIB string theory is summarised in table 1.

Open strings end on Dp-branes on which left and right moving excitations of the
string are identified and thus at least half of the supersymmetries are broken. In type
IIB string theory only branes with p odd are allowed and are all 1/2-BPS objects,
breaking exactly half of the supersymmetry of the full theory. As discussed above, the
massless spectrum of open string excitations gives a vector field A,, with p running
along the directions of the brane world-volume, which transforms under the gauge
group U(N), with N being the number of coincident branes. On the world-volumes of
the branes there are other fields which transform as a scalar under U(N) and fermion
fields that ensure supersymmetry, but the precise details of the open string spectrum
are not important for our purposes. We only use the general notion that on a brane,
the massless spectrum of open strings reproduces a gauge theory.

Branes are also coupled to the closed strings and their massless excitations. Firstly,
branes of different dimensions couple to appropriate RR form fields. In addition, all
Dp-branes couple to the graviton and the dilaton. The coupling is such that there is no
net force between two branes of the same type, as the repulsion due to the form fields
is exactly cancelled by the attraction due to the graviton and dilaton exchange. The

repulsion—attraction equality is the analogue of the cancellation between the electro-
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Object Coupled Field Type of coupling
Fl-string By E
NS5-brane By M
D(-1)-brane Co E
D1-brane Cy E
D3-brane Cy E and M
D5-brane Oy M
D7-brane Cy M

Table 2: The content of Type IIB superstring theory and the fields that these ob-
jects couple to [22,24]. The Fl-string is the fundamental string while the NS5-brane
is a solitonic (5+41)-dimensional object that we do not consider in the main text. The
D(-1)-brane is localised in space and time and should be seen as an instanton. It is also
not discussed in the main text. The couplings “E” and “M” refer to whether the field
couples to the brane electrically or magnetically, in analogy with the coupling of electric
and magnetic point charges in electromagnetism. The D3-brane is dyonic, as it couples
to Cy4 both electrically and magnetically.

magnetic repulsion and gravitational attraction of extremal Reissner—Nordstréom black
holes which leads to Majumdar-Papapetrou solutions [28,29]. Finally, the NS-NS two-
form B couples only to the fundamental string and the NS5-brane. The brane content

and the fields that the branes couple to are summarized in table 2.

1.3.2 Type IIB Supergravity

Massive excitations in string theory scale as m? ~ I 2. If the string length is negligible
compared to the length scale associated to our experiment, then the massive states are
inaccessible and we can work with the theory of massless excitations — supergravity. In
this section we introduce the basics of the low energy limit of Type IIB string theory,
called Type IIB supergravity and present extremal p-brane geometries, the gravitational
description of Dp-branes [26, 30].

Supergravity describes the fields found in the massless spectrum of the closed string.
In type IIB the low energy theory also has 32 supercharges distributed in two Majorana-
Weyl spinors with equal chiralities. We focus on the bosonic sector of the theory, as we
are interested in classical solutions which have vanishing fermionic fields. The relevant

part of the action in the string frame is given by [24]

1 _ 1 1 1
Site = 53 | v V=g [e 2¢ <R+ AV VM — - |H|2) — SR - | B
K2, 2 2 2

1|F |2} L fenmnE (1.15)
- 7145 - 4 3 35 .
4 4&%0
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where the ten dimensional gravitational coupling is related to the string length as

4mk3y = (27ls)8. In the above we have introduced form field-strengths defined as

H=dB, Fy =dCy, F3=dCy— HCy,

1 1
Fs=dCy — 502/\H+§B/\d02 (1.16)

and have used the notation

|
ol = Faa, P2 (1.17)

Note that the last term in the action is the Chern-Simons term. In addition to the equa-
tions of motion derived from this action, we have to impose the self-duality condition
for the field Fy

Fs = +F, (1.18)

where the x-operator is the hodge dual in ten dimensions.

The extremal p-brane solutions are higher dimensional generalisations of the ex-
tremal Reissner—Nordstrom black hole and correspond to objects that are extended in
p-spatial dimensions and localised in the remaining transverse directions. They are
called extremal because they preserve half of the supercharges and are thus 1/2-BPS
solutions and are the supergravity description of Dp-branes found in full string theory.
They are given by the ansatz [25, 26, 30]

ds® = Hp_% N da! dx” + Hp% Sij dy'dy’ (1.19a)
e*? = ng;%p , (1.19b)
Cpr1 =95 " (Hp_l—l) dz® Ndzt AN daP (1.19¢)
B=0, (1.19d)

where x# are the coordinates of the dimensions in which the brane is extended, with
p = 0,1,...p, and ¢, with i = p + 1,...9, are the coordinates in the transverse
directions in which the object is localised.

The equations of motion are satisfied if the function H, is a harmonic function in

the transverse directions

Oo-pHp =0, (1.20)
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and thus takes the form

L,\"?
Hy(r) =1+ (“’) , (1.21)

r
where 72 = Z?:p 11 y'y’, and we have set the constant of integration to 17, which
makes the metric (1.19a) asymptotically flat. Furthermore, as » — 0, the Harmonic
function H, and thus some components of the metric diverge. By studying (1.19) as a
limit of non-extremal solutions, one finds that at this point a horizon with vanishing
area coincides with a curvature singularity.

The solution also has a characteristic length scale L,, given by
7—
LI P = = (m) 2T ( 5 p) gsN1T7P, (1.22)

where I'(z) is the Euler Gamma function. This relation is obtained by equating the
charge carried by the supergravity solution to charge of N coincident Dp-branes in
string theory.

Particularly important is the 3-brane solution (p = 3). If we take the near horizon
or decoupling limit r < L3, where H3 ~ (L3/r)*, then to leading order the metric takes

the form

L2 7“2
ds® ~ 73 dr? + 7 Nuda* dz¥ + L3d03 (1.23)

where = 0,1,2,3, and we have introduced polar coordinates for the six dimensional
space transverse to the branes so that d©22 denotes the differential area element of a unit
5-sphere. This metric describes Anti-de Sitter spacetime in five dimensions multiplied
by a five-sphere, which we denote by AdSs x S°, with the radius of the AdS space and
the radius of the sphere both being equal to L3. Another way of writing this metric is

by introducing a new coordinate z = L3/r so that

L2
ds® ~ 73 (d2* + nyy datdz”) + L3dQ3 . (1.24)

As an aside, the above metric actually describes the Poincaré patch of AdSs space
which covers only a part of the entire spacetime. The whole of AdS can be described by

the use of global coordinates in which the metric takes form (see for example [25,31])"!

ds* = L3 (— cosh® pd7? + dp® + sinh?® pd)3) , (1.25)

171p this discussion we consider for concreteness only AdSs while the generalisation to Anti-de Sitter
spacetimes of other dimensions is trivial. Additional care needs to be taken when dealing with AdSs,
however we will not discuss such a low-dimensional spacetime in this thesis.
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where dQ3 denotes the differential area element of a unit 3-sphere and p > 0. If one
uses these coordinates to parametrise the surface of a hyperboloid embedded in a six
dimensional space with signature (—, —, +,+,+,+), then 0 < 7 < 27, however such
a spacetime contains closed timelike curves which we would like to avoid. Hence we
usually consider the universal cover AdS in which the 7 direction is “unwrapped” so
that 7 € R and is understood to be the usual temporal direction.'” Note that we
encounter global AdSs in equation (5.3.13) in section 5.3 albeit expressed in a different
set of coordinates.

The metric in the form of (1.25) slightly conceals the nature of the boundary of
global AdS. If we perform a coordinate transformation with tanf = sinhp, where
0 <6 < /2, then the metric takes the form

a5t — 5 (—dr® + df” + sin® 0 dQ3) (1.26)

cos? 6 3/ - ’
The boundary of this metric is located at § = 7/2 where we find a double pole. To
extend the metric to this boundary we need to multiply (1.26) by a function which can-
cels out divergence. In doing so we define the metric at the boundary up to conformal
transformations'” [32]. Ignoring this conformal factor, we find that the metric of the

boundary of global AdS is given by
ds® = —dr* + dQ3, (1.27)

which is just R x S3.
We can also extract the boundary metric for the Poincaré patch of AdS. The bound-
ary is in this case located at r — oo (or equivalently z = 0) and the metric, up to a

conformal factor, is simply the four dimensional Minkowski metric on flat space R4
ds? = 1y, do* dx¥ = —dt* + dz*. (1.28)

The two boundaries are related by a conformal transformation. To see this we can

Wick rotate the flat metric to its Euclidean counterpart with ¢t = —it and obtain [31]
ds* = dty, + d7* = di* + 72dQ3 = ¥ (drg + dQ3) | (1.29)

where in the last equality we introduced 75 = log 7. The resulting metric equals to the
Euclidean version of (1.27) (we use Tg = —i7) up to an overall prefactor.
For a generic Dp-brane the length scale of the curvature of (1.19) is L,, which

needs to be much larger than the string length in order for the geometry to be a

12Note that the Poincaré coordinates cover only a half of the hyperboloid, while the global coordinates
cover the entire surface. See for example [25] for more details.
BTransformations which leave the metric invariant up to an overall factor.
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valid description of Dp-branes. Through (1.22) this is equivalent to gs/N > 1, which
is also the regime where open strings are strongly coupled to closed strings. There
the Dp-branes are gravitating which creates a curved geometry. Furthermore, classical
supergravity is valid only if all loop corrections in the closed string perturbation theory
are suppressed. Since this expansion is controlled by the string coupling, we work in

the regime g < 1. All in all, (1.19) is a valid description of Dp-branes in the regime
1< gsN < N. (1.30)

which, from a string theory point of view, requires a large number N of coincident
branes and tuning the value of g; to be small, yet large enough to ensure strong
interactions between open and closed strings.

One has to remember that the metric (1.23) is a solution to the equations of motion
obtained from the supergravity action (1.15) which is the low-energy limit of string
theory. If one considers stringy corrections to the action, then the metric needs to be
amended. For type IIB string theory the first corrections come at order o/3 = 1% [33-35]
and include terms which involve are the contraction of four factors of the Weyl tensor
Capcp'’ [36,37) and are schematically denoted as R* terms.'” The metric (1.23) is
only a valid solution as long as these stringy corrections to the action are negligible,
otherwise a o’-corrected metric of AdS5 x S%, which was worked out in [39,40], needs

to be used.

1.4 AdS/CFT Correspondence

Dp-branes have multiple roles in string theory. They serve as endpoints of open strings
and the world-volumes for the resulting effective gauge theories. They are also the
sources of closed strings.

For a stack of N branes, the effective coupling that determines the strength of
interaction between strings is g;/N. As we have seen, in the regime (1.30) the branes

produce the geometry given by (1.19). On the other hand, in the limit
gsN <1 (1.32)

open and closed strings decouple, and open strings become effectively free. Hence in

MThe Weyl tensor Capep in D dimensions is given by [36]:

2 1
CaBep = RaBep — 3 (9aicRpis — 9B(cRp1A) + ERQA[CQD]B . (1.31)

5There are other correction terms at order {° in the type IIB action, but it was argued in [38] that for
specific spacetimes, such as AdSs x S°, only the R* correction terms are important while the correction
terms involving other fields, such as F5 gauge fields, do not contribute at this order.
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this regime, the branes can be seen infinite objects in flat space on which we have a
system of non-interacting open strings.

Discarding all massive stringy excitations, the resulting theory living on the world-
volume of the brane becomes a weakly-coupled (supersymmetric) U (V) gauge theory in
flat space. This is in stark contrast to the limit (1.30) where open strings are strongly
coupled, but the branes admit a supergravity description. One of the remarkable results

of the last 25 years is that the two descriptions are in fact related.

1.4.1 Study of D3-Branes

In [41] Maldacena studied a stack of N D3-branes in the limit where N is large. He

noticed that in taking the near horizon limit

@ﬁO,wM_U:% fixed, (1.33)

S

the dynamics near the brane completely decouples from the dynamics of the asymptotic
spacetime. Let us consider only the massless spectrum of the theory. On one hand,
the low energy theory of open strings is N/ = 4 Super Yang-Mills (SYM) theory living
on the flat world-volume of the D3-branes, with the gauge group U(N). On the other
hand, the gravitational physics near the brane is described by type IIB supergravity on
the AdSs x S°. Maldacena proposed that these two theories are dynamically equivalent
— the two pictures describe the same physics.

What is more, he conjectured that the correspondence is not limited to the low
energy limit, and thus [41] N' = 4 Super Yang-Mills theory with gauge group U(N) is
dual to type IIB superstring theory on AdSs x S° with additional fluzes on S°.'° The
duality states that each physical object on one side has a corresponding term in the
dual theory. Let us begin by analysing the relations between the free parameters of
the two theories. In the gauge theory we have the Yang-Mills coupling gy s and the
number of colours N, while on the gravity side we have the string coupling g and
the ratio between the radius of curvature of AdS Raqs and the string length Is. It is

convenient to introduce the ’t Hooft coupling
A=g2 N (1.34)

which serves as an effective perturbative expansion parameter in the SYM theory. One
then identifies

A R}
N = 2mgs , 2\ = ?fs . (1.35)

6The correct gauge group should be SU(N), however we do not need the distinction here.
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By taking the limit g5 — 0, we can neglect stringy loop contributions and work
with the classical string. This corresponds to taking N — oo while holding A fixed.
Classical string theory is thus dual to large N gauge theory. Since our knowledge of
the quantum string is limited, we almost always assume that we work in this limit.

According to the second relation in (1.35), taking Raqs > ls, where supergravity
is a good approximation, corresponds to A — oco. In contrast, by setting A < 1, in
which case the gauge theory is weakly coupled, we require I3 &= Raqs. In this case the
curvature scale of spacetime is of the string length, meaning that stringy states become
important and supergravity is not a valid approximation any more.

These relations highlight the importance of the duality — a difficult theory (such as
a strongly coupled gauge theory or a string theory) has a known, and usually tractable
dual.

1.4.2 General Aspects of the Correspondence

A stack of D3-branes is only one of many configurations in string theory that, in
a certain limit, admits two equivalent descriptions in terms of dual theories. Some
examples were already discussed in [41] and by now it is understood that such dualities
occur more generically. So let us now focus on the general correspondence between a
classical gravitational theory and a strongly coupled gauge theory.

The duality emerging from the analysis of D3-branes is not the only instance where
a string theory in a curved spacetime is related to a field theory. Other examples
include [41]: M-theory on AdS7 x S% being dual to a supersymmetric field theory in six
dimensions, which arises from the study of a large number of coincident M5-branes;'”
M-theory on AdSy x S” being dual to a three dimensional field theory (a perhaps better
studied example might be the AdS; x CP3/ABJM duality [42]); and string theory on
AdSs x S% x M, where M is either T% or K3, which is dual to a two-dimensional
superconformal field theory — we study this duality in more detail in chapter 4. These
examples all arise in the top-down approach, where we identify a suitable system in
string theory, take the appropriate decoupling limit, and study the dual descriptions.
While this approach usually allows us to identify the two theories that are involved in
the duality and test the conjecture, it can also limit the applicability.

To extend the range in which one can use holography, one can take all the lessons
learned from the explicit, top-down, examples and construct either a gravitational
theory or a field theory and assume that it admits a dual description. The principle of
this bottom-up approach is that the duality itself is more fundamental and should exist
even outside the systems derived from string theory. In [43] it was even argued that a

generic large N field theory with a gap in the spectrum of states should have a dual

"M-theory is an eleven dimensional theory which includes M2-branes and M5-branes as objects in
the theory and can be seen as type IIA string theory at strong coupling [31].
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gravity description. This approach, which we are going to take in chapter 2, allows us
to isolate the individual ingredients of the theory and infer results that should hold for
all holographic systems.

It is also important to identify the ingredients which are common to the top-down
examples and assume that they are found in the conjectured bottom-up models as
well [31]. For example, the duality should relate a gravitational theory on a negatively
curved bulk spacetime to a field theory in one dimension lower, which we can imagine
to reside at the boundary of the bulk. A large number of degrees of freedom is needed
at the boundary to ensure a gravitational (and not a stringy) description which is
usually achieved by choosing a large gauge symmetry group for the field theory (for
example SU(N) with N — oo0). Furthermore, as we will discuss below, it is important
that the symmetries of both systems are identified (see table 3). For example in the
cases mentioned above, the gauge symmetry in the bulk arises from the isometry of a
compact manifold multiplying the AdS, (for example S° in AdSs x S%) with the size of
the compact manifold being comparable to the size of the negatively curved spacetime.

Both approaches have their advantages and disadvantages. In what follows we
present some of the principles which are commonly assumed. Our presentation is a
combination of the following reviews [25,26,44-46], where a more detailed analysis is

presented and original sources are cited.

Symmetries

We first match the symmetries of the two theories which also allows us to identify the
fields on the gravity side with the operators of the CFT.

The spacetime symmetry of the CFT is the conformal group in D + 1 dimensions,
SO(D + 1,2), which exactly matches the isometry group of AdS in D + 2 dimen-
sions. To see the precise identification, look for example at AdS part of the metric
(1.23), where at each fixed value of r, we get a Poincaré invariant (D + 1)-dimensional
Minkowski spacetime. The additional dilatation symmetry of the CFT is manifested
by the isometry

xt — Azt r— (1.36)

r
A )
with the first part being the usual flat space dilatation, while the r transformation
ensures the preservation of the metric. Thus the dilatation symmetry is associated with
a change of the scale in the radial direction of AdS.'® By introducing an object with

an associated length scale r¢ into the latter space, we break the dilatation symmetry

8Note that in this analysis we are using the Poincaré patch of AdS to describe the gravitational
part of the duality. However the duality is not limited only to a part of AdS, but holds for the entire
spacetime. So the correct statement is that string theory in global AdSp4+2 is dual to a CFT defined
on R x SP [31].
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Symmetry on the Boundary Symmetry in the Bulk

Conformal Spacetime Symmetry Isometry of AdS

Global Symmetry (e.g. R-Symmetry) | Gauge Symmetry (Symmetry of S™)

Gauge Symmetry No analogue

Table 3: The matching of the bosonic symmetries between the gauge theory (left col-
umn) and the dual gravitational theory (right column) [26,44]. In addition the super-
symmetries must match as well.

in the CFT, for example, an asymptotically AdS black hole, whose length scale is set
by the horizon, breaks the the dilatation symmetry of the dual CFT by introducing a
temperature whose value is given by the Hawking temperature of the black hole [47].

Next, a global symmetry of the quantum field theory gets translated into a gauge
theory in the gravity picture. The global symmetry is usually a flavour symmetry or an
R-symmetry under which the theory is invariant. On the gravity side this corresponds
to the symmetry of the S™ part, which can be dimensionally reduced generating a gauge
theory (this is the Kaluza-Klein procedure).

If the theories are supersymmetric, the fermionic symmetries must match as well.
A specific example of such an identification is discussed in chapter 4.

Finally, the gauge symmetry of the field theory has no analogue on the gravity side,
since it is not a physical symmetry, but rather redundancy in the description. As a
consequence, only gauge invariant operators, which represent physical observables, are
mapped onto fields found in gravity. A summary of symmetry identifications is found
in table 3.

Field-Operator Map and Correlation functions

There exist a precise prescription of how to map fields on the gravity side to the gauge
invariant operators of the dual CFT, and as is often the case the physics lies in the
boundary conditions. The precise prescription for computing Euclidean correlators was
first given in [32,48] and was generalised to correlators in Minkowski spacetime in [49]
(see also [50-59]).

We present the prescription through the analysis of a minimally coupled massive
scalar field. Assume that the metric is asymptotically AdSpio with radius Rags, so

that the near boundary expansion r — oo at leading order takes the form

r2

R2
ds* = gy dzMdz™ ~ A g
r? Rias

N daxtdz” (1.37)

where p=0,1,...D. The equation of motion for a scalar field ¢(r, ") with mass m is
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given by the Klein-Gordon equation

o (V=99"Nono(r, ")) —m? /=g (r,a") = 0. (1.38)

This is a second order ordinary differential equation, so it has two independent degrees
of freedom that we need to fix to fully specify the solution. Near the boundary, there

are two independent terms
R2A- 2A
Or) = “AB Gy (@) (14 )+ A @) (L) (139)

where . .. denotes subleading terms that are uniquely determined in terms of @) (")
and @, (z"), and

D+1 D+1\?
Ap = T+ + \/<2> +m?R3 g, (1.40)

so that Ay = D+ 1—A_ and Ay > A_. The solution corresponding to the free
parameter ¢, (x#) is called normalisable, whereas the solution with the degree of
freedom ¢y, (2*) is called non-normalisable, because if we evaluate the scalar field
action on these solutions, the resulting value is normalisable and non-normalisable
respectively.

The prescription [32,48] states that the non-normalisable solution is identified with

the source J(z*)

Dy (1) = J (") , (1.41)

while the normalisable solution is identified with the expectation value (or one-point
function) (O(z#)) of the dual boundary operator O(z*), whose conformal dimension is

given by

D+1 D+1
AO = A+ = T + \/(2> mQRAdS (142)

Since the identification between operators and gravitational fields is done at r — oo, we
often refer to the CFT as the boundary theory with the asymptotically AdS spacetime
considered the bulk.

Equation (1.42) expresses the conformal dimension of a boundary operator O in

terms of the mass of its dual field ¢ in the bulk.'” This relation changes for operators

9For certain ranges of the mass m, @(n) and ¢(np) are both normalisable in which case either can be
identified with the operator dual to the gravity field. Taking the former is called regular quantisation,
while taking the latter is called alternate quantisation, in which case the conformal dimension of the
dual CFT operator is given by Ap = A_. Special care needs to be taken if Ay = A_, but we do not
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Bulk Fields Conformal Dimension of Dual Operator
scalar fields Ay =1 (D +1+ \/(D +1)2 + 4m2R%dS>
spinor fields A = 3 (D + 1+ 2m|Raqs)
vector fields Ay =1 (D +1x \/(D -1)*+ 4m2RidS>
p-form fields A=1 <D +1+ \/(D +1-2p)* + 4m2RJQXdS>
spin-3 fields A =5 (D + 1+ 2|[m|Raas)

massless spin-2 fields A=D+1

Table 4: The relation between the mass of a field in AdS and the conformal dimension of
its dual boundary operator [26]. Where the conformal dimension is denoted by A+, one
encounters two possible quantisations that cover the spectrum of boundary operators.

with non-zero spin, and the results are summarised in table 4. Combining the results
of table 3 and table 4 allows us to identify duals of important bulk excitations. For
example, metric excitations are identified with the energy-momentum tensor of the dual
theory, while the excitations of the gauge field in the bulk are related to the globally
conserved current in the CF'T. These two identifications are universal in all holographic
theories.

To uniquely determine the solution to the bulk equations of motion, we need to
specify a boundary condition in the interior. In the case of Euclidean AdS space (after
Wick rotating the time coordinate) it is sufficient to demand that the fields are regular
in the interior. The correspondence then states that the exponent of the gravitational
action evaluated on the regular solution with the boundary identification (1.41) is

equivalent to the CFT path integral with a source. For a scalar field this gives

e_sgrav [(ﬂ

- <e— Jartte J(x“>0<x“>> (1.43)

d)(nn):‘]

CFT’

or in other words, the on-shell gravitational action acts as a generating functional for
the correlators of the dual CFT. The calculation of correlation functions in Lorentzian
time contains additional subtleties which are discussed in chapter 2.

With this we conclude our brief review of the AdS/CFT duality. We have glossed
over many important details, such as the renormalisation procedure which makes the

equation (1.43) well defined, nonetheless we have introduced the relevant concepts that

consider such details here.
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are used throughout the thesis.

1.5 Structure of the Document

The structure of the remainder of the document is as follows.

In chapter 2 we begin by stating the prescription for calculating the retarded Green’s
function in holographic theories. We then review pole-skipping, a phenomenon in which
a pole and a zero of holographic correlation functions coincide, by studying bulk scalar
fields in section 2.2 and excitations of the bulk metric in section 2.3. In the latter case
we also discuss a potential relation to chaotic properties of such theories.

In chapter 3 we show that pole skipping is generically observed for fermionic fields
as well. We start by analysing the equations of motion in asymptotically AdSs spaces
for which some of the Green’s functions are explicitly known. Higher dimensional
spacetimes are considered in section 3.4, while in section 3.5 we show that near the
pole-skipping points the correlator is infinitely multivalued. In section 3.6 explicit
examples are considered before we end with some concluding remarks.

In chapter 4 we introduce the D1-D5-P system by studying its gravitational descrip-
tion and the corresponding brane picture in section 4.2 and section 4.3 respectively. We
then review the AdS3/CF T, duality and give a brief overview of the D1-D5 CEFT at the
orbifold point where the field theory is described by a collection of free fields. We then
present the fuzzball proposal in section 4.6, which says that one should treat classical
black holes as a course-grained average over many horizonless microstates. Finally, we
introduce the microstate geometries programme whose aim is it to construct smooth
and horizonless solutions within supergravity that have the same charges as a given
black hole.

In chapter 5 we present the construction of a new family of superstrata — microstates
of the D1-D5-P black hole for which the dual CFT description is explicitly known. The
procedure relies on the construction of Killing spinors of global AdS3 x S? presented in
section 5.4. These are then used as generators of a new perturbation around AdSsz x S3
whose non-linear completion, calculated in section 5.6, is the new superstratum family.

We conclude in chapter 6 with an outlook on future research directions.

The appendices contain some technical details that are omitted from the main text.
In Appendix A we collect the conventions used throughout the document. Appendix B
and Appendix D contain some explicit calculations for the results presented in chapter 3
and chapter 5 respectively. The exact Green’s function for fermion fields in the BTZ

black hole background is calculated in Appendix C.
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Chapter 2
Review of Pole Skipping

In this chapter we define different two-point functions appearing in thermal quantum
field theories and present the prescription for calculating the retarded Green’s func-
tions in theories with gravity duals, by studying scalar fields in asymptotically AdS
spacetimes.

We then turn to pole-skipping, a phenomenon where at certain (imaginary) values
of the frequency and momentum, the value of the retarded Green’s function of a holo-
graphic theory is infinitely multivalued. We introduce the basic principles through the
analysis of scalar fields in the bulk, before reviewing the results for the energy-density
correlator and comment on the connection to chaos.

Parts of this chapter have been reviewed in [2].

2.1 Introduction and Motivation

2.1.1 Retarded Green’s Functions

In this and the following chapter we are interested in retarded Green’s functions in
theories at finite temperature. Our main motivation is to understand the behaviour of
strongly coupled holographic quantum field theories which, through the AdS/CFT cor-
respondence, have an equivalent description in terms of classical gravitational theories

on curved backgrounds.

We consider field theories in a state at a finite temperature T = $~!. In such
theories the expectation values of an operator O is defined to be
(0) = tr (p0) , (2.1)

with the trace operator going over the Hilbert space of the field theory, and p is the
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density matriz given by

exp (—fH)
tr [exp (—fH)]’

p (2:2)
where for the canonical ensemble H = H is just the Hamiltonian, while for the grand-
canonical ensemble H = H —u;Q;, with Q; being the operators measuring the conserved
charges and pu; the associated chemical potentials.

The fundamental objects of interest are retarded Green’s functions. For a bosonic

operator Op(t, Z) these can be written as (we follow the conventions of [55])
Gy)(t.7) = ib(t) ([Op(t,7), 0(0)]) (2.3)

where 6(t) is the step function and the brackets denote the expectation value of the

commutator. Similarly, the advanced Green’s function can be defined as

One can also define other two-point functions, such as the Feynman propagator or the
(symmetrized) Wightman function [49,60], however these can be determined once the
retarded Green’s function is known (see for example (2.7) of [49] for a relation between
the Feynman propagator and the retarded Green’s function in momentum space).

In Euclidean signature (7p = it) we usually deal with only a single correlator defined
by

G(EB) = <TEOB(TE,f)OB(O)> s (25)

where T denotes Euclidean time ordering.

If the operator Op(t,¥) is a complex fermion field, then the commutator has to
be replaced with an anti-commutator and the analogous Green’s functions are defined
as [55]

Gl (t,7)

i0(t) <{(’)(t,f),OT(O)}> , (2.6a)
Gl (t,7) = —ib(—1) <{(’)(t, 7), OT(O)}> : (2.6b)
Gl (e, @) = (TwO(75,7)01(0)) . (2.6¢)

where the O denotes the hermitian conjugate.

By performing a Fourier transformation one can obtain correlators in momentum
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space, which in the Euclidean and Lorentzian signature are given by [49]
GF (wE,E> = / dat GE (1, B) e~ iwpTE— kT (2.7a)
GRA (w, E) - / dz* GRA(t, 7) et iR (2.7b)
where the Green’s functions can involve either bosonic or fermionic operators.

2.1.2 Prescription for Holographic Retarded Green’s Functions

Our aim is to calculate retarded Green’s functions in holographic theories at finite
temperature. The prescription (1.43) is formulated in Euclidean space and thus can
be used to obtain Euclidean correlation functions. Lorentzian time correlators can in
principle be obtained from their Euclidean counterparts by an appropriate analytic
continuation, however as discussed in for example [49] or [51], this procedure is only
possible if the Euclidean correlator is known exactly for all Matsubara frequencies. In
practice the Euclidean correlator is often obtained only in some approximation or only
at some, but not all, Matsubara frequencies. Thus in most cases we prefer a direct
method to a Green’s function in Lorentzian signature, which was formulated in [49]
(see also [50-59]).

Assume that the bulk gravitational theory is described by the Einstein-Hilbert ac-
tion with a negative cosmological constant term. We allow for additional matter content

that can also contribute to the curvature of spacetime, thus the total action is given by

S = / dPT2e/—g (R — 2A) + Spatter (2.8)

where A = —D(D + 1)/2R3 44 is the cosmological constant, Raqs is the AdS radius,
which we henceforth set to Raqs = 1, and Sj,qter denotes the matter contribution to
the action.

As initially proposed in [47], the gravity dual of a thermal state is a black hole in
AdS whose Hawking temperature matches the temperature of the boundary theory.
In our case we assume that there exist a generic planar black hole solution which is

asymptotically AdS and whose metric is given by

dr?
r2f(r)

ds* = —r2 f(r)dt* + + h(r)dz*, (2.9)
with r denoting the radial direction and the boundary is located at r — oo. Fur-
thermore, ¢ denotes time, and x; with ¢ = 1... D are the coordinates of the D spatial
dimensions, thus making (¢,Z) € R"P the spacetime on which we find the boundary

theory.
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The precise form of the two functions f(r) and h(r) is determined by the additional
matter, yet their near-boundary behaviour is constrained to be

lim f(r) —1, lim h(r) — r?, (2.10)

r—00 r—00

by demanding that the spacetime is asymptotically anti-de Sitter. We also assume that
the geometry has a non-degenerate horizon at r = rg, i.e. f(ro) = 0 with f/(rg) # 0,

so that the corresponding Hawking temperature is given by
47T =13 f'(r0) . (2.11)

The simplest solutions of the this type are planar AdS-Schwarzschild black holes with

To

Fr)=1— (f)D“ R =2, (2.12)

r

which in the case of D = 1 becomes the BTZ black hole [61,62], and occur when there
is no additional matter in the system.
The horizon plays a central role in our analysis. Thus it is convenient to switch to

the ingoing Eddington-Finkelstein coordinates, which we now define more generally as

dry 1
=t+r., = , 2.1
v T dr  r2f(r) (2:13)
with the metric taking the form
ds? = —r? f(r)dv® + 2dv dr + h(r)dz? . (2.14)

In these coordinates the horizon is a regular surface where the components of the metric
do not diverge.

Let us now review the prescription of Son and Starinets using a bulk scalar field ¢
and its dual boundary operator O. Assume that the action of the bulk scalar is given
by

1

S, = —Q/dD“a:\/—g (gMNaMgo ONy + m2g02) , (2.15)

resulting in equation of motion

I (V=g9"None) —m*/=gp =0. (2.16)

Assume that the backround metric is given by (2.14). Since the metric components

depend only on the variable r, we can consider the plane-wave ansatz ¢ = (ﬁ(r)e_i“”“k'f
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which reduces the differential equation to
d
— [n® (12£0,0 — iwg) | —iwh¥ 0,0~ hET! (K2 +m?h) 6 = 0. (2.17)

Next we expand this equation around the horizon. In the ingoing Eddington-
Finkelstein coordinates the horizon is a regular point, so we assume that the series
expansions of f(r) and h(r) around this point have finite radii of convergence, and look

for the solutions that are regular at the horizon and can thus be written as
o0 .
$(r)=>_ ¢i(r—ro), (2.18)
§=0

Near the horizon, there exist two power law solutions ¢ = (r — rg)® with

_ W
T

a; =0, a2 (2.19)

For generic values of w, only the solution with exponent «; is regular and is therefore
taken to be the ingoing solution, while the solution with exponent cg corresponds to
the outgoing solution.”"

The prescription [49] states that in order to calculate the retarded Green’s function
only the ingoing solution (which we call ¢r) needs to be retained while the outgo-
ing solution is set to 0. The chosen solution is then evolved in the radial direction
outwards to the boundary of AdS where it can be expanded into a normalisable and

non-normalisable part
or = ¢ (W, k)yrto=P=l L gy kyrRo (2.20)

where Ap is given in (1.42). The non-normalisable solution is again identified with the
source field, while the normalisable solution is identified with the expectation value of

the dual operator. The retarded Green’s function of the dual operator is then given by

¢ (w, k)

R
G k) o o k)

(2.21)
up to possible contact terms. The constant prefactor can be obtained from a more
careful analysis of the action near the boundary, but plays no role in this thesis.

The above is reminiscent of linear response theory where upon the introduction of

an external source J(z) of a field ¥ (z), the relation to linear order in the interaction is

20The exponent a; has to be zero, because the horizon is not a special point in the ingoing
Eddington-Finkelstein coordinates. In the coordinate system of (2.9), the two exponents take the

values a+ = +-%. The solution with a_ is ingoing, while a is related to the outgoing solution.

4T
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given in Fourier space by (see for example [63])
5 (Y(w, k) = —GE(w, k) J(w, k), (2.22)

with the additional minus sign being due to our choice of conventions, and § (¢)(w, k))
denotes a small change in the expectation value of the field evaluated in the equilib-
rium ensemble. In holographic theories, we associate the one-point function with the
normalised bulk solution and the source with the non-normalisable bulk solution, thus
we see that (2.21) and (2.22) are analogous. This is why retarded Green’s functions are
one of the basic quantities of interest in quantum field theories, as they measure how

the system in equilibrium responds to small perturbations.

2.1.3 Motivation for Pole-Skipping

In principle the prescription for calculating the retarded Green’s function is straightfor-
ward. However, evolving the ingoing solution from the horizon to the boundary turns
out to be computationally challenging. While it can be done explicitly in the sim-
plest cases (e.g. the BTZ black hole [49,55,64—66]), typically one has to use numerical
methods to obtain full solutions.

Generically, the retarded Green’s function depends in a complicated way on the
details of the state in the quantum field theory which by the holographic dictionary
means an equally complicated dependence on the full bulk profile of the dual field.
Thus obtaining a complete solution of the bulk equations of motion is paramount to
uncover all the details of the Green’s functions.

Simplifications occur in the low-frequency and low-wavenumber limit, where the
form of the correlator is dictated by near-horizon physics in the bulk and its qualitative
features are independent of the rest of the geometry. For example, the value of the
ratio between the shear viscosity and entropy density is determined only by the horizon
geometry and is independent of the value of the bulk field couplings [67].

