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Abstract

We adapt Luk’s analysis of the characteristic initial value problem in General Relativ-
ity to the asymptotic characteristic problem for the conformal Einstein field equations to
demonstrate the local existence of solutions in a neighbourhood of the set on which the data
are given. In particular, we obtain existence of solutions along a narrow rectangle along null
infinity which, in turn, corresponds to an infinite domain in the asymptotic region of the
physical spacetime. This result generalises work by Kédnnar on the local existence of solu-
tions to the characteristic initial value problem by means of Rendall’s reduction strategy. In
analysing the conformal Einstein equations we make use of the Newman-Penrose formalism
and a gauge due to J. Stewart.

1 Introduction

This article is the second of a series in which we study the characteristic initial value problem
(CIVP) in General Relativity in a range of settings. In [1] (henceforth Paper I) it has been shown
that Luk’s strategy —see [2], to obtain an improved local existence result for the characteristic
problem for the vacuum Einstein field equations can be adapted to a different gauge based on the
Newman-Penrose (NP) formalism, the Stewart gauge, see [3, 4]. In the present article we consider
the asymptotic characteristic initial value problem, a CIVP for Friedrich’s conformal Einstein field
equations (a regular conformal representation of the vacuum Einstein field equations) in which
one of the null initial hypersurfaces is a portion of past null infinity, and show that Luk’s strategy
can also be adapted to this setting. Accordingly, we obtain a domain of existence of the solution
to the conformal Einstein field equations on a narrow rectangle having a portion of null infinity
as one of its long sides —see Figure 1. In doing so we improve Kannar’s local existence result
for the asymptotic CIVP in which existence of a solution is only guaranteed in a neighbourhood
of the intersection of the initial null hypersurfaces —see [5] and also [6], Chapter 18. Expressed
in terms of a solution to the Einstein field equations the improved rectangular existence domain
corresponds, in fact, to an infinite domain. Kdnnar’s result is, in turn, an extension to the setting
of smooth (i.e. C*) functions of Friedrich’s seminal analysis of the CIVP for the Einstein and
conformal Einstein field equations in the analytic setting —see [7, 8, 9].
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Figure 1: Comparison of the existence domains for the characteristic problem: (a) existence
domain using Rendall’s strategy based on the reduction to a standard Cauchy problem; (b)
existence domain using Luk’s strategy —in principle, the long side of the rectangles extends for
as much as one has control on the initial data.

A different strategy to the proof of the main theorem in the present article has been given
in [10]. This alternative proof makes use of the fact that the conformal Einstein field equations
imply a set of quasilinear wave equations for which a general theory of improved existence of
solutions to the characteristic problem had been developed. Thus, the approach used in the
present equation provides a different, complementary insight into the structural properties of the
conformal Einstein field equations.

An alternative asymptotic CIVP for the conformal Einstein field equations can be formulated
by prescribing initial data on a cone representing past null infinity including its vertex —which
corresponds to past timelike infinity. The setup of this CIVP was given in [11, 12]. Statements
about the existence of solutions to this problem have been obtained in [13, 14], see also [15].
These results also provide improved existence results —that is, the existence of solutions is not
restricted to the tip of the cone of past null infinity but extends to a neighbourhood of the cone
away from the vertex as long as there is control of the initial data. An important open problem in
this respect is to obtain a solution which includes spatial infinity. The analysis in [13, 14] builds
on the theory of the CIVP for characteristic cones developed in [16, 17]. This theory makes use of
systems of second order hyperbolic equations and is, in principle, different from Luk’s approach.

The results in this article hold on portions of of null infinity which are away from the points
i® and i representing, respectively, spatial and future timelike infinity. At these points both the
conformal structure and the gauge used in the present analysis become singular. The extension of
the analysis to include these points requires the construction of estimates which do not degerate
at these caustics. In the case of spatial infinity, a tatalising possibility is the combination of
the methods of the present article with the estimates for linear fields within the framework of
the cylinder at spatial infinity developed in [18]. This analysis requires a detailed analysis of
asymptotic expansions near spatial infinity.

New insights

The NP formalism has played an influential role in mathematical relativity. Nevertheless, its use
in the formulation of existence results has been limited. The main motivations behind the analysis
in this article is to understand the structural properties of the conformal Einstein field equations.
In this spirit, we avoid the use of general theory as in [10] and give a detailed discussion of the
various arguments to convince the reader that they indeed follow through. In order to keep the



length of the article at bay, we focus primarily on those aspects of the analysis which are novel or
not present in the discussion of Paper I. In this article we use the phrase improved existence result
to mean an improvement on Kannadar’s existence result in a neighbourhood of the intersection of
past null infinity and an incoming null cone. This improved result is, in a sense, optimal in that
it provides existence in a neighbourhood of the initial hypersurfaces as long as one has control
on the initial data see Figure 1. Our main result is presented in Theorem 7 in Section 2. While
the results of the present article have been stated, for conciseness with past null infinity and an
incoming null cone as initial hypersurfaces, analogous results can be readily obtained, mutatis
mutandi, for a setting where the data is prescribed on future null infinity and an outgoing light
cone. In this case the development of the data is located in the past of the union of the initial
null hypersurfaces.

Overview and main results

In Section 2 we start by providing a brief review of the main technical tool of this work: the
conformal Einsten field equations and its relation to the vacuum Einstein field equations. In
Section 3 we give a discussion of the geometric formulation of the asymptotic CIVP and the
gauge choice behind this formulation —i.e. Stewart’s gauge. Section 4 is concerned with the
basic local existence theory of the asymptotic CIVP. In particular, we discuss the choices of freely
specifiable initial data, the hyperbolic reduction procedure, the computation of formal derivatives
and the propagation of the constraints and the gauge. The basic existence theorem is given in
Theorem 1. Section 5 provides the basic setting for the formulation of the improved existence
result. Section 6 discusses the construction of the estimates required to establish the improved
existence result. Finally, Section 7 provides the precise statement of the main result of our
analysis.

The article contains one appendix listing in explicit form the NP formulation of the conformal
Einstein field equations used in the analysis.

Notation and conventions

We take {4, 5,c; ... } to denote abstract tensor indices whereas {,,,, ,x, ...} will be used as space-
time coordinate indices with the values 0,...,3. Our conventions for the curvature tensors are
fixed by the relation

(VaVi — ViV )v® = R gapv. (1)

We make systematic use of the NP formalism as described, for example, in [19, 20]. In particular,
the signature of Lorentzian metrics is (+ — ——). Many of our derivations, although straightfor-
ward, are fairly lengthy, so we have included in Appendix A a complete summary of the equations
of the NP-formalism, highlighting the simplifications that occur with our particular gauge.

2 The vacuum conformal Einstein field equations

The purpose of this section is to provide a succinct summary of Friedrich’s conformal Einstein
field equations —see e.g. [8, 21]. The reader interested in full details, derivation and discussion is
referred to [6], Chapter 8. In this article we restrict our attention to the 4-dimensional vacuum
case with vanishing Cosmological constant.

In what follows let (M, Jap) denote a vacuum spacetime. Friedrich’s conformal Einstein field
equations are a regular conformal representation of the Einstein field equations. That is, they
are equations for a conformally rescaled metric gq; = Z2gap, a conformal factor = and concommi-
tants which are formally regular up to the conformal boundary, i.e. the points for which = = 0,
and which imply, for Z # 0, a solution to the Einstein field equations. In the following, denote
by (M, gap) the conformal extension of (M, §us) generated by the conformal factor Z. Following



the usual terminology we refer to (M, §ap) and (M, gas), respectively, as the physical and un-
physical spacetimes. The sets of points of the conformal boundary giving rise to a hypersurface
—i.e. the points for which d= # 0— are called null infinity, .#. In this article we assume, for
simplicity, that .# = OM. Spacetimes admitting this type of smooth conformal extension are
known as asymptotically simple —see [22, 19, 6] for the classic precise definition. Null infinity
can be shown to correspond to the endpoints of null geodesics and, thus, it consists of two discon-
nected components, past and future null infinity, #~ and .#T. In this article, for concreteness
we restrict our discussion to a neighbourhood of .7 .

In what follows let V, denote the Levi-Civita connection of the metric g, and let Ryp, C%eq
be its Ricci and Weyl tensors, respectively. In order to introduce the conformal Einstein field
equations we further define the fields
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the Schouten tensor, the rescaled Weyl tensor and the Friedrich scalar respectively. In terms of
the latter the vacuum conformal Einstein field equations with vanishing Cosmological constant
are given by

6=s — 3V .ZV°z =0,
RCaab = C%ab +2(6°(Lbja — gaaLe))-
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More details can be found in [6]. In Appendix A.2 we give the spinorial counterpart of these
equations and their components equations in Newman-Penrose (NP) frame. This spinorial for-
mulation of the equations will be used systematically in the rest of the article. It is just recalled
that the spinoral version of the equations follows directly by suitably contracting the tensorial
equations with the soldering forms —see e.g. [6] for more details.

The relation between the conformal Einstein field equations (2a)-(2f) and the Einstein field
equations is expressed in the following result:

Proposition 1 (solutions of the conformal vacuum Einstein field equations as solu-
tions to the vacuum FEinstein field equations). Let

(galﬂ E7 87 Lab7 dabcd)

denote a solution to equations (2a)-(2d) and (2f) such that E # 0 on an open set U C M. If, in
addition, equation (2e) is satisfied at a point p € U, then the metric o = Z 2gap s a solution
to the vacuum Finstein field equations on U.

The proof can be found in Chapter 8 of [6].

3 The geometry of the problem

In this section, we will discuss the geometric and the gauge choices in the asymptotic CIVP on
past null infinity.
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Figure 2: Setup for Stewart’s gauge. The construction makes use of a double null foliation of
the future domain of dependence of the initial hypersurface .#~ U N/. The coordinates and
NP null tetrad are adapted to this geometric setting. The analysis in this article is focused on
the arbitrarily thin grey rectangular domain along the hypersurface .#~. The argument can
be adapted, in a suitable manner, to a similar rectangle along N/. See the main text for the
definitions of the various regions and objects.

3.1 Basic setting

Our basic geometric setting consists of an unphysical manifold M with a boundary and an edge.
The boundary consists of two null hypersurfaces: .# ~, past null infinity on which = = 0; and N/,
an incoming null hypersurface with non-vacuum intersection S, = #~ NN/. We will assume
that S, ~ S2. In a neighbourhood U of S,, one can introduce coordinates z = (z*) with 20 =
and ' = u such that, at least in a neighbourhood of S, one can write

I ={peU|ulp)=0}, N ={pel|v(p)=0}

Given suitable data on (£~ UN])NU one is interested in making statements about the existence
and uniqueness of solutions to the conformal Einstein field equations on some open set

Vc{peUlu(p) >0,v(p) >0} (3)

which we identify with a subset of the future domain of dependence, D™ (.~ UN), of #~ UN.

3.2 Stewart’s gauge

The basic geometric setting described in the previous section is supplemented by a gauge choice
first introduced by Stewart [19].

3.2.1 Coordinates

It is convenient to regard the 2-dimensional surface S, as a submanifold of a spacelike hypersurface
S. The subsequent discussion will be restricted to the future of the hypersurface. As S, ~ S?,
one has that S, divides the spacelike hypersurface into two regions, the interior of S, and the
exterior of S,. Now, consider a foliation of the spacelike hypersurface by 2-dimensional surfaces
with the topology of S? which includes S,. At each of the 2-dimensional surfaces we assume
there pass two null hypersurfaces. Further, we assume that one of these hypersurfaces has the



property that the projection of the tangent vectors of their generators at S point outwards. We
call these null hypersurfaces outgoing light cones. Moreover, it is also assumed that one of these
hypersurfaces has the property that the projection of the tangent vectors of their generators at S,
point inwards. We call these null hypersurfaces ingoing light cones.

Thus, at least locally, one obtains a 1-parameter family of outgoing null hypersurfaces N, and
a l-parameter family of ingoing null hypersurfaces NV, . One can then define scalar fields u and v by
the requirements, respectively, that u is constant on each of the NV, and v is constant on each N}.
In particular, we assume that Ny = #~ and N} = N]. Following standard usage, we call u
a retarded time and v an advanced time. The scalar fields v and v will be used as coordinates in
a neighbourhood of S,. To complete the coordinate system, consider arbitrary coordinates (z+)
on S,, with the index # taking the values 2, 3. These coordinates are then propagated into .# ~ by
requiring them to be constant along the generators of .# ~. Once coordinates have been defined
on £, one can propagate them into V by requiring them to be constant along the generators of
each N. In this manner one obtains a coordinate system (z#) = (v, u, %) in V.

We use the notation A, (v1,v2) to denote the part of the hypersurface N;, with v; < v < vs.
Likewise A (u1,u2) has a similar definition. We denote the sphere intersected by N, and N
by Su.». We define the region

U  Suw
0<v’<v,0<u’ <u

as D, . We also define the time function ¢t = u + v, and the truncated causal diamond,
D!, =D,.N{t<i}.

