QUANTUM DIFFERENTIALS ON CROSS PRODUCT HOPF
ALGEBRAS
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ABSTRACT. We construct canonical strongly bicovariant differential graded al-
gebra structures on all four flavours of cross product Hopf algebras, namely
double cross products A — AxH < H, double cross coproducts A «

AvaH — H, biproducts A:AKB and bicrossproducts A — AwiH — H on
the assumption that the factors have strongly bicovariant calculi Q(A), Q(H)
(or a braided version Q(B)). We use super versions of each of the construc-
tions. Moreover, the latter three quantum groups all coact canonically on one
of their factors and we show that this coaction is differentiable. In the case of
the Drinfeld double D(A, H) = A°Pr<H (where A is dually paired to H), we
show that its canonical actions on A, H are differentiable. Examples include a
canonical Q(Cq[GL2 x C2]) for the quantum group of affine transformations of
the quantum plane and (Cy [Poincy,1]) for the bicrossproduct Poincaré quan-
tum group in 2 dimensions. We also show that Q(Cq[GL2]) itself is uniquely
determined by differentiability of the canonical coaction on the quantum plane
and of the determinant subalgebra.

1. INTRODUCTION

A modern ‘quantum groups’ approach to noncommutative geometry starts with
differential structures on quantum groups or Hopf algebras and associated comod-
ule algebras, expressed in the form of a differential graded algebra (DGA), see [3]
and an extensive literature. In general, there will be many such DGAs on a given
Hopf algebra even if we demand left and right translation invariance (i.e., bicovari-
ance). The most general result here, an immediate consequence of the Hopf module
lemma first pointed out by Woronowicz[24], is that bicovariant calculi at first order
correspond to (say) right ideals of the augmentation ideal that are stable under the
right adjoint coaction. This, however, only translates the problem to finding such
ideals. If the Hopf algebra is coquasitriangular and essentially factorisable then a
general classification was obtained in [14] and later in [2] in terms of the irreducible
corepresentations, but for other types of Hopf algebra there are no such general
results. Of particular interest are inhomogeneous quantum groups, normally some
form of cross product of ‘translations’ and ‘rotations’ coacting on another copy of
the former. This is needed in physics for a quantum Poincaré group coordinate
algebra coacting on quantum spacetime, but until now there has generally been no
canonical choice of differential structure needed further to develop the geometry of
such inhomogeneous quantum groups.

Here we solve this problem for all main flavours of inhomogeneous quantum groups
in a way which, rather than classifying all bicovariant calculi, selects out a canonical
calculus for given calculi on the factors with the property that the inhomogeneous
quantum group coacts differentiably on its canonically associated comodule alge-
bra. This applies to biproduct Hopf algebras As<B where A acts and coacts on a
braided-Hopf algebra B from the same side[22, 12, 8] and the biproduct coacts on
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B, bicrossproducts AwiH where H acts on A and A coacts on H [9, 8] and the
bicrossproduct coacts on H, and double cross coproducts A»«H where each factor
coacts on the other and the double cross coproduct coacts on each factor. The
fourth flavour is in principle the double cross product AtH where each factor acts
on the other and the double acts canonically on A*, H*, but differentiability would
need us to have calculi on A*, H* which is further data that would need to be sup-
plied. The special case of the Drinfeld double D(A, H) = A°Pr<iH in the generalised
form for dually paired Hopf algebras A, H (as introduced by the 2nd author[9, 8]),
however, has a canonical action on H, A and these we show are differentiable as
actions. (This is a slightly unusual concept for a noncommutative geometer if we
think of our algebras as ‘coordinate algebras’, but arises naturally here.) We also
note that first order differential calculi on finite group bicrossproducts C(M)»<iCG,
where a finite group factorises into G, M, were classified in [20] if one wants the full
moduli of these in isolation.

Our approach starts with the notion of a strongly bicovariant exterior algebra Q(A)
introduced in [18]. Here an exterior algebra means Q(A) = @;Q¢ is a graded algebra
with a graded derivation d with d?2 = 0 (a DGA) which is generated by Q° = A
and Q! = AdA. This is strongly bicovariant if Q(A) is a super-Hopf algebra with
coproduct A, (say) where A,|4 = A, the coproduct of A, in degree zero and d is
a graded coderivation in the sense

Aud=(deid+ (1) Ted)A,,

where (—1)! lw = (=1)1*! for w of degree |w|. It was shown in [18] that the canon-
ical exterior algebra due to Woronowicz[24] of a first order bicovariant calculus is
strongly bicovariant with A,|o1 = Az + Ag in terms of the coactions on Q! in-
duced by A (that the Woronowicz construction gives a super-Hopf algebra here
was already known[4] while the supercoderivation property was new). Conversely,
if Q(A) is strongly bicovariant then A,|gi C (A® Q%) @ - @ (Q° @ A) recovers the
left and right coactions on each Q¢ as the outer components, making Q(A) bico-
variant as a left and right comodule algebra, but contains a lot more information in
the intermediate components. One can add to this the idea that an algebra B with
say a right coaction Ar : B — B ® A has an exterior algebra Q(B) such that Ag
extends to A, : Q(B) = Q(B)®Q(A) as a super comodule algebra. Then Apg is
said to be differentiable. This is used in [3] in a different context from the present
paper, namely in the theory of quantum principal bundles and fibrations. Exact
definitions and any further conditions are provided in the preliminaries Section 2.

Our canonical construction in this context will be to construct the required exterior
algebra as a super extension of the same flavour of cross (co)product. Thus we
define Q(AxH) = Q(A)<Q(H) and Q(AvaH) = Q(A)p«Q2(H) in Section 3,
Q(A< B) := Q(Ap<Q(B) in Section 4 and Q(AwH) := Q(A)»<Q(H) in Section 5,
using the obvious super-Hopf versions of the cross products. In each case, the new
part is to check that the exterior derivative d extends correctly so that the result
is strongly bicovariant, and that the canonical (co)actions where applicable are
differentiable.

We will see that this approach is remarkably effective across a range of other-
wise rather complicated examples in the literature. Thus, bicovariant calculi on
the Sweedler-Taft algebra U,(by) (a sub-Hopf algebra of Uj,(suz)) were studied
in [21] and our construction lands on the most natural one in the classification
there, albeit in the dual language of C,[B] = C[t,t |p<C[x] where C[z] is devel-
oped as a braided-line in the category of Z-graded spaces or C[t, ¢~ !]-comodules.
The exterior algebra Q(C,[By]) is in Proposition 4.8 as a warm-up to Proposi-
tion 4.12 for Q(Cy[GLyp<C2), where the quantum plane C is viewed as a braided
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Hopf algebra in the category of C,[GLs]-comodules. Moreover, our general con-
struction ensures that the canonical coaction of C,[B+] on C[z] and the canon-
ical coaction of Cy[GLyJp<C2 on CZ are both differentiable for their natural g-
differential calculi. Similarly, one of the simplest bicrossproducts beyond finite
groups is the Planck-scale Hopf algebra C|[g, g~ !]»<C[p] and Proposition 5.4 recov-
ers a known exterior algebra Q(C[g, g~ !]»<C[p]) in [17] but now uniquely determined
by the Hopf algebra coacting differentiably on C[z] with its unique finite-difference
form of bicovariant calculus. This is a warm-up for the Poincaré quantum group
Cx[Poincy 1] = C[SO;1]»U(b4) in a well-known family of models of quantum
spacetime, see [3, Chapter 9.1] for a recent account. We show in Proposition 5.5
that this has a uniquely determined exterior algebra (Cy[Poincy 1]) such that the
natural coaction of the Poincaré quantum group on the associated quantum space-
time U (by.) is differentiable. Here U (b ) with primitive generators z, ¢t and relations
[z,t] = Az is regarded as the algebra of spacetime coordinates in 141 dimensions,
equipped with its unique Poincaré covariant calculus from[23].

The larger picture that emerges in this work is that we should not choose differen-
tial structures independently on each algebra but in a coherent manner such that
natural maps between them are differentiable. Thus, it is well known following
Manin([19] that the structure of C,[GLo] itself is largely determined by its coaction
on the quantum plane (and on its Koszul dual). In passing, in Proposition 4.11, we
go a step further and show that the standard but rather complicated relations of
its 4D differential calculus are similarly determined uniquely by requiring differen-
tiablity of this coaction on the quantum plane and of the determinant subalgebra.
Also, without giving details, it follows from Example 4.6 in Section 4.2 that a pre-
viously known coaction of C4[SO; 3] on g-Minkowski spacetime is differentiable,
for a suitable choice of Q(C,[SO; 3]). The general Hopf algebraic picture here is
that if A is any coquasitriangular Hopf algebra then the coquasitriangular structure
provides a (skew) pairing of A with itself and hence a canonical ‘double’ coquasitri-
angular Hopf algebra D(A, A) = A<iA, leading to natural calculi '(A)<Q2(A) on
A<iA in Section 3.3, where we can choose the calculi on each factor independently.
Section 4.2 brings these results together with the theory of transmutation.

2. PRELIMINARIES ON STRONGLY BICOVARIANT DIFFERENTIAL CALCULI

Here we recall what is meant by a strongly bicovariant differential calculus on a
bialgebra or Hopf algebra, following [18], and what it means for a coaction by it to be
differentiable. We also look at what it means for an action to be differentiable. The
section includes some first lemmas that will be needed later as well the example of
the FRT bialgebra A(R) in the g-Hecke case coacting differentiably on the associated
quantum plane.

2.1. Super, braided and super-braided Hopf algebras. Let k be a field. We
recall that a Hopf algebra A is a unital algebra together with two algebra maps, the
coproduct A : A - A® A and counit € : A — k, forming a coalgebra, and equipped
with an antipode map S : A — A defined by (Sa))a.) = ea = aq)Sa, for all a €
A. We use the Sweedler notation Aa = a(,, ® a,) (summation understood). More
generally, a super-Hopf algebra is a Zs-graded Hopf algebra A, where A = Ay P A,
with grade |a] = i for a € A;, and i = 0,1. Here the coproduct A : A — A®A
respects the total grades and is an algebra map to the super tensor product algebra

(a®b)(c®d) = (=1)" (ac @ bd)

for a,b,c,d € A. The counit also respects the grade and hence €[4, = 0 if we work
over a field k. If A is a super-Hopf algebra then A®A is also a super-Hopf algebra,
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with
Ala®b) = (-1)"@Pwle, @by @ ap) @ be,

for a,b € A of homogeneous grade. The terms in the implicit summation are also
taken with factors of homogeneous grade understood.

The notions of action and coaction under a Hopf algebra similarly have super ver-
sions respecting the grade. Thus V =V, & V; is a super right A-module algebra if
V' is a super right A-module by <: V ® A — A and additionally

(vw)<a = (_1)|wlla(1> | (vda ) (w<as))

for v,w € V and a € A with w, a of homogeneous grade. A super right A-module
V is a super right A-module coalgebra if additionally

A(v<a) = (_1)‘7}(2)”‘1(1)‘U(l)qa’(l) & U2y z)

for v € V and a € A of homogeneous grade. Similarly, V is a super right A-
comodule algebra if V' is a super right A-comodule by A : V — V ® A, denoted
by Agrv = v® ® v® (summation understood) and additionally

Ar(vw) = (—1)‘w@||”m|v@w@ ® oD w®

for v,w € V with the relevant components of homogeneous grade. A super right
A-comodule V is a super right A-comodule coalgebra if additionally

(A®id)Agv = (71)|v(2)(07) o ® ‘U(l)@ ® v(2)@ ® 'U(l)(T)'Uu)(T)'
There is also an equally good left-handed notion of super A-(co)module (co)algebras.

The usual notion of crossed or Drinfeld-Radford-Yetter modules (cf. [8, 12, 22])
also has a super version: V is a super right A-crossed module over a super-Hopf
algebra A if V' is both a super right A-module and a super right A-comodule, such
that

(1) = =
Ag(v<a) = (_1)|U ‘(la“)lﬂa(”‘)ﬂa(”Ha<2>|u<°)<1a<z> ® (Sap )vPag,

for all v € V and a € A with components of homogeneous grade. The category
./\/lﬁ of super right A-crossed modules is a prebraided category with the braiding
U: VW —We®YV given by

(v @w) = (=) 1y® @ (vaw®)

for v € V and w € W with components of homogenous degree. This is invertible
(so the category is braided) if A has invertible antipode, which we will assume
throughout in this context.

Next we recall that a braided Hopf algebra (or ‘braided group’) B as introduced in
[11] is a Hopf algebra in a braided category C, where we view the unit element as a
morphism 7 : 1 — B, and the product, coproduct, counit € : B — 1 and antipode
are morphisms. In a concrete setting, we denote the coproduct of a braided Hopf
algebra as Ab = b,, ®b,, (for b € B, summation understood) where A is an algebra
morphism to the braided tensor product algebra so that A(bc) = by V(b ®c¢ 1)) Ca),s
with the braiding ¥ of the category on B® B. In the category of super or Zo-graded
vector spaces, this just means a super-Hopf algebra since the categorical braiding
on Bis ¥(bac) = (—1)Pl€lc®b. We will also need the notion of super braided-Hopf
algebra satisfying the same axioms as a braided-Hopf algebra but Zs-graded and
with an extra factor (—1)! Il | in every braiding. This assumes direct sums in the
category and can be viewed as a braided Hopf algebra in a super version of the
braided category where objects are of the form Vj & V7 and the braiding has the
additional signs according to the degree.
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When A is an ordinary Hopf algebra and B is a braided-Hopf algebra in M7, the
category of ordinary right A-crossed modules, there is an ordinary Hopf algebra
Ap<B. This is the bosonisation cf.[13] or more precisely the biproduct[22, 12] of B
built on A ® B with product and coproduct

(a®@b)(c®d) = acy) @ (bcy))d

Ala®b) = any @by)® ® @by ™ @by,

for a,c € A, b,d € B. This structure was found in [22] from a study of Hopf
algebras with projection (they are of this form) prior to the theory of braided-Hopf
algebras, while the above formulation is due to the second author in [12]. If A is
(co)quasitriangular then a functor[10, 8] from A-(co)modules to A-crossed modules
includes (co)bosonisation in the more strict original sense of [13]. There is also an
equally good left-handed version for braided-Hopf algebra B in the category of left
A-crossed modules 4 M which gives a bosonisation B>tA. At this point it should
be clear that these constructions too have obvious super versions, which we will use
in what follows.

2.2. Differentials on Hopf algebras. A differential calculus on an algebra A is
an A-A-bimodule Q! = span{adb} where d : A — Q! is a linear map obeying the
Leibniz rule d(ab) = (da)b+ adb for all a,b € A. The calculus ! is said to be inner
if there is an element § € Q! such that d = [, ]. If, moreover, A is a bialgebra
or Hopf algebra then Q! is said to be left-covariant if Q! is a left A-comodule with
left coaction Ap : Q' — A ® Q! such that Ard = (id ® d)A. Tt is said to be
right covariant if Q' is a right A-comodule with right coaction Ar : Q' - Q' ®@ A
such that Agpd = (d ®id)A. If Q! is both left and right covariant, it is said to be
bicovariant.

