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Abstract

This paper investigated a hybrid Meshless Displacement Discontinuity Method (MDDM)
for a cracked plate subjected to static and dynamic loadings. The purpose of MDDM is to model
displacement discontinuity on a cracked surface by the displacement discontinuity method in an
infinite plate. This was achieved by considering a meshless approach, the equilibrium equations,
and the boundary conditions for a domain with an irregular nodes distribution. Also, by
imposing the principle of superposition, accurate and convergent solutions can be obtained. In
this paper, the static and dynamic stress intensity factors, and the crack growth for different
initial crack length and crack slant angles are investigated. The Laplace transform method is
applied to deal with dynamic problems and the time-dependent values are obtained by the
Durbin inversion technique. Validations of the presented technique are demonstrated by four
numerical examples of plates with a central embedded crack.
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1. Introduction

It is well known that the numerical simulation of crack-growth processes is mature as many
numerical strategies including the finite element method (FEM) have been developed. As a
general numerical tool, FEM has been developed for crack propagation simulation in solid
structures [1,2,3]. The early attempt to model crack growth in mixed-mode conditions was
reported by Gallagher [4], Rice and Tracey [5], Shephard et al [6] and Rice [7]. Recently, the
extended finite element method (XFEM) [8,9,10] was proposed for fatigue/ fracture analysis in
nonhomogeneous materials. In spite of the great success of general boundary value problems,
the new and advanced computational methods are still required due to the need for
computational accuracy and efficiency, and structure complexity. As the discontinuities of the
stress/strain by FEM between elements affect the accuracy significantly, the boundary element
method (BEM) is able to achieve high accurate solutions. The two main advantages of BEM is
the reduction of the spatial dimensions by at least one and the high accuracy is achieved
especially if the domain of interest is infinite or semi-infinite. Early investigations of mixed-
mode crack growth conditions by BEM were reported by Ingraffea et al [11] and Grestle [12]
for two- and three-dimensional problems with the multi-region technique. Cen and Maier [13]
applied BEM to simulate crack growth in concrete structures. In the 1990’s, the Dual Boundary
Element Method (DBEM) with a single region technique for the crack growth analysis was
demonstrated by Portela et al [14] for two-dimensional and by Mi and Aliabadi [15,16] for
three-dimensional problems. One of the advantages of DBEM is that the crack extension
procedure can be modelled easily by new elements. For DBEM applications in crack mechanics,
a general review was given by Aliabadi [17]. Apart from DBEM, the indirect boundary element
method is another accurate method formulated with the principle of superposition including the
Fictitious Load Method (FLM) and the Displacement Discontinuity Method (DDM). This was
reported by Crouch [18] in the “Boundary Element Methods in Solid Mechanics”. The DDM
was extended to static/dynamic 2D/3D fracture mechanics by Wen et al in [19,20,21,22,23].

How to interpolate a variable accurately using the values of irregular node arrangement in a

domain is a fundamental task in meshless methods. The multiquadric Radial Basis Function

(RBF) R(r) =+/c? +r* was studied by Hardy [24] in 1971 for topographical surfaces, and this

can be considered as the first development for meshless method. Similar to the Moving Least
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Square (MLS) algorithm, the compact support RBF has been explicitly constructed to
multivariate surface reconstruction. Later Belyschko et al [25] developed the element-free
Galerkin method (EFGM) based on accurate interpolation methods including the MLS and RBF
respectively. Pathak et al [26] developed and utilised the enriched EFGM method to investigate
fatigue problems in homogeneous and bi-material interfacial cracks structures. Jameel
and Harmain [27] also investigated fatigue crack growth of material discontinuities using the
EFG method, and Muthu et al [28] also investigated the impact of T-stress on crack propagation
using a variant of the EFG method. In addition, the local support domain technique provides a
form of theoretical basis for large scale problems, see Hon et al [29]. Atluri et al [30] reported a
series of Meshless Local Petrov-Galerkin formulations (MLPGs) for general partial differential
equations with MLS approximation from the past two decades. The local boundary integral
equation with the MLS and RBF was reported by Sladek et al [31,32] to deal with fracture
problems in anisotropic non-homogeneous media. With enriched RBF at the crack tip, Wen and
Aliabadi [33] demonstrated the application of meshless method to fracture problems with
functionally graded materials. However, a drawback of the meshless method is the accuracy and
convergence, precisely to the modelling of singular stresses at the crack tip by using the MLS
and RBF interpolations. In the present paper, we aim to develop a hybrid method with the DDM
and mshless method in order to take advantages of both the boundary element method (high
accuracy) and the meshless method (body force terms). The advantages and disadvantages for
meshless strong form method and displacement discontinuity method are listed in Table 1.

