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«Examples . . . which might be multiplied ad libitum, show how difficult it often
is for an experimenter to interpret his results without the aid of mathematics.»
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Abstract

Why and how does a falling stream of fluid break up into droplets? It is well
known that the major driving mechanism is the fluid surface tension, but other
variables such as viscosity and environmental instabilities are also known to
affect the breakup. In this thesis, the capillary retraction of liquid filaments is
studied through experimental, theoretical and numerical methods.

Previous works have established that a liquid filament can either recoil into
a single sphere or break up into multiple droplets. Its fate depends on the
Ohnesorge number Oh, a parameter that measures the relative importance of
viscous to capillary forces, and the initial size aspect ratio Γ (length/thickness).
According to the state-of-the-art, a critical aspect ratio Γc should exist and de-
pend on the Ohnesorge number, such that longer filaments break up and shorter
ones collapse into a single drop. The results in this thesis demonstrate that the
breakup/no-breakup boundary is complex and not as simple as originally pro-
posed. A transitional regime exists in which there are multiple Γc thresholds:
breakup and no-breakup behaviours alternate. These observations are explained
through a model based on the interaction of capillary waves that originate at
both ends of the filament and travel inwards along its surface.

Additionally, an asymptotic analysis is used to derive a long-time steady
state expansion for the retracting filament profile. This analysis results in three
distinct regions with different characteristic length and time scales: a growing
spherical rim, a cylindrical section and an intermediate matching zone. The an-
alytical model shows that capillary waves escape from the rim travelling on the
fluid interface. The key critical values of the problem are discussed: conditions
to form a neck between the rim and the cylindrical filament, its minimal thick-
ness, the waves’ asymptotic wavelength and decay length. Interestingly, the
wavelength of the capillary ripples is found to be approximately 3.6 times the
filament’s radius at the inviscid limit. Finally, the theoretical model is verified
by numerical simulations and past works obtaining a good agreement.
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Chapter 1

Introduction

1.1 Motivation and aims

This thesis takes inspiration from an experimental apparatus developed to study
the breakup of a liquid jet (the rig is presented in section 2.4).

In this work, a jet is defined as a collimated stream of matter having more
or less columnar shape [4]. The science of liquid jets is an extremely active area
in fluid dynamics research: jets have attracted our attention not only for their
several practical aspects, but for their theoretical interest too. In fact, they are
encountered in nature, in a large number of situations, spreading over a wide
range of physical length scales, from subatomic to universe-size phenomena.
Moreover, they are considered a typical paradigm for some key topics of physics
and applied mathematics: for instance, liquid jets serve as a model for free-
surface motion, hydrodynamic instabilities and singularity formation.

Drop formation arising from breakup of liquid jets is a very important process
in a large variety of applications. Ink jet printing [5], nuclear fission [16] [17],
DNA arraying [18], medical diagnostics [19], sprays [20], deposition of reagents
on diagnostic strips [21] [22], automatic pipetting of fluids [23], manufacture
of particles [24] and microcapsules [25] are just some examples of industrial
processes and biological systems that rely on the formation of liquid drops from
jet breakup [26]. However, beyond their practicality, jets are also extremely
useful as a test to determine liquid physical properties, such as surface tension,
density, viscosity or non-Newtonian rheology.

For all applications or academic studies, the recurrent questions are: will
the jet break, and if so, how long will it take? How sensitive is the jet to the
background physics? How do liquid properties affect the breakup process stages
(separation between two droplets)? After breakup, how disperse in size will the
fragments be? How can the size distribution be modified and controlled? [4]
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Figure 1.1: Drops emerging from a bank of ink-jet nozzles. The image is about
2.3 mm across, the drop heads are 50 µm across and the tails are less than 10
µm wide. Picture taken from [4].

Figure 1.2: Left: A viscous thread (honey) falling downwards by its own weight.
Right: a tap water jet falling into a sink. Photographs by Celeste Villermaux /
Eggers-Villermaux (2008).

Apart from these practical applications, drop breakup is of great theoretical
as well as numerical interest due to the richness of the underlying physics and
mathematics. The main challenge in the study of jets is to solve the phenomena
governing equation, i.e. the full Navier-Stokes equation in the time-dependent
fluid domain, subject to boundary conditions. Currently, one of the most im-
portant aims of this research area is to find an accurate mathematical model to
describe the fluid boundary evolution.

The next section outlines the structure of the present thesis.
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1.2 Thesis structure

The main contents of each chapter are presented below.
Chapter 2 provides a general overview of the field. After a historical sum-

mary of scientific developments, the current state-of-the-art is analysed from
both theoretical and experimental perspectives: the main methods, techniques
and challenges are described. The experimental apparatus that inspired all this
research work is then presented together with a global work overview.

In chapter 3, the first important scientific contribution of this work is pre-
sented: an experimental and numerical investigation of an unexplored regime
of capillary retracting liquid filaments. A simple analytical model is derived to
validate our observations: travelling capillary waves are found to be responsible
for the observed physical mechanisms.

Chapter 4 investigates the capillary recoiling of liquid filaments through
mathematical modeling, by using stability and local asymptotic analysis tech-
niques. The analytical model formally describes the evolving shape of the re-
tracting liquid body in a long-time asymptotic steady regime, and it is validated
against numerical simulations.

In chapter 5, the results of the whole study are summarised and ideas on
possible further developments are highlighted.
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Chapter 2

Background

2.1 History

The study of liquid jets likely started with Leonardo Da Vinci in the fifteenth
century. His works represent the earliest stages in the exploration of jets behav-
ior and breakup. In his Codex Leicester [27] Leonardo investigated the cohesion
of fluids and its role for drops generation. He wrote:

“How water has tenacity in itself and cohesion between its particles. This
is seen in the process of a drop becoming detached from the remainder, this
remainder being stretched out as far as it can through the weight of the drop
which is extending it; and after the drop has been severed from this mass the
mass returns upwards with a movement contrary to the nature of heavy things”.

Leonardo made a correct deduction: a drop falling from a tap detaches when
gravity overcomes the cohesive (surface tension) forces of the liquid. However,
he also incorrectly assumed that this same condition is necessary for the drop
itself to separate.

The same problem was approached and further explored in the following
years by other scientists. Mariotte [28] stated that gravity causes drop breakup,
concluding that an upward jet cannot break up. He performed a quantitative
analysis: assuming initial condition of zero speed, a falling jet reaches the free
fall velocity v =

√
2gh at a distance h from the nozzle. If Q is the flow rate,

and considering a jet with a circular section, according to mass conservation,
the radius r of the jet becomes increasingly thin as it falls (it decreases with h)
[4]:

r =
[

Q

π
√

2gh

]1/2
(2.1)

Mariotte claimed (not very accurately) that breakup occurs when the fluid
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Figure 2.1: “What water will pour with the greatest violence, that from the nozzle
a, b, or c?”. Leonardo da Vinci’s question and the drawing reproduced from the
Codex. - National Library of Spain.

thread has become as “thin as a hair”.
In summary, both Leonardo and Mariotte noted a certain tensile strength

σ on the surface of water. They asserted that this is provided by cohesive
forces, and the breakup condition for a jet is that the tensile strength has to
be overcome by gravity. However, this simple model did not reflect the real
physics, giving completely unrealistic predictions.

The solution of this problem appeared in the scientific community the fol-
lowing century: in 1805-1806 Laplace and Young published their famous works
[29] [30], establishing the Young-Laplace equation:

∆p = 2σH = σ

(
1
R1

+ 1
R2

)
, (2.2)

where ∆p is the pressure difference across the fluid interface, σ is the surface
tension, H is the mean curvature, and R1 and R2 are the principal radii of
curvature. The equation describes the capillary pressure difference sustained
across the interface between two static fluids (such as water and air) due to the
surface tension.

With their work, Young and Laplace exhibited the crucial role of the mean
curvature. They stated that the curvature of the fluid interface consists of two
different contributions, one axial and the other radial. Thus, surface tension can
act in two different ways. This is the subtle and key point which explains the
failure of previous theories and clarifies the breakup dynamics. For a hanging
drop, the axial curvature makes surface tension act like an elastic membrane; but
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once a cylindrical shape is reached, the radial curvature promotes the breakup.
The system tends to the configuration with the smallest surface area, i.e. a
smaller jet radius that goes to zero in the final pinch-off point. Hence, para-
doxically, the greater the cohesion between the particles (and thus the surface
tension σ), the faster breakup occurs [4].

Neglecting the fluid viscosity, dimensional analysis (see Buckingham theorem
or Rayleigh’s method) provides us with a characteristic timescale of the motion:

tc =
[
ρr3

0
σ

]1/2

, (2.3)

where r0 is the initial radius of the cylinder of liquid. As r0 decreases, the
motion accelerates (the characteristic timescale decreases). Moreover, it can be
estimated that the jet radius r decreases in time according to the proportionality
dr
dt ∝ r−1/2. Integrating this differential equation, it can be proved that the
radius r goes to zero in a finite time with a characteristic exponent of 2/3. The
time tc is the estimate of the total time for breakup to occur [4].

After Laplace and Young’s fundamental contributions to the field, a further
step was needed to achieve a complete mathematical description of jet breakup:
combining the understood and fixed effects of surface tension with the classical
laws of fluid dynamics. The first (experimental) progress was performed by
Savart [31]. He noted that breakup occurs spontaneously, regardless of any
external forces acting on the fluid or the jet motion direction. These observations
established that breakup is an intrinsic feature of jet dynamics. The main finding
of Savart’s experiments was the detection of a smaller “satellite” drop between
two main ones in the jet. This feature can be explained with the non-linear
stages of jet breakup dynamics, as confirmed by later theoretical studies.

The first attempts to formally understand the dynamics of the breakup of
continuous liquid jets were made by Rayleigh [32] [33] [34] and Plateau [35]
in the nineteenth century. Plateau’s work eventually gave surface energy (or
surface tension) a key importance in terms of jet breakup process [4]: a jet is
proved to be unstable to any perturbation which reduces its surface area. He
experimentally observed the decay of columns of fluid in density-matched sur-
roundings (then named “Plateau tank”). His main effort was focused on the
unstable modes of breakup: he proved the existence of a characteristic pertur-
bation wavelength, λopt, corresponding to a resonance frequency. In particular,
Plateau stated that perturbations are unstable if their wavelength, λ, is greater
than a critical threshold, λcr, whose value equals λcr = 2πr0 ≈ 6.28r0, and
this was demonstrated explicitly and rigorously. However, this “optimal” wave-
length, λopt, was deduced from Savart’s measurements to be λopt = 8.76r0,
relatively much higher than his “perfectly rigorous” 2πr0.
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Later, Rayleigh was able to explain this “overestimation” [4] by considering
that the jet physics chooses only the wavelength with the fastest growth rate
among all the unstable ones (λ > λcr). Neglecting the jet viscosity, this estimate
provides λopt = 9.01r0: a result that matches very well Savart’s observations
(occurred about 50 years earlier). The main Rayleigh’s contribution was to
consider the real jet dynamics. In fact, he can be considered the father of linear
stability analysis in jet breakup theory, an extremely powerful analytical method
that is still used nowadays.

When perturbations are no longer small, non-linear effects become dominant,
and they lead to the jet breakup. These final nonlinear stages of jet dynamics
were further explored by other scientists in new experiments, more and more
sophisticated (Savart in 1833, then Magnus [36] and Lenard [37]).

Figure 2.2: Rayleigh’s “some applications of photography” (1891) in the desta-
bilization of a jet of air into water (top left) and of a water jet in air (top
right). Bottom images: Details of the breakup process and the contraction of
“ligaments” between the drops, sometimes breaking up before recoiling. Picture
taken from [4].
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Later studies and experiments outlined this key feature of the breakup pro-
cess: the profile has a standard shape, which is very asymmetric in most con-
ditions. The breakup behavior has a universal nature independently on the
boundary and initial conditions (such as the characteristic length scale - i.e.
nozzle diameter - and the particular stimulation of the jet) [38]. Approaching
the breakup condition, the jet profiles have been observed to be self-similar,
regardless of any characteristic length scale of the phenomenon. Universal laws
and features have been developed (from studies based on dimensional anal-
ysis) or simply observed to describe some characteristic jet parameters. A
common example is the conically shaped neck: in case of low viscosity, it is
predicted to have an opening half-angle of 18.1◦ [39]. Another typical result is
the power law describing the temporal evolution of the minimum thread radius:
rmin = 0.7(σ(t0 − t)2/ρ)1/3 [39]. Here, t0 represents the breakup time, ρ and σ
being the density and the surface tension of the fluid, respectively. In general,
self-similarity is often observed in experiments. For this reason, many works
have tried to establish the complex features of drop breakup within a theoret-
ical description based on scaling/universal laws, aimed at describing especially
the non-linear aspects of free-surface flows.

Recently, many groups have continued to develop theories and to conduct
experimental investigations to study the process of breakup of liquids and the
creation of droplets. However, jet and droplet dynamics are still very open
topics: the majority of predictive models are not fully validated yet or they
are not precise. Because of this inaccuracy, industrial companies can do only
a limited use of most numerical methods. Experimentally, several techniques
(for instance, high-speed digital cinematography) have facilitated the study of
jets. Thanks to current technology, microscopic fluid dynamics details of the
breakup phenomenon can be detected in real time: this is extremely important
as it provides us with a reliable source of data for comparison with theoretical
studies [4]. However, these experimental efforts have been seriously limited by
the global technological level, as well as numerical simulations have been ham-
pered by computational power, time and cost [6]. In summary, although many
studies have contributed to the understanding of droplet creation and evolu-
tion, unsolved problems (both theoretical and experimental) still remain, most
of them surrounding the breakup regime which is widely used in the produc-
tion of droplets for industrial and biological applications as well as for academic
interests.

In the next sections, an overview of the state-of-the-art is provided from
both theoretical and experimental perspectives.
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2.2 Theoretical framework

Several analytical and numerical studies describing free-surface flows have been
developed by scientists: a comprehensive review of these methods can be found
for instance in [40]. As already mentioned in the introduction, the physics of
liquid jets offers a large variety of mathematical aspects to investigate: singu-
larities, instabilities, asymptotics, non-linearity, self-similarity.