By exterior algebra on A, we mean that A, Q! as above extend to a differential
graded algebra ) = @,,>0Q" generated by A = Q% Q! and d extends to d : Q" —
Q"*1 such that d?> = 0 and the graded Leibniz rule d(wn) = (dw)n + (—1)“lwdn
holds for all w,n € . Here |w| denotes the degree of an element w of homogeneous
degree. Again, when A is a bialgebra or Hopf algebra, 2 is left covariant if it is a left
A-comodule algebra with degree-preserving Aj; commuting with d, and similarly
for the right covariant and bicovariant cases. Finally, an exterior algebra € on A is
strongly bicovariant[18] if it is respectively a super-bialgebra or super-Hopf algebra
with the super grade given by the form degree mod 2, the super-coproduct A, is
degree-preserving and restricts to the coproduct of A, and d is a super-coderivation
in the sense

(2.1) Avdw = (d®@id+ (1) id® d)A,w

for all w € Q as discussed in the introduction. It is proved in [18] that any
strongly bicovariant exterior algebra is bicovariant, justifying the terminology, with
Ap, Ag on 2 extracted from the relevant degree component of A,|q:. For example,
Aylar = Ar + Ap for the coactions on Q1.

Given an algebra with differential calculus (A4, 2!, d), one has the maximal prolon-
gation exterior algebra ,,.x where we impose the quadratic relation Zl db;dc; +
>, drjds; whenever 33, db;.c;—)_; 7jds; = 0is avelation in Q', where b;, ¢;, 75, 55 €
A. For a bicovariant (A4,Q!,d) on a Hopf algebra one has a canonical exterior alge-
bra Qyor in [24], see [16] for a modern treatment. In this case both Qpax and Qyor
are strongly bicovariant, see [16] and [4] respectively.
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Finally, in the strongly bicovariant Hopf algebra case it follows[18] by a super
version of the Radford-Majid biproduct theorem|[22, 12] that = As< A is a super-
bosonisation, where A = @;>1A" is the subalgebra of left-invariant differential forms
and forms a super braided-Hopf algebra in category of right A-crossed modules M4.

Lemma 2.1. Let A, H be Hopf algebras and Q(A), Q(H) strongly bicovariant ex-
terior algebras on them. Then Q(A® H) := Q(A)QQ(H) is a strongly bicovariant
exterior algebra on A® H with super tensor product algebra, super tensor coproduct
coalgebra and differential

dwon) =dawen+ (-1)¥wedyy
for allw € Q(A) and n € Q(H). Furthermore, QAQ H) =2 (A® Hp<(As ® An).

Proof. The graded Leibniz rule holds since d restricts to d4 and dy on Q(A4) and
Q(H), and the algebra is just a super tensor product algebra. For the super-
coderivation property, it again suffices to check this separately on w ® 1 and 1 ® 7,
where it clearly reduces to the same property for Q(A) and Q(H) respectively.

Furthermore, A ® H acts and coacts on Ay ® Ay by (v @ w)<d(a ® h) = v<da ® wh

and Ap(v@w) = v® @uW® v® Qw® foralla € Ajh € Hand v € Ay, w € Ay,

making Ay ® Ag an A ® H-crossed module since

Ar((v@w)a(a® h)) =00 @ w®)Aam @ hey) @ (S(an @ ha)) (0D @ wD)(aE @ he)
=(v04a@) @ (WO he) @ (San)) vV ag @ (Sha))w® he,
=(v<a)© ® (wah)© @ (v<aa)® @ (wah)®
=Agr((v<a) ® (w<h)).

Thus there is a bosonisation (A ® H)p<(Ag ® Ag) and it is easy to show that

QA)@QH) =2 A<As @ Hi<Ay =2 (A® Hp<(Ag ® Am) by a swap of the middle
tensor factors. O

2.3. Differentiable coactions and actions. A map between algebras with dif-
ferential structure as differentiable if it extends to a map of DGAs (possibly up to
some degree). Let A be bialgebra or Hopf algebra with exterior algebra (A) (not
necessarily bicovariant), and let B be an algebra with exterior algebra Q(B). We
first formulate the concept of differentiable coaction as also discussed in [3, Chapter
4.2]. We also note the graded tensor product of DGAs as already used above, which
then leads to following.

Definition 2.2. If B is an A-comodule algebra, the coaction Arb = b© ® b®
is called differentiable if it extends to a degree-preserving map Apg, : Q(B) —
Q(B)20Q(A) of differential exterior algebras.

Explicitly, we require A, a total degree preserving map of superalgebras such that
Ap.dp = dpgaAR«, where the latter means

(2.2) Apdpn = dpn®* @y + (=) 1p0* @ dan®*
with notation Ag.n =n©®* @ n®* € Q(B)RN(A) for all n € Q(B).

If AR, exists then it is uniquely determined from Ag. For instance, on Q'(B) we
would need

(2.3) Apg.(bdgc) = b@dgc® @ b®c® + b c® @ b d4c®
for all b,c € B, where the first term entails a well-defined map Ar : QY(B) —

QY(B) ® A (which is then necessarily a coaction of A) and the second term entails
a well-defined map

Sr(bdpc) = b0 c® @ bMdac®, 6r: Q' (B) = B® QY(A)
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for all b,c € B. In general degree the assumption similarly entails that there is a
degree preserving map Ag : Q(B) — Q(B) ® A which one can show is a coaction
making (B) an A-covariant exterior algebra, while the stronger property of being
differentiable entails all the other components of Ag, also being well defined. If
(as often happens) we are already given a covariant calculus, i.e. Q(B) as an A-
comodule algebra with dg a comodule map, we also say that the coaction Ag on
Q(B) is ‘differentiable’ if the further data for the other components of Ag, exist.

Lemma 2.3. [3, Lemma 4.29] Let B be a right A-comodule algebra and assume
that the map Ag. : QY(B) — (Q1(B) ® A) ® (B @ Q*(A)) in (2.8) is well defined
and that Q(B) is the maximal prolongation of QY(B). Then Ag is differentiable.

Proof. This is in [3] but to be self-contained, we give our own short proof. In fact,
it suffices to prove that Ag. extends to Q?(B) since the maximal prolongation is
quadratic. So we need to check that Ag.(én) = Agr«(§)ARr«(n) is well defined
for ¢&,n € QY(B). Suppose we have the relation bdgc = 0 in Q'(B) (sum of such
terms understood) which implies that dgbdgc = 0 € Q?(B). Applying Ag. to the
relation in Q'(B) we have

b dpe® @ b®Me® =0, bOc® ®bMdyc® = 0.

Applying id ® da to the first equation and dg ® id to the second equation then
subtracting them gives us

b®dpc® ® (dAb(T))C(T) — (de@)C@ ®bMdgc® =0,

which is the Q!(B) ® Q!(A) part of Ag.(dgbdpc). Applying dp ® id to the first
equation gives
de(?)dBC((T) ®RbVe® =0
which is the Q2(B) ®id part. Finally, applying id®d 4 to the second equation gives
b©®c® @ d bW d e =0

which is the B ® Q2(A) part. Since all relations in the maximal prolongation are
sent to zero then A, extends to Q%(B), which completes the proof. O

There is an equally good left-handed definition of differentiable coaction, where the
left coaction Ar : B — A ® B extends to a degree preserving map Ay, : Q(B) —
Q(A)RQ(B) of exterior algebra.

Although the above applies more generally, we now specialise to the case where Q(A)
is strongly bicovariant, which says in terms of Definition 2.2 that the coproduct
of A viewed as a left or right coaction, is differentiable. In this case Q(A) is
a super-bialgebra or super-Hopf algebra (the latter if A is a Hopf algebra) and
Ap, in Lemma 2.3 then makes Q(B) an Q(A)-supercomodule algebra. At least
in this context, we are now motivated to introduce the partially dual notion of a
differentiable action on an algebra B with exterior algebra (B). This time the
extension entails an action of A making Q(B) into an A-module algebra. Unlike
the previous case, we take this in its entirely as the initial data.

Definition 2.4. Let A be a bialgebra or Hopf algebra with Q(A) strongly bi-
covariant. If an exterior algebra Q(B) is an A-module algebra, the action < :
Q(B)® A — Q(B) is called differentiable if it extends to a degree-preserving map
a4 QUB)RN(A) — Q(B) making Q(B) an Q(A)-supermodule algebra such that
dp< = <]dB®A-

The last condition explicitly is
(2.4) dp(naw) = (den)<w + (—1)na(daw)
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for all n € Q(B) and w € Q(A).
Given an A-module algebra structure of Q(B), the extension to Q(A) for a differ-
entiable action is uniquely determined. For instance, on Q!(B) we require
dB(bﬂa) = (de)da + bad 4a, dB((de)<1a) = —(de)ddAa

where (dgb)<a is given as is dp(b<a), hence b<ad 4a is determined, and hence also < :
B ® QY(A) — QY(B). Similarly, the second equation specifies < : Q' (B)@Q!(A) —
02(B). We also require the supermodule algebra axiom, for example

(né)<daa = (n<an,)(§9daae) + (=1) (nadaag,)(E<a)

for all n,& € Q(B) and a € A, hence Q(B)2Q(A) — Q(B) is specified. We could
have said that an action of A on B was differentiable if all of the above exists but
we have not done so since the extension would not be uniquely determined from
such a starting point. Also note that dp is not required to be an A-module map,
so this data already differs from the idea that Q(B) is covariant in a dual sense to
the usual comodule notion.

Lemma 2.5. Let A be a bialgebra or Hopf algebra and Q2(A) a mazimal prolongation
of a bicovariant Q(A). If an exterior algebra Q(B) is an A-module algebra and its
action < extends to a well-defined map < : Q(B) @ Q' (A) — Q(B) by

n<((daa)e) := (nadqa)<e, n<adga = (—l)lnl(dB(nqa) — (dpn)<a)
for alln € Q(A) and a,c € A, then the original action < is differentiable.
Proof. First we check that <: Q(B) ® Q' (A) — Q(B) if defined as above gives an
action of Q!(A) in the sense
na(ad ac) =n<a(da(ac) — (daa)e) = (—1)"d g (n<ac) — (—1)1"(dgn)<ac — (n<d ga)<c

(1) ((aa)ae) — (—1)17(d p)a)<e — (n<d aa)se

(—1)l7(dp(n<a))<c + (9a)sd ac — (1) ((dpm)a)sc — (nad aa)<e
-1

(
(

)" ((dpn)<a)<e + (nad aa)<c + (n<a)ad ac — (—1)"((dpn)<a)ac — (nadaa)<c
n<a)<d s c.

We now suppose that (A) is the maximal prolongation of Q!(A) and show that we
can extend the above to a right action of Q(A) of all degrees. The higher relations
relations are quadratic of the form dgadac =0 for adac = 0 (a sum of such terms
understood) and we check that

0 =dp(n<(adac)) = (dgn)<a(adac) + (=1)"na(daad ac) = (=1)"na(dsad 4c)
as required. Indeed this gives an action of Q2(A) in the sense
na(daadac) =n<da(adac) = (=) (dp(n<ad ac) — (dpn)<adc)
=(—=1)" (dp((n<a)<dac) — ((dpn)<a)adac) = (nddaa)<dac,

and since Q(A) is the maximal prolongation of Q!(A), then there is no new relations
in higher degree and thus < can be extended further to be an action of Q(A) of all
degrees, making Q(H) a super right Q(A)-module.

Next we check that Q(B) is a super right Q(A)-module algebra with regard to the
action of Q'(A),

(n€)adaa =(—1)1"(dp((n¢)<a) — (dp(n))<a)
—1)"HE(d g ((nea)) (Eaem)) — (dpn)€)<a — (1)1 (nd p€)<a)

=(
=( 1)‘77‘“5'(dB(’?<‘a<1)))(§<la<2>) + (—1)‘5‘(77<1a<1>)dB(5<‘a<2))
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— (=) (dpn)§)ca — (=1 (ndp€)<a
=(=1)"HE(dpn)<a) () + (1) (nadaan)) (E9ae)

+ (=) (ngan)) ((d&)<ae,) + (14aq) ) (Edaac,)

— (=D)HEl(dpn)can)) (Egae) — (—1) (n<aq, ) (dpE)<ac))
=(n<an))(€<daae) + (—l)lgl(77<1d,4a(1>)(f<1a(2))

where we see the coproduct A, (daa) = any ® daae) +dacy ® aw) of Q(A). As a
direct consequence, one can find that

(né)a((daa)e) =(na(an)cm))(€a((daae )ew))) + (_1)‘5‘(Wq((dAau))C(l)))(54(‘1(2)%)))
(né)<(adac) =(n<(ancay))(§Aawdace))) + (—l)lgl(77<‘(a(1>dAC(1>))(fq(amcm))

as required for the action of general elements of Q' (A). Since Q(A) is the maximal
prolongation of Q'(A), then by taking adac = 0, one can check that

0 =dp((n¢)s(adac)) = (dp(ng))a(adac) + (~1)" ¥ (ng)a(daad ac)
implying (n€)<(daadac) = 0, making Q(B) a super right Q(A)-module algebra. O

There is an equally good left-handed definition of differentiable action, where a left
action > : A ® B — B extends to > : Q(A)@Q(B) — Q(B) making Q(B) a left
Q(A)-super-module algebra.

2.4. Differentials on the FRT bialgebra. We recall that the FRT-bialgebra[7]
A(R) over a field k is generated by t = (¢';) such that

Rtito = tot1R, At=t®t, et=id,

where R = (R';",) € M, (k) ® M, (k) where (i,5) label the first copy and (r, s) the
second. In the compact notation used, the numerical suffixes indicate the position
in the tensor matrix product, e.g. t; = t®id, to = id®t, Ro3 =id® R etc. We ask
for R to satisfy the Yang-Baxter equation RjaRi3Re3 = RozRi3R12 (equivalent to
the braid relation) and for the present purpose to be g-Hecke, which means that it
satisfies

(2.5) (PR—q)(PR+q¢" 1) =0,

where q € k, ¢ # 0, and P = (P";",) is the permutation matrix P?;"; = §°56"; in
terms of the Kronecker delta or identity matrix. The g-Hecke condition is equivalent
to Ro1 R = id+(qg—q ') PR where Ry; = PRP has the tensor factors swapped. Note
that —R;ll is also ¢g-Hecke and gives the same A(R) but ‘conjugate’ constructions
to those below.

It is already proven in [8, Prop. 10.5.1] that A(R) in the g-Hecke case is an additive
braided Hopf algebra in the braided category of A(R)®°P ® A(R)-right comodules
(or A(R)-bicomodules) with coproduct At =t®1+1®t, or in a compact notation
t” = t' + t where t’ is a second copy of t, and t” obeys FRT-bialgebra relation
provided tjtos = Ra1tot] R. This expresses the braided Hopf algebra homomorphism
property of the coproduct with respect to the relevant braiding ¥(t; ®ts) = Ra1t2®
t1 R, see [8] for details. As a consequence of the additive braided-Hopf algebra
structure, A(R) has a bicovariant exterior algebra Q(A(R)) generated by t and dt
with bimodule relations as in the next lemma. The new part is that this makes
Q(A(R)) strongly bicovariant.

