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More than 30 years after the discovery of linear logic, a simple fully-complete model has still not
been established. As of today, models of logics with type variables rely on di-natural transfor-
mations, with the intuition that a proof should behave uniformly at variable types. Consequently,
the interpretations of the proofs are not concrete. The main goal of this thesis was to shift from

a 2-categorical setting to a first-order category.

We model each literal by a pool of resources of a certain type, that we encode thanks to
sorted names. Based on this, we revisit a range of categorical constructions, leading to nominal

relational models of linear logic.

As these fail to prove fully-complete, we revisit the fully-complete game-model of linear
logic established by Mellies. We give a nominal account of concurrent game semantics, with
an emphasis on names as resources. Based on them, we present fully complete models of
multiplicative additive tensorial, and then linear logics. This model extends the previous result
by adding atomic variables, although names do not play a crucial role in this result. On the other
hand, it provides a nominal structure that allows for a nominal relationship between the B6hm

trees of the linear lambda-terms and the plays of the strategies.

However, this full-completeness result for linear logic rests on a quotient. Therefore, in the
final chapter, we revisit the concurrent operators model which was first developed by Abramsky
and Mellies. In our new model, the axiomatic structure is encoded through nominal techniques
and strengthened in such a way that full completeness still holds for MLL. Our model does not
depend on any 2-categorical argument or quotient. Furthermore, we show that once enriched

with a hypercoherent structure, we get a static fully complete model of MALL.



Acknowledgements

First, I would like to thank my supervisor, Nikos Tzevelekos, for his constant support, guid-
ance, for his tremendous proof-reading, and for being a constant source of inspiration (to this
acknowledgement section itself). I also have a special thought for my second supervisor, Ed-
mund Robinson, who placed confidence in me along all these years (although I am still not sure

why).

I am particularly grateful to Paul-André Mellies, who has, after being an unforgettable
teacher of category theory, provided guidance to me, helped me find this PhD, was always
present to answer my questions, and agreed to examine this thesis. This thesis owes a lot to him,

and most of the ideas exposed along it emanates from his work.

I would also like to thanks Samson Abramsky, whose work has been greatly influential
to me, and who notably co-wrote (with Paul-André Mellies) “Concurrent Games and Full-
Completness” [[10]], a paper that I found so great that I have worked on semantics of Linear

Logic ever since I read it.

I greatly thanks Nikos Tzevelkos, Paulo Oliva and Paul-André Mellies (the latter two acting
as examiners, the former as supervisor) for reading the thesis (something I wouldn’t wish on my

worst enemy) and suggested several corrections and improvements.

Many thanks go to my friends and family who supported me during this Ph.D. I notably
think of Sandra, who has been there for me all these years, and my parents who supported and
had faith in me ever since I was born. Last but not least, all my colleagues from the Theory
Group, and especially my fellow Ph.D students (and post-doc) whom I shared CS420-CS438-
CS249 (in chronological order) with during this time.

Finally, I would like to acknowledge the financial support of Queen Mary University of
London.






Contents

I Introductory Chapters|

(L_Introduction|

|I.I ~ Layman’s introduction| . . .

|I.1.1  The calculus of computation| . . . . . ... ... ... ... ......

|1.1.2  Interlude: logics| . .

[1.1.3  The Curry-Howard-Lambek correspondencef . . . . .. .. ... ...

[1.1.4  Intuitonistic linear logic| . . . ... ... ... ... ... .......

[1.1.5  'The communication of intuitonistic logic| . . . . . ... ... .. ...

[1.1.6  Classical linear logic]|

[1.2.1  Denotational semantics of linear logic| . . . . . ... ... ... ....

[1.2.3 Full completeness| .

[1.2.4 A trick, tensorial logic| . . . . .. ... o oo

[1.2.5 Historical perspective]|

2 Linear Logic, Tensorial Logic, and their Models|

5

11

13

15

15

15

16

17

18

19

22

24

24

25

25

26

27

28

31



6 CONTENTS
2.1 Introduction| . . . . . . . . ... 31
................................... 31

[2.2 A brief introduction to linear logic| . . . . . ... ... 35
[2.2.1  Equivalence of proofs in linear logic| . . . . . . ... ... ... .... 37
[2.2.2  Focusing in linear logic|. . . . . . . ... ... ... ... ... .. 41
223 Proofmets . . .. ... ... 47

[2.3 A brief introduction to tensonal logic| . . . ... ... ... ... ..., .. 52
[2.3.1 Equivalence of proofs in tensorial logic| . . . . ... ... ... .... 53
[2.3.2  Focussing in tensorial logic| . . . ... ... ... ... 0 0. 57

[2.4 " Linear logic and tensorial logic: a translation| . . . . . ... ... .... ... 63
[2.4.1 Reverse translation and quotient| . . . . . . . ... ... ... ..... 66

2.5 Categoricalmodels| . . . . .. ... ... o 69
[25.1 Freecategories|. . . . . . . . . ... 71

(3 Simple Nominal Models| 73
[3.1 Names and the free symmetric monoidal category| . . . . . . . ... ... ... 74
B.1.1 __Anintroduction to nominalsetsl . . . ... ... ... .. ... ... 74
[3.1.2  Building the free symmetric monoidal category| . . . . . . .. .. ... 76

[3.2  Traced monoidal category|. . . . . . . ... . ... ... ... ... 80
[3.3  Polanties and compact closed category|. . . . . . .. ... 83
[3.3.1  On the free compact closed category|. . . . . . ... ... ... .... 87

3.4 Nomunalrelationsl . . . . . ... ... ... 88
3.4.1 Nomunal linearrelations| . . . . ... .. ... ... ... ....... 88

42 Tr ructure on NomLinRel . . . ... ... ... ... ...... 91

[3.4.3  Nominal polarised linear relations| . . . . . ... ... ......... 96

13.4.4  Nominal linear relations, a downside|. . . . . . . . ... ... ..... 99




CONTENTS

3.4.5 Lax polarised nominal relations| . . . . .. ... ... .........

[3.5 Nominal hypercoherence spaces| . . . . . . ... ... ... ..........

3.5.1 Thecategory| . . . .. .. .. ... ...

[3.5.2  Properties of nominal hypercoherence spaces| . . . . . ... ... ...

(II' Nominal Asynchronous Games|

4

Nominal Structures for Asynchronous Games|

4.2.3  Structured nominal trees| . . . . . . . . . . ... ...
4.3 Bohmtreesl . . . . . . . ..
1 minal tensorial calculus| . . . . . . . ... o oL

432 Bohmtreesl . . . . . . ...

4.4 Nominal dialogue games| . . . . . . . .. ... . o oo

4.4.1 Interpretation of formulas| . . .. ... ... ... ... ........

|4.5.1  Structured event structures and operations| . . . . . . . ... ... ...

|4.5.2  Event structure of a dialogue game|. . . . . . . . ... ... ... ...

n m n nesf . . . . ..o

|4.5.4  Lifting the operations to events and positions| . . . . . . . .. .. ...

[4.5.5 A quick note on the removal of moves| . . . . . .. ... ... ... ..

[4.5.6  Projecting positions into lists| . . . . . .. ... 00000

4.6  Nominal asynchronous games| . . . . .. .. .. .. ... ... ........

100

102

102

107

109

111



8 CONTENTS
4.6.1 Onlegalpositions| . ... ... ... .. ... ... .......... 145

[4.6.2  Nominal asynchronous games| . . . . . ... .. ... ......... 148

4.7 Asynchronous Bohmgraph| . . . . . ... ... ... ... ........... 152
B71 Onarenasand Bohmtrees . . . .. ... ... .. ........... 153

[S  Strategies for Tensorial Logic 159
[5.1 Innocent strategies and their structures| . . . . . . . . ... ... ... ... .. 161
[5.1.1  Structure of the innocent strategies: positionality| . . . . . .. ... .. 163

[5.1.2  Structure of the innocent strategies: strong positionality| . . . .. . .. 166

[5.1.3  Innocent strategies as sets of positions| . . . . . . ... ... ... ... 167

[5.1.4  Innocent strategies and weak sequentiality structures| . . . . . .. . .. 173

[5.2  On composition of innocent strategies| . . . . . . . ... ... ... ... .. 177
[5.2.1 Transverse strategies| . . . . . . . . . . ... et e e 177

15.2.2  Relational and sequential compositions| . . . . . ... ... ... ... 178

15.2.3  Innocent strategies are stable under composition| . . . ... ... ... 182

15.2.4  Composition of weak sequentiality structuref. . . . . . . . .. .. ... 186

[5.3 Refining innocent strategies|. . . . . . . . .. ... Lo 189
.................................. 189

15.3.2  Innocent strategies and strong structures of sequentiality| . . . . . . . . 194

(6 Full Completeness| 201
|6.1  Interpretation of proofs and soundness| . . . . . . .. ... ... 202
[61.1 TTSFInnismonoidall. . . . . . ... ... ... .. ... ....... 203

[6.1.2  TTSFInnis a dialogue category| . . . . . ... ... ... .. ..... 205

[6.1.3  TTSFInn has finite coproducts| . . . . . . ... ... ... ....... 208

|6.2  Full completeness for propositional tensorial logic|. . . . . .. ... ... ... 210




CONTENTS

[6.3.1 Interpretation| . . . . . . . .. ...

[6.3.2  Aboutthequotient| . . . . .. .. ... ... ...

[6.3.3  Quotient and star autonomy| . . . . . .. ...

|6.3.4  Full completeness for linear logic| . . .. ... ... ..........

(III'  Static Full Completeness and Conclusion|

(7 Revisiting the Concurrent Model|

A

Concurrent nominal games| . . . . . ... ... ... ... ..

[7/.1.1  Polarised nominal qualitative domains| . . . . . . . ... ... .. ...

[7.1.2  Finite supported relations|. . . . . . .. ... ... .. L.

[/.1.3  Closure operators| . . . . . . . . . .. .. .

(/.23 Full completeness| . . ... ... ... .. ... ... . ...

[7.2.4  ChuLinNom, a new defimition| . . . . . ... ... ... ........

[7.2.5 A connection to graph games|. . . . . . . .. ... ... ... ... ..

73

Hypercoherences and MALL full completeness| . . . . .. ... ... .....

[7.3.1 Polarised coherence hypercoherence spaces| . . . . . . ... ... ...

[7.3.2  Projecting hypercoherences on concurrent games| . . . . . .. .. ...

[7.3.3 The category HypGraph| . . . . . . ... ... ... ... .. .....

[7.3.4 Strongsoftness| . . . . . . . . ... ... e

(7.3.5 Full completeness for PALL™|. . . . . ... ... ... .........

[7.3.6  The category ChuHypGraph| . . . . . . . ... ... ... ... ....

215

216

218

223

225

227



10 CONTENTS

(7.3.7 Full completeness| . . ... ... ... .. ... .. ... ... 269

8 Conclusionl 277
8. UMMATY| . . v v v v e e e e e e e e e e e e e e e e e e e e e e 277
B2 Furtherdirections] . . . . . . . . . . .. 278

! ppend 281
9.1 Appendix 1: Girard proof structures and hypercoherent relations| . . . . . . . . 281
[9.1.1  Hypercoherent nominal partial relations and proof structures| . . . . . . 281

9.1.2  Narrowing down thecycles|. . . . . .. ... ... ... ... ..... 290

[9.1.3  Reduction to &-semi-simple sequents| . . . . . . .. .. ... ... .. 292

[9.1.4  Final form for the decisive argument|. . . . . . . .. ... .. ... .. 294

9.2 Appendix 2: Composition of frugal strategies| . . . . . ... ... ... .... 296
9.3 Appendix 3: Backward confluence] . . . . . .. ... ... 0L 298
9.4 Appendix 4: Substitutions| . . . . .. ... L 300




List of Figures

[2.1 ~Sequent Calculus for MALL|. . . . . ... ... ... ... ... ........ 36
2.2 AMLL-proof structure| . . ... ... ... ... 48
2.3 An MLL correction graph| . . . . . . . .. ... oo 49
2.4 An MALL proof structure] . . . . . . . . . ... ... .. 51
2.5 Firstadditiveresolutionf . . . . . . . ... oL oo 51
2.6 Second additive resolution| . . . . . . ... oo 51
[2.7  Sequent calculus of multiplicative additive tensorial logic, TENS| . . . . . . .. 53
2.8 Formation rules for tensorial linear lambda calculusf . . . . . .. ... .. .. 62
3.1 Listof categories of Chapter 3.| . . . . . . . ... ... ... .. ........ 74
[3.2  The monoidal + exchange fragment of Linear Logic|. . . . . ... .. ... .. 77
[3.3  Sequent calculus for multiplicative compact closed linear logic| . . . . . . . .. 87
3.4 Coproductdiagram of A®@B| . . . . . . . ... ... 99
4.1 Structure of a Bohm tree of type ~(11 ®...®1T,,)| . . . . ... ... ... ... 122

4.2 Bohm tree associated with [=(x, w, f, g, 1).h(x ® -u.(gw & ~v.(f(u®v))))))|,|. 124

B.3 A term of the tensorial lambda calculusl . . . . ... ... .. ... .. ..., 124
4.4 Bohm tree associated with [—(u, f).f(u) ® “(W® g).gW)l| - . . . . . . . . .. 125
4.5 Pre-dialogue game A> B[ . . . .. .. ... 129
M6 Structureof A> B Cl . . . . . . . oL 129
4.7 Dialogue game T®—T|. . . . . . . . .. .. . 137




LIST OF FIGURES

4.8 Asynchronous Graph for [=(x, w, f, g, h).h(x @ =u.(g(w @ = v.(f(u®V))))]e| . . 153

4.9  Asyncronous graph associated with [—(u, f).f(u) ® (W ® g).gW), | . . . . . . 154

4.10 Dialogue game of the type: -(X® Y ® (=(Z @ W) @ (=(Y ® =W)) ® (=(X ® =£)))| 155

i.11 Dialogue game of the type: ~(X®Y ® (~(ZQW) R (=(¥Y @ =-W))® (—~(X ®2))), |

simplified version| . . . . . . . . ... L 156
4.12 Dialogue game of the type:=-(X® - X))@ ~(¥Y®-Y)[ . . . . ... .. ... ... 156
.13 Dialogue game of the type:=(A ® =A) ® =(B ® =B), simplified version| . . . . . 157
[5.1 Sequences of OP-homotopy steps following backward consistency| . . . . . . . 166
5.2 Reverseinnocencel . . . . . . .. . . ... 168
6.1 Dialogue gameof X>X|. . . . . . .. ... .. 202
6.2 Structure of A B CQDJ. . . . . . ... 203
6.3 Dialogue gameof I'>171| . . . ... .. ... ... o 205
[6.4  Dialogue game for (A®@ B® (——=I))".| . . . . . . ... ... L. 206
[6.5 Dialogue game for (A® (==B)™|. . . . . . . . . ... .. 206
6.6 Coproductdiagramof A® B . . ... .. ... ... ... .. .. .. ..... 209
[6.7 Dialogue game of A@B>C| . . . . ... .. ... 209
[6.8  Definability: induction case form.n.s| . . . . .. .. ... 214
[7.1 A cycle inside a proof structure corresponding to a MDNF sequent| . . . . . . . 252
[7.2° Global cycles in the final proof-structure| . . . . . . .. ... ... .. .. ... 272
[/.3  Local coherence for S; onG;|. . . . . . .. . ... . ... .. ..., 273

[7.4 Local coherencesof S in F3|. . . . . . . . . . .. ... . . 274




Part I

Introductory Chapters

13






Chapter 1

Introduction

1.1 Layman’s introduction

1.1.1 The calculus of computation

Arguably one of the prominent goals of theoretical computer science is to establish a science of
computation. Just as the physicist can predict the behaviour of a system thanks to an associated
theory; or the architect may ensure, thanks to a reliable science of materials and engineering,
that a building will stand; one would like to have a robust theory of computation, where it is
possible to predict the behaviour of programs, check their properties and make sure they process

without defects.

Interestingly, computer science as a discipline was born before the actual birth of modern
computers designed with electronic circuits. The foundation of the discipline deals with any
computing machines that rely on laws of physics. Therefore, it encompasses, for instance, the
study of mechanical calculators such as the one Pascal invented in the early 17" century. From
1933 to 1936, three attempts laid potential foundations for a science of computability. The first
one, designed by Kleene, consisted of u-recursive functions, whose outputs could be computed
finitely following a recursive procedure. The second one relied on the design of a theoretical
machine, the Turing machine. Finally, the last one leant on a new calculus, the lambda-calculus.
It was proven by Church and Turing that these 3 designs lead to the same set of functions,

making them equivalent.

The lambda-calculus can be described as the calculus of composition. The basic idea is to
describe a computing system, or machine, by a term. This one has inputs, or arguments, and
outputs. Systems can be composed by putting them side by side, corresponding to the idea
that the outputs of the first can be wired into the inputs of the second. A defect of the lambda
calculus is that it is too inclusive, allowing for self-application. As a result, there are terms that

correspond to never-ending computations (for instance, think about a machine whose outputs

15



16 CHAPTER 1. INTRODUCTION

are rewired into its inputs). We often say that such terms “loop”. Therefore, it was sought a
condition on the formation of terms that would ensure they denote well-founded computations.
The solution was brought through fyping. This consists in giving a type to all terms of the
calculus. For instance, a term that takes inputs of type A and returns outputs of type B is of type
A = B. On the other hand, a term that takes inputs of type A, and returns as output functions of
type B = C has type A = (B = (). Finally, a term that takes inputs of type A, B and returns
outputs of type C, D has type (AXB) = (CxD). One can prove that the lambda-calculus enriched
with “simple” types, called simply-typed lambda calculus, is convergent: every computation it
encodes terminates. This calculus is the at the heart of current programming languages, that
are designed through blocks, called functions, that are specified by the type of their inputs and

outputs.

At last, we would like to emphasize that the lambda-calculus is by no means the unique
calculus devised to reason about computation. Many more have been developed, following
different paradigms. For instance, the -calculus can be understood as the calculus of communi-
cations, emphasising computations as communications between different processes. Arguably
what made the lambda-calculus so popular is its simplicity; it morally simply consists in com-

posing functions.

1.1.2 Interlude: logics

In this subsection we will talk about something without, a priori, no relations to the previous
paragraph: logics. Logic is the art of formalising the rules that govern a valid argument. To the
novice, it might seem like logic is intrinsically related to the notion of truth, and that a reasoning
is logically valid if it is common sense. For instance, when scientists try to prove an argument,
either orally or mathematically, they never begin by displaying the logical rules on which the
argument relies, as those are universally accepted. This set of rules, that forms the core of
the human mathematical reasoning, is called classical logic. To enable the reader to grasp the

underlying concept, we present some of its rules, together with their labels:

(Axiom) A true entails A true.

(Left and) If A true entails C true, then A and B true entails C true.

(Right and) If A true entails B true, and if A true entails C true, then A true entails B and
C true.

(Left negation) If A true entails B or C true, then A true and B false entails C true.

(Right negation) If A and B true entails C true, then A true entails either B false, or C true.

Classical logic is the logical system used throughout all mathematical textbooks. Its foun-
dation relies on the following principle: a proposition is either true or false. This is called, in
Latin “principium tertii exclusi”, translated as law of the excluded middle. A proposition cannot
be neither true nor false. In particular, this entails that negating twice a proposition leaves it

unchanged, written =—A =~ A. In that case, we say that the negation is involutive, meaning
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applying twice has no noticeable effects on the original proposition. Literally, it translates into:

if A is true then A is not not true (that is, not false). And, if A is not false then A is true.

This involutivity of the negation allows, in mathematics, to prove the existence of objects
without defining them. Such proofs are proofs by contradiction. We assume something is false,
and prove a contradiction. We then deduce that it is not false, that is, it is true. For instance,
the intermediate value theorem (that states that a continuous function f that has both positive
and negative values inside a interval, must accept an element x within this interval such that
f(x) = 0), accepts an easy proof by contradiction. That is, the proof assumes that there is no

such x, and deduces a contradiction.

Intuitionism is a branch of mathematical philosophy that views mathematics as the sole
result of human mind constructions, and not as an objective truth. It resulted in constructive
mathematics, that were defined as the restriction of mathematics where only the objects that
are constructed, or exhibited, are accepted to exist. The attempt to formalise this new kind of
reasoning leads to the definition of a fragment of classical logic, called intuitionistic logic. The
most salient feature of intuitonistic logic is its different handling of the negation. In it, if A is
true entails that A is not false, the reverse does not necessarily hold. That is, A is not false does
not entail that A is true. In other terms, the law of excluded middle is rejected: a formula can be
neither true nor false. This corresponds to a proposition A such that one cannot prove neither A,

nor —A.

Finally, the incompleteness theorems proven by Godel in the early 1930’s ended the dream
of defining a universal notion of truth through logic and rigorous reasoning. These theorems
are well-known within the community, but too often misunderstood and misinterpreted, and we
will not try summarising them here. However, their most important consequence is surely that
there is no proof of the consistency of mathematics (that is, the basic axioms that we use to
do mathematics nowadays might be in contradiction to one another). Furthermore, there are
mathematical propositions that are true, but not provable. If these discoveries closed the doors
on the dreams of some scientists at the time, they opened many others. Indeed, by distancing
logic from the notion of truth, it allowed the definition of many other logical systems, each
emphasising a different paradigm (that is, way of reasoning). Logic nowadays deals with the

way of deducing propositions, not with concluding about their truthfulness.

1.1.3 The Curry-Howard-Lambek correspondence

At the heart of a consequent part of the research currently happening in theoretical computer
science lies the correspondence, first established in 1969 by Howard, between the terms of
the simply typed lambda-calculus and proofs of intuitionistic logic. The discovery, linking
two seemingly unrelated formalisms, has been deeply studied and enriched since then. This
correspondence is far from accidental. In constructive mathematics, a proof seemingly behaves
as an algorithm. The analogy is drawn between the way the proof relies on its hypotheses to

establish the conclusion, and the handling of the inputs of the lambda-term in order to produce



18 CHAPTER 1. INTRODUCTION

its outputs. To the composition of programs corresponds the composition of proofs through
entailment. That is, a proof of A entails B can be composed with a proof of B entails C to
provide a proof that A entails C. Finally, it exposes the computational nature of proofs of

intuitonistic logic.

The context of this thesis is the denotational semantics field of research, that aims to devise
proper mathematical models for programs. One of the arguably main purposes of semantics is
to convey an abstract representation of programs, that defines their meaning in terms of com-
putation. Following the Curry-Howard correspondence, this research deals on an equal footing
with denotational semantics of proofs, conceptualising proofs and dealing with them as math-
ematical objects. Mathematical models considered along this thesis are categories. That is, we
consider a collection of objects, corresponding to types / formulas. The model consists, for each
pair of objects A, B of a set of elements which are seen as potential representations of proofs
(respectively programs) that A entails B (respectively that take an object of type A as input and
output one of type B). Furthermore, just as we can compose proofs/programs, we can compose
the elements of our models. The first step of much research in denotational semantics consists
in axiomatising the properties that a category must satisfy to provide a sound model of a given
system of programs/proofs. Lambek characterised precisely those that were sound models of the
simply typed lambda-calculus in the 1970’s, and hence provided a robust basis for definitions of

future models.

Since this triptych discovery, a great deal of work has been produced in order to generalise
this correspondence to various types of logics and, in particular, to classical logic. A major
stumbling block in this direction was the discovery that the only categories that could soundly
model classical logic where “boolean”: each set between objects A, B was either empty, or
consisted of a unique element. In other terms, there is no abstract representation of proofs of
classical logic: all proofs are equivalent. If an adaptation of the simply typed lambda-calculus
has been provided to cater for the specificities of classical logic (and, in particular, its double

negation), this calculus does not enjoy all the equivalences one naturally expects to hold.

1.1.4 Intuitonistic linear logic

Linear logic was built as a refinement of intuitionistic logic, where some hidden computational

aspects were made explicit. For instance, let us consider the following proposition:

If (A is true and B is true) then A is true. (1)

A proof of this proposition in intuitionistic logic basically consists in taking A, B as hypotheses,
disregarding B and returning the input A as conclusion. Hence a proof of intuitonistic logic has

the ability to disregard hypotheses. Similarly, a proof of:

If (A is true) then (A is true and A is true) (2)

duplicates the hypothesis A to produce the conclusion.
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Linear logic is the system obtained from intuitonistic logic by preventing the proof-system,
and hence the programs, from disregarding hypotheses or duplicating them implicitly. Hence,
it makes the handling of hypotheses throughout the proof, or the program, explicit. This under-
scores the role of hypotheses as resources. For instance, the proposition (1) above would now

become:

If (A is true and B is true) then (A is true and T)

where T is a “garbage collector”, that collects hypotheses that are unused: in this case, B.

Similarly, the second proposition could be translated as:

If !(A is true) then (A is true and A is true)

where the symbol “ I’ makes explicit that the resource A is available in a “as much as you want”

quantity.

This logic of resources has an intuitive counterpart in terms of daily speech, by seeing each
proposition as a consumable good. For instance, let A denotes 10 cents, and B denotes a “pain

au chocolat”. Then, according to some french politicians, A entails B, meaning:

With 10 cents, you can buy a pain au chocolat. (3)

However, A entails B does not lead to A entails B and B, which would correspond to:

With 10 cents, you can buy a pain au chocolat and another pain au chocolat,

that is, two pains au chocolat. The ! can be seen as an infinite supply, and T would be akin to

the bank, allowing you to get rid of your spare change.

Intuitonistic linear logic emphasises the roles of hypotheses as resources within the proof,
and the role of the proof as a resource management machine, proceeding in channelling re-

sources.

1.1.5 The communication of intuitonistic logic

Intuitonistic proofs, and lambda terms, are seen as oriented. That is, the way the hypotheses
flow through the computing machine is constrained and can only happen in one direction. This
orientation is mandatory due to the asymmetry of the system. For instance, let us remind the

proposition:

If A is true then (A is true and A is true)

The proof of intuitonistic logic associated duplicates the left resource, where the duplicator

operator is written J in the following diagram:
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This duplication prevents it from being symmetric. For instance, let us consider the reverse

direction, and suppose that two different hypotheses are coming simultaneously:

Then a proof would need to make a choice. This choice is hard-coded in any proof of the reverse

direction. That is, the diagrams corresponding to the proofs of the reverse directions:

(A is true and A is true) entails A is true

are of the forms:

or:

where the proof has to make a choice between the two hypotheses, while disregarding the other
(the disregard operation is written € in the diagram). This ability of proofs to disregard hy-
potheses is also part of what causes proofs to be asymmetric. For instance, there is a proof of
the proposition “(A is true and B is true) entails B is true” and this proof consists, basically, in
forgetting about B. However, the reverse direction A is true entails (A is true and B is true) is

wrong since it would correspond to a proof that invents B.

To sum up, the computation of proofs consists of communications, and these communica-

tions are directed. Therefore, most models of logic/programming language perform a precise
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modelling of the progression of the proof/computation through a sequential decomposition of it
in alternating steps, corresponding to exchanges of hypotheses/data between the proof/program
and the so-called environment. We often refer to the protagonists as Proponent for the proof/pro-
gram, and Opponent for the environment. The proof, or the program, is going to communicate
with its environment through a rigorously constrained language, that consists of a trade of ques-
tions and answers. A question can be exchanged for an answer, but not the other way around,
making the system asymmetric. Looking at it in terms of goods as in the previous section, it
means that the exchange money - good has to come from the buyer: one cannot force someone
to buy your goods. Therefore, just as an exchange money - good can happen only if the buyer is
willing to pay, an exchange question - answer can only happen if one desires to ask a question.
This notion of dialogue is at the heart of the current models of programming languages. For
instance, the program P of type (A = A) X A) = A, where A be any atomic type variable,
defined by P : (f, x) — f(x) is modelled though the set of lookalike conversations:

e Opponent - Question 1: What is the result of the program ?

e Proponent - Question 2: What is the result of the function f you gave me in input.

e Opponent - Question 3: For what input ?

e Proponent : Question 4: What is your second argument ?

e Opponent : Answer to question 4: My second argument is X

e Proponent - Answer to question 3: X

e Opponent - Answer to question 2: f(x)

e Proponent - Answer to question 1: f(x)

represented as follows:

(A = Aj) X A3 — Ay
00:1
PQ:2
00:3
l PO 4
OAV4 x
PA:3:x
OA:2: f(x)
PA:1: f(x)

Let us note that the program establishes a communication from A, to A4 and from A3z to Ay,
through a copy-cat behaviour, that consists in copying the questions of opponent from A4/A;
into A> /A1, and replicating its answers the other way around. On the other hand, opponent has
an almost similar behaviour from A; to A;. We will re-use this example in the next paragraph,

representing the program as a diagram as above.

To conclude this section, at the heart of the computation of intuitonistic proofs lies commu-

nication. Due to the asymmetrical nature of proofs, this communication is directed.
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1.1.6 Classical linear logic

As linear logic is obtained through intuitonistic logic, the computations we get are naturally
oriented. However, this built-in orientation is no longer necessary. Indeed, the asymetrical
nature of intuitonistic logic, that was due to the capacity of the proof to disregard, or duplicate
hypotheses, has been removed. Therefore, we can decide to forget about the direction of the
communication, and consider that they might go both directions. We shall explain it in term of
resources. The proposition (3) above means that a pain au chocolat is exactly worth 10 cents,
otherwise, you would get a proposition like “With 10 cents, one can buy a pain au chocolat and
gets x cents remaining”’, with x being different than 0. As a pain au chocolat is worth exactly
10 cents, one can actually sell one for 10 cents. Therefore, there are two directions: buying and
selling, and a symmetry between the two. Reversing the direction is embodied by the negation,

and the symmetry by the involution of the negation =——A = A, just as in classical logic.

This choice to drop the direction highlights the true nature of classical linear logic. In-
tuitonistic proofs compute by communicating through channels. Classical linear logic is

the logic of the communication through these channels.

This has major consequences on the way to think about the computational aspect of classical
linear logic, since it shifts the focus away from the nature of intuitonistic computation, to shed
light on the result. For instance, let us consider the following steps of actions:

1. I buy you a paint au chocolat with 10 cents.

2. I'sell you back your paint au chocolat for the 10 cents I just gave you.

Then, these steps have a computational flavour, that is, they correspond to a two-step process
in a computing machine. Calling C the proposition “having 10 cents and no pain au chocolat”,
—C can be understood as the reverse “ Having a pain au chocolat and O cents”. The global
principle of our example is that from C, you can go to —=C using a one-step computation, that
corresponds to the exchange. That is, negation encodes computation. This is what is done in
step 1. In the second step, we go from —C to —=—C. However, from the linear logic point of view,
as =—C = C, doing two computations is interpreted just as doing nothing. Of course, in terms
of results, we end up in the same state as at the beginning. However, the computing machine
has just done two computations, that we intentionally disregard. That is, by looking at proofs
of intuitonistic logic from a classical point of view, we forget the computations that create the

channels of communication, to only keep in mind the latter.

For instance, let us re-examine our program (f, x) — f(x) above. The moves OQ : 1, PQ :

2,0A : 2, PA : 1 encode a communication from A, to Ay4.

@) -

Computation 1
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On the other hand, the moves (OQ : 3, PQ : 4,0A : 4, PA : 3) encode a computation from Az
toAj.

- ) x [&] - [&]

Computation 2

Leading to the final representation of the program:

Computation 2 Computation 1

Its corresponding proof in classical linear logic forgets both the order in which the compu-

tations happen, and the directions of the communications.

Communication Communication

Despite having, like classical logic, an involutive negation, linear logic enjoys having non-
trivial mathematical models. That is, there is a suitable notion of computation underneath it.
Quite surprisingly, there is no simple language to express it. It was not until recently (2012)
that a consistent formal system was presented [92] [[19], whose terms could be seen as encoding
proofs of linear logic. However this one is, with reservation, counter-intuitive. On the other

hand, this enables us to talk about the computational extent of proofs without concerns.

A prominent feature of the computational aspect of linear logic is its concurrency. Getting
a firm grip on the handling of resources reveals the truly concurrent nature of the intuitonistic
proofs. For instance, in the proof of “A true entails A true and A true”, once the duplicating
happens, the two resources flow concurrently throughout their respective channels. Similarly,
the classical linear logic view of the program described above reveals two different channels of
communication through which computations can happen concurrently. One of the main ratio-
nale behind the study of classical linear logic is to have a logic of concurrent programs, that

would enable us to ensure the soundness of programs running concurrently.
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1.2 General introduction

1.2.1 Denotational semantics of linear logic

This thesis is concerned about denotational semantics of classical linear logic, that consists in
designing mathematical models of its proofs. We restrain ourselves to the “perfect” (as called
by Girard [37]]) fragment without exponential, called Multiplicative Additive Linear Logic, ab-
breviated MALL. We refer to MLL for its multiplicative sub-fragment. We aim for a perfect
modelling, where the elements of the model and the proofs are in correspondence. This way,
one can see each element of the model as the exact abstract representation of a proof. This
has been the subject of a lot of research, that unfortunately fell short of the ultimate goal. The
intent of this dissertation is to obtain a perfect modelling of proofs of fragments of linear logic,
while relying on similar recipes as current models of programming languages. To start, let us
highlight the main motivations behind this research. First, having such a model would give us
a precious insight about the computational nature of proofs, and would help us understand the
calculus of resources that forms the backbone of the lambda-calculus. The second rationale is to
have a model that could potentially forms the basis of a fully abstract model of a programming

language derived from the calculus of linear logic proofs, such as session types [92,|19]].

The most famous semantics for linear logic is surely the coherence spaces [39]. Coherence
spaces first emerged as a semantics for the lambda-calculus, notably through their strong rela-
tionship with stable functions. As a model, they provide a key insight into the nature of the
intuitonistic negation, highlighting that it can be divided into two connectives: a pure negation
followed by a modality. This discovery originated classical linear logic [33]], by focussing on
the pure fragment. This approach led to the definition of the semantics prior to the definition of

the logic, that was designed accordingly.

Since that pioneering work, the search for a better model of linear logic began, which could
establish a perfect, syntax-free model. This research was undoubtedly fruitful, producing var-
ious models that were successfully re-used in the sibling field of semantics for programming
languages. The flagship of these being certainly the games that provided the first fully com-
plete models of multiplicative linear logic [5]], being a great many times refined or completed
for other fragments [|50, 10} 66], and being reused for constructing fully abstract models of pro-
gramming languages [49] |7, [80, 43} |45]], those being versatile enough to incorporate effects [9,
57, (76}, 56] and even model mainstream programming languages [78]]. On the other hand, this
research motivated plenty of static models, such as the hypercoherences [27]], Chu-spaces [24]

20]], double-glued categories [|53[] or even relations that are seemingly similar to games [51].

This thesis is in line with these previous works, however taking a different stance on atomic
variables. Current models of logic rely on 2-categorical techniques to model atomic variables
and parametricity, following technologies originally introduced for system F [13[]. Conse-
quently, these greatly differ in nature to the fully abstract models of programming languages,

where the model has to precisely characterise the nature of computation, while dealing with
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fixed base objects possessing a generally truly simple structure, such as the booleans. The goal

of this research is to shift to a 1-categorical structure while keeping a perfect modelling.

1.2.2 Nominal models

Nominal sets were first introduced in the 1930s in order to create a model of set-theory not
satisfying the axiom of choice. They re-appeared in the 1990s as a means to provide a clean
formalism to deal with names in computer science and notably to binding or a-equivalence.
Names are widespread throughout computer science, being especially prevalent in the presen-
tations of formal languages, such as the lambda or pi-calculus. Since then, their utilisation has
been generalised in programming languages to encompass any kind of resources or methods,
such as exceptions, channels, threads, or references. Names are atomic entities that are avail-
able in infinite quantity, and can be freely passed around or generated. The names we use on
this thesis are sorted. That is, each name belongs to a certain kind, and all names belonging to

the same kind are equivalent, that is, they can only be compared for equality.

The paradigm of names as resources has been used extensively in games for providing se-
mantics of effectful languages, being a key ingredient to provide a clean presentation of effects
such as references [89]], exceptions [79]], or polymorphism [41]]. On the other hand, names also
appear as a key ingredient in modelling proofs via terms through the Curry-Howard isomor-
phism. For instance, the identity is mapped to the alpha-equivalence class of terms Ax.x, the
formula on the left of the sequent being interpreted as a name x that is bound under A to be
passed as a variable to the right hand side. However, the modelling of computation flow has, to
the best of the author’s knowledge, not been modelled nominally when non-syntactical models
have been considered. More precisely, names have so far not been used to model the linear use

of resources in linear logic, and this is what this thesis is targeting.

As of today, models of logics with atomic variables are all built using di-natural transforma-
tions [|10} 16, |[60]], with the intuition that a proof should behave uniformly at variable types [[13]].
In this work, the uniformity condition is encoded thanks to nominal techniques. Each literal is
seen as a pool of resources of a certain kind, that we encode with names. The names are given
a polarity following the polarity of the literal. Thus, the denotation of a proof is an equivariant
element, dealing with the names in a blind manner, and establishing links between negative and
positive literals. Within this setting, equality between names of same polarity is irrelevant, and

we sometimes rely on substitutions to prevent the proof from acting on it.

1.2.3 Full completeness

When are two proofs the same? To answer this question, one must define a notion of equiv-
alence between proofs, relating proofs that differ only by syntactical considerations, but are
essentially the same. We denote by [.] the denotation function from formulas and proofs to the

mathematical model. The basic property we expect from our models is soundness, meaning that
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the denotation function respects the equivalence of proofs; two proofs that are essentially equal

have same denotation:

soundness: 7 ~ ' = [[x] = [7']

In this thesis, we will consider only categorical models, causing the denotation function [.] to
be a functor. Full completeness has been introduced in [5] and was described as “the tightest
possible connection between syntax and semantics”. A categorical model is fully complete if
the denotational functor is full. In some sense, this is the analogue of definability in models of

programming languages. Writing M for the model:

Full completeness: Ym € M(A,B).An: A+ B. [x] = m.

In 5], Abramsky and Jagadeesan proposed an even tighter connection, “One may even ask for
there to be a unique cut-free such proof (;r such that [x] = m), i.e. that the above functor be
faithful”. In such models, the denotation functor defines an equivalence of categories, mapping
each class of equivalent proofs to a different element. Within such models, the morphisms are

perfect abstract representations of the essence of proofs.

However, such models are infamously hard to design. As of today, there is no known such
model for the whole linear logic, but some have been obtained for fragments. Their number to
date is rather limited, perhaps because a good characterisation of proofs up to equivalence is
still an obstacle to overcome. The difficulty might also be related to our poor understanding of

the computational extent of the proofs of classical linear logic.

1.2.4 A trick, tensorial logic

The quest for fully-complete models of linear logic led many authors to rely on a realisability
criterion to define models. As explained above, linear logic might be seen as arising from
intuitonisitic computations by forgetting about direction and order. Therefore, several attempts
relied on models of computation, often games, followed by a forgetful operation. In general, this
consisted in looking at the positions reached while forgetting about the plays leading to them.
For instance, the first full-completeness result for MALL was motivated by concurrent games
[10], and the first and only full-completeness result for the whole logic by asynchronous games
[66]].

The fact that a full completeness result was obtained through an intermediate game model
meant that the framework (hence, the games) was the perfect dynamic counterpart of linear
logic. In other terms, they form an ideal model of the “intuitonistic computations”, whose
communications flawlessly account for the channels described by linear logic. Therefore, it was
undertaken in [71]] to unravel the logic and proof-system corresponding to those asynchronous

games.
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The result, tensorial logic, is deceptively simple. To summarise, it is as classical linear
logic, except that the negation is not involutive anymore. This leads to an intuitonistic logic
(only one formula on the right-hand side of the sequent) called tensorial logic, whose proofs are
akin to focalised proofs of linear logic. Tensorial logic can also be described as a restricted sub-
system of intuitonistic linear logic, whose constraints induce a better behaved notion of polarity.
Several translations between classical linear logic and tensorial logic have been reported [71]],

most being analogous to translations between intuitonistic and classical logic.

Consequently, to obtain a full-completeness for linear logic, one can focus on first estab-
lishing a full-completeness result for tensorial logic, and then rely on one of the translations
to provide a fully-complete result for linear logic. This is, how, implicitly, was established the

full-completeness result of linear logic in [66].

1.2.5 Historical perspective

The problem of constructing mathematical abstractions of proofs of linear logic has been widely
studied. At least four distinct directions were taken to tackle this problem.

o Proof structures try to abstract away the bureaucracy of syntax when constructing proofs
by seeing them as graphs, and then rely on geometric or algebraic considerations to char-
acterise those graphs that are valid, that are, denotations of proofs. Proof nets were intro-
duced in the seminal article of linear logic [33]], and were undeniably very successful for
multiplicate linear logic without units [23]]. They now have been extended to cover the
additives [|36]] [46]. The handling of the multiplicative units is quite difficult [48]], and the
additive units still remain out of the scope of those structures.

e Geomertry of interaction originally consisted in looking at proofs as operators of linear
algebra [38]). Since that, much work has been done, generalising the original idea to cover
a wide range of different models [6]]. It was notably given a combinatorial approach,
enabling the construction of models for full linear logic [|85].

e Ludics [35]] was born as an attempt to somehow reconciliate polarities (encompassed by
the interactive nature of logic), syntax and semantics within one single framework. As
such, it cannot be really considered as a model of linear logic, but a correspondence was
proven nonetheless.

e Denotational semantics, which we expand more on below.

Within denotational semantics, one must again consider two traditions. Inline with the in-
ception of linear logic as the logic for coherent spaces [33[], that form a sub-category of the
category of sets and relations, a first class of models arise as refinements of the relational model.
Those are deemed static. Distinguished among them are the hypercoherence spaces [27], the
totality spaces [[60]], or the Chu-spaces [20]. Notably, hypercoherences have lead to a full-
completeness result for MALL without units [16]], whereas Chu-spaces, coherence spaces and
totality spaces can be the ingredients of fully complete models of MLL without units [24} 60,

83]]. One might complete this list by adding vector spaces, lattices, posets and relations, logical
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relations... Hyland and Schalk review and present a wealth of such models in [53].

On the other hand, games have emerged as a powerful tool to interpret semantically linear
logic. At their core live strategies, that produce results only through interacting with a peer
protagonist, called Opponent. Therefore, those models can be seen as dynamics. The use of
games for logics goes back to the work of Lorenzen [62} |61]], or even Gentzen (although in
different terms). However, games for linear logic were pioneered by Blass [15]], though he
did not succeed in organising them in a category. Abramsky and Jagadeesan were the first to
notice that games could be used for full-completeness although the original paper dealt with
unitless MLL only and the games were permissive of the MIX-rule [5]. However, these were
shortly refined afterwards by Hyland and Ong to remove the MIX-rule [|50]. The incorporation of
additives was quite challenging, since sequential games are inherently unable to form a category
having both products and coproducts, as highlighted by the Blass problem. A solution was
found through concurrent games by Abramsky and Mellies[10], that circumvented the problem
and led to a full-completeness result. However, these relied on a realisability technique that was
introduced by Baillot, Danos, Ehrhard and Regnier [12]], consisting in forgetting about “time”,

to project games on relations.

The concurrent games shed light to a very peculiar property: they enjoy being both static
and dynamic. This was at the heart of the line of research developed by Méllies on asynchronous
games [63] |64} 65, 66, |70] who redefined innocence as a positional property, and highlighted
the static, and concurrent nature of the lambda-calculus. Relying on these results, Méllies was
able to prove a full-completeness result for linear logic. Dually, this gave born to tensorial logic
[71]].

1.3 Contributions and thesis outline

The purpose of this thesis is to design models of linear logic with type variables while staying
within the realm of first-order category theory. The pinnacle of this work is the presentation,
in Chapter [7] of a model of MALL, not relying on 2-categorical tools nor quotient, that is fully-
complete for MALL without units. This thesis is divided in 3 parts. The first is devoted to
background material used throughout the thesis on logic and static nominal models. The second
revisits the work on asynchronous games and tensorial logic through a nominal perspective. The
main source of inspiration of the third are the concurrent games, though we quickly shift to in-
troducing new models. We present a more detailed outline of the chapters and their contributions

below.
The first Chapter is the current introduction.

The second Chapter [2]is devoted to recalling some general results concerning linear logic
and tensorial logic. We notably present the focalised proof systems for them, and a translation

between the two. Most of the material presented during this chapter originates from the litera-
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ture, and our contributions are minimal. It often consists in clarifying and exposing properties
that could be considered as folklore. We introduce a notion of (global) focalised sequent cal-
culus for both linear and tensorial logic, present the multiplicative tensorial lambda calculus,
expose the proof of the translation between tensorial logic and linear logic. Also, we exhibit
all the equivalences that proofs of MALL enjoy, together with those for multiplicate additive
tensorial logic. This allows us to define a notion of normal form for proofs of tensorial logic,

that will be pivotal for our future proof of full completeness.

In the third chapter [3| we give a brief exposition of how nominal sets can be used to pro-
vide representations of various linear categories. We start with monoidal categories, and show
how the usual tracing amounts to the use of substitutions within this setting. Based on this, we
display a category of nominal polarised relations, that forms a compact-closed category, and
show how one can decorate them with hypercoherences. The use of names refines the relational
model by giving an intensional content to the atoms it deals with, and allows for a precise for-
malisation of the notion of resources. Though the nominal treatment of atomic variables allows
us to enforce linearity, and the hypercoherence structure prevents us from having a degenerate
compact closed category, we conclude this chapter by noticing that the final model we obtain is

not fully complete.

The purpose of the second part is to refine the previous model by precisely characterising
relations that arise as denotations of proofs. In order to do so, we rely on the connection between
linear logic and tensorial logic, and the full-completeness result established for asynchronous
games for tensorial logic [|69]. Therefore, we introduce nominal asynchronous game semantics,
by recasting the whole work achieved by Mellies in [[66} 69, [64]] within the nominal framework.
This achieves the following contributions. First, it shortens the gap between syntactical and
mathematical models, by making the strategies and the terms live within the same universe,
allowing one to establish a nominal correspondence between the plays and the Bohm trees.
Second, it advocates the vision of type variables as typed resources, and emphasises the ability
of names to model them. Third, it extends the previous fully complete game model of linear
logic [66]] by adding type-variables to it. Furthermore, this method allows us to deal with them
while staying within first-order category theory. The second part is divided between chapters

4.5, 6, that we present shortly below.

In Chapter[d] we present the nominal structures underlying the nominal games. These struc-
tures allow us to define the nominal arenas. We expose informally how these are related to
Bohm trees. In particular, those shed light on the handling of names one should expect within
the strategies. In Chapter[5|we define the nominal strategies for tensorial logic. Finally, in Chap-
ter [6] we prove that the categorical model thus formed is sound for tensorial logic, and establish
full completeness. We then project strategies onto nominal relations and prove that the model

thus obtained is fully-compete for MALL.

The third part consists of a single Chapter [7] bringing attention to a different model. If the
previous part led to a fully-complete model of MALL, it was through an intermediate medium.

This part is devoted to forget about this medium to obtain a direct characterisation. The model
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we rely on has been discovered through a careful analysis of the concurrent games model of
Abramsky and Mellies [[10]. These have the particularity to be simultaneously static and dy-
namic. Notably, they can be seen as a special kind of relation, and compose as such. The original
model is strong enough to only prevent directed cycles in the proof structures, the full complete-
ness being achieved through clever tricks using dinatural transformations. As we drop them,
we have to strengthen the conditions to get rid of undirected cycles, and impose connectedness.
This is done partially using ideas relating games and static models, especially those developed
by Hyland and Schalk [51] 53 [52]]. This model addresses two issues that current fully complete
models have: it tackles the use of 2-categorical tools, whilst avoiding relying on a quotient. In
a second section, we enrich our model with hypercoherences. Those allow us to replace the
extensional content of concurrent games in a static manner and enables us, following a method
devised by Blute, Hamano and Scott [[16] to achieve full completeness for MALL without units.



Chapter 2

Linear Logic, Tensorial Logic, and
their Models

This short chapter briefly introduces some background material on logic, which will be used
throughout the thesis. This thesis is mainly concerned with linear logic, but tensorial logic will
be used as an intermediate logic to achieve the desired results. The next section describes a

particular translation between these two logics, the focalised one.

2.1 Introduction

2.1.1 Logic

A logic £ comprises of a set formulas, given through an explicit grammar, called syntax, to-

gether with a proof system, that allows us to establish propositions that are deemed provable.

The logics we introduce along this thesis all rely on the same recipe. The building blocks
of the syntax consist of an enumerable set of atomic variables TVar, that we may also refer to
as type variables, or propositional variables, and a finite set of constants . These come together
with a set of binary or unary connectives, sometimes relabelled operations, that allow us to
form new elements. A formula, or proposition of £ is an element of the syntax. Each constant
introduced acts as a unit for one of the operations. For instance, the binary operation ®, called
tensor, will have a constant named / as a unit. That is, A ® I and A will be isomorphic from a
proof theory point of view: a proof of one can be turned into a proof of the other. The only unary
operation introduced will be the negation, denoted (.)* or —. A literal is an atomic variable or

its negation . An atomic formula is either a constant or an atomic variable.

The proof systems presented along this thesis will all be different variations of sequent
calculi. A sequent can be either one-sided, or two-sided. A two-sided sequent is an ordered list
of two finite sequences of formulas, ((Fy, ..., F,), (G, ...,Gny)), and will be written Fy, .., F), +

31
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Gy, ..,Gy. The F; are referred to as hypotheses, and the G; as conclusions. We will commonly
write I, A, .. for sequences of formulas, and write I', A, Gy, .., G, for the concatenated sequence
I'A.G;. ... .Gj,. A one-sided sequent is a two-sided sequent whose first sequence is empty, and
will be denoted + I

A sequent calculus system is a set of rules, that take as input O or a finite number of
sequents, and lead to a single sequent as output. The number of inputs of a given rule will be
referred to as its arity. A proof of I' + A is a tree (by respect to mother-nature, we consider
that the root is at the bottom of the tree, and the leaves at the top) such that each leaf of the tree
is a rule of arity O in the sequent calculus, each node corresponds to the application of a rule,
and the root of the tree is I' + A. Proofs will be denoted by 7 and variants. We write 7 : I' + A
to emphasise that 7 is a proof of I' - A. The rules of the sequent calculus allow us to combine
proofs together to provide proofs of new sequents. For instance, we present below an example

of a rule that introduces the binary connective ® :

T'rAA I"+A,B
ILI"FAAN,AQ®B

A fragment of a logic L is a restriction of the syntax and of the set of rules, such that this
restriction still defines a logic. That is, a rule in the restricted sequent system cannot lead to a

formula out of the restricted syntax.

Among the rules of arity different than 0, all but one, named cut, will satisfy the sub-formula
property. This property roughly states that each formula in the input sequents will be present in
the output sequent, either as an element of the sequent or as a sub-formula, and reversely: each
formula in the output sequent comes from a combination of formulas from the input sequents. If
every rule of arity O introduces atomic formulas only, this entails that every atomic sub-formula
in the conclusion must have been introduced by a rule at a leaf of the proof-tree, and conversely.
This property allows us to derive the consistency of logic for the fragment without cut: if there
was a proof of falsehood 7 :+ L, then the only possible case is if this one came as a rule of arity
0. So we simply need to ensure that there is no rule of arity O that introduces solely the false

statement.

The cut-rule is a rule of the shape :

I'rAA I"A+A
LIV AN

Cut :

for two-sided sequents, or

FTLA FAL A

Cut : FTA

for one-sided sequents. It allows us to “compose” proofs through A. All the logics intro-

duced satisfy cut-elimination. That is, there is an algorithm that, given a proof with some
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cut-rules, removes the cuts while still resulting in a proof of the same sequent. It allows us
to conclude about the consistency of the whole logic. Furthermore, this enables us to define a
notion of composition of cut-free proofs, where the composition is defined by applying the cut
rule followed by the cut-elimination algorithm. Finally, for each formula A, there is a canonical

proof A + A, referred to as id4. Therefore, the proofs seemingly behave as a category.

2.1.1.1 Invariants of proofs

However, due to the “bureaucracy of syntax” (term coined by Girard in [38]]), proofs do not
generally form a category. For instance, when applying a cut-elimination algorithm, one may
find that ;. id # &, or equivalent problematic cases, such as a non-associative composition,
due to slight syntactic differences. Therefore, we introduce a notion of invariant, that behaves
well with regard to the rules of logic, and notably the cut. This means that:
e Writing  for a proof with cuts, and 7’ for any proof obtained by applying (partially or
totally) the cut-elimination procedure to 7, then the invariant of 7 and 7” must coincide.
e A proof m and the result of applying the cut elimination to 7;.,, id or id;., 7 must have
same invariant.
o The results of applying the cut-elimination to (71, 72);scu 13 and 150, (M50 3) have

same invariant.

Equivalently, one can speak about equivalence: two proofs are equivalent if and only if they have
same invariant. We write [.] for the function that maps a proof to its invariant, or, analogously,
to its equivalence class. We denote ~ for the relation of equivalence between proofs. Of course,
two proofs are equivalent only if they have equal conclusion. Furthermore, one needs the in-
variants to be modular: given two proofs 7 :+ I', A and 7’ : A+, A, then one can deduce directly
from the invariants of &, 7/ what is the invariant of cutting 7 against 7’. Then the invariants of
proofs organise themselves as a (multi)-category. Of course, it might be that depending on the

cut-elimination procedure we choose, we obtain different notions of invariant and equivalence.

Similarly, one expects the invariants to behave well with regard to the other rules, such as
the ® introduced above, especially from a categorical point of view. For instance, the tensor
product might behave almost like a monoidal product when it comes to proofs, but not quite.
Generally, one should add some more quotienting in order to get a well-behaved tensor. For

more on that, we refer to [[67].

The proof invariants are such that proofs whose rules order differ only “in minor details”,
without significant structural differences, have same invariant. Two proofs are equivalent if
they are equal up to insignificant syntactic considerations. Finally, one considers that all proofs
that are deemed equivalent, from a syntactic point of view, are indeed, equivalent from a proof-
theoretic point of view. That is, the quotient only gets rid of bureaucracy, and reveals the intrinsic

nature of proofs.

If one could argue that the equivalence chosen is not adequate, for instance that we consider
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two proofs as similar whereas they are intrinsically different, it seems that a general consensus
has been achieved within the community for the logics presented in this thesis. It is the same
consensus that allows us to speak, for instance, about the categorical semantics of linear logic,
and not a. Even if there now is a standard model, it does not prevent us from exploring what
would happen if we relax some of the equivalences. For instance, if we consider that two

exchange rules do not necessarily commute:

+rILA, B
+I,B,A * +FILA, B
FIL,A, B

Exchange
Exchange

then the model fundamentally differs. In that case, the category of invariants will no longer be a

symmetric monoidal category but a braided category.

2.1.1.2 Denotational semantics

Denotational semantics is the art of mapping proofs into a mathematical model M, and such
that the operations on proofs translate well as operations on the model. Once the mathematical
model is clearly defined, we will denote [.]] the function from proofs and formulas to it. For
instance, given two proofs w4 :+ A and 7 :+ B, one can form a new proof 74 @ 75 : A ® B. We
expect this operation to lift to the model: [7r4 ® ng]l = [7all ®v [7p]l. Similarly, the function
must satisfy [71;cut 2] = [m1l;m [m2]l. Therefore, it seems appropriate to consider that M

forms a category.

Formally, given a category C, we introduce the denotation function [.Jl¢ from £- formulas
and proofs to C, where L is a given logic. Generally, C and £ will be clear from the context, and
we will simply write [.]. As explained before, in order for [.] to be a functor, the proofs have
to be considered up to equivalence. C is a model of L if [.] factorises through [.], that is, given
two proofs 7,7’ : A = B, 7 ~ ' = [[n]] = [x’']. Furthermore, we expect [.] to behave nicely
with regards to the rules of the sequent calculus. Therefore, the rules of the sequent calculus lift
to additive structure at the categorical level. For instance, the ® rule implies the monoidality of

the category.

Formally, the denotation of a proof n:Fi,...F,+Gy,...G, will be a map
[Fi]o...00F,.] = [G119....¢ [G]l, where O and ¢ are associative functors : C x C — C.

Given a logic L (that satisfies cut-elimination), together with an appropriate notion of equiv-
alence, one can devise what categorical structure S precisely corresponds to it, that is, the mod-

els of L are exactly those with the § -structure.
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2.2 A brief introduction to linear logic

Since its initial discovery in the 1980s [33]], linear logic has been widely studied and used to rea-
son about programming languages. Following its inception, a translation of intuitionistic logic
into it has been established, that was one of the keys to understand the semantics of program-
ming languages, and a step towards the first fully complete model of PCF [7, [49]]. This initial
translation has been extended to others logics (classical logic, affine logic...) and paradigms
(call-by-name / call-by value), establishing linear logic as a central tool in computer science.
By its ability of subsuming both intuitionistic and classical logic, it led the original author, Gi-
rard, to ask whether there was finally a unique structural logic [34] for computer science, and
that linear logic was, ultimately, the most primitive one [34]. In this thesis, we do not focus on
the logical aspect, but on the denotational side. Therefore, we will keep short the presentation

of linear logic.

As we will deal with neither the exponential nor the polymorphic part, we will not include
them in our presentation. The remaining subset is often referred to as Multiplicative Additive
Linear Logic, or MALL, and is perceived as being the heart of the whole system. The key aspect
of linear logic is its resource awareness: each hypothesis can be used only once, and has to
been used once. Often, one draws an analogy between hypotheses and resources. In a proof
of linear logic, each resource has to be consumed exactly once to produce the conclusion, just
as, for instance, in a chemical equation. This leads to the distinction between two kinds of
binary connectives: the multiplicatives, where the two resources are either used or produce; and
the additives, where a choice between the two resources is made. We hence obtain 4 binary
connectors. Two “or’’s, the multiplicative (%) (referred to as parr) and additive one (), together
with two “and”s, the multiplicative (®) and additive (&) one. Together with them come four
units 1,0, 1, T. We also consider an enumerable set of atomic variables TVAR = X, Y, ..., and
a negation (.)* obeying De Morgan equations, produced below. Finally, the formulas of MALL
are defined by recursion as follows:

Fu=1]10]1|T|XeTVar | FRF | FoF |FQF | F&F | (F)*.

We shall use F, A, B, C and variants to range over formulas. The negation obeys the following

equalities :

XHt =X
1t =1 1t =1
T+=0 0t=71

(A®B)=A'®B* (A¥®B*=A'®B*
(A& B*=At®B* (A®B)* = AL & B*.

We say that negation is involutive, that is, ((.)*)* = id. Also, in the sequel, we will write
A — Bfor A+ ® B.
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Figure 2.1: Sequent Calculus for MALL

Axiom: ———— . FF’A "A’A . FFI’A’B’FZ
FAL A Cut: TT.A Exchange : TT.BAT,
Par - FI'L,A, BT T +TLA FA,B
A T ,A® BT, ensor: T T A-A®B
1: FT T:
Rl LT D FL,T
FTLA ._TI'+B ~+ILA  +I,B
®l: TT 208 ©2 TnAeB % T ITA&B

We present the sequent calculus of MALL in figure

Given a proof with some cuts in it, there is an algorithm, often referred to as "cut-elimination
procedure” that transforms it into a proof with same conclusion, but without cuts. This topic
exceeds the scope of the introduction, but such an algorithm has been presented in [67] for
instance. As a proof without cut obeys the sub-formula property, one can conclude about the

consistency of the MALL fragment, that is, there is no proof & such that  :+ L.

Sometimes, we might speak about an additional rule, called mix, presented below :

I FA
FI,A

mix :
To assume this supplementary rule is equivalent to, at a categorical level, having morphisms
A® B — A% B. It turns out that numerous models of linear logic satisfy the mix-rule, such
as for instance, the first fully-complete model [5]], or models that appear as refinement of the
relational model, such as the coherence [33]] or hypercoherence models [27]]. This is perceived,

along this thesis, as a defect that should be corrected.

There is an alternative presentation of MALL, where the sequents are two-sided, and where to
each rule on the right-hand-side corresponds a rule on the left-hand-side. To avoid the doubling,
we consider a slightly different alternative but equivalent presentation. We add to the above

sequent calculus the two following rules:

I'rAA
At FA

A+ A

Left negation : _—
g T.FALA

Right negation :

Considering a two-sided sequent calculus is useful for the denotational presentation. Given
a proof of a one-sided sequent, it is not clear what will be the image and pre-image of the proof,

that is, how to model it in a category.

Despite that, in the sequel, we will only focus on the one-sided sequent fragment. This
fragment is large enough for a comprehensive study of the logic, and easier to deal with as there

is no duplication of the rules. Indeed, to any two-sided sequent can be assigned a one-sided



2.2. A BRIEF INTRODUCTION TO LINEAR LOGIC 37

sequent by applying the right negation to every formula on the left-hand part of the sequent. In
the sequel, we will also not pay attention to the exchange rule, that commutes with absolutely
every rule. Somehow, we look at sequents just as if they were finite multisets, that are, sets

where each element may appear a finite number of times.

Along this thesis, we will sometime speak about multiplicative linear logic, often refereed
to as MLL. It is the fragment of MALL formed from propositional variables, constants /, L, the

connectives ®, %, and their associated rules.

2.2.1 Equivalence of proofs in linear logic

2.2.1.1 A case study

We would like the tensor ® to define a monoidal product in linear logic. However, this leads us

to impose some equivalence between proofs that appears natural.

Among them, is the equivalence between the following following proofs:

+FA,B FO,C,D
(D FT,A FA,O,C,B®D
FILA,0,A®C,BQD

SN

FT,A +O®,C,D
) FA,B FILALA®C,D
FI,A,0,AQC,B®D

®

This equivalence is required to make cut-elimination work well with identities. We present
below a cut-elimination algorithm, and prove this equivalence using it. The cut-elimination pro-
cedure is classic, and follows from [[67]]. We do not display the full cut-elimination procedure,
only the relevant part. The cut-elimination algorithm starts by picking one of the top cuts, and
then applies the cut-elimination steps presented below. In the case of a cut where the premises

are principal, the proof evolves as follows:

FO,At, B+ FTLA FA,B
F®,At%® Bt FAT,A®B
FO,AT

SN

Cut

F®, AL Bt A B Cut
FO.A AL “oTTa

FO.AT Cut

The order between the cuts is chosen arbitrarily, but, as proven in [67], it does not matter and
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the order can be changed. The second case we explore is the secondary (that is, non principal)

versus secondary case. We present it for ®.

FTLA FA,B.E FO,C X, D,E*
FrT,A,AQB,E FO,%,CQD,E*
FT,A,0,5,A®B,C®D

Cut

In that case, two choices can be made. Either we choose to give priority to the left branch,
or the right one (as we will see later, in games semantics, this precisely correspond to the case
where player has to choose between two independent moves). We first display the right-first

priority policy.

FI,A +A,B, E

®

FILA,A®B,E FX,D,E* Cut
+0,C FT,A%,D 4
FILA,0,2,A®B,C®D
We could just as well pick the left priority policy.
FO,C +X,D,E*
FAB,E FO,X,C®D,E* C
FT.A FA,0,%,CeD,B ut

FILA,0,2,A®B,C®D

So finally, consider the proof (1) as before, and suppose we use the first cut-elimination
procedure as before, using the left priority policy. To simplify things, we replace I', A with
A*, A (and similarly for B, C, D), as this will not change the scope of our remarks. We make it
interact with the n expansion of the identity A ® C — A ® C on the left. As we want our proof
invariants to be stable under composition with identities, the following proofs have the same

invariant as the proof (1).

FAL A FC,C FBY, B FCte® D', C,D
FAL,CH A®C FALA F B, Ct,9Dt,B®D
FAT®CHARC FALY,Bt,Ct®D* AQC,B®D Cut
FA+,B+*,C*® D' AQC,B®D
N>

FAL A FCH C % B, B FCt®D',C D
FAL,CLHAQC B+, C,C*®D*,B®D Cut
FAL, BB D,Ct®D* A C FAL A
FALY,Bt,Ct®D* AQC,B®D

Cut

«» (left priority)
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FCHC +Ct®D+,C,D ®

F AL A FCL®DLC.D Cut
FAL,Ct @D ARC,D B+, B
FAL,Ct®@ DY A®C,B®D FAL A Cut
FAL,Ct @D A®C,B®D
A

several easy steps to get rid of the cut from A+, A

>

FAL A FCte®DY,C,D
FAL,C*®D+* A®C,D + B-. B
FAY,C*®D' A®C,B®D

So the cut-elimination procedure makes (1) equivalent to (2). One could argue that this
comes from our cut-elimination policy. But actually, if we had chosen the alternative policy, we

would have obtained a similar result by composing with the identity on the right-hand-side.

2.2.1.2 All the equivalences

We present in the table below the equivalences of proofs for MALL. These were partially pre-
sented, without the additive, in [40]]. For each of the equivalence presented, we assume that
there are proofs that lead to the leaves of the trees, and make sometimes the proof explicit by

writing:

T
FT
We start with the pure multiplicative fragment.
N S N S
LvsLl: FLL,  ~ I, Ly
F r’ J—(l’ J—b = F’ J—a, J—b
+rT,A,B FI,A,B
Lvs®: +tTLA® B ~ +1,A,B, L
FILA®B, L FILA®B, L
FTL,A FT,A +A,B A, B
Lvs®: FT,A, L FAB ~ FI,A,A®B ~ +I,A FAB, L
FILA,A®B, L FILA,A® B, L FILALA®B, L
+I,A,B,C,D +I,A,B,C,D
Bvs®: +rILA®B,C,D ~ FILA,B,C®D
FILA®B,C®D FILA® B,C®D
FI,A,B,C FA,D FI,A,B,C
BVS®: FILA,A,B,C®D ~ +IA®B,C FA,D

FILAA® B,C®D FILALA® B,C®D
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+A,B,C FE,D FIL,A +A,B,C
Q®VS®: FTLA FAE, B,C®D ~ FILA,A®B,C FE,D

FILALE,A®B,C®D

Then the pure additive one.

FILAE,A®B,C®D

. —— ——
TVST: F T Tl R TLTRD
_— T _— T
TVvs®: _ AT —T . _+ILBT
rT,A®B. T FILA®B T FT.LA®B, T
T us n
TVS&: '_FvAsT FstB ~ FF’A&B’T T ~ F,A,T F,B,T
FILA&B, T INA&B, T
+tI1,A,C LA, C
DVSD: +tILA®B,C ~ FILA,C®D
+tILA®B,C®D +tILA®B,C®D
FI,A,C  rT,AD FT,A,C I,A,D
OVS & : FI,A,C&D ~ +T,A@B,C +I,A®BD
+rT[,A®B,C&D +rT[,A®B,C&D
&vs & : FIL,A,C +I,B,C +1,A,D +1,B,D
+TA&B,C +TLA&B,D
FILA&B,C&D
+t1,A,C +I,A,D +I,B,C +I,B,D
+tT,A,C& D +I,B,C& D
+tILA&B,C&D
And finally when the two fragments interact :
T
LvsT: LT o T T
LT >
FTL,A +1,B FT,A +1,B
1Lvs&: +tILA&B ~ +IA L +I,B, L
+T,A&B, L +tI,A&B, L
FI,A FIL,A
Lvsd: HTLA, L ~ HI,A®B
+rI,A® B, L +FI,A® B, L
FT.AT | FAB T rT,A  FABT
® VS T : 9 9 ) ~ ~ 9 9 £
FT.AAQB. T FILAA®BT FT.AA®B,T
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+FI,A,C +I,B,C +tI,A,C +,AD +I,B,C A, D
Rvs&: +r[LA&B,C A D ~ FILAA,C®D +tT,A,B,C®D
FTLA,A& B,C®D FILALA& B,C®D
+ILA,C A, D +1,A,C
QVSD: FILALA,C®D ~ +I,A®B,C FA,D
FTLALA®B,C®D FILA,A®B,C®D
FTABT | — T
VST : sl S
FT.A®B.T FILA® BT
+1,A,B,C +1,A,B,D +T,A,B,C +T,A,B,D
Bvs&: FT,A,B,C& D ~ +IA®B,C +T,A® B,D
FTLA® B,C&D FTLA® B,C&D
+1,A,B,C +T,AB,C
BVsd: +tT,A%® B,C ~ +T,A,B,C®D
+tTLA® B,Co D FT,A® B,C® D

2.2.2 Focusing in linear logic

The rules of the sequent calculus of MALL are of two kinds: the synchronous ones, and the
asynchronous ones. Asynchronous rules are those that can always be permuted with other rules,
that is, pushed down the proof-tree. For instance, the introduction rule of L is asynchronous.
They will later correspond to opponent moves in games semantics, and the synchronous ones
correspond to player, or proponent moves. Seeing a proof as a strategy, if a proof is able to play
a (player)-move at some point in the game, then it can still produce it after some more opponent
moves. Therefore, the opponent-moves that happened after the player-move can be inverted
with this move and played before-hand. On the other hand, in a proof, a player move cannot be
inverted with the opponent moves that happened before, since it might depend on some of the

informations produced by these opponent-moves.

By extension, the connectives of linear logic are given a polarity, in relation with their
introduction rules. The connectives ®,® are positive, and their negations %, & are negative.
Similarly, L, T are negative, and /,0 are positive. On the other hand, assigning a polarity to
literals must be an arbitrary choice, since X, X* are introduced alongside by the same rule, but
it is common to consider X as positive, and X+ as negative [11]], and corresponds to the idea
that the axiom link is directed from X* to X. According to the above remark, it follows that
the formulas of linear logic can be split into two sets N, P of negative and positive formulas

respectively.

~
ii

X | FOF | FeF | 0| 1| Nt
F®F | F&F | T | L | Pt

=
i

where F, F’ are formulas of MALL.
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If the polarity assigned to a rule is something rooted in the sequent calculus, its extension
to formulas is a bit dubious. Therefore, the polarity of formulas should not be considered as
a ground feature of linear logic, but more as a tool, that will later be used in order to devise

properly the focussed sequent calculus.

These distinctions between asynchronous and synchronous rules lead to a second sequent
calculus for linear logic, called focussed (or focalised in the literature, but here we will re-
strain from using the term focalised since it will refer to another property) Before presenting it

formally, we expose the general idea.

According to the definition of asynchronous rules, they can all be pushed backwards towards
the root of the proof-tree, until they are blocked by a positive connective that happens before
in the syntactic formula tree (for instance, one cannot push the & before the & when trying
to prove A ® (B & C)). Once this process is finished, we end up with a proof-stree such that
starting from the root of the tree and going upward, we will encounter only negative rules until
all formulas (except maybe the literals) in the sequent are positive. Now, a proof is focussed, if
it chooses one of the positive decomposable formulas, and all the next rules are positive rules
decomposing this formula until all the resulting sub-formulas are either negative or literals.
Then, one can repeat this routine: a set of negative rules until all formulas in the sequent are
positive, following by a choice of a focus, and the decomposition of the focussed formula.
The stunning result established by Andreoli [11] is that every cut-free proof of linear logic is
equivalent to a focussed one. This gives us a precious insight into the structure of cut-free proofs

of linear logic.

Let # stands for a list of positive formulas, NV be a list of negative formulas, X a list of
negative atomic formulas, P, Q are positive formulas, N, M negative ones. The sequents are of
two shapes: either + P, N, X; or + P, X; P. The focussed sequent calculus is defined as follows.

Note that O is a formula of either positive or negative polarity.

AxX FP,X; P

FALA TP XD foc
'_P7N’A’B;
FP.N,A® B,

FP, X P FPLX 0 FP,X; P FPLX M, ®
FP,P X, X';P®Q FP,P X, X;PQM
FP, X, M, FPLX P ® FP, X, M; FP X', N;
FPP X, X MQP FP,P, X, X' M®N
FP,N,X,A; FP,N, X, B; &
FPN,X,A&B;

P, X, P ® P, X, P ®
FP. X PBO FP. X, 08P
FP.M, X, ® FP,X, M, )

FP,.X;M® O FP,X; 0 M
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1 P,N,X; e
1 PNX L PNAT

A slightly weaker system is presented, called weakly focused. Just as in [59]], where it
was originally presented, we write II for a sequent that is either empty or consists of a unique
positive formula P. The sequents of MALLoc are of the form + I';I1, where I is a multi-set
of formulas. This system is more permissive than MALL;, as it allows rules to be applied to
negative formulas on the left-hand-side of the sequent even when the right-hand-side of the
sequent is non-empty. Furthermore, the negative formulas are now pushed on the left-hand-side

of the sequent thanks to a “unfoc”-rule, instead of a built-in machinery.

- AX I P I, M;
FAL A FT. P foc M unfoc
+ 1A, B; 11 ¥
+tT,A® B, 11
T A +A;B ®
+tI,A;AQB
FILA T + T, B I1 &
+tT,A & B;I1
FIGA +I;B
‘T A0B ‘T AeB 2
- 1 FIGIT ——T
F 1 S Wt L FT, TSI

Theorem 2.1. [|/1|] [59] Every proof of MALL is equivalent to a proof of MALLytoc (resp
MALLEoc), and MALLytoc (resp MALLEoc) can be seen as a subsystem of MALL.

2.2.2.1 Global connectives

In this section, we strive to prove that proofs of linear logic can be represented, up to equivalence
by two global connectives. We present in the paragraph an intermediate step, with four ones, that
will be enough for our purposes. They consist of two positive ones, that encapsulate sequences
of ® and @, and two negative ones, that encapsulate sequences of ¥ and &. However, for such

a system to work, one must consider formulas up to distributivity isomorphisms.

In MALL, there are four distributivity laws, coming from proofs of linear logic.

AR(BB®C)~(A®B)®(A®C()

AeB)RC=(ARC)®d(B®(0)
ABZB&C)2(ABCO)&ARCO)
A&B)BC=2=A®RC)&(B®CO)
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We write F; =~ F; to indicate that there are two proofs 71y : F1 — Fp,and mp : Fp — F
such that 7y, m ~ idp, and m;c 1 ~ idp,. We present these proofs for the first equation,

while the others can be designed in a similar way.

FAL A - B+ B FAL A FCt,C
FAL,BY,A®B FAL, CHA®C
FA,B*,(A®B)® (A® () FAL,CH,(A®B)®(A®C)
FALBL&CH,(A®B) o (A®C0)

FAT R (Bt &CH,(AB)® (AR ()

- B+, B FCL,C
FAL A FBYt,BeC FALA FCH,BoC
A+ B A®(Ba () FAL,CHLA®(B® C)
A*®Bt AeBaC FAT®CHLA®BaC)

FA*®BH & (AT ®CH,A®(BaC)

As these proofs are isomorphisms, they only change the set of morphisms up to (set)-
isomorphism. That is, given a formula A, such that, for instance, 7; can be applied to A,
m A - A’, then C(A, B) = C(A’, B). Therefore we consider the following rewriting sys-

tem:

ARB®C)~» (A®B)®(ARC)
AeB)®C~»(A’C)®(B®C()
AR B&C)» (ABC)&(A®C)
A&B)BC~»ABC)&(B®C)
A~ B = F[A] ~ F[B]

This system is confluent and strongly normalizing. Therefore, for any given formula A, there
exists a unique A’ such that A’ is the normal form of A. That is, A’ is obtained from A by
a sequence of steps from the rewriting system, and one cannot rewrite A’ any further. Then
given A, B any formula of linear logic, and A’, B’ their normal form, we have the following

isomorphism:
C(A,B)~C(A",B)

as each of the rewriting step corresponds to the application of an isomorphism. In other terms,
when dealing with proof invariants, one can restrict to considering only formulas in normal
form. This generalises straightforwardly to sequents, where a sequent is considered in normal

form if each formula in it is.

A second important set of isomorphisms comes from the associativity of each of the con-

nective of linear logic ®, %, &, ®. For instance:

CUL,LA®(BRC)~C(,(A®B)® ().
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This isomorphism allows us to forget the parentheses, and simply write it as A ® B ® C, without
specifying the order in which the ® connectives must be considered. This generalises straight-
A; in that
case. In terms of proofs, these isomorphisms tell us that the order in which the ®-rules are ap-

forwardly in the case where we consider n-tensored formulas, and we write ®i:1 "

plied does not matter. This reasoning applies to the other binary connectives of MALL similarly.

By considering formulas up to these two sets of isomorphisms, we can restrict to formulas of
two different forms. A negative formula in normal form, is, once considered up to associativity
isomorphisms, shaped as follows: & (2§ ;jAij), where each A; ; is either a literal or a positive
formula in normal form. On the other hand, a positive formula in normal form is of the shape:
D.(&);Aij). where each A; is either a literal or a negative formula in normal form. We will

say that these formulas are in distributive-associative normal form.

Now, let us consider a focused proof of linear logic, where the sequents are in normal
form. Then the root of the proof is of the shape P, N,X. We see it as a unique formula
(X P)® (P N)® (Y X), and put it in distributive-associative normal form. That is, it is a
formula of the shape & (2 ;Ai,j)- If this ends up being the & of 0 formula, that is of the shape
& 0 = T, then the proof proceeds with a T-rule. Otherwise, a proof of this sequent starts with

a global & -connective, that encapsulates a series of &-rules.