A key feature of a liquid jet is its mean curvature: indeed, it determines the
strength of the boundary force acting on the fluid domain. The most important
driving force of jet dynamics is the Laplace pressure, i.e. the pressure jump
across a curved interface, producing an increased pressure inside a convex sur-
face. When the jet radius goes to zero (approaching the breakup), its curvature
(and forcing) goes to infinity: this is a typical example that exhibits occurrence
of mathematical singularities in jet breakup modeling [4]. In particular, this is
known as the “pinch-off” singularity of free-surface flows (flows with an exposed
surface) and it is the main complication when dealing with the dynamics of
fluid surfaces [39]. The singularity appears in the Navier-Stokes equation as the
jet diameter vanishes asymptotically at the pinch-off point. Up to the point of
breakup, the dynamics of fluids are described as a continuous medium (standard
N-S equation), but, theoretically, the breakup is described as a singularity. As
a consequence, most of the theoretical models only study asymptotic behaviors,
usually disregarding transitional aspects [6].

Another interesting mathematical aspect arising from the study of liquid
jets and breakup is self-similarity. The dynamics both spatially and temporally
exhibits self-similar behavior due to the large (orders of magnitude) disparity
between local and corresponding global scales.

From an analytical perspective, a basic tool used in the study of liquid
jets is the linear stability analysis around the cylindrical base state. However,
the breakup process is characterized by some key stages in which non-linear
effects are dominant and drive the dynamics. In particular, the final steps of
breakup are extremely non-linear and are often tackled by using scale invariance.
Numerically, there are still very hard and unsolved issues: current simulation
codes are not able to reproduce the complex geometry of a jet because of its
many degrees of freedom. Thus, studies are usually focused on very small and
detailed individual breakup phenomena. Consequently, very high resolutions
are often required [4].
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2.3 Experimental framework

Recently, industrial and commercial interest on non-contact deposition tech-
niques of liquids have caused an important rise in studies of jets dynamics and
drop generation mechanisms [41]. In this field, the most widespread application
is in inkjet printing technology. The current state-of-the-art promotes research
in droplets’ physics aiming to get important technological improvements: a
typical example is in the control of the size, position, number, and motion of
drops and their satellites [42]. In fact, the dynamics (speed, direction) of main
drops and satellite droplets are crucial factors for printing quality and efficiency.
Because of this industrial demand from inkjet companies and its business im-
plications, the study of droplets arising from jets breakup is currently a topic
of considerable relevance.

Improving the understanding of droplet dynamics and jet breakup through
simulations (required to be more and more precise) is a fundamental condition
to reach higher standards in terms of resolution, quality, speed and materi-
als. Because of their accuracy, numerical and theoretical models are usually
exploited to investigate in detail ink fluid properties, nozzle design, actuation
mechanisms and their complex interactions. However, experimental validation
is always the further necessary step [41].

It is very complicated to run experiments in commercial inkjet printers since
droplets have very small size (d ≈ 50 µm) and high speeds (v ≈ 5-20 m/s).
Moreover, in most cases commercial systems are designed to work only within
a limited range of jetting parameters, not allowing the user to tune them. Fur-
thermore, the nozzle design and its geometry are usually fixed. The size of the
drops depends on the nozzle diameter, that is often on a scale of tens of mi-
crometers; for this reason it is extremely difficult or even impossible to modify
its geometry to explore the shape influence. In this perspective (parametric
study of jet and drops dynamics), a large-scale model system can be a valid
solution as it overcomes many of these disadvantages. The millimeter length
scale allows to easily alter the nozzle design, achieving excellent accuracy in
geometry; the driving signals can be adapted or altered as well. Finally, the
system can be tuned to work in the same fluid-mechanical regime as real inkjet
printers by properly choosing the fluid properties. In summary, a proper use of
the experimental setup (in terms of parameters’ values) makes it possible to get
comparable results not only with other large-scale systems, but also with com-
mercial micrometer-scale inkjet printers, which typically operate in the same
fluid-dynamics regimes [42].

To provide with a more precise and comprehensive definition, experimental
studies of jet breakup can be classified into three different categories [41]:

29



• micrometer-scale experiments performed with commercial devices;

• millimeter-scale experiments operating in the same fluid-dynamics regime
of commercial jet actuators (fluid properties are chosen to get the same
dimensionless parameters);

• experiments run in different fluid-dynamical regimes with respect to com-
mercial printers.

The first set is usually very complicated to run as in this case the user can-
not measure directly many of the involved jetting parameters. Generally, the
characteristics of commercial droplet actuators (physical dimensions, speed and
size of their jets) do not allow the use of pressure transducers, thermocouples,
and velocimetry techniques such as Laser Doppler Anemometry (LDA) or Par-
ticle Image Velocimetry (PIV). Hence, these experiments are carried out just
to analyze “macroscopic” measurements (i.e. externally observable parameters
such as droplet size, speed, breakup lengths). On the contrary, millimeter-scale
systems can involve the direct measurement of the flow, pressure, and even
velocity profiles; however, they may be unable to reproduce exactly the same
dimensionless parameters of their commercial counterparts (e.g., gravity plays
a major role in the millimeter-scale systems because of longer characteristic
times). Finally, the last category of experiments may provide ideal conditions
for further analysis of the involved variables. These studies may be relevant not
only for scientific purposes (understanding of jets behavior and their breakup),
but also for industrial reasons: indeed, they may be used to investigate possible
new and unexplored jetting regions [41].

In the next subsections, the experimental state-of-the-art is analysed in de-
tail: different techniques of jets generation, visualization and measurement are
presented.

2.3.1 Jets generation

Fluid jets can be produced by a variety of actuation mechanisms. Droplets
are usually jetted through an electric signal driving a piezoelectric or a heating
element inside a printhead. These actuators can either produce the jetting pres-
sure, or promote the breakup of a continuous jet. Progress in the understanding
of jetting and drop formation phenomena has mostly focused on the driving elec-
tric signal. This is usually identified by an applied voltage as a function of time.
The shape of its graph is often referred as “wave form” and is characterized
by some key-properties such as amplitude and frequency. However, few efforts
have been made in the investigation of the more fundamental drivers of these
processes, i.e. the pressure and velocity waves [41].
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Two different groups of techniques are commonly used in the printing in-
dustry, depending on the particular purpose. The main difference consists of
the periodicity in droplets generation. Drop on demand DoD technology
produces drops intermittently in response to a digital signal; while continuous
jetting CIJ technique breaks up a liquid jet into a continuous stream of drops,
then steered electrostatically for specific purposes (to achieve desired printing
effects). As already mentioned, these techniques produce drops through differ-
ent methods. DoD printing usually exploits a discrete pressure pulse to eject
drops from a nozzle (a piezoelectric actuator is often used to generate the pulse).
On the other hand, a continuous inkjet CIJ process typically applies a harmonic
modulating disturbance to the flowing jet. DOD printers are mainly used for
multiple-color printing, often for office and domestic purposes. In contrast, CIJ
printing is generally intended for industrial production, i.e. date coding and
labeling [41].

CIJ printing is commonly intended for uniform-sized droplets production.
In these systems, an oscillating pressure modulation is applied to the fluid: this
stimulation excites instabilities and makes the continuous liquid jet break up
into a series of droplets. In this process, the liquid properties, the modulation
frequency, the nozzle size, and the pressure at the nozzle plane are crucial param-
eters for the dynamics: in fact, they affect the position, velocity, size, and mutual
distance of the drops (given a steady breakup condition). Two different meth-
ods are used for the breakup induction: a piezoelectric actuator is commonly
adopted to produce the breakup of flows jetted from nozzles with diameters of
tens of micrometers, whereas vibrating bellows play this role for larger applica-
tions [41] [42]. When applications require large amounts of monocolored prints,
commercial CIJ systems are the typical solution. Moreover, continuous jets are
ideal for high speed printing applications as drops production takes place at
higher frequencies compared to drop-on-demand tools with the same size. Con-
tinuous inkjet technology is constantly evolving, and printing processes based
on this method are currently used in several applications: the most common one
is the expiration date printed on food and drink packaging [42]. A CIJ printer
usually consists of three main components: a single nozzle, a periodic actuator,
and a deflection system for jetted droplets. From the commercial point of view,
a CIJ system is characterized by the breakup curve, which provides the distance
from the nozzle to the appearance of the discontinuity in the liquid column [43]
as a function of the excitation voltage at a given excitation frequency. This
curve determines the industrial efficiency of the commercial setup. Nowadays,
CIJ predictive modeling is mainly focused on the jet breakup length in order to
optimize the dynamics of droplets and their satellites. Most studies in this field
aim to increase quality, resolution and adaptability of printing processes. On
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the other hand, some efforts are being made to develop innovative and advanced
applications in different sectors such as biotechnology and electronics. However,
the common ground for all such studies lies in seeking to better understand the
governing laws behind the formation, evolution, and breakup of continuous jets
into droplets [41].

Figure 2.3: Schematic diagram of a continuous inkjet printing system, taken
from [5].

Drop on demand generators are commonly used with piezoelectric ceram-
ics, but some alternatives have been developed using pneumatic DoD generators
running with fast-acting solenoid valves [42]. In order to satisfy scientific and
industrial requirements, DoD systems must run a safe and reproducible droplets
generation. They must include an actuator for a quick and reliable production
of pressure pulses in order to generate controlled liquid jets. Moreover, they
need a control system for controlling the liquid meniscus level with respect to
the nozzle position. Further devices are required for additional functions affect-
ing the system performance: for instance, the actuator generating an arbitrary
number of pressure pulses to control the number and size of satellite drops. De-
pending on the particular application, commercial inkjet printers adopt several
different methods of droplets production. However, only two general types of
waveform are used: single peak and double peak. Rise-fall times and pulses
durations are mostly determined empirically, matching the specific fluid and
the desired jetting parameters. Regardless of the particular way to produce
the pressure pulse, its duration and amplitude (together with the number of
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generated pulses) determine the droplet velocity and its volume [41] [42].

Figure 2.4: Schematic diagram of a drop-on-demand printing system, taken from
[5].

Finally, it is evident that CIJ and DoD technologies face different problems:
DoD systems are often focused on the control of the meniscus level, whereas CIJ
mode deals with challenges regarding the way to maintain the liquid pressure as
uniform as possible. Generally, CIJ systems work over a wider region of jetting
parameters because drops can reach faster speeds than in DoD. Moreover, CIJ
printing is more flexible as it has a simpler actuator driver, the meniscus control
is not required, and it consists of fewer components. These advantages make its
operating range wider than DoD prototypes’ [42].

2.3.2 Visualization and measurement

To overcome the difficulties arising from theoretical and numerical modelling,
the majority of research studies on liquid jets and droplets have recently focused
their efforts on developing experimental systems able to visualize and measure
the following physical processes: drop generation, pinch-off, breakup, coales-
cence, mixing and splashing. This approach aims to build a solid experimental
platform as a validation of both numerical and theoretical methods [6].

Nowadays, many experiments make use of high-speed imaging. This tech-
nique has an intrinsic limitation: spatial and temporal resolutions are inversely
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proportional to each other. This means that high-speed cameras can either visu-
alize high resolutions at low speeds or vice versa (very fast but low resolution).
However, the study of droplets dynamics often requires both high-temporal and
high-spatial resolutions (study of very small features at very high speeds) to be
fully analyzed: this is a fundamental issue in experimental studies [6]. Techno-
logical advances in visualization are trying to overcome this limitation, allowing
better observations and more accurate measurements: new generation sensors,
faster computational power, higher speeds of processing are just some examples
of the recent experimental modeling evolution in the field of droplet dynamics;
however, a substantial validation work is still required [6]. Current studies make
use of a large set of technologies in this subject. In fact, traditional photogra-
phy, high-speed imaging, holography and other several experimental techniques
may all be adopted to study droplets and jets dynamics.

It is important to underline that these techniques are just visualization meth-
ods, thus they are often not enough to provide the user with quantitative values.
For measurement purposes they need to be coupled with image analysis or
similar tools in order to get measurable data. Only this approach can lead to ap-
propriate scientific analysis and proper comparisons with theoretical/numerical
models [6].

A basic visualization strategy is shadowgraphy. This technology has been
pioneering and has strongly influenced the research in drop dynamics. This
method has been used in the present work. The basic architecture of a shadow-
graph setup is represented in the scheme of figure 2.5. Shadowgraphy technique
places the object of study between a light source and a detection tool, that is
usually a camera or a charge-coupled device (CCD). As regards illumination,
the system is usually composed of two elements: an optical diffuser and a light
condenser. The latter works as a collector: it captures most of the light emitted
by the source and forwards it to the diffuser in order to generate a background
that is uniform. Indeed, in image analysis, a sharp contrast of colors is required
between the objects under investigation and the background. For this reason,
optical distances between the components (condenser and diffuser) are extremely
crucial for the system efficiency and the quality of post-analysis process [6].

Like every existing technology, shadowgraphy has pros and cons for any par-
ticular application. A positive aspect is that it uses most of the light produced
by the source and the quite definite contrast obtained between objects and the
background. A high contrast is a fundamental requirement in image analy-
sis as it allows to precisely identify fluid and/or object boundaries. Moreover,
lightening efficiency is often a key parameter for such systems, especially with
low-sensitivity detectors and cameras. In contrast, shadowgraphy offers a sig-
nificant disadvantage as it can detect only objects’ “shadows”, thus it cannot
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Figure 2.5: Basic scheme of a shadowgraph setup [6].

differentiate multiple colors and/or small optical properties or different fluids.
Hence, this technique does not allow the study of chemical-fluid dynamics phe-
nomena in which multiple fluids are involved (for instance, droplet mixing). In
fact, the no distinction between different liquids implies the exclusion of impor-
tant physical information and represents the main problem of shadowgraphy [6].
As a result, shadowgraphy should be ideal to use under these conditions: rapid
phenomena requiring high recording speeds (i.e. low characteristic timescales,
short exposure times, low light conditions, low-sensitivity sensors); multi-phase
systems with substantial differences in refractive indexes and optical properties.
A typical example is the study of drops dynamics in the air [6].