Recently it has been observed that certain properties of the correlators away from
the w = 0, £ = 0 point in Fourier space can already be seen in the near horizon
behavior of the solutions [68-75]. At certain finite imaginary values of the frequency
and momentum there is no unique ingoing solution at the horizon. As a consequence,
near these points in Fourier space the holographic retarded Green’s function ceases
to be uniquely defined and takes on a form that explicitly depends on a parameter
determining the direction in which we approach the special point. Such behaviour was
dubbed “pole-skipping” as it occurs where a line of poles intersects a line of zeros of

the Green’s function of the dual boundary operator.
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2.2 Pole Skipping for Scalar Fields

Let us start by analysing pole-skipping for a minimally coupled scalar field with the
action (2.15). We closely follow [72] where these calculations were initially performed.
See that paper and the references therein for more details.

Working in the ingoing Eddington-Finkelstein coordinates, we saw that the equation
of motion (2.17) has two power law solutions at the horizon with the exponents given by
(2.19). For generic values of w, the solution with the exponent s cannot be expanded
in a regular series around the horizon, hence the solution with a4 is the unique ingoing
solution.

However, at the special values of frequency w, = —2inTn with n = 1,2,..., the
second exponent becomes as = n, and naively both solutions seem to be regular at
the horizon. But in fact, the solution with the exponent a; becomes logarithmically

divergent as the full near-horizon expansion now takes the form

o(r)=¢o[l+ Ai(r —ro)+ ...+ (r —1r9)" log(r — 7o) (Bo + B1(r — 7o) + .. .)]
+ On(r—ro)"[1+Ci(r —mro) +...], (2.23)

where ¢¢ and ¢, are the free parameters associated with the two solutions near the
horizon, and the coeflicients A;, B;, and C; are completely determined in terms of the
scalar field mass and the background metric evaluated at the horizon. Since the ingoing
solution is regular in the ingoing Eddington-Finkelstein coordinates, we are prescribed
to set ¢9 = 0 which eliminates the divergent parts. Thus even at such special values
of the frequency, there exists a unique ingoing solution at the horizon, albeit with a
different leading near-horizon behaviour.

However, for certain values of the momentum k, all B; coefficients vanish, rendering
all solutions regular at the horizon. Therefore, for finely tuned values of w and k,
there are two independent ingoing solutions. Thus when using the prescription of [49],
selecting the ingoing solution does not sufficiently constrain the solution to yield a
uniquely defined retarded Green’s function.

To see this explicitly, insert the field expansion (2.18) into the equations of motion

(2.17), expand them around the horizon as
o0 .
S = ZS](T — 7"0)] 5 (224)
j=0

and solve the resulting system of algebraic equations S; = 0 order by order for each j.

The first relation imposes a constraint between ¢g and ¢

So = (47T — 2iw) h(rg) ¢1 — <k2 + m2h(ro) + “"D;L/(”’)) ¢o =0, (2.25)
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which, for generic values of £ and w, can be used to determine ¢ in terms of ¢g. The
next equation, S = 0, relates ¢2, ¢1 and ¢, which combined with (2.25), determines ¢,
as a function of only ¢g. This procedure is then repeated indefinitely until all coefficients
are uniquely determined in terms of only ¢g, which serves as the undetermined overall
normalisation, or equivalently, the free parameter of the ingoing solution.

If we evaluate (2.25) at w = wy = —2inT, which is the first bosonic Matsubara

frequency,”' the equation becomes
(k* + m?*h(ro) + 7DTH (r0)) ¢o = 0, (2.26)

which for generic values of k imposes ¢g = 0 while leaving ¢; unconstrained. Higher
order equations §; = 0 are then used to express all other coefficients ¢, uniquely in
terms of ¢1, which in this case serves as the free parameter of the solution. This result is
consistent with the analysis of the divergences in (2.23), as when w = w; the exponents
(2.19) take the values oy = 0 and o = 1, with the solution associated with the former
being divergent due to the logarithmic terms.

Finally, the equation (2.25) becomes trivially satisfied, leaving ¢y and ¢; uncon-

strained, if the frequency and the wavenumber are tuned to be equal to
wy = —=2inT, kI =—m>h(ro) — nDTH (r0). (2.27)

Higher order constraints S; = 0 allow us to express ¢;, with j = 2,3,..., as a linear
combination of ¢y and ¢1, in which case we obtain an explicit ingoing solution with two
independent free parameters. Due to the lack of a unique ingoing solution, the retarded
Green’s function of the operator dual to the scalar field is infinitely multivalued at this
point in Fourier space.

Furthermore, it was shown in [72] that there are infinitely many additional pole-

skipping points located at higher Matsubara frequencies w = w, = —2wiTn. To locate
these, we arrange the system of equations §; = 0 for j = 0,1,2,... in matrix form
My 27T —iw 0 0 o\ (%o
M M. 4T — iw 0 B
Mw, k) o= | * 2o =0, (228)

M31 M32 M33 o6nT —iw ... ¢2

where the coefficients are generically of the form M;;(w, k%) = iw aij + kaij + ¢ij, with

a;ij, bij, and ¢;; determined by the background metric at the horizon and the mass of

2'Euclidean Green’s functions are defined at Matsubara frequencies which are real numbers. With
an abuse of language, we refer to the purely imaginary frequencies w, = —2min (n € Z*) as Matsubara
frequencies as well.
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the scalar field. Due to the almost-lower triangular form of the matrix M (w, k?), the
system is easily solved iteratively with all ¢,, expressed in terms of only one parameter,
which is usually taken to be ¢g, as we have discussed above.

Such a solution exists only if the frequency is not equal to one of the bosonic Mat-
subara frequencies, in which case exactly one of the elements above the main diagonal
of M vanishes. If we assume that w = w,, we obtain a closed set of equations for the
coefficients ¢ = (¢, . .., dn_1), which is of the form

M (w,, k) - ¢ =0, (2.29)

where M (w,,, k?) is the submatrix of M (w,k?) consisting of the first n rows and
first n columns. For generic values of k, the matrix M) (wn, k?) is invertible, setting
¢ = 0. Inserting this into (2.28) allows us to solve the remaining system of equations
iteratively with ¢,, as the free parameter.

If the value of k is such that the matrix M (w,, k?) is not invertible, then the
regular solution of (2.28) has two free parameters, for example ¢g and ¢,,. This occurs

at the following locations in Fourier space
_ . 2 _ 2 (n) 2y _
wp, = —2miTn, k* = k2, det M (wp, k) =0, (2.30)

which at each order n, due to the determinant being a polynomial function of k2 with
degree n, gives in general 2n pole-skipping points. Similar to before, at these locations
imposing the ingoing boundary condition at the horizon does not yield a unique value
for the retarded Green’s function.

Near such points in momentum space the correlator takes on the pole-skipping
form [70,72], given by

Sw — (S«
GR(wn + 8w, kn + 6K) o (;"(g’j (2.31)
Sk

where (0w/d0k), is the direction at which we obtain a normalizable solution, correspond-
ing to the poles in the boundary Green’s function, while (dw/dk), denotes the direction
of the non-normalisable solution associated with the slope of the line of zeros of the
correlator. This form shows that generically pole-skipping points are intersections of
lines of zeros and lines of poles of the retarded Green’s function. This is the motiva-
tion behind the name “pole-skipping”, because at such points the expected divergence
coming from the vanishing denominator of (2.31), is cancelled out by a coinciding zero
of the numerator of the correlator [68-71].

There also exist anomalous points [72] which are locations that appear as possible

pole-skipping points from the near-horizon analysis, but the Green’s function near them

42



CHAPTER 2. REVIEW OF POLE SKIPPING

does not take the pole-skipping form (2.31). For the scalar field a location is called

anomalous if, in addition to (2.30), it satisfies [72]
O det M (wy,, k2) =0, (2.32)

which means that anomalous points correspond to locations of coinciding pole-skipping
points. We discuss the appearance and meaning of such locations in much more detail

in the next chapter when we study pole-skipping for fermionic fields.

2.2.1 Example: BTZ Black Hole

As an illustration of the above concepts, we can analyse the example of a massive
minimally coupled scalar field (with action (2.15)) propagating in the non-rotating
BTZ black hole background with the metric [61,62]

ds® = —(r? —r2)dt* + + r2da? (2.33)

)

with 0 < x < 27 and 7o denoting the location of the horizon which is related to the

mass and the temperature of the black hole as
21T =19, SMGy =18, (2.34)

where G is the Newton’s constant.
In this case the retarded correlation function of the dual boundary operator is known

explicitly [49] and can be (up to some constant prefactors) written as [72]

A i(k—w A i(k+w
r (5 + (47rT)) r (5 - (47rT))

P g G5 -G

GR(w, k) x

(2.35)

where we have used the conformal dimension of the dual operator A, which is related
to the mass m of the bulk field through m? = A(A — 2). In the standard quantisation
method the larger root is taken and in the alternative quantisation the smaller root of
the equation is chosen. Importantly, we need to note that (2.35) is valid only if A takes
on a non-integer value. In the special case of integer conformal dimensions additional
care needs to be taken and we discuss such occasions later.

With the exact expression for the retarded Green’s function known, we can explicitly
check the pole-skipping structure of the correlator. This analysis was first performed
in [73] and [72] with our analysis closely following the latter presentation. Following
the systematic procedure described above, the near-horizon analysis of the bulk scalar

equations of motion on (2.33) (using the ingoing Eddington-Finkelstein coordinates)
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shows that the determinant of the (sub)matrix M ™ (w,,k?) (evaluated at the n-th

bosonic Matsubara frequency w, = —2minT') is given by [72]
n
det M (wp, k) = Co [T (B> = k2 ,),  kog =-13(n—2q1 +A)?,  (2.36)
=1
with (), denoting some constant numbers and ¢; € {1,...,n}. This means that the

bulk prediction for locations of pole-skipping points is given by
w=uw, = —2minT, kng = £2miT(n — 21 + A), (2.37)

withn =1,2,... and ¢1 € {1,...,n}.

Let us now compare these results with the analysis of the exact correlator (2.35).
The Green’s function has a pole whenever an argument of a gamma function in the
numerator equals a non-positive integer and a zero whenever an argument of a gamma
function in the denominator is a non-positive integer. One thus finds that there are
two families of poles, given by

wPb (k) = £k — 2miT(A + 2¢2) , (2.38)

q2

and similarly two sets of lines of zeros parametrised by

wg, (k) = £k —2miT(2 — A + 2q2) (2.39)

where in both cases ¢o = 0,1,2,.... As the name suggests, we expect pole-skipping
whenever a pole and a zero of the correlator coincide which in this case occurs at the
intersections between the lines given by equations (2.38) and (2.39). These locations

are
w=uw, =—2miTn, kn.g, = £2miT(n — 2¢2 + A), (2.40)

withn =1,2,...and ¢2 € {1,2,...n}. Comparing these locations with the near-horizon
prediction (2.37), we observe that the two locations match perfectly (see figure 4 for a
graphical representation of these results).

Should the conformal dimension of the dual field be an integer then the correlator
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Figure 4: Plots of the locations of pole-skipping points for the scalar Green’s function
in the BTZ black hole background with A = 3/2. The left plot shows only the locations
of the pole-skipping points as predicted from the near horizon analysis. The gray points
correspond to the the momentum values with a positive sign in and the hollow points
correspond to the momenta with a negative sign as written (2.37). The right plot has
superimposed the lines of zeros (red, dashed) from (2.39) and lines of poles (blue) from
(2.38). The near-horizon analysis predicts the location of the intersections of lines of
zeros and lines of poles.

takes on a slightly different form, given by [72,73]*

%+ %) (s - )

GR(w, k : :
S (R U= T (R
A ik — A i
¢ () (3] e

with ¢(z) = T"(2)/T'(z) denoting the digamma function. This change of the correlator
has a signature in the near-horizon analysis in the form of anomalous pole-skipping
locations. Here we will merely state the results, while the detailed analysis can be
found in Appendix C of [72]. Let us limit ourselves to the case where A > 1 (and still
an integer).”’ At frequencies w, = —2minT with n < A the pole-skipping points are
located at the standard positions (2.37) whereas for n > A the pole-skipping points
can be found at [72]

wy, = —2minT, kng = £2miT(n — 29+ A), (2.42)
where n =1,2,..., but now ¢ € {1,...min(n, A — 1)}.

Let us now analyse the exact form of the correlator (2.41). Since A is now an
integer, the ratio of gamma functions can be pairwise replaced by a product of a finite

228ee Appendix D of [72] for the explicit derivation of this form for the correlator.
Z3The case for A = 1 is special as there are no non-anomalous pole-skipping points [72,73], so we do
not consider it here.
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number of simple factors, for example

F@“f#))) (12 (o2 ) (3 o

T (1 _ % + i(k—w) 2 47T

47T
(2.43)

where the right hand side contains A — 1 factors. An analogous expression can be
obtained for the other pair of gamma functions.
We see that these products contain the lines of zeros of the correlator, which are

located at
wg, = *k —2miT(2 — A+ 2q1), (2.44)

with ¢ € {0,1,...,A — 2}. The poles of the correlator are contained within the
digamma functions — the Green’s function diverges whenever an argument of either
function is a non-positive integer. This yields two infinite families of lines of poles with

dispersion relations
wh, = xk = 2miT(A + 2g2) , (2.45)

with g2 € {0,1,2,...}. Comparing the lines of zeros (2.44) with the lines of poles (2.45)

we find intersections at
w=uwy, = —2minT, kn.g, = £2miT (n — 2g2 + A), (2.46)

withn =1,2,...and ¢ € {1,...min(n, A—1)}. Again these locations coincide precisely
with the predictions from the near-horizon analysis (2.42) (see figure 5 for an example

of pole-skipping points at integer A).

2.3 Pole Skipping for Spin-2 Fields

Let us briefly review pole-skipping in the energy density correlator where this phe-
nomenon was initially observed [68-71]. We closely follow [70], assume that the back-
ground metric is given by (2.14), and let the metric perturbations take the plane wave
form dgns ]\;e*"wﬂ"%‘gE , with a similar ansatz for any matter fields.

The equations of motion for such perturbations are the linearised Einstein’s equa-
tions which we separate into two parts; let F,, = 0 denote the vv component while

X = 0 schematically represents all other equations. Expand the perturbations in a
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Figure 5: Plots of the locations of pole-skipping points for the scalar Green’s function
in the BTZ black hole background with A = 2. The left plot shows only the locations of
the pole-skipping points as predicted from the near horizon analysis, taking anomalous
pole-skipping points into account. The gray points correspond to the the momentum
values with a positive sign in and the hollow points correspond to the momenta with
a negative sign as written (2.42). The right plot has superimposed the lines of zeros
(red, dashed) from (2.44) and lines of poles (blue) from (2.45). The near-horizon analysis
predicts the location of the intersections of lines of zeros and lines of poles.
series around the horizon as
S 50
(k k
OgMN = Z(SgMN (r—mro)", (2.47)

k=0

with 595\2\, being constant expansion coefficients. Evaluating the equations of motion
at the horizon, X = 0 introduce non-trivial relations between different perturbation
components, while E,, = 0 reads [70]*

/
(—iD“’h(TO) + k2> 3¢9 — i (2T + i) [w, 599, + 2k 59582} = 0. (2.48)

2 xtxrt
If w = 42771 while k is generic, this equation implies that 6975?,) vanishes. If in addition
k* = —D7rTH (ro), then (2.48) is trivially satisfied and does not impose any constraints.
In this case the ingoing condition at the horizon again does not restrict the solution
enough to uniquely determine the Green’s function.
Thus for the energy density correlator, unlike for the scalar field, the first pole-

skipping point is located in the upper complex plane for the frequency at

w = +i>\L, k= iko, (2.49)

#4Tn (2.48) we omitted a term on the right hand side coming from the variation of the matter fields.
However, in [70] it was shown that this term vanishes identically at the horizon for a class of theories
called the Einstein-Maxwell-Dilaton-Axion gravity (see Appendix A of that paper).
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with

A\ =21T, ki= 22 = 7 DTH (r), (2.50)
B

where vp denotes the butterfly velocity and A7 the Lyapunov exponent of holographic
theories [76]. So it seems that this pole-skipping point contains information about
the chaotic properties of the theory, which is further substantiated by inserting (2.49)
into the plane wave ansatz. Assuming isotropic spreading in the spatial directions with
momentum kg, the resulting profile e*2(t=1#1/v8) ghows the exponential growth typically
observed in the out-of-time ordered correlation functions (OTOCs) of chaotic systems
[76-80]. But is this relation a generic feature of pole-skipping or only a peculiarity?

The point (2.49) seems to be robustly related to chaos. For example, in [70] they
studied a specific axion model with a parameter that controls the momentum dissipation
in the boundary theory [81,82]. The pole-skipping point (2.49) remained a reliable
prediction of chaos, despite the physics being fundamentally distinct for different values
of the parameter which was confirmed both analytically and numerically. Similar results
hold for a pure gravity system on AdSs [68]. Furthermore, [71] showed that this pole-
skipping location correctly predicts the chaotic properties of a system with large N and
t’Hooft coupling corrections.

A possible explanation was provided in [69], where they proposed that pole-skipping
is a generic feature of holographic systems due to the dual role of an effective “chaotic”
mode which is responsible for both the chaotic properties and energy transport. In
addition, a shift symmetry prevents the 2-point function to exhibit generic chaotic
behaviour, while also predicting the exponential growth of the OTOC.?” This provides
an explicit mechanism to explain the observation that microscopic chaotic behaviour
and the hydrodynamics of holographic systems seem to be intimately connected.”

On the contrary, the relation to chaos is not clear for other pole-skipping points. For
example, it was shown in [72] that the energy density correlator, in addition to (2.49),
contains an infinite tower of pole-skipping points at negative imaginary values of the
frequency. Also, the momentum values at these locations depend on the background
geometry in a complicated manner and seem to have no clear connection to the butterfly
velocity. Furthermore, other components of the energy-momentum tensor have pole-
skipping points only at negative imaginary values of the frequency with the momentum
values showing no direct relation to chaos.

Similarly, no scalar pole-skipping point is located on the upper complex plane of

the frequency while the momentum also explicitly depends on the mass of the field, as

25 A similar effective approach was taken in [83] where they studied two-dimensional CFTs at large
central charge and also found pole-skipping

26Gee [84-89] for some concrete results, where for example the butterfly velocity appears in hydro-
dynamic quantities such as diffusion constants.
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can be seen even from the simplest expression (2.27), thus showing no clear connection
to the butterfly velocity in general. But notice that at m = 0, the momentum location
is the same as for the energy density correlator (2.50).

To summarize, the relation between chaos and pole-skipping seems to be somewhat
clear only in the case of the special pole-skipping point in the energy density correlator
while being obscured in the case of other correlators. Resolving this relation, together

with the physical interpretation of these results, is the central problem of pole-skipping.
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Chapter 3
Pole Skipping for Fermion fields

In this chapter we generalise the results of [72] by studying the retarded Green’s func-
tions of fermionic fields. We present a systematic procedure to extract the pole-skipping
points which are now located at fermionic Matsubara frequencies, and show that near
these locations the correlator takes on the pole-skipping form. Explicit examples are
considered and complete agreement is found where the Green’s function is known.

The plan of the chapter is as follows. We begin by defining a minimally coupled
fermion field on an anti-de Sitter background and review the prescription to calculate
the retarded Green’s function for fermion fields in holography [55]. Then in section 3.3
we look at pole-skipping in 3-dimensional spacetimes while the generalization to higher
dimensions is given in section 3.4. In section 3.5 we examine the form of the Green’s
function near a pole-skipping point in momentum space and discuss the appearance of
anomalous locations. In section 3.6 we consider some explicit examples, such as the
BTZ black hole, and compare the results with the known Green’s function. We also
examine the special case of boundary operators with half-integer conformal dimensions.
We conclude with a discussion where we also comment on pole-skipping for spin-3/2
fields.

Details of some of the calculations omitted in the main text are collected in Ap-
pendix B, and we examine the exact Green’s function for the BTZ black hole in Ap-
pendix C. There we uncover the equivalence of the retarded and advanced Green’s
function at Matsubara frequencies and further consider the special case of a spinor
with half-integer conformal dimension.

The original work presented in this chapter is published in [2]. The analysis of
pole-skipping for spin-3/2 fields will be presented in future work [90].
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3.1 Motivation

As with scalar fields, the exact Green’s functions for fermion fields are hard to obtain.
An example where an explicit expression is known is the minimally coupled fermion

field with mass m propagating in a BTZ black hole background [55]°"

1 m 1 i(k—w m 3 i(k+w
F(i—m)F<7+z+ (4WT))F<7+1— (4WT)>

GR(w,k):—Z - . 9
(g mT (=g + 3+ T (-5 + - 57)

(3.1)

It was observed in [72] (see also section 3.6) that this correlator contains two lines of

zeros and two lines of poles which intersect at

wp, = —inT(2n + 1), kng = 2miT(m+n—2q),
kng = —2miT(m+n+1-—2q), (3.2)

for any n € {0,1,...} and with ¢; € {0,...,n}, ¢2 € {1,...,n}. This example shows
explicitly that pole-skipping exists even for fermions. In this chapter we provide the
gravitational origin of this result and show that such behaviour is not limited to the BTZ
black hole, but appears generically in holographic theories. As in the above example,

pole-skipping for fermions occurs at fermionic Matsubara frequencies””
w=w, = —2miT n—|—§ , n=0,1,2,..., (3.3)

which nicely complements the fact that scalar and energy-momentum pole-skipping

occur at bosonic Matsubara frequencies w = w5 = —27iTh, with i = 1,2,3, .. ..

3.2 Minimally Coupled Fermion in the Bulk
Assume that the action of the fermion field with mass m is given by [91,92]
Sy = / dP 2 zy/=giy (TMV i —m) ¥ + Spay , (3.4)

which we add to the action (2.8). We included a boundary term Spq, that does not
alter the equations of motion, but is important for a well defined variational problem.

The fermion conjugate is defined as ¥ = {T'?, and the covariant derivative acting on

2" As we discuss in more detail in Appendix C, the result (3.1) is correct only if the mass of the
fermion is not a half-integer number (recall that we have set the AdS radius Rads to 1).

28 As in the previous chapter, we refer to the purely imaginary w’ frequencies as fermionic Matsubara
frequencies.
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fermions is defined by

1
Var =0m + 7 (Wab) s re, (3.5)
with wys denoting the spin connection one-form and I'®? is the anti-symmetrised product
of flat space gamma matrices, with flat space indices denoted by lower-case Latin

letters.”” The equation of motion for the spinor % is the Dirac equation
(TMVar—m)p=0. (3.6)
A spinor in D + 2 dimensions has
Np = olzl+ (3.7)

components, where |g| denotes the highest integer that is less than or equal to g,
meaning that the Dirac equation (3.6) is a system of Np coupled first order differential
equations for the components of the spinor. We do not impose any additional con-
straints on the spinor, such as the Majorana or Weyl conditions, so that in general its
components are complex numbers. Our analysis is independent of whether the degrees
of freedom are real or complex, hence we refer to the Np components of the fermion as
its degrees of freedom.

To calculate the retarded Green’s function we follow the prescription of [55]. Assume
that the metric takes the form (2.9) for which we can choose a “diagonal” orthonormal
frame with components E%;;. We then use the radial tangent space direction gamma

matrix I'" to decompose the spinor in terms of

Y=y +h
Yy =Py, P, =

(3.8)

(1 :I:FK) )

N~ o

so that I'"¢L = +e4, and each of ¥+ contains exactly half of the total degrees of
freedom.

Since the metric components depend only on the r coordinate, we make the plane
wave ansatz ¢ = @Z)(r)e_i“tﬂg'f and solve the Dirac equation in momentum space. We
are advised to pick the ingoing solution at the horizon, which, for generic values of the
frequency and momentum, halves the number of the degrees of freedom of the spinor.

The ingoing solution is then evolved to the boundary of AdS (r — oo) where its leading

29 A general flat space tensor has lower-case Latin letter indices, but particular values for the indices
are underlined, for example v,r, or . This is to distinguish them from curved space indices where
a generic tensor has upper-case Latin letters, but a particular value is lower-case letter that is not
underlined, for example u, v, or x. More details on the conventions used, such as the Clifford algebra,
is presented in Appendix A.
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behaviour is given by

P = Co(R)r M gy (R T L (3.9a)
Yo = C (R (R, (3.9b)

where (1 (k) and x4 (k) are spinors with a definite chirality with respect to I'™ and by
inserting (3.9) into the Dirac equation we find that it relates the spinor x4 (k) with
x—(k), and {4 (k) with (k).

Assume that m > 0. The dominant, non-normalisable term in the expansion is
the term multiplied by ( (k) which thus is identified with the source in the boundary
field theory. According to [55], the response is given by x_(k), the normalisable term,

meaning that the conformal dimension A of the dual operator is™’

D+1

A 3.10
. (3.10)
The retarded Green’s function is given by

Gr(k) xiR(k), (3.11)

where R (k) is a matrix in spinor space that relates the spinors (4 (k) and x_(k) after

imposing the ingoing condition at the horizon

X (k) = R(k) G () (3.12)

3.3 Pole-Skipping in Asymptotically AdS; Spaces

We begin with a three-dimensional (D = 1) bulk theory and a corresponding two-
dimensional dual in which case both bulk and boundary spinors have two components.

Let the background metric be given by
ds® = —r?f(r)dv® + 2dv dr + h(r)dz? (3.13)

where f(r) and h(r) satisfy the properties described in section 2.1.2. Choose the or-

thonormal frame

1 1- oy
EY = —|—2f(7")rdv_d7“’ EL = Zf(r)rdv—{—dr, FE% = h(T‘)d:L‘, (314)
r r

30There are some subtleties when the mass is in the ranges 0 < m < % or m < 0 and they are
considered in [55], but conceptually the prescription does not change. In these cases the relation
between the mass and the conformal dimension can be different due to the alternative quantisation.
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for which
ds? = nuE* E°, Nap = diag(—1,1,1) (3.15)

We choose this frame because neither the vielbein nor any its derivatives diverge at the
horizon (assuming +/h(r) is regular) and we avoid any square roots of f(r). The spin

connections are given by

_ dr 2rf(r) +12f'(r)

or r 2 dv,

LR = f0)

S VIO R

e RO A4 () 5.16)

4+/h(r)

with all other components, which are not related by symmetry to the ones above,

vanishing. The Dirac equation is then

r(1+ f(r)) - r(1— f(r)) v IT+1% Iz
[( 5 r 5 F>8r+ . Oy + h(r)am
L+ f(r)+rf'(r) . 1=f0)—rf(r) ., rv(@=f(r)r'(r)_,
+ 1 I”— y re — IR
r(1+ f(r)h'(r) -, _
+ Sh(r) It — m] Y(r,v,x) =0. (3.17)

Since the metric is independent of the coordinates v and x, we introduce the plane wave
ansatz ¥ (r, v, z) = ¥(r)e” @+ and furthermore we use the decomposition (3.8). In
this case, ¥4 are two-component objects, but each contain only one independent degree

of freedom. After some algebra one can write the two independent equations as

TR ) (o R mr( 4 f) k(- f()
S+:[ 1 T (” h<r>>‘ > 2 /h) ‘”’W*

o [P () omr(l—f(r) | ikr(1+ f(r)) e R B
+T [ YR 5 = ) }1/)+ f(r) oy =0,
(3.18a)
_[r2f'(r) | rf(r) rh'(r)\ |, mr(1+ f(r))  ikr(l—f(r)) .
S_ :[ 1 + 1 (2 + h(r) ) + 5 + NG — zw] W

e [rzf'm mr(1— f(r)) ikr(1+ f(r))

. 2 B
; . i }wwrf(r)ww.

(3.18D)

We have used the fact that the set of matrices (I, ', I'% I'") forms a complete basis for
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all 2 x 2 matrices, hence any product of two or more gamma matrices can be written as
a linear combination of the elements from this set, and we have chosen a representation
such that I'*® =T,

It is straightforward to transform (3.18) into two decoupled second order differential

equations for . The leading behaviour at the horizon is found by using an ansatz

P~ (r—ro)*x, (3.19)

where &1 are constant spinors satisfying I'"£1L = +£4, and the exponents are given by

1+ W
2 2T

(3.20)

O[].:Oa Qg = —

For generic values of the frequency, the solution with the exponent o represents the
ingoing solution while the exponent awe corresponds to the outgoing solution. If w is

equal to a fermionic Matsubara frequency given by
) 1
w:wn:2mT(n+2), n=123,..., (3.21)

then as = n and both solutions would seem to be regular at the horizon. However,
similar to the scalar field there is still a unique ingoing solution due to logarithmic
divergences in the series expansion of the solution with exponent a;. But at particular
values of the momentum, these logarithmic divergences vanish in which case we indeed
find two independent ingoing solutions. These values of w and k are the pole-skipping

points for fermions.

3.3.1 Pole-Skipping at the Lowest Matsubara Frequency

The exponents (3.20) suggest that there is no pole-skipping at the lowest fermionic
Matsubara frequency wy = —miT. However, this result is an artefact of working with
second order differential equations. Pole-skipping does occur at such a frequency and
is a consequence of the interplay between different components of the spinor.

Let us assume that the spinors admit a series expansion around the horizon
= l = l
vy =Y P —r)t, v = Vo), (3.22)
1=0 1=0

where wﬁ? are constant spinors with definite I'" eigenvalues. We insert these into (3.18)

and expand as

Se=Y 8V(r-r)=0, S = 8Y0r-r)=0, (3.23)
=0 =0
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so that solving the equations of motion is translated into solving a system of algebraic
equations Sj([l) = 0 for the variables wﬁ).
The equations (3.23) can be solved in succession and the first instance of pole-

skipping is already visible by evaluating the equations at the horizon. We obtain

. - )

§© _ pu [0 (ro) Lmro ik 100
* | 4 2 2/h(ro) 4

[r5f (o) Mo ikro G

+ — — —w =0, 3.24a

L 4 2 2y/h(ro) | vt ( )
SO _ _pu[rdf(ro) mry  ikry . ] 2O
- |4 2 2/h(ro) *
[rgf'(ro)  mmo ikro NG

+ + + —w|Y’ =0, 3.24b

. 4 2 2¢/h(ro) | v ( )

and can immediately notice that 85_0) = FES(_O). Thus (3.24) provide only a single
constraint on the coefficients ¢§S ), fixing exactly half of the free parameters.

The first instance of pole-skipping occurs when these equations are satisfied for any
values of zbf ) which happens exactly at the zeroth fermionic Matsubara frequency and

if the momentum is given by
wo = —miT, k =im+/h(rg), (3.25)

as then the terms in the square brackets in (3.24) vanish.

(0

Other constraint equations Sil = 0 are then used to relate higher order expansion
coefficients ¢$), withn =1,2,..., to a linear combination of wf) and ¢§)). In this way
one constructs a regular solution whose value at the horizon is completely undetermined.
In other words, there exist two independent regular solutions with the same behaviour
at the horizon, one parametrised by zbg)) and the other by 1/1(_0), and as a consequence,

at (3.25) the retarded Green’s function is not uniquely defined.”’

Logarithmic Divergences

If one evaluates the equations of motion at w = wy, but keeps a generic value of the
momentum, then logarithmic terms appear in the near horizon expansion and make

one of the solutions divergent. The leading order behaviour of the spinors in that case

31Note that the solution parametrized by wﬁ”

, for example, is not a solution with a well defined
eigenvalue under I'" everywhere in the bulk. While setting LZJ(_@ = 0 does mean that solution has
a definite chirality at the horizon, all other coefficients wi"), with n = 1,2,..., are generically non-

vanishing. The same analysis holds for wﬁ”.
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takes the form

vy =90+ xPlog(r —ro) + .., (3.26a)
o=+ xPlog(r —ro) + ..., (3.26D)

where wi and X( )

are constant spinors of definite chirality, and the dots represent
subleading terms that contain no free parameters. Similarly, the expansions of the

equations of motion (3.18) near the horizon to leading order become

S+zﬂ))—l—gf)log(r—ro)—l—...zo, (3.27a)
S. =843 log(r —ro)+...=0, (3.27b)

and can be solved iteratively. One finds that the leading order terms yield

30) _ v 2 g/ 0) _
Sy = 2\/770 (zk‘—|—m\/ ro)( —-TI* 1/) )—{—T‘Of(ro)x+ =0, (3.28a)

50 _ M() (it +my/nG0)) (0 +120) + 3 rox @ =0, (3.280)

SO =159 - F (it +m/h(ro)) (x§ =121 = 0. (3.28¢)

The last equation is solved by X(O) 'ty ©

~7, which can be inserted into (3.28a) and
one notices that in this case the remaining two equations are related by 3(0) Ie SA'(_O).
Thus at leading order there are only two independent equations in (3.27), the solutions
of which have generically ng ) # 0. But when we impose the ingoing condition at the
horizon, we pick the solution for which these coefficients vanish. So for a general value
of k, we find a unique ingoing solution even at this Matsubara frequency.

If we evaluate the equations (3.28) at (3.25), then (3.28¢) is automatically satisfied,
0) _
Vo=
= 0 while leaving Q,Z)f ) undetermined, thus explicitly showing that at the pole-

but the remaining two equations become independent and naturally impose x

(0)
X_
skipping location the logarithmic terms vanish and the two independent solutions are

both regular at the horizon.

3.3.2 Pole-Skipping at Higher Matsubara Frequencies

There are two equivalent ways to locate the pole-skipping points at higher Matsubara
frequencies. The first method uses the second order differential equations for half of
the components, which is the analogue of the approach taken when analysing the scalar
field, while the second technique bypasses the computational difficulties of obtaining
second order equations by working directly with the Dirac equation and is the natural

extension of the procedure used to identify the lowest pole-skipping point.
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Using the Second Order Differential Equations

The Dirac equations (3.18) can be transformed into two decoupled second order dif-
ferential equations for the spinors ¥ 1. Since the following procedure is independent of
whether we work with the positive or negative chirality component, we can choose to
work with 1, as once this spinor is known the Dirac equations completely determine
.

We begin by inserting the near-horizon expansion of ¢4, given in (3.22), into the
second order differential equation governing its radial evolution, denoted as Q4 = 0,

which in turn can be expanded in a series as

0, => 0V (r—r)t=0. (3.29)

=0

The equation of motion is now solved order by order through Qﬁ) = 0 which determine

the expansion coefficients of ¢. The first equation reads
QY = T — i) 0 + MV (e, ) 0 =0, (3:30)

where MS?O) (w, k) is a complicated function’” of w and k, whose explicit form will
not be presented. For generic values of w and k, this equation relates 1/)5:) and ¢$)-
Furthermore, using the higher order equations Qsp = 0, one can express all other
field expansion coeflicients in terms of only ¢$)> and in this way explicitly construct a
regular solution which is unique up to an overall spinor.

This procedure gets slightly altered if we evaluate the equations at the first fermionic

Matsubara frequency
wp = =3miT, (3.31)

as in this case the prefactor of wﬁ}) in (3.30) vanishes, setting wf) to zero for generic
values of k. However, a regular solution can still be constructed using ¢5r1) as a free
parameter, with the leading near-horizon behaviour of such a solution being ¢, ~
(r—rop).

If in addition to w = wy, the momentum & is such that

M (w1, k) =0, (3.32)

then the equation (3.30) is automatically satisfied and both ﬂ)f) and ¢(+1) remain un-

constrained. Iteratively solving the constraint equations in this case yields a regular

321t should be understood that all coefficients appearing in equations, such as (3.30), are proportional
to the identity matrix in spinor space, unless explicitly stated otherwise.
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solution with two free parameters corresponding to different near-horizon behaviours.
The coefficient @ZJ@ is related to a solution which is constant and finite at the horizon,
while 1/153) corresponds to a solution that vanishes with a first order zero.

Because of multiple regular solutions at these points in momentum space, the asso-
ciated Green’s function is not unique and one predicts pole-skipping. One should note
that MS?O) (w1, k) is a third degree polynomial in k, hence in general one expects as
many pole-skipping points at w = w;.