Remark 1. It is observed that while the null coordinte u has a compact range, this is, in principle,
not the case for v.

3.2.2 The NP frame

A null Newman-Penrose (NP) tetrad is constructed by choosing vector fields [* and n® tangent
to the generators of N, and N} respectively. Following the standard conventions we make use
of the normalisation gq,!®n® = 1 which is preserved under boost transformations. This freedom
can be used to set n, = V,v. This requirement still leaves some freedom left as one can choose a
relabelling of the form v — V(v). Next, we choose the vector fields m® and m® so that they are
tangent to the surfaces S, , = N, NN, and satisfy the conditions gaym®mb = —1, gaym®m? = 0.
This leaves the freedom to perform a spin transformation at each point.

Now, observing that, by construction, on the generators of each null hypersurface N, only the
coordinate u varies, one has that

nt0, = Q0,

where @ is a real function of the position. Further, since the vector [* is tangent to the generators
of each NV, and [%n, = [*V,v = 1, one has that

"9, = 8, + C1dy,

where, again, the components C4 are real functions of the position. By construction, the co-
ordinates (z*) do not vary along the generators of .#~, that is, one has that 1°V,z* = 0.
Accordingly, one has

CA=0 on J°.
Finally, since m® and m® span the tangent space of each surface S, ,, one has that

mho, = PAB 4,



where the coefficients P# are complex functions.
Summarising, we make the following assumption:

a

Assumption 1. On V one can find a Newman-Penrose frame {I%, n%, m®, m*} of the form:

1=9,+C"8y, (4a)
n = Q0,, (4b)
m = PAaA. (4(3)
Remark 2. In view of the normalisation condition g,,m®m® = —1, there are only 3 indepen-

dent real functions in the coefficients PA. Thus, @, C4 together with P4 give six scalar fields
describing the metric. The components (g"”) of the contravariant form of the metric g, are of
the form

0 Q 0
)= @ 0 QCc* |,
0 QCA oAB

where
oAB = —(PAPB 4+ PAPB)
is the (contravariant) induced metric on S, .

On N/ one has that m = Q8,. As the coordinates (z) are constant along the generators
of #~ and N/, it follows that on N/ the coefficient Q is only a function of u. Thus, without loss
of generality one can reparameterise u so as to set Q@ = 1 on N].

3.2.3 Spin connection coefficients

Direct inspection of the NP commutators (12a)-(12d) applied to the coordinates (v, u, 22, %)

taking into account together with the remaining gauge freedom in the vector frame of Assump-
tion 10 leads to the following:

Lemma 1. The NP frame of Assumption 10 can be chosen such that

k=v=vy=0, (5a)
p=p, p=[, (5b)
T=a+p, (5¢)

on V and, furthermore, with
e—€e=0 on VNI .
Proof. The proof of this result is analogous to that of Lemma 1 in Paper I. O

3.2.4 Equations for the frame coefficients

Taking into account the conditions of the spin connection coefficients given by (5a)-(5¢), the
remaining commutators yield the equations

ACH = —(F + m)PA — (7 + 7) P, (6a)
APA = — P4 — \PA, (6b)
DPA—6CA = (p+€— &) PA +oPA, (6¢)



DQ = —(e+9Q, (6d)
6PA — 6P = (a— B)PA — (a — B)PA, (6e)
0Q = (1t —7)Q. (6f)
Equations (6a)-(6b) allow the evolution of the frame coefficients C* and P4 off of the null

hypersurface N/. Equations (6¢)-(6d) allow the coefficients @Q and P* to be evolved along the
null generators of .# ~. Finally, (6e)-(6f) provide constraints for @ and P on the spheres Sup-

3.2.5 The conformal gauge conditions

The conformal Einstein field equations have an in-built conformal freedom which can be exploited
to simplify the geometric setting of the problem. This freedom allows us, in particular, to select in
an indirect manner the conformal factor via a conformal gauge source function. As it is customary
in the NP formalism let A denote the Ricci scalar divided by 24. One has the following:

Lemma 2 (conformal gauge conditions). Let (M, §) denote an asymptotically simple space-
time satisfying Ric[g) = 0 and let (M, g,=) with g = Z2g be a conformal extension for which the
condition = = 0 describes past null infinity .# . Given the previous NP frame (4a)-(4c), the con-
formal factor Z can be chosen so that given a null hypersurface N intersecting #~ on S, ~ S?
one has

1
A= _ﬂR(gC)’ in a neighourhood V of S, on J1(S,)

where R(x) is an arbitrary function of the coordinates. Moreover, one has the additional gauge
conditions

Yo=1, pu=p=0 on S,

@22 =0 on ./\/1,

(poo =0 on ji.

Proof. The proof of the above result is analogous to that of Lemma 18.2 in [6]. O

4 The formulation of the CIVP

In this section we analyse general aspects of the asymptotic CIVP for the conformal vacuum
Einstein field equations with data on the null hypersurface .#~ and N/. A key feature of the
setting is the existence of a hierarchical structure in the reduced conformal equations which allows
to identify the basic reduced initial data set from which the full initial data on .#~ U N for the
conformal Einstein field equations can be computed.

4.1 Specifiable free data

The following result identifies a possible choice of freely specifiable initial data for the asymptotic
CIVP:

Lemma 3 (freely specifiable data for the characteristic problem). Assume that the gauge
condition given by Lemma 1 and Lemma 2 is satisfied in a neighbourhood V of Si. Initial data
for the conformal Einstein field equations on %~ UN! can be computed from the reduced data
set 1, consisting of:

¢p, €E+E on I,

¢4 on Na/u

)‘a ¢2 +¢_727 ®20a ¢37 PAa on S*-



Remark 3. An alternative, less symmetric, reduced initial data set is given by:
A, e+é on I,
¢4 on Nla
¢3a ¢2 + ¢§27 PA7 on S*'

Proof. The proof of this result follows from a lengthy but straightforward computation on the
same lines of Lemma 2 in Paper I. See also Section 18.2 in [6] and [5]. O

Remark 4. From the smoothness of the freely specifiable component ¢, on the incoming null
hypersurface A/ and, in particular at the intersection with .#~ it follows that that the resulting
spacetime will satisfy the peeling behaviour near past null infinity —see e.g. [6], Chapter 10.
A reformulation of our characteristic problem to future null infinity, for which now ¢q is freely
specifiable data along an outgoing null hypersurface, gives rise mutatis mutandi to solutions with
peeling at &,

4.2 Basic local existence

To apply the theory of CIVP, as discussed say in Section 12.5 of [6], one has to extract a suitable
symmetric hyperbolic evolution system out of the conformal field equations and the structure
equations. The gauge introduced in Section 3.2 allows us to perform this reduction.

4.2.1 The reduced conformal field equations
In what follows, we group the four directional derivatives of the conformal factor and s as
= (2, X, X3, X4, 8),

the components of the frame as

el = (C4, P4, Q),
the spin connection coefficients not fixed by the gauge as

T'=(e, 7w, B, u, a, A\, 7, 0, p),

the independent components of the rescaled Weyl spinor as

¢’t = (¢07 o1, P2, @3, ¢54)»

and finally those of tracefree Ricci spinor as
D' = (Dog, Po1, Pi1, Po2, Pr2, Pa2),

where ¢ denotes the operation of taking the transpose of a column vector.

A suitable symmetric hyperbolic system for the four directional derivatives of the conformal
factor, the frame components and the spin coefficients can be obtained from equations (15d)-(15f),
(155)*, (17b), (6a), (6b), (6d) and (13a)-(13d), (13f), (13g), (13k), (13m), (130), respectively.
These can be written in the schematic form,

DX = By(3,T,5)%,

Die = By (T, e)e,
D-I' = By (I‘a ¢)a é)l—‘a



where Dy, D; and Do are given by

Dy = diag(A, A, A, A, A),

D, = diag(A, A, D),

D, =diag(A, A, A, A, A, A,D, D, D),
and By, By, By are smooth matrix-valued functions of their arguments, whose explicit form will
not be required.

The components of the third conformal field equation (2¢), equations (19a)-(19m) can be
reorganised as

D3 = B;®
where
A =6 0 0 0 0
-5 D+2A =6 —0 0o 0
p._| 0 -0 D+A 0 -5 0
Tl o =4 0 D+A -5 0
0 0 -5 —5  2D+A =6
0 0 0 0 -5 D
with Bs = B3(®, ¢, I, %;). Writing
Dy = A0,

one has that

AY = diag(0, 1, 1, 1, 2, 1),
Ay = diag(Q, 2Q, Q, Q, Q, 0).

and
—-PA 0 0 0 0
-pA CcA —pA —PA 0 0
—-pA cA 0 —-PA 0

Ag' = -pA 0 CcA P 0

0 —pA —pA 204 —pA
0 0 0 —PA CA

coocoNqgo

To be specific, the equations above are obtained through the combinations (19a)+(19k), (19j)+2(19b)+(191),
(19d)*+(19h)*, (19¢)+(19i), (19¢)+2(19g)+(191) and (19f)+(19m), respectively. It can be readily
verified that the matrices A% are Hermitian. Moreover,

AL (1, +n,) =diag(1, 3, 2, 2, 3, 1)

is likewise clearly positive definite.
The components of the fourth conformal equation (2d), (21a)-(21h), can be grouped as

Dsp = Byop
where
Aﬁ -0 0 0 0
-6 D +7A -0 0 0
Dy = 0 -0 D +_A —0 0 ,
0 0 -0 D +_A -0
0 0 0 -0 D

10



and By = By(¢, T'). Again, writing
D, = AJ0,,
one has that

A} = diag(0, 1, 1, 1, 1),
AL = ding(Q, @, Q, Q, 0),

and

—-PA 0 0 0
A CcA —pA 0 0
-pA cA —PA O
0 —-pA cA -—pA
0 0 —pPA CA

A =

cocoNo

Specifically, the above matricial expressions are obtained from the combinations (21a), (21b)+(21e),
(21c)+(21f), (21d)+(21g) and (21h). Again, the matrices A/ can be seen to be Hermitian and,
moreover, one has that

AL, +n,) = diag(1, 2, 2, 2, 1)

is clearly positive definite.
We can summarise the above discussion as:

Lemma 4. The evolution system

Dy = ByX (8a)
D,e = Bje, (8b)
D,T = BT, (8¢)
D3® = B3P, (8d)
Dy = By, (8e)

1s symmetric hyperbolic with respect to the direction given by
T4 =1%4+n"
4.2.2 Computation of the formal derivatives on N U ¢~ and propagation of the
constraints

As discussed in Section 12.5 of [6], the existence and uniqueness of solutions to a CIVP can be
obtained via an auxiliary Cauchy problem on the spacelike hypersurface

S={peRxRxS?|v(p)+ulp) =0}

The formulation of this problem depends crucially on Whitney’s extension theorem, which requires
being able to evaluate all derivatives (interior and transverse) of initial data on N] U #~. One
has the following:

Lemma 5 (computation of formal derivatives). Any arbitrary formal derivatives of the
unknown functions {X, e, T', ®, ¢} on N U .~ can be computed from the prescribed initial
data 7, for the reduced conformal field equations on N U ¥ .

Proof. The statement follows from a careful inspection of the conformal field equations in the
present gauge, see Section 18.2 in [6] and [5] for more details. O

11



Moreover, using arguments similar to those discussed in [6], Section 12.5, one can establish
the following result concerning the relation between the reduced equations and the full conformal
vacuum Einstein field equations:

Proposition 2 (propagation of the constraints). A solution of the reduced conformal field
equations (8a)-(8e) on a neighbourhood V of S, on J*(S,) that coincides with initial data on N U
I~ satisfying the conformal equations gives rise to a solution of the conformal Finstein field
equations (2a)-(2f) on V.

In addition, one has that:

Corollary 1 (preservation of the conformal gauge). Let uw denote a solution to the char-
acteristic problem for the conformal field equations on a neighbourhood V of S, on JT(S,) which
satisfies the gauge conditions given in Lemmas 1 and 2. Then the metric g constructed from the
components of the solution w satisfies the conformal vacuum FEinstein field equations in a gauge
for which R[g] = R(x).

4.2.3 Summary

Combining the analysis above and applying the theory of the CIVP for the symmetric hyperbolic
systems of Section 12.5 of [6], one obtains the following existence result:

Theorem 1 (existence and uniqueness to the standard asymptotic characteristic prob-
lem). Given a smooth reduced initial data set v, for the conformal Einstein field equations
on N/ U #~, there exists a unique smooth solution of the conformal field equations in a neigh-
bourhood V of S, on JT(S.) which implies the prescribed initial data on N, U . Moreover,
this solution to the conformal Einstein field equations implies, in turn, a solution to the vacuum
FEinstein field equations in a neighbourhood of past null infinity.