Lemma 2.6. Let A(R) be the FRT-bialgebra with R q-Hecke. The exterior al-
gebra Q(A(R)) with bimodule and exterior algebra relations (dt1)ta = Rajtodt R
and dt1dty = —Ro1dtadt1 R as in [8, Chapter 10.5.1] is strongly bicovariant with
Adt =dt®t+t®dt.
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Proof. The exterior algebra was already constructed in [8], but we provide a short
check of the Leibniz rule so as to be self-contained. Thus, on generators,
d(Rtltg) = R((dtl)tg + tldtg) = RRy1todt1 R + Rt,dt,
=todt1 R + (q — qil)RPtgdth + Rtdty = Rtldtg(id + (q — qil)PR) + todt R
=Rt1dtoRo1 R + todt1 R = (dto)t1 R + todt1 R = d(tat1 R)
where we used Ry; = R™1 + (¢ — ¢~ 1) P for the 3rd equality and t1dto P = Ptodt,
for the 4th. Applying d once more to the stated bimodule relation on degree 1 gives

the stated relations in degree 2 and there are no further relations in higher degree,
which means that Q(A(R)) is the maximal prolongation of Q!(A(R)).

The new part is the super-coproduct A,, which is uniquely determined by the

super-coderivation property but we need to check that it is well-defined. Thus,

A ((dty)te) =(dt1)ta @ tito +t1to @ (dty)ty = Rortadti R ® tity + ti1te ® Rortodt R

:Rgltgdtl X tgth + R21t2t1 X tzdth = A*(Rgthdth)

on QY(A(R)). Since Q(A(R)) is the maximal prolongation, we do not in principle

need to check the relations in higher degrees due to arguments similar to the proof

of Lemma 2.3. In practice, however, we check the degree 2 relations explicitly. Thus

A, (—dtydty) = —dt dty ® tity — (db))te @ t1dby + tidts © (dty )ty — trte © dtydty
=Ro1dtodt] ® tat1 R — Rojtodti R ® t1dts + t1dts ® Roitadti R + Roitot; ® dtodt; R

A, (Ry1dtadty R) = Ry (dtadty @ toty + dta.ty @ tadty — tadty @ dta.ty + toty @ dtadty )R
=Ro1dtadt; ® tot1 R + Rog Rt1dtaRoy @ tadti R — Rojtadty @ Rt1dtaRo1 R
+ Roitot; @ dtodt R
=Ro1dtodt; @ tot1 R+ (id + (¢ — ¢ 1) PR)t1dta Roy ® tadty R
— Rogtodty ® Rtydta(id 4 (¢ — ¢ 1) PR) + Rartot; ® dtodt R
=Rodtodt; @ toti R+ ti1dty ® Rortedti R+ (¢ — ¢ 1) PRt dto Ry @ todt R
— Rortodt; R ® t1dty — (¢ — ¢ V) Rortadt; ® Rt1dta PR + Rortot; ® dtodt R.
The two expressions are equal since

PRt1dtoRo1 ® todt; R =Ro1 Pt1dts ® dtq.to = Rojtodt; ® Pdtq.to = Roitodt; ® dts.t1 P
=Ro1todt; ® Rt1dtoRo1 P = Rotodt; @ Rt1dto PR

so that (q - qil)(PRtldthgl ® tgdth - R21t2dt1 ® Rtldtng) vanishes. O

Now consider the additive braided-Hopf algebra V(R) on which A(R) right coacts.
This is the g-Hecke case of the general construction of ‘braided linear spaces’ in [8,
Prop. 10.2.8] and is generated by x = (x;) regarded as a vector row with relations
gX1X2 = XoX1 R, coaction Arx = x ® t and coproduct Ax =x® 1+ 1® x, or in
a compact notation x” = x’ + x where x’ is a second copy of x and x” obeys the
relation of V(R) provided x| x2 = x2x)¢R. This expresses the braided Hopf algebra
homomorphism property of the coproduct with respect to the relevant braiding
U (x1®x%2) = x2®x1¢R induced by the coquasitriangular structure R(t1Qts) = ¢R,
see [8, Thm. 10.2.6] for details. As before, the additive braided-Hopf algebra theory
implies an exterior algebra Q(V(R)) given at the end of [8, Chapter 10.4] with the
relations shown in the next lemma. A more formal treatment of the exterior algebras
on an additive braided Hopf algebra, which underlies both Q(A(R)) and Q(V(R)),
recently appeared in [16, Prop. 2.9]. The new part now is that A is differentiable.
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Lemma 2.7. Let V(R) be the right A(R)-covariant braided Hopf algebra as above
with R g-Hecke. The exterior algebra Q(V(R)) with bimodule and exterior algebra
relations (dx1)x2 = xadx1gR and —dx;dxs = dxodx1qR as in [8] has differentiable
right coaction with Ar.dx =dx ® t + x ® dt.

Proof. That Ag, is well-defined on degree 1 is

AR ((dx1)x2) =(dx1)x2 ® t1ta + x1X2 ® (dt1)t2 = Xodx1gR ® t1t2 + X1X2 ® Rortedt; R
=xXodx1 ® qRt1to + X1XoRo1 ® todt; R = Xodx; ® tot1gR + Xox1 ® todtigR
=AR.(x2dx19R).

This is sufficient by Lemma 2.3 since Q(V(R)) is the maximal prolongation of
QY(V(R)). If one wants to see it explicitly on degree 2, this is

AR*(—dxldXQ) = —dX1dX2 & t1t2 — (Xm)Xg &® tldtQ + deXQ ® (dtl)t2 — X1X2 ® dtldtg
:dXdelqR X tth — qXdelR X tldtg + X1dX2 X RQltgdth + X1Xo ® RQldthth
=dxodx; ® tat1gR — ¢Xodx1 R ® t1dts + x1dxs ® Roitodti R + xox1 ® dtodtgR.

AR« (x2dx1gR) = (dx2dx; ® taty + dxo.X1 ® tadt; — xodx; ® (dto)t; + Xox1 ® dtodty)gR
=dxodx; ® tot1qgR + qlede ® Ro1tadt| R — gxodx; ® Rt1dtaRo1 R + Xox1 ® dtodtigR
=dxodx; ® tat1gR + ¢*x1dx2 ® Rartadti R — gxadx; ® Rt1dt2(id + (¢ — ¢~ ') PR)

+X2x1 ® dtadtigRR
=dxodx; @ tot1gR + ¢°X1dxs @ Rartadt: R — gxadx; @ Rtidts + Xox; @ dtodtigR
— (q2 — 1)xodx1 PRs1 ® todt 1 R

which simplifies to the first expression. O

We will suppose later that A(R) has a central grouplike element D such that A =
A(R)[D™1] is a Hopf algebra. For the standard C,[GL,] R-matrix, this is just the
g-determinant allowing St to be constructed as D~! times a g-matrix of cofactors.
(Another approach, which we will not take, is to assume that R is ‘bi-invertible’
and define a Hopf algebra by reconstruction from a rigid braided category defined
by R.) It is easy to see that the above Q(A(R)) extends to a strongly bicovariant
exterior algebra Q(A) with dD~! = —D~}(dD)D~!.

3. DIFFERENTIALS ON DOUBLE (CO)CROSS PRODUCTS

Here we briefly cover the quantum group construction > from [9] and its dual »« in
the notation of [8]. The former includes the Drinfeld double of a Hopf as generalised
in [9] to the case of dually paired Hopf algebras.

3.1. Exterior algebras by super double cross product. Let A, H be bialge-
bras or Hopf algebras with H a right A-module coalgebra by <: H ® A — H and
A a left H-module coalgebra by > : H @ A — A. We suppose that < and > are
compatible as in [9, 8] such that they form a double cross product Hopf algebra
AxiH.

Now let Q(A) and Q(H) be strongly bicovariant exterior algebras, and let < and
> extend to < : Q(H)RQ(A) — Q(H) and > : Q(H)RQ(A) — Q(A) as module
coalgebras such that

(3.1) dp(naw) =(dgn)<w + (—1)"nad 4w,

(3.2) da(mpw) =(dgn)sw + (1) ped 4w
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for all n € Q(H) and w € Q(A). If < and > obey the super double cross product
conditions

(3.3) lg<w =lge(w), mla = 1ae(n)

(3.4) (n&)<w =(—1)m & (na(g 1 pwny)) (€@ W)
(3.5) > (wr) =(=1)® Il (g pw ) (1@ we )>T)
(3.6) (Dol wi, @ nepwe,

_ + +
7(,1)\77(1)|(|7l(2>\ |w(2)\) |w<1)||w(2)\n(2)<]w(2)®n(1)[>w(l)

then we have a super double cross product bialgebra or Hopf algebra Q(A)<Q(H)
with super tensor product coalgebra and product

(wen)(r@§) = (~)IITmlu(n,pri,) © (1e9re )
for all n, & € Q(H) and w, 7 € Q(A). We omit the proof that Q(A)=<Q(H) is a super

Hopf algebra since this is similar to the usual version[9, 8] with extra signs.

Theorem 3.1. Let A, H be bialgebras or Hopf algebras forming a double cross
product A<iH and let Q(A) and Q(H) be strongly bicovariant with <,> obeying (3.1)-
(3.6). Then Q(AxH) := Q(A)<Q(H) is a strongly bicovariant exterior algebra on
AtH with differential

dwen) =dawen+ (—1)“wedgn

for allw € Q(A) and n € Q(H).

Proof. Since d(w® 1) = daw and d(1 ® n) = dgyn for all n € Q(H) and w € Q(A),
we show that the graded Leibniz rule holds as

d(nw) =d((1 ®@n)(w® 1))
=(—Dlenl(([dpna pwa, ® newe, + (=DTOHOIn b0 0) @ (drne ) we,)
+ () llvo ¥l pdawa, © newe, + (=) FCO b0 @ e adawe)
= (=l leol(dgm) > wa, © (drn) @we
+ (DI ldamly o (daw) @) @ ne<a(daw) e
=1®@dgn)(we 1)+ (-1)" (1 ®n)(daw ® 1) = (dn)w + (= 1) ndw.

Clearly d? = 0 and thus Q(A)=<Q(H) is a DGA. Finally since A, is a super tensor
coproduct as in Lemma 2.1, d is a super-coderivation. 1

Remark 3.2. If A is finite dimensional, it is known cf.[8] that Ax<H acts on A*
as a module algebra by

(¢ah)(a) = ¢(h>a),  ¢da = (du), a)Pe),
for all ¢ € A*, a € A, and h € H. Similarly for a left action on H*. However, for
differentiability, we would need Q(A*) or Q(H*) to be specified. We focus in the
next section on a special case where this is not a problem.

3.2. Exterior algebra on generalised quantum doubles D(A, H). Let A, H
be dually paired Hopf algebras with duality pairing (, ) : H ® A — k. Then, A
acts on H and H acts on A by the following actions

haa = h) (Shay, am) (P, ae), e = ae) (Shay, aa) (he), ae),
and one has a generalised quantum double D(A, H) = A°P<H [9, 8]. In this case,
the product becomes (a®h)(b®g) = (Shq), ba))b@ya@hz,g{ha, b)), for all a,b € A
and h,g € H. The finite-dimensional case with A = H* is Drinfeld’s D(H) from
[6].
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Note that if 2(A) is a DGA, Q(A)°P remains a DGA with the same differential
da and we define Q(A°P) := Q(A)°P. Now let Q(H), Q2(A) be strongly bicovariant
exterior algebras and note that the above pairing can be extended to a super Hopf
algebra pairing (, ) : Q(H) ® Q(A) — k by 0 for degree > 1. So we have

Snay, ; fweA
e = N2y (SN, Wy ) My, Wezy) I w .
0 otherwise,

o = 4 (Snay,wa) (@, we) fneH
0 otherwise

for w € Q(A) and € Q(A), where only the parts of A2pin H® Q(H) ® H and
AZ2win A® Q(A) ® A contribute in the respective actions.

One can check that the above actions obey conditions (3.1)—(3.6) for a super double
cross product. Therefore, there is a super double cross product Q(A)°P=<Q(H) with
product

(wen(tTel) = (‘UHMHWDM (SM01), Ta)) T W @ N &{Ne), Te)

for all w,7 € Q(A), n,& € Q(H) and super tensor product coalgebra. Note that in
the above product, 7(,, and w are crossed with 7,, and so we should have generated
a factor (—1)(n@+@DITe)| but (| ) is 0 on degree > 1, and only the parts of A2y in
H®QH)® H and A%7r in A® Q(A) ® A contribute, so [1.,)| = || and |7,,)| = |7].

Proposition 3.3. Let A, H be dually paired Hopf algebras and D(A, H) = A°P<H.
Let Q(A) and Q(H) be dually paired strongly bicovariant exterior algebras as above.
Then Q(D(A, H)) := Q(A)°P<Q(H) is a strongly bicovariant exterior algebra on
the generalised quantum double D(A, H) with differential

dwen) =daw@n+ (—1)“wedyn

for allm € Q(H) and w € Q(A). Moreover, the action of D(A, H) on H defined by
g(a @ h) = (g, a)(Shay)gayhe for g,h € H, a € A is differentiable and extends
to an action of Q(D(A, H)) on Q(H) by

(=DM IENE ), w) (Sne)Ene  ifwe A
0 otherwise

fqwen) = {

for &,m € Q(H), where only the part of A& in Q(H) @ H contributes. Explicitly

Eaa®@n) = (—1)MlEle® a)(Sn,))E0 ),

where A€ = £© QED is the right coaction of H on Q(H). Similarly with left-right
reversal for a differentiable left action of D(A,H) on A.

Proof. The first part of the proposition follows from Theorem 3.1. One can check
the stated action makes Q(H) a super right Q(D(A, H))-module algebra. Moreover,
A& = Ar&+terms of higher degree on the second factor, giving the explicit formula
stated. We also have

dr(€a(a@n)) =(=1)"OIEED  a)d g ((S7a))E0n)
~(=1)P I, a) ((drrSm,)EP e + (1)} (S, ) (dan® e
+ (577<1>)f@dH77<2))

=(dgé)a@n+ (—1)1¢lead(a ® n),

where in the last equation we have £4d(a®7) = £<(a®dyn) since €<(daa®n) = 0.
The formulae with A, H and left-right swapped are left to the reader. O
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Example 3.4. Let H = U,(by) be a self-dual Hopf algebra generated by z,¢ with
relations, comultiplication, and duality pairing
tr =q¢?zt, At=t®t, Arx=1Qzr+zt
_ 1
<t,$>:q 27 <x75>:<t?y>207 <$,y>zm

where y, s are another copies of x,¢, regarded as generators of AP = U, (b4)°P =
Uy~1(by) and ¢ € k with ¢? # 1. Let Q(Uy(b)) be strongly bicovariant (it will
be constructed later in Proposition 4.8) with the following bimodule relations and
comultiplication

(dt)t = ¢*tdt, (do)r = ¢*zdx, (dz)t=tdz, (dt)z = ¢*zdt+ (¢* — 1)tdx
(dt)? = (dz)? =0, dtdr = —dzdt, A.dt = dtt+tedt, A.dr = l@dr+de@t+rdt.