Some other applications require the use of color imaging. In experiments,
to differentiate colours, the light source is located at the front of the object
under investigation, and not at its back as in shadowgraphy. In such systems,
the condenser and/or diffuser reflect the light emitted by the source, not dissi-
pating it away. However, this arrangement allows to exploit just a portion of
the global light because of the capacity of color cameras. Indeed, colour studies
commonly have a lower sensitivity (usually one third) compared to the corre-
spondent monochrome devices. That is the reason why scientists make use of
color imaging technique only when illumination is extremely intense and/or with
long exposure time conditions. Despite this main disadvantage, color imaging
method is very powerful and widely used: its typical application lies in the field
of reactive inkjet. In such context, droplet experiments are run to monitor the
progress of a chemical reaction: for this purpose, indicators or reactive inks are
often injected into the fluid [6].

In general, high-speed and single-frame imaging techniques need to be paired
with very specialized tools; in fact, such applications often require high-intensity
light sources or fast flashes. Of course there are several alternative possibilities
to investigate drop dynamics; obviously, each method has advantages and dis-
advantages depending on the specific purpose [6]. Some of these options are
briefly presented below.
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• Strobe illumination: This method allows to perform a detailed physical
analysis of the jetting dynamics as it can acquire accurate droplet images.
Its main advantage is that the implementation of droplet and jet visual-
ization is quite inexpensive; moreover, image analysis can be performed
through a real-time process. On the other hand, the method has also
a disadvantage related to the speed of the imaging process: in contrast
to high-speed imaging systems, this technology cannot detect phenomena
characterized by very fast time scales (drop by drop variations in the jet
behavior is a typical example) [6].

• Holography: It is a valid alternative option which can deal with some of
the problems arising from conventional methods, such as: two-dimensionality,
very small field of view and depth of field, inaccuracy, optical distorsions.
In particular, this technique is very suitable for a simultaneous detection
of many drops: if matched with appropriate tools and imaging processes,
it can provide with very high accuracy (order of submicron) in position
and size measurements, even over a field of view of the order of centimeters
[6].

• Confocal microscopy: This technique is typically suited to the anal-
ysis of drop generation in a fast moving jet. Such systems require the
synchronization between a pulsing illumination and the drop formation
(frequency of modulation). Nowadays technological progress is providing
this method with important advances and improvements in both sensors
and cameras, as well as in the imaging process (in terms of speed and
resolution). It has been proved that a confocal microscope has a lateral
resolution 30% better than a conventional one; the objective lens usually
reaches a submicron resolution. Currently, confocal microscopy is being
widely adopted in the study of liquid microjet instability [6].

Above, only some general features have been listed; major details about
these visualization techniques and their architectures can be found in [6].

As regards the quantitative measurement process of droplet dynamics phe-
nomena visualized through the above techniques, a commonly used method
(adopted in this work) is the binary image analysis. This is explained be-
low.

Most of the research in droplet dynamics makes use of image analysis in or-
der to visualize and compute droplets’ positions, profiles, sizes and motion. This
information is often extracted from binary images recorded by a CCD camera.
Such images have eight-bit format pixels and are numerically characterized by
a gray-scale value (intensity): this can lay from 0 to 255 and represents the
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image brightness. In shadowgraphy conditions, a fluid droplet is visualized as
a dark object on a lighter background: then in binary images, in terms of de-
tection purposes, the pixels belonging to the fluid area should have a value of
1 and the background pixels should have a value of 0. Accordingly, the binary
image conversion works as follows: the values greater than the threshold pa-
rameter (preset by the user) are turned into 0; similarly, the values lower than
the threshold are turned into 1. It is evident that the choice of the threshold
value is a key-step to get proper binary images and to obtain exact measure-
ments (quantitative data on droplets). The threshold selection is based on the
particular illumination conditions, so it is variable from case to case. Moreover,
binary image conversion has an important advantage: when external objects are
detected, or in presence of image noise, a morphology function can remove the
undesired noise and suitably modify the image for a proper analysis [6].

The binary imaging process allows to detect and compute droplets’ profiles
and trajectories, as well as the jet speed. Hypothetically, also droplets’ volumes
might be estimated considering them as axisymmetric bodies; actually, the real
physics seldom respects this assumption as fluid droplets often have irregular
geometries characterized by extended filaments. Other crucial aspects related
to the droplet volume detection regard some technical limits of the CCD cam-
era. In fact, an accurate measurement is usually arduous because of its limited
pixel resolution. Consequently, image sizes are often widely affected by critical
parameters such as the system illumination features and the threshold value for
the image conversion (gray-scale to binary) [6].

In the next section, the experimental setup and visualization techniques used
for the present thesis work are presented.
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2.4 Experiment

This section describes the experimental setup and the visualization and mea-
surement techniques used in the present work.

2.4.1 Rig

The experimental apparatus, illustrated in figure 2.6, is a millimeter-scale sys-
tem of a continuous inkjet printer. The flow is activated by a liquid pump;
the jet flow rate is controllable and measurable by adjusting the pump operat-
ing voltage. The jet generator consists of a cylindrical chamber: its top side
is closed by a flexible rubber membrane which is mechanically coupled to an
electromagnetic actuator (permanent magnet shaker LDS V201); its lower side
contains a nozzle ranging in diameter from 1 to 2 mm from which fluid is ejected.
The electromagnetic actuator is used to modulate the jet through a periodical
harmonic waveform which is controlled by a function generator. The pressure
within the chamber is monitored by a transducer mounted on its side. The os-
cillating pressure modulation induces Rayleigh-Plateau instability along the jet
surface and drives its breakup into a string of equally spaced droplets. Liquid
ligaments are originated between droplets, as a secondary product of breakup.

Pure water and water-glycerol mixtures are used as fluid in order to analyze
a wide range of Oh numbers: glycerol-water mixtures provide a good model sys-
tem for Newtonian fluids as their viscosities can move in a wide range with only
small variations in surface tension. Experiments are run at room temperature.

The jet is imaged by a high-speed camera Phantom V711 in shadowgraph
mode: images are recorded after the jet emersion from the nozzle at a frame
rate in the order of 105 frames per second with an exposure time in the order of
10 µs. The region of interest is illuminated from behind with a light consisting
of a compact series of eight 10 W LEDs vertically aligned in the flow direction.
Then the light passes through an optical diffuser that is interposed between
the light source and the liquid jet. The camera is used with a Tamron AF90
macro lens or a Navitar 12x microscope head to cover an appropriate field of
view. In general, very large fields of view and high framing speeds are needed to
“follow” the jet dynamics. Recording parameters are fully controllable through
the imaging software from Phantom: in this work, the image resolutions of the
camera system are ranged from 101 to 102 pixels/mm.
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(a) Scheme of the experimental setup.

(b) Photo of the rig.

Figure 2.6: The experimental apparatus.
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2.4.2 Post-analysis

As previously outlined, high speed imaging technique by itself does not pro-
vide measurable values, so it is usually coupled with a post-processing such as
image analysis or other techniques to obtain quantitative data. This method
permits appropriate comparisons and validations between experimental results
and numerical/theoretical models. This is the approach followed in the present
work.

Data analysis is performed through a binary imaging method with the soft-
ware MATLABR©. This technique performs edge detection of elements (liquids
or objects boundaries) through a threshold system in combination with high-
speed imaging [6]. The first step of the algorithm consists in the digital scan of
the picture acquired by the high-speed camera. MATLAB reads the raw picture
and converts it into a gray-scale intensity image. Then a background subtrac-
tion is performed on the resulting image: the subtracted background image is
a picture of the system without any object such as filaments, drops, liquid jets
(also this image is previously turned from a true color RGB file into a gray-
scale card). This operation between the two intensity maps aims to improve
the analysis precision as it deletes intensity gradients in the background (due to
the non-uniform lighting) and persistent and undesired elements (features un-
related to the physics being investigated). Once the gray-scale background-free
image is obtained, it is then converted into a Black and White binary image.
The intensity threshold for this conversion is the most crucial parameter of the
whole image analysis process: it should be chosen with extreme caution (de-
pending on the specific lighting and visualization conditions) in order to get a
true representation of the observed object in the Black and White format [6].
Sometimes this algorithm requires a further step to remove image noise that
can be detected as an actual boundary by the MATLAB script. This is the
typical case of “bright spots”: these “false” objects are generated by the re-
flections of the background light onto the camera sensors. This phenomenon
is very common in observations of curved objects (drops, liquid filaments and
jets). For this reason, an elimination of false objects is often needed. After its
execution, the code extracts the boundary of the remaining object [6]. Once the
code has effectively detected the boundaries of the object of interest, it is pos-
sible to process and analyze quantitative data that are necessary for the study
of the physical phenomenon under consideration. Some of the key features are
filament’s diameter and length.

The next section clarifies the scientific insights provided by the experiment
and outlines the objects of study of the present thesis.
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2.5 Work outline

The overall aim of this work was to study the breakup of liquids as this mech-
anism drives droplet formation. As explained in chapter 1, several industrial
techniques rely on the pinch-off of liquids to produce droplets, and from them,
graphics and prints. In particular, inkjet printing drives a lot of fundamental
research as industry constantly seeks ways to print faster or more reliably [5].
In fact, while exploring the existing literature, several open questions were iden-
tified, many of which within the field of CIJ. Specifically, the breakup dynamics
seems to be related to challenging and unexplored problems. Firstly, we ob-
served the so-called “reversal” effect. In a CIJ system, the dependence of the
breakup length, i.e. the distance between the ejection section (nozzle) and the
breakup point (the section at which the jet gets singular and breaks), on the
jet-modulation amplitude is not fully understood yet. According to theory [43],
the breakup length should decrease monotonically with the modulation ampli-
tude (in terms of voltage, equivalent to pressure) applied to the capillary jet.
However, experiments do not seem to match this prediction: they show that the
breakup length decreases until a minimum stationary point corresponding to a
critical amplitude, and then it goes through oscillations, as seen in figure 2.7.
Nowadays, no accurate model exists to explain this trend and formally correlate
the modulation signal to the jet dynamics. This is definitely a study worthy
of further developments: it would be extremely interesting to investigate more
deeply the underlying physics.

However, the present thesis is focused on the capillary retraction of the liquid
filaments generated through the jet breakup. This is a classic fundamental prob-
lem extensively analyzed in the literature. The standard theoretical approach is
to study the contraction dynamics of a free axisymmetric liquid body, a cylinder
with two hemispherical caps with the same radius of the cylindrical section, ini-
tially at rest. These initial conditions, both geometric and kinematic, are very
difficult to reproduce experimentally. Ideally, in order to originate such a fila-
ment from a continuous jet breakup, a symmetric and simultaneous detachment
from the liquid column is needed at both caps of the body. Practically, this is not
trivial at all: only some particular combinations of modulation parameters lead
to this condition. In this regard, the so-called “inversion” phenomenon has been
observed, that consists in different breakup dynamics depending on the signal
modulating the jet. In particular, under certain conditions, the jet breaks up
at the front of the filament being generated (this is called “front-pinching”); in
other conditions, the jet breaks at the back of the filament (“back-pinching”).
A qualitative trend of this dynamics is known in industry: the main tuning
responsible is the jet modulation amplitude. Other conditions being equal, low
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Figure 2.7: Breakup length vs jet modulation amplitude.

modulation amplitudes lead to front-pinching; on the contrary, large modulation
amplitudes induce back-pinching. This phenomenon will be further discussed in
the description of the adopted experimental method, in section 3.2 (see figure
3.7).

Our work specifically investigates the capillary retraction dynamics of liquid
filaments, once they are free-standing in an outer gas (air). The space-time
evolution of the filament is determined by the simultaneity of an axial shortening
and a radial necking due to the surface tension of the fluid. The majority
of published research on this topic shows through numerical simulations that
the axial contraction is consistent with the Taylor-Culick model [44] [45]: the
retraction speed seems to be constant and approximately equal to the value
derived by Taylor and Culick, uc =

√
σ
ρR (where σ is the surface tension of

the fluid, ρ its density, and R the filament radius). Despite the complexity of
the radial collapse, especially towards the pinch-off stage, Hoath et al. [46] use
a simple model considering this process driven by viscous and surface forces.
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According to them, the overall retraction is simply governed by independent
rates of axial contraction and radial pinching: the resulting dynamics is the
sum of these two separate “motions”.

The present work exploits the accuracy of the experimental system capa-
bilities, analytical and numerical tools to formally and fully investigate the
retraction dynamics, going beyond the classic Taylor-Culick analysis and the
simplistic models presented in the literature, such as the one described in [46].
The main purpose is to analyse in detail the surface-tension driven flows within
the filament and along its surface. This study has led to two major achieve-
ments: a predictive model for the retracting filament fate (breakup in multiple
droplets or collapse into a single drop), and an analytical description of the
long-time asymptotic relaxation of the filament interface.

The next chapter is focused on the first important result of our research: the
discovery of a transitional regime in capillary retracting liquid filaments.
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Chapter 3

A fate-alternating
transitional regime in
contracting liquid filaments

It is well established that the fate of a contracting liquid filament depends on the
Ohnesorge number (Oh) and the initial aspect ratio (Γ), apart from the initial
surface perturbation. According to the state-of-the-art, there exists a critical
aspect ratio Γc(Oh) such that longer filaments break up and shorter ones recoil
into a single drop [7].

In this chapter a transitional regime is reported after a computational and
experimental analysis: our results show that in a broad window of intermedi-
ate aspect ratios, multiple Γc thresholds exist at which a novel breakup mode
alternates with no-breakup. A very simple but effective model is developed
considering the superposition of capillary waves travelling on the surface of the
retracting filament. According to our model, the breakup results from the con-
structive interference between the capillary ripples that originate from both caps
of the filament. The model can be used to produce a phase diagram showing
the different fates of the filament within a detailed set of conditions.
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3.1 Introduction

As discussed in chapter 2, paradoxically, cohesive forces of liquids (surface ten-
sion) are responsible for their breakup. A thread of liquid recoils also because of
the action of surface tension [9] [10]. The physical explanation of the contracting
motion is that surface tension forces act to minimize the surface energy, thus
the fluid tends to a spherical body (the geometrical shape with lowest surface,
given a certain volume). However, this simple contraction motion to a sphere
does not always occur: in fact, liquid filaments may either recoil to one sphere
or break into several pieces which will then recoil to spheres. This is the most
common experiment in the study of liquid volumes relaxation. In fact, there is
a wide set of experimental observations which shows filaments breaking up into
separate parts while contracting [7].