Remark 5. Although the region V is, in the unphysical picture, finite, from the physical point
of view, it corresponds to an infinite domain of the asymptotic region near past null infinity.

5 Improved existence result

In this section we provide the basic setting for the improved local existence result for the asymp-
totic CIVP for the conformal Einstein field equations using Luk’s method. Our analysis builds
on the general formalism developed in Paper I. Accordingly, in order to avoid tedious repetition
we focus our attention on the novel aspects and specific challenges raised by the conformal field
equations. Thus, results and definitions already appearing in Paper I are stated without proofs
and where appropriate we quote results directly.

The main difference between the present analysis and that of Paper I is that when dealing
with the conformal Einstein field equations one has more unknown equations to take care of.
Specifically, we now have the conformal factor, its derivatives and the components of the tracefree
Ricci tensor.

5.1 Integration identities and definitions of norms

In this section we recall some of the basic definitions introduced in Paper I.

Integration. In what follows let ¢ denote a scalar field. We define the integration on S, , as

/S o= /S bdo,

u,v

12



where do = /| det o|dz?dz® denotes the volume element of the induced metric o on S, ,. On
the truncated causal diamonds Div, we define integration using the volume form of the spacetime
metric as follows:

/ qﬁz/ // o/ | det g|dz?da®dvdu,
DI, o Jo Js,.
z/ // Q™ '¢\/| det o|dz?dzidvdu,
o Jo Js

w,v

with & = min(v,t — u). Integration in the full causal diamond is denoted in the obvious way
with omission of the label ¢. As there are no canonical volume forms on A, and N, we define
integration on these null hypersurfaces by

v
/ gbz// o/ | det o|da?da3do’,
Nu(0,0) 0 JSu.w
/ ¢)z// o/ | det o|dz?dz3du.
N7 (0,u) 0 JSu.

/Mfgﬁ_//\/u(ﬁ)qs’ //\fv"(b_/,;[o@]tgzs

where I' = [0, min(ve,t — u)] for vy € RT denotes the truncated long integration interval,
and [0,e]* = [0, min(e, t — v)] the truncated short integration interval.

We also define

Norms. For 1 < p < oo, we define the following LP-type norms:

1/p 1/p 1/p
[l Lr(s..) = (/ |¢|p> , [l raey = (/ |¢|p> , [l Loprr ey = (/ ¢|p> :
Suv Nt N/t

v

The corresponding L*° norm is defined by

18]l o< (s....) = sup [¢].

5.2 Estimates for the components of the frames and the conformal
factor

A first step in the analysis in Paper I was the construction of basic estimates for the components
of the frame in terms of the initial conditions. A similar step is required for the conformal Einstein
field equations. The main difference in this case is that one also needs to obtain some basic control
on the conformal factors and its derivatives. These estimates are constructed presently.

5.2.1 Definitions

Following Paper I, in the following it will be convenient to define the following norm measuring
the size of the initial value of the components of the frame:

A= swp (1QLIQ7LICA]IPA).

7NV %

Moreover, we define a scalar

x = Alog @,

13



which is at the same level of connection coefficients as it is the derivative of a component of
frame. This scalar provides a component of the connection which does not arise in the original
NP formalism, but is needed to obtain a complete set of A-equations for the frame. From the
definition of x and the NP Ricci identities we readily obtain

Dy =2®1; + Uy + Uy + 2a7 + 237 + 2a7 + 287 + 277 — (e + €)X (9)

Now, as a consequence of the gauge choice Q = 1 on N/, the initial data for x on N/ is 0. For
convenience we also define

w=pF—a

corresponding to the only independent component of the connection on the spheres S, ,,.

5.2.2 The estimates

Following the main strategy in Paper I, we construct estimates for the components of the frame
and the conformal factor through the analysis of A-equations under the following bootstrap
assumption:

Assumption 2 (assumption to control the coefficients of the frame and the conformal
factor). Assume that we have a solution to the vacuum conformal Einstein field equations in
Stewart’s gauge satisfying

||{X’ M, >\7 a)ﬁvTv EZ}HLO"(S,,L,U) S AF

on a truncated causal diamond D}

U, Vg ?

where Ar is some (possibly large) constant.

The construction of the estimates proceeds along the following steps:

Step 1. We integrate x = Alog @ = 9,Q in the short direction so as to obtain

154 € €
Q== [ < [ dus [ Ardu=are
0 0 0
for any v. Then we have

I1Q — Qullr=(s,.,) < Are.

So there is a constant C' depending on the initial data such that
Q7' Q<C(A.).

Step 2.: To estimate the conformal factor =, we integrate = along the short direction
€
|Z| = |/ Q™ '¥ydu| < C(Ar)e.
0

Accordingly, we have the following lemma:

Lemma 6 (control of conformal factor). Under Assumption 10, if ¢ > 0 is sufficiently small,
there exists a constant C depending on the size of the initial data such that

I1Ell 2o (84,0) < C(Ar)e

on D}

U, Ve

Step 3. Integrating P4 in the short direction using equation (6b) one readily obtains the
following lemma:

14



Lemma 7 (control on the components of the frame, I). Under Assumption 10, if € > 0
is sufficiently small, there exists a constant C' depending on the size of the initial data such that

I{PA, (P Hlrse(s..) < C(AC,),
on ’Div.. Moreover, since
UAB — —PAPB _ PBPA,
we also obtain that

‘O"AB‘v loas| < C(A.,),
c(Ae,) < deto < C(A.,).

Thus, for any vector v* on S, ,, we have that the norms
J A e B (0 At
Sun Suro

are equivalent. Finally, one also has

sup |Area(S, ») — Area(Sp,)| < CAre.

U,v

Step 4. Integrating C** in the short direction using equation (6a) yields the lemma

Lemma 8 (control on the components of the frame, II). Choosing ¢ suitably, since C{* =0
on &~ one has that

1G4 Lo s,y < CAre
on Dt

U,Ve *

5.3 Some further tools from Paper I

In this section we introduce some frequently used inequalities in the main estimates for the
transport equations on hypersurfaces of constant u or v. A detailed proof of these results can be
found in Paper I.

5.3.1 General estimates for transport equations

A key tool in our analysis are formulae that allow us to follow the evolution of integrals along
null hypersurfaces.

Lemma 9 (computing derivatives of integrals over S, ). Given a scalar ¢ one has that

i,
dv Js, ,

s /S o= /5 Q7 a0+ 2m),

along the outgoing and incoming null geodesics that rule N, and N,.

o= /S (Do 200,

Lemma 10 (integral over causal diamonds of derivatives of a scalar). Let ¢ be a scalar

field. One has
/p be= /N; Qlo- /Né Qo+ /D (20+ €+ )0,

u,v

/DMM:/Mas—/NOas—/wzw.
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5.3.2 Gronwall-type inequalities

The following estimates will be used repeatedly in our main analysis. Again, for proofs and
further discussion, the reader is referred to Paper I.

Proposition 3 (control of the LP-norm with transport equations). We work under As-
sumption 10. Let £ denote a tensor field on S, , of arbitrary type and assume on Dif,v. that

sup |[{p, u}|lL=(s,..) < O.

Then there exists €, = €,(Ae,, O) such that for all e < e, and for every 1 < p < 0o, we have the
estimates

lellzris, < CO.0) (lellznis,y + [ ID8llois, o)
0

u
el <2 (|§||Lp<so,,,> +oa..0) [ |A5||Lp<su,,u>du')

where I denotes the long direction interval.

Proposition 4 (supremum norm of solutions to transport equations). Work under As-
sumption 10. There exists £, such that for all € < e, we have

v
€l s, sy < 1€l e (s oy + / 1DE]| (s, o'
€l s,y < IEll=cse + C(Ae.) / AE] |z~ (s, )de.

Proposition 5 (L* norm of solutions to transport equations). Work under Assumption 10
and assume on D] = that

sup [[{p, u}l|L>(s,.,) < O.

u,v

There exists €, such that for all ¢ < €., we have the estimates
1/2 1/4
€lla(s,..) < C(Ae,, O) <|£||L4(Su,o) + ||D§||L/2(Nu(o,v)) (||f\|2L2(Nu(o,v)) + HVﬁH%z(M(o,u))) ;

1/2 1/4
1€l 2e(s,.0) <2 <|§|L4(3M) + C(Ae*)||A§||L/2(Nv/(0,u)) (||§H2LQ(N',,3(07u)) + ||Y7§H%2(N;(o,u))> :

5.3.3 Sobolev inequalities

In this subsection we present some useful estimates of the LP-norms of a scalar in terms of
its L2-norms and those of its derivatives. These inequalities are all derived from the isoperimetric
Sobolev inequality of S, ,.

Proposition 6 (Sobolev-type inequality, I). Work under Assumption 10. Let ¢ be a scalar
field on S, ,, which is square-integrable with square-integrable first covariant derivatives. Then
for each 2 < p < 00, ¢ € LP(S,,), there exists e, = e, (A, , Ar) such that as long as € < e,, we
have

101 Lr(s..0) < Gol@) ([10l]12(5,.0) + IV OllL2(5, 1))

where G,(o) is a constant which also depends on the isoperimetric constant Z(S,,,) and p, but
is controlled by some C(A.,), ¥V is the induced connection on S, , associated with the metric o.
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Moreover, we have the following:

Proposition 7 (Sobolev-type inequality, II). Work under Assumption 10. There exists e, =
ex(Ae,, Ar) such that as long as € < €., we have

18] Lo (5u.0) < Gp(@) (19ll2r(s.0) + IVl Lo (S00)) -
with 2 < p < 00 and Gp(o) < C(A.,) as above.

Corollary 2 (Sobolev-type inequality, IIT). Work under Assumption 10. There exists €, =
gx(Ae,, Ar) such that as long as € < €,, we have

10l|24(s...) < G (@) (lI0llL2s....) + [IVollL2cs,.)) -
16l (s..) < G(@) (19ll22(s,.) + [IVollLas, ) + IF20llLas,.)) »
again with G(o) < C(A.,).

Remark 6. The isoperimetric constant can be shown to be controlled by the area of the sur-
face Sy .

6 Main estimates

In this section we discuss the construction of the main estimates to obtain the improved existence
results for the asymptotic CIVP for the conformal Einstein field equations. The strategy of the
arguments resemble that in Einstein field equations. As many of the ideas and techniques are
similar to those in Paper I, as elsewhere, in this section we focus our attention on the particular
aspects arising from the use of the conformal Einstein equations.

6.1 Norms

The argument in this and subsequent sections relies on the use of a number of tailor-made norms.
We define the following:

(i) Norm for the initial value of the connection coeflicients, given by

1 2
Ap, = sup sup max{L, |[T||pe(s,.)> ¥ IV TIlLasun)s > IV TllL2s0.0)}-
SuwCI = N TE{HA,p,0,0, 8,76} (S ; () ; ()

(ii) Norm for the initial value of the derivative of conformal factor ¥,, given by

1

2
Asx, = g S max{L, ||S2||poe(s, ) IV Dallzacs, ) DIV Sallz2cs, )}
u,0CI T i=0 =0

(iii) Norm for the initial value of the Ricci curvature components, given by

1 2
Ap, =  sup sup max{L, » [[V'®||Ls(s, 1> 2 IV Pl L2s, 0}
Su,wCI =N, PE{P00,P01,P02,P11,P12} =0 i—0
3
+ Z sup [V @[L2(s-) + sup [V @[l L2 ()
i—0 2€{®00,P01,P02,211,P12} 2€{201,P02,P11,P12,P22}
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(iv) Norm for the initial value of the rescaled Weyl curvature components, given by

1

2
Ay, = sup sup max{1, > [[V'¢llri(s,.)» >V llz2s..)}

S'u.,'uC']_w/\/;,( ¢€{¢07¢17¢27¢37¢4} i=0 i=0

3
Y s Welleeot s ([Pl
i—0 9€{¢0.91,02,¢3} oe{p1,p2,¢3,04}

(v) Norm for the components of the Ricci curvature components at later null hypersurfaces,
given by

Ag

3
> sup V'@l L2ty + sup IV @] 2(ar0y,
i—0 2€{®00,P01,P02,P11,P12} De{P01,Po2,P11,P12,P22}

where the suprema in v and v are taken over D}, , .

(vi) Supremum-type norm over the L?-norm of the components of the Ricci curvature at spheres
of constant u, v, given by

2
Ag(8) =D sup ||V {@oo, Po1, Poz, P11, P12}l |12,

i=0 Y
where the supremum is taken over Dy, ,, .

(vii) Norm for the components of the Weyl tensor at later null hypersurfaces, given by

3

Ap=) swp [Vl sup [Vl z g,
i—0 $€{¢0:91,02,63} d€{p1,02,03,04}

t
U, Ve *

where the suprema in v and v are taken over D

viii) Supremum-type norm over the L“-norm of the components of the rescale eyl curvature
iii) S t the L2 f th ts of th led Weyl t
at spheres of constant u, v, given by,

2
A¢(8) = Zsup HWZ{¢07 ¢17 ¢2a ¢3}|‘L2(3u,u)a

: u,v
=0 7’

with the supremum taken over wa. and in which u will be taken sufficiently small to apply
our estimates.