F 78)1-141’]'; F 75)1-14[’/‘; F 75)nAn,j;
F &i@?j Aij)s

&

Then, let us focus on one of the branch. The second step consists in decomposing the %

+ Ai,ls ..,A,"j, ..,AmJ‘ :

I-?ng,',j;

»

And finally, if there is some L present among the A; ;, then the proof removes them using a

global _L-rule, whose shape is as follows:

F A], ..,An
FAL AL L, Ly

Lm

This is the end of the asynchronous phase. These three global connectives will be encapsulate
into one negative move in the sequel, Chapter [5] At this point the synchronous phase begins. It

starts with a choice of a focus, that is, a positive formula.

+T, P

Frp R

Then, as we consider formulas in distributive-associative normal form, P =
®i(®j M;; Q) Xix, @), 1i). Then the focused proof at this stage going to consists in three
distinct steps. The first one is going to consist in a series of @ rule, that we can sum up into one

major P rule:
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' P;

—®
I'r ®ipi

Following that, the P; is going to consists in tensored formulas P; =
(®j M;;Q), Xix @), 1i1). The following sequence of ®-rules can be summed up into a
single global (X)-rule:

I'y + By I+ B; I',+B,
Fl, ..,F,-, ceny Fn F ®i:1un B,'

®

Finally, the third part of the synchronous phase is going to consist in dealing with all the
branches just created. For instance, if the proof reaches a negative formula on the right-hand-

side, then it pushes it on the left-hand-side, thanks to a unfoc-rule.

I'M; f
7F;M unioc

If, on the other hand, it reaches a sequent +; 1, then it applies the right 1 rule. Finally, if the
sequent reached is of the form I'; X, then we must have I' = X, and the proof-leaf consists of an

axiom-rule.

Therefore, we can consider the following proof-system, called MALLtoc_gjon. We decompose

the formulas into four sets, depending on what is their principal connective.
N= &0 | Tl
i
0= @ P; @ L
i J
P= (PR 1011
i
R= @ N; @ 1
[:= )l( | le

where X € TVar. Note that T corresponds to & 0, and 0 to €5 0. In the following, P denotes a

list of P-formulas, N a list of N-formulas, and N, O, R, P formulas as above.

— FP; P - P,N;
sy M e Sy unfoe
FP, P,y Py L1, oL 2

PP L)
I—Pl;Nl I-Pi;Ni I—Pn;Nn ®
I—7)1,...,7)n;®iNi
PRy
] @k,n

FP; @i:l..n R;
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FP,0q; FP,0;; FP,Oy;
- &
FP, &zt Ois
FP;
;1 ! Lm P,T; T

FP, L,y Lins

As explained above, the following theorem holds.

Theorem 2.2. Every proof n :+ I of MALL is equivalent to a proof n’ : A of MALLjoc_glob, Where

A is the distributive-associative normal form of 29 T..

This system can be once again reformulated into a system with two global connectives: the
positive one, that is a mix of € and (X), and its negation, a global negative one. This is the
idea underlying the creation of ludics [35]], and that originates fully complete alternating game

models, such as the one presented in the next chapter [35]

2.2.3 Proof nets

In the next chapters, one will often rely on a geometric characterisation of invariants of linear
proofs, called proof nets. The basic structures we rely on are proof-structures. We first consider
the MLL case, then the MALL one.

2.2.3.1 Proof structures for MLL

Proof structures form a common tool introduced in [33]] to reason about invariants of linear logic
proofs. Proofs structures are more general than proof invariants. That is, some proof structures
do not correspond to proof invariants, but to all proof invariants corresponds one, or several,
proof structures. Proof structures that indeed correspond to proof invariants are refereed to as
proof-nets. Therefore, one seeks to find the right characterization, that discriminates proof-
structures that are valid, that is, correspond to proofs. Proof structures can be composed, and
form a category, of which the proof-nets form a sub-category. However, this topic exceeds the

scope of this introduction.

Often, in the literature, one will encounter the definition restricted to MLL without units.
The reason behind this choice is that, for this fragment, proof structures that are valid are
in one-to-one correspondence to proof invariants of linear logic restricted to this fragment.
However, when extended to units, we lose this property. That is, a single proof invariant can
actually be encoded as various proof structures: proof structures are then too precise. One can
bypass this issue by defining a quotient, using a method called Trimble’s empire rewriting [47,
48|]. However, for brevity, we will not expose this method, and refer to the above references for

its presentation.
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Figure 2.2: A MLL-proof structure

Definition 2.3. An MLL sequent is a multiset of formulas built out of the following grammar :
F,FFi:=X| X" |I1I| L| FQF | F®RF,
where X € TVar. An MLL™ sequent is a multiset of formulas built out of the following grammar:
F,FF.=X| X" | FRF | F®F

where X € TVar. A sequent is said to be balanced if each atomic variable X appears the same

number of times as its negation X*.

In the sequel, we will refer to MLL™ and MLL to speak about the canonical fragment of MALL

whose cut-free proofs are those with conclusions lying inside MLL™ and MLL respectively.

In the sequel, we identify formulas with their parse trees, and hence see them as tree-graphs.
Therefore, a sequent is seen as a forest. The propositional variables X, Y, ... as well as the
unit 1 are positive, whereas their negation X+, Y+, ... and L are negative. Given a balanced
MLL-sequent, we define a linking A to be a function from its set of negative leaves to its set
of positive ones, that is type preserving : A(X*) = X, and such that it establishes a bijection
between its set of occurrences of positive propositional variables and negative ones. This

enforces that the sequent be balanced.

Definition 2.4. A proof structure is a graph, made out from a sequent + T, seen as a forest,
together with a linking function A on it, by adding edges between x and A(x). When x, A(x) are
propositional variables, such an edge is called an axiom link. On the other hand, when x = L,

we call it a L-link.

Such a proof-structure is presented in the figure 2.2] There is a famous criterion that
characterizes precisely the proof structures that arise from the denotation of an actual proof of
MLL. It has been first presented by Danos and Regnier in [23]] for MLL™. To implement it, we

first need to define the notion of switching.

Definition 2.5. Given a proof structure P, a switching S is a choice, for each ®-occurrence
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Figure 2.3: An MLL correction graph

in the parse tree, of the left or the right premise. That is, it is a function from the set of -

occurrences to the set {l,r}.

The correction graph consists in, given a proof structure P and a switching S, removing the
edge between the premise not chosen by the switching and its conclusion. We say that a proof
structure is acyclic (respectively connected) if the correction graphs are connected (respectively

acyclic) for all the switchings S on it.

For instance, the correction graph in figure[2.3]is disconnected and acyclic.

Theorem 2.6. /23, 48]

o To every equivalence class of proofs of MLL™, or MLL™+MIX, one can assign a unique
MLL" proof structure (that is, a unique linking). Furthermore, this assignment is faithful
and functorial.

o An MLL™ proof structure is a denotation of an MLL™ + MIX proof if and only if it is acyclic.

o An MLL™ proof structure is a denotation of an MLL™ proof'it is acyclic and connected, that
is, a tree.

o To every MLL proof structure satisfying the acyclicity criterion, one can canonically as-
sign an MLL + MIX proof.

o To every MLL proof-structure satisfying the acyclicity and the connectedness criterion,
one can assign an MLL proof.

o To every MLL proof, one can assign a unique equivalence class of MLL proof structures

satisfying both criteria. This assignment is functorial, and an isomorphism of categories.
We will sometimes refer to these conditions (connectedness and acyclicity) as the Danos-

Reigner criterion. We say that an MLL™ proof structure is a proof-net if it satisfies the Danos-
Reigner criterion. That is, a proof-net is a proof structure that can be assigned a proof.

2.2.3.2 Proof structures for MALL

In this section, we will restrict our attention to MALL™, the fragment of MALL without units,

neither additive nor multiplicative. That is, we focus purely on the propositional part. The
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grammar of the formulas MALL™ is defined as follows :

F:=X| X' | FQF |F®F | FoF | F&F'.

where X € TVar. Historically, two notions of proof structures, and proof-nets, have been de-
veloped for MALL™. The first one, presented by Girard in [36]] is based on a notion of graph
enriched with booleans, that tracks in what “branch” of a &-link we are. Although we will
make use of them in the final chapter [/| they are hard to present, understand, and are mostly
dealt with as a technical tool in the scope of this thesis. We will simply say here that their cor-
rectness criterion is related to the one of MLL; the notion of switching is much more elaborate,

but the final correction graphs must also be acyclic and connected.

The second one, presented by Hughes in [46]], satisfies a much simpler presentation, and its
exposition might help the reader getting an idea of how invariants of proofs behave in MALL.
The correctedness criterion, on the other hand, is a bit obscure, and we will restrict our attention

to proof structures. We refer to the literature [46] for more details.

Once again, we see each sequent as a set of parse trees, hence a parse forest. A &-resolution
on I is the result of erasing one argument sub-graph of each &-occurrence. An additive reso-
lution is the result of deleting one argument sub-graph of each @, &-occurrence. We say that an
additive resolution is on a &-resolution, if it can be obtained through deleting argument sub-trees

of the @-occurrences of this &-resolution.

An axiom-link is an edge between complementary literal. A linking on a sequent I is a set
A of disjoint axiom links such that | J A partitions the set of leaves of an additive resolution of I,

called I' | 4. That is, each literal of the additive resolution is under an unique axiom-link.

A MALL-proof structure comprises a MALL-sequent, seen as a forest, together with a set
of linkings A = {4y, ..., 4,}, such that:
o (P1) For each &-resolution of T, there is a unique linking A € A such that " | A is on this
&-resolution.
o (P2) Each graph I' | A satisfies the Danos-Reigner criterion: for any switching (choice
for each % of one of its subtree arguments), the correction graph is a tree.

We usually represent MALL proof structure with all the axiom-links coming from the set of
linkings A at once, as presented in figure 2.4] As there is only once linking per &-resolution,

one can recover the set of linkings by ranging through all &-resolutions.

For instance, there are only two possible &-resolutions on that proof structure, as there is

only one &. The set of linkings defines two additive resolutions:
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Figure 2.4: An MALL proof structure
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Figure 2.5: First additive resolution

is the first one, and the second is :

T

X > X ® Z (Z+*® Z2)® 7zt

/ &/ 69/ ®
VNN

@

Figure 2.6: Second additive resolution

For a proof-structure of MALL™ to be a proof-net, one also needs the foggling condition,
that is too technical to be exposed here. Just as the switching condition enforces that sequen-
tialisation is possible for the multiplicative part, the toggling condition is concerned with the
additive fragment of the proof. For the next chapters, the relevant aspect of the definition of
proof structure is the condition (P1), that can actually be divided into two sub-conditions :

e For each & resolution, the proof chooses exactly one @-resolution on this &-resolution.

e On this additive resolution, it defines a unique linking, that is, a unique set of axiom-links

that partitions the leaves of this resolution.

Therefore, the proofs structure can be seen as functions f from the domain D = Xger{lg, r&}
where & € T refers to the set of &-occurrences in I', to the set of linkings, such that given an
element k € D, I' | f(k) is a @-resolution compatible with k. This path has notably been
explored in [2].
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2.3 A brief introduction to tensorial logic

On the quest to fully complete game models of linear logic, two major difficulties have been
highlighted. The first one concerned the ability of games to cope with polarities of the additives
together with composition. Indeed, the initial presentation of a game semantics of linear logic,
as devised by Blass [15]], leads to the composition being non-associative. This is the so-called
Blass problem, highlighted and explained by Abramsky in [5, 3[]. The root of the issue lies
in the order in which the proof of, for instance, + A; @ A, By @ By, decomposes the left &
connector and the right one. Assuming that this order is relevant translates, in term of games,
that the strategy has to start by either decomposing the first @-occurence, or the second one.
This is consistent with the strategy being sequential. However, this leads to a non-associative
composition of strategies. To solve this, two solutions were proposed. First, we can consider
concurrent, or asynchronous, game semantics where the two moves appear concurrently (the
strategies decomposes the two at the same time). This way has been explored in |10} 3]]. Or, we
rather look at the proof from a focused point of view. Focussing leads to a clear control of the
flow of the proof, and notably to a clear control of the flow of cut elimination. This way, the

problematic cases that were non-associative are excluded. More on this issue can be found in

(3.

If one chooses the focussing way out (and, therefore, keep on working with sequential
games), a second problem arises from the difficulty to interpret the relationship between ® and

%. For instance, let us consider the following proof:

FAL A + B+, B
FAL, BY,A®B FCLC
FA,B*®C+,A®B,C
FAL R (B*®CH,(A®B)®C
FAL R (BtoCH,(AB)®C

As A+ ® (B*®C*) = (A® (B C))*, it expresses the fact that A® (B® C) + (A® B) % C.
One might wonder where does this distributivity law comes from and how to translate it into
game semantics. To succeed, the key is to consider that ® or % does not just put the two games
in parallel (as in the concurrent case, or in the multiplicative case without additives [5]]), but
actually might add an initial move to the game that we have to take into account, as discovered
by Melli¢s in [65]. That is, in those games, the multiplicative connectives ®,% are played,
there are moves corresponding to them. But this comes at a price. Now, (A ® 1) ® L has two
additional moves, corresponding to the two binary tensors, but it is equivalent to A, that does not
have such moves. This problem is deeply related to the fact that the negation is self-inverse. The
game denoting ((A)*)* should be equal to the one denoting A. However, a faithful modelling
through games that takes into account polarity would impose to add an initial move to the game
for each negation. That is, the game for ((A)*)* should have two additional moves compare to

the denotation of A. If this can be solved by a quotient, the conclusion of this paragraph is that
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there is no canonical good notion of sequential games for linear logic, as games rely to much on

polarities, and because the negation is self inverse [65]].

Tensorial logic has been introduced by Mellies [71]], following his discovery of a fully com-
plete model of linear logic [66], using sequential games as support and a quotient (as explained
above, see [[65]]) to circumvent the problems arising from playing additional moves . Those
games were somehow more primitive than linear logic itself, as emphasising more the role of
polarity, and by being able to distinguish proofs that the sole equational theory of the sequent
calculus of linear logic would not. As a result, tensorial logic was exposed as being, somehow,

the logic of sequential games.

The formulas of tensorial logic are built out of three connectives ®, @, —, the units 0, 1, L,

and an enumerable set of atomic variables TVar = X, Y, ... .
F:=0]|]1]|]1L|X|FQF | FoF | -F,

where X € TVar. The sequent calculus of multiplicative additive tensorial logic, or TENS is
presented in the figure [2.7] below.

Axiom: ——— Cut : I+ AAl,F,AAl;?—’gz B Left Exchange : E’g’ i’ 11:2 : g
Left Tensor : Flzf’AAéBl’?,rlzz'_kCC Right Tensor : ;,i FA é ZB
Right Unit: ——— | & (i - % Left0: 5774
Left Negation : r’l:‘;% Right Negation : 1;127::
Right® 1 : % Right® 2 : % Left® : F’A;’ieaBI;,CB'_C

Figure 2.7: Sequent calculus of multiplicative additive tensorial logic, TENS

In contrast to linear logic, there is a good notion of games for tensorial logic, as polarities
are this time entrenched in the sequent calculus via the negation. If a formula is negated, that
is, is of the form —F, then it is negative, otherwise it is positive. This time, the double negation
is not equal to the identity, and can be faithfully modelled through the addition of two moves.

That is, the De-Morgan equation =-—A = A does not hold.

2.3.1 Equivalence of proofs in tensorial logic

The equivalence of proofs in tensorial logic is strongly similar to the one in linear logic, except
one central difference; the use of —. In linear logic, due to the one-sided presentation, we are

not concerned about where the focus of the proof is: to any formula present in the sequent
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either a positive or a negative rule might be applied. Here, the split of the sequent in two parts,
with the need of a non-involutive operator to switch from one side to the other, is breaking the
symmetry. The focus is now the right-hand-side of the sequent, and changing focus comes at a
price: the double use of the negation operator. This changes fundamentally the structure of the

proof invariants.

To our knowledge, the equivalence relation between proofs of tensorial logic has never been
formally presented. However, it is clear from the idea underlying its inception that these shall
seemingly be the same as those coming from linear logic, with the distinction coming from the
double-sided form of the sequent and the use of a non involutive negation. We first tackle the

multiplicative fragment.

'crA A
left 1 - left 1 Ir1,+rA ~ Ii,+A
1,1, A i, 1,+A
IA,B+C IA,B+C
left 1 - left ® INA®B+C ~ I'A,B,1+C
IA®B,1+C INA®B,1+C
left 1 - right ®
I'rA I'rA A+ B A+ B
I1+rA A+B ~ ILArA®B ~ TFHA A1+ B
INl,LAFA®B I'A\,1FA®B IlLA+rA®B
I''A,B,C,D,+ E I'A,B,C,D,+ E
left ® - left ® I'A®B,C,D,+ E ~ TI,A,B,C®D,+rE
INA®B,C®D,+ E INA®B,C®D,+ E
IA,B+C IA,B+C A+D
left ® - right ® IMA®B+C A+D ~ IA,B,ArC®D
INAQB,A+C®D INA®B,A+rC®D
right ® - right ® none

The multiplicative fragment against the negation.

I'rA I'rA
left 1 - left — IirA ~ T,-Ar_L
Il,-A+ L I-A,1F L

AR L TAr L
left 1 - right — IA,1+1L ~ TFr-A
I1,r-A I[1F-A
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IA,B+C IA,B+C
left @ - left — INA®BFrC ~ T,A,B,-CFr L
INA®B,-C+ L INA®B,-C+ L
IA,B,C+ L IA,B,C+ L
left ® - right — Ir"A@B,C+1L ~ T,A,B,L+-C
IA® B+ -C INA®B, L+ -C
right @ - left / right — No permutation

We now address the purely additive fragment :

Left O, : Left Op :

left 0 - left 0 T,0,,0,FA ~ T,0,0,FA

———— LeftO:
left 0 - right ® [LOrA ~ LeftO:  and similarly for &,.
FOrA®B r0raeB

left 0 - left ©

2 T
FL0ArC 0 T,0BrC ~ r0A&BrC 0~ LOAFC T,0,BrC
I,0,A&B+C ILO,A®B+C

0

left @ - left ©

IB,C+E T,B.D+E T,A,CvE T,AD+E
[LB,C®DFrE [LA,C®DFrE
ILA®B,CoDrE

~

IA,C+E I'B,C+E I'A,D+ E I'B,D+ E
INA®B,C+E INA®B,D+ E
INnAeB,C®D+ E

A+ C ILB+C A+ C ILB+C
left & - right & IMArCeD ILBrCe®D ~ INAeB+C
INAeB+rCo®D INMAeB+rCao®D
and similarly for &,
right @ vs right & none.

Additive against negation :
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——— Left0:
left 0 - left - _LLorA - ~ T oao Lefto:
T,0,-AF L L0-AFL
————— Left0:
left 0 - right - T,0Ar L ~ T g LeftO:
g T.0r A IO+ -A
IA+C IBrC IA+rC I'B+C
left oplus - left — INAeB+C ~ T,A,-C+A I''B,-C+ L
INA®B,-C+ L INA®B,-CF+ L
IA,C+ L I'B,C+ L INA,C+r L I'B,C+ L
left oplus - right — IMA®B,C+ L ~ T,A+r-=C I,B,+-C
I A®B,+r -C INAe B+ -C
right oplus - left/right — none
And finally multiplicative against additive.
——— Left O:
left 0 - left 1 _LorA - ~ a7 LeftO:
FOLrA Io,1+A
———~—~ Left0:
left 0 - left ® IA,B,0+C - Left O:
TLA®B,0rC LA®BOrC
Left O:
left 0 - right ® IorA A+ B _ LeftO:
g FAOrA®B IAOFA®B
IrA FrA
right @ -left 1 I1+A ~ TrA®B
I'1-+A®eB INl-rA®B
IA,B,+ C IA,B+C
right & - left ® IMA®B+C ~ T,A,B-Ce®D

INA®BrCo®D INA,B+-C®D

right @ - right ® none.
IA,+C I BrC A+ C I BrC
left @ - left 1 INLA®B+C ~ T,A1+C IB,1+C
I AeB,1+C IMAeB,1+C

left @ - left ®

I'A,B,C+E I''A,B,D+ E I'A,B,C+E I''A,B,D+ E
I'A,B,C®D+ E ~ TLA®B,C+E INA®B,D+ E
INA®B,C®DFrE INA®B,C®DFrE
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left @ - right ®

T T

x AMA+D  AB+D 'rC AA+D TrC AB+D
r+C AA®B+D Y~ T,AArC®D I[LAB-C®D
[LAA®BFC®D ILALA®BrC®D

2.3.2 Focussing in tensorial logic

Tensorial logic somehow acts as weakly focused linear logic: there is a focus, the right-hand-
side of the sequent, and the sequent rules can be both applied to the focus or the left-hand part of
the sequent. Just as one can strengthen weakly focused linear logic to get focused linear logic,

one can strengthen the sequent calculus of tensorial logic to get focused tensorial logic.

A formula A is said to be in negative if A = —A’. It is positive otherwise. We write ¥ for a
list of positive formulas, N a list of negative formulas, X a list of positive atomic formulas, P, Q

are formulas of either negative or positive polarity. The sequents are of the shape P, N, X + P.

The sequent calculus of focussed tensorial logic focussed tensorial logic TENSF is as
follows:

Ax 1 Right 1

ArA
PN Xt P  lefio
PN, X 1rp et PNXOFP
N, X+P N,PX+L _.
Nopxr L eftm TN xop Righto
PN,X,P,OFR N,X+P N, X'+0Q _.
Right
PNXPROFR “® TN N XX rPog e®
PN.X.PFR P.N.X.OrR N.XEP .
N, &, N, X, _NXFP pioh
PN.XPOOFR Lefté  FXrpPag e
N, X+ O .
_NXFQ  piohta
N.XrPoQ et

The focused sequent calculus prevents a rule from being applied on the right-hand-side as
long as all the formulas on the left-hand-side of the sequent are not negative. So basically, a
proof in focused tensorial logic goes as follows : it starts by decomposing all the formulas on
the left-hand-side of the sequent until the left list is only composed of negative formulas and
atomic variables. At this point, no more operations can be performed on the left-hand-side of
the sequent. This is the asynchronous phase. Now begins the synchronous phase. The proof
decomposes the formula on the right-hand-side until it reaches a negative formula. This formula

is then brought back to the left-hand-side by the right negation rule. Then, another asynchronous
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phase begins, that will decompose the newly brought formula on the left-hand-side until the
outcomes are all either negative or atomic formulas. Then, begins another synchronous phase,
that starts by choosing a new focus, a new formula for the right-hand-side of the sequent, by

applying a right negation.

This decomposition of the proof into a sequence of two phases corresponds to the decom-
position of the "plays", in terms of games, into sequences of O and P-moves. The O-moves

correspond to the asynchronous phases, the P to the synchronous ones.

We have the following theorem, that is a simple extension of its sibling for linear logic, and
whose proof is analogous to the one in the case of linear logic, that can be found in [[11},/59], and

will not be repeated here.

Theorem 2.7. Every proof of T + A of tensorial logic is equivalent to a proof of T + A in

focused tensorial logic.

Let us note however, that the system is different in nature compared to its focused counter-
part in linear logic. Indeed, in linear logic, we could impose that the proof starts without focus,
that is, with the right-hand-side of the sequent being empty. However, here, it is not the case.
Let us note however that in the case where we start with a empty right-hand-side sequent, then

the two systems behave seemingly similarly.

2.3.2.1 Global connectives

Just as in linear logic, we can reorganize the sequent calculus to a much simpler system, by

noticing the existence of a normal form, stemming from the following isomorphisms:

ARB®C)=2=(A®B)BA®C(C) 2.1
AeB)@C=(A(C)d(B®0) 2.2)

The isomorphism and its inverse of the first equation [2.1]are presented below:

ArA B+ B ArA CrC
A BFrA®B A, CHrAR®C

A B-r(A®B)®o(A®C() ACHA®B)®A®C(C)
ABeCrA®B)®ARC)
ARBO®C)F(A®RB®(ARC()

B+ B CrC
ArA B+rBeC ArA CrBaC
A®BrHA®(Ba() ARCHA®(Ba ()
A®BDARC)FAR(Ba ()

Working with these isomorphisms allows us to characterise the sets of morphisms by working
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with their normal forms, as in the case of linear logic. We define the following rewriting system:

AR(B®C)» (A®B)®(A®C(C)
AdB)RC~»(ARC)®d(BRC)
A~ B = F[A] » F[B]

and call normal form a formula that cannot be further rewritten. To each formula of tensorial
logic is asscociated a unique normal form. Then given two formulas A, B and their associated
normal form A and B, we then have C(A, B) = C(A, B), where C is the category of tensorial logic
formulas and proofs between them, considered up to equivalence. Furthermore, just as in linear

logic, due to the associativity isomorphisms:

Ae(BoC)~~AeB)aC
ARB®C)2~(AR()®C

the order in which side to side tensors (and sums) appear in the formula does not matter. There-
fore, we consider formulas up to associativity isomorphisms equivalence, and write (X) for a
sequence of ®, € for a sequence of ®. A formula F is said to be in distributive-associative

normal form if it originates from the following syntax:

N :==F | X |1

P ::= @(@N,J)
i J

F : =N | P

For instance, X®X is translated in this setting into (EB(@(X)(X )). Note that, despite the perhaps
misleading notation, N, P do not precisely correspond to negative and positive formulas, since

atomic formulas are positive but, for simplicity, are considered N in the above syntax.

Now, let us study how a proof of focused tensorial logic behaves when the sequent is in
normal form. We start with a sequent I' + P, where I', considered as a ® of formulas, is
considered in normal form: T = (B,(9); A j). The first step consists in a global left (P-rule:

®jA1,jI-P ®in’jl-P ®nAn,j|'P

@i(®in’j) p Left P

Focussing on one of the branch, the proof now decomposes the (X), through a left global (X)

rule.

Ai,l, --,Ai,j, -wAm,j P
®in’j + P

Left (X)
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Now, if some of the A;; are 1, then the proof proceeds with a global left 1-rule, of the

following shape.

Bi,...,B,+ P
Bi,...By, 11,1, P

Left 1,

This ends the asynchronous phase, that will be represented through a opponent move. It is
then player’s turn to play, and so begins the synchronous phase. Now, there are two cases to
consider. Either P is L, and the proof is going to proceeds with the choice of a focus, embodied
by a left negation rule. Or it is a negated formula, and the proof proceeds with a right negation.

The cases where it is a atomic formula are dealt with below. The general case consists in P
being of the form @(@ D; ))).

As each B; is not a tensor nor a sum of sub-formulas, it is either a negation or an atomic
formula. In the case where P = L, the synchronous phase start by picking one of the negated

formula B;, of the shape —C.

I'rC

T.oCr L et

Now C is of the shape @i ®j(D,-, 7). We now are in a similar position as when P was

originally of this form. Hence the first step consists in a global right € rule:

I'r (® Di,j)

'+ D), Dij) @

followed by a global right tensor rule.

F] F Di,l l"j + D,',j Fn + Di,n
Fl, . Fi, . Fn + ® Bi,j

®

Finally, we apply the necessary rules for all the branches we created. If the formula D; ; is

negated (D; ; = —E), then we apply a right negation rule.

IE+ L;
| Y )

If, I'; = 0, and B;; = I, then we apply the right I rule. Finally, in the case where B ; is a
positive atomic formula then so must be I';, and we apply the axiom rule.

So, we can present the following proof-system, called TENStoc_gjon. This time, we decom-
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pose the formulas into three sets, depending on what is their principal connective.

N==F| X |1
P= @R,-w
i
R:®Ni
i
F:=N|P

where X € TVar, In the following, N denotes a list of N-formulas without 1, N’ a list of
N-formulas, N, R, P, F are formulas as above.

AX N+ F _ N,Fr1 _. .
X+X N.—Fr L Left Nt oF. Right
Ni,...Ny,+ F left@
®iNiI—F
N1 F Ny MI—N,' an-Nn Right®
N],...,Nn F ®iNi
N+ Ry .
Right
N+ @i:l..nRi s @k’n
N,R i+ F N,R;i+ F N,R,+ F LeftEB
N.@,._, Ri+F
Right 1 N+rF ———~———Left O
k1 Ny r et N',0F F;

As explained above, the following theorem holds.

Theorem 2.8. Every proofn : T v F of TENS is equivalent to a proof ' : T + F of MALLtoc—glob,
where T is the distributive-associative normal form of Q) T, and F the distributive-associative

normal form of F.

This system can be once again reformulated into a system with one global connective, that
is a mix of @ and ®. A major theorem in the case of tensorial logic is that this proof-system

characterises exactly the equivalence classes of proofs.

Theorem 2.9. Two proofs of TENSgiob—toc are equivalent if and only if they are equal.

Hence, we are able to precisely characterise the proofs invariants of tensorial logic. The
proof of the theorem consists in noticing that no permutation rule can be applied to proofs
presented with global connectives. However, this is not the case for linear logic, as different
choices of focus entails different proofs invariants in tensorial logic, but not in linear logic.

More on this will be presented in the section below.
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2.3.2.2 Tensorial linear lambda calculus

The goal of this section is to establish a lambda-calculus for multiplicative tensorial logic. We

restrict our attention to multiplicative tensorial logic. The terms of our calculus are as follows:

Types TY s T,U =X | 1| T |[T®U
where X € TVar.
Terms TE st,u = x| % |tu]—t|t®u|letzbex®yint

where —, is a binder that binds x.

Typing context I' == 0 | x: T,

We write x : T, T for {x : T} UT, with x not already appearing in I'. The typing rules of our

terms are presented in figure [2.8] where we write L for the type —1.

_ I'ret: T
Fxl Tox:lrt:T
B 're: T x:T,Avu:U
X Xkx:X LA F ult/x]: U
Ix:Uvrt: L F'ret: T
I'r —x.t:-U If:=Trft:L
Crt:T Aru:U Lx:T,y:Urv:V
LArt®Qu:TU Iz:T®Utrletzbex®yinvy

Figure 2.8: Formation rules for tensorial linear lambda calculus

These correspond precisely to the terms of the Linear Lambda Calculus LLC [91]], where
we have restricted the terms of type 7 — U to the case where U = L. In that case, we write
—T for T — L. Indeed, one can see tensorial logic as the fragment of intuitionistic linear logic
where the isomorphism between C(A ® B, C) and C(A, B — C) holds only when C = L.

Just as in LL.C, the term formation is constrained by the linearity of the typing judgement.

In particular :

X1 AL X AR A

implies that, each x; that is not of type a tensor product of units, occurs exactly once freely

within t.

Furthermore, we write let u be (x®y®z) in v for either let u be (x®@w) in let w be (y®z) in v
or its right associative analogous. To furthermore shorten the notation, we write —(xy, ..., Xp).

for —x.(let x be (xq, ..., x,) in ).

We define the free variables of a term as follows:
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bv(x) =0 fv(x) = x

bv(e) =0 fv(e) =0

bv(tu) = bv(r) U bv(u) fv(tu) = fv(r) U fv(u)

bv((=(x1, ..., x).1) = {x1, ..., Xy} U V() TV(=(xq, .., x,).0) = Tv(O) \ {x1, .., x,,}
bv(r ® u) = bv(t) U bv(u) fv(t @ u) = fv(r) U fv(u)

bv(let zbe x®yin ) = bv(¢) U {x,y} fv(letzbe x®yin ) = {z} UTv(®) \ {x,y}

The rules for S-reduction are:

(—x.Du —p tlu/x]

letr®@ube x®yinv —gv[t/x,u/yl.

where the substitution is defined as follows. We define #[u/x] by induction on the structure of
the term #:

o x[u/x]=u

o yu/xl=y

o (11 ® n)[u/x] = (t1[u/x]) ® (t2[u/x])

o titp[u/x] = t1[u/x]t2[u/x]

o (=y.N[u/x] = —y.(tlu/x]) if y # t and y ¢ fv(u).

e (letybey ®y>innlu®v/yl =tlu/yi,v/y]

o (letybey ®y,in Hlu/x] = letybey;®y;, in (t{u/x])if x # y, y1,y2 and y, y1, y2 ¢ fv(u).

The conflictual cases x = y or x = yj, y, are resolved using a-equivalent terms. We give below
an example of a term derivation. We can check that the A-term:

=(x, w, f, g, 1).h(x®@-u.(g(w-w.(f(u®v)))))) : "(X@Y(~(Z&W)R(~(Y®-W))(~(X®-Z2)))
is well-typed.

u:Zvru:7Z v:Wrv: W
u:Zyv:Wruv:Zew
u:Zyv: W, f:=(ZW)r fu®v): L
u:Z,f:=ZeW)r w.(fu®v): =W w:Y+w:Y
wi:Yu:Z,f:=(ZW)rw® wv.(fu®v)): Y -W
w:Yu:Z,f:=2(ZeW),g: (Y@ -W)rgw®-v(fu®v))): L
w:Y, fi=(ZoW),g: (Y ®-W)F -u(gw®-v.(fu®v)))):-Z x:Xrx: X
x:X,w: YL f:=(ZeW),g:~(Y@-W): x®-u(gw®wv.(fu®v))) : X ~Z
x:Xw: Y f:2(ZdW),g: ~(Y®-W),h: «(X®-Z)+ h(x® -u.(gw® —w.(f(u®V)))))

V:X®YQ(~(ZW)Q (—~(Y ® =W)) ® (=(X ® =Z)) + let y be(x,w, f, g, h) in h(x @ —u.(g(w ® —v.(f(u ® v)))))

F=(ow, f,8,h).M(x ® ~u.(gw @ w.(f(u®v)))))) : " (XY (~(Z@W)® (=(Y ® =W)) ® (-(X ® -=2)))

2.4 Linear logic and tensorial logic: a translation

Relying on polarities, one can devise several translations of linear logic into tensorial logic. The
games for linear logic defined in [66] come from a translation from linear logic into tensorial

logic named " focalised translation” in [[71]] where it was originally presented.

Using if necessary the equations ruling (.)*, each formula of linear logic is equal to one

where the (.)* connective is only applied to atomic propositional variable. Using this form, we



64 CHAPTER 2. LINEAR LOGIC, TENSORIAL LOGIC, AND THEIR MODELS

recall that we can split the formulas of linear logic into two sets of formulas,

P=X|FQF | FoF | 0] 1
N=X|F®F | F&F | T | L;:

where F, F’ denotes any formula of MALL. This way, One can notice, that, as expected, the
negation of a positive formula is a negative formula and conversely. Given a positive formula of

linear logic P, its translation into tensorial logic (P)F is defined as follows, where * € {®, ®):

P=X=>/PF=Xx

P=0=(P)F =0

P=1=/P" =1
P=P xPy= (P) =)l «(P)F
P=Ni®Py= (P) ==(N{) @ (P)"
P=P®N, = (P) = (P)f ® ~(N)F
P=N ®N;, = (P)F = =(NH)F @ «(N)F

Proposition 2.10. o There is an syntactic equivalence between the cut-free proofs + I'; Il in
weakly focused linear logic and the proof of ~(P)F',(NHF, X+ v+ (IDF in tensorial logic,
where P is the subset of positive formulas of ', X its subset of negative atomic formulas,
N its subset of negative formulas that are not in X. Furthermore I = 1 if (I) is
empty, (P)F' in the case where (II) = P is positive, and ~(M*)¥" in the case where T1 = M
is negative.

o There is a syntactic equivalence between the cut-free proofs of + P,N,X; in focused
linear logic and the proofs of ~(P)F, (NY)F, X+ v L in focused tensorial logic.

o There is a syntactic equivalence between the cut-free proofs of + P, N,X; in focused
linear logic with global connectives and the proofs of ~(P)F', (NY)F,X* v L in focused

tensorial logic with global connectives.

This theorem can be summed up in the following table.

MALL \V

! l

MALLfOC TENSfOC

1 1
IVIAl—l—foc—glob TENSfoc—gIob

R

R

The proposition is at the core of the definability result for games for linear logic. If one can

establish a definability result for games for tensor logic, then to each strategy will correspond
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a proof in tensorial logic and, finally, a proof of linear logic. However, to two strategies might

correspond equivalent proofs. This issue has to be tackled via a quotient on strategies.

Proof. The proof is done by induction on the rules of the proofs. We remind that I1 denotes
either a unique formula of a empty-sequent of MALL. + A*; A of MALLyc is translated into
(AHHF - (A)F = A+ A, that is, the axiom rule of tensor logic.

Weakly Focused Linear Logic Tensorial Logic
7|—AL;A Ax AFA Ax
FP N, X P =(P)F,INHE, XL - (P
— v 5 Foc Left —
FPNXP (P)F,~(P)F, (NDF, X5+ 1
M . - F 1\F MJ_ F € L )

PN MK fX’ Unfoc (P)F’(N )F’( Gy FF Right -
PN XM —(P)", (INDTL (X)) F ~(MH)

(P, (NHE, (MHF,(NDHF, X+ (IDF

I—P,N,M,N,X;H » ﬂ(p)F,(Nl)F,(MJ‘®NJ‘)F,XJ‘I—(H)F
FP,N,M2®N,X; 11

since (M ® N)HF = (M*+ @ NYHF = (MHF @ (NHF))

Left ®

() (NH (P ~(QF K- - (D
PPNEQNTL P N AP @ ~(Q)F. X k(D
FP.N,P® QX 11 _
since (P Q)1) = (P ® 01 = (<(P) @ ~(Q)")

Left ®

FP,N,X;Q FP N, X P
FP,P N NX, X, P®Q

=(P)F, INDHF, X (P)F (P, (NOHE X F(O)F
ﬂ(P)F, _|(¢)/)F’(NJ_)F’(N/J_)F’X_L,X/L F (P)F ® (Q)F
since (P® Q)F = P ® QF.

Right ®

FPN,X; M FP N, XN
FP,P NN, X, X;M®N
=(P)F, (INHFE, X+ F =(uhHF (P, (IN'HF, X+ F =(NHF
—(P)F, ~(PHF,(INHF,(INHF, X X+ - =(MYHF @ ~(NH)F
since (M @ N)F = (=(MHF @ ~(NHF).

®

P, INHFL X FADF

AN T P NS XS F @
FPN,L X 1T

Left 1

since, as L is negative, (J_L)F = (l)F =1.
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I—ll H 1

1

FP,N,P,X; 11 FP.N, O, XTI
FP N, P& QXTI

P, PH),INHF X FTT (P, (05, WHT, X+ T

&

Left ®
(P, (P & -(0F), N)F, X+ + (IDF ©
since (P & Q)H)F = (P+ & 0H)F = =(PF) @ -~(QF)
FPN,A, XTI PN, B, X;I1 &
FPN,M&N,X:T1
(P, INHE,(MHF X+ T (P, INHF,(NHF, XL HTT Right &
~P)F L NYF, (M5 @ (NH)F, X+ r 1T :
since (M & N)HF = M+ o NYHF = (MHF @ (NYHF
-(P)F, (NHF, X+ + PF )
) Right ®
FP.N,X; P @ ﬁ(P)F,(NJ')F,XJ'I—PF@QF 12 1
FPN,X;PaQ ,
since (P® Q)F = PF @ OF
-(P)F, (INHF, X+ + PF )
) Right ®
FP.N,X; P @ ﬂ(P)F,(NJ‘)F,XJ'l-PF@ﬂ(MJ-)F 12 1
FP N, XL PoM ,
since (P ® M)F = PF @ -(M4)F
—(PVF (NLYF YL o _(MF
P),INH, X+ F (M) Right &,

FP,N,X;M @ _|(7))F,(NJ_)F’XJ_}__|(MJ_)F@_|PF
FPN,X;M& P .
since (M ® P)f' = -«(MHf @ PF

—(P)F, (INDHF, X+ + ~(MH)F
PPN XM —(P)F,(INDF, X F =(MHF @ ~(NY)F
FPN, XM N .
since (M & N)f' = ~(MHF @ ~(NH)F

Right &

Lefi
FPN,X, T, 11 T =P)F,(INDHF, X011 eft 0

The focused, and global focused systems are dealt with on a equal footing. |

2.4.1 Reverse translation and quotient

Tensorial logic is essentially linear logic with non-involutive negation. Therefore, there is also
a canonical translation from tensorial into linear logic. We denote by (.)! this mapping, and it is

defined by induction on formulas by:
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O'=0 Mf=1 (W'=1
A®B)'=A'®MB)! AeB/ =A"9B
(~A)! = (A)H*

The mapping (.)! extends to proofs. It maps a proof of tensorial logic into a proof of
MALLyfoc. If we denote by TensLog the pre-category (that is, we are not concerned about
composition) of tensorial logics, which has formulas of tensorial logic as objects and proofs as
morphisms between them, and MALLwfoc its sibling for weakly focused linear logic, then we
have a pair of mappings :

TensLog ' MALLwfoc
F

The mapping (.)! can be lifted through [.] (that is, the map that to each proof associates its
equivalence class) and hence leads to a functor. That is, given two proofs r, 7 of tensorial logic,
7 ~n = (m) ~ (7). Equivalently, there is a map ()!! from the category of invariant of proofs
of tensor logic, to the category of invariants of proofs of linear logic, such that ([n]TensLog)[l =
[(7) IvwaLL. However, this is not the case for (.)F, as it does not factor through [.]JmaLL. That
is, it does not respect the equivalences of proofs of linear logic: two proofs of linear logic that
are equivalent might be mapped to non-equivalent proofs of tensorial logic. We will display an

example below.

These mappings somehow define an embedding, that is ((.))! = id. On the other hand, we
do not have ((.)))¥ = id, since the mapping (.)! will forget about any possible double negations.
For instance ((=—A))F = (A)HF.

Let us display why some non-equivalent proofs of tensorial logic might be mapped to equiv-
alent proofs of linear logic. For instance, let us consider the following two proofs of the same

proposition of tensorial logic.

CrC D+ D
C,D-C®D
C,D,~(C®D)+ L
B+ B C,~(C®D)+ D
B,C-~(C®D)+ B®-D
B,C-(C®D),-(B®-D)+ L
ArA B,-(C® D),~(B® —-D) + -C
A,B,~(C®D),~(B®-D)+r A®-C
A,B,-(C®D),~(B®-D),-(A®-C)F L

2

Al
2

and
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CtC D+ D
C.DrC®D

-(C®D),D,C,+ L

AFA -(C®D),D+ -C
A,-(C®D),DrA®-C

A,~(C®D),-(A®-C),D+ L

B+B A,~(C®D),-(A®-C)+ =D
A,B,-(C®D),~(A® -C)+ (B®—-D)

A,B,-(C®D),-(B®-D),-(A®-C)+ L

2

r1

12

These proofs differ in the order in which they will explore each branch. The first one will
start exploring —(A ® —C), whereas the second will focus on (B ® —C). To make it clear, we
expose below the (simplified) arena for the proofs. At this stage, one only needs to know that
an arena is a tree whose edges are labelled “player” or “opponent”, and the moves are equipped

with a notion of cell, that corresponds to propositional variables.

D+ ct
-2, 0 =2, 0
B A (C,D)
-1, P -1, P| -3, P
(A+,BY)
(0]
*

The two proofs above correspond to two different strategies, as the first one reacts to the
initial O-move by playing the P-move —; |, whereas the second reacts by playing —, ;. However,

if we translate the first proof into linear logic we obtain:

C+C D+ D
C,DrC®D

C,D,(C*®DY)r L
"'BFrB  C,(C-®DY)+D*
B,C,(C*® DY)+ B D*
B,C,(C*®D%),(B*@D")+ L
AFA B,(C*®DY),B*® D+ C*
A,B,(C-:®DY).B-®D+A®C*
A,B,(C+% DY), (B-®D),(A*®C)r L

that we can simplify, by forgetting the back and forth around F, to form:
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FCL,C D+ D
- B+, B +C,D,Ct® Dt
FAL A FBY,C®D,C+,B® D+
FAY, B*,C®D,B®D*,A®C*

for the first one. Doing an equal translation, we get

FCL,C DY D
FAL A +C,D,Ct® D+
+ BY,B FAY,.C®D,D* A Ct
FA*, B*,C®D,BD*,A®C*

for the second one. But these two proofs are equivalent in linear logic. The reason why was
highlighted in the previous section The same argument explains why (.)f" is not a func-
tor. Indeed, the two above proofs of linear logic are equivalent, but are mapped by (.)f" to two
different proofs of tensorial logic. Therefore, the mapping (.)* does not respect the invariants of

linear logic; it is only a syntactic translation.

This is (partly) related to the Blass problem, as explained in [65]]. In tensorial logic, the order
in which the tensors are played is made precise. However, in linear logic, the two player moves
=11, 7,1 happen concomitantly. Therefore, there are two ways to circumvent this problem (from
a semantical point of view). Either we consider that the two moves happen concomitantly, that
is, the strategy is now a concurrent strategy, being able to play several moves at once. Or, we
force the strategy to choose an order, even arbitrary, and then we forget about it by imposing a

quotient on strategies, that relates two strategies whose order on those moves differ.

2.5 Categorical models

Along this thesis, we will often refer to the categorical structure of our models, and their
properties. For a complete introduction to categories, we refer to [[58]] or [91]. The purpose of
this section is to briefly remind what are categorical models of linear and tensorial logic. To
keep it short, we do not give a full description, and refer the reader to [67] [71] for more. To

start, we briefly remind the definition of a monoidal category.

Definition 2.11. A category C is said to be monoidal if there exists a functor ® : C x C — C,
a unit object I, two unit natural isomorphisms p : A®I ~Aand A : I ® A ~ A, and a natural
associativity isomorphism .5, : A® (B® C) = (A ® B) ® C satisfying certain coherence

diagrams, which we omit.

Models of linear logic and tensorial logic consist of symmetric monoidal categories, that are

monoidal categories equipped with a natural associativity isomorphism sq4p: A® B - B®A,
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such that s;lB = spa, and subject to some conditions that we do not present here. If both
categories behave the same way with regards to the tensor, they present a schism when it comes

to the negation.

We start with tensorial logic. A categorical model of multiplicative tensorial logic is
referred to as a dialogue category. A proof r : I' = Fy, ..., F,, + A of tensorial logic is interpreted

as a morphism F1 ® ...® F,, — A.

Definition 2.12. A dialogue category C is a symmetric monoidal category together with a ten-

sorial negation — : C — C°P such that there is a family of bijections natural in A, B, C :
CA®B,-C)=C(A,~(B®())
In particular, writing L for =1, this entails the following:
CA® B, 1) ~C(A,—B).

A dialogue category defines a model of multiplicative additive tensorial logic if it has co-
products that distribute over the monoidal products. Given a dialogue category, an easy way
to obtain such coproducts is to perform the family construction, that consists in taking lists of
objects as new objects. More details can be found in [[71]] [8]]. On the other hand, models of mul-
tiplicative linear logic turn out to be star-autonomous. A dialogue category is star-autonomous
only when the double-negation monad is the identity. Star-autonomous categories notably have
an additional property of closure. We say that a symmetric monoidal category is closed when,
for every object B the functor _ ® B admits a right adjunct denoted B — _. It then satisfies the
following correspondence:

CA®B,C)=C(A,B—- ()

Therefore, the left adjunct of the identity A — B — A — B is a morphism (A — B)@ A — B
called evalg . We can then obtain a morphism A — (A — B) —o B, using first the symmetry
(A—-B)®A ~A® (A — B) and then the left to right isomorphism. This morphism is called
the currying of the evals p map. A proof n : Fy,..., F,, + Gy, .., G, of linear logic is interpreted
as amorphism F1® .. F,, > G| % .... % G,,.

Definition 2.13. A star-autonomous category is a symmetric monoidal category C with a dual-

ising object L such that the currying of the evaluation map evaly , is an isomorphism:

(A—o 1) —o 1L =A
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In a star-autonomous category, we do notably have (A)* ~ A — L. There are alternative
presentations of star-autonomous categories, but all of them are equivalent. Among them, one
of the most relevant consists defining them through a double monoidal structure. Indeed, star-
autonomous have two monoidal structures, one coming from the tensor ® and the second one
coming from its negation. The original one models the tensor ® from the logic, whereas the
second one models the par %. If both tensors are interpreted the same way (that is, ® = %), then
the star-autonomous category is said to be degenerate. Compact closed categories correspond
precisely to the degenerate case, that is, they are star-autonomous categories with @ = %. We

give the formal definition below.

Definition 2.14. A compact closed category is a symmetric closed monoidal category in which
every object A is assigned a dual A*, a unitny : I - A+ ® A and a co-unit €4 : AQ A+ — I
such that the following equalities hold :

Id i
A A oAt oA 22N, A id,

®id id
AL TN At e A At 29, AL Z g,

It turns out that the assignment A — A+ can be turned into a contravariant functor. To each
morphism f: A - B, f+: Bt - Atis:

idgLgat®f exchange dsL

idp1 ® Qi
e, BloAteB 0, peBlgat 1M, AL

B+ B*®At®A
Therefore, in the sequel, we will simply present compact closed categories as monoidal
categories together with a negation functor. It should be clear from context what the families 774

and e, are.

If star-autonomous categories form a sound model for multiplicative linear logic, one needs
more structure for the additive part. To model it, coproducts and products are required for every
two objects of the category, together with a initial and final object for the additive units. However
it turns out that a star-autonomous category can not have one without the other: the negation of
a product becoming a coproduct, and reversely. Therefore, it is enough to require only one of
the two. By convention, we say that a categorical model of MALL is a star-autonomous category

with products.

2.5.1 Free categories

Given a category C in Cat, its free S-category will be precisely defined in terms of the following
universal property. Given Ug :S-Cat — Cat, the forgetful functor, and C a category, the free
S -category of C consists of an object Cs of S-Cat, such that there exists a canonical functor
e : C — Us(Cy) that makes C a subcategory of Ug(C;), and furthermore such that for every
S -category D, and every functor i : C — Us(D) there exists an arrow 4’ : C; — D such that
Us(h")oec = h. This arrow A’ is not necessarily unique, but is unique up to structure-preserving

isomorphism. Diagrammatically:
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Cat «<— S-cat

s
Uo) D
Viw ]
€ U(Cs) Cs

The free category could be explicitly described by means of algebraic combinations of gen-
erators and relations, but the interesting cases arise when a description can be given by a direct
definition. Our interest will range from S being the free symmetric monoidal category to S
being compact closed. We will furthermore give an explicit description of a compact category,
and then star-autonomous categories with products and co-products. Unfortunately, those will

not be the free-categories.



Chapter 3
Simple Nominal Models

Models of linear logic are often referred to as static, in the sense that they do not involve a notion
of evolution or time. Unfortunately, no full completeness result has been achieved with statics
models without using some additional categorical structure like di-natural transformations [16}
84|, or similar 2-cateogorical tools [5] [60], in order to deal with atomic types. We here present
basic adaptations of some of the most popular static models of linear logic to the nominal world,
and highlight why nominal models are ideal to deal with resources and linearity. Our goal is
to shift from a 2-categorical setting to a first-order one. In order to do so, one must be able to
give to each formula, as denotation, a single object in the category. Therefore, we do not deal
with abstract structures, but really concrete ones where each object can be formed from basic
building blocks, corresponding to atomic formulas and units, and a finite number of categorical
operations, that are the analogues of the connectives of the logic. We chose to model atomic
variables by sets of names, that seem to be suitable candidates to represent the “elementary

particles of logic” [67].

We construct gradually more and more complex categories that correspond to bigger frag-
ments of linear logic. Our basic category will be a discrete category, where the only morphisms
are the identities. We start by presenting its free symmetric monoidal category, and from it con-
struct a compact closed category, that we briefly compare to the free one. This is the simplest
model of multiplicative linear logic one might look for. To enrich it with additive structure, we
move on to nominal relations. Finally, to keep the model from being degenerate, we introduce
a notion of coherence that allows us to distinguish ® from %. At this stage, one could either

present coherence or hypercoherence spaces, and we choose the former as it refines the latter.

We recall that the denotation function is designated by [.Jl¢, from £L- formulas and proofs
to C, where L is a fragment of linear logic and C is a category. Generally, C and £ will be clear

from the context, and we will simply write [.].

Definition 3.1. The category VAR is the discrete category with objects X € TVar, and whose

only morphisms are the identities.

73
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The logic associated with the category VAR is the “axiomatic” fragment:
Yrx A% XeTVar
At this stage, the function [[.]] maps each type variable to its associated canonical object, and

each proof X + X to the identity morphism.

In this section, we build a simple nominal model of propositional linear logic, using sorted
names to represent atomic types. We construct it gradually. We sum up in this table the different

categories we present, what logic they model, and what is their relationship to the logic and its

invariants.
Category Logic Relation
VAR Axiomatic Fragment Free
NomLinList ® + Exchange Fragment Free
NomLinPol Compact closed logic Fully complete
NomLinPol MLL Sound, degenerate
NomLinRel (®,®) Sound
NomLinRelPol | Compact closed logic with biproduct | Sound
NomLinRelPol | MALL Sound, degenerate
NomHypCoh | MALL Sound

Figure 3.1: List of categories of Chapter 3.

In the above table, we wrote “Free” to indicate that the category is the free S -category on
VAR, where S is the appropriate categorical structure corresponding to the logic. That is, a
category is Free if there is a correspondence between the morphisms of it and the invariants of

proofs of the suitable logic.

3.1 Names and the free symmetric monoidal category

3.1.1 An introduction to nominal sets

We briefly recall some key notions of sorted nominal set theory, for a more complete introduc-
tion we advise looking at [81]] or [[82]]. Let us denote TVar = X, Y, ... a countable infinite set of
atomic types and let us fix a countable infinite family (Ax)xeTvar of pairwise disjoint, countable
infinite sets of names. We write Perm(Ay) for the group of finite permutations of Ay, that are,
permutations that change only a finite number of elements We will denote names by a, b, c....
and name permutations by 7. Also, (a, b) is the permutation swapping a and b. We will call A
the set of all names : A = [+/y Ay, and consider Perm(A) = @X Perm(Ay), where |4 is the dis-
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joint union, and € the direct product. We call name permutations the elements of Perm(A).

Proposition 3.2. (Perm(A), o,id) forms a group. The inverse of each element is its inverse as a

function.

The proof is straightforward. We recall below the axioms of group actions.

Definition 3.3. Given a group (G, o, 1) and a set S, a (left) group action from G to S is a function
G XS — S denoted (g, x) — (g - x) such that:
°*g-(g-x)=(g0g)x

e l-x=ux

In the future we will only consider left group actions and hence simply denote them group

actions.

Definition 3.4. A Perm(A)-set S is a set |S| together with a group action Perm(A) x S| — |S].

We say that a subset A C A supports an element x € S, if Y7 € Perm(A).(Va € A.n(a) =

a)=>m- X=X

Definition 3.5. A nominal set S is a Perm(A)-set such that each element of S has a finite

supporting set.

A key property of finite supporting sets is that they intersect. That is, given x an element of
anominal set, S, 7 C finA such that S, T support x then § N T supports x as well (see [90, p. 17]
for a proof). Therefore, we can write v(x) for the minimal supporting set of x, and call it the
support of x. In the case where the element x is finite, the support is exactly the set of names it

contains.

Given an element x in a nominal set, we denote [x] its orbit, defined by [x] = {m-x | 7 €
Perm(A)}. Given two elements x, y of S, we write x#y if they have disjoint support (v(x)Nv(y) =
(. We say that two elements x, y are equivalent, written x ~ y if there is a permutation 7 such
that 7 - x = y. Equivalently, two elements are equivalent if they have same orbit. Given a
function between nominal sets f : S — T, we define (7 - f) by (7 - f)(x) = 7 - (f(x~' - x)).
This way, we equip the set of functions from S to 7 with a group action, given it the structure
of a Perm(A)-set. An element x is equivariant if Y1 € Perm(A).n - x = x. Equivalently, an
element is equivariant if it has empty support. In particular, a function between two nominal sets

is equivariant if f(r-x) = - f(x) for all x, 7. In this case, one can establish that v(f(x)) C v(x).

Definition 3.6. Nominal sets and equivariant functions between them form a category, called
NSet.

We sometimes write nominal instead of equivariant. For instance, a nominal subset of a

nominal set is a subset closed under nominal permutations.
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Definition 3.7. An element x of a nominal set has strong support if 7 - x = x = n#x.

Alternatively, we say that the element x is strongly supported. One should note that the
property above is actually an equivalence 7 - x = x & n#x, since the right to left direction is
automaticly true. Strong support has been introduced in [90], where it was noted that it was a
necessary condition to model adequately nominal programming languages. A simple example
of an element with non strong support is the set {a, b}, since (a,b) - {a,b} = {a,b}, though
v((a, b)) = v({a, b}). On the other hand, the list a.b has strong support.

Definition 3.8. A nominal set with strong support is a nominal set such that each of its element

enjoys being strongly supported.

In the sequel, the careful reader might notice that all the nominal sets we present have strong

support, since they massively rely on lists.

3.1.2 Building the free symmetric monoidal category

Given a small discrete category, that is, a category where the only morphisms are the identities,
one can construct the free symmetric monoidal category out of it using sorted names. The
category NomLinList, that we present below, will be our first construction. In order to cope with
the unit of the monoidal category, we introduce a distinctive element e of empty support. We
use the word atome (in the literature, atom is a synonym for names, and this is why we preferred
a french spelling) to refer to either a name or to . We overload the previous notation, and let
a, b, c and variants range over the set of atomes. We say that two atomes are name-distinct (or
simply distinct) if they have non-intersecting support. That is, two atomes a, b are distinct only
if a#b. If a list of atomes contains only name-distinct atoms, we say that this list is separated.
We say that a nominal set is 1-orbit if it possesses only one equivalence class relatively to name
permutations, that is, for every two elements of the set x,y, it follows that x ~ y. Therefore,
given a 1-orbit nominal set S, we have Yx € §.§ = [x], that is, S is perfectly defined by each of

its elements.

The objects of NomLinList will be set of separated lists L built out of the following grammar:
L:=oe | a | L1.L2

where a € A and L{#L,. We write L;.L, for list concatenation and we abuse notation by writing

“e” and “a” for the one element list containing e and a respectively.

Definition 3.9. The category NomLinList has:
e non-empty 1-orbit sets of finite non-empty separated lists of atomes as objects
o functions ¢ that are equivariant and linear as morphisms, in the sense that each resource
in its antecedent should appear in its image.

— ¢ is equivariant : 7 - ($(x)) = (- x)
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— ¢ is linear : v(x) = v(¢(x))

The composition of morphisms is the standard composition of set-functions, and the identity
function acts as the identity morphism. Both the equivariance condition and the linearity one
compose, and the idendity morphism is equivariant and linear. For each X € TVar, we set
[X] = Ax. This assigns to X a pool of names (resources) of sort X. We furthermore define

1] = {e}.

NomlLinList is equipped with a monoidal product, that originates from a mix between sepa-
rated product and concatenation of lists. We name it separated concatenation, denote it x and

define it by the following operation :

Xi*xXo ={x1.x2 | x1 € X1, x2 € Xp, x1#x2}

As expected, we set [A ® B] = [[A] * [B]. Note that any object of NomLinList is well
typed, that is, it can be inductively generated from /, [X](X € TVar) and the binary operation
* defined below. Separated concatenation prevents a resource from appearing several times
in an list, hence the linear condition really enforces linearity: there are no morphisms of type
X — X ® X, nor of type X — [I. Furthermore, the use of sorted names prevents incoherent
typing, such as morphisms X — Y. Note also that any element of empty support would do as a
unit for the monoidal product, therefore, we take I = {e} for it, where v(e) = (. The morphism
pa : A®I — Ais defined by ps(l.e) = [, where [ is an element of A. 1 : I® A — A is defined
dually, and the natural associativity isomorphism is the identity. The monoidal product acts like

the cartesian product on morphisms, that is:

¢ * Y(Ly.Lp) = ¢(L1).y(Ly).

From the equivariance of ¢ and ¥ follows that ¢(L)#y(L,) and therefore the monoidal product
is well defined on functions.

Therefore, the category NomLinList is a model of the monoidal fragment of linear logic,
defined below:

mAX FFAF,Af,BAFB Cut
Il:i"g’ ﬁ: 11:2 :: g Left exchange
F’FfiFAA Left 1 — |
Shraen REMe  Lene it

Figure 3.2: The monoidal + exchange fragment of Linear Logic
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3.1.2.1 Free semi-strict symmetric monoidal category

Definition 3.10. o A symmmtric monoidal category is semi-strict if the associator « : (A ®
B)® C — (A® B) ® C is the identity.
o A monoidal category is strict if the isomorphisms aapc : (AQB)®C = AQ(B® (), A4,
pa are identities (for all objects A, B, C of the category).

With NomLinList defined, we can move on to prove it is the free semi-strict symmetric
monoidal category over VAR. To simplify things, we do not write explicitly the forgetful functor
U. The functor € : VAR — NomlLinList is defined by mapping each variable X onto the set Ay
viewed as a 1-orbit set of lists of length 1, and the identities to identity maps of NomLinList. Let
P be a symmetric monoidal category, and F' a functor F : VAR — . The symmetric monoidal
functor F* : NomLinList — 9 is defined on objects as follows:

o F'(I)=1Ip

o F'(Ay) = F(X), when X € TVar.

o F'(A; x Ay) = F'(A)) ® F*(A»)

To define its action on morphisms, we need the following proposition, that can be found in
[58], chapter XI.

Proposition 3.11. Each symmetric monoidal category is equivalent (via strong monoidal func-

tors) to a strict monoidal category.

We recall that two categories are equivalent if there is a fully faithful functor from one to
the other. Here, it is required that, furthermore, this functor is a strong monoidal one, that is
F(A® B) ~ F(A)® F(B) and F(I) ~ I, where I are the monoidal units of the categories.

More precisely, a semi-strict symmetric monoidal category is strongly equivalent to its strict
subcategory, defined to be the restriction of the category to strict objects. An object X is strict
if it is either I, or writing X = X; ® ... ® X,,, where each X; is irreducible (that is, cannot be
written as X; = Y1 ® Y»2), then Vi.X; # I. The strict subcategory forms a strict monoidal category,
where given two objects X, Y, X Qgtrict ¥ = X ®@ Y if X, Y # I, and X Qgyrict ¥ = X if Y = [ or
XQstrict Y =Yif X =1

Writing F : C — Cstrict and G : Cgrict — C for the functors of monoidal categories reflecting
the equivalence, we define y : Ildc — G o F the monoidal natural isomorphism coming from
the equivalence. Then y maps an object formed by tensoring atomic objects and units to the

same object without the units (for instance, it sends A ® I ® B to A ® B). Then, every morphism
Sstrict ()™

f : A — Bfactors as a morphism: f : A X, Astrict — Bestrict —— B.

The standard construction of the free strict symmetric monoidal category can be found in
[1], and is reminded here. Given a category C, the free strict symmetric monoidal category
SSMC(C) adjoined to C has objects finite lists of objects of C and the morphisms are described
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as follows. f : (Ay,...,A;) — (By,..., By) consists of a permutation s, € X,, where X, is the
group of permutations of {1,..,n}, and a family {f; | i € [1,n]} of morphisms of C such that
fi : Ai = By, (i)-

The monoidal product consists of the concatenation of lists, and the unit is the empty list.
The composition of morphisms is defined through the combination of set-theoretic composition
of permutations and composition of morphisms of C. Here, as we based our constructions on
the category VAR that has only identities as morphisms, we can forget about the family f;.
The morphisms of SSMC(VAR), that we refer to simply as SSMC in the sequel, are simply

permutations s, such that for all i € [1,n], A; = By, ;).

NomLinList and SSMC are equivalent, but not isomorphic. Indeed, in the list construction,
the objects A ® I and A are identical, whereas they differ in the nominal construction. However,
SSMC corresponds precisely to the strict subcategory of NomLinList. Consequently, the action
of morphisms of NomLinList on objects is uniquely defined by their permutation of objects
coming from the symmetry of NomLinList. This can be presented as follows: for any objects A =
(X)Z.X[, B = ®i Y;, and any morphism f : A — B, fsrict can clearly be seen as a permutation,
by attributing to each atomic variable a natural number indicating its position in the formula:

and then noticing that fgyict will send a name in position i to a position j. For instance, the

morphism fgrict below:

A®B®C®D->WQ® XQ®Y ®Z
a - b - c -d—->( - a - b -4d

is equivalent to the permutation (1,2,3). Therefore, to each morphism f of NomLinList
can be assigned a permutation, by looking at the sole position of atomic variables inside the
formula (that is, we do not pay attention to units), and how it acts on their associated names. For

instance, to the morphism f:

1 2 = 1 2
X® I & I Y =1 QY ® I ®X
(a. o . ) b)_)(.b . Y .a)

one can assign the permutation (1, 2). The number associated to each type variable will be called
its location. Equivalently, we also speak about the location of a name in the list. Moreover,
composition of morphisms works as composition of permutations. These permutations can be
built from the symmetry morphisms sy y and the identities by tensoring and composing them.

Therefore, they are present in any symmetric monoidal category.
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Based on this result, we can uncover the action of F* on a morphism f : A — B. On strict
objects, that, is, objects built from the atomic variables and the tensor product, without using

the unit, its image F°(f) is the exact same permutation, this time applied to:
F'(A)®...® F*(A,) = F'(B]) ®...® F’(B,).

Given f : A — B, and its decomposition y4; fstrict; Xgl, its image F' b ) F Y(A) - F"(B),
is given by Xpvays F b( Sstrict); X;E B One can straightforwardly check that F b(idA) = id Fb(A)>
and F°( f:e)=F b( i F b(g), as the two structural morphisms ¥~ !, x in the middle will cancel

themselves out.

Note that in order to obtain the free symmetric monoidal category, one should work with
products instead of lists. This way, we would have keep the parentheses inside the elements.
For instance, an object of X ® (Y ® Z) would have been under the form (x, (y, z)) instead of being
a simple list (x,y,z). Therefore, by working with lists, we obtain an almost perfect abstract

representation of proofs, as we work up to associativity equivalence.

3.2 Traced monoidal category

Symmetric monoidal categories are models of the ®-part of linear logic. To incorporate
the whole multiplicative structure, one needs star-autonomous categories. Compact closed
categories are the simplest instance of such categories. Given a traced monoidal category, there
is a standard (and free) completion of it to a compact closed category. We would like to apply
this construction to our former category, in order to get a model of multiplicative linear logic.
Therefore, we need to check that the category previously defined can be equipped with a trace,

and, if so, present its definition.

Definition 3.12. A traced monoidal category is a symmetric monoidal category equipped with
a family of functions TrXB :CA® U,B®U) — C(A, B) for all objects A, B, U of C satisfying

the following properties:
e Given f : A®U - B®U and g : A — A then: TrXB(f)og = Trf{,’B(fo(g®|dU))

(Naturality 1).

e Given f : A®U —» BQU and g : B — B, then gOTrXB(f) = TrXB,((g®idU)0f)
(Naturality 2).

e Givenf:A®U - B®U andg : U — U then: TrXB((IdB ®g)of)= Trg’;g(f o(ldy ®g))
(Dinaturality 3).

o Given f :A®I — B®I then Trﬁ\’B(f) =f, andgiveng: AQUQ®V - BQU ®V then:
Tr/ﬁj’%v(g) = Tr/f\]’ B(TrX®U’ ey (8)) (Vanishing).

o Givenf:A®U - B®Uand g : W — Z then: g®TrXB(f) = Tr%®A’Z®B(g®f) (Super-
posing).

o Given sap: A®B — B®A the family of symmetry functions that comes from the symmetry
of the monoidal product, then Tri]’ A(84,4) = |dy (Yanking).
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Note that the three first conditions only state that TrXB is natural in its three parameters
U, A, B. Surprisingly, even if one can easily uncover a trace for our category, it turns out that
the resulting category is not the free traced category (see [[1]] for more details). The trace is not
easily describable in terms of names and functions, therefore, we use the parallel established in

the previous section between our morphisms and permutations.

To define the trace of f : A® U — B ® U, we focus on the associated permutation. We
assume there are m locations in U, and n in A, B. The trace of a permutation is defined through
the feedback operator. To f : AQ U — B® U, seen as a permutation, we define the permutation

associated to g = tr(f) as follows. We take g = g’ | {1,..,n} where g’ is defined by: EI

g'() = f@) if fG)<n
g () = £ (f(i) otherwise

Since f is a finite, respecting types, permutation, we can easily check that the above is
well-defined.

As proven in [ 1]}, the trace defined above indeed forms a trace on the category SSMC, that is,
on the sub-strict category of NomLinList. We can prove that this forms a trace on NomLinList
using categorical arguments, by relying on the equivalence between the category NomLinList

and its strict subcategory. The trace exposed above can be described in these new terms:

U — v, F(U) e
TrA,B, NomLinList(f) = x4 (G © TrF(A),F(B),SSMC o F(f):xp

Lemma 3.13. The family of functions TrXB’ NomLinList - CAA® U, B® U) — C(A, B) that to each
f:A®U — B® U assigns ya;(G o TrII;EX))F(B) ssmc © F(f));)(l;l is a trace in NomLinList.

Proof. We start by focussing on naturality 1. Let f : AQU — B®U,and g : A’ — A. Then we

have the following equalities. Note that, in our case, F is a strict functor of monoidal categories,

'A equivalent definition is given through the feedback operator:

FG)if fG) <n

feedback f (i) otherwise
FWIf f) <n
feedback(f(i)) otherwise

Giveni < n, g(i) = {

Given i > n, feedback(i) = {
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thatis F(f® g) = F(f) ® F(g).

& T8 s NomLinList(F) = €43 (G L o sanc(FUON: x5 3.1)
= xa3 (G 0 F)(@): (G o T o sauc FUNNi x5 (3.2)
= xa3 (G o (F@): Ty psy somc FUi X' (3.3)
= xa3 (G o T o somc(F(@ @ idrw); FUOixs'  (34)
= xa3 (G o T 1 somc(F(g @ idu); F(N)): x5! (3.5)
= xa3 (G o T o somc(F(g ®1du); AN x5! (3.6)
= Try 5 NomLinList(€ @ 1d0); /) 3.7)

where the passage from (3.1)) to (3.2) follows the naturality of y, from (3.2) to (3.3) the functo-
riality of G, from (3.3) to (3.4) we use the property (1) of the trace, from (3.4)) to (3.5)) the strict
monoidality of F, from (3.5)) to (3.6) the functoriality of F, and finally the definition of the trace
in NomLinList for the last bit.

The two other naturality properties are proven in a similar manner. We now turn to vanish-

ing. Given f : A® I — B® I, then let us compute the trace:

F{ _
Tl 5 NomLinList ) = Xa3 G o TRl L o canc(FUP)ix 5! (3.8)
= xa:G 0 T 1) reay. ssmc(F ()i x5! 3.9
=xa;Go F(f)ix5 (3.10)
=f (3.11)

s sV
Similarly, we compute Tr A.B. NomLinLis

morphism g : A —» B € SSMC, there is a morphism f : A" — B’ € NomLinList such that
F(f) = g. Asaresult, F(ya;G(g)ixp ) = Flxa; G o F(f); x3) = F(f) = g.

{(f). To do that, we first have to notice that for every

UV _ . FURV) L1
TrA,B, NomLinList(f) =xa;Go TrF(A),F(B), SSMC(F(f))’XB (3.12)
.. FU)F(V) -1
= Xa3G o Trp ) sy, ssmcF X (3.13)

— .- F(U) F(V) -1
= xa3G © (Trp ) i), ssmc Mraerw).ramerw), ssmae EOME (3.14)

— v, F(U) . F(V) L Yt
= XA Go TrF(A),F(B), SSMC(F(/YA‘%U’ G(TrF(A@)U)’F(B@U)(F(f))’XB(XJU))’XB
(3.15)

U v
= Try 5 NomLinList(T'4.8 NomLinList(/)) (3.16)
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The superposing property relies on the monoidality of the natural isomorphism y.

28T 4 NomuinList(F) = 8@ (ras G o Tl L o cauc (O x5 (3.17)
= (w3 (G o F)(@:ix7) © (xas G o Tt ow samc FUMixz") (3.18)

= xwea; G o (F()®(G o Tr) . o «nc FUNiX7ap (3.19)

= xweai G o (F@Q @ T L o cauc (Ui Xzas (3.20)

= xwea: G o (W) ron roors. ssvoF @ ® N Xzbs (3.21)

= xweas G o (T o) rzem, ssmc(F (& ® F))iXzbp (3.22)

= Tr%@A,Z@B, NomLinList(& ® f) (3.23)

Finally, the last property, yanking, is straightforward. |

As a final note, it turns out that this category is not the free traced monoidal category. Indeed,

the free traced monoidal category “counts the loops” that have been erased, as proven in [1].

3.3 Polarities and compact closed category

Having established that the category NomLinList can be equipped with a trace, we can build the
free compact closed category of it following a famous construction by Joyal, Street, and Verity
[54]. We recall that the definition of a compact closed category might be found in 2.5] We

present below the original Int construction, that will be later slightly refined for our purposes.

In the sequel, we will slightly generalise the definition of the trace. Given given f :
Al®@U®A; - B ®U® By, we define Tr{ , » 5 (f) : Al ® Ay — B ® B to be

Y on,.5,08,(da, ® 54,.0); £ (idp, ® 5U.8,)).

Definition 3.14. Given a traced symmetric monoidal category C, its free compact closure Int(C)
can be described by the following :

e Objects of Int(C) are pairs of objects A = (A~,A") of C.

e Morphisms [ : A — B are morphisms g : AY® B~ - A~ ® B* of C

o Composition is defined through parallel composition + tracing . Given f : A — B and

g : B — C, one defines:

frg =T (f @) (id} ® sp- 5+ ®idc+))
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At ® B Bt ® C
| ] I
L 1 [C& ]
[ [
A~ ® Bf B ®C*
SBf’BJr
idAh ‘id@
A ® B” Bt ® C*

e The tensor product is given by the following formula on objects: (A~ ® AY) ® (B~,B") =
(A~ ® B~,A" ® BY), and given two morphisms fi : (A]7,A]) — (B[, B)), f» : (A5,A3) —

(B3, BY), we define their tensor product according the below diagram:

Al ® AJ ® B] ® B,

|dA;r ‘ \><4/;,B1_ ‘/ide

AI’@BIQ@A;@BE

lllll

L f 1 [ 8

U bl

AI@BT@AE@B;

IdAl—‘/ \>§T,A2 ‘/IdB;

A1‘®A£®BT®B;

Furthermore, the unit of the tensor product is (I, I).

o The negation is defined by (A~,A*)* = (A*,A") on objects. Given a morphism f :
(A=,A*) - (B, B"), seen as a morphism f : A* ® B~ — A~ ® B*, the morphism f* :
(B*,B™) > (A*,A"), seenas f+ : B-®A™ — B*®A™ isdefined by f* = sp-a+; f; Spr.a-.

This defines a contravariant functor.

Each formula is modelled by spitting it into its negative and positive fragment, whereas
occurrences of positive or negative atomic formulas can appear throughout the formula. For
instance, to interpret the formula Y ® Y* ® Z® W+ in this category, we would have to reorder and
divide the formula in two distinct fragments of opposite polarity ((Y+ ® W+, Y ® Z)). Therefore,

we make use of the key property that in Int(C), negation commutes with tensor. That is:

(A® Bt = A+t ® B*.

We call irreducible objects, objects A of NomLinList that can not be further decomposed into
A = A; ® Ay. As a consequence of the above remark, any object of Int(NomLinList) will be

isomorphic to one of the form :
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K Ai®Q B

where each A;, B; is an irreducible object of NomLinList, seen as an object of Int(NomLinList) .

Therefore, it is enough to assign polarity to irreducible objects only.

As a result, we can give a second description of the free compact closed category on
(NomLinList, Tr) by only assigning polarity to irreducible objects. We will call this category
NomLinPol. We do that by the means of polarised atomes, that are pairs (a, p) where p is either
+1 or —1, and where a is an atome. Indeed, 1-orbit sets of lists of length 1 correspond precisely
to irreducible objects. The objects of NomLinPol are nominal sets of polarised and separated
lists subject to some more properties stated below. Elements of the sets are built out of the

following grammar:

L == (a,p) | (e,p) | L1.L»

where a € A, p € {—1,1}, and Li#po L where #, is defined below. Such an element is called
a polarised separated list. The p next to each atome is called the polarity of the atome. Given
a list L, we define by Pos(L) the restriction of L to its atomes of positive polarity, and Neg(L)
its restriction to the negative ones. Formally, these two functions are defined as follows, where

€ denotes the empty list, and a ranges over atomes:

Pos(e) = & Pos(a,1) = a Pos(a,—-1) = ¢ Pos(L;.L,) = Pos(L;).Pos(L,)
Neg(e) = ¢ Neg(a,1) =¢ Neg(a,-1)=a Neg(L,.L,) = Neg(Ly).Neg(L,)

We write Li#poL, if (Pos(Li)#Pos(L,)) A (Neg(L1)#Neg(L,)), and note *po the associated

polarised separated concatenation operation :

A *pol B={L.L, | Lie€A, L, €B, Ll#polLZ}'

We write L *pol Lo as a shorthand for Li.L, knowing Li#p0L>. We furthermore define the

operation (.)* on lists, that consists in inverting all polarities.

(@p)-=(a-p) (e.p=(o-p (Li.L)" =Ly.Ly

We extend this operation to sets : A+ = {L* | L € A}.