Then Q(D(Uy(bs))) contains Q(Uy(bs)) and Q(U,-1(by)) as sub-strongly bicovari-
ant exterior algebras, and the following cross-relations

-2 -2 -2 1 —st
ts=st, ty=q “yt, xzs=q “sx, xy=¢q y:c—i—l 5
—q
(dt)s = sdt, (ds)t =tds, (dz)s=q 2sds, (ds)z =q?xds, (dt)y=q 2ydt,
I 9 sdt I tds
(dy)t = ¢*tdy, (dz)y=q "yde —— ot (dy)z = ¢"zdy + PR
9 9 9 dsdt
dtds = —dsdt, dtdy = —q “dydt, daxds= —q¢ “dsdz, dxdy = —q¢ “dydx— T 5
—q

Moreover, Dy(U(by)) acts differentiably on U, (b4 ).

Proof. One can check that (, ) extends by 0 on degree > 1. Then the stated crossed
relations can be found by direct calculation and one can check that the graded Leib-
niz rule holds, and d is a super-coderivation. By Proposition 3.3, U,-1 (b4 )>U, (b4)
acts differentiably by

tat =t, tax = (1—q Htx, zat=q 2z, xar=(1-q %)z
(dt)<at = ¢2dt, (dt)<z = (¢® — D)tdz, (dz)<at =dz, (dz)<z = (¢° — 1)zdz,
tadt = (1—¢*)dt, t<da = (¢*—1)zdt, ax<dt = (¢ 2-1)dz, 2z<dz = (1—¢ *)xdz,
(dt)adt = (dx)<dt = (dx)<adz =0, (dt)<dz = (1 — ¢*)dtdz,

tas =q 2, tay=0, zds=1x, Y=

1—¢q?’

dt

(dt)<s = ¢ 2dt, (dt)ay =0, (dz)<s=dz, (dz)wy = T2
—4q

tads = tady = x<ds = x<dy = 0.

Remark 3.5. It is known[6] that D(U,(by))/(st™! — 1) = U,(sl2) by
r—ry K, y—z_K, t— K2,
where U, (sl) is generated by K, x4 with the relations
K? - K2
q—q '
However, Q(D(Uy(b4))) in Example 3.4 above does not descend to Q(U,(slz)) since
d(st™!) = 0 gives ds = ¢~ 2dt.

KK '=K 'K, Kzi=q¢"ayK, [z,,0]=
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Example 3.6. Here we work over C due to the physics context. Let U(suz) be
the enveloping algebra of sus with generators z,, for a = 1,2,3 with primitive
coproducts and relations [z, xp] = 2Xeqpcz. Where A is purely imaginary and €gp.
is the totally antisymmetric tensor with €123 = 1. Let Q(U(suz)) be a 4D strongly
bicovariant exterior algebra with the following bimodule relations[1]

[dzq, 2p] = Neapedze — A26%0, [0, 24] = dz,

d0 =0, {dve,dzp} =0, {0,dz,}=0,

and primitive coproducts on dz, and 6. Let C[SUs] be the commutative Hopf
algebra generated as usual by t = (tij), with determinant t';t%5 — t19t2; = 1 and
At =t @tk ;. Also let Q(C[SUs]) be the classical 3D strongly bicovariant exterior
algebra with

[t t%)] =0, {dt';,dth} =0, dt*y = (%) (t adt?; + 21 dtty — t2dtty),

Adtty = dt'y @ tF; + 1, @ dtFy,
where St = t~! as usual.

Then Q(C[SUs])>Q(U (suz)) is a strongly bicovariant exterior algebra on C[SUz]>U (suz)
and contains Q(C[SUs]) and Q(U(su3)) as sub-strongly bicovariant exterior alge-
bras, and the following cross bimodule relations

[0, 5] = A 1(00)"5 = (0a)'k1"5), [T, dt'j] = =N dt'k(00)"; = (0)"kdt"))

[dxa, tij] = O7 [G,tij] = 07 {dxa,dtij} = O, {e,dﬁi]’} = O,

where (0,)%; is the (4,7)-th entry of the standard Pauli matrix o, for a = 1,2, 3.
This is a x-differential calculus with the usual *-structure of U(sug) and C[SUs].
Moreover, C[SUs|>U (suz) acts differentiably on U (sus).

Proof. First note that x,<t = z4e(t) for all ¢ € C[SUs], so C[SUs]=U (suz) =
C[SU3]>U (suz). The duality pairing between C[SUs| and Ul(suz) is given by
(t';,zq) = —1\(04)";, and this gives the stated cross relation on degree 0 as found
previously in [1]. One can check that (, ) extends to the pairing between Q(C[SUs])
and Q(U(suz)) by 0 for degree > 1, giving the rest of the stated crossed relations
on Q(C[SUs])>Q(U (suz)). One can also check that the graded Leibniz rule holds
and that d is a super-coderivation. Each factor is a *-calculus (in the usual sense
that * commutes with d and is a graded antilinear order-reversing involution), with
the usual #-structure given by

ot =xa, 0 =—0, (dz.)* =dz,, ()" =5t, (dt};)* =Sdt;.
One can check that these result in a *-calculus, e.g.

[acmdtij]* :[(dtij)*,xfl] = [Sdtij,xa] = —M((aa)ij’dtki — (S’dtjk)(aa)ki)

*

:( — Z)\(dtik((fa)kj — (Ua)ikdtkj)) .
By Proposition 3.3, the action of Q(C[SUs])>=Q(U (sus3)) on Q(U(suz)) as a super
module algebra is given by
Taxp = [Tg, xp], (dwg)<xy = [daa, 2], xe<day = [24,da],  (dzg)<dx, = {dz,, dxy},
xaqtij = xaéij — z)\(aa)ij, (dxa)dtij = dxaéij, xathij =0

Oat’; = 06';, (dzg)adt’; =0, O<dt’; =0.
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Remark 3.7. One can replace A°? by A in Proposition 3.3 and regard the Hopf
algebra pairing ( , ) as a skew pairing o : H ® A — k defined as a convolution-
invertible map satisfying

o(hg,a) =o(h,au))0(g,aw), o(h,ab) =oc(he),a)o(ha,d)

for h,g € H, a,b € A. Here (S( ), ) provides o1 if we start with a Hopf algebra
pairing. The above is then equivalent to a generalised quantum double Ax, H
[8, Prop. 7.2.7]. By extending to o : Q(H)®Q(A) — k by 0 for degree > 1, we
have a super double cross product Q(A)=<,Q(H), and by Theorem 3.1 we have
QA H) = Q(A)<,Q(H). In this equivalent approach, we work with a strongly
bicovariant exterior algebra Q(A) rather than with (A)°P.

3.3. Exterior algebra on Axxig A. Recall[8, Chapter 2.2] that a coquasitriangular
Hopf algebra is a Hopf algebra A equipped with involution-invertible R : AQ A — k
such that

R(ab,c) = R(a,cqy)R(b,cay), Rl(a,bc) = R(aqy, c)R(aay,b),

ambnR(bey, azy) = R(bay, aa)beyac

for all a,b,c € A. In this case we can view A as skew-paired with itself by 0 = R
in Remark 3.7 and have D(A4, A) = Axig A with A left and right acting on itself by

bda = by R(Sbay, a))R(b)s az), b = a@R(Sbay, a0))R(bez), )

for all a,b € A to give the double cross product structure. The product is (a ®
b)(c®d) = R(Sbuy, c1y)acsy @bz dR (b, ¢s)) for all a,b,c,d € A asin [8, Sec. 7.2].
Hence by the above, if each copy of A has a strongly bicovariant exterior algebra
(they do not need to be the same), say '(A) and Q(A) respectively, we extend R
by 0 as a skew pairing on degree > 1 and the double cross product actions extend
to actions of each exterior algebra on the other

< = N R(SN 0y, W) ) RNy, W) ifw e A
0 otherwise

o = W RSNy, W) ) RNy, wie) i n e A
0 otherwise

for w € Q'(A), n € Q(A), where only the parts of A2w € A® Q'(A) ® A and
AZ2p e A® Q(A) ® A contribute in the first and second action respectively. One
can check that these actions obey (3.1)—(3.6), so we have a super double version
Q' (A)<r Q(A) with product and coproduct

(wen(ref) = (‘UMHT‘R(SW(m T0))WT 2y @ N2y ER(Nays T(sy)

Awen) = (=)@l @50 @ we, @ 1)

for all w,7 € Q'(A), n,€ € Q(A). In the above product, the crossing between 7,
and T ,, should have generated a factor (—1)"@lI7@ | but R is 0 on degree > 1, so
again only the parts of A2n, A2 with outer factors in A contribute, resulting in
@) = In| and |7)| = |7].

Corollary 3.8. Let Q/(A),Q(A) be strongly bicovariant exterior algebras on a co-
quasitriangular Hopf algebra A. Then Q(AxigA) := Q' (A)<rQ(A) is a strongly
bicovariant exterior algebra on Axip A with differential

dwen) =dwen+ (—1)*wedan
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for w € Q' (A) and n € Q(A). Moreover, the action of Axig A on A by a<(b® ¢) =

R(aey, b)(Scqy)an cq for all a,b,c € A is differentiable, extending to an action of
Q(Axir A) on Q(A) by

7w @ n) :{

for 7 € Q(A). Here only the part of Aum € AR Q(A) contributes.

(—1)'”“)”7'73(7(2),w)(5m1>)7<1)77<2> ifweA
0 otherwise

Proof. This is immediate from Proposition 3.3, where ( , ) is replaced by R, and
(S(), ) is replaced by R~! as in Remark 3.7. O

Later on, in Section 4.2, we will see that a natural coaction of Arxix A on a certain
transmutation A of A is also differentiable under certain circumstances.

Example 3.9. Let R € M, (k) ® M, (k) be a ¢-Hecke R-matrix and A(R) be the
FRT bialgebra over a field k, generated by t = (t';) as in Section 2.4. We assume
that there is a grouplike central D € A(R) and we let A = A(R)[D~!] with Q(A) its
strongly bicovariant exterior algebra from Lemma 2.6. Remembering that —R5;"
is also ¢-Hecke and gives the same algebra A but a conjugate calculus Q'(A), we
have four natural strongly bicovariant calculi on A<z A amounting, without loss
of generality, to two distinct constructions:

Case (1): Q(AxirA) = Q(A)=<rQ(A) with the cross relations and coproducts

Rtyss = sot1 R,  (dsg)t; R = Rtidse, R(dt;)sy =sodtiR, Rdtidsy; = —dsadt1R
At=t®t, As=s®s, Adt=dtt+txdt, A,ds=ds®s+s®ds,

where s, t respectively generate the two copies of A.

Case (ii): Q(AxigA) = Q' (A)<r(A) with the same cross relations and coprod-

ucts as above but (ds;)sy = R~ 'spds; Ry and ds;ds, = —R~'dsods; Ry;' for the

calculus on the first copy of A (the other copy remains as in Lemma 2.6).

In both cases, Axig A acts on A differentiably. By Corollary 3.8, the action is

t1<dte = (Sta)tita, (dty)<te = (Sta)(dty)ta, ti<adts = (Sdta)tits + (Sta)t1dts

ti<so =t R, (dti)<sy = (dt1)R, ti1<dsy =0.

3.4. Exterior algebras by super double cross coproduct. Let H and A be
bialgebras or Hopf algebras with A a right H-comodule algebra with right coaction
a:A— A® H and H a left A-comodule algebra with left coaction 5 : H - AQ H.
Suppose that « and S are compatible as in [8, Ex. 7.2.15 ] such that they form a
double cross coproduct Hp<«A.

Now let Q(H) and Q(A) be strongly bicovariant exterior algebras and let o and
B be differentibale with extensions a, : Q(A) = Q(A)QQ(H) and B, : QH) —
Q(A)RQ(H) as super comodule algebras (commuting with d for the graded tensor
product differential). Suppose further that .. and f, are compatible in the sense

(3.7) (Aax ®id) 0 ay(w) =((id @ Bs) 0 (W) (1a @ ax(wy))
(3.8) (id @ Apr) © B (n) =(Be(n0y) @ 1ar) (@ ®1id) © B (12)))
(3.9) o (@) () =(=D)IM B, (o (w).

Then there is a super double cross coproduct Q(H )»«€2(A) with super tensor prod-
uct algebra structure, counit, and

A(new) = (-Dlolmely @ a,(wa)B(ne) ® we)

forn € Q(H) and w € Q(A). We omit the proof that Q(H)»4Q(A) is a super Hopf
algebra since this is just a super version of the usual double cross coproduct[8].
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Theorem 3.10. Let A, H be bialgebras or Hopf algebras forming a double cross
coproduct HpaA and QA),Q(H) strongly bicovariant exterior algebras with o,
differentiable and o, Bs satisfying (3.7)-(3.9). Then Q(Hwr4A) := Q(H)»4Q2(A) is
a strongly bicovariant exterior algebra on Hw4 A with differential

dn®@w)=dgn®@w + (-1)"y @ daw.

Proof. Since the algebra structure is the super tensor product, the graded Leibniz
rule is already proved in Lemma 2.1. That d is a super-coderivation is

Ad(n®w) = Au(dgn @ w) + (—1)MA, (n ® daw)
=(—Dlolmeldyn ) @ aw(wa)Be(e) @ we)
+ (_1)|w(1>\\77<2)|+\W<1)|+|77<1)|,7(1) ® (W) Br (dEM2)) @ wa)
+ (Dol ol @ a.(dawa) B (Ne) @ we
+ (—)olmethitlmly | @ a,(wae)B(e) © dawe
=(—Dloleldgn,) @ aw(wa)Be(Ne) ® we)
+ (—Dlolnetnmly | @ d (e (wa)Bene)) © we)
+ (—Dleolme ol @ a, (W) (ne) © we
=((dr ®@id+ (-1 id® da) ®id) (-DO@ln,) @ 0 (wa))B (10) @ we)
+ (=DM (id@ (dg @ id + (=D lid @ da)) (=D O 50, @ 0w (wa) B (1e) © W)
=(d®@id+ (-1 lid ® d)A.(n @ w).

In the first equality we expand d(n ® w) by its definition, with its comultiplication
in the second equality. Notice that S.(dgn@m) = d'(B«(Nw)) and a.(dawq,) =
d’(a(w@y))), so that we obtain the third equality by the Leibniz rule for d’ on
e (W1y) Ba(N2y ). Expanding d’ = d4 ®@id 4 (—1)! lid ® dg, one can rewrite so as to
obtain the fourth equality, which is equivalent the required expression. O

Corollary 3.11. The double cross coproduct Hw4 A left-coacts on H as a comodule
algebra by Aph = hy, @ B(hy) for all h € H and right-coacts on A as a comodule
algebra by Agra = a(any) ® awy for all a € A. Both coactions are differentiable in
the context of Theorem 3.10.

Proof. We write a(a) = a©® ®a® and (k) = h® @ h{> (summations understood)
and check that Ay, : H — Hr»4A ® H is a coaction,

(id ® AL)ALh =hay @ hoy® @ b)) () @ o)) 5, @ h) &) () D
=Ry @ himy Dy D@ @ higy ™ gy DO @ by B @ Ry I
=hay ® hy W hiy® 1)@ @ h) e 1, @ hey® @) @ b,
=hay @ B(he)a(he® 1) @ he® o) @ he ™)
=hay @ a(he® 1) B(he) @ he® o) @ he ™)

=A(huy @ hpy®) @ by = (A®id)ALh.