In order to locate the pole-skipping points at the second Matsubara frequency,

consider the next constraint from (3.29) which reads
oM = (57T — iw) P + MM (w, k) v + MU (w, k) =0, (3.33)

where M(j” and M(jo) are complicated functions of w and &, which we will not present
explicitly. The coefficient in front of wf) vanishes at w = we = —H7miT’, in which case

the equations QSS) =0 and Qi” = 0 can be written in matrix form as

Q(O) (0) M 00 k —orT
( <+1>>:Mf)(w2’k) <¢<+1> - <+10>(w2 ! . d}(*) =0. (3.39)
Q+ er M+ (w27k) M+ (Ldg,k) er

Pole-skipping is predicted when the matrix /\/lf) (we, k) is not invertible as then the
resulting regular solution involves two free parameters: wf) and for example 1/159).
Thus the next pole-skipping points are found for the following values of momentum

and frequency
W = w2, k= k‘g y det Mf) ((.UQ, kg) =0. (3.35)

This procedure is easily generalised to higher frequency locations. At order (n—1),

the constraint equation from (3.29) is schematically written as

QU = (@n+ 1)aT —iw) ) 4 MU DOm0 o 00
@%)

Generalising the procedure from above, one finds that the pole-skipping points at the

n-th fermionic Matsubara frequency is located at
1
W= wy = —2miT (n + 2) o k=kn,  det MU (wn k) =0, (3.37)
where det M(f) (wn, k) is a (2n + 1)-degree polynomial in k, predicting (2n + 1) pole-

skipping locations at this frequency. The matrix used in the determinant is obtained

by evaluating the first n constraint equations of (3.29) at w = wy,, and rewriting them
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in matrix form. The matrix MS:L) (w, k), before we insert any particular value of the

frequency, is thus given by

MO (w k) 37T — iw 0o -
Mgo)(w,k) Mgl)(w,k) 5T —iw 0
M (w, k) =
0
(2n — D)7T —iw
Ms:lq,o)(w?k) Mffl’”*l)(w,k)

(3.38)

Aside from making the choice 't = I'”, we have not used a particular representation
of the gamma matrices, thus ¢, and therefore all expansion coefficients 1/151",), are two-
component objects. Similarly all elements of (3.38) are in principle 2 x 2 matrices,
however they are all proportional to the identity matrix in spinor space, meaning that

the determinant (3.37) can be calculated as if the matrix elements were scalars.

Using the First-Order Differential Equations

One can also obtain the pole-skipping locations by analysing higher order constraints
coming from the near-horizon expansions of the Dirac equations (3.23). For [ = 1, these

can be written in a matrix form as

5(1) N ¢(1) s ¢(0)
(S(*D) = MM (w, k) <¢5)> + M1 (k) <¢@)> =0, (3.39)

where MU*) are matrices whose elements are proportional either to the identity matrix

or to I'Y, and thus all commute with each other. For example

I —iw — "¢ — s 4 5T (—z’w + g0 e 7rT> re
B | s, mro _ _ikrg v o mrg ikrg ’
< iw 5 h(rs) + 7TT> I, w+ 5%+ Jhtro) + 57T

(3.40)

and it is worth noting that M (10) " whose form can be seen explicitly in Appendix B,
depends only on k. For generic values of w and k, the equation (3.39) is used to
completely determine dJil ) in terms of the zeroth order spinor coefficients. However, if
(3.40) is singular, then these equations do not provide two independent constraints on
z,z)(j) and @Z)(,l). One finds that

det MM = 82T (37T — iw) (3.41)
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which vanishes at w = w; = —3m4T, in which case only a particular linear combination

of ¢(+1) and @ZJ(,I) is constrained by the values of wf ), and we find that it is given by
P = —Tegp® (3.42)

Combining the equations (3.24) and (3.39), and evaluating them at w = wj, yields
a system of three independent equations which can be schematically written as (see

Appendix B for the explicit form of the elements)

0 0 1 (00 1 (00 0
SON O\ (M MW o\ el
S| = Mi(wi, k) [ 09 | = [ M09 MO0 M| [ 0@ ] =0,  (343)
s O) MmUY MU0 M) A\

At generic values of k, the matrix M (w1, k) is invertible and thus the above equation
sets all three spinor coefficients to zero. As then wf) = zp@ = 0, the leading behaviour

of the solution at the horizon becomes ¢ ~ (r — (). Furthermore 1/)£1) = 0 implies that
W = pugy® (3.44)

so, for example, 1/}5:) can be taken as the free parameter of the solution which is again
constructed by considering higher order constraint equations.
One obtains two independent solutions if the values of k£ are such that the matrix

M (w1, k) is not invertible, or equivalently if
det M (wy, k) = 0. (3.45)

Since the above gives a cubic function of k, we expect three complex values for which
this equation is satisfied. Having multiple ingoing solutions implies non-uniqueness of
the boundary correlator, hence we predict that pole-skipping occurs at such locations
in Fourier space. One can check that these results match the points predicted by the
method involving the second order differential equations.

Pole-skipping points associated to even higher Matsubara frequencies are located in
a similar manner. We take the equations at order n in the expansion (3.23) and write

them schematically as

(n) (n) (0)
<S+ > = M (w0, k) (Z%) +o+ MO0 (k) (ZEE») =0, (3.46)

where all M%) are matrices whose elements are proportional either to I'? or I. Only the

M(nn) depends on both the frequency and momentum while the remaining coefficients
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depend only on k. One finds that for any n

—jw — Mmro _ zkro +(4n+1) T, ( 2w+m21”0 + zkro —|—7TT) T2

M(nn) _ 2 Vh Vh
( i — Mo jﬂ+wT)r | —iw o \’;€Q+(4n—|—1)7rT

(3.47)

whose determinant is given by det M®™™) = 8rnT ((2n + 1)7T — iw).

We are interested in the values of the frequency and momentum at which there exist
two independent ingoing solutions to the equations of motion. First we require that
(3.46) provide only one constraint for wsr") and gb(_n) which happens at the fermionic

Matsubara frequencies
) 1
w=wy = —2miT (n+2> , n=12,3,... (3.48)

where the determinant of (3.47) vanishes. We then construct the analogue of the
equation (3.43) by evaluating all constraints of the form (3.46) with I < n at w = wy,.

We write them succinctly in matrix form

L T
(Sf) SJ(:) s .. S(n)) - M, (wf) »© ¢Sr1) gn)> =0, (3.49)
where

M MY o
10 10 g (11 T 4(11
MU M0 D M o

M, = : : : s : , (3.50)
g@ /\z@ AZT")
MOy

(nn) _m’l“o B ’L'k'TO nr% f’(ro)

M+ B 2 2) h(TO) + 9 3 (351&)

ot = (mro ko wrig ['(00) ) (3.51b)
- 2 2 h(’r‘o) 2 ’ :

and 1/1((;") = wgfb) —Ie 1/1(_n) is the analogue of the constrained linear combination (3.42).
Pole-skipping occurs for values of k for which the determinant of the matrix Mn van-

ishes

k=kn,  det My(wn,kn)=0. (3.52)
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Note that each element of Mvn is a linear function in &, hence this equation has 2n + 1
solutions, each corresponding to a pole-skipping point at the n-th fermionic Matsubara

frequency. These points coincide with the locations predicted by (3.37).

3.4 Pole-Skipping in Higher Dimensions

We now generalize the results to higher dimensional spacetimes. We assume that the

bulk has D + 2 dimensions in which spinors are Np = olZI+1 component objects. Let

the background metric be given by (2.14) and choose the orthonormal frame
v:1+f(7") dr Tzl—f(r)

E* Trdvf—, E* Trdv+ﬁ, Ei = \/h(r)dz*, (3.53)
T r

which is the direct generalization of the frame (3.14) used in three dimensions. As such,

it has analogous properties, including
ds® = naE* E° Nap = diag(—1,1,1,...,1), (3.54)

while the spin connection components are given by

dr 2rf(r) 72 f(r)
Wor =77 2

PR (1= 1)

dv,

RENVZC I
- _T’h/(T) (1 + f(T‘)) d.CL‘i (3 55)
= 44/h(r) ’ '

with all other components not related by symmetry being 0.
The manipulation of the equations of motion is conceptually the same as in sec-
tion 3.3 so we don’t repeat it in full and rather give the details in Appendix B. The

Dirac equation in D + 2 dimensions reads

J rA=f), iw 1= f(r)—rf(r)  Dr(l-f(r)k(r)
%ﬂ—2@‘r‘ 1 0 }

(4 f(r)) iw 14+ f(r)y+rf'(r) Dr(1+ f(r)h'(r)
R ]
zkh?r) - m}w(r) =0, (3.56)

where we have again introduced the plane-wave ansatz ¥(r,v,27) = w(r)e_iw””k“"i.
Next, we separate the spinor into the positive and negative component with respect to

the matrix I'", as in (3.8), with the only difference being that now each of ¥4 contains
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Np/2 free parameters. For D > 2 the matrices I'" and k;I'*? (with summation over i
implied) are independent and commuting, and therefore we can introduce an additional

decomposition (a = +)

Yo =5 + 07, (3.57)
pE = pEy,  pE) = (1 + kr—) ,

1
@ 2
where k%l = £k and we have used k; = ki/k with k = Vi - k. All in all,
this divides ¢ into four independent spinors wf), each of which contains Ny /4 degrees
of freedom and has definite eigenvalues under the action of I'- and k;T'%,

A small remark on the nomenclature that we are going to use. The I'™ matrix
projects the spinor along the radial direction of AdS and can be considered the chirality
operator, especially with respect to the boundary theory [93]. Hence we refer to 14
as positive or negative chirality spinors. The matrix k;T% is somewhat similar to the
helicity operator as it can be considered the projection of the spinor along the direction
of the momentum. Hence we refer to )(¥) as positive or negative helicity spinors. For
example, we refer to 1/}(+‘) as a spinor with positive chirality but negative helicity.

With this spinor decomposition, the Dirac equation (3.56) separates into two de-
coupled subsystems of first order differential equations, one for (¢S_+), @Z)(__)) and one for
(1/}5__), w(_+)), with the former being

4 4
e[ 2L mrl o), B4/

2 2y/h(r)

o _[rF0) | ri) (. DI\ mr(4 f) ik f0)
S R G 2 2/h(r) Jo

i ) 0 =0,

(3.58a)
o e () rf(r) Drh(r) mr(l+ f(r)) ikr(1— f(r)) . _
S(_):[ 1 + 1 <2+ hr) >+ 5 + 2\/% —Zw]w(_)

r2f'(r)  mr(l— f(r ikr r -
[0 O O) ) ] 00 o

(3.58b)

We will focus only on these equations, as the subsystem for (wr), w(j)) is equivalent,
but with &k — —k (see (B.1.11) in Appendix B), so the results of the second subsystem
can be obtained by simply reversing the momentum.

The equations (3.58) are the same as (3.18), with the exception of a term that
changes with the number of dimensions. Due to this similarity, the methods pre-
sented in section 3.3 easily translate to the higher dimensional case and we can locate

pole-skipping points by the already known methods. Therefore, we do not repeat the
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procedure in full as most of the details were already presented in the preceding sec-
tion. Rather we focus only on deriving the pole-skipping locations and discussing the

novelties that appear with additional dimensions.

3.4.1 Locating Pole-Skipping Points

At Zeroth Matsubara Frequency
.

The spinors and subsequently the Dirac equations (3.58) can be expanded in a series

around the horizon as

D BN () TR Tl B () TR (R CE

=0 =0

=S 6)” it S-S 6) ot
1=0 =0

At the horizon there is only one independent equation

(Sf))(m _ v (S(,))(O) _ v [_ i+ r2f'(ro) N mrg n tkro } (1/}(,))(0)
) =

- 4 2 2 h(To
2 pl .
. rof'(ro)  mro ikro ] +N\©
+| —iw + - — =0, 3.60
[ " 1 2 2./h(ro) <¢+> (360)

which is equivalent to (3.24a) and thus we find pole-skipping at the same locations
as in the three-dimensional case. However, for D > 2 we also need to consider the
subsystem (wi_),w(f)) where pole-skipping occurs at the same value of the frequency,
but at opposite momentum to (3.25). This means that all in all, for higher dimensional

systems the lowest frequency pole-skipping points are located at
w=uwy=—mil, k = +tikg, ko = m~/h(ro), (3.61)

thus compared to asymptotically AdS3 spaces, there exists an additional location with
negative imaginary momentum. This pole-skipping point is universal as it contains no
explicit dependence on the dimension of spacetime.

Notice that for m # 0, the two subsystems of equations experience pole-skipping
at different points in momentum space. For example, (3.60) is trivially satisfied if
w = wp and k = +iky, hence the two spinors that are governed by this equation remain
unconstrained. However, because pole-skipping occurs at the opposite momentum for
the other subsystem, the equation analogous to (3.60) is not identically zero at w = wy
and k = +ikg, and thus constrains the solutions thereby halving the number of free
parameters in ¢(+‘) and 1/1(_+). This means that at (3.61) imposing the ingoing condition

at the horizon reduces the number of free parameters in the spinor to 3Ng /4.
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This partial reduction of the degrees of freedom is not seen in the scalar case nor in
the analysis of the spinor in three dimensions. For the latter this is due to the absence
of the additional subsystem of equations as in that case the spinors are only two-
component objects. On the other hand, a similar reduction can be seen for the metric
perturbation, where only the dg,, component experiences pole-skipping at (2.49). So
it seems that this is a generic feature of many-component fields.

The massless spinor is a notable exception to this rule, as for m = 0 the two pole-
skipping points in (3.61) merge into one, located at w = wp and k = 0. In this case both
subsystems experience pole-skipping at the same time and thus the ingoing condition
does not impose any constraints on the spinors. It would be interesting to investigate

this further, especially in terms of the boundary theory interpretation.

At Higher Matsubara Frequencies

To derive the locations of higher order pole-skipping points one can use either method
presented in section 3.3.2 as both easily generalize to arbitrary dimensions. We find that
pole-skipping robustly occurs at the fermionic Matsubara frequencies (3.3), whereas the
values of the momentum at these points vary with the number of dimensions due to
the explicit factor of D in the differential equations (3.58).

All of the novelties that we have discussed in the case of pole-skipping at w = wy
repeat themselves at higher frequencies. The number of special locations is doubled at
each frequency because the equation (3.56) separates into two decoupled subsystems.
Thus we obtain 2(2n + 1) pole-skipping points at each frequency w = wy, if the mass of
the fermion is non-vanishing. Furthermore, in general at each pole-skipping point only
Np /4 components of the spinor are constrained by the regularity at the horizon, which
is again related to the two subsystems experiencing pole-skipping at different locations
in momentum space.

The massless fermion is again an exception as in this case, for an individual subsys-
tem, the momentum for which pole-skipping occurs at w = wy, is taken from a set that is
invariant under the reversal of the momentum and can be thus schematically written as
k = {0,%ky, £ko ..., £k, }.” Therefore in this case, the other subsystem experiences
pole-skipping at the exact same locations. The number of total pole-skipping points at
w = wy, is then halved to (2n 4 1), but at each such point the ingoing condition at the

horizon does not impose any constraints on the spinor.

33 While we are currently lacking a proof that this pattern continues for arbitrary n, we find no
reason why this feature would cease to hold after the first few pole-skipping points, for which this was
checked explicitly.
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3.5 Green’s Function Near the Pole-Skipping Points

In this section we show that the near-horizon equations predict that in the neighbour-
hood of the pole-skipping points in momentum space the fermionic Green’s function
takes the pole-skipping form (2.31). This signals that at such locations a line of poles
and a line of zeros of the boundary correlator intersect. We perform the calculations in
an asymptotically AdSs spacetime, as the results of the previous section suggest that

the analysis in higher dimensions is analogous.

3.5.1 Near the Lowest Matsubara Frequency

At the pole-skipping point (3.25), the equations of motion have two independent ingo-
ing solutions, hence we cannot find a unique boundary Green’s function by using the
prescription [49,55]. However, one of the solutions becomes divergent as soon as we
move to any infinitesimally nearby point in Fourier space.

Consider the series expansion of the equations of motion (3.23), evaluated at
w=wy+ €dw, k = ko + edk, (3.62)

where € is a small dimensionless parameter, while dw and dk denote the directions in
which we move away from the pole-skipping point (3.25) in momentum space.

At zeroth order in the € expansion, the equations (3.24) are automatically satisfied
as they are evaluated at the pole-skipping values. However, at linear order in € we get

a non-trivial constraint

o (0) 70 v _1.(0)
dw+ ——— 6k + | 6w — ——— 6k | T2y =0, 3.63
<w 2 /(o) >w+ <w 2 /h(ro) ) v (3:63)

which allows us to write

WO =

(3) + 5 (3) = 57
(ro) 1w ,.(0) (0) 24/h(r0) v ,(0)
(5 i (%) + —R

o 70 +
) 2+/h(ro) 24/ h(ro)

These relations depend explicitly on the slope (dw/dk) which can be interpreted as the
additional free parameter appearing in the regular solution if the equations of motion
are evaluated directly at the pole-skipping point.

A generic solution to the bulk equations of motion contains a normalisable part,
which is related to the poles of the Green’s function, and a non-normalizable part,
related to the zeros of the correlator. However, there exist solutions that are fully

normalizable (™ and fully non-normalizable (™) which we can expand near the
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horizon as
™ = M) ) = ( ﬁf‘))(o) + (zp(_”)>(0) T (3.65a)
) = g ) — () “ 4 (1/}(_””))(0) T (3.65b)

where we have used the decomposition (3.8), and the dots represent higher order terms

in the expansion, as in (3.22). The zeroth order coefficients are related by

(58), = 54
(wgrn))(o) S P 2«/:;(7@) e <¢£n)>(0) ’ (3.66a)
(Tﬂ)p + 2¢/h(ro)
0) (%),ZJFQ\/% 0)
(v = 5 e () (3.66b)
(52). —

where (dw/d0k)p, . denote to the directions in which we need to move away from the pole-
skipping point to obtain a normalizable (subscript p) or a non-normalizable (subscript
z) solution.

As already mentioned, a generic ingoing solution is a combination of the normaliz-

able and non-normalizable components

P =™ 4y (3.67)

) ()
which initially both contain a degree of freedom that we choose to be <¢(_ )) and

( Srnn) ) © respectively. If these are left unconstrained, the solution has too many free
parameters to uniquely determine the Green’s function, which happens at the pole-
skipping point. Away from this location, the Dirac equation relates the coefficients
through

(w@)(o) =R (?]‘;) : (z/z(f”))(o) : (3.68)

where R(0w/0k) depends on the slope of the displacement in momentum space. Due
to the prescription of [55], the boundary Green’s function depends on this direction as

well, as
GRor (2 (3.69)
55 ) )

The relation (3.68) is obtained by inserting (3.67) into the Dirac equations evaluated
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at the horizon. Near the pole-skipping point, at linear order in €, we find the relation

dw r
(0) (W)p + 21/h0(r0) dw — (%) 6k (0)
e I T " S )T e
(ﬁ)z ~ 2/h(ro) Oow — (W)p ok

from which we can easily read off the proportionality factor R. Ignoring all unimportant

1

factors,”" one finds

dw— (%), ok
GB(wn + dw, kn, + k) o ;(gﬁ) : (3.71)
ok

and thus the Green’s function for fermion fields also takes on the pole-skipping form
near the special locations.

This form shows that the Green’s function is infinitely multi-valued at the pole-
skipping points. Namely, at any finite values of dw and &k, the slope of the displace-
ment from the special locations (dw/dk) uniquely relates the components of the spinor
through (3.70), and similarly fixes the value of the correlator by (3.71). However, di-
rectly at the pole-skipping point, this slope is ill-defined and can be considered as an
additional free-parameter of the solution, with the singularity structure of the Green’s
function given explicitly by the pole-skipping form.

From (3.70) it is clear that at (3.25) the Green’s function always takes the pole-
skipping form, or equivalently, is never anomalous. This can be heuristically justified
by recalling that for the scalar field anomalous points usually appeared when two pole-
skipping points coincided [72]. For the fermion field, there is only one such point at
the frequency w = wyq, so there exists no other pole-skipping point with which it can
collide. Therefore this pole-skipping point is never anomalous and subsequently there
is always a line of zeros and a line of poles of the Green’s function that intersect at
(3.25).

3.5.2 Near Higher Matsubara Frequencies

To derive the form of the Green’s function near the pole-skipping points at higher
Matsubara frequencies, we employ the method that involves the second order differential
equations due to the similarity with the scalar field case which was analysed in [72].
Without loss of generality, we work with the component . If we evaluate the
equations (3.29) at a generic point in momentum space, we can express all coefficients

appearing in (3.22) in terms of wf) only. Solving the equations ng) = 0 order by

31The prefactors in (3.70) vanish or diverge if the slope takes the values (dw/0k) = %r0/(2+/h(r0)).

These correspond to the case where the (non-)normalisable solution has a definite I'™ chirality at the
(0)
)

horizon (see (3.64)) and thus we are not able to take (wﬁr ) or ("™ as the free parameter,

because they vanish. However, the pole-skipping form (3.71) generically persists even in this case.
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order, we find a generic relation

1

(a) 0) _
NG () det M7 (w, k)¢’ =0, (3.72)

((2q + 1)nT — iw) ¥'@ +

where ¢ = 1,2,3, ..., the matrix MS?) is defined in (3.38),
N9 = (iw — 37T (iw — 57T) ... (iw — (2¢ — 1)7T) (3.73)

and we have assumed that w does not equal any of the fermionic Matsubara frequencies,
i.e. N(@ does not vanish. Now evaluate this relation in the vicinity of a pole-skipping

point
W= wy+ €dw, k = kq+ €dk, (3.74)

where wy, kq is the location of a pole-skipping point with ¢ = 1,2,3,..., and € is a small

parameter. At linear order in €, the equation (3.72) reads

i) [ak det M'D (wg, ky) 6k + 8, det M@(wq,kq)m} O —iswp'® =0, (3.75)
q

where N(w,) = (¢ — 1)!(27T)97 L, from which we can obtain a relation

d

W O det MS?) (wq, kq) + 0., det Mg?) (wq, kq) <(;]:>

wf = dw
N (wq) <(5k>

which again depends explicitly on the direction in which we move away from the pole-

el (3.76)

skipping point. In particular, there exist slopes associated to normalizable (1#5@) and

non-normalizable (wﬁm)) solutions, where the above relation reads

O det M'? (wg, k) + 8., det MY (wy, ky) (m)
. p

)\ (@ Sk 2 ()
(0) " == — («), (3.77)
N(wq) ()
ok »
(a) (a) 0w
o (@ .ak det M7 (wg, kq) + 0., det MY (wqy, ky) <5k>z o\ @
(v4) " = =i = (v17)
N (wg) ok

(3.77b)

A generic solution contains both a normalisable and a non-normalisable part (3.67)

which are related through the Dirac equation. As before, the retarded Green’s function

70



CHAPTER 3. POLE SKIPPING FOR FERMION FIELDS

is proportional to the multiplicative factor relating the normalizable degree of freedom
(0) (0)

(win)) to the non-normalizable one (1#5:”1)) . This is similar to (3.70), only that

in this case there exist additional prefactors because we are considering two positive

chirality components (see [55]). At linear order in € we obtain

dw
)" (8), () L
p

ok Z dw — 5—w ok
ok »

and by reading off the prefactor, we can see that the correlator has the pole-skipping
form (2.31) near higher-order pole-skipping points as well.

A key condition in obtaining the pole-skipping form is that the relation (3.76) de-
pends on the slope (0w/dk), which is not the case if 9y det MSZL) (wn, kn) = 0. Therefore,

a pole-skipping point at w = w,, and k = k,, is anomalous if

det MU (w, k) =0,  and 8 det MU (wp, kn) =0, (3.79)
where the matrix MT) is defined in (3.38). These conditions are satisfied whenever
we have a repeated root in the determinant, or in other words, when two pole-skipping

points coincide.

3.6 Examples

In this section we look at some concrete examples. First, we consider the non-rotating
BTZ black hole background [61,62] where the fermionic Green’s function is known. If
the mass of the fermion (or the conformal dimension of the dual operator) is a half-
integer number, the correlation function takes a special form, and we show that the
near-horizon analysis perfectly agrees with the exact result even then. We also present
the case of a massless fermion propagating in a Schwarzschild black hole in anti-de

Sitter spacetime.

3.6.1 BTZ Black Hole
Near Horizon Analysis

For the non-spinning BTZ black hole, the two functions that appear in the metric (3.13)

are given by

fry=1- (T—O)Q , and h(r) =r?, (3.80)
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with the Hawking temperature given by T = ro/27w. We choose the following set of

gamma matrices

(TL, T, TL) = (i0?, 03, 0'), (3.81)

where o’ are the Pauli matrices, so that I'" is diagonal and thus its eigenvectors are

given by 4T = (4 (r),0) and T = (0,1_(r)).
reduced to two coupled differential equations for scalar functions ¥4 (r) that read

The Dirac equation can hence be

_ik —w + (—ik+ (27:;_ 1)7‘)7”3] P+ {—iw —(m—-1)r+ ((m — 12):2_ ik) 7’(2)_ o
+ (12 = 12)dpy =0 (3.82a)
[ s 2 g _ 21
i+ (m o+ r = e TO} v+ [‘“‘? i B ””rO_ Uy
+(r? = 12)omp_ =0. (3.82b)

Using the procedure presented in section 3.3, the first pole-skipping point is located at

170

5 —T

= = k =imrg = 2mimT . (3.83)

Either of the two methods presented in section 3.3 can be used to find the other pole-
skipping points and we use this example to showcase the first order method. The

equations (3.39) for this example read

e 0
MOAD [T ) 4 a0 (T ) = (3.84)
vt )
with the two matrices being
T iy . D — 9
(1D — ik — (m —5)rg — 2iw, ik+ (m+ 1)rg — 2iw (3.850)
—ik — (m — 1)rg — 2iw, ik + (m + 5)rg — 2iw
210 1 [=3(m—1)ro +2ik, —(m+ 1)ro+ 2ik ’ (3.85)
ro \ (m—1)rg—2ik,  3(m+ )rg — 2ik

where all elements of the above matrices are scalar functions due to our choice of
the representation of the Clifford algebra (3.81). The frequency of the next pole-
skipping point is given by the value at which the determinant of M) given by
det MY = 8ry(3rg — 2iw), vanishes. This occurs at the next Matsubara frequency

3iT0
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Number of
w k . .
pole-skipping points

wo = —miT 2mimT 1
wy = —3miT —2mimT, 2mi(m £ 1)T 3

- . 2mimT, —2mi(m £ 1)T
wy = —5mil 2mi(m £ 2)T g

_ . —2mimT, 2wi(m £ 1)T
w3 = =T o i(m + 2)T, 2mi(m + 3)T 7

Table 5: The locations of the first few pole-skipping points for a fermion in a non-
spinning BTZ black hole background. At each Matsubara frequency w = wy, one finds
exactly 2n + 1 pole-skipping points.

The easiest way to obtain the corresponding momenta is to set one of wil ) to 0, and
combine (3.84) with the zeroth order equation® to obtain a system of three equations

for three variables, which we evaluate at w = w;. For example, setting d)(_l) =0 gives™®

¥ —(m+2)ro — ik (m — 2)ro + ik 0 0

MO O =1 2k 3 g3 2k (-2 —ik | || =0
( ik ik . 1
szr) *%er*l —%+3m+3 —(m + 2)rg — ik @/}Sr)

(3.87)

Pole-skipping points are located at the values of the momentum at which the determi-

nant of the matrix M) vanishes, which are given by
k= —imrg = —2miT, kE=i(m*1)ro=2miT(m=£1). (3.88)

Finding other pole-skipping locations follows the same pattern and we collect the
results for the first few points in table 5. At a particular frequency, the momenta at
which pole-skipping occurs are not invariant under the transformation k& — —k, unlike
in the case of a scalar field (see eq. (4.6) of [72]). The case of m = 0 is an exception as
then the momentum associated to one of the pole-skipping points vanishes, while the
others form pairs as k = +ik,,. This can be seen clearly in figure 6, where we depicted
the first few pole-skipping points at m = 1 (bottom row) and m = 0 (top row), and

the latter plot is symmetric with respect to the vertical axis.

35The zeroth order equation reads

(—ik 4+ ro — mrg — 2iw) f) + (ik + ro + mro — in)w(f)) -0

36We can set one of w(il )to0asa consequence of the fact that at any fermionic Matsubara frequency,
only the combination (3.42) is constrained, which in this case is simply 1/)53) — w(j). If we set ¢(+1) =0
and include w(f) in the matrix (3.87), the determinant only switches sign which does not change the

values of the roots. This is because the coefficients multiplying @Z)i” in (3.84) differ only by a sign if
they are evaluated at w = wy.
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Figure 6: Plots of the locations of pole-skipping points for the fermionic Green’s function
in the BTZ black hole background. The top row is for m = 0 and the bottom row shows
the locations for m = 1. The left column shows only the locations of the pole-skipping
points as predicted from the near horizon analysis. The gray points correspond to the
momentum written with a positive sign in and the hollow points correspond to the
momenta with a negative sign as written in table 5. Comparing the top left and bottom
left panel we notice that, by increasing the mass, the gray points get rigidly translated to
the right by the value of m and the hollow points get translated by an equal amount to
the left. The right column has superimposed the lines of zeros (red, dashed) from (3.6.1)
and lines of poles (blue) from (3.6.1). For both values of the mass the near-horizon
analysis predicts the location of the intersections of lines of zeros and lines of poles.

Comparison with the Exact Green’s Function

The exact retarded Green’s function for a fermion propagating in a BTZ black hole
geometry was derived in [55]. For non half-integer values of the mass m, the correlator

in the case of a non-spinning black hole is given by

1 1 i(k—w 3 i(ktw
F(ﬁ_m)r<%+1+ (47TT))F<%+Z_ (47TT))

GR(w,k):—i o p " .
F(%—l—m)l“(—%—k%—l— (ZIICTFT)>F(_%+%_ (z]f:T)>

(3.89)

It has a pole whenever the argument of any of the gamma functions in the numerator
hits a non-positive integer. Similarly, it has a zero whenever an argument of any of the
gamma functions in the denominator is equal to a non-positive integer.

Assuming that the mass is fixed and is not half-integer valued, we get two infinite

families of lines of poles and two infinite families of lines of zeros in the (w, k) plane.
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The poles are located at

wl =k —miT(4n 4+ 2m + 1), w = —k — miT(4n + 2m + 3), (3.90)
and the zeros can be found at

wi =k —miT(4n —2m +3),  wf = —k—miT(4n —2m+1), (3.91)

where in all cases n = 0,1,2,.... Pole-skipping is observed whenever a line of poles

and a line of zeros intersect, which happens at

wp, = —itT(2n + 1), kng = 2miT(m+n—2q),
kng = —2miT(m+n+1-—2¢), (3.92)

for any n € {0,1,...} and ¢ € {0,...,n}, ¢2 € {1,...,n}.”" The lines of zeros and
lines of poles are shown for two values of the mass (m = 0 in the top row and m =1 in
the bottom row) in figure 6, where we can see that the intersections of these lines are
in perfect agreement with the predictions from the near-horizon analysis summarised
in table 5.

Green’s Function at Half-Integer Conformal Dimensions

When the mass m (or equivalently the scaling dimension A of the dual operators) is
half-integer valued, the boundary retarded Green’s function takes a different form. We

focus on the case of m > 0, or equivalently A > 1, in which case the correlator is given

by
r (% it Z(47TT)> (% +3- Z(Z:;))
( PR R 47rT) (‘ +1 Z(Z:;)>

where 1(z) is the digamma function and we have written the mass m in terms of the
scaling dimension A using (3.10). The explicit derivation of this form is presented in
Appendix C.

Because A is half-integer valued, the arguments of the gamma functions in the

denominator and numerator of (3.93) differ pairwise by an integer. Thus, we can

3TFor n = 0, there are no solutions in the & 4, branch of (3.92).
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Figure 7: Pole-skipping points as predicted from the naive near-horizon analysis for
half-integer mass values. The left plot depicts the locations for m = % and the right
plot contains the locations for m = % The gray points correspond to the momentum
written with a positive sign in and the hollow points correspond to the momenta with
a negative sign as written in table 5. We see that at half-integer values of the mass,
some of the locations overlap (black circles with gray filling). These cases correspond
to so-called anomalous points and signal that a more thorough analysis of the boundary

Green’s function is needed.

expand the ratio of the gamma functions into a product of finitely many terms as

5 1 "t T

A1, i(k—w) A-3
F(?‘Z"’ 47rT) _HZ(A 1 i(k—w)) (3.94)
A5 ilk—w)) 2 4 ' '
I (—5 +5+ ) n=1
The ratio of the other two gamma functions can be found in a similar way to be
3

F(%%—i(ﬁ;)) _Aff(A 3 i(k+w)>
r(-3+3-G) g \2 4 " Tmr )

(3.95)

This means that the retarded Green’s function has a family of 2A — 2 lines of zeros,

given by the equations

1
wé =k —2miT <2n—A+2> , w? = —k — 2miT <2n—A+§) , (3.96)
where n € {0, 1,...,A— %} and there is no solution for n = 0 in wIZ.

Poles arise when the argument of any of the two digamma functions is a non-positive

integer, yielding two infinite families of lines of poles located at
P : 1 P : 1
wy =k —2miT 2n—{—A—§ , wy = —k —2miT 2n+A—|—§ , (3.97)

for n = 0,1,2,.... The intersections between the lines of zeros and the lines of poles
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Imk

2T

Figure 8: Comparison of the locations of the pole-skipping points predicted by the
near-horizon analysis (gray and hollow points) and the locations of the intersections of
the lines of poles (blue) and lines of zeros (red, dashed) of the exact boundary retarded
Green’s function for half-integer values of the conformal dimension. We see that the non-
anomalous pole-skipping points (either hollow or gray, but not gray with black circle)
perfectly match the locations of the intersections. The anomalous pole-skipping points
(gray with black boundary) correspond to the locations where two lines of poles intersect.
The physical interpretation of these anomalous points is still unclear.

occur at

wp = —irT'(2n + 1), kng = 2miT(n+ A —2q —1),
kng = —2miT(n+ A —2g), (3.98)

where n € {0,1,...}, ¢ € {0,...,min (n,A — %)}, g2 € {1,...,min (n, A — %)} and
again there is no pole-skipping point at n = 0 for the momenta given by ko 4,.

These special values for the intersections are predicted by considering anomalous
pole-skipping points which occur when two pole-skipping points overlap, see figure 7
where we depict the naive pole-skipping points for m = 1/2 and m = 3/2.

For n < m + 1/2, where m is a half-integer number, there are only non-anomalous

pole-skipping points. If n > m+1/2, then the non-anomalous pole-skipping points are

given by
kn.g =2miT(m +n —2q1), ¢ €{0,1,...m—1/2}, (3.99a)
kng, = —2miT(m+n+1—2¢), ¢ €{1,2,...m—1/2}, (3.99b)

where for m = 1/2, there are no solutions in the second branch. This implies that the

anomalous points are given by
kn.g =2miT(m +n —2q1), g e€{m+1/2,m+3/2,...n}. (3.100)

In summary, the near-horizon analysis predicts that the non-anomalous pole-skipping
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points are located at

wp, = —inT(2n + 1), kng = 2miT(m+n—2q),
kng, = —2miT(m+n+1—2¢g), (3.101)

with n € {0,1,...} and ¢; € {0,...,min(n,m—%)}, G2 € {1,...,min(n,m—%)}.

Since m = A — 1, these points coincide with intersections of the lines of poles and lines

of zeros of the exact boundary retarded Green’s function (see figure 8).