Furthermore, to avoid sets of the form {(a,-1).(a,1) | a € Ay}, that do not correspond
to a denotation of a formula of MLL, it is necessary to add a condition that stipulates that
X ~ Neg(X) x Pos(X). This basically enforces that there is no relationship between the negative
and positive names occurring within the list. Note that if X is non-empty, then Pos(X), Neg(X)

are never empty.
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Definition 3.15. The objects of NomLinPol are non-empty nominal sets A of non-empty po-
larised separated lists such that A ~ Neg(A) X Pos(A), and both Neg(A), Pos(A) are 1-orbit

sets of lists. The morphisms A — B are nominal linear functions f:
f 1 Pos(A) x Neg(B) — Neg(A) x Pos(B).

The composition of morphisms is defined by using the trace structure just as presented in the Int
construction. NomLinPol is a compact closed category :
e The monoidal product A ® B is modelled by % ,,; on objects, and by cartesian product on
morphisms. The unit I is I = {(e, 1)}.
e The negation is modelled by (.)* on objects, and as defined by the Int-construction on

morphisms.

Note that the monoidal product is well-defined since if A ~ Neg(A) x Pos(A), and B =~
Pos(B) x Neg(B), then A xpo B = Neg(A xpol B) X Pos(A x B), since Neg(A *po B) ~ Neg(A) x
Neg(B).

Let us note that our choice of a monoidal unit is far from innocent. Indeed, decomposing /
into its negative and positive part, we have I = {e} X {€}. This corresponds to the idea that we
want / to be somehow positive. We could also have chosen I = {(e,—1)}, I = {(e,—1).(e, 1)},
or, finally, / = {} if we had allowed sets of empty lists in the objects of our category. However,
these choices would have not been appropriate for a future modelling of a star-autonomous
category, where we expect /I to be the positive unit, and L = I+ the negative one. In categorical
terms, we have chosen a unit / = {(e, 1).(d, —1))} where e is a non strict unit: e ® A ~ A but
e®A #A,anddis astrictone: d® A = A.

We can define a denotation by assigning to the atomic type X the set [X] = {(a,1) | a €
Ay} giving polarity 1 to the atomes of X, [1] = I = {(e, 1)}. Furthermore, we obviously set
[A ® B] = [A] ® [B], and [A*] = [A]*. As the objects of the category are those freely
generated by negation and tensor from VAR, NomLinPol is the free compact closed category on
the traced monoidal category (NomLinList, Tr).

A sequent calculus has been presented in [86] for the collapsed version of multiplicative lin-
ear logic, where the two tensors ® and % are merged, giving rise to a logic, named multiplicative
compact closed linear logic , whose sound models are precisely the compact closed categories.
NomLinPol is a model of multiplicative compact closed linear logic, whose sequent calculus is

presented in the figure [3.3| below.

Due to the symmetry between the right rules and the left rules, a simplified version can be
given, where the left exchange is obtained as a combination: left negation - right exchange -

right negation, and similarly for the left ®.

A proof 7 : Ay,..,A, + Bi,..., B, is modelled by a morphism ¢ : [A; ® .... ® A,] —

[B; ® ... ® B,], such that if there is an axiom link between two occurrences X+, X in =, then
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ara A Lt Arll’,fiz - Aﬁ’Arj 22 e
FEAT s e A R nchng
lm Left negation m Right negation
%Leftl 1 Rightl
%—B];—FAA Left®

Figure 3.3: Sequent calculus for multiplicative compact closed linear logic

¢ will send the name in the location associated to the occurrence X+ to the location of the

occurrence of X.

3.3.1 On the free compact closed category

The category NomLinPol is the free compact closed category on the traced monoidal category
(NomLinList, Tr), but not the free compact closed category on VAR, as, as explained above,
(NomLinList, Tr) is not the free traced monoidal category on NomLinList. Indeed, the free traced
category FTC has scalars (morphisms f : I — [) that reflect on loops erased when composing
/ tracing the morphisms, whereas NomLinList has a collapsed homset NomLinList(/ — I); the

only morphism in it is the identity.

More precisely the objects of the free traced monoidal category are obviously the same
as NomLinList, but now the morphisms are pairs (f,S), where S is a set of natural numbers
indexed by TVar. Each of them reflect the loops of type X, (X € TVar) that have been erased
when tracing. For instance, the following equality holds. Given f : AQ B BRA — AQB®B®A,
given by f = (id4 * spp * id4) then TrﬁiB@’A(f) = (id4, 13,14) : A — A. Indeed, one loop has

been erased between B-objects, and one between A-objects.

This is related to the fact that the compact closed linear logic does not enjoy a full cut-
elimination procedure. A proof is called normal when the only cuts are loops, that are, proofs

of the following form:

ArA AFA
FAL A At AF
1 1
FA-®A . A-QA Cut

A loop cannot be eliminated by a cut elimination algorithm, as there are no cut-free proofs



88 CHAPTER 3. SIMPLE NOMINAL MODELS

of + .

Therefore, the normal form of a proof in normal-form can only be faithfully modelled
through a morphism of NomLinPol that represents the cut-free part, and a sequence of num-
bers labelled with TVar representing the loops. For instance, the proof / — [ above should be
modelled by (id;, 14). Therefore, NomLinPol is fully complete for the compact closed logic, but
not faithfully so. Several proofs with different invariants might be sent to the same morphism.

3.4 Nominal relations

3.4.1 Nominal linear relations

One major drawback of the previous construction is that it does not have products and co-
products. We can tackle this problem by moving from functions to relations. The category of
relations is one of the simplest known models of linear logic. We carefully adapt it to take care

of polarities and names.

Definition 3.16. A nominal linear relation R : A — B is a nominal subset of A X B such that
if (a,b) € R then v(a) = v(b).

In the future, we will write aRb for (a,b) € R. Linear nominal relations compose as
relations and the identity relation is linear nominal. Consequently, they organise themselves as
a category. We shall specify a full subcategory of it, whose objects correspond to denotations
of formulas of MALL. We denote this sub-category NomLinRel. Its objects are nominal sets of
non-empty separated, annotated lists of atomes, where the adjective annotated highlights the
fact that lists will be built using patterns. More precisely, the elements L of the sets are built

from the following grammar :
L:=a| e |inl(L) | inr(L) | Li.Ly
where a € A, and L #L,.

Note that the previously enforced condition that the sets are 1-orbit, or non-empty is
dropped. The category NomLinRel can be equipped with a monoidal product, written x. The
monoidal product of relations is usually defined via the cartesian product of sets, but to accom-
modate names and lists we rather use the separated concatenation %, just as in NomLinList.

e AQB=AxB={L.L,| L €A,L, € B, Li#L,}

e R1®Rr=R1*x Ry={(a.b,cd) | (a,c) € Ry,(b,d) € Ry,atth A cHd}

The unit of the monoidal product is the set / = {e}. Once again, the use of the separated
product as a monoidal product prevents the category from having non-linear morphisms, simi-
larly as NomLinList. In the sequel, given L = Lj.L, in A® B, we will write [ A for the projection
on A, and | B for the projection on B, thatis L [ A = L; and L [= L,.
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The inl, inr constructors are called patterns, and will allow us to form coproducts, denoted
by @.

e AdB=inl(A)winr(B) = {inl(L) | L€ A}w {inr(L) | L € B}.

e Ri® Ryr=inl(R)winr(Ry)

where, given R : A — B, we define inl(R) = {inl(Ly).L, | Li.L, € R,L; € A,L, € B}, and

respectively for inr. Furthermore, we write ¥ to express the union of disjoint sets.

The unit of the coproduct 0 is the empty set . @ is not a simple tensor product, it actually
defines a biproduct: A @ B is the biproduct of A and B. We remind here that a biproduct is an
object that can act both as a coproduct of A, B, as a product of A, B, and does both in a compatible

way that we will not describe here.

The category (NomLinRel, ®, ®) is a monoidal category with coproduct. Furthermore, the
tensor product distributes over the coproduct: A® (B® C) ~ (A® B) ® (A ® (), in the sense
that there is an isomorphism between them. As a result, (NomLinRel, ®, ®) defines a model of
the (®, ®) fragment of MALL, where [1] = I, [X] = Ax,[[0] = OnomLinrel- One can easily
see that NomLinList is a subcategory of NomLinRel, and we write 7 for the inclusion functor
NomLinList 4 NomLinRel. We say that an object of the category is well-typed if it can be built
out of the [X]l, Z, 0 using the two previously described operations. This time, as we dropped the
restriction that the objects are 1-orbit, some objects might not be well-typed. A typical example
of such an object is A. The subcategory of well-typed objects of NomLinRel corresponds to
the biproduct completion of NomLinList. In the sequel, we will restrict NomLinRel to its full
subcategory of well-typed objects.

Each element of a morphism of NomLinRel defines a set of axiom links, that is, a set-
function from the atomic literals on the domain to the codomain. For instance, an element

(ay.az,ap.a;) of X ® X — X ® X defines the following set of axiom-links.

In contrast to Rel, the category of sets and relations, NomLinRel is not monoidal closed,
notably due to the linear condition on the relations. Indeed, given a relation A — B, if the
category was closed there would be a corresponding “name” R’ : I — A — B, and, as a result,
for all xin A — B, if e Rx then v(x) = v(e) = (). Hence the only elements of A — B would
be lists of atomes of empty support. To solve this, we want to apply, as we did in the previous

section, the Int construction. Therefore, we first have to address its traced structure.

Just as its sibling NomLinList, tracing NomLinRel is not straightforward. For instance,
taking R as above, defined by (a;.a2) R (az.a;). Then tracing trﬁf A (R) (where A, are the right
hand side A’s), requires us to equate a, and aj, but the element (a;.a;, aj.a;) is not part of the

relation.
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34.1.1 Category of lax nominal relations

In order to bypass the above restriction, we close linear relations under strict substitutions be-
fore composing them. We define strict substitutions to be name substitutions of the form
[a,/bn]...[a1/b1] where for each i, there is a type variable X; such that a;, b; € Ay,. Similarly as
for nominal permutations, we write “-” for the action of strict substitutions on elements. We call
= the set of strict substitutions, and often use the lowercase e to refer to one of its elements. The
composition of strict substitutions e, e; consists in concatenating their sequences, and is there-
fore written e;.e;. We devise several properties of strict substitutions and define them formally
in the appendix@ We then have ej.e; - x = e - (e3 - x). We also introduce the following nota-
tion. Given a well-typed set A of annotated name-distinct lists, we write A for the corresponding
set of annotated lists, such that the name-distinct property is dropped. Formally, A is defined as

follows by induction on the structure of A.

Ax = Ax {0} = {o}

That way, if an element x € A, thenthe set x = {e- x| e € E} C A. For R : A a linear relation,

we write R : A for the closure under strict substitutions of R, that is:

ﬁz{e-rlre R,ee€Z}.

Proposition 3.17. () defines a symmetric monoidal functor from the category NomLinRel o
the category of nominal linear, non-separated, relations. We call this category LaxNomLinRel.

It has nominal sets of annotated lists as objects, and linear relations as morphisms.

To prove the property, we will use this following lemma of strict substitutions, that is

proven appendix [9.4]

Lemma 3.18. Let x an element of nominal set, and e € 2. Then e - x = €' - (n - x), where if
e’ = lan/by]..[a1/b1], and, writing €] for [a;/b;]...[a1/D1], then aii1,biv1 € V(e} - (- X)) and

where 7 is a nominal permutation.

Given an element x and e € Z, we refer to the (¢’, ) in the above lemma as a canonical
form of e given x. Equivalently, we say that e is in canonical form for x, if (e, id) is a canonical
form of e given x. The lemma basically says that the action of a strict substitution on an element

consists of two distinct actions: a name-permutation followed by a name-merging.

Proof of Proposition[3.17] Given R : A — Band Q : B — C, we need to prove that:
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First, we consider the left to right inclusion. Let u € R/,\Q Thende € E,3u' € R; Qu=-—e-u'.
Furthermore Ju”’ € AXBx Csuchthatu” | AxBe R,u”’ | BxCe Q,andu” [ AxC =u'.
Hencee-u”’ | AxC =uande-u” | AxBe ’73, e-u’ | BxC e a,henceue f?;@,
that is, it belongs in the second set. Now let us prove the right to left inclusion. Formally, let
u e ’ﬁ; 5 It entails that there exist u € A x Bx C such that u FAXB € ﬁ, u rfixé € 5,and
u [ AxC =u'. Then let us, as above, use canonical forms for the strict substitutions and use
the fact that both R and Q are closed under nominal permutations. Hence u | AxB=e;-u,
u; € R and e is in canonical form for u;. Furthermore u | BxC = ey - up, u» € Q and
ey is in canonical form for u;. Letuscall x = u; [ Bandy = up [ B. As there exists
strict substitutions that equate them, it entails that the lists have same length and same type.
Hence, thanks to the fact that the lists are separated, they are nominally equivalent, that is,
there exists a permutation m such that 7 - u; | B = up | B. Now, by using the fact that
every permutation can be encoded as a strict substitution for a given specific element (property
refprop:permsubstitution), we write 7! for the strict substitution that encodes 7! for - up.
Hence ey-uy | B=e-(uy | B) = ej.n"m-(u; | B) = e1.ni-"-(uz | B). Asv(up | B) = v(up | C),
er-up [ C= 61.7_1'_11/!2 IC. Letu” = el.F' (- uy |p u2), where |p indicates that we merge the
two B parts of the lists, that are equal. Therefore, as 7-u; € R, we can conclude that u” [ AXC

. T 7
belongs in R; @, and moreover u” = u.

— —
Also, one can prove that IdA’LaxNomLian = idaNomLinRel- The inclusion idg NomLinRel €
id4 | axNomLinRel 1S automatic, whereas the other consists in proving that any element of

id4 | axNomLinRel €an be obtained from an element of ids NomLinRel by means of substitutions.

The monoidality comes from A x B = A x B by definition, and similarly on morphisms:
R*Q=RxQ. O

LaxNomLinRel is not an appropriate category to model morphisms of linear logic, as there
might be morphisms AQ A - AorA — A ® A. On the other hand, to relax the separated
condition will prove useful in the future to deal with tracing, and therefore, with composition

when dealing with the compactification of this category through the Int-construction.

3.4.2 Trace structure on NomLinRel

Given a relation R : A® U - B® U € NomLinRel, let us define TrXB(R) by:

T R)={r 1AxBlre RArtAxBeAxBAr Ux0 eidy). (3.24)

The use of strict substitutions allows us to equate some names in the relation. However,
the part in B x € must still have the property that the atomes are name-distinct on each
projection, condition that is enforced through r | B x C € B x C. One can see that NomLinList
is a subcategory of NomLinRel. We write Z for the inclusion functor, each morphism of

NomLinList is sent by I to its graph, seen as a relation. We would like to prove that the trace
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defined in NomLinRel extends the one of NomLinList.

Proposition 3.19. Let ¢ : AQ U - B® U € NomLinList, then:
U _ U
Z(Try 5 NomLinList(?) = T4 5 NomLinrel(Z ()

Proof. We first show that the inclusion TrX’B’ NomLinrel(Z (#) € T (TrXB’ NomLinList(#))- Let x €
I(¢), and consider any ysuchthat e € 2. y=e-x, y | Ux U € ia;, andy | Ax BeAxB.
Then, without loss of generality, we can look at a canonical form of e given x, use the fact that
I(¢) is closed under permutations, and consider that the only action of e is to equate names

present in x.

Now let us consider, that, as defined in Section[3.1.2.1]above, we attribute a number to each
location, and we will now compute the function ¥ attributed toy [ A X B. So let us consider
a location [ in A, and the associated name y; in y, corresponding to x; in x. Ase-x | A =
y I Aje-x 1 Ae A and A is separated, then this entails there is a 7 € Perm(A) such that
(m-y) I A =x | A. Furthermore, applying a permutation to y does not change the function v
it defines. Hence one can assume without loss of generality that for all locations / in A, x; = y;.
We decompose x,y into xi, xp,y1,¥2, where x; = x [ A % U (respectively y; = y | A x U),
xp=xTA%xU((respyr; =y I Bx D).

Let /in A, and consider that ¢(I) = I’ € B. Then, as x;; = x, and as y is obtained from x
by strict substitutions, then y, » = y; ;. Therefore, if ¢(I) € B then ¥(I) = ¢(l). Writing n for the
number of locations of A (and hence, B as well), this sums up to:

Giveni < n, Y(i) = ¢(i) if ¢(i) < n.

Now, let us suppose that ¢(/) € U. Then y1; = y» 4¢). But,asy [ UxU e ia;, we also have

that V2.6 = Y1,6(0)- As Y2.6(6() = Y1,6(1)> WE obtain V1,1 = Y2,60¢(])- Then, either YV2,400(1) isin B or
we repeat the routine. That is, if i > n, then /(i) = feedback(¢)(i), where:

¢()if (i) < m

feedback(¢)(i) = {
feedback(¢)(¢(i)) otherwise.

Therefore, y(i) = Tr(¢)(0), and Tr§ 5\ inpo(Z(@)) € T(TrY 5 \omLintist(9)-

We now tackle the reverse inclusion. Lety € T (Trﬁ(, B. NomLinList(®))s let us show that this y
belongs in TrX’B’ NomLinPol(Z (#)). So we start by picking an x € Z(¢), suchthaty [ A = x | A.

We build a strict substitution in n-steps, corresponding to the n locations of A.

Given i < n, let x1; the i’ element of x;. Suppose that ¢(i) = j < n, then ¢; = & (the empty
substitution). On the other hand, suppose that ¢(i) = j > n. Then we set e; = [x,j/x1;]. That

way, after applying e; to x, resulting in X, we get ¥;; = X;; = X, ;, and therefore x [ [ € id;
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where [ corresponds to the occurrence of the literal in the j”* position of A ® U. Inductively, if

é(j) = k > n, we set e; ::= [x/x1,j].e;. We repeat this process, until ¢(I) = m < n.

At this stage, one needs an important property of traces of permutations: each location / of
U is used at most once when tracing (see [[1]] proposition 1). That is, if i < n, such that 3k > 1
#(@i) = L and @' (i), p2(i), ..., $*"1(i) > n, then this i is unique. As a result, if a name x; such that

[in U is in one of the support of an e;, then this i is unique.

Now, let us consider all names whose locations are in U and that are not in the support of
any e;, 1 < i < n. Then we consider the substitution e,; whose only action is to send all those
names to a fresh name d. Finally, we consider e = ej.e. ... .e;.€p41. Thene-x | A — B = y.
This can be checked as in the above part of the proof. Furthermore,e-x [ U —» U € ia;. We

U
conclude that y € Tr A, BNomLinRel( (). O

This property allows us to prove that tracing a linear relation indeed results in a linear

relation.

Proposition 3.20. Let R : A®U — B U. Let x € TrXB(R), thenv(x [ A) = v(x | B).

Proof. The proof is based on the above proposition [3.19] Let e - x an element that appears
as witness of the trace, and hence such that x € R. Then let us consider ¢ the morphism of
NomlLinList associated to x. Then e - x corresponds, as explained above, to tracing ¢. Therefore,
e-x [ A — Bbelongs in a graph of a function ¢ € NomLinList(A — B) and therefore has same
support in A and B. |

We can now state with confidence that this definition of trace seems appropriate, as it is
a simple extension of the one previously defined in the case without biproduct, and acts in
a compatible way with linear nominal relations. Only remains to prove that this family of

functions formally defines a trace.

Proposition 3.21. The family of functions Tr/g/’ p defined in forms a trace of the symmetric
monoidal category NomLinRel.

Proof. We start the proof with the naturality of the trace. We treat only one of the three cases,
as the two others could be dealt with along the same lines. Let R : A® U — B® U and
Q : A’ — A. Then one must check that :

T 5(R)o Q =T, (R o (Q ®idy)).

The left-hand-side term unfolds to:
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Ul AXBlue AXAXUXxBxO),ulAxAe QulAxO)xBxU)e R,ul
UxUecidy,ul AxBeAxB)

whereas the second can only be easily presented if we use the functoriality of (.A), that is,

— —_

R;Q=R;Q:

_——

R:Q={ulAxClucAxBxClulAxBeR,ulBxCe Q)

as well as Q;i\dy = Q X ia;, which follows from the monoidality of the functor (A) which is

proven in proposition Using it, the second term unfolds to:

wlAXBlwe@xU)XAxU)xBxUs),wt A xAec Qw ! (AxUy)x(BxUs) e
R.w Uy xUs eidy,w | Uy x Uz €idy,w | A’ x Be Ax B)

In the second term, as w | U; x U; € ia?] andw | Uy x Us € ia?], one can devise that
ul U xUs=ul UyxUs =u | Uy xUs. The two terms only differ by the presence, in
the second one, of U; X U,, which is insignificant (as w | U xU, e ia;), and the fact that
wlA XAe Q whereas u ' A’ X A € Q in the first one. At this stage, it is useful to note the
following property. Let £ : A — B a nominal linear relation. Suppose u € P and u I A€ A.
Then u € P. This is simply proven by noticing that as u | A € A, then no names have been
merged. We can apply this property in our case, as w | A€ A Asaresult, w | A’ xA € Q
and the two sets are equal.

Next, we check the first part of vanishing property, namely that
T, (R) = R
which translates into:
(Ul BxClue R xid,u BxCeBxC)={ucR)}

The right to left inclusion is straightforward. For the left to right one, we use the property that
reRAr | Be B= re R, as explained above. This entails the left to right inclusion.

The second part of the vanishing property is consists in proving that given R : AQU®V —
B® U®V, then TrX%V( R) = TrX B(TrX@,U’ sou(R))- This first term can be described by:

(F1AXB|re Rr1AxBeAxB,reUxVxUxVeidyey)
The second term unfolds in two steps. First, we consider TrX®U’ e R).

T o ey (R)) = {u r(A*U)x(B*U)|ueR,uL(AxU)x(iaxU)e
A*xU)x(B*U),u VxVeidyh
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Then we can consider its closure TrX®U’ seu( R
Theueu(R) = {u T Ax D) x (Bx 0) [ueRu VxVeidy)

in order to devise the whole second term.

Ty g (T heupe(R)) = {u T AX Blue Ty, po(R),ul AxBeAXBul Ux U eidy)
—{ulAxBlueRu VxVeidy,u ! UxUeidy,u AxBeAxB)
—(ulAXBlueRul (UxV)x O xV)eidysy,ulAxBeAxB}
=Tri%(R)

We now deal with superposing:
Trlon pep(Q ® R) = Q @ Tr 4(R),
for R:A®U — B® U, and Q : C — D. This translates into:

| (CxA)X(D*xB)|ue Q@ * R,u UxU eidy,u 1 (CxA)x(DxB) e (CxA)x (D B)}
2wl CxA)XxD*B) |lweQx RwlAxBeAxBw| UxUeidy)

The fact that the second set is included in the first one is the easiest inclu-
sion to prove. It follows from Q % RcQ+R. Let us prove the reverse in-
clusion. As ue Q * R Au 1CxDeCxD then u|CxDe QAucidex R, how-
ever, nothing imposes that u € idc * R, the names in the idc and R part of u could
be the same. However, as u | (C xA)x (D x B) € (C x A) x (D x B), one gathers that
vu TAx D) x(Bx0)Nnvu | CxD)=v(u | UxU)nvu | CxD). Let us suppose that
this set is not empty, and let a be a name appearing in it. Then, by definition, this
name does not appear in u [ A x B. Therefore, by applying a permutation (a,c) to
u (A X U) x (B x U), where ¢ is fresh, we can remove the name a from the intersection.
That is, let ' = (u } Cx D)X ((a,¢)-u [ (Ax U)x (Bx U)). Then v’ I (C xA)x(DxB) =
ul AxO)xBxD), W |AxU)xBxU)e R,andw’ | UxU € idy. Furthermore,
v TAXD)xBxO)Nvw 1CxD)=viu AxO)x Bx0)Nnvu | CxD)\{a).
Since the support of u is finite, we can repeat the procedure for every name in the intersection.
Finally, we obtain that an element «” such that u” | (C x Ax Dx B) =u | (C x A) x (D x B),
u'e Q x ﬁ, and such that u’’ satisfies all the conditions of the second set. Hence the two sets

are equal.

Finally, we must prove the yanking property:

Trﬁ’A(SA,A) = IdA
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Let us remind that s4 4 is the isomorphism coming from the symmetry of the monoidal category,

Saa = {(m.v,v.au) | u,v € A, u#tv}. Hence
T, = {w) € AXA| (v, x) € AX Ay, w.x) € 534.(v,x) € ida)
As (v,x) € ids, v = x. Furthermore, as (wv,w.v) € 544, u =v,and v = w. As a result:

tri 4 (sa.a) = {(u,u) | u € A} = ida

3.4.3 Nominal polarised linear relations

As the category NomLinRel is monoidal traced, one can define a compact closed category by
polarising the category as before. Let us expose that formally. The objects of NomLinRelPol
will be nominal sets of annotated, polarised and separated lists. Elements of the sets are defined

from the following grammar.

L := (a,p) | (e,p) | inl(L) | inr(L) | Li.Ly
where a € A, and p € {-1,1}, and Li#y0 L0

The p next to each atome is called the polarity of the atome. Given a list L, we define
by Pos(L) the restriction of L to its atomes of positive polarity, and Neg(L) its restriction to
the negative ones, where Pos(inl(L)) = inl(Pos(L)), Pos(inr(L)) = inr(Pos(L)), and similarly
for Neg. We write Li#poL, if (Pos(Li)#Pos(Ly)) A (Neg(Li)#Neg(L,)), and note *po the

associated polarised separated concatenation operation:
A *pol B={L.L, | Lie€A,L, €B, Ll#polLZ}'

We write L; *po L as a shorthand for Li.L, knowing Li#p0 L. We furthermore define the

operation (.)* on lists, that consists in inverting all polarities.

(ae P)J_ = (Cl, _I’) (.’ P)J_ = (.’ _P)
inl(L)* =inl(L*)  inr(L)* =inr(LY)  (Ly.Ly)* = Ly.Ly

We extend this operation to sets : A+ := {L* | L € A}. Just as its seminal category,
the morphisms R : A — B of the category are relations. More precisely a nominal linear
polarised relation R : A — B is a nominal relation R C A+ *pol B such that each element
is linear between negative and positive elements. That is, Vx € R, v(Pos(x)) = v(Neg(x)).
The identity id4 : A — A is the identity relation L*.L € A* xpo A. Note that the *po extends
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directly to morphisms, looking at them as subsets. Given two relations R : A — Bj, and
R, : Ay — By, we define R *pol Ry, : Ay *pol Ay, > B *pol B by:

Rl *p0| Rz = {LAI'LAZ-LBI .L32 |L1 = LA1~LBl € Rl,Lz = LAZ‘LB2 € Rz, Ll#p0|L2}

Note that actually, L1#L,, as v(Neg(L;)) = v(Pos(L;)) and similarly for L,. Hence R} *po R =
Ri1* Rs.

Just as in the case of NomLinRel, the patterns inl, inr allow us to form coproducts, denoted

by &:
e A® B =inl(A) Wwinr(B).

e R1® Rr=inl(R)Winr(R»)

where we remind that & expresses the fact that the union is disjoint.

Finally, given a set A, we define the two following sets:

Pos(A) = {Pos(L) | L€ A}
Neg(A) = {Neg(L) | L € B}.

One can then easily notice that A C Neg(A) x Pos(A), although the inclusion is strict in general.
That is, there is a injective function A — Neg(A)xPos(A), that maps a list L to (Neg(L), Pos(L)).
Through this inclusion, a nominal linear polarised relation R : A — B lifts to a nominal linear
relation R’ : Pos(A) x Neg(B) — Neg(A) x Pos(B). Indeed, given an element L € R, then
v(Neg(L)) = v(Pos(L)), and L € A* xpo B. Hence Neg(L) = Pos(L | A).Neg(L | B), Pos(L) =
Neg(L | A).Pos(L | B) and furthermore Pos(L [ A#Neg(L | B), Neg(L ' A)#Pos(L T B).

Just as functions in NomLinPol did not compose as set-functions, nominal linear po-
larised relations do not compose as relations. The composition is defined via the trace,
just as in the previous section Let us consider two morphisms R : A — B and
Q@ : B — C, seen as nominal linear relations R’ : Pos(A) x Neg(B) — Neg(A) x Pos(B) and
Q’ : Pos(B) » Neg(C) — Neg(B) x Pos(C). Their composition is defined by taking their trace
along Neg(B) x Pos(B).

. _ —+.Neg(B)xPos(B) . .
R’ Q" = Trpocia) Neg(C) Neg(a). Posc) 1dNeg(4) * SPos(B)Neg(8) * idpos(c)) © (R” * Q')

where we recall that s is the swapping morphism coming from the symmetry. This unfolds to:

R’: Q" = {u | Pos(A) * Neg(C) x Neg(A) * Pos(C) |ue R’ x Q’,
u 1 (Neg(B) x Pos(B)) x (Pos(B) x Neg(B)) € Sos(5)Neg(B):
u | (Pos(A) x Neg(C)) x (Neg(A) x Pos(C)) € (Pos(A)  Neg(C)) x (Neg(A) * Pos(C))}
= {u | (Pos(A) * Neg(C)) x (Neg(A) x Pos(C)) [u e R’ x Q’,
u | (Neg(B) x Pos(B)) = u | (Pos(B) x Neg(B)),
u | (Pos(A) x Neg(C)) x (Neg(A) x Pos(C)) € (Pos(A) * Neg(C)) x (Neg(A) * Pos(C))}}



98 CHAPTER 3. SIMPLE NOMINAL MODELS

As u € R’ x Q’, u comes from the injection D — Neg(D) x Pos(D), where
D = At x Bx B+ x C. Therefore, it is possible to backtrack u to an element of D. Doing

so we get:

R;Q = (1 [ Axpo C | u €Al x B x BY xC,
ul AL xBie RulBExCe Q,ul B)* =ul Bf,u AxC €A kpyC)
—{UeA%pClAreR,neQ,(n B =nBrnlA=ulAnC=ulC)

Furthermore, as the composition of R’; Q' corresponds to tracing nominal linear relations,
it results in a nominal linear polarised relation. That is, for each element u of R’; Q’, we
have that v(u [ Pos(A) x Neg(C)) = v(u [ Neg(A) x Pos(C)). Therefore, backtracking u into
an element of A %, C, we get that v(Neg(u)) = v(Pos(u)), that is, the relation R; Q hence
defined is linear polarised. The closure under permutation follows straightforwardly from the
invariance under permutation of the definitions. Therefore R; Q is indeed a morphism A — C
of NomLinRelPol.

To sum up, the paradigm for composition is: closure under strict substitutions + relational
composition + projections on “good” elements. Just as above, we restrict the objects to the
well-typed ones. We define I = {(e, 1)}, [X] = {(a,1) | a € Ax}, 0 = 0, and present formally
NomLinRelPol in the following definition.

Definition 3.22. NomLinRelPol is the category that has as objects the smallest set such that
L, [ X1, 0 € Obj(NomLinRelPol) and

A, B € Obj(NomLinRelPol) = A %o B € Obj(NomLinRelPol)
A, B € Obj(NomLinRelPol) = A & B € Obj(NomLinRelPol)
A € Obj(NomLinRelPol) = (A)* € Obj(NomLinRelPol)

Hence objects of NomLinRelPol are nominal sets of polarised separated annotated lists. Mor-
phisms A — B of NomLinRelPol are nominal polarised linear relations A* %po) B as described

above.

By construction, NomLinRelPol is a compact closed category, since it is equivalent to
Int(NomLinRel). We furthermore show that given two objects A, B, the object A @ B is their
coproduct, and that O is the unit for it, that is, an initial object. Namely, we need to exhibit
two morphisms inl : A - A® B and inr : B —» A & B, such that for every object C, for every
morphisms R4 : A —» C and Rp : B — C, there exists a unique nominal polarised relation
Q : A® B — Csuchthatinl;7 = R4 and inr; Q = R . The corresponding diagram is show-
cased in Figure 3.4] The morphism inl : A — A @ B is defined to be the nominal polarised
relation inly = {u*.inl(u) | u € A} andinr: B — A @ B is built in a similar fashion. Finally, we

set Q as follows:

Q ={inlw).v | uve Rawlinr(w).v |uve Rp}
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Ra Q R

inl inr

Figure 3.4: Coproduct diagram of A ® B

Then one can straighforwardly check that inl; Q = R4, and similarly for inr. Furthermore, Q
is unique verifying this property. Hence A @ B is the coproduct of A @ B. 0 is initial since for
any object A, there is a unique morphism 0 — A, namely the empty relation. As the co-product
distributes over the tensor it is a bi-product, as established in [44]. Hence we can conclude this

paragraph with the following proposition.

Proposition 3.23. NomLinRelPol is a star-autonomous category with products, and therefore,
a model of MALL.

One could wonder what is the “canonical” logic associated with the nominal linear polarised
relations. In other terms, what is the sequent calculus associated with compact closed categories
with bi-products. Surely, one can present a collapsed version of MLL, where ® = % and & =
®. However, as explained in [86], “it turned out that there is a counter-example to the cut-
elimination”. On the other hand, in the context of strongly compact closed category, Abramsky
and Duncan were able to define a notion of proof-net [4] that precisely define those morphisms
arising from the categorical structure, although no presentation was given in terms of sequent

calculus.

As a final remark, these relations are the relations that we should use in the second part of
the thesis devoted to nominal games to tensorial logic. Before moving to the next chapter, we
present a severe downside of nominal polarised relations, and show in Section[3.5]a model with

hypercoherences that overcomes it.

3.4.4 Nominal linear relations, a downside

Nominal relations suffer from that, even restricted to denotations of MLL formulas, they do not
define linkings properly. For instance, consider the following relation R : X ® X —» X ® X
defined by:

R ={(uvvau) | u,v e Ax} U{(uv.uv)|u,ve Ax}. (3.25)

Then R implements two possible choices of axiom links for the sequent canonically as-
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sociated with the previous formula. As long as the category remains compact-closed, there is
no simple solution to this problem. For instance, let us implement a simple-minded criterion
that imposes that nominal relations implements at most a unique linking per additive resolution.
Given R : A — B, we write R’ for the linear relation Pos(A) x Neg(B) — Neg(A) x Pos(B)

that canonically corresponds to R . Let us consider the following criterion:
xR’y AN xRz ANy=z=>y=2
It basically enforces that on a additive resolution (that is a choice, for each biproduct, of one of

its branches), the relation can only implement one set of axiom links.

This property is symmetric. That is, it automatically entails :

xR’z AN yR'Z A x=y=>x=y

Indeed, take 7 such that x = 7 -y. Then xR’z A xR’n - 7 as the relation R is closed under
permutations. So it directly entails that z = 7 - z. As the elements have strong support, it entails

m#z, and as v(z) = v(x) = v(y), m - y = y and therefore x = y.

Unfortunately, this property does not compose. If we examine the relations associated with

the two following proof structures:

R (A ® A - @A ® A @ (A ® A

R - A © A & A © A - A © 4

then we notice that the composition R ; R, of these two leads to the problematic relation R
of [3.23] described at the beginning of this section.

3.4.5 Lax polarised nominal relations

In this section, we show that the lax polarised nominal relations form a compact-closed category
with products as well, although the separation property is dropped. This technical result will be
used later in the discourse of Section
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Just as the closure under strict substitutions of separated nominal relations leads to a defi-
nition of a functor to a new category, called lax nominal relations, the closure under strict sub-
stitutions of separated, polarised nominal relations defines a functor from the compact closed

category to a new one of lax polarised nominal relations called LaxNomLinPol.

This category is similar to NomLinRelPol except that the lists are not “polarised and sepa-
rated” anymore. That is, the grammar for the lists is :

L=(e,p) | (a,p) | Inl(L) | inr(L) | Ly.Ly

where a € A, and p € {-1, 1}.

The tensor product ® is now simply the cartesian product, except that, as usual, we con-
catenate lists instead of pairing them. The @ and the negation are similar to the ones of

NomLinRelPol. The morphisms are nominal linear polarised relations.

The functor (A) is defined by sending a relation to its closure under strict substitutions, and

on objects as follows :

Ax=Ax (o) ={

o}
AT—*’poI\AZZAAlXAAZ AEBB=AA169AA2 AL = AL

In order to check that this is a functor, we again have to prove that R0 = R, 0, given
R :A - Band Q : B — C. This follows from seeing R as a nominal linear relation:
R : Pos(A) » Neg(B) — Neg(A) x Pos(B) (and the similar form for Q), and relying on the fact

that (A) indeed defines a monoidal functor when restricted to nominal linear separated relations.

Finally, one can see that LaxNomLinPol is the free compact closure of LaxNomLinRel. Just
as for NomLinRel, it results from a slight variation of the Int construction of LaxNomLinPol.
So we have the following diagram. Writing J NomLinRel for the inclusion functor ZnomLinRel :
NomLinRel — NomLinPol, and 7| axNomLinRel for its lax equivalent we have:

I .
NomLinRel NombinRel . NomLinPol
- Int —~
) — )

LaxNomLinRel ——— LaxNomLinPol
LaxNomLinRel

In particular, (A) defines a functor of compact closed categories between NomLinPol and
LaxNomLinPol. as it commutes with the negation.
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3.5 Nominal hypercoherence spaces

3.5.1 The category

To refine the previous model in order to avoid bad relations, one can use the notion of coher-
ence, developed by Girard in the so-called coherence spaces, to express the fact that the bad
relations, such as the R in equation above, are incoherent. As this notion has since been
refined, in [27]] into hypercoherence, we present the latter. Furthermore, coherence removes a
second downside of nominal linear polarised relations, their degeneracy. Nominal hypercoher-

ence spaces differentiate between ® and %, and between ® and &.

All the definitions are taken from [27], just being modified to take into account the fact
that our atomes are nominal, and polarised. More precisely, the elements of our nominal sets,
renamed to “webs”, are, as before, separated annotated lists of polarised atomes. We write
Prin(A) for the set of finite subsets of any set A, and #_(A), for the set of non-empty finite

subsets. Similarly, we write w C;. A to mean w € P5,_(A).

=fin fin

Definition 3.24. A nominal hypercoherence space A = (|A|,I'(A)) consists of:
e A nominal enumerable set |A|, called web, of annotated, polarised and separated lists.
e A nominal subset I'(A) C P (|Al), such that all singletons are in I'(A).

This structure on objects allows us to discriminate between relations, thanks to these

definitions.

Definition 3.25. Let (|A|,I'(A)) be a hypercoherence space.

o A non-empty finite subset v C:_ |A| is coherent when v € T'(A).

%
fin
o A set of elements R C |X| forms a clique when:
1. Yy Q;‘in R, v is coherent.
2. R is closed under permutations.

3. R islinear: Yx € R, v(Neg(x)) = v(Pos(x)).

That is, a clique is a refinement of a nominal linear polarised relation. Cliques are the
underlying structure behind the morphisms of the category of hypercoherence nominal spaces,
that we shall define below. Given I'(A) C #; (A), we write [*(A) for the subset of I'(A) of sets
of cardinality greater than one, and say that such sets are strictly coherent. We write I'*(A) for
the set of non-empty subsets that are incoherent: I'*(A) = P (A)\T*(A), and I'*(A) for those
that are strictly incoherent, meaning incoherent and of cardinality greater than one. Finally, we

set (T(A)* = {wt | w € T'(A)}, where wt = {x* | x € w}.

The dual A+ of a hypercoherence space (|A|,I'(A)) is defined as follows:
o |A*| = |A]*
e T(A) = P; (A \ T*(A)*
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We now give the interpretations of the connectives of linear logic. In the sequel, for simplicity,
we will write w | A for w | |A|. The tensor product of two hypercoherence spaces A ® B is
defined as follows, where %o is the polarised separated product as defined in section@

* |A® B| = |A] *pol | Bl

e '(A®B)={weP;

fin

(IA] *pol [B)) [w [ A €T(A) Aw | BeT(B)}

The unit of the tensor product is I = ({(e, 1)}, {{(e, 1)}}). We can define A ® B through the
De-Morgan duality (A % B) = (A* ® BY)*.

e |A%® B| = |A| *pol |B|

e ["(A® B)={weP;

fin

(1Al *pol |B)) | (w [ A € T*(A) Vw I BeT"(B))}

% has almost the same unit as the tensor product, except the atom is negated:
1 = {(o,=1)}, {{(e, =1)}}). As a result, we can define the connective —o, with A — B = A+ % B.
* |A — Bl = |Al* *pol Bl
o T(A — B) = {w € P;,(IA — B]) [(w I |AI" € T(A)" = w I |B| € [(B))
Aw I AFF € (T'(A)*" = w | [Bl € T (B)}

In the future, we will simply write w ' A for w | A+, the fact that the polarities in A are reversed
being clear from the context. Finally, we define the additives. We start with A & B, writing &
for the disjoint union.

e |A & B| = inl(JA]) winr(|B])
e (A& B)={we P (A&B|)| (w I'inl(A) =0 = w [ inr(B) € inr(I'(B))) A (w [ inr(B) =

0 = w | inl(A) € inr(T(A))))
We finish with A @ B, that is the dual of A & B, in the sense that (A ®@ B) = (A+ @ BY)*

e |A® B| = inl(A]) W inr(B])
e TA®B)={we P (A®B))|(wA=0Aw | BeTB)VWw | B=0Aw | A € T(A))}

fin

The empty set acts as units for the two additive connectives. We therefore have the following
denotation function:
e [1]1=1,[L]=L.
e [T] =101 = (0,0).
e We define the interpretation of an atomic type [X] = (|X|,['(X)) as being the following
hypercoherence space:
- XI={(a 1) | ac Ax}
- I'X) = {{(a, D} | a € Ax}

In the following, we simply write X for [X].

Definition 3.26. NomHypCoh is the category of nominal linear polarised hypercoherent re-

lations (often abbreviated nominal hypercoherent relations, or cliques) that has as objects the
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smallest set such that 1, X,0 € Obj(NomHypCoh) and

A, B € Obj(NomHypCoh) = A ® B € Obj(NomHypCoh)
A, B € Obj(NomHypCoh) = A & B € Obj(NomHypCoh)
A € Obj(NomHypCoh) = (A)* € Obj(NomHypCoh)

Morphisms A — B of NomHypCoh are cliques of A — B.

The composition of cliques in NomHypCoh comes from the composition of nominal linear
polarised relations. The rest of this section is devoted to check that the composition is well
defined. More precisely, we have to ensure that the resulting linear nominal polarised relation
is indeed a clique. To do that, we introduce the notation l:(Z), to denote the appropriate notion
of coherence when we close will close the cliques under strict substitution. That is, 1:(Z) -
P n(le), and (|Z|, I:(X)) forms a hypercoherence space. Given a clique R, after closure, R is
not a subset of A — B anymore but a subset of A —o B, and we must consider a new notion of
coherence for this space. Given a formula F, l:(f) is defined exactly as I'(F'), except that we

consider cartesian product instead of separated product. This is defined formally below.

Definition 3.27. The category LaxHypCoh is the category of lax nominal linear polarised hy-
percoherent relations (often abbreviated lax nominal hypercoherent relations, or lax cliques),
that has as set of objects the smallest set containing the elements (IZI,I:(Z)) subsequently de-

fined, and closed under the operations defined below.

® [ = INomHypCoh» L = LNomHypCoh: 0 = ONomHypCoh-

«X= XNomHypCoh, X = Xlil_omHproh'
A®B = (A x |B|,T(A) x [(B))

A®B=(A|x|B,T*A® B) = {we P:

s (AIX[B]) [ w I Al e T*(A) v w I [Bl e T*(B)}.
(A& B) = (inl(|A]) winr(B)), {w € P%, (1A & Bl) | w C inl(JA]) = w € inl(T(A))
Aw Cinr(B)) = w € inr(T(B))}
A® B = (inl(|A] W inr(|B|, inl(C(A)) & inr(T(B)).
AL = (A, Pr (A9 \ (wh | w e TFA)))

The morphisms A — B are cliques of A+ % B, where seeing A has a formula of linear logic, A*

is the lax hypercoherence space that corresponds to its negation.

Note that the definitions are compatible with the De-Morgan formula, that is F@\l) = l:(Z)l.
Indeed, these hold for the base cases, and the definitions of A% B and A® B are settled according
to this formula. The composition of cliques in LaxNomLinPol follows from the one of lax nom-
inal linear polarised relations. That is, it is simply their relational composition (while forgetting
polarities in the middle), and it hence follows that LaxHypCoh is simply a subcategory of the
category of lax nominal linear polarised relation. Notably, the identity morphism is simply the

identity relation.

In order to prove that the composition of separated relations is compatible with the definition

of cliques, we proceed by steps and start with this lemma.
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Lemma3.28. e Letw C. |AlNomHypGoh, such that w € T*(A). Then w € ['(A).
o, [(A) CT(A).

Proof. The proof is done by induction on the structure of the formula A. For the first point, the

base cases X, 1,0, T, L are immediate, as they are equal, and the inductive cases are automatic.

The first point is needed to prove the second. Just as in the first point, the proof is done
by induction on the structure of the formulas, the base case and the inductive cases for ®, %, ®
being immediate. Remaining is the case for &, setting A = A; & A>. If w [ A € inI(FTA\l)),
then as w g (A1), it entails, as proven in the first part of the proof, that w [ Ay € inl(T'(Ay)).
Therefore w [ A, € inl(I'(A2)) and by induction w [ A, € F@). The second case is dealt with
on an equal footing, and therefore I'(A; & Aj) C 1"(71&\142). To conclude, I'(A) C ITZ). |

Lemma 3.29. Let R be a clique of A. Then R isa clique of A.

In other terms, this expresses that (A) acts seemingly as a functor from hypercoherent linear
nominal polarised relations to hypercoherent lax nominal polarised relations, assuming they
indeed form a category. The main property to prove is that for every finite subset w Cyi, ’75, then
w is lax coherent: w € 1"/(A\) For the proof we will rely on the following property, whose proof

is immediate.

Proposition 3.30. Let w,w" ¢ (|Al), such that, for any occurrence of atomic formula X within
A we have:
ew [ Xz0eow [ X#0
wlXelX)ew | XelX).
wlXel"X) ow | Xel"(X).
wlXeltX) ow | X eI''(X).
wlXel**(X)ow | Xel**X).

Then w € T(A) (respectively T*(A),I*+(A),I"*(A) o w € T(A) (respectively
[“(A),T*H(A), T (A)).

The proof of the proposition is a simple induction. The proposition is true in any category
with hypercoherence, such as NomHypCoh or LaxHypCoh.

Proof of lemma[3.29) Let R be a clique of [A]. Let w Ciin R and w = {e1 - x1, . en - X}
where {x1, ..., x,} € R and ey, .., ¢, € E. We do the proof by induction on the sum of the lengths
of the substitutions |eq| + ... + |e,|. If the sum is O, then w = {xq,...,x,} € R and therefore
w € T(A) C T(A).

So suppose the sum is equal to n+ 1, and we proved the property up to n. Writing x; for e;-x;,
we know that w = {x{,...,x,} € I"I(X) N P(ﬁ) and we want to prove that {[a/b] - X/, ..., x;} €
l:(Z). The first case to tackle is the case where b ¢ v(x}). Then [a/b] - x| = (a,b) - x|, and
(a,b)-(e1-x1) = ((a,b)-e1)-((a,b)- x1). As R is closed under permutations, (a,b)-x; € R, and
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the set {(a, b) - x1, ..., x,} is a subset of R. Furthermore, w is now equal to {((a,b) - e1) - ((a, D) -
X1),e2 - X2, ....,e, - X,}. The length of the substitutions applied on this set being n, we conclude

by induction hypothesis that w is lax-hypercoherent: {[a/b] - x’l, e Xy} € I:(Z).

The harder case is when b € v(x}). Then let us consider a permutation (b, c), such that
c#{x’l, .y X, a}. We know that {(b, ¢) -x’l, e X} € I:(Z), as proven above. Finally, let us apply the
substitution [@ — c] to x]. Applying it changes the lax coherence as much as a permutation (a, d)
when d is fresh. This follows from noticing that {[a/c]- (b, ¢) -x’l, ..»X;} I X has same coherence
as {(a,d).(b,c) - x|, ..., x;} | X for every occurrence X of atomic formula in A (since both a,d
are fresh for x), .., x;). As a result, if {(a,d).(b,c) - x|, ..., x;} belongs in 1"/(X), then so does
{la/d].(b,c)-X], ..., x»}. As the first member of the previous sentence indeed is lax hypercoherent
(for the same reasons as explained above), then {[a/c]- (b, c)-x’l, v X} € ﬁX). Finally, we apply
the permutation (b, ¢) back , noticing that (b, ¢).[a — c].(b,c) - x| = [a — b] - x], and therefore
as {la/c).(b,c) - x{, ..., x,} € F/(Z) N P(ﬁ), this entails {(b, ¢).[a/c].(b, ¢) - X}, ..., X3} € ﬁX) N ’73,
or, equivalently, w = {[a/b] - X/, ..., x,} € [(A) NP(R)

Lemma 3.31. Letw Ciiy, A — B such that w € F(T—O\B). If w Cin A — B thenw € I'(A — B).

The proof is straightforward.

Proposition 3.32. Let R : A — Band Q : B — C be two linear cliques. Then R; Q is a
linear clique of A — C.

Proof. The linearity and nominal closure follows from the composition of nominal linear po-
larised relations. Therefore, in rest of this proof, we forget about the local polarities of the
lists. Letw Cf R; Q, and let v Chin A x B x C a witness of interaction; that is, for all x
in w there exists a unique y € v such thaty € R; Q and y [ A — C = x. Then suppose
w l A€Tl(A), thenv | A €T(A). Asv I Ao BC, R,thenv | A —o Bel(A—B),
entailing v | A€ F/(Z) =>v| I:(E). Hence v | B e I:(E). Doing the same for v | B — a
we conclude that v | C e I:(E). Nowasw |[C=v] C then w I C € I'(C). To sum up,
Yw i R;Qw I A € I'(A) = w | C € T(C). A similar reasoning holds for proving

Ywcr R; 0w lAel*(A)=w ! Cel*(C).Thatis,YwC; R; Q.weTl(A — (C). O

=fin =fin

Therefore NomHypCoh forms a category, and the operation () defines a star-autonomous
functor from NomHypCoh to LaxHypCoh. This is a direct consequence of 0O being a functor of
compact closed categories between their underlying categories NomLinPol and LaxNomLinPol.
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3.5.2 Properties of nominal hypercoherence spaces

The hypercoherence condition is strong enough to ensure that, on an additive resolution, the
relation will define exactly one set of linkings. We make that clear in the following proposition.
In the sequel, A denotes a sequent. Let us note that each element of a clique defines an additive
resolution, and a linking. For instance, a list of A @ B (respectively A & B) is either a list of A,
or a list of B. Furthermore, as each element x comes from a nominal linear polarised relation,
and that the list is nominal separated, one can associate to it a function relating its negative
and positive literals, as done in Section [3.1.2.1] This one precisely checks the definition of a
linking. Note that two elements on the same additive resolution defines the same linking if they

are equivalent. This follows from the list being polarised separated.

Proposition 3.33. Let R : [A]l a clique, and let us pick an element x of R. This one defines an
additive resolution on A, together with a set of linkings. Then every element y of R on the same

additive resolution is equivalent to x.

For the proof we rely on what we proved in the above lemma: if R is a clique, then R is a

lax-clique.

Proof. We prove the property by contradiction, assuming that there is a y that implements a

different linking on the same additive resolution.

We write A, for the linking that x encodes, and A | A, for the associated additive resolution
(and similarly for y). So let X* be an occurrence of an atomic variable of A ' A,, such that
A(XH) # A(XH).

Now, let a the name that appears for X* in x, and b the name that appears for X* in y. We
apply a permutation (b, a) to y so that they share the same name a for this location. Furthermore,
let ¢; be a name such that ¢; has same sort as a;. We apply substitutions [a;/c;] to x for all names
a; € v(x)\ a, and similarly for y. Hence in all locations [ of A | A, different than X* and A,(X*),
x | [ = c. Similarly, in all locations / of A | A, different than X* and A,(X™"), we goty ' [ = c.
Furthermore, x | X* = y | X* = a. So basically, we obtain two elements (that we keep
on calling with their original names) x, y that are equal on all locations except A,(X™), /ly(XL)

where they differ and are strictly incoherent.

We show that {x,y} ¢ T’ (/[[A\]]) by induction on the structure of A, seen as a unique formula
(based on the equivalence between the interpretation of + Fy,..,F,and+ F1 % .. ® F,). We
prove the following intermediate property: if two elements x,y € [F] are strictly incoherent on

one or several locations and equal everywhere else, then they are strictly incoherent.

We call X the location where they are strictly incoherent. The base case consists in F being
this single location. Then they are incoherent in F' by definition. So there are now two induction
casestotackle: F = Fy ® Fror F = F{ ® F,. In the first case if X is in F', then {x,y} | F| is
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strictly incoherent and therefore, by definition of I'(F; ® F3), {x,y} ' F is. The other cases are
dealt with on an equal footing.

Finally, we observe that the {x,y} from the main proof satisfies the required hypotheses,
hence {x,y} is strictly incoherent. As R being a clique entails that R is a lax-clique, this
implies that R is not a clique. This is a contradiction, and the two elements y,x € R were

equivalent. O

Thus, the hypercoherence condition enables us to avoid bad relations, as presented in section
We now turn to study if they satisfy the condition (P1’) of MALL™ proof structures[2.2.3.2]
namely that for each &-resolution, the relation defines a unique @-resolution on it. We say that
an element x € [[A] is on a additive resolution of ¥ of A if it is in the image of the natural
embedding [A | V] — [A].

Proposition 3.34. Given A a sequent, R a clique of [All, ¥ a &-additive resolution of A, and

X,y € R such that x,y on Y. Then x,y are on the same additive-resolution.

Proof. The proof is done in a similar fashion as above. We take two lists x, y that are on the same
&-resolution, but on a different @-resolution. We then use substitutions to equalise all names
in the list. Then there must some some sub-formulas F| & F, of F such that the x explores
F| whereas y is on F,. Hence on these sub-formulas, the two lists are strictly lax-incoherent.
Thus, using the same reasoning as above, they are lax-incoherent. This is a contradiction, and

therefore on each &-resolution, the relation can define only one additive-resolution. |

However, nothing prevents the clique from being empty on a &-resolution. So in order for
aclique R C [A] to form a valid proof-structure, we have to add the condition that for any &-
resolution W of A, there exists x € R, such that x is on that ¥. This condition will be explored

in more details in the last chapter[7.3.2] where we shall notably prove that it composes.

Even with this additive property, the clique might still fail to form a proper proof structure as
the property (P2) is not automatically verified. We recall that (P2) imposes that on each additive
resolution, the linking defines a MLL-proof net. However, the hypercoherence condition fails at
the MLL-level, allowing the mix-rule. For instance, the sequent A, A+, B, B+ with its unique

possible linking, has a valid encoding as a clique, despite being not provable.

As proven in [87] [83], hypercoherence is not strong enough for a completeness result for
MALL. However, the denotation of atomic formulas can be chosen such as a full completeness
result holds for MLL™+ mix. Furthermore, if the proof structure is (P2), then the hypercoherence
model can be strong enough to enforce full completeness, although with a different modelling
of atomic types than the one presented above. This will be further explored in the last chapter
of this thesis.
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Nominal Asynchronous Games
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Chapter 4

Nominal Structures for Asynchronous
Games

As nominal refinement of traditional static nominal models proved to be not fully complete
for linear logic, we take another direction, using the aforementioned link between tensorial and
linear logic as means to achieve full completeness. The goal of this section is to present nominal
structures that extend the current ones already established for games for tensorial logic, by
translating them within a nominal universe. Ultimately, this will allow us to project morphisms

onto nominal relations, and hence, denotations of proofs of linear logic.

Dialogue games were introduced in [69]], as the objects supporting the game semantics of
tensorial logic, without proposional variables. We devise their nominal sibling, providing us
with the appropriate arenas, that let the strategies play with names. Therefore, we can enforce
them to capture the required linearity between negative and atomic type variables, and hence

extend the already established semantics of tensorial logic to include atomic variables.

We take advantage of this shift to deepen the relation between syntax, that is, terms, and
semantics. It was established in [22], that the linear head reductions of lambda-terms in normal
form produce look-alike strategies, that correspond to the denotations of the terms as strategies
in game semantics. This correspondence was later refined, establishing an analogy between the
“tree of views” of an innocent strategy, and the Béhm tree of the lambda-term. As we rely
on nominal constructions, we give a nominal structure to the tensorial lambda-calculus, and
characterise precisely alpha-equivalence. This permits the definition of nominal Béhm trees.
We relate those Bohm trees with the sub-graphs of our nominal arenas, that will correspond to
strategies, that we define in the next chapter[5] Therefore, although it was not the primary goal
of this work, our framework allows us to draw an almost perfect correspondence between our
strategies, and the set of nominal paths that arise as traces from the a-equivalence classes of
lambda terms. This correspondence fails primarily due to the greater symmetry our structures
enjoy compared to the lambda calculus, where the intermediate resources generated by player

are not taken into account.
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To sum up, the material presented here extends previous work on asynchronous game se-
mantics [[69} |64} |65, (66] by enriching arenas with names, providing appropriate structures for a
clean semantics of atomic variables, while strengthening its relation with syntax. We start by
characterising graphs that form nominal trees [4.2] Equipping the tensorial lambda calculus with
names, we redefine Bohm trees as nominal graphs [4.3] Next, we introduce nominal dialogue
games, alongside exposing the denotation function from formulas of tensorial logic onto them
M.4l Dialogue games are the backbone behind arenas, however we still need to unravel some
nominal structure between the two. We set to define nominal event structures together with their
relation with nominal di-domains. We present the event structure associated with a dialogue
game, and characterise its set of positions 4.5 At this stage, we make a pause, and expose how
one can project maximal positions onto lists [4.5.6} projections that will later allow us to project
strategies onto nominal relations. Finally, we expose how one can see the set of positions as a
polarised nominal asynchronous graph[4.6] At last, the Bohm trees lead as well to asynchronous

graphs, that form sub-graphs of their respective arenas [4.7]

In the sequel, we add a new infinite enumerable set Acg)s of names, that will accommodate
the untyped cells. These will be a key element to describe our games, and notably the additive
units. The set A now becomes A = (IHyevar Ax) W Acells, and we write A7 for [+ yeTyar Ax, the
set of typed names. Furthermore, we set Perm(A) = Perm(A7) @ Perm(Acens). We will refer to
the elements of Aggs as untyped names, or cell-names. Finally, we write vy (x) for v(x) N Ay
and veeis(x) for v(x) N Agelis. Similarly, we will sometimes use notations ~7, (respectively ~cqis)

meaning that there are permutations of Ay (respectively Acglis) equalising the two elements.

4.1 Fraenkel-Mostowski sets

Nominal sets suffer that they do not allow us to consider elements with non-empty support as
first-class objects. That is, given an element a of a nominal set, if a has non-empty support
then the set {a} does not form a nominal set. To make up for this, we introduce Fraenkel-
Mostowski set theory, that provides a model of set theory encompassing nominal sets. Notably,
as it is closed under € precedence, each element of a Fraenkel-Mostowski set forms a set of the

Fraenkel-Mostowski model, abbreviated FM in the future.

The FM model of set theory is a model of set theory with atoms, that form the building
blocks of the model. The atoms are primitive elements: no set can belong to an atom. More pre-
cisely, the FM model of set theory Vg, is built according to a cumulative hierarchy following
similar steps to those leading to the Von Neumann model of set theory. However, the starting
point Vy for FM consists of the set of names A instead of the empty-set @ for the Von Neumann
model. At each iteration n of the construction, the action of nominal permutations on V), is
well defined by e-recursion. Notably, all related notions, such as support, are well-defined for

elements of V,,. The inductive step consists in:

V1 =1{S €V, | S has finite support}
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The resulting model V), leads to sets that have finite support, and such that each element
of the set has finite support. Working within this model allows us to consider functions Vg —

Vru, and reason about them. For instance, we will make use of the following proposition.

Proposition 4.1 ([32]]). Let F an equivariant function. Then F(u) = v = v(F(v)) C v(F(u))

Looking at general constructions on sets (such as U, N, ...) as functions on Vg, this allows
us to deduce inequalities like v(A U B) C v(A) U v(B) for instance.

As we will have some use of trees with non-empty support, we provide here some additional
terminology. Given A Cyin A, we say that an object T of FM is A-nominal if its support belongs
in A: v(T) € A. For instance, an A-nominal function between two A-nominal sets S — T
is a function such that v(f) € A. Given an A-nominal object T, properties in T hold up to
A-equivalence, that is, up to equivalence for permutations 7 such that 7#A. For instance, an
A-nominal function f satisfies: Va#A.f(nr - x) = - f(x). A nominal set is an ()-nominal set.
Finally, given an element x, or a subset S of an A-nominal set 7', we write [x]4, [S]4 for their
A-orbits, [x]s = {m-x | m#A} C T and [S]y = {m- x| x € S, m#A} C T. Accordingly, we say that

two elements x, y are A-equivalent, written x ~4 y, if [x]a = [y]a.

Definition 4.2. A-nominal sets and A-nominal functions form a category, called the category of

A-nominal sets, written NSet,.

We gather in the following proposition some relevant properties of A-nominal sets.

Proposition 4.3. e Given A C B Ciin A, there is a faithful functor F : NSety — NSetp.
o Given any set S of Vpy with finite support, S is a v(S )-nominal set.
e forallS CT, then [S]lyr)CT.

The functor F is simply the functor that sends an object and a morphism to itself. The proof
of the proposition is straightforward. This new framework allows us to produce the following

definition.

Definition 4.4. An A-partially ordered set (S, <) is an A-nominal set together with a partial
order < such that v(<) C A. That is, Yvi,vy € S, VT#A,

vifvyemn-v <oy,

For more on this, we refer to [88]].

4.2 Nominal trees

Dialogue games form a special class of trees, or, more precisely, directed rooted trees. There-

fore, to be able to cope with nominal denotations of atomic variables within trees, one needs to
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define nominal trees. This is done by mimicking the set theoretic definitions that characterise
them as graphs within nominal set theory. This section is divided into three parts. First, we
present the definitions. Then, we explore the properties of the trees we obtained. Finally, we

present a way to quickly produce and denote nominal trees.

4.2.1 Definitions

For our setting, “finite” trees will be appropriate. We say that a A-nominal set T is orbit finite

if there is a finite (non-nominal) subset S C T, such that S is finite, and T = [S]4.

Proposition 4.5. Let T be an A-nominal set which is orbit finite. Let B such that A C B Ciin A.

Then T is an orbit finite B-nominal set.

This corresponds to the theorem 3.3 of [17]], where the proof can be found. All the sets used
along this section will be considered to be orbit finite. We rely our approach on the following

notion of tree, similar to the one used within proof nets.

Definition 4.6. Within the category of sets,a directed rooted tree (abbreviated directed tree, or
simply tree in the future) is a directed graph in which there exists a node u, called the root, such

that for any vertex v, there is exactly one path from u to v.

To start, we define A-nominal graphs. Let us remind that within the category of sets, an
oriented graph is a diagram E — V X V. As the first step of our shift, we consider the exact
same diagram within the category of A-nominal sets. We furthermore assume the function to
be injective. This is a quite strong property, expressing, in different terms, that there is at most
one edge e : vi — v;. If we were to relax this condition, the graphs obtained would actually be

multigraphs.

Definition 4.7. An A-nominal graph (V, E, f) consists of two orbit finite A-nominal sets V and
E, called vertices and edges, and an A-nominal injective function f : E — V XV (written
Vi 5 vy for f(e) = (vi,v2)), that is, such that for all permutations #A, v, AN Vo & eV ze,
7 - vy. The graph is directed if we assume a direction of the edge from vy to vy, written v| 5 V).

Otherwise, it is undirected.

We will sometimes refer to the elements of V as nodes. With this definition, an A-nominal
graph is naturally oriented, and there is a natural forgetful operation that transforms it into an
undirected graph. We will refer to it as the underlying undirected graph. When forgetting about

. . . . e
the orientation, we will write v; <= v, to denote an edge between v and v;.

Given an A-nominal graph, we recall the definition of walk, as being a finite sequence of
triples ((v1,€1,V)), (v2,€2,V5) ..., (Vi, €4, V) such that v = v;;; and v; AN vi. A path is a
walk in which all vertices v; and all edges are distinct. In a directed A-nominal graph, a walk

(respectively path) is directed if we only allow triples (v,e,V’) where v 5 V init. Given a
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directed walk s, we write u 5 v,ors:u—» v, ifvy =uandv, =v,oru @ v (respectively
s : u «» v) in the case where the walk is undirected. The first simple observation to make is that
the sets of walks, and paths, are A-nominal in the following sense: if u & v then for any nominal
permutation 7 such that 7#A we have - u @ - v. Giventwo walks s : u «> vand s’ : v «» w,
one can compose them to form a new walk s.s” : u «» w by concatenating them. However, the
concatenation of paths does not necessarily lead to a path. A subsequence of a sequence s is
a sequence ¢ such that there exist two sequences s, s’ satisfying s = s’.z.s”. Similarly, given a
sequence s, a pre-sequence, or prefix of s is a sequence ¢ such that there exists u, s = t.u . This
leads straightforwardly to notions of pre-path, pre-walk and subpath, subwalk. A cycle is a
non-empty path whose first and last vertices are equal. A graph is acyclic if no paths in it are
cycles. It is connected if for every pair of vertices u, v there is a path whose ending points are

precisely u, v.

Definition 4.8. A directed A-nominal graph is an A-nominal tree if it is a directed rooted tree.

4.2.2 Properties of nominal trees

We investigate and present some properties of A-nominal graphs and trees. We notably relate

A-nominal trees and A-partially ordered sets.

Proposition 4.9. Let T = (V,E, f) be an A-nominal graph (respectively tree). Let B such that
A C B Ciin A. Then, relying on the functor F : NSety — NSetp, (that is, the trivial inclusion
functor) F(T) = (F(V), F(E), F(f)) is a B-nominal graph (respectively tree).

We present some properties relating the names of V and those of E.

Lemma 4.10. Given an edge e : u — v of an A-nominal graph , then (v(e)\A) = (v(u)Uv(v))\A.

Proof. We start by proving the left to right inclusion. Let us suppose there exists a € (v(e) \
(v(u) U v(v))) \ A, and let us consider a fresh b, b#e, u,v,a, A. We then have (a,b) - € = e, but
(a,b)-u = uand (a,b)-v # v. As the graph’s map f : E — VXV isinjective, f((a,b)-e) £ f(e).
On the other hand, by nominality f((a,b) - €) = ((a,b) - u, (a,b) - v) = (u,v) = f(e). Hence, we
reach a contradiction and (v(e) \ A) € (v(u) U v(v)) \ A. The same reasoning works to prove the

reverse inclusion. m]

Proposition 4.11. A-nominal trees are conservative. For any pair of nodes u,v such that there

exists an edge e : u — v, then v(u) \ A C v(v) \ A. In particular, in a nominal tree v(u) C v(v).

Proof. Suppose that there is an a € (v(u) \ v(v)) \ A, and pick a b fresh : b#u,v,A. Then, as
the graph is A-nominal, there is an edge (a,b) - € : (a,b) - u — (a,b) - v = v. Therefore v
has two predecessors (a, b) - u and u. Now, taking a path from the root r to u, and one from r’
to (a,b) - u, we obtain two paths from r to v, contradicting the definition of the graph being a

directed tree. O



116 CHAPTER 4. NOMINAL STRUCTURES FOR ASYNCHRONOUS GAMES

We present another definition of directed tree within set theory. A subset S of a partially
ordered set (7, <) is well-ordered if < N(S X §) is a total order on S. A tree could be defined as a
partially ordered set (V, <) such that, for each element v € V, its down-closure v| = {w | w < v} is
well-ordered, together with the existence of a unique least element. This definition forgets about
any labelling E may bring, and hence is not equivalent to the first definition, though strongly
related. In this case, E is the subset of VXV embodying the successor relation  coming from the
partial order <. This definition does translate smoothly in our case. We recall that the successor

relation is defined as the relation such thatv - w © (v S wANVxv < x<w = (v = xVw = X))).

Proposition 4.12. o Let T be an A-nominal tree. Then T gives rise to an A-partially or-
dered set (S, <) such that the down-closure of each element is well-ordered.
o Let (S,<) be an A-partially ordered set such that the down-closure of each element is

well-ordered. Then this one provides a description of an A-nominal tree.

Proof. We rely on the correspondence established within set theory. let 7 be an A-nominal
tree. Forgetting about its nominal structure, it leads to a partially ordered set such that the
down-closure of each element is well-ordered, that is, the restriction of the partial order to this
subset is a total order. By definition, it set V is A-nominal, and as the partial order relation
is coming from (E, f), which are A-nominal objects, it is A-nominal. Therefore, it gives rise
to an A-nominal partially ordered set as expected. The reverse direction is proved on an equal

footing. O

The successor relation + on V is characterised by u + v if there exists an € € E such that u S
In that case, we say that u justifies v. Furthermore, we say that an element is initial if it is
justified by the root. Finally, we notice that the proposition [4.T1] entails that any vertex in a
nominal tree must remember the history of names leading to it. That is, if there is a name in the
support of an element w < v, then it must be in the support of v as well. Formally, for any vertex
veV,wehavev(v [)\ A =v(yv)\A.

4.2.3 Structured nominal trees

In this section, we give our trees additional structure that help us handle them easily. More
precisely, as any node remembers the names of the nodes appearing in its downward closure,

we present nodes as lists, that reflect on their downward closures.

Definition 4.13. A structured A-nominal tree (V, E, f) is an A-nominal tree such that:
e the vertices are finite lists of elements.
o the root is the empty list.

o ifthereisanedgee : vi — vy, then vy = v .k, where k is a list of length 1, and e = (v, ;).

Note that a structured tree is perfectly defined by its set V. Hence in the sequel, we will forget

about E. Furthermore, in a structured tree, the lengths of the lists correspond actually to the
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distances between the nodes and the root. In that case, to each vertex v, the well-ordered set
v] of vertices that appear before it is simply the set of pre-sequences of v. For simplicity, we
write v for the last element of the list. Therefore, "v™ = v only if v is the root or is initial.
Similarly, we write "e™ for k, called its view. Let us note that an edge in a structured tree
is perfectly specified by its starting node and its view. Given an A-nominal tree, there is a
canonical structured A-nominal tree associated, by replacing each node v with v structured as

a list, and by replacing E with the appropriate set of V x V

We present below a convenient way to construct structured nominal trees. We start with a

way to produce directed trees within set theory.

Proposition 4.14. Let T be a set of finite lists. We define its closure Clos(T) by:
Clos(T) ={l|3L € T,3l;, LI, = b}

and equipping it with its natural partial order 1| < I if 1} is a prefix of l,. Then (Clos(T), V) is

a directed tree, where v is the successor relation associated with <.

This follows straightforwardly from the characterisation of directed tree as poset having a
single minimal element, here the empty-list, and well-ordered downward closure for each of
their elements. This proposition provides a simple way to check if a set of lists 7 produces a

directed tree, one simply needs to check that T = Clos(T).

Proposition 4.15. Given a set of lists T such that Clos(T) = T, w(T) = A, then T is an A-

nominal tree.

Proof. We set V. = T, E the required subset of V x V, and f being the injection function
E — V x V. Writing A for v(T'), we need to prove that E is A-nominal. This follows by noticing
that given (vi,v2) € V X V, such as v, = vy.k, and 7#A then 7 - (v{,v;) € V X V by definition of
V being A-nominal. Therefore, E is A-nominal, and the natural injection function is A-nominal

also. Therefore, (V, E, f) is an A-nominal graph, forming an directed tree. O

The next theorem presents some constructions that will be useful to build structured nominal
trees. To start, we introduce the following definition, that allows us to see sets as lists. Given
n A; nominal sets S;, we define S;.55.....S, to be the set of lists [ = [;.....[, such that [; € §;.
Finally, given a structured tree 7, we say that an element / of 7 is maximal if it is maximal with

relation to the partial order. We write Max(T) for the set of such lists.

Definition 4.16. Given T, T, two structured A1, Ay-nominal trees respectively, we define T1.T

as the following set of lists:
T1. T, =TV {li.b |1 € Max(T1), 1, € T»}

Given n A; nominal trees T;, we define their rooted sum @ie[ln] T;, to be the set of lists
Uieri. iINi(T;) where ini(T;) = {€} W {(in;e).l | e.l € T}, and e is a list of length 1.
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Theorem 4.17. In the following, we will consider T; to be structured, orbit-finite, A;-nominal
trees.
o T1.T>....T, is a structured (\Je[1 ) Ai)-nominal tree.

. @ie[l’n] T; is a structured | J;c) ) Ai-nominal tree.

Ui Ti = {1 3i € [0,n],l € T} is a structured | J;cpo ) Ai-nominal tree.

Given n A; nominal sets S ;, Clos(S 1.8 2. ... §,) is a Uje[1 n) Ai-nominal tree. For instance,

given an element a, then seeing a as a list of length 1, Clos{a} is a v(a)-nominal tree.

Proof. The proofs of all these statements rely on proposition|4.15] following a similar reasoning.
Therefore, we only present the proof for the first. We start by noticing that Clos(7,.75. ....T,) =
T,.T,.....T,, and, by proposition@, one gets that v(T'1.75. ... .T,) € Ujep1,n v(T3). That allows
us to conclude the proof. O

Given a vertex v, we write V' for the i element of v, subject that i < length(v).

Definition 4.18. We define the relation of compatibility for equality, written C .
o Given two elements x,y of a nominal set without additional structure, we say that x,y are
compatible for equality, written x Cyif x~y=x=y
o Given two vertices of a structured nominal tree v,w, we say that v,w are compatible for
equality, written v C w, if Vi < min(length(v), length(w)), (' C V').

There are a few interesting properties about the relation C that will prove useful in the future.
We present them below.

e ifvCVv andv =~V thenv ="

e ifvyCvandw <v,w <V thenw C w'.

e if =(u C v) and (v < w) then =(u C w).

The last property merely states that C° (the complement of C in V X V) somehow behaves like a

conflict relation in an event structure. This will be relevant for the next section [4.3]

Proposition 4.19. If v C w then one can speak about v N'w = v'2W2.V such that

i = max{j < min(length(v), length(w)) | v/ = w/}.

The proof is straightforward. In the case where =(v C w), we will say, despite the fact that the
two elements might have a greatest lower bound, that the intersection is ill-defined. We do so to

avoid the intersection to be too dependent on the names chosen.

4.3 Bohm trees

Bohm trees are among the most famous nominal trees in the literature, although they have, to the
best of the author’s knowledge, never been presented from a nominal point of view. Accordingly,

the definition is presented for terms, not for their classes of @-equivalence.
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Given a game semantics for a pure functional programming language (that is, without ef-
fects), there is a strong relationship between the object denoting a type, and the Béhm trees of
the terms realising this type. This has been the subject of the investigation of [64, 22| 74, [21]],
and we will give more details once the definition of arena for tensorial logic types is settled.

4.3.1 Nominal tensorial calculus

We enrich the terms of the lambda tensorial calculus with a nominal flavour, to make them in-
line with our framework. That is, we change the structure of terms in a suitable manner to relate

them to the nominal structures previously defined. In the sequel x,y,z € A @ {e}.

Types TY>T,U=X|1|-T | T®U
Terms TEstu:= x| e |tu|—t|t®u|letzbe x®yint
Typing context =0 |x:7,T

where X € TVar

I' is a typing context, that is, a set of variables together with a type. We write x : 7,T for
{x : T} UT, with x such that x#I". That is, the set of variables is separated. The typing rules of
our terms are as follows, where we write L for the type —1.

I're: T

kel Tl T TiXrx:iX  X€Ax
ILx:Urt: L Trt:T
I't—t:=2U T,f:=Tt ft:L f € Acelis, fH#L.
F+¢:T Avru:U x:T,y:Urt:V

LN : Acells 3 z #T.
LAFtQu:TQU u F,Z1T®Ul-|etzbex®y|nz;v cells @ <

We only present the fragment without cut, since cut-free proofs yields terms in normal form, in
the sense that no S-reduction steps can be applied to them. Note that we imposed ##u in the right
tensor rule to avoid term like (let u be (x®y) in x®y)® (let v be (x®y) in x®y) which would
be, otherwise, perfectly valid.

We will simplify the terms and the typing system a bit, transforming it into an almost equiv-
alent one. This transformation is akin to the transformation of the original sequent calculus of
multiplicative tensorial logic to the focalised one. This will allow us to having terms with more
structure, and comes at a the price of some mild assumptions and restrictions on terms:

e Forgetting about terms whose open variables are of type T ® U. That is, the variables of

our open terms are either atomic, or of negation type. One can easily transform a term
that got an open variable of type U ® V into an somehow equivalent one having two open

variables of types U, V.
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o Considering that the ® operation on types and terms is strictly associative: T ® (U® V) =
(T ® U)® V, and similarly for terms.

The terms and types now have the following forms:

Types TY>T,U:=X | 1| -T | QT
i
Terms TEstu:= x| e | ®t,- | tu | =(x1,...xp).1;
i
Typing context =0 |x:7,T

where X € TVar

where we assume that, when writing ® t;, none of the #; were already tensor terms.