The time-dependent values of displacement, stress and stress intensity factor are obtained
from an inverse transform of the corresponding Laplace-transformed quantities. Great attention
has been paid to the numerical inversion of the Laplace transformation. General introduction of
the Laplace invers was given by Fu et al [34,35,36]. In this paper, the formulations for crack
problem are coupled with distributed dislocation on the crack surface (discontinuous field in
infinite plate) and meshless solution (continuous field) to deal with fracture problems. The
crack growth is simulated simply by adding a new crack segments ahead of the crack tip. The
Laplace transform technique is applied to deal with dynamic problems by using static Kelvin
solution of displacement discontinuity for 2D elasto-dynamic problems and the Durbin
inversion method [37] is used to obtain the time-dependent solution. Numerical results of

cracked rectangular plate and cracked circular plate are presented to illustrate the applicability
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and degree of accuracy with the MDDM. Comparisons with analytical and BEM results show a

good agreement.

Table 1 The advantages and disadvantages of meshless and DDM methods

Method Advantages Disadvantages

BEM/DDM Dimension reduction, excellent | Fundamental  solutions,  not
for crack modelling, infinite | available for material and
domain, static/dynamic loads, | geometry nonlinear problem.

high accuracy, high convergent,
easy to code; Computational
effort is much less than other
methods in solving linear

algebraic equations.

Meshless strong | True mesh free, computational | Free  parameters,  unstable,
form methods efficient to treat nonlinear | convergence issue, not accuracy
problem, good convergent rate, | for crack problem.

easy to code; no fundamental
solutions; More computational

effort used.

2. Displacement discontinuity method

The displacement discontinuity method is attributed to one of the indirect boundary element
techniques. Using the displacement discontinuity method, a high level of accuracy and rapid
convergence is obtained when applied in fracture analysis to determine the stress intensity
factors. Consider a concentrated force acting at point A(x,y) as shown in Figure 1 in an
infinite plate, the fundamental solution of the stress tensor is given, for 2D plane strain problem
[17], by

1

Sii (X=X) =m

[(1—2V)(",k5ij =10 _ri5ik)_2rirjrk] @
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where r=|X-x|, r,=(X;-x)/r, X is the coordinate of considered point and v is the
Poisson ratio, subscript k denotes the direction of concentrated force. Consider an opening
mode (I) displacement discontinuity at the origin as shown in Figure 1, i.e.

uf —u, =5(x,0), u —u; =0 (2)
where the superscript + and - indicate the upper and lower semi-infinite plates. The

displacement field can be obtained by the reciprocal theory

Figure 1. Displacement discontinuity at the origin.

. . -1
Uo (X) =S, ([—X) = ) I:(l_ 2v)(X = Xo8py = X,0p ) I T — 2X22Xk /ra:' ©)

4x(L-v)r
where subscript k (=1,2) indicates the direction of displacement. Consider a shear mode (Il)
displacement discontinuity at the origin, i.e.

u’ —u, =98(x,0), u, —u, =0 . 4)
Then, the displacements can be obtained as

1

Upy (X) = S (—X) = m

[ (L= 2v)(%,8y + %Oy ) T+ 2%, %, [ 1° ] (5)

By Hook's law, the fundamental solution of stress tensor ai’;k(x) deriving from the
fundamental displacement above is given by
O-;;k (x) = Cijnlg;Ik (X) (6)

where g;k:(u;n'ﬁu;yn)lz, and C,, denotes the elasticity tensor. For a homogeneous

ijnl

isotropic solid, we have
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CiJnI /’Lé‘ué‘nl (5|n§jl +5 5 ) (7)
where 4 is the Lame’s constant and y is the shear modulus. Consider a constant displacement
discontinuity distributed on a straight line shown in Figure 2(a), the displacement and stress

fields are obtained by the following integrations

A0 A"
W)= [ u(-txdt and o) = [ o (%t dt (8)
_AM _AM

where A" is half-length of the constant element I, " is the displacement discontinuity of

different modes (k =1 signify the shear mode and k =2 the opening mode). Integrating (8)
results [18]