3.6.2 Schwarzschild Black Hole in AdSp,»

Let us now assume that the background is the Schwarzschild-AdS black hole in D + 2

dimensions for which the two functions appearing in the metric are

D+1
’”0) . () =12, (3.102)

foy=1-(2

T

with the Hawking temperature given by (D + 1)rg = 4nT. The pole-skipping points at

the lowest frequency are located at

47
D+1

w=uwy=—miT, kE=+ mT, (3.103)

which include the locations for both subsystems discussed in section 3.4. When m =0
these merge into a single point with momentum & = 0.

In the case of a massless fermion (m = 0) the next few pole-skipping points are

located at
0,
w=w; = —3miT, k= T (3.104a)
k = :iZQ’L A / D7-|—1 7TT,
0,

w=wy = —5milT, k= 420y 2L o (3.104b)
+24/ 222V PP g

Notice that the non-zero momenta at w; coincide with the pole-skipping momenta
associated with first bosonic Matsubara frequency w = wlB = —2miT for the massless

bosonic field in the same background [72].
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3.7 Discussion

In this chapter we have investigated the near-horizon behaviour of a minimally coupled
fermion field in asymptotically anti-de Sitter spacetimes. The thermal Green’s function
of the dual operator exhibits an ambiguity: at certain values of the frequency and the
momentum there exist multiple independent solutions to the Dirac equations that are
ingoing at the horizon. As a consequence the correlator is not uniquely defined at these
points due to a collision between a pole and a zero of the Green’s function.

The special frequencies where this happens are precisely the negative fermionic

Matsubara frequencies

1
wy = —2miT (n + 2) , (3.105)

where n is a non-negative integer. At each of these frequencies there are in general
2(2n+1) associated values of the momentum at which pole-skipping takes place. Away
from these special locations, the ingoing boundary condition at the horizon fixes half of
the components of the spinor, whereas directly at the pole-skipping points the ingoing
condition in general only fixes a quarter. Interesting exceptional cases include that
of a spinor in three-dimensional spacetime and the massless spinor field in arbitrary
dimension. In the latter case the number of pole-skipping points at each frequency is
halved and in addition at each special location the ingoing condition does not impose
any constraints — all solutions are ingoing.

The fermionic results are conceptually similar to that of scalar fields [72]. In both
the near-horizon behaviour determines the boundary field theory correlators away from
the origin in Fourier space. Furthermore, there is a similarity in that the higher the
frequency of the pole-skipping point, the farther we probe away from the horizon and
into the spacetime. This is manifested in the fact that the momentum values depend
on higher derivatives of metric functions evaluated at the horizon.

In addition, we see that the pole-skipping points for scalar and fermionic fields have
a similar structure. The frequency is determined purely by the temperature of the black
hole, whereas the momentum has two general contributions, one coming from the mass
term and one which depends solely on the ambient spacetime.

There are also some differences. For instance, in the scalar case there are fewer
pole-skipping points: at any bosonic Matsubara frequency, i.e. w; = —2mwinT, with
n = 1,2,3..., there are 21 special locations, while for the fermion field at the n-th
fermionic Matsubara frequency (3.105), there are 2(2n + 1) pole-skipping points.

Another interesting novelty is the appearance of the pole-skipping point at the
zeroth fermionic Matsubara frequency. This is due to the fact that spinors are multi-
component objects and thus there exist two linearly independent solutions with the

same behaviour at the horizon. This point is the most localized probe at the horizon,
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as its location does not depend on any derivatives of the metric functions. Furthermore,
it can never be anomalous and is thus a robust feature of holographic Green’s functions
of fermionic operators.

There are a few potential pathways in which one could generalize these results. The
first is that the frequencies at which pole-skipping occurs follow a pattern depending
on the spin of the field.”® The first pole-skipping point of the graviton is located at
w = +2miT, for the vector field the first frequency is w = 0 [72], our analysis shows
that for fermions this first frequency is w = —miT’, and scalar fields start to skip poles
at w = —2miT. It is natural to conjecture that spin-3/2 fields, described by a Rarita-
Schwinger action (see for example [94-99] for the treatments of Rarita-Schwinger fields
in AdS), should have their first pole-skipping point located at w = +miT.

In an upcoming publication [90] we show that this is indeed the case. We hope
that this indicates a certain universality of pole-skipping. It would be interesting to
investigate the importance of this order on the relation between pole-skipping, chaos,
and holographic theories in general.

Another interesting development comes from the analysis of 2-dimensional CFTs,
where it has been shown [100] that pole-skipping is also seen for frequencies which
are non-integer multiples of wiT". These are neither bosonic nor fermionic Matsubara
frequencies and could be associated with non-half integer spin particles: anyons. It
would be interesting to see whether there is a corresponding bulk object whose near-
horizon behaviour would explain pole-skipping at such frequencies.

Our hope is that one can get a better understanding of pole-skipping by considering
more complicated, yet soluble models, such as the axion model [81,82]. This model
contains an additional parameter which regulates the strength of the energy dissipa-
tion in the boundary theory. Ref. [70] discusses pole-skipping in this model for the
energy density function and finds that the pole-skipping point does not change as the
dissipation is increased and correctly predicts the dispersion relation of the collective
excitations in the boundary for both the weakly and strongly dissipating regime. It
would be interesting to see whether such statements could be translated to the scalar
or spinor field case.

Similarly, one could analyse how corrections to Einstein gravity affect the pole-
skipping locations in scalar and fermion fields. In [71] it was shown that the momentum
value at the pole-skipping locations for the energy-density correlator correctly predicts
the corrections to the butterfly velocity in such theories. Repeating the same analysis
for scalars or fermions could clarify whether simpler fields can be used as a diagnostic
for chaos.

Another point of interest is the interpretation of anomalous locations which occur

whenever two pole-skipping points overlap. It would be interesting to see if there is

38We thank Richard Davison for pointing this out to us.
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some additional physics that happens at such points.

The detailed analysis of the Green’s functions revealed that at (bosonic or fermionic)
Matsubara frequencies, the retarded and advanced Green’s functions are equal. Another
interesting aspect worth looking into is to see how this is manifested in the boundary
theory.

An example of a spin-1/2 field in a boundary field theory is the time component
of the supersymmetric current in N' = 4 SYM theory in four dimensions discussed
in [101] which in the low frequency and low momentum limit gives rise to the so-called
phonino mode. It would be interesting to see whether this hydrodynamic mode (or
modes coming from other components of the supersymmetric current) passes through
the pole-skipping point (3.25) if its dispersion relation is analytically continued to
imaginary values of the frequency and momentum, as is the case for the shear or
sound modes [68, 73] that pass through the bosonic pole-skipping points analysed in
the previous chapter.

Finally, we have added to the literature of properties of the boundary theories that
are encoded in the near-horizon region. One may wonder if there are other universal
properties of holographic theories that can be seen from simple near-horizon analysis
of bulk fields.
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Chapter 4

Review of D1-D5-P System

In the introduction we have discussed black holes and argued that a full theory of
quantum gravity may be needed in order to fully resolve some of the issues that arise
in the semi-classical picture. String theory emerged as a possible framework in which
one can address these questions, hence in this and the next chapter we describe a
specific system comprised of a BPS configuration of D1 and D5 branes (with additional
momentum charge P) in type IIB superstring theory.

We first study the supergravity description of this system and review a count-
ing argument that reproduces the Bekenstein-Hawking entropy. Next we present the
AdS3/CFTy duality that arises from the D1-D5 system, and especially focus on the
CFT at the orbifold point. We then review the fuzzball proposal which states that
black holes are course grained averages over a vast amount of horizonless microstates
and finally introduce the microstate geometries programme which tries to construct
microstates that have a valid description within supergravity.

This chapter has some overlap with [1].

4.1 Brane Setup

We work in type IIB string theory on R1* x S x M where the internal space M is
either K3 or T%, but in most of what follows we use M = T, except where explicitly
stated otherwise. Let ¢ denote the time coordinate, z, with p = 1,2,3,4 denote the
coordinates of R%, y is the coordinate of S* which has radius R,, and x; withi =6,7,8,9
denote the coordinates of T% which has volume Vj.

The system of interest is a specific configuration of D1 and D5-branes that are
wrapped around the compact directions of spacetime (see table 6 for summary). Let ny
D1-branes be wrapped along the S*, and let n5 D5-branes be wrapped around S* x T4,
and in addition there is np units of left-moving momentum along S'. We assume that

the branes are localised in the R* which we call the base space.
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Ry R* St T4
U |1 | @2 |23 | T4 | Y | Te | X7 | T8 | Xy
D1 e | — | —| —| — | @ | — | — | — | —
Objects | D5 ° — — — — ° ° ° ° °
P o | — | — | — | — ° - = = | =

Table 6: The brane configuration of the D1-D5-P system. The directions in which
an object is extended is denoted by e, while — denotes the directions in which the
object is localised. The D1-branes are extended only along the macroscopic S* direction,
parametrised by the coordinate y € [0,27R,). The D5-branes are extended along the
S xT* and we add an additional momentum charge along the S*, but all the momentum
points only in one direction. In the non-compact space R* all the branes are localised.

The assumption that the momentum is moving in only one direction is necessary
to preserve some supersymmetries, namely if we add some right-moving momentum
into the above configuration, all supersymmetries are broken. With only left-moving
momentum, the system preserves 4 out of the total 32 supercharges of type IIB string
theory and is thus an 1/8-BPS system [102].

Throughout the next two chapters we work the large N limit by assuming that

ny,ns > 1, (4.1.1)

meaning that the number of D1 and D5 branes in the system is large. Furthermore, we
assume that the size of the T is of the string length size and thus small. We sometimes
refer to this space as the internal space. On the other hand, we assume that the size
of the S is large in string length units so that R, > I;.

We can look at this system in two different limits. Our main focus will be on the
strong string coupling limit (gs > 1) in which the branes gravitate. If we limit ourselves
to the low energy physics, we can describe the branes in terms of a curved metric, hence
we denote this regime as the classical supergravity limit. However, we can also study
the limit g < 1, such that gsnins < 1, where open and closed strings decouple. Thus
the effective picture in this case is that of non-interacting open strings on flat branes
in non-curved spacetime. This regime contains some interesting physics, especially in
light of the microstates of the D1-D5-P black hole, which ultimately leads us to the
fuzzball proposal.
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4.2 Gravity Description

4.2.1 General Ansatz and System of Equations

Let us begin by introducing a system of equations that is tailored for 1/8-BPS solutions
to type IIB supergravity [103]. The action (1.15) that we have presented in the intro-
duction contains only the RR gauge field strengths Fi, F3, and F5, which correspond
roughly to exterior derivatives of the potentials Cy, Co and Cy. However, D5-branes
can also be thought as sources of a higher order form potential which is not included
in this action.

In this case it is convenient to use the democratic formulation of supergravity [104]
which introduces “high” order forms (or their field strengths) and puts them on equal
footing with the “low” order ones by imposing additional constraint equations. Begin

by defining an operator A, whose action on a p-form A, is given by
A(A,) = (=1)PP=D/24 (4.2.1)

In the new formulation the RR gauge field content of type IIB supergravity is enhanced
to {CO, Cy, Cy, Cg, Cg} Defining

H=dB, (4.2.2)
where B is the usual NS-NS two-form, we define a RR p-form field strength as
Fy=dCy,_1 —HANCp_3. (4.2.3)
These satisfy
dF, =HANF,_o, (4.2.4)

which can be seen as modified Bianchi identities.
By allowing additional gauge potentials, we have almost doubled the number of
degrees of freedom appearing in the C), fields. To remedy this, we impose the self-

duality constraint
Fp = *\ (Fl(],p) y (425)

where * is the ten-dimensional hodge dual operator. For type IIB supergravity the

above constraint can be written out explicitly as

F1 :*Fg, F3:—>I<F7, F5:>I<F5, F7:—*F3, Fg:*Fl, (426)
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which implies that F}, and Fjo—), effectively carry the same degrees of freedom.
Using this new framework, a general 1/8-BPS solution to the equations of motion
was derived in [103,105], building on previous work [106-108].”’ The assumptions made

are that
1. The solutions admit a null isometry.*’

2. The solutions are isotropic in the internal manifold, ¢.e. the fields do not depend
on the coordinates of T and forms can only have either no legs in this space or

have a factor proportional to the volume form ;(;14 of T4,

The general solution is then given by the ansatz

Z
dsty = Vadsg + [ 7 df, (4.2.72)
2

2 F
2 _ 4 v 2
A5 =~ (dv+ ) [du +w+ S (dv+ 5)] +VPds?, (4.2.7h)
2
20 _ % (4.2.7¢)
Z.
By = —%(du—l—w)/\(dv—i—ﬁ)-ﬁ-w/\(dv+5)+527 (4.2.7d)
Zy
Co = 7 (4.2.7€)
Cy = —Zg(du+w)/\(dv+ﬁ)+a1/\(dv+/3)+72, (4.2.71)
1
Zy —~ Zy
Ca = vola = 592 A (du+w) A (dv + §) + a5 A (dv + ), (4.2.7g)
2
— Z
Cs = volsy A —%(du +w)A(dv+B)+ax A(dv+B)+m (4.2.7h)
with
Z1Zy 2
= =712y — Z}. 4.2.
= A P 142 — 2 (4.2.8)

We have defined new asymptotically null coordinates u and v as

1
\ﬁ(t—y),

which can be thought of as world-volume coordinates of the branes. In the above

u =

(t+vy), (4.2.9)

-

ansatz, ds%o denotes the string-frame metric of the ten-dimensional spacetime, and ds%

denotes the Einstein-frame metric of the six-dimensional spacetime, which is a fibration

398ee also [109] for a recent review.

40 Assuming a null isometry is natural in the context of the D1-D5-P solutions, as one assumes no
right-moving momentum along S' to preserve some supersymmetry. Forming light-cone coordinates
(4.2.9), one can identify the right-moving direction as the direction of the isometry.
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over a 4-dimensional base B with metric
dsj = hy(z,v)dztdz” (4.2.10)

where the metric components can in principle be functions of the coordinates on B
and v. The ansatz includes scalars Z1, Zs, Z4, F; one-forms B,w, a1, as, aq; two-forms
Y1, Y2, 02; and a three-form x3, all on B. These quantities can depend on the coordinates
of B and on v, but supersymmetry requires them to be independent of u. The RR
potentials C,, can have an extra term proportional to a four-form C on B, but it has
been set to zero by using the gauge symmetries discussed in [103,110].

There is some redundancy in the ansatz as the form of the solution is preserved by

the diffeomorphism
v—=v+V(z), u—u+U(z,v), (4.2.11)
provided that the following transformations are taken at the same time
B — B —diV, FoF-2U, w-ow-dU+UB. (4.2.12)

In the above d4 denotes the exterior derivative constrained to the base space B, and the
dot denotes the partial derivative with respect to v, i.e. ~ = 0,. It is also convenient

to introduce a gauge invariant differential operator
D=dy—BNOy. (4.2.13)

The potentials in the ansatz (4.2.7) are not gauge invariant and thus the ansatz
quantities appearing in them are also not gauge invariant. The equations of motion

relate only gauge invariant quantities, which are the two-forms [103,109]

©1=Dai+% —BAa1, $1=Dy—a1 ADB, (4.2.14a)
Oy =Das+51 — BAas, Ss=Dy —ayADS, (4.2.14D)
@45’2)(144—52—,8/\&4, Y4 =Dby —ays NDS, (4.2.14C)

and an additional four-form =4 which will not be important in our discussion. Essen-
tially these are different degrees of freedom appearing in the field strengths £}, [103,109],
and one can think of this new formalism as a particular way to nicely decouple the equa-
tions governing the different degrees of freedom appearing in the gauge fields. But note
that the fields in (4.2.14) are not completely independent as one can show that they
satisfy (I =1,2,4) [109]

DYy =-0675ANDg, Ow(X1 4+ BAO) =dsOr. (4.2.15)
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The equations of motion can be separated into three layers [103]. These can be
solved in succession, with the solution of the previous layer acting as source in the next
one. Most importantly, the system has a linear structure [108]: apart from the zeroth
layer, the equations of motion are linear with the only non-linear part coming from the

sources, which in principle are known from solving the previous layer.

Zeroth Layer

The zeroth layer determines the metric of the base space h,, and the one-form /3.
The space must be almost hyper-Kéahler on which we find a set of three anti-self dual

two-forms J4, A = 1,2, 3, that satisfy the following set of equations

)44 = —J4, (4.2.16a)
JaNJg=—20apvo0ly, (4.2.16b)
dyJa =0y (BN JA), (4.2.16¢)

where #4 is the hodge-dual on the base space and voly is its volume form. In addition,

the one-form (8 needs to be self-dual
DB = %, DB (4.2.17)

This layer is in principle the hardest to solve as it involves non-linear differential
equations (4.2.16). The solutions appear as sources in the first layer, mainly through
B and the hodge-dual operator, with the exception being an anti-self dual two-form

which can be constructed as

1 .
b= —eABC (Ja)" (JB> Jo, (4.2.18)
8 pv
where €48 is a totally anti-symmetric tensor and we take €!23 = 41.

First Layer

The first layer relates the scalars Z; with the gauge strengths ©; and ;. In fact one
can group the equations into three sets of independent equations which all have the

same form

x1(DZy + BZ1) = %o, (1 —%4)02 = 2Z17), (4.2.19a)
*4(DZ2 + ﬂZQ) =3, (1 — *4)@1 = 2Z2@Z), (4219b)
*4(DZ4 + BZ4) =24, (1 — *4)@4 =274, (4.2.19C)
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and thus a solution for one set of equations is also a solution for the other two. Note
that the two-form v coming out of the zeroth-layer is related to the failure of the
two-forms ©; to be self dual.

There exists an equivalent set of equations in which X; has been eliminated, which

is given by

Oy (*4(7321 + 321)) =dyO2 — 0, (BN O2) ,

D x4 (DZy + 7)) = -0y A DS, (4.2.20a)
Oy (+4(DZs + BZ2)) = d1©1 — 0, (B 61)

D sy (DZs + BZ) = —O1 ADB, (4.2.20b)
9, (*4(7924 + 324)) = 104 — 0, (BAO),

D sy (DZy+ BZs) = —O4 ADB. (4.2.20¢)

Second Layer

Finally, the second layer determines F and w [105,109]

(1+ #4)Dw + FDB = 2101 + 2309 — 22,04 — 2(Z1Zo — Z3 )9, (4.2.21a)

4D %4 L+ 28, L* — %4(¢p A Dw)

1 .. 1 .
—1(2122 — Z3)h by, + 5&,[(2@ — Z3)h* by

+ (2129 — Z3) + (Z1 2o + Zo 2y — 224 24)
— 5% [(61 = Z20) A (O3 — Z1) — (O — Zu) A (04— Zav)
(2122 — Z2)0 A Qp} , (4.2.21b)

where we have defined the one-form
L=+ gﬁ' - %D]—". (4.2.22)

The equations are linear in F and w, although (4.2.21D) is significantly more compli-
cated than the equations that we encountered so far. The reason is that the equations
in the first two layers (and (4.2.21a)) are derived using the supersymmetry in the sys-
tem. This can be seen most easily from the fact that the equations are first rather than
second order differential equations, which appear in the usual Einstein-Maxwell like
equations. However, in most of the systems, solving BPS equations alone is not enough

to fully specify the solutions and one has to add an additional equation of motion,
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usually from either the Maxwell’s or Einstein’s equations [111]. Here (4.2.21h) comes
from a null-null component of the Einstein equations [103].

The fact that the equations are first order differential equations is an additional
advantage when looking for new solutions as these are significantly easier to solve than
second order equations. Thus we are able to find solutions which were previously too
difficult to obtain.

Flat Base Space

As mentioned above, the zeroth layer is the hardest to solve. However, a huge number

of solutions can be found by considering a base space with a flat metric
hyw (2, v) = 0w (4.2.23)

and a set of v-independent two forms J4, from which it follows that ¢y = 0. One can
make a further assumption that the one-form [ is also v-independent, in which case

the self duality constraint reduces to

This simplifies the first and second layer equations significantly, as they are now

given by
x4DZ1 = DO, D x4 DZ) = —Oy Adp, Oy = %409, (4.2.25a)
x4DZy = DO, D x4 DZy = —0O1 Adp, 01 = %401, (4.2.25b)
*4DZ4 = DOy, DxyDZy=—0O4 NdS, O4 = %40y, (4.2.250)

and

Dw + x4Dw + Fdf = Z101 + Z209 — 27,40y, (4.2.26a)

o1 oo . 1
%4 D 4 (w - 2Df> = 0X(Z1Zo — Z2) — (2125 — (Z4)*) — 5 %4 (O1A 62— O4 A Oy).

(4.2.26b)

4.2.2 D1-D5-P Black Hole

We begin by considering the simplest 3-charge solution, which corresponds to setting

all ansatz quantities to zero, except [105]

Q1 Qs F Qp

Z1=1+ = Jo =1+ — — = - 4.2.27
1 +r2’ 2 +r2’ ( )
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We also assume that the base space is R* with the metric (4.2.23). This is the solution
corresponding to the superposition of a stack of D1 and D5 branes localised at the origin
of R, with momentum charge along one direction in S [102], and is thus precisely the
supergravity description of the brane configuration summarized in table 6. The charges
@1, @5, and @, are measured within supergravity and are related to the quantized

numbers ny, ns, and n, as [105]

(27)495@
Vi

(2m)*g218

n, o Qs =gling, Q= ss g
ViR2

Q1= (4.2.28)

Inserting these values into the ansatz (4.2.7) shows that the system is described by

2 1Z
ds%0 = _7\/ﬁ dv (du + ]2:dv> + 2125 ds?l 4 idéQ, (4.2.29a)
142

7 1
2 1
€ Z2 ) ) 0 ’ 2 Zl U v+ Y2,
1
C,=0, Cs = (—Zdu A dv + 71> A da5789, (4.2.29b)
2
where v and 2 are determined by the anti-self duality condition F3 = — x1¢ F%, which

is equivalent to imposing
d’yl = *4le y d’}/g = *4dZ2 . (4230)

Thus in addition to having a non-trivial metric, this solution has an excited two-form

gauge potential (and a corresponding six-form potential) and a dilaton field.

Asymptotic behaviour (r — oco) In this limit both Z; and Z3 tend to 1, while F
vanishes. Using —dudv = —dt? + dy?, we see that the metric at infinity corresponds
to a flat metric in ten dimensions and thus (4.2.29) describes an asymptotically flat
spacetime, with the asymptotic space being R x S! x T*. The remaining fields show
similar behaviour in this region, as the dilaton vanishes while the components of Co

and Cg become constant and thus their corresponding field strengths vanish.

Near Horizon Region (r < /Q1,5) In this limit we can neglect the factors ”1”
in Z; 2. If one uses the coordinate transformation r? = 72 — Q,, [112] the metric can be

rewritten as

~2 2 R2 = Q 2 Q
ds? = —~ I (1) dt? + —AdS_ 32 4 <d +pdt> + R2,od02 + [ £Lds?
R3as 2 f(r)? Rias TR A Qs
(4.2.31)
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where
Qp
=1-= 4.2.32
) =1-%, (42.32)
dQ3 is the area element of a unit sphere in three dimensions, and

Rigs = VQ1Qs. (4.2.33)

This is the extremal BTZ black hole [61,62] (satisfies M Rags = |J|) together with
a ?hree;sphere with a constant radius Rags, and a four torus with a different radius
Qf Qs "

We can compactify the solution along S* x T [113] to obtain [102,114]"!

st = —A"3 di® + A5 (dr? 4 r2d3) | (4.2.34)

which is written in the Einstein frame, with

v (1 @) (12 (14 ). w235

This is a generalisation of the extremal Reissner—Nordstrom solution in 5 dimensions.
The metric components diverge at 7 — 0, however the curvature invariants (such as the
Ricci scalar or Kretschmann scalar (1.6)) are finite, meaning that at this point we have
a horizon rather than a singularity, and thus we can calculate the Bekenstein-Hawking
entropy of this black hole through (1.12).

Since the horizon is located at = 0 where A diverges, one could assume that
the area of the three-sphere S® either vanishes or diverges due to the factor of r2 A3
multiplying the part of the metric concerned with the sphere. However, there is a
stabilisation due to the cancellation between the divergence of the A5 and vanishing of
r2, which fixes the radius of the sphere to (Q1Q5Qp)%, and consequently the area of

the horizon is given by

Ap =212/Q1Q5Q, . (4.2.36)

Since the supergravity charges are related to the quantised charges via (4.2.28), the
horizon area depends on the moduli of the theory, such as the value of the string

coupling or the size of the compact dimensions. However, in the Bekenstein-Hawking

MWe use (4.2.9) to go back to the {t,y,x,} coordinate system and then compactify along S* coor-
dinatized by y.
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entropy all moduli dependence cancels out to give

A
SpH = Flé’ — 21 /Ay Ty, (4.2.37)

N

where Gg{?) is the five-dimensional Newton’s constant which can be written in terms of

the parameters of the theory as [115]

(5) 8mbg2 18

=55 4.2.38
N xR, 2tV ( )

This result is significant as it shows that contrary to the horizon area, the entropy is

depends only on the number of objects in the configuration.

4.2.3 D1-D5 Black Hole

Let us briefly look at behaviour of the above system as we take the two-charge limit
Qp—0 = ny — 0, (4.2.39)

so we must set F = 0 in the metric part of (4.2.29), but leave the RR potentials and
the dilaton field unchanged. The resulting solution reduces to the exact same form in
the 1 — oo limit as before, and is thus also asymptotically flat. On the other hand,
the near horizon region changes. By taking the limit r < m we observe that the

metric can now be written as

2 r? 2 Rids 2 r? 2 2 2 Q1 ;.9
ds® = — dt” + 2 dr® + RTdy + R3qed€25 + \/;d&l, (4.2.40)
AdS

with the radius of AdS still being given by (4.2.33). This is the metric of an extremal
massless (and thus non-rotating) BTZ black hole fibered with an S® with a radius of
Raqg and a T* with a constant radius. The BTZ black hole is locally AdSs3, however
these two spaces differ globally. The horizon is again located at r = 0, but in this case
coincides with the position of the curvature singularity, unlike in the solution (4.2.31)
where the horizon is located at 7 = /Qp.

The physical interpretation of this difference can be traced to the brane configura-
tion found in table 6. Close to the branes, the spacetime transverse to the world-volume
tends to expand, while the directions in which the brane is extended tend to shrink,
as this lowers the energy due to the tension of the branes. Since along S' both D1
and D5 branes are extended, this spacetime dimension effectively vanishes where the
branes are located (see that in (4.2.40) at » = 0 the length of the circle parametrised
by y shrinks to 0).
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On the contrary, momentum causes the directions along which is propagates to
expand. Recall that in a compact space, the momentum is quantised in units of inverse
length, so a larger space implies lower momentum excitations. Thus adding momentum
along S stabilises the circle at the position of the branes which leads to a non-vanishing
horizon area.

It is this stabilisation that is the difference between the three and the two-charge
black hole. It can be also seen after the compactification along S* x T*#, which in the
case of the two-charge black hole yields [114]

dsty = —A75 di® + X5 (dr? 4 r2d3) (4.2.41)

in the Einstein frame, with

= (149 (14 %), (1.2.42)

For this metric the curvature invariants diverge at » — 0, which is also the position
of the horizon. In that limit 72 A3 ~ 7%/ 3 so the radius of S® and thus the horizon
area vanish. Therefore classically, the D1-D5 two-charge black hole has a vanishing
Bekenstein-Hawking entropy.

All in all, the two-charge solution is simpler than the three-charge one, however it
is also special in the sense that the curvature singularity and the horizon overlap. Thus
the two-charge black hole serves as an important toy model for the more complicated
three-charge solution where the horizon is at a macroscopic distance from the singularity
and thus the physics at the horizon scale is clearly distinguished from the physics near

the singularity.

4.3 Brane Description

The Bekenstein-Hawking entropy for the three-charge black hole depends only on the
number of D1 and D5-branes, and the number of quantized units of momentum added
onto the geometry. Thus one can speculate that the same entropy can be obtained from
a pure counting argument. This was confirmed by Strominger and Vafa in [116] (albeit
they used K3 rather than T*), where they found that a moduli invariant bound of
the number of BPS states in a system which provides a dual description to the gravity
picture correctly reproduces the black hole entropy.

Soon thereafter Callan and Maldacena [102] provided a more physical interpretation
of how this counting can be seen from an open string perspective. Here we give a
simplified account of their derivation and follow [22,102,115,117].

We assume g; < 1 and gsnins < 1 so that open and closed strings decouple,
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D1 D5

Figure 9: The schematic depiction of S1, where we have separated the coincident branes
and ignore the remaining directions. We have ny D1-branes (depicted in red) and ns D5-
branes (depicted in blue), both of which can be either singly or multiply-winded. There
are open strings (in black) which can end on either of the branes and carry the momentum
charge of the system. In order to have a BPS system the strings have to be massless and
travel in the same direction.

and thus the system is described by branes in flat ten dimensional spacetime. The
momentum charge has to be carried by an object that does not break any additional
supersymmetries. It turns out that these objects are massless open strings which carry
momentum along one direction in St [102].

Since we work in a limit where the S' is much larger than the T#, we can imagine
the system being described by an effective theory living on the S! with D5-branes
reduced to one dimensional objects on the circle. The open strings can end either on
the D1-brane or the D5-brane, which gives us four different options — (1,1), (1,5),
(5,1), and (5,5), where each label describes the brane on which the left or right end
lives, and since the strings are oriented, we need to distinguish between the left and
the right end-point.

We want to show that number of configurations of such a system can reproduce
the Bekenstein-Hawking entropy, to leading order. Thus we are interested only in the
largest contribution which comes from the strings whose ends lie on different branes.
Furthermore, it turns out that when many (1,5) and (5, 1) strings are excited, the (1,1)
and (5,5) become massive [102,118] and thus putting momentum into any such string
breaks the BPS condition.

Because the stacks of D1-branes and D5-branes are coinciding on S, and the cou-
pling between open strings is small, these effectively behave as free massless point par-
ticles. Their wavefunction is therefore just a superposition of momentum eigenstates

on a circle and can be schematically written as

iky

Ply) ~ > e (4.3.1)
k

Or in other words, the open strings behave as a dilute non-interacting gas in a one
dimensional box of length L = 27 R, with periodic boundary conditions imposed.

Before we continue, we need to explain that the quantised charges n1 and ns actually
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refer to the total number of windings of the D1 and D5-branes around S*. This can be
achieved in multiple ways, as a brane can be multiply wound around the circle, with
the two extremal cases being, in the example of D1-branes, ny singly wound branes
and a single brane wound nq times. In general, the charge can be distributed over
the differently wound branes in an arbitrary manner, as long as the total number of

windings is n1, which gives the constraint

ni
> mik=ny, (4.3.2)
k=1

where my, denotes the number of D1-branes with winding k. A similar analysis can be
done for the D5-branes.

It follows that each open string has two additional labels, which we denote as
¥(dy,ds), which indicate the position (or more precisely, the loop) in the winding of
the branes on which it ends. For example, ¥(2, 3) denotes that the open string currently
connects the second loop of the D1-brane with the third loop of the D5 brane.

The winding of the branes on which the open string ends determines the periodicity
of the wavefunction (4.3.1), and one can show that if the string ends on a D1-brane
with winding m; and a D5-brane with winding ms, the total period of the wavefunction
becomes Ly = 2rmymsR,."” Thus one can think of the open strings as living in a box
with effective length L7, where the momentum excitations are quantised in units of
1/ Ly rather than 1/L, which is called momentum fractionalisation [22].

Physically different configurations correspond to the different ways in which we
can distribute the total momentum charge P = n,/L to the open strings. We are
interested only in the leading contribution so we focus on the extremal case where all
branes are maximally winded, i.e. m1 = nq and ms = ns. In this case the momentum
excitations have the lowest possible value, thus we can distribute the momentum in the
most number of ways, meaning that such configurations have the highest entropy [119].

Finally, we need to consider that the string carries 4 bosonic and 4 fermionic degrees
of freedom, totalling to 6 bosonic degrees of freedom (np +1/2np = 4 +2)."% As each

of these contributes to the momentum, we have to find the number of configurations

42G8¢trictly speaking this is the period if m; and ms are coprime numbers. If this is not the case, we
can always find a pair of numbers that are coprime and to leading order in large mi 5 limit reproduce
the same period.

43The bosonic degrees of freedom can be viewed as the 4 directions in 7% along which the D5-branes
are extended and the open strings can fluctuate into. This picture becomes much clearer in another
duality frame [115] in which the same system is described by F1-NS5-P, where NS5 is a 5-dimensional
solitonic object of string theory. In this system the momentum is carried by transverse waves of the
fundamental string, which have to be contained within the 4 dimensions of the NS5-brane. The 4
fermionic degrees of freedom are the supersymmetric partners of these bosonic degrees of freedom. A
much more thorough analysis of the degrees of freedom from the point of view of D1-D5-P system is
carried out in [118].
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b(3.1)

b2 b1 b6.2)

Figure 10: Massless open strings that have one end on a D1-brane (red) and the other
end on a D5-brane (blue) can be effectively described by a dilute ideal gas in a one-
dimensional box of length Ly = 27w Rym1ms, where m; and ms are the windings of the
D1 and D5-branes respectively. In the figure, this is shown for the canonical example
m1 = 3 and ms = 2 [102]. The sequence starts on the top left and finishes at the bottom
right, and each step shows a full rotation around S'. Rotating starting from (3,2)
returns (1, 1), which shows that one has to rotate around the circle mims = 6 times in
order to return to the original configuration.

satisfying the constraint (assuming equal distribution of momentum)

> kmy, = km
k
— = , 4.3.3
kE:: L ; n1n5L ( )
which can be rearranged to
"1"5"” kakz (4.3.4)
which is the problem of partitioning the number %65"’?, which we assume to be an

integer. In the limit nynsn, > 1 the result is given by [120]
ningn 6
Q ~ [62”v 136’)} = e2mV/mnETy (4.3.5)

where we have used the fact that to leading order there is a six-fold degeneracy in which
we can find the states. Using the Boltzmann formula (1.14), we find that the entropy

associated to such a system is given by

Smicro = 27‘(" /M5y , (436)
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which precisely matches the result (4.2.37) obtained using the Bekenstein-Hawking

formula.**

4.4 AdS/CFT Duality in the D1-D5 system

Another way of analysing the microscopic behaviour of the D1-D5-P system is by using
the AdS/CFT duality, which states that type IIB string theory on AdSz x S3 x M
(where M can be either T or K3, although we take it to be the former) is equivalent
to a 2D CFT with N = (4,4) supersymmetry, called the D1-D5 CFT [41].%

We are interested in the classical supergravity limit of the correspondence where
the string coupling is small, and the ratio between the radius of AdS and the string
length is large, with the dual theory being a strongly coupled CFT with a large central

charge'’
c=c¢c=6N, where N =njins. (4.4.1)

Let us review the symmetries of the two sides of the duality. The isometry group of
AdS; is SO(2,2) ~ SL(2,R)1, x SL(2,R)r which gets mapped to the global conformal
symmetry group of the CFT. The two-dimensional conformal group is infinte dimen-
sional [124], however only the finite, anomaly-free part of the Virasoro algebra is im-
portant for the duality. The isometry group of the sphere SO(4)g ~ SU(2), x SU(2)r,
which from a three-dimensional gravity perspective can be seen as the gauge symme-
try, is dual to the R-symmetry of the boundary theory. Furthermore, the isometry
group of the torus SO(4); ~ SU(2)c x SU(2) g translates into an outer automorphism
symmetry of the boundary superalgebra (SU(2)p), and an additional custodial group
(SU(2)¢) which is not part of the symmetry of the dual theory.