The typing rules for terms are as follows:

- re: T B
Fe:l Te lrt T x:XFx:X X€Ax
Ixi:U,eox, Uyt L I're: T
€ Acells, fHI.
FF_'(xl""’x")‘t:_'(®ie[1,n]Ui) ILf:=T¢rft:L f cells J’
vt : Ty I,vt,:T,

Vi# je[l,n].l;, t#),t;
Cies Tn b Qg ti? Qg Ti

We call terms coming from this typing system focalised terms.

We now define an equivalence relation on terms of the tensorial lambda-calcululs.

Definition 4.20. We define the o-equivalence between terms of the tensorial lambda-calculus

of the same type as the smallest reflexive transitive relation such that:

letzbe(x®y)in letw=w®v)int~, letw=w®v)in letzbe(x®y)int
(letzbe(x®y)inH®v ~, letzbe (x®y)in (t®v)
t@(letzbe (x®y)inv) ~, letzbe (x®y)in (t®v)
f(letzbe(x®y)int) ~, letzbe (x®y)in f(z)
let zbe (x®y) in =t ~; . letzbe (x®y)in ¢

t~,t = C[t] ~» C[t']

where C is any context coming from a formula of tensorial logic. Furthermore, we define the
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following rewriting system:

letzbe (x®y)in letxbe u®v)int— letzbe(u®@v®y)int
letzbe(x®y)in letybe(m®v)int — letzbe (x®y®v)int
V1, e Xy ey V). et xbe (1 ® ...Qu,) iNt — =(Vi, .y ] ... Q Uy, ..., Vy).t
tQ(U®Vv) > tQQueVv
(tQU)®V > 1tQueVv

t—=1t = C[tf] - C[]

We denote by ~ the reflexive transitive closure of the relation —.

Proposition 4.21. Every well-typed term t whose open variables are not of tensor types is o-
equivalent to a well-typed term t' such that t' ~» t”" and t” is a focalised term of the same type

as t. Furthermore t” is unique satisfying this property.

The proof is similar to the proof that every proof of MLL is equivalent to a proof of the
focalised fragment of MLL, and hence will not be reproduced here. Indeed, the o equivalence
rules are precisely the rules coming from the permutations of rules in proofs of tensorial logic.
Finally, the rewriting system giving rise to ~» encapsulates precisely the transformation to a

strictly associative terminology.

We define bound and open variables for terms of focalised tensorial logic.

bv(x) =0 fv(x) = x

bv(e) =0 fv(e) =0

bv(tu) = bv(r) U bv(u) fv(tu) = fv(r) U fv(u)

bv((=(x1, .eoy Xp).1) = {Xx1, ..., X, ) U bV(E)  Tv(=(xq, .., x,).0) = (@) \ {x1, .., x,}
bv(t ® u) = bv(r) U bv(u) fv(t ® u) = fv(r) U fv(u)

As our terms are based on names, one can define the action of a permutation on them.

e 1-x = m-x (thatis, the action on the term x is the action on name x).
e T-e— e,
o -(tu)=(m-1)(m-u)
o - (=(x1, .o, Xp)tt) = (- X1y eey T Xp).(7T - 11)
by

-(t®u)=(r-H)Q (- u)

Writing (x, y) for the smallest permutation that switches x, y, the a-equivalence on terms is
defined as the smallest relation =, on terms such that:

o x =, xif x € AW {e}.

e tu=,tuift=,¢t andu =, u'.

e IQu=,t'Qu ift =, andu =, .

& (X1 ey Xp)-t =¢ (X, s X))

v()}l, seey yn)#t, t,’ (x17y1)(x2’ y2)-'~(xn: yn) . t :Of (x/17y1)(x,27 yz)""(x;p yn) . t/'

We write [¢], for the equivalence class of ¢ under a-equivalence. Formally:
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[t]e = {t’ | I =q t}

One can notice that t =, ' = fv(r) = fv(¢’). Furthermore, the support of [¢], is precisely fv(r),

hence it has finite support.

4.3.2 Bohm trees

A Bohm tree is a presentation of the a-equivalence class of a focalised A-term in normal form,
under the shape of a tree. We present in the figure below the general shape of a Bohm tree,
and it should be clear from context how one can assign to an (@-equivalence class of a) term
its associated Bohm tree. Though B6hm trees are naturally typed, they are more general than
terms: to some Bohm trees might correspond no well-typed terms. Furthermore, in a B6hm
tree two additional constants are added. For each type T we introduce a constant of type Qr,
and a special constant U, of type L. Qr reflects that we stop the exploration of the tree at this
stage. It has to be seen like a decision made by the environment, declaring that it does not wish
to explore the branch of the tree any further. On the other hand U, reflects a failure from the
tree to provide a sub-tree of the appropriate type. From the game semantics point of view it
expresses the fact that term/strategy cannot answer a query from the opponent. These intuitions

will be made clearer later, in section 4.7}

A Bohm tree M on a simple type T of the form —=(7'; ® ... ® T},) is of the following shape:

Figure 4.1: Structure of a Bohm tree of type (71 ® ... ® T},)

It corresponds to an a-equivalence class of terms of the shape —(xy, ..., xp,).f(11 ® ... ® 1)),
where ¢; are the terms corresponding to the sub-trees M;, themselves seen as Bohm trees. How-
ever, the Bohm trees M; now have additional information: the bound names (xi, ..., x;) intro-
duced by the first edge, together with their types. Therefore, we introduce a finite typing context
I', that represents the names that have been disclosed to the tree. They correspond to the free

variables of a term.

We say that a type T is ®-irreducible if it cannot be decomposed into 7 = 71 ® T». A
®-irreducible type is either an atomic type or a negated type: 7' = —U. Therefore, the types of
the focalised tensorial calculus are of three sorts: negated types, atomic types, or types of the

shape 7| ® ... ® T), (with n > 1). Finally, we impose that in the typing context I', the names of
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Acgelis have types negated types only, whereas the names of Ay have types their corresponding

atomic types.

Definition 4.22. For ' a typing context, writing S for v('), we define a I'-Bohm tree M on the

type T to be a is a structured S -nominal tree, whose structure is depending on the structure of
the type.

If T is a negated type, T = (T ® ... ® Ty,,), where each T; is ®-irreducible, then a I'-Bohm
tree M is in one of the following three forms:

1. A tree Clos([—(x1, ..., xp) f1s .My,
o [f T; is not an atomic type, then x; € Aggis.

,,,,, x,) such that:
o if T; is an atomic type X then x; € Ay.
o if T; is the atomic type I, then x; = e.
o Vi, ji# j= xi#txjand (x1, ..., x,)H#S.
e Defining IV =T U (x1 : T1,y o0y X & Ti), f € v(I') N Acelis and therefore is of type
U =-(V).
,,,,, x, s a I""- Bohm tree of type V.
o Given (1, ..., Vm) € [(X1, ..., Xm)]s, and w permutation of minimal support such that
(X1 ey X)) = V1 ooy Ym) then My, =70 My, .y,
2. Clos([=(x1, ..., x,) U |s) where the x; have same constraints as above.

3. Clos({Qr})

If T is an atomic type then a I'-Bohm tree of type T is in one of the following forms:
e Clos({Qr).

e Clos({e}) if T = I.

e Clos([x]s) fora given x € Ax if T = X € TVar.

And finally we define a I'-Bohm tree of type T1 ® ... ® T, to be the a rooted sum of I'-Béhm
trees My, ..M, of types Ty, ..., T, respectively.

Given an a-equivalence class of terms [f],, one can assign its associated I'- Bohm tree,
where I is its context set of free variables. Therefore, the Bohm tree associated with a term is a
structured fv(¢)-nominal tree, and therefore, it is a structured nominal tree if and only if the term
is closed. For instance, the structured Bohm tree associated with the term x of type X consists
of one root and one initial element x. On the other hand, the Bohm tree associated with the term
=(f, x).fx, of type =(—=X ® X) is a nominal tree of empty support that consists of the closure of
a set of lists of length 2 Clos({—=(f, x)f.x | f € Agalis, X € Ax}).

We give some more examples below.  The Bohm tree associated to the term
=(x,w, f, g, h).h(x® —u.(gw® —v.(f(u®v)))))), of type - (XY (~(Z@®W)® (—~(Y ® -W))®
(~(X ® =Z))) is presented in the figure [#.2] below. Another interesting Bohm tree is the one of
the term presented in figure 3] whose associated Bohm tree is displayed in the next figure §.4]

While displaying these structured trees, we denote each edge e by its view "e™.
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=(x,w, f, g Wh.iny=(u)g.inp—(v) f.inju =(x,w, f, g Wh.ing=(u)g.inp—(v) f.inpv

—(x,w, f, g, Wh|x € As,we Ap, f,8,h € Acals

Figure 4.2: Bohm tree associated with [—(x, w, f, g, h).h(x ® —~u.(g(w Q@ —v.(f(u ® v)))))]a

u:Xru:X w:Yrw:Y
u: X, f:-Xrf(u:L w:Y,g:=Yrgw):L
v:X®-XF letvbe(w® f)in f(u): L x:Y®-Yr letxbe(w®g)ingw): L
F =, f).f(u) : (X ®-X) Fo(w®g).gw): (Y ®-Y)

Falu, ).f) @ -(w®g)gw) : «(X®-X)® (Y ® YY)
Figure 4.3: A term of the tensorial lambda calculus

4.4 Nominal dialogue games

We now have all the background material necessary to begin to present the objects that will
be the interpretation of our formulas of tensorial logic. We approximately follow the presen-
tation given in [69]], while carefully adapting it with names. We start by presenting the tree-
interpretation of formulas, though these trees will not be the final interpretation. In the following
section4.6] we will equip them with additional structure, transforming them into asynchronous
graphs. Those will be precisely the arenas on which the strategies, defined in the next chapter[5]

will play.

We remind that in a structured tree, each vertex is a list [, and we write "/ for the last element
of the list. Furthermore, we remind that a pattern is a sequence highlighting the position of an

element.
pattern ::= inlpattern | inrpattern | €

Finally, given a structured nominal tree A, we write A for its set of lists that are non empty.

Definition 4.23. A dialogue game is a structured O-nominal tree A whose vertices, except for
the root, are either labelled cells or values (that is, with a function label : A > {cells, values}),
and such that x + y = label(x) # label(y). Each cell ¢ is such that "c™ is of the shape pattern(a)

(often written « for short), where a € A. Furthermore, this graph is equipped with a function



4.4. NOMINAL DIALOGUE GAMES 125

in2—=(w, g)g.w

inp—(w, )g

f € Aces, u € Ax inj=(u, f) IN=(w, 8)g g € Acells & € Ay

Figure 4.4: Bohm tree associated with [—(u, f).f (1) ® =(w ® g).g(W)]y

A:A > {=1,1}, called polarity, such that for each cell & and value v :
atv= Aa) = AWV) via = Aa) £ Av)

We request that the initial vertices are cells that consists of a unique name members of Agglis,
that is, all initial cells are equivalent. A dialogue game is said to be positive if all the initial

cells are of positive polarity, and negative if all the initial cells are of negative polarity.

The values and cells of positive polarity are those belonging to proponent, often called
player, whereas those of negative polarity are related to opponent. In this graph, each cell
represents a question, that is, a request of data. On the other hand, the values represent the
answer to the question, that is, they correspond to new data. For historical reasons, the polarity of
the cell does not correspond to the protagonist asking the question, but the protagonist answering
it. That is, proponent will asks questions, or bring cells, of polarity —1, but will answer questions
of polarity 1. We write that a cell is typed if the support of its last element belongs in Ay, and
untyped if it belongs in Aggs. If the name of a cell belongs in Ay, we say that the cell is of type
X.

In our games, the only values we will encounter are products of patterned e, as the only
ground type we work with is /. In the case where one would like to implement a program-
ming language based on the tensorial lambda calculus extended with Booleans or integers, for
instance, then the values would range over these two sets. Furthermore, if one woud like to
implement a nominal language, such as the v-calculus, then the values could be nominal. Sim-
ilarly, if one were to adapt them to cope with references, or other kind of resources, that are
encoded nominally (just as in [[76]] [[77] for instance), then, in that case, our values would not

necessarily have empty support anymore.

4.4.1 Interpretation of formulas

The interpretation of formulas as dialogue games has been introduced in [[69]], but we slightly

modify it here. Indeed, in the original presentation, the dialogue games were forests, rooted
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at values, whereas here we forget the root and focus on the initial elements, that are cells. The
initial cells always have polarity +1 by definition. Therefore the polarity function is fully defined

for the whole tree from the two equations:

atv= Aa) = AV) via = Ala) # AW).

Thus, in the future, we only present the set of nodes, as the polarity of each node can simply be
computed from its distance from the root. We request that all dialogue games that are denotation
of formulas have positive polarity. Negative dialogue games will be later used to denote the

arena on which the strategies play.

In the sequel, by abuse of notation and terminology, we will not make the distinction be-
tween the formula and its denotation as a dialogue game. For instance we write “dialogue games
A, B” instead of “dialogue games that are denotations of formulas A, B”. There is a nice graphi-
cal display for dialogue games tha was introduced in [69]] that we recall below. In order to draw
the graphs, we only display one node for each equivalence class of nodes . Furthermore, we do

not display the root. The values are represented as filled circles :

Whereas the cells are drawn as smaller, plain circles.
@

By definition, the initial elements of the dialogue games are always cells of positive polarity.

For a value justifying multiple cells, we adopt the following drawing convention:

¢

The interpretation of formulas is given below. First, we define the sum of two dialogue games

A and B by merging their initial cell. This is a slight variant of the rooted sum.

YYYY

Formally, given two dialogue games A, B, we define A @ B by:

Clos({a.inl(v).l | a.v.l € A}) U Clos({a.inr(v).l | @.v.l € B})
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A dialogue game is simple if each initial cell justifies a unique value. That is, if it cannot be

written as a sum of two dialogue games.

The second step consists in defining the negation. First, given a dialogue game A, we define
A* as being just like A but with a reverse polarity function, A4+ = —14. A* is not a dialogue
game, as its initial elements have negative polarity. We solve this by lifting it, that is, adding a

couple (a, v) such that v justifies the initial cells of A*, and « is an untyped cell.

IR A
:

Formally, we set:

—(A) = Clos(Aceris.{*}).A

where we recall that the concatenation of structured trees is defined in 416

The tensor product of two simple games A and B is defined by merging their initial cells and

their initial values. The associated picture is displayed below;

s> 8D SO
® =
@ @

Relying on the the distributivity of @ over ®, we generalise the definition for any dialogue

game. For instance, we display the product in the case of two dialogues games having two initial

values.

s> GO T D OHCMOCSOH@OEOCTHEOTD

® =
@ @
So formally, for two games A, B, the list definition of the tree A ® B is:

A ® B = Clos({a.(vi, v2).inl(B).l. | @vi.B.L € AAav, € B})
U Clos({a.(vi, v2).inr(B).l | @.v,.8.l € B A a.vy € A})

We now give the interpretation of the units. The game 1 consists of a unique value, justified by
a set of cells of Acgls.
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?

[71 = Clos(Acelis-{®})

Properly, we write :

The game for 0 is a 1-orbit set of equivalent untyped cells.

@

That is :

[0] = Clos(Acelis)

The remaining units T and L are defined through the equations T = =0 and L = —1. Finally,
we give the interpretation of an atomic type X. We want it to be a typed resource brought by
proponent. Therefore, we define the denotation of X to be the nominal graph displayed below,

where y € Ay.

In terms of lists, this gives :

[X] = Clos(Acels-{®}.Ax)

Finally, we extend our denotation to any formula of tensorial logic through [A ® B] =
[ATIQ[B], [-Al = —[A] and [A® B] = [Al @ [B]. Let us note here that the fact that the typed
names are brought in cells, and not values, is a choice that we made. We could certainly have
designed similar games where typed resources are values and obtained similar results. However,
as each atomic variable can be interpreted as a hole, that can be filled with any other formulas,
it made sense to put it into a cell. Moreover, this incorporation allows us to deal with them

through the sequentiality structure, defined in the course of the next chapter[5.3.2]

4.4.1.1 On negative dialogue games

In the next chapter, we will consider, following [69]], that strategies A — B are sets of plays

in A> B = (A ® —B)", where the (.)* denotes the function that inverses polarities. Given that
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A, B will be positive, A » B shall be a negative game. To refer to such structure, we name it

pre-dialogue game. We draw below how it looks like in the case where A, B are simple.

Figure 4.5: Pre-dialogue game A > B

In order to deal with composition, we have to speak about global sequences in a structure
A > B C, such that it has locally the structure of A > B on the left-hand side and B > C on the
right-hand side. More precisely, we define the structure A » B » C to be the dialogue game
A ® ~(B ® —C) except that we do not endow it with a polarity function.

The shape of the dialogue game A » B> C is displayed in the picture below [4.6] whenever
A, B, C are simple.

Figure 4.6: Structure of A> B> C
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4.4.1.2 Distributivity, normal form and dialogue games

Recalling that a dialogue game is simple if each initial cell justifies only one value, every dia-
logue game A can be decomposed as a finite sum of simple games: A = P ;A;. Furthermore,
any simple game can be written A = ®iA,- where each A; is simple and ®-irreducible, that is,
cannot be written A; = By ® B,. We characterise the ®-irreducibility of simple games by the
fact that the unique initial value justifies a set of cells such that all cells are equivalent. In other
terms, the set of cells justified by the initial value forms a 1-orbit set. Therefore, each game
can be decomposed as (P .(X)
depends on i.

I A; j), where we write j | i to indicate that the set j ranges upon

Furthermore, if we were to forget some of the bureaucracy given by the patterns, there would
be a bijection between the positive dialogue games such that every typed cell is terminal (that
is, forms a maximal vertex of the structured tree), and the formulas of tensorial logic, up to
associativity-distributivity equivalence, as defined in section 2.3.2.1] More precisely, to each
positive dialogue game such that typed cells are terminals, looking only at its structure (that is,
forgetting about the additional data given with the ordering of patterns), a formula of tensorial
logic in normal form can be canonically associated, and reversely. Additionally, given a normal
form formula of tensorial logic, and its associated dialogue game, to each untyped cell of the
dialogue game corresponds a sub-formula of the initial formula, and reciprocally. Hence, the
dialogue game of a certain type can be seen as a variant of the syntactical tree of the formula of

this type.

4.5 Nominal event structures and linear di-domains

In this section, we present the definition of nominal event structures, and expose their corre-
spondence with nominal di-domains. This will enable us to associate to each dialogue game an
event structure, through the intermediate description of moves. Thanks to that correspondence,
we will be able to conclude that the set of positions associated with a dialogue game forms a

nominal di-domain. We start by laying the definition of nominal event structure.

Definition 4.24. A nominal event structure E = (|E|, <, ) consists of:
e A nominal set |E|.
o A nominal partial order relation < .

o A symmetric irreflexive nominal conflict relation — such thatm — nandn < p = m — p.

A nominal event structure is linear ifVe,e’ € |[E|.(e e’ Ne#¢') = e ¢,

We restrict to orbit finite event structures, that are those whose nominal sets |E| are orbit
finite. We write T for the complement of the conflict relation: e T ¢’ & —(e — ¢'). If e T ¢/,
we say that e, ¢’ are compatible. In particular, if ¢ < ¢’ then e 7T ¢’. Finally, we say that two

events are independent if they are compatible and not related by the partial order: e T ¢’ A=(e <
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e )A=(e’ < e). To simplify, we write e € E for e € |E|. For the orbit finite linear event structures,

the axiom of finite causes holds automatically:

Ve € Efe’ | ¢ < e} is finite.

The linearity hypothesis states that two equivalent events are in conflict, that is, they cannot
happen within the same configuration. This assumption has major consequences on the design

of the event structures.

Proposition 4.25. Let E be a linear event structure, and e,e’ € E such that e < e’. Then

v(e) C v(e).

Proof. Suppose da € A such that a € v(e) \ v(¢’), and consider also b such that b#e, e¢’. As the
relation < is nominal, (a,b) - ¢ < (a,b) - €. On the other hand (a,b) - ¢’ = ¢’ and (a,b) - e # e.
From linearity, we know that ¢ — (a, b) - e. Therefore, as e — (a,b) - ¢ < ¢’, by the axiom of
event structures, e — ¢’. Finally, as e < ¢’, this leads to e 7 ¢’, contradicting e - ¢’. To sum up,

v(e) C v(e'). O

Therefore, the nominal trees behave in a compatible manner with regards to linear nominal
event structures. Indeed, each nominal tree can be seen as a finite orbit nominal partial ordered
set. Furthermore, since they are conservative, they can be extended with a notion of conflict
that transforms them to linear event structures. That is, the relation — defined by v; « vy if

=(v1 C v,) behaves like a conflict relation in a nominal event structure.

We introduce the notion of positions. We recall that in a partially ordered set P, given D C P,

we write D] for the downward closure of D, defined as being the following subset:
D|={peP|AdeD,p<d}.

Definition 4.26. A position p of a nominal event structure is a finitely supported set of events
such that:

o pis conflict-free: Ye,e' € p.e T €.

e pis downward closed: p = pl

As a result, no two events in a position are in conflict. We write Pos(A) for the set of
positions of A. We define the actions of nominal permutations on Pos(A) as follows: - p =

{m-e| e € p}. Inan orbit finite linear event structure, the positions have a useful representation.

Proposition 4.27. o Let S be a finitely supported subset of a nominal partially ordered set
E . Thenv(S]) Cv(S).
o Let p be a position in an orbit finite linear event structure E. Then ey, ...,e, € E such
that p = {ey, ...,ex}l.

Proof. Let n#S. Then for any e € (S|), m-e € (m-S)| = S|. Reversely, forany e € 7- (S |),
eeS|.Son-(S])=(S5]), and therefore v(S]) C v(S).



132 CHAPTER 4. NOMINAL STRUCTURES FOR ASYNCHRONOUS GAMES

We tackle the second bullet-point. We consider the set of elements that are maximal in p;
Max(p) = {e € p | Ae’ € p,e < €’}. As E is orbit finite, every chain of growing elements of p
is bounded by one of these elements, and p = Max(p)|. Furthermore, as E is orbit finite and
linear, Max(p) is finite. Indeed, if it were infinite, there would be some equivalent elements, and
these would be in conflict, contradicting p being a position. Therefore, Jey, ..., e, € E such that

p ={ey,....en} l. O

On the other hand, the reverse inclusion v(§) C v(S]) does not generally hold. Let E be

defined as follows:

E=({L}winl(A)winr(A), L <inl(A) <inr(A), —«= 0}

Then, we have {inl(a), inr(b)}] = inl(A) W {L, inr(b)}. Therefore, v({inl(a),inr(b)}) = {a, b}, but
v({inl(a), inr(b)}]) = {b}.

We introduce some notions that will be relevant for the sequel. In the set of positions, we
say that two positions py, p, are compatible, written p; T p», if the set {p;, p»} is bounded.
We will write Lg ( or simply L) for the empty position, and Pos*(E) for the set of non-empty
positions, that is Pos™(E) = Pos(E) \ {Lg}.

In ordinary set theory the set of positions of an event structure forms a di-domain. We

remind below some basic notions of domain theory, translated into nominal sets.

Definition 4.28. In this definition, all structures are assumed to be orbit finite.
e A nominal domain (D,Cp, Lp) is a nominal poset (D, Cp) together with a least element

1p. Abusing notation, we refer to D for the whole structure.

A nominal domain D is linear if for all x,y in D such that x # y and x =~ y, then x,y have

no common upper bound.

A nominal domain D is bounded complete if every finitely supported bounded subset X of
D has a least upper bound | | X.

A prime of a bounded complete domain D is an element p € D such that for any finitely
supported subset X of D, pC | | X = dx € X.p C x. We denote Pr(D) the set of primes of

a domain.

A nominal domain D is prime algebraic if it is bounded complete and
VxeDx=||{pE x|p € Pr(D)}.

We write di-domain for those nominal domains that are prime algebraic.

Proposition 4.29. In a bounded complete nominal domain, every finitely supported X C D has

a greatest lower bound, denoted [ | X.

Proof. We simply need to ensure that the set P = {y | Vx € X.y < x} has finite support. More
precisely, we can prove in a similar manner as the proof of proposition that v(P) C v(X).
Therefore, | | P is well-defined and is obviously the greatest lower bound of X. |
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Just as for its non-nominal counterpart, there is an equivalence between nominal di-domains and
event structures, that relies on a correspondence between the primes of the di-domains and the
events in one direction, and the positions of the event structures and the elements of the domains

for the other direction. Before doing the proof, we introduce this lemma.

Lemma 4.30. In a di-domain D, the following hold:
e Yp e Pr(D), Vp’ € [pl.p’ € Pr(D).
e [fDis linear then¥x € D, Vp,p’ e Pr(D).p,pP CxAp=p =>p=p..

Proof. Let p be a prime, and p’ = 7 - p, where 7 is any name permutation. Suppose p’ C LIX,
where X CD. Thenz~'-p’ C 2! - (| |X) = | J(x~!- X). Now, as p = 7! - p’ is prime, there is a
xsuch thatp C n~! - x and p’ C x. So p’ is prime. The second part of the proposition is obvious

by linearity. |

Proposition 4.31. o Let E = (|E|, <, ) be a nominal event structure. Then its set of posi-
tions ordered by inclusion form a di-domain. Furthermore, if the event structure is linear
then so is the di-domain.

o LetD = (D,Cp, Lp) be a nominal di-domain. Then its set of primes ordered by T forms
a nominal event structure, by setting p — p’ if {p, p’} has no upper bound. Furthermore,
if the domain is linear then so is the event structure.

o The two transformations are inverse to each other.

Proof. We start with an event structure, and endeavour to show that its set of positions forms
a di-domain. We already know that Pos(A) is a nominal set. Inclusion is obviously a nomi-
nal partial order relation, and there is a least element, namely the empty position. Hence, the
positions form a domain. As the event structure is orbit-finite, so is this domain. Let us sup-
pose that there is a set X of positions such that X is bounded, and X has finite support. As X
consists of a set of positions, and each of them is downward closed, we already know that the
set| |[X ={ee€ E| dx € X,e € x}issuch that | |X = (| | X)!, and therefore v(| | X) C v(X)
is finite. Furthermore, as it is bounded, it entails, dp.Vx € X.x C p. As a result, all events e
of | | X are in p, and therefore are compatible. Therefore | | X is a position. As a result, the
domain is bounded-complete. Finally, one can check that to each event e corresponds a prime

el =1{e'| ¢ <e}. Thenas p = J{el | e € p}, the domain is prime algebraic.

Now, we prove that if the event structure is linear, so is the di-domain. We consider two
positions p, p” such that p ~ p’ and p # p’. Then this entails that there are two elements
e,e’ € p,p’suchthate ~ ¢’ Ae # ¢'. As aresult, e — ¢'. Therefore, there is no position that
contains both e, ¢’, and therefore no position p’’ such that p, p’ < p”. Therefore, the domain is

linear.

We now focus on the reverse direction. By the previous lemma, we know that the set of
primes organises itself as a nominal set. As the set of primes forms a subset of the domain, the
nominal partial order relation C restricts straightforwardly to a nominal partial order relation on

the set of primes. Two primes are incompatible if their union is not bounded, and therefore the
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axiom required for - is clearly satisfied. In the case where the di-domain is linear, then every

two equivalent but different primes are incompatible, and therefore so is the event structure. O

4.5.1 Structured event structures and operations

In this section, we refine the class of event structures we will be working with. This additional

structure will allow us to define more easily some operations on them.

Definition 4.32. A free event structure is an event structure such that for each e, the position

e | is well-ordered.

In other words, a tree event-structure is an event structure such that (E, <) is a forest; a forest is

just like a tree, except that there might be several minimal elements.

Lemma 4.33. Every tree event structure is linear.

Proof. Let e an event, and f, f’ such that f ~ f” and f, f’ < e. Ase | is well-ordered, if f # f”
this implies f < f"or f’ < f. Letrbesuchthatr- f = f/,then In e Na" =n. Asn- f < f,
< being a nominal partial order relation and < being transitive, this entails 7" - f < f, that is,

f < f. This is a contradiction, implying that f = f’. Hence the event structure is linear. |

Recycling terminology from game semantics, we say that an element of an event structure
is initial if it is minimal with regards to the partial order. We write /¢ for the set of initial events
of E, and I for the set of non-initial ones. Formally, Ig = |E|\ Ig. In analogy with trees, we

defined structured tree event structures.

Definition 4.34. A tree event structure E is structured if:
o FEvery element e of |E| is a list.
e Given an element e € E, then, if e is not initial, it has a unique predecessor €', and
e=¢€."e.

o The initial elements are lists of length 1.

That is, each element of the event structure is a list that reflects on its downward closure. In
particular, in that case, E augmented with the empty list, acting as a bottom element, forms a
structured tree. Note that the partial order < of a structured tree comes from the prefix ordering.

Therefore, when defining a structured event structure E, we only need to specify |E| and .

We present two operations on structured tree event structures. To do so, we introduce this
notation: given three nominal sets A, B, C, together with two (implicit) nominal functions @, :
A — Band @, : B — C, we write A X¢ B for the fibred product of A, B over C:

Axc B={(x,y) € AXB|w(x) = m2(y)}.
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We will sometimes write x Xy for the elements of A X¢ B. Given two structured event structures
E, = (|E1], <1,~1), E2 = (|E2], <2,~2), together with a nominal set C, and two projections
wi : Ig, = C, wy : Ig, — C, we define the following operations:
e F1®E; =(|E|, <, ), where :
1. |[E| = {inl(ey).ep. ... .e, | e1.ea.....e, € |[E1|} W{inr(ey).ep. ....e, | e1.€2. ....e, € |E|}.
We overload the notation inl, inr for describing the two natural injections |E;| — |E]|.
2. —=inl(~1) Winr(—) Winl(|E{|) X inr(|E>]) Winr(|E>]) X inl(|E]).
* E\®cEy =(El, <, )
1. Ig = Ig, Xc IEg,.
2. Iz = {(i1, ir).inl(e2). ... .ey | i1.€a.....en € |E1l,(i1,02) € Ig)} W {(i1, 2).inr(e2). ... .en
i1.€3.....e, € |Es|,(i1,12) € Ig}
3. <is defined through the structure: e; < e if e; is a prefix of e;.
4. For e = (i1, i).inl(ey). ... .e,, we write e | E; for the event ij.e5.....e,, and e [ Er =
i>. Similarly, we can define projections in the case e = (i1, i2).inr(ey). ... .e,. Then,
ey~ eif(ei [ Ey~1ex T E)Vier I Ex~2ep | E2)

Proposition 4.35. Given E1, E, two structured tree event structures, then E1® E, and E1 ®¢ E»

are tree event structures.

The proof is immediate. We endeavour to determine how these operations lift at the level of
positions. For the first one, we have Pos™(E; @ E;) = inl(Pos*(E)) W inr(Pos™(E)). We write
W for the adequate binary operation, defined below:

inl(Pos(E1)) Winr(Pos(E,)) = {L} winl(Pos*(E)) W inr(Pos*(E,))
And therefore, we conclude that:
Pos(E; & E;) ~ Pos(E}) W Pos(E>).
The set Pos(E| ® cE») is a bit harder to describe in the general case. However, for every event
structure we will consider in the future, each position has a unique initial move. That is, for any

i1,ip € Ig, iy ~ ip. In that case, one can straightforwardly extend the functions @, @, from

initial events to positions.
e w(p) is undefined if p is empty.

o wi(p) = w(i1) if p # L and i; is the unique initial event of p.
and similarly for @,. Therefore, we overload the operator ® ¢ to sets of positions:

Pos(E1) ® cPos(E) = (L1, L) W Pos*(E;) Xc Pos*(E»)

And straightforwardly, in these cases, PoS(E| ® cE,) ~ Pos(E|) ® cPos(E»).

In the case where we do consider a cartesian product instead of a fibred product, we will

simply write ® , without specifying an additional set.



136 CHAPTER 4. NOMINAL STRUCTURES FOR ASYNCHRONOUS GAMES

4.5.2 Event structure of a dialogue game

Given a nominal set X, we call representative of X a minimal (not-nominal) subset S C X,
such that [S] = X. Minimality entails that V51,5, € S.(B1 # B2) = (B1 # B2). An orbit
finite nominal tree is automatically locally finite, in the sense that for every node v, the set

Succ(v) = {V' | v + V'} is orbit finite, where we remind that + denotes the successor relation.

We associate to each dialogue game of section 4.4.1]a structured tree event structure. Each
event roughly corresponds to either a player or opponent move. The conflict relation is designed
such that a position can only explore one side of the additive connective @, while allowing the
exploration of both sides of the multiplicative one ®. The event structure is built around the
concept of moves: the event structure is a structured one, and each event is a list of moves. We

first start by defining a look-alike event structure based on moves.

Definition 4.36. Given a dialogue game A, My = (My, <4, —4) is a nominal partially ordered

set with a relation — 4 on My, called conflict.

o The set My consists of all triples (a, v, S), where a, v are nodes of A and a + v, label(a) =
cells. S is a representative of Succ(v), and therefore is a set of cells. We will call moves
the elements of Ma. Moves will be denoted by m and variants. Given a move m = (a, v, S)
we write "m? for ("a,"v,"S ) where "S 7 ={"c"|ce S}

o We define the justifying relation between moves by m = (a,v,S) +4 (@’,V',S’) = m’ if
@' € S. In this case we say that m justifies m’, written m + m’. A move is initial if it is
not justified by any move. We write < for the reflexive transitive closure of v, leading to a
partially ordered set (M4, <).

o The relation of compatibility for equality, written C is stronger than in the case of trees

We define it first for moves:
(@,v,$)C (@ ,V,S)if@CV)A(WceSVc' eS'.cCc))

e The conflict relation between two moves is defined by m —4 m’ if (m C m’) = (label(vn
V') = cells)), where m = (a,v,S) and m’ = (a’,V',S").

A move (a, v, S) answers the query a with the value v, and brings forth S as new questions.
We will expose the intuitions behind this definition below. However, to start, it is important to
notice that (M4, <4,—4) is almost an event-structure, but not quite. To understand why, let us

consider the dialogue game T ® =T, displayed below.
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Figure 4.7: Dialogue game T ® =T

Let us pick two initial moves m; = (a,v,{ini(Cy),in2(cz)}) and my

(@,v1,{ini(c}),inz(C2)} such that ¢; # cj. Finally, we consider a third move m; =
{(ina(C2), v2,{c3}). Then we have m; — m, as they are not compatible for equality since
in(c}) # ing(c1). On the other hand m; + m3 and m; + m3. So m; is compatible with mj
but m; -« m; and m, < m3. So the conflict relation does not satisfy the necessary axiom to form

an event structure.

So we turn this into an event structure by listing the moves that happen. This way, we obtain

a tree event structure.

Definition 4.37. Given a dialogue game A, and its associated set of moves (Mg, <a,—4), we
define the event structure Event(A) = (|Eal, <a,—a) by overloading the notations <4, 4 as
follows:
e A nominal event e € E4 is a list mjy.m;.....m, where m; € My, my + My + ... + M, and
M, is an initial move. We write "e™ for m,,.

e Two events are compatible for equality if their moves are:
e1=my....m, Cer =ny...Ng if Vi < n, k.m; C n,.

e Two events are in conflicte — €' if (e Ce’) = e — T’

o As expected, e < ¢’ if e is a prefix of €.

Note that, as expected, ¢ ~ ¢’ Ae C ¢ = e = ¢. Let us remind that as the dialogue
game is a structured tree, every node encodes the nodes that happened before. Therefore, if
S,87#0.S CS’" = (vCV AaC ). However, it might be the case that §,5’ = 0, and that
is why one needs to add v C v’ to define properly this relation for moves. Note that two initial
moves that have not the same initial cells are in conflict, as they are not compatible for equality.

Therefore, each position is “rooted” in one single cell.

The underlying idea behind the definition of 4 is that only one value can fill a cell. For

instance, when defining the interpretation @ of two formulas, the two have same initial set of
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cells. Therefore, a position can only explore either the left or the right hand side of the @, but
not both, otherwise, in such a position, the initial cell would justify two values. On the other

hand, it can explore both sides of a ®.

The relation of compatibility for equality C is designed in order to exclude moves that are

almost equivalent. For instance, let us consider the following structure:

@

Then the two moves m; = (a, v, {inl(8), inr(8)}) and m, = (a, v, {inl(B), inr(y)}) are not equiv-
alent. However, they morally correspond to the same “move”, from an abstract point of view.
The relation C that we picked enforces that these two moves are not compatible for equality.

That is, =(m; C m;) and consequently m; — m;.

Proposition 4.38. The triple Event(A) is a nominal structured tree event structure.

Proof. The only property we need to check is the one related to the the conflict relation. Let
e,e’ such that e — ¢’ and ¢’ < ¢”. Then in the case where e C ¢, it entails that, writing "e™ =
(a,v,S) (and similarly for ¢’, ¢’’), vv'* = vny" and therefore label(vnv”’) = label(vnv’) = cells,
thus ¢’ — e. In the case where —(e C ¢’) then —=(e¢ C ¢”’) and therefore ¢ — ¢ as well.
Furthermore, if ¢ ~ ¢’ and —(e¢ = ¢’), then —=(e C ¢’), which entails ¢ — ¢’ as expected.

Therefore, the event structure is linear. O

Therefore, the positions of Event(A) form a prime algebraic domain. We denote it
(Pos(A),C4, L4). Furthermore, let us note that the polarity function extends to the event struc-

ture. Given "¢’ =m = (a, v, S) , wet set:

A(e) = A(m) = A(v) = )

leading to a polarised event structure.

Lemma 4.39. In a dialogue game, two different initial events are incompatible.

Proof. If two initial events are compatible for equality, for them to be different means they will
be rooted at the same initial cell and pick each a different value. But then the intersection of

these values will be an initial cell. O

One can notice that these games are actually fairly close to the nominal games from [31]],

where a move was also defined as a triple whose first and final element were names. However,
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this time, because of the linearity, we restrict the amount of threads that can depart from a move.
The positions of the dialogue game A can be seen as (not-equivariant) subtrees of A, subject to
some additional properties, such as, the leaves of the sub-tree can be values only if they do not

justify cells in the original tree.

For technical purposes, we extend the relation C to positions: pC g if Ve € p,Ve’ € g.e C ¢'.
In particular, p ~ g A p C g = p = q. Let us note that two non empty compatible positions in a
dialogue game are rooted at the same cell. That is, their root cells have the same name. Finally,

as expected, p Tg=p C q.

4.5.3 On moves and events

Despite the fact that the set of moves, together with its associated structure, does not form an
event structure, it nevertheless seems simpler to work with moves rather than events in the form
of lists. For instance, let us consider two positions p, g such that there exists an event e, p = gWe.
Then writing ¢ = my..m,,.M,. |, the event ¢’ = m;...m,, is in g, otherwise the position ¢ would not
be downward closed. So, the additional data that p has compared to ¢ is precisely "e™ = m,;.
In that case, we write ¢ = p W {m,,;1}, to highlight the move. Similarly, a position p is perfectly
described by the set of moves that happen in it, that is, by the set {"e™ | e € p}. In that case,
we write m € p as abuse of notation for, formally, de € p.m = "e™. Furthermore, given two
positions p,p’thenplUUp’ ={m|mepvmeptandpnp ={m|mepAmep’}. Hence,
when dealing with positions, it is enough to deal with moves. This is sum up in the following

proposition.

Proposition 4.40. A position is perfectly defined by the set {"e™ | e € p}.

In the sequel, we will establish some simple properties relating relations between moves and

relation between events.

Lemma 4.41. Given two moves m = (a,v,S) and (&’,v',S") = m’ the three properties are
equivalent:

em<m.

emCmandv<V.

e de, e’ suchthat™em=m, "¢ '=m’ande < €.

Recalling that < is the closure of the justifying relation + under transitivity and reflexivity,
we simply have, for the proof, to consider a chain leading up to m, and see that we can extend it
tom’.

We remind that two moves m, m’ are compatible, written m T m’ if they are not in conflict
—(m — m’). This translates intom T m’ & m C m’ A label(v N v") = value where v,V are the
values of m, m’ respectively.

Lemma 4.42. emTm & e, e suchthat™e'=m, ¢ '=m’ande T €.
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emvem & VYee.(Tel=mATdT '=m)= e e
emCm o de,e"e'=m.TeT=m"AeCe.

Proof. We consider two events e, ¢’ such that "e™ = m and "¢’ = m’, and such that all cells
¢ that correspond to nodes that are not below m or m’, are such that c#m,m’. Then, let us
consider two cells ¢, ¢’ belonging to some moves in e, ¢’ such that ¢ ~ ¢’ A ¢ # ¢’. Then, this
cell does not correspond to a node below m, m’, otherwise they would be compatible. Hence we
can change the name of, for instance, ¢ with a permutation x, such that it does not affect its last

move "m-el=m. m]

Definition 4.43. e [n an event structure, two events e, e’ are independent if they are com-
patible e T ¢’ and not related by the partial order —=((e < ') V (¢’ < e)).
e By analogy, we say two moves m,m\’ are independent, ifm T m’ A (=((m <m’) v (m’ <

m)).

Lemma 4.44. m,m’ are independent if and only if there exists e,e’ such that

m="e?,m’ ="¢'7, and the events e, ¢’ are independent.

Proof. If there exists two events e, ¢’ such that "e” = m, "e™ = m’, and e T €, then it implies
that m T m’, and, in particular m C m’. As e is not a sublist of ¢’, and neither the other way
around, it implies that ~(v < V")) A =(v' < v), where v,V are the values appearing in m, m’.

Therefore, the moves are not comparable with <. The reverse direction is similar. O

Given amove m = (a,v,S), we write "m™ for ("a™,"v","S7), where "S"'={"c'|c e S}.
The events ¢ = my...m, can be seen as ¢ ~ "my;..."m,, ", since the additional information that

ex+1 = My...Mgy has compared to e is fully encoded in "my, ;™.

As a conclusion of this Section, when it comes to positions and operations on them, one
can work with moves instead of events. Furthermore, for a move m, we can often refer to it as

"m’ = (a,"v",{B1,....5r}), not mentioning the nodes happening before in the tree.

4.5.4 Lifting the operations to events and positions

The goal of this section is to lift the operations on dialogue games to event structures and po-
sitions. That is, we would like to characterise the set of positions corresponding to denotations
of formulas of tensorial logic. We deal with the three connectives @, ®, -, but also tackle the
> operation. Finally, we introduce the notion of transverse positions on A » B, and prove that

transverse positions project well on A and B.

First, let us note that when we describe an event structure coming from a dialogue game,
we only need to specify the set |E|. Indeed, the partial order relation is the prefix relation, and

the conflict relation is structurally defined in the definition of dialogue game. Given a dialogue



4.5. NOMINAL EVENT STRUCTURES AND LINEAR DI-DOMAINS 141

game A, we write Event(A) for its associated event structure. First, we give a description of the

events and positions of our building blocks, the dialogue games 0, 1 and X.

e Event(0) = 0 and therefore Pos(0) = L.
e Event(l) ={m | "'m™ = (a, e,0) @ € Aceis} and therefore Pos(1) = L W Event(1)
e Event(X) ={m|™m™ = (a, o, {x}), @ € Agels, ¥ € Ax} and therefore

Pos(X) = {1} w Event(X).

We recall that Pos™(A) denotes the set of non-empty positions of A. Similarly, given a set of
positions X C Pos(A), we define X* C Pos*(A) for X \ {L}.

We start with the operation @. We establish that Event(A @ B) ~ Event(A) & Event(B), and

give a description of the isomorphism.

e Anevent e =~ "m;7....."m, " of Event(A @ B) where "m;" = (a,inl(v),S) is sent to
e =inl("mi™."my™....."m; 7, where "'m/ " = (a, v, S).

e Anevent e ~ "m;™....."m,” of Event(A @ B) where "m;” = (a,inr(v),S) is sent to
e =inr("m{™)."my". ...."m,, where "m/|™ = (a,v,S)

e Furthermore, given an event e = My...m,, and ¢’ = ny...n,, such that "m; ™ = (a, inl(e), S)
and "n;7 = (q,inr(e),S’), then if e C ¢’, calling v,V the values of my, n; respectively,
v NV = « and hence label(v N v") = cell. Therefore, ¢ — ¢’. Thus, we can prove that
—aep= iNl(—4) Winr(—p) winl(Event(A)) x inr(Event(B)) w inr(Event(B)) X inl(Event(A)).

This is obviously a bijection. As a result:

Pos(A @ B) = inl(Pos(A)) W inr(Pos(B))

We now tackle the ® case. We prove that Event(A ® B) ~ Event(A) ® 4, Event(B), where
the projections are:

wp : BEvent(A) - Ages : ((@,m,S).my.....m,) > «

@) : Event(B) — Acells : ((@,m,S).ms....M,) = «a

To simplify, we label both projections with the same name w1, since they act similarly.

e Let us consider an initial event e of Event(A ® B), then to e corresponds an initial move,
that is, an element of the form (a, (v1,v2),inl(S 1) Winr(S,)). Thus e ~ e X, €2, Where
e1 = (a,v1,51) € Event(A) and e5 = (@, V2, 52). S0 Iuep = Ia Xay, 1B

e Givenanevente ~ "m;."m;™....."m,," of Event(A ® B), such that the cell « that justifies
m; is of the shape inl(...), then e =~ ("i;" X4, "2 ").iNl("m2™)....."m,,". Similarly, in
the case where the cell that justifies my is of the shape inr(...), then e = ("i17 Xa,
T Ninr(Cmy ™). ...."m, .

o This isomorphism preserves the <, - structure. This comes from the fact that in a dialogue
game, two initial moves that are different are in conflict. Therefore, the conflict can only

come from the projections on A and B.
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Consequently, we get:

Pos(A ® B) ~ Pos(A) ® a_,,,Pos(B).

Therefore, given p € Pos(A ® B), we can define p [ A € Pos(A) and p | B € Pos(B).

Finally, we describe the event structure of Event(—A), in function of Event(T) and Event(A).
We remind that Event(T) = {(@,v1,8) | @,B € Aces}. Given "m™ = (a, vy, ) an initial move,
we set wp(m) = B, and given e = (@, v, C).Ms. ....m, € Event(A), we set @w;(e) = a as before.

We define the following operation:
Event(T) x“<s Event(A) = {(it,ea), ea = ia.My.....M, A @a(it) = @1(ia)}

where i+ € Event(T) and ¢4 € Event(A). Then Event(—A) = Event(T) & (Event(T) x“eels
Event(A)). Therefore, writing Pos™ for the non-empty positions, we have:

Pos(—A) = Pos(T) W (Pos*(T) x“<ls Pos*(A))

where the functions @, @, have been extended to non-empty positions straightforwardly as

before.

In this last paragraph, we interest ourselves in the structure of A> B = A ® - B. We start with

the events.

Event(A » B) = Event(A) ® x_,,.Event(—=B)

= Event(A) ® a,,,, (Event(T) & Event(T) x“<!s Event(B))
This allows us to define the set of positions:
Pos(A > B) = Pos(A) ® 4, (Pos(T) & (Pos™(T) xeels Pos*(B))).

Definition 4.45. A position p of A > B is transverse if it is not of the form (en, ig) where e, € I,
andip € I.g = Event(T). We denote Trans(A»B) the subset of transverse positions of Pos(A>B).

We would like to characterise the transverse positions of A»> B = A ® -B. We have the
following equations, where we write p = i.p’ to indicate that the unique initial move in the

position p is i:
Trans(A > B) ~ Pos(A) ® 4, (Pos™(T) x“=s Pos*(B))
~ {1} W {(a,v,S).p, (a,,B).08,v,S").p") | (a,v,S).p € Pos(A), (B,v,S").p" € Pos(B)}

= {1} W {{(a,v,S).p, B,v,S").p)|(a,v,S).p € Pos(A),(B,v,S").p" € Pos(B)}
= Pos(A) ® Pos(B)
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Therefore, given x a transverse position of A > B, one can talk of x [ A and x [ B. Further-
more, given two positions of x € Pos(A) and y € Pos(B), such that x # L4 & y # Lp, one can
form the position x >y € Trans(A > B).

4.5.5 A quick note on the removal of moves

In order to later define composition, given a position in x € Pos(A»> B> C), we have to be able to
speak of its A > B part, just as its B> C part, that is, define projections. Furthermore, if we want
to look only at its external part, that is, its part in A > C we have to forget its moves that belong
in B.

Thanks to the isomorphisms described above, these projections are well-defined. On the
other hand, in [30], where pointers are encoded through names just as we do here, projections
are defined through erasure of moves. However, this does not translate well in our setting. We

explain here why such a procedure fails. We denote by | the process of removing.

For instance, suppose that we try to remove the move m, as pictured below, where 7 has no

moves above, but T, has.

Suppose that the a in the above graph is a root, and consider the position (@, v,{S 1,8, S2}).
It would be natural to imagine that we could consider its projection into the new arena where
we have removed m. In order to do that, we need to replace the § in it with a new set of cells 75.
But what names shall we choose for T, ? There is no natural choice, hence the projection of a

position does not lead to a position, but to a set of positions.

4.5.6 Projecting positions into lists

The positions and arenas are designed with tensorial logic in mind. However, at the end we
would like to remove (by a quotient) the dynamic and project strategies onto an adequate model
of linear logic. That is, given a formula F of linear logic, and its translation (F) in tensorial
logic (where we remind that (.) denotes the focalised translation, defined in , we would

like to project the denotation (F)’ onto a denotation of F. As already explained, the denotation
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targeted is the category of separated polarised nominal relations defined in hence the
denotation of a formula would be a nominal set of polarised separated lists. We recall that ()’ is
the reverse translation from formulas, and proofs, of tensorial logic into formulas, and proofs,

of linear logic. It is defined such that ((A)7)! = A for any formula of A of linear logic.

Given a maximal position, seen as a subtree, we get its associated list by looking at its leaves.
A position p € Pos(A) is maximal if there are no positions p’ € Pos(A) such that p’ > p. We
write PosMax(A) for the set of maximal positions of A.

Given F a formula of tensorial logic, we define
proj, : PosMax([F]) — Nm) by induction on F. proj, sends a maximal
position to a list in the required set. However, this list is not necessarily separated nor linear.
We will later need to check that the lists arising from the projecting positions of the strategies
indeed project to relevant elements, that is, to nominal linear polarised relations. proj is a partial
function. Indeed, untyped cells correspond to the elements T or 0, denoted by the empty-set in

the category of polarised linear relations.

If F = X then PosMax([X]) = {(a, e, x) | @ € Agels, ¥ € Ay}, then:

proj(a, e, x) = (x, 1)

This is in [(X) INomLinRelPol» Since (X)! = X.
e If F =1 then PosMax([[{]]) = {(a, ®,0) | @ € Aceyis}, and:

pl'oj(a/, o, ®) = (., 1)

This is in [(/)' TNomLinRelPol, since (I)! = 1.
e If F =0 then PosMax([[0]) = {.L}, and we set:

proj(L) = 0.

that is, it proj is undefined for L. This is consistent since [[mm =0.

e if F = F; ® F, then PosMax([F; ® F]]) = PosMax(F) ® a_,,.PosMax(F2). So given
x € PosMax([F ® F>])), then x = (x1, x2) € PosMax(F})® a_,,,PosMax(F>). Then either
(x1,x2) = (L(F,), L(F,)), in which case it means either one of Fi, F» is O (suppose wlog
F1), and (F| ® F»)! = 0® (F,). Either none of them is L. In both case we have:

proj((x1, x2)) = (proj(x1), proj(x2))

This indeed belongs in [(Fi ® F2) INomLinRelPol as

[(F1 ® F2) InomLinRetPol = [(F1)! INomLinRetPol X [(F2)! INomLinRelPol-
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o if I = F| & F, then PosMax([F| @ F>]) = inl(PosMax(F;)) W inr(PosMax(F5)). Then:

x =inl(xp,) = proj(x) = inl(proj(xr,))

x =inr(xg,) = proj(x) = inr(proj(xr,))

In both cases these belong in [(F1 @ F2) INomLinRelPol as
[(F1 ® F2)! INomLingelrol = iNI(L(F1)! TNomLinRetpol ¥ INF([(F2)! INomLinRelPol)» since

(Fie Fy)' = (F1) @ (Fo).
e If F = =Fy, then PosMax([F]) =~ Pos*(—) x*eis PosMax(F). Then given x =~ ir.e,
where e € PosMax(F), we have:

proj(x) = proj(e)*.

Then as (=F)" = (F)))*, we get proj(x) € [(F)" INomLinRelPol-

The projection function could also has been defined by looking at a maximal position as a
sub-tree of the initial dialogue game. We give a brief example. Let us consider a position of a
dialogue game of type T = A & B, such that the position is on the left resolution A, and such
that A can be decomposed as T/ @ U®I®@ T, ® T3 ® I ® V® W. We examine such a position
in the figure below, where y € Ay, e € Ay, € Ay, where Ay = Ay if U = X € TVar, and
Ay = Acels if U = =0 (and similarly for V, W)

proj( )

@
= inl(proj(T'1).proj(y). e proj(T2).proj(73). e .proj(e).proj({),

Furthermore, proj(y) = y if y € Ar, and proj(y) is undefined if y € Acejs (and similarly for €, {).

4.6 Nominal asynchronous games

4.6.1 On legal positions

We could straight away define a graph from the event structure having as nodes the positions
of the event structures, and edges the events, or moves. However, this graph is not totally well-
fitted for our setting. Indeed, in it, two untyped cells present in a position could share the same
name, which is an unwanted configuration. This would correspond to a term such that the same

name would appear under a A-abstraction in two different places. To prevent that, we restrict the
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set of positions. We write v#qesw if (v(v) N v(w)) N Agels = 0. Given a set S of vertices of a

structured tree, we write .S 7 for the set {"v' | v € S}.

Definition 4.46. e A move m = (a,v,S) is legal if the untyped cells in it have different
names: ¥C,C’ € "S7; CHeensC’ and furthermore a#™S 7.
o A position is legal if all the moves in it are, and furthermore, given m,m’ € p, such that
m=(a,v,S),m =(,V,S'), thenm#m = S ™S’

In the sequel we will only consider legal positions. That is, if we consider a position p or
a move m, we automatically assume that they are legal. Using the general domain of positions
might prove useful for some proofs, but then we will specify it. We write Legal(A) for the set
of legal positions of A. Working with legal positions also allows us to exclude some unwanted
behaviour from our strategies. Indeed, a strategy could react differently if some moves by oppo-
nent would introduce two equal names. However, this does not correspond to any proof. Names
are simply here to represent the different resources, or hypotheses, available at a certain point in

the proof, and equality between names does not make sense in this context.

The restriction to legal positions might be troublesome when defining union of positions.
That is, one might find two positions p,q € Legal(A), p T ¢ but such that p LI g ¢ Legal(A).
Indeed, the union might not be legal if the two positions use the same name for different cells.
To ensure that two positions are name compatible for union, we introduce a “post-compatible”
relation Cpost, that selects those legal positions whose joints are legal.

em Cpost MifmC m A (Mm#m) = "S¥es"S’") where m = (a,v,S) and

m = (a,Vv,S’)

[ ] p CpOSt q lf Vm € p, Vm/ € q m Cpost m’.

As expected, p,q € Legal(A), p Cpost ¢ = (p Cq A(p T q = plUgq € Legal(A))). Itis
worth noticing that if p, g € Legal(A), and p T g, then there is a permutation 7 of Agjs such that
P Cpost 7+ q, and {p, 7+ q} is bounded in Legal(A). This is proven below. Stated otherwise, if two
legal positions are compatible in Legal(A), then it is possible to change their untyped names
in such a way such that they remain compatible and their join becomes legal. We introduce
the following terminology: we say that a move m brings a name a if, writing (@, v, S) then

a € v("S ™). Similarly, we say that an event e brings a name a if "e™ brings a.

Lemma 4.47. Let p,q be two legal positions of A such that p C q. Then there exists p’ ~ p
such that p" Cpost q.

Proof. We split the names of p N Acgs into two parts, calling them py, po. We set p; = v(p N
q) N Agelis, and pr = (v(p) N Acgers) \ p1- As p is legal, po corresponds precisely to the set of
cell-names brought by the moves in p \ g, seeing p, g as set of moves. Let 7 a permutation such
that v(mr) € pr U z where z # ¢, p1, and such that Va € p;. n-a € z. Thenn- pp # g and
by definition of &, 7 - p; = p; as v(p1) C v(q). Furthermore, legal positions are stable under

permutation. Therefore, 7 - p is legal, and 7 - p Cpost g. O
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Remark 4.48. All the moves within a legal position are automatically post-compatible to one-

another.

Typed names are dealt with differently than untyped names. Indeed, the typed names will be
repeated in the play, to incorporate the fact that the strategy will establish axiom links between
literals of opposite polarities. Therefore, it does not make sense to impose a condition similar as
legality for typed names. To cope with the possibility that repetitions might occur, we will work
up to closure under typed substitutions. E7 denotes the set of strict substitutions of Ar, called

typed substitutions . We therefore define a new relation, written =, called congruence.
x=y & drePerm(Aggs),e € Er. - (e-x) = y.

We create two new relations Ceelis and Cpost, el that are the restrictions of C, Cpost to cells that
are untyped.
em=(a,1,5) Ceels M = (&',V,S)ifa ~a = a=0a" and Vc € §,Yc’ € §’.v(c) C
Agells, V(C') C Ages > CcC C'.

P Ceelis g if Ym € p,¥m’ € g.m Ceelts M’

e Ceese’ if e] Ceelis €'|.

M Cpost,cell M” if M Ceelis M’ and writing m = (a,v,S), m" = (a/,v',§’), thenm # m’ =
TS MYees" S

P Cpost,cell ¢ if Ym € p.¥Ym’ € g. m Cpost, cell N,

e Cpost, cell € if el Cpost, cell €' 1.

The extend straightforwardly to plays. Two plays s : * = x,7 : x - y satisfy s Cees # if

X Ceells - We prove the following properties:

Proposition 4.49. e [fp T g and p Cpost,cell g then p Cpost g.
° Ifm % nand m CpOSt, cell N then m Cpost n.

Proof. The first property is straightforward, since p T ¢ entails p C g. The second property
follows from the fact that we consider m, n legal. Therefore, m % n implies that they are not,

essentially, the same move with different names. Hence, we automatically got m C n. O

In the case where we forgot the condition p T g, then it becomes harder to create elements
that become compatible.Finally, we prove that given two elements, we can use permutations to
make them post compatible regarding untyped cells, and use substitutions to make them post
compatible. We rely on the lemma .50

Lemma 4.50. Let f be a bijection between two finite subsets of A. Then f can be completed

into a permutation of A of finite support.

Proof. Let us name X, Y the two subsets such that f sends X onto Y. As f is a bijection, the
cardinality of X and Y is the same, and so is the cardinal of Y \ (XN Y) and X \ (X N Y). So
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consider g a function such thatg : Y\ (X NY) - X\ (X NY) is a bijection. The union (in the
sense union of graph) of f and g hence leads to a bijection X U Y — X U Y. We can simply
complete it into a full permutation 7 of A by letting n acting like the identity outside X U Y.
Furthermore, as X and Y are finite, 7 has finite support. O

At last, we present the last property that we will need regarding the Cpost relation.

Proposition 4.51. e Let p,q be two legal positions. Then there exists p’,q’ such that p’ =
P, q =qand p’ Cpost q'.
o Let p,q be two legal positions. Then there exists a permutation m of Acens such that

T-p Cpost, cell 4-
Given a move m = (a, v, S) we write "S(m) for "S .

Proof. We prove the two points at once. Let p; = {m | m € p,Am’ € ym = m’}. As p is
legal, every event in it brings different untyped names, distinct from the initial cell of p, and
similarly for g. That is, given m;,m; € p.m; # my = "S(my) Hees" S(My)". Let us note
that either the initial move of p is in pp, or it is empty. In the case where it is not empty,
v(p1) = {a} Wmep, v("S(M1)7), where @ is the name of the initial cell of p. We can define a
function f : v(p1) N Agells — Agelis such that for all m € p;, given & exhibiting the equivalence
7-TS(M)T N Agelis = TS (M) N Agegyis from the definition of py, f [ v("S(M)™) N Aces = 7 [
v(CS(M)™) N Agels. We complete it into f(a) = B, where B is the name of the initial cell of
p>. Furthermore, as y is legal, each m’ in the definition p; brings different names as well, and
and hence f establishes a bijection between v(p1) N Acelis and a subset of Aggs. Therefore, by
applying the above lemma, we get a permutation  such that 7 - p Ceeis g. Furthermore, doing
the same reasoning as in the proof of we can find a 7’ such that 7" - (7 - p) Cpost,cell ¢-
As a consequence of the axioms of group actions (7" o 71) - p Cpost,cell ¢- Now, let us take two
typed substitutions ey, e, such that, for all X € TVar, e;, e; send all names of p, g of type X to a

unique name cx € Ax. Thene; - (7" o7) - p Cpost €2 - q. m]

4.6.2 Nominal asynchronous games

Finally, we obtain a new graph from Event(A) by seeing its set of legal positions as a graph.

Definition 4.52. Given a dialogue game A, and its associated event structure Event(A), the
nominal graph graph(A) is defined as:

e having vertices the legal positions of A.

e having edges x 5 y every time there is a move m such that y = x & {m}. In that case, we

write e = m.

Note that then there is a slight difference between moves and edges. That is, there might be

two legal positions x,y such that x # y, and a single move m such that x ¥ m, y W m are legal
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positions. That is, a single move can correspond to several edges. However, given a position x

and a move m, such that x W m is legal, then m denotes a single edge. Therefore, we can write
m . .

x — y. Therefore, we might speak about moves to refer to edges of the graph, and this should

be clear from the context. Given a path s, we will writem € sfore € 5,7 =m.

In the graph(A) we can establish some basic definitions about paths.

Definition 4.53. A path s is legal if it joins legal positions,
S
x > yand x,y € Legal(A).
and alternating if it alternates between O — P move:

mp my
Vg = Vprl = Vg2 = A(Mp) = —A(My)

Proposition 4.54. A path s is legal if and only if it starts at a legal position x, and satisfies:
o Ym e s, mislegal and S (M) H#eg)s X.
e Ym.m’ € §.7S (M) #eens"S(M’)™

The proof is straightforward.

Definition 4.55. A play in a simple dialogue game is a path in its graph such that its starting

node is the empty position, written *.

We denote by Play(A) the set of plays of the graph graph(4). We furthermore write
Legal(Play(A)) for the set of legal plays, and Alt(Play(A)) the set of alternating plays.

Proposition 4.56. A path s = my.m,.....m, is a play if:
e My is a initial move and the unique one of the sequence.
e for every i € [1,n], there exists a sub-sequence of s written My.Mg. ...M,.M; such that
Mo F Mg k... F My + Mg

o Each m; is unique.

Proof. The proof is done by induction on the length of s. If s is of size 1, then s = m{, m;
corresponds to an initial edge, and thus indeed to a path from the root. So let us suppose that
s<, (the restriction of s to its n’”" first moves) reach a position p. Then by the third point, m,
does not appear in p. By the second point, there is a move of p that justifies m,;. Therefore,

p W m,, is a position, and s is a play. O

Finally, we say that a legal position is balanced if it can be reached by an alternating play.

We furthermore would like to endow our graph with a notion of homotopy between paths,
to emphasise when their differences are bureaucracy. A prominent feature of innocence is that

two paths that are co-initial and co-final, that is, paths having same initial and final positions,
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are homotopic. This might not be always the case. For instance, in the case of a programming
language with control, the order in which the arguments are interrogated matters. Therefore the
two paths that correspond to two programs interrogating the two arguments in different orders

are not homotopic. We introduce nominal asynchronous graphs below.

Definition 4.57. A nominal asynchronous graph is a pair (G, ©) consisting of a nominal graph
G together with permutation tiles < of between co-initial and co-final paths of length two. We

furthermore require that the homotopy relation is nominal: f o g < n(f) o n(g).

From these tiles, we can define a notion of homotopy between paths in the graph.

Definition 4.58. We establish the homotopy relation, written ~, between co-initial and co-
final directed paths, as being the symmetric, reflexive and transitive closure of the intermediate
relation 3, where & is the binary relation between co-initial and co-final paths of length greater

than two defined as follows:

us'vdut'v ifandonlyif s’ ot.
where s',t" are paths of length two.

So, given our graph graph(A), we add to it a relation ¢ such that it becomes a nominal
asynchronous graph. We define ¢ to be such that every two moves that are independent have a
tile. Or, more formally, we establish the diamond relation between edges e, ¢’ such that "e™ =

m, "¢’ = m’ and m, m’ are independent.

Definition 4.59. We define ¢ as the smallest relation between every co-initial and co-final paths
of length 2. That is, [ o g if:

We denote this permutation property by a tile in the graph :

i
y ~ y’
A

x m

Definition 4.60. We say that two moves are strongly compatible, written m | m’ if there is
a tile that permutes them. That is, there is one legal position x, such that x ¥ m € Legal(A),
x¥wm’ elegal(Ad), xumwm’ =xwm’wm e Legal(A).

We present a characterisation of strong compatibility in our framework. Basically, two legal

moves are strongly compatible if they are independent, and their cell names are different.
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Lemma 4.61. Given two moves m,m’ of My, if «(m <m’) A =(m’ <m) A mTm’ and m,m’
are post-compatible m Cpost M’ then m ff m’.

Proof. Let e,e’ such that "e™ = m, "¢’ =m’, e Cpost € Ae T €. Thenlet f = e\ m, and
ff=¢e"\m" _Then f Cpost f'. So (fl) U (f’])is alegal position. As =(m < m’), m & (f’]).
Similarly, m” ¢ (fl). Thus, by definition, ((f|) U (f’]l)) ¥ m is a position, and similarly for
(FHu(” D)ywm' justas p = (fl)u (f'l) ¥ mwm’. Furthermore, p = (e]) Ll (¢’|), and, as
e T e eCpost €, it entails p € Legal(A). Hence, we have a tile permuting those two moves. O

We define Async(A) as the asynchronous graph whose graph is Graph(A) and whose tiles
are the relations o defined above. Given the fact that our graph is coming from an event structure,
we can establish that two paths are homotopic in it if and only if they are co-initial and co-final.
For completeness sake, one can find the proof below. Consequently, a path will be uniquely
determined, up to homotopy equivalence, by its initial and final positions, and hence by its
set of moves. In particular, this implies that the homotopy relations is entirely defined by the
relation f} on moves. That is, given two co-initial and co-final paths of length four, e.e’ : x » y
and f.f’ : x » y, then settingm = "¢ = "f7and m’ = "e’."f'7, there is a tile between the two

paths if and only if m ff m’.

Proposition 4.62. In Legal(A), s ~ t if and only if they are co-initial and co-final.

Proof. Let s,t: p - q. Let M = p\ g, where p, q are being seen as two sets of moves. Then
s, t correspond to two total orderings of the events of M. The proof is done by induction on the
length of s, ¢ (note that they have equal length). If the length is null, then the two paths are equal
and hence homotopic. Let s = my...m; and ¢ = ny...n;. Then there is a j such that n; = my. If
J = 1 then, writing p’ for the position such that p LN p’, we can apply the induction hypothesis
on the paths m;...my and n,...ng; p” - ¢. If j # 1, then we can apply a sequence of homotopy
steps N;_1.n; ¢ n;_1.n;, since n;_1,Nn; are not related by the partial order, are compatible, and
furthermore are such that they lead to legal positions. We then hit a path ¢ : p —» ¢ that is
homotopic to 7 and such that n; appears as the first move : ¢ = n;.n;..n;_.nj1..n;. At this
stage, we do exactly as above, considering the position p’, the paths p’ - ¢ and applying the

induction hypothesis. |

Similarly, the following proposition ensues.

Proposition 4.63. Let my, m; two moves such that my, my appear in different orders in some
paths. Then m; } m,.

Definition 4.64. Given a dialogue game A, we will speak of the arena A for the asynchronous
graph Async(A).
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4.7 Asynchronous Bohm graph

In this last section, we will examine how the Bohm trees produce asynchronous graphs, and how
these ones relate to the former arenas. This follows closely the steps of [64], simply examining
it through a nominal perspective. This section is not needed for the next chapters. Its primary
use is to introduce the strategies of the next section, how they relate to terms, and gives some

indication on how to deal with atomic types. Therefore, we will stay at an informal level.

Just as we have defined some asynchronous graphs starting from the dialogue games, that
were structured nominal trees, one can define asynchronous Bohm graphs from the Bohm trees
(see [[64] for more on that). This is what we set out to do in this section. We furthermore notice

that these can be seen as subgraphs of the graphs coming from the dialogue games.

We start by defining a operation on asynchronous graphs. Given two asynchronous graphs
G1 = (V1, Ey, ¢1), and Gr = (Va, E», ) we define the asynchronous graph G| ® G» as follows:
* Vgieg, = vi®va|vi € Vi,va € Vol
o Egeg, = Vi X EyWE] XV, Thatis, it has edges vi ® v 5 v’1 ® v,, whenever there is an
edge vy 5 viin E1, and vi ® v2 5 vi ® v, whenever there is an edge v, 5 V) in Ej.
o There is a tile between co-initial and co-final paths of length two in three cases:

. e e /i Wb
1. Firstly, between paths u; ®v, =5 V1®vy = w1®vs, and u; ®vo = v’1 Qv = w1®vs,

. oo el e h
whenever there is a tile in G between the two paths: u; — vi — w; ¢ u; —
, b
Vi — wi

2. Secondly, between paths as above with the role between E; and E; being reversed.

. e e e e
3. Finally, between paths u; ®u» 5 V1 ®uy —> vi®vy, and i Qusy —> 1] ®vy —> v ®Vs.

In this paragraph, we set out to define a way to play the Bohm tree, through an alternating
sequence of “moves”, akin to the moves coming from the dialogue games. To each '- Béhm
tree M of negated type T, thatis, T = =(T| ® ... ® T};), we associate the transitional following
rooted asynchronous graph G’ (M):

e [ts root is labelled Q7.

o For each transition edge —(xy, ..., x,,) f starting from the root, there is a transition (O, Qr —
=(x1, ..., x,).U1). These are called opponent-transitions.

o If the node —(x1, ..., x,) f justifies /+m new Bohm trees M;, of types (T, ..., T, A1, ..., Ap),
where T; are simple non atomic types, and A; are atomic types, then there are
edges —(xy, ..., x,). 0 i (XL s X)) f(Qr, ®...0 Qr, ® 1 ® ... ® @)yy), Whenever they
are edges —(x1, ..., x,)f — —(x1,..,x,)f.inja;, where @; is a initial element of A;, and
(XL s X)) f(Q7, ®...0 Qr, ® @1 ® ... ® ) 1s seen as the root of G(M1) ® ... ® G(M,,),
where M; is the subtree of M of type T;.

And finally, given aI'-Béhm tree M of any type T =71 ®...Q T, ®A;... ® A, where each A;
is an atomic type, and where T; is ®-irreducible, we associate to it the following asynchronous
graph G(M), defined as follows:
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e Itsrootis U,
e Thereis a P-transition U, — (2;®...00,®0Q®....Qq,) whenever a1, a,, are initial nodes

of M;, the subtree of M of type A;. This node is the root of the graph G'(M)®...0G’(M,,),
where M; is the sub-graph of M of simple type T;.

For instance, the asynchronous graph associated with the n-long Bohm tree term
=(x,w, f, 8, h).h(x® ~u.(g(w® v.(f(u®V1)))))), of type "(X@Y @ (~(Z@W)@ (~(Y ® ~-W))®
(~(X ® =Z))) is presented in the figure where we forget about the patterns to make it look
simpler.

=(x,w, f, g h).h(x®-u.gw, —v.f(u,v)))

(P,UOL = f(u®v)
=(x,w, f, g, h).(x®-u.gw,—v.0,))
0,Qr —» —v.0,)

(x5, w, f, 8, h).h(x ® ~u.g(w, Q1))

(P,UL = gweQ)))

=(x,w, f, g, h).h(x ® =u.U,)

(0,Qr - ~u.U))

=(x,w, f,8,h).h(x®Q,)

(PUOL - h(x®Q)))

—(x,w, f,8,h).0L

(0,Qr = =(x,w, f,8,1).01)

Figure 4.8: Asynchronous Graph for [~(x, w, f, g, h).h(x @ ~u.(g(w ® =v.(f(u @ v)))))]a
More interesting is the Bohm graph associated with the term —(u, f).f(1) ® =(w ® g).g(w)
of type ~(X ® —=X) ® =(Y ® —Y), which is presented in figure 4.7}

The Bohm asynchronous graphs have to start with a proponent move due to the potential
presence of free variables. For instance, the Bohm asynchronous graph associated with the

{x : X}-Bohm tree coming from the term x, simply consists of the graph U, — x.

4.7.1 On arenas and Bohm trees

We present in figure below [.10| the dialogue game associated with the type: «(X® Y ® (~(Z ®
W) ® (—=(Y ® =W)) ® (~(X ® =Z))). Forgetting the values, and putting emphasis on the moves,
it can be presented in a simpler fashion, displayed in figure 4.T1]

Now the asynchronous Bohm graph associated with the a-equivalence class of the term
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—(u, f).f(u) ® =(w, g).g(w)

Pu,—gw UL—f(u)

\
/

_|(M, f)f(u) ® _'(W’ g)UJ_ ~ _'(u’ f)UJ_ ® _'(W’ g)g(W)

0,97, —-(w.9).0 P,UYﬁN /i(ﬁgm) 0,07, —>=(u.).UL
=(u, f).f(u) ® Qr, ~ =(u, [).UL ®—~(w, .0, ~ Q; ® =(w, g)-g(w)
PO~ ) O,szrﬁﬁ(M N—ﬁ(usf%g(m

(=(u, /).U1) ® Qr, ~ Q; ®=(w,8).01

0,97, 5(u.f).02 Qr, —=(,8).0

/
b

QT] ® QTZ

Pu,>0r 807,

O,

Figure 4.9: Asyncronous graph associated with [=(u, f).f(u) ® =(w ® g).g(W)],

=(x,w, f, 8 h).h(x ® ~u.(g(w ® —v.(f(u ® v)))))) presented in figure .8 can be seen as a sub-
graph of the asynchronous graph of the arena as follows:

e cach opponent move Q@ — —(x, ..., x,). U in the asynchronous Bohm graph corresponds
to moves m such that "m™ = (@, v, {x, ..., x,}), where « is a name brought by proponent
in a position corresponding to € in the arena.

e cach player move move U, — f(xy,..,X;,01,...,U}) in the asynchronous Béhm graph
corresponds to proponent moves m such that "'m™ = (f,v,{x,..., Xy, @1, .., @y}), Wwhere

ajq, .., @, are names of Aggs in the arena.

The main difference between the both structures is that the U, and the Q, have been re-
placed by names in the arena. This reflects on the symmetry of the arenas, and the asymmetry of
the A-calculus. The A-term puts emphasis on the names brought by opponent, and reflects how
the player is going to behave with those names. On the other hand, it does not highlight the fact
that the player, in a symmetric setting, would also need to bring new names, that correspond to
the different cells opponent could play in.

Furthermore the asynchronous Bohm graph defines a partial order on the moves of the arena:
Py <01 <=4 P < =,20 < =1 P < =320 < =3P, with certain conditions on the moves, such as

the equality of the names w = p and ¢ = p.

Similarly, we can carry an similar analysis on the type —=(A ® =A) ® =(B ® —B), whose arena

is presented below [4.12] Simplifying its move-structure by forgetting the values we get a graph

as in figure 4.13]
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Figure 4.10: Dialogue game of the type: “(X® Y @ (-(Z@ W) ® (=(Y ® =W)) ® (—~(X ® =Z)))

Now the Bohm tree associated with the term + = (u, f).f(u)®—-(w, g).g(w) corresponds to the
partial order on the moves O; < Py and O, < P», together with the conditions on names A = u
and p = y. Similarly, it can be seen as a set of sequences respecting the partial order. Among
them, the alternated sequences, are enough to faithfully represent the partial order. For instance,
in that case, the sequences {Py.01.P.0,.P;, Py.0,.P,.01.P1}. The goal of the next chapterE]
is to precisely characterise those sets of sequences that originate from a term, or, equivalently,

from a proof.

Let us note that the legal plays are not perfectly fit to describe all elements coming from
the A-calculus. Indeed, the same name might be bound at different locations in the term if
the binders have different scopes. For instance, the term (=(f, x).fx) ® (=(f.x)fx) is a well-
formed term of type ==X ® =—Y. However, a strategy associated with the a-equivalence of this
term would be playing plays that correspond to [—(f, x).fx ® =(g,y).gy], as the legal condition
enforces that the cells introduced have all different names. This limitation is harmless and does

not prevent the strategies from perfectly modelling the proofs.
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w: Ay ¢ Ay
=2, 0 =2,0
oAz, uiAy WAy, 1 Acs vEAy, €: Acels
=3, P71, P =11, Py
X Ax, 1Ay, 1,7,6 1 Acelis
0,
Bt Acelis

Py

« : Acells

Figure 4.11: Dialogue game of the type: (XY @ (=(Z®@ W) ® (—~(Y @ =W)) ® (~(X ® =Z))),
simplified version

Figure 4.12: Dialogue game of the type:—(X ® =X) ® =(¥Y ® —=Y)
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e Ay b Ap

P [P,

0:Ap,€:Ages  m:cells,d: Ag

Figure 4.13: Dialogue game of the type:—~(A ® -A) ® =(B ® —B), simplified version
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Chapter 5
Strategies for Tensorial Logic

We embark on the adventure of defining our category of games and morphisms. Along this
chapter we will define several categories that are all based on the following recipe.
o The objects are positive dialogue games.

e The morphisms A — B are strategies on the negative pre-dialogue games A > B.