Surface tension aims to reduce the total free surface of the fluid, thus it is the
responsible for the evolution of a liquid volume with a given initial shape. The
reason of the filament segmentation into several spheres is that surface tension
time scale is very fast, and the decrease of the global surface by cutting the
filament may be quicker than by compacting. Reducing area locally rather than
globally may require to move less mass [10]. Even in the case of contraction
with no breakup, the filament motion is a complex hydrodynamical process.

The dynamics of a capillary retracting liquid filament in another ambient
fluid is a classic problem which has been widely analyzed throughout the years
([47], [48], [49], [9], [8], [10], [50]) because of its both fundamental and practical
interest. In fact, it is involved in a broad variety of physical phenomena, both in
nature and in industrial applications: ink-jet printing, spraying, microfluidics,
particle technology are just some examples.

Several experimental, analytical and computational studies have focused on
Newtonian cylindrical liquid filaments initially at rest, surrounded by a much
less viscous ambient fluid: for this reason they are usually referred as “free
filaments” [9]. The filament is considered as a cylinder of length 2L and radius
R with two semi-spherical caps of radius R at both ends (see figure 3.1).

Following basic principles of dimensional analysis, all previous studies con-
clude that the fate of the filament is mainly controlled by two dimensionless
parameters: the initial aspect ratio between the filament length and its diame-
ter (Γ = L/R), and the Ohnesorge number Oh = µ√

ρσR
(where µ and ρ repre-

sent the viscosity and density of the liquid, respectively, and σ is the liquid-gas
surface tension coefficient), which measures the relative importance of viscous
to capillary forces, i.e. the ratio between the viscous time scale tv = µR

σ and

the inertial-capillary time scale tc =
√

ρR3

σ . Rigorously, the filament dynamics
depends also on any initial perturbation (shape and amplitude) on the filament
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Figure 3.1: Sketch of the initial geometry of a cylindrical liquid filament. The
length of the filament is 2L and the radii of both the cylindrical section and the
hemispherical caps are R. For analytical purposes, a cylindrical reference frame
is defined with origin at the center of the filament.

surface. Two surface tension competing processes occur at the same time: an
axial shortening and a radial necking of the filament. The filament fate results
into two possible behaviours: the breakup within the filament or the collapse
into a single drop. In the literature, this phenomenon is typically analysed
through the parametric plane Oh− Γ (see figure 3.2). As a result, this space is
divided in two main regions, breakup and no-breakup regimes. The border is a
curve representing the critical aspect ratio as a function of the Ohnesorge num-
ber. In fact, previous studies have concluded that for each Ohnesorge number a
critical initial aspect ratio value exists, below which the filament collapses into
one drop, and above which it breaks in two or more droplets [7] [51].

Based on these results, it has been established that different viscosity regimes
exist, with different characteristic times, speeds, scaling laws and breakup mech-
anisms. Very viscous filaments (Oh ≥ 1) are always stable since viscosity effects
are dominant; they collapse into a single drop regardless of the initial aspect
ratio [9].

3.1.1 Rayleigh-Plateau instability

The stability of viscous long filaments (Oh ≥ 0.1) is completely governed by the
Rayleigh-Plateau theory [52] [32] [33] [51]: they break up mainly through the
Rayleigh-Plateau mechanism. Liquid filaments can be considered as finite liquid
jets, thus their dynamics can be described by the fluid columns of Savart [31]. In
this study, Savart investigated the stability of liquid jets and he was the first one
to observe the breakup of jets into multiple droplets. Plateau [52] claimed that
breakup could be reached only with an unstable varicose perturbation acting
on the jet surface: this is verified when the perturbation wavelength is larger
than the jet diameter. Afterwards, Rayleigh [32] [33] analytically derived a
dispersion relation for infinite inviscid jets. Rayleigh found out that the most
unstable perturbation wavelength is approximately equal to 9R, wavelength
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Figure 3.2: Taken from [7]: filament fates plotted in the Oh − Γ plane. Solid
symbols represent filaments breaking up, and open symbols are filaments con-
tracting into a single drop. The shaded area shows the predictions of the model
of [8]. The hatched region represents the range of critical Oh predicted by [9].
Stars represent the points explored by Schulkes in which breakup does not occur.
The broken line corresponds to the prediction of the linear instability analysis.

corresponding to the perturbation which grows the fastest on a fluid column.
According to the classic Rayleigh-Plateau theory, a sinusoidal perturbation

with a time dependent amplitude is assumed to act on the liquid interface.
Thus, the local time-dependent filament radius can be expressed by:

r(z, t) = R+A(t) cos
(
κ
z

R

)
, (3.1)

where R is the unperturbed filament radius and κ = 2πR
λ is the dimensionless

wavenumber of the varicose perturbation on the fluid cylinder (λ being the
corresponding wavelength). In a linear perspective, the perturbation amplitude
A(t) has an exponential growth with respect to time of the form:

A(t) = εeω(t−t0), (3.2)

where ε is the perturbation amplitude at t = t0 (i.e. the instant at which the
filament pinches off from the jet and starts to retract), and ω is the growth rate
of the perturbation amplitude. In this work we always assume t0 = 0 s.

However, Savart [31] and Rayleigh [32] [33] studies had a major limitation:
they only considered the asymptotic limit of inviscid liquids. After some years,
Rayleigh [34] performed a complete analysis considering the effect of viscosity,
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Figure 3.3: Shape of the filament at t = t0. The surface perturbation is assumed
to be sinusoidal with wavelength λ and amplitude ε. The filament is considered
axisymmetric with respect to the z axis.

and derived the full dispersion relation for viscous jets. Its linearization, studied
also by Weber [53], leads to the following growth rate of the viscous Rayleigh-
Plateau instability:

ω =

√
1
2 (κ2 − κ4) + 9

4Oh2κ4 − 3
2Ohκ2

tc
, (3.3)

where Oh is the Ohnesorge number, and tc is the capillary time. The most
unstable wavenumber (corresponding to the highest growth rate ωmax) results
to be a function of the Ohnesorge number, this is:

κmax = 1√
2 + 3

√
2Oh

. (3.4)

Therefore, the Rayleigh-Plateau instability is dominated by κmax. By plug-
ging its value in the dispersion relation 3.3, we can obtain the growth rate of
the fastest growing mode ωmax. Analogously, this is a function of the Ohne-
sorge number. Consequently, the filament breaks when the growing perturbation
reaches the value of the unperturbed jet radius: A(t) = R. Replacing the latter
and ω = ωmax in equation 3.2 (assuming t0 = 0), the breakup time is derived
as:

tb = 1
ωmax

ln
(
R

ε

)
. (3.5)

The critical aspect ratio (i.e. the aspect ratio above which the filament frag-
ments due to the Rayleigh-Plateau instability) can be determined by comparing
the Rayleigh-Plateau instability breakup time (equation 3.5) with the contrac-
tion time needed by the filament to collapse into a single drop. The retraction
time depends on the retraction speed, which is derived through a momentum
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balance. During filament retraction, blobs known as “tail droplets” originate
at both tips of the filament. They grow in size by collecting the liquid mass
from the cylinder, which stays stationary. Their typical velocity is analytically
derived by balancing the momentum flux into the tail droplet and the capillary
force acting on it (this derivation is formally provided in section 4.1). This is a
classic result in the literature, obtained for the first time and independently by
Taylor [44] and Culick [45] for liquid films: it is known as “capillary velocity”,
uc =

√
σ
ρR . The time needed by the filament tips to merge is called “merge

time” [51]:

tm = L− 2Rd
uc

, (3.6)

where Rd is the tail droplet radius at the merging instant tm.
The Rayleigh-Plateau instability produces a breakup of the filament only

if tb < tm. In fact, the critical aspect ratio Γc is obtained by balancing the
breakup time due to the Rayleigh-Plateau instability tb (equation 3.5) and the
merging time tm (equation 3.6), and considering the filament mass conservation
(2πR2L = 2 · 4

3πR
3
d) [51]:

Γc − (6Γc)1/3 − ln(R/ε)
tcωmax

= 0. (3.7)

Thus, the critical aspect ratio Γc results to be a function of the only Ohnesorge
number Oh (for a given initial perturbation amplitude ε).

3.1.2 End-pinching

The dynamics of low-viscosity (Oh < 0.001) filaments is basically inviscid.
When breakup occurs, they usually fragment through the so-called end-pinching
mechanism, which is a detachment of two bulbous ends from the filament
tips. This dynamics is well described by Stone [48], Bentley and Leal [49] and
Hoepffner [10]. In this regime, the action of surface tension forms a neck in the
region connecting the tip to the central portion. The bulbous end eventually
pinches off the cylindrical steady section. In inviscid filaments the radial necking
is direct, i.e. the neck originates and its radius decreases monotonically towards
the singularity, causing the breakup of the blob from the filament.

For slightly higher viscosities (Oh ∼ 0.01), both viscosity and capillarity
influence the filament dynamics. In this regime, the neck is formed, starts to
decrease and then reopens escaping the breakup because of the formation of a
vortex ring, a viscous effect. Eventually, this leads to end-pinching. The number
of times the neck reopens before the breakup increases with the Ohnesorge
number (see [10] and figure 3.4).
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Figure 3.4: Taken from [10]. Neck radius versus time for different Ohnesorge
numbers (numerical simulations performed with the Gerris flow solver [11] [12]).
At Oh = 0.001 the necking is direct [9]. At Oh = 0.01 one escape from pinching
is observed; at Oh = 0.02 two escapes, and so on.

Figure 3.5 reports a sketch of the filament end-pinching mechanism, which
is well illustrated in [49] and [10]. In this figure, (a) the hemispherical shape
of the filament tip with its convex curvature (curvature centre located inside
the filament) produces a higher pressure than the steady cylindrical section
because of the surface tension action (see Young-Laplace law, equation 2.2).
The generated capillary pressure gradient induces a liquid mass flow from the
tip towards the cylindrical region. (b) The retracting bulbous cap collects fluid
mass from the cylinder, thus it grows in size developing a spherical shape. The
interface connecting the rim and the cylindrical region forms a concave curvature
(curvature centre located out of the filament). This corresponds to a pressure
decrease at the minimum pressure Pmin section. The negative pressure gradient
induces a local backflow from the cylindrical section towards the rim. Therefore
a neck is generated because of the local mass loss. (c) Just after the neck
section, the interface curvature increases generating a positive capillary pressure
gradient. A maximum pressure Pmax is induced at the section connecting with
the steady fluid cylinder. From this section a fluid flow generates towards both
the spherical rim and the cylindrical region. (d) If the mass flow rate through the
neck is sufficient, the necking reaches the singularity causing the direct breakup
of the blob from the filament [49]; otherwise the neck escapes the pinch-off and
reopens [10]. In the latter case, the necking process (b) and (c) will be repeated
until end-pinching occurs (figure 3.4).

As mentioned in chapter 2, previous studies have effectively reported that
for low-viscous filaments (Oh < 0.1) a critical initial aspect ratio Γc exists below
which a filament fully contracts into a single drop and above which it fragments
through end-pinching mode [8]. Even in this regime Γc is a function of the
Ohnesorge number Oh, and is significantly smaller than the critical aspect ratio
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related to Rayleigh-Plateau instability in the viscous regime [51]. Experiments
performed by Castrejón-Pita et al. in 2012 [7] validated all previous studies on
the critical aspect ratio Γc in an extended Oh range: in fact, figure 3.2 gathers
all numerical and experimental data on this problem from the literature.

Figure 3.5: Schematic time sequence of end-pinching dynamics [10].
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3.1.3 Restabilisation

However, Notz and Basaran [8] observed a so-defined “critical region” in the
Oh − Γ plane, located in the low-viscosity regime for a certain range of inter-
mediate aspect ratios (see figure 3.2). In this region, filaments dynamics was
not fully understood and just qualitatively explained. Some filaments, longer
than the predicted critical length, do not breakup, undergoing through a stable
full contraction. Also Tong and Wang in 2007 observed filaments breaking up
into two or three droplets together with a transitional no-breakup mode (stable
collapse into a single drop) for lengths larger than the critical one. This observa-
tion was reported in their numerical study [54]: by increasing the initial aspect
ratio of low-viscous filaments, they detected different and undefined behaviors.

The no-breakup phenomenon occurring at Γ > Γc is called “restabilisation”.
Indeed, it was first observed in 2001 in an experimental work by Ha and Leal [55],
in which they analysed contracting liquid filaments suspended in a high-viscous
outer liquid (polydimethylsiloxane). Afterwards, in 2007 Beaucourt et al. [56]
reproduced numerically Ha and Leal’s [55] experiment, detecting the previously
observed “restabilisation”. However, this phenomenon was not mentioned in
recent classical works on the capillary retraction of liquid free filaments [8] [51].
Therefore, it is still unknown whether this dynamics is universal or only found
in specific geometrical or physical conditions (cylindrical filaments with semi-
spherical caps [54] or high-viscosity outer fluids [55], for instance). Ultimately,
the underlying physics of “restabilised” liquid filaments has never been reported.

In the present work, we computationally and experimentally investigate the
classic capillary retraction of Newtonian liquid filaments suspended in an in-
viscid ambient fluid. The main purpose of this study is to deeply analyze the
“critical region” seen in figure 3.2, i.e. finite-length filaments (4 ≤ Γ ≤ 50) with
low viscosity (0.003 ≤ Oh ≤ 0.04). In particular, we aim to understand and
model the physical mechanisms that govern filaments dynamics in this particu-
lar critical domain. Our final target is to build a comprehensive phase diagram
Oh− Γ detecting all possible filament fates and pointing out the corresponding
underlying physics.
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3.2 Experimental method

The experimental setup has already been described in chapter 2, section 2.4 (see
figure 2.6). Liquid filaments are generated between droplets pinching-off from
a jet, as shown in figure 3.6.

Figure 3.6: The liquid jet is modulated by an electromagnetic actuator, driven
by a harmonic waveform. The harmonic modulation breaks the jet by driving
Rayleigh-Plateau instability on its surface. A filament (indicated by the arrow)
is formed between two consecutive droplets.