The D1-D5 two-charge black hole preserves 8 of the 32 supercharges of type 1IB
supergravity, but in the decoupling limit this number gets enhanced to 16. This matches
the number of supersymmetry generators of the CFT [26], where we find two sets
of eight Majorana-Weyl spinors, one set for the holomorphic and one for the anti-
holomorphic sector. In two dimensions, each such spinor has one real degree of freedom
which gives a total of 16 supercharges. In summary, combining the fermionic and
bosonic symmetries, one finds that the symmetry group is given by the supergroup
SU(1,1]2), x SU(L,1|2)s.

This holographic SCF'T has a free locus in its moduli space where it can be described

44This matching was done only to leading order. Other methods, especially those involving the
supersymmetric index have found matching at the subleading order as well. See for example [121] for
a review.

“5See e.g. [122,123] for reviews of the D1-D5 CFT.

46The central charge effectively measures the number of degrees of freedom in a CFT. The large
central charge regime is thus equivalent to taking the large N limit of A" =4 SYM theory.
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by a collection of free fields. This theory is called the free orbifold CFT and is described
in terms of a two dimensional sigma model with a target space (7%)" /Sy, which is N
copies of T* identified under the permutation group Sy.'" The field theory at this point
does not have a good dual supergravity description and thus there exists no generic
dictionary between the gravity excitations and the fields in the free theory."®

Some connections can be made due to non-renormalization theorems, for example
it can be shown that three-point functions of BPS operators do not change as we
vary the moduli [129]. On the other hand, four-point functions are not protected by
supersymmetry as seen for example in [130]. In what follows we briefly review the main
contents of the free orbifold CF'T that are used in the next chapter.

4.5 D1-D5 CFT at the Orbifold Point

4.5.1 Field Content

We follow the conventions of [123]. At the free orbifold point the CFT is described by
a sigma model with central charge ¢ = & = 6N, whose fields map R x S* to (T*) /Sy.
One can think of the full theory as a collection of N copies of the same CFT which we
label with an index (r) = 1,2,... N. All physical states must be invariant under the
action of the permutation group Sy which acts on the index (r), hence we can think
of this symmetry as a discrete gauge symmetry of the theory. Each copy contains the

following bosonic and fermionic fields

(X(ﬁ‘«f(t, Y), Uiy (t + 1), J?;ﬁ"(t - y)) : (4.5.1)

where t and y are the coordinates of the boundary of AdSs3, with ¢ being periodic with
the identification y ~ y + 2w R,. The Greek indices o, & = 4+, — are in the fundamental
representation of SU(2), and SU(2)g respectively, with SU(2)r, x SU(2)r being the
R-symmetry of the theory. The index A = 1,2 is in the fundamental representation
of SU(2)p, which acts as an outer automorphism on the superalgebra, while the index
A = 1,2 belongs to the custodial SU(2)¢. Since the bosonic fields are in the (2,2)
representation of SU(2)¢ x SU(2) g, one can think of this group as acting on the tangent
space of the target space T of one boson, which is why this symmetry is related to the

isometry group of the four-torus.

47See e.g. [125,126] for a discussion on the moduli space and the position of the free orbifold point.

“8Recently (see for example [127,128]) it has been argued that in the large N limit the exact dual
of the symmetric orbifold CFT is given by the superstring theory on AdSs x S x T* with one unit
of NS-NS flux (k = 1). This explicitly shows that the dual theory of the free orbifold point cannot be
analysed by supergravity alone.
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It is often more convenient to perform a Wick rotation to Euclidean time
t=—ir, (4.5.2)

and transform the cylinder to a plane by

T .y
- Ftim— _
z=eftv Ry z

Ty Ty (4.5.3)

The fields then split into a holomorphic (left-moving) and an anti-holomorphic (right-
moving) sector containing (8X(é34(z), w%‘(z)) and (5X(‘?‘)A(Z), zﬁ%‘(é)) respectively.
The two sectors are completely analogous, hence we limit ourselves to the holomorphic
part only, but it should be understood that equivalent statements can be made about
the anti-holomorphic sector. From now on we also suppress the index labelling the
copy.

CFTs are characterised by operator product expansions (OPE), and we use the
conventions in which the OPEs between elementary fields are
BeAB

EABEAB2 ’ ¢QA(21)1/JBB(22) - _

OXaale)0Xpp(e) ~ T e P

(4.5.4)

The periodicity of the boundary of AdS imposes the periodicity of the fields in the
CFT, and while bosonic fields are always periodic, fermionic fields require a bit more
care. Global AdS (5.3.13) naturally imposes anti-periodic boundary conditions on the
fermions on the cylinder which are therefore in the NS sector. On the other hand, the
near horizon limit of the D1-D5 system is the extremal BTZ black hole which imposes
periodic boundary conditions on the fermions on the cylinder which are then in the R
sector. These periodicities are exchanged when we go the complex plane as fermions
pick up a non-trivial Jacobi factor. There, NS fermions are periodic with respect to a
rotation around the origin, while fermions in the R sector are anti-periodic with respect
to the same transformation [123].

We will mostly work in the NS sector of the theory, but there exists a transformation
called the spectral flow [131] which allows us to map all problems in the R sector to
(more tractable) problems in the NS sector. This is especially important because states
representing the duals of microstate geometries are more naturally represented in the

R sector.

4.5.2 Symmetry Currents and Current Algebra

The fundamental fields can be used to construct symmetry currents. In the holomorphic
sector these are the stress-energy current 7'(z) corresponding to the Virasoro symmetry,
the SU(2), current J(z), where i is the triplet index of SU(2)r, and the fermionic
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Field Conformal weight h
OXAA(2) 1
A (2) 1/2
T(z) 2
J(2) 1
GoA 3/2

Table 7: Table of conformal weights for the fundamental fields and conserved currents.
These values can be read off from the respective field’s OPE with the stress-energy tensor
(see for example Appendix A of [123]).

current G®4(z). In a single copy of the CFT with the copy index supressed, they are
given by [123]

1 ; : 1 . _
T(z) = §€AB€AB<9XAA3XBB + ieageABwaAﬁwﬁB, (4.5.5a)

) 1 , .
J'(2) = S apap(o™) 5077, (4.5.5b)
G (z) = W‘AaXBAGAB, (4.5.5¢)

where (07) 5" are the Pauli matrices and all SU(2) indices are lowered/raised with the

2l — ¢+ = 1. These currents (and their anti-holomorphic

€ satisfying" €9 = e, =€
counterparts) form a copy of the small N' = 4 superconformal algebra.

All fields can be expanded into modes by using

1
O(z) = ;Omz m=h O = 3 dz O(z)2m=1, (4.5.6)
where O(z) is a generic operator with conformal weight h. The conformal weights of
the fundamental fields and the symmetry currents are listed in table 7. Note that the
modes of all bosonic fields are integers. Fermion fields in the NS sector have half-integer
modes, which also means that they do not have any zero modes. On the other hand
R sector fermions have integer modes and thus contain zero modes which is important
for the degeneracy of ground states in the R sector.

The current modes satisfy the algebra [123]

[J:nv J%] = %m(sij(strn + ieach,;,:-L+n, (457&)
. 1 .
[J3,,Go4] = 5(01)5%5;‘%, (4.5.7b)

OWe use o = +, — and A = 1,2 to highlight the difference between the R-symmetry and the outer
automorphism indices.
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[Lin, J2] = =0T} s (4.5.7¢)
(L, G24] = (% - n) GoA (4.5.7d)
(L, Ln] = (m — n) Ly + %m(mQ — 1)dmin,s (4.5.7¢)

{G%A, GgB} = —g <m2 — i) BB — eMBePL,
+ (m—n)e*B (@ )P T (4.5.7f)

which is infinite-dimensional as the mode numbers can take any of the allowed values.
However, in this case the algebra is anomalous due to the appearance of central terms.
For the AdS/CFT duality only the globally well defined anomaly-free part of the algebra
is important. In the NS sector it is spanned by (Lo, L1, Jg, Gj‘g) with the explicit

form of the (anti)-commutation relations being
[Liny Ln) = (m — 1) Lgn ,  [J3, JE) = i TS, [Ln, J§F) =0,

m+n

; 1 , m
J oAl S BA G @ aAy (0 aA
U5, G5t = 5GNNS [L G = (5 —n) G (4.5.8)

{G?HA’ GEB} - 6OéﬁﬁABLm—‘,—n + (m - n)GAB(UiT)a’yﬁFY/BJi

m+n *

4.5.3 Twist Fields

So far we have only considered operators within one copy of the CFT. However, a
physical state in the D1-D5 CFT has to be invariant under the Sy group, which also
means that every generator in (4.5.5) actually has to be considered in a permutation
invariant sum over all indices (r).

In addition to the fields which act within one copy of the CFT, there exist twist
fields which combine several single copies into a long component string that we call a
strand. If no twist operators have been inserted, and all component strings have length
one, we are in the untwisted sector of the theory. The alternative is the twisted sector
where some of the copies are sewn together to form longer strands. These can have
arbitrary length with the strings combined in various ways, subject to the condition
that the overall length must be NV

> kNp =N, (4.5.9)
k=1

where Nj denotes the number of strands of length k.

The action of a twist field changes the boundary conditions of other fields, as now
a full rotation around S' lands us on a different string. After the transformation
(4.5.3) this corresponds to glueing together multiple complex planes, so that after a

full rotation around a point, one lands on a different sheet. For example, a bosonic
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field in a strand of length k& has the following identifications
8X(r) (e7'2) = aX(rJrl)( z),  and 8X(k)( e¥Mz) = 0X (33 (2) - (4.5.10)

It is possible to perform a change of basis in which the monodromy conditions become
diagonal [132]. In this new basis, the independent fields are labelled by an index

p=0,1,...k — 1, and the corresponding periodicity conditions are
OXA(Pm) = e ROXIA(2),  OXPA(PTz) = 2TROX(2). (4.5.11)

As a consequence, the mode expansions of such fields contain fractional modes, for

example [133]

oX}1(2) = all g 2R (4.5.12)
neZ

4.5.4 Construction of Multiplets in the NS Sector

With these current modes, we are able to construct the multiplets in the NS sector.
We closely follow [123]. The states can be labelled by the eigenvalues of the Cartan
subalgebra of (4.5.8) which is spanned by Ly and Jg, and whose eigenvalues we denote
by h and m respectively. One can also use the eigenvalue of the Casimir operator (.J§)?

of the SU(2)1, group to give an additional index j, where
j>m>—j. (4.5.13)

We define a (global-)primary state as a state |1)) that is annihilated by all positive

modes of the anomaly free algebra’’
Lialy) = GE1l¢) = 0. (4.5.14)
A chiral state |y) satisfies
ng IX) =0, (4.5.15)

which means that it is annihilated by two operators, as A = 1,2. Furthermore, in a

unitary theory any physical state has to obey [123]

h>j, — h>|m|. (4.5.16)

500ne usually refers to a state as a primary if it is annihilated by all positive modes of the full
algebra (4.5.7). However, as we are mainly interested in the anomaly free part (4.5.8), we wont make
this distinction here. Hence, with an abuse of nomenclature, we refer to a primary as a state that
satisfies (4.5.14).
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A chiral primary state (or just chiral primary) saturates this bound by having
h=j=m, (4.5.17)
while an anti-chiral primary also saturates the bound, but has
h=j=-m. (4.5.18)

One can show that a state is a chiral primary if and only if it is both a chiral and a
primary state. The conformal weights of chiral primaries are also constrained by [123]
kE—1 < E+1

—5 <h< 5 (4.5.19)
which can be derived by looking at fractional modes in a k-twisted sector. This bound
gives the upper and lower limit on the values of the conformal weights of chiral primaries
in each twisted sector.

In a generic k-twisted sector there are four chiral primaries, with the lowest con-
formal dimension being given by h = m = (k — 1)/2. For the untwisted sector, where
k = 1, this lowest state is the vacuum |0,0) of the NS sector, which is annihilated by

51

all generators of the small N’ = 4 algebra.”’ The vacuum state is the only state which
is simultaneously a chiral primary and an anti-chrial primary.

Starting from the chiral primary with the lowest conformal dimension, in any k-
twisted sector additional chiral primaries are obtained through the fermionic mode
wflA/Q. Acting once gives a doublet of states, while the action with wﬂ /21/1f12 /2 gives
a state with h = m = (k + 1)/2. The four chiral primaries in the k-twisted sector are

then given by

k=1 k-1 i R\ k+1 k+1
’CO> - 9 2 >7 w_% |CO> X '27 2> ) ¢_%¢_% |CO> X 9 ' 9 )

(4.5.20)

where we denoted a state with |h, m), and h and m represent the eigenvalues under the
action of Ly and Jg’ respectively.

Chiral primaries are the highest weight states in their SU(2);, multiplet, as they
saturate the bound (4.5.17). Their superdescendants are generated by the action of neg-
ative modes of the anomaly-free subalgebra. We define the usual raising and lowering

operators of the SU(2), algebra by

Jif = J} i, (4.5.21)

5n fact, more generally the vacuum [0,0) satisfies L,|0,0) = L,]0,0) = 0 for any n > —1 and
GS0,0) = G&410,0) = 0 for r > —1/2 also J5[0,0) = J:]0,0) = 0 for n > —1.
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and a multiplet is generated by acting on a chiral primary repeatedly with J; which
decreases the JS’ eigenvalue by one until m = —h and we reach the lowest weight state
of the multiplet, the anti-chiral primary.

One can similarly act on a state with L_; which increases the conformal dimension
by one and leaves the SU(2), charge unchanged. Since [L_1,J;"] = 0, the action of
L_; maps a highest weight state of the SU(2);, into another highest weight state.

Finally, one can act on a chiral primary with G~% which decreases the SU(2)r,
charge by one half while simultaneously increasing the conformal dimension by the
same amount. Because these modes are anti-commuting, one can only obtain three
new states by their repeated action. However, starting from a non-chiral primary state,
which is not annihilated by G'_“f, we can actually obtain 15 new states by the repeated
action of the supersymmetry current modes.

The state obtained by the action of G~ G_ . on a chiral primary is not completely

independent of the state that is obtained by actlng with Jy L_1 on the same initial
state. If the starting point is a chiral primary |h, h), one can use the algebra (4.5.8) to

show that the linearly independent state is given by
[y = <G G hJO > |h, h), (4.5.22)

whose eigenvalues under the action of Ly and Jg’ are

Lolg) = (h+ D)y,  Jglp) = (h—1)[s). (4.5.23)

This new state is the highest-weight member of its SU(2)z, multiplet, despite not being
a chiral primary. Thus we can again generate descendants by repeated action of J;
and L_1, and in this way construct a new linearly independent family of states in the

theory.

4.5.5 Spectral Flow

One can realise the superalgebra in equivalent ways by taking the spectral flow of the

currents [123] whose modes transform as (we follow the conventions of [105])

CI/2

Lo+ Ly — 20J3 + 5 Omo; (4.5.24a)
J3 s g3 %5,”,0, (4.5.24D)
A S (4.5.24c)
G GEL,, (4.5.24d)
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where v is the spectral flow parameter, and an equivalent transformation holds for the
anti-holomorphic sector with an independent parameter r. Under such a transforma-
tion, the eigenvalues change as well

2 cv

hn—>h+2ym+%, s m (4.5.25)

By choosing appropriate values of v, one can map the NS sector to the R sector and
vice versa. Under a spectral flow not only do the operators change, but also the states
as well. This allows us to have a one-to-one correspondence between states in the NS
sector and states in the R sector.

In the next chapter we are particularly interested in anti-chiral primary states. By

choosing v = v = —1/2, such states flow to Ramond-Ramond ground states with
charges
c c
hr = — R = —h — 4.5.26
R= 500 JR NS + 2’ ( )
where we have used that for anti-chiral primary states jns = mns = —hns.

4.5.6 AdS/CFT Dictionary

Let us introduce a notation that is useful when stating the correspondence between
the CFT states and bulk fields [109, 126, 134]. In each k-twisted sector, there are 4
(anti-)chiral primaries in the holomorphic and 4 (anti-)chiral primaries in the anti-
holomorphic sector. Since a general state is a product of the holomorphic and anti-
holomorphic states, we have 16 possible (anti-)chiral primaries in each twisted sector.

We denote the anti-chiral primary states as [134]

NS k?-f-O[ — - k:+oz

ladr)y” hxns = —jNs = 5 hns = —Jng = 5 (4.5.27a)
A\ NS . k+ o — - k
04A>]C ) hns = —jns = 5 hns = —Jxs = 5 (4.5.27b)
L \NS . k - - k+a
A04>k ) hxs = —jns = 5 hns = —jng = 5 (4.5.27c)
. .\ NS ] k o _ k
AB>k ; hns = —JNs = 5 hns = —jns = 3 (4.5.27d)

where the indices A = 1,2 come from the degeneracies of the middle states in (4.5.20),
and a, & = £ should be interpreted as +1 in the expressions for the eigenvalues. The
spin of a state is given by s = j — j, which means that the states (4.5.27a) and (4.5.27)
are bosonic while the remaining ones are fermionic.

We are interested in bosonic states that are invariant under the symmetry of the
four-torus SO(4); ~ SU(2)c x SU(2) g, which are the states (4.5.27a) and an invariant
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combination of (4.5.27d) given by

. .\ NS
00))° = Je4p]AB) . (4.5.28)

N |

Among these states is the NS-NS vacuum, which in this notation is denoted by |——>ES,

as can be seen from its eigenvalues hxg = jns = Ang = Jns = 0.

Under the spectral flow, all anti-chiral primaries map into ground states of the RR
sector with charge hg = hr = k/4, where we have used the value of the central charge
of a k-twisted string ¢, = ¢, = 6k. More specifically, the bosonic anti-chrial primaries

get mapped into

. . ) a = &
ad),® = |—a, —d)),  jr= 3 Jr=—% (4.5.29a)
00)3° = 00)3,  jr=Jjr =0, (4.5.29D)

where the indices o, & = + should be understood to mean +1 when appearing in jgr

and jg. For example, the NS-NS vacuum transforms as
. - 1
- = [+, r=Jr= 5 (4.5.30)

All in all, there are 5 distinct bosonic ground states in each twisted sector, denoted by
lad) and |00);.

According to the AdS/CFT duality, CFT states are dual to solutions in supergrav-
ity. The NS-NS vacuum state is dual to global AdS3 x S2 [26], while other (anti-)chiral
primary states and their superdescendants correspond to excitations of linear super-
gravity around this geometry, often referred to as supergravitons [135], which were
studied in [136-138]. Chiral primaries are 1/4-BPS states and thus dual to 1/4-BPS
supergravitons in the bulk. By acting on such states with the symmetry generators
in the holomorphic sector, while leaving the anti-holomorphic sector untouched, we
create 1/8-BPS states. Such descendants of chiral primary states are dual to 1/8-BPS
excitations of empty AdSz x S3.

As we can see from (4.5.20), in the large ¢ limit, the conformal dimension of the
ground states of the RR sector, and thus also of all of their descendants, is very large.
States in the RR sector are hence associated with non-trivial, asymptotically AdS
geometries in the bulk with a large mass. In this case the distinction between 1/4 and
1/8-BPS states is even more profound. 1/4-BPS states, which are obtained by spectral
flow from chrial primaries, are dual to smooth 1/4-BPS solutions in supergravity called
Lunin-Mathur geometries [114,139-143],°* while the gravity duals of 1/8-BPS states

2To be more precise, the correct statement in the AdS/CFT dictionary is that the coherent superpo-
sitions of states (4.5.31) in the RR sector are dual to classical geometries on the bulk side. We explain
how the coherent superposition is obtained in the next chapter.
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are not fully known and we focus on these in the next chapter.
Finally, the complete CF'T state is a permutation invariant tensor product of states

in all different strands of the system and can be schematically written as [134]

N

T IT (0™ (4.5.31)

Y k

where k is the strand length, the label ¥ runs through all possible states in a single
strand of length k, and N, ]:;p is the number of states v in a strand of length k. This form
is the same in the NS-NS and the RR sector, only the states |¢) that we include in the

product differ. The above product must also satisfy the “strand budget” constraint
YD kN =N, (4.5.32)
Yk

saying that the total length of all strands is equal to .

4.6 Fuzzball Proposal

We saw that (4.2.37) and (4.3.6) agree (to leading order), despite being derived at
different values of the couplings and with completely different methods. One is a result
in gravity and accounts for the entropy of a region of spacetime, while the other is
obtained from a pure counting argument and represents the entropy of a system with
a high degeneracy and fixed macroscopic charges.

How do we interpret this equality? On one hand we have a black hole, a seemingly
unique object in supergravity, while on the other hand the same system can be realised
as many inequivalent physical configurations, all of which have the same charges as the
black hole. Does this imply that a black hole admits a microscopical description? If so,
what are the associated gravitational degrees of freedom? There are many proposals
which answer these questions. For example firewalls [23,144-146], where a highly
energetic membrane is formed just outside the horizon. Another possible way to encode
the microscopics is through soft hair [147,148], where the degrees of freedom can be
seen in the soft charges of a black hole. Here we focus on another resolution called the
fuzzball proposal [114,115,149,150].

To motivate this proposal, we can go back to the brane picture of the D1-D5-P
system and ask what happens to individual string configurations as we increase the
string coupling. One would think that as the string coupling and thus the gravitational
backreaction increase, the branes shrink until they form a horizon and eventually be-
come indistinguishable from the conventional black hole geometry. However, this is not

the case, as some of the brane configurations actually expand and never form a horizon
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Flat region

horizon AdSy throat

smooth cap

singularity

Figure 11: The difference between the classical description of an (extremal) black hole
(left) and the fuzzball description if the solution can be described within supergravity
(right). We start from an asymptotically flat region which is connected through the
neck with the throat region. First we encounter an AdSs throat which can be, if @, # 0,
further reduced to an AdS, throat [152] which is infinitely long and leads to a singularity.
The fuzzball is undistinguishable from the classical picture up until the (would be) horizon
which is now absent, but at this scale the microstates start to differ from each other and
from the classical geometry. Furthermore, the throat regions may still appear, but now
smoothly cap of at a finite distance without encountering a singularity.

while only being asymptotically indistinguishable from the usual black hole [151].

At its core, the fuzzball proposal says that this expanding of configurations happens
generically and not just for specific examples. It claims that a black hole geometry,
like the one we considered in (4.2.34), should be interpreted as an average description
over many horizonless microstates whose total number should exactly reproduce the
Bekenstein-Hawking entropy. It further asserts all microstates are indistinguishable
from the usual black hole geometry far away from the centre, but at the scale of
the horizon we find a new, fuzzy structure which is different for each microstate, but
generically contains a long throat which eventually caps off without ever reaching a
singularity. Thus both the horizon and the singularity of a black hole emerge due to
the coarse graining over an ensemble of well behaved microstates.

Note that the condition that microstates have no horizons seems very natural.
Consider a black hole in a particular microstate. Thus the system is in a pure state
whose entropy should be 0. If a microstate were to have a horizon, then according to
(1.12) it would have an entropy. This leads to a contradiction as a pure state would have
a non-vanishing entropy. Thus if we want to have a consistent microscopical picture,

the microstates need to be horizonless.
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The appearance of new structure already at the horizon and not only around the
singularity is one of the main points of the proposal as it also leads to a possible
resolution of the information paradox. Namely the Hawking radiation is created in a
region where the fuzzy nature of the geometry is already visible and hence could contain
information about the degrees of freedom of the black hole. In this way the evaporation
of a fuzzball does not differ significantly from the standard burning of coal,”® and in
principle all information could be recovered from the radiation thus making black hole
evaporation a unitary process. Note that this is consistent with the arguments of [23]
that we have considered in the introduction as fuzzballs do not satisfy all assumptions
by virtue of encountering new physics at the horizon, and hence Hawking radiation can
be in a pure state without any fiery ends for potential black hole explorers.

The argument for fuzzballs is further substantiated by Mathur’s small correction
theorem [158] which states that the information paradox cannot be resolved by summing
up small corrections to Hawking’s calculation. In short, something new may be needed

at the horizon and we claim that this something is a fuzzball.

4.6.1 Microstate Geometries

String theory allows us to construct such fuzzy microstates which in general include
arbitrary stringy modes and can be properly described only in full string theoretical
framework. However, there exist some solutions with no stringy excitations that can be
studied using supergravity alone and we call these microstate geometries [151]: They
are smooth and horizonless solutions to the supergravity equations that have the same
mass, angular momentum and charges as a given black hole.

Despite recent progress in the direction of generic fuzzballs [159-161], we focus
mainly on microstates geometries of the D1-D5-P black hole. The microstate geometry
programme has been particularly successful for supersymmetric black holes where a
large number of microstate geometries have been explicitly constructed [162,163].°* It
is still unclear how large a subset of all microstates is describable within supergravity,
but even if not all microstates allow a supergravity description, explicit microstate
geometries are important because they provide the only top-down, direct tool available
for studying and understanding the microstate structure of black holes.

Superstrata [109, 110, 126, 177-182] represent the largest family of microstate ge-
ometries of the D1-D5-P black hole constructed thus far. As is detailed in the next
chapter, superstrata are constructed based on a solution-generating technique whose
holographic meaning is well-understood. Consequently, the CFT states dual to super-

strata are explicitly known which makes them an ideal setup for studying precision

%3 For non-extremal black holes this was studied in [153-157].
4See [164-173] for explicit constructions of microstate geometries of the D1-D5-P system before the
superstratum technology was developed. Recent developments include [174-176].
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holography [142,143,183,184].

Superstrata also give interesting clues for the physical nature of typical microstates.
Although the superstrata written down thus far are not typical microstates of the black-
hole ensemble, they are expected to evolve into more typical states when perturbed,

and the endpoint of such a process is a subject of much physical interest [185-191].
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Chapter 5
Supercharging Superstrata

In this chapter we present an explicit construction of a new class of superstrata which
share the same features as the original ones constructed in [110, 126, 179], such as
representing microstates of the D1-D5-P black hole and having known dual CFT states,
however they are simpler in that they involve a smaller number of non-trivial fields.

The structure of the chapter is as follows. In section 5.2 we describe the family
of 1/8-BPS states in the D1-D5 CFT whose dual gravitational geometries we want to
construct. In section 5.3 we introduce the two-charge geometry which we use as a seed
in our solution-generating technique and present the superstrata that were previously
constructed in [110,126,179]. In section 5.4 we construct the Killing spinors of global
AdS3 x S2 x T* and use them to generate the fermionic variations of the supergravity
fields. In section 5.5 we obtain new solutions to the BPS equations corresponding to
infinitesimal deformations of AdS3x S xT*. We derive the fully backreacted geometries
in section 5.6, where we also discuss the asymptotically flat extension and calculate their
conserved charges. In section 5.7 we collect our results and, in addition, present two
families of solutions for which all the excited scalars and forms can be written down in
an explicit way. We conclude with a brief outlook for future research directions in the
final section.

There are two appendices that are relevant for this chapter. Appendix A summarises
the conventions used for type IIB supergravity, while in Appendix D we discuss some
technical aspects of the supersymmetry variations that are not fully covered in the main
text.

The results of this chapter were published in [1].

5.1 Introduction

The original superstrata were constructed using the solution-generating technique as

follows. First we take, as a seed, some 2-charge solution of linear supergravity around
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AdS3 x S3, for which the dual CFT state [¢) is known and we always take it to be an
anti-chiral primary. Next, we act on the seed with the generators of the SU(1,1|2)1, x
SU(1,1|2)r (super)isometry group of AdS3 x S3 [164]. Specifically, we apply J; and
L_1 of the bosonic subgroup”™ SL(2,R); x SU(2), C SU(1,12), m and n times
respectively [110,126,179], which generates a new linear solution with non-vanishing
momentum charge P that is dual to the CFT state (J3)™(L_1)"[¢). Finally, we use
the structure of the BPS equations to complete the linear solution to a fully backreacted
non-linear solution which in the CF'T corresponds to having the same excitation many
times, namely, [(JJ)™(L—1)"¢)]Nmn, with Ny, > 1.

However, the supergroup SU(1,1|2), also includes fermionic generators GJ_rlA/2 and
alternatively we can act with these on the seed twice to generate a completely new class
of linear solutions. In addition to this, one can act on the newly obtained state with the

”Gﬂ/ZfomWJ). The non-linear

completion goes much the same way as before, and produces a new set of superstrata.

bosonic symmetry generators to obtain (J;7)™(L_1)

The supersymmetric solutions in supergravity are parametrised by a number of
scalars and forms [103,106,107,110] as given in the general ansatz (4.2.7). In microstate
geometries, these quantities get excited in non-trivial ways, representing the structure
of the microstate. In the original superstrata, the scalar Z; and the 2-form ©4 get
excited at linear order and, at quadratic order, more scalars and forms are turned on
in a very specific way so that the combination that enters the metric is v-independent.
This mechanism was crucial for the explicit construction of the geometry and was called
“coiffuring” [192].

In contrast, in the new superstrata whose construction we present in this chapter,
at linear order, only ©4 is excited and there is no scalar whose excitation must be
cancelled by other scalars at higher order. Thus coiffuring is not necessary for the new
superstrata and, consequently, they are simpler than the ones generated by using just
bosonic generators. In hindsight, the existence of such a simple branch of superstrata
could have been expected from the excitation spectrum of linear supergravity around
AdS3 x S2 [135-138]; However, we go beyond such linear analysis and construct fully

non-linear solutions using the structure of the BPS equations.

5.2 CFT States

Let us analyse the states dual to the geometries that we are about to construct by first
considering anti-chiral primary states in the NS-NS sector. A simple example of such

a state in the free orbifold theory is, using the notation introduced in section 4.5.6,

5These are generators in the NS-NS sector.
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N
0% = — Pt e . 5.2.1
van 2= Ve cas (5-2.1)

which has h = h = 1/2 and we sum over all possible strands, all of which have length
1 in the above example. Recall that there is another family of anti-chiral primary
operators which we denote’® E[_k]_ with h = h = % that, at the free locus, live in the
twisted sectors of the orbifold. In the following, we use the anti-chiral primary O[;]*
with h = h = g, where a strand of length k is further excited by a holomorphic and
an anti-holomorphic elementary fermionic field and, for the corresponding states, we
introduce the notation
NS _ ——|__\NS

|00),, —ZgIEOOM =)k - (5.2.2)

Notice that for k& = 1 the above state reduces to (5.2.1). Acting with Ji, L_; and G4

2
on ]OO>1,§S we can obtain new bosonic 1/8-BPS states in the same multiplet which we

denote
1 q
o)™ = ()" (o) (616 LT ) 00} (523)
2 2

where m < k — 2q, ¢ = 0,1, otherwise the state is trivially zero, while n = 0,1,2...
can be any non-negative integer. The eigenvalues (h, j) of Lo and J3 are h = % +n+gq
and j = —% +m + ¢, while (h, j) are unchanged. Notice that, due to the commutation
relations (4.5.8), the order of the operators in (5.2.3) is immaterial. The combination in
the parenthesis (weighted by ¢) is chosen so as to make the states |k, m + 1,1+ 1,0)NS
and |k, m,n, 1)™5 orthogonal, which means that, under the AdS/CFT dictionary, they
correspond to two independent supergravity perturbations. It is straightforward to

check this by using the commutation relations (4.5.8). It is easier to start with the

n = 0 case:
1
NSk, m o+ 1,1,00k,m, 0,1)% = ¥5(k,m +1,0,0] Li(GTL GT3 + I Loy) |k, m, 0,00
2 2
2
= NS<k,m +1,0,0] (—Jgr + kLOJJ> ]k,m,O,O>NS —0.

(5.2.4)
This shows that L1 |k, m,n,q)N> ~ |k,m,n — 1,¢)N5, so we can recursively prove the
orthogonality of |k, m+1,n-+1,0)N5 and |k, m,n, 1)NS for general n. Finally notice that

the state |1,0,0,1)NS is trivial”” since it has zero norm and so all the states |1,0, n, 1)N5

%6The subscript [k] in the square parenthesis refers to the order of the twisted sector where the
operator under discussion lives
5" This follows form G~4(00)}* = 0, while the same does not hold for states of winding & > 1.
2

113



CHAPTER 5. SUPERCHARGING SUPERSTRATA

are zero since they are constructed from |1, 0,0, 1>NS by dressing it with powers of L_1.
For the full “single particle” state in the NS-NS sector, assume that all strands are

in the singly twisted sector on which the CFT is in the vaccum state |——>11\IS, with

58

the sole exception being a single strand of length k& on which the CFT is in the state
|k, m,n, q)gs so that the full state is then given by

N—k
(’__>11\IS) |kam7n7Q>§S- (525)

Through the spectral flow with v = 7 = —1/2 these states get mapped to excited RR

states that we denote as

N—k ) N ) N -k
<|++>113L> |k7m7na Q>R 3 with hR = Z+m+n+2q y JR = T+m+q ; (526)

where we used ¢ = 6N and (4.5.30).

Here we focus on RR states that are dual to smooth supergravity solutions. A nice
class of such states is obtained by starting from an NS-NS multi-particle state which is
the product of N, copies of (5.2.3), and then performing the spectral flow to the RR
sector. In this chapter we consider states involving just one type of excitation which

are dual to a single-mode superstrata solution and in the RR sector take the form:
R Ve R\ Vo .
<\++>1 ) (\k,m,n,q> ) , with N,+kN,=N. (5.2.7)

To be precise, the CFT states that are dual to classical supergravity solutions are
coherent sums of terms involving different numbers of elementary excitations, but in
the large N, limit the sums are sharply peaked around (5.2.7) which hence represent the
dominant terms [193].”” Here it is sufficient to say that such a coherent sum is defined
in terms of two continuous parameters a® and b?, related to N, and Nj respectively,
which also determine the dual gravity solution. Such a coherent sum of CFT states
has charges equal to the those of the dominant term (5.2.7) which are given by the
eigenvalues of the operators Lg, Ly, Jg, and jg’ and in the RR sector are equal to
- N

N N, - N,
hw =+ (m+n+20) Ny, hr="7, jr=—7"+m+aNp, ja==". (528)

As we see in section 5.6.4, these results match precisely the momentum and the angular
momenta of the dual supergravity solution.

We can give a heuristic picture of why taking N, > 1 results in a non-trivial

N—k
%8We can start with the 1/4-BPS state (|——)11\IS) |00)y® and act on it with J;", L_; and G4 to
2

obtain (5.2.3). In general the symmetry generators act on all strands equally, but because the vacuum
state |——>11\1S is annihilated by all such generators, the only non-trivial state that survives is (5.2.5)

®Tor a discussion of this point in the context of three-charge states, see [126] and reference therein.
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backreacted solution. Let us start in the NS sector. If N, = 1, the NS state is given by
(5.2.5) whose bulk dual is a linear excitation around AdSs x S% which one can think as
a (supergraviton) particle propagating in that background. This should facilitate the
interpretation that such states can be though of as single particle states of the CFT and
by increasing N, we are increasing the number of supergravitons. As long as N, < N,
these can be seen as a dilute gas in the curved background and the deformation of the
AdS space is only infinitesimal [134]. As N, ~ N, the number of particles becomes
large enough to cause a finite backreaction, which, after spectral flowing to the RR

sector, gives a geometry which differs from the usual black hole.

5.3 Supergravity Setup

Our goal is to find the supergravity solutions dual to the CFT states (5.2.7). As an
illustration in this section we focus on the ¢ = 0 case, i.e., we review the original
superstrata [110,126,179] which only involve bosonic generators. In later sections we
generalise this approach to the ¢ = 1 case, the new superstrata which involve fermionic

generators.

5.3.1 Lunin-Mathur Geometries and the AdS/CFT Dictionary

The construction of three-charge black hole microstates via the superstratum tech-
nology begins with a two-charge seed solution. All two-charge solutions are known
[139, 140, 143,194] and can be obtained by a systematic procedure using an auxiliary
curve in R® (we are ignoring the compact nature of 7% for now) which determines the
values of the ansatz quantities in (4.2.7).