Strategies are abstract representations of sets of traces canonically associated with the a-
equivalence classes of A-terms. Similarly, they are abstract representations of proofs of tensorial
logic. As such, they must satisfy a number of properties already presented before in the lit-
erature, chief among them is innocence [[64]]. Innocence was firstly exposed in the context of
game semantics of programming languages [7, |49]], though its presentation differs between the
different papers. In the work of Abramsky, Jagadeesan and Malacaria, innocence appears as a
property on strategies, stating that the way proponent will answer to a play will only depend on
its last opponent move. This is called history-freeness, though the term is a bit confusing since
opponent encodes, thanks to an index mechanism, a part of the history of the play in its last
move. In the work of Hyland and Ong, these mechanisms were made more visible. Some view
functions are defined, and these made clear exactly the history that the strategies are allowed to
look at in order to produce a move. Finally, it was noticed in [64]], that these functions actually
state that the strategies are positional: the sets of plays can be seen as forming a graph, and the
strategies answers depend only on the positions, not the “history”, that is, the way the positions
are reached. Furthermore, innocent strategies are perfectly described by the sets of positions
they reach in a graph. So one can forget about the dynamic, that is, sequences of moves seen
as interactions, and precisely characterise the way the strategies behave through their associated

sets of positions.

This discovery is to be related of a long-standing logical paradox, the “staticity” of linear
logic. Indeed, one notable feature of linear logic is its decomposition of the intuitionistic arrow
(A > B =!A — B), that allows one to encode intuitionistic and therefore, the simply typed
lambda-calculus, inside linear logic. Hence, it must possess a dynamic flavour; that is, a dy-

namic process, such that the lambda-calculus forms a sub-system of it. However, the models of

159
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linear logic are static, that is, they can be seen as relations, as, for instance, in section |3} This
conflictual point of view was the point of departure of numerous works trying to relate static
and dynamic semantics [|12} 18,29, |28 68]].

This chapter is mainly an adaptation of the work that Mellies carried in [64} |69]] for the
nominal structures defined in Chapter @ The reader acquainted with his work will recognise
a similar development, similar definitions and similar properties. Our strategies differ to those
presented in these works in several ways. First, as nominal strategies they shall be closed under
equivariance and the condition of determinacy is relaxed into the weaker condition of nominal
determinacy. Furthermore, additional conditions shall be added for the strategies to be “logical”.
The equality between names does not translate in any logical property, therefore the strategies
should not be able to act on it. This is imposed by closure under typed substitutions. We enable
the strategies to deal with the axiom-links between propositional variables (so that they form
a model of the free dialogue category over the discrete category VAR) by encoding the links
through names: Opponent introduces typed names for negative literals, and Proponent repeats
them in positive literals. Two literals are linked if Proponent played the same name as Opponent.
As such, the strategy should not be able to produce a move corresponding to a positive atomic-
variable on-demand, this one has to be linked to a negative one. This is imposed by the semi-
linearity condition, that prevents the strategy from introducing new typed names. As, each typed
name played by opponent corresponds to an occurence of a negative litteral, these ones should
all be different. This is the frugality condition, introduced in Section[5.3.1.1] This one however
should be however dealt with carefully, since it does not compose. Composition is recovered
by closing the strategies under typed substitutions, just as in the case of separated relations.
Finally, coherence is obtained through sequentiality structures, that were introduced in [69], and
slightly adapted here to care for axiom-links and the nominal nature of our strategies. This way,
we are able to project the strategies onto “external” positions, and recover nominal relations of
the nominal polarised model of linear logic of Section [3] Moreover, this operation allows us to
precisely select those relations that come from denotations of proofs. This will the subject of

the next section [6l

The strategies are defined the usual way for nominal games. As fully complete strategies for
tensorial logic they shall be innocent, total, and transverse. We will see that innocent strategies
define families of functions, called sequentiality structures, that inform us of the dynamics of
the strategies at a certain point of the interaction. We strengthen those in two ways. First, we
force them to take into account all the context, and not only a part of it. This enforces them to be
"linear", and not only affine. Furthermore, we encode the behaviour of axiom-links inside these
sequentiality structures. That is, we impose that the strategy establishes axiom-links between
opposite occurrences of literals. This gives us the perfect candidate for a full-completeness

proof.

To start, we introduce the definition of nominal strategy.

Definition 5.1. Given a negative dialogue game A, a strategy o : A is a non-empty set of legal

plays of even lengths of the arena (that is, the asynchronous legal graph) associated to A such



5.1. INNOCENT STRATEGIES AND THEIR STRUCTURES 161

that:

the plays are alternating.

the strategy is closed under prefix. If s.m.n € o and then s € o.

the strategy is nominal deterministic :

Vs1.Mmq.Ng, $5.Mr.Ny € 0. §1.M = $5.My = $.M{.N7 = $5.My.No.

the strategy is equivariant : Vs € 0, s ~t => t € 0.

In our case, since we expect our strategies to be “logical”, that is, denotations of proofs, we

will also enforce them to be typed coherent.

Definition 5.2. A strategy is typed coherent if it satisfies the two following conditions:
o (Closure under typed substitutions): Vs € c.Ne € Er. e - s € 0.

o (semi-linearity): The strategy does not introduce typed names:

s.m.n € o = vr(s.m) = vyp(s.m.n)

In the sequel, we will only consider typed coherent strategies, and therefore will often omit
to specify typed coherency. The typed coherency we only be dropped once we start speaking
about frugal strategies, in Section[5.3.1.1] and this will be clearly written.

Remark 5.3. In a typed coherent strategy, if we have two moves s.m.Ny, s.m.N; such that both
belong to the strategy, then s.m.n; Ceells $.M.Ny entails Ny = ny. Indeed, by nominal deter-
minacy s.m.Nn; =~ s.M.Ny, and, as the two positions are compatible with relation to untyped
cells, s.m.ny ~p s.m.ny. Particularly, there exists a permutation rt of At such that m lets s.m
invariant, and - Ny = Ny. As s.m has strong support, this entails t#v(s.m). In particular, as

vr(Ny) C vy(s.m), this leads to - Ny = Ny and N; = nNo.

Let us remind that given two legal positions x, y then there exists a permutation m of Aces
and two typed substitutions ey, e such that 7 - (e - x) Cpost €2 - y. As the strategies are closed
under substitutions, given s, € o, there is s',¢ € o such that 5" = s, ' = rand s" Cpost '
(where the relation Cpost is straightforwardly extended to plays by: s : x* = x Cpost £ : * —» y if
and only if x Cpost ¥).

We remind that given a play, or path s we write |s| for the length of the sequence s.

5.1 Innocent strategies and their structures

There are two definitions of innocence that are equivalent [|64]], one by defining a notion of view
in asynchronous games and then redefining innocence in a similar way as for “non-asynchronous
games”, or one in a diagrammatic way that we prefer and present below. These definitions are
almost similar to the ones from [64], except that we must take care that the legal positions are

compatible when taking the union.
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All the definitions and proposition in this chapter are simple adpations of those presented in
[64] adapted to our new nominal structures. Due to the subtle differences between them, proofs
are repeated. We also folow a similar development as in the original paper. Note that in [64]
the event structure does not have a conflict relation (that is, only the multiplicative case is dealt

with), although the general case has been already examined in [74].

Let us remind that given two moves m,n if m % n and m Cces N then M Cpost N, as
proven in Consequently, given two plays s.mj.n; and s.m,.n; belonging to a strategy o,
if m; 2 my, n; 2 ny, then there exists a permutation of 7 € Perm(Acgys) such that - s.mj.n; =
s.m7.n} and 5.m}.n} Coelis 5.M2.N7, entailing 5.m7.n7 Cpost 5.M2.Nz. We remind that my T my if
m; C my A label(v; Nv;) = value, where vy, v, are the values of the moves m, m, respectively.

Definition 5.4. A (typed coherent) strategy is forward consistent if Vs € o and mj,mp,ny, Ny
such that s.mj.ny, s.My.ny € o, My # My, My T My then Ny % Ny . Moreover, if my, Ny are such

that s.my.ny Cpost 5.M2.N7 then we have:

s.mq.N7. T s.My.Np and s.Mj.n;.My.Ny € O

This can be translated to the following diagram :

C post

A strategy is backward consistent if:

Vs.m;.nj.My.Ny.t € o, such that =(My + My) and —=(N; + My) then
=(my + Ny), =(N; F Np) and s.My.Nn,.My.Ny.t € 0.

This translates into :
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Finally, a (typed coherent) strategy is innocent if it is both backward and forward consistent.

These definitions are standard and orginated from [64]. We check that their main properties

remain unchanged within this nominal framework, and provide the proofs.

The sub-sections below are devoted to this. First, we prove that the way an innocent strategy
responds to an opponent move depends only on the position reached. Then, we strengthen this
property, demonstrating that actually, the strategy can be recovered from the set of positions it
reaches. Based on this result, we seek a characterisation of the sets of positions that correspond
to innocent strategies. Remaining is to prove that relational and sequential compositions are
well-behaved towards each other, or, more precisely, that it is equivalent to relationally compose
their sets of positions or to use the classic parallel and hide paradigm on their sets of plays. In
order to tackle the proof, we introduce an important property of innocent strategies; they produce
a function between accessible cells of their reached positions that tells where a future play might
trigger a response. We call this weak sequentiality structure, and explain why it is necessary to
strengthen it in order to achieve full completeness. This sequentiality structure can also been

encoded as payoffs on positions and paths of the strategies, as done in [[66].

5.1.1 Structure of the innocent strategies: positionality

A strategy is said to be positional if the way it reacts depends only on the position reached, and

not on the path followed to reach it.

Definition 5.5 ([64]). A strategy is posztlonal if forall s,s’" : x » x € o, such that s ~ s, for

all t : x»y such that s -t € o, then s'.t : % % y € 0. This is drawn as follows.
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Proposition 5.6. Every nominal innocent strategy is positional.

The rest of this section is devoted to proving this. To start, we introduce, for a strategy o,

the set o* defined to be the set of positions it reaches:
o* = {x € Legal(A) | Is : x > x € 7.

Second, let us note < the relation on paths s < ¢ if there is a s’ such that s.s’ ~ r. We
furthermore refine the homotopy relation into a second one, called ~pp that acts by permuting
only pairs of OP moves, we construct ~pp in a similar way as we constructed ~, but this time
focussing on permutations between alternating paths of length 4, permutating pairs of O — P

moves.

Definition 5.7 ([64]). We define the ¢pp relation between co-initial and co-final paths of length

4 as follows:
M;.N;.My.Ny opp Mr.Nr.M.N; & (M;.N1.My.Ny) ~ (My.Nr.My.Ny) and A(mM;) = —A(n;) = —1.

We say that this permutation of moves correspond to a single OP-homotopy step. We then define
the intermediate opp to be the augmented relation from opp between paths of lengths more than

four.
S.u.t oop S.V.t & USopV

We define ~op as the reflexive, transitive and symmetric closure of oop.

As the sequences of the strategies are alternating, and strategies are deterministic, this
seems to be an appropriate notion for dealing with homotopy between paths of a strategy. Note
however that two alternating paths can be ~ homotopic without being ~pp homotopic. One can
draw a parallel between history freeness and the ~¢p relation: two ~pp homotopic plays will
have same player moves after same opponent moves. Finally, we write s <op ¢ if there exists s’

such that s.s" ~pp t.

Proposition 5.8. Let o be an innocent strategy and s,t € o such that s <t. Then s <pp .
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Proof. For a given path u, we write u<, for the pre-sequence of u consisting of its n-first moves,
and u., for the path such that u<,.u-, = u. Furthermore, let us write s’ for a path such that
s.s" ~ t. We will prove the existence of a sequence of plays fto ~op t1 ~op t2 ~0pP 13... ~0P ts)/2,
such that 7o = f, and t; € o, t; ~op t, and satisfying for each i, (#;)<2+; = S<2+. This way, 7,2

will satisty the following equality #2 = s.t’ ~op t, entailing s <pp 1.

The required conditions are obviously satisfied for 7y, so let us assume they are true for ¢,
and we try proving the existence of #,1, assuming 2 * n < [s|. To simplify notations, we write
u for the path s57.,, and v for #, »2., (that is, such that #, = t,, <2.,.v. Notably, as s<2., = t,,<24n,

u, v are co-initial. In particular, this entails u.s” ~ v since these are both co-initial and co-final.

As s, t, are in o, they are alternating. Let us write m for the moves of u and n for the moves of
v. Formally, # = m;....m,, and v = n;...n,. Let us consider the first opponent move m; of u. As
u.s’ ~ v, my is also a move of v. If it is the first one, then as s<2.,.M1.M2 € T, ty <,4n.N1.N2 € T,
o is deterministic, and $<.,.M| = f, <24,.N1, this entails My =~ ny. Now as s.s” and ¢ reach the
same position, they are in compatible mode for equality, that is, Vi, j. m; ~ n; = m; = n;. So

Ny = My, and t,4] = 1.

We deal with the case where my is not the first move of v. We write v = vy =
v'.01.02.m;.my.v"". As m; appears before 0; in u.s’, and after in v, it entails m; f o;. In
particular, there is a tile m;.0; ¢ 0;.m;. By backward consistency, t, <2«s.V ~op In.<24n-V1 € O,
where vi = v'.m;.m,.0;.02.v". So, by a sequence of backward consistency steps, we can push
mj.my as the start of v as we did from v to v;. This is represented in figure [5.1] This way, we
obtain a vying such that f, <2un.Vyina € 0, and t, <24n-Vrina ~op tn. We deduct, as above, that
the two first moves of vy, are equal to those of u, and set #,,41 = #,.vfina. This concludes the

proof. |

We also need a second lemma before proving the proposition, that states that strategies are

closed under ~pp homotopy.

Lemma 5.9. Let s € 0, 0 innocent strategy, and s ~op t. Then t € o. Equivalently, an innocent

strategy is closed under OP-homotopy.

Proof. We do the proof by induction on the number of OP-homotopy steps needed to go from s
to ¢. If it is O, then s = ¢ and hence the property holds naturally. All we have to prove is that if s

.. orp o°P . . ..
isin o, and s — §’, where — is a single OP-homotopy step, then s’ is in ¢

Suppose s = s1.M;.N1.My.Ny.55 and s* = s1.My.n3.my.ny.sp. Then by definition there is a
tile m;  my and n; I My, and using the backward consistency, we deduct that s.m,.n,.mj.ny.s,

isin 0. O

We are now in position to prove the positionality of the strategy, that is, proposition [5.6]
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Figure 5.1: Sequences of OP-homotopy steps following backward consistency
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Proof. Lets,s’" €0, s ~s : % —>» x,and t: x = y, such that 5.t € 0. Then, s < s and hence,
as both plays belong to the strategy, s’ <pp s. Furthermore, the length of the two plays being
the same s’ ~pp s. As this relation is closed under post-composition, s’.f ~pp s.t and finally, as

o is stable under ~pp homotopy s’.f € 0. |

5.1.2 Structure of the innocent strategies: strong positionality

Innocent strategies satisfy a stronger property than positionality, they are relational. This means
they are entirely determined by the set of positions they reach. This property allows us to see
them simply as a subset of the set of positions. So a strategy A — B can alternatively be seen as

a relation between some positions of A and some positions of B.
Given a subset X C Legal(A) we write X* for the set of plays defined by X.
X% = {s = m;.ms...M,_;.m, € Legal(Plays((A)) | n even,
and Yi < n.(i even and m;.ms...Mm;_1.M; : % » x) = x € X}.

Definition 5.10. A strategy is strongly positional (or relational) if & = (*)¢.
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In other terms, a relational strategy is a strategy that is both static and dynamic. It can be

characterised dynamically as a set of sequences, or statically as a set of positions.

Proposition 5.11. Every innocent strategy is strongly positional.

Proof. The inclusion o= C (0*)? is clear, so we only need to focus on the reverse inclusion,
that we prove by induction on the length of the plays. We pick a play s € (*)¢. If the play
is of length 0O, then there is nothing to prove. So imagine the length of s is now n + 2, and all
the plays of length n of (c*)¢ have been proven to belong to o~. So s can be decomposed as
s = s;.m.n: x > y, such that s; : * — x, and as x € (0*), together with s; is of length n, we
already know that 51 € 0. Asy € (0°*), we know that there is a path # : * - y € ¢ In particular
as s1.m.n and ¢ reach the same position, s;.m.n ~ t and s; < t. As s and ¢ are in o, we can use
proposition [5.8]and infer that s; <op 7. In particular, there are m’,n” two moves such that m’ is
an O-move, n” a P-move and s;.m’.n" ~pp t. Asm’,n’,m,n € ¢\ sy, we can gather thatm = m’,

n=n"and s;.m.n ~pp t, and thus s = s;.m.n € o as o is closed under ~pp homotopy. ]

One can easily prove that relational, or strongly positional, entails positional.

Thanks to strong positionality, we can now characterise the strategies as sets of positions,
and hence use it to prove compositionality, as well as the associativity of composition. In order
to do that, we have to give a precise characterisation of those sets X such that there is a strategy

o that makes the following equality holds: X = o°.

5.1.3 Innocent strategies as sets of positions

We give a characterisation of definable sets, that are, sets X that correspond to sets of positions

reached by innocent strategies.

Definition 5.12. A subset X of Pos(A) is definable if there exists a typed-coherent innocent
strategy o such that o*® = X.

The description of definable sets is laid down in the following theorem. We say that a
position y dominated by a set of positions X, if there is an x € X, and a path s : y - x. In this
case we say that y is dominated by x (that is, y < x), or x (and X) dominates y. Similarly, we
speak of under-domination in the case where dx € X, x < y (that is, there exists apath s : x —» y).

Theorem 5.13. A set X of positions is definable if and only if:
1. (Root): 1L € X.
2. (Legality): X C Legal(A).
3. (Nominal closure): X is nominal closed, and closed under strict typed substitutions. That
is, Vxe X,Vyyzx=yeX
4. (Closure under intersection): Vx,ye X, xCy A xTy = xnyeX.
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5. (Closure under union): Vx,y € X,xCposty A xTy = xuyeX.

6. (Preservation of compatibility): Let x € X, and two moves m,m’ such that x iR y and
X i) Y, satisfyingy Ty, y Cpost ¥ and'y,y” are dominated in X. Then yLly’ is dominated
in X.

7. (Forward confluence 1): For all x € X, if there is an opponent move m : x — y and y
is dominated in X then there is a unique z € X, up to equivalence, such that there is a
P-move n satisfying x i z, and furthermore vr(n) C vr(y).

8. (Forward confluence 2) For all x € X, if there is an opponent move m : x — y and y is
dominated in X by w then there is a unique P-move n, such that x iy zandze X, z<w,
and furthermore vr(n) C vy(y).

9. (Mutual attraction) : For all x,y in X such that y dominates x, either x =y or there is an

opponent move m : x — x’ and a player move n : y' — y such that y’ dominates x’.

To do the proof we rely on an additional property, namely reverse consistency, presented
below. First, note that the dialogues games we have defined are intuitionistic in the following
sense:

e For every occurrence of move n : y — z, there is at most one move m that justifies it.

e When there is one, A(m) = —A(n).

Consequently, a strategy which is backward and forward consistent satisfies automatically

an additive property called reverse consistency, and described below.

Definition 5.14. A strategy is reverse consistent if for all s.m.n;.my.ny.t € o, if |s| is even and
Ny 1 Mo, Ny then My | My, Ny, and s.M>.N,.My.NJ.1 € O.

This is displayed diagrammatically in figure[5.2]

Figure 5.2: Reverse innocence
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Proposition 5.15. Every innocent strategy is reverse consistent.

Proof. Let s.mj.n;.my.ny.t as in the definition. From prefix closure of o, we devise that
s.mj.n;.my.ny is part of the strategy. We need to prove that my f m;. We already know
that m, 1} n;. As the game is intuitionist, an opponent move cannot justify another one. That is
—(m; F my). So the only possible chain of moves between m; and m; would be m; + n; F m;.
But as =(n; + my) it entails —=(m; < my). On the other hand, =(m; < mj) as m, appears after
m; in the play, and =(m; « my), My Cpost M;. So, m; I My. By backward consistency,
s.mjy.np.mp.n; belongs to o and by positionality, s.m;.n,.M;.N;.¢ € o as required. O

We now prove the theorem.

Proof. We first show that there is an innocent strategy o such that X = o*. We then show that

given any innocent strategy 7, its set 7° satisfies the properties of a definable set.

We start by showing that there is a set of plays o, (o = X?), such that X = ¢*. Formally,
we need to prove that (X¢)* = X. We will prove that o is an innocent strategy afterwards. By
definition, (X#)® C X, as the target of every play of X? is an element of X. So it remains to prove
the reverse inclusion. Let us prove that every element of X is the target of an alternating path,
such that each even-length subpath reaches an element of X. This is true for the root by (1). Let
x € X, and let us suppose that we proved the property for every element y of X with y < x, and
we note that, as L € X, the set of such y is never empty. Then let y be maximal in X under x. We
apply the last property, mutual attraction (9), and hence know that there in an opponent move
m : y — )’ and a player move n : x’ — x such that x’ dominates y’. Now either x’ = y’, in
which case we conclude using the induction hypothesis. Or, using forward confluence (2), there
is a player move n’ : x’ — y”, and y” < xis in X. This brings a contradiction as y was supposed

to be maximal in X under x.

In this paragraph, we prove that the set of plays X¢ forms a typed-coherent strategy. As
the root is an element of X, the empty play is part of X¢, as expected. Moreover, thanks to the
definition of 4, the closure under prefix follows. The closure under nominal permutations comes
from the fact that X is itself closed under permutations, and similarly for typed substitutions.
The remaining property is nominal determinacy. Let s : % 5 x, 8 1 ok l» x' two plays of
X% such that s ~ s/, and hence x ~ x’. Letm : x iR y, m X -, y' two opponent
moves such that s.m ~ s’.m’, and thus y ~ y’. Letn : y - z, n’ : ¥ — 7’ such that s.m.n
(resp s.m’.n’) € X*. We must prove that z ~ 7. Let us consider 7 a nominal permutation
such that 7 - s*.m’ = s.m. Then by forward consistency (1) there exists a unique, up to nominal
permutation, z”/, such that there exists a P-move n” satisfying s.m.n” : x —» 7/ € X. In other
terms, 7 - 7’ =~ 7’/ ~ z and therefore z ~ 7”, that is, s.m’.n" =~ s.m.n, and the strategy is nominal
deterministic. Furthermore, v(n’) C v(s.m) entails that the strategy is semi-linear, and hence,

typed-coherent.
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This leads us to prove that the strategy X¢ satisfies the 2 diagrams of innocence. We start

with forward consistency.

Let x € X, and m; : x — y; an opponent move, such that y; is dominated in X. We also pick
my : x — yo such that my T my, my # my, y; is dominated in X and y, Cpost ¥1 - As y1 and y;
are compatible and dominated in X, so is their union y; L1y, (by (6)). So let us call w an element
of X such that w dominates y; LI y, and w minimal among those. Then y; is dominated by {w},
and therefore there is a single move n; such that y, o, z1 and z; is dominated by w. Similarly,
we can conclude that there is a single move n, : y — zo, such that X 3 7z, < w. Furthermore,
71 is dominated by w, and so is z; W {m;}, and similarly for z; W {m;}. Therefore, we conclude
the existence of two additional moves n, n} such that z; W {my} ¥ {n%}, 20 & {m} W {n{} both
lead to positions in X dominated by w. As these positions are both dominated by w, there are
compatible, and, their intersection belong in X. We deal with different cases:
e if n| # ny,n} # n, then their intersection is y; LI y>, which cannot be in X since it is an
unbalanced position.
e If n} = ny,n) # ny, then their intersection is y; U y» W {n;}, which cannot be in X for the
same reason as above.
e If n; #ny,n} = ny, then this is a similar case as above.

e If n; =n| = ny = nJ, then similar case as above once again.

So we conclude that n; = n'l, n, = né, n; # ny, and furthermore n; f Ny, since they appear
at different orders in different plays. At this stage we have not finished the proof since the ny, ny
were picked in accordance to w, and we shall prove that the proof can be made to work for any
01,02 chosen such that s.m;.0; Cpost 5.M2.02, and s.mM.0y, s.My, 07 reach positions in X. By
nominal determinacy, we automatically have s.m;.0; ~ s.mj.n;, and similarly for 0;,n;. We
first do the proof in the “easy” case, where 0 #celisN1, N2 and 0x#cesNy, N2. Note that 01 #cels s.M>
as enforced by the relation Cpost. In this case, we pick 71, 1, € Perm(Aceys) of minimal support
such that 1y s.m;.n; = s.m;.0y, and similarly for 0;. In particular, as v(;r;) € v(n;) U v(01), and
similarly for mp, we got mi#m,. We then have s.m;.0; < 7 - w, and m(s.m;.01) = s.M;.0] <
(myomy)-w. Similarly, s.m;.0, < (mpom)-w. Notably, as 1, > have disjoint support, () omp) =
(o o 1), and we have found a common bound for s.m;.01, s.M7.07, namely (7] o ) - w. We
can then apply the proof as above. To finish the proof, we need to tackle the “hard” case, where
the propositions 01#ce|isN1, N2, 02#celsN1, N2 might not be true. In that case, we use intermediate
p1 = ni, p2,=~ Ny such that py, pa#01, 02, N1, N2, 5.My.Py, s.M2.py reach positions in X, and
s.m1.p1 Cpost 5.M2.p2. Relying on the p;, we can apply the easy case, and obtain an upper
bound w’ ~ w for the positions reached by s.m;.pi, s.m;.p2. Next, we can go from p; to 0;,
noticing that this corresponds once again to the easy case. Eventually, we reach aw”’ ~w’ =~ w
such that w”’ € X, and w”’ is an upper bound for s.m;.0;, s.m;.0,. This allows us to deduce the

proposition as above.

. S

We prove the backward consistency. Let s.mj.n;.my.nz.t : %« - w € X*% such that x -»
mi.n my.n t . .
x5 y %7 7 > w, and suppose that s.mj is legal, and m, f} my, n;. Furthermore, s.m; is

dominated by z € X. Then let n” be the move such that s.m,.n" € X! and s.mo.n’ % —» Y is
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dominated by z. Therefore, n” = n; or n” = n,. Note that y* T y since they are both dominated
by z. If n” = ny, then as X is closed under compatible intersection, y' My is in X. However, in that
case, yry’ = xw{n;}, which is a unbalanced position. Son” = n,, and s.mjy.n; € X¢. Finally, we
devise that s.m,.n,.m;.n; is in X* by forward consistency. Finally, noticing that s.m;.n;.my.n;
and s.ml.n;.mj.n, reach the same position, we can conclude that s.my.n,.mi.n;.t € Xt by
definition of 4, which concludes the proof.

At last, reverse consistency follows from the proposition

Subsequently, we now have to prove the reverse direction. Let o be an innocent strategy,
and consider the set X = o*. The condition (1) (L € X) comes from the fact that the empty play
is always part of a strategy. The second condition (2) (X C Legal(A)) is by definition just as the
condition (3): its nominal and typed substitutions closure follows directly from the one of o.
Harder to prove are the conditions of closure under intersection (4) and union (5). We start with
the first.

Let x,y € X, such that x T y (and hence x C y), and let s : * » x € o,andf: * » y € 0.
Consider z = x My, our goal is to show that there is u : x —» z such that u <pp s,7. As 0 is
closed under <¢p, this will prove that u € o and hence z € o*. We call M the set of moves that
s, t have in common. M is the set of moves that appear in xMy. As both s, ¢ are plays, and hence
closed under down-closure, so is M. Therefore, the restriction of s to the moves that appear in
M define a play (see proposition 4.56)), in the sense that is defines a path starting from the root.
We call it u. We prove that u <pp s, t, by induction on the pre-sequences v of u of even length.
That is, we prove that for every pre-sequence of even length v of u, v <pp s, t, and furthermore
u is of even-length. Firstly, we notice that the empty sequence € obviously satisfies the property.
For the next step, consider it true for an arbitrary pre-sequence of even length v of s’. Then let
m the move after v in s/, and suppose that m is an O-move. As v <pp s, AN;. v.m.n; <pp s,
and, equivalently, dAn;. v.m.n; <pp t. Now, by nominal determinacy, n; =~ n,, and as x,y are
compatible for equality, n; = n,. Hence v.m.n; is a prefix of u and v.m.n; <pp s,t. On the other
hand, let us consider that the next move n after v in s is a P-move. Then there exists my, s, f
such that v.s;.m;.n <pp s, v.t;.M.n <pp t and M; # m,. Now, we apply a permutation 7 of
Acells to x such that 7r- x Cpost y. Let us note that this let xMy (that is, xMy = - xMy), invariant,
and hence we assume without lost of generality that x Cpost y. Asx Ty, xCy,and t; N5y = 0
(in the sense that they have no common moves), we can apply forward consistency, and push
s1 along t;, obtaining a play v.s;.t; € o. At this stage, we can perform a final step of forward
consistency on v.si.f;.my.n and v.sy.f;.my.Nn, relying on my T My, My # My, My Cpost My. This
one tells us that the after m; is non-congruent to the move after m,, that is n # n. Hence this is
a contradiction, and this case is excluded. As a result, for all pre-sequences (of even-length) v
of u, v <pp s, and y is of even-length. Consequently, u <pp s and u € o. As u reaches x My,

this entails x My € o°.

Let x, y be two post-compatible positions in X and s, ¢ two plays of o that target them. Let
u be a play of o that targets x My. We write s ~pp u.s” and t ~op u.t’ and do the induction on

the length of s’. If it is null, then x < yand 7 : * - x Uy = y is the witness play. Otherwise,
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consider u.m.n.s” ~pp s. Then m is independent of #* as it is not in conflict, not related by
the partial order with the moves of ¢ and post-compatible with #'. Therefore, by pushing the
forward consistency diagram of innocence, u.m.n.t” € o. Then let z such that x g z. Itis
easily seen that z > y, and z U x < y Ll x. As aresult, zU x = y LI x, and we can work with the
new play t” = u.m.n.t’. Thus, we can intersect z and x, and consider the play ¥’ = u.m.n that
targets this position in o~. However, this time, we consider s’ such that u’.s"" ~pp s and, as s”’

is two moves shorter than s’, we apply the induction hypothesis on it.

The sixth condition, preservation of compatibility, is a simple consequence of the forward
consistency of o*. Let x a position reached by o (by a witness play s), and two compatible
opponent moves m, m’ played from o, x SN ¥, X m, ¥, ¥ Cpost ¥'» such that s.m.n, s.m’.n" € o.
Then n,n” can be chosen such that n Cpest N, entailing n f n’. By forward consistency,
s.m.n.m’.n" € ¢ and reaches a position that dominates y L1y’ = x & {m, m’}.

Remaining is to prove the forward confluence properties (7)(8) of X. Let x be a position of
the strategy, x € o*, and let m be an O-move such that x iR y € Legal(A), and let w € o°*
that dominates y. Then, by definition, there isa path# : * » w € 0. Leto > s : x - x.
Then as x < w, s < ¢t and by propositionB;g] s <op t. So we write t ~pp s.tp, and we know
that m € t,. Hence there is a unique n such that s.m.n <pp s.t2. So there exists a player move
n and a position z such that 0®* 3 z = x® {m,n}, and z < w. Furthermore, if there were two,
then by nominal determinacy there would be equivalent, and as both dominated by w, there
would be compatible for equality, and hence, equal. So the n, z are unique. Finally, (7) follows

straightforwardly from the nominal determinacy of strategies.

We finish with the last property (9) of mutual attraction. Let x,y € °*, such that x < y. Then
let us prove that there exists a path x - y such that s begins with an O-move. To do that, let
considerapath s : * » yeo,andlet?: *x » x € 0. As x < y then ¢ < 5. Then by proposition
t <op s,and s ~pp t.s’ € 0. Hence, s’ : x - y is either empty, or starts with an O-move
and finishes with a P-move, which finishes the last case of this proof. O

5.1.3.1 On backward confluence

Definable sets for innocent strategies defined originally in [64]], satisfied an additional property,
namely backward confluence, that we present below:
e For all x € X, if there isa P-move n : y a, x, and y is under-dominated by w € X, then

. . m
there is a unique O-move m such that z — y, z € X and furthermore w < z.
This property is still satisfied by our strategies.
Proposition 5.16. Every innocent strategy is backward confluent.

Proof. Let x,w € ¢°, such that w < x. Let n a P-move, n : y — x such that w < y. We must

prove that there exists an unique m O-move, m : z — y such that z € o°* and furthermore w
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under-dominates z. We start by proving that there exists a s € o, s : * = x and the last move
of sis n. Let us pick a random s : * - xin o, then s = s".m.n.s”". If s” is empty, the proof
is over. Otherwise as for any pairs of OP-moves m’.n" € s we have m’,n’ I n, by reverse
consistency we deduct that m’, n”  m, and we can push the path 5" down m.n. Finally, we get
s’.s"”.m.n € . Furthermore, consider o 3> 7 : * —-» w, then as w < x, t < s. As both s, 7 belongs
in o, it entails  <pp 5. As n ¢ ¢, this leads to m ¢ ¢, and ¢ <pp s.s’". This is equivalent to
w < z. We conclude by proving the uniqueness. It they were two possible m, call them m, m’,
then, as they reach the same position, there exists two plays o 3 s.m.n ~ r.m’.n € . Therefore,
s.m.n ~gp t.m’.n and as aresult, m = m’ (as n = n). O

Alternatively, we provide a direct proof in the appendix [9.3] that the properties of definable

sets entail backward confluence.

5.1.4 Innocent strategies and weak sequentiality structures

Sequentiality structures have been introduced in [[69]], as a way to strengthen innocent strategies,
and most of the properties-definition presented here are directly adapted from this paper. These
consists of a set of total functions, relating negative and positive cells. We here introduce weak
sequentiality structures, that corresponds to these “partial functions” that an innocent strategy
naturally produce. Those will be pivotal in our proof that sequential and relational composition

are equivalent.

We say that a cell « justifies a move m, written @ - m, if m = (@, v, S). We say that a cell «
is accessible from a position x € Legal(A) in a dialogue game if:

dnexm=(B,v,5),a€S,and =(Im’ € x.m’ = (a,V,S’)) .

In other terms, the cell « justifies no move in the position. Recalling the fact that the dialogue
game is almost the syntactical tree of the formula, the accessible cells correspond to those sub-
formulas that are yet to be explored by the position. We denote A, the set of accessible cells of
the position x. We divide A, into two subsets, AT the subset of A, of cells of positive polarity
and A} those of negative polarity. Those of negative polarity are brought by a move of positive

polarity and justify moves of negative polarities, and inversely for those of negative polarities.

Definition 5.17. Let o be an innocent strategy, and x € o*. Let a, 8 € A} two different opponent

cells. Let o |, a be defined as follows:

ocla={s:x>»y|ds :x »x. s secocAVme s.~(Ta’ € A, \ {a}.a + m)}

o | ais the restriction of o above .
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o | a is the part of the strategy above x that corresponds to a trigger by opponent of the cell
a. Given a move m, we say that m € o |, «, if there is a sequence s € o |, @ such that mis a

move of s.

Lemma 5.18. The following property holds:

meol,a = Yneo |, fm=zn

This lemma is quite a strong property, also called the “separation of contexts”. It says that

the strategy above two different cells explores two distinct sub-trees.

Proof. We consider a move @ of o |, a (we use a Greek letter to distinguish it from the other
moves), and let s € o | @ such that w € s. Now, let t a sequence of o | B, with 5 # a. As
we could consider s” = 5,1 = t such that 5" Cpost ¢, We assume without lost of generality that
s Cpost 1. In that case w = n = @ = n. We will prove that for all moves m € s,n € r.m | n.
As the first move m; of s is justified by «, and the first one n; of ¢ by 5, we already know that
m; 1 ny. By forward consistency Vi, j < 2.m; ff n;. So we proved the property for the paths of
length 2. The proof is done by induction on the lengths of the paths s and .

We consider that the length of s is n + 2, ¢ is of length m, and that we proved the property
hold for (1, m). We write s” for the subpath of s that consists of its n* first moves. By using
the forward consistent diagram of innocence and the inductive hypothesis, we can push the path
t along the s’. We now need to prove that m,,; {1 n for every move n of r. As m,,; is an
opponent move, its departure cell is brought by a player move. By definition of s, its departure
cell cannot be a cell available at x. Hence it is brought up by a player move in s’. As s’,f are
independent (in the sense that Ym € s,n € ".m I n), the move M, is not related by the partial
order, not in conflict with the moves of ¢, and is post-compatible. Therefore, m,,1 1  (meaning
it is strongly compatible with every move of #). Hence, by repetitive applications of forward

consistency N, I ¢, finishing the inductive case.
If ¢ is of length m + 2, the induction is strongly similar, as the role being played by s, t are
interchangeable. o
There is a direct corollary to this lemma, that highlights why we speak about separation of
contexts.
Corollary 5.19. Let x a position of 0°, and « € A}.. Then there is a set, called dominion,(a) C
A7 defined by:

dominiony(a) = {f € Al |[dme o |, @B+ m}

such that o |, «a takes place above a LI dominion,(a) and such that @ # = dominion,(a) N
dominion,(B) = 0.
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This corollary enables the following definition.

Definition 5.20. Given an innocent strategy o, there exists a family partial function {¢, : AT —

AL | x € 0*), called weak sequentiality structure, such that:

o) =f dImeo|,aBFm.

A function ¢, is partial as it is undefined on cells without move above (that is, cells corre-
sponding to —0), or even on cells above whom the strategy does not explore. Givenacella € A7,
we say that dominion(a) is the context captured by «. Using the correspondence between un-
typed cells and formulas of tensorial logic, this corollary is the game semantics counterpart of

the following (wrong) logical rule:

I'NrA IeB
I',I,I3+A®B )

Indeed, the formulas on the right hand side of the sequents correspond to negative cells, the
ones on the right to positive ones. Now, the corollary tells us that the strategy splits in two
independent parts, depending on the cell (formula) chosen by opponent. However, as one can
clearly notice, the main problem is that the context is affine, there might be some parts of the
context (that is some positive cells), that might not be explored. This will be targeted in Section
5.3.2

We introduce an invariant of the sequentiality structure.

Lemma 5.21. Lets: % —» x 5 yeo,anda € A, N Aj. Then dominion,(a) = dominion,(a),

In other terms, let x,y € o° such that x < y. Then if @ € Ay N Ay, it holds that
dominion,(a) = dominion,(a).

Proof. We do the proof in the case where + = m.n. This proof generalises straight away in the

general case.

Consider the set of plays s that belongs to o |, @. As a is an accessible cell of both x and
y, it means that the play m.n belongs to o | S for 8 # a. We proved above (in the proof of
@]} that this entails m.n } o |, @. Consequently, the plays of o | @ can be pushed above m.n
(assuming they satisfy the necessary conditions of Cpost), and o |y @ = {s € o |, @ | 5 Cpost ¥}
Given a path s € o |, a, there exists a path s” such that 5" =~ s, 5" Cpost y and 5" € o |, a.

Consequently, if a cell of x justifies a move in o |, «, it also justifies one in o |, a. |

One of the key points of sequentiality structures is this simple property, that states that if
¢(a) = B, then B has appeared after « in the sequence. This will turn to be a central point to later

prove compositionality.
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Definition 5.22. Let o be an innocent strategy, s . * —» x € o, and let @ € A,. We define ||s||,

as the length of the minimal prefix s' : x -y of s such that a € A,.

Proposition 5.23. Let o be an innocent strategy, s : * —» x € o and a, € A, such that
« € dominion(B). Then ||s|lo < IIsl|s.

Note that, one can equivalently write @ € dominion,(8) or ¢.(a) = 8. Hence ¢, (o) = 5 =

lIslla < llslls.

Proof. Let s, a, B as before. Let 5" : x - y the smallest even prefix of s that reaches a position
where f is available. Then, as ¢} 1B) = qb;l(,B), it entails that @ € A; . Now, as B is a negative
cell, is has been brought by a player move. This one has to be the last move of s’. Similarly, as
a is a positive cell, it has been brought by an opponent move, and therefore has to be already
available before the last move of s’. That is, ||sll, < ||s’||s. Finally, as for any given cell

Y € Ay N Ay, we naturally have [|s||, = [|s’[l,, we conclude. O

For instance, let us suppose that & appears at a position y in s. As @ € A}, it is introduced

. .. m n .
by an opponent move m, and we consider the positions 0®* 3 x — y — z € o* right below and
above y in s. Suppose that ¢,(a) = B points to a cell available at x. This situation is pictured in

the figure below:

This entails there is a sequence in o |, 8 that contains a move m above @. Consequently, there
is a sequence in o |, 8 that contains a move above A (as « is above 1), which is in contradiction
with the definition of o |, 8. Therefore, the cell that ¢(«) points to appears after «; it is brought
up by nin z.

We end up this section with a final technical lemma.

Lemma 5.24. Let o an innocent strategy, and x,y € o° such that x <'y. Let A ., C A, be the
subset of cells a available at x such that Am.a + m and x NN y. Then ¢, | A<y is a total,

surjective function Ay, — AL,
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Proof. We focus on totality. Let @ € A}

x<y*

such that @ + m. Therefore, 3 § € A__, such that m € o | 8. Then ¢.(a) = S and hence ¢ is

X<y
total. O

Then let s’ : x - y € o. This path has a move m

5.2 On composition of innocent strategies

5.2.1 Transverse strategies

We remind that our goal is to have a category, whose objects are the dialogue games, seen as
arenas, and whose morphisms A — B are strategies on A > B. In order to make it work, we have
to constrain ourselves to strategies that are transverse. They are those whose positions in A » B

are transverse, as defined in section [£.5.4]

Definition 5.25. e Aplay s of A> B=(A® —B)*, of length more than 2 is transverse if the
second move of s belongs in the arena B.

o A strategy is transverse if every play in it is transverse.

Equivalently, a play is transverse if it reaches a transverse position, and a position is trans-
verse if it is reached by a transverse play. Let us remind here the structure of A » B, in the easy

case where A, B are simple.

Then any transverse play of length greater than 2 starts with m.n (or any congruent moves).

Finally, let us remind that in section [#.5.4] we established a bijection:

Trans(A » B) ~ Pos(A) ® Pos(B).

However, if we restrict to legal positions, then:

Legal(Trans(A » B)) # Legal(A) ® Legal(B).
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since in the right hand side term, a name of Aces might belong to both A and B. Hence, the

bijection is as follows:

Legal(Trans(A » B)) =~ {(x,y) | (x,y) € Legal(A) ® Legal(B), x#x_,.y}-

5.2.2 Relational and sequential compositions

We are in possession of two descriptions of innocent strategies. One is based on the set of
positions they reach, the second on the set of sequences that realise them. We now address

composition, and prove that relational and sequential composition are equivalent.

5.2.2.1 Sequential composition

We consider interaction of sequences. Given o, T define o | 7 by :
olr={selegal(A>B>C)|sA>Beo,ands | B>C € 7}.

We might want to prove the projection of s [ A»> C leads to a legal, alternating sequence. Un-
fortunately, it does not necessarily hold, as the play might be non-alternating. Indeed, consider
the following case, where we write O/ P to indicate that the polarity of the move is O from the

left arena point of view, and P from the right arena point of view:

A B C
0
P/O
P
0
0/P
P
0
P/O
0/P
0
P
P/O
0

By projecting this play on A > C, we reach a non-alternatingO —-P-O—-P-0-0-P—-P

sequence. So we have to select the alternating plays, leading to the following definition.

Definition 5.26. Given two strategies o : A — B and v : B — C we define their sequential

composition by:

o, r={se AtA>C)|Tteo |1t [ AxC = s}.
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5.2.2.2 Relational Composition

In this paragraph, we briefly recall the definition of relational composition. Given a transverse
innocent strategy o : A » B, its set of positions o® forms a subset of Legal(A) ® Legal(B).
Similarly, if we consider a second transverse innocent strategy 7 : B> C, its set of positions
7* forms a set of positions in Legal(B) ® Legal(C). Using the fact that Legal(A) ® Legal(B) C
Legal(A)xLegal(B), one can see the set o® as a relation Legal(A) — Legal(B). We are interested
in making use of the relational composition. The only property that needs to be checked is that,
given o and 7 as above, does o*; 7* C Legal(A) x Legal(C) correspond to a subset of positions
of Legal(Trans(A » C)). Unfortunately, this is not the case, as the name separation condition is
not invariant under composition. For instance, if we compose a > b with b > a, we obtain a > a,

where the name a is reused across the > operator.

To cope with these minor difficulties, given two subsets R € A X Band R’ C Bx C we

define a new ;Re for the remaining of this section as follows :

R QReI R, = {(.X,Z) | x#ceIIsZ, 3)7’ (X,y) € R,(Y’Z) € R’}

Finally, we write R |gel R’ for the subset of A X B X C defined below:

R IReI R/ = {(x’)”Z) | (x’y) € R?(yvz) € R,’X#CGHSZ}'

Finally, given a position (x, y) of Legal(A)>Legal(B), such that x#, .y, we will indifferently
deal with it as an element of either the original set or Legal(Trans((A » B)). Sometimes, as

analogy with the theorem [5.13] we will write X for a definable set of positions.

5.2.2.3 The correspondence

Proposition 5.27. Let (x,y,2) € 0° |Rel T°. Then there is a sequence s : * —» (x,¥,2) € 0 |Rel T.

In the sequel, we write conflict-freeness for the property that given a play s : x » x € o,
if there exists a y € o° such that y > x, given any opponent move m : x — x’ such that
x" <y, there exists a path s” such that o > s.m.s’ : *x - y. This is a reformulation of forward
confluence, and hence every innocent strategy is indeed conflict-free. We also write (o | 7)° for
the set of positions reached by sequences in (o | 7). Moreover, we shall write P-cell, P-move

for proponent cell, proponent move, and respectively for O and opponent.

Proof. Suppose this is not the case and let s : * —» (x’,)’,7’) € o | 7 be an even alternating
sequence that reaches a maximal position under (x,y,z) in (o | 7)*. Then s [ A»> B € o, and, as

o is conflict free, let s” be a sequence such that (s [ A» B).s" : x - (x,y) € 0. Furthermore, let
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¢’ be its counterpart in B> C. Now, if either s’ or ¢’ has its first move in either A or C (let us say,
s’), then we add to s the two first moves of s’. Either the two are in A, in which case we have
reached a higher position of (o | 7)® under (x,y,z). Or, one is in A and the other in B. In this
case, the move in B appears as opponent move for 7. Furthermore, the B > C part is still under
y» z, hence by conflict freeness, we can complete the sequence by the reaction from 7. Then
if this move is in C, we stop, and have reached a new position of o°® |ge 7°. If it is in B, then
by conflict-freeness, we can extend the sequence with a reaction from o, and so on. This whole
process terminates, as any position of B can only have a finite number of moves. Furthermore,
the newly created play has alternating projection on A » C. Therefore, in the case where either
s’,t" has its first move in A or C, then we can reach a higher position under (x, y, z) contradicting

the maximality of (x’,y’, 7).

So let suppose that for all sequences s’,¢ as above, the first moves of 5" and ¢’ are in B. By
conflict-freeness of o and 7, it means that every path x” - x (respectively z” - z) starts with a
P-move, and hence there are only P-cells below x in x” (respectively below z in z’). That is, all
paths from (x’,y’) to (x,y) in o (respectively from (y’,7’) to (y,z) in 7) begin with an O-move

from y’. We will see that there is a contradiction.

Let ¢ be the sequentiality structure associated with o, and  the sequentiality structure
associated with 7. Consider « a available cell of Ay ., that has been introduced last in 5. Then
suppose that @ is an O-cell of B, then it is a P-cell of B> C. Then as a € A(J;,’Z,) <) Wiy 2y (@)
is well defined. Furthermore, as only P-cells are available at z’, 8 = () is a cell of y’.
But then 8 must have been introduced after a, by proposition [5.23] Furthermore, 8 belongs in
Ay <y by [5.24, However, a was, by definition, a latest cell of Ay <, to be introduced, we reach
a contradiction. Thus, we can conclude that « is a P-cell of B. In that case, we can repeat the

reasoning using ¢ instead of i, and get a similar contradiction.

Overall, we reach the conclusion that there exist sequences s’ or ¢’ that start with an O-
move in A or C, and (x',)’,7’) is not the highest position under (x,y,z). And therefore, by
contradiction, there is a sequence s : * - (x,y,2) € 0 |gel 7. Furthermore, as the position is

legal, the sequence leading to it is legal. O

The reverse direction is straightforward. If there is a sequence s : x - (x,y,z) then (x,y,z) €
0° |gel 7%, as (x,y) € 0°, (v,2) € 7°, and legal interaction sequences lead to legal positions.
Therefore, there is a correspondence between the two compositions. We now investigate briefly

some properties about the witness of interaction.

5.2.2.4 Some additional properties

Before studying more in depth the relation between sequential and relational composition, we

prove this simple proposition.

Proposition 5.28. Let (x1,21) and (x2,22) in X ;Rel Y, such that (x1,21) Cpost,cell (X2,22). Then,
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there exists y1,y> such that X |rel Y 3 (x1,¥1,21) Cpost, cell (x2,2,22) € X |rel Y.

Proof. Given any position (x,y) of X in Pos(A) ® Pos(B), then the position (x,y) € X is
legal and therefore x#ceisy. Therefore, picking 71 € Perm(Acgeis) such that m#cesx then
- (x,y) = (x,m-y). Furthermore, as X is closed under permutation, (x,7 -y) € X. So let
us consider (x1,y1,21), (x2,¥2,22) € X |rel Y witnessing (x1,z1), (x2,z2) respectively. Apply-
ing appropriate permutations of Acgs if necessary, we assume yy, yo#cellsX2,22, X1,21- Then
we simply apply the proposition [4.51] on the positions yj,y, to conclude the existence of
n € Perm(Aceys) such that such that 7 - y; Cpost,cel y2. Furthermore, 7 could be chosen such
that 7#xy,z1, and 7 - y1#celsx1,z1. This way, we obtain 7 - (x1,y1,21) = (x1,7 - y1,21), and

(x1,¥1,21) Cpost, cell (x2,¥2,22) as expected. ]

The properties proven in this section will be useful in order to prove that the composition
of innocent strategies results in innocent strategies. The first goal is to establish that there is a
unique witness of interaction, and then to prove that this one behaves well with regard to com-
patibility. We prove below that the strategy “preserves the compatibility”: the incompatibility
between different positions of the strategy has to originate from the opponent. That is, it must

be opponent that introduces first a move incompatible with future positions.

Recall that we write (m — n) for the conflict relation, defined by m —« n & —=(m T n). Given
apatht = nj.....n; and a move m, we write m — ¢ if dn € £.m — n. This extends to paths; s - ¢
if Am € 5,n € t.mconflitn. Similarly, given a position x, we write m «— x if, seeing x as a set of

moves, dn € x.m -« n.

Lemma 5.29. Let x,y € 0°® such that x Cpost,cell y and x ~— y, then given any path o > s : x —»

X, the first move m of s such that m — y is an opponent move.

Proof. Let x’ be the greatest member of o-* under x such that x T y. Namely, we define:

¥ =|llzeoc lz<x,z Ty

By noticing that the set {z € 0® | z < x,z T y} is stable under union (since o* is closed
under compatible union we conclude that x” belongs to it. Similarly, we define y’ for
y. As o° is closed under compatible union, x’ LI y’,x L1 y’,x" Uy € o. Now let us consider
two paths o 3 s : X’ Uy —» x Uy (meaning that there exists s* : * —» x’ Uy’ such that
s’’seo)yando >t : xX Uy -» x’Uy. Such paths exists since x’ LIy < x Uy and o is
conflict-free. These paths are non-empty, as x —« y so x” # x and y' # y. Let us name m
the moves of s (s = my.m5,....), and n the moves of r ( £ = Nny.ny....). Then we shall have
m;.my — ny.ny, otherwise this would contradict the maximality of x” and y” as parts of x,y
that are not in conflict. It should be noted that if m; {} n; (respectively m; = np), then, by
the forward consistency of innocence, (respectively by nominal determinacy and compatibility)

m;.my T nj.ny (respectively my.my = nyj.ny), and therefore, m; — ny.
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So let us consider a play and a m such as in the lemma, and assume for contradiction that it
is a player move. Then, in the play, it belongs to an OP-pair m’.m, and this one does not belong
in x’. Therefore, there is a path of the strategy from x’ LIy’ - x Ly’ that starts with m’.m, and
m’ — y as explained above, contradicting that m is the first move of the play to be in conflict
with y. O

The previous lemma will help us prove the following proposition, stating the unicity of the

witness of interaction.

Proposition 5.30. Let (x,y,z) € 0° |rel T°, and (x,y'z) € 0° |Rel 7°, such that y Ceeis y', then
y=y.

Proof. We already proved earlier in lemma [5.29] that if there were two distinct y, such that
¥ Cpost, cell Y’ then they must be in conflict. According to the previous lemma, from the o~ point
of view, opponent must initiate the conflict in B, that is, proponent from the 7 point of view. On
the other hand, from the 7 point of view, it must be the opponent that initiates conflict, that is,

the proponent from the o point of view. This is a dead-end, and there is a unique y.

Finally we note that requiring y Ceells " instead of y Cpost,cell Y’ is enough. Indeed, let us
pick two y,y” such that y Ceelis ', and 7 such that 77 - y Cpost,cel Y'- Then, in the lemma above,
this would imply 7 - y = y’. Therefore y ~ceis y', and, as y Ceells V', ¥ = y'. In particular,
given (x,y,2),(x,Y,z) € 0° |rel T°, then taking 7 € Perm(Acgyis) such that 7 - y Ceelis ¥ entails
m-y=y. Thatis, y ~ceus . m]

The witness of interaction preserves compatibility, as formulated in the below proposition.

This lemma is a consequence of the preservation of compatibility by the strategy.

Proposition 5.31. Let (x1,z1),(x2,22) € 0° jRel T° such that (x1,z1) T (x2,22). Let y1,y> such
that y1 Cpost,cell Y2 and (x1,y1,21),(x2,¥2,22) € 0° |Rel T°. In that case yi T y», and, in
particular, y1 Cpost 2.

Proof. Suppose y; ~ y». Leto | 7 3 51 : * - (x1,y1,21), and let n be the first move of s,
such that n — y,. Then by the lemma above it has to be an opponent from the o~ point of

view, and an opponent from the 7 point of view. So we reach a contradiction, and y; T y>. In

particular, by proposition .49} y; Cpost ¥2. m|

5.2.3 Innocent strategies are stable under composition

We find it easier to handle composition through the relational composition of strategies as sets
of positions. Our goal is to prove that the composition of two innocent strategies leads to an

innocent strategy. For sets of positions, this translates into the following proposition.

Proposition 5.32. The relational composition of two definable sets leads to a definable set.
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Proof. To begin, let us properly define the notations used along the proof. We consider two
definable sets X C Legal(Trans(A » B)) and Y C Legal(Trans(B » C)). If needed, we might
consider the strategies o and 7 associated respectively to X and Y. We look at X, Y as sets of
positions in Legal(A) ® Legal(B) and Legal(B) ® Legal(C).

The first condition (1) to check is 1L € X ;Rel Y. This comes from (L4, L) € X, (L, L¢) €
Y,and hence L = (L4, Lc) € XiRel Y, as (La, LB);iRel (LB, Lc) = (La, Lo).

Next, we need to ensure (2) that X ;e Y € Legal(A » C). This follows from the definition

of ;Rel, that ensures that the resulting positions are indeed legal.

We now investigate the nominal closure (3) of X ;re Y. Given an element x,z € X ;ge Y,
and y € B such that (x,y,72) € X |gel Y, then for all 7 € Perm(A), (7 - x,7-y,7-2) € X |gel Y as
X, Y are closed under permutation. Therefore - (x,y) = (7 x, 7- z) belongs in X ;ge Y. Closure

under typed substitutions is dealt with on a equal footing.

The two following properties are closure under compatible intersection (4) and union (5).
We tackle both at once. Let (x1, z1), (x2,22) € X ;Rrel Y such that (x1,z1) T (x2,22). For the union,
we also assume that (x1, z21) Cpost (x2,22). Then let yy, y» such that (x1, y1,21) Ceens (x2,2,22) €
X |rel Y (respectively (x1,y1,21) Cpost,cell (X2,¥2,22) € X |Rel Y for the union). As proven in the
lemma y1 T y2, and consequently (x1,y1,21) T (x2,¥2,22). In particular, y; Cpost y2. As
X, Y are closed under compatible union and intersection, the element (x; M x2,y; M y2,21 M 22)
belongs in X |re Y, just as (x1 Ll x2, y1 LIy2, z1 LIz2) (in the case where they are post compatible).
So (x; Mx2,21 M 22) € X3rel Y, (X1 U X2,21 U2Z2) € X;Rel Y, and therefore X ;re Y is closed

under compatible union and intersection.

The sixth property (6) focuses on conservation of compatibility after two opponent moves.
This corresponds to the first part of forward consistency, namely that given two opponent moves
m, m’ starting from a position x of an innocent strategy and such that m f m’, if the strategy
reacts by playing two moves n,n’ then, taking n,n" such that n Cpost,cen n’, it entails n
n’. So let (x,y,z) be a position of * |ge; 7°. Let m,m’ two moves starting either from x
or z, and (xy,y1,21) (respectively (x2, 2, 22)), the first position of o°® ;ge| 7° above (x,y,2) ¥ m
(respectively (x,y,z) ¥ m’), and such that, furthermore, (x1,y1,21) Cpost,cell (X2,¥2,22). As,
as proven in the lemma both o, 7 preserve compatibility, and as m I m’, this entails
(x1,¥1,21) T (x2,¥2,22). In particular, using permutations of Acgs, these could be chosen to be
post-compatible. Then, using the compatibility under union, we get that (x1,z;) Ll (x2, z2) forms
a common bound for (x,z) W {m} and (x,z) ¥ {m’}.

Before proving the next properties, we introduce the following remark. Let x = (x4, X¢), ¥ =
(y4,yc) two positions of X ;ge Y such that x < y, and let us take two positions x’ = (x4, X, X¢)
and y' = (ya,y,Yc) in X |gel Y such that x" Cees y'. Then x* < y’. Indeed, by preservation
of compatibility, x” T y" and in particular x’ C y’. By stability under compatible intersection,
(xa Mya,xpMyg) € X, and (xg Myg,xc Myc) € Y. As y4 > x4 and y¢ > xc, this entails
(x4,x M yp,yc) € X |rel Y. Furthermore, xg M yg Ceells Xp by definition. Consequently, by
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proposition [5.30L xg M yp = xp. This entails yg > xp, and hence x’ < y’.

On the seventh point, we tackle the stability of forward confluence (7)(8). Let x € X ;re ¥
such that there is an opponent move x SN y and y is dominated in X ;rel ¥ by w. One needs to
prove that there is a unique P-move n such that x g Z, 2 € X;Rel Y, z < w and furthermore
yr(n) € vr(x) U vr(m). We suppose (without lost of generality) that m is in A. We use the
property of the unique witness of interaction [5.30] Let x = (xa,xc), then there is a unique
(up to cells permutation) xp such that (x4, xp,xc) € X |rel Y. Asw € X;ge Y, there exists
a unique, up to cells permutation, w' € X |gel Y such that w' [ A»> C = w. Furthermore,
w’ can be chosen such that w' C (x4, xp, xc). Suppose that X answers to m in A, then we
conclude easily. In the case where X answers m with a move n; in B, then it will answer it
uniquely such that it reaches a position dominated by w’ Furthermore, this move will respect
the type condition on its support. Now, however, it is ¥’s turn, and for the same reason, Y will
answer uniquely by a n, whose target position that will remain dominated w’. Furthermore,
vr(ny) € vr(x’) U vp(m) U vp(ny) = vp(x’) U vp(m). This way we can build an alternated
sequence of moves alternating between o and 7, until one of the strategy moves into either A
or C. Then the position reached still remains dominated by w’. Projecting it on A » C, we get
a desired P-move reaction in A » C. Furthermore, following the uniqueness of the sequence
that leads to this P-move, one can gather that this P-move is unique satisfying the conditions.
Finally, the type condition follows from v7(x") = vz(x), since each move in B is a P-move from

either the left or the right point of view. (7) is proven on an equal footing.

Remaining is the proof of mutual attraction (10). Let s : x » ¥y € 0 |gey Tand z: x » x’ €
0 |rel T, such that x” < y'. Weset X’ = (x4, x5, x¢), x =x" [ A>C = (x4, x¢), Y = Va4, VB, YC)
andy =y [ A» C = (y4,yc) as above. Let 5" = s \ x’ defined by induction as follows:

s=0=s5 =0 s=ms" Amex =5 =5"\x s=ms’" Amée¢x =5 =m(s"\x)
The resulting s” is simply a sequence of moves. It is not a play, as it does not necessarily start
from the root. We consider the sequence ¢.s’. Our goal is to show that it is in o |ge| 7. First of
all, we need to check that ¢.s” is a play. We check the 3 conditions of proposition Ifx=1,
this is straightforward. In the case where x # L, the first move of ¢ is an initial move, and this
is the only one of t.s. Furthermore, no moves are repeated in ¢.s. Finally, we need to check the
down-closure. Let m be a move in ¢.s. Either this move belongs to ¢, and, as t is a play, the
predecessor of m is in ¢. Either it belongs to s’. Then either its predecessor belongs in s” as well,
and, as s is a play, it appeared before it in the sequence. Or it does not belong to s’, in which
case we can conclude it belonged to x’. In that case, it appeared in 7, and hence before it. So
this sequence forms a play. Furthermore, it reaches the position y’, which is legal. Therefore the
sequence is legal. Now, let us look at z.s" [ A > B. We already know thatt [ A»> B € 0. We will
prove that .s’ [ A»> B € o by even induction on the length of s’. So let ' = s1.m.s», s, being
(at this stage), possibly an empty sequence, such that we already know that z.s; [ A» B € 0. To
start, we establish that m is an O-move. Suppose m is a P-move. Then there is a m’, O-move

such that m’ appears right before min s | A»> B € 0. As o is closed under ~pp homotopy,
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s [ A» B can be reorganized (s [ A> B ~pp u;.us), such that u; : * = (x4, xg). As m does not
belong in uy, it belongs in u. From the ~,, property, we deduct that m” € u; as well. Hence m’
does not belong in (x4, xp). Som’ isin s’ [ A»> B, and appears before m. Applying a similar
reasoning to s; [ A> B <pp s we can deduct that m” is not in s; [ A > B, otherwise so would be
m. Hence the first move after s; should be m’, not m. From this contradiction, we gather that
the first move m after s, in ' | A > B is an O-move. Using the same decomposition as before
(s | A» B ~pp 51 | A> B.m.uy), we can deduct that there is a player move n appearing after m
in s’ such that s;.m.m’ <gp s | A > B). Therefore, t.s;.m.n € o.

Eventually, we conclude that ¢.s” | A» Bis in o, and, symmetrically, that z.s’ [ B>C isin 7.
So t.s" € 0 |gel T. By projecting on A > C, we get a sequence (x4, xc) - (y4,yc). Remaining is
simply to prove that this sequence starts with an O-move and finishes with a P-move. Let us look
at the sequence z.s" € o |gel 7. If the first move of s would be in B, then from the o perspective,
it would have to be an opponent move, that is, a P-move from the 7 perspective, and similarly
for 7. Therefore, it is a move in A or C. If it is in A, it would have to be a O-move of A » B, and
therefore an O-move of A > C. The same can be said if the first move is in C. On the other hand,
if we suppose the last move is in B, we obtain a similar kind of contradiction. Therefore, the
last move would be in A, or C, and a P-move from the A > C perspective. Therefore, s’ [ A> C

starts with an O-move and finishes with a P-one. This concludes the proof. |
Corollary 5.33. Innocent, transverse, typed coherent strategies are stable under composition.
Innocent strategies form the ground structure behind denotation of tensorial logic proofs.
However, they do not form a fully complete model. We will have to select those strategies that
satisfy additional conditions to achieve the final result. Before presenting those, we examine

how the weak sequentiality structures that come with innocent strategies behave with composi-

tion.

5.2.3.1 The category Inn

In order to conclude that the innocent, transverse, typed-coherent strategies form a category,
we simply need to present strategies that act as identity morphisms. These are called copy-cat

strategies.

Given an arena A, we define the transverse, innocent strategy typed-coherent copycat, : A>A

as follows, where we tag the two occurrences of A in A > A as Ay, A; respectively.
copycat, = Alt(Legal({s € Play(Ai > Az) | s [ A1 ~ceis s | A2}))

where we recall that we write ~¢g5 to signify that there must exist 7 € Perm(Aggs) such that

m-s [ Al =5 [ A;. The copycat strategy can also be described through its set of positions:

copycaty = Legal({(x,y) € (Trans(A; > A2)) | X ~a s V)
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Indeed, every position (x, y) such that x =~ y can be reached by an alternating sequence.

Proposition 5.34. copycat, is a transverse, typed-coherent, innocent strategy.

Proof. We work with copycat, as a set of sequences. By definition copycat, is closed under
nominal equivalence and strict substitutions. Furthermore, given s € copycat,, and m in, let us
say, A1 such that s.m is legal, then s.m.n € copycat, with n ~¢s min A,. Hence, s.m.n is legal,
and copycat, is closed by even prefix obviously. Furthermore, the condition s | A1 ~cejis 5 [ A2

ensure that all the sequences in it are even-length, and that the strategy is nominal deterministic.

To simplify thinks, given a move m in A;, we write m° for its equivalent one in A,, and
reversely. That is, (m“)° = m. Finally, given s in copycat,, and m;, m; such that m;  m, and
s.my, s.my are legal and post compatible, then s.m;.(r; - m{).my.(m2 - M3) € copycaty, (where
m,m € Perm(Aggys) are picked such that the sequence is legal), and therefore the strategy is

forward consistent.

Similarly, if a sequence s.mj.mj;.n;.Ny.¢ is in copycat, then so is s.nj.ny.m;.m;.¢ and there-

fore the strategy is backward and forward consistent, that is, innocent. |

Finally, it is straightforward, especially by looking as copycat as a set of positions, that
copycat acts as the identity: o; copycat = o and copycat; o = 0. So overall, we got this final

proposition.

Proposition 5.35. Inn is a category,
o whose objects are positive dialogue games that arise as denotations of formulas of tenso-
rial logic.
o whose morphisms are transverse, innocent, typed-coherent strategies of negative dialogue

games of the form A > B.

5.2.4 Composition of weak sequentiality structure

We now address the composition of weak sequentiality structure. Let (x,y) be a position of
Trans(A > B), seen as Pos(A) ® Pos(B). A weak sequentiality structure @(x,y) 1s a partial function
Prxy) P Ay W By — AT W B where we remind that A} are the O-cells of A available at x (and
respectively for the other ones). Then, given two innocent transverse strategies o : A — B and
7 : B — C, let assume ¢ and ¢ are their assigned weak sequentiality structure. Then one might

wonder if the weak sequentiality structure of o; T can be computed directly from ¢, i.
Let w = (x,y,2) € (0°;Rel T°), then to compute (¢;¥)x) : Ay W CT — AT W CZ, we can

rely on:

Pxy) s Ay WBY — AT W B
Yo i By WC —» By w(;



5.2. ON COMPOSITION OF INNOCENT STRATEGIES 187

We prove the following theorem.

Proposition 5.36. Let o, , w, x,y, z as before. Then the sequentiality structure of o; T at w is a
subset of:

BiwB; . . _ _ - —
TrA; ,C;),A;,C;((So(x’y) Wil(y.z); (idys W sg; B W idc:)) Ay WBJWB; WC] —» AT WBI W Bl C,
where the trace is taken from the traced symmetric monoidal category (pSet, w, 0) of sets and
partial functions, with monoidal product the disjoint union of sets, and unit the empty set. The
morphism Sg;.Bt + By W B; - B; © By is the morphism coming from the symmetry. That is,

denoting xy.. the weak sequentiality structure of o; T,

B} @B . .
X(x,z)(a') =8 = TrA;,C;',A;,C; ((‘P(x,y) W lﬁ(y,z)); ('dA; W SB; By J |dC§))(a') =p

We remind below what is the canonical trace in the category of partial functions. Given
f:AxC — BxC,wecompute TrS,B(f) as follows :
if i € A and f(i) is defined, f(i) € B then Trf"B(f(i)) = f().
if i € A, and f(i@) is undefined, then Trg’B(f)(i) is undefined.
Ifi € A, f(i) is defined and f(i) € C then Trf"B(f)(i) = feedback(f)(i).
feedback(f)(f(i)) if f(i) is defined A f(i) € C
Given i € C we get feedback(f)(i) = { f(i) if f(i) is defined A f(i) € B
is undefined if f(i) is undefined

Proof. Leta € A7 & C7, such that there exists 8 € A} W C_ satisfying @ € dominiong.zxz)(8).
Suppose without lost of generality that 8 is in A}, the case where f is in C; is dealt with on a
equal footing. Let w = (x,y, z) witnessing (x,z). @ € dominion,.r ;) means that there exists a
paths : w > w € 0 |gei 7, With s [ AbB € o, s | B>C € 7, s starts from the cell 8, with
@+ m € s, and such that Vy € (A} WC; \ {8})~(3Im € s.y F m). Suppose that « is in C7, the case
where @ € AT being dealt with on a equal footing. Then, by the fact that s [ B> C is above no
O-cell of z, we can deduct the fact that ;) (@) = a2 is in B}. Now, the O-move that triggered
m, such that @, F m and m € s, is actually a P-move from the o point of view. This P-move has
been triggered by a O-move from the cell ¢(.,)(a2) = a3. Now «3 is either a in By‘ orin At If it
is in AY then this is automatically § as § is the only cell in A} that is explored by s. If itis in By,
then we redo the same reasoning, and conclude that this is triggered from the 7 point of view

from a O-move above i, ;(a3) and iy ;(a3) is in By . Going on like this we obtain a sequence:

al =a
Qi = lﬁ(a',') if i is odd

air1 = @(a;) if iis even

sequence that stops when ¢, y)(a;) = 5. Now, let f : A, — N defined by f(«) = [|sll,. Then f
is strictly decreasing along ¢,y and ¥, ;). That is, given (a) such that ¢, (@) is defined then
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f(@uy (@) < f(@) (and equivalently for ¢, ,)). This ensures us that the sequence above is finite
By WBy i
and eventually stops. So we can conclude that 8 = Tr, ChAt.Cr (Pxy) W (05 (Ida; W sp pr W

X

ide:))(@) = B. o

Unfortunately the reverse inclusion might not be true. Suppose that there exists a cell a in
A} such that « has three different cells in its dominion,.xy): two in Ay and only one in By The
strategy reacts to a move in « by playing a player move in B, and depending on the reaction
of the opponent, it explores one of the two cells of dominion(e) located in A, or the other.
Then as the context explored depends on the reaction of opponent, when post-composed with
another strategy, it will never explore one the cells that was in dominion(a), (as the reaction
of the opponent in B is now encoded into 7, that is deterministic). Hence the dominion of the

composite strategy is now restricted to one of the two original cells of A.

This is related to the difficulty of modelling the sequence ® — & by a strategy in linear logic.
For instance, consider the sequent - I', (A& B)® T . The strategy, playing the tensor ®, will bring
two cells; one corresponding to the & on the left hand side (call it @), and one corresponding
to T. Now, calling I'” the context explored by o | @, and I'" = I" \ I, it would be tempting to

conclude that the strategy corresponds to the rule :

IV, A& B I, T
FILA&B)®T

Equivalently, in tensorial logic, this would be :

I"A®B*F+ L
I+ -(A® B) I, T
FI,L-(A®B)®T

However, the problem is that the context explored might depend whether the strategy decides
to explore the left hand side, or the right hand side of the formula A & B. That is, the context
explored by the set of plays of the strategy whose first moves (at this stage) belong in A might be
different to the one explored by the set of plays of the strategy whose first moves (at this stage)
lie in B. That would lead to the following sequent deduction,

FF'I,A I—Fé,B
IV, A& B

where [ = I} UTY, or, equivalently

F’I,AI—J_ F;,B,H_
I"A®B¢+ L

in tensorial logic. However, in both logics, it is required that I'} = I',.



5.3. REFINING INNOCENT STRATEGIES 189

5.3 Refining innocent strategies

Innocent strategies suffer defects that prevent them from forming a fully complete for tensorial
logic. First, they are affine, meaning that a part of the context might not be explored and there-
fore might be discarded. For instance, there is an innocent strategy A ® A » A. This problem
is also apparent in the confusion between 1 and T. From the game perspective, they are equal
(both accepts only one move), whereas they fundamentally differ from the logical point of view.
The second problem comes from the fact that on every type there is a strategy, namely, the triv-
ial one whose only play is the empty play. In order to exclude those cases we must focus on

strategies that are able to answer every opponent query. Those are called total.

Therefore, we add two properties to our strategies. They shall be total, and with strong
sequentiality structures that prevent them from being affine and that encode well the structure of

the atomic types.

5.3.1 Totality

A strategy is total if it can always answer an opponent move.

Definition 5.37. A strategy is total if for all s € o and for all m such that A(m) = =1 A s.m €
Legal(A) then An. s.m.n € 0.

Similarly, this property can be encoded on definable sets.

Definition 5.38. A definable set X is total if Yx € X.Ym.(A(m) = —1 A x W {m} € Legal(A)) =
x W {m} is dominated in X.

There is a straightforward equivalence between the sequential definition of totality and its
static one. More important is to prove that the total strategies are stable under composition. This
relies on our arenas being finite in the sense that any play on them can only have a finite number

of moves.

Proposition 5.39. The total strategies of Inn form a sub-category of Inn. That is, the composite
of two total strategies is total and the identity strategy is total.

Proof. Consider two strategies o : A>B and 7 : B>C such that both are total. Let s : A>C € 07 7.
Let m a O-move of A » C such that s.m is legal. Consider ¢ a sequence of o | 7 such that
t [ A» C = s. Suppose, without lost of generality, that m € A. Then, as o is total, there is
amysuchthatt | A> B.m.m, € 0. If my € A, we conclude that s.m.m, € o; 7. Otherwise,
m, € B, where from 7 point of view, it appears as a opponent move. Then 7 reacts to it with
ms3. If m3 € C, the s.m.m3 € o; 7. Otherwise, it is in B where it appears as an O-move from o

point of view. Following this reasoning, we obtain a sequence mj.....m, of moves in B, until
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one of the strategies decides to play in A, C. As there are only finite chains in B, such a sequence
always terminates, and one of the strategy o, T always reacts in A, C with m,; leading to a play
s.m.m,,1 € o; 7. Finally, the copycat strategy is obviously total. m|

Therefore, total strategies form a sub-category of Inn.
Definition 5.40. The category Totlnn has same objects as Inn and morphisms total, typed-

coherent, transverse, innocent strategies.

It should however being noted that totality and maximality are two different notions. A total
strategy might not reach a maximal position. For instance, let us consider the arena associated

with the sequent =1 + =0, whose simplified tree is displayed below:

P’nT P9n1

0,m1

This sequent has a proof, namely:

0

0.21F L Right -

-1+ =0

This proof corresponds to the total strategy {@), m;.n+}, where the n+ move is the denotation
of the triggering of the O-rule. However, this strategy does not reach the maximal position

{my,nT,ny}. In linear logic, this would correspond to a proof of the sequent 1, T.

5.3.1.1 On frugality

A play is frugal if opponent never introduces twice the same name. In particular, it never intro-
duces twice the same typed name. As typed cells are maximal (they never justify another move),
this can be formalised by focussing on cells available at the target of the play and of positive

polarities.

Definition 5.41. A play s : x - x is frugal if it is legal and furthermore :

Ya,a' € Al.a #d = attra’ .



5.3. REFINING INNOCENT STRATEGIES 191

This notably entails:

Ym;,m; € s.(i # jAAM;) =A(m;) =-1) = "S(my)# S(m;)".

Concerning the cell names, the legality condition already ensures that each move by op-
ponent brings different names. So the frugality only constraints the strategy regarding typed

names. Given a strategy o, we call frugal(o) its set of frugal sequences.

frugal(c) ={s: x » x | Ya,a’ € Al.a # @’ = a#ra’ }

Equivalently, we say that a position is frugal if it is the target of a frugal sequence. Given

X = o*, we write frugal(X) for its set of frugal positions.