6.2 Estimates for the connection coefficients and the derivative of con-
formal factor

In this subsection, we prove estimates for connection coefficients and derivatives of the conformal
factor. We assume first that the norms of curvature are bounded and prove that the short
range € can be chosen such that connection coefficients and the derivative of conformal factor
can be controlled by initial data and Ag(S). This can be achieved by considering the transport
equations. For the connection coefficients 7 and x, we only have their long direction D equations.
However, the fact that there is no quadratic term in 7 or x themselves allows us to regard
these as linear equations for 7 and x. Then the Gronwall-type inequalities will show us that
these two connection coefficients are bounded. Accordingly, except for 7 and x, we can analyse
the A-equations for the connection coefficients and the derivatives of conformal. The small range
of € does not let them drift too far from their initial data on .#~. Consequently, we find that
although ¥;, ¥3 and ¥, are all small, the component 3; has a different power of € than Y
and Y, in our estimates.

18



Proposition 8 (control on the supremum mnorm of the connection coefficients and
the derivatives of the conformal factor). Assume that we have a solution of the vacuum
conformal Einstein field equations in Stewart’s gauge in a region Div. with

sup ||{/’L7 )‘7 aaﬁa €0,0,T, X, Ela 227 237 Z4}||L°°(Su’v) S AF,E )

U,V
for some positive Ar 5. Assume also that

Ag(S) <00, Ag <00, Ay(S)<oo, Ag<oo, supl||Vir|lras,.,) <o, i=23,

on the same domain. Then there exists

ex = (I, Ac,, Ar, ,sup V27| L2(s, ), 5up [[V27]|2(s, ) Ax. s Ag, Ag),
w,v u,v

such that when € < e, we have

sSup H{Na )‘7/77 g, O‘,ﬂ, 6}HL‘X’(Su)U) < 3AF*7

uU,v

sup [{7, X} = (s,.,) < O Ae,, Ar,; Aa(S5)),

sup |[Xa||p= (s, ,) < 3Ax,,

u,v

sup |[{¥1, 33, s}l (s,.) < CU, A, , Ar,,As,, As(S))s,

sup ||| Lo (s,.,) < C(A.,, As,, Ag)e'/?,

on D}

U,Ve *

Proof.

Basic bootstrap assumption. Place the following bootstrap assumptions:
sup ||{,LL, >\u P, 0, Q, 67 6}' |L°°($u,,,) < 4AF*7
u,v

sup |[{¥1, X2, X3, Za}||p=(s,.,) < 4Ax,.

u,v

Estimate for 7. First we prove that |||z~ (s, ) < C(I,Ac,,Ar,,As(S)). We make use of the
D-direction equation of 7, (13b),

Dr=(e—€+p)T+oT+7Tp+ 7m0+ Z¢1 + Po;. (10)

The above equation crucially contains no 72 terms. Making use of the Sobolev inequality in the
Proposition 7, we obtain that

||¢i||L°°(S,L7,,) S A¢(8) < 09, 1= 07 172737
I1®a L (s,,.) < Aa(S) < o0,

where @ = {Pgg, Po1, Po2, P11, P12}. Then the inequalities in Proposition 4 show that

Irllie(su) < el + [ 107 lumis, v

<Ar, +C(Ar,,Ac,, As(S))ve + C(I, Ax,, Ac,, Ay(S))e

+C(AI‘*)/ ||T‘|L°°(Su,u/)dv/'
0
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Now, choosing ¢ sufficiently small, it follows from Gronwall’s inequality that

7l (s,.0) < O Ae,, Ar, s Ap(S))-

Estimate for y. In order to estimate x, we use the D-direction equation (9) for x. A similar
analysis as before yields

IXllze(s.,.,) < O Ac,, Ar,; Aa(S)).

Estimates for p, A\, o, § and e. To estimate the coefficients p and A, we consider equations (13g)
and (130):

Ap, = —/,L2 — )\5\ — (I)QQ,
AN = —2u\ — Edy.

Making use of the inequalities in Proposition 4 for the short direction, we obtain that

il (s, ) < Nillzecsoy + C(Ae.) / [N

< AF* + C(Ae*,AF*)E + C(Ae*> / ||(I)22HL°°(Su’,v)du/'
0

From the Sobolev and Holder inequalities, we further find that

1/2

u 2 u
/ |22 Lo (s, ,)du' < C(Ae,) / Z||V‘I>22||L2(su,,,v)du/ZZC(Ae*)/ (/S |771‘I)222> du/
i=0 0

1/2 u 1/2
< C / Vi Doo|*du’ > (/ 1du’>
0
C Ae* UQHW (I)22||L2 )
Hence we obtain that
[pllLoe(s,.) < Ar, +C(Ac,, Ar, )e + Cel?Ag.

For the connection coefficient A, a similar computation yields

u’ v

M6, < A, + C(Ae,. Ar,)e + C(A,) / Edall (s, yded,
0
< Ar, + CO(A,,, Ar, )e + C32 A

With the same method, we can estimate «, 8 and € by using their short direction structure
equations (13k), (13d) and (13a):

Aa = —pa — A — AT — E¢s,
AB = —5\04—#5—7'#—‘1’12,

Ae = —am — B — aT — BT — 7T — 2o — Dq1.

The details are omitted.

Estimates for p and o. In this case, the relevant A-transport equations are the structure
equations (13i) and (13r):

Ap =07 — pup — Ao — at + Br — 77 — Ega,

20



Ao =0T — A\p — po + ar — BT — 7% — B

In order to estimate 67 and 07, we make use of the Sobolev inequalities in Corollary 2 and partial
integration on S, , to obtain

3
1072 (0,0) < C(Ae) DN Tl 225, < CA) (ITllz2(s, ) + 1737225, + IV |lL2(s,0) -
i=1

Then the Holder inequality
17122 (80,0) < 1Tl (s, ) Area(S) /2
and the assumptions

sup HWQTHL?(su.U)a sup \|7737'||L2(su,v) <
u,v u,v

show us that |[V7|[z~ (s, ,) is bounded. So we can estimate the ||V/7|[ (s, ,) term in the short
direction using equations (13i) and (13r) for o and p, respectively.

Estimate for s. Before estimating the derivatives of the conformal factor, we first analyse the
Friedrich scalar s. Making use of the conformal Einstein field equations (17b),

As = =3Py — Ya®y1 + X3P + Xy P12
and the initial value s| »— = 0, we readily have that
I[8]|2o(80.0) < C(Ae,) /0“ [Zo®11 — By P12 — X3Por + X1 Pos|[poc s, ) du,
< C(Ae,,Ax,, Ap(S))e + C(Ae,, Ax, , Ag)e' /2.
Estimate for X5. Making use of the conformal Einstein field equation (15¢)
AYy = —Edy,

we have that
[Sallz~s, ) < Ax, + C(A.) / E®asl(s,, du’ < As, +C(A,, As,, Ag)e¥?.
0

Thus, we can choose ¢, sufficiently small such that ||32[|z~ (s, ,) remains close to its initial value.
Estimate for ;. Next, equation (15d)

AEl = —247' - ng + 55— Eq)ll
and the initial value ¥1| »- = 0, gives that
u
1] s, < C(Ae*)/ | = Sar = S57 + 5 — Eb1y | (s, e
0
< O(I,A.,,Ar,, As,, As(S))e + C(A.,, Ax,, As)e®? + C(1, A.,, Ar,, As, , As(S))e?.
Estimates for X3 and ¥,. Equation (15f)

AZ:; = 7227’ — E(plg
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readily gives that

s llzs, 1) < O(Ae*)/ 557 + 01| s, it
0
< C(I,A.,,Ar,, As_, As(S))e + C(A.,, Ax,, Ap(S))e2.

The method is the same for 4.

Concluding the argument. From the estimates for the NP connection coefficients and X 4 4/
constructed above it follows that one can choose

ee = (I, Ac,, Ar,,sup V7|l 12(s, ), SUP V27| 22(50 0 ) Ax., Ag, Aa, Ay, Ag(S)),

sufficiently small so that

sup H{Ma )‘a «, Ba €7p,0-}||L°°(Su,v) S SAF*a

u,v

sup ||Xa|[ e (s,.,) < 3Asx,,
u,v

sup [{%1, 33, Xa}l|re(s,) < O A, , Ar,, As, Aa(S))e.

Accordingly, we have improved our initial bootstrap assumption. O

Now we use the similar method to analyse the L* estimate of the connection coefficients and
the derivative of conformal factor.

Proposition 9 (control on the L*-norm of the connection coefficients and the deriva-
tives of the conformal factor). With the same assumptions in Proposition 8, and additionally
assuming that

sup HW{M? >‘a Qa, ﬂa € 0,0, Ela EQ; 23; E4}HL4(Sum) S AF,E,

in the truncated diamond D}

U, Ve

we find that there exists

ex =eu(I,Ac,, Ar,,sup [[V27] 12(s, ) SUP [[V27| 125, 0)s s, Ags Aa, Ag(S), Aa(S)),

such that when € < e, we have
Sup VAT, x}HILa(su0) < CU, A, Ar, , As(S)),
sup IV {m, A, ps 0,0, B €| Les, ) < 3Ar,,
sup [[V32|z4s, ) < 3As,,

uU,v

sup [V {21, X, Batl|L1(s, ) < O Ac,, Ar,, As, Aa(S))e.

on D}

U, Ve *

Proof.

Basic bootstrap assumption. We make bootstrap assumptions
sup ||W(/1’7 )‘v P, 0, Q, 51 6)HL‘*(S%U) < 4AF*
u,v

sup |[W{X1, Xo, 33, Xa || p1¢s, ) < 4As,.
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Estimates for V7. First, we estimate the L*(S, ,) norm of ¥7. Apply the d-derivative to
the D-direction equation of 7 and the commutator of directional covariant derivatives we obtain

DT = (p+ p+ 2€ — 2€)0T + 067 + 00T + 0(€ — €+ p)T + Téo + po7
+ﬁ'6p+a§7r+7r§0+F3 + 23(251 +E§¢1 + E¢1F+5@01 —+ @011—‘.

In order to estimate the terms in |[TVI||L4(s, ,), we use the Hélder inequality and split it as

TV T L4 (s, < Tz (s, VTl Lacs.,,0)-

Now, Proposition 8 shows that terms of the form [|T'|[z~(s, ,) are, in fact, bounded. Making use
of the Sobolev inequality in Proposition 6 and the long direction inequality in Proposition 5, we
find that

67| 2a(s..0) + 1071 La(s. ) < CUI67ILa(s0.0) + 11071 L2 (50 0) +/0 |Do7| s, ) + [1DOT|Lacs, ,,)dv')
< C(I, Ae* ’ AF* ) ACP(S)) + C(Iv Ae*a AFH AE* ) ACP(S)v A¢(S))5

+0(8n) [ (1575, + 575, )00
Thus Gronwall’s inequality gives
67| La¢s, ) + 1107 ILacs,.) < O, Ac,, Ar,, Aa(S)) + C(I, A, , Ar, , As, , Aa(S), Ay (S) e
Accordingly, for a small range €, we obtain that
VTl L1(s,..) < O, A, Ar,, As(S)).
Estimates for Yx. A direct computation shows that
Dy = (p — 2€)x + abx + TT — xO(€ + €) + T3(p2 + ¢2) + Zd(d2 + ¢2) + 611,

where ' represents a combination of the connection coeflicients whose particular form is not
required. A similar equation can be obtained for DJy. Using the same method as for the
coefficient 7, we obtain that ||V x||rss, ,) < C, A, ,Ar,, As(S)).

Estimates for V{u, A\, p,0,a, 8,€}. Applying the operator A to equations (13g) and (130) we
find that

u,v

Adp = (1 —a—B) (% + AN) = 3udu — Nop — AOX — AN — ®os,
ASN = (1 — @ — B)(2u\ + Ebs) — 30X — ANOX — 2X\p — Sspy — 2y,

Now, a direct computation applying Proposition 3 shows that we can find an €, such that when e <
€4, We have

IV {1 Al Lacs,,.) < 3Ar, .

We can estimate da, §3 and de by using the same method. Since we are using the assump-
tion sup,, ,, [|[¥*7||12(s,.,) < oo in the truncated causal diamond, the Sobolev inequalities of
Corollary 2 show that |[V?7|14(s, ,) is finite. Proceeding in a similar way we can estimate do
and dp by applying ¢ to equations (13i) and (13r).