W) =UP " and o) () =T, ()" 9)
where

UP ) =-201-v)f,+x%f,, UDX)=-1-2v)f +x,T,,, (10a)

US X)) =@-2v)f,+%,f,, UK =-21-v)f,+x,f,, (10b)

for displacement and

THO) =2u(-2F, =%, f1,,), TH(X) =2u%, T 1y, TS (X) =2u(—F 5, =%, T ,5,), (11a)

T (X) =2u(- f =% 1), TO(X) = 2u(- o +%f,0) T (X) = 2ux, f 0 (11b)
in which

f(x,%,)= —#{xz [arctan ( a2 J—arctan ( a2 D

4r(1-v) X, —A X, +A (12)

(X = A)In (X, = A +X2 +(X +A)In/(x +A)° +x22}

Different orders of the partial derivative function f(x,x,) used in the DDM are given in
Appendix A. The normal and tangential components of the displacements and tractions at the
centre of segment m caused by displacement continuities " of element | shown in Figure
2(b) can be determined by

u"(x"™) =[U, x"™)co (88 —0V)+U,, (x"™)sin 8™ (-0 =U ™y, (13a)

u* (x'™) = [-U,, (x"™)sin 6™(=60)+U,, (x"™)co (8¢ -6y =U My O, (13b)
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() = [T (<) 0 *(087 =0) + Ty (X s’ (07 ~6)

T (X™)sin 2(0™ - 00y =Ty, (13c)
(Imyy _ (Im)
tf(x(lm)) — Tllk (X ) 2T22k (X ) sin Z(H(m) _ H(I)) +T12k (X(lm)) cos 2(9(m) _ 9('))}/45')
=Tkr(lm)l//iﬁl) (13d)

where x(™ = (x(™ x(™) | XM = (x™ _xD)co g + (x§ —xP)sin 00, xI™ = —(x™ —x")x
sin@® + (™ —xM)cos oV , UMM U™ T and T/ are all named as influence
coefficients. Considering a curved crack with N_ segments in infinite plate shown in Figure 2(b)

with the following traction boundary conditions

AlX,%,)

e e e s e e e

(a) (b)
Figure 2. Constant displacement discontinuity: (a) A displacement discontinuity element in
the local coordinate system; (b) Influence between two segments | and m.

N, N¢
ZTkn(lm)lr//IEI) =" (X(m)) and ZTkr(lm)l//IEI) =1 (X(m)) (m =12,.., Nc) (14)
1=1 1=1

where T"(x™) and T"(x™) denote the prescribed normal and tangential tractions on element
m, respectively, and w" (k =1,2) are unknown displacement discontinuities for each segment.
By solving a set of linear algebraic equations in Eq.(14), 2N_ unknown displacement

discontinuities " can be obtained.

3. Meshless approach with radial basis function
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Consider a domain Q surrounded by a boundary I"and a sub-domain Q_ centred at point n
(x{™,x™) shown in Figure 3. With scattered nodes & =(x",x”) (p=12,..,L,) in the

sub-domain, function u can be approximated as
Ly Q
u(m) =D R, (ma, + Y P, (b, =R(n)a+P(n)b (15)
p=1 g=1

where L is the number of scattered points in the sub-domain Q_

m S

Rt )={Rt )R, ).. .R_f1)} is the vector of the Radial Basis Function (RBF) associated

. L .. .
nodal values and centred at the point , {ap}p:1 are unknown coefficients, Q is the number of

polynomial basis functions which can be chosen based on the reproduction requirement and

{bq }(q?:l are unknown coefficients for the polynomial basis {pq (“)}2:1' We noticed that the

contribution of the polynomial basis by computational tests can be ignored. In general, a
meshless method utilizes an interpolation to represent the trial function with the values (or the
fictitious values) of the variable at scattered nodes in a local area. The moving least-squares
(MLS) approximation, the Kringing interpolation and the radial basis function interpolation
have slight difference in accuracy. However, the radial basis function interpolation is the
simplest with the lesser computational effort. The radial basis function is selected as

multiquadrics [24] in this paper as
R, () =/C? + (% =X{")” + (%, =X’ (16)

where c is a free parameter. Therefore, we have

u(n) = RODR'u = g, (mu” (172)