Just as we can project a proof of tensorial logic into a proof of linear logic, we would like
to project our strategies to morphisms coming from a categorical model of linear logic. More
specifically, we would like to project our strategies to the linear polarised nominal relational
model. In it, the tensor is modelled by the polarised separated product, that does not let the

same name appears twice in two different occurrences of atomic type of same polarity.

The reason why we do not enforce frugality at the level of strategies is that it does not
compose well. This has to be put in relation with section [3.4.3] where we showed that the com-
position of separated polarised relations could not be defined as the usual relational composition.

As example, let us consider the composition of the strategies corresponding to the following cut.

XX
-X, X+ L
X+rX =X+ =X
XrX X, XFX®-X
-X, X+ L X®-X+FX®-X
“X®XF L X®-X,-(X®-X
1+=(-X®X) (X®-X)F-(X®-X) Cut

ITF-(X®-X)

First, let us display the structure of the dialogue game corresponding to —(X ® —X).
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where 4, y have type Ax. The idea is that the proponent will copy the name introduced by
opponent to display a copycat link. So if we look from the (1 > =(X ® —=X)) point of view, that
corresponds to the left hand side of the cut, player will simply copy the A passed by opponent.
On the other hand, in the arena (-(X ® =X)) > (=(X ® =X)), as player will also follow a copy-cat
strategy, it will copy back and forth the 4. So from its point of view, it seems like opponent
has played twice the same name, hence breaking the frugality condition. The play is displayed
below, where the arrow between move emphasize the relation + between them, and where the

typed names are bold and underlined.

1 (X ® —-X) (X ®-X)
(i, *,@),0
(@eBaDPlO,__
/} (Q’,,.,ﬂ,),P x
(ﬁ,’ e, {/_la )"}), 0
(B, ,{,¥), 0| P
(%’u_l),PIO/ J
., ,P

To solve this issue, we have adopted the same technique as for linear relations: we have
considered from the start strategies that are closed under typed nominal substitutions. Given o

be a set of plays, we define 6 by:
cg=le-s|lee&r, seo}
and equivalently, given X a set of positions, we define:

A

X={e-x|lecEp, xeX}.
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One can easily check that (0)* = (0'/-'\) The first important lemma of this section states that
our strategies are well-defined by their subset of frugal plays. We remind that a play is semi-
linear if proponent never introduces a typed name in it, and a strategy is semi-linear if all the

plays in it are. Semi-linearity is a sub-property of typed-coherency [5.2]

Proposition 5.42. Let o be an innocent, typed-coherent, total strategy. Then o = fruga\l(o').

Proof. We start by the left to right inclusion. The proof is done by induction on the lengths
of the plays s of o. Suppose s = s’.m.n, and 5" = ¢; - ¢/, where ¢’ € frugal(o), and the only
action of e; is to merge names of . That is v(s’) C v(¢'), and v(e;) C vy(¢'). Furthermore, let
us assume that (vy(¢') \ vy(s”)) N vy(m) = O without loss of generality (one can always do this
assumption since if there were some names in this set, one could get rid of them by applying
a typed permutation to #’). In the case where #.m.n is frugal, then, as the only action of e; is
to map names of v7(¢’) to names of vy(s’), and (vr(#') \ vr(s’)) N vr(m) = @, we can conclude
that ¢; - m = m. Furthermore, by typed-coherence, vy(n) C (vr(s’) U vy(m)). Therefore,
e1 - vr(n) = n. Finally, let us assume that #.m.n is not frugal. Then this entails that m brings
names appearing in ¢’, or brings several cells filled with the same name. In either case, we pick a
m’ such that m’ is frugal as a move, m’#rs, ¢, and such that there is a typed substitution e, such
that e; -m’ = m, and v(ey) € vy(m) U vy(m’). Finally, let us consider a nj such that z.m’.n; € o.
Such a move n; exists since o is total. Now, ej.e; - (£.m’.n;) = s.m.(ej.ep) - N = s.m.n by
nominal determinacy. Let us consider 7 € Perm(A) such that - (s.m.(ej.e2) - N;) = s.m.n.
As o is semi-linear vr(ej.e; - ny) € vr(s.m). Moreover, as ny, s.m have strong support, we
deduce that v(m)#v7(s.m) and we conclude that  is a permutation of Aces. As 7 and ey, e have
different supports they commute. Finally, calling " = 7 - n, we got £.m’.n” € frugal(c) and
er.ep-(t.m’'.n’) =s.

The reverse inclusion is automatic, since frugal(c) € o, and o is closed under typed substi-

tutions. m]

One now can define a category with nominal positive games as objects and innocent, semi-
linear, total, frugal strategies as morphisms, where the composition is defined through closure
under typed substitutions as in section [3] Given a typed-coherent innocent strategy, its frugal
restriction is not innocent anymore, but almost. To remedy for that, we introduce frugal inno-

cence.

Definition 5.43. A strategy is frugal forward consistent, if Vs € o and my, my,ny, Ny such
that s.mj.n;, s.My.Ny € o, My # My, My T My then Ny % Ny . Moreover, if my,n; are
such that s.mi.ny Cpost S.M2.N2 and My.N#My.ny then we have s.mi.ny T s.Mp.ny € o and
5.my.N1.My.N; € 0. A strategy is frugal innocent if it is frugal forward consistent and backward

consistent.

We then have the following straightforward property.

Proposition 5.44. A strategy o is typed coherent innocent if and only if frugal(o) is semi-linear

frugal innocent. Furthermore, o is transverse, total if and only if frugal(o) is.
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The proof is obvious. This allows us to define the following category.

Definition 5.45. Frugal is the category with objects positive dialogue games and morphisms
frugal innocent, semi-linear, total, transverse, frugal strategies. The composition of morphisms
is defined as follows:

o, 1 = frugal(c;7)
or, equivalently,

X;Y = frugal(X ;pel ¥)

For completeness, we prove below that the above definition makes sense.

Proposition 5.46. Frugal is well-defined, that is, if o, T are frugal innocent, semi-linear, total,

transverse, frugal strategies, then so is o; T.

Proof. As o, 7 are frugal innocent, semi-linear, total, transverse, frugal strategies, then o, 7
are morphisms of Totlnn. Therefore, o;7 is a morphism of TotInn and frugal(c;7) is a frugal

innocent, semi-linear, total, transverse, frugal strategy. |

Associativity of composition follows from the one of typed-coherent innocent strategies, and
the identity morphisms are defined to be id4 = frugal(copycat,). Equivalently, a direct method
can be proposed, by relating arenas to lists, strategies with semi-linear nominal relations, and
the closure under nominal permutations with tracing of partial injective functions. More about

this is given in the appendix [9.2]

Therefore, in the next paragraph, we focus on strategies of Frugal.

5.3.2 Innocent strategies and strong structures of sequentiality

Sequentiality structures have been introduced in [69], and we simply adapt them to take care
of our alternative nominal structure, notably through the “well-typed condition”, that is our
main contribution. Similarly, the properties to be found here are mostly adaptations of the ones

presented in the original paper.

The key to definability for strategies lies in their sequentiality structures. Indeed, each move
by player will correspond to a sequence ) (X) of global positive connectives, and in particular,
the (X) splits the formulas on the left hand side of the sequent into a partition. The division of
context taking place at the level of formulas in the proof corresponds to the division of context
taking place at the level of cells by the strategy. However, the problem with innocent strategies
is that their sequentiality structures are weak: their functions are partial. Notably, given a cell

with no move above, (corresponding to a unit), there is no way to establish what part of the
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context will be captured by it. Another way to state it, is that there is no difference between
-0 and 1 from the strategy point of view, both are interpreted by a single player move. There
is no indication for the fact that =0 might capture a context, while 1 cannot. Equivalently, we
have to enforce the fact that a proponent move in X can only capture a context of type X. In
order to solve that, we extend the notion of innocent strategy to equip them with a “strong”
sequentiality structure, that is not partial anymore. If the innocence of the strategy captures the
underlying structure of the proof, then the sequentiality structure makes sure it stays logical,

and, in particular, captures the structure of the leaves (axiom and O-rule). .

Let us recall that we work within the category Frugal, as defined in the above section.

Therefore, the strategies are not closed under typed substitutions anymore.

Definition 5.47. A strategy with sequentiality structure (o, ¢) is an innocent strategy o together
with a family of sequentiality functions ¢ = {¢, : AT — A} | x € 0*} such that :

o ¢ is closed under permutations: ¢r.(x) =7+ ¢x.

e ¢, is a total function.

o Vs:x > x50 YEo, foralla € A7 ﬂAy_.qﬁ;l(a/) = ¢;1(a).

This definition of strong sequentiality structure is coherent with the definition of weak se-
quentiality structure given in the context of innocent strategies. We recall that the action of name

permutations on functions is defined by:

(- $)(x) =7 (p(n" - x))

Proposition 5.48. Let (0, ¢) be an innocent strategy with sequentiality structure, and  the weak
sequentiality structure canonically associated to o. Then y C ¢ (where the inclusion takes place

at the level of partial functions).

Proof. Let x be a position of o*, @ a negative cell available at x, and m an opponent move
above a. Moreover, let us consider 8, a positive cell available at x, such that there is a play in
o |y a that contains a move n above 8. That is, ¥(8) = @. Let s = m.s’n a play of o |, «
that starts with m and finishes with n. Consider all the negative cells available at x but . By
definition of o |, a, they are not explored by the play s, and therefore remain available all along
it. Consequently, the set of cells ¢, !(A] \ @) is still present at y, the target position of m.s’.n.
As n explores above S, 8 is not available at y and therefore 8 ¢ ¢;'(A; \ @). As the function is
total, this entails B € ¢! (a), that is, ¢,(8) = a. o

Since our new sequentiality structure is an extension of the canonical one imposed by the
innocence of the strategy, it approximately satisfies the same properties. Among them, Propo-
sition [5.23| remains true. That is, given s : * » x € o, if ¢,(@) = B, (Where a,8 € A,), then
IIslle < llsllg. The proof is exactly the same as the one of the original proposition
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We furthermore need to make sure that the context captured by a cell is coherent. That is,
an untyped cell can capture any context, but a typed cell can only capture a context of the same

type, and, by linearity, only a single cell. We therefore impose the following conditions.

Definition 5.49. Given (o, ¢) a strategy with sequentiality structure, we say that ¢ is well-typed
if:
o Vxeo®, Yae AL, v("a™) € Ay = (Y € Perm(Ar) v("drr(m- @)7) = - v("(dr(@))M)).
Thatis v("¢p (@) NAr Cv("Ta™) NAr.
e Vxeo®, YaeA,.(W(Ta)NAr # 0= |p. ()| = 1).

One important consequence of this definition is that player cannot play a move in an atomic
formula X if opponent has not played in another X before. Then, player will play the same
name « as opponent played before, establishing a copy-cat link. In other terms, the copy-cat
links are oriented, from negative to positive literals. The strategies with well-typed sequentiality
structures are automatically semi-linear. Indeed, if player plays a cell with a name of A, then
from the first condition, it points to a positive cell of same type through ¢, and this cell has the
same name. Finally, as we know that sequentiality structures are such that if ¢(a) = B then a
appears before 3, then we can devise that if proponent plays a typed name, then this one was
brought by opponent before. Finally, as the strategy is frugal, opponent never plays twice the
same name. Now, if player would want to play twice the typed same name, then it would mean
that there would be two positive cells that point to it through ¢. However, that is prevented

thanks to the second condition.

Note that, as in a vertex v, only the final cell "v™ can be a typed cell, then it is equivalent to

require v("a ") N Ar # 0 and v(a) N A # (. This entails this small simplification.

Lemma 5.50. The well-typed conditions are equivalent to the following ones:
o Vxe o Na e AT v(d(a)) NAr Cv(a) N A7
o Vxeo*VaeA .(Wa)NAr #0 = |¢;1(a)| =1).

5.3.2.1 Composition of sequentiality structures

To start this section, let us recall that weak sequentiality structures compose through tracing,

but not exactly. That is, the composition of two weak sequentiality structures ¢ and i along a

position of interaction (x, y, z) is defined at the level of the strategy, and is included in:

T 9 Y0 (id: Yide)) : AT W B WB W C - A* WBY WB, WC;
rA;,C;,A;,C;((SD(x’y) Ulr//(y,Z))7 (I AT W SB;,B; Wi CZ_)) <y ¢ y @ y © . Ay @ y U 'y @ Z)

the inclusion being, in the general case, strict. After a brief discussion, it was highlighted that

the reason for this strictness might be pointed to a wrong logical behaviour with regard to the

&-rule by innocent strategies :

I'NrA I+ B
rul,+rA&B




5.3. REFINING INNOCENT STRATEGIES 197

in linear logic, or

I',Ar L I,,Br L
IHul,,A®@Br L

in tensorial logic.

This behaviour follows from the fact that a definition of sequentiality structure only through
“what is explored” is not strong enough. Our new definition does not encounter this problem,
what is explored by the strategy on the left or on the right might differ, but this is not taken into
account by the structure.

As expected, composition of sequentiality structures is defined through tracing. One
already knows that this is coherent with their restriction to weak sequentiality structure. That
is, given ¢, i sequentiality structures associated with two strategies o : A - Band7: B — C,
we already know that the weak sequentiality structure associated with o7 is a family of
sub-functions of Tr(¢ W y;id W s W id).

Definition 5.51. Let (0, ¢) : A — B and (7,¢) : B — C two strategies with sequentiality struc-
tures. We define their composition (o, ¢); (7,) by (0 7, p;seq V), Where given a legal position
(x,y,2) of 0° |Rel T* € Pos(A > B> C):

BwB; . . _ _
(@3seq W) = Tr A";,C;’ A;,Cz_(wx,y) Wiy (idar W sp; pr Wide:)) AL W By W B, ¥ (! —

AT W B} @B W C,

We need to prove that this leads to a sequentiality structure, that is, that the thus defined
function is total. Furthermore, we prove that if the two sequentiality structures are well-typed,
then so is their composition. Finally, it is necessary to check that two distinct witnesses of

interaction lead to the same final sequentiality structure.

Lemma 5.52. The function

BB

A;,C;—’A;C;(w(x,y) Wy 23 (idar W sps pr Wideo)) : Ay WBJ W By WC —> AT W Bl W Bl W

is total.

Proof. We simply need to show that the partial function ¢,y Wiy . | By WB[; s B; B 18 nilpotent.
It is true since, given s : * = (x,Y,7), and the function ||.|| that to each cell @ in B gives the
length of the minimal subsequence s’ < s T B such that s’ introduces «, then |l¢, ,(@)|| < ||l

and equally for y. Therefore, given any cell of By, there is no infinite chain following repetitive

applications of the function ¢y W ¢y | By @ B SB; B} - O

Lemma 5.53. If ¢,y are well-typed, then so is their composition.



198 CHAPTER 5. STRATEGIES FOR TENSORIAL LOGIC

Proof. We only need to show that the two properties defining well-typedness are stable under
iterated applications of ¢ and ¢ (as given any cell a € Azrx,z), there is a sequence of alternating
¢,y such that (¢;seq ¥)(@) = ..¢oo...(@)). Let us assume without loss of assumption that the last
function of the previous sequence is ¢. Then v(a) NA7 2 v(d(x ) (@) NAT 2 V(Y (5,7 0 Pay)(@))N
A7 D ... 2 (Pryiseq ¥(yo(@). We proceed similarly to show that |@x.y)iseq 9&(;{1)(“)' = 1 when
anAr #0. m|

Finally, before being able to conclude, we need a final lemma.

Lemma 5.54. Lety # y’ such that (x,y,z),(x,Y,z) € 0° |rel T°. Then:

BreB;
TFA+UC Az cr Py Wiy s (idar ¥ sp; pr Widc:))

By WB)”
= Tt oo (Poy) Wiy ); (ida; W osp g Widce:))

Proof. We know that there is a unique witness of interaction, up to cell nominal permutations.
Hence y ~gqis y'. Furthermore, as (x, y) is legal, x#cesy, and similarly y#.esz. So it follows that
there exists a permutation 7 such that 7 - (x,y,z) = (x,y’, z). Then the lemma follows from ¢, ¥

being nominal, as well of the trace operator. That is, given f : y X x — z X x a generic function:

(D@ = (- (/)@
= (W05 (! f))e)
= (W - ! )

In our case,

J =0y Wiy (idar W sp; pr Widc:)
1 i .
. f = Son’l'(x,y) V] l//n’L(y,z)’ (IdA;—l,x V] SB?,] ’Btl” W Idc,;l.z)

Ty mYy

So let us pick s such that - (x,y,z) = (x,)’,z). Then as a is a cell of (x, 2) and 7r (x 2) = (x,2),
we got 77 - @ = a. Finally, to simplify, writing Try, (¢, | ¥, ) for TrA C+ A+ _(((,a(x)) U}
Yy.2); (idar W sp; pr Widc:)) we got:

Tryy 2 (by) | Yy )@ = Trr(ay. ) (Drey) | Yro)T - @)
= T ey (T Poey) | T Y3.0)( - @)
=7 (Trey 2y W ¥y, (@)
=Ty (ey) ¥ Yiy0)(@)

where the last equality holds since Ty, ((xy) W ¥(y.)(@) is a cell of (x, 2). |
So finally we can conclude that we have a category of arena games and transverse, innocent,

total, frugal strategies with well-typed sequentiality structures as morphisms. These strategies

will prove to be sound and fully complete for tensorial logic. We name this category TTSFInn.
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Definition 5.55. TTSFInn is the category with objects positive dialogue games and morphisms
transverse, total, semi-linear, frugal, innocent strategies with well-typed strong sequentiality

structures on negative dialogue games A > B. We will call such strategies brave.

We will explore this category in the next section. We will notably present the associated

copycat morphisms, and will expose its categorical structure.
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Chapter 6
Full Completeness

Full completeness was first introduced in [5]] for multiplicative linear logic (with mix rule). A
model is fully complete if it is sound and every morphism corresponds to a proof. This amounts
to a full functor from the category of proofs (modulo equivalence) to the categorical model

investigated, such that every object in the categorical model lies in the image of the functor.

However, in that seminal paper, just as in many others [[60, 50, 24], the functor was not only
full but also faithful. That is, there was an equivalence of categories. In that case, there is a one
to one correspondence between proofs modulo equivalence and the morphisms of the category.
These results were all obtained following the same recipe. They relied on known canonical
representations of proofs modulo equivalence for several fragments of linear logic, all under the
form of proof nets. This was discussed in[2.2.3] One can then establish an equivalence between
the proof nets and the morphisms of the category. In this case, the model is an instance of a free
category on the discrete category VAR. In our case, we will deal with tensorial logic, and we
will rely on TENSyoc_giop to distinguish between classes of equivalence of proofs. We recall that

TENStoc—giob is the focalised fragment of tensorial logic with global connectives, introduced in

2321

In the first section of this chapter, we present the interpretation of tensorial logic into our
category TTSFInn, defined at the end of the previous chapter in definition[5.55] and prove that
TTSFInn is a sound model for it. Furthermore, we prove that there is a one-to-one correspon-
dence between the morphisms of TTSFInn and the proof invariants of tensorial logic. That is,

TTSFInn is an instance of the free dialogue category with sums on the discrete category VAR.

Following this result, we recall that tensorial logic and linear logic are strongly linked, es-
pecially at a syntactic level. As each proof of tensorial logic can be seen as a proof of linear
logic (and reversely), we want to use the category TTSFInn to interpret linear logic. Once done,
we define a mapping from this interpretation to the nominal relations. This allows us to prove a
full completeness result for MALL, based on a refinement of linear nominal polarised relations.
However, the final model obtained this way is unfortunately not the free star-autonomous cate-

gory with products on VAR. That is, the functor from the proofs to the categories of relations is

201
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only full, but not faithful: two proofs might be the interpreted by the same morphism.

Once again, this work is mainly an adaptation of the work that Mellies carried in [[66} 69,
73]]. In [66], Mellies did introduce a full-completeness for linear logic without axiom-links fol-
lowing a similar recipe, however relying on a notion of payoff instead of sequentality structures.
This one also ecompassed exponentials, whereas we don’t consider them here. In [|69], the re-
sult was re-established using sequentiality structures (this time, without exponentials) instead
of payoff. In [[73[], a model of the free-multiplicative dialogue category (hence, corresponding
to axiom-links in the case of VAR) was presented, however this one did not include the additive
fragment. Here, we display the free dialogue (with additive structure) category over VAR, and
prove that the projection extends indeed the original full-completeness result for multiplicative-

additive linear logic to include axiom-links.

6.1 Interpretation of proofs and soundness

In order to prove that we can soundly interpret tensorial logic in TTSFInn, we need to prove
that TTSFInn forms a dialogue category with sums, with the ability to model the axiom rule on
literals. We remind that A » B = (A ® =B)*. We present below the pre-arena X » X, where X is

an atomic variable.

Figure 6.1: Dialogue game of X » X

Then the strategy o interpreting the axiom is the strategy with maximal plays m.n,
m™.'nT = (@, e, {inl(1),inr(B)}).(inr(B), e, {1}), and with sequentiality structure ¢(1) = A. It
is a transverse, total, frugal strategy with strong sequentiality structure. We recall that such a

strategy is called brave. We remind that a frugal play is legal. That is, frugality entails legality.

More generally, we present the copy-cat strategy, that acts as the identity in the TTSFInn

category. Given an arena A, we define the brave strategy copycat, : A » A; as follows:
copycat, = {s € Play(A) | s frugal, alternated, even-length and s | A| ~celis § [ A2}.

The semi-linearity and totality are automatic. The copycat, strategy can also be described
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through its set of positions:

copycaty = {(x,y) € Frugal(Trans(A > A)) | x ~a . ¥}

Finally, its structure of sequentiality is described as the identity function between negative and
positive cells. That is, given (x,y) € copycat,, and 7 € Perm(Aggys) such that 7 - x = y, then
$ry Ay WAL — AT WAT is defined as follows:

1

a €Ay = py(@) =1 ca €A}

a €Ay = dy(@) =m-aeA]

Then given o : A > B, we have o; copycaty = o and copycat,; o = o

We deal in the sub-sections below with the categorical structure. Several distinct steps are
needed. First, we prove that the category is monoidal. Then, we establish the existence of a
natural isomorphism between C(A ® B, L) and C(A, ~B), allowing us to conclude that it is a
dialogue category. Finally, we tackle the coproduct. We also take advantage of this presentation

to expose the denotation function from proofs to strategies.

6.1.1 TTSFInn is monoidal

The monoidal functor is, of course, defined by ® on objects. Given two morphisms o : A — C
and 7 : B — D, that is, two strategies o : (A>C) and 7 : (B> D), one needs to define a strategy
o®T1:(A® B> (C®D)). We present in figure @ the structure of the arena (A ® B® —~(C ® D)),
using the standard decomposition of each of the arena A, B, C, D into a sum of simple games;
A= @ A; for instance. We denote by a; (resp b;, c;, d;) the initial values of A; (resp B;, C;, D;).

Figure 6.2: Structure of A® B> C ® D.

Then, one can see that, as the strategy o ® 7 is transverse, the two first moves will be of
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the shape (a, (a;b;), S 4, ¥ SBJ. W B).(B, (ci,di), S c, W S p,), so are isomorphic to (Mg, My).(N1, N2),
where mj.n; € o and my.ny € 7. Furthermore, after two moves, the cells available are S 4, W
Sp WS¢, WSp, and the sequentiality structure yields a function ¢ym,wn,} ¥ ¥{m,wn,}, Where ¢
is the sequentiality structure associated with o, and ¥ the one associated with 7. Furthermore

®m,.m, has domain of definition and image in S 4, ¥ S ¢, , whereas ¥, n, acts upon S B; Y S,

We make that precise using the equations from section[4.5.4]

Trans(A ® B> C ® D) ~ Pos(A ® B) ® Pos(C ® D)
~ (Pos(A) ® a,,,,Pos(B)) ® (Pos(C) ® 4, Pos(D))
=~ (Pos(A) ® Pos(C)) ® (4qextcer) (POS(B) ® Pos(D))
=~ Trans(A > C) ® (Aqiexheers) TrANS(B> D)

Sogiveno : A»C, 7 : B» C, we define o ® 7 first by looking at its set of positions, where we

remind that @ is the function on positions that to a position returns the cell it is rooted on.

(0- ® T). = FrUgaI(Legal((O'. é (AceIIsXAceIIS)T.))
= (Lasc X Lp.p) W Frugal({((xa, xc), ¥s,yp)) | @i(x1) = @w1(yp), wi(xc) = w1(yp),

(x4, xc) € o* \ {L}, B, yp) € T° \ {L}, (x4, xc) \ V(@1 (x4), @1 (X)) # 4o VB> YD)}

Equivalently, it can be presented by the set of plays:

oc®T={s€ A®B>CQ®D| s frugal, even-length, alternated,s | A>C € o,s | B>D € 7}

Finally, any position of (o ® 7) being isomorphic to a position (x,y), where x € o* and y € 7°,

one can describe the structure of sequentiality straightforwardly by :

¢O’®T, (xy) = ¢O',x W ¢T,y-

The strategy hence obtained is frugal by definition, transverse and with a strong sequentiality
structure. Innocence can be straightforwardly checked following innocence of o, 7, and relying
on the property that every two moves, except the two initial ones, that happen in A» B and C»> D

respectively, are independent when projectingin A® B> C® D.

As the arena for A ® (B ® C) is the same as the one for (A ® B) ® C (by associativity of
® A )s the monoidal product satisfies associativity as required. What remains is to tackle the
units. Given an arena A, we have to give description of the morphisms A - A®/and A®I — A
satisfying the required equations. However, A ® I, I ® A and A are isomorphic arenas. Hence,

the strategies A, p are simply copy-cat like strategies.

For instance, we give below the interpretation of the introduction rule of /. The sequent + /
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is interpreted by I » I. The unique non-empty play in the strategy interpreting it consists of the
sole possible couples of moves m.n as in Figure [6.3] That is [7;] = {0, m.n} where 0 is the

empty sequence.

Figure 6.3: Dialogue game of /> I.

The monoidal product allows us to interpret the right tensor rule. The proof:

T T
I'rA A+ B
I'A+A®B

is interpreted by [71] ® [72] : [l ® [A] — [A]l ® [B].

6.1.2 TTSFInn is a dialogue category
The goal is to prove that there is a natural isomorphism between the two following hom-set
functors:
TTSFINn(A® B, L) ~ TTSFInn(A, =B).
In that case, this translates into:
strat((A ® B® (--1))") ~ strat((A ® =—B)")

where strat(C) denotes the set of appropriate strategies on the arena C.

We display how those two arenas look like. We start with (A ® B® (——1))*, whose dialogue
game is presented in figure[6.4]
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Figure 6.4: Dialogue game for (A @ B® (——1))*.

The transverse plays of this arena start with a move m, with "m™ = (a, (a;, b;), S 4, ¥ Tp; {Bh).
Then, as the play is transverse, it has to answer by the unique (up to nominal equivalence)
proponent move justified by 8, which is a negation move "m_" = (8, e,6). Finally, it is the
opponent’s turn to play, and opponent plays in the unique negative cell available, J, playing
the unique possible move "m;" = (4, ). At this stage, the 8 branch of the dialogue tree, that

corresponds to ==/ is full, and the proponent must play a move above S 4, ¥ T4y;.

We now turn to (A ® =—B)*, whose dialogue game is drawn in Figure[6.5]

Figure 6.5: Dialogue game for (A ® (——B))*
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A transverse play of A » =B starts with a move my, with "m;™ = (a, a;, S 4, ¥ §). Then, as
the play is transverse, the next move must be the unique (up to equivalence) move justified by
[, that is a negation move "= = (8, o, {6}). Now, opponent answers with an initial move of B,
of the shape "my™" = (6, b, T;). Finally, it is proponent’s turn to play, and it must play a move

above one of the cell of TBJ. WS4,

Therefore, the isomorphisms between strategies must relate plays of the shape
{(my, my).—1.m;.s} and the ones of the shape {m;.—;.m,.s}. However, we must pay attention
to the legality. Formally, given oo € TTSFINnn(A ® B, 1) we define 7 € TTSFInn(A, —=B) the

corresponding strategy by:
7 = Legal({0, ma.—, ma.m1.mp.s | (M4, Mp).11.Mps € 0, My =cells Mp))
And, we present the reverse direction:

o = Legal({0, (M X4, Mp).—1, (M4 Xaye Mp)-m1.M7s | (Ma.m1.M.8) € T, Mp) =cells Mp})

Furthermore, let us give a brief description of the two sets of positions of the different arenas:

Trans((A ® B)» 1) ~ Pos(A ® B) ® Pos(1)
Trans(A » =B) ~ Pos(A) ® Pos(-B)
Trans*(A » =B) =~ Pos"(A) X, (Event(T) xcells Pos(B))

We recall that we write x“<s for the following variant of the fibred product between moves:
(= x%eos m) denotes the product of moves (=, m) imposing that the final cell of — is the initial
cell of m, where — denotes an event of Event(T), that is, a move of the form (e, v, {8}) where
@, 3 € Agelis. This was introduced in Section[4.5.4] For every position of x of Trans(A ® B> L)
reached by a play of length strictly more than 2 belonging to a strategy o, then writing x =
(x4, xp, x1), every cell available at x belongs in (x4, xg). Furthermore, a play of length more
than 4 of a strategy 7 : A > =B will reach a position (x4, = x*s xp) (where we write — for the
events of Event(T)), where x is not the empty position. We write f 1 A, _ Acels xy) = Axaxp)
for the canonical bijection between the available cells of (x4, - xheels xp) and those of (x4, xp).
Now, giving a position (x4, = xAeels xp) a position of 7, and (x4, X, x,) a position of o, we
define  the sequentiality structure of ¥, in function of ¢, the sequentiality structure of o, as

follows:

lﬁ(xA,—.xAceust)(a') = f_l(qﬁ(x/x,xs,xi)(f(a)))

And straightforwardly, we could express the reverse direction:

Plepoxne)(@) = FW (s, —schosto gy ([ (@)
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As the sequentiality structures ¢, i are equivariant, the choice of x, in one case, or the move —

in the other does not change their behaviour, and therefore these functions are well-defined.

Overall, we obtain a bijection between the set of brave strategies of A® B>_L and A>—B. Note
that in similar way we could have obtained a bijection between the strategies of TTSFInn(A ®
- B, 1) and the morphisms of TTSFInn(A, B).

This allows us to define the denotation of the right negation. Given a proof 7 as below:

7.[./

INAr L
I'r-A

then the interpretation of x is also g([7’'])), with g being the isomorphism TTSFInn(® I'®
A, 1) S TTSFINN(R T, -A).

The left negation case is dealt with on an equal basis noticing that there is an injection:
strat(A ® =B)* ~ strat(A ® =B ® —==I)*

This injection is not a bijection since the second move of a transverse strategy of A > B must be
in B, whereas a strategy of (A ® =B)»> L can, after playing one move in A ® - B, and two in ==/,
start exploring A and ignore —B. Given a proof & as follows:

ﬂ,/

I'rA
I-Ar L

then, calling g the injection TTSFInn(® I,A) LR TTSFInn(® I'®-A, 1), the interpretation of

mis g(n').

6.1.3 TTSFInn has finite coproducts

Finally, let us study the sum structure of TTSFInn. As expected, given A, B objects of TTSFInn,
the object corresponding to their coproduct is A® B. We need to prove that A® B indeed satisfies
the universal property of the coproduct. Namely, that there exist two morphisms inl : A - A®B
and inr : B — A @ B, such that for every object C, for every pair of morphisms o4 : A — C
and op : B — C, there exists a unique morphism 7 : A @ B — C such that inl; 7 = o4 and
inr; T = 0. We display in figure[6.6|below the associated diagram.

So let us consider two strategies o4 : A>C and o : B>C, and let us look at the structure of
A@® B»C, displayed in Figure[6.7] It is clear that either the first move is going to be played in A,
and then the strategy will follow o, or it will be played in B, and then the strategy will play as

7. More precisely, we study formally the correspondence, establishing a isomorphism between



6.1. INTERPRETATION OF PROOFS AND SOUNDNESS 209

C
®

OB
A , AOB : B
inl inr

Figure 6.6: Coproduct diagram of A ® B

Figure 6.7: Dialogue game of A ® B> C

the set of transverse positions of (A @ B) » C, and the appropriate sum of the sets of transverse
positions of A> Band A C.

Trans((A ® B)» C) ~ Pos(A @ B) ® Pos(C)
=~ (inl(Pos(A)) W inr(Pos(B))) ® Pos(C)
~ (inl(Pos(A)) ® Pos(C)) W (inr(Pos(B) ® Pos(C))
~ inl(Pos(A) ® Pos(C)) W inr(Pos(B) ® Pos(C))
~ inl(Trans(A » C)) W inr(Trans(B » C))

Therefore, using the above isomorphism, the strategy o4 @ o p is defined by:

(oA ®0op)* ~inl(cy) Winr(cy)

The strategy thus defined is innocent, total, frugal, and transverse, since the two original strate-
gies are. Finally, defining inl : A> A @ B to be the identity strategy between A and the A part of

A ® B, and similarly for inr, one can straightforwardly see that 7 = (04 @ o-p) makes the diagram
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of figure 6.6 commutes.

Furthermore, given a strategy o : A® B> C, then ¢® = (¢°® [ inl(A>C))W (c* I inr(B> C)),
and hence there is a decomposition of o into two strategies. Furthermore, these two strategies

satisfy straightforwardly all the necessary conditions.

Finally, we study the unit of the addition. As Pos(A @ 0) ~ Pos(A), since Pos(0) has only
one position, namely the empty one, one can define two isomorphisms A> A®Oand A 0> A,

that essentially act as the copy-cat strategy.

For instance, let us give the denotation of the proof x:

T.orC LeftO

Let us write I = Fy, ...F,. This proof will be interpreted as a strategy in the pre-arena (F| ®...®
F,®0® -C)* ~ 0*. Hence this proof will be interpreted by the strategy that has as unique play

the empty sequence.

The sum allows to define the denotation of the two right @-rules, and the left &-rule. For

instance, let us consider the proof 7 below:

ﬂ_l

I'rA
I'-rA®B

right-@,;

Then, [7] = [~'];inl, where inl : A — A & B. Similarly, the right @, rule is interpreted by
post-composition with inr. Likewise, the left @-rule, is interpreted by the sum. For instance, the

proof & below:

T V)
IAi+B I'A> + B
INAi®A+ B

is interpreted as follows. Let us write § the associativity morphism:

BT ([Ail e [A2) — (I ® [A ) & (IT'] ® [A21). Then [z]] = B; (711 & [721D,

We conclude this section by recapitulating that all the points we proved along this section
together allow us to conclude that TTSFInn organises itself as a category that can soundly
interpret axiom-links and forms a dialogue category with sums. Therefore, it is a sound model

of tensorial logic with propositional variables.

6.2 Full completeness for propositional tensorial logic

The goal of this section is to prove that the category TTSFInn is the free dialogue category with

products on VAR. This is the content of the proposition below.
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Proposition 6.1. There is a correspondence between the equivalence classes of proofs of T + A
and the morphisms of TTSFInn([T'], [AID).

This entails strong completeness, and more. That is, the functor from the proof invariants of
tensorial logic to TTSFInn is not only full, but also faithful. The proof of the proposition relies

on the following lemma.

Lemma 6.2. Let =B, =B, ...,—B, + A a sequent. Then there is a one to one correspondence
between :
o The equivalence classes of proofs of the sequent focussing on one B; and the transverse
strategies of ([-B1] ® [-B:].... ® [-B,] ® [A]D*.
o The equivalence classes of proofs of the sequent and the strategies of ([B1] ® [-Bz]... ®
[-B.1® [Al".

What we meant by focussing on one B; is that, taking a focalised proof in the equivalence
class, it will behave by focussing on one of the B; at the beginning of its first synchronous phase,

as displayed in the proof below.

T
_|Bla eeey _|Bi—1’ _|Bi+1’ seey _‘Bn,A, ’ ’A;,n - Bl

-Bi,—By, ..., ﬂBn,A' S ..,A;n L

-B{,-By,...,mB,, A+ L
-Bi,—Bj,..,mB, F -A

Now, there is a syntactic equivalence between the focalised proofs of By, ..., B, + A and the
focalised proofs of —A F —(B; ® ... ® B,), that will be focussing on A, as displayed below:

/

T
B|,..B,+A .
-A,B,..,B, L —
1 - Asynchronous phase ~ B|,...B,FA
-A,Bi,...B, - L ————— Asynchronous phase
Bi,..B,+ A

-A,BI®..9B,F L
-A+ (B ®..8B,)

Therefore, following the lemma, there is a one-to-one correspondence between the equiva-
lence classes of proofs of =A F =(B; ®...® B,,) and the transverse strategies of ([B| ®...® B, ®
[-AI)* that is, the transverse strategies of [[']] > [A], where I' = By, ..., B,. Hence proving the
lemma|6.2] entails proving the proposition [6.1]

We work with proofs in TENStoc giob. We remind that within this fragment, two proofs are

equivalent if and only if they are equal.

Proof of lemmal6.2] We tackle the two points of the lemma at once. The proof is done by
induction on the maximal length of the sequences of o. Let us note that since o is equivariant

and frugal, the names chosen on the moves of the sequent we pick to deal with the induction
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case will not matter. So let us start with the case where o simply has the empty sequence.
Then, as the strategy is total, this implies that the whole pre-arena has no moves. Hence the

pre-arena’s dialogue game consists of a set of untyped cells, and hence is 0. So we need to solve

the following arena equation:

(-B1®..®-B,8A)=0.

that has solutions (n+1)-tuples (Bjy, .., By, A) of the form (By, ..., B,,0) for any By, .., B,. This

corresponds to a sequent :

=Bi,...,- B, + =0

which has the unique following proof:

Right 0

-Bi,...,mB,,0+ L
-Bi,....,mB, + =0

This settles the base case.

We now move to the inductive case. So suppose s € o is a sequence of maximal length,
s = m.n.s’. We adopt the following notation convention: given two indices i, j, we write i | j to
say that the set from which i ranges depends of the index j, and we will explicit the ranging sets
only when necessary. For instance, we would write (B, &), for B, ®jdj. Furthermore,
as indices range through downward closed sets of positive natural numbers, we write with an

uppercase the upper bound to which they range. That is, j ranges from 1 to J.

Each B, is either isomorphic to 0, or a sum B; = @ml l(®n|m, ;" Bumi ®0|m, Yomi ®ulm’[ D
where Y, ,,; are atomic types, and A = @i(®jli —Aj ®k|l. X ®vli I), or is isomorphic to 0.
The totality of the strategy prevents the case where there is a unique B, and this one is 0, as
player would not be able to answer to the opponent move. This would correspond to the case
-0 F —A, and, in essence, to A + 0. That is, totality of the strategy is the counterpart of the
absence of right induction rule for 0. In the following, to make it more readable, we denote each

cell by the sub-formula it encompasses.

The structure of the two first moves of s will be as follows, in the transverse case:

B, B By By - B B; B, B B
T he N\l he Nl e
Ay A; Aq
i m; | 1

@

where each m;.n; move has the following structure :
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@

However, in the non transverse case, the move n; can also be above one of the A;;. Then,
writing Aj; = @, (&), “Cum &), Yon), We can get two moves as displayed in the drawing

below.

@

As the two cases are similar, we focus on the transverse one.

The opponent is going to play a value with cells {=B; | [ € L}U{A;; | j € Ji}U{a | a €
Xki» k € K;} for a given i that he would have chosen, and writing @ € X;; for @ € Ay, ;. As the
strategy is transverse, the player will answer in one of the cells B, and will play a value with
cells {Bymi | n € NpyjyUla | @ € Yomi, 0 € Opy} for a given m, [ that he will pick. He will
furthermore play a sequentiality function from the opponent cells just introduced to his own
cells. This corresponds to a set of global focalised rules in the proof, sets out in Figure [6.2]
where the four first negative rules starting from the root (Right —, Left @, Left ®, Left I), are
bound to the opponent move m, and the four next together with the axiom-links to the proponent
move n (Left -, Right €, Right (X), Right 7, axioms).
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Figure 6.8: Definability: induction case for m.n.s

Right
Tt =Bumi oo o Tk Yot o e F1 B

- : " Right ®
I_WNQ €L / ::q I_\»w\. ﬁ.\ € .\N.Tvbﬁ. :A € NWL F ®=_5,N I_W:,E,N ®Q_§,N %Q,EVN ®=_§,N 1

- Right P
I_WMQ\ eL / NT I_>N.,.\. : € ,\Lw N\Q. ta € NWL F w\ = @S_N ®:_E,N I.WFS,\ ®e_§_N M\Q.E,N ®:_§,N N:

Left =

-B{l € L}, -A;j{j € Ji}, Xtk € Ki}, k- L Left I
-Bf{l e L},-A;j{jeJi}, Xpitke Kb, I, ..., Iy b L i
Left X)

=B {le L}, ®&._~. —A;j ®»_~. X ®<_~. I+ L i€

I
Left P

~B; {l € L}, DX, ~Ai; Ry Xui @), 1)) F L
I_NwN AN € N\w F JA@%@\? I:»&.L. ®\«_m x\ﬁ. ®<,~. N<vv

Right =
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Each I';, corresponds to the dominion of the negative cell that represents B, j, Or Y, .
Now the only cell that can match a cell coming from Y, ,,; on the right hand side is one of the
same type, so the I'; are of the form X ;, with X; ; = Y, »,;, and each X; ; + Y, ,; corresponds
to the application of an axiom rule. Note that if one of the B; is 1, then it cannot capture any

context. This would then be an application of the right unit rule.

By the lemma of separation of contexts [5.18] one can now focus on each of the branch
individually. Furthermore, one can see that every sequence above the cells o Udominion(e) cor-
responding to I', = =C1, ..., =Cp, X1, ..., X, F =By, in the strategy can be faithfully translated
as a sequence in 7C1®...9 -Cp, ® X1 ®...9 X, ® B, 1, and hence can be seen as an interpretation
of a proof -C; ®...® "Cp, ® X1 ® ... ® X. + =B, ;. Indeed, let us look at the structure of the
first move of the arena -C1 ® ... ® =Cp, ® X1 ® ... ® X, ® B, ;. To simplify things, we assume

By = @,-((X)j D; j).

@

Then the sequences of og can translated as sequences in ~C®...8~C,®X|®...0 X ® By, 1.1,
with the first move of opponent in =C; ® ... ® =Cp ® X1 ® ... ® X, ® B, filling the cells of
Cy,..,Cp, X1, .., X, with the cells of dominion(g).

Therefore, we can apply the induction hypothesis, and conclude that the sequences of o

define a unique global focalised proof, that is, a proof of TENStsc_giob- O

Overall, we have obtained a perfect abstract representation and characterisation of the proofs

of tensorial logic through nominal strategies in sequential, asynchronous games.

6.3 The case for MALL

6.3.1 Interpretation

We remind here that every proof of tensorial logic can be translated into a proof of linear logic,
and reversely. Namely, we remind the proposition below. In this property, # denotes a set
of positive formulas of linear logic, N a set of negative ones, and X a set of negative atomic

formulas.
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Proposition 6.3. Every proof of + P,N,X; (respectively + P, N, X; P) in weakly focussed
linear logic induces a proof of the sequent ~(P)F', (NY)F, X+ v L (resp =(P)F,(NHF, X+ +
(P)F) in tensorial logic, and reciprocally, where P is the subset of positive formulas of T, X
its subset of negative atomic formulas, N its subset of negative formulas that are not in X.
Furthermore IDF = L if (I1) is empty, (P)F in the case where (IT) = P is positive, and ~(M LyF

in the case where I1 = M is negative.

To simplify things, given a weakly focalised linear logic sequent + I'; I, we write (D)f
(IT)F for the appropriate translation into tensorial logic, where I is either a single positive
formula or the empty sequent. Then let m be a proof of linear logic. We can translate it into
a proof (m)F of tensorial logic. This proof (m)f can be given a interpretation [7]lTrsFinn €
TTSFInn. However, we remind that this interpretation is not a categorical functor, as we night

have two proofs 7, 7" of linear logic such that 7 ~ 7/, but [(7)" Trrsrinn # [(7)F T1TsFInn-

Therefore, the right translation from linear to tensorial logic should be along the following

lines:

71 = {[(x") TrrsFinn | 7' ~ 7}

Therefore, one needs to define an equivalence relation of strategies of tensorial logic, relat-

ing strategies that denote the same proof of linear logic.

Definition 6.4. Two strategies o, 0’ : A are equivalent, written o ~; o if there exists 1,7’ : (A)!

such that [(m)" TrrsFinn = o, [(7')F IrrsFinn = 0’ and t ~ 7'

At this point, one should look for an invariant, that is, a function f together with a set S,
such that the image of f liesin S, and 7 ~; 7/ = f([(MF TrrsFinn) = FLE) F 1118FINN). More
precisely, we look for a categorical invariant, that is, a functor F from the category TTSFInn to
a star-autonomous category, such that (o- ~; ¢’) = F(0) = F(o’). Such a functor yields the

ground of a fully complete denotational semantics of proofs of linear logic.

6.3.2 About the quotient

The difference between tensorial and linear logic lies in the non-involutive negation. As each
negation is interpreted by a move in the category of games, one would like to project moves
onto a flat domain. The basic idea is to project onto maximal positions. Indeed, one can notice
that, given a strategy o : F, and the same strategy double-lifted with two negation moves
——0 : =~ F), then the two will reach the same maximal positions. This is coherent with the fact
that the negation is involutive in linear logic, thus (=—=F)! = F+ = F, and the strategy =—o

and o should correspond to the same proof of linear logic. That is (——c)! = (o) .
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However, we present below an example highlighting why we sometimes should identify
strategies that do not reach the same set of maximal positions. For instance, let us consider the

following two proofs of linear logic :

FT,A,A® B+ F 1
FT®1,A,At®@ Bt

and

FT,B* F
FAL A FT®1, Bt
FT®1,A,At® B+

Let us display below the underlying structure of the dialogue-game associated with the con-

clusion formula.

The strategy corresponding to the second proof has two maximal plays associated with it,
namely m;.Ng, M4.n4.Mp.n+ and my.ng.Mp.N+.My.n4. These two reach the same maximal po-
sition. On the other hand, the strategy associated with the first proof has a unique maximal
play m;.n+. As a result, we have two different strategies reaching two different sets of maximal

positions. However, they correspond to two proofs that are equivalent.

Indeed, if we suppose that they are not equivalent, this would imply that there are (at least)
two morphisms 1 - (T® 1) ® A® At ® B-. Butas T® 1 ~ T, and, for any formula F,
T ® F ~ T, this would imply that there are (at least) two distinct morphisms 1 — T. Or, as T

is terminal, there is only one.

The reason behind it is to be looked for in the time where the proof decides to use the T
rule. In tensorial logic, as the model is dynamic, the moment when we decide to use it makes
a difference. On the other hand, in linear logic, the model being flat, these two proofs will be

confounded. Therefore, we have to focus only on those maximal positions that are significant.
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Definition 6.5 ([69, |66]]). An external position is a position such that no untyped cells are

available.

Therefore, no move can happen from an external position, and it is maximal. Given a

external

strategy o of TTSFInn, we write o for its set of external positions.

Definition 6.6. We define the equivalence relation o, between strategies by relating strategies

having the same set of external positions:

T T S O_external — Texternal

The proj function is designed with external positions in mind. Indeed, proj is undefined
on T,0, and, by extension, on maximal non-external positions. This has to be put in relation
with relations, where the unit is also interpreted by 0, and hence any multiplicative formula
with a additive unit in it has denotation the empty-set. Likewise, for every set of positions x ,
proj(T).proj(x) = @ (where here T denotes the set of maximal positions of the dialogue game
interpreting T). Hence, the above equation translates formally as proj(c-) = proj(r). That is:

0~ T & proj(o) = proj()

The purpose of the next section [6.3.3]is to make sure that this invariant is a sound one. That is,

O~ T=>0 ~T.

6.3.3 Quotient and star autonomy

Proposition 6.7. Given a formula A of linear logic, the function proj, : LA Tt1sEIn —
[AllNomLinRel, defined in section is an invariant of the interpretations of proofs. That is, the

following diagram commutes.

F
A © mF : (AF
[[.INomLinRelPol [.TrTsFinn
[ INomLinRelPol - [GOF Trrseinn
proj

The demonstration is a proof by induction on the last rule of . This could also have been
proven by categorical means, relying on proj forming a functor of dialogue categories with sums.

Indeed the translation (.)* has been conceived such that for every functor of dialogue categories
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F : Dial — Star, where Star is a star-autonomous category seen as a dialogue category, for
every denotation function [.]] : Tens — Dial, then F o [()F] : MALL — Star is a denotation
function for linear logic proofs, that is, a star-autonomous functor. The proof is along the same

lines as the proof of the proposition, and this property entails o ~| T = o ~, 7.

Proof. We start the proof by treating the leaves cases. We first tackle the axiom, then the /-rule.

For convenience, we deal with the L-rule straight after. At last, we present the T-rule.

The axiom proof of 7 :+ X*; X is sent to the relation {(a,—1).(a, 1) | a € Ax}. On the other
hand (7)f is the axiom proof of tensorial logic (7)’ : X + X. It is interpreted as in section
and one can clearly see that proj([(m)" 1) = {(4, =1).(4, 1) | 2 € Ay}, as expected.

If the proof only consists of a I rule, introducing + [, then it is translated as the relation
(e,—1).(e,1) : [Z1 — [1]. This proof is translated into tensorial logic as the proof + I as well,
that is interpreted as the game of figure [6.3] reaching the unique maximal position x of 7 ® —/.
Hence, this position is sent by proj onto (e, —1).(e, 1).

The other multiplicative unit is L. Let us consider a proof 7 whose last rule is a L-rule
introduction:

n_l

FT, A
I, LA

Then the interpretation of 7 is {xr.(e,—1).x4 | xr.xs € [7'lINomLinRelPol}- Now let us consider

the translation of 7 into tensorial logic.

()"
(D + AD*
OF, 1+ dD*

The first move of the strategy o interpreting n is the same as the strategy o’ interpreting

7', but the projection now differs, and takes the left / into account. That is, we now have

Proj(L(m) " I3rspiny) = {(xr-(0,=1).xa | xr.xa € [(7")" INomLinRelPol} as expected.

If the last rule of the proof of « is a Foc rule:

ﬂ'/

I P
+T, P

Foc

The proof 7 is translated into the same relation as 7/, plus a atom on the right hand side that
would correspond to the unit of the %, that is L; [7]NnomLinrelPol = [ INomLinRelPol-(®, —1). Then

it is translated into:
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()"
I (p)F
TF o F . Left =
", —(P)" + L
Hence, written o = [(m)" TrrsFinn and o7 = [(7")" Tr7sFinn, Proj(c®*) = proj(c’®).(e, —1), as we
could see from the interpretation of the negation in terms of strategies, given in Section[6.1.2]

The case for unfoc is similar to the foc case.

7.[./

I, M,
;M

unfoc

The the proof of & is detonated as follows:

[7TINomLinRelPol = {(xr.Xpr) | (xr.xpr.(0, —1)) € [ INomLinRelPol}

It is translated by (.)f into:

()"
. (MHF L
IR

Right -

whose interpretation is again given in section[6.1.2] Then again, one can notice that proj acts as

follows:

proj(c’) = {(xp.xn.xn) | (xp.XnXp.Xx,(e,—1)) € proj(c”’*)}
hence making the diagram commutes.

If the last rule of 7 is a % on the left hand side, then its interpretation as a sequent remains
unchanged. That is, [#]] = [#’]. On the other hand, it is translated as the application of a left
®-rule on ('), that also leaves the strategy, and the arena, unchanged. So oo = ¢’ and hence

proj(o) = proj(c”’). We remind the rule and its translation in the table below.

()"
/ F L\F 1\F F
since (M ® N)H)F = (M+ @ N = (MH)F © (NH)F))
()"
: et
m rFF,;(;?v f® f((QQ)) Fi(gq)) — Left®

since (P ® Q)H)F = (P ® 04)F = (=(P)f ® ~(Q)F)

We now deal in the case where the last rule of 7 is a ® rule. Then it is invariably translated
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by ()F into a ®-rule. We remind here the rule and its translation:

(m)F (m)F
1 2 MF v (P)F WFrOF .
F F, Q F F, P F F F F nght ®
"T.I.P®0 O, A" (P ®(0)
since (P ® Q)f = PF ® QF.
- . OF F~(MHT (W) k=
FIoM FAN MF, (A F ~(MHF @ ~(NHF
FLAAM®N since (M ® N)f' = («(MH)F @ ~(N1)F).

Therefore, the interpretation of 7 is [71 ] ® [72]. That is:

[7] = {(xr.xa.xp.xg) | (xr.xp) € [m1]], (xa.x0) € [m2], (xr, xp)#poi(xa, x0)}

Furthermore, the strategy o = 01 ® 0, will reach the maximal positions 0 *po 7°, as 0°* =

Frugal(o} ® ,,075), therefore:

proj(o) = {(xr.xa.xp.xp) | (xr.xp) € proj(ci), (xa.xg) € Proj(ca), (xr.xp)#poi(xa.xg)}

The case where the formula on the right hand side is M, N is dealt on a equal footing. We

now treat the case where the last rule of 7 is a &.

OF,=(PH +a"  OF, ="+ dD”

T Uy Lefi
TP DO OF,~(P) @ ~(0") + (I)F e
FLP& O since (P & Q)Y = (P+ @ 0H)F = ~(P") & ~(Q")

FF, (MJ_)F F (H)F FF, (N_L)F - (H)F

i 2 Left ®
FLM;I F LN MF, MHT & (NHT + (aDF
FO,LM &N, X; 11 since ((M&N)J_)F — (MJ_ @NJ‘)F — (MJ_)F @(NJ')F

Then the proof of 71 & 7 is interpreted as the union between both:
71 & 2]l = {(xr.inl(xp).xr) | (xr.xp.xm) € [}

W {(xr.inr(xp).xn) | (xr.xg.xm) € [r2]}

Similarly, looking at the strategy o interpreting the proof «, then o* =~ inl(o1) W inr(o). De-

pending on which side of the @ the opponent is going to play its first move, the strategy is going
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to react according to oy or o». Therefore :
proj(c®) ={(xr.inl(xp).xm) | (xr.inl(xp).x) € proj(oy)}

W {(xr.inr(xg).xmm) | (xr.xg.xm) € proj(c3)}

Finally, we address the @-rule. If the last rule of 7 is an @-rule, then it is interpreted in ()"
as an ®-rule as well. We treat the case where the last rule of r is @,. For instance, we present

the translation where the formulas are both positive or negative.

(7)F
n’ OF v PF .
: Right @
F, PO Q
since (P® Q) = PF @ QF
()"
' MF F a(MHF .
FITM F L\F oF, Right®,
- D v (=(M ® (—~(N
FF;M@Nel M F (=(MH)T) & (~(NH)")

since (M & N)f' = (-MYHF & (=(M+)F)

The nominal relation interpreting 7 will be the left injection of the one interpreting n’, that is :

[7lINomLinRelPol = {(xr.inl(xp) | (xr.xp) € [ INomLinRelPol}

Similarly, the strategy o interpreting (m)" will act as o = [(7")" tTsFinn, but going on the left

branch of the @ in its first P-move. Therefore, the following holds:

proj(c) = {(xr, inl(xp)) | (xr, xp) € proj(c’)}

This is coherent with the interpretation of 7 through [.[INomLinRelPol» as it satisfies the same

equality. |

We remind the [.][nomLinRelPol 1S @ functor, that is, is respects the equivalence of proofs of
linear of linear logic (m ~ 7’ = [#llNomLinRelPol = [7" IINomLinRelPol). Therefore, the interpreta-

tion:

F
© ﬂ)p [-TrrsFinn

m—( [(7)" TrTsFinn =2, proj[(m)" ITsFinn

is a denotation function that respects the equivalence of proofs of linear logic. That is, if 7 ~ 7’
then proj[(m)f Ttrskinn = Projl(’)f ItrsFinn. Furthermore, one should ensure that it acts as a

functor. That is:

proj[(m; 7' ) Trrskinn = Projll(m)" TrTsFinniNomLinRelPol PFOJL(™" ) TrTsFinn
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If follows from proj[[(m; 7)Y Trrsfinn = [7; 7’ INomLinRelPol = [ INomLinRelPol; [ INomLinRelPol-

6.3.4 Full completeness for linear logic

We are now in position of presenting the full completeness result for linear logic. We work
within the category of nominal annotated polarised separated relations. Given some objects
A, B, where A, B are seen as formulas of linear logic, we can translate them as formulas of
tensorial logic (A)F, (B)F. Now each strategy in TTSFInn((A)F, (B)F) is a denotation of a proof
of tensorial logic 7 : (A)F  (B)F. To this one corresponds a proof (r)! : (A)f + (B)F, which
has, as denotation pl’Oj((ﬂ')F ). Therefore, we can select precisely those nominal relations that do

correspond to proofs, and obtain a full completeness result.

Definition 6.8. The category NomMall is the star-autonomous category that has same objects
as NomLinRelPol and morphisms nominal linear polarised relations that arise as projections
of strategies of TTSFInn.

Proposition 6.9. NomMall is fully complete for multiplicative additive linear logic.

In NomMall, a map A — B is a nominal polarised relation R such that there exists o €
TTSFInn(AF, BF), with R = proj(o-). We proved in the section above that this forms a category,
and, by definition, each morphism in it is the denotation of a proof of linear logic. NomMall
is precisely the sub-category of NomLinRelPol that corresponds to the image of the functor
[.1: MALL — NomLinRelPol . As this functor is a star-autonomous one, so is NomMall. More
precisely, NomMall is a sound and fully complete model of MALL.

Finally, one might wonder, if, as in the case of TTSFInn, the category obtained is the
free star-autonomous category with products. Unfortunately, the answer is negative. A sim-

ple counter-example is formed by these two proofs together with their denotations:

—F1

I
k1 iR 2 F 1 I F I I
Ly, F o,
Ly, g F 1o, D
FLi®lnlih Exchange FLli®1o,1,1
FLi® 1y, 0,1 ! 202 o

FL1®Ly, L% FLI®L), 1 B
Let us name 7y the left one, m the other. Then —(m; ~ m,). This is notably proved in [47]. On

the other hand, they are both denoted by the same relation:

[71] = [72] = {(e, =1).(e, =1).(e, 1).(0.1)}

This mismatch proves that the the nominal relations are too simple, too flat, to fully distin-
guish between distinct proofs of linear logic. Furthermore, this full completeness is obtained
through the medium of tensorial logic: we do not have a direct characterisation of nominal

relations that are denotations of proofs of linear logic.
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Chapter 7

Revisiting the Concurrent Model

7.1 Concurrent nominal games

At the end of the second part, we did not succeed to provide a characterisation of nominal
relations that arise from proofs of linear logic directly. Therefore, in this section, we explore a
different approach, whose starting point relies on concurrent games similar to those desribed in
[10]. Those games differ vastly from those presented in the previous sections, since the tensor
acts by putting the arenas in parallel, and the negation is modelled by changing an abstract notion
of polarity, and not adding any additional moves. Consequently, they offer an ideal candidate

for a full completeness result without relying on quotient.

Therefore, we start this section by reformulating the original definitions of concurrent games
within the nominal model, modifying them slightly in passing. We present them as a refinement
of nominal polarised relations. We then sharpen the model by adding some constraints our
strategies must obey. One to ensure they define proof structures properly, the second being the
winning condition of the original model, that is, totality. However, we prove that this is not
enough for a full completeness result. Indeed, the original model makes full use of di-natural
transformations, on which it relies, to reach full completeness. Di-natural transformations en-
able one to model the atomic types by a variety of different arenas, and, by choosing them
appropriately, one can enforce certain properties. On the other hand, our model relies on a fixed

arena for each atomic type, and this one is not appropriate for imposing all the needed properties.

We take the point of view that the arena chosen for the atomic type is the right one, as it is
seemingly the same as in the previous model of tensorial logic, and therefore attempt to change
the model accordingly in order for it to be fully complete. We analyse why the original model
fails, and explain how to patch it. That leads to an entirely new model, where polarities are
strictly taken into account, but such that not all positions have fully defined polarity. We then
characterise those relations that behave well, and prove that they form a fully complete model
of MLL™.

227
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This is, to our knowledge, the first full completeness result obtained for MLL™ not based on
2-categorical tools, neither quotient, nor proof structures. The closest result we are aware of is
a result of full completeness for MLL™ + MIX via experiments on coherence spaces [26]] [83]].
This result refines it in two ways: experiments are now encoded in a categorical approach, and
we dispose of the MIX-rule. The final model could be presented directly without any reference
to the original concurrent games model. However, as it resulted from a careful study of the
behaviour of concurrent strategies, we believe it is only fair to briefly present it, and show how

we reasoned about it.

Finally, we enrich our model with a notion of hypercoherence. This allows us to enrich
our model with additive connectives, and model MALL™. We notably prove that the way the
hypercoherence model deals with the additives is reminiscent of the concurrrent games model,
by proving each hypercoherence gives rise to a concurrent operator. Finally, we revisit a former
result established by Blute in [[16], that proved that di-natural transformations over a category of
double glued hypercoherence spaces lead to a fully complete model of MALL™. We translate the
work done in our setting, allowing us to prove that the final model we obtain is fully complete
for MALL™. Again, this is the first model we are aware of that is fully complete for MALL™, and

does not rely on 2-categorical tools, proof structures, or quotient.

7.1.1 Polarised nominal qualitative domains

As explained in the end of Section[7.2.3] nominal relations are not fully complete since they are
too “flat”. Indeed, two non equivalent proofs of - L ® L, I, I were modelled by the same relation
R = {(o,—1).(e,—1).(e, 1).(e, 1)}, this one not taking into account the dynamics that happens
in the proofs: i the first proof the left L is linked to the left /, whereas in the second proof the
left L is linked to the right one. Therefore, we would like to establish a more local control on
the relation. That is, we would like to consider only certain parts of the formula and disregard
others (for instance, in the above case, the left L without the right one). This could solve the
problematic case above by discriminating between the two relations, highlighting which L is
linked to which /. Consequently, we consider concurrent games, where the opponent will bring
the negative primes, and the proponent the positive ones. This allows us to consider elements
of the relation where only some negative formulas have been provided while others are missing,
highlighting the dependencies between negative and positive occurrences. We first focus on
MLL".

We will be adding a bottom element _L to the denotation of each atomic formula of Chapter[3]
creating a nominal ordered set with a minimal element. This L element intuitively corresponds
to the “diverging computation” coming from the partiality monad [[75]. We remind some basic
definitions of nominal domain theory. These were already presented in Section B.5] Let us
remind that we work with orbit-finite nominal sets, and hence every set presented is deemed to
have only a finite number of orbits. A nominal poset (D, C) is a nominal set whose partial order

relation is nominal. A nominal domain is a nominal poset with a minimal element L. A finitely
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supported set of elements S is compatible, written T S if the subset S is bounded. A domain
is bounded complete if every compatible S has a least upper bound, denoted | | S. A bounded
complete domain automatically has meets, written M. A prime of a bounded complete domain
isanelementp € Dsuchthatp < | |S = dx € S.p C x. Pr(D) stands for the nominal subset of
primes of D. Furthermore, D is prime algebraic if it is bounded complete and any element can

be written as a finite join of primes.

Definition 7.1. o A domain (D,C, 1) is qualitative if it is prime algebraic and no distinct
primes are related by C.
e A qualitative domain is a coherence domain if, given two elements x,y, written as set of
primes x = L;p;, y = U;q;, then Vi, jp; Tq; = x T y.
e A polarised qualitative domain (D,C, L, ) is a qualitative domain (D, <, 1) together with
a nominal polarity function A : Pr(D) — {—1, 1}.
e A coherence domain is polarised if it is polarised as a qualitative domain and furthermore

Ap) # Aq) = p T q, where p,q € Pr(D).

In a qualitative domain, all primes are directly above L. A qualitative domain that is a
coherence domain is perfectly described by its set of primes together with a binary nominal
coherence relation between them, that displays which primes are compatible. As each element
of a qualitative domain can be seen as a set of primes, we sometimes write p € x for p E x.
We work with polarised coherence domains, where each prime p is given a polarity. We write
Pos(p) if the prime p is positive (that is, A(p) = 1), Neg(p) if it is negative. Similarly, we write

Pos(x) if x is a finite union of P-primes, and Neg(x) if x is a finite union of negative primes.

Proposition 7.2. Let S, T bounded set of negative and positive primes respectively in a polarised

coherence domain. Then S U T is bounded.

The proof is immediate. We assign to each atomic formula a polarised coherence domain as

described in the introduction:

[XTqua = (Ax W{L}, {1} C Ay, L, A(a) = 1)
[lqua = (L} AL, D}, L, 4 =0)

Note that Pr([X]qua)) = Ax. It would have been more consistent to define [/]qua =
(L, Th{L} c {T}, L, AT) = 1), however, as we restrict our interest to MLL™ (that is, with-
out units) for the moment, a “strict” unit as presented above is perfectly adapted. There is a
straightforward negation for polarised qualitative domains, consisting in inverting the polarity

of primes.

(D3 ;a J—7 /l)J_ = (D’ E’ J_’ _/l)'
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Notably the negation is involutive. It allows us to define the denotations to X+ and L as expected.

[X lova = [XIgua  [Llaua = 115, = [oua

Given an element x of a qualitative polarised domain, there is a unique decomposition of x into
primes: x = [ |{p € Pr(D) | p C x}. We write pos(x) for | |{p € Pr(D) | p C x, Pos(p)}, and
neg(x) for its negative counterpart. We hence have Yx € D.x = neg(x) LI pos(x).

Lemma 7.3. e Given x,y € D a qualitative polarised domain, x T y = pos(x Ll y) =
pos(x) LI pos(y) and similarly neg(x LI y) = neg(x) LI neg(y).
e pos(x My) = pos(x) M pos(y) and similarly neg(x My) = neg(x) M neg(®).

The tensor product of two nominal domains is given by their cartesian product. In particular,
note that Pr(ID; xID;) = (Pr(Dy) xX{LHW({ L1} xPr(Dy)) =~ Pr(ID)WPr(D;), and that the disjoint
union is the coproduct in the category of sets and functions. We can then form the function
A1 @ A1 : Pr(Dy X Dy) — {-1, 1}. Formally, we reach:

(D1,E1, L1, A1) X (D2, 5p, L2, A7) = (D X Dy, (C1 X 53), (L1, 12), 41 & A2).

In particular, this allows us to assign to each formula of MLL its associated qualitative polarised

domain:

[A ® Bllaual = [Allquai X [Bllqua
[A % Blaua = ([Allgua X [Blgua)" = [Allqual X [Blqual

7.1.2 Finite supported relations

We introduce here some terminologies that will be useful for the sequel.

Let us suppose that we consider a relation R : [(X; @ X5) ® Xll » X;‘]]Qum and we want to
look at how a “strategy” (that is morally a relation) reacts if it is fed an input in X;- but not in
X5 . To model this case, we will consider a “counter strategy” that plays a name in X;- but not
in Xzi, corresponding to a relation of the form {(L, L, a, 1)}. However, this one does not have

empty support.

To remedy this issue, we will, in the rest of this section, often work within the category
FinRel of nominal sets and finitely supported relations between them. If NomLinRelPol is
obviously a subcategory FinRel, they do not share the same monoidal product. Indeed, imagine
two relations / — A with same support. Then we cannot form a product tensor of these in
I — A x A. On the other hand, it certainly works if we take the cartesian product as tensor

product.

Definition 7.4. FinRel is the category which has:

e Nominal sets as objects.
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e Finitely supported relations as morphisms

(FinRel, x, 1) is a category with products, where X is the cartesian product and 1 is a singleton.

More precisely, FinRel is star autonomous with products, the tensor product being the carte-

sian product, the product being the disjoint union, and the negation the identity.

In addition, we recall that there is a faithful functor of star-autonomous category from
NomLinRelPol to FinRel, namely the ™. previously defined in section [3| together with forget-
ting the polarities. . was originally defined as a functor NomLinRelPol — LaxNomLinPol, and
this one naturally forms a sub star-autonomous category of FinRel. This way the morphisms
of NomLinRelPol can be projected into morphisms of FinRel. We know that the morphisms
of NomLinRelPol behave well, in the sense that they define sets of axiom links on the formulas
they relate. Therefore, in the future, we shall relate our morphisms with those of NomLinRelPol.

7.1.3 Closure operators

Given a nominal qualitative domain D, we call D" its lattice completion. It consists in adding

an element T to D, such that Vx € D, x C T. This turns it into a nominal complete lattice.

Definition 7.5. A nominal complete lattice (L,C) is a nominal poset (L,C) such that every

finitely supported subset of L has a greatest lower bound and a least upper bound.

In particular, a nominal complete lattice has a minimal element | | ® and a maximal element

ro.

Definition 7.6. Given a nominal partially ordered set (D,C), we call D its completion by
maximal element. DT = (D W {T},C7) where C" is defined by x C" y if:

e V£ Tand xCy.

e y=T.

Proposition 7.7. Given a qualitative domain D, then DT is a lattice.

Proof. First we show that every finitely supported subset S has a least upper bound. If § € D
and S T, then it follows the definition of bounded completeness of D. If not, then T is an upper
bound of §. By definition, it is the only one, and hence, the least one. To show that each finitely
supported subset has a greatest lower bound, we consider the set of elements below it. This
set of elements is bounded, finitely supported, and has a least upper bound, that provides the

greatest lower bound of the original set. O

We write D < DT for the natural injection of D into D'. Given two completed partially

ordered sets DT, FT, we define their product as follows:

D'XF' =DOxF)T’
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Givenx € DT,y € F", we will write (x,y) € (DxF)" for its natural element if x # T,y # T,
and for T if x = T or y = T. Similarly, we define the projections 7pr : (D X F)T — DT by
mpt(x,y) = xif (x,y) # T and np7(T) = T. Therefore, rpr(x,y) might be different than x if
y=T.

Definition 7.8. A closure operator on a lattice L, written o : L, is a function with finite support
o : L — L that satisfies the following properties:

e 02(x) = o(x)

e o(x)dx

e x>y=o0(x) o)

Furthermore, a closure operator on DT, where D is a polarised qualitative domain, is positive,
written Pos(o), or P-closure operator if:

e Vx e D.o(neg(x)) # T.

e VxeDo(x)#T=(pePrD).(pEo(x) A =(pC x)) = Pos(p))

e Vx eD, o(x) = o(neg(x)) LI pos(x).

Alternatively, we also speak of P-strategy (or simply strategies) for positive closure operators.

The concept of O-strategy , or counter-strategy , is defined along the same lines, substituting
Neg for Pos, and neg for pos. The idea behind the definition is that o intuitively acts like a
strategy in a game. Given a position x, it will play some (maybe none, maybe several) player
moves, embodied here by positive primes, until it reaches a position o(x). Then, once it lacks
the information (opponent-primes) to move further, it stops. The more information o is given
the more moves it will be able to perform. Note that the second condition could be rewritten by
o(x) # T = neg(o(x)) = neg(x), and as o(x) = o(neg(x)) U pos(x), and o(neg(x)) # T, this
could be further simplified as Yx.neg(o(neg(x))) = neg(x).

We will now speak about composition of closure operators, and some of their properties.
As these have already been studied in [10, |3, [74]], most proofs will be skipped. Given a closure
operator o : DT X F' and an element x € DT, we write o(x,_) for the function FT — FT
defined by y + mpr(0(x,y)), and similarly for o-(_,z) : D'. These are closure operators [10].

For o, 7 : DT, we write {0, 7) € DT for the element:

(o, 1) = [ H{(oon)"(L) | n € N}.

As the domain we are working on are orbit-finite, there is no infinite chain. Therefore, the
closure operators are automatically continuous, entailing the existence of the limit of the chain

defining (o, 7).
Remark 7.9. {_,_) is commutative: {o,T) = (T, 0).

Lemma 7.10. If o is positive, T is negative, then {o,T) # T.

Proof. The proof is done by induction on the growing chain y" defined as follows:
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° yO = 1.
o Yyt = o(y") if nis even.
o vl = 1(y") if nis odd.

We prove by induction that for each n in the chain o(y*) = o(neg(y"*)) and 7(y"*) = T(pos(y")).
This is true for the case case n = 0. We do the induction case, dealing first with o. If n is even
then c(y"*!) = o((y")) = o(y""), making the induction straightforward. In the case where 7 is
odd, (Y1) = (o(r(y")). As o is positive, o(y"*) = pos(y**!) L o-(neg(y")). As 7 is negative,
and 7(y") # T by induction, pos(r(y")) = pos(y"). Therefore, o-(y"*!) = o-(neg(y"*!))Lipos(y").
On the other hand, o(y") = o(neg(y"")). Therefore, pos(y") C o(y") C o(y**1). Consequently,
o) = o(neg(y"*")) as required. The proof for 7 is done on an equal footing. In particular,
this leads to o(y"*) # T, 7(y'") # T, and hence y" # T. Consequently, (o, 7) # T. m]

Lemma 7.11. Let o : D" be a positive closure operator, and y such that Pos(y). Then o(x)Uy
o(xUy).

Proof. Since Pos(y), it entails y = pos(y) and neg(y) = L. If x T y we have o(x) Uy =
o(neg(x)) Upos(x) Uy = o(neg(x Ll y)) Llpos(xLly) = o(x U y). In the case where —(x T y) we
have c(x) Uy =T = o(x LU y). ]

We will now address composition of closure operators, and display some well-known prop-
erties from the literature about them. Given three lattices L, M,N and o : LX M, 7 : M X N,
then given (x,z) € L X N, we define y € M, the witness of interaction, by y = (o (x,_), 7(_, 2)).

It provides us the key to define their composition at x, z.

o3 7(x,2) = (mL(0(x,y)), AN (T(¥, 2)))

A quite puzzling fact about closure operators is that they are relational. More specifically,

writing o* for their sets of positions:

c® ={x|okx) =x}

={x|y.o@y) = x}

then o is entirely defined by its set o° through the following equation [64]:

ocx)=[H{yec®|yIx}

Furthermore, their relational composition is equivalent to their dynamic one.

(057)°* =0°%iRel T°

Finally, seeing them as sets of positions, we can give an alternative definition of (o, 7).
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(o, T) = min(c®* N 71°).

More on them can be found in 10}, (3, |74, 64].

Definition 7.12. The category QualClo is defined as having :

e Polarised coherence domains as objects.

e As morphisms: D — F, equivariant P-closure operators o : (D)7 x F'.

o ey e (xuneg(y),yuneg(x) if x# T,y # T
o As identities id :
T = T.

We add the full proof that this forms a category below. Note that as the morphisms are equiv-

ariant, they have empty support and therefore cannot raise a name: v(o(x)) € v(x). Furthermore,

as x C o(x), this implies v(x) = v(c(x)).

Proposition 7.13. QualClo forms a category.

Proof. We already know from the literature that the closure operators compose, and form a cat-
egory. We simply need to specialise in the case of P-closure operators. We prove the following:
e The composition of P-closure operators leads to a P-closure operator.

e The morphism id is positive and indeed behaves as an identity.

We consider three domains D, F, G, and their associated lattice completions D™, F",G", and
o :DTXFT,7:(F")* xGT (to be consistent we should have picked o : (D+)" x F", however
we find it more convenient to work with the non-negated form). Before tackling the proof, we
prove that given x € D such that Neg(x), then o-(x, _) : F' is a P-closure operator.
* o(x,_)(neg(y)) = mrr(0(x,neg(y)) = g7 (0(neg(x), neg(y))) = mgr(0(neg(x,y))) # Trr
as o(neg(x,y)) # Tprxer by positivity of o.
e We consider y € F and p € Pr(F) such that p C o(x,_)(y) and p Z y and o(x,y) # T.
Then by positivity of o, Pos(p) as expected.
e o(x,_)(y) = mpr(o(neg(x, y)) L pos(x, y)) = o(x, _)(neg(y)) LI pos(y).

So o(x,_) satisfies the three properties of positivity and hence is a positive closure operator.

Similarly, 7(_, 7) is a positive operator of (F")*, that is, a negative closure operator on F'.

We start with the first point of positivity. Let (x,z) € D X G, such that Neg(x),
Neg(z). Then o(x,_) is a positive operator of F', and 7(_,z) a negative one. Consequently,
y = {o(x,_),7(_,z)) # Tgr. Furthermore, as o(x,y) = o(neg(x),neg(y)) L pos(x,y) =
o(neg(x),neg(y)) U (L,pos(y)). Therefore, as o(neg(x),neg(y)) = (x’,y’) # T, we have
o(x,y) = (X,y) U (L,pos(y)) = (¥',y) # T (since o(x,y) = (x’,y) by definition). We can
similarly prove that 7(y,z) # T, and finally o; 7(x, z) # T.

Let (x,z) € D X G, and y the witness of interaction. Let us suppose that o; 7(x, z) # T. Then
for any p € Pr(D) such thatp ¢ x A p € npT(o(x,y)) , Pos(p) as o is positive, and similarly
for any p € Pr(G) such that p ¢ z A p € ngT(7(y, 7)) by positivity of 7. So the second property
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of positivity is preserved. Now, let us consider the element o; 7(neg(x), neg(z)). The first thing
we prove is that the witness of interaction y is the same for neg(x), neg(z) and (x, z). This is
proven by induction on the chains of w;, y; defined below such as y = (o(x,_),7(_,2)) = LI; ¥
and w = (o(neg(x), ), 7(_, neg(z))) = |I; wi.