We applied the definition of Ay, twice in the first equality, and we used the condition
(3.8) on (= in our notation of @ and f to obtain the second equality. Then since
B is a coaction, we rewrote (id ® B8)B(hs, ) = (Ag ®id)B(he, ) to obtain the
third equality, which is equivalent to the fourth equality. Then we used condition
(3.9) to get the fifth equality, and hence the final expression. We also check that
Ay is an algebra map:

Ar(hg) =(hw9a)) @ Bhge) = hayga @ B(he)B(90))
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=(h@) ® B(he))(90) ® B(9e)) = (ALh)(ALg).
Thus, H is a left Hp4A-comodule algebra. The proof for Ag is similar. Since S,
and «, globally exist as assumed in Theorem 3.10, it is clear that we can define
Aran =10 @ Bi(Ne), Apw = aw(wa)) @we
for all n € Q(H) and w € Q(A), and that they have the required properties by our
assumptions on ay, 8. For example, on degree 1 we have
Apdgh =dgha ® B(he) + hay @ Bu(drhe)),

Apidga = a.(daan)) ® ap, + alan) @ daag,.
(]

An application it so provide in principle a strongly bicovariant exterior algebra
on the quantum codouble coD(U,(suz)) = Uy(suz)*°Pr4aC,y[SU,] as a version of
C4[S01 3]. We omit details since this case is essentially equivalent to C,[SUz|<C,[SUs]
in Example 3.9 as a different version of C,[SO; 3.

4. DIFFERENTIALS ON BIPRODUCT HOPF ALGEBRAS

Here we cover quantum differentials on one of two cases where the Hopf algebra
has a cross coproduct coalgebra as typical for an inhomogeneous quantum group
coordinate algebra, namely biproducts or bosonisations[22, 12, 13, §].

4.1. Exterior algebras by super bosonisation. Let A be a Hopf algebra with a
strongly bicovariant exterior algebra Q(A) and B a right A-comodule algebra with
Q(B) such that the right coaction Arb = b©® ® b® is differentiable with extension
Ap. @ Q(B) — Q(B)®Q(A) denoted by Ag.n = n©* @ n@*. Next we suppose
the more specific data in succession: (i) that A also acts on (B) so as to make
this an A-crossed module algebra (an algebra in M4); (ii) that this action extends
differentiably to < : Q(B)®Q(A) — Q(B); (iii) that B is a braided Hopf algebra
in M4; (iv) that A extends to a degree preserving super braided coproduct A,
making (B) a super-braided Hopf algebra in Mgg’:g and dp a super-coderivation
in the sense of (2.1). We say in this case that Q(B) is braided strongly bicovariant.

Also note that given a super-braided Hopf algebra Q(B) € Mggﬁg, the usual boson-
isation formulae extend with signs to define a super bosonisation Q(A)p<Q(B) with
(wen)(reé) = ()Mol @ (nar)¢

w " ok T *
Aw®n) = (_1)| @llnay |w(1) BN @ Wy D @ e
for all w,7 € Q(A) and n,£ € Q(B).

Theorem 4.1. Let A be a Hopf algebra, B a braided Hopf algebra in M4, Q(A)
strongly bicovariant and Q(B) braided strongly bicovariant in Mgg’:; Then Q(A<B) :=
Q(AR<Q(B) is a strongly bicovariant exterior algebra on A< B with differential

dwen) =dawen+ (—1)|“|w ®dpn
for allw € Q(A), n € Q(B).

Proof. The graded Leibniz rule holds since

d(nw) =d((1 @ n)(w® 1))
=(-plMeol((—n)olwy, ® (dpn)we + dawa, @ nwe, + (=1)MHOlw @ nadaw )
=(1@dpn)(w® 1)+ (-1 @n)(daw @ 1) = (dn)w + (—1)"pdw
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for all n € Q(B) and w € Q(A). Clearly d* = 0 and thus Q(Ap<Q(B) is a DGA.
It is a super Hopf algebra by superbosonisation and we check that d is a super-
coderivation. On w € Q(A) this just reduces to the same property there. For

n € QB),
Ad(T@n) =A(1®dpn) =1 (dpn) @ @ (dgn) o, @ (A1) @

=1 (dpnw)@* @ (dpnu) D" @ne) + (-1l g N @ @nuw®* @dpne

— — (0)* = % T %
=1® dB(nﬂ(f)) ) & nQ“) & 7’]@"‘ (_1)‘WQ ‘1 & HQ(O) ® dAnﬂ(l) ® 77@
+ ()" @y, @ @y, @ dpnge,

— — (0)* = % T
=1®dp(ny,™") @ 1w, ™ ®77@+(_1)MQ ‘1®77Q(0) @ dny " ®ne)
=(d®id+ (-1 id® d)A.(1®7).

We used the braided super coderivation property in (B) for the 3rd equality
and differentiability of the coaction so that Ag, commutes with the total exterior
derivative for the 4th equality. We then recognised the answer. O

In practice, since Q(A) and Q(B) are generated by their elements of degree 0 and
1, we can construct the bosonisation Q(A)p<Q(B) providing we know the action
and coaction on degree 0 and degree 1.

Lemma 4.2. (i) If B is an A-crossed module with differentiable action and coaction
obeying

Ar.((dpb)<a) = (dpb@)dae) @ (San))bD ag, + b0 dam @ Sa) (dab®)ag,
for allb € B and for all a € A, then Q(B) is a super Q(A)-crossed module algebra.
(i3) If furthermore B is a braided Hopf algebra in M4,
A(bdpe) = buydpea) @ @(bey ey M )@ +ba) )@ @((bey<ddacay @ )eq +(be e @ )dpee))

for all b,c € B is well-defined and Q(B) is the mazimal prolongation of Q*(B),
then Q(B) is braided strongly bicovariant calculus in Mggﬁ;
Proof. (1) We first check,
Ap«(b<dga) =Ag.(dp(bda) — (dpb)<a)
=dp(b<€a)® @ (baa)® + (b<a)© @ d4(b<da)® — Ag.((dpn)<a)
=dp(b@<ae) ® (Saq))bDag, + b0 ap @ da((Saq))bMag)
= (dpb®)<ae) ® (Saw)bae — b < @ Saq)(dab® )ag,
=b0<daae) @ (Sa@)bD ae + b0 <ae ® (daSaw))bDag,
+ 0@ da, @ (Saq,))bDdaags,
=b®<(daa) ) ® S(daa),b® (daa)e,

for all b € B, a € A. This makes B is a crossed module as regards the action and
coaction of Q!(A). Similarly for Q'(B), where we check using (2.2),

Ane((dpb)adaa) = A, (dp(bad aa))
=dp(badaa)® @ (badaa)® + (—1)/91DP1(had 40)® @ d 4 (badga)D
=dp(b®<adaae) ® (Saw)b® aw + dp(b@<ac) @ (daSaw,)b® ag,
+dp((b©<ag) ® (Saq)bDdaae —b@ddaae @ da((San)b@ag)
+ 0@ dan @da((daSan)b®ag) + b@<a,) @ da(Saq,b®daas)
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=(dpb®)adaag) @ (Sau)bDag + (dpb© )<dan) @ (Sdaan))b® ag
+ (dpb®)<as, ® (San))bMdaas —b@<ddgae, @ (San,)(dab® )as,
= b@dag) @ (Sdaan))(dad®)ae + 0@ <dap, @ (Sam))(dad® ag,
=(dpb®)<(daa) e, ® S(daa)q,b® (daa) s
+ (~1)ladHdad@p© q(d 4a) ) © S(daa) o (dpdD ) (daa) s,

:(_1)|(de)(T)|(|(dAa)(1)|+‘(dAa)(2)|)(de)(F)q(dAa)@) ® S(daa)u, (dpb)D (daa)e.

Since the action and coaction extend to < : Q(B) ® Q(A) — Q(B) and Ag, differ-
entiably, and both exterior algebras are generated by degrees 0,1, it follows that

Apg.(n<w) obeys the crossed module condition in general, making Q(B) a super
Q(A)-crossed module.

(ii) We need to prove that A, (¢n) = (A,€)(A,n) for all £,y € Q(B), for which it
suffices to prove that A, extends to Q?(B) since Q(B) is the maximal prolongation
of QY(B). Applying A, to bdgc = 0 (for b,c € B, a sum of such terms understood),
we have

bydpen) @ @(bay<cayD)ee =0, bayea) @ @((beyadacy)®)e@ +(be ey @)dpee) = 0.

Applying dg ® id to the first equation, we have
(dBbu))dBeay, @ @ (beyaeq, @ )ee =0

which is the Q%(B) ® B part of A,((dgb)dpe). Applying id ® dp to the second
equation, we have

b<1)0<1>( ((de<2>)<1dAC(1> )C<2> + b(l)Cu) ®® ((de@)chm)dBC@ =0

which is the B&Q?(B) part of A, (dgbdpc). Finally, applying d g ®id to the second
equation and id ® dp to the first equation and subtracting them, we have

(dBbay)ewy,© ®((b<2><dAC<1) V)e+(be <) @ )dBC@)) baydpen, @ @((dpbe) ) ey @ )ee =0
which is the Q' (B)®Q! (B) part of A, (dgbdpc) and thus completes the proof. [

This lemma assists with the data needed for Theorem 4.1. Finally, we note that B
is canonically an As<B-comodule algebra by Agb = bu,© @by @ b, .

Corollary 4.3. Under the condition of Theorem 4.1, Ar : B — B ® A<B 1is
differentiable.

Proof. Since Apg. : Q(B) — Q(B) @ Q(A) and A, are assumed in Theorem 4.1, it
is clear that the extension now to Ag.n = 14, ©* @14, O * @12 is well-defined and
gives a coaction of Q(Ax<B) on Q(B) as a restriction of the coproduct of (A< B).
For example, on degree 1 we have

AR*(de) de(l)( ) ®b(1)( ) ®b(2> +b(1)( ) ®dAb(1)( ) ®b(2) +b(1)( ) ®b(1) de(z)
]

4.2. Construction by transmutation. It is known that when A is coquastrian-
gular then Axiz A in Corollary 3.8 is isomorphic as a Hopf algebra to Ap<A, [8,
Thm 7.4.10] c.f.[13]. Here the transmutation A of A [11] has the same coalgebra
as A but a modified product a @ b = )b R((San))as, Sby,) for all a,b € A
and is a braided-Hopf algebra in Mﬁ by the right adjoint coaction Adra = a) ®
(Saqu))ai, and an induced right action of A on A given by b<a = b@ ROV, a) =
by R((Sbiy)by, a) (this follows from a functor A € M4 — M4, cf. [10][8, Lem-
mas 7.4.4, 7.4.8]). There is also a natural calculus on A when Q(A) is strongly
bicovariant, as follows.
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Lemma 4.4. [15, Prop. 8] Let Q(A) be a strongly bicovariant exterior algebra
on a coquasitriangular Hopf algebra A. Its ‘transmuted’ braided exterior algebra
Q(A) := Q(A) has the same coalgebra and exterior derivative as Q(A) and a new
product

w o1 = W@ R((Swa) )W), Snay)
for all w,n € Q(A), where R is extended by zero on degree > 1. Moreover, Q(A) is
Axig A-covariant for the coaction Ara = ) ® San, ® agy) ona € A.

Proof. (i) As in [15], we start with the super Hopf algebra map 7 : Q(A4) — A given
by projecting out degree > 1. With respect to this, Q(A) relatively transmutes
to a super-braided-Hopf algebra Q(A) in M#. Here, [15] writes its structure in
terms of left-invariant forms according to the description Q(A) = As<A, but we
do not particularly need that here. Rather, applying transmutation with respect
to m directly gives the new product w e n = w©@n,R(w®,S7(nq,)), where the
coaction is the right super adjoint coaction of (A) on itself pushed out along .
This coaction extends the right adjoint coaction of A on A to one on Q(A4) = Q(A).

If we extend R by zero then this product is equivalent to the formula stated.

(ii) One can also view A as a comodule algebra cotwist for a certain dual 2-cocycle
on A°? ® A built from R, where this Hopf algebra coacts on A by Ag as stated.
(A) being bicovariant means that it is covariant under Ag and comodule algebra
cotwists to Q(A), while the Hopf algebra A°? @ A Drinfeld-cotwists to Axig A. We
refer to [15][8, Sect. 10.5.3] for details. O

First we consider the special case where extending R by zero on higher degree > 1
makes Q(A) super coquasitriangular. In this case, we can view Q(A) more simply
as a super version of the construction of A, now giving us a super braided-Hopf
algebra in Mggﬁ; by the adjoint coaction and an induced action at the Q(A) level.
The super bosonisation Q(Ap<Q(A) along the lines of [8, Prop. 7.4.10] but now
with signs, provides a strongly bicovariant exterior algebra on Ap< A with

(4.1) (wean(ref) = (- 1)|n”T‘W7'<1) @ Ne2y& 2 RS0 )5y T2y 96 m))
(4.2) Aw®n) = (-1)nellealtinnby, ) @ nu @ we, (Sna)ne ® N
(4.3) dw®n) =dawen+ (-D)*lwedgn

for all w, 7 € Q(A) and n,& € Q(A). It is clear that this could also be viewed as an
example of Theorem 4.1. Corollary 4.3 then tells us that As<A coacts differentiably
on A under our assumption. The coaction here corresponds to the coaction in the
lemma under the isomorphism of A<z A with Ap<A.

If we do not assume that the extension of R by zero makes Q(A) super coqu-
asitriangular, we still have a natural cross product differential graded algebra
QA< A) := Q(Ap<Q(A) defined by (4.1)—(4.3) because Q(A) is a right A-module
algebra by construction and this pulls back under 7 to a right action of 2(A). One
can check that d is still a super derivation. Likewise the coalgebra is just the cross
coproduct by the super right adjoint coaction, and the proof that d is a super-
coderivation is the same as in Theorem 4.1. Thus, the main difference is that the
algebra and coalgebra do not necessarily fit together as a super Hopf algebra, but
something more general. Similarly, from the same data of a strongly bicovariant cal-
culus on a coquasitriangular Hopf algebra, we can set Q(AxigA) := Q(A)=<irQ2(A)
by Corollary 3.8 as a canonical strongly bicovariant calculus on A A.

Proposition 4.5. Let Q(A) be a strongly bicovariant exterior algebra on a coqu-
asitriangular Hopf algebra A. The Hopf algebra isomorphism ¢ : Axip A & A< A
defined by o(a ® b) = aby, ® b, for a,b € A is differentiable for the stated exterior
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algebras if and only if the extension of R by zero makes Q(A) super coquasitrian-
gular.