T .
where u = {u(l’,u‘z’,...,u“m)} , u'® represents the nodal value of the scattered node p in the sub-

domain, ¢,(n) is defined as the shape function and the matrix
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R(E) R .. RE)]
RE) RE) . . R ()

R =| : : (17b)

RE) RE) - RE]
For 2D elasticity, the governing equations are given, for plane strain case, as

2 2 2
2u(l-v) 0 Lil +,u6 Lil n M ou
(1-2v) ox ox, 1-2vox 6x

+b = (18a)

u o, +2,u(1—v) 62u2+ o°u,
1 2voxox, (-2v) o ' ok

+b, =0 (18b)

where b, are body forces. With the RBF interpolation by Eq.(16), one has a set of linear

algebraic equation from Eq.(18)

ml(z(;lz(lz 1;) ” +u¢p,22]u(p’ 2((1 #2 )¢p 12]U(p) =—b (19a)
m((l—ﬂz ) p”] s Zm(z(f(lz V)) pzz*”%n]“?):—bz (19b)

Figure 3. Support-domain Qs centred at field point n: o nodes in domain; e collocation point;

@ nodes in support domain.
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for collocation points n,,,m=1,2,...,N,, N_ is the number of scattered nodes in the domain Q.

For each boundary collocation point, we have boundary conditions in the normal and tangential
(n,7) directions as

(1) Displacement boundary condition
un (nm) = ui r]i |(11 ) = Un (nm)’ Ur(ﬂm) = uiz-i |(,|m) =0’ (nm) (20)
in which n=(n,,n,) is the outward unit normal vector to the boundary, z,=—n, and .z, =n,.

(2) Traction boundary conditions

=t'(m,) (@)

2 2
((ynnl +0,,N, + 2012n1n2) ,

) =t"(m,), [(0'11 _Uzz)nlnz + 0, (N _nzz)](

M

m

where the stress components are from Hook's law

oy (‘lm) 2(2(/;(12 ‘;) ¢p,1ul(p) ‘|‘(12_L§V)¢p,2ugp) (223.)
op,(M,)= i((lzvg ) pl 1(p) +%¢p,2uép) (22b)
0 (,) = (40 + 1,087 (220)

Therefore, 2N, the unknown nodal displacements can be obtained by solving a set of linear
equations from Egs (19-21). For a 2D dynamic problem, the governing equations become

2u(l—v) 82ul+ 82ul+ u o', b, = 82
1-2v) ox? ox; 1-2v 8x16x

(23a)

2 2 2 2
u oy N 2u(l—v) o u22 N o°u 2 1, = 6 Liz (23b)
1-2voxox, (@-2v) ox, OX; 6’[

where t is the time and p is the mass density of the plate. Let the body forces be zero and the
speed of longitudinal wave ¢, =[2u(1-v)/ p(1-2v)]"?, Eqs (23a,23b) become

L= 2v) 0%y, 1 u, 1%

= 24
ax1 2(1 v) ox;  2(1-v)oxox, ¢l ot? (242)

-10 -
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1w o, L4-2v) o, _ 1 2%,

= 24b
21-v)oxox, ox;  21-v) oxX ¢ ot’ (240)
To eliminate time t in Eq.(23), the Laplace transformation
c[f(x0)]=f(x p)= j f(x,t)e "d (25)
0
is applied to this system of governing equations and one has
2~ _ 2~ 2 2
0 u21 N (1-2v)o u21 1 09, =S—zl]1 (26a)
ox,  21-v)ox, 21-v)oxox, ¢
2% 25 _ 25 2
1 0, +8u2+(1 2\/)8u2:s_2a2 (26b)

21-v)oxox, ox;  21-v) oxX ¢
Considering the boundary conditions, the nodal displacements can be obtained for certain
Laplace parameters s in the Laplace transformed domain.