® Yo =wo= Llgr.

o y,.1 =t (0(X, Yn)), W1 = wpT(0(neg(x), wy)) if n is even.

® Vi1 = Tt (T(Vu» 2), Wit1 = T (T(Wy, NEQ(z)) if n is odd.

We prove Vi.w; = y;. The base case holds as wy = yo = L. Now suppose we proved it up to an

even n, and do the induction step to n + 1 odd, as presented in the following equations:

Yn+1 = g (0°(X, )
= mzr (0(neg(x), neg(y,)) LU pos(x) LI pos(y,))
= mgr (0(neg(x), neg(yn))) U pos(y.)
= mgr(0(neg(x), yn))

= Wn+l
The even n + 1 case is dealt with similarly. So finally :

7 (073 7(x, 2)) = pT(0(x, y))
= nmp(0(neg(x), neg(y)) U pos(x) LI pos(y))
= nmpT(0(neg(x), y)) LI pos(x)
= mpT(o(neg(x), w)) LI pos(x)

= npr (07, T(neg(x), neg(z))) L pos(x),

and similarly for g (0; 7(x, 2)). That is, o7; T(x, z) = o; T(neg(x), neg(z)) LI pos(x) LI pos(z) and

therefore o; 7 is positive.

We now focus on the identity. We recall that as id has to be a positive closure operator, it
cannot be the identity relation. We consider id : (F1)" xFJ. id : (x,z) — (xLIneg(z), zLineg(x)).
Let us start by showing that id is positive.

e id(neg(x), neg(y))) = (neg(y) U neg(x), neg(x) LI neg(y)). Now, one should recall that

x € At that is, in At we get Pos(neg(y)) and in A we get Pos(neg(x)). Therefore, as
the domain is polarised coherent, and neg(x), neg(y) are of opposite polarities, we get
neg(x) Lineg(y) # T. Therefore, id(neg(x), neg(y)) # T.

e The second point is straightforward.

e id(x,y) = id(neg(x), neg(y)) LI pos(x) LI pos(y) as expected.

Now we consider 7 : (D*)" x FJ,

(DH)T x FJ. Let us compute y the witness of interaction, assuming we start the chain with id.

our goal being to prove that 7;id = 7. Let (x,z) €

In the case where 7(x, L) = T then 7;id(x,z) = T as expected. So we deal with the case where
T(x, L) #T.
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l.yo=1L

2. y1 = neg(z).

3.y = Tzt op(T(x,neg(2))) = neg(z) U w, where Pos(w) in F|, and therefore Neg(w) in
FD)T.

4. y3 = (neg(z) U w) LIneg(z) = ys.

Therefore, the witness of interaction is y = y,. We now have the following sequence of equa-

tions.

momy(T(x,y)) = mpT(7(x, neg(z) U w))
= )+ (T(x, neg(z)) U w)
= )L (7(x, neg(z)))
= )L (7(x, neg(z)) U (L, pos(z)))

=o)L (1(x,2))

Similarly, on the right hand side we get, noticing that w = neg(y) in F .

ey (id(y, 2)) = (z L neg(y))
= (z U mgr (7(x, neg(2))))
= (zU mgp (7(x, 2)))

= mar (1(x,2))

Similarly, given id : D; — D; and 7 : D, — F', then, given (x,z) € (D;)" X F', we
compute y the witness of interaction: y = Ty (t(neg(x), z)). The proof that id; 7(x, z) = 7(x, z)

follows the same lines as above. O

QualClo is almost a subcategory of the category of nominal relations, the only problem
being that they do not share the same identities. Just as its parent category, it is star autonomous.

More precisely, the category is compact closed.

Proposition 7.14. QualClo is a compact closed category, with monoidal product ® the cartesian

product, and negation the negation of Qual on objects and simple symmetry on morphisms.

That is, given o : D — F (thatis o : (D*)" xF") then ot : (FH)T x (D))" = (FH)" xDT,
is defined to be o+ = sgrpr 0 0 o sp Er (Where we confound (F')* and F', and similarly for
D).

Proof. We start by showing the monoidal closure. A morphism 7 : D®F — G is an equivariant
P-closure operator (D X F)*)" x G'. Equivalently, it is a positive closure operator 7 : (D+)" X
(FH)"XGT or (D) T x(F-x@G)T. Hence the category is monoidal closed, with F —o G = F+xG.

The unit of the —o functor is the domain L qua = Iqual- Now, given a coherence polarised domain
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D, D — lqual = Llaqual = D X Iqual X Iqual = D, therefore the category is star-autonomous.
Furthermore (D ® F)* = D+ ® F+, therefore the star-autonomy of this category is degenerated.
Thus, QualClo is compact closed. O

As closure operators compose relationally, given 7 : DT X F™, and o : DT, we can talk
about o;pr 7 : FT defined by (0;7)* = {y € F" | A(x,y) € 7°,x € ¢*}. Furthermore, if 7 is a
P-closure operator, o is an O-closure operator, then o;pr 7 is a P-closure operator. Similarly, if
7: DT X FT is a P-closure operator, o : F' is an O-closure operator, then 7;pr o is a P-closure

operator. The proof is done seeing o as a P-closure operator F — [, and 7 : D — F.

When restricting the category QualCLo to its full sub-category that consists of objects that
are denotations of formulas of MLL™ (that we still denotes QualClo for simplicity), there is a
forgetful functor from the category QualClo to the category of lax nominal relations NomReL.
We recall that NomRelL has objects nominal sets and morphisms nominal relations. We deemed
them lax since we do not impose the “separated” condition. This one consists in projecting on
maximal elements. We name it Max. We say that an element of a domain d € D is maximal if
—(de € D.d < e). Given an element d of DT, we write max(d) if d # T and d is maximal in D.

e Max(D) = {d € D | max(d)}

e Giveno : (DX F)T, Max(c) = {(x,y) € o* | max(x, y)}

Furthermore, this functor can be refined by taking into account the polarity. Its image category
becomes the category of polarised lists and lax nominal relationsﬂ Indeed, as the monoidal
product is cartesian the separated condition is dropped. Similarly, given o~ a P-closure operator,
and R = Max(o), then nothing forces the relation R to be linear, that is, given x € R that
v(neg(x)) = v(pos(x)), neither even v(pos(x)) € v(neg(x)). However, if the x comes from an
interaction with a counter strategy, that is, there exists a O-closure operator T such that x =
(o, T), then v(pos(x)) € v(neg(x)) since o is equivariant, and hence, unable to raise a name by
itself (v(o(x)) = v(x)) and 7 can only raise names whose corresponding primes are of negative
polarity (since it is a O-strategy). Note that Max is a functor of compact closed categories, since
Max(o x 7) = Max(o) x Max(t), and Max(ct) = Max(o)*.

The concurrent games used in [[10] were based on a double glueing construction. The objects
of the category were triples (D, Sp, S 5), where D was a prime algebraic domain, S a set of
strategies on DT, and S+ a set of counter strategies on it. Furthermore the morphisms were
total, in the sense that given a morphism o : I — D then V1 € S5, (0, 7) reaches a maximal
position. Finally to achieve full completeness, one needed to consider dinatural transformations
over this category. Here, we keep working with the morphisms of the first-order category and

this condition is replaced by a “linearity” condition on names used by the morphisms.

Definition 7.15. The category GQualClo has as objects triples (D, Sp, Sg;) where D is a nomi-
nal polarised coherence domain, Sy, (respectively S ) nominal sets of P-closure (respectively O-

closure) operators with finite supports on D. A morphism (D, Sp,Sg) — (F, Ug, Ug) is a mor-

!This category is just like the category of lax nominal polarised relations LaxNomLinPol defined in[3.4.5] except
that the linearity condition is dropped.
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phism of QualClo, o : (D*)" X F' such that V1 € Sp.typ1yr 0 € Up and V1 € Uz .opr T € S35,
Furthermore, it must obey the following conditions:

e (totality): For each T € Sp X Ug, (0, 7) # T is a maximal element of D x F.

o (linearity): There exists a relation R € NomLinRelPol such that Max(o) = R .

Notably, the empty support condition prevents o from introducing names:
Vx € D.v(o(x)) = v(x). The linearity condition prevents the strategy to react differently if
opponent happens to bring two equal names.

We will prove that GQualClo is star autonomous, with monoidal tensor:

(D9SD’S$)®(F’ UIF? U]IJ-{) = (D XF’SD X UF’Z)
Z={r:(DxF)" | risan O-closure operator and

Mo eSp,opTte Uf,{ AVo e Up.T;ro € Sﬁ)}
and negation:
(D,Sp,Sp)*" = (D*,S5,Sp)

where in the right hand side of the equation, the closure operators of S, S are seen as closure

operators of D*.

Proposition 7.16. GQualClo is a star-autonomous category.

Proof. We start by briefly showing that it indeed forms a category. We focus on totality and
linearity, since the double-glueing conditions are coming from the literature, where they have
already been studied. Identity is obviously total, and Max(idgquaiclo) = idNorﬁemop Given
two morphisms o : D — Fand 7 : F — G then o; T remains total since 7 acts like a counter-
strategy to o on F, and respectively for o and 7. Furthermore, the composite remains linear

since Max acts as a functor.

Secondly, since Max acts as a functor of compact-closed category, the linearity conditions
remains stable under tensor and negation. It is quite straightforward to prove that this is equally

the case for the totality one. Therefore, GQualClo forms a star-autonomous category. |

Finally, we describe the denotation function from formulas of MLL to the category
GQualClo.

o [X] = ([Xlqua-Sx = {o | o(L) = a,a € Ax}, Sy = {id})

e 71 = (Tqua, S = Sy = {id})

And, as usual, we restrict the objects of our category to those that are freely generated from [ X]],
[T and the operations (.)*,®. GQualClo is star-autonomous. The double glueing condition
prevents the category from being degenerated, that is, it is not a compact closed category.
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Unfortunately, these morphisms are too lax to be potential representations of MLL proofs:
two morphisms can be different though establishing the same axiom links, preventing the cat-
egory for being a candidate for full completeness. Therefore, we establish an equivalence
relation between strategies. Two strategies 0,7 : D — F are equivalent, written 7 ~ o if
Max(o) = Max(r). This equivalence is compatible with the star-autonomy structure. That is, if
o1 ~ 07 and 71 ~ 17 then:

e 01;T) ~ T1; T (if the types of o, T are compatible).

e 01 Q0 ~ T QT3.

L L
e oy ~ Ty
All these equivalences relies on Max being a functor of star-autonomous categories.

Therefore, we can refine the category so that morphisms are equivalence classes of mor-
phisms. This remains a star-autonomous category, and this way, we can define the denotation of
a proof 7 as being the equivalence class of P-closure operators such that Max(o) = [[m|.
We denote by ExtGQualClo this category. Of course, we get the following proposition whose

proof remains solely on the preservation of equivalences displayed above.

Proposition 7.17. ExtGQualClo is a star-autonomous category.

7.1.4 Failure of full completeness

The morphisms of ExtGQualClo lead to properly defined MLL™ proof structures. That is, they
define a unique set of axiom links that encompasses all literals, by definition of the linearity
condition we impose on them. Furthermore, if we orient the axiom links from A+ to A, then
the conditions imposed by ExtGQualClo exclude proof structures with directed cycles. More
precisely, each morphism of ExtGQualClo is the denotation of a proof structure without di-
rected cycles. This has been studied in [[10} 74} 70]]. For instance, consider the following proof

structure, together with its unique oriented cycle:

o AIL®A2’A3®Ai

N/ N

® ®

We furthermore consider a counter-strategy 7 that acts as follows. 7 waits for A, to be
maximal before playing in A;. Similarly, it will wait for A3 to be maximal before playing in
A4. On the other hand, a strategy o~ that implements this proof structure needs the name in A
or A4 before being able to move himself. Hence, we reach a deadlock (o, 7) = L, and o is not
total. Therefore, there are no strategies o~ of GQualClo such that Max(c-) is the nominal relation
corresponding to this proof structure. This is linked to the fact that the cycle is oriented. On the

other hand, if we consider this new proof structure, whose cycle cannot be given an orientation:
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o AT ® Ay 0 A3 ® Ay

N/ N\ /
® ®

then a counter strategy will always start by bringing the names in Ay, A, since it is of the form
Tateas X TAso4,- Therefore, a P-closure operator can simply wait for a counter strategy to bring
those names, and answer in Az, A4. Hence there is a P-closure operator associated with this

proof structure that is total, linear, and therefore a morphism of GQualClo.

Somehow, the opponent “is forced” to move simultaneously on A; and A,, whereas they
are, from the opponent point of view, two different threads. Therefore, we would like to attach
some kind of information to the positions, that would make it clear that a position (a;,ay) in
A ® Ay corresponds to two threads, whereas its player answer (a3, a4) in A3 ® A4 corresponds

to a unique one, leading to a mismatch.

7.2 Partial nominal relations and Chu-conditions

7.2.1 Partial nominal relations

To start, we have to gain finer control on the way the strategy acts. This will also allow us to

forget about the quotient.

To achieve that, we focus on a structure possibly underlying o, an output function f, that
is a monotone nominal function f : D — D such that o(x) = x U f(x). Working with output
functions allows us to achieve finer control on our strategies. Therefore, from now on, we forget
about o, the closure operator, and focus on f, while keeping in mind that the function x LI f(x)
should form a morphism of GQualClo.

First, we expect this function to be equivariant. Just as in [[10], we require that this output
function is stable, that is, such that Vx,y e D,x Ty = f(xMy) = f(x) 1 f(y). We want f to

satisfy this condition, and we furthermore require f to be additive. That is :

xTy= fxuy) = f()ufi)

A monotone function that is both additive and stable is said to be linear. Since f is stable, it is

entirely defined by its trace:
tr(f) = {(x,p) | p € Pr(D), x € D minimal s.t p E f(x)}.
The reverse operation being:

J»=Up|0.p) etr(f),y < x}
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Furthermore, since it is linear, Y(x, p) € tr(f), x is a prime. We enforce f to be polarised,
that is, for each element of its trace, its left hand side is an O-prime, and its right hand side a

P-prime. This notably entails this simple lemma.

Lemma7.18. o VxeD.f(x) = f(neg(x)).

o Pos(f(x))
e Negx) = xUf(x)# T

Proof. We start with the first property.

f@ = |to1e.p)etr().p < x)
=| |ip1®.p) e tr(h),p’ < neg(w)}
= f(neg(x))

Where we used on the following property: p’ < x A neg(p’) & p’ < neg(x), on which we can

rely since, as, since f is polarised, neg(p’).

The second property is straightforward and the third follows from our domains being po-
larised coherent, and, therefore, negative and positive elements are always compatible with one

another. O

Furthermore, since we require that the maximal positions project linearly to denotations of
proofs, we also impose the two following properties, called separation conditions.
e Y(p1,p)), (P2, P5) € tr(f).p] # P5 = P1 # P2 that is, tr(f) is an injective partial function
from negative to positive primes.
e Vp € Pr(D).Neg(p) = 3p’.(p, p’) € tr(f), that is, this function is total.
e Yp € Pr(D).Pos(p) = Ap’.(p’, p) € tr(f), that is, this function is surjective.

This basically states that the trace, and therefore f establishes a nominal bijection between
the negative and positive primes.

Proposition 7.19. Let  be a nominal bijection between negative and positive primes of a nom-

inal coherent domain. Then f, defined as follows:

f@ =] |el7"@®cx

is a linear monotone function, whose trace is indeed {(p, n(p)}.

The proof is immediate. It entails that the separation conditions are indeed compatible with

the definition of trace.

We call positions of interactions the positions that can be reached through an interaction
against a supposedly given opponent. That is, given an output function f, we write f* for the
set of positions of interactions, that is defined to be the closure under finite compatible union

of the following set:
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lau f(a) | (a, f(@)) € tr(f)}

As we restrict to finite unions, each element of f* has finite support, and f* is a nominal
set. Furthermore, as we only consider compatible union T ¢ f* and L = | |0 € f*. Finally,
Vx € f*.xU f(x) = x. Now given a pair (o, f) such that o(x) = x U f(x), we straightforwardly

have f* C o*. Thatis, f* selects those positions of o* that are relevant.

The output functions compose through the Kahn semantics of dataflow [|55} |6]. Given f :
AXBand g : BxC,then f;g(a,c) = (d’,c’) € A x C where (a’, ") is defined to be the least
solution of the following equations:

e fla,b)=(d,b")

e g(b',0)=(b,¢")

Note that " can be computed as the limit of the growing chain | |,cn((7B; f(a,_)) o
(np;8(_, ¢)))(L). As the domain only admits finite chains, f, g are automatically continuous,
and hence b, b’ always exists and are well defined. Just as their closure operator counterparts,
we will prove (f;g)* = f*;rel £°. These functions form a category, called category of partial

nominal relations.

Definition 7.20. A Partial Nominal Relation on D, where D is a polarised coherent domain, is
a nominal relation R : D such that there exists f : D — D nominal, linear, polarised function
subject to the separation conditions (f establishes a bijection between negative and positive
primes), satisfying R = f°.

The category ParNomRel has objects nominal polarised qualitative domains and morphisms
A — B partial nominal relations in A+ X B. The identity is the identity relation and the mor-

phisms compose as relations.

Proposition 7.21. o f* forms a lattice.
e Yx € f°, v(neg(x)) = v(pos(x)).
o Working with polarised coherent domains D that arise as denotations of formulas of
MLL™, f preserves the compatibility: Vx,y e D.x Ty = f(x) T f().
o ParNomRel forms a category, and (f;g)* = f* ;rel &°.

Proof. To show that f* forms a lattice, we have to prove it is stable under finite union and
intersection. The stability under finite union follows from its definition. Now, given a finite
family of x; in f*, x; = ||;(p; U f(pj)), then [1x; = [ [{px U f(pr) | Yi-px < x;}, (this follows
from a simple computation using that tr(f) is a bijection between negative and positive primes),
and hence [ | x; € f°.

The second point is immediate, just as the third, noticing that in domains two elements are

conflicting if they have two equivalent primes in it.

We now start to prove that linear functions compose, and that the additional criteria are

respected.
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Let us consider two functions f : A X B and g : B X C, together with (a,c) € A X C. We
assume that f; g(a,c) = (a’, ¢’), that is (a’, ¢’) is the minimal pair solution of the equations:

e f(a,b) =(a’,b)

e g(b,c)=(b,c).

In that case, we say that (a, b), (&', ¢) satisfy the equational system for the composition.

To tackle the proof, we will use an additional property of our functions, namely their stability
under the complement operator , denoted \. Given x,y two elements of the qualitative domain,
seen as sets of primes, we write x \ y for the element | |{p | p € Pr(D),p E x A p £ y}. Then our

functions satisfy the following property:

Sx\y) = f)\ fO).

This is straightforward to prove, seeing tr(f) as a bijection between negative and positive primes.

The composite is stable: Let us compare f; g(xMy) versus f; g(x)M f; g(y). Let x = (x4, x¢),
and y = (y4, yc) be compatible. Let x}g, x% the minimal elements of interaction, that is, such that
f(xa,xp) = (¥, x3) and g(x%, xc) = (xh, x(.). Similarly, we introduce y},, y3. As f, g preserve
the compatibility, seeing x}g, y}; as upper lowest bound, we got x}g ) y}g, and respectively for

xé, y%. As f, g are stable, we have:

Fxa Mya, xp Myp) = (X4 MYy, X5 T1Y5)

2 2 1 2
g(xg Myg, xc Myc) = (xg M xg, Xp M ye).

Therefore, (x4 M ya, x}g M y}g), (x% M y%, xc Myc) satisfy the equational system. However, they
might not be minimal. Therefore, we already know that:

f18(xa M ya, xc Myc) C fi8(xa, xc) M f18(yasyo)-

1

Let suppose there is some lesser v ,v? such that Jf(xa M y4,vE) = (Wy, v?) and g(vz, XcMyc) =

(', we)andv!' C xllg M yllg, Vv x% mn y% (where at least one of the inequalities is strict). We write

7! for x}g M y}y and 72 for xé r yé. The following equations hold:

fZN\VD = faMyaz) \ fa Nyav) = @22\ V)
and

f@\V, 1) = [, xe My \ fOP xe Mye) = @\ v z0).

Therefore, (L,z' \ v') and (z% \ v*, 1) satisfy the equational system. But therefore, so does
(xa, x5\ (2" \v")) and (x%\ (2 \v?), x¢). Or, x4 and x2 are minimal. This implies xX*M(z" \v!) = 0

(and similarly for xé, 2, vz). Or,as 7! = x}g M y}g, this entails that z' T v'. Or v! was chosen to
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be minimal so z! = v'. So x}g \ '\ v = x}; = z! = v!. A similar pattern leads us to conclude

2

that z2 = v2. So, overall, z!, 72 are minimal. As a result, this entails:

frg(xy Mg, xp Mxl) = fig(xh, xp) 1 fi 8065, x2),

that is, the composite function is stable.

The composite is additive: Composition of additivity is proven as follows. Given (x4, x}z),
(x%, xc) and (y4, yé), (x%,yc) satisfying the equational system, we get (x4 U 4, x}; L yg), (x% u
y%, xc Uyc) satisfying it as well, following the additivity of f. This proves that f; g(x4 Ly, xc L
ye) C f58(xa, xc) U f58(ya, yc). Now as f; g is monotone, then f;g(x Uy) J f;g(x) U f; g(y)
and by combining the two inequalities we get the result.

The separation conditions compose: We prove the proposition by analysing how f; g acts
on a negative prime. Suppose p € A and Neg(p). Then f(p, L) will trigger exactly one positive
prime p’. Either this prime is in A, in which case f; g(p) = p’, or this prime is in B. Now, this
prime p’, that is negative from the g point of view, will trigger, through g, a unique positive
prime p”’. This chain of p continues through f, g, playing new primes on B. As there is only
a finite number of primes (compatible with each other) in B the process ends, that is, either f
finishes the chain by playing in A, or g finishes it by playing in C. Therefore, each negative
prime triggers one and only one positive prime through f; g. Furthermore, this one is unique.
Finally, by backtracking, one can see that every positive prime is triggered through f; g by a

single negative prime.

Polarised function do compose: We need to prove that for each couple (p, p’) € tr(f; g) then
Neg(p), Pos(p’). This is straightforward.

Equivalence sequential -relational composition: Let (x4, xc) € (f;g)°. This implies that
there exist y}, y%, such that f(neg(xa),yk) = (pos(xa),y3), g0vs, neg(xc)) = (yh, POS(xc)).
Furthermore, as f, g is polarised then Neg(y},) and Pos(y%). Therefore, (x4,yk L y3) in f°,
(yfg I_Iy}g,xc) € g°. Thus, (x4,x¢c) € f*;Rel &%, and (f;2)° C f°;Rel £°. Now, let us consider
(xa,xB) € f°, (xB,xc) € g*. Then, let us consider the set of those x; such that (x4, x;) €
f°*, (xi,xc) € g°. This set is closed under compatible intersection. Therefore, we can take a
least element. We rename this element xg. Now, f(neg(xs), neg(xg)) = (pos(xa), pos(xg))
and g(pos(xp),neg(xc)) = (neg(xp), pos(xc)). Furthermore, neg(xg), pos(xp) are minimal
satisfying this set of equations. Hence (x4, x¢c) € (f;2)°%, and (f;2)* = f*; &°. O

Note that, as our the traces of our functions act as bijections, the composition through de
Kahn semantics of data-flow is equivalent to the composition of permutations trough tracing, as
defined in

Proposition 7.22. ParNomRel is star-autonomous, the monoidal product being the cartesian

product, and the negation consists in reversing polarities on objects, together with taking f* as
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being the monotone linear function whose trace arise from the bijection tr(f)~' on morphisms.

Finally, the unit of the monoidal product is the qualitative domain with no primes 1.

There is a functor F : ParNomRel — QualClo, and this functor is a functor of star-

autonomous categories. It lets the objects invariant, and maps a function f to o = id Ll f.

7.2.2 Chu conditions

Working with partial nominal relations allows us to have a greater control on the relations. Now,
we wish to gain control of a notion of O and P positions. In order to do that, we took inspiration

from the simplest instance of the Chu-construction, that we remind below.

Proposition 7.23. Let C be a symmetric monoidal closed category with products (written *

here). Then C% = C x C is a star-autonomous category. The tensor product is :

UX)V,)=UsV,U -Y=*V —oX)

The unit for the tensor is (I, 1), and the negation (U, X)* = (X, U).

Hyland and Schalk [51]] used this construction in order to establish a functor from the cat-
egory of tree-games into the star-autonomous category Rel®. The functor sent an arena to its
sets of P and O-positions respectively. That way, one saw an object of Rel® as a pair (P4, 0,),
composed of sets of P and O positions respectively. Finally, a strategy o : A — B of the
standard category of tree-games was sent to a pair of relations (o : P4 — Pp,0~ : O — Ojp).

This functor effectively detemporised the games.

We will apply the same idea here for our domains. The starting point is to consider that the
objects of our category are now 3-tuples A = (D4, P4, O4), where D is an object of ParNomRel,
or, equivalently QualClo, and P4, 04 C D4 are the sets of P and O-positions. Note that we
expect P4 N O4 = (0. However, it might not be the case that P4 W O4 = D4 (where we see Dy as
its underlying set). Some positions of the domain might belong to neither player nor opponent.

The tensor and negation are defined according to the Chu-construction.

AQ®B=(Ds®Dp, Pagp = Pos X Pp,0agp = Og X P W Py X Op)
A = (DL, 0n, Pa).

where we remind that the tensor product of objects of Qual is defined as the cartesian product
of the underlying domain, together with the coproduct of their polarity functions.

Finally, we require that our morphisms somehow respect the Chu-condition as well. Given
a morphism f of ParNomRel, f : A — B, we expect that f* establishes two relations :
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f*:Ps— Pp
f.103—>0A.

That is, written Q4 = P4 W O4 and similarly for Qp, we expect that (P4; f*) N Qp € Pp, and
(f*;0) N Q4 C O4, where we remind that given a relation R : A X B and arelation Q : A, we
write @ ;4 R for the set {y € B| A(x,y) € R, x € Q}. Furthermore, we want to make sure that
these two relations are not empty. To do that, we define this simple variant of the double-glueing

construction.

We introduce two new sets Tp C Piinsup(Pp) and Tﬁ C Prinsup(Op), where Prinsyp denotes
the operator that to a set gives its subsets of finite support. The objects of our new category
ChuLinNom will be 5-tuples (D, Pp, Op, T, TS). Op and Pp will be the sets of O and P
positions respectively, and Tp and T3 the sets of P and O relations respecting the Chu and

double glueing conditions.

There is a monoidal tensor on ChuLinNom objects defined through the usual double glueing
structure. Given a relation R : A X B, we denote R | Bthe set {y € B | A(x,y) € R}. The

monoidal product is defined as follows:

A®B={Dp xDp, Ps X P,04 X P& Py X Op, Tagp, Trgp!)
Tage ={R C Prinsup(Pacp) | R = RaX RpA Ry €Ty ANRpeTp} =Ty xTp
Tras = (R € Prinsup(Oaen) |
VQ eTs.Qia ReTz AVQ €Tp. R Q € Ty}

The unit / is defined by:
IchutinNom = (I Tquals Pr = {1}, 0; = 0,T; = {{L}}, T} = 0)
Similarly, there is a negation defined by:
D, Pp, Op, Tp, T3)* = (D, Op, Pp, Tp, Tp)

where we see Op as a subset of D*, and similarly for the other elements of the negated 5-
tuple. The objects of ChuLinNom are built freely out of the two following objects by tensor and

negation:

[XT = ([XTqua, Px = Ax < [XIqua, Ox = {1},
Tx = {x € Plinsup(Px), x # 0} T)J(_ ={L})

[11 = IChuLinNom

It is important to note that the concept of O-positions is unrelated to the one of O-primes,
or O-strategies (as defined in the section [7.1.3] about closure operators) For instance, (a, L) is

an O-position of A ® A, as a is a P-position and L an O one. Hence, by raising a P-prime (the
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name a), the strategy would have actually created an O-position. This might be explained by
the fact that a strategy is supposed to play simultaneously in a tensor. Hence, the real position a
P-strategy should reach is (a, a’), which is indeed a P-position. Note that there are functions f
of ParNomRel that are denotations of valid proof structures, and such that there exists x € f*
with x ¢ Pp. Indeed, some positions of f* might lie outside the set of positions that are given a
polarity. For instance, consider a maximal position (a, a, a, a) of (At ® A*) ® A ® A, that is a
valid formula of MLL.

We would like our morphisms A — B to be maps f € ParNomRel(A, B) such that f* N
Oa—p € Ta—p, Wwhere we remind that Q4 g = Pa—p W Oa—op, and that A — B is the monoidal
closure, defined as A — B = (A ® B+)*. However, at this stage, it turns out we have not been
able to prove composition with such morphisms. We will explain why in the next paragraph,

and expose a slightly weaker criterion.

Let us consider two morphisms of ParNomRel as follows f : A — Band g : B —o C that
satisfy the desired criterions, that is, f* N Q4—p € T4—p and similarly for g. Then, in order to
establish composition, we must prove that (f*; g*) N Qa—c € Ta—c. By definition of the double
glueing construction, (f* N Q4-op) ;Rel (€° N Opoc) € Ta—c. The difficulty comes from the fact
that there might be some b such that (a,c) € Qa—c, (a,b) € f*, (b,c) € g* but b ¢ Op. We have
not found an example where such a b exists, however we have not been able to rule it out either.
In other terms, if such a b exists this would entail (f* N Qa—p);(g° N Op—oc) # (f*;£°) N Qa—c.
On the other hand, (f* N Qa—p); (g° N Opoc) € (f*;£°) N Qa—c. Therefore, we settle for a
slightly lesser property, that we expose in the below definition.

Definition 7.24. ChuLinNom is the category with objects the 5-tuples A = (D4, Pa, O4, T4, Tj),
where Dy is an object of Qual, P4 € Dy, Op € Dy, Ta € Prinsup(Pa), and T+ C Prinsup(Oa)
that are freely generated from [ X] by tensor, and negation. The morphisms A — B are maps
f : ParNomRel(Dy4, Dp) such that:

o AR € Ty_op satisfying R C f* N Qa-op

® f*NQOsop S Paop

This way, we will be able to prove that composition is well defined. Each object of
ChuLinNom is the denotation of a formula of MLL™, that is, we forget about the multiplica-
tive units L, /. Indeed, the proof of composition we have only works while restricting to this
case. Furthermore, this subcategory is enough as we aim for a full completeness result for MLL™,

the case with units is left open.

In order to tackle the proof of this property we introduce the function J that generalises the
concept of O and P-position. The function 7 : D — Z \ {0} (set that we refer to as Z* in the
future ) sends any position to a number, that is supposed to represent a generalised notion of
polarity. It it sound in the sense that it sends P-positions to 1 and O-positions to —1. We will

refer to 7 (x) as the payoff of x.
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The function 7 is defined by induction as follows:

e For [X], 7(L) =—-1and I(a) = 1.

e Given any formula F, 7 p1(x) = —1 p(x).

e Given two formulas A and B, J is computed according to the following table , where
given an element (x,y) € [A ® B], we write p,q for 74(x) and 7 g(y) respectively, and

distinguish between the cases where p (respectively g) are positive and negative:

® p>0 p<0

>0 prg—1 if g > |p| then p + ¢
ifg <|plthen p+q—1

<0 if p > |g| then p + ¢ bt
if p<|glthenp +¢q—1

Another way of presenting this table is by introducing two new functions:

7 75 n—n ifn>0
e n:7Z— :
n—n—-1 ifn<0

. nen ifn>0
o 12" > 7
n—n+1 ifn<0
This is not hard to see that n,¢ are inverse to one another. Then the above table could be
synthesised into p ® g = n(«(p) + t(g) — 1). This allows us to conclude about the associativity of
the ®:

p®(@®r)=np)+iunuqg) +ur)—D)-D=np)+uUg) +uU(r)=2)=(pRg)®T.

By duality, we obtain the associativity for % as well. We will also make use of the following

property in a future proof.

Lemma 7.25. e VYmeZm®1l=m?2.
e VmeZm®-1=m%® -2.

Proof. We only need to prove the first point by duality. Thatis, —(-m ® —1) = (m ® 2).
e ifm>0thenm®2=m+2—-1=m+ 1. On the other and (-m ® —1) = (-m — 1) as
expected.
o ifm=—-1thenm®2=1,and(-m®—-1)=1-1-1 = -1 as expected.
e ifm<—-Ilthenm®2=2+m—-1=m+1,and(-m®—-1)=-m—1.

Lemma 7.26. Let A € Obj(ChuLinNom) :
o Let x € Pa. Then I(x) = 1.
o Let x € Op. Then I(x) =—1.
o Jetxe Qs =PrW0Os ThenI(x) =1= x€ Py, I(x) =—1 = x € 04
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Proof. The third point is a direct consequence of the two first ones. We prove the two first points
together. The proof is by induction on the structure of the formula. If it is atomic, then it is by
definition. In the case of A = A| ® A, then 7(x; ® x») = T(x1)® I(x3) = 1®1 = 1 since
X1 € Pa,,xp € Py, by definition of Py, g4,. Finally, if A = A % A, then 7(x) = 7(x1) ® 1(x2),
and J(x;) = —1,7(xp) = 1, or the other way around 7 (x;) = 1,7(x;) = —1, by definition of
Paxp. Then —1 % 1 = 1, and we conclude that 7(x) = 1. The proof for the Osxpp and Oygp is
dealt with similarly. O

We will also need the following lemma.

Lemma 7.27. o VF formula of MLL".Tr £ O A Ty # 0,
o VF formula of MLL™, VR € Tp.R #0and VR’ € T7. R’ # 0.

Proof. This is proven by mutual induction along the structure of the formula F. For the first
point, the atomic case is by definition. In the case F' = A® B, then we simply consider a relation
R4 X Rp € Tagp and a counter-strategy P4 X Tp W T4 X Pp, where 74 € Tyr, and 75 € Tpe. The
case A ® B is dealt with similarly.

For the second point the atomic case is by definition. For the elements of 7', the inductive
case ® is automatic. For T§®B, Tj®B, then given Q € Tx, Q;a R € Ty.

Hence Q:;4 R # 0 by inductive hypothesis and hence R # 0. The case for relations in A % B is

given a relation R €

proven along the same lines. O

Proposition 7.28. Ler f € ParNomRel(A, B) such that AR € Typ. R C f*. Then for any
xe f*,I(x)=1.

Proof. Instead of working with A+ % B, we work with a general formula of MLL™. So let f* : D
where D is the qualitative polarised domain [F]qua for a formula F of MLL™. As there exists
R in T such that R € f* N Qp, this implies, by the lemma above that there exists some
x € f* such that x € Pr. Consequently 7(x) = 1.

Now we prove the following property: let us assume x such that 7(x) = 1, and primes p, p’
such that p O-prime, p’ P-prime, p,p’ T x, and both p,p € xorp,p’ ¢ x. Then I (xw{p,p’}) = 1
or I(x\ {p,p’}) = 1. That is, if we start from a position x of payoft 1, and do, or undo, a pair of
OP primes, then we reach a new position of payoff 1. As every position of f* can be obtained
from one another by adding or removing pairs of OP-primes (this follows from the definition of

f*) this will allow us to conclude that every position y of f* satisfies 7 (y) = 1.

In order to establish that, we simply need to prove that given a position x of payoff n, then
if we add an opponent prime to it, or remove a player prime from it, we reach a position n ® —1.
By duality, if we add a player prime, or remove an opponent prime to a position of payoff n,
then we reach a position of payoft n % 1. Therefore, if we start from a position of payoff 1, and

add, or remove, a couple of OP primes then we will reach a position of payoff 1 ® -1 % 1 = 1.
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The proof is done by induction on the structure of the formula F. If x is a position of an
atomic formula X, then if x is a prime a, x has payoff 1. Then if we remove a prime from x we
end up in the position L, that has payoff -1 = 1 ® —1. Similarly, if x has payoff —1 then if we
add a P-prime to it, we reach a position of payoff 1 = —1 % 1. The same reasoning works for
X*. We now focus on the induction case. Imagine that x is a position of a qualitative polarised
domain denotation of a formula A = A} ® A, and 7(x) = 1. Then let us imagine we add a
O-prime to x, and we consider without loss of generality that this O prime is in A;. Then setting
ny=7I(xAp),ny=71(x] Ay, wereach a position of payoff (n;®—-1)®ny, = (n ®-2)¥n, =
(ny ®np)® -2 = (n] ® ny) ® —1. The other cases are dealt similarly.

So we can conclude that Vx € f*.7(x) = 1. |

This was the last missing element needed to prove composition. As we proved composition
only for morphisms of MLL™, we have to work in the category without units. It was studied
in [25] how to characterise unitless star-autonomous categories. It resulted in the following
definition.

Definition 7.29. A symmetric semi-monoidal closed category is described by the following
data:
o A category C.
e Two functors ® : C X C — C and —: C°° x C — C.
Three natural isomorphisms corresponding to the following properties:
1. (symmetry) A® B~ B® A.
2. (associativity) AQ (B®C)~(A® B)®C.
3. (closure) C(A® B,C) ~ C(A,B — ().
A functor J : C — Set together with a natural isomorphisms C(A, B) ~ J(A — B).

A semi star-autonomous category is a symmetric semi-monoidal closed category with a full and
faithful functor (.)* : C — C°P and a natural isomorphism:
e CA®B,C*) ~C(A® B+, 0).

Proposition 7.30. ChuLinNom is a semi star-autonomous category.

Actually, it is a sub semi star-autonomous category of ParNomRel. That is, the tensor, and

negation operation lift from ParNomRel to ChuLinNom.

Proof. We start by proving that the morphisms compose. We consider two morphisms f : A —
Band g : B— C of ChuLinNom. Given R € T4_.p suchthat R C f* N Qap,and Q € Tp_o¢
such that @ C g°* N QOpoc, then R; Q C (f;2)° N Qa—c, and, by definition, R; Q € Ta_oc.
To finish, we simply need to prove that (f*;¢°) N Qa—oc € Pa—oc. As AR € T4_oc such that
R C f*, we know by proposition [7.28|that Vx € f*.7(x) = 1. In particular, by lemma [7.26] we
can conclude that Vx € f* N Q4_op.x € P4o_op as expected.

We tackle monoidality, that is, that ® indeed acts as a functor. The definition of Txgp as

Ty X Tp is coherent with Psgp = P4 X Pp. That is, given two relations R, Ry € Ta,Tp,
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then by definition R4 X Rp € Pagp. Finally, given two morphisms f : A,g : B, and given
R1Cf*NQO4 Ry Cg*NQOp, then Ry X Ry C f*Xg* N Oagp. Indeed, as f* N Oy C Py, and
respectively g* N Op C Pp, it automatically entails that f* X g* N Qaep = f* N Oa X g* N QOp C
Py X Pp = Pugp as expected. The symmetry and associativity natural isomorphisms are the
ones of ParNomRel.

We now prove monoidal closure. Let f € ChuNomLin(A ® B,C), that is
f:(A®B)*®C =A% (B-%®C). Then there exists R : T(agp—-c such that R C f* N
Qep)-c. However, as (A® B)* ® C = A — (B — (), then one can see f* as a morphism

A — B —o C, and similarly, one can see R as belonging in T4 —p—c), With R € f*N Q4B

Moreover, the definition of J is obvious setting J(A) being the set of morphisms of
ParNomRel(Z, A) that satisfy the desired conditions. Finally, the negation provides the desired

functor required for characterising semi star-autonomous categories. O

7.2.3 Full completeness

MDNF stands for multiplicative disjunctive normal form. It is the form for formulas of MLL™
that results from applying the transformations (A% B)® C — A% (B® (), and its right variant,

in order to dispose of the % that are not at the bottom level in a formula.

Definition 7.31. A sequent I of MLL is MDNF if T is a multiset of formulas F; and each
F; = ®;X; j where X,  is a literal.

A model is MDNF-fully complete if it is fully complete for every MDNF-sequent. That
is, given a MDNF sequent I', then every morphism o : I — [I'] is the denotation of a proof.
Proving MLL™ full-completeness relying on MDNF formulas, and sequents, is an argument
drawn from [84]), itself taking inspiration from [5]. The proof structures, and proof nets, of
MLL™-MDNF formulas are much simplified compared to the ones of MLL™. Indeed, as there is
no %, there is no need to consider switchings anymore. We use the term “block™ to refer to a
formula F; of I' = Fy, F», ..., F,,.

Proposition 7.32. ChuLinNom is MDNF fully-complete. That is, given a MDNF sequent I of
MLL™, then any morphism I — [I']| is the denotation of a proof 7 :+ T..

Given a morphism f of ParNomRel, there is a canonical proof structure of MLL™ associated
to it, since a proof structure of MLL consists of a bijection between negative and positive litterals.
We recall that the argument for full completeness is in two steps. Given the proof structure
canonically associated with f, we first have to prove that the proof structure is acyclic, and then

connected.

Proof. We start by showing that there is no cycle inside a block. Let us assume that there is one,
and we name the block F';. We call R the relation of 7T such that R C f*NQr. Then let us pick
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Figure 7.1: A cycle inside a proof structure corresponding to a MDNF sequent

a counter strategy Q € TIJ;TZ’IS)""?S)Fn’ and, making it interact with R through R:p,» »r, Q =S,
we get that S is a strategy of Fi: S € Tp,. Let us assume that the block is of the shape
F1 =Y1®Y,®...80Y,9X®X™", and the strategy establishes an axiom link between X and X*. Then
let us pick a position x of S. As x [ X+ = x | X, this entails that x | X+ € Py. & x | X € Oy
and x [ X* € Ox» © x | X € Px. Therefore, x | X ® X* € Oxgx:, and x ¢ Pp,. This is a

contradiction. So there is no cycle inside a block.

m

So let us assume there is a cycle that goes through several blocks, and let us pick one of
minimal length. As the cycle is of minimal length, it only goes at most once through each block,
passing through two literals. Therefore, given a block F; on the cycle, we write F; = G;® l} ®ll.2,
where ll.l, ll.2 are the literals that belong in the cycle. We then consider that the F; have been

rearranged in the order of the cycle, starting from / } This is drawn in the figure

Let us pick a counter-strategy of Q of F»® .. % F,,® F 11 ®...® F,. Thatis, Q € T}%?&..?&Fn'
Then, writing S = R;r,» »r, Q, we get S € Tr,, In particular, S is non-empty and therefore
dx € S, x € Pp,, Ay € O, _%F, such that (x,y) € R and in particular (x,y) € f* N Qr. This
implies y [ F; € Op, for all i greater than 1. As x is a P-position, this implies that x | l% € Pl}
and x | l% € Pl%. Asy | F, is an O-position, it implies that there is exactly one literal [ of F»
in it, such that y [ / € O;. This has to be lé, as x | l% is a P-position, and the polarity of y in

l% must be the opposite. This implies that y [ l% is positive. Following the same reasoning, it
1

m

implies that y | l; is negative, and y [ l% positive. Repeating this, we finally obtain that y [ /
is negative and y | I2, is positive. But the polarity of y | /2 is the opposite of the one of x | l%
that is positive. Hence y | 12, is positive and negative, bringing a contradiction. We deduct the

acyclicity.

Proving the connectedness is just as simple. Note that every literal of a block belongs to
the same connected component. Suppose that there are two connected components (the re-
sult generalises straightforwardly for more), that we split into two sets of blocks F1, ..., F and
Fi+1, ..., Frp. We pick a random block in the first connected component, and name it ;. We
consider a counter-strategy Q € T;ﬂ, Fy®.%F," Let us consider a position (x, y) such thaty € Q
and x € R;r,o.oF, ¥ as above. Then by definition, x is a player position, and all positions y | F;
are O-positions. In particular, y [ Fi+1 % ... ® F), € OF,,,%..%F,- On the other hand, we already
know that the part of the relation in Fj+; % ... ® F,, corresponds to an acyclic proof structure.

Furthermore, as it is connected, it corresponds to a proof. Therefore it is a denotation of a proof
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and belongs in Pr,, % F, by soundness. Consequently, y € Pr,. % »F, N Of,. % %F, = 0.

m

This is a contradiction, and the structure is connected.

Finally, we simply note that MDNF full completeness entails MLL™ full completeness in
any semi star-autonomous category. This has already been devised in [5 [84]. We repeat the

argument here.

Suppose that F is a formula such that there is a morphism f : I — F whose correspond-
ing proof structure is cyclic (and, or, disconnected) for a given switching S. First, we handle
acyclicity. Let us select an occurrence % such that the cycle passes through it. Then either the
% is at a lowest level, in which case we do nothing. Or there is a ® that appears before in the
parse-tree. That is, it occurs in a context of the form (A ® (B%® C)). Then if the switching selects
the formula B, we post-compose f with the morphism that is identity almost everywhere but
transforms (A ® (B % (C)) into ((A ® B) ® C). Then there is still a cycle in the newly obtained
proof structure corresponding to the new morphism. By doing so repeatedly, we eventually ob-
tain a MDNF formula that has a cycle in it. However, such a morphism is rejected by the model.
Therefore, there is no cycle in the original formula. The connectedness proof works on a similar

basis.

This allows us to conclude this section with the expected theorem.

Theorem 7.33. ChuLinNom is fully-complete for MLL™.

7.2.4 ChuLinNom, a new definition

This fully complete result allows us to redefine slightly ChuLinNom, by replacing the condition:
AR €Ty R € f* N Qpp

in the definition, with:

f* N Qsop € Thop.

We recall that the problem with the second condition was that we were not able to prove the
composition. However, now, we can rely on the full-completeness result in order to establish that
the second condition composes. Indeed, two morphisms being denotation of proofs of MLL™,

they will compose just as their proof compose.

Proposition 7.34. ChuLinNom can be presented as the category having:

o Polarised coherence objects equipped with Chu-structure as objects: A =
(Da, Pa, 04, T, Ty), where Op, Py C Da, Ta € Prinsup(Pa), Ty S Prinsup(Oa), such
that each object is the denotation of a MLL™ formula.

o As morphisms A — B morphisms f : ParNomRel(D4, Dp) such that f* N Qa—p € Ta—p.
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Proof. To differentiate, we name ChuLinNom, the latest construction, and ChuLinNom; the
former. The identities are morphisms of ChuLinNom;. Furthermore, given morphisms f, g of
ChuLinNom,, f ® g is a morphism of ChuLinNomy, just as is f*. Therefore, any cut-free mor-
phism of MLL™ can be modelled within ChuLinNom,. Furthermore, (forgetting that the compo-
sition is not yet defined), ChuLinNom; is a sub-semi-star-autonomous category of ChuLinNom;
(in the sense that every morphism of ChuLinNom; is a morphism of ChuLinNom; and they share
the same tensor and negation). As ChuLinNom; is fully-complete, so is ChuLinNom,, that is,
every morphism of ChuLinNom; is the denotation of a proof. Therefore, the composition of
two morphisms of ChuLinNom; results in a morphism that is the denotation of a proof. This
one is then a morphism of ChuLinNom,. That is, ChuLinNom, is a category.

Therefore, ChuLinNom, is a sub-semi-star-autonomous category of ChuLinNom; able to
faithfully model axioms, and, as ChuLinNom is fully-complete for MLL™, ChuLinNom, =
ChuLinNom;. m]

Let us note that as this stage, we do not make use of names. That is, we could present an
even simpler category, if our goal was limited to MLL™. This one consists in an almost similar
definition as ChuLinNom, but relying on a simplified ParNomRel category.

Definition 7.35. We define ParRel as the category:

e whose objects are coherence polarised domains obtained by tensor and negation from the
labelled Sierpinski domain, that is the 2-elements lattice domain Ox with L T Ty, whose
only prime is positive. Of course, we set [ X] = Ox. We set label(Tx) = X. Each object
is then a denotation of a MLL™ formula.

o whose morphisms of ParRel(A, B) are linear monotone functions of A — B subject to the
separation conditions and such that (p,p’) € tr(f) = label(p) = label(p’).

Relying on this simpler category, we can define ChuLin. The objects of ChuLin are construct
inductively from [X]], defined as follows:

[XTchutin = (Ox, Px = {Tx},Ox = {L}, Tx = {{T}. Tx = {L}})
We now have the necessary ingredients to define the category.

Definition 7.36. ChulLin is the category having:

o Polarised coherence objects equipped with Chu-structure as objects: A =
(DA,PA,OA,TA,TX‘), where Oy, Py C Da, Ta C Prinsup(Pa), TX‘ C Prinsup(Oa), such
that each object is the denotation of a MLL™ formula.

o As morphisms A — B morphisms f : ParRel(Da, Dp) such that f* N Qa—p € Ta—p.

Proposition 7.37. Chulin is a star-autonomous category and is fully complete for MLL"™.

The proof follows the exact same argument as presented before for ChuLinNom.



7.2. PARTIAL NOMINAL RELATIONS AND CHU-CONDITIONS 255

7.2.5 A connection to graph games

There is a way of seeing f* as a strategy of Op seen as a graph. This bears a central connection
to the graph games developed by Hyland and Schalk [51} [52f], even though our games and
strategies are fundamentally different.

Given a qualitative polarised domain D, we look at QOp as the graph defined as follows:

o Its set of vertices are the elements of Op, split into its set of player positions Pp, and its
set of opponent positions Op.

e An edge e between two positions x 5 ¥, x # y, corresponds to a prime p such that
xUp = yorx\p = y. Inthat case we can see thaty € Pp & x € Opand x € Op © y € Pp.

We write Ep for its set of edges.
We call such a graph a qualitative polarised graph.

To make clear the direction in which we travel a prime, we write x ®, if we add it, and x &
if we remove it. Therefore, we refer to moves for the data of a prime, together with a direction
(adding, removing). We usually use the lowercase m to refer to them. A move is an O-move
if the edges corresponding to it start from P-positions and target O-positions, and a P-move if
they start from O-positions to target P-positions. Equivalently, a move is an O-move if it is an
O-prime that is added, or a P-prime that is removed. Similarly, it is a P-move if it is a P-prime
that is added, or an O-prime that is removed. We define O-edges and P-edges accordingly.
Let us note that when restricted to one direction (that is, either add or remove), then the graph
Qp is acyclic (that is, a dag), but might contain several roots (that are, minimal elements). So
if it certainly might be seen as an asynchronous graph, this one does not come from an event

structure.

In the work of Hyland and Schalk the strategies for graphs were defined as partial functions
a from O-positions to P-positions, such that, for all O-positions x in the domain of @, there is
a move m satisfying x iR a(x). In our case, this definition does not work, since we take into
account the dynamics. That is, given x 5 v, such that y € Op, then this corresponds to adding
an O-prime, and the strategy should answer by adding the associated P-prime. On the other
hand, considering z & y (and y € Op), then this corresponds to removing a P-prime, and the
strategy should remove the associated O-prime. Note that given a position x and a prime p (
such that p T x), then there is a unique direction p can be travelled starting from x. Therefore,

we might refer to this edge (respectively move) as e(x, p) (respectively m(x, p)).

Definition 7.38. A strategy on a qualitative polarised graph Qp is defined as follows:
o A setof T C Pp of P-positions.
o A partial function o : Ep — Ep defined as follows. Given an edge e(x,p) such that
x €Y, and x LA y (respectively x nd y), then, if there exists p’ such that y p—/> zePpnNY
(respectively y <p—/ z € Pp NY), then this pair (z,p") satisfying the property is unique and
we write a(e(x,p)) = e(y,p’).
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The data of @ is redundant: « is perfectly defined from Y. In our case, the strategy corre-
sponds to a morphism of f of ChuLinNom, and f is a bijection between primes. So what matters

is not the position, but only the prime. That is, the strategy is history-free (in the sense of [7]]).

Definition 7.39. A strategy on a qualitative polarised graph is history-free if there exists a
function B : Pr(D) — Pr(D) such that ¥(x,y,p) € Pp x Op X Pr(D) with x 25 3 then
a(e(x, p)) = e(y, B(p)).

Finally, we want the strategy to be total.

Definition 7.40. A strategy on a qualitative polarised graph is total if it is not empty and¥x € Y,

e(x,p) , . e(xp)  e(yp(p)
VYp such that x —— y, e(x, p) being an O-edge, [ is defined onp and x —— y ——— z € Pp.

The fact that our morphisms behave that way is demonstrated below.

Proposition 7.41. Let us consider a function f : D of ChuLinNom, where D is the qualitative
polarised domain denotation of a MLL™ formula. Then f* leads to a strategy that is history-free

and total.

The fact that it leads to a history-free strategy is straightforward. However, the totality is a
real property, and the proof is not elementary. Let x € f* N Op. By definition, x € Pp. Let p be
an O-prime, seen as an O-move, x LN ¥,y € Op. Then, by definition of f, this prime is mapped
to a P-prime p’. Hence the strategy associated with f reacts in D, by playing a P-move y p—,> Z.
What we need to prove is that z € Pp. Indeed, at this stage we have no proof that z lies in Op.

Proof. We rely on full completeness. We prove by induction on the rules of MLL™ that the
strategy denoting the proof is total. First, we introduce some terminology. Let D be a polarised
coherent domain denotation of a formula F' of MLL™, and we consider a position x € Pp. We
say that x is ready to move in /, where [ is a literal of F, if x [ [ € P; and if an element y € D,
which is equal to x on all literals except [, where y [ [ € Oy, is in Op (and hence y € Op). We
say that y is the result of switching x in /. Similarly, we say that y € Op is ready to move in /, if
the element x, which is equal to y on all literals except /, where x | [ € Py, is in Qp (and hence
x € Pp).

We prove the following intermediate property, which straightforwardly entails that f* is
total. Let x € f* N Qp. Let [,/* linked by an axiom-link in the proof whose denotation is f.
Then if x is ready to move in [, then given y as above, y is ready to move in [*. The proof is
done by induction on the structure of the proof. For the axiomatic case, this is straightforward.

So let us suppose that we have the following rule:

S +A,B
+FILAAQ®B

®

Let us note that if we pick a literal / of a formula F, such that x [ /[ € P; and x is ready

to move in /, then it automatically entails that x [ F € Pr. Indeed, swapping the polarity of a
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literal from P to O entails a downward change of the global polarity function 7 (x | F). Hence,

the only possible case is x [ / € P, and once the swap happens, leading to y,one hasy [ F € O;.

We deal with the different cases, though restricting our study to the cases where the axiom
link happens in the I', A part of the sequent. The cases where it belongs to the A, B are symmetric.

We always assume x | [+ € P.. The case x | [ € Py is dealt with similarly.

1. LI+ €T. Thenlet x as above, and x | [+ € P, ready to move inI'. This means x | ' € Pr,
and, consequently, x [ A € O4. This entails x [ B € Pg and thus x [ A € Oa. So suppose
we switch x | [ from O to P, getting y. Then projecting on I', A, we see thaty | I' € Or,
and y is ready to switch in /. Hence we can switch from O to P in [*, and reach a position
zwherez [T € Pr,z [ A€ Op,z [ A€ Oy, z | Be Ppg, which is a proponent position as
expected.

2. We tackle the case [ € T',I*+ € A. As x is ready to switch in [+, and x | [+ € P, we
getthat x [ A € Py, and, similarly x [ A® B € Psgp so x [ B € Pp. Hence, we get
x [ T € Orand x ' A € Op. Therefore, doing the two switchings in /* in A® B, and in [ in
I', will get us a final position z having local polaritiesz | A € Os,z | Be P,z [ ' € Pr
and y [ A € Oa. Therefore z € Pr.

3. The third caseis [+ € ', and [ € A. This time, we get x | T € Pr, x [ A € Op, x | A € Oy,
x | A € P,. After swapping x in both [, and [*, we get z | T € Or, z | A € Oa,
z [ A € P4,z | Be€ Pg, hence this results in a successful switch.

4. The last case is It in A and [ € A. With this we have x [ A € P4, x | B € Pp,
x T € Or,x | A € Op. Once we switch x in [, [* resulting in a position z, we have
z [ A € P4, and the others local polarities remained unchanged. So the final element

remains in Pr.

The case of an % rule is straightforward as it is interpreted as identity, hence it does not

change the local, and hence global, polarities.

Therefore, the property holds for any f denotation of a proof. By full completeness, this is
the case for any f satisfying the Chu-conditions. m|

Within the work of graph-games, a property often expected from strategies is conflict-
freeness. However, in our case, one has to fix an orientation to define it properly. For this
paragraph, we suppose we have fixed an orientation. We write x < z if there is an oriented path
x —» z. Suppose x, z € X such that x < z. Then the strategy is conflict-free, if given an O-move
x5 v, such that y < z, then the strategy answers with a move y 5 w, and w < z. This holds

straightforwardly for strategies coming from morphisms of ChuLinNom.

We believe that this topic is worth being a subject for further investigation. We leave
open the questions of characterising precisely the strategies that arise from morphisms of

ChuLinNom, or, equivalently, from proofs.
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7.3 Hypercoherences and MALL full completeness

The goal of this section is to enrich the former model with an additive structure and prove a
MALL full completeness result. The former model has a natural additive structure, that consists

in:

A® B = {inl(Dy) Winr(Dp), inl(P4) winr(Pp),inl(O4) & inl(Op),inl(T4) Winr(Tg), inI(TAL) X inr(Tlﬁ)}
A & B = {inl(Dy) Winr(Dp),inl(Ps) Winr(Ppg),inl(O4) Winl(Op), inl(T4) X inr(Tp), inI(T/j) W inr(Té)}

Unfortunately, we have not been able to prove full completeness with this definition of additives,
and hence relied on an alternative one. We will first decorate the morphisms of ParNomRel with
a notion of hypercoherence, and prove some properties about the thus obtained category. Then,
we will add the Chu-conditions, refining the previously obtained category. This detour through
ParNomRel is needed in order to establish some properties, and to precisely describe what

properties the hypercoherence enforces.

7.3.1 Polarised coherence hypercoherence spaces

Originally, concurrent games were enriched with a a weak coproduct, where the proponent could
choose with two additional moves whether he would like to pick the left or right component.
These additional moves were part of the reason why one needed to use a quotient eventually.
Indeed, for instance, in that case (A ® B) ® C and A @ (B & C) are not denoted by the same arena,
allowing morphisms to act differently on these two. Here, we choose a different route. What

used to be dynamic is now presented in a static way thanks to hypercoherences.

Therefore, the objects we will now work with are pairs (A,I'(A)) where A is a sum of po-
larised coherence domains, and I'(A) C Dy its set of coherence. Formally, given two polarised

coherence domains A, B we define their sum as follows:
A®B=(DyWDg,CaWLp, Agep = g W Ag : Pr(A) W Pr(B)).

A @ B is not a polarised coherence domain, as it does not have a unique minimal element. We

call the resulting element a polarised coherence object.

Definition 7.42. A polarised coherence object is an object of the form W;D;, where each D; is a

polarised coherence domain.

The tensor product lifts straightforwardly to polarised coherence objects: given two po-
larised objects wD; and LUD]‘, then (W;,D;) ® (UJD]‘) = (v;D;) x (U‘JDJ') o U’Ji,jD,‘ X Dj. Similarly,
the negation is defined by negating all objects (¢;D;)* = w;D;. This lifting from domains to

objects via sums is analogous to the family construction [8].

We remind that, given a formula F of MALL, we call a &-resolution (respectively &-
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resolution, additive-resolution) the choice, for each & (respectively for each &, for each & and
®) of one of its premises. Given ¥ a &—, or a &—, or an additive resolution of F, F being a
MALL formula, we write F [ W for the formula arising by selecting the sub-formulas of F ac-
cording to Y. We enlarge our definition of resolutions to polarised coherence objects, by seeing
them as denotations of formulas of MALL. We define D [ ¥ similarly as for formulas of MALL.
That is, if D is a denotation of a formula F of MALL, ¥ a resolution of F, then D [ W is the
denotation of F' [ W. Given a polarised coherence object D, an element x € D, and ¥ a &, or
®, or additive-resolution of D, we say that x is on ¥ if x is coming from the canonical injection
from D [ ¥ into D. Similarly, given R a relation of D, (that is, a subset of D), we write R [ ¥
for the restriction of R to D | Y. When working with elements, or relations, we may slightly
abuse notation in the following way: given an element x of D (respectively R C D), and ¥ a
resolution of D such that x (respectively R) is coming from the injection D | ¥ < D, then we
might consider that x =x [ ¥ (orRC D [ ).

We define a new category by describing morphisms between polarised coherence objects
enriching with a notion of hypercoherence. We write iy for the finite subsets operator, and 5
for the non-empty finite subsets operator.

Definition 7.43. A polarised coherence hypercoherence space is a pair (A,I'(A)) where A is a

*

polarised coherence object and I'(A) C Py (Da) is its set of hypercoherence.

We furthermore write I"*(X) for the subset of I'(X) of elements that are not singletons. We
define the category HypGraph as having (some, not all) qualitative coherence hypercoherence

spaces as objects.

[[X]]HypGraph = {[[X]]Qualar*(X) ={xwil|xC ¢)fin,>l(AX)}}
[[I]]HypGraph = {[/1quai, I'(1) = {T}},

where we denote Piin »1(Ax) the set of finite subsets of Ay of cardinal more than 1. That is, I'(X)
is the set of singletons, together with the sets {ay, ..., a,, L}. The way to think about it is that the
1 switches the hypercoherence. That is, for instance, {a} € I'(X) and {a, L} € IT*(X). Similarly,
{ai,...,a,} € TH(X), and {ay,...,a,, L} € T'(X). For the remaining objects, it is defined by
repeated applications of the required rules associated with the connectives. These were already
defined in[3.5] and we briefly remind them below.

T(A®B) = {w e P;,(Da xDp) |w [ Da eT(A) Aw | Dy € [(B)}
T(A®B) = {w € Pin(Da WDp) | w e [(A) V w € T(B)}
[(AT) = Pp,(Da) \ T (A)

Definition 7.44. The category HypGraph is the category that has:
e as objects polarised coherence hypercoherence spaces (A,I'(A)) generated by induction

Sfrom [ XTHypGraph, [ HypGraph using ®, ® and ()"
o as morphisms A — B the nominal relations R : Da_.p such that:
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1. (P1) For each &-resolution Q) of A —o B, there is an additive resolution ¥ on Q such
that R 'Y € ParNomRel(A — B | Q)
2. ¥se P (R), s e [(A — B).

For a morphism R : A — B, the condition (P1) translates as: for each @-resolution of ¥, of
A, for each &-resolution W of B there exists a &-resolution @4 on A [ ¥4 and a ®-resolution
®gon B | Ypsuchthat 4Oy [ R | WpDp is a partial nominal relation (A [ Y4 P4) — (B T
VYp®0p).

In order to prove that HypGraph forms a category, the main difficulty is to establish that the
condition (P1) composes. To our knowledge, it has never been proven before. An attempt was
made through characterising the proof-structures that are hypercoherent in [87], but the author
noticed the difficulty in proving that these compose with this method. The property could have
followed a good correspondence between game-semantics and hypercoherence, as attempted in
[28, [18]]. However, as the games they were working with were sequential, this conflicted with

the non-sequential, and non-polarised aspect of linear logic.

We present below a proof that this condition composes. This is done by establishing that
the hypercoherences give rise to concurrent operators, as originally defined in [[10]. As we have
not proven that HypGraph forms a category at this point, we will speak about the pre-category
HypGraph.

7.3.2 Projecting hypercoherences on concurrent games

In this section we establish that each (P1) hypercoherence, that is, a morphism of HypGraph,
produces a concurrent operator on the arena of additive-resolutions (that we define later); the
exact same arena that was used by Abramsky and Melli¢s in their seminal paper on concurrent
games [10]. More precisely, we establish that each hypercoherence gives rise to a concurrent
operator that is civil, and total. These are the same properties that were used in [10] to pro-
vide the proof of full completeness. Establishing this allows us to prove that morphism of
HypGraph composes. Given two morphisms R : HypGraph(4, B), and Q : HypGraph(B, C),
a @-resolution W4 of A, a &-resolution W¢ of C, the goal is to prove that there is an ad-
ditive resolution ®p of B, that can also be seen as an additive resolution of B*, such that
Yo R g #0,and Pg [ Q | W¢ # 0. That is, there is an additive resolution on
which R and Q meets. As a result, there exists a &-resolution ®4 on A | ¥4 such that
Yp. 04 [ R | ©p € ParNomRel(A [ W4.D4, B | ©p). Furthermore, we prove that this additive

resolution is unique.

We start by defining an arena for each formula of linear logic. Each arena is a polarised
di-domain, where each prime corresponds to the left or right branch of an additive resolution.
We furthermore transform it into a polarised di-domain, by giving a polarity to each prime.

o [X] = ({L},C={(L, L)}, L) for each literal X.

e [A®B] =A% B] =[Al x [B]
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e [A @ B]| is defined as follows:

inl(A) inr(B)

zx /P
L

Formally, Dpgp = (D4 WDp W {L1L},E=Cy W Cp W1 XDy W L XDg, L), and the two new

primes hence created have polarity +1.

e [A+] = [A]*, where the (.)* operation consists in swapping the polarity of the primes.
Consequently, [A & B] = [A*+ & B+]*.

Note that these arenas are not alternated. There might be two moves of the same polarity
right after another. For instance, in the arena (A @ (B & C)), there are two succesive moves
of polarity P (for instance (r, P).(l, P), picking up the formula B). This interpretation is the
same as the one of [10], with instantiation [[X] = {L} for each literal. This domain was also
studied in more depth in [2]], in an attempt to redefine Girard and Hugues and Van Glabbeek’s
proof structures and their correctness criteria in the context of di-domains. Let us note that
each position of the domain corresponds to a partial additive-resolution of the formula, and the

maximal positions correspond precisely to total additive resolutions.

First of all, we define a polarity for each position of our domain. This time, the polarity is
going to range over a three-elements set: {O, P, N}. We define the polarity of the unique element
1 of [X], [X*] to be N. The polarity of the the root of [A® B] is O (seen as opponent winning),
and P for the root element of [A & B]J. For the multiplicative case, we devise the polarity as

follows:

Q|Q|Q|O

W T | Q|
Z || Q=

Z|v|Q|®

For the %, we have, as expected K ® L = (K*+ ® L*)* where O+ = P, P* = O, and N* = N.
That is:

Z|v( QI
S|™w|[O|T
a-H e A e Al
Z|(w|Q|=

At the level of each prime, seen as a position, the polarity is going to behave as follows: a
prime-position is P if all the primes starting from the position are O-primes. It is N if neither

opponent nor proponent can play. Respectively, it will be O if all the primes from it are P.
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Given R a relation of HypGraph(A, B), we strip it by forgetting all the names that happen
in it. That is, we focus on the elements of the relations that consist solely of sequences of L. To

put it formally, we define:
R ={xe R |v(x) =0}

Of course, R C R, and furthermore R is finite so R € ['(A — B): it is hypercoherent, and a
clique (every subset of R is hypercoherent). Note that for any relation R in ParNomRel, the
bottom element L belongs to R. Therefore, R will map each subset of R that is a relation of
ParNomRel to a single element. Respectively, each element in R corresponds to a ParNomRel

relation.

Definition 7.45. We define SimpleHypGraph, as the full sub-pre-category of HypGraph that
consists of the freely generated class of objects from I = ({L},I'(I) = {{L}}) under the opera-
tions ®,®, —. The morphisms of SimpleHypGraph are those of HypGraph between the relevant

objects.

As there are no primes in the domains of this category, we forget about polarities. Given R €
HypGraph(4, B), R € SimpleHypGraph(A, B), where the (?)-operation sends a formula A to the
same formula where each occurrence of atomic variable has been replaced by an occurrence of
I. That is, () acts as a functor HypGraph — SimpleHypGraph. The goal of this section is
to prove that each morphism of SimpleHypGraph(A, B) defines a civil, concurrent, total, P-
operator on its associated arena [A*+ % B]. Given R € HypGraph(A), (or more generally,
any morphism Q € SimpleHypGraph(A4)), then R (resp Q) projects naturally into a set of
maximal positions of the domain [A]. We define the corresponding closure operator oz on

[A]T, the lattice completion of [A]], as follows:

ocr()=Hye R |y3x

Similarly, given a &-resolution ¥ on A, one can associate a closure operator to it. It can
be described syntactically, as being the O-operator that chooses the left or right branch of each
occurrence of & following W. Similarly, given the set of maximal positions y of [A]" that
correspond to those additive resolutions that are on ¥ (simply written y on ¥), it can be given

the following description:

Ty(x) =[1{y |y 2 x,y on ¥}

Then let us consider a relation R €  SimpleHypGraph(A,B) and Q €
SimpleHypGraph(B, C), and a pair of &-resolutions (¥4, ¥¢) of (A+,C). Then in order to

prove composition, one must prove that the following element:

(TY AT R, TQ5C TYe)
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is maximal. This element then corresponds to an additive resolution such that both relations

have elements in this additive resolution. First, we prove the following property.

Proposition 7.46. Let R € SimpleHypGraph(A, B), and Y4 a ®-resolution of A. Then there
exists Q € SimpleHypGraph(1, B) such that ¥4 | R | B = Q. Furthermore, given g, Ty,,

and o q their closure-operator counterparts, Ty, ;A OR = 0Q

Proof. Let R € SimpleHypGraph(A, B), W4 a @-resolution of A. Then for all &-resolutions
®p of B, there is a unique element x € R such that x on ¥4®p. So for every &-resolution of
®p, there is an element x € (W4 [ R [ ®p), and this element is unique. So R [ W4 | Bis
(P1). Furthermore, one needs to prove that for every subset Q C (¥4 [ R) I Bthen Q € I'(B).
Either there is only one element in W4 [ Q | A, and therefore this element is both incoherent
and coherent. Then as ¥4 [ Q@ C I'(A*+ % B), this entails (¥4 | Q) | B € I'(B). Either there
are two or more elements. In this case, they are in the same &-resolution of A+, but on different
@-ones. This would entail (P4 [ Q) | At e **(A1), and therefore (¥4 | Q) | B € I'*(B).

One can note that the only possible elements of (O'.R FA)N TCPA are the maximal elements
that correspond to the W4 | R. Therefore, Ty, ;4 0r = ocow 1R)1B = 0@, Where Q = ¥4 |
R | B € SimpleHypGraph(l, B). O

And finally, we prove the required property.

Proposition 7.47. Let R € SimpleHypGraph(A), Q € SimpleHypGraph(At). Then (o r,7q)
is maximal, thatis R N Q # 0

To establish this proposition given two simple hypercoherences as above, we prove that the
interaction between their associated concurrent operators never reach a deadlock. This follows

from the following lemma.

Lemma 7.48. Given R € SimpleHypGraph(A), and o the associated closure operator; then
o R satisfies the following:
e O g Is positive.

e o istotal: Vx € o°, either x has polarity P, or N.

In particular, being positive entails that o is civil, meaning that for every counter-strategy T,
(o3 ) # T. This was established in lemma[7.10] We call the second condition totality as it will
as proven below, entails that the element reached through a interaction with a counter-opponent
is maximal, and hence implies totality as defined in the original paper on concurrent games [|10]].

Assuming the lemma, we prove the proposition.

Proof. Let us note that if we reach a N-position, then this position is maximal and the proposi-
tion is proven. As o and 7 are O and P-closure operators respectively, (o, T) # T. Furthermore,
as o is total, (o, 7) is either a P or N position. Similarly, as 7 is total (but negative), (o, 7) is

either a O or N-position. Hence (o, 7) is a N-position, and hence it is maximal. |
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We now endeavour to prove the lemma.

Proof. We start by proving positivity. Given a partial additive resolution x seen as an element
of the domain, and considering its sub-partial &-resolution neg(x), as R is (P1), there are some
elements of R above every &-resolution and in particular above neg(x). Hence oz (neg(x)) #
T. Given any element x € [A]], either x is incompatible with R, that is, o g (x) = T, or there
are some positions of R above it. We write A | x for A | ¥ where ¥ is the partial additive
resolution corresponding to x. Let us consider the set of &-occurrences of A [ x. As R is (P1),
for each partial &-resolution of it, there is an element on it. In particular, each O-prime p starting
from x correspond to selecting the direct left or right sub-formula of a direct sub-formula C & D
of A | x. Consequently, there is a position y; € R such that y; [ C # () and a position y; € R
such that yo [ D # 0. Hence p Z y; My, and o g will not bring it. So, as a result, x iD» o(x),
establishing the second point of positivity. The proof that o (neg(x))LIpos(x) = o g (x) follows
the same lines, establishing that the P-primes from x brought by o-¢ depend solely on neg(x).

Now, let us focus on totality. Totality is immediate once we notice the following property: O
corresponds to strict incoherence, P to strict coherence, and N to a position that is both coherent
and incoherent. More precisely, given a set of maximal positions {x;} such that [ |{x;} : O,
(respectively P, N), then {x;} is strictly hyper-incoherent (respectively strictly hypercoherent,
respectively hyper-coherent and hyper-incoherent, that is, a singleton). That is, there is an

equivalence between the polarity of the intersection and the hyper-coherence.

This is proven by induction on the formula A. If A = X, then there is only a N-position, that
is both coherent and incoherent. If A = B & C, then if [ |{x;} is in B, or C, the property follows
by induction. Otherwise it is L4, and hence it implies that there are some x; in B and some in C.
So by definition of hypercoherence {x;} € I'*(A), and L4 : P as expected. A similar reasoning
works for the ®-case. For the multiplicative cases, we first deal with ®. Let us consider a set
{pi} such that the intersection in A ® B is P. It means that (\{x;} [ A = {x; [ A}is P or N, and
similarly for B, with at least one of the both being P. By induction hypothesis, {p; [ A} € ['(A),
and {p; | B} € I'(B), with at least one of them in I'*. Henceforth, {x;} € I'"(A ® B). The other

cases are proven similarly.

Therefore, given a partial additive resolution x, either o(x) is incompatible with x, in which
case o(x) = T. Or o(x) corresponds to the intersection of the set of elements of R that are
above x. And these ones are, by definition, hypercoherent. Hence o(x) : P if there is more than

one element above it, and o(x) : N is there is exactly one. m]

Finally, we conclude the section with the desired property to prove that HypGraph forms a

category.

Proposition 7.49. Let R € HypGraph(A, B), Q@ € HypGraph(B,C), then given ¥4 a &-
resolution of A, W¢ a &-resolution of C, there exists a unique additive resolution ®g such that
R [ YsDp #0, and Q | YcDp # 0.
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That is, R | W4®p is a partial nominal relation, and so is Q@ [ ®g¥¢. The proof of this

property is a simple combination of all the results of this section. The unicity simply comes from
(L ]

noticing that if there were two, then there would be two maximal elements in the set 0—.7? Nt o

which would contradict (o %, T 5 ) being minimal.

7.3.3 The category HypGraph

The goal of this section is to prove that every morphism of MALL can be soundly interpreted in
HypGraph. We prove that HypGraph is a sound model of MALL by establishing that it forms a

star-autonomous category with products.

Lemma 7.50. HypGraph forms a category.

Proof. First, we shall explicit what is the identity. A &-resolution A —o A = A+ % A, is the
data of a &-resolution @ on A, and a &-resolution ¥ on A, that is a @-resolution on A. Let us
note that a &-resolution together with a @-resolution give rise to a unique additive-resolution,
and this additive resolution is on these both partial resolutions. The identity morphism on this
&-resolution is the identity partial nominal relation on the unique additive resolution coming
from @, ¥ on A.

We prove that this morphism indeed acts as the identity. We do the proof only for the right-
action, the left-one being dealt with symmetrically. We consider a morphism R : A — By,
and the identity relation idg : By — B,. We shall prove that R;idg = R. Let us pick a
&-resolution ¥ on B;, and a @ resolution Y of A. The set of @-resolutions {®;} on BlL such
thatidg : By [ ®; —» By | ¥ # 0 is exactly {¥} by definition. Therefore, the composition
T R;idg | Pisequalto Y [ R [ W;¥ | idg [ W. There is a unique &-resolution A of
ATY o By [WYsuchthatY [ R [ WisonA [ TA4 — B | YAp. Completing arbitrarily Ap
as a @-resolution of B, then Ap [idg [ W : By | Ap — By [ W is the identity partial nominal
relation Ag¥Y | id [ Ag¥Y : By | Ap¥Y — B> | Ag¥. Therefore, we have the following

sequence of equations:

TrIR;idg [P=YTRITEYTRITY
=TAs [ R IWPAp; Ag? 1id [ Ag¥Y
=YTAs [ R [ YAp
=TT RIY

Therefore, on each &-resolution R and R;idp agree. As R is perfectly determined by its
nominal partial relation on each &-resolution, following the (P1) condition, we conclude that
R = R;id.

We now deal with composition more generally. We need to prove that given two partial
nominal relations R : A —» Band Q : B — C satisfying (P1), namely, that on each &-
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resolution they give rise to a non-empty partial nominal relation, then so does their composite.
This was proven in the previous section. Furthermore, we need to prove that R; Q is a clique
(that is, each subset of it is hypercoherent). This follows from the definition of I'(A — B).

Lemma 7.51. HypGraph is star-autonomous with products.