Proof. Suppose Q2(A) is super coquasitriangular then the super version of the boson-
isation theory behind ¢ tells us that Q(A)=<irQ(A) =2 Q(Ap<Q(A) as super Hopf
algebras by p.(w®n) = wnu, ® N, for all w,n € Q(A). One can check that this is
compatible with d on both sides. Conversely, suppose that A is coquasitriangular
and that ¢ extends to a map ¢, of DGAs. Induction on the degree shows that .
has to have this same form as follows. Let ¢, (w®1) = w®1 and ¢, (1817) = 14, @7 )
up to some degree. Then ¢, (adsw ® 1) = p.(a)dy.(w) = adsw ® 1, so the same is
true one degree higher. Similarly

0. (1®adan) = ¢.(1® a)dp.(1®n) = (an) @ aw)(dang @ e + (DO, @ dane,)
= amdane, ® aene + (—=1)"0lag g, ® dane, = Ax(adan)

as required. The 3rd equality uses the product (4.1) for each term, but the R
factors collapse.

Next, ¢, is already constructed so that it commutes with d, but one can also check
this directly from its stated form. Finally, since @, is assumed to be a super-algebra
map, the expressions

pe((l@n)(w®1) =(=1)MIR(Sn0), wa)) bW © 1@))R (1), W)
=(—plre e tholve RSy, wowene © 1w R 0w @),
where || = @] + |7 | and |w| = |w,|, must coincide with
(1 @N)ps(w @ 1) =Ny @ Nexy) (w ® 1)
=(=D)lemln w0 @ nmR(STe), W) )R (M, W ),
where |w,,| = |w|. Applying id ® € to both, we obtain

MW, R(SN @) W) RNy weay) = (—)TOIOIR (S0 wi) )wes ne RN, we),

where the left hand side collapses by the skew pairing properties of R to nw. This
is then equivalent to the missing super coquasitriangularity axiom,

RNy W) MW = (_1)‘7”MWOW(UR(W@Mw<2>)
on noting for the sign that the arguments of R have to have degree 0. O

We see that, aside from the special case where R extends to a super coquasitrian-
gular structure, the Hopf algebras A<z A and Ap<A are isomorphic but not dif-
ferentiably (not diffeomorphic) for their specified differential structures. Similarly,
the coaction of either Hopf algebra on A is not necessarily differentiable outside of
the special case. Note, however, that strongly bicovariant Q(A) in the case of A
coquasitriangular can be constructed from R and a choice of subcoalgebra in A, see
R[16], and since R, is also a coquasitriangular structure on A, it means that for
each such Q(A), there is a ‘conjugate’ one 2'(A). Therefore we also have a natural
variant Q(Axig A) = Q' (A)<irQ(A) by Corollary 3.8 and we conclude by showing
in our R-matrix setting that with this choice, the coaction is indeed differentiable.

Example 4.6. Let A = A(R)[D™'] with R ¢g-Hecke as in Example 3.9. The
transmutation A consists of the braided matrices B(R) with matrix u = (u’))
of generators and the braided-matrix relations RojujRus = usRojuy R as in [8],
now with D~! adjoined. Here D, being grouplike in A, is necessarily central
as a consequence of the braided commutativity of the transmuted product [8,
Ex 9.4.10][16] and bosonic (it has trivial braiding with other elements) due to triv-
iality of the right adjoint coaction on D. The calculus Q(A) by transmutation of
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Lemma, 2.6 has bimodule and exterior algebra relations us Ro;du; R = R~ 'du; Rus
and dug Ry1dus R = —R™*du; Rduy at the level of B(R) cf.[8, Chapter 10.5.3] (the
latter was more precisely the transmutation of the conjugate calculus where R is
replaced by R:,_ll). This follows from transmutation formulae in Rtits = u; Rus
as in [8, Eqn. (7.37)] relating the products on the two sides, and the same applies
with d in the same position on each side. The transmuted exterior algebra is then
a comodule algebra under Arxiz A and the new part is when this is differentiable.
For either of the cases in Example 3.9, the coaction of Q(AxigA) on Q(A) as a
super-comodule algebra is given by

Apu=u® Ss®t, Ap,du=du®Ss®t+u®dSs®t+u® Ss®dt.

We use the same compact R-matrix methods and a notation where we omit ®
but remember that u and its differentials commute with s, t and their differentials.
We also note that Ss = s=! so that Agpu = s~!(du)t. Moreover, a little work
using commutation relations in Lemma 2.6 and Example 3.9 shows that ds=! =
—s~1(ds)s™! obeys the useful identities

sy 'Rty =t1Rsy!,  toRpidsy! = dsy'Roity, sy Rdt; = dt;Rs;*

(from which one can verify that Q(A) is covariant under Arig A, as it must be by
Lemma 4.4). Also, depending on the calculus used for s, we have

Case (i) : Roids;'sy! =s;'ds;'R™Y, Case (i) : s;'ds; Roy = R 'dsy syt

Using these, one can check that the coaction is always differentiable in Case (ii)
but is not differentiable in general in Case (i) (unless R is involutive, when this is
the same as Case (ii)). For example, in Case (ii),

or(ugRo1dus R) = s; "ustoRordsy ity R+ 55 'ugto Rogsy 'ugdty R
= s, 'ds; "wa Rojustat 1 R + 85 'sy 'ug Rojug todt R
=s; 'ds] 'upRojug Rty + 85 sy 'up Rojug Ry dtts
= s; 'dsy ' Rojug Ruat s + 55 's7 ' R 1uy Ruadt to
= R~ 'ds; 'uys; ' Rtyusty + R 'sy uys; P Rdt  ugtsy

= Rfldsl_lulthsglthg + Rilsfluldthsgluztg = 6R(R71dU1RUQ)

which, given covariance, shows differentiability at degree 1. Meanwhile, Q(A(R))
being super coquasitriangular entails Rt;dts = dtoty R or equivalently (dti)ts =
Roitodt; Ry which does not in general agree with our relations in Lemma 2.6
(unless we are in the involutive case, when Case (i) is also differentiable).

For the GLo R-matrix and a suitable *-structure over C, B(R) becomes ¢-Minkowski
space as explained in [8, Chapter 10.5.3]. The usual g-determinant D of A(R) in
this case, viewed in B(R), is the braided g-determinant. In fact, we can take any
normalisation of R for the present purposes and if we fix a square root of g then
we can normalise so that R descends to the quotient D = 1 and accordingly take
A = Cy[SUs). In this context, Arag A becomes a version of the g-Lorentz group.
Hence the coaction of the latter at least on the ¢-hyperboloid in ¢-Minkowski space
(the braided g-determinant 1 quotient) is not differentiable if we take the uniform
choice of Q(Axig A), but is if we use the conjugate coquasitriangular structure for
the left factor. It is worth noting that Axiz A is itself coquasitriangular in two
natural ways namely Ry, which restricts to R on both factors, and Rp, which
restricts to R, on the first factor and R on the second, see [8, Prop. 7.3.1].
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4.3. Exterior algebra on A<V (R). Braided linear spaces such as the ‘quantum
plane’ provide simpler g-deformed examples of Section 4.1 and we will compute some
of these in detail. We start with general comments at the level of A = A(R)[D™!]
with assumed central grouplike D inverted and (A4) from Lemma 2.6. We take
the same Apx =x ® t on V(R) as in Lemma 2.7, but now as a coaction of A.

Theorem 4.7. Let A = A(R)[D~!] with R q-Hecke and the associated V (R) right-
covariant braided linear space. Then Q(V(R)) is a super-braided-Hopf algebra with

x;, dz; primitive in the crossed module category MSE::; with coaction AR, as in
Lemma 2.7 and

X<ty = xlq_lell, (dxq )<ty = dxi1¢7 'R, x1<dty = (q_z—l)dle, dxy<dty = 0,

where P is a permutation matrix. This defines a strongly bicovariant exterior alge-
bra Q(A<V(R)) := Q(Ap<QV(R)) with relations, coproducts, and antipodes

X1t2 = tgxlq_lell, (Xm)tQ = tnglq_lR, det2 = (dtg)qu_lell+(q_2—1)t2dX1P
dxdty = —dtgdxqulR7 Ax=1®x+x®t, Adx=10dx+dx®@t+xx®dt
Sx = —xSt, Sdx = —(dx)St — xSdt.

Proof. Note that the degree 0 part is essentially the Hopf algebra As<V(R) and
is just the g-Hecke case of the construction of inhomogeneous quantum groups by
cobosonisation cf. [8, Cor 10.2.10]. However, the action of Q!(A) is not given as far
as we know by previous construction but rather we check directly that we indeed
obtain Q(V(R)) as a super right Q(A)-crossed module. Thus

AR(x1<ta) =Xt @ (Sta)tite = x1¢ 'Ry @ (Sta)tite = (id @ Sta)(x1¢7 ' Ryt @ t1to)
=(id ® St2)(x1 @ tat1g ' Ry') = x1 @ (Sto)tat1g ' Ryy') = x1 @ t1g 'Ry
Agy ((dxy )<ity) =(dx; )<ty ® (St2)b1ts + X<ty @ (St2)(dty )by
=dx1¢ 'R ® (Sta)t1ta +x1¢7 ' Ryt @ (St2)(dty)to
=(id ® St2)(dx1¢ 'R @ t1te + x1¢7 ' Ry @ (dty)ta)
=(id ® St2)(dx; ® tot1g 'R + x; ® todt g ' R)
=dx; ® th*IR +xX1® dth*IR.

verify that the conditions of Lemma 4.2 (i) hold and therefore Q(V(R)) is a su-
per right Q(A)-crossed module. It is also straightforward to check directly that
Ap«(x1<dty) and Ag.((dx1)<dts) obey the crossed module axiom.

Next, one can check that Q(V(R)) is indeed a super-Hopf algebra in this category
with z;,dz; primitive and with the braiding for Q(V(R)) in the crossed module
category coming out from the action and coaction of Q(A) as

U(x1; ®X3) =X2 ® xlq_lell, U(dx; @ x3) = X2 ®dx1¢7 'R
U(x;®dxs) = dxz®x1q_1R§11+(q_2—1)xQ®x1P, U(dx; ®@dxs) = dx,®x1¢7'R.
In this way, one verifies that the conditions of Lemma 4.2 (ii) hold. We exhibit

directly that the construction works by showing that the super coproduct A, of
Q(A<V(R)) is indeed well-defined on degree 1. We let A = ¢=2 — 1. Then,

A, (x1dtg) =dta ® x1te + to @ x1dty + x1dte ® tits + x1te ® t1dts
=dty ® tox1q 'Ry + to ® dto.x1¢ 'Ryt 4 Mty @ todx, P
+ dtox; @ tat1g” Ry + Madxy @ tot1 P+ tox1q” 'Ry @ tidty

A, ((dt2)x1¢ 'Ry = (dty @ toxy + dte.x; @ tot) + to @ (dta)x; + tox; @ (dta)t;)g 'Ry
- (dt2 ® tox1 + dba.X; @ toty + 1ty @ (oltsg)xl)q—lel1 + g Mtox; ® Rtydts
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A*<)\t2dX1P) :(tg ® todxy + todx] ® tot; + tox; ® tgdtl))\P

from which we find that A, (x;dts — dte.x;¢~'Ry" — Madx; P) = 0 using AP =
¢ (R — R). We also exhibit that this bimodule relation is compatible with the
graded Leibniz rule as it must,

d(x1dte—(dt2)x1¢7 Ryt — Atodx; P)
—dxydty + dtadx g~ Ry, — Adtadxy P = dtadx; (q’l(—R + Ry - )\P) =0.

Similarly for the other relations. O

We also know by Corollary 4.3 that the right As<V(R)-coaction Apx = X @t +
1®x € V(R)® A<V (R) on V(R) underlying our view of the former as an inho-
mogeneous quantum group is differentiable for the exterior algebras above.

4.4. Calculations for the smallest R-matrices. The construction in Theorem
4.7 includes the standard ¢-deformation R-matrix for the SL,, series for all n as
these are known to be ¢-Hecke when normalised correctly, see [8]. In this case
A = Cy[GL,] and V(R) = Cj is the standard quantum-braided n-plane with
relations x;x; = gz;x; for all j > 4. Thus we obtain Q(C,[GL,[<Cy) such that
the canonical coaction of Cy[GL,]p<Cy on Cy is differentiable. In this section, we
exhibit n =1 and n = 2 explicitly.

For n = 1, R = (q), we have D = t and A = C,[GL;] = CJ[t,t7'] the algebraic
circle with At =t ® t and with strongly bicovariant exterior algebra structure
(dt)t = ¢*tdt, (dt)* =0, A, dt=t@dt+dt®t

by Lemma 2.6, and implied relations for t~1. (This is the standard bicovariant
calculus on a circle for a free parameter ¢). We have B = V(R) = C|z] with
calculus (dz)z = ¢?xdz, (dr)? = 0, which is A-covariant with Arz = z ® t by
Lemma 2.7.

Proposition 4.8. Let B = V(R) = C[z] be a braided-Hopf algebra in M*4 as part

of Q(B) a super braided-Hopf algebra in Mggﬁ; with

rat = q 2z, a<dt = (¢7? —1)dz, dx<t =dz, daz<dt=0,
Apr=z®t, Apdr=dz®t+z®dt,

(dz)z = ¢*zdz, (dz)?=0, Ar=1®@z+2®1, Adr=1®dzr+dz®]1.
The super bosonisation defines a strongly bicovariant exterior algebra Q(Cy[B4]) :=
Q(Ap<Q(B) with relations and comultiplication

wt =q %te, (do)t =tdz, (dt)r = ¢*xdt+ (¢* — Dtdr, dzdt = —dtdz
Ar=1z+z®t, Adr=1dr+dzr@t+zxdt

where we identify As<B = C,[By], the quantisation of the positive Borel subgroup
of SLy (a quotient of C4[SLs]). Moreover, the coaction Ag : Clz] — Clz] @ Cy4[B4]
given by Agr =1Q® x + x ®t is differentiable.