The origin of this curve can be seen by performing a series of S and T dualities,
with which one can map the D1-D5 brane system into the F1-P system in which the
configuration is described in terms of a multiply wound fundamental string on S with P
units of left-moving momentum charge [115]. This momentum is carried by transverse
excitations of the string which causes it to expand in the remaining 8 directions and
thus the profile of the F1 is given by a curve in R3.

As one increases the string coupling, the string causes the spacetime to bend and
produces a metric which was derived in [195]. Using the S and T dualities one can
then map the corresponding metric to the frame in which the system is described in
terms of D1 and D5-branes where this auxiliary curve can be thought of as the smeared
positions of the branes in the subspace R* x 7.

We are only interested in configurations that are isotropic along 7% and thus we
restrict the 8-dimensional curve to only a 5-dimensional subspace. The profile of the
curve is then given by a collection of “shape” functions g4(v’), where four of the func-

tions (A = 1,2, 3,4) correspond to the profile in the non-compact dimensions, while the
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function with A = 5 denotes the isotropic mode along T*. The parameter v/ denotes

the position along the string and has the range

0<v <L= 27?% (5.3.1)

Y

The ansatz quantities of (4.2.7) that get excited by a curve with a profile g4(v') are
given by [110]

L 1 L . /
Joy =1+ Q5/ ——dV/, Zy = —Q5/ &dv’ (5.3.2a)
0 |5L‘u o |

L — gu(V')[? L — gu(v')]?
L. 2
Zy =1+ Q5/ 96 (V) + 195", o dyo = %4dZs,  dby = %4dZ4, (5.3.2)
0 |z — gu(v )2
L . / v
A= —Q5/ Mdm/zdv’, dB = — 4 dA,  ds? =6,,ditds”,  (5.3.2)
L Jo |2y —gu(v')]
~A+B ~A-B
5:\/_%_7 WZT, .F:(), a1:a4:1:320, (532d)

where the dot denotes the derivative with respect to the variable v'. The metric on
R* is the flat metric and the hodge dual is taken with respect to this four dimensional

space. Furthermore, the D1 charge is obtained from the integral

L
@=L [ (900 + 1a5(0)) ' (533

and both the D1 and the D5 charge are connected to the integer values through (4.2.28).
There is a well defined dictionary between the shape functions and the states in the
RR sector of the dual CFT. We begin by expanding the profile functions into a Fourier

series in each direction. Then we make the following complex linear combinations [126]

. N a_kH' 2mik, Qg 2mik, 1
g1 tiga= ettt e (5.3.4a)
k=1
N o, —+ ,
g tig =Y [a’“ S L a’ﬂT e Tt } (5.3.4b)

k=1

k
N ag 27rzk v

k=

[y

subject to the constraint

N
S [l Pl o gt o] = B2 (535)
k=1 Y
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The dictionary [110,142,143] then states that the mode numbers k correspond to
the length of the strand on which a state is found, while the amplitudes agd and ago
are related to the number of times a particular state occurs in the full CFT state, with

the relations

[+ )R = N o [afH (5.3.6a)
|-y o Jag ™ 2, (5.3.6b)
[+—)p = N+ x ‘ak , (5.3.6¢)
|~ = N, T« |ag T, (5.3.6d)
|00)F x |aj \ (5.3.6e)

In that sense we see that the condition (5.3.5) gets translated into the constraint on

the total number of windings (4.5.31).

5.3.2 Seed solution

The construction of the superstrata begins with a 1/4-BPS geometry we call the seed

solution and is parametrised by the following shape functions

. T,/ b . 2 k; !
g1+ 192 = ae’ T , g5 = — sin ( WLU ), (5.3.7)

e

which means that we have taken a]" = a and ago = b, with all other coefficients

vanishing. This corresponds to the state

0y = (108 (00 ™ (5358)

with N,  a? and N, o b?, with the proportionality factors being the parameters of
the theory.

We begin by considering the state with N, = 1, as such a state gets mapped via
spectral flow to an NS state whose dual interpretation is that of a single 1/4-BPS
supergraviton propagating in AdSs x 3. To realise this on the gravity side we take the
limit b < a and look at the geometry generated by the shape functions at linear order
in b/a expansion. This geometry is sometimes called the perturbed round supertube
solution [143].

We start off by parameterising the base space R* with a new set of coordinates

related to the Cartesian ones by
T+ ixe = V12 + a2sinf ', T3+ ixy = rcosfe?, (5.3.9)
where 0 € [0, 7] and ¢, € [0,27). The ansatz quantities in these coordinates are given
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by(i()
d 2
ds3 = (r* + a* cos? 0) (2_:2 + d¢92) + (r? + a?) sin® 0 dp* + 12 cos? 0 dip?
T a
(5.3.10a)
Q1 Qs
_ @ _ Qs 3.1
Z 5 Z > (5.3.10b)
= “2@¥9®faﬁewg:5 w—f@i@ﬁem+aﬁew0:w
— 5y = M0 — \@Z = w0,
(5.3.10¢)
2 1 42) cos2 0
o = —Q5(’”+“E)C°Sd¢ A dip, (5.3.10d)
kg —ik
B p sin“fe
Z4 = Ryba m 5 (53106)
k 2 1 2) w2 g ik
0 (r +a)cos fe cosf _.
5y = —Rya*b—> d A dip + i’ ek dg A d
2 ve (r2+a2)k/2 ¥ ¢ w—i_zsin@e vl
(5.3.10f)
F=aa=23=7=06124=0, (5.3.10g)

where we have introduced
Y =r?+a%cos®h,

and the parameter k is a positive integer. Since we have taken the parameter b to
be small, we kept only the O(b) terms. We can think of the solution (5.3.10) as a
combination of the background supertube (b = 0) [195-197] with an added perturbation
(b # 0) which turns on the form fields By, Cpy, and Cy. The perturbation does not
change the metric at linear order in b, because Z, appears only quadratically in the
metric (4.2.7a). In the same approximation the parameter a is related to the D-brane

charges 1 and Q5 via

(5.3.11)

One can check that the above ansatz satisfies the BPS equations (4.2.25) and (4.2.26)
discussed in section 4.2.1 to linear order. One could also consider the finite b version
of the above solution [110], but that is not necessary for our purposes.

Performing a coordinate transformation

Gog_ b T Y
p=2¢ R, v=1 (5.3.12)

%0Here we focus on the asymptotically AdS solutions, so we write Z; and Z, after taking the decou-
pling limit, where we drop the factors of “1”.
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one finds that the six-dimensional metric becomes

ds2 = @0 (~ T T e T 02 4 in? 03?4 cos? 0 g
6 = 1o a?R2 a?R2 Y r2 4+ a2 ’

(5.3.13)

which is that of global AdS3 x $* with radius R%,q = v@Q1@5. Therefore, our seed
solution represents AdSs x S% x T* with a linear perturbation, which on the CFT side
corresponds to the NS-NS vacuum with a small excitation.”’ Since the NS-NS vacuum is
invariant under the action of SL(2,C) = SL(2,R)r x SL(2,R)g and SU(2) x SU(2)r,
acting on the excited state with the generators of these symmetries generates a new
state, which is the NS-NS vacuum with a different excitation added to it. Performing
the corresponding transformations on the gravity side similarly generates pure AdSs x
S3 x T* with a different linear perturbation, which again satisfies the BPS equations
and, in addition, we precisely know the CFT state dual to the new geometry.

The transformation (5.3.12) involves a change of the coordinates ¢t and y, which
parametrise the boundary region of AdSs. This transformation therefore also affects
the dual CFT theory and is in fact the dual of the spectral flow that changes the RR
sector into the NS-NS sector on the CFT side (4.5.25). For that reason we refer to
the coordinates (r,t,y,6, ¢, 1) as the RR coordinates and (r,t,y, 0, 5, @Z) as the NS-NS
coordinates.

To summarize, we have generated a seed solution (5.3.10) expressed in the RR
coordinates which, using the standard AdS/CFT dictionary, is dual to a RR ground
state. After performing the spectral flow transformation (5.3.12) to the NS-NS coor-
dinates, the geometry is dual to an anti-chiral primary with the conformal dimensions
h=h= % and j = j = —%. We thus identify the supertube ansatz expressed in the
NS-NS coordinates as dual to the state (5.2.5) with m = n = ¢ = 0. As usual, the
gravity and the free CFT descriptions are valid in different points of the moduli space,
so the dictionary mentioned above is meaningful when applied to protected quantities

such as the 3-point correlators [129].

5.3.3 Original Superstrata

Our results follow up on the work of [105,110, 126], where superstrata solutions were
obtained by acting on the seed solution (5.3.10) with the gravity realisations of the
bosonic symmetry generators JJ and L_p, thus generating the geometries dual to the
CFT states (5.2.3) with ¢ = 0. Below we review the construction of this class of

superstrata.

1For this reason we refer to the case with b = 0 as the vacuum or the background geometry, while
reserving the term seed solution for the perturbed vacuum with b # 0.
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As mentioned above, the background geometry is invariant under the action of
SL(2,R) x SL(2,R)r and SU(2)1, x SU(2)g, while the perturbation is not. Acting
on the perturbed geometry with the generators of these symmetries gives us a new,
different perturbed geometry. Focusing on the left sector of the theory, one can show
that the generators of the symmetry groups SL(2,R); x SU(2);, can be explicitly
realised in the in the NS-NS coordinates as [126, 135]

R
Lo =23 +9,),

, . (5.3.14)
xt(ty) | R r Vr? 4+ a? v/
fap =e ﬂ‘z%mat* ) EgVrtaatr,
) 1 i(bb .
I3 = _5(8(5 + 81;), JOi = §6i (@+9) (£idy + cot 095 — tanﬂ@@z)), (5.3.15)

which can be shown to satisfy the algebra (4.5.8).
Acting on the seed solution (5.3.10) m times with J;~ and n times with L_; leaves

62

all ansatz quantities unchanged at linear order”” in by ~ b, except for the function Z,4

and the two-form ©,4, which are now given by
Z4 = b4 Zkmn s @4 = b4 ﬂk,m,n . (5.3.16)

We have introduced the notation

A m,n A
%mmZRy€§>wme, (5.3.17a)
by

ﬁk,m,n =—-V2 Ak,mm {((m +n)rsinf +n (% — 1) rsin9> OW gin Ok mn
n m
= 2) A 3) 5

+<m(k+l>9 —|—(k 1)nQ )cosvk,m,n],
(5.3.17b)
with

k n
a r
Apmn = cos™ 0 sin* "o,
k, , <VT2+CL2> (VT2+G2> (5318)

V2 (e~ m)p— m,
Ry

Uk = (M +n)

and we have expanded ¥, , on a basis of self-dual two-forms 0 (i =1,2,3) on RY,

62 See after (5.5.9) for a comment on the precise relation between by and b.
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given by: A "
ol = (r2 J;\Q)cose + TS;JH o ndi,
0@ = ﬁdr A dip + tan 0 d6 A do, (5.3.19)
Q) = drﬁd‘z’ ot 0df A dif .

The above solution-generating technique allows us to generate a family of solutions,
parametrised by the quantum numbers (k,m,n). One of the important aspects of
such solutions is that they depend on the variable v, unlike the seed solution (5.3.10).
Although (5.3.16) only involve one mode at a time, using the linearity of the first-
layer BPS equations, we can write down the general solution given by an arbitrary
superposition of modes with different quantum numbers. This superposition does not
only solve the first-layer BPS equations for the Z4 and ©4, but also for the other two
pairs (Z1,02) and (Z2,©1), because the structure of their equations is identical. Hence

the general class of solutions with ¢ = 0 for the first-layer equations are given by

k,m,mn
Z bl 29lc,m,n ;

Q1
Zl = E + Z bllc,m,n Zk;’m’n’ @2

k,m,n k,m,n
Q5 k,m,n k,m,n
2= B S B s 0= Y (530
kmmn k,m,n
k,m,n _ k,m,n
lm Y . 01— 3 B
kmn k,m,n

where Z; and Zs also include the zero modes, which appear in the seed solution. In

" are still taken to be infinitesimal. They

these superpositions the coefficients bl;’m’
therefore generate second-order source terms on the right-hand side of the second-layer
BPS equations, which govern the change of F and w. Thus to linear order in the
perturbation parameter, these two ansatz quantities remain the same.

However, we can again use the linearity of the first-layer BPS equation to make
all the coefficients b5 finite, and (5.3.20) still remains a solution to the first-layer
equations. With the coefficients being finite, we have non-vanishing source terms on
the right-hand side of the second-layer BPS equations. Solving these represents a
challenge and in [126], a general solution to the second-layer equations for single-mode
superstrata was found. These solutions correspond to configurations with a single non-
trivial coeflicients bi’m’” in (5.3.20). The lesson from the non-linear solution-generating
technique employed in [103,105] is that the descendant states have bg’m’n = 0 for all
values of k, m,n and this is also the case for the single-mode superstrata, where one can
consistently set by = 0 [126]. Furthermore, b; was determined by “coiffuring”, which
in the single-mode case requires that the v-dependent source terms on the right-hand

side of second-layer equations vanish. In the case of by = 0, this corresponds to setting
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by = b3, thus having the solutions to the first layer given by

Q1 DiR) Aopomon . Qs
Zy = S m,2n Zy = )
1 > 205 S5 COS V2k,2m,2 2 >
A m,n
Zy = Ryby kE COS Uk m.m.» (5.3.21a)
bIR
0;=0, =" 04 = by Vg - (5.3.21b)

2k,2m,2n »
2Qs

By using these in the source terms of the second-layer equations, one finds that the

second-layer quantities are given by

erifn =wo+ Wl RMS ) F = fzrig (5.3.22)

k,m,n mmn

where we further decompose

wWEMS — o8 () + ) + vnE  (dip — dp) . (5.3.23)

k,m,n k,m.n

One can show that the solutions for the second-layer equations are given by

i m2(k + n)? n2(k —m)?
]:i::)fvf,n = 4b} [ : 2 n) Fok2mon + ok —m) 12 ) F2k,2m+2,2n—2:| ) (5.3.24)
ri Ry b3 [(k—m)*(k +n)? m?n?

uZ,,i,n = 554 [( )k:2( ) Fokomi2,2n + 7F2k,2m,2n72

r2 4+ a? sin% @ Aok om 2 Tk
— e b P — —a R 5.3.25
4y 4 Y kmn 5 SEE ( )
where the function Fyp 9,2, is defined in (5.6.7), and the functions Vzr;fn are given

by differential equations [126, (4.13)], and can be solved for each case individually.
We have put the superscript “orig” to distinguish these original superstrata solutions
from the new superstrata we are presenting below. The solutions obtained this way
are asymptotically AdSs x S2 x T%. To obtain asymptotically flat solutions, one needs
to add “1” to the warp factors Z; and Z,. This alters the right-hand side of second-
layer equations and induces new v-dependent terms into F and w [126]. As it turns
out, our new superstrata do not generate these additional v-dependent terms in the
asymptotically flat case, hence the asymptotically flat extension of the new solutions is

simpler than those of the original superstrata.

5.4 Killing Spinors of the AdS; x S2 Background

We now proceed to the construction of new superstrata, which have ¢ = 1 and involve

the action of fermionic generators Gt‘f. In supergravity, these fermionic generators
2
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correspond to the Killing spinors of the AdS3 x S3 x T background. To begin with, in
this section, we work out the explicit form of these Killing spinors, and give a precise
map between their components and the fermionic generators GC“il in the CFT.

2
5.4.1 Supersymmetry Variations

From [104, (2.17)], the supersymmetry transformations for bosonic fields in type IIB

supergravity are given by"”

5et, — eT U, (5.4.1a)
0Byun = 2EF[MO'3’¢N}, (5.4.1b)
5 = %a, (5.4.1¢)

2n—1 b 1
50](\/[1...]\3%71 = —¢€ ¢6F[M1--~M2n727)n <(2n - 1)wM2n71} - QFMznﬂ)‘>

+(n—1)(2n— 1)0[(]%471?}42”_3531\4%_2 Moni] - (5.4.1d)

In type IIB supergravity, each fermionic field appears in two copies, which we combine

into a doublet, for example € = (¢!, ¢?). The Pauli matrices o? in the variations above

act on the doublet indices which will be made explicit in the following calculations
when relevant. With that in mind, the variations of the gravitino wjl\’; and dilatino
fields A1? read

1 1
dthy = <8M + o fut SPHMNRFNR> €+ 7€¢ Z 7F2nFMP €, (5.4.2)

oA\ = <$¢>+ HP) e+ ge Z anp €, (5.4.3)

where n =1/2,...,9/2,

ol n+41/2: even
P =—0°, P, = / , (5.4.4)
ioc? n+1/2: odd

and we have also introduced the slashed notation

1
4, = HAMLA.MPFML“MP ; (5.4.5)

where every form index is contracted with a gamma matrix. Using the I'-matrix algebra

and the self-duality relations of the RR field strengths, one can write the variations

S3For spinor conventions used see Appendix A.
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(5.4.2) explicitly as

1 1 1
Srr = (VM - 8HMNPFNP) e+ §6¢ (+F1 + F3+ 2F5> T, (5.4.6a)
sy =V + 8HMNPF e + —F1+F;3— §F5 Tae', (5.4.6b)
1 1
oA = (0= 3 ) e+ P4k 26 (5.460)
IA2 = (dqb + ;H> e+ %e¢(+4F1 —2F3)e, (5.4.6d)

where Vy; = 9y + inabF“b ith wys the spin connection 1-form. In deriving the

1,2

above relations, we also used the fact that ¢* are Majorana-Weyl spinors with positive

chirality. These variations can be written in a more compact way as

0N = (dgb - EHOB —e?F (io?) — fed’ Fyot > (5.4.7a)

5¢M— [VM—SHMNPFNP03+ —€ <F1 (ZO' )+F301+;F5(i02)) FM:| €.
(5.4.7b)

The variations (5.4.7) hold in a generic coordinate system in Type IIB supergravity. In
our previous discussion, we have introduced two parametrisations of the unperturbed
background: the NS-NS and the RR coordinates. In what follows we focus on the
NS-NS description and derive an explicit expression for the Killing spinors (5.4.17).%%

As mentioned before, in the seed (5.3.10), the metric, the dilaton, and C3 do not
change at O(b), while Ba, Cy, Cy get excited at O(b). In the NS-NS coordinates, the
O(bY) fields are the metric and

20 _ Q1

- A 5.4.8a
o ( )
r? + a? ~ o~ Qs ~
Co=— du A dv — Qs cos®0dp A dip — du — dv) A do, 5.4.8b
> o Qs PN dip \/iRy( ) A do ( )
while the O(b) fields are
By — —bA ik 0.0 7‘2+a2d Ad —}-L(d — dv) A icos@d0+d$
2T k0,0 € Rya? woa V2 v sin 0
idf ~
+ Ry cost (9 + cos@d¢> A d¢:|,

(5.4.8¢c)

54The Killing spinors in RR coordinates and the map between the two sets of solutions is presented
in Appendix D of [1].
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bQs

Co = R, — - Apppe 00, (5.4.8d)
Cy = CLQbRyAk’O’O e "0k,0,0 [Q1\7(;l4 + Q5(r* 4 a®) cos® O du A dv A do A dzZ] (5.4.8e)

where
k0,0 = (?Rv + 5) (5.4.9)

On the other hand, the field strengths are Fy = O(b°); Hs, Fy, F5 = O(b); and d¢ =
O(b?). Therefore, the supersymmetry variations (5.4.7) for the seed solution (5.3.10)
split into the O(b°) part

1
Ao = *5645 Fyole, (5.4.10a)
1
0o = Vare + ge?FsTuo'e, (5.4.10b)
and the O(b) part
1
0Ny = =M e — e (io?)e, (5.4.10¢)

1 1 1 .
5wM,b = —gHMNpFNP ole + §€¢ <F1 + 2F5> 1Y (102)6. (5.4.10(?1)

In this section, we are interested in the Killing spinors in the unperturbed (b = 0)
background, which in the NS-NS coordinates is given by the metric (5.3.13) and is
nothing but AdSz x S x T¢. We work in the u, v coordinates (4.2.9) where

a?du? + 2(a? + 2r?)du dv + a®dv? dr?
= V@i@5 |- ( 2 g + 3 2
2a Ry r“+a

+d6? + sin® 0dd? + cos? Hdz:/;ﬂ , (5.4.11)

which suggests the following choice of 10-dimensional vielbeine

w_ 1 2 4 42 r2 a2 —

E _2@ K r‘+a —i—r)du—l—( r“+a r)dv], (5.4.12a)
v _ 1 Vr2 4 a2 — 24 42

E NG K r‘+a r)du—i—( r“+a +r>dv], (5.4.12b)
r_ d'l" 0

Er = CLRy ﬁ, E* = \/CLRy dg, (5412C)

E? = .\/aR, sin 0 do, EY = ./aR, cos 0 dip, (5.4.12d)

1
Ef = <Ql)4 dz*, (5.4.12¢)
Qs
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where z¥, k = 6,7,8,9 are the coordinates of the internal T*. With this choice the

metric can be written as
ds?y = —2E“EY + §,, F“E®, (5.4.13)

with a = 1,0, QNS, QZ,G, 7,8,9. The variations (5.4.10a) and (5.4.10b) can be written out
explicitly as

1
SNy = ——=T"T™2

v aRy,

—

1 — I8 ¢, (5.4.14a)

1
Sthio = ue' + 5 (V2 +a? = r) 1 2! 4 2 (14 T559) &
y
1
(Vi +a+r) T2l -T2 (14 T 2], (5.4.14b)
8aRy
1
6@0% 0 =0y et + (\/ r2 4+ a2 — 7“) re 26 + T (1 + F6789) ]
y
-3 R (\/ r? 4 a? + 7‘) rer [2¢! — T4 (1 4 19189 2] | (5.4.14c)
a
’ 4\/7“2 + a?
1
5¢570 _ 8961 o Zrﬁrw (1 + F@) 62, (5.4.146)
1 _ a1, cos0 7 1 sinf 2w 6789
oYL = e+ ST el — ZIrrorue (14 10 2, (5.4.14f)
ind_~ 0
Sk, = Oyt - PRI el SR pripun (1 4 [6789) (2 (5.4.14g)
1
1
6’(/1];0 _ akel _ Ql Q5 Fuvrk ( _ F@) 62. (5414h)

4\/aR,

In these equations we have made the doublet index of the fermionic fields explicit. We
have only given the variations for 5)\(1) and 5@!)]1\470, as the variations for 5)\(2) and 51/)]2\/[70
can be obtained simply by interchanging the doublet indices 1 <+ 2 on all fermions in
the above variations.

5.4.2 The Killing Spinors

Killing spinors of the AdS3 x S x T* background are non-trivial spinors that satisfy

the equations

SAL2 = §ypp? = 0. (5.4.15)
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We find that the spinors that solve the equations (5.4.15) are given by

el = %R_ Y_ (774‘ 7]) + %R+ Y+ (54‘ f) , (5416&)
1 - 1 ~
€ =gRY_(-n)+ R Vi (€-6), (5.4.16b)

where in the above spinors, the following definitions are used®”

Yi(0, q~5, N) = exp (:I:;HFTQ> exp (;qZF%) exp <:|:;QZFMZ> ) (5.4.17a)

\/r2+a2ir)5

a

Ri(r) = ( (5.4.17b)

— iu iu

E(u) = Cre 2Py 4 (_eVPRu | fj(u) = ifﬂ<g_e_ V2Ry E+e\/5Ry>, (5.4.17¢)

E(0) = Ce” T 4 ¢V, o) =TT (¢ eV — (e ), (5.4.17d)
and we have defined

~ 1 ~ 1
= _—_—1re M= 1=, 5.4.18
7 7 ( )
The spinors gi,@[ are constant spinors that do not depend on any coordinates. As
standard in type IIB supergravity, the €%2? in (5.4.16) are Majorana-Weyl spinors. The
Weyl condition is

Ly = €2, (5.4.19)

with I'(j9) = rurfov689 1y our convention in which the charge conjugation matrix is

C =TI't, the Majorana condition reads
€ =e. (5.4.20)

We can now spell out the constraints following from (5.4.20) on the spinors in (5.4.16)
and (5.1.17). The factors Y (6, ¢, ) and R4 (r) are real functions containing the ex-
plicit dependence of the spinors on the angular and radial parts respectively. Then in

order for €2 to be real, spinors (4, (4 must satisfy
G=G¢G, G=¢- (5.4.21)
55In (5.4.16) we suppress the functional dependencies to avoid cluttering. Note that the angular parts

can be solved with the help techniques developed in [198,199], where similar differential equations have
been considered, however in a different coordinate system.
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This means that ¢+ and (+ are complex. On the other hand, £(v), n(v), £(u) and 7j(u)
are real spinors. Therefore, £(0), 7(0), £(0) and 7(0) are constant, real spinors, each
containing 4 independent real degrees of freedom and can be used to parametrise the
variations.

Furthermore the dilatino variation and the variation in the 7% subspace impose
o789 12 — 2 (5.4.22)

All spinors in (5.4.16) and (5.4.17), &, €,1,7,Cx, Cy, must satisfy the conditions (5.4.19)
and (5.4.22). In addition, they have the following chirality for the matrix I

M e(v) = —€(v), I'p)=+4n(v), TG =—(4,

ps - z (5.4.23)
ref(u) = +8u),  Tfw) = (), T2C =+

As mentioned above each one of 1,7, &, E contains 4 real degrees of freedom. On the
other hand, each one of (4, Zi contains 4 complex degrees of freedom, but only half of

them are independent. Therefore, either way, each spinor €'+

contains 8 real degrees
of freedom, combining to 16 in total. This is what we expected, as global AdSs x S3
should preserve half of the total 32 supercharges.

In order to generate new solutions, we need to identify the spinor components that

correspond to different modes of the fermionic generators Giﬁ‘ and éi’i We are only
2 2

interested in generating left-moving excitations, which are generated by G and not é,
hence we limit ourselves only to the discussion around the left-moving sector. However,
the discussion on the right-moving sector is completely analogous. The relation between
the supergravity Killing spinors CiA and the CFT supercurrent Gi‘% can be encoded

in terms of the projectors

1+ (—1)A4rse
PE=-x; A +(2)l A=1,2, (5.4.24)

N =

where J s is defined in (D.1.3a). We leave the discussion of this point to Appendix D.1

and here quote just the final result

A =PAP s Gi%‘, a=+, A=12. (5.4.25)

With this identification we can proceed to generate the supergravity solution corre-
sponding to the state (5.2.3) in CFT.
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5.5 Fermionically Generated Superstrata: Linear Analy-
sis

In this section we derive a linearised classical solution to the supergravity equations
using the Killing spinors for AdS3 x S2 x T# obtained in the previous section. We do so
by performing two supersymmetry variations, generated by the spinors corresponding
to G4, on the b # 0 seed solution (5.3.10). Single variations of bosonic fields vanish, as
these ;re proportional to the fermionic fields, which are set to zero for classical super-
gravity solutions. Double variations of the bosonic fields, however, are non-vanishing,
as these include terms which are proportional to the variations of the fermionic fields.
Note that, by definition, Killing spinors are non-trivial spinors for which the variations
of fermionic fields vanish. However, here we use the Killing spinors for the unperturbed
case (b =0) on the perturbed background (b # 0), which generate fermionic variations
that are non-vanishing. We limit ourselves to terms at linear order in parameter b.
Using these non-vanishing fermionic variations we can generate new solutions at linear
order in the parameter b.

This section gives a step-by-step procedure on how to obtain the new solutions. We
begin by presenting the variations of the fermionic fields of the seed solution, generated
by the Killing spinors (5.4.16). We then present the double variations of the bosonic
fields generated, thus obtaining the solution dual to the state G'_H%G'_é \OO)ES . In this

¢*" as independent, although they

derivation we treat the complex spinors QO‘_A and
really are not, due to the relation (5.4.21). Because of this, the spinors €"? become
complex and we obtain a complex-valued perturbation: as usual, at the linear level,
we can derive a standard supergravity solution by taking the real part of the final
result. While this is indeed a new solution to the first-layer BPS equation it is not
linearly independent from the ones already known, as discussed in section 5.2. We

therefore present the new, linearly independent solution, dual to the state (GJ_rllG’J_FQl +
2 2

g Y |00)gS , and further give the solution dual to the state (5.2.3) with ¢ = 1.

5.5.1 Variations of Fermionic Fields

As a preliminary step, we use the Killing spinors found in the previous section to
calculate the supersymmetry variations of the fermionic fields. The result can be used
later when we consider double variations of bosonic fields. Furthermore, it also serves
as a consistency check of the identification (5.4.25) between the fermionic generators
in supergravity and CFT.

As discussed in previous sections, the seed solution (5.3.10) expressed in the NS-
NS coordinates is dual to an anti-chiral primary state, which should be annihilated
by G:gl but not by GJ_“; According to the identification (5.4.25), this implies that
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the supersymmetry variation of the seed by C:A vanishes while the supersymmetry
variation by (T4 does not. In performing this check, we set {j‘r‘A = 0 and look at the
variations of the fermionic fields generated by the components in the spinor ¢*4. With

this choice, the Killing spinor (5.4.16) simplifies to
1 ~ __iv
el = -2 = 3 (R+ — iR,TK) e V2Ry Y, (A (5.5.1)
The dilatino variation generated by this spinor is given by
ba® ksin*~1 9
k+1
VaRy (a? + 7"2)%
u4v +$)_7

~ —ik 4 ~
X <R_ - iR+FM> e (ﬂRy V2Ry (COSHFQ+ sinfT" — iF9> Yo,
(5.5.2)

oA =02 =

This expression is correct for a generic component ¢(*4 . However, as discussed above,
this variation should distinguish between the CfA and the C:A components of the
spinor. Indeed, this is the case here, as one can see from the factors that contain the
gamma matrices with components along S®. Using the definition of Y, in (5.4.17) one

can show that
(cos OT? +sin T — ZI@) v, ¢4 = or? e o™ Y, A (5.5.3)

because, when we commute the factor in the brackets through Y, , we generate a pro-
jector 77;, which projects out the C:A component. Therefore, as expected, the super-
symmetry variation of the seed by {:A vanishes, while the supersymmetry variation
by CfA does not. The variations of the gravitino components ;s are calculated in the

same manner and discussed in Appendix D.

5.5.2 Solution-Generating Technique

The first step to finding the geometry dual to the state (5.2.3) with ¢ = 1 is to find
the geometry dual to GT1 G2 ]00>§S . In order to do so, we do a double variation of
the bosonic fields. These variations generically have two kinds of terms: either they
are proportional to fermionic fields or the variation of fermionic fields. In a classical
solution, fermionic fields vanish and hence we are left only with the second type of
terms. Using the variations summarised in Appendix A, we get that, for example, the

variation of the axion field Cj is given by

1
§'6Cy = §e—¢eTrl(m?)5’A (5.5.4)
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L2 and 8’ denotes the variation with

¢t

where 0 denotes the variation generated by spinors e

11,2

different spinors € In our case the constant components of these spinors are

for the variation & and ¢/*2

for the variation ¢’. Following the procedure of [110,126]
we are interested in calculating the infinitesimal deformation from the seed solution
in the ansatz function Z; and the two-form ©4. The physical fields in which these
two quantities are appearing are the axion Cy and the NS-NS gauge B-field, so we
are interested in their variations. Since these two calculations are analogous, we only
present the detailed calculation for the axion field, while the results of the B-field can
be found in Appendix D.

As mentioned at the beginning of this section, because we treat complex spinors
Cj‘r‘A and ¢4 as independent, the spinor ¢ becomes complex. This is justified with
the understanding that we take the real part in the final result. In the intermediate

1,2

calculations, although e“* are really complex, we still treat them as real spinors. In

=

writing down (5.5

).4), we used the relation (A.2.8), which is valid only for real (Majo-
rana) spinors, in order to rewrite € appearing in the formula (5.4.1d) in terms of €.
Another way to justify this manipulation is that, because the first variation parameter
¢ and the second one €’ are on an equal footing, it is not possible for € to enter in the
variation ¢’6Cy being complex conjugated and € without being complex conjugated.
They must both enter without being complex conjugated, as in (5.5.4).

The variations we consider are generated by the Killing spinors (5.5.1). As men-
tioned above, the first variation is generated by the component ¢*! and the second by
¢"*2. In this case, as we have seen in (5.5.1), we have ¢! = —¢2. Furthermore, the
variations are such that §Ag = 0 and dA} = 6A2. With these, the axion variation (5.5.4)

simplifies to
§'6Cy = e ? ()TTEI' N, . (5.5.5)

We insert the spinor (5.5.1) and the variation (5.5.2) (since we use only ¢t we use the

projection (5.5.3) in the variation) into this expression to obtain

5150y = pY T k' sin* 0 ifi (e 15) +vav-(G49)]
Q1 (a2 4 7“2)%

x (¢ e 5 (Ry 4+ iR Tor) (T2 4 T2) (R — iR, Ton) D372

k-1 Tl win = e

= 2kbaF~1 \/51?1,7"?12 N Z)(’:);H e [k(\/g}?y +¢)+\/§Ry (¢+¢)} [(Cfl)TzTﬁ C/jﬂ ‘
a T

(5.5.6)

In the second equality we have used the properties of the Clifford algebra and the R4
functions together with the fact that T% (*4 = —¢4 and hence I'*¢(*4 = ((*)TTY =
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— (I ¢_)T = 0. Furthermore, one uses the fact that (I'"%)? = —1 to expand
T8 e~ = cos T + sin 6. (5.5.7)

Finally noting that due to the projector property (Pd)? = Py, we have (CTHT¢ 2 =0,
which leaves us with the result (5.5.6). The calculation for the B-field follows along
the same lines; see (D.4.2) for the final result.

After the inverse spectral flow coordinate transformation (the inverse transforma-
tion of (5.3.12)), one finds that the double variation leaves all ansatz quantities un-

changed at linear order in b, except for Z, and Oy, which are now given by"°

A
7l = kay% COS Dp1.1 5 (5.5.8a)

by
O] = —V2bkAg1, K(k D)o sin0> QW sindy 1,1

+ (ke + 10 + (k= 1)) cosia| , (5.5.8D)

where we have again expanded ©4 in the self-dual basis (5.3.19). As in mentioned above,
in the final result, we selected the real part of the perturbation. We also normalised
the spinors as follows: [(¢THTirze¢ ™2 — $1/aR,, which is natural since in our
conventions, spinors have a mass dimension of —1/2 and so a spinor bilinear should
have mass dimension —1 or should have units of length. One can check explicitly that
the result (5.5.8a) satisfies the first-layer BPS equations (4.2.25).

To get a feeling for this solution we can compare it with the old superstrata solu-
tion (5.3.16), for (k,m,n) = (k,1,1), which is obtained by using the bosonic symmetry
generators (5.3.15) and (5.3.14) only. The solutions are similar and this may not be
unexpected, as they both introduce the same amount of momentum and angular mo-
mentum into the geometry. We notice that the form of the function Z; is the same,
while O, slightly differs in the relative factors multiplying the basis elements Q).