Estimate for YX,. Applying § to the short direction equation (15e) for ¥y and using the
commutators we find that

A(SEQ = 75(5(1)22 - 23(p22 + E.(DQQ(T - 7_'(') + E@Ql;\ + E©12,UJ,
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+ o (X + Tp) — B3(AX + p2) — 254\
Similar arguments to the ones used for the connection coefficients show that
HWE2HL4(S7¢‘U) < 2AZ* + C(I’ Ae* ) AF* ) AE* )5 + C(I’ Ae* ) AF* ) AE* ) Aq’ (8))52 + 0(52)'

Accordingly, the e, can be chosen sufficiently small to ensure that |[W¥2|[z4(s, ,) is no more

than 3Ay, .
Estimate for YX;. Making use of the equation for A§X;:

u,'u)

AéZl = —Elq)lg — 22®01 + 24‘1)02 + S(ﬁ' — T) + E(I)ll(T — ﬁ) + 247'(7' — ﬁ')
+ 23’7_'(’7' — 7_T) — uéZl — ’7_'523 — 7'624 — E(5(I>11 — 24(57' — 2357_' — 5\5217

it follows from the bootstrap assumption, that
IV21]lza(s,.) < O, Ac,, Ar,, Ax,, Ae(S))e + ofe).
Estimate for Y33 4. A direct computation yields the equation
A6Yg = =305 + ED1o(T — 7) + To7(T — T) — 7089 — LobT — ud¥3 — Z6P 1o — AVs.
accordingly, one can readily find that
V23] L1(s,..) < O Ae,, Ar,; As,, Aa(S))e + ofe).

A similar result holds for ||[W4|[4(g). It follows from the previous discussion that when ¢ is
suitably small, we can improve the bootstrap assumption.

Concluding the argument. From the analysis above, it follows we can choose

ev =eu(I, Ac,, Ar, ,sup |[V27||12(s,..) SUP |V 7] 12(80.0)s A, s A, Aay Ag(S), Ap(S)),

sufficiently small so that
sup ||Y7{/’L’ )‘7 p,0,Q, /Ba 6}||L4(Su,v) S 3AF* 5
u,v
sup [V 22 (|z4(s,..) < 3As.,
u,v

sup [[V{%1, 33, Xa}llras, ) < CU, Ac s Ar,, As,, As(S))e.

The above estimates improve the bootstrap assumption. O

The discussion of this section is concluded with L?-estimates for the connection coefficients
and the derivative of conformal factor.

Proposition 10 (control on the L?-norm of the connection coefficients and the deriva-
tives of the conformal factor). Assume that we have a solution of the vacuum conformal
Einstein field equations in Stewart’s gauge in a region DZ’U. with

sup ||{:u7 Aa «, 67 € 0,0,T, X, 217 227 237 E4}||L°°(Su,,u) < AF,E ;

u,v

sSup ||¥7{M5 )" «, 67 € p,0, §:17 227 E3a 24}| |L4(8u,v) S AF,E7

u,v

sup [[V2{i, A, ., B, €,p,0,7,%1, 52,53, Sa}|12(5,..) < Ar,x,

u,v
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for some positive Ar 5. Assume also

sup HWBTHL?(Su,U) < 00, Ag(S) < oo, Agp < 00, Ay(S) < o0, Ay < 00

on the same domain. We have that there exists

Ex = E*(Ia AE* ) AF* ) AZ* sup |IW3T| |L2(Su’v)7 A¢a A‘Pa A¢(8)7 ACI’(S))7
w,v

such that when € < e, we have that
sup ||W2{Tv X}| |L2(8u,v) < C(Iv Ae* ) AF* ’ A@(S)),

sup [V {n, A, o, B, €, p, 0} 2(s,,.,) < 3Ar,,

u,v

sup |[V?S2l| (s, < 3As,,
u,v

sup [[W{21, 55, Babllzscs,..) < O A, Ar,, As,, Ag(S))e.

Proof.

Basic bootstrap assumption. We make following bootstrap assumptions:
sup ||W2{M7 >‘a P, 0, &, Bv €}| |L2(Su,,u) < 4A1—‘* 5
u,v

sup ||W2{Ela EQa 233 E4}”[,2(5%1)) S 4AZ* .

u,v

Estimates for |Y?7||.2(s,,) and [[Y?x||r2(s,,)- Applying the operator § to the equation
for Dét and using the commutators, one obtains following the D-direction equation of 627:
D&% =T6%7 + T6*7 + 1667 + T667 + T + 6%,
+ 071011 + 36T + 62 @g1 + T'16P01 + Po10T1 + @1}
+ 68301 + 2830¢1 + E0¢1 + E¢1 % + EL16¢1 + 21001 + 26 + TzdaTy,
where I' contains a combination of the coefficients p, o, €, I'1 contains a combination of 7, a, 3, 0, €, p.

A similar computation renders equations for Dér, D§é7. Terms of the form 6I'16T'; can be han-
dled using the Hélder inequality

[[0T10T || 22¢s, ) < [0T1[za¢s

10T1]|La(S, )

w,v)

where Proposition 9 shows that the bound is finite. The analysis for the term §X3¢; is the same.
More precisely, one has that

105301 2(s,..) < 1083][Lacs, )lo1llLa(s, )
< C(A)NZs (s, (o1l L2(s0.0) + V11l L2(S,0) ) -

Similar arguments can be employed in the rest of the terms for the equation for D&?7 so that
with the long direction inequality in Proposition 3 we obtain

16°7 /| 22(s,.,) < C(I, Ar,) <I527|L2(su,o) +/ ||D52T||L2<su,u/>dv’> ;
0

é C(I7 Ae* 5 AF* 5 ACP(S)) + C(Iv Ae* 3 AF* ) AE* ) A‘I)(S)7 A¢(S))€

+C(I,Ae*,A1‘*)/ ||Y727_|‘L2(Su_v/)dvl~
0 )
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Similar estimates can be obtained for 67, 867 and 607. To estimate ||67]|12(s, ,) We can make
use of the fact that the area of S, ,, is bounded so that

07l L2(su.0) < C(Ac,, Ar)|07|[La(s,. )
hence, Proposition 9 shows us that this is also finite. From inequality (32) of Paper I we get
IV?7l|2(50.) < C(L, Ae,, Ar,, Ag(S)) + C(I, Ae,, Ar,, Ar, , Ag(S), Ay (S))e
£ AL AR [T e,
so that using Gronwall’s inequality we conclude that
V271l 2(s..0) < CL, Ae,, Ar,, Ap(S)) + C(1, Ac,, Ar,, Ay(S))e.

Hence, one finds that |[V?7|.z2(s, ,) is bounded by a constant C(I, A, ,Ar,,Ag(S)). Using the
same analysis, we can conclude that |[V2x||.2(s, ,) is bounded.

w,v)
Estimates for the remaining spin connection coefficients. Estimates for the remaining
connection coefficients can be obtained by the same methods as in Proposition 9 namely, first
we compute equations for Ad?T and AT, and make use of the short direction inequality in
Proposition 3 to find that

||W2{/’['a )‘7 aaﬁa €, 0, p}”LQ(Su,U) < 3AF*

for sufficiently small €.
Estimates for Y2%,. A direct calculation shows that

A%y =T6%8, + 610 + 268, + 25%2P9y + EDoo ol
+ (1322523 + 235(:[)22 + EF&@QQ + Eg(I)QQF + E<I>22F2.

The other short direction equation for the remaining second order spherical derivatives of X5 have
the same structure. From these equations we obtain that

IV?Sallr2(s,.0) < 2Ax, + C(I,Ac,, Ar,, As,, Ag(S))e + o(e).

The term o(¢) arises from the presence of §'Z, i = 0,1, 2.

Estimates for Y2, and Y233 4. Again, a direct computation yields the equation

A%, =T6°% +T6%2% + 06T + 6861 + L6°T + XTI + 26 + T'Ed,
+T22® + sI'2 + 50T 4 P6X + 26D + ZE16P + 2T + 2520,

where I" contains 7, ¥ contains Xs, and X’ does not contain X7, while ® does not contain ®gs.
Making use of the same arguments as for Yo, we obtain that

IV?S1llr2s, ) < CUL Ac,, Ar,, As,, Ag(S))e + o(e).
Similar arguments give

IVSslL2(s,..) < C(L A, Ar,, As,, Ag(8))e + ofe).

Concluding the argument. From the analysis in the previous paragraphs it follows that we
can choose

Ex = 5*(17 Ae* ) AF* , Sup HWBT| |L2(Su,v)a AZ* 3 A(ba A‘Pa A¢(8)7 A@(S))7

u,v
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sufficiently small so that
sup HWZ{/JH /\a P, 0,Q, 67 6}| ‘LQ(S,,MU) S 3A1"* 5
u,v
sup [[V25a|lr2(s, ) < 3As,,
U,v

sup HW2{213 X, Z4}| |L2(81L,1)) < C(I7 A, Ar,,Ax,, Ag (8))5
The above estimates improve the bootstrap assumptions. O]

6.3 First estimates for the curvature

Building on the LP-estimates for the connection coefficients and the derivative of the conformal
factor obtained in the previous section, we now show that the norms Ag(S) and Ag(S) are
bounded by the initial data. This is achieved in the next two propositions.

Proposition 11 (basic control of the Ricci curvature). Assume that we are given a solution
to the vacuum CEFEs in Stewart’s gauge satisfying the assumptions of Proposition 10. Then there
erists

Ex = E*(Ia Ae* ) AF* ) AE* ; A'i’* ; A<I>7 A¢7 sup HW3T| |L2(1Su.v))

such that for e < e,, we have
Aq;.(S) < 3Aq>*.
on D, ..

Proof.
Bootstrap assumption. We make the following bootstrap assumption:

sup ||V {®o0, Po1, Poz, P11, P12}|r2(s, .) < 446, , 1=0,..,2.

L?-norm of the components {®gg, ®o1, P2, P11, P12}. We focus on the L?(S) norm of
{®o0, Po1, Poz, P11, P12}. We will use the short direction equations (19a)-(19e) to estimate these
components. We take ®1; as an example. The relevant equation is in this case given by

ADyy = 6oy + 26P1 — ADag — 2uP11 + pPag — TP21 — TPo1 + Tad2 — Suds. (11)
It follows then that
I911l2208,00 < 2 (Il + O A [ 188Izs,, )
<2Ag, + C(A.,,Ar,) /Ou <|5(I>21||L2(Su/,v) + |[pP22]|2(s,, ) + HZ2(52HL2(SH/W)>
+ [[28®a1 + ADoo + 2p®@11 + 7Po1 + TPo1|12(s,, ) + |E4$3|L2<su/,v>>dU'-

Using the Holder inequality, the first three terms can be transformed to a norm on the light cone.
More precisely, one has

u u 1/2 u 1/2 w N 1/2
[rssai = ([ o) "acs ([ [ o) (1)
0 ' 0 Sl v 0 / 0

u’ v
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< e2(|6@a1| L2 (a7 (0,0)) < Aaet/2.

Similarly, one has that

u’ v

/ 1922l L2(s,,, ) du' < C(Ar,, Ag)e'/?, / S22ll12(s,, ydu' < C(Ax,, Ag)e'/?.
0 0

The (large) fourth term can be estimated as follows:

/ ||F®||L2($u,,v)dul S / ||F||Loc(8u/,v)‘|(D‘|L2(Su/,v)d,ll/ S C(I,Ae*,AF*,Aq;.*)é‘.
0 0
For the last term we have that

u u
/ [Zasll2cs,, ydu' < / [ZallLe (s, ) @sll2s,, ,)dw
0 0
< C€| ‘¢3| |L2(./\/1’}(0,'11,))51/2 < C(Ia Ae* 3 AF* 3 AE* y A¢)53/2'
Hence, we find that

[[®11]l22(s,.,) < 248, + C(A.,,Asx,, Ar,, Ag, Ag)e'? + C(I Ac,, Ar,, Mg, e
+ (1A, Ar,, A, Ay)e.
Accordingly, e, can be chosen sufficiently small so that [|®11][z2(s, ) is less than 3Ag,, and

similarly for the remaining terms. Consequently, we have improved the bootstrap assumption
and finished Step 1, that is, we have

sup [|(®oo, o1, Poz, P11, P12)|[L2(s, ) < 3As, .

Estimates for |V {®o0, o1, Po2, P11, P12}|[22(s,.,)- We now focus on the L?(8, ,)-norm of
the first derivative of the Ricci curvature. We take W®1; as an example. Using the results of
Proposition 3 we readily have

. 1/2
IV @11llr2(s,.,) <2 | IV ®11llr2(s,.) + C(AGMAF*)/ (/ A <77‘I’11,77‘1’11>g> du’ |,
0 S

u’ v

. 1/2
< QA@* + C(Ae*,AF*)/ </ |W<D11|(‘A6CD11| + |A5‘I)11|)> du/,
O ’

while the short direction equation for d®1; is given by

A6y = 62 Po1 + Toha (T — 7) + ¢20%s + L2 + Suds (7 — 7) — ¢30%4 + Sades
+ P (T — 7) + poDoy + Pogdp 4+ B2 4+ T6D 4 BOT.