In the present work the jet speed u ranges from 1.1 to 1.9 m/s. Given a jet
speed, the length of the filament is controlled through the actuation frequency
ν of the harmonic modulation. In fact, the distance between two consecutive
droplets, w, is given by: w = u/ν.

The production of “ideal” filaments presents experimental difficulties known
in industry. Inducing a simultaneous filament pinch-off from the jet at both caps
is not trivial: only some particular combinations of modulation parameters lead
to this condition. In this regard, the major control is given by the modulation
amplitude of the waveform sent by the actuator. A qualitative trend of this dy-
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namics is shown in figure 3.7. Low modulation amplitudes lead the jet to break
up at the front of the filament first: this is normally called “front-pinching”. In
contrast, large modulation amplitudes break the jet at the back of the filament
first, and this is known as “back- pinching”. Symmetric filaments are obtained
by carefully adjusting the modulation amplitude of the waveform in order to
induce pinch-off at both ends simultaneously.

Figure 3.7: Three different pinching modes in filaments formation.

Figure 3.8 shows an example of such a symmetric pinching.

Figure 3.8: Symmetric pinching: jet and filament evolution in time.
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The radius of the filament is hardly controllable: generally, it depends on the
modulation frequency (i.e. filament length), however it is also clearly affected
by the amplitude of the modulation signal. This control is complex: desired
radii are usually obtained through “trial and error” experimental adjustments.

This work contains experiments run at room temperature using pure water as
fluid. The filament radius R ranges from 0.15 mm to 0.75 mm (data are obtained
through direct measurements on experimental high-speed images). This range
corresponds to 0.004 < Oh < 0.01. The experimental recording speed is of
20,000 frames per second, and the exposure time of the camera system equals
30 µs. The lens image resolution ranges from 12 to 32 pixels/mm.

Like all experimental data, these results are affected by error. First, the
measurements of the fluid properties (density, viscosity, surface tension) pro-
vided by our devices are affected by the inaccuracy and imprecision of the tools
themselves and by the errors of the measuring process. However, neglecting
the influence of such (almost irrelevant) experimental uncertainties, our data
mainly contain uncertainties arising from the measurements carried out on the
imaging system. In fact, the parameters Oh and Γ are computed from the man-
ually measured initial filament length and diameter (clearly smaller than the
nozzle diameter). Uncertainties in these two measurements are responsible for
the largest error contributions to the Oh and Γ.

In general, given a function f that depends on n uncertain variables xi,
and being these variables uncorrelated (like in our case, as 2L and D = 2R
are independent on each other), the function f will be affected by an error
depending on the errors ∆xi of the n variables. In particular:
If f = f(x1, x2, ..., xn) with x1 = x̄1 ± ∆x1, x2 = x̄2 ± ∆x2, ..., xn = x̄n ±
∆xn n uncertain uncorrelated variables (where x̄n is the mean and ∆xn is
the uncertainty associated with the variable xn), then: f = f̄ ± ∆f , where

f̄ = f(x̄1, x̄2, ..., x̄n) and the error ∆f =
(∑n

i=1

(
∂f
∂xi

∆xi
)2
)1/2

.

In our particular case, the involved functions are the aspect ratio Γ = 2L
D and the

Ohnesorge number Oh = µ√
ρσR

, where 2L and D are affected by uncertainty.

Γ = 2L
D , where 2L = 2̄L±∆(2L) and D = D̄ ±∆D. Thus Γ = Γ̄±∆Γ, where

Γ̄ = 2̄L
D̄

and ∆Γ =
√(

∂Γ
∂(2L)∆(2L)

)2
+
(
∂Γ
∂D∆D

)2 =
√(

∆(2L)
D̄

)2
+
(

Γ̄∆D
D̄

)2
.

In the same way, Oh = µ√
ρσR

, where R = R̄±∆R with R̄ = D̄
2 and ∆R = ∆D

2 .

Thus Oh = Ōh ± ∆Oh, where Ōh = µ√
ρσR̄

and ∆Oh =
√(

∂Oh
∂R ∆R

)2 =
1
2 Ōh

∆R
R̄

.
The uncertainties ∆(2L) and ∆D arise from the manual measurements taken

on the images captured by the high speed camera, thus they depend on the
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particular picture. They always equal ±1 pixel (the minimum measurable length
unit in a picture), that corresponds to a specific metric length according to the
image resolution. In general they are of O(10−2), giving rise to uncertainties
∆Γ and ∆Oh not exceeding that order of magnitude.

Regardless of this quantitative analysis of the error, it is worth pointing out
that every experiment in the Oh − Γ plane is not a single point, but rather a
range, a point centered on error bars, arising from uncertainties in the filament
size measurements.

3.3 Computational method

Our numerical simulations consider free axisymmetric filaments consisting of a
cylinder with two hemispherical caps, as illustrated in the scheme 3.1. The lon-
gitudinal length of the filament is 2L and the radii of both the cylindrical section
and the semi-spherical tips are R. The initial aspect ratio Γ of the filament is
defined as the ratio of half its length L to its initial radius R: Γ = L/R. The
same geometry has been applied as initial condition in recent classical numerical
studies of retracting liquid filaments [8] [9] [51]. A cylindrical reference frame is
defined: its origin is set at the centre of mass of the filament. The computational
domain is a rectangular box centered in the origin and containing the whole fluid
interface. The problem is assumed to be axisymmetric (independent on the az-
imuthal coordinate) with respect to both z and r axes. Thus only a quarter of
the filament is simulated: symmetric boundary conditions are imposed at r = 0
and z = 0. Moreover, on the other two boundaries of the box, a zero normal
gradient of the velocity is set as boundary condition. The filament is surrounded
by a quiescent and isothermal fluid domain whose density and viscosity are con-
stant and negligible. Both the filament liquid (with constant density ρL and
viscosity µL) and the surrounding gas (with density ρG and viscosity µG) are
defined as Newtonian and incompressible, so the Navier-Stokes equations govern
their dynamics. The surface tension coefficient is σ. As regards the setting of
initial conditions, both the filament and the ambient fluids are assumed initially
at rest: the velocity field is set zero in the whole domain. The used numerical
code is non-dimensional: the inertial-capillary time tc =

√
ρLR3

σ and the radius
R are set as characteristic time and length scales. Therefore, the characteristic
velocity can be derived as v = R/tc: this is the capillary velocity uc =

√
σ

ρLR
.

Input parameters of the numerical simulations are: the filament geometry (ini-
tial aspect ratio Γ); its Ohnesorge number Oh = µL√

ρLσR
(which results to be the

reciprocal of the Reynolds number Re = ρLvR
µL

, given the characteristic capillary
velocity - Oh = Re−1); the viscosity and density ratios between the filament
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liquid and the ambient fluid, rv = µL/µG and rd = ρL/ρG respectively. Our
numerical simulations do not consider gravity (see section 3.4).

A level-set method by Sussman et al. [57] and Russo & Smereka [58] is used
to capture the fluid interface. This method has been well established and its
validity has been well tested by Spelt [59] and Ding & Spelt [60]. The code used
in the present study was developed by Sui & Spelt [61] [62]. Our numerical sim-
ulations solve the Navier-Stokes equations by the standard projection procedure
using a finite volume method on a staggered grid, the marker-and-cell (MAC)
mesh. Velocity components are defined at cell faces whereas scalar variables
such as pressure and volume fraction are defined at the cell centres. A fifth-
order weighted essentially non-oscillatory (WENO) scheme [63] is employed for
the level-set function using the local flow velocity as the upwinding direction.
A structured and block-based adaptive mesh refinement (AMR) tool developed
for parallel computing is adopted. The computational domain is covered with
a hierarchy of grid blocks having the identical logical structure (m × n mesh).
The refining and coarsening of the grid blocks are based on a simple check: if
the maximum distance of the grid block to the interface is smaller than a critical
value, a block is cut into two in all directions, respectively, producing eight (in
our 3D axisymmetric configuration) children at a higher refinement level. Each
of these has an identical logical structure, but the grid spacing in each direc-
tion is half that of its parent. All mesh blocks have the same logic structure
at all levels of refinement. More details regarding the numerical method and
performance test can be found in [59] and [64].

Mesh resolution and domain size effects on the solution have been checked
in order to ensure that the reported results are independent on any possible
increase of the mesh density or modification of the computational domain ex-
tent. In particular, different mesh refinements have been adopted for several
Ohnesorge numbers to monitor mass conservation and solution convergence. A
mesh resolution of R/32 results to be sufficient to fully detect the retracting fil-
ament dynamics. Therefore, this mesh size is used in the present study. After a
study of the solution dependence on the domain size, the side of the rectangular
domain in the z direction has been set to 4L (twice the filament length). The
optimal domain height (rectangle side along r-axis) is dependent on the initial
aspect ratio of the filament: 4R has been employed in the range Γ ≤ 16, 5R
for 16 < Γ ≤ 22, and 6R for 22 < Γ ≤ 50. The performed tests ensure that
by increasing the domain size in both directions the simulation results remain
substantially unchanged. The presented numerical method has been validated
against simulations of retracting filaments available in the literature in terms
of profiles time evolution. In particular, data from Notz and Basaran [8] were
taken as a reference.
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Our analysis is limited to nearly inviscid filaments (i.e. the range 0.003 <
Oh < 0.02) due to limitations on the numerical model. Numerical solutions
get increasingly unstable by decreasing the Ohnesorge number in the range
Oh < 0.003. On the other hand, for Oh > 0.02, very high aspect ratios (typically
Γ � 50) are required to reach the breakup. This would correspond to much
longer computational times; and it is worth pointing out that in the viscous
regime also the computational time increases considerably with the Ohnesorge
number. All the simulations performed for the present thesis are characterized
by a run time ranging from 10 to 100 hours on a standard processor.

3.4 Validation

Among all the performed experimental tests and numerical simulations, two
cases have been chosen to show the comparison between experimental and nu-
merical results. These are shown in figures 3.9 and 3.10.

In the first experiment, the liquid is pure water at temperature T = 22◦C;
the viscosity is µL = 0.9 mPa·s, the density is ρL = 998 Kg/m3 and the surface
tension equals σ = 0.0718 N/m. The outer fluid is air at room temperature. The
viscosity and density ratios are set to rv = 50 and rd = 1000, resembling a liquid
water filament suspended in air. A filament with Oh = 0.01 and initial aspect
ratio Γ = 8.6 is chosen. Figure 3.9 shows the time evolution of the retracting
filament profile. Dimensionless times (with respect to the inertial-capillary time
scale tc) for the snapshots are: t = 4, t = 9 and t = 13 in sequence. The red
line is the extracted interface from high-speed experimental images, whereas the
yellow contour is derived from the corresponding numerical simulation. Taking
into account the experimental measurement error due to the images resolution
and the inevitable asymmetries in the geometry of the real generated filament,
a good agreement can be noticed between experiment and simulation.

The second test case reproduces the capillary retraction of a liquid filament
with Oh = 0.013 and initial aspect ratio Γ = 9.6. The used liquid is a water-
glycerol mixture (with a very low glycerol concentration) whose temperature
equals T = 23.5◦C; the viscosity is µL = 1.90 mPa·s, the density is ρL = 1057
Kg/m3, and the surface tension is σ = 0.071 N/m. Figure 3.10 shows the
filament retraction motion: dimensionless times (with respect to the inertial-
capillary time scale tc) for the snapshots are t = 0.796, t = 1.989, t = 3.183
and t = 5.17 in sequence. The red boundary is extracted from experimen-
tal snapshots, while the green line is the interface contour obtained from the
corresponding numerical simulation. Given the aforementioned inevitable dis-
crepancies between experimental and numerical conditions, also in this case a
good matching is achieved.

58



(a) t = 4

(b) t = 9

(c) t = 13

Figure 3.9: Temporal evolution of a retracting filament profile with Oh = 0.01
and initial aspect ratio Γ = 8.6. The red boundary is taken from the experiment,
the yellow one arises from the corresponding numerical simulation.

Both figures 3.9 and 3.10 show the importance of an accurate edge detec-
tion from high-speed images. As already explained in the previous chapter, the
key-step of this process is the conversion from a grey-scale into a black and
white binary format. This operation crucially depends on the intensity thresh-
old, which is manually set by the user in the present work. The adopted value
arises from a “trial and error” adjustment aimed at minimizing the discrepancy
(in terms of the total number of pixels) between the area bounded by the edges
of the raw photo and the one enclosed in the binary image borders. The accu-
racy of this process depends on the lighting conditions and the imaging system
resolution: ideal illuminations and resolutions would allow to obtain an intense
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(a) t = 0.796

(b) t = 1.989

(c) t = 3.183

(d) t = 5.17

Figure 3.10: Temporal evolution of a retracting filament profile with Oh = 0.013
and initial aspect ratio Γ = 9.6. The red boundary is taken from the experiment,
the green one arises from the corresponding numerical simulation.

and sharp contrast between the object and the background, avoiding the typical
intermediate area of “grey shadow”. However, this inconvenience is unavoidable
in real experimental conditions (see figures 3.9 and 3.10), in which the lighting
uniformity and the image resolution arise from a compromise with the field of
view and the framing speed required to analyze the physical dynamics.

It should be noted that numerical and experimental data are in agreement
although our simulations have omitted the effect of gravity: of course, this is
present in real experiments. In fact, it can be proved that capillary retraction
of our free liquid filaments is not affected by the gravitational field or even by
the surrounding air. In the experimental conditions, liquid filaments in free fall
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retract under the action of surface tension. The relative importance of gravity
effects to capillary ones can be easily estimated: this is done by evaluating the
ratio between the filament velocity variation due to gravity during one acous-
tic period, ∆ug, and the capillary velocity uc. A good approximation of ∆ug
is gw/u; on the other hand, the capillary velocity equals uc = R/tc, where
tc =

√
ρR3

σ is the inertial-capillary time. As an indicative benchmark, we con-
sider typical experimental values of R = 0.5 mm, u = 1 m/s and w = 0.01
m: the ratio ∆ug/uc results to be ∼ 0.25. Moreover, the ratio of gravitational
to capillary forces can be more classically calculated through the Bond num-
ber, Bo = ∆ρgR2

σ (here, ∆ρ is the difference in density of the two phases, g the
gravitational acceleration, R the characteristic length, and σ the surface tension
coefficient). By considering our typical water filaments (R = 0.5 mm) retracting
in air at room temperature, we obtain Bo ∼ 0.035. These small values reason-
ably suggest that gravity may not significantly affect the retracting filament
dynamics and its fate. In fact, the good matching between computational and
experimental results in terms of temporal evolution of the filament interface and
its fate seems to confirm this conclusion.