4. Hybrid method for crack problems

The DBEM or DDM are very convenient to analyze crack problems due to their high
accuracy and efficiency. However, for nonlinear material properties and geometrically nonlinear
problems, the fundamental solutions are not available and therefore, the domain integrals are
required. To deal with body forces, the meshless method such as point collocation method is the
first option due to its simplicity. Therefore, a hybrid method with the DDM and meshless
method is expected to take advantages of both the DDM and the meshless approach for

handling complicated fracture problems.

4.1 Static case

We assume that the solutions are combined with

u =u’ +u (27)
for displacements and

o, =07 +0o) (28)
for stresses, where superscripts "D" and "M" represent the DDM and Meshless respectively. For

the DDM in section 2, one has displacements in the domain from Eq.(13) by letting 8™ =0

-11 -
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WP =SV () co s (07) U () sin (@)} = Zulﬂ’ 0w, (29a)
1Px) = SUL () sin (09) +UL(x) co s (0"} = NZUSQ 0w, (29b)

The stress components O'i? can be obtained from Eq.(13) too. As the DDM solution satisfies the

equilibrium equation, displacements u_ disappear in the equilibrium equations Eq.(18) and one
has

2u(l-v) 82u1“"+ 82ul“"+ u o)

+b =0 30a
—2) ¢ Mo Thwaax, D (302)

u o L2u-v) o’u) . o’u)

: 2~ +b,=0 (30b)
1-2v ox.0x, (1-2v) ox, 4

Traction boundary conditions in terms of 2N displacement discontinuities w,; and meshless

nodal values of displacement are given

NC
> Ty 4 602 + o™ + 207, Pnn, =T (x™) (31a)
1=1
zTr(lm) M4 (al“f‘m) az“g(m))nn +o ™ (n? —n?) =T* (x™) (31b)

where T,"™ (x(™) and T™ (x™) are given in Eq.(13) and displacement conditions
n, (u® +u )|X(m) =" (x™) (32a)
7 (u? +u )Lm = (x™) (32b)

where node coordinate x™ can collocate on the boundary T and crack surface I, . Therefore,
the unknown number in total is 2N, +2N_, which can be obtained by solving 2N equations
from the meshless approach and 2N, equations from the DDM. It is evident that DDM and

meshless method are coupled in the boundary conditions Eqgs (31,32) only.

4.2 Dynamic case
Similarly to the static case, the solutions of displacement for elastodynamics are coupled as

0, =u” +0a" (33)

-12 -
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where u” is given in Eq.(29) with transformed displacement discontinuity 7, in the Laplace

space. Substituting Eq.(33) into the governing equation Eq.(24) results

o’a’  (1-2v) é%a A ( D+aM) (342)
x> 21-v) o2 2l-v)yewox, ¢t

1 o ow)  (Q-2v)o'm) st (uD+aM) (34b)
21-v)oxox, oxZ  21-v) ox2 civ ot

Again, the DDM fundamental solutions of displacement and stress (uiD,aijD) are the same for

static case with 2N_unknown displacement discontinuities v, ,

N, N,
uiD (x) = zui(kl) (X)!ﬁﬁ') and UijD (x) = ZTij(kl) (X)‘/71EI) (35)
1=1

1=1

Then, by considering the boundary conditions including crack surface and outer boundary, the
nodal displacements of meshless method and displacement discontinuities of the DDM can be
obtained for specified Laplace parameter s in the Laplace transformed domain. Suppose a set of
sample in the transformation spaces;, g =0,12,...,K, are selected in the Laplace transform
domain. Then, the time dependent function can be obtained by the Laplace inversion technique.
Here, the algorithm proposed by Durbin [37] is used in this paper as following

2e™
=

f(t)= {—% f(n)+ZK:Re{f(77+2k7zi/T)ez“”“’T}} (36)

where f (sy) represent the transformed variables in the Laplace domain while the Laplace

parameters s, =n+2gzi/T (i=+-1). There are two free parameters » and T. It is worth to

point out that the selection of parameters T depends on the observing period in the time domain
and n=5/T .