Here the letter @ is used to denote {®og, Po1, P11}. The first term on the right hand side of the
previous equation, §2®,;, can be controlled by

I(

1/4

1/2 “ 1/4
|>v<1>u||x72<1>21|> du’ < / (/ wqmﬁ) (/S |Y72‘1>21|2> aul

1/2 1/2
< sup [Vl ars. V2Pl Yo pr (0.1
o (8u.0) (W (0,0))

u

3/4

S O(Acp* s A@)€3/4.
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In the case of the terms
Yodo (T — T) + ¢2652 + Sadda + Poap(7 — 7) + pdPas + P22dp,

the use of the estimates of the curvature of the light cone (rather than on the sphere) gives a
contribution with the same power of €. Furthermore, the terms

S4¢s(T —7), and Y463

contribute with a power £5/4 since [X4](s,.,) is controlled by & in Proposition 8. For the
term ¢33, we have that

" 1/2
/ (/ |>z7<1>u||¢3>z724|> v’ < suplFan s, IV, [ el v

u,v
u’ v

< C(Ae))sup [[VOu[[[25,
5/4
< C(I A, Ar,, As, A, Dg)™.

Here we have used the Sobolev inequality and Proposition 8. Next, the term ®I'? gives us

1/
/ ( / . |>z7<1>u|q>r2|> ' < Zc )sup s, o[ R0, 1011, 2
< C(I, A, Ar,, Ag, ).
Terms I'd® and POT" give a similar contribution. Putting everything together we find that
IV ®11]|22(s, ) < 288, + C(I, A, Ar,, A, )4 + O(I,A,,, Ar,, Ax,, Ag,, Ay)e?/?,

so that it is possible to choose a suitably small ¢, to improve the bootstrap assumption.

Estimates for |IV2{(I)007 (I)Ola (I)QQ, (I)lla @12}| |L2 Su,
example. The relevant short direction equation is

. We present the analysis of ¥2®;; as an

v

AS2 D = 53By; + BT + 162 4 BT + SI6T + I'26P
+ B3 + 20 + ¢S + 6%5¢p + B¢ + ¢pIoE + LpI2.

Then, making use of the short direction Gronwall-type estimate one obtains

’U./ U

" 1/2
V2 @11llL2(s,.0) <2 | IV2®uillzes,.) + C(Ae*»AF*)/ (/ A <Y72<1>11,772<I’11>0> du/
0

<204, + C(A.., Ar) / ( /
0 S

T = SS(I)H + (ﬁ_ — Oé)g<b11, Ty = 55@11 + (OL — 6)5@11.

1/2
V21| (|AT| + AT2)> du/,

u/ v

where

Since ® contains only the components {®11, Pag, oy, Pos}, we can analyse terms which contain ®
in a similar way. Namely, we make use of the Holder inequality to separate the product terms,
and then we make use of the Sobolev embedding theorem. When we encounter the terms ¥:®,y
and Y3®,;, we can make use of the estimate on the light cone. Finally, a quick inspection of the
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remaining terms reveals that only those related to 35 contribute to the integration. For example,
the term ¥2d¢ gives

u 1/2
/ ( / |>z72<1>n||226¢|> ' < / W2, ISl s, Wl du

1/2 1/2
< sup V201147, 150112 ) IVl (0.

u,v

< C(Ay,, Mg, , Ay)e/t.

/4

Similarly, the Hélder and the Sobolev inequalities allow us to analyse other terms which are also
controlled by e. Putting everything together one finds that

sup [|V*{@o0, Po1, Po2, P11, P12} 12(s,..) < 3Ae, .

u,v

Concluding the argument. From the estimates obtained in the previous paragraphs one
concludes that

sup ||V {®o0, Po1, Poz, P11, P12} 125, .) < 3Ae, , 1=0,...,2.

Hence, we have improved the starting bootstrap assumption. O
Using a similar method, we can obtain the following result:

Proposition 12. Assume that we are given a solution to the vacuum CEFEs in Stewart’s gauge
satisfying the same assumptions of Proposition 10. Then there exists

Ex = 6*(-[; Ae*’AF*’AEMA@”AqM A¢,sup HW?)THLQ(Su,U))

such that for e < e,, we have
A¢(8) < 3A¢*.

In order to estimate the curvature, we need L?(S,, ,)-estimates of the connection coefficients
and the derivatives of the conformal factor up to third order. These estimates can be obtained,
except for p and o, by a method similar to the one used in the previous proof. For these
coeflicients, instead of considering their n-direction equations, we make use of their long direction
equations and the Codazzi equation to obtain the required estimates.

Proposition 13 (further control on the L?-norm of the connection coefficients). As-
sume again that we have a solution of the vacuum CEFEs in Stewart’s gauge in a region D} Ve
with

sup ||{/J‘7 )‘7 O[7ﬁ, €, 0,0,T, X, 217 227 E3u E4}‘|L°°(Su,‘u) S o0

uU,v

sup HW{M? )‘a «, ﬂv €p,0, Ela 223 E3a E4}HL4(S%,”) § o0,
sup HW2{M7 >\7 «, 67 € p,0,T, Ela 223 233 E4}‘|L2(Su,v) S 0.9]
Ag(S) < o0, Agp < 00, Ay(S) < o0, Ay < 00

for some positive Ar s, and furthermore that

sup ||y73{/1'a )‘7avﬁa €T, 21; 227 E37 Z4}||L2(Suvv) < o0

u,v
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on Div.. Then there exists e, = ,(I, A, , Ar,,As,,As,, Ao, Ay) such that for e < e,, we have
sup HWS{IU‘? )\a @, 57 6}| |L2(Suyu) < BAF* 5
U,

sup Hyg{p’ O-}HLQ(S,L,U) < C(I7 Ae,mAF,mA(I)*vA‘b)v

u,v

sup HW?’{T’ X}”LZ(Su,u) < C(Ia Ae* ) AF* ) A‘I’* ) A‘I>)7

U,v

sup |V 2| z2(s,.,) < 3As,,

sup ||V {1, %3, a}|lr2(s,.) < CU, Ac,, Ar,, Ax,, Ag, ).

Proof.
Bootstrap assumption. We make the following bootstrap assumption to start the proof:

sup HWS{/J’7 )‘, «, 67 €}||L2(Su,v) S 4AF*7

u,v

sup [[V27||L2(s,..) < A,

u,v

sup \W?’{Eh22,23,24}”&(5”,”) <4Ay_,

where A, is a constant whose value will be fixed later.

Estimates for p and o. We first estimate p and o using the long direction equations (13m)
and (13f) as we want to avoid the higher derivatives on sphere in the short direction equations.
From the full expression of ||[V?p|| L?(S...) (see Appendix C in Paper I), we will analyse four typical
terms namely, 63p, £6%p, 666p and £28p. For the term 63p, we have

D&3p =T7 4 T36T + T(6T)2 + T25°T + 0T0°T + pd> (€ + €)
+ (4 — 26+ 5p)83p + 0035 + 5630 + 00%5p + 53 Dyy.

The term 6T'6I" can be estimated as

16T | 2(80.) < VT Lo (80 IV2T ]| L4(S00)
< C(AIVT | Lacs,..) (VT L2s,.) + V2T 2s,.)) »

where I" contains €, p and ¢. Then, making use of the norm of ®yg on the long light cone, we find
that

v v 1/2 v 1/2
/ ||63(I>00||L2(3u,v’)dvl S (/ /g |53¢)00|2d1}/> (/ 1d1/> S C(I)|W73(I>OO||L2(Nu(0,v))-
0 0 ; 0

w,v’

Hence, the long direction of inequality in Proposition 3 yields
18%lls...) < O Ay Ar. B 8a) + CUL AR [ (170l o + [7°0llz26s,..0) '
0

For the term wd?p, we readily find that

=50l z2(s. ) < NIl (5 I7%ll 225, ) < C(Ar,).

Similar estimates can be found for d@dp and w?2Jp. Hence, we conclude that

IV2pllL2(s,.) < CUL, Ae,, Ar,, Ag,, Ag) + C(I, AF*)/O (HWBPHL?(SM,) + (V0| L2(s /)) dv’.

u,v
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From here, using Gronwall’s inequality one finds that
IVl 2(s..0) < CU, Ac,, Ar,, Ag, , Ag) + C(LAF*)/ V20l L2s, ) dv".
0

In order to estimate |[V30]|2(s, ,), we need to control the third order derivatives of o for exam-
ple ||6%0]|p2(s, ). Using integration by parts and the structure equation (Codazzi equation) (13q)
one finds that

16% | 22(s,.0) S 18°PlIL2(s,.) + UL A, Ar,, Ag,) + IV o1 [|2(s

u,v)

3
+CO(I A, Ar,, As, Ae ) D |V G025 6

i=0
so that, in fact, one has
IV°pllL2(s,..) < CT, Ac,, Ar,, As,, As) + C(I, A, , Ar,, Ax,, Ag,, Ay )e
o) [ 19l
Now, using Gronwall’s inequality one concludes that
IV°pllz2s,.) < O, A, Ar,, Ag,, Ag) + C(1, A, , Ar,, Ax, , Ag,, Ay,
so that ||W3/)||L2(S)u,u is bounded. Moreover, one has that

V30| 2(s,..) < O, Ac, . Ar,, Ao, , As) + C(I, A, , Ar,, Ax,, Mg, , Ay)e.

Estimates for 7 and y. The A-equation for Y37 can be obtained from the structure equa-
tion (13b) and the commutator relationship. More precisely, one has that

D&t = 63(B¢y) + 6301 + I6°T) + 631 + 1620,
+ 6T0°T 4 T26°T + 36T 4 T'(6T)?,

where I'; contains €, a, 3, p and o. Then, using the bootstrap assumption and the definition
of Ay, we obtain

V37| L2(s,0) < CULAc,, A, A, , Ag) + C(I, Ac, , Ax, , A, Ag,, Ay)e
O AR [ IR ligs, '
so that using Gronwall’s inequality we conclude that
IV°7l|2(s,.) < C(L, Ae,, Ar,, A, , Ag) + C(Ae,, As,, Ar,, A, , Ay)e.

We can then choose the constant A, larger than the right side above so as to improve the
bootstrap assumption. The estimate of y is similar:

||W3X| |L2(Su,v) < C(Iv Ae* ’ AF* ’ Aq’* ) A‘D) + O(Ae* ’ AE* ’ AF* ’ A‘i’* ’ A¢)€'

Estimates for the the remaining spin connection coefficients. To obtain the estimates
for

HWS{NH Aa «, 6) €}||L2(Su,u)7
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we make use of their short direction equations. Since the proof are similar, we only show the
details of € as a representative example. In this case the relevant equation is

AS3e = —53(Zgpg + ®12) + 3Ty + T6%e + 6TG°T + T26°T + 36T + T'(6T)% +T°,

where I'; does not contain e. We can then make use of the short inequality in Proposition 3 and
obtain that

IV°%€llz2(s,. ) < 281, + C(L A, Ar,, Mg, Ag)e™! + (1),
Choosing the integral range sufficiently small we conclude that

V%€l L2(s, ) < 3Ar,.

The estimates of HW?’{,LL,)\,a,ﬁ}HLz(Su,U) are similar. Hence, we have improved the bootstrap
assumption for the connection coefficients.

Estimates for Y3Y,. The short direction equation for 635 can be analysed by the same method.
Starting from

A8y = 1388, + T6X90T + 2625 + 61628, + 6520%T + 6%,

+ > ONERIE 6 By,
i14...+24=3

where I" contains 7 and it is observed that the terms in the summation will contribute higher
order of ¢ in the integration. Then applying Proposition 11 we find that

IV°Sall12(s,..) < 245, + C(I,Ac, , Ar,, Ax,, Ag, ) + 0(c),

where the term o(e) arises from the summation.
Estimates for Y2%;. In this case one has that the A-equation for A§*%; is of the form

ASY) = 55012 4 STV, + VSV P + odVT + OV2E,

+sT% 4+ sTT + s0°T+ Y §"ES=T6"D,
11+...+14=3

here the first line on the right hand side contains the leading order contribution, and ® does not
contain ®95. From this equation one readily obtains that

vazl ‘ |L2($u,v) < O(Ia Ae,{ ’ AF,{ ’ AE* ’ A@*)é‘ + 0(6)'

Estimates for Y3X3 4. In this case the term contributing to the leading order of the estimate
of [|V°%s]l2(s,.,.) 18

AS3E3 = Tl 4 TV S, + SoT2VT + 5o (V)2 4+ T2V28, + SoTVAT + S,V°T + TV3E,

+ ) SMESRT6 S,
i1+ Fia=3

again here the first line of the right hand side offers the leading contribution, and gives
|‘Y7323‘|L2(Su,v) g C(I’ Ae* ’ AF* ’ AE* ’ Aq)* )E + 0(6)'
Concluding the argument. From the analysis above, it follows that we can choose

Ex = 6*(17Ae*vAF*7A2*7A¢*7A®*7A¢7A¢‘)7

33



sufficiently small so that
sup ||W3{H7 )‘7 «, /87 €}| |L2(Su.v) S SAI‘*,
sup ||W3{p7 U}' |L2(3u,v) < C(I7 Ae* ) AF* ) A‘P* ) A‘P)a
u,v

sup [V {7, x}|z2(s,..) < C(I, Ac,, Ar,, As,, Ag),

uU,v

sup |V 5ol 12(s, ) < 3As,,

sup ||W3{217 Y3, E4}||L2(Su,v) < C(Ia Ae* ’ AF* ’ AE* ) Aq)*)E;
on D! ,.. 0O

6.4 The energy estimates for the curvature

In this subsection, we show how to obtain the main energy estimates for the components of the
Ricci and rescaled Weyl curvature.