Moreover, Chen et al. [65] have shown that the air viscous drag becomes
significant only for filaments whose radius is smaller than RµairOh2

µ . In our
case, this critical threshold is always much smaller than the high-speed imaging
system resolution.

Finally, as stated by Van Hoeve et al. [66], inertial effects arising from the
surrounding air influence the liquid filament dynamics only when the air Weber
number, Weair = ρairu

2R
σ , is larger than 0.2. In the tests of the present work,

Weair is always far below this critical threshold (it never exceeds 0.07).
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3.5 Results and discussion

3.5.1 Phase diagram

Figure 3.11 summarizes the main results of this section. The phase diagram
Oh− Γ focuses on the low-viscosity “critical region” (Oh < 0.02): it represents
the filament fates in function of the Ohnesorge number Oh and the initial aspect
ratio Γ. It is known that in this region of the phase space, the dominant mech-
anism for filaments breakup is end-pinching, a detachment of two retracting tip
bulges from the central cylindrical region. According to the current state-of-
the-art, for each Ohnesorge number Oh one critical aspect ratio Γc exists which
represents the border between stable and unstable regimes, i.e. full contraction
into a single drop (no-breakup) and segmentation into more droplets (breakup).

The novelty of this study is evident from the detailed phase diagram arising
from our computational and experimental results. Unlike past results, figure
3.11 shows a clear intermediate transitional regime for a central window of aspect
ratios Γ, in which the filaments undergo through an alternation of fates. There
are multiple thresholds Γc at which filaments alternate between no-breakup and
a newly discovered breakup mechanism, i.e. a “cut in two” at the filament
middle section. We define this new breakup mode as “middle-breakup”: the
resulting two parts can be spherical droplets (insets c, e) or elongated filaments
(inset b).

As stated in section 3.1.3, in their numerical simulations, Notz & Basaran [8]
already noticed a third critical regime between no-breakup and end-pinching,
in which they observed filaments’ restabilisation and new breakup mechanisms
(shape oscillations). However, they did not explain neither detect the fate al-
ternation and the middle-breakup mode.

Our phase diagram presents three different regions: in figure 3.11, two red
solid lines separate the three distinct regimes. The end-pinching regime charac-
terizes long filaments (large Γ, above the upper line): filaments break through
the end-pinching mechanism, i.e. the two retracting bulbous ends pinch-off from
the cylindrical filament. The size of the central portion of the filament between
the two separated droplets increases with the initial aspect ratio Γ. Photo inset
a in figure 3.11 represents a case just above the lower border of end-pinching
regime (Γ = 15, Oh = 0.006). The last stages of its contraction dynamics are
depicted in figure 3.12.

The short-filament regime is located under the lower line: typically, it con-
cerns filaments with Γ < 5. For such short filaments, the time needed for a
full retraction is too short for any capillary instability to develop and reach a
singularity (pinch-off). Therefore, in this regime filaments contraction is stable:
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Figure 3.11: Phase diagram Oh − Γ focused on the critical region Oh < 0.02.
Small solid symbols represent numerical simulations, whereas large solid symbols
are experimental results. Different fates of filaments are identified by different
colours. Typical experimental error bars are shown near photo inset b: within
error bars, the agreement between experiments and numerical simulations is very
good. On the right hand side, the main fates of the filaments are shown in photo
insets (experimental high-speed images). The phase space is divided into three
main regimes by two indicative red solid lines. Above the upper line, filaments
break into three parts through end-pinching mode (photo inset a); a special case
for Oh = 0.003 and Γ = 18 is highlighted by an oval and will be explained
in section 3.5.2. Between the two lines, filaments alternate their fates between
middle-breakup (photo insets b, c, e) and no-breakup (photo inset d). Below the
lower line, filaments do not break undergoing through a stable contraction into
a single drop (photo inset f).

Figure 3.12: Last stages of the capillary retraction of the filament (a) of figure
3.11. This case lies in the end-pinching regime: the filament breaks through the
characteristic end-pinching mechanism, i.e. two receding blobs detach from the
central cylinder.

they collapse into a single drop. Figure 3.13 shows the last retraction steps of
the filament denoted by the photo inset f in figure 3.11.

Both of the above filaments behaviors have been already widely studied
through different methodological approaches, and they are well documented in
the literature [7] [8] [9] [48] [49].

Between the two red solid lines, we introduce a new region representing
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Figure 3.13: Last motion stages of the filament (f) of figure 3.11. This mode
belongs to the short-filament regime: the filament fully contracts into a single
droplet.

the fate-alternating transitional regime located between end-pinching and no-
breakup mechanisms. We define it as wave-interaction regime since here the
filament fate is determined by capillary waves interactions on its surface during
the retraction. The different dynamics observed in this region are shown in the
next figures 3.14-3.17. Moving from high towards low aspect ratios, we come
across the following alternation of fates: middle-breakup into two filaments
(inset b), middle-breakup into two droplets (inset c), stable collapse into a
single drop (inset d), middle-breakup into two droplets (inset e).

Figure 3.14: Final contraction stages of the filament (b) of figure 3.11: it frag-
ments into two shorter filaments.

Figure 3.15: Fate of the filament (c) of figure 3.11: it breaks at the middle
section into two droplets.

The underlying physics of this novel regime will be explained in detail in the
next section 3.5.2.

In summary, the photo insets a-f of figure 3.11 represent all the different
filament fates observed: each of their dynamics will be described and illustrated
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Figure 3.16: Final retraction steps of the filament (d) of figure 3.11: it does not
break up.

Figure 3.17: Fate of the filament (e) of figure 3.11: middle-breakup into two
droplets.

in figures 3.23-3.28.
From figure 3.11, it should be noted the highlighted peculiar case of a fila-

ment with Oh = 0.003 and Γ = 18. Although it lies within the end-pinching
regime where filaments break from the bulbous ends into (at least) three frag-
ments, it breaks at its middle section into two shorter filaments. This particular
dynamics will be well explained at the end of section 3.5.2.

Figure 3.18 reports the capillary retraction of a filament with Oh = 0.0057
and Γ = 12. Both instantaneous numerical profiles and corresponding exper-
imental images are shown. This case belongs to the wave-interaction regime
and corresponds to the photo inset c of figure 3.11: the filament breaks into
two droplets through the middle-breakup mode. This analysis is taken as an
indicative benchmark of the comparison between simulations and experiments.
In this regard, the most important consideration concerns the main difference
between numerical and experimental initial conditions. In experiments, liquid
filaments are produced by means of a continuous jet breakup, and they are
formed pinching off between two droplets. It is well known that in such cases
breakup of inviscid fluids is characterized by a conically shaped neck with an
opening half-angle of 18.1◦ [38] [67]. Therefore, when the filament pinches from
the jet, it is not a perfect cylinder and its tips are not semi-spherical. While
retracting, the free filament will evolve into a cylindrical shape and both ends
will get hemispherical. By that time, the liquid flow field is not null neither
stationary: the filament has already a non-negligible retraction speed. On the
contrary, in numerical simulations the liquid filament is initially set at rest. This
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discrepancy can be noted in figure 3.18 at t = 2.0 (time is made dimensionless by
the inertial-capillary time tc), for instance: at the early stage, the experimental
filament retraction and its capillary surface-waves are already developed, com-
pared with the corresponding numerical profile. However, the overall filament
dynamics does not seem to be affected by these initial differences: especially
at later stages, when a steady state is reached, the agreement between the nu-
merical simulation and the experiment is very good. In the present example,
for t > 5.0 (dimensionless experimental time), taking into account a time shift
of 0.6 (due to the above-mentioned initial differences), the matching is qualita-
tively perfect. This consideration holds for all the cases reported in the present
work.

Figure 3.18 shows that capillary waves originate at both bulbous ends and
travel inwards on the filament surface; once they reach the middle section, they
interact with each other. We can see the first significant interaction occurring
at the middle plane between the secondary troughs at t = 6.0 (dimensionless
experimental time). This leads to a neck formation: however, the neck is too
weak to break the filament. Then, we can notice a neck reopening before a
new superposition of the two thinner primary troughs at t = 8.6 (dimensionless
experimental time). This time the originated neck is deep enough to trigger the
thinning which eventually causes the filament breakup.

Figure 3.18: Capillary retraction of a liquid filament with Oh = 0.0057 and
Γ = 12. Instantaneous interface profiles from numerical simulation (upper side)
and experimental photos (lower side).
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3.5.2 The capillary wave superposition model

Our main observation arising from both experiments and numerical simulations
is that the fate of a filament with intermediate aspect ratio Γ is determined by
the superposition of capillary waves originated at both tips that travel inwards
along the free surface. We assume that the waves interaction is the responsible
for the novel middle-breakup mechanism and the alternation of fates. However,
since capillary ripples reach each other and interact very quickly, we find very
hard to observe and study the waves directly on filaments with intermediate
Γ: in fact, it is impossible to track and analyze them individually on such fil-
aments. Therefore, we make a fundamental hypothesis: the evolution of such
capillary waves is independent on the filament length. Thus, we first (compu-
tationally) investigate their propagation on semi-infinite or very long filaments;
this way, we avoid waves’ interactions and have enough time to track their in-
dividual paths. Afterwards, we report the obtained waves’ space-time evolution
onto filaments with intermediate Γ: interaction effects and potential breakup
causes can be identified. We also assume that meeting capillary waves pass each
other unchanged, unless their interaction is “fatal” (thinning neck leading to the
filament breakup).

This is exemplified by figure 3.19, that shows capillary waves on a liquid
filament with Oh = 0.01 and Γ = 25. Its final fate is breakup through end-
pinching. The filament is long enough to observe the waves evolution before
any interaction can occur. Part (a) of the figure defines troughs (T) and peaks
(P) of the waves travelling from the retracting bulbous rim towards the middle
plane z = 0: they are numbered in ascending order from the tip towards the
center of the filament.

Song & Tryggvason [68] investigated the underlying physics of capillary
waves generation for a retracting two-dimensional liquid sheet. The mecha-
nism is analogous for cylindrical filaments, and it can be studied by analysing
the vorticity field in the fluid domain. Figure 3.20 reports the vorticity contours
(numerical results) near the wavy surface of the same filament of figure 3.19.
From part (a) of figure 3.20 it can be noted that the sign variation of the axial
curvature of the fluid interface near the rim and the neck T1 generates positive
vorticity near the bulbous tip and negative vorticity at the neck section. The
same explanation holds for the following peaks and troughs (figure 3.20(b)): the
low viscous diffusion is responsible for the change of surface curvature, there-
fore positive vorticity near bulbous regions (positive curvature) and negative
vorticity near necking sections (negative curvature). Figure 3.20(c) shows that
this process is continuous and generates a series of capillary ripples towards the
central cross section z = 0.
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Figure 3.19: (a) Notations of troughs (T) and peaks (P) of capillary waves on a
retracting filament. (b) Time evolution of amplitude (upper) and axial position
(lower) of wave troughs and peaks on a retracting filament with Oh = 0.01 and
Γ = 25 (numerical simulation). (c) Waves’ evolutions obtained in (b) mapped on
a retracting filament with Γ = 12 and same Ohnesorge number (they are shifted
towards z = 0 by the aspect ratio difference Γb − Γc); dashed lines represent
the paths of the capillary waves propagating from the opposite filament tip. The
waves evolution of (b) and (c) is assumed to be exactly the same: the only
difference is that on the shorter filament (c) they start travelling closer. Unlike
in the long filament dynamics (b), the retraction time in (c) is enough for waves
to superimpose. This may result in a different filament fate [1].

We define the instantaneous amplitude of waves peaks and troughs as a(t) =
r(t) − R, where r(t) is the instantaneous radius of the considered section and
R is the initial unperturbed filament radius. In the graphs of figure 3.19, tem-
poral evolutions of the waves’ amplitudes and their z-coordinate are plotted:
these quantities are made dimensionless by the length scale R. It should be
noted that troughs and peaks amplitudes oscillate in time: the filament neck
T1 starts to thin before a reopening, and eventually it decreases to -1 (singular-
ity, i.e. end-pinching), for instance. As reported by Hoepffner & Paré [10], this
end-pinching is indirect since the neck escapes the pinch-off (reopening) before
breakup occurs. On the contrary, inviscid filaments (Oh ≤ 0.001) are character-
ized by direct end-pinching: T1 decreases monotonically up to the singularity.
In general, waves’ temporal evolutions are function of the Ohnesorge number
Oh.

Plot 3.19(b) (numerical simulations) clearly shows that troughs and peaks
axial positions evolve linearly in time, except at the very early stage of retraction
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Figure 3.20: Time evolution of the vorticity contours near the capillary retract-
ing rim of a liquid filament with Oh = 0.01 and Γ = 25 (numerical simulation).

when ripples are being formed. This means that the waves phase velocity is
almost constant. Making the waves speed dimensionless by the Taylor-Culick
capillary speed R/tc ([47], [69]), for all present cases it results to be ∼ 1.05.
Also the wavelength λ (relative distance between adjacent peaks or troughs) is
almost constant and approximately equal to 3R (in the next chapter, it will be
shown that this value is characteristic of the explored quasi-inviscid regime).
Hence, the waves phases are stationary with respect to the retracting rim.

Our simple but effective model is based on linear superposition of colliding
capillary waves propagating from both filament tips, and it is able to predict
the fate of filaments with intermediate initial aspect ratios. In particular, we
assume that when two troughs Ti and Tj meet, they will interact forming a
deeper trough of amplitude b = aTi + aTj .