4.3 Equivalent stress algorithm to determine stress intensity factors

There are several methods to evaluate stress intensity factors at the crack tip including crack
opening displacement (COD), J-integrals and weight functions etc. The COD is the simplest
way with reasonable degree of accuracy. The J-integral and weight function methods are
accurate but their computational efforts are much larger due to domain/boundary integrals. An
accurate algorithm by the DDM is called as the equivalent stress technique proposed by Wen

-13-
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[22,23] in both static and dynamic cases. It is clear that the discontinuity displacements "’ on
the crack elements are the true opening displacements between the upper and lower crack
surfaces; therefore, the stress intensity factors are determined by "’ only. Suppose the crack is
a straight line (or part of crack in front of crack tip) which is divided into N, segments as
shown in Figure 4. In the local coordinate system, one has

2l — a
i ——1 a, and AW =—" 37
Xl ( NinC ] f Ninc ( )
where a, is the half-length of crack extension (a, = a, for initial crack length). The equivalent
normal and shear stresses &™ and 7™ [20] can be obtained from the solutions of the

discontinuity displacement in Eq.(9) as

increment f increment f+1

original crack tip

Figure 4. Crack growth by straight line segments at crack tips.

Ninc
=Ygl 7= @)
1=1

where the coefficient

LA

o= 7[(1 v)[(Xi(') X1(m)) A(|)2]

in which A® is the half-length of segment I, and x{" is the mid-point of segment | in the local

(39)

coordinate shown in Figure 2(a). From the stress intensity factor handbook [38], one has

FI 5(x, )/ it Lo _ffF*mamlwg” a, (408)

-14 -
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K; JTI (xl)/ dxl— ZFaw)F (40b)

where the coefficient

™ 4 AM

1 ™ A a, 2
F = j dex1 == arcsin(ﬁji 1—(ﬁj (41)
ﬁaf Xi(m)—A(m) f + Xl T a. a.

XM _A(m)

The positive sign refers to the right-hand crack tip and the negative sign to the left-hand tip.
From EQ.(40), it is obvious that the singularity of stresses depend on the discontinuity
displacements of all the crack segments. However, the closer the segment is to the crack tip, the

greater its influence. In addition, the dynamic stress intensity factors in the Laplace domain can

be written in the same form as the statics by replacing the static displacement discontinuities y,

in Eq.(40) with the transformed one 17, .

4.4 Crack growth

The crack propagation path is a smooth curve. However, crack propagation is simulated by
successive linear increments in numerical approach. Several criteria have been proposed to
describe the direction of crack growth. The maximum principal stress criterion is more popular
in engineering and is adopted in this paper. This criterion postulates that the growth of crack
will occur in a direction perpendicular to the maximum principal stress. Thus, at each new crack
tip, the local direction of crack growth is determined by the condition that the singular shear
stress is zero, that is

K,sing, + K, (3cosd, -1)=0 (42)
and therefore

2arctan [((/)—\/(pz +8)/4} forK, >0

0, = (43)

2arctan [(goh/goz +8)/4] forK, <0

where ¢ =K, /K,, . The computation procedure can be summarized as following

(1) Input of data for meshless and DDM including geometry and nodes distribution,

crack segments and boundary conditions;

-15-
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(i)  Assemble system of equations and use linear equations solver;
(iii)  Determine mixed-mode stress intensity factors and crack growth angle;

(iv)  Model crack propagation with N, . segments on one crack extension;

(v) Update/output crack path;
(vi)  Go to (i) if necessary for next crack extension, otherwise stop.

5. Numerical examples

5.1 A rectangular plate with a central crack

In order to validate the applicability of the MDDM proposed in this paper, a rectangular
plate containing a central crack is considered as shown in Figure 5 loaded by a uniform tensile
stress o, on the top and bottom of the plate. Firstly, the regularly distributed nodes (N, xN,)
are specified in the domain for the meshless method and segments (N, ) for the DDM are used
on the crack surface. The Poisson ratio v is taken as 0.3 with plane strain assumption. Densities
of nodes and segment N, =N, =N_ =N =20. The radius of the support domain r, centered at
collocationn is determined such that the minimum number of nodes in the support domain
L, =12 and the shape parameter in the multiquadric radial basis function c=8r, . By
computational tests, the numerical solutions are stable with a large range selection of parameter

c. The relative error (g(%):100><|K,MDDM - K,*|/K,*) versus the node number N are shown in