6.4.1 Analysis of the rescaled Weyl tensor

We begin by introducing some integral identities which follow from using integration by parts in
the conformal equations satisfied by the components of the rescaled Weyl tensor, equations (21a)-
(21h). The proof of these results follows the same arguments used for the components of the Weyl
tensor in Paper I as the (vacuum) Bianchi identities have an identical structure to that of the
equations for the rescaled Weyl tensor and are thus omitted.

Proposition 14 (control of the angular derivatives of the components of the rescaled
Weyl tensor). Suppose that we are given a solution to the CEFEs in Stewart’s gauge and
that D, , is contained in the existence area. The following L* estimates for the components of
the rescaled Weyl curvature hold. First,

3 o2+ / Qo2

i=0,1,2 Y Nu(0,0) j=1,2,37N}(0.w)
<> [ ks X [ @ePs [ ener,
i:%:m No(0,v) j:lz,:2,3 NE(0,u) Do
then
vol+ > [ Qwel< X [ web+ X [ qweP
i—oz,l,Q//\/u(Ow) j:;;g N (0,u) 1:02,2 No(0,v) jﬂg,s N3 (0,u)
+ [ Woul(or® + Tl + o)

next

i=0,1,2 j=1,2,3 i=0,1,2 Y No(0,v) j=1,2,3

+ / V2o |(TIV20] + ¢IW2T| + [Wo|IVT| + I2(Wo| + oTIVT| + %),

u,v

and finally

i=0,1,2 j=1,2,3/ Ny (0u) i=0,1,2 j=1,2,3
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+/ V2ou|(TIV? 6| + ¢IV°T| + [WTI[V2| + Wo|[W?T| + T*[¥V*¢| + |V T|

+TWL|[V¢| + ¢VT[* + L[V + ¢I*[WT| + I¢),
where I stands for arbitrary connection coefficients from the collection {u, X\, o, B, €, p,0,7}.
To summarise, the previous results can be given a more general formulation:

Proposition 15. Suppose that we are given a solution to the CEFEs in Stewart’s gauge and
that D, , 1s contained in the existence area. Then we have that

m 4|2 —1lyypym 4|2 m 4 |2
) Yoo+ Y /wwu)@ "1 < Z/ Ny

i=0,1,2 7/ Nu(00) j=1,23 i=0,1,2 Y No(0,v)
+ > / Q71|Y7m¢j|2+/ V" ¢u| > VLT[V [W ¢,
j=1,2,3 Ng(0,u) Du,» i1+i2+iz+ig=m

where ¢ contains ¢, k =0,....,4, ¢g contains ¢, k=0, ..., 3.
In addition, we have the following proposition:

Proposition 16 (control of the angular derivatives of the “bad” components of the
rescaled Weyl tensor). Suppose that we are given a solution to the CEFEs in Stewart’s gauge
and that D,, , is contained in the existence area. Then we have that

m 2 1 m 2< m 9 . . )
o et | oy @ Lo sl [ I
Fowred X WRTERE e+ olIY e

usv i1+iz2+izg+ia=m

+ / Ymesl S pATE|perpiee)

s i1+i2+i3+ig=m
F[owmed X WRTERRIIvGy,
Duw i tiztiz+ia=m

where ¢ contains ¢3 and ¢y, Py contains ¢2 and Ps.

6.4.2 Analysis of the Ricci curvature

In order to estimate the L2-norms of the components of the Ricci tensor we need inequalities
analogous to the ones used for the rescaled Weyl tensor. In order to obtain these, we first
need to regroup the conformal equations for the Ricci tensor shown in Appendix A.2.3. More
precisely, we pair the components ®p; and ®;; by analysing equations (19b) and (19h); pair the
components ®p2 and P15 by analysing (19¢) and (19g)+(191); pair the components $1; and $12 by
analysing (19d) and (19g); pair the components ®g; and ®g2 by analysing (19b)+(191) and (19h).
Making use of this strategy one obtains the following:

Proposition 17. Suppose that we are given a solution to the CEFEs in Stewart’s gauge and
that D, , 1s contained in the existence area. Then we have that

|(1),|2_|_ / Qfl‘@,‘Z < / |(I);‘2+ / Q71|(I),|2
2 /N 2 N (00) =2 No(0w) 2 N5 (0,u) ’

@;e@p, /Nu(00) P,€Ds D,EDy, D,€Ds

+/ q)HF(I)—l—/ PyXo,
D D

u,v u,v

where @1, == {Pgo, Po1, Po2, P11}, s = {Po1, o2, P11, P12}, € = {Poo, Po1, Poz, P11, P12, o2}
and ®g = {Pgo, Po1, Po2, P11, P12}
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Proof. For simplicity, we demonstrate the argument with the conformal equations (19a) and (19j)
written in the form

Adyy = D19 + T + X¢,
D®y;, = 6®g + T'D + Do

Integrating by parts we have that

/ |@oo? +/ Q@01 |? S/ | oo |? +/ Q7 Po1?
N (0,v) N/ (0,u) No(0,v) N§(0,u)

+/ (‘500,@01)F@+/ (oo, Po1)X0.
D D

u,v u,v

A similar argument applies to the pairs ®o; and P17, Pgo and P15, P17 and Pqo, Po; and Pgo.
Putting everything together we obtain the required result. O

Now, applying the angular derivatives to the conformal equations we obtain the following
statement:

Proposition 18. Suppose that we are given a solution to the CEFEs in Stewart’s gauge and
that Dy, 1s contained in the existence area. Then we have first that

Z/ Vo + Z/ QWD < Z/ Vo[ + Z/ Qw2
Biedy 7 Nu(00) ®eds  NI(O0w) @0, T No(00) 3,edg N3 (0u)

4 /D V@ | (BT2 + TV + BYT) + / V| (S6T + SI7S] + SI76)).

u,v u,

and also,
3 / e+ 3 / Qe < S / e+ S / o e
Picdr Nu(0,0) ®eds N7 (0,u) P,edy, No(0,v) P;eds N§(0,u)

+ / V20 |(DIV2®] + @[W2T| + [V O|[YT| + I*[Ve| + ST|VT| + @)

u,v

+ /D V2@r|(S0I? + ToVE| + TEVe| + SoVT| + V|V E| + oV *E| + Z(W29)),

u,v

and finally,
S [ owers > [ owteps S [ weps 3 [ Qptep
d,ed, N (0,v) ®,€ds N/ (0,u) d,ed, No(0,v) ®,edg N§(0,u)

+/ Vo0 |(DIV°@] + [V°T| + [WT|[W2@| + [V @[[V2T| + IV ®| + D O[VT

| + LWLV |+ ®|VT|> + [V ®| + ®I*VT| + D)
+ / V@i | (V30| + ¢IV°S| + (V28| VS| + VS|V 8| + ST V30| + S¢|V°T|

u,v

+ V28| + DIV E|[V ¢l + SV + ¥V
+ ¢l VS| + SUW | + Sl VT + Del?).

As before, we can summarise the previous estimates in the following more concise statement:
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Proposition 19 (control of the higher angular derivatives of the components of the
Ricci tensor). Suppose that we are given a solution to the CEFEs in Stewart’s gauge and
that D, , 1s contained in the existence area. Then we have that

P, edy, D;edg N/ (0,u)
< Z |y7m(I)i|2+ Z / Qfl‘wm@jp
@,c0, No(00) ® 05 I NG (0.u)
b [owmeal Y (RUTEPETIR] - Y e),
v i1+iz+iz+ia=m

where m =0, 1, 2, 3.

Using equations (19e) and (19f) we can obtain a similar control over the components @19
and $95. More precisely, one has that:

Proposition 20 (control of the higher angular derivatives of the “bad” components
of the Ricci tensor). Suppose that we are given a solution to the CEFEs in Stewart’s gauge
and that D, , s contained in the existence area. Then we have that

/ Y 4 / QY Bl < / " 4 / Q" 0o ?
N (0,v) N!(0,u) No(0,v)

0(0,u)

4 / DA WIS 8 Tl A ) kI

v t1+iz+iz+ig=m

wfowrea Y wRrveTivel

v t1+iz+izg+ig=m

+ / FA NI S A OV e

u,v i1+i2+iz+ig=m

" /D (V™" @ra 7T [V X[|F 6] + W™ Doo|[F 1 T2 [W2 [V 0y ])

u,v

where T does not contain T and x, ® does not contain Pog, Py does not contains Pao and oo,
¢ contains ¢3 and ¢y, ¢y contains ¢2 and Ps.

Making use of the previous estimates for the Ricci tensor, we can show their boundedness in
the truncated diamonds:

Proposition 21 (control of the components of the Ricci tensor in terms of the initial
data). Suppose we are given a solution to the vacuum CEFE’s in Stewart’s gauge arising from
data for the CIVP satisfying

Ae,, Ar,, Ax,, Ap, Ay, < 00,
with the solution itself satisfying
sup||{, A, B, €, p, 0,7, X Vit |ne(s,. ) <00, sup[[W{m A o By 60,0 Vil 14(s,,) < 00,
iug\lWQ{u, A a,B,€p,0,7, Db L2s,,,) <00, Sffwg{”’ Ao, B6,7 i s, ) < oo,
A;p(S) <oo, Ag<oo, Ay(S)<oo, Ay <oo,

on some truncated causal diamond D/, . Then there exists e, = e,.(I,A.,,Ar,,As,,Ag,,Ay)
such that for e, < e we have

Ay < C(I,A.,,Ar,,As,).
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Proof. We need to control the integration in D, , in Propositions 19 and 20. Firstly, we focus on
Proposition 19. We need control

/ W oul > (WOTRWETV |+ [WETE TSV g),
v i1+i2+iz+ia=m

where @ = {®gg, Po1, Po2, P11, P12}. We can separate [V ®p| and the summation using the
Holder inequality. In turn, the term [¥™®p| can be controlled as follows:

u v 1/2
||qu)HHL2(Du,v) _ (/O /0 /S|Y7m(I)H|2> < CA¢51/2.

We observe that as ® contains ®a2, we can only control it on N,. Accordingly, we have that
V" ®|L2(p,.,) < CAg.

Next, we need to analyse the L?-norm of the summation. Observing that the first term of the
summation has a structure similar to that of the Weyl tensor ¥ in vacuum Einstein case, we
readily obtain that this term is controlled by

C(I,A.,,Ar,,Ag,, Ag)e'/?.
The second term in the summation can be shown to be less than

Chge 37 IWITEYEEY Gl a(p, -

i1+i2+iz3+ig=m

Every time we encounter the components ¢g to ¢3 and their derivatives, we can control them
through the L?-norm on the long light cone A,,. Moreover, by analogy to ®2, we control ¢, and
its derivatives on the short light cone N. Hence following the same procedure we can obtain
that this norm is less than

C(I7 Ae* ) AF* ) AE* ) A‘I’* ) Ad?a A¢)E3/2'

In the next step, we consider the terms on the right hand side of the estimate in Proposition 20.