Figure 3.19(c) plots the trajectories of the first two troughs and peaks trav-
elling inwards from each bulb of a retracting filament with Oh = 0.01 and
Γ = 12. According to the adopted notation, T ′i (P ′i ) represents the homologous
trough (peak) of Ti (Pi), coming from the opposite tip of the filament. T1, P1,
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T2, P2, T1’, P1’, T2’ and P2’ are usually sufficient to determine the filament
fate in the transitional wave-interaction regime since higher order waves are al-
ready very damped and their perturbations are not relevant. The circular and
square symbols represent the space-time coordinates of a collision between two
troughs Ti and Tj , thus a deeper trough formation. According to the model, if
the “superposed” amplitude b = aTi + aTj exceeds a critical threshold, a cap-
illary instability will break the filament. This critical amplitude is estimated
through a simple scaling argument. Whether two approaching waves break up
the filament after superposition or not depends on two competing time scales:
the breakup time associated to the superposed wave amplitude, and the time
needed for the following wave collision to occur at the same filament section.

The present model estimates the breakup time tb through the Rayleigh-
Plateau instability theory. The breakup time of the fastest growing mode is
given by tb = − ln|b|

ωmax
, where b = aTi + aTj is the superposed trough amplitude

(its value is set as initial perturbation amplitude) and ωmax is the fastest wave
growth rate (from [53]). The meeting time tm can be easily evaluated knowing
the observed (from present simulations) wavelength λ ' 3R and the constant
travelling waves speed vc ' 1.05R/tc. Then tm = λ

2vc . According to the model,
the filament breaks up when tb < tm. This leads to the critical superposed
trough amplitude |bc| = exp

(
−λωmax2vc

)
. When |b| > |bc|, the filament will

break at the wave collision section due to capillary instability. In the range
of interest 0.003 < Oh < 0.02, |bc| lies between 0.605 (|bc|Oh=0.003) and 0.616
(|bc|Oh=0.02). These values are calculated assuming the observed wavelength
(3R) and retraction speed (1.05R/tc), and the maximum growth rate ωmax
provided by the coupling of equations 3.3 and 3.4. For simplicity, |bc| = 0.61 is
set in the present work.

It should be noted that the above reported model applies linear superposition
to finite-amplitude waves: this estimation violates mass conservation by an
amount that is proportional to the square of amplitude.

Figure 3.21 is a comprehensive phase space in which filament fates predicted
by the capillary wave superposition model are plotted together with the results
arising from the run numerical simulations and experiments. The solid lines
mark the boundaries between the three main different regimes; the dashed lines
separate middle-breakup and no-breakup fates in the wave-interaction regime.
The proposed model is able to well define the whole phase diagram and correctly
predict almost all the filament behaviors.

The model predictive capability is now explained in detail. Figures 3.22-3.28
show capillary waves collisions on six liquid filaments of the same viscous regime
(Oh = 0.01 in numerical simulations, O(Oh) = 10−2 in the corresponding
experiments, which reproduce the same dynamics) and different initial aspect
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Figure 3.21: The same Oh − Γ phase diagram as in figure 3.11 with the cap-
illary wave superposition model predictions. Open symbols represent the model
predictions and refer to the same Oh of numerical simulations results on their
left, denoted by small solid symbols; large solid symbols are experimental data.
The solid and dashed lines mark fates boundaries predicted by the model. Solid
lines divide the main three regimes; dashed lines separate middle-breakup and
no-breakup modes in the wave-interaction regime.

ratios Γ. Each of the shown cases corresponds to distinct fates and breakup
modes illustrated in the phase diagram 3.11. As already stated, the considered
examples only involve the first two troughs (i.e. T1 and T2) as higher order
waves (very damped by viscosity) do not affect the filament fate. In figure 3.22
the (numerical) capillary retraction of a filament with Γ = 25 is represented. It
undergoes through the classical end-pinching dynamics: the main trough T1,
i.e. the neck connecting the bulbous rim and the cylinder, fully develops the
singularity reaching a = −1 before any significant wave superposition can occur.
Therefore, the filament breaks up into three parts as shown in the inset.

Figure 3.23 shows an experiment reproducing the same dynamics, but in this
case the initial aspect ratio of the filament is different. From a practical point
of view, it is very difficult to generate very long liquid filaments. Consequently,
experimentally we were able to produce a filament with Γ = 15. In this case,
no wave collision is strong enough to generate a trough leading the filament to
breakup within the retraction time. Thus the neck T1 fully develops and reaches
the singularity at t = 9.7 (experimental dimensionless time): the filament breaks
in three fragments through the end-pinching mechanism.
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Figure 3.22: Amplitudes (upper panel) and axial positions (lower panel) of wave
troughs on a capillary retracting filament with Oh = 0.01 and Γ = 25. The
three dots denote the instants when the neck amplitude T1 crosses the threshold
a = −0.305: in fact, a linearly superposed amplitude due to the collision of T1
and T1’ would lead to the breakup of the filament (b = aT1 +aT1′ = −0.61). The
inset represents the numerical interface denoting the filament fate.

Figure 3.23: Capillary retracting filament with Oh = 0.006 and Γ = 15.

By decreasing the filament aspect ratio Γ, the detachment of the two ends
occurs closer and closer to the central section of the filament (z = 0). The wave-
interaction regime upper boundary is marked by Γcu ' 13.4 (see the phase dia-
gram in figure 3.21): in this case, the neck T1 amplitude reaches the singularity

72



(a = −1) exactly at z = 0.
In general, wave troughs closer to the middle section z = 0 interact earlier.

However, their amplitudes are typically quite weak and their superposition may
not be sufficiently large to cause a “fatal” necking and breakup. Moreover,
the wave-amplitude variation in time is nonlinear and non-monotonic. As a
result, in the wave-interaction regime, the superposing troughs which cause the
filament breakup are generally not known a priori. Furthermore, the filament
fate and its pinch-off dynamics might be not monotonically dependent on the
initial aspect ratio Γ.

In figure 3.22 the instants t1, t2 and t3 (when T1 amplitude crosses a =
−0.305) are marked: this is a critical threshold where the T1 + T1’ collision
would produce a linearly superposed amplitude b = aT1 +aT1′ = −0.61 leading to
breakup. Observing the (numerically derived) time evolution of T1 amplitude,
we can state that if the neck T1 reaches the central section z = 0 at t1 ≤ t ≤ t2
or t ≥ t3, the T1 + T1’ collision will be “fatal” as the superposed trough (|b| =∣∣aT1 + aT1′

∣∣ ≥ 0.61) will break the filament from the middle due to capillary
instability. According to the present model, the capillary waves travel along
the filament surface at a constant speed. Thus, the time needed by a trough to
reach the central section z = 0 can be easily calculated and only depends on the
filament length. Results shown in figures 3.24-3.28 are obtained by mapping the
waves evolving on the filament with Γ = 25 onto shorter filaments. Based on
these observations, we conclude that the wave-interaction regime contains two Γ-
ranges in which middle-breakup occurs. Experiments and numerical simulations
plotted in figure 3.21 confirm this conclusion.

Figure 3.22 also suggests that a narrow Γ window exists in which filaments
will undergo through a middle-breakup because of the superposition T2 + T2’
at the middle section z = 0: in fact, we notice that in a very small time range
located around t = 7.5 (dimensionless computational time), the amplitude of
the trough T2 is less than the critical threshold -0.305.

Such scenario is proposed in the following figure 3.24. A retracting filament
with initial aspect ratio Γ = 13 breaks in the middle due to the T2 + T2’
collision occurring at t = 7.44 (according to numerical simulations). This fatal
interaction occurs at z = 0 before any other potential wave collision (i.e. T1
+ T2’, T1 + T1’). The agreement between the numerical simulation and the
experiment is qualitatively very good. The time shift of the breakup instant
is due to the slightly different Ohnesorge number and the already discussed
discrepancies between numerical and experimental initial conditions.

Analogous considerations hold for all the following examples. In the numer-
ical plots, t1, t2 and t3 instants are always highlighted as vertical solid lines,
the insets are interfaces representing the filament fate, the circular and square
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Figure 3.24: On the left, axial positions of wave troughs on a capillary retracting
filament with Oh = 0.01 and Γ = 13 in terms of time. Here, t1, t2 and t3 are
labelled as vertical solid lines; the circular symbol marks the collisions between
T2 and T2’, and the two numbers in the legend are the collision instant and
the resulting linearly superposed amplitude, respectively; the inset represents the
filament fate: middle-breakup in two shorter filaments. On the right, experi-
mental images of the capillary retraction of a liquid filament with Oh = 0.005
and Γ = 13.

symbols represent troughs’ superpositions, and the legend shows the collision in-
stant (dimensionless computational time) and the resulting linearly superposed
amplitude, respectively.

Figure 3.25 reports the capillary retraction of a liquid filament with initial
aspect ratio Γ = 12. As expected, the wave “meeting” T2 + T2’ occurs earlier
than in the filament of figure 3.24 due to its smaller length. However, at the
collision instant the superposed trough is shallower: its amplitude is lower than
the critical threshold, thus no breakup is observed. Additionally, the following
superposed troughs T1 + T2’ and T1’ + T2 are not deep enough to produce
the filament breakup. In this case, the T1 + T1’ collision is fatal: in fact, it
happens soon after t3 (precisely at t = 9.28). It generates a thinning neck which
rapidly leads to the middle breakup of the filament in two drops. In this case,
the wave superposition model correctly predicts the fate of the filament which
is shown in the numerical inset. The matching with the experimental images is
qualitatively very good.

It is interesting to notice that the T2 + T2’ superposition, if deep enough,
splits the filament into two shorter cylindrical filaments (figure 3.24), whereas
the fatal T1 + T1’ collision fragments the filament into two spherical drops
(figure 3.25).

The neck superposition T1 + T1’ happens earlier as the initial aspect ratio
Γ of the liquid filament is decreased. Looking at the temporal evolution of the
trough T1 amplitude shown in figure 3.22, we can state that when T1 reaches
the central section z = 0 at t2 < t < t3, it will be too weak to break the fila-
ment: in fact, the linearly superposed amplitude |b| =

∣∣aT1 + aT1′

∣∣ arising from
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(a) Numerical simulation

(b) Experiment

Figure 3.25: (a) Axial positions of wave troughs on a capillary retracting fila-
ment with Oh = 0.01 and Γ = 12 in terms of time. (b) Experimental images of
the capillary retraction of a liquid filament with Oh = 0.006 and Γ = 12.

the collision T1 + T1’ is smaller than the critical threshold 0.61. Figure 3.26
represents an example of this scenario: the initial aspect ratio of the filament
is Γ = 10 in the numerical simulation and Γ = 10.5 in the experiment. Within
the retraction time, no wave collision is strong enough to lead to breakup, thus
the filament recoils into a single drop. This case lies in the no-breakup region
of the wave-interaction regime.

The critical aspect ratio Γc1 separating the middle-breakup and no-breakup
fates in the upper part of the wave-interaction regime is marked by the upper
dashed line in figure 3.21. It corresponds to the filament length in which the
neck T1 reaches the middle section z = 0 exactly at the instant t3. In our Oh
range of interest, Γc1 ' 11.8.

By decreasing the initial aspect ratio Γ, we find filaments whose trough T1
reach the middle section at an instant between t1 and t2. In such cases, the T1 +
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Figure 3.26: On the left, axial positions of wave troughs on a capillary retracting
filament with Oh = 0.01 and Γ = 10 in terms of time. On the right, experimental
images of the capillary retraction of a liquid filament with Oh = 0.006 and
Γ = 10.5.

T1’ wave interaction produces a neck which is deep enough to cause the filament
middle-breakup (|b| =

∣∣aT1 + aT1′

∣∣ ≥ 0.61). An example is provided in figure
3.27: the filament simulated in the numerical simulation has Γ = 6, whereas
the initial aspect ratio of the filament experimentally analysed is Γ = 6.5. This
case lies in the lower middle-breakup region of the wave-interaction regime.

The critical aspect ratio Γc2 that divides the no-breakup and middle-breakup
regions in the lower part of the wave-interaction regime is represented by the
lower dashed line in the phase diagram of figure 3.21. It corresponds to the
filament length where T1 reaches z = 0 at t2. In the present Oh window,
Γc2 ' 8.2.

Figure 3.27: On the left, axial positions of wave troughs on a capillary retracting
filament with Oh = 0.01 and Γ = 6 in terms of time. On the right, experimental
images of the capillary retraction of a liquid filament with Oh = 0.005 and
Γ = 6.5.

Finally, we report the retraction dynamics of short filaments in which the
troughs are still weak within the retraction time. In particular, the neck T1
reaches the middle section z = 0 before t1, and no wave collision is sufficiently
large to generate breakup. Thus, the filament is stable and collapses into one
drop. Figure 3.28 shows the case of a retracting filament with initial aspect
ratio Γ = 5 in the numerical simulation and Γ = 5.5 in the experiment. This
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example falls in the short-filament regime of the phase diagram shown in figure
3.21.

The boundary between the wave-interaction and short-filament regimes (the
lower black solid line in figure 3.21) corresponds to the critical aspect ratio Γcl
where the filament neck T1 reaches the middle plane z = 0 at the instant t1;
for 0.001 ≤ Oh ≤ 0.01, Γcl ' 5.8.

Figure 3.28: On the left, axial positions of wave troughs on a capillary retracting
filament with Oh = 0.01 and Γ = 5 in terms of time. On the right, experimental
images of the capillary retraction of a liquid filament with Oh = 0.005 and
Γ = 5.5.

Now we provide a clarification on the singular case of the filament with
Oh = 0.003 and initial aspect ratio Γ = 18 highlighted in the phase diagram
of figure 3.11. This filament undergoes the middle-breakup mode: it splits into
two shorter filaments from its central section although it lies in the end-pinching
regime (longer and shorter filaments both break through end-pinching). The
collision between the troughs T3 and T3’ is responsible for this filament fate.
In fact, they reach the middle section z = 0 before the neck T1 fully develops
end-pinching, and they generate a trough whose amplitude is deeper than the
critical threshold, leading to the filament breaking up from the middle. On a
slightly shorter filament, the T3 + T3’ interaction occurs earlier and it is not
strong enough to produce breakup since their superposed amplitude does not
reach the critical value. However, the filament is sufficiently long for its neck T1
to fully develop and reach the singularity (end-pinching). On the other hand, a
slightly longer filament allows T1 to attain a = −1 before the troughs T3 and
T3’ can meet each other. Therefore, the filament breaks through the classical
end-pinching mechanism.