Table 2 to demonstrate the convergence and stability whena/b =0.5, where the reference value
is from the handbook [38] K =1.9897c,+/za . Excellent agreement can be obtained when
N >20. To demonstrate the convergence of the free parameter in the multi-quadrics, the
relative errors are also shown in Figure 6 against the dimensionless number ¢, ¢ =¢r, while
N =20. It can be seen that the accurate results can be obtained in the region of 4 <¢ <14 with
the relative error less than 4%. The stress intensity factors K, versus the ratios h/b and a/b

are plotted in Figure 7. Compared with the existing results in handbook [38], good agreement is
achieved.
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Table 2. Convergence study

N MDDM (%)
10 1.8292 8.1
20 2.0604 3.6
30 2.0587 35
40 2.0371 2.4
Ref.[38] 1.9897
Oy
X2

Figure 5. Rectangular plate with a central slant crack of length 2a.
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I KlMDDM - Kl* |/K|*

Figure 6. The influence of dimensionless parameter ¢ in multiquadric RBF.

35
—— h/b=10
30 R
----  h/b=07 p
----- h/b=05
] o [19] v
3 2.5 5
70 _I
L
X 50
15 A
1.0

Figure 7. The influence of free parameter ¢ in multiquadric RBF.
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5.2 A circular plate with a central crack

A circular plate of radius R with an embedded crack length 2a subjected to either a
uniform load shown in Figure 8(a) on the boundary or rotation with angle speed @ in Figure

8(b). A plane strain assumption is considered and mass density o . The distribution of nodes
using the meshless approach is shown in Figure 8(c) with 335 nodes in total and the crack
segment number N_ =20 in the DDM. For the case of rotation, the body forces can be written

as b, = pw’x, (k=12). Normalized stress intensity factors for uniform tensile K, /c,v7a

and for rotation K, / pw’R*«/7za with different Poisson ratios are presented in Figures 9 and 10

respectively. Also the analytical solutions from [38] are presented in the same figure in order to
show the accuracy of the MDDM.

(a) (b) (©)
Figure 8. Circular plate with central crack under (a) tensile load, (b) rotation around centre of
plate and (c) node distribution in MDDM.
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Figure 9. Normalized stress intensity factors under uniform tension o, .
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Figure 10. Normalized stress intensity factors with angle speed p.
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5.3 Fatigue crack growth for a single edge slant crack

In linear elasticity, the conventional crack growth approach is based on the singular stress
portions at the crack tip represented by mixed mode stress intensity factors in general case. In

this paper, a rectangular plate of width 2b and height 2h containing an inclined central crack of
length 2a, with angle @ =45° is considered first. We assume the ratio h/b =1, the density of
nodal distribution N, =N, =20 and segment number N_ =100 for initial crack. Again, the
minimum number of node in the support domain L, =12 and the dimensionless shape parameter
in the multiquadric radial basis function ¢=8. For each crack growth, the half pace of
extension is taken as a, = Aa=0.05a, and the number of segment N, =10 in each extension.
The crack propagations are shown in Figure 11 for different initial crack lengths a,. Obviously
the angle of crack extension is always negative and tends to zero gradually. Normalized stress

intensity factors K, /o\/za, versus the crack extension measured from crack tip

s:ZZaf are shown in Figure 12. Noticeably, there is a jump for both mode I and mode II

stress intensity factors at the first crack growth. The mode Il stress intensity factor drops to zero
immediately. The FEM results by Patricio et al [42] are plotted in Figure 13 for compression. A
good agreement can be seen at the beginning of crack propagation. However, the gap is

increased gradually when crack tip coordinate x, >0.3. It is also observed that using the FEM,
the angle of crack growth &, becomes positive, which is not reasonable. Similar case is analyzed
by Andrade and Leonel [40] by using the DBEM and the crack growth angle 6. is always

negative and tends to zero gradually as expected.
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0.16
0.12
2 0.08
x
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0.00 [ . . :
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X, /b

X Figure 11. Crack growth path with different initial crack lengths a,.