Proof. This is read off immediately from Theorem 4.7 but the key facts are also
simple enough to verify directly. O

Remark 4.9. The Hopf algebra C,[B,] is also called the Sweedler-Taft algebra
(but we think of it as a g-deformed coordinate algebra). One can also think of it as
U,(b4+) and in this case we recover the exterior algebra (U, (b4)) previously found
in [21]. In addition, we can work with ¢ a primitive nth odd root of unity where
now A = C,[t]/(t™ — 1) and B = Clz]/(z"), giving us the the exterior algebra of
the reduced quantum group ¢,[B4] with additional relations " =1 and z” = 0.
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We now compute the rather more complicated n = 2 case where A = C;[GL,]. We
recall that this has generators t'; = a, t'y = b, t?; = ¢, t?s = d with relations,
invertible determinant, coproduct and antipode

ba = qab, ca =qac, db=qbd, dc= qcd
cb=be, da—ad=(q—q Ybe, ad—q tbc=da— qchb= D
aby [(ab a b ab) 1 d —qb
A(cd>_<cal>®<cd>7 S(cd>_D (—q_lc a>'

Next, A has an obvious 1-parameter family of coquasitriangular structures

g0 0 0
. & 0lg—qtoO
00 0 ¢

with R = Ry the ¢-Hecke normalisation. The choice of R means a l-parameter
family Q4 (Cq[GLo]) if we use the standard construction for differentials on coqua-
sitriangular Hopf algebras. We refer to [16] for a recent general treatment, special-
ising which in our case gives the exterior algebra in the form C,;[GLyp<A where
the space of left-invariant 1-forms A! has basis eq, €p, €., €4 and cross relations

a b\  oq(d’ab ab 14204 (0 a
ol = (B D)ot (2 D)o = () 2)
a b o b0 a ar [0
[eca (C d>]q1+2°‘ = q1+2 A (d 0> €a, [eda <C)]q2“ = q2 A <d> €p

b _ 9ay [aec+ Abeg
[ed7 (d)]q““ =q A (cec + )\dea)

with A = ¢ — ¢~ ". The calculus is inner with 8 = e, + ey, which defines d. When
o= f% the calculus descends to the quotient D = 1 giving the standard 4D calculus
on C4[SLy| as in [24] but otherwise we are in the same family but with a different
g-factor in the commutation relations. On the other hand, the crossed module
braiding ¥ on A! as given in [16] has an equal number of R, and its appropriate
inverse, so does not depend on the normalisation factor in R,. Hence the left-
invariant exterior algebra A = TA!/ker(id — W) is the same as for the standard 4D
calculus on C,4[SL,|, namely the usual graded-commutative Grassmannian algebra
on eg, e, €. and

1

€qed + eqeq + q_l)\eceb =0, ege.+ quced + q_l)\eaeC =0
epeq + qudeb + qil)\ebea =0, ei = eg = ez =0, 63 = qil)\eceb
This recalls the full structure of the exterior algebras Q4 (C4[GL2]) = Cy[GL2p<A.

Lemma 4.10. The 4D strongly bicovariant calculus Q(C4[GLo]) in Lemma 2.6 has
relations

(da)a = ¢’ada, (da)b=gbda, (da)c = gcda, (da)d = dda
(db)a = qadb+(¢*—1)bda, (db)b = ¢*bdb, (db)c = cdb+(q—q ')dda, (db)d = qddb
(de)a = qade+(¢?—1)eda,  (de)b = bde+(qg—q 1 )dda, (dec)e = ¢*ede, (de)d = qddc
(dd)a = add + (g — ¢~ *)(bde + cdb + (¢ — ¢ ')dda), (dd)b = gbdd + (¢* — 1)ddb
(dd)c = qedd + (¢* — 1)dde, (dd)d = ¢*ddd

along with implied relations for D™, and is isomorphic to the a = 0 member of
the standard family of 4D bicovariant calculi Qo (Cy[GLo)).
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Proof. The displayed relations are a routine calculation from Lemma 2.6. Next,
working in this calculus, we consider the basis of left-invariant 1-forms w, = w(a),
wp = w(b), w. = w(c), wg = w(d), where w(a) = (Sag,)dae, is the quantum
Maurer-Cartan form. Explicitly, we have basic forms and their relations

we = DY (dda — gbdc), wy, = D7 (ddb — gbdd)

we =D Yade — g 'eda), wqg =D add — g~ cdb)
a b\  [(q*ab [ ab]_ b0 [ ab]_AOa
Yale d) = q%dwa’ Wole g)la=Mgo)%o Wl g)la=A g ) @e
a\; (g bwe + Naw, b _yfa
[wa, (c)] N (q)\dwc + New, ) [wa, d Joz = A c)“

where A = g — ¢!, and exterior derivative
da = awy + bw., db=awp + bwy, dc=cw,+ dw., cwp+ dwy.
It is then a straightforward calculation to prove that ¢ : Q(C4[GLs]) — Qo(Cy[GL2])
given by the identity map for elements of degree 0 and
0(wa) = qrea,  o(wp) = Aee,  @(we) = Aep,  p(wg) = gheq + Neq

is an isomorphism. O

We next consider the quantum-braided plane B = (Cg generated by z1,xo with
relation xox1 = qx1x2 and viewed initially as a braided-Hopf algebra in the category
of right C4[G La]-comodules and with exterior algebra Q(C2) and standard relations
and coaction from Lemma 2.7,
(dzg)z; = ¢?xiday,  (day)xo = qrodzy,  (dzo)zy = qridas + (¢2 — 1)zaday
(4.5)
(dz)2 =0, drodz) = —¢ 'daerdas, Agw;=z; 1,
We also view C,[GL4], covered above in our family with n = 1, as the algebraic

circle C[D, D7!] with its 1-dimensional strongly bicovariant differential calculus
with relations (dD)D = ¢>DdD and coproduct AD = D ® D.

Proposition 4.11. The 4D strongly bicovariant calculus Q(C,[GL2]) constructed
from Lemma 2.6 is the universal strongly bicovariant exterior algebra such that

(1) the canonical right coaction of Cy[GLy] on CZ is differentiable;
(2) the determinant inclusion Cy[GL1] — C,4[GLs] is differentiable.

Proof. Requiring only Ag.((dz;)z;) = Apr«(¢?xidz;), we obtain all the relations
stated in Lemma 4.10 except for those stated for (da)d, (db)e, (de)b, (dd)a, (dec)db
and (dd)da, but we also get the following additional relations

(de)b + ¢~ (da)d = bdc + qdda, (db)c + ¢~ *(da)d = cdb + gdda
(de)b + g(dd)a = ¢*bde + (¢* — 1)edb + gadd + (¢ — 1)dda
(db)e + g(dd)a = ¢*cdb + (¢° — 1)bdc + gadd + q(¢° — 1)dda.
Clearly C[D,D~!] is a sub-Hopf algebra of C,[GLs] with D the g-determinant.

That the inclusion extends to differentials amounts to requiring (dD)D = ¢>DdD
in the bigger calculus. If we impose this then the above conditions imply that

a(da)d® — ad(da)d + gbcd(da) — be(da)d = 0.

One can simplify this further by moving the elements of degree 0 to the right by
using the relations in the lemma already known, to obtain [da,d]D = 0 and hence
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[da,d] = 0. The remaining relations of Q!(C,[GLs]) in Lemma 4.10 then follow.
We also find that

dD = add — ¢~ 'bdc — ¢~ edb + ¢ *dda
(dt';)D = ¢*Ddt';, (dD)t'; = t';dD + (¢* — 1)Ddt’;.
By applying d to the stated bimodule relations, we also obtain
(da)* = (db)* = (d¢)® = (dd)* = (dD)* =
dbda = —¢g~tdadb, deda = —¢ 'dade, dddb= —g 'dbde, dddec = —¢ 'dedd

dedb = —dbde + (¢ — ¢~ ')dadd, ddda = —dadd, dDdt'; = —q 2dt';dD
for the degree 2 relations. O

Universal here means we used only the conditions stated to derive the relations,
but there could be quotients with the same two properties. It seems likely that
similar results apply for all C,[GL,], but this is beyond our scope here (it would
require rather more machinery than we have recalled here, such as properties of
the quantum Killing form in [16]). We are now ready to state our example of
Theorem 4.7.

Proposition 4.12. Let A = C4[GLs] with Q(C4[GLs)) its strongly bicovariant
exterior algebra in Lemma 4.10. Let B = (Cg be viewed as a braided-Hopf algebra
in M4 and Q(C2) as a super braided Hopf algebra in the category of Q(Cy[GLy])-
crossed modules with (co)action and coproduct

a b\ (¢ %1 —q Ao ab\ (q¢glzy 0
14 <c d) o ( 0 gtz ) 29\ q) = 0 g 2%,
da db\ _ —q¢ 'Adzy —¢ 'Adas a b\ (dx; 0
214 (dc dd) _< 0 o ) mca)T 0 g
o da db\ 0 0 dpoa (@ b\ (¢ 'dzs 0
2 \de dd) — \—¢'Mdz; —¢ 'Adxy )’ e d) \g "Mz day )’
de;<dth; =0, Apri =21 Qa+22®¢, Aprao=21 @b+ z2Q0¢,
Agdr; =dzi ®a+drs ®c+ 21 ®da + 22 Q@ de,
AR*de:dxl®b+dx2®d+x1®db+x2®dd,

Ar; =2, 1+ 1R x4, é*dl‘izdl‘i(@l—l-l@dxi,

where A = ¢ — ¢~ '. Its super bosonisation is a strongly bicovariant exterior algebra
Q(Cy[GLop<C?) := Q(Cy[GLy]p<QC?) with sub-exterior algebras Q(Cy[GLy]),

Q(Cg) and cross relations and super coproduct

. ab _ g %az1 g lbxi — ¢ haxs . ab _ g taxy ¢ %bxs
e d ¢ 2cxy ¢ ldry—q ez ) P\e d g texs g %dxs )’

. a b\ (adxy g~ 'bdx, ab q- adxg—i—q INbdzy  bdzo
e d) ~ \edzy ¢ 'dday ) cd g tedrs + ¢ P Aedzy  ddas )’
da db\ (da)ml — ¢ 1 hadxy q 1( Yz1 — ¢ ' A((da)z2 + adxs)
de dd) — \ ¢ 2(dc)xy — ¢t Aeday Ydd)xr — ¢~ IA((de)ze + cdas)

- da db (g7 (da)zs —q_lx\bdxl g 2(db)wy — g~ Abdao
2\de dd) ~ \¢gYde)zy — ¢~ Nddzy ¢ 2(dd)ze — ¢~ " Addzy )

q da db o dadz; ¢ 'dbda,
“1\de dd) = " \dedz; ¢ 'dddz, )’
A da db 3 g 'dadzs + ¢ ' Adbdz;  dbdzs
de dd g 'dedzs + ¢ ' Adddz;  dddxs
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Ax; = 1®$i—|—AR(CIL‘Z‘), A*(d.’lﬁl> = 1®dmi+AR*(dwi)
and the coproduct of Q(C4[GLs]). Moreover, the canonical coaction Ap : (Cg —
C2 @ Cy[GLyp<C2 is differentiable.

Proof. We apply Theorem 4.7. The C,[GLs]-crossed module structure has coaction
Agz; = x; ® t/; and right action x;<t*; = ¢~ 'x;(R5')7;®; which computes as
shown. The rest follows similarly by computation for our choice of R as in (4.4)
with the g-Hecke normalisation o = 0. The coaction of C, [GLQ]K(Cg at the end is
Apr; =1®@x; +x; @t O

Remark 4.13. (Cq[GLQ]K(CZ is a quantum deformation of a maximal parabolic
P C SLj and one can check that this is indeed isomorphic to a quotient of C,[SLs].
We have found its strongly bicovariant calculus and moreover it coacts differentiably
on (C3 by our results. The same construction still works when ¢ is a primitive n-th
odd root of unity. Here we take A = ¢4[GLy] = C4[GLo]/(a™ —1,b",¢",d" —1) and
B =2 = CZ/(a,x%) with ¢q[GLyl<c2 and strongly bicovariant exterior algebra
as above with the additional relations ¢q[GLs] and 2.

5. DIFFERENTIALS ON BICROSSPRODUCT HOPF ALGEBRAS

We conclude the paper with quantum differentials for the second case where the
Hopf algebra has a cross coproduct coalgebra as typical for inhomogeneous quantum
group coordinate algebras, namely the bicrossproduct construction [9, 8].

5.1. Exterior algebras by super bicrossproduct. Let H and A be Hopf alge-
bras with A a left H-module algebra by left action > and H a right A-comodule
coalgebra by 5 : H — H ® A denoted 8(h) = h® ® h(D. We suppose in this section
that > and 8 are compatible as in [8, Thm. 6.2.2] such that the cross (or smash)
product by > and cross coproduct by S form a bicrossproduct Hopf algebra AmaH.
In the same spirit as Section 4, we now construct a strongly bicovariant exterior
algebra on Ap<H by a super bicrossproduct.

To this end, suppose that Q(A) and Q(H) are strongly bicovariant exterior algebras
and that > is differentiable. This entails that 2(A) is H-covariant i.e. an H-module
algebra by an action > : H®Q(A) — Q(A) commuting with d and that this extends
further to a super Q(H)-module algebra by > : Q(H)®Q(A) — Q(A) such that

(5.1) da(mpw) = (dgn)dw + (=1) s (d4w)
for all w € Q(A) and n € Q(H).

On the dual side, we assume that 8 extends to a degree-preserving super coaction
B : Q(H) — Q(H)®Q(A), denoted by B.(n) = n©* @ n@*, such that Q(H) is a
super 2(A)-comodule coalgebra and

(5.2) Bo(dpn) = dgn®* @ g™ + ()" 0" @ d ay®*,

If, moreover, > and (3, obey the super bicrossproduct conditions:

(5.3) e(mpw) = e(n)e(w)

(5.4) Ay(npw) = (*U“mnm*Hlm?)l)lwm‘77<1)(‘T)*>w(1> @ Ny D" (NaPwes)
(55)  Bu(ne) = () D Iy @50 @, D ()
(5.6)

w (T)*+ (OM 0 * (1 * o) * 1) *
(—1llin ™ Hnmline ® y @%@ (n4)pw)ne,®* = 0w, @* @ na, O* (Nebw)
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then we have a bicrossproduct super Hopf algebra Q(A)p»<iQ(H) with product and
coproduct

(wen)(r®§) = (1" Mw.,pr) @ neé

Au(w® ) = (-1 0y ) @50, @ weyne, O @ 0
for all w, 7 € Q(A) and for all n,£ € Q(H). We omit the proof since this is similar
to the usual version [9, 8] with some extra signs.

Theorem 5.1. Let A, H be Hopf algebras forming a bicrossproduct Aw<H and
let Q(A) and Q(H) be strongly bicovariant exterior algebras with >, B, obey the
conditions (5.1)-(5.6). Then Q(AwiH) = Q(A)p<Q(H) is a strongly bicovariant
exterior algebra on AwH with differential

dwen) =daw@n+ (-1)“lw e dgn,

for allw € Q(A) and n € Q(H).

Proof. This is clear since the algebra structure here is the left-right reversal of a
right-handed super cross product and the super coalgebra structure is a super right
cross coproduct, both of which were already covered in Theorem 4.1 with the same
form of d. O

In practice, we typically only need to know that the bicrossproduct action > and
coaction (3 extend to degree 1 to construct the super bicrossproduct, since the
extension to higher degrees is determined. Note also that if Q(A) is an H-module
algebra and Q(H) is the maximal prolongation of Q'(H), then by the left-hand
reversal of Lemma 4.2(i), Q(A) is a super Q(H)-module algebra such that (5.1)
holds.

Lemma 5.2. Let A, H be Hopf algebras forming a bicrossproduct AwiH. Let Q(A)
be a super left Q(H )-module algebra such that (5.1) holds, suppose that the coaction
extends to a well-defined map B, : Q*(H) — QY (H)® A® H @ Q'(A) by

(1) Bi(hdrg) = hay@drg® @huy® (hePg®) +ha @ g @ hay® (he)pdag®)

forallh,g € H, that the action obeys e(npw) = e(n)e(w) for alln € Q(H), w € Q(A)
and that

(2) Ax(hedga) = hay©Opdaan@ha @ (hePae)+ho), Opaq @b, ® (he>daa)
(3) hy @@ (haypdaa)he® = hay©@hg @ (heybdaa)

for allh € H and a € A. If both Q(H),Q(A) are mazimal prolongations then [,
extends to all degrees obeying (5.4)-(5.6) and form Q(A)w<Q(H) by Theorem 5.1.