The star-autonomy follows from the one of hypercoherences and the one of ParNomRel.

The product follows from A & B being a product of A, B in the category of hypercoherences.

Therefore, HypGraph forms a sound model of MALL. We will establish some properties of
the morphisms of HypGraph in the next sections. First, we prove strong softness. This allows
us to prove that HypGraph is fully compete for a fragment of MALL, and allows us to map a
proof-structure to each morphism of HypGraph.

7.3.4 Strong softness

In the next two sections, we would like to characterise precisely how the hypercoherence condi-
tion shapes partial nominal relations. Our first step is to prove that the morphisms of HypGraph
are strongly soft. This is what we target in this section. We will see in the next section that this

will allow us to prove a full-completeness result for HypGraph for a lax fragment of MALL.

Definition 7.52. Suppose 11, ..., 1, are literals. We say that a morphism R,
R:I->L®.%,FA19A120)%..% A1 DAL2)

is strongly soft if it exists k that is such that 1 < k < n such that R factors through one of the
injectioningj : Ay j — Ar1 ® Arp, j = 1,2. That is:

R =R’ ) id]l ®.%® idl,, % idALI@Al,Z ®.%® ink,j ®.%® idAn,]®A;1,2'

where R : 1 -1 %.%1,% (Al,l EBALQ) ® .. @Ak,]’ ®.%® (An,l @An,z).

Proposition 7.53. Every morphism R : 1 =% .. B[, B (A119A12)% ... B (A,1DA,2)in
HypGraph is strongly soft.

Proof. We assume that R is not strongly soft and prove a contradiction. This means that for
every A; 1, and A;», there are two elements x;1,x;2 € R such that x;; [ A;1 # 0, and x;» |
A;> # 0. Furthermore, we pick x; 1, x;2 such that Vj, if 1 < j < m then we have x;; [ [; = x;2 |
l; = L. Let us consider the set R 2 s = U;{x; 1, x;2}, then for every % block A; = A; | @ A;4»,
s [ A;j 2 {xi1,xi2} [ A; and therefore is strictly incoherent. Now among the literals, we have
s Myl €Ty, .0 L) NI, .0, L), that s, they project onto a singleton. Therefore, Yi;.s |
I eTH(l;),and YA;.s I A; e TH*(A)). Hence s € TH* (11 %.. 81, ¥ (A1, 1©A12) ... 8 (A, 19A,2)).
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Hence ds 2 R such that s is strictly incoherent. This is a contradiction, and R factors through

one of the . ]

7.3.5 Full completeness for PALL™

Hypercoherences obey a rule that is rejected by linear logic, namely the mix rule. Although it
does not hold in linear logic, for this section it is helpful to use it. We say that a categorical
model accepts the mix rule if for all objects A, B there is a morphism mix4p: AQ B — A% B.
Logically, the mix rule behaves as follows :

T FA

A X

We write PALL™ for the fragment of MALL™ without the ®-rule and PALL™ + MIX for this
fragment extended with the MIX-rule. The first full completeness theorem we establish is for
the PALL™ + MIX fragment.

Theorem 7.54. HypGraph is fully complete for PALL™ + MIX.

The key of the proof is the softness of hypercoherences, that we proved in the above section
With this in mind, we prove the theorem.

Proof. We do the proof for HypGraph(Z, [T']), where T is a sequent, by induction on the number

of additives. If there is none, then as it is a partial nominal relation, it is of the form:
F Xl,XlL,Xz,XZL, eees Xy Xt

And this can be obtained as the denotation of a sequence of axioms and MIX-rules.

If there is a conclusion C that is of the form C = C; & C;,. That is, the sequent can be

written:
FIL,CL & Cy

Then the let us write R | forthe elements x € R, x [ C; # 0 and R, forthe elements x € R, x |
Cy #0. Then RiNR,=0and R = R1U R,. Furthermore, R, R, are morphisms made out
of partial nominal relations, are cliques (any finite subset of them is hypercoherent), and satisfy
the (P1) property on &-resolutions. Therefore, R € HypGraph(I', Cy), and similarly for R .
Therefore, R is the denotation of the following proof, where [71] = R, [m] = R». :

US| Uy
+I,Cy HI,Co
FIL,CL & Cy

&
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Similarly, if R is a morphisms of HypGraph(1,I’), and there is a % at the bottom-level in
the sequent, we just can forget about it, since it will not change the denotation of I'.

+I,A,B

HILA®B ¥

By applying the two above rules, we can progressively decompose the relation R by dis-
posing of the &-connectives and the -connectives at the bottom level of the sequent. We then

obtain a relation R that is in the denotation of a sequent of the form:

Fl, ...,lm,Al,l EBAl,z, ---,An,l ®An,2

As HypGraph is strongly soft, there is a 7 such that R factors through one of the injection, that
is, R is derived from the following @-rule, where the @ is either a ®; or a @&,. We present the

@; case above:

Fly o, A1 © A1, L Ail, A1 ® Ay
Fly e, A1 © A2, .. A1 @A, ., Ap1 © A2

2

We now have dealt with all the cases, and are able to interpret R as the denotation of a proof

of PALL™. This concludes the full completeness proof. O

7.3.6 The category ChuHypGraph

It has been studied and proven that hypercoherences themselves are not strong enough to provide
a fully complete of MALL [87]]. Their main flaw is that they allow the MIX-rule, just as the
coherence spaces. This leads to unexpected problems when studying their proof structures. To
solve that, we will refine HypGraph by adding the Chu-conditions. This way, the top level

morphisms are fully complete for MLL, so they reject the mix rule.

ChuHypGraph is defined the same way as the category HypGraph, except that the Chu-
conditions have been added. We define the @ of two objects of ChuLinNom to be:

A®B = {inl(Dy)winr(Dp), inl(P4)Winr(Pp), inl(04)Winl(Op), inl(T4)winr(Tp), inl(T)Uinr(Ty)}.

where Dy, Dp are their underlying polarised coherence domains. A Chu-coherence polarised
object is a finite sum of polarised coherence objects equipped with the Chu-structure. We call
ChuLinNomaA the class of Chu qualitative polarised objects obtained from [ X lchuLinNom and the

operations ®, ® and (.)*.

Definition 7.55. A hypercoherence on an object of ChuLinNomA (called Chu-hypercoherence
space) is a couple (A,T'(A)) where A € ChuLinNomA and T'(A) C Pri(Da) is its set of hyperco-

herence.
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We furthermore write I™*(X) for the subset of ['(X) of elements that are not singletons.

[XTichuHypGraph = (IXTchutinNom, IT'(X) = {x W L | x C Prin>1(Ax)})

= ([XTHypGraph + Chu-conditions)

where we remind that we denote Psn > the set of finite sets of cardinal more than 1. To each
formula of MALL™ a Chu-hypercoherence space can be assigned by repeated applications of the
®, ()* and @ rules.

Definition 7.56. The category ChuHypGraph is defined as follows:
o The objects (A,I'(A)) are Chu-hypercoherence spaces built by induction from
[XTchuHypGraph using ®,® and ()
o The morphisms A — B are those relations R : Da_p such that:
1. (P1) For each &-resolution Q) of A —o B, there is an additive resolution ¥ on Q such
that R ¥ € ChuLinNom(A — B | Q)
2. Vs e PL (R), s€ (A — B).

Proposition 7.57. ChuHypGraph is a sub-semi-star-autonomous category of HypGraph.

Proof. The composition of morphisms follows from the ones of HypGraph and the ones of
ChuLinNom. Furthermore, the tensor product, the @, and the (.)* are similar to those of
HypGraph. O

There is an obvious injection ChuHypGraph — HypGraph, therefore the properties we es-
tablished about morphisms of HypGraph lift straightforwardly to ChuHypGraph. For instance,
the morphisms of ChuHypGraph are fully complete for PALL™, since they originate from mor-
phisms of HypGraph but reject the MIX-rule.

7.3.7 Full completeness

The goal of this section is to established that ChuHypGraph is fully complete for MALL™. The
proof we develop here is a copycat of the proof provided in [[16] by Blute, Hamano and Scott
for their category of double glued hypercoherences. The whole idea is that hypercoherence
encapsulates well the additive conditions, but fails at the multiplicative level by allowing the
MIX-rule. Therefore, we shall rely on some additive constructions to make them well-behaved
at the multiplicative level. Just as we use ChuLinNom morphisms in order to be fully complete

at the multiplicative level, their use of the double glueing allows them to reject the MIX-rule.

One of the key elements of the proof of [16] is the full-completeness arguement for PALL™ +
MIX established for HypGraph . Indeed, this enables us, as we will explain below, to assign
to each morphism of HypGraph (and therefore, each morphism of ChuHypGraph) a Girard
MALL™ proof structure. Another direction was taken in [10] with concurrent games, where a

proof-structure was built on top of the domain on which the strategies were acting. It is however
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a bit stretchy to adapt the proof of [|10] in our case (even if the hypercoherence condition gives
rise to concurrent games), since their strategies encapsulate two kinds of dependencies within
one unifying framework: the ones between the @ and the &, and the ones between the litterals
of oppositve polarities arising from axiom-links. However, in our case, the hypercoherence
condition allows us to capture only the dependencies between @ and & , and the dependencies
arising fom axiom-links are forced upon by an additive condition (that the above morphisms
belong in ParNomRel). On the other hand, the proof of [16] fits well our morphisms.

We expose in broad terms the plan for the full completeness proof. Let us consider a mor-
phism R : I — A in ChuHypGraph, seen as a morphism of HypGraph. Then we replace it,
using numerous time the mix-rule, by a morphism / — A o, . i, B, where B is a formula of
PALL™. Then as HypGraph is fully complete, this give rise to a proof of PALL™ + MIX. This one
generates one (or several) Girard proof structure(s) (whose definition is given in the appendix
. Now, we notice that in a Girard proof structure, occurrences of ®/% can be switched
(more on this on appendix 0.6). That is, given a Girard proof structure with some occurrences
of ®, if we replace them by %, it remains a Girard proof structure, and reversely. Therefore,
by backtracking the mix, we can establish that there is one (or several) proof-structure(s) corre-

sponding to the original morphism R : [ — A.

Now, the goal is to prove that these proof structures satisfy the criteria for being proof nets.
In order to do that, we establish that we can focus on certain proof structures that are canonical
(whose definitions are provided in[9.1.1.4), and such that manipulations on morphisms translate
well to manipulations on the proof structures (more on that is developed in appendix Section
[0.1.1.5). Using them, we can transform the morphism, and the proof structure, to an appropriate
form (presented in Section [9.1.4] of the appendix). We give all the necessary details in the
Appendix [9.1] Although the necessary work done in the Appendix relies on the morphisms
belonging in ChuHypGraph (notably, as ChuHypGraph is fully-complete for MLL, the proof
structures are connected, and hence we can conclude that the possible cycles have a particular
form), for the final argument we forget their Chu-structure, looking at them as morphisms of

HypGraph, in order to be able to apply to them a series of mix-rule.

Assuming that there is a proof structure coming from a morphism of ChuHypGraph with
a cycle, we get, after many steps, to the final argument (presented in [9.1.4) where we have

obtained a morphism of HypGraph encoding a proof structure of the type :

FFy, L F,

_ i i 1 1 i 1 =
and Fi = ajpm ® (Bll & B’z),Ni[aiﬂ’l,am’l],aiﬂ,l ®ai+l’2, s Xt m-1 Q@

i+1,m> =1

Where E; = Ei11 ® Eitz, ..., Eim—1 ® Eim, li1, ..., i and N; is a context made out exclusively of
literals, @ and %, and such that the two ;- do not appear simultaneously in an - resolution. That
is, N; = M;[C;, [cxiL] eC i,z[ail]]: the first al.l appears in Cy, and the second in C,. Furthermore,
the linking is such that the choice of B; by the opponent entails the choice for proponent of

an additive resolution that selects the left a;", and respectively for B; and the right one, while
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otherwise letting the the other links that appear in the cycle (defined later) intact. Locally, the
linking is as follows:

ax;
— — N - o —
im-1 @, Um® (By&; Bp) MilCiila;leCile ]l iz @ @iy, - Qm1 @@, = Fi
1 1 _ [ 1 [
aXio —

and therefore leads to a cycle as displayed in Figure[7.2] where the cycle is displayed in red, and
the axiom-links that are not part of the cycle in black. So one can see that there are 2" additive

resolutions on which the cycle belongs (by switching the n &;s).

We define G; to be the part of the sequent:
i j 1 1 1 —-
Gi = (B| &; B)), @i+11 ® @iy 1 5, Xit12 ® Ay g 35 Air1 -1 ® Xy s iy s i

We assume for contradiction that there is a nominal partial hypercoherent relation R that en-
codes this proof-structure. We consider a set S of n? elements S = {(x);} of R, indexed by lists

[=(l,...,1,) such that [; € {1, 2, 3}. Furthermore, these elements are such that:

(.3

® X(..z. is on the &-additive resolution that picks B; > (and hence picks the ax;») if [; = 2

yeen

All these x’s will be L on all literals, except precisely those that appear in the cycle, that are
those written a; ;. We refer to Figure[7.2]for a better understanding. We write x_;x... to indicate
that we speak about an element whose index-list is such that its i’ position is k. The elements
x’s are chosen such that for every two lists /,/’ that agree on the i element, [; = llf then x; |

a;j = xr [ «;;. Therefore x__ ;i . I a;;is asingleton and we write x;.x [ @; ;.

In this paragraph, we will be working within the context G;, and will simply write x;, to
speak broadly about all those elements x; | G; such that [; = k. Formally, x;x = {x; | ; =k} T
G, and we can write x;; ' A for any sub-formula A of G to design the projection of this family to
A. The family of sets x;.1, x;:2,, x;:3 will be designed such that x;.; U xi2 U xi3 | @iy € T ().
Furthermore, we remind that x;.;, x;.3 choose the left &-resolution on &;, (and hence, the left
® one as well on M;) and x;, the right one. Furthermore, the only literals / of G; such that
Xi:1, Xio, X3 | [ # L are related by axiom-links to other literals appearing in G;. So the elements

of x;.; will be of the following form:
J—B,'J 5 J-/Vl,'[J-C,',] [ai,l ]]a a; | ® Aj2y s Ajm—2 ® aim—1,Aim—1 ® Aim, ai,m’ J—Ei .

where we write Lp,, for a minimal L element of [B;], and L[ Lc,[ai1]] for an element of
[M] that is L everywhere except in a;,, where it is a1, and picks the ®-resolution that chooses
C,. We recall that x;, is picking the right resolution, and furthermore we settle to make them

select different names than x;.;. That is, the elements of x;., are of the following form, where
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‘ 1 | —
E Nilay,, “11] @] ®0/12 ay ®cm @y, ® Xim a1m®(Bl 1&1B12)
\ /ﬁx/
= Mlay,, 0‘21] @1 @2 @y, ® 03 @, 1®azm a2m®(Bz 1&-B22)
—
B3 N3[31(t31] a31®031
|
f1m®(Bz 1.&;Bi-1,2)
[
E; Ni[az{_l’az{_l] il ® 012 (1’2 ® 0/13 1® a/tm ,1& Bi»)

vv

B Nitlag a1 @i, 1®04+1 1

1

artm ® (Bn,l&an,Z)

\V

Figure 7.2: Global cycles in the final proof-structure
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Vjl<j<m,b;;+*a

J—B,'z, J—M,‘[J-C,;z [bi,l ]]’ bi,l ® bi,z’ eeey bi,m—z ® bi,m—] ’ bi,m—] ® bi,m’ bi,m’ J—E,'

Finally, the third elements x;.3 are designed to make the whole set x;.; U x;.0 U x;.3 strictly
incoherent on all direct sub-formulas of G;, except in B; | & B;> where we are unable to prevent
it from being coherent. Formally, if a;x is positive, then we take c;x € [a@;] to be a third
name. That is, writing X for the atomic formula such that a;; = X, then ¢;x € Ax \ {aik, bix}.
Otherwise, we take ¢;x = L. That way, {a;, bix,cix} € T-*(a;x). Then the elements of x;.3 are

as follows:

L Lol [einll, it ®cin, oo Cim—2 ® Cim—15 Cim—1 @ Ciyms Cim» L=

In this paragraph, we study the local coherences of the set §; = x;:; U x;2 U x;:3 on the
sub-formulas of G;. As the elements x are designed so that x;x [ «;; is a unique element,
we then get that x;;; | a@;; = {a;;}, xi2 | @i = {b;j} and x;3 | a;; = {c;;}. Therefore
S; I aix € T (a;;) by design, and consequently S; | aij € F*(aij). On the first formula
of G; we have S | (B & B;») € I"(B;) & Bip) sincethe S | Bij # O and S | Bip # 0.
At last we deal with the M; part. Here, the reader should remember that x;x [ M; is, in the
from choosing different additive resolutions in M;, except for the distinguished @, in which ’théy
have to agree by choosing either C;; or C;, by definition. However, the key point is that M
is a context made exclusively of % and @. Therefore, two different L elements in it are auto-
matically hypercoherent. Furthermore S; | C,-,l[a/l.fl] ® C,-,z[afil]] € FL’*(Ci,l[ail] ® C,-,z[a/l.fl])
since S; | C,-,l[ozil] # 0 and S, Cil[a’ﬁ] # (. Finally, we get to
Si I MilS: 1 Ciala 1@ Cipla; 11 € TH(M{[Ciqle; ;1@ Cinleg11). A similar reasoning leads
us to conclude that §; | Z; € T'*(E;), although it might be that S; is not strictly incoherent on
=

So, we get the following figure[7.3] displaying local coherence (or incoherence) of S ;, where
we write P for I'*, O for T+*, and N for T N T,

[1]

(Bi1 & B) MilCila; le Colall @iz @y, - Qim-1 ®0Q;, Qim

P O o P O P O N/O

Figure 7.3: Local coherence for S; on G;

So now let us look at the global picture by studying the coherence of the family {x;} on each
sub-formula of F;. Let us remind that (x;) [ A; = §; [ A; for every sub-formula A; of G;, by
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definition of S ;. This leads us to the following figure

Qi-tm ®(Bi11 &Bic12) MICilef ] ® Colall @iz @ @y - Cim-1 @03, B %m@(Bi1&Bi2)

im

o p 0 o p o P N/O O P

Figure 7.4: Local coherences of S in F;

That is, for all formulas A of the sequent I', we got S | A € I'*(A), and, for some formulas
A, S | A e TH*(F). And therefore, as each x; € R, there is a set S, such that S € R and
S e I'+*(I). Consequently, the relation R is not a clique, and such a proof structure is rejected.
It entails that to all our morphisms can be associated a valid proof net of MALL™, as summed up

in the following proposition.

Proposition 7.58. ChuHypGraph is a fully complete model of MALL™.

Let us note that for the proof we make full use of the structure of [X]], that is, our proof
would not work if we limited ourselves to the Sierpinski domain. The simplest domain we
could have work with would be a three-elements domain (with one L and two non-compatible
primes, as the one presented in [[14]]), however, we find it more natural to work with names, as it

gives some intentional meaning to the elements of the domain.
We are furthermore in position to make a stronger claim.

Theorem 7.59. There is a one-to-one correspondence between the morphisms of ChuHypGraph
on MALL™ and the equivalence classes of MALL™ proofs of linear logic.

As we do not deal with the units, it is a bit dubious to speak about a free-category at this
stage, and that is the reason why we refrain from doing so. To do it we would need to define what
is a star-autonomous category without units and with binary products but no final elements. The
theorem is based on the following propositions, all proven by Dominic Hughes and Rob Van

Glabbeek in their paper on proof-nets for MALL™ [46, |40]], and transposed verbatim here.
Proposition 7.60. Each linking is a proof-net if it is the denotation of a proof.

Proposition 7.61. Tiwvo MALL™ proofs translate to the same proof net if and only if they can be

converted into each other by a series of rule commutations.

Proof of theorem[/.59 Let us consider a morphism of ChuHypGraph(A, B). It denotes a unique
linking on A+ 2 B. This linking is the denotation a proof, by full-completeness. Hence this
linking leads to a proof net by Furthermore, the morphisms of ChuHypGraph are precisely

defined by their linkings. That is, two morphisms are equal if and only if they have same
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linking, and consequently, same proof net. Therefore, there is a bijection between the set of
morphisms of ChuHypGraph(A, B), where A, B € MALL™ and the proofs nets of - A+, B and,
by the proposition the equivalence classes of proofs of MALL™ of + A+, B. O

This concludes our thesis.
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Chapter 8

Conclusion

8.1 Summary

The objective of this essay was to develop a suitable model of linear logic, that would enjoy
being fully-complete whilst dealing with atomic variables without relying on 2-categorical
tools. Inspired by the work on nominal games semantics, we developed categorical models
where denotations of objects and morphisms relied on nominal sets, that provide an elegant
formalism to carry properly the vision of linear logic as logic of resources. Using names
provides an intensional account to the elements of the category, whilst enabling us to define
the nature of the atomic elements of our models, such as the “particles” of the geometry of

interaction or the elements of the webs.

The vision of type variables as typed resources allows for a natural nominal semantics,
relying on sorted nominal sets. This framework enabled the construction, in chapter [3] of
simple instances of categories suitable to model linear logic. The formalisation of the notion
of resources permitted a neat tracking of them. Notably, the linear use of resources could be

enforced in an effective manner thanks to minimal nominal techniques.

On the second part, we embarked on the adventure of establishing full completeness. To
that purpose, we introduced nominal asynchronous games semantics. This brought forth an
unifying framework for semantics and syntax of tensorial logic ] Exposing the handling of
atomic resources within the lambda-terms, we defined the strategies accordingly. The resulting
model yielded a sound interpretation of the proofs of tensorial logic with atomic variables [5
and was fully-complete. Projecting them on the category of nominal relations, we characterised
precisely those that arised as denotations of proofs of MALL [6| However, the resulting model

was not free, nominal relations being too “flat” to capture all the subtleties of the proofs.

277



278 CHAPTER 8. CONCLUSION

Finally, we considered a more complex relational model in the third part [/ that took in-
spiration from concurrent games. We established a criterion characterising precisely those that
denote MLL proofs. We then showed how the extensional content of concurrent strategies can be
encoded into hypercoherence, and concluded with a full-completeness result for MALL without
units. This model achieved the intended purpose of the thesis, though failing short of handling
the units.

8.2 Further directions

This work 1is the first step towards the best possible result, that would consists in having a
perfect syntax-free, quotient-free, 1-categorical model of linear logic. However, the final model
of chapter[7]brings a solid working base for smaller intermediate results:

o A single condition: A relevant small step would be to unveil the relation between the
handling the additives via hypercoherence, and the one that the Chu-conditions provide
natively. If both agree, then it would allow us to present a simpler model, only relying on
the Chu-conditions, and that would be fully-complete.

e Graph game: Another direction could be to further refine the graph games explored in
the last chapter, and find the appropriate conditions that would make strategies on graph
games fully complete. Furthermore, extensions to additives and units could be considered.

e The units: An important obstacle to overcome is the units. For both the additives or
multiplicatives the challenge is strongly related, as it consists in incorporating positions
that would correspond to untyped cells within the model. For the multiplicative units,
a second possible way would be to generalise the notion of polarity, to account for the
position corresponding to 1% 1 for instance. I have began some research in this direction.

o The exponentials: The second challenge are the exponentials. All the constructions that
underline the model (hypercoherence [27]], Chu-spaces, double-glueing [53]]) have well-
built exponentials, except for the nominal relations, that we need to further develop. One
needs to make sure all these function well alongside another. An other possible approach
would be to define them through pure categorical means [72].

o Session types: A deep correspondence between linear logic and session types was exhib-
ited [92, [19], relating cut elimination steps and process reductions. Therefore, a model
of linear logic should carry the necessary properties to form a model of session types.
As the model we have found is fully-complete, it is hoped it can be adapted to form a
fully-abstract model of the session types. Of course, the first step consists in restricting
the study to the core of linear logic, the multiplicatives.

¢ A new model of PCF: Most of the current denotational fully-complete models of PCF
rely on games [49, [7,|80]]. As tensorial logic appears as the logic of games, it seems that
they arise as a byproduct of the decomposition of the intuitonistic arrow into tensorial
logic, and not the classical decomposition A = B =!A — B of linear logic. As a first
step, it would be interesting to make that intuition clear. Secondly, the discovery of a static
fully-complete model of linear logic might lead to a static fully-abstract model of PCF.
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Of course, this relies on achieving step 2: a successful incorporation of the exponentials.
¢ Relating static and dynamic model: Finally, inline with the research relating games
(or sequential algorithms) and hypercoherences [18, [29, [28, |68]], it would be relevant to
examine how our model of chapter[7]interconnects with the model of part 2. Establishing
a formal equivalence should be particularly revealing, and a significant step towards a

comprehensive model with units.
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Chapter 9

Appendix

9.1 Appendix 1: Girard proof structures and hypercoherent rela-

tions

9.1.1 Hypercoherent nominal partial relations and proof structures

The whole point of this section is to repeat the arguments of [16] and check that they adapt
smoothly within the context of hypercoherent partial nominal relations (that is, the category
HypGraph), instead of di-natural transformations. We start by recalling the definitions of Girard
proof structures. We then proceed to show that to each hypercoherent partial nominal relation
a set of proof structures can be associated, and that this set can be narrowed down to a subset
of canonical proof structures that satisfy additional desirable properties. We use these to reduce

the cases that are relevant to prove a full completeness property.

As noted above, this section is a clear plagiarism from [16], simply replacing di-natural
transformations with morphisms of HypGraph when needed. We present it for sake of com-

pleteness. Some proofs will be omitted.

9.1.1.1 Girard proof structures

The original definition of Girard proof structure can be found in [[36]]. The goal of the original
paper was to find a suitable characterisation of proof structures that arise as denotations of
MALL™ proofs.

Definition 9.1. A proof structure ® consists of the following :
o Occurrences of formulas and links. Each occurrence of link takes its premise(s) and
conclusion(s) among the set of occurrences of formulas.
o A set of eigenweights {p1, ...., Pn} associated to Ly, ..., L, where Li,...,L, is the list of

occurrences of &-links appearing in ©. Each p; is a boolean variable, that is, it can take

281
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value in the set {0, 1}.
e For each occurrence of formula A or occurrence of link L a weight w(A) (or w(L)), where

the weight is a non-zero element of the boolean algebra generated by the p;.
Furthermore, the proof structure has to satisfy the following conditions.

e Conditions on Links:

Link L m weights of L and its premises
conclusion(s)
Axiom Link () ax
A AL
. A B _ _
®-link A% B % w(L) = w(A) = w(B)
. A B _ —
®-link A®B ® w(L) = w(A) = w(B).
&-link AA&BB &; w(A) = p;.w(L) w(B) = (=p;).w(L)
. A —
@ -link Y: @1 w(A) = w(L)
. B —
@,-link Y @7 w(B) = w(L)

o We require that for each occurrence of a formula A, w(A) = Y Ly where (Ly) is the family
of links with conclusion A.

e Moreover, if Li,L, are two distinct links sharing the same conclusion A, then
w(L1).w(Ly) = 0.

e Given an occurrence A of a formula that is not the premise of any link (that is, a conclu-

sion of the proof structure), then w(A) = 1.

Furthermore, a proof structure satisfies the two following conditions :
e dependency: Every weight appearing in the proof structure is monomial, that is, is a
product of eigenweights and negations of eigenweights.
e technical : For every weight v appearing in O, if v depends on p; then v C w(L;) (and the
weight of L; does not depend on p;).

A formula occurrence is a conclusion of ® if it is not a premise of any link. A link L
is terminal if it has one conclusion, this conclusion is a conclusion of ®, and if furthermore
w(L) = 1. If a link is terminal, it might be removed, leading to one or two new proof structures.
The removal of terminal links for proof structures is defined below. Let ® be a proof structure.
We denote CL(®) the set of conclusions of .

e If L is a terminal ®-link with conclusion A ® B, and premises A, B. Then the removal

of ® (when possible) consists in partitioning the formula occurrences of ® \ {A ® B} into
two sets X, Y, such that A € X and B € Y. The partitioning must be done in such a
way that whenever a link L’ has a conclusion in X (respectively Y), then all the premises

and conclusions of L’ belong to X (respectively Y). It therefore leads to two new proof
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structures X and Y, that have A for X, B for Y among their conclusion(s).

o If Lis a ®-link with premises A, B and conclusion A% B, then the removal of L consists in
removing A % B and the link L from 6. It leads to a new proof structure with conclusions
CLO)\{A® B}w{A,B).

o If L is a @;-link with premise A and conclusion A & B, then the removal of L consists in
removing L together with its conclusion A @ B, leading to a proof structure with conclu-
sion(s) CL(®) \ {A® B} w {A}.

o If L is a @,-link with premise B and conclusion A & B, then the removal of L consists in
removing L together with its conclusion A @ B, leading to a proof structure with conclu-
sion(s) CL(®) \ {A ® B} W {B}.

o If Lis a &-link (call it L;) with premises A, B and conclusion A & B, then the removal of L;
consists in removing the link L; together with its conclusion A & B, and then forming two
proof structures ®4 and @p. The proof structure @4 is formed by making the replacement
p; = 0 and keeping only those formulas and links whose weights are non 0. Respectively,
®p is formed by taking p; = 1 and keeping only those formulas and weights that are non
0.

o In the case where we consider the MIX rule, then there is a O-removal, that removes no
link, but splits the proof structure into two new ones. That is, let us suppose that ® can be
partitioned into two proof structures ®1, ®, such that whenever a link L has a conclusion
in ®; (resp ), then all its premises and conclusions belong in @; (resp ®,), then the
MIX splitting consists in splitting the proof structure ® into @, @,.

Definition 9.2. A proof structure is MALL™ sequentialisable if it can be reduced to a set of
axiom links by an iteration of link-removals. Furthermore, it is MALL™ + MIX sequentialisable

if it can be reduced to a set of axiom links by an iteration of link removals and MIX-splittings.

By definition, if a proof structure is sequentialisable, then there is a proof x that can be
canonically associated to it, as each link-removal basically corresponds to a rule of MALL™, and
the MIX-splitting corresponds to the use of the MIX rule. On the other hand, to each proof 7 of a

MALL™ sequent, one can associate a proof structure. However, this proof structure is not unique.

9.1.1.2 The criterion

Just as when dealing with MLL™ proof structures, we look at switchings in order to establish if a
MALL™ proof structure is sequentialisable, though the notions of switchings differ between the

two cases. We define switchings for MALL™ proof structures.

Definition 9.3. o A switching for a MALL™ proof structure consists in:

1. A choice of a valuation ¢s which is a function {py, ...,pPn} — {0, 1}. Therefore ¢s
defines a function from weights to the boolean, that we also note ¢s by abuse of
notation. The slice of the proof structure sl(¢s(®)) corresponds to the restriction of
O fo those formulas and links such that ¢s(w) = 1.

2. For each ®-link L of sl(¢s(®)), the choice S (L) € {L, R}.
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3. For each &-link L; of sl(¢s(®)), the choice of a formula S (L;) in sl(¢s(0®)), called
Jjump of L. This jump must depend on p; in the sense that it must be the conclusion of
a link L such that p; € w(L). A jump is normal if S (L) is a premise of L. Otherwise,
it is proper.

o A normal switching is a switching without proper jumps.
e For a proof structure © together with a switching S, we define the undirected graph ®g
as follows:

1. The vertices of Og are the formulas of sl(¢s(®)).

2. For each axiom link in sl(¢s(0)), one draws an edge between the corresponding
literals conclusions of the link.

3. For each ®-link, one draws two edges from the conclusion A ® B of the link onto its
premises.

4. For a ®-link, one draws an edge from its conclusion to its occurrence chosen by
the switching. That is, if the conclusion of the ®-link Lis A® B, and S(L) = 1
(respectively S (L) = r), then one draws an edge from A® B to A (respectively B).

5. For a ®,-link, one draws an edge between its premise occurrence A and its conclu-
sion A® B.

6. For a &;-link, one draws an edge between its premise occurrence B and its conclu-
sion A® B.

7. For a &-link L;, one draws an edge between its conclusion A & B and its jump S (L;).

With this definition, we are in position of establishing the correctness criterion. We define a

proof net as a proof structure that is sequentialisable.

Theorem 9.4. /36
o A proof structure ® is MALL™ sequentialisable if and only if for all switchings S the graph
®g is connected and acyclic.
o A proof structure ® is MALL™ + MIX sequentialisable if and only if for all switchings S
the graph Oy is acyclic.

In our case, we would like to use a slightly different characterisation, that will turn out to be

more adapted for us.

Proposition 9.5. [16]] A proof structure ® is MALL™ sequentialisable if for all switchings S the

graph Qg is acyclic, and for all normal switchings S the graph g is connected.

Indeed, the graph of a normal switching is approximatively the same graph as the one of a
multiplicative switching (that is, the graph coming from a switching of a MLL™ proof structure).
Hence, while working with a relation R € ChuHypGraph, the fact that for all &-resolutions ¥
we get that R [ ¥ € ChuLinNom, and the Chu nominal partial relations are MLL complete, will
entail that for each normal switching S the graph ®g (where © is a proof structure associated
with R) is acyclic and connected. Therefore, what will remain to be proven is the acyclicity of

the proof-structure for all proper switchings.
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9.1.1.3 HypGraph and proof structures

The gal of this section is to attribute to each morphism of HypGraph a non-empty set of proof

structures.

Lemma 9.6. In a Girard proof structure:
o ifwe replace an occurrence of a ®-link with a ®-link, and we replace every occurrence of
® in vertices (formulas) hereditarily below it in the proof structure with the corresponding
%, then it remains a valid proof structure.
e ifwe replace an occurrence of a ®-link with a ®-link, and we replace every occurrence of
® in vertices hereditarily below it in the proof structure with the corresponding ® , then it

remains a valid proof structure.

We write MIX the operation on proof structure that replaces an occurrence of ® with a % as

defined in the above lemma.

We recall that PALL™ is the fragment of MALL™ without ®. Each proof structure of PALL™,
that is, without ®-link, is PALL™ + MIX sequentialisable. That is, to each proof structure of
PALL™ can be associated a proof of PALL™ + MIX. This follows from the following lemma, that

was first proven in [42].

Lemma 9.7. [42|] Softness of MALL-proof structure: Let © be a MALL proof structure, such
that © has at least, one occurrence of a &-link. There there is, at least, one &-link that has

weight 1.

Corollary 9.8. Each proof structure of PALL™ is sequentialisable.

The proof of the corollary follows approximatively the same lines as the proof of PALL™ full
completeness for morphisms of HypGraph The full proof can be found in [42].

Therefore, one can devise a way to associate some Girard proof structures to each morphism
of HypGraph. First, we compose it with all the necessary mix rules to remove all the ®, and
obtain a morphism of type PALL™. This is the denotation of a morphism 7 of PALL™ + MIX
(since HypGraph is fully complete) and we associate to it a set of proof structures. In these
proof structures, we replace all the necessary % with ® in order to fit the type of the original
relation. This remains a proof structure, this time of MALL™. We define this procedure properly

in the next paragraphs.

To do that formally, we first have to define the other direction, namely that to each MALL™ +
MIX sequentialisable proof structure ©, then ® gives rise to a unique morphism of HypGraph.
That follows also from the fact that HypGraph is a star-autonomous category with products
(that accepts the mix-rule), and hence soundly model MALL + MIX. For recreational purposes,

we re-prove it here in the context of proof-structure.
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Proposition 9.9. Let © be a MALL™ +MIX sequentialisable proof structure ©. Then ® determines
a unique morphism of HypGraph, [®], such that [®] is the denotation of a MALL + MIX proof.

Therefore we have a mapping:
[.]:MALL™ + MIX sequentialisable proof Structures of type I' = HypGraph(Z,T),

where the type of a proof structure is the 2§-tensored type of its conclusion(s), seen as a list of
formulas. That is, the type of T is 29 CL(T'), where we assume there is a canonical ordering on
the formulas of CL(T).

Proof. The proof is done by induction on the number of &-links. If there is none, then ® can be
identified with a proof of M@LL+MIX, and then therefore it is simply a set of axiom links. These
can be faithfully interpreted within the category of hypercoherent partial nominal relations. In
case there is a &-link, then in particular, by softness of proof structures, there is one with weight
1. Name it L;. Therefore, it corresponds to its namesake in the sequent. Consider the two proof
structures obtained by taking w; = 0, 1 respectively. Then to each of them can be assigned a
unique hypercoherent partial nominal relation by induction hypothesis. Then, by combining
them following the sequentialisation of the proof structure, one obtains a hypercoherent partial

nominal relation associated with 7. O

We extend this mapping to a wider class of proof structures. We call extension of a partial
function, another function that has greater or equal domain of definition, and such that the two

functions agree on their common domain.

Given [ . ] a function from proof structures to partial nominal relations, we define [ . 1+l

as follows:

e If® ¢ Dom([ . |¥) but there is a ®-link in ® such that MIX o ® € Dom(] . 1), where MIX
is applied to that occurrence of an ®-link .

o If, furthermore, given a nominal relation R such that R is of type ®, and such that
mix o R = [MIX o ®]%, (where, again, mix is applied to the nominal relation R in accor-
dance with the MIX from the first point), then ® € Dom([ . 7.

e Since mix is monic (in our case, it is actually the identity), this R is uniquely defined and
we set [ @ [ = R.

e Since the applications of mix are commutative, the mapping [ . ]* is well-defined.

Note that in the case of hypercoherent partial nominal relations, mix is the identity. In
the following, we take [ . 1" = [ . ], the function from proof structures to nominal relations

previously defined. Note that [ . 11 is indeed an extension of [ . ]¥. We denote [ . J* = Ui[ . 1~

Lemma 9.10. Lifting property. Let R, R’ two relations such that R’ = mix o R. Let ©,0’
be proof structures such that ® = MIX 0 ©. Then if [@']" = R’ and ©®, R are of the same type
(that is, the mix, MIX are applied to the same part of the formula), then [O]" = R.
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Given a morphism R of HypGraph, we can speak of its weakly assigned proof structures
to be :

WPS(R)=1{O|[B] = R}.

Our goal is to show that this function [ . ]* is surjective, that is, that to each morphism R
of HypGraph its set WPS(R) is non-empty. Consider a nominal hypercoherent relation R,
of type A. Then replace all the ® in A by %, leading to a new type Ax. Then R can also be
seen as a morphism of type Ax. As the nominal hypercoherent relations are fully complete for
PALL™ + MIX, there exists a proof & such that [7]] = R, and therefore a proof structure @z such
that [@x] = R. Now, we apply back the MIX-rules and we obtain a proof structure ® of type A
such that [@]" = R, by the lifting property.

Corollary 9.11. Given R a morphism of HypGraph, WPS (R) # 0.

Lemma 9.12. A nominal relation R denotes a MALL™ -proof net, and hence, a proof, if and
only if the set of weakly associated proof structures WPS (R ) contains a proof net ©.

Proof. The only if part is direct, as if R is a denotation of a proof, then there exists a proof net
® such that [@] = R. So let us tackle the other direction, and assume there is a ® € WPS (R)
such that @ is a proof net. Then R = [®]* by definition. In that case, ® is in the domain of [ . ]

since O is a proof net. Therefore R is the denotation of a MALL™ proof by soundness. m|

9.1.1.4 Strongly canonical proof structures

We add certain requirements to the domain of [.]*, in order to obtain a subset PS(R) C

WPS (R) that enjoys some desirable properties.

Definition 9.13. Semantical splitting of a hypercoherent partial nominal relation. Given a
hypercoherent partial nominal relation R of MALL™ -type we define a {®,%, &, ®, mix}-splitting
as follows:

o A ® (respectively &, mix) splitting of R is written R1 ® Ry (respectively R & R,
R1mixR;), when R of type A1, Ay, A1 ® Ay (respectively A,A & B, and Ay, Ay) is split
into R1® R, (respectively R1& R, and R imix R,) with R; of type A;, Aj (respectively
A, A; and A;).

o A ®-splitting (respectively &1, @) of R of type I'A ® B (respectively I',)A & B, and
I'A® B) is a relation R of type I, A, B (respectively I', A and T, B) such that R = R
(respectively R =inl(R1) and R =inr(Ry)).

Each splitting corresponds to a MALL + MIX rule.

A total splitting is a sequence of splittings such that no further splitting can be done. A total

splitting terminates if the final relations obtained after the splittings are identities on literals. A
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total splitting is represented as a tree, where the root is the original relation, the binary nodes

are the binary splittings and the unary nodes the unary ones.

Definition 9.14. A total splitting « is legal if for every &-splitting appearing in «, the &-
splitting happens provisio that it was impossible to execute any {Q, mix, %, ®1, ®,}-splitting to

the relation at this stage.

That is, a legal splitting happens to split the transformation with a &-splitting only when
no other splitting is possible. Then of course, if a hypercoherent partial nominal relation has
a total splitting that terminates, then it has a total legal splitting that terminates. Notably, each
denotation of a proof has a total legal splitting.

Definition 9.15. A proof structure is said to satisfy the :
e Unique Link Property (UL): If L in 0 is either a ®-link, %-link or a &-link with conclusion
an occurrence D, then it is the only link whose conclusion is that occurrence of D.
e No duplicate axiom-link property (NDAL): There occurs in ® no distinct axiom links

axi, ..., ax, whose two conclusions coincide and whose sum of weights is 1.

We try to rely on legal splittings to relate morphisms of HypGraph and proof-structures that
satisfy UL and NDAL. For that, we rely on the following lemmas, that have been first proven in
[42].

Lemma 9.16. Suppose that a MALL™ + MIX proof rt is obtained from proof(s) n; by means of
a MALL™ + MIX-rule a. Then for any UL proof structure ®; whose sequentialisations are m;,
one can construct a canonical proof structure ® such that its sequentialisation is w, its splitting
corresponding to « (that is, removing of the terminal link corresponding to «), yields the proof

structure(s) ©;, and furthermore © satisfies the UL.

Lemma 9.17. Given a proof structure, one can replace sets of axioms links sharing the same
conclusions and such that the sums of their weights is 1 with unique axiom links. This process is
confluent, terminates, and gives rise to a new proof satisfying the NDAL. Furthermore, calling
@ the original proof, and © the newly obtained one, if [@] = R then [@] = R.

Proposition 9.18. Ler R be a morphism of HypGraph. Then every terminating total legal
splitting @ of R can be canonically interpreted by a unique MALL + MIX proof net ®, that
satisfies UL and NDAL and such that [0,] = R.

The proof relies heavily on propositions [9.16]and [0.17]

Proof. The proof is done by induction on the size of @. We simply do it when the last rule of « is
a &. Then there is two total splitings «; for two nominal relations R; such that R = R & R».
By induction hypothesis, this leads to two proof structures ©; that are proof nets satisfying the
UL and NDAL. So we can get a proof structure ®; & ®;, such that it satisfies UL following @
Furthermore, following the lemma as ©; is sequentialisable, so is ® = ©; & ©,. Finally,
we replace possible sets of axiom links with same conclusions as in lemma[9.17|until we get a
proof structure @, that satisfies NDAL. Following lemma, [®,] = R. a
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Given a total legal splitting @ of a morphism R of HypGraph we write ®, for its associated

proof structure.

Let denote the function [ . ]_ defined by:
[ . ]- : Proof structures — Nominal relations
such that [ . ] is an extension of [ . ]_.
® € Dom([ . ]-) if ® = ®, for some legal splittings of a of [B].

Let R be in the image of [ . ]. Then R is a denotation of a proof. Hence there exists a
terminating legal splitting a. Therefore, one can associate to R a proof structure ®, as in the
proposition above. Finally, R = [@,]. What it tells us is that the image of [.] and [.]- is the
same. We define [ . ]* from [ . ]- the exact same way we defined [ . |* from [ . ]. Then once
again [ . ]* has the same image as [ . |*, but every proof structure in its domain satisfies UL and
NDAL.

As a result, we define:
PS(R)={0|[O]: = R}

Then PS(R) € WPS(R) and WPS(R) # 0 = PS(R) # 0. In particular, to each hyperco-
herent partial nominal relation, one can assign to it a non-empty set PS(®) of proof structures
satisfying UL and NDAL.

These proof structures can be built almost the exact same way as described in the paragraph
above We start with an hypercoherent nominal relation R. We replace all the ® by ¥
in the type of R. By full completeness, it is the denotation of a proof 7 of PALL™ + MIX. This
proof & leads to a sequentialisation a. This sequentialisation can be chosen to be legal. Hence
we can assign a proof structure ®,, as in proposition [0.18] This proof structure satisfies the UL
and the NDAL. Now, we replace the appropriate #-links with ®-links, in order to get back a

proof structure of the appropriate type.

Proposition 9.19. A nominal relation R denotes a MALL™ proof if and only if there is a © €
PS (R ) such that ® is a proof net.

The proof is the exact same as the one of proposition[9.12]

9.1.1.5 Canonical splitting

The goal of this section is to strengthen the above proposition. We would like to prove that a
relation R denotes a proof if and only if all the proof structures in PS (R) are proof nets. That

way, one can consider any of them.
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Proposition 9.20. Suppose that a hypercoherent partial nominal relation R is such that PS (R)
is not empty, and R can be split via a @-splitting, @c {®, mix,®,®, P, &}. Then every
® € PS(R) has the corresponding @-splitting.

The proof is exactly the same as in [|16]], simply replacing the word dinatural transformation

by partial nominal relation.

Definition 9.21. We say that a proof structure ® has a cycle C if there is a switching S such
that C appears in Og. We say that a partial nominal relation R yields a cycle if PS(R) # 0
and A0 € PS(R) such that ® has a cycle.

The next corollary is fundamental.

Corollary 9.22. Suppose that a HypGraph morphism R can be split into hypercoherent partial

nominal relation(s) R ;. Then if R vyields a cycle, then so does R ;, for at least one of the i.

Proof. Suppose that a relation R can be split by @ into R;. Suppose moreover that R yields
a cycle, that is, there is a @ € PS(R), such that ® has a cycle. Then ® can also be split via @
into ®;. Hence if ® has a cycle, then one of ®; must have it as well. Since ®; € PS(R;), we

conclude. O

Theorem 9.23. Let R be a Chu partial nominal hypercoherent relation, that is R €
ChuHypGraph. Then R denotes a proof if and only if V® € PS(R), ® is a proof net.

Proof. We only need to prove the only if part. Let R be a nominal relation that is the denotation
of a proof, and suppose that there exists ® € PS(R) such that ® is not a proof net. As R is
the denotation of proof, every additive resolution of ® (that is, every normal switching of ®),
is connected. Hence, ® is not a proof net only if ® yields a cycle. Let @ be a splitting of R,
then it is also a splitting of ® and this splitting yields proof structure(s) with cycle. So let @ be a
total splitting of R such that « terminates (it exists since R is the denotation of a MALL proof).
We can apply a to ®, and we obtain a set of proof structure(s), and at least one of them has a
cycle. But each of this proof structure is an axiom on literals, and hence is acyclic. This is a

contradiction. O

Corollary 9.24. Let R be a morphism of ChuHypGraph. Then R is the denotation of a proof
if and only if YO € PS(R), O yields no cycle.

The proof follows from the theorem above.

9.1.2 Narrowing down the cycles

This section aims at summing up the results obtained in [[16] on cycles in proof structures.

Unless deemed relevant for the understanding of the chapter, no proofs will be given. We start
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by laying some definitions. The canonical orientation of jump edges is from their conclusion
A &; B to their jump S(L;). A cycle in a graph @y is oriented if there is an orientation of the

whole cycle that respects the orientation of the jumps.

Lemma 9.25. Let ® be a proof structure that is connected for every normal switching So. Then
given a switching S, every cycle of Og can be transformed into an oriented cycle of ®5, where

S is another switching that has same valuation as S .

A cycle is furthermore canonical if:

e Every proper jump on the cycle is the conclusion of an axiom-link

e If A, B formulas on the cycle are nested in the syntactic formula tree, then the orientation
of C induces a directed path from A to B or vice-versa. Then the unique path from A to
B (or from B to A) in the cycle is the one corresponding to their nesting in the syntactic

formula tree.

Lemma 9.26. For an arbitrary proof structure ® and a switching S, every cycle of ®g can
be transformed into a canonical circle of Og., for some switching S’. If the cycle of ®g was

oriented, then so is the new canonical cycle.

Therefore, it is enough to consider canonical oriented cycles. Given a canonical cycle, we
denote &;, 1 < i < n the occurrences of &-links on which the cycle properly jump, and ax;;;

the jump of &;.

We go on narrowing down the class of cycles one should consider. A cycle C in a graph Og
is called simple if, for every link K whose conclusion is a proper jump S (L;) lying on C (so K is
an axiom in the case of canonical cycles), then w(K) = €.p;.v, where € € {1, =}, p; is the weight
associated with L;, and v does not depends on any eigenweight associated with a &-link whose
conclusion lies on C. In particular, a canonical cycle C is simple if for all i such that ax;, is the
axiom whose conclusion is a jump from L; lying in C, then w(ax;;1) = €.p;.v where v does not
depend on p; (1 <i < n).

Lemma 9.27. e For a simple cycle C € Oy, let &, (1 < k < m) denotes the list of all
&-links whose conclusions lie on C. Then w(&y) does not depend on p;, 1 <i < n.
e Every oriented cycle C of @g can be transformed into a simple oriented cycle C’ of @g.

Furthermore, if C is canonical, then so is C’.

9.1.2.1 Global cycles

We add a final characterisation to the cycles. We want them to be “global”. Unfortunately, a
proof-structure might have a cycle without having a global one. However we will prove that if
the category has relations that yield cyclic oriented proof-structures, then it has some that yield
global oriented cycles. First, we fix some terminology. A cycle C passes trough L, (where L is
a link), means that the conclusion(s) of L lie(s) in C. A cycle is global if it passes through all

the &-links whose weights are 1.
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Lemma 9.28. Given a simple canonical oriented cycle C, C global entails:
o For all &; occurrences of &-links that cause proper jumps on C, w(&;) = 1.
o For the weights w(ax;+1) = €p;.v;, if the v; depends on a eigenweight p,, then w(&,)
depends on p;.
e Given 1l < i # j < n ifw@xy) = ep;.v; and w(@axjy1) = €p;.v;j then the sets of

eigenweights on which v; and v; depends are disjoint.

We are interested in proving some properties about the way axiom-links behave in global

cycles.

Definition 9.29. Let ® be a NDAL proof structure and « a literal in ®. We say that a valuation ¢
yields two distinct axiom-links with relation to an eigenweight p and a literal « if the following
property holds. Let ¢’ be the same as ¢ for all eigenweights except for p where ¢’ (p) = —d(p).
Then a € sl(¢p(0)), a € sl(¢’'(0)), and the axiom links L € si($p(®)) and L’ € sl(¢'(0O)) that have

conclusion « are different (that is, they have different conclusions).

That entails that the two axiom links L, L’ depends on p.

One can prove this fundamental property for global cycle.

Proposition 9.30. Suppose a proof structure ® has a global simple oriented cycle C living in
a valuation w such that ¥i.1 < i < n.w(ajy1) = 1, where a1 is the conclusion of ax;1 that
lies on the cycle. Then there exists a switching S such that C € ®Og and ¢s yields two distinct

axiom-links with respect to p; and a1 for all i € {1, ..., n}.

9.1.3 Reduction to &-semi-simple sequents

Definition 9.31. A context is a sequent generated from distinguished holes, noted %;, literals
and MALL connectives, such that each hole appears at most once within the sequent. It is
denoted I'[x1, ..., x,]. A hole has a multiplicative occurence in the context if all the connectives

in the parse tree from a root to this hole are multiplicative.

We may substitute any hole with a formula in the context. This substitution is written
I'AL,..,A,]. A M®LL context is a context where all the connectives are restricted to the Me& LL
fragment of MALL, that is, without &.

Definition 9.32. A M®LL sequent A is semi-simple if it can be written A = I'[l11Q...Q011, ..., [;1®
o ® Lyl and T is a M @ LL context without ® (that is, a % & LL-context).

A MALL sequent A is &— semi-simple if it can be written A = T'[A|1 &....&A1g, o, A1 &...&A ]
and T is a M ® LL semi-simple context (that is, if we replace holes by literals, it is a semi-simple

sequent).

Proposition 9.33. Suppose I is a M® LL sequent. Then there exists a list of M@ LL semi-simple
sequents + I'y, ..., I,y such that v+ T is provable (within M@ LL + MIX) if and only if for all i then
I'; is provable (within M & LL + MIX).
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This follows from two observations .

Lemma 9.34. Let T' := T[A® (B%® C)] a MALL sequent. Let 'y = T[(A® B) ® C] and
I =T[(A®C)® B]. Then I is provable if and only if I'y and I'y are provable. Furthermore,
I'[(A ® B) ® (C & D)] is provable if and only if T[(A® C) @ (A® D) ® (B® C) & (B® D)] are

provable.

Proposition 9.35. Suppose I is a MALL sequent. Then there exists a list of MALL semi-simple
sequents + I'y, ..., + Iy such that v T is provable within MALL if and only if for all i T'; is provable.

The proof is the exact same as the one of the proposition before, but by replacing literals

with & formulas.

9.1.3.1 &-semi-simple sequents and global cycles

The goal is to prove that one can consider only oriented canonical global cycles.

Proposition 9.36. Consider the set of hypercoherent partial nominal relations R of &-semi-
simple types such that there is a ® € PS(R) such that ® has a oriented cycle. If this set is
non-empty, then there is one hypercoherent partial nominal relation R such that there exists

® € PS(R) such that every oriented cycle in © is global.

Proof. Lettake R of T type minimal such that R has a oriented cycle, where the order on types

is defined as follows:

(number of ® , number of {®, &, ®})

Then R cannot be split using any rule of MALL (otherwise, its proof structure would split
as well, and one of them would have a oriented cycle). The resulting R’ would have a lesser
type in the above hierarchy, contradicting the minimality of R. Therefore, V® € PS(R), ® has
no terminal ®-splitting link, no terminal {&, %, ®,®;}-link and is not the union of two proof

structures.

Let us consider a ® € PS(R), and a &-link L within it such that w(L) = 1. Then there is no
&-link below it (otherwise its weight would not be 1). Now, if all links below it would be @, %,
then the proof structure would split. Hence there exists a ®-link below it. Now suppose that ® is
not directly below the &-link. If a @ is below the &-link, then it has weight 1, and therefore the
R comes from an injection, which is excluded. On the other hand, if a % is just below the &, it
means that there is a % above the ® in the parse tree, which contradicts the &-semi-simplicity
of R (since the &-link L is minimal).

We know that ® has a oriented cycle. Let us assume for contradiction that it has a non-
global cycle. So there is a oriented cycle C € ©, and a &-link L of weight 1 such that C does not
pass through L. By the discussion above, this link has a ® right below it. Since the cycle does
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not pass through L, this ® can be replaced by a % in ® (and all occurrences below it), and the
proof structure ® hence obtained still have the oriented cycle. Now note that the corresponding
R’ has a type lesser than R. Finally, we note that pushing the newly created connective %
above using lemma[9.34]in order to obtain a semi-simple sequent does not change its number of
connectives, hence we obtain a semi-simple sequent of lesser type, contradicting the minimality
of the type of R. O

9.1.4 Final form for the decisive argument

We start by assuming that the category of Chu hypercoherent nominal partial relations is not
fully complete. Therefore, this entails the existence of a morphism R | of ChuHypGraph that
has a canonical proof structure with a cycle. As explained above, we can reduce it to another
morphism R, of ChuHypGraph of &-semi-simple type. Now, as every normal switching of
O, is connected, it can be transformed into an oriented cycle. Therefore, seeing it as a proof-
structure coming from a morphism of HypGraph, proposition 9.36] entails that there is a mor-
phism R3 of HypGraph, whose canonical associated proof structure ® ¢, has a oriented cycle,
and such that every oriented cycle of it is global. In particular, it has a simple, oriented canonical

global cycle.

So, as explained in [[16]], the shape of the cycle around the &; is as follows:

1
a/i,m a’i,m
W,' Wi+1
We each W; is shaped as below, without any &-jump.
L L L 1
@y @il @,  @i2 @5 @im-1 @ im
®i,1 ®i2 ®im—1

Furthermore, the W; path does not contain any proper jump, and bounces on ®-links oc-
currences. Furthermore, by semi-simplicity, all the links between o** and ®; x are ®-links, and
therefore w(a; ) = w(®;x). Finally, note that there are also only ®-links between a"l and ®;41.
Also there are only ®-links between ®;,; and &;;1. As the cycle is global, w(&;.1) = 1. This
entails that w(®;;1) = 1, and finally w(a"l) = 1. Finally, we obtain that w(afjc) =1 forall k and i.
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However, if we change the valuation of ¢ we can make the axiom ax;, between (a/fn)l and
', disappears. On the other hand, as w(a’,) = 1, it stays within the proof structure. So in the
proof structure there must exists two axioms whose conclusions are @' . One is ax;, of weight

. . . , .

pi-1 (or =p;—1 but we pick p;-; without loss of generality), and the other one ax] has weight
—Pi-1.vi. Let us show that ax’ has weight exactly —p;_;. Let us note that we can draw a jump
from &;_; to ax;. Now, with a new valuation only changing p;_, all the &, and ax; remain
present (for j # i), hence the simple oriented cycle remains almost unchanged. Furthermore,

this cycle is global and w(ax;) = —-p;. Therefore, it looks like as displayed in the following

figure.
]
07 i‘m Aim
/
Wi

Furthermore, picking a different &;, the cycle remains unchanged between the two valu-
ations. That is, for the two different valuations switching p;, the cycle around &; remains as

follows:

1
aj,m @ jm
/ AN
W, Win

Now, since the hypercoherent partial nominal relations satisfy the mix rule, we apply mix
to all the ® occurrences in the type of R that do not appear on the cycle. Furthermore, by
associativity and commutativity, we may assume that ® appears just below the two literals.

Hence the cycle remains. We then obtain a sequent of the following form :

FFL,.LF,

— j 1 1 1 1
where F; = a;m ® (B} & B;), Nila ai+1,1]’ @ig1,1 @ @y 55 eoes Ui I -1 O

L
i+1,1° j

i+1,m

—
-
9 =i

where m depends on i, where N;[*|, %3] is either N;j[*1] & N;a[*2] or (N;1[*1] ® N;l) R

(Nia[*2] ® N;z), with all the connectives in N; being %. E; represents the remaining formulas
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after having apply the mix transformations to every ® that were not part of the cycle. That is

Ei=En®Ep,...En®E,;;, .., [k where [; are literals, and all connectives in E;; being © and

2

So we have 2" global circles whose structures are displayed in figure[7.2]of page[272] where

the cycles are displayed in red, and the axiom links not part of the cycle in black.

So to conclude about full-completeness, one only needs to prove that there is no morphism

of HypGraph of this form.

9.2 Appendix 2: Composition of frugal strategies

The goal of this section is to prove directly that the innocent, frugal, semi-linear strategies frugal

form a category. The main property to target is the associativity of composition.

frugal(frugal(X;ger ¥) ;rel Z) = frugal(X ;pel frugal(¥ ;pe Z)

This is tackled by projecting arenas, and strategies, into a category analogous to the nominal
separated polarised relations. In this category, only names of Ay are looked at as names. That is,
we work within the nominal universe whose set of names is simply Az. In it, the names of Acglis
are simply elements of empty support. Then, we restrict to a certain class of strategies, called
pre-linear. They are those such that a name cannot be played by proponent before opponent
introduces it. Furthermore, proponent cannot play a name introduced by opponent more than
once. These strategies project via a projection function that we will later define onto nominal
relations R such that Yx € R.v(Pos(x)) C v(Neg(x)). Then the construction done with nominal
polarised separated relations, traces, and substitutions lifts straightforwardly to this case. This
allows us to ensure that they form a category. Finally, we make use that the projection function
from arenas and pre-linear strategies to set of separated lists and nominal pre-linear relations
commutes with every construction defined, and therefore we conclude that pre-linear strategies

forms a category.

We give the details below.

9.2.0.1 Technical details

Each arena projects into a set of annotated, polarised and separated lists. To make it clear, we
introduce a linearisation of the partial order of vertices coming from the tree. More precisely,
we introduce a function f : V4 — N, such that f is equivariant (v =~ v/ = f(v) = f(V")), fis
almost injective (v # v = f(v) # f(v')),and v <V = f(v) < f(v'). Such a function is defined

for instance below:
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e Given a tree A with root v, f4(v) = 1.

o If the root of A is justifying n equivalence classes of vertices vy, ..., v, that are roots of
subtrees By, ..., B,, then writing |B;| for the number of equivalence classes of vertices in
B, and taking aw € B, fp(w) = fp,(w) + Xicj|Bil + 1.

Given a vertex v, we define Lv. as the triple (""v77, pol(v), f(v)). We define the function
projlist from positions to lists as the function that, given a position, returns its unique list of Lv.,
for all vertices v present in the position, ordered increasingly. For a position p, we write V(p) for
the set of all vertices that appear in p. Then, for a position p, we have projlist(p) = [1...0lglg+1-.1y

such that:
e YveV(p),di <nl=rva

e Vi<ndveV(p).l=rLv..
e Vi<n-1,given v,V such that Lva =/ and v/ 1 = [;1) then f(v) < f(V').

And finally, given an arena A, we define projlist(A) = {projlist(p) | p € Frugal(A)}. We
want to show that projlist is a faithful functor from the category of semi-linear frugal innocent
strategies to the category of semi-linear polarised annotated relations. We name this category

SemNomLinPol. It has objects orbit-finite nominal sets of polarised, annotated, separated lists:

L := (a,p,n) | inl(L) | inr(L) | Li.Ly

wherea € AU (e}, p = {-1,1}, n € N, and L#po,7L2. We write Li#po,7L> to indicate
that our lists are polarised separated only with regard to names in Ay. In this category, only
the names of Ay are dealt with as names, those are Acqys are simply considered as elements
of empty support. That is, each element of type (a, p,n), a € Aggs is dealt with as a (e, p) in
the category NomLinPol. The morphisms of SemNomLinPol are nominal (with regards to Ar)
relations R such that, for each element x of R, v7(pos(x)) C vr(neg(x)). That is, they are not

linear anymore, but only semi-linear.

Just as in section[3] where it was made clear that the composition of nominal polarised rela-
tions was ultimately relying on tracing of permutations, the composition of semi-linear polarised
relations ultimately relies on tracing of injective partial functions. Injective partial functions
form a category, whose objects are finite sets. Its trace is the one of partial functions, defined in

[5.2.4, which is itself a simple adaption of the one of permutations to partial functions.

The category SemNomLinPol organises itself as a category whose composition is defined
similarly than the one of NomLinPol. That is, given two semi-linear nominal polarised relations
R:A— Band Q : B— C we get:

R:Q={reAt %,y C|Ir e R,re Q.r1A=r A 1 B=(rn [ B*.rnC=r|C.

Equivalently, in analogy with what was defined above, writing Frugal for the partial function

that discriminates the elements of D that can be seen as separated polarised lists of D , we get:
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R;Q = Frugal(ﬁ;Rd 5).

Given a morphism o°* : A » B, then the positions of o°® projects into lists projlist(A) x
projlist(B), and therefore projlist(c®) : projlist(A) — projlist(B). Furthermore, one can see
straightforwardly that projlist(c”) = proﬁs\t(a). Finally, as composition is defined similarly for

innocent and frugal strategies seen as relations and their lists counterparts, one can devise that :
projlist(frugal(X ;rel ¥)) = frugal(projlist(X); projlist(Y)).
This amounts to:

projlist(c; ) = projlist(o); projlist(t)

Now, using the fact that SemNomLinPol is a category, we get:

projlist((c; 7); ¢) = projlist(o; 7); projlist(t)
= (projlist(o); projlist(r)); projlist(s)
= projlist(o); (projlist(r); projlist(s))
= projlist(c; (73 5))

And, using the fact that projlist is faithful, we obtain (o; 7); ¢ = 0; (75 ¢).

Moreover, in the case of identity:
o;id = frugal(o ;Rel iﬁ) = frugal(c) = o.

And similarly for identity acting on the left.

Therefore, the frugal-innocent, pre-linear frugal strategies compose as in the category of

semi-linear nominal relations, and therefore form a category.

9.3 Appendix 3: Backward confluence

Proposition 9.37. The nine properties of definable sets entail backward confluence.

Proof. Let x € X, we consider y maximal in X strictly below x. Then by mutual attraction, there
is an O-move y iR y’ and a player move x’ 2, x such that y < x'. If, supposedly, y' # x’, then,
as y’ < x, there is a player move y’ o, x"" such that x”” < x. If x” = x, then there would be two
paths from y’ to x, one by is n”, and the second is a path to x” followed by a move n. As the

graph is acyclic, we conclude that x”* # x and therefore x” < x. Thus, we getachainy < x”’ < x
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whose three elements belong in X. Or, y was supposed to be maximal under y. Therefore, there

is no such x” and y is only two moves away from x.

Let x € X, p : XY — x a player move, and we consider y maximal below x” in X. Then
y < x’ < x and by mutual attraction there is an O-move y iR y" and a player move n : x” — x
such that y' < x. Let us suppose that y' # x’. Hence y’ < x’. We seek a contradiction. By
forward confluence, there is a second player move n’ : y — y” such that y”/ < x. We draw

about this case below :

Then, by assumption, ~(y”" < x), as y is supposed to be maximal in X under x’. However,
y” < x. Therefore, n’ = p. Furthermore, assume that y” < x”’, and therefore x” # y’. Then let
us consider an O-move above y”’ such that q : y” — z and z below x. From the assumption that
every position of X is reached by an alternative play, such a move exists. Now, as x’ is a legal
position, this move q is not justified by p = n’, and neither by m since they are both O-moves.
Therefore, the position y W q is legal, and below x, x’. By forward confluence there is a player
move q’ above y W g such that yw qw q' € X and lies below x. By maximality of y under x’,
g’ = p. Furthermore, as they are both under x, (ywqwp) T y”. Therefore, their intersection ywp
belongs in X. However, this is a unbalanced position, and therefore contradicts the definition

of X. Finally, we conclude that y” = x, that is, the maximal position of X below x’ is only one

O-move below x’.

Finally, let us assume that there are two O-moves below x’ that reach two different positions
of X. That is, two moves m : y —» x’ and m : yY — x/, such that y,y" € X, and y # y’. Then, as
they are both under x, so is their intersection. Or this one is 3-moves away from x, so either x,

or the intersection cannot be reached by an alternating play, which is, a contradiction.

So finally, given x € X, and a player move p : x’ — x, there is a unique O-move m : y — x’,

such that y € X.

Remaining is to prove that given X > z < x’, then z < y. If it were not the case, it would

mean m € z. Then by compatibility under union, X > z Ly is below x’, and above y & m. Hence
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it is x’, which is, once again, a contradiction. So finally z < y, which concludes the proof.

9.4 Appendix 4: Substitutions

We recall that for an element x, given A Ciin A, we write [x]4 for its A-orbit, that is, its set of

renamed variants under permutations fixing atoms in A.
[x]a = {7 - x| n#A}

If A is empty, [x]g is simply the orbit of x. Given an element x and a name a, we define the

atom-abstraction (a)x by:

(a)x = [(a, V) ]yoo\(a)

In particular, note that v({a)x) = v(x) \ {a}. The following definintion of substitutions orig-
inates from [32]. We recall that Vg, is the Fraenkel-Mostowski model of set theory, whose
objects are recursively finitely supported sets and elements. This is presented with more details
in Section 4] of the thesis.

Definition 9.38. /32 A nominal substitution is a set-theoretic nominal function on Vg writ-
ten [a — x] -z, expressed in the language of nominal set theory, such that for all z, x (sets or
elements) and atoms a:

b#tz[a/x]-z=[b/x]-((b,a)-2)

a#tz.la/x]-z =2

[a/x]-a=x

lala]l -z =z
ctx = [a/x] - (c)z) = {c)([a/x] - 2)
atty = [b/y]l - (la/x]-z) = [a/([b/y] - x] - ([b/y]/2)

In our case, we will restrict all along to strict substitutions.

Definition 9.39. A substitution is strict if it only substitutes sorted atoms a € Ax with other
atoms b € Ay of the same sort. More generally, we call strict substitution the composition of a

sequence of strict subsitutions.

In the following, we will write [a,,/b,][a,—1/bn-1]...[a1 /b1] for the strict substitution [a;,/b,]-
([an-1/bu-11- C..(lar/b1] - 2)...).

Lemma 9.40. Let [a/b] be a strict substitution such that a#b. Then Yx.a#[a/b] - x.
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Proof. Given a subset A C A, and two atomic elements a, b, define A(a — b) by (A\a) U b
if a € A, or just A otherwise. We prove that v([a/b] - x) C v(x)(a — b). As the substitution

function is equivariant, we know that :

v([a/b] - x) C v(x) U v(a) U v(b).

Now let us pick ¢ fresh, c#x, a, b. From the first axiom of substitutions, we get:

[a/b] - x =[c/b] - ((c,a) - x)

and using again the fact that the substitution is an equivariant function:

v([c/b] - ((c,a) - x)) € v((c,a) - x) U v(c)Uv(b)

and as c#x, it entails v((c, a) - x) = (c,a) - v(x) = v(x)(a — c) since c is fresh. So we know that
v(la/b] - x) lives at the intersection of both sets. By noticing that ¢ is not in the first one, neither

that is a in the second, we conclude that :

v([a/b] - x) € (v(x) \ @) U v(D)

Furthermore, in the case where a ¢ v(x), by the axiom (2) of substitution, v([a/b] - x) = v(x).

Putting together the case a € v(x) and the case a ¢ v(x) we obtain:

v([a/b] - x) € (v(x))(a = b),

which is the required property. This entails a#[a/b] - x. O

Corollary 9.41. o Ifb # athen[a/c]la/b] - x = [a/b] - x.
e [b/clla/b]-x = [b/c]la/c]-x
o ifb#tz then [a/b] -z = (b,a) -z

Proof. The first bullet follows from the property (2) of substitutions, the second from prop-
erty (6), and the last from the conjunction of the axioms (2) and (4) that entails the following

sequence of equations [a/b] -z = [b/b] - (b a) - 2) = (b,a) - z. |

Lemma 9.42. Let e be a strict substitution. Then there exists n a natural number, and
(ai)i=1.n> (b))i=1.n two families of names such that a; € Ax = b; € Ax and:

e ¢ =[ay/b,])..la1/b1]

e Vi> je[l,nla; #b;

o Vi je[l,nla; #a;
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Proof. Let [cj/d;]...[c1/d] be any strict sequential substitution. We do the proof by induction
on j, the length of the sequence. If j = 0 then every property stated above trivially hold. So
let us consider the case e;y1 = [cj,/djs1][c;/d}]...[c1/d1]. By applying the induction hypothesis
on e; = [cj/d}]...[c1/d,], we get a number n and two families (a;)i<n, (b;)i<n such that e; =
[an/by]...[a1/b1]. From there, ejy1 = [cji1/djs1]lan/byl...[a1/b1]. Either this is the required
form and the result holds at this stage, or at least one of the two remaining properties fail. That
is, either Ji.b; = ¢j41 or i, a; = cj+1. We show that in both cases we can push [c;;1/d ;1] along
the sequence until it hits the [a;/b;] with whom there is a conflict without creating additional

conflict.

So let us assume we have successfully push [cj/dj;1] down the se-
quence (maybe modifying some b; in it in passing), so that now ej; =
[an,b;l]...[ak+1/bl,<+l][cj‘+l/dj+]][ak/bk]...[aj/bi]...[al/b]] and the only conflict remains be-
tween [cjy1/d ;1] and [a;/b;]. We deal with the different cases:

o if {ay, by} N{cjs1,djr1} = O then [ax/b]lcjy1/djs1] = [cjv1/djr1]ar/bi].

o If {ar, bi} N {cj+1,djr1} # O then the cases ¢jy1 = a; and cjy1 = by are excluded since
they correspond to the conflictual case. So remaining is either by = dj, in which case
they permute as above, or ay = djy1 then [cji1/djv1][ax/bi] = [cjs1/djv1llar/dj1] (by
the second point of

By doing this procedure we have changed the occurrences {b;} hence possibly breaking the
second condition. If 3/ > k, a; = dj;, then this would have been in conflict with [c;11/d ;1] in
the first place, which is a contradiction. Therefore we can continue this series of permutations
until we hit [a;/b;] which is conflicting. We deal with the three possible different conflicts.

e The first case is cj;1 = b;, corresponding to the condition (1) being broken. In that
case [cjr1/dji1] - ai/bi) = [bi/dj1]lai/bi] = [bi/djs1]lai/djy1] (this is the point (2) of
corollary 0.41)). In that case the conflict is solved, and this transformation does not create
additional conflicts.

e The second case is ¢ = a;. In that case we have [cji1/dj1][a;/bi] = [ai/djs1]1[ai/bi] =
[a;/D;] (this is the point (1) of corollary 0.41). Once again, this transformation does not
create additional conflicts.

e The third case would be a conjunction of the previous cases, thatis: ¢j;1 = b; and ¢y =

a;. However, in that case a; = b;, which is excluded.

Therefore, by doing this procedure we have resolved the left most conflict, without creating
additional ones. Following the same procedure we can resolve additional conflicts in a finite

number of steps, leading to a final form without conflicts. This one hence satisfies the required

properties.

O
Lemma 9.43. Let e a subsitutial strict substitution such that e = [a1/b1]..[la,/b,] =
la}/b1]...la, /b, ], and the families {(a;, b))}, {(a;, b))} satisfy the conditions of the lemma above.

Then n’ = n and there is a permutation o € S, such that a:T(i) =a, b:r(i) =b,.
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Proof. 1f we apply e to a; then because of the conditions on the family {(a;, b;)}, e-a; = b;. So as
e does not let g; invariant, there must be a k such that a; = a,’(. Now, because the same condition
holds for the family {(a}, b))}, e - ar = b; = b;. Therefore, there is a injection inj; [1,n]/[1,7]

such that a; = ai’nj(i) and b; = b By doing the reverse direction, we can conclude of a reverse

’
inj(i)”
injection, and therefore n’ = n and inj € §,. O

Therefore, the families (a;), (b;) are canonical, and one can speak of canonical form as well

as length of a strict sequential substitution.

Lemma 9.44. Let x an element of nominal set, and e a strict sequential substitution. Then e-x =
e’ - (m- x), where ¢’ = [a,/by,]...[a1/b1] a canonical form, and, writing e for |a;/b;]...[a1/b1],

then ajy1,biy1 € v(e; - (m - x)) and & is a nominal permutation.

Proof. We write e = [a,/by]...[a;/b;] for a canonical form of e. We do the proof by induction
on the length i of e. So let us consider ([@;+1/bi+11[ai/bil...[a1/b1]) - (r - x). Then either a;;; ¢
v(e; - (- x)) and [a;41/bir1].e; - (- x) = e; - (- x). So suppose a;41 € v((e; - (m - x)), then either
bis+1 € v(e; - (m - x)) as in the lemma, or [a;/bis1] - (e; - (7 - X)) = (ai+1,biv1) - (€ - (7 - X)) =

((@i+1,bir1) - €) - ((@j+1, biy1) o @) - x, allowing us to conclude. O

This lemma allows us to conclude that the action of a strict substitution on a element consists
of a permutation followed by a name-merging. For instance, note that v(e; - (- x)) C v(r - x) for

all i. This is established by simple induction.

Corollary 9.45. Let e as above, such thate - x = ¢’ - (n- x), and €’ = [a,/b,]...[a1/b1] as above
Then the following properties hold:

o Vi, j.e[l,nli# j=a;#a;

o Vi,je[l,nla; # b;

o Yo € S,.¢ =lac)/boml-.Laomn)/bom)]

Proof. The first property follows from the first condition on normal forms. The third is a direct
consequence of the two first. So we need to focus on the second one. Suppose there exist i, j
such that a; = b;. The case i > j is forbidden by the canonical form conditions, so we restrict
ourselves to the case i < j, and we consider for contradiction the smallest j greater than i such
that a; = b;. Then, by lemma@], we know that a; ¢ v(e; - (7 - x)). Furthermore, as j is the
smallest number such that b; = a;, e;_1 - (- x)#a;. As b; = a;, this contradicts the fact that

bjev(ej-1 - (m- x)). We conclude. |
To end-up this paragraph, we introduce this lemma that clarifies the relation between sub-
stitution and permutations.

Proposition 9.46. Let x an element of a nominal set, and & a nominal permutation. Then de € E

suchthatm-x=e-x
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Proof. Let Z C A be a finite subset of same cardinal of v(;r) and such that Z#m, x. Let f be a
bijection between Z and v(rr), and consider p the associated permutation, such that v(p) = v(r) U
Z, defined by p(a) = f(a) if a € v(x), p(a) = fYa)ifa € Z, p = id otherwise. Consequently, p
is an involution : p o p = id. We define o = m o p. Hence p o p = n. We define the associated
substitutions. Let {a; | i € [1,n]} be any numbering of v(x). We first define e = [a;/f(a;) =
p(aili=1.n- Then as f(a;) is always fresh for a;, x, then [a;/ f(a;)]- x = (a;, f(a;)) - x and therefore
e - x = p(x). We define equally ¢’ for o. Then ¢’ - ¢ - x = 0 o p(x) = 7(x). O
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