The terms
/,

can be controlled in the same manner as it was done in Proposition 19 and are bounded by

u

DX ST S A Nl AN ]

i1+i2+iz+ia=m

C(I,Ac,, Ar,, Ag,, Ag)e'/?.
Next, the terms
[owreal Y prrpereey|
v i1+i2+iz+ig=m
can also be controlled because it does not contains the term (®95)2?. Moreover, the terms
> [ wreapirtyisiyte
i1+i2+iz+ig=m Du,w
can be controlled by

C(Ia Ae* ) AF* ) AE* ) ACI?‘* ) A¢7 A¢)€3/2'
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In the case of the term
R ™D DI 4 40 o )
u,v i1+iz2+iz+ia=m

we readily found that it is bounded by

C(I,A.,,Ar,,As,) / V"™ ®az || L2 (0,u)) Z IV @22 L2 (A7 (0,u))
0 i=0

v m
< C(I,AeHAFHA@)/O Z\|771®22||%2(N;(o,u))-
1=0
Similarly, we also have that
v
S [ RTeaT YRyl < RO AL A A Ae Ag) [T Bl 0.0
i1+i2+iz+ig=m w,v

Putting together the above estimates in the inequality of Proposition 20 we have that

3

D NV ®l[F2nr) < CAa, +C(I, A, Ar,, As,, Aa)e'/? + C(I, A, , Ar,, Ax,, Aa,, Dy, Mg )/
=0

+ (C(Iv Ac,,Ar,, A‘P*) + O(I’ Ac,,Ar,,Ax,, Ag,, A¢)€3/2) / Z HWZ(I)22| |i"’(./\/,,j(0,u))'
0 i=0

Thus, applying the Gronwall’s inequality, we obtain that
Ag < C(Iy Ae* ) AF* ) A<I>*) + O(I7 Ae* ) AF* ) AZ* ) A‘I’,{ ) A@)51/2 + 0(61/2)'

Finally, taking ¢ small enough we prove the proposition.
O

The final ingredient in our analysis is the following proposition whose proof is analogous to
that of Proposition 17 in Paper I:

Proposition 22 (control of the components of the Rescaled Weyl tensor in terms
of the initial data). With the same assumptions in proposition 21 on some truncated causal
diamond D, .. Then there exists e, = e.(I,Ae,,Ar,,Ax,,As,, Ny, ) such that for e, < e we
have

A¢ < C(IaAe*aAFHA@*aA(b*)'

7 Concluding the argument

The estimates obtained in the previous sections can be used in a last slice argument to obtain
our main result. The proof is completely analogous to that given in Section 7 in Paper I and is
thus omitted.

Theorem 2. Given smooth initial data on &~ UN. for 0 < v < I as constructed in Lemma 3,
there exists € such that an unique smooth solution to the vacuum conformal Einstein field equations
exists in the region where 0 < v < I and 0 < u < e under the coordinate system and € can be
chosen to depend only on A.,_, Ar,, As,, As, and Ay, . Moreover, in this region

1 2 3
sup sup max{) |Vl =(s,.)> > IV Tllza(s..00 D IV Tllz2cs, 0}
0 i=0 i=0

w,v Te{x 1\, p,0,0,3,7,€}
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1 2 3
+sup max{D IV Zellre(s,.0 D IV 2llpes,s X IV Ealliacs, )

i=0 =0 =0
+A<I> +A¢ S C(I,Ae*aAF*aAE*ﬂA‘@*’Ad’*)

and
1 ' 2 . > ;
sup max{z V51 .4l 1 (s, ) Z IV'%13.4]l24(50.0)5 Z V%1 3,4ll22(5,.0)}
u,v i—0 i=0 1=0
< C(Iv Ae* ) AF* ) AE* ) A(I)*)E'
Acknowledgements

DH was supported by the FCT (Portugal) IF Program IF /00577/2015, PTDC/MAT-APL/30043/2017
and Project No. UIDB/00099/2020. PZ acknowledges the support of the China Scholarship Coun-
cil.

A The conformal field equations in the NP formalism

This appendix serves as a quick reference to our equations. Throughout, we make use of the NP
formalism in the conventions used in the book [19] which, in turn, follows the conventions of [20].

A.1 The NP field equations

Given the NP frame {1, n®, m? m?}, we denote by D = [?V,, A = n?V,, § = m*V,,
0 = m*V, the associated directional derivatives. The commutators are then given by

(AD — DAY = ((v+79)D + (e + A — (F+ )8 — (T + 7)0) 1, (12a)
(6D —Dé)p = ((a+ B —7T)D+ kA — (p+e€—€)d — b)Y, (12b)
(A=A = (—vD+ (T—a—B)A+ (u—7+7)8+ ), (12¢)
( (12d)

86— 88) = (11— 1)D + (0 — P)A + (@ — B3 — (@ — B)5)u.

where 1 is any scalar field. Here and in the following we highlight the terms which vanish in our
gauge.

We use the same notation as in Reference [6] to denote the components of Weyl spinor ¥ 4pcp
and trace-free Ricci Spinor ‘I)AA’BB/7 namely {\I/(), \111, \112, \113, \114} and {‘I)OO, q)()l, (1)02, (13117 ‘1)12,
®9o, A}. In particular, we have that

1 1 1
Qo = 5R{ab}lalba gy = §R{ab}lamb7 o2 §R{ab}mamb7

1 1
@11 = ZR{ab} (lanb —+ mamb), (1312 = iR{ab}namb,

1
Dop = *R{ab}nanb, A= _ﬂRv
where Ryqpy = Rap — iRgab.

The structure equations, in turn, have the form

Ae—Dy=A—Dyy — Vo +€(27v+7) +v€+rr — fr—af —ar — T — (7, (13a)
Ak —Dr=—-P0 -V + 3k +79k —Tp— 7o — €T + €T — pT — OT, (13b)
Am — Dy = —®y; — U3+ 3ev + év — ym + 4T — um — AT — AT — U, (13c¢)
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87— AB = @19 — ay — 287 + BY + a\ + Bu — € — vo + 4T + pr, (13d)
e — DB = -0y + ae+ Be+ vk + kpu — € — Bp — ao — 7o, (13e)
0k — Do = —VUy+ ak + 3k — kT — 3e0 + €0 — po — po + KT, (13f)
Sv — Ap = Poo + A+ v+ + p? — av — 38y — v + v, (13g)
0m —Dp=—-2N—Vy+epu+eu+rv+arm—fBr— a7 — up — Ao, (13h)
6T — Ao = Doy — ki 4+ A\p — 370 + 50 + po — ar + BT + 72, (13i)
68 —ba=—A— Py + Uy —ad+ 208 — B — ep+ e —1p — pp + 7+ Ao, (13j)
5y —Aa=V3 — By —ay+ LA+ aji — eV —vp+ AT + 7, (13k)
de — Do = —P g + 20 + fe — €+ Vi + kXA — emr — ap — p — (35, (131)
6k — Dp = =gy + 3ok + fr — km — ep — ép — p? — 05 + AT, (13m)
Spp— 0N = —Po + Ug — @\ + 36\ — ap — B — pm + fim — vp + vp, (13n)
v — AN =Ty + 37\ =N+ A\ + Mo — 3o — Bv — vw + U7, (130)
om — D\ = —®gg + 3e\ — e+ kv — am + B — 12 — \p — jud, (13p)
b0 —0p=—®y + V| — kp+ ki — ap — Bp + 3ac — fo — pr — pr, (13q)
0T —Ap=2A+Vy — kv —yp—Fp+ fip + Ao + ar — BT + T7. (13r)

A.2 Conformal vacuum Einstein field equations

The rescaled Weyl spinor ¢ 4o p is related to the Weyl spinor W 4pcp of the NP formalism by
¢ascp =2 " Wapcep.
Moreover, ¢ 4spcp is related to the spinorial counterpart of dgpeq via
daA'BB'CC'DD’' = —PABCDEA'B'€C' D! — PA'B'C'D'€EABECD-
We denote the components of ¢ s4gcp by
po=Z""Wg, Go=E""V, ¢ =E Wy, ¢=F"'0y, ¢3=E""03 ¢ =E""0,
The spinorial counterpart of the Schouten tensor is
Laapp = —ANeapearp +Paparp.
Finally, we denote the components of the derivative of the conformal factor = by

21 = DE, 22 = AE, 23 =0

(1]

=Eo1, 2X4=20

(1]
(1]

10’ -

A.2.1 The first conformal Einstein field equation
The spinorial counterpart of the first conformal Einstein equation, equation (2a), is
Vep'VaaE = —EPapap + seapéarp +ENeapenp. (14)

When we decompose it in terms of the NP null tetrad we obtain

—21(6 + E) + Yk + X3k + DYy = —E(Poo, (153)
22(6 + E) — 237'( — Z4ﬁ + DZZ =S5+ ZEA — E(pll; (15b)
—23(6 - E) + EQH, - 2177' + DZg = —Eq)()l, (15C)
7) (15d)

~S1(y+7) + a7 + D37+ AX =5+ EA - EPyy,
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EQ(A)’ + ) — Xgv — Xy + AEQ = —5@22,

/

—23(7 — ;) — 2117 + EQT + AZg = —E(I)lg,

—Yi(a+ )+ X3p+ Xa0 + 651 = —EDqy,

Yo(@+ B) — yd — Sapu + %9 = —Ed,,

—Ya(—a+ B) = T1A + Ta0 + 6X3 = —EPo,
Sa(—a+8) —Zip+X0p+ 68y = —s—EA —EPq;.

A.2.2 The second conformal Einstein field equation

The spinorial counterpart of the second conformal Einstein equation, equation (2b), is given by

B'=

Vaars =AVAaZE — (PABA/B/VB =.
Its decomposition in terms of the NP null tetrad is given by

—Ds = —X1A 4+ Xo®gg — Xy Pgy — 3P0 + X1 P14,

—As = —3A + 3P — EyP1a — E3Po1 + X1 Do,

—0s = —ZgA + 22@01 — 24(1)02 — 23(1)11 + Zlq)lg.
A.2.3 The third conformal Einstein field equation

The spinorial counterpart of the third equation is

Vaa®pepc —VepPacac =epcepcVaah—eaceacVpp A

T D’ _ D =
— ¢apc'p€aBVe” E— dapcpEarp V. o E.

The independent components of this equation can be found to be

A(I)o() — 6@10 + 2DA = @00(27 + 2’7, - ,u) - 2@10(07 + T) - 2(1301’77' + 2(]:)11ﬁ + @200’

+ Y361 — X102

Ay — P11 + A = D1 (27 — p) + Pooi/ + P12p + Poro — Pigh — 28117 — PpoT

+ X3h2 — L1901,

ACDQQ — (5@12 = @(]2(2"; — 2;, — /J) + 2@12(07 — 7') + 2@()117 + (I)QQO' — 2@115\

+ X303 — X104,

Aq)ll - 5(1)21 + AN = (D(nl/ + @1017 + @21(2ﬂ - T) + (I)ggﬁ - ‘1)205\ - 2@11/}, - (1)1277'

+ Yodo — L4¢3,

A@lg — 5@22 = @22(2@ + 26 - T) + (I)OQV + 2@1117 — 2(1)12(;, + M) - 2(13215\

+ Y03 — Xada,

D‘I)Qg - 6@21 + 2AN = (I)Qg(ﬁ — 2¢ — 2€) + 2(1’21 (ﬁ + 77'(') + 2@127{' - @205\ - 2(1)11/,[,

+ X3¢3 — Yoo

.D(I)lg — 6(1311 + oA = @0271’ + 2(1)117_1' + (I)lg(ﬁ — 2€) + (1)210' — (I)ng{ — @105\ — <I>01,u

— o1 + E3do,

D@11 — 619 + DA = Po17 + 1o(7 — 20) + 2@11p + P200 — Porri — P12kt — Poopt

— X401 + X1¢o,

D@OQ — 5@01 = (1)02(26 — 2€+ ﬁ) + 2(1)01(77 — ﬂ) + 2@110’ — 2(1312H — (I)OQS\

— Xago + X3¢,

D‘bo]_ - 6@00 == 2@01(6 + [3) + (I)O()ﬁ' + 2(1)100' - 2@00(07 + 6) - 2‘1)11/*{ - @OQF{,
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(16)

(17a)
(17b)
(17¢)

(18)

(19a)
(19b)
(19¢)
(19d)
(19¢)

(19f)

(19h)

(19i)



— Yo + X191, (19j)
0®19 — 0Po1 = Poo(p — 1) +2P11(p — p) + 2P10a + P20 — 28p100 — Pogo

+ Sy — T3d1 — S1¢2 + T162, (19k)
§®11 — dBoy + 0A = 202 (B — ) + Po1 (1 — 2/) + P12(2p — p) + Pigh — o0
+ Xa¢1 — B(¢2 + d2) + S1¢s, (191)
0Py — 0D1p = 2011 (11 — 1) + Paz(p — p) + 2@128 + P2 — 28218 — Dp2A
+ Sa(p2 — ¢2) — T3d3 + S40s. (19m)

A.2.4 The fourth conformal Einstein field equation

The spinorial counterpart of the fuorth conformal Einstein equation, equation (2d), is given by

Vperdape” = 0. (20)

Its decomposition in terms of the NP null tetrad is given by

Apg — dp1 = —2¢1(B + 27) + ¢o (47 — p) + 3920, (21a)
Ap1 — 62 = 2¢1(7 — 1) + dov + 230 — 3T, (21b)
Apy — 03 = 2¢3(B — 7) — 32t + 2¢1 + P40, (21c)
Aps — 6y = d4(48 — 7) + 3o — 2¢3(y + 2), (21d)
D¢y — 6¢o = do(m — 4a) + 201 (€ + 2p) — 32k, (21e)
Doy — 61 = 2¢1(m — ) — g + 3d2p — 2¢35, (21f)
D3 — 6¢y = 2¢3(p — €) — 201X + 3w — dars, (21g)
Doy — 03 = pa(p — 4e) + 2¢3(a + 27) — 3o\ (21h)
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