-]
S K, (a,/b=0.1)
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0 T
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Figure 12. Variation of normalized stress intensity factors against the crack extension s, where

s=2) a.
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0.12
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FEm

MDDM
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0.3 0.4

X, /b

0.1 0.2

5.4 Rectangular plate with one central crack under dynamic load
For dynamic loadings, we consider a rectangular plate of width 2b and length 2h with a

0.5

Figure 13. Crack growth pathes by MDDM and FEM.

centrally located crack of length 2a, firstly, as shown in Figure 5, when 6 =0. It is loaded in

the direction perpendicular to the crack by a uniform tension o,H(t), where H(t) is the

Heaviside function with dimensions h/b=2,a/b=0.24, h=20cm with material properties

shear modulus  =0.76923 Mb; density p=5g/cm®and v =0.3 (plane strain state). It was

studied firstly by Chen in [41]. Therefore, we have elastic wave speeds ¢, =0.743cm/ usec,

¢, =0.392cm/ usec (shear wave speed) and c, = 0.363cm/ usec (surface wave speed). Let the

number of sample in Laplace space K =25, time T =10t,, t,=h/c, and =5/T . All free

parameters are kept the same as in previous example 5.1. In order to validate the convergence of

MDDM. Firstly, two nodal densities are considered, i.e. N, =10, N,=20, N, =10 and

N, =20, N,=40 , N,=20 . The variations of the dynamic stress intensity factors
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K, (t)/ o, 7a are shown in Figure 14. Clearly the differences between the two dynamic stress

intensity factors with two nodal distributions are reasonably small. Comparison between
difference results by Wen [42], Chen [41], Fedelinski et al [43] and are also shown in Figure 15.
The first sharp peak can be observed clearly by the MDDM which is caused by the elastic
surface wave. There are two free parameters in the Durbin's Laplace inverse method, i.e.

n and T . The stability and accuracy analysis influenced by these two parameters were studied

comprehensively in by Durbin [37] for general case and by Wen et al [22,23] for solid
mechanics.

Finally, a rectangular plate with a central slant crack is observed with the same material and
configurations above. The angle of the crack & =45° as in Figure 5. The normalized mixed
dynamic stress intensity factors K, (t)/o,v7a and K, (t)/o,~7a are shown in Figure 16 for

two crack lengths (dash lines for the case of a/b=+/2/3 and solid lines for a/b=~/2/2).
Compared with the BEM [42], excellent agreement is achieved.

3.0

Ki(t)/oo \ra

-1.0

Figure 14. Normalized dynamic stress intensity factor K, (t)/o,~za for different nodal

densities.
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Figure 16. Normalized dynamic stress intensity factorsK, , (t)/o,~/7za versus the normalized

time c;t/h with different approaches.
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6. Conclusion

This paper presented a hybrid method with meshless and displacement discontinuity
procedure for two-dimensional fracture mechanics under static and dynamic loads. By BEM
including DBEM, the fundamental solutions have to be derived both for static and dynamic
problems. | addition, the fundamental solutions are complicated either in the time domain or in
Laplace transformed domain. The main advantage of MDDM is that the static fundamental
solutions can be adopted to deal dynamic case directly. Advantages of meshless method and
displacement discontinuity method are inherited to deal with fracture problems more efficiently.
The MDDM is of high accuracy with body forces (Meshless) and mixed-mode crack
propagation problem (DDM). The static fundamental solutions of DDM are required only for
cases of dynamics. Although this paper analyses the crack growth for two dimensional isotropic
material only, the MDDM can be extended to anisotropic cracked structures with functionally

graded materials and other nonlinear phenomenon.
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Appendix A. Partial differentials of function f

From Egs.(10a), (10b), (11a) and (11b), the partial differentials for different order are
obtained by

fo b g (A (A1)
" 4z(l-v) (X, +A)"+X,

fzz—;[arctan[ % ]—arctan[ % D (A.2)
' Ar(l-v) X —A X +A

fn=- ( N s 2)’1:22 f11’ (A3)
' 471'(1 v)L(X - A) +X2 (% +A)+X

le = X2 ( 1 2 2 - 1 2 2 j ’ (A4)
ToAr(@-vIL A TEX, (X HA)TEXS

fan =~ - ( (Xl_A); —X2222 - (X1+A)22 _Xg zj' fron=—T1u1, (A.5)
' 47[(1_‘/) [(Xl_A) +X2] [(X1+A) +Xz] Y Y

X X —A X +A
oo % _ Cof ==t . A6
2 272(1—v)([(x1—A)2+x22]2 [(x1+A)2+x22]2) ne e (A8)
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