As shown on the CFT side, the state thlGJ_r21|OO>I,jS is not linearly independent
2 2

from the state J;"L_1 ]OO>I,€\IS . The proper combination which contains the information

about the new, linearly independent CFT state is given by the combination

1 NS
(GjEGjE + kJJL1> 00),” . (5.5.9)
In order to write the supergravity solution dual to (5.5.9), let us briefly discuss the
relation between the parameter by in (5.3.16) and the original parameter b appearing

in the seed solution. By keeping track of the overall normalisation when acting with

56The superscript f is to denote that these solutions are obtained by acting with fermionic generators
only and hence the state that this solution is dual to is G G™3 |00>1,:IS .
3 T2
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bosonic generators (5.3.15) and (5.3.14), we have by = (—1)"1{:%6. Because for

m =n = 1 this gives by = —k?b, one finds that the solution dual to the state (5.5.9) is

given by the following new linear perturbation

Zy =0, (5.5.10a)
x

Os=—V2bAp10 | —
rsin 6

QW sin Ug,1,1 + (9(2) + Q(3)) cos ZA)]@,171:| , (5.5.10b)

where we introduced b = (k? — 1)b. The new solution has a vanishing Z, function,
which means that both the axion field Cy and also the component B, of the B-field
are vanishing. However, because ©4 is non-vanishing, the components of B, with
one leg in AdSs and one in S® are non-vanishing, which agrees with the spectrum
calculated by [136]. One can show that Z; and ©4 given in (5.5.10) satisfy the first-
layer of BPS equations (4.2.25). The solution is dual to the CFT state with quantum
numbers (k,m,n,q) = (k,0,0,1). Notice that for £ = 1 both the above supergravity
perturbation and the corresponding CFT state are trivial, which provides a further
check on the identification proposed.

We can generalise this approach and use the geometry (5.5.10) as a new seed solution
and act on it with the bosonic symmetry generators (5.3.14) and (5.3.15) to obtain the
geometry dual to the state (k,m,n,q = 1). One finds that the geometry dual to the
state (5.2.3) with ¢ = 1 is again unchanged at linear order from the original seed

solution (5.3.10) in all the ansatz quantities except for’’
Zy=0,  O4=b0"""Vpmn, (5.5.11)

with

by

ﬁk,m,n = Ak,1+m,1+n — A
rsind

QW $in O 1 4m, 1410 + <Q(2) + 9(3)) cos ﬁk,1+m,1+n:| :
(5.5.12)
Again it is not difficult to show explicitly that these satisfy the first-layer BPS equations.
Also in this more general case Z4 remains trivial and the structure of ©4 is the same
as in (5.5.10), apart from a change in the argument 0y 14m, 14n of the trigonometric

functions and in the quantum numbers in the Ay 14y, 14 function.

5.6 Non-Linear Completion

In the previous sections we generated new solutions to the BPS equations at linear
order in the perturbation parameter b. Since the first-layer BPS equations are linear,

any linear combination of solutions (5.3.16) and (5.5.11), with an allowed combination

e . Tk
57We reabsorb all overall normalisations in the parameter b5,
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of the quantum numbers (k,m,n), is also a solution of these equations. This general
bulk configuration correspond to a CFT state containing various excitations (5.2.3)
with different values of (k,m,n,q). Up to this point we have taken the coefficients
b];’m’n and le’m’n to be infinitesimally small, making any solution only an infinitesimal
deformation of the empty AdSs x S x T* space. In principle we could promote all these

coefficients to be finite"®

, which corresponds, on the CFT side, to taking many copies
of the same excitation. With the parameters /I;I;mn being finite, the scalars Z; and the
two-forms ©; become sources on the right-hand sides of the second-layer equations.
Thus, once we have a finite solution to the first-layer equations, we can determine the
deformation of F and w from their seed values by solving the second-layer equations.
Here we do not tackle this general problem and focus on a single-mode superstratum,
i.e., we make a single, arbitrary mode coefficient to be finite and the solve the second-
layer equations with the corresponding source terms. We find that a special feature
of this new class of non-linear solutions is that their extension to asymptotically flat
solutions is trivial. We close this section by calculating the conserved charges of the
newly obtained solutions and comparing them to the CFT states (5.2.3) to find perfect

agreement between the two results.

5.6.1 Solving the Second-Layer Equations

The second-layer equations (4.2.26) are in general coupled second-order partial differ-
ential equations for the components of the anti-self-dual one-form w and the scalar F.
These quantities encode the information about the conserved charges of the geome-
try, i.e., the momentum charge (), and the angular momenta .J and J. As mentioned
above, our goal here is to calculate the backreaction on w and F that the new finite
deformations cause on the geometry. We limit ourselves to the case of single-mode
superstrata involving the new ¢ = 1 excitations, meaning that our initial ansatz for the

finite first-layer solution is

Zl = % ) @1 = /Eg,m,n {sl\k,m,n )
Zy = % ;O =" O (5.6.1)
Z4 =0 ; 64 = Bg,m,n ﬁk,m,n )

where b]f;n "™ should be determined as a function of bfj’m’"

, which, in turn, is related to
number of excitations (5.2.3) in the corresponding CFT state. We further simplify our
ansatz by recalling that the bosonic descendants of an anti-chiral primary state have a

trivial ©1 [105]. The same feature is shared by the bosonic superstrata obtained by using

58See [126] for discussion on the technical difficulty in superposing modes with completely general
(kl, mai, ’I’L1) and (k‘g, ma, nz).
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the excitations (5.2.3) with ¢ = 0 [126]. We assume that a similar property holds also

by """ . Furthermore, in all previous

for ¢ = 1 excitations and set to zero the coefficients
work [110,126,200], the coefficients glfm" were tuned in such a way that the singularity-
causing v-dependent terms vanished. This procedure was called “coiffuring”. However,
we find that, with the solutions generated with the new solution-generating technique,
the right-hand sides of the second-layer equations are automatically v-independent. For
this reason, we assume that all /b\]fm” are also vanishing. In this case the only non-trivial
source in the second-layer equations is ©4 A ©4 which takes the simple form written
on the right-hand side of (5.6.4). Since there are no potentially dangerous terms to be
taken care of by coiffuring, the ansatz we use for the first-layer solution of a single-mode

superstrata is simply

_ @ Qs B
Zl = D N ZQ = D) s Z4 = 0, (5.6.2&)
©1=0=0, O4=>bUpmn (5.6.2b)

We now want to solve the second-layer equations where the source on the right-hand
side is determined by (5.6.2). By following [126] we take the following ansatz for F and

w
F=F(r0),  w=uw+™(r0), (5.6.3)

where wy is given in (5.3.10), and the RMS superscript denotes that the ansatz functions
are independent of the coordinate v and are thus non-oscillating. We assume that

FRMS RMS only depend on the coordinates r and # and that

and the components of w
wEMS = ngS = 0. Using (5.6.2) on the right-hand side of the second-layer equations,

we see that the RMS parts of (5.6.3) are governed by the differential equations

d4wRMS + *4d4wRMS + fRMSdB =0, (5.6.48,)
~ Aok 2m+2,2n+2 + Dok 2m44,2
LFRMS — g2 Z2k2mtz,2n 2mtd,2n 5.6.4b
> (r2 +a?)cos?f X ’ ( )
where we have used the fact that dywg is anti-self-dual and have introduced L=— *4

dy4 *4 dy as the Laplace operator in the four-dimensional Euclidean base space. Notice
that the top differential equation has a vanishing right-hand side, which was not the
case in previously known examples.

One can show that when acting on a scalar function that depends only on r and @,

the Laplace operator can be written as

~

LF = % Oy (r(r* +a®) 0,F) + !

r m%(Sln@cow%F). (5.6.5)
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We then note that the differential equation of the form

AQk,Zm,Qn
(r2+a?)cos?6 2

LFopom.on = (5.6.6)

is solved by the function®”

J1+J2+ 73\ em—jiim—jo—1,n—js
J1, 72,73

jitiatjs<k+n—1,. ( k+n—ji1—ja—ja—1 )2

Fopomon = — ( ) 1 12
J1,J2,j3=0 (k—m,m—l,n)

Ao (k—ji—ja—1),2(m—ja—1),2(n—js)

. 4k +n)2(r2 + a2) ’

(5.6.7)

with

. . . . . P\
<31 + 2 +33> _ Urtiatis)! (5.6.8)

J1,J2,73 g1l 2! js!
Notice that (5.6.4b) is already in the form (5.6.6), and can be thus solved by a linear
combination of the F' functions.

To get the solution for w, we introduce the ansatz’™ [126]

WMS = o (dip + do) + Vo (dip — dop) (5.6.9)

and define a new function

- R, 1+ a®sin’6
Himn = Mkmn + 4\/y§ ¥ fk,m,na (5610)

where Fj . = F is the solution of (5.6.4b). One can show that iy, , satisfies the

differential equation

’a _ bRy Ao om+2.2n + Dok 2m+a,2n+2
Hke;m.m V2 (r2 4 a?)cos?6 2 ’

(5.6.11)

which can be again solved by a linear combination of the functions (5.6.7). One is thus
able to determine F ;. and fig ., as the solution of their respective second-order
differential equations. By following the same approach of [126], one can show that the

explicit forms of the ansatz quantities are given by

Frymn = 4p? (Fok 2m+2,2n+2 + For 2m+4a.2n) (5.6.12a)

%For the proof see Appendix A of [126].
ONotice that in previous work v m,, was named (g,m,n. Here we change the notation to avoid
confusion with the complex spinor components (4.
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~

R,
Hkmn = NG Fop 0m+2.2n + Fop omya.2n+2
2 22 ~
r® + a”sin” 6 Tk
A S (Fok 2m+2,2n+2 + Fok om+ya,2n) + 4gn , (5.6.12b)

where in (5.6.12b) we have added an additional harmonic piece that is left undetermined
by the differential equations. Its form is chosen so that the solution is regular at the
centre of the coordinate system and is determined in the next subsection. The remaining
Vi m,n functions are obtained by solving first-order differential equations, which contain

Frmn and i m pn as sources. These equations are

(a2 + 7“2) sin26 — r2cos? 0 2rsin 6 cos 0
Ot = =T g O T T gz g
2a2R,, (a® 4 2r?) rsin? 0 cos? 0
— V207 Ry ( . )2 s (5.6.13a)
(r2 + a? sin 9) 32 o
9 2 (a2 —}—7“2) rsin 6 cos 6 N r2cos?f — (a2 —i—r2) sin? 6 5
% =
OVk,m,n 2 T a2 SiHQ 9 rHk,m,n 2 i o2 Sin2 9 OHk,m,n
V2a2R, (a? + r%) r? sin 6 cos 0 cos 20
+ v ( ) Frmon - (5.6.13b)

(r2 + a2 sin? 9) 32

These equations can be solved by integration on a case-by-case basis for each set of

quantum numbers.

5.6.2 Regularity

We want our solutions to be free of any singularities. However, the coordinates intro-
duced in (5.3.9), which are used to describe the solutions, have points at which they
degenerate. Hence using these coordinates we have to take special care of the functions
and components of the forms in order for our solutions to be regular. There are regions
of the base manifold at which the coordinates degenerate. The first one is at 0 = 0,
where the ¢ circle degenerates. The second one is at § = 7, where the 1 circle shrinks.
Finally at the locus (r = 0,60 = 0) the entire sphere Sg’w shrinks. Imposing regularity
at these regions imposes constraints on our solutions. We look at each of the constraints
separately. Since now the scalar functions Z; and Z5 are the same as the seed solutions
and Z, is vanishing, we only focus on the regularity of the forms. The standard pro-
cedure to check the regularity is to express the forms in a coordinate system without
any degenerate points. However, we instead impose the equivalent condition that form
components along d¢ and diy vanish at a degenerate locus.

We start by looking at the region where (r = 0,0 = 0). Focus on the regularity of
the 1-form w, especially on the di) + d¢ component, which explicit expression is given

in (5.6.12b). In order to cancel out the singularity caused by the form legs, fgm.n
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needs to vanish at the point of interest. This determines the constant multiplying the

harmonic term in fig 4, ,, which must be

(k—m—2)m!n!
(k+n+1)!

Thmn =k (5.6.14)
Again the ¥ notation is used to distinguish the normalisation from the ¢ = 0 case.
The same analysis needs to be repeated for the diy) — d¢ component of the one-form,
which also needs to be vanishing at the centre of the base manifold. However, as we are
currently lacking a closed expression for generic quantum numbers, the analysis needs
to be done on a case-by-case basis.

Let us now look at the points of the location of the supertube, namely (6 = 7).
This is the same as looking at ¥ = 0, where the scalars Z; and Z, diverge. To check
the regularity of the solution, we look at the (d¢ + di)? component of the metric and
demand that it is regular at the position of the supertube. Imposing regularity at
this locus of spacetime changes the relation between the brane charges @)1, Q5 and the

parameters defining the supertube ansatz a and b, which is now given by

[
Q]1%§25 —a®+ §$k7mvn , (5.6.15)
Yy

where Zj, ;. , is defined in (5.6.14).

5.6.3 Asymptotically Flat Solution

Up to this point, the solutions we presented are asymptotically AdSz x S3 x T*, which
allows for the identification with the dual CFT states discussed in section 5.2. It turns
out that these solutions can be extended to asymptotically flat configurations (in our
case that is asymptotically equal to R*! x S1 x T*) in a straightforward way and so can
be identified with microstates of asymptotically flat black holes. As usual, this is done
by adding back “1” in the functions Z; and Z,. By introducing this extra constant,
one usually obtains additional v-dependence on the right-hand side of second-layer
equations. The effect of these additional terms is that we get new v-dependent terms
in (5.6.3), with the differential equations determining these new terms usually being
cumbersome to solve. Luckily, the novel feature of the solution (5.6.2) is that including
the constant term in Z7 2 does not add any additional source terms into the second-layer
equations.

Thus focusing on the single-mode superstrata, the asymptotically flat extension of
the solution (5.6.2),

Q1 Qs

1 =14+ = Jo =14+ = Zy=0 5.6.16
1 +Ey 2 +27 4 ) ( a‘)
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~

©1=0=0, O4=b0kmn, (5.6.16b)

gives the same second-layer equations for F and w as in the asymptotically AdS
case. So, both the asymptotically AdS and the full asymptotically flat solution are

v-independent.

5.6.4 Conserved Charges

One can extract the conserved charges of our new solutions from their large-distance
behaviour. This gives a consistency check of the proposed identification between the
new superstrata and the CFT states (5.2.7).

The angular momentum charges J and J associated with the left-moving and right-
moving sector of the CFT respectively are related to the J4 and .J,, components of the

supergravity angular momentum through

ot Jy > Jo—Jy

J 5 J 5

(5.6.17)

These charges can be found by analysing the g4, component of the ten-dimensional
metric. In our ansatz, this component is obtained by looking at the ¢ 4+ 1 components
of the one-forms  and w. It is straightforward to adapt the general prescription of [201]

to this case (see for instance [105]), and one obtains

J — J cos20
7_’_

> o(r 3). (5.6.18)

B¢+,3¢+W¢+W¢N\@ .

Thus it is possible to read off the angular momenta of our newly obtained solutions
from the knowledge of § (which is unchanged from (5.3.10a)) and p (5.6.12b). One
finds that these are given by

R 1 ~  Rya®
J= <a2 +/b\2m]': fkmn> . J=t (5.6.19)

Similarly, the momentum charge ), can be extracted from the large-distance be-

haviour of the function F:
Fo2 O(r3) (5.6.20)
T2 + O(r . .6.
For our new solutions, we find

Finally, we note that the brane charges (01 and @05 that appear in the scalar functions

Z1 and Z5 do not change, as the two functions remain unchanged from the seed solutions
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(5.3.10).
The supergravity charges calculated above are proportional to the quantised charges
calculated on the CFT side. The brane charges ()1 and ()5 are related to the D-brane

numbers n; and ny through

(27r)4 s 0/3

Q1 = T

ni , Qs=gsans, (5.6.22)
with V, being the coordinate volume of T4, g, the string coupling, and o’ the Regge
slope. The relation between the @), obtained in (5.6.20) and the quantised momentum

number n, is
et @iQs
V4R§ P RgN b

Qp = (5.6.23)
The angular momenta J, J obtained from the supergravity calculation in (5.6.18) are

related to the quantised ones j, j by
(2m)*ga  Q1Q5 | Fo (2m)*g2a i Q1Q53

J = - .
ViR, ' RN ViR, R,N

(5.6.24)

We are now able to compare the charges obtained from the supergravity solutions
with the ones calculated on the CFT side. The latter are given by (5.2.8). The crucial
point at this step is to identify the supergravity constraint obtained from the regularity
condition at the position of the supertube (5.6.15) and the CFT constraint for the total
number of strands (5.2.7). The parameter a is connected with the number of untwisted
strands IV, and the number of twisted strands IV, with the parameter b. We find that

these quantities are connected by

g2 = @165 Na p2 o 2@1@s Ny oy

s = l‘k,,.
R N RZ N “kmn

(5.6.25)

Using this identification together with the relations between the supergravity and quan-
tised momenta, we get that the CFT charges corresponding to the supergravity solu-

tions obtained above are given by’

~ R,N - N,

- J=1a 5.6.26a
R=0,0s 5 ( )
RN . N,

— J =29 4 (m 4 1)N,, 5.6.26b
R=0,0 5 1 )Nb ( )

""'We reinstated the subscript R for j and h to stress that we are listing the results in the in Ramond
sector.
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for the angular momenta, and using that the momentum charge n, = hr — hgr, we get

RIN
Q105

np Qp=(m+n+2)Ny. (5.6.27)
We see that in all three cases these charges agree with the ones given in (5.2.8), if we
set ¢ = 1, as we should for our new supergravity solutions. This provides a check that

the newly obtained solutions really are dual to the CFT states (5.2.3), with ¢ = 1.

5.7 Compendium of Formulas and Explicit Solutions

Here we collect the expressions for the new superstrata that we constructed in this
chapter.

The new superstrata represent supersymmetric solutions of supergravity, whose
10-dimensional fields are given by the ansatz (4.2.7). The quantities that enter the
ansatz satisfy two layers of BPS equations, which are differential equations on a four-
dimensional base, which we took to be flat R*. The ansatz quantities that solve the
first-layer equations (4.2.25) are
= % y Za = % )

Tkmmn
O4 =by""" Ap14m 140

VAL = 0, 01 =069 = 0, (5.7.1&)

X

mg(l) sin ﬁk,l-ﬁ-m,l—f—n + (Q(Q) =+ 9(3)> COS zAjk,l-i-m,l-i-n:| >

(5.7.1b)

where the definitions of Ay, , and 0y, , can be found in (5.3.18) and the self-dual
two-forms Q) are given in (5.3.19). The range of the integers (k,m,n) is k > 1,
0<m<k-—2,n>0.

Due to the linearity the BPS equations, an arbitrary superposition of solutions
(5.7.1) is still a solution of the first-layer equations (see (5.6.1)). However, in this

chapter, we limited ourselves to single-mode superstrata, for which only one of the

Tkmmn
b4

coefficients =bis non-vanishing. In this case, the ansatz quantites that solve the

second-layer BPS equations (4.2.26) are given by
F=FWMS(0), w=uwo+w™(r0), (5.7.2)
where wy is defined in (5.3.10¢),

WEMS — (A + @) + Vg (dip — dgp) (5.7.3)
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and
FRMS — Frmmn = 4p? (Fok2m+2,2n+2 + Fok2m+4,2n) (5.7.4a)
VR
Hkmn = T; Fop om42,2n + Fok 2m—+4,2n42
2, 22 .
r* 4+ a“sin” 0 Tk
Ty (Fok 2m+2,2n+2 + Fok om+ya,2n) + ﬁ . (5.7.4b)

while v, , has to be calculated on a case-by-case basis using the differential equa-
tions (5.6.13). The functions Fj 2, 2, are given by (5.6.7) and the coefficient Zj, p, p, is
fixed by regularity of the solution to be (5.6.14).

In the dual CFT, the single-mode superstrata correspond to states of the form
)N (lkymn, ™)™ with N, + kN, = N (5.7.5)

where |k, m,n, ¢)® is the spectral flow to the R sector of the NS state
1 q
o)™ = (" (E) (G167 4+ L) 0. 610

with ¢ = 0,1. States with ¢ = 1 are dual to the new superstrata while the states with

q = 0 are dual to the original superstrata constructed in [126]. The relation between

the supergravity parameters a,b and the CFT parameters N,, Np is given by (5.7.5).
The above solutions are asymptotically AdSs but by simply setting

Z1—>Z1+1, Zo — Zo+ 1, (577)

the solutions become asymptotically flat. Such a transformation does not spoil the
second-layer equations, meaning that the Fj,,, and wy,,, are still valid solutions,
even in the asymptotically flat case. In contrast, extending the original superstrata to

asymptotically flat ones required a non-trivial step of solving differential equations [126].

5.7.1 Explicit Examples

The solutions above are valid for any allowed set of quantum numbers (k,m,n,q = 1).
However, Fimn and pm, , contain linear combinations of Fby 9,25, Which include
non-trivial sums and are generically hard to evaluate. However, in certain cases, these
sums can be evaluated explicitly, which then makes it possible to find solutions to the
second-layer BPS equations in a closed form. Here we present the explicit expression

for Fi mns Wk,m,n for two classes of solutions.
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(k,m,n,q) = (k,0,0,1) class of solutions

The simplest class of solutions is parametrised by the quantum numbers (k,m,n,q) =
(k,0,0,1), with k£ being an arbitrary positive integer. These geometries already carry
three charges, as momentum is added through the action of the fermionic generators.

They are given by
B2
(k2 — 1)2(X — 1)%(a2 + 12)
b’ R,
WE,0,0 =
V2R (k2 - 1)2(X — 1)4%
+ (PQEO) (X:k) + PLV(X: k) Z + PO(X3 k) 22> sin? d¢} . (5.7.8b)

Fro0=—

{Pj@ (X; k) + PV (X k) Z} , (5.7.82)

[(Pg)(x; k) Z + P(X; k) 22) cos? 0 dy

where we introduced the notation

a?sin?6 r?
X — 7?”2 + a2 , Z = 77"2 + a2 R (579)

and P](,_-l), (0 , and P( ) denote polynomial functions in the variable X with the param-

eter k. They are given by

POX: k) = 2(X — 1)(X + 1)(X* = 1) — k(X — 1)2(1 +3X) X+~

— 2k2(X DHXFL 1) 4 B3(X —1)3xF (5.7.10a)
PO (X k) = 4(X + 1)(X* —1) — k(X — 1)(1+6X+X2)Xk 1

+2E(X — DA(X + DXL B3 (X —1)3xkFL (5.7.10b)
PO (Xk) = —2(X — 1(XF —1) = k(X — D2(X + 1) (X1 - 1)

+2k3(X — 13X B3(X - 1)3(xF L - 1), (5.7.10c)
PV (X5 k) = —4(X = 1)(X +2)(XF — 1) + 26(X - 1)(2X — XF1 - ax 4 3x5+1)

+ 4K (X — 12X —2k3(x —1)3 xR L (5.7.10d)
PP (X3k) = —6(X +1)(XF — 1) + k(X — 1)(2 + X571+ 8XF 4 xF+H1)

— 23X - D2(X + D)X B3 (X - 1)3 xR (5.7.10e)
PV (Xk) = —2(X — 1)(1+2X)(XF — 1) + 2k2(X — 1)2X* — k3(X — 1P k(X — 1)

(=1 42X + X% —4XF 4 2xF+1) (5.7.10f)
PP(X;k) = —2(1 +4X + X2)(X* — 1) + 2k(X — 1)(X + 1)(1 + 2X*)

—2k%(X —1)2X*. (5.7.10g)

The above gives regular solutions for any k£ > 1.

It is interesting to see what happens for k = 1. If we treat k as a continuous
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parameter, one can notice that all functions P in (5.7.10) vanish linearly as kK — 1, and
so Fi0,0 and wy 00 have a simple pole at this value of k. This means that the solution
is ill-defined for k& = 1, which is consistent with the CFT result in section 5.2 that the
states |1,0,7n, 1)NS are unphysical. One may think that one could multiply 2 by (k—1)
to start with in order to cancel this pole and get a physical solution. However, one can
show that the solution with such modified normalisation would contain a logarithmic

divergence at § — 0 and does not represent a phyically allowed geometry.

(k,m,n,q) = (2,0,n,1) class of solutions

The next simplest, physically meaningful class of three-charge examples is given by the
quantum numbers (k,m,n,q) = (2,0,n,1), where n = 0,1,2,.... In the case where
n = 0 the momentum charge is coming purely from fermionic generators, whereas for
n # 0 the momentum charge is also added through the action of bosonic generators.
One finds that for generic values of n the solutions for the second-layer equations are

given by

32 1 _ gntl
n = -4 — 2 1
F20 a?(n+1)2(n+2)(n+ 3)2 [ 1-Z (n+1)(n+3)

1— Zn+1

+n+D((n+3)(n+4)+2) 2" —(n+1)*(n+ 4)Z”+2] - [4 -8

+(n®+8n2 +21n+10)Z2" —2(n+1)2(n+4) 2" + (n+1)*(n + 2)Z”+3] sin? 9} ,

(5.7.11a)

b2 R, 1 1
V242 Zsin?0 + cos20 (n+1)2(n+ 2)(n + 3)2

W2.0,n =

1— Zn+1
X { [42 5 — (T Drn+5) Z"2 4 (n+ 1)2Z”+3} (cos® O dip — sin® 6 do)

+2(n+1)(n+3)(1 — Z)sin? 9d¢} , (5.7.11b)
where we have used the same variable Z as defined in (5.7.9).

5.8 Conclusions

In this chapter we have presented the explicit construction of new superstrata using
the fermionic symmetries of the SU(1,1]2);, x SU(1,1|2)r (super)isometry group of

AdS3 x S3. The new solutions are simpler than the ones known previously as only ©4
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is excited and there is no scalar field that must be cancelled by other scalars excited at
higher order.

Due to their simplicity, studying the structure of the solutions is easier for the new
superstrata than for the original ones. For example, although the solution-generating
technique can only produce asymptotically AdSs3 solutions, we can trivially extend the
new superstrata to asymptotically flat solutions, as we do in section 5.6.3. In contrast,
extending the original superstrata to asymptotically flat ones required a non-trivial
step of solving differential equations [126].

Also, in the original superstrata, there was a technical difficulty in constructing solu-
tions that involve two modes with completely different quantum numbers (k1,mq,n1),
(k2,ma,n2) [126]. Subsequent results have shown that the geometries generated in
this chapter were precisely the missing piece to making generic mulit-mode superstrata
without restricting them to only a subspace of the phase space, as is the case if one
considers the original superstrata alone [182].

Investigating physical aspects of this new class of superstrata, such as the integra-
bility of the geometry [189] and precision holography [142,143,183,184] would be very
interesting. As mentioned above, possible instabilities of microstate geometries have
attracted much interest lately [185-191]. In particular, it has been argued [185] that
supersymmetric microstate geometries are non-linearly unstable when a small amount
of energy is added, leading to a formation of a near-extremal black hole. The metric of
the original superstrata in the asymptotically-flat setting [126] has no isometry in the v
direction, which violates one of the assumptions in the analysis of [185]. However, the
asymptotically-flat version of the new single-mode superstrata (5.6.16) is v-independent
metrically, and it would be interesting to examine their possible instability and its end-

point.
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Chapter 6

Outlook

Where do we go from here? Despite giving some outlook on future research in the
relevant chapters, it may be worthwhile to further outline some of the more interesting

directions in which one can expand this work.

Pole-Skipping

One of the main issues with pole-skipping is the lack of interpretation of the results. By
now we have a good understanding of the near-horizon origin of this peculiar behaviour,
yet a generic interpretation on the boundary side is still lacking. Some progress in this
direction has been made in two-dimensional CFTs [83,100], however we have seen that
pole-skipping occurs regardless of the dimension of spacetime and thus a boundary
interpretation should not be limited to the (special) two-dimensional case. Similarly,
the effective hydrodynamic mode considered in [69] explains only the behaviour of the
particular pole-skipping point at the positive imaginary frequency of the energy density
correlator, but it does not trivially extend to other pole-skipping points or to Green’s
functions of other fields. One hopes that there exists a more universal mechanism that
explains pole-skipping for all fields.

A further hint at the existence of such a general mechanism comes from the ac-
cumulation of results [2,68-70,72,90], which show that the most positive (imaginary)

frequency at which pole-skipping occurs for fields with spin s, is given by
w=2miT(s—1). (6.0.1)

This is a highly non-trivial result which currently lacks a proper interpretation.”” A
possible clarification may come by considering a specific top-down model, for example

a near-extremal black hole in type IIB supergravity, where the interplay between fields

"2This was first observed by Richard Davison.
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of different spin is more apparent. It should be noted that the result (6.0.1) has been
obtained without any explicit supersymmetry methods which might explain this kind
of symmetry.

Furthermore, pole-skipping is still mysterious in the limit where the black hole
becomes extremal. In this case the blackening factor f(r) has a double zero at the
horizon which increases the singularity of the equations of motion at this point. This
fundamentally changes the near-horizon expansion of the bulk fields and therefore a
more careful analysis is needed for such backgrounds. However, there are known Green’s
functions for extremal systems, such as the fermionc correlator in an extremal BTZ
black hole [55], which should serve as useful guides in obtaining new results.

An additional interesting observation that follows from the near-horizon analysis
is the equivalence of the advanced and retarded Green’s functions at the Matsubara
frequencies. Recall that at such frequencies, one of the solutions becomes irregular in
the ingoing Eddington-Finkelstein coordinates due to logarithmic terms appearing in
the near-horizon expansion. As a consequence, the remaining regular solution needs to
be chosen when calculating both the advanced and the retarded correlator in holography
(see section C.1.3 Appendix C for the more details). While this relation has not been
fully developed yet, one can mention a comment of [72] where the same equivalence of
the advanced and retarded Green’s functions was observed for scalar fields at bosonic
Matsubara frequencies. Namely, in order to respect causality at real values of the
momentum the advanced Green’s function must not have any poles in the lower half
frequency plane. Since the equivalence holds at the negative Matsubara frequencies

and away from the pole-skipping points:

1
GAw = wn, k) = GR(w = wn, k), wp = —2miT (n—2) Jk#Fky, n=12,...

(6.0.2)

it follows that for real k, the retarded Green’s function has no poles at w = w,, besides
the poles which get pole-skipped at k = k. In [72] they have investigated a similar
statement for positive imaginary Matsubara frequencies in which case one can make
a similar statement about the locations of poles of the advanced Green’s function at
positive imaginary Mastubara frequencies but away from the pole-skipping momentum.
It would be interesting to further investigate this avenue, especially in light of the
constraints from causality.

Finally, we need to clarify the relation between the pole-skipping locations and the
chaotic properties of the theories. While our current understanding suggests that the
pole-skipping point at the positive imaginary frequency in the energy density correlator
is related to chaos, which has been demonstrated in a wide variety of systems [69-71,

202, 203], it also seems that other pole-skipping points are not related to chaos in
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general. Understanding the conditions under which a connection is present (if it is
present at all) might allow us to use pole-skipping as a “cheap” diagnostic for chaos in

holographic systems.

Black Hole Microstates

In chapter 5 we have presented the construction of a new family of smooth microstates
of the supersymmetric D1-D5-P black hole. With that we have added to an already
large number of known microstates of this black hole, yet we are still far away from
having a complete microscopic picture.

As it was shown in [134], the number of currently known superstrata cannot ac-
count for the full entropy of the D1-D5-P black hole, thus we know that there exist
other microstates that are not yet constructed or accounted for. From the spectrum of
linearised gravity around AdS3 x S [136-138] we know that there exist other smooth
excitations that might result in superstrata. It is expected that these geometries have
a deformed base space which makes them computationally harder to construct, how-
ever this means that the obstacles are more of a technical than a conceptual nature.
Research in this direction is ongoing and recently new pathways have opened up, con-
taining holomorphic techniques [175] and perhaps more promisingly, it was found that
some of the superstrata can be reduced to only three dimensions [176]. One hopes
that by using this reduction, one can generate solutions in three dimensions which can
then be uplifted to six dimensions, where they would represent a new class of smooth
microstates.

However, superstrata are very atypical microstates as they correspond to coherent
superpositions of excitations (see for example [204] for a discussion on typicality) and an
open question is what a typical microstate looks like. One may expect that such a state
is not fully captured by supergravity and may in general contain stringy excitations
[159-161, 205]. This may give an additional motivation for the construction of all
possible microstate geometries as it should show whether supergravity is enough to
describe the microscopic degrees of freedom of a black hole.

Furthermore, so far we have only constructed the microstates of a supersymmetric
black hole and one may ask to what extent do the results from the supersymmetric
configurations translate to the non-supersymmetric sector? In fact, generating non-
supersymmetric black holes is also one of the (long-term) goals of the programme, as
such black holes are dynamical and evaporate. Some results are already known [206,207]
yet a finite-temperature superstratum is currently unavailable.

Another interesting avenue is the probing of the known microstate geometries to
analyse the differences with respect to the conventional black hole. As we have noted

above, the three-point correlation functions are protected by supersymmetry [129],
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hence four-point functions are the simplest non-trivial correlators that involve novel
information about the geometry. A very interesting class of such correlators is the
HHLL correlator with two parametrically heavy operators (H) whose conformal dimen-
sions scale with the large central charge, and two light operators (L) with conformal
dimensions that do not scale with the central charge. Such correlators can be thought
of as describing a process in which a light particle L is scattering off a heavy microstate
H. Their interaction is then encoded in the behaviour of correlator from which we can
read off some of the details of the geometry of the heavy state.

Such an analysis was performed for example in [130, 132, 183,208] and indeed de-
viations from the conventional black hole geometry were observed, for example in the
absence of a decay at large Lorentzian times [209]. It would be interesting to see how
much knowledge about the microscopic degrees of freedom is encoded in these corre-
lators. An interesting novel direction is, for example, the study of the Regge limit of
such correlators. In addition recently, using these HHLL results, generic four-point
correlators of light particles in AdS3 x S% were constructed [210,211] (see also [212]),
bypassing the usual difficulties one encounters when working with Witten Diagrams in
AdSs.

There are other methods with which one can probe the geometries. For example,
using a hybrid WKB method the quasinormal modes of the superstata were obtained
in [213,214]. Similarly, in [215] the null geodesics of these geometries were used to
determine the behaviour of massless probes near the photosphere of the solutions —
the nearest distance from the centre where a circular orbit is still stable. All of these
results allow us to build up an arsenal of differences between the conventional black
holes and the microstates. The optimistic hope is that these differences would be visible
in some refined signal from a black hole related experimental observation, for example
the gravitational wave ringdown of a black hole merger as measured at LIGO (see for
example [216]), but at the moment such observations are still out of reach.

Finally, while the two topics presented in this thesis are somewhat disjoint, one may
wonder whether one could perform a pole-skipping analysis of microstate geometries.
One obvious problem is that such geometries lack a horizon, so a new set of bound-
ary conditions would have to be imposed. Similarly, the superstrata have a vanishing
Hawking temperature for which pole-skipping is not yet known. All in all, the combi-
nation of these two ideas seems rather distant at the moment. But it is fun to speculate

of what lies ahead.
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Appendix A

Conventions

Here we present a brief summary of the conventions used throughout the document.””

A.1 Form Conventions

Assume that a D-dimensional spacetime is spanned locally by coordinates 2™ and that

the line element can then be written as
ds® = gy daeMdz?Y (A.1.1)

where we use the mostly-positive signature for the metric gp;ny. We can introduce an

orthonormal frame E® which can be used to rewrite the metric as
ds® = ng, E°E", (A.1.2)

with 74, = diag(—, +,...,+). As in these two line elements, throughout the document
we denote curved indices with upper-case Latin letters M, IV, .. ., while flat space indices
are denoted by lower-case Latin letters a,b,.... Since some particular values of these
indices can be the same in curved and flat space, we denote the latter as underlined.
For example, X! denotes the t-component of a vector field X in curved spacetime, while
Xt denotes the t-component of the field in flat spacetime. Of course, these two can be
related through the orthonormal frame.

A differential form of degree p or a p-form is defined as

1 1
Ay = ZleMl---Mp deM A A daMe = ;!Aal,__ap E“A...\NE%. (A.1.3)

"$We mostly follow the conventions used in [103], summarized in the Appendix A of that paper.
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Throughout the text the following operators acting on the forms are used

1

#Ay = LD I o st eiap AT B AL (ALda)

A(4y) = (—1)prm24,, (A.1.4b)
1

A, = HAMl..,MpFMl'"MP , (A.14c)

where in (A.1.4a) we have used the totally antisymmetric symbol and we use the con-

vention with €y1.. p—1 = 1.