Proof. (i) First we first check that 5. ((dgh)g) also satisfies (5.5) for products from
the other side,

B«((drh)g) =Apr.(du(hg) — hdug)
=dp (hg)® @ (hg)® + (hg)® @ da(hg)® — ha,@drg® @ hay® (he>g™)
= h@y,®g® @ hy® (hepdag®)
=dp (h,@9®) @ hay® (hepg™) + hiy @ g® @ da(hay @ (hepg®))
—hy@drg® @ hay® (he>g™) = hay@ 9@ @ hay @ (he>dag®)

=(dghu)®)g® @ h(l)m(hmbg(l)) +hy@g® @ (dahay®)(he>g®)

+hwy©g® ® hy® ((dHh@))Dg(l))
=((dgh)1,@)g® @ (dah)wy @ ((dah)e>g™®)



32 RYAN AZIZ AND SHAHN MAJID

for h,g € H. Next, we prove that 3, extends by (5.5) to Q2(H) for the maximal
prolongation. Suppose hdgg = 0 in Q(H) (a sum of such terms understood) then
Bx(hdmrg) = 0 tells us that

hay@drg® @ hay® (hapg™) =0,  ha@g® & ha)® (he>dag®) =0.
Applying dg ®1id to the first equation, then the Q?(H) ® A-part of B.(dghdgg) is
dihy@dpg® @ hay® (hepg®) = 0.
Applying id ® d4 to the second equation, the H @ Q2?(A)-part of B«(dghdgg) is
hy©@g© @ ((dahay @) (hepdag®) 4+ hay® (drhe))>dag®)) = 0.

Finally, applying dg ® id to the second equation and id ® d 4 to the first equation
and subtracting them, the Q' (H)®0!(A)-part of B.(dghdgg) is

(derhy®)g@ @hay @ (hepdag®)
—hay@drg® @ ((dahay®)(hepg®) + hay® (dghe>g®)) = 0.

Since > : Q(H)@Q(A) — Q(A) is defined and Q(H) is the maximal prolongation of
QY(H), B« can be extended further to higher degree obeying (5.5).

(ii) Next we check that A, ((dgh)>a) satisfies (5.4),
A ((dgh)sa) = A (da(ha) — hd aa)
=da(h>a)qy ® (h>a) @) + (hra)q) @ da(hba) e — Al(h>daa)
=da(ho,Oran) @ hay @ (he)Pae) + (ha,Oraq) © da(hn ® (hePae))
— hay@rdaan, ® hay® (hePap) = ha)@baq @ ha @ (he>daae,)
=dphu©vaq ® ha® (hePae) + (ha@paa) @ (daha @) (hebae)
+ hayOpan) @ hay @ (dahe )Pae))
=(dgh)w,Oraq, @ (dah)a,® (dah) e Pac)
and one can find further that
As((hdug)pa) =(ha, @ drga @ )an ® hay® (haPga, ™) (e 9e))>as)
+ (hy @90, )Pag) @ hay @ (hepdagn®)((hege) )Pae)
+ (hy@ g0, )pag) @ hiy @ (hepga, @) ((heyduge >as)

for all @ € A as also required for (5.4). We can extend further to A.((dgh)>daa)
and prove that (5.4) holds as

Au((dph)odaa) = Ay (da(hedaa)
=da(h>daa) g, @ (hrdaa) e + (1)) Dl (hed ga) ) @ da(hedaa)
=da(hoy@rdaan) @ hay @ (hePae) — ha @edaan @ dalhn,® (hepae))
+ da(hayOpan) @ hay @ (hepdaae) + ha) ©@baq, @ dalha,® (he>daae))
=(drha,@)pdaa) @ hay® (hePae) = ha@bdaan) @ (daha @) (heae)
—hay@Ovdaan ® hay® ((dahe) )Pae) + (drha®)Paq © hay® (he>daae,)
+hyOvag) ® (daha®)(hepdaae) + ha@aq @ hay® ((dahe )>daag,)
=(~1) I DI @ DA (d gy h) o, @e(daa) o) @ (drh)o,® (drh)e(daa)m).

This then extends to all degrees since A, of Q(A) and > : Q(H)R0Q(A) — Q(A) are
defined by assumption and B, : Q(H) — Q(H)®0Q(A) is now defined since Q(H) is
the maximal prolongation of Q! (H).

(iii) Finally, we check that 8. obeys (5.6). In fact by applying dg ® id +id®d 4 to
hy® @ (haypa)ho® = hay©@ @ hay® (heba)
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combined with assumption (3), we have
dihe® @ (hay»a)he® +he,© @ ((drha))Pa)he® +he® @ (hapa)dahe®
=dph,© @ ha, D (hepa) +ha,® @ daha @ (hepa) +ha© @ hay® (dphe>a)
for all h € H, a € A, which is equivalent to
(drh) @ @ (duh)mPa)(duh) @ = (dah) o © @ (duah) o @ (duh)e>a).

Furthermore, one can find that
(hd#g) 2@ @ ((hdmg)opa)(hdag) @ = (hdug) 1)@ @ (hdug) ™ ((hdrg)>a).

We extend this by applying dg ®id +id®d4 to the assumption (3), where we have
dihe® @ (haypdaa)ho® + hey© @ ((drha))>daa)he® — (ha>daa)dahe,®)
= drhw,® ® hay® (hepdaa) + ha,® @ ((dahw) (hepdaa) + ho,® (drhe)>daa))
which is equivalent to
(71)‘(dHh)(2) Dlldaal (dHh)(z)@ ®((dHh)<1)‘>dAa) (dHh)@)(T)
= (dah) @ @ (duh) @ (drh)e>daa).

Since > and S, are defined for Q(H), one can extend the above equation further to
higher degree by applying dgy ® id + (—1)! lid ® d4 to the lower degree equation.
In this way, 8. obeys (5.6), which completes the proof. O

This lemma assists with the data for Theorem 5.1. Moreover, as part of the theory
of bicrossproduct Hopf algebras, there is a covariant right coaction Ag : H —
H ® Aw<H given by Arh = hy,©® @ hy® @ h, for all h € H.

Corollary 5.3. If > and 8. obey the conditions in Theorem 5.1 then Ar : H —
H ® AwiH as above is differentiable.

Proof. Since the coaction Q(H) — Q(H)®£(A) and action Q(H)RQ(A) — Q(A)
exist globally as assumed in Theorem 5.1, it is clear that Ag.n =171, ®* @14, O* ®
72y is well-defined on n € Q(H) and gives a coaction of Q(AwiH) on Q(H). For

example, on degree 1 we have
AR* (dHh) = dHh(1)@®h(1)(T)®h(2)+h(1)@ ®dAh(1)(T)®h(2)+h(1)@ ®h(1)m®dHh(2)-
O

5.2. Examples of bicrossproduct exterior algebras. We now turn to some
examples of exterior algebras constructed as super bicrossproducts. We work over
C due to the physical context (typically supplemented by an appropriate x-algebra
real form). Our warm-up example is the ‘Planck scale’ Hopf algebra Clg, g~ *|»<C|p]
generated by g, ¢~ ', p with

P9l =AM1-g)g, Ag=grg, Ap=1@p+p®yg
where A = z% is an imaginary constant built from Planck’s constant and a curvature

length scale 7, and g = e~ 7 where z is the spatial position in [8] (whereas we work
algebraically with g as a generator). This turned out to be a Drinfeld twist of
U(by) and we will obtain the same calculus as found in [17] by twisting methods.
Let C[r] be another copy of C[p] with standard exterior algebra Q(C[r]) given by

[r,dr] = Adr, (dr)? =0.
As part of the theory of bicrossproducts, there is a natural coaction Ag : C[r] —

C[r]®C[g, g~ 1]»<C][p] given by Agr = 1®p+r®g making C[r] a comodule-algebra.
This coaction extends to Q(C[r]) by Agdr =dr ® g.
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Proposition 5.4. There is a uniquely determined strongly bicovariant exterior
algebra Q(Clg, g~ t|»<C[p]) such that Ag is differentiable. This has relations

[dg, 9] =0, [p,dp] = Adp, [dp,g] = Agdg, [dg,p] = A1 — g)dg,
(dp)* = (dg)* =0, dpdg = —dgdp.
Moreover, Q(Cl[g, g~ ]»<C[p]) = Q(Clg, g~ 1])»<Q(C[p]) and has coproduct
Ag=g®g, Adg=dg®g+g®dg,
Ap=1@p+p®g, Adp=1l®dp+dp®g+pxdg.

Proof. 1If it exists then Ag,dr = dr ® ¢ + 1 ®dp + r ® dg. For this to extend in
a well-defined way to Q(Clp]) as in (2.3), we require Ag,(dr.r — rdr + Xdr) =0
which gives

[p,dp] = Adp, [dg,g] =0, [dg,p]+ [dp,g] + Adg = 0.

By requiring Ag.(dr)? = 0 we find that [g,dp] = Agdg which implies [dg, p] as
stated. We also find the relations on degree 2 as stated. One can check that they
obey the Leibniz rule, making Q(Clg, g !]»<C[p]) an exterior algebra.

Moreover, one can find that Q(C[p]) is a super right Q(C[g, g~ }])-comodule and
Q(C[g,g™1)) is a super right Q(H)-module by the actions and coactions

g =AN1-g)g, dprg=—Agdg, p>dg=A(1-g)dg, dp>dg=0,

Blp)=p@g, PBu(dp)=dpeg+pedy.
It is a routine calculation to show that these obey the conditions for Theorem 5.1.
It is then easy to check that the super bicrossproduct Q(Clg, g~1])»<Q(Cl[p]) gives
the same exterior algebra as Q(C[g, g~ 1]»<iC[p]) and with the stated coproduct. O

Being uniquely determined here and below means in the universal sense that we use
only the differentiability to derive the calculus relations (one could have quotients).
The next most complicated example in this context is the quantum Poincaré group
C[Poincy 1] = C[SO1,1]»U (by) for which we follow the construction in [3, Chap-
ter 9.1]. Thus C[SO; ;] is the ‘hyperbolic Hopf algebra’ generated by ¢ = cosh o
and s = sinh o with relations ¢ — s> = 1 and ¢s = sc, where we work algebraically
with ¢, s and do not need « itself. This is a Hopf algebra with

2= () C=61) 5C0)=(57)

Meanwhile, we take U(b;.) as generated by ag and a; with relation [ag, a1] = Aag
for some A € C, and primitive comultiplication Aa; = 1 ® a; + a; ® 1 for i = 0, 1.
C[SO1 1] coacts on U(bs) and U(by) acts on C[SO1 1] by

oo () = (5) we () =2 (322), Ao w) = Ao wo(© )

Thus their bicrossproduct Cy[Poincy 1] = C[SO; 1]»U(by) contains C[SO 1] as
sub-Hopf algebra, U(b;.) as subalgebra, and one has the additional cross-relations
and coproducts[3, Chapter 9.1]

[ao, @} = As @ . [an, @} =Xc—1) (i) . Aa;=1®a; + Aga;.

Finally, we let U(by) be another copy with generators ¢,z in place of ag,a; with
exterior algebra[23]

[do,z] = N0, [dz,t] =0, [dt,z] =Nz, [dt,t]=\(dt—0¢"), [0,z] =0, [0 ,t]=—-\0
d¢’ =0, (dz)?>=(dt)?=0, dadt=—dtde, dz.¢/ =—#dz, dt.0' =—#'dt.
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It is known that this is covariant under Cy[Poinc; 1] by coaction
Ar:U(by) = U(by) @ C[Poincy, ], Ag(t ) =1® (ap a1) +(t 2) & (z i)

in the same matrix notation as for coproducts above. We are thinking of U(b,)
here as a quantisation of 2D Minkowski spacetime with its known 3D differential
calculus.

Proposition 5.5. There is a uniquely determined strongly bicovariant exterior al-
gebra Q(C[Poincy 1]) such that the above coaction on U(by) is differentiable. It
contains QU (by)) as sub-exterior algebras and has the additional relations on de-
gree 1 and 2,

(de)s = sde,  (ds)e=ceds, (de)c = cde = sds = (ds)s,

i ()r(E). ()
Ni=ae-n (). . (Si=re-n ().
/\d(;dc) » Ada, (ii)} = (Adgd8> :

Q(C[SO11])»<Q(U (by)) with coproduct that of Cy[Poincy 1]

[oF el
[9)

Moreover, Q(C[Poincy 1])
on degree 0 and

Ade=de®c+ds®s+c®Rde+s®ds, Ads=dc®s+ds®Rc+c®ds+ s®@dc,

I
—

A,dag =1®dag +dag ® c+da; ® s+ ag @ dc+ a1 ® ds,
A,da; =1®day +dag® s+da; ® c+ ag @ ds + a1 ® de,
NG =10+031—-1®dayg —dag @1+ A.dag.

Proof. Tt AR, exists obeying (2.3), we will need
Apydt =1Rdag +dt@c+dzr®@s+t®dec+x ®ds,

Apdr=1®0da; +dt@s+dr@c+t®@ds+ 2 ®de,

Apt =120 —1@dag +0' ®1 —dt @ 1+ Ag.dt.

By requiring Ag.([dt, z]) = Ag«(Adx) and Ag.([dz,t]) =0, we find
(ds)e=cds, (dc)s =sde, (de)e+ (ds)s —cde — sds = 0.
[da1,c] = [ag,ds], [dai,s] — [ao,dc] + A((ds)s — cde) = 0,

[a1,dc] = [dag, 8] — Ads, [dag, c] — [a1,ds] + A((de)e — sds — de) = 0.
Additionally, from d(c? — s?) = 0 combined with the condition dc.c + ds.s — ede —
sds = 0 above, we find that (d¢)ec = sds and (ds)s = cde. But then by requiring
Ap.([dz, x]) = AR.(N0") we also find that (dc)c = ede and (ds)s = sds. Thus we
have (de)c = cde = sds = (ds)s. Also, by requiring Ag,(dz)? = 0 and Ag,(dt)? =
0, one can find that

o (8. () (2)

leading to the stated bimodule relations. The relations involving €’ are obtained
by using the other relations. One can also find that the stated relations on degree
2 hold and Q(Cx[Poincy 1]) contains Q(U(b4)) from the above calculation.

Moreover, Q(C[SO1 1]) is a super Q(U (b4 ))-module and Q(U (b4)) is a super Q(C[SO1 1])-

comodule with actions and coactions

c de c de
dag> (s) = Ac (ds) ,  da> (s) = As (ds) ,
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wr (30) =2 (§0) e (50) =ae-n ()

B« (dag) = dag ® ¢+ da; ® s + ag @ dec + a1 @ ds,
Bi(dar) =dag® s+ da; ® ¢+ ag ® ds + a1 ® de,

” <C> “Mey (36) Bu(8) = 0/ @1~ dag @ 1+ B. (da),

and one can check that these obey the conditions for Theorem 5.1. We
can then construct the super bicrossproduct and identify Q(C,[Poincyi]) =
Q(C[SO1,1])»<2(U (b4)) with coproducts as stated. O
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