A.2 Spinor conventions

The introduction of the orthonormal frame allows us to define gamma matrices in
curved spacetimes. We begin by defining gamma matrices in flat space which satisfy

the Clifford algebra relations

{rajrb} = onab (A.2.1)
In particular this means that the gamma matrix associated with the time direction
squares to —1 while the gamma matrices associated to the spatial directions square to
1. Using the components of the vielbein, we can define curved space gamma matrices

as
™ —=gMre, (A.2.2)

which satisfy the algebra
{TM TN} = 2¢MN. (A2.3)

In chapter 3 we work with Dirac spinors which in D dimensions’® transform in a
representation with 9l%] components, where |g| denotes the highest integer that is less
than or equal to g. For such a spinor there are no additional constraints and thus each
component is in general a complex number.

The fermion fields in type IIB supergravity are a pair of gravitinos w]l\f and a pair
of dilatinos A2, which are all Majorana-Weyl spinors in ten dimensions. The chiral

matrix in ten dimensions is given by

Iy =Tt T2, (A.2.4)

"Either T't or I'*
">Note that the number of bulk dimensions in chapter 3 was D + 2.
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with the order of multiplication in the above definition following the order of directions
from left to right in table 6. For the coordinate system used in (4.2.7) and (5.3.10) the

chirality matrix is defined as
D1y = TWr00U6789 (A.2.5)
In type IIB supergravity the chirality of the fermionic fields is given by
Loy = +ir, TagAl = =N, (A.2.6)

where in both cases I = 1,2. Spinors in supergravity also satisfy the Majorana condi-

tion. We take the charge conjugation matrix C to be given by
C=T¢t, (A.2.7)
so that the Majorana condition for a spinor y reads
e=xTt=y"c¢, (A.2.8)
which implies that the components of the spinor are real numbers
X" =x (A.2.9)
Note that for the choice (A.2.7) the conjugate of a Majorana spinor can be written as
x = xTt. (A.2.10)

The supersymmetry variations of the fields in type IIB supergravity ((5.4.1) and
(5.4.2)) are generated by a doublet of Majorana-Weyl spinors €' with

[y = €2, (A.2.11)

We can count of the number of real degrees of freedom contained in the spinor pair.
A Dirac spinor in ten dimensions has 2° complex or 26 = 64 real free parameters.
Imposing the Majorana or the Weyl condition halves the number of real degrees of
freedom in a spinor, and imposing both leaves us with only a quarter, hence each €’
contains 16 real parameters. Thus there are 32 real degrees of freedom in total which
are the supersymmetry generators of type IIB supergravity.

In chapter 5 we use the coordinates u and v defined as

(t+y), (A.2.12)

u=—(t—vy), v=

1
V2
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It is then convenient to express I't as

t 1 1

It = 7 T%+TY) =T%4+T%, where IY= \;érv, re= ﬁrﬂ. (A.2.13)
The newly defined gamma matrices satisfy
Pul _Pui _ fo ful _fei_ fu (A.2.14)
where we used the hermiticity properties of the I' matrices,
rth = rt, ril =i At (A.2.15)
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Details of the Pole-Skipping

calculations

In the main text we have only considered the detailed derivation of pole-skipping for
asymptotically AdSs spaces where the spinors are two-component objects. The deriva-
tion in spacetimes that are asymptotically AdSpo is analogous, but contains some
novelties that we want to present here. Ultimately, our goal here is to arrive at (3.58)
and their (qpﬁr‘),u;(_*)) analogues. By doing so, we repeat some of the steps from the
main text in order to make this calculation more or less self-contained.

We also give some explicit expressions for the matrix elements appearing in sec-

tion 3.3.2.

B.1 Analysis in Asymptotically AdSp;2 Spacetimes

We work with the background metric in the ingoing Eddington-Finkelstein coordinates

given by
ds® = —r? f(r)dv® 4 2dv dr + h(r)dz> . (B.1.1)

We choose the orthonormal frame to be

1 1- d ; ;
E* = —|—2f(7") 1“dv—@7 Er = Qf(T)rdv—#—T, E* = \/h(r)dz", (B.1.2)
r r
so that
ds? = nuwE* E”, nay = diag(—1,1,1,...,1). (B.1.3)
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The spin connections for this frame are given by

_dr 2rf(r) +r2f'(r)

e = 5 dv, (B.1.4a)
@) -0
Wi = 4\/% dx’, (B.1.4b)
Wi = _Th/(’l“) (1 + f(’l“)) d[L‘Z (B 1 4C)
. 4/h(r) ’ o

with all other components, which are not related by symmetry to the ones above, being

0. Using these spin connections, one can calculate the Dirac equation to be

[(WFT—WF”) It s S L

2 2 nr)

L+ fr)+rf'(r) o 1=fr)=rf'(r) oy  Dr(A—fr)W(r) .,
* 4 b 4 b 8h(r) B
Dr (14 f(r)h(r) ., N
Shir) F—m] Y(r,v,27) =0. (B.1.5)

{FU|:_ r(1 = f(r) g, W 1= fr)=rf'(r) Dr(- f(?“))h’(r)} . ikl

2 r 4 8h(r) h(r)
+Fr[r(1—|—2f(r)) . % L f(r)4+ rf(r)  Dr(1 ;-hjzg))h/(r)} - m}wr) o

(B.1.6)

Next, we decouple these differential equations. We start by separating the spinors
according to their eigenvalues under the action of the I'™ matrix. Exactly half of the
eigenvalues of I'” are +1 while the other half are —1, since (I'")? = 1 and Tr(I'Z) = 0.
Therefore, we introduce

Y=+, Iy =ty Pr=-(1+£1%), (B.1.7)

NN

and insert this decomposition into (B.1.6). After a bit of algebra, the two independent

equations read

, r2f'(r)  rf(r) Drh/(r) mr(1+ f(r)) r(1—f(r)) . i
[— 1w + 1 + 1 <2 + hr) ) — 5 ) ) ik I [y
r2f(r mr(l— f(r r r )
+ 12 [ —iw + f4( ) + u 5 fr) _ (21 +TJZ£))) ik TP O 4+ 2 f(r) Oy = 0,

(B.1.8a)
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2 () rf(r) Drh'(r) mr(1+f(r) r@Q—=f() ., v
[—zw—i— 1 + 1 <2—|— h(r) )—i— 5 - 2\/% th; I |
r2f'(r mr(l— f(r r r )

(B.1.8b)

Observe that for D > 2, the two matrices I'" and T'%% are independent and commut-

LI ()
T, with k= ,|> kiki, (B.1.9)
=1

ing'®. The matrix
squares to unity and is traceless. Since it is commuting with I'Z, we can find common

§>
—
‘H.
Il
| &

eigenvectors. Thus, we define
Yo =S+, kT =29, P = % (1£kr=),  (B.110)

where a = +. Inserting this decomposition into (B.1.8) and separating each of the

equations with the projectors defined in (B.1.10), gives four independent equations

o rAf(r) | rf(r) Drh'(r)\  mr(1+f(r) dkr(1—f(r) ] )
{_“‘” T (“ h(r) )‘ N G }W
r2f'(r)  mr(l— f(r ikr r _
+F”[—iw+ f4( )4 (12 1) 4 k;f/% )>]¢()+r2f(r)6rw(f) =0,
(B.1.11a)
e r2f'(r)  rf(r) Drh/(r) mr(14 f(r)) ikr(1—f(r)]
e e e o R Rk
r2f(r)y  mr(l— f(r ikr r _
—F”[—iw—k f4( ) _ (12 ) _ kélz(‘g ))] a2y o0) =0,
(B.1.11b)
o TAf(r) | rf(r) Dri(r)\ mr(l+f(r) dkr(1—f(r)] )
[_“‘“L 1 T3 <2+ 1) >_ 2 MW }%
r2f(r mr(l — f(r ikr r _
-I-F”{—iw—i- f4( )4 (12 ) _ k;y% ))]1/}(_”+r2f(r)8r¢(+)=0,
(B.1.11c)

"For D = 1, which is the asymptotically AdSs case, we have I = £TZ as (I, T2, ', ') provide a
complete basis for any 2 x 2 matrix.

156



APPENDIX B. DETAILS OF THE POLE-SKIPPING CALCULATIONS

r2f'(r)  rf(r) <2 n Drh’(r)) N mr(l+ f(r)) B ikr(1 — f(r)) w(j)

[_ Wt T h(r) 2 2 /h(r)
r2f'(r)  mr(l = f(r)) n ikr(1+ f(r))
4 2 2y/h(r)

—T {— iw + ]wi‘) +r2f(r) ot =

(B.1.11d)

These split into two decoupled subsystems. The equations describing the pair ng) and
2/)(:) are (B.1.11a) and (B.1.11b), while the equations governing the spinors @ZJ(!) and
) are (B.1.11c¢) and (B.1.11d). Furthermore, the equations (B.1.11a) and (B.1.11c)
are related by changing k¥ — —k. The same can be said for the pair (B.1.11b) and
(B.1.11d). This allows us to focus on solving only one of the subsystems while the
solutions of the other are obtained by changing k into —k.

It is pretty straightforward to obtain a decoupled and diagonal second order differ-
ential equation for a single spinor, and as a check one can expand the equations around

the boundary r — oo and look for the leading behaviour of the spinors. One finds that

(%) D+1 D+3 (-) D+3 D+1

Yy ~rT T T T T Yy ~rT T2 T T T (B.1.12)

which is in agreement with the results obtained in [55].

B.2 Explicit Series Expansion Coefficients

In section 3.3.2 we have presented two methods with which one can calculate the higher
order pole-skipping points for fermionic fields. In the analysis we have refrained from
giving explicit values for the coefficients appearing in series expansions of equations of
motion, such as (3.32), as these become long expressions very quickly, without offering
much insight. For completeness, in this appendix we list some of these coefficients
explicitly. We still do not give any of the coefficients appearing in the method involving
second order differential equations, as these terms provide almost no insight, but are
also straightforward to obtain.

In equation (3.39) there are two matrix coefficients, MY g given in (3.40), while

the elements of M10) are given by

./’\;l/srl?r) = 1 3 [2zkh(r0) (rof (ro) — 1) + zkroh'(ro + 7“0\/ (ro) f (ro)h 0)
4h(ro)2
—i—h(r )% (=2m —2(m — 2)ro f'(ro) + r%f”(ro))} , (B.2.1a)
MVS:E) = 4h( FU [2ikh(7“0) (Tof (To) + 1) —ikroh/ (’)“0) + h(ro)%
X (2m 2(m — D)rof'(ro) + 151" (r0))] , (B.2.1b)
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o -1
- 4h(7“0)5

x (=2m+2(m + D)rof'(ro) + 15" (r0))] ,

- e [Qikh(To) (rof/(ro) + 1) — ikZToh/(T‘o) — h(T’o)% X

(B.2.1¢)

MY = 4h(1)3 [—Qikh(ro) (rof'(ro) — 1) — ikrol!(ro) + r§\/h(ro) £ (ro) ' (ro)
r0)2
+h(ro)? (2m — 2(m + 2o f (r0) + 13 f”(ro))} : (B.2.1d)
where
~(10)  (10)
MU0 — (AA@* ~+‘> . (B.2.2)
MUY A0

Note that the elements above also occur in the matrix (3.43). In that matrix we also

find the following coefficients

—~ k 2 ¢!
JY L o f'(ro) (B.2.3a)
2 2y/h(ro) 2
— ; 2 f1
100 _ mro " ikro 75 f'(ro) e, (B.2.3b)
2 2y/h(ro) 2
— ; 2
Mg_ll) _mro  ikro 1 ro ' (ro) 7 (B.2.3¢)
2 2/h(ro) 2
— ; 2 g1
M(_H) _ [ mro n ikrg N rg f'(ro) re (B.2.3d)
2 2 h(?“o) 2
which are coefficients that have already been evaluated at w = —3miT', whereas (3.2.1)

are independent of the frequency. Note that the last two coefficients of (B.2.3) are

merely n = 1 versions of (3.51). As a check, one can show that

det M (w1, k) o MSSO) (w1, k),

(B.2.4)

which means that we get the same pole-skipping points with both methods presented

in section 3.3.2. Elements appearing in the matrix (3.50) can be obtained in a similar

manner, however their expressions are rather cumbersome so we do not give them

explicitly.
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Fermionic Green’s Function for
BTZ Black Hole

The retarded Green’s function for fermion fields in the BTZ black hole background
[61,62] was first derived in [55]. However, the result (3.89) needs to be modified if
the bulk fermion’s mass is a half integer number (in multiples of the AdS radius), or
equivalently, if the conformal dimension of the dual operator is a half-integer.

In this appendix we derive this new form of the correlator by using the prescription
of [55]. The result is given by (3.93) and in chapter 3 we have shown that the pole-
skipping points and the anomalous locations are correctly predicted by the near-horizon

analysis.

C.1 Green’s Function at Generic Conformal Dimension

C.1.1 Retarded Green’s Function

We begin by reviewing the extraction of the Green’s function for femionic fields of
generic mass m in the BTZ black hole. We closely follow the derivation of [55].
The metric of a rotating BTZ black hole [61,62] can be written as

(r? — ri)('rQ —7r2) a2 4 r2dr?
r2 (r2 — 7“3_)(7“2 —7r2)

+ 2 <d¢— dt)z,(C.l.l)

r2
where ¢ is an angular coordinate with a period of 2. The black hole has mass M and

angular momentum J given by

_ ri + 72 Ty

M 8G 4G

(C.1.2)

where G denotes the Newton constant in three dimensions. The black hole has two

159



APPENDIX C. FERMIONIC GREEN’S FUNCTION FOR BTZ BLACK HOLE

associated temperatures named the left and right-moving temperature’’ given by

r —Tr—

TL— T‘++’I”_

Tp = ———. C.1.3
or R o ( )

There exists a nice set of coordinates, defined by

r? = 1% cosh? p — 72 sinh? p (C.1.4a)
T+X=(ry—r_)(t+9¢), (C.1.4b)
T—-X=(ry+r_)(t—9¢), (C.1.4c)

in which the metric takes the diagonal form
ds* = —sinh? pdT? + cosh? pdX? + dp®. (C.1.5)
We can then choose the orthonormal frame
ET = —sinhpdT, EX = coshpdX, Ef =dp, (C.1.6)
in which the non-trivial spin connection components are given by

wrp = —coshpdl
wx, = —sinhpdX. (C.1.7)

In the new coordinates, the metric components depend only on the coordinate p (in
the old coordinates the metric depends only on ), hence we can expand the solutions

in the basis of plane waves as
(T, X, p) = e FrTHXe (k) = e 0 (p, k) (C.1.8)

The derivation proceeds naturally for the momentum values k7 and kx, but in the final
result we are interested in the Green’s function expressed in terms of the “natural”

momenta w and k. One finds that the connection between these variables is given by

w+k w—£k

kT‘i‘kX:ﬁy kT_kXZQWTL-

(C.1.9)

The Dirac equation in Fourier space is then

1 fcoshp sinhp (kxTX  kTT
e o, + - - - =0, (C.1.10
[ ( p+2<sinhp+coshp)>+z<coshp sinh p m v | )

"In the main text we have considered the case where Tr, = Tr and thus r_ = 0, which is the
non-rotating BTZ black hole. However, the retarded Green’s function can be derived for the generic
spinning black hole, so we do not need to make such an assumption in this derivation.
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where all the gamma matrices appearing in the expression are flat space matrices.
Following [55], we then make a convenient choice of gamma matrices I'2 = o3, IT'L = jo?,
I'Y = 5!, in which case we can write the spinor as ¢ = (¢4, )T, with the subscript of
the components denoting their eigenvalue under the action of the I'2 matrix. Following

[217], we rescale the two degrees of freedom by introducing

cosh p £ sinh
Py = #(le:xg), z:tanth. (C.1.11)
cosh psinh p

In the coordinate z, the asymptotic boundary is located at z = 1 and the horizon of

the black hole is at z = 0. After some algebra the Dirac equations can be written as

2(1 = 2)v/20.x1 — i (f/TE + kXﬁ) X1 = (m - % + i(kr + kX)) x2 (C.1.12a)

|k 1
2(1 — 2)/20.x2 + i <\/Tg + k:X\/E> X2 = (m —5 i(kr + k:X)> x1- (C.1.12b)
It is straightforward to transform these two equations into second order differential
equations for a single variable. One finds that the solutions to these equations are the
hypergeometric functions 2 Fy(a, b, ¢; z). As we wish to calculate the retarded correlator,

we follow [49] and choose the solutions that are ingoing at the horizon. These are of

the form
x1(z) = (a ; C) z%+a(1 —2)PF (a,b+1;¢+1; 2) (C.1.13a)
x2(2) = 2%(1 — 2)P3F1(a, by ¢; 2) (C.1.13b)
with
o _“%T, (C.1.14a)
5:—%4-%, (C.1.14b)
o= % <m—|—;> —%(kT—kX), (C.1.140)
b= % <m _ ;) - % (o + o) (C.1.14d)
o= % ik (C.1.14e)

These solutions give us the following asymptotic behaviour

by ~A(l—2)27 % + BA—2)"% | y_ ~C(1—2)"% + D(1—2)2% (C.1.15)

161



APPENDIX C. FERMIONIC GREEN’S FUNCTION FOR BTZ BLACK HOLE

Assuming m > 0, the source is taken to be A and the expectation value is D. The

retarded Green’s function is then given by their ratio

'% CTE-mr(z+d +51WTL))F(%+%_i51§r;;)) (©.1.16)

1 1 ik+ ’
PG r ()T (- )
This is the result (81) of [55]. In the case of T, = Tr we obtain the result (3.89)

presented in the main text.

C.1.2 Advanced Green’s Function

To calculate the advanced Green’s function, we need the solutions that are outgoing at
the horizon. These take on the same form as (C.1.11), only that x1(z) < x2(z) and

the parameters in the solutions are now

(C.1.17)
and

> —(kr — kx), (C.1.18a)

10
< > — (kr + kx), (C.1.18b)
n

l\?\bi N)\H [\D\»—t

(C.1.18¢)

Following the same steps as in the calculation of the retarded Green’s function, the

advanced Green’s function works out to be

L TG-mr(g+ - ) (g d 4 G
Gr =i 1 m 3 _ i(k—w) m o 1 iktw) (C-1.19)
F(§+m)r(_7+1_4WTL>F<_7+Z+ 4WTR)

C.1.3 Equivalence at Matsubara Frequencies

The hypergeometric functions in (C.1.13) are well-defined at generic values of their
arguments. The exception is when c is equal to a non-positive integer which is the case
if ikp — % + n, where n € {0,1,...}. This corresponds to taking the frequency to
be equal to the (negative imaginary) Matsubara frequencies w,, = —inT'(2n + 1). By
taking this limit we can investigate what happens to the ingoing solutions near such
points.

It turns out that the ingoing solutions blow up as ikpr — % + n, so we divide by
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another infinite factor to extract the finite piece

Jin(z) = lim Yin(2)

— . C.1.20
ikr—L+n T (3 — ikr) ( )

It turns out that in this limit the ingoing and outgoing solutions are degenerate
A+n—ik A+14n+ik
ol G ) Ll G )

L(1+n)T (A_";ikx) r (A—1—2n+ikx

{Ein(z) =

) Yout (2) (C.1.21)

where we have used the fact that the mass and the conformal dimension of dual fields
are related by
D+1
A= tm, (C.1.22)

which in the case of the BTZ black hole (D = 1) gives
A=1+m. (C.1.23)

Since the ingoing and outgoing solutions are proportional to each other with their
ratio independent of z, we conclude that the retarded and advanced Green’s functions

are equivalent at these Matsubara frequencies.

C.2 Green’s Functions at Half-Integer Conformal Dimen-
sion

At half-integer values of the mass m, calculating the Green’s function is not as straight-

forward because the exponents in (C.1.15) differ by an integer, which results in loga-

rithms appearing in the expansion near the boundary. The expansion of the hyperge-

ometric function that is appropriate to use here is

oFi(a,b;a+b—n;z2) =

(n—l)!F(a+b—n)n_1(a—n)~(b—n)‘(1—z)7*" n Tla+b—n)
il LA v

§=0
Z%(l oy [111(j+1) + 0 +n+1) —log(1 - 2) — (a+ ) — b+ )|,
(C.2.1)

I'(z+7)
T'(z)

where the arguments are given in (C.1.13), n = A — 3 and is an integer, (x); =

is the Pochhammer symbol and v(z) is the digamma function.
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C.2.1 Retarded Green’s Function

We can truncate the sum at j = 0 which yields the overall coefficient of the leading and
subleading contributions that are important in the computation of the retarded Green’s
function. The terms in the expansion of the prefactors of (C.1.13) only contribute to
the contact terms so we can ignore them.”® After inserting the solutions (C.1.13) into
(C.1.11) we can read off the expectation value and the source term in the boundary

theory. The former is given by

D= (1 (“50) e T L ) + 0+ 1)~ 6(@) — 60 + )

T(a—n)T(b+1—n)n!
Fa+b—n) 1
(e —n)L(b—n)n!

-n" [p(1) +(n +1) = P(a) — (b))

(C.2.2)

where the first term comes from y;(z) and the second from x2(z). The source is

_f(fa—c\(n-1T(a+b+1+n) (n—1)T(a+b—n)
4= ( c ) (a)L(b+ 1) + T(a)T(b) : (C.2.3)

where again the first term comes from x1(z) and the second from y3(z). The retarded

Green’s function is then given by

T

GR(w, k) X
A 5 (K A 3 (ktw)
F(—7+1+1(4ﬂ;)>r<—7+1—1 T )
A1 (k-—w) A1 (F+w)
[w<24“ 47rT>“/’(2+4 T )|
(C.2.4)
up to contact terms.

"8The prefactors z® and 237 in (C.1.13) have contributions to the overall expansion of 14+ and can

typically be expanded near the boundary in the following way

_Nl Liy+1) Y
_Z] 7‘7+1)( b

In our analysis, we do not take into account these additional terms.
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C.2.2 Advanced Green’s Function

Following the same steps as above but keeping in mind that x1(z) <> x2(z) in the case

of the outgoing solutions, the advanced Green’s function turns out to be

(3o il)r(3-

(k+w>>

G’A(w,k;)oc F(§—é—i(’;;))l“<§

b3

up to contact terms.

%_'— 4n’T
A . (k+w) X
2 te 4T )
i(k —w) A1 i(k+w)
4T >+¢<2_4+ 4nT ’
(C.2.5)
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Appendix D

Explicit Results in the NS-NS

Sector

In this Appendix we collect some results that are omitted in chapter 5.

We begin by identifying which Killing spinors of global AdSs x S3 x T* correspond
to which supersymmetry generators of the CF'T. In section 5.4 we have calculated the
variations of the dilatino fields generated by the Killing spinor ¢(*4. Here we present
the variations of the components of the gravitino fields obtained by acting with the
same spinor and discuss the subtleties arising in the calculation. Furthermore, we give
the variation of the fermionic fields generated by the spinor Cj‘r‘A and discuss the issues
arising in this case. Finally we present the explicit results of the double variations of
the components of the B-field in the NS-NS coordinates, which we omitted in the main

text.

D.1 Identifying Killing Spinors and CFT Fermionic Gen-

erators

Here we present a justification for the identification (5.4.24) and (5.4.25) between the

components of the Killing spinors (1 and the CFT fermionic generators G’i‘%.

As we can see from (5.4.16) and (5.1.17), the spinors C+ and (. are related to the
u- and v-dependent part of the Killing spinors, respectively. So they are naturally
linked with the left-moving (@) and right-moving (G) sectors of CFT. Therefore, we
henceforth focus on the identification in the left-moving sector between (1 and G’i‘;
From the v-dependence in (5.4.17d), we have the tentative identification

(x +— G (D.1.1)

2

The next issue is to relate the SU(2)r, x SU(2)r R-symmetry on the CFT side and
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the SO(4) = SU(2), x SU(2)r symmetry of the sphere S on the supergravity side. It
is clear that these symmetry groups are to be identified with each other but we would
like to “align” them by identifying the “J3” generators on the two sides.
On the supergravity side, we can write down a set of SU(2) x SU(2)g generators
acting on spinors as
_ o

1 ~ 1
Jo==7 (rm+ Ze“bcr“> , Jo==7 (Fm— Qe“bcrf’C> , (D.1.2)

or, more explicitly,

i - A A
-~ (rre r@) = (r@ rﬂ) = (r@ 1“%)
J 4( n C = (), =1 + ,
(D.1.3a)
- i - - i T - i
S rﬁ—r%) ~:—7<F@—FTL‘9> ~:—7<F@—I‘9i’>.
Jo 4( » Ji= g - Ji=g
(D.1.3b)

These matrices satisfy the commutation relations
[Jaa Jb] = Z.eachca [:]Vay tfb] = Z'Eabc:fca [Jaa j;)] = 07 (D14)
and have Casimir operators given by
3 37 ~ ~ oy 3 o
2_ (12 2 2\ _ 2 (1 _préev 2_ (72 2 2) _ ° rOdy
J—(J9+J¢+Jw) 8(1 r7>, J <J9+J¢+Jw> 8(1+r7).
(D.1.5)

We turn our focus to the action of these matrices on the spinors (1. Recall that
these spinors must satisfy the conditions (5.4.19) and (5.4.22). Combining these two

implies that they must satisfy

rurte ¢ — ¢, (D.1.6)
From this condition together with (5.4.23), we find that

e, — ¢, . (D.1.7)

From the Casimir operators (D.1.5), we conclude that (4 transform in the (2,1) rep-
resentation under the SU(2);, x SU(2)r generated by Jg,J, . This is as expected,
because (4 is to be identified with Gi‘% which transform in the same representation
under the R-symmetry.

We need to identify which of the operators in (ID.1.2) corresponds to the “J3”
operator of the SU(2), algebra on the CFT side. This operator allows us to distinguish
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between the spinor components corresponding to Gi’f and G;f. In order to see that,
2 2

we look at the spinor (5.4.16). By setting Zi = 0, we obtain a spinor with terms that
contain the combination Y;({y. Using the constraint (DD.1.7) one can show that the
combination appearing in the spinor can be rewritten as

$§J7’§)Ci, (D.1.8)

orro [ ;949 i
Yi(ye =e2 6127);4-61

where 73;t is the projection operator onto the le = :t% eigenspace defined in (5.4.24).
Because the algebra (4.5.8) says that {GT4,GTP} ~ JE, a double variation by (4
should reproduce the bosonic symmetry JSEQ Whosegrealisation is given in (5.3.15). Since
ch include a prefactor of eii(‘%’@, we conclude that the J = i% eigenspaces, multi-
plied by eii# in (D.1.8), are precisely the J3 = :l:% eigenspaces. Namely, JJ can be
identified with JS) on the CFT side. This leads to a finer identification

Py «— Gi‘; (D.1.9)

One can repeat the procedure for the SU(2)p x SU(2)¢ symmetry on the CFT side,
which is to be identified with the symmetry of the internal 7% on the supergravity side.
We can write down a set of supergravity generators of SU(2)p x SU(2)¢ in the spinor

representation as follows:

_ _ Y18 69 I _ 6T 89
Bl_—Z(I‘——F—), BQ——Z(F——F—), Bg_j(r—fr—),
01:_2(1“7—8+F@), CQ:—Q(F&JFFQ), 03:_%(Fﬂ+1“&),

(D.1.10a)
which again satisfy the commutation relations
[BZ', BJ] = ieijkBkjy [CZ, Oj] = ieijka, [BZ, CJ] = 0, (Dlll)
and have Casimir operators
2 3 6789 2 3 6789
B :§(1+F—), C :§(1—P—). (D.1.12)

Since our spinors satisfy the condition (5.4.22), we see that (+ both transform in the
(2, 1) representation under SU(2)p x SU(2)¢c generated by B;, C;. This is accordance
with the fact that Gi‘% transform in the same representation under SU(2)p x SU(2)c.

However, unlike the case of SU(2)r, x SU(2)g, there is no unique way to align the
SU(2)p x SU(2)¢c groups between supergravity and CFT, because our ansatz (4.2.7)

does not distinguish the four directions inside the internal 7. As a result, in the Killing
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spinors (5.4.16), no I' matrix with legs in the 7% appear, and all I'® with k& = 6,7,8,9
are on an equal footing. Therefore, we can choose the “J3” direction of SU(2)p as we
like. Specifically, we define the projectors 7774, A =1,2 by (5.4.24) and identify its A
index with the A index of GO‘A This leads to the final identification

A = PEPACy +— GC““ (D.1.13)

which is (5.4.25) in the main text.

D.2 Gravitino Variations Generated by ¢4

One finds that the variations of the components of the gravitino field generated by the

spinor (5.5.1) are given by

ko k—1 . ~ e
bl = - LesT6 e [k (iR + Ry T2) (cos T2 — iT"@ 4 sing)
V2R, (r? + a?) 2
2 2 ~
— i (Ry (R + ) — iR T (RY 4+ K) ) sin e] Yi¢*h,  (D2.1a)
k gink—1 . . ~
syl = - oS 0 i (iR3 4 B3 T (cos 0TI — 79 4 sind
’U,b + +
V2R, (r? + a?) 2
2 2
— (ik +1) ‘/7 (R+ —iR_ FW’ sme] Y, ot (D.2.1b)
ki k—1 ‘
51/17%17 = —wjﬂe—zﬂl [k‘ (— _ —iRy T ) (cos orel — Fm + sin 0)
' 4(r2+a?) 2
o (m (- ) i (1 o) B sne e
+ - (R, (1= ') sinf| Y, (%,
a " V1412 V1i+r2? e
(D.2.1c)
ki k—1 ' R -
5ub, = _M ~ifs [k (R — iRy T25) 12 (cos Or™2 — iT"? + sin )
' 4(r2 +a?) 2
/02 2 ~
pYrra <R+ . iR,rﬂ) (k cos§ + sin erw)} Y, coA, (D.2.1d)
a
ke ik ' R - ~
syl = LSO i [k (R- = iRy T ) T (cos 07 — " 4-sin )
2 4(r2+a?) 2
N, R .
L Yrte <R+ . z'R_rﬂ) (sin oTe — zk)] YA, (D.2.1e)
a
k oink—1 ) ~ -~ e
oYL, = _ba7sin Hcifee—lﬁl [k (R- = iRy D) 1% (cosor™® — iT™? + sin )
4(r2 4+ a?) 2
) 2 R .
pYrte (Rs — iR ) sin ar’“w] Y, oA (D.2.1f)
a
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Sy =0, k=6,738,09, (D.2.1g)

where

u—+v ~)

8 = ( VT +é (D.2.2)

% N
\@Ry = Upp,1-
Note that, for the variations generated by spinor (') 1), we have 5%1\/[7,) = 51/13471)
for all M. We find that the gravitino variations (D.2.1) generically have two parts.
The first one is analogous to the dilatino variation, as it contains the combination
(cos OTTE — iTre + sin @), which when acting on the combination (Y (*4) projects out
the C:A components of the spinor. This part is again expected from the fact that the
perturbed geometry is dual to an anti-chiral primary state. The second part of the
variations (given in the second lines of the respective variations) does not distinguish
between the CfA and C:A components of the spinors. We believe that these extra factors
are related to the residual gauge freedom that we have in our system and one should
be able to consistently ignore these extra factors. This claim is further strengthened by
the fact that once we use these fermionic variations to calculate the double variations of
bosonic fields, these additional terms consistently cancel out and thus do not contribute

to any observable fields.

D.3 Fermionic Variations Generated by C_‘,"_A

The claim that the extra terms found in (D.2.1) can be set to zero by gauge transfor-
mation is further supported by calculating the variations of fermionic fields generated
by the Killing spinor components ( +A. Since these are dual to the modes GO‘ , the
variations should vanish. Furthermore one should not obtain any terms that Would
distinguish between the C 77 and C 7 components as now variations generated by both
should vanish. If we set (*4 = 0 and make CﬁA arbitrary, the spinor that generates the

variation is given by
1 ~ v
== 2 (iR_rﬂ+ R+) Y, (oA e VaRy | (D.3.1)

Using this spinor as the generator of the solutions, one obtains that the explicit varia-

tions of the fermionic fields are given by

S\t =0, (D.3.2a)

ba*—1sin® 0

4\@Ry (a? + rz)k/2

1

Wy = — e~ 2| (iR — ik) iR_TY" + (iR — ik) Ry | Y, (84

(D.3.2b)
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bak~1sin* 0 . EN
T —— e P2 (i — ik) (iR_T*"+ Ry ) Y34 D.3.2c
v 4V3R, (a2 + r2)F/? (=) ( +> o ( :
bak—1gin* 0 , kr =~
ST U (EEEE S
Vb 4(a2+r2)% Va2 + r?
k?T A
+ (1 - —=— ) Ry | Vo8 D.3.2d
( e r2> +] +CE ( )

bak~1gin*~1 g
4(a®+ T2)k/2 ‘
1 bak_l Sink 0 —if2 . Tor . . ré aA

T T e <R+ n zR_F—> (—zk + sin erf) Y,Co (D.3.2f)

P —if2 <R+ + z‘R_fﬂ) (k cosf -+ sin erﬁ) YiCo4  (D.3.2¢)

baF~1sin® @ cosf _, ~
G —if2 - or\ rY ys raA
iy L(a®+ )2 © (R+ +iR-T ) =YL, (D.3.2g)
Oky=0,  k=6789, (D.3.2h)
where
ut+v v
= k(e +6) - = Oyt D.3.3
fa NeT ¢ VAR, k03 ( )

and 5)\; = 5)\5, 51#]1\/1717 = 5@[)]2\/[717. We see that the variations of the dilatino fields vanish,
as expected. On the other hand, the variations of the components of the gravitino fields
do not vanish. However, note that these variations only contain the terms which we
deemed as a consequence of the gauge freedom in our system and lacks the term which
would distinguish between the two SU(2)r, components. Since these variations should
be trivial, we get another confirmation that these terms appearing in the gravitino

variations are not physical.

D.4 Variations of the B-Field

The non-vanishing term in the double B-field variation is given by
§'6 By = 261,05, = 2 (e1)T Tt (r#m - r,,a’&;) , (D.4.1)

where in the last term we again used the fact that the only non-zero spinor components
used to generate the variations are CfA. The variations of the individual components
of the B-field in the NS-NS sector are then given by

-ir sin®~1 0 cos 6

Buy = —2bka" 2R, 7 i A (D.4.2a)
(r2+a?) 2z
_1sin*10cosh® .
Bur = By = —V/2ibka" 3R, m =P A (D.4.2b)
r a“) 2
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where

L sinf 16 cos @

k-1 ,—58S .
Bmf/; = _BmZ = V2bka 2R, = 2)% e s f
r2+a
1 qink—1 0 0 )
B ;= ~2ibka" iRy T~ VT it g
(r2+a?) 2
1 : k+10 0 )
B = 2bka* 3 Ry ST (i g
(r2+a?) 2
NGT —1 o1 rsin® @ _iBs
Bue = —ng = QZkay a 2 m e A
r2 4+ a2) 2
1 in® @ .
Bys = —2ibkRja*~3 2 emifa g
(r24+a?) 2
-k
By = 2bkatRi — S0 ity
(r2+a?) 2
B;=B,;=B,;=B;=0

u—+v
NoT
A= [(¢Tirte).

b= k(g +0) +Vag — (@+0),
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(D.4.2¢)

(D.4.2d)

(D.4.2¢)

(D.4.2f)

(D.4.2g)

(D.4.2h)

(D.4.2i)

(D.4.3)

(D.4.4)
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