It is interesting to notice that this case is the only one among all the per-
formed simulations and experiments for which the trough T3 dynamics does
affect and determine the filament fate. Apart from this exception, we can con-
clude that our simplistic model (which only considers T1 and T2 paths) is able
to detect all the observed filaments’ behaviors in the analysed portion of the
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Oh − Γ phase diagram. Thus, it can be used to define all the different regions
of the phase space.

The main assumption of our simple model is that in case of collision between
two troughs forming a neck whose linearly superimposed amplitude is deeper
than a critical threshold, the filament will break at the neck section through the
Rayleigh-Plateau instability mode. We analyse this scenario in detail: figure
3.29 shows the shape of the filament of figure 3.27 and its pressure field at
t = 3.65 (dimensionless computational time), the instant at which the troughs
T1 and T1’ collide at the middle plane z = 0. The filament fate is middle-
breakup due to the capillary instability produced by this wave interaction. It
is worth to note that the capillary pressure is positive at the neck section:
the azimuthal-curvature radius is positive and smaller than the axial-curvature
one, which is negative due to the outer curvature center (see equation 2.2). The
resulting pressure gradient pushes liquid away from the neck, eventually causing
the filament breakup. In fact, without the trough collision, the Laplace pressure
would be negative at T1 section since the azimuthal-curvature radius would be
larger than the axial one.

Analogous considerations apply to the filaments analysed in figures 3.24 and
3.25: the trough collision (i.e. T2 + T2’ or T1 + T1’) is responsible for the
pressure increase which leads to the necking and the middle-breakup dynamics.
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Figure 3.29: (a) Shape of a recoiling filament with Oh = 0.01 and initial aspect
ratio Γ = 6 at the instant of the troughs T1 + T1’ collision. (b) Zoom of
the neck section and pressure contours. κ1 and κ2 are the axial and azimuthal
curvature radii, respectively [1].
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3.5.3 Limitations of the model

Although the capillary wave superposition model has been proved to be usu-
ally effective in predicting the retracting filament fate, it also presents some
limitations. For instance, figure 3.21 shows that it fails to determine the fate
of liquid filaments just above the lower boundary of the end-pinching regime.
In fact, the capillary wave superposition model predicts end-pinching whereas
numerical simulations and available experiments produce no-breakup or middle-
breakup for the majority of the tested Ohnesorge numbers Oh. This discrepancy
is due to a fundamental assumption: according to the presented model, capil-
lary waves pass each other unchanged after the collision, unless the superposed
trough amplitude b would be “fatal”, forming a thin neck which leads to breakup
within the meeting time tm. This hypothesis does not faithfully reproduce the
real physics: in fact, in such filaments the neck T1 collides with the peak P1’
shortly before end-pinching. This interaction reopens the neck and escapes end-
pinching, leading to no-breakup or middle-breakup behaviors.

Another important limitation of the model regards its own definition: it is
not well-defined. In fact, it depends on numerical simulations of non-interacting
waves at each Ohnesorge number Oh. Filaments’ fates are predicted by the
model in the wave-interaction regime simply by mapping waves trajectories
previously obtained for long filaments onto shorter ones and considering their
collisions.

The main difficulty in building a complete, independent, and self-contained
predictive model lies in the complex physics of capillary waves. In fact, the
oscillation in time of the waves’ amplitudes is complicated, and modelling their
dynamics results to be non-trivial. In this regard, previous studies have in-
vestigated and analytically described the propagation of capillary waves: for
instance, self-similar solutions were derived for retracting liquid wedges [70] and
cones [71].

Finally, our work focused on the almost inviscid regime only. In fact, the
capabilities of the capillary wave superposition model have not been tested on
significantly viscous filaments.
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3.6 Conclusions

In brief, the proposed model can explain the fates of retracting liquid filaments
in the low-viscosity region of the phase space Oh − Γ. The diagram is divided
into three main regimes.

Sufficiently long filaments breakup through end-pinching since the necks have
enough time and space to fully develop and reach the singularity (pinch-off).

Short filaments are stable and do not break because of the short retraction
time: troughs are too weak and not developed enough within this period.

The dynamics of intermediate-length filaments is governed by capillary waves
interactions. The retraction time is too short for the necks to fully develop end-
pinching, but breakup can still occur as a result of capillary waves superposition.
A filament breaks into two droplets or two filaments depending on the nature of
the “fatal” colliding troughs and their meeting instant. Since the waves’ ampli-
tudes oscillate in time, the intermediate-Γ window of filaments is characterized
by an alternation between no-breakup and middle-breakup modes.

The main novelties of the present piece of work are the fate-alternating tran-
sitional regime and the middle-breakup mechanism in retracting liquid filaments,
which prove the importance of capillary waves superposition. This phenomenon
may be exploited in several practical applications as a new mean to control the
integrity and breakup of liquid filaments in a wide range of lengths. For instance,
the novel middle-breakup dynamics may be used to produce equal-sized small
droplets. Ink-jet printing is one of the industrial technologies that can benefit
from this study to improve its current strategies. However, this analysis may
be also applicable to other techniques, such as biological and medical systems
based on rapid droplet spreading [72].

The next chapter is focused on the mathematical modeling of the capillary
recoiling dynamics of liquid filaments: the analysis provides a formal description
of the space-time evolution of the fluid interface.
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Chapter 4

Shape of a recoiling liquid
filament

In this chapter, we study the capillary retraction of a Newtonian semi-infinite
liquid filament through analytical and numerical methods. The state-of-the-art
on this classic problem is mainly composed of numerical analysis and experi-
ments. In this work we adopt an alternative approach: we develop analytical
arguments in order to obtain a quasi-analytical asymptotic expression of the
fluid interface.

In particular, we corroborate numerical results with a theoretical model
which uses the well-known Eggers one-dimensional (1D) approximation for a
free-surface slender cylindrical flow [73]. We study the 1D-model equations
through asymptotic analysis to derive an expansion of the filament profile for
long times, once a steady state is reached after a transient regime. Three dis-
tinct regions with different characteristic length and time scales are identified in
the retraction domain: a growing spherical rim, a steady filament section and
an intermediate matching zone.

These solutions are then matched together in the whole fluid domain to ob-
tain a global expression. We show that liquid filaments naturally develop travel-
ling capillary waves along their surface and a neck behind the blob. The waves’
asymptotic wavelength, decay length, and the minimum neck size are analysed
in terms of the Ohnesorge number. Finally, our results are compared with pre-
vious studies from the literature [8] and numerical simulations in Basilisk [15]
obtaining a good agreement. This analysis provides a full picture of the recoil-
ing process going beyond the classic result of the velocity of retraction found by
Taylor and Culick.
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4.1 Introduction

As explained in previous chapters, a liquid filament free in the air retracts by
the action of surface tension. This is a classical scenario which has been widely
analysed in the literature through theoretical, numerical and experimental ap-
proaches (see [47], [48], [49], [9], [8], [10], [50]). This phenomenon presents a key
scientific interest which is linked to both fundamental research and applications:
in fact, fluid retraction dynamics occurs in many engineering and industrial
problems such as atomisation, spraying, inkjet printing, and microfluidics.

However, the first significant studies on this topic were performed by Taylor
[44] and Culick [45], who focused on the capillary retraction of a thin planar fluid
sheet. Following basic physics principles, i.e. mass and momentum conservation,
they found that the fluid free edge accumulates mass from the film as it retracts,
and a growing rim with a circular section is formed. The rim recedes at a
retraction speed that tends to a constant value, the Taylor-Culick speed. This
velocity is independent of the fluid viscosity as it results from a balance between
inertial and capillary forces.

In the case of a cylindrical filament with radius R, the liquid is collected
at the receding tip in a growing spherical blob. Mass and momentum balance
applied to a domain enclosing the rim yields the Taylor-Culick speed (see figure
4.1). The external forces acting on the domain are produced by the pulling
surface tension σ of the fluid (Fσ = 2πσR) and the pushing filament inner
pressure (Fp = − σ

R ·πR
2 = −πσR). These forces originate a momentum increase

of the rim, and this leads to a constant retraction speed.

Figure 4.1: Scheme of a cylindrical liquid filament with radius R retracting by
the action of the surface tension σ.

The mass accumulated in the spherical blob is mb(t) = ρπR2zb(t), where
zb(t) is the axial coordinate denoting the position of the blob in time, and ρ the
fluid density. The momentum equation for the blob is:
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d
dt

(
mb(t)

d
dtzb(t)

)
= Fσ + Fp = πRσ

Replacing the rim mass expression in the last equation, we get:

d2

dt2 (z2
b (t)) = 2σ

ρR

We can integrate twice the last equation imposing the initial conditions zb(t =
0) = 0 and d

dt (zb(t)) |t=0 finite. This yelds: zb(t) =
√

σ
ρR t. Consequently, the

blob retracts at a constant velocity, the Taylor-Culick speed:

c =
√

σ

ρR
. (4.1)

As shown by numerical and experimental studies [10], in the long time limit
the system dynamics is mostly represented by the blob growth. In a good ap-
proximation, the rim keeps a spherical shape which slowly grows in time. The
time evolution of its radius Rb(t) can be derived through a basic mass conser-
vation argument. Under these assumptions, the rim mass balance equation is
the following:

ρπR2c = d
dt

(
ρ

4
3πR

3
b(t)

)
(4.2)

Integrating this equation with the initial condition Rb(t = 0) = R leads to the
time power law of the blob radius (where tc =

√
ρR3

σ is the capillary time):

Rb(t) = R

(
1 + 3

4
t

tc

)1/3
⇒ Rb(t) ∝ t1/3. (4.3)

However, subsequent detailed studies by Savva & Bush [13] have shown
through numerical simulations and experiments that the retraction velocity con-
verges to the Taylor-Culick value after an initial unsteady state. Hence, the
“Taylor-Culick regime” is only a quasi-stationary asymptotic limit. Indeed, this
prediction is derived from very simple arguments: mass and momentum balance
applied at a global scale (net force acting on the growing blob). Moreover, this
classical model does not take into account the fluid viscosity.

Nevertheless, Brenner & Gueyffier in 1999 [14] and Savva & Bush in 2009
[13] showed that the filament dynamics is heavily influenced by the liquid viscos-
ity µ. In particular, their experiments and numerical simulations proved that
the viscosity determines the transient-state characteristic time, the interface
stability, and the filament profile.

For planar thin sheets, Brenner & Gueyffier (1999) [14] have reported that
highly viscous retracting fluids do not originate any rim: in this case a constant
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thickening of the film is observed during the retraction. On the contrary, when
viscosity is low enough and capillarity dominates the dynamics, a thin neck is
formed between the circular rim and the film, whose height remains unperturbed
[74].

As it will be shown in the next section, the problem is governed by a single
dimensionless parameter, the Ohnesorge number Oh = µ√

ρσR
, which represents

the ratio of viscous and capillary forces. Examples of the behaviour of the
retracting film for different Oh are shown in figure 4.2.

Figure 4.2: Taken from [13]. Three distinct regimes for a capillary retracting
viscous sheet obtained by Brenner & Gueyffier (1999) [14]. As Oh increases,
the capillary ripples, the neck and the rim disappear because of the dissipative
action of viscosity.

These observations prove that the traditional model, resulting from Taylor
and Culick arguments, of a spherical growing rim next to a constant radius
filament cannot accurately describe the real retraction dynamics.

In this chapter, we study the filament interface evolution in the long-time
limit, i.e. when the blob radius Rb is much larger than the filament radius
R, using a local asymptotic analysis. In section 4.2, we present a set of two
one-dimensional equations for a free-surface slender liquid filament under the
lubrication approximation. We use this model to analyse the filament dynamics
in its quasi-steady state. In section 4.3, we show that the long-time asymp-
totic solution is separated into three regions that have different length and time
scales: a steady cylinder far from the rim, a receding blob, and an intermediate
matching zone. In section 4.4, following a formalism analogous to the one used
by Gordillo et al. (2011) [74] for a planar liquid film, the three different solutions
are “matched” together to provide a unique asymptotic matching solution of the
evolving filament shape. Travelling capillary waves and the neck connecting the
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blob and the filament (see figure 4.3), which can be seen under some conditions,
are analysed in terms of the Ohnesorge number. These results are important as
they provide a full and formal description of the Taylor-Culick regime.

Figure 4.3: Scheme of a capillary retracting liquid filament in the Taylor-Culick
regime. The spherical rim recedes at a constant velocity c =

√
σ
ρR and its

radius Rb grows in time. Under some conditions, capillary waves travel along
the filament surface and a neck is formed between the blob and the cylindrical
region.

4.2 Dynamics of a capillary retracting liquid fil-
ament

In this section, we consider an incompressible viscous liquid axisymmetric body
surrounded by an inert ambient gas with negligible density and viscosity. Under
this hypothesis the boundaries of the liquid can be considered as free surfaces.
The filament, initially at rest, is a semi-infinite cylinder aligned to the z-axis
(see figure 4.3) with a hemispherical cap whose radius R is the same as the one
of the cylindrical section. The thickness of the filament is large enough to apply
continuum mechanics theory. The dynamics of the liquid body is governed by
the incompressible Navier-Stokes equations (mass and momentum conservation
laws):

∇ · u = 0 (4.4)

∂u
∂t

+ u · ∇u = −∇p
ρ

+ ν∇2u + σ

ρ
κδsn, (4.5)

where u = urer + uzez represents the velocity field (the azimuthal component
is assumed to be null), p the pressure field, ν the kinematic viscosity and ρ the
density of the liquid, σ the liquid-gas surface tension coefficient; the effect of
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gravity is not considered here. Surface tension forces are represented through a
Dirac delta function δs at the gas-liquid interface; κ is the local mean curvature
of the interface, and n denotes the local normal direction.

Following the same approach of Eggers & Dupont (1994) [73] and Popinet
& Antkowiak (2011) [75], we write the full scalar equations of motion for an
incompressible viscous fluid in cylindrical coordinates: these are continuity and
momentum conservation along axial and radial directions (the flow is assumed
axisymmetric, thus invariant along the azimuthal direction).

∂rur + ur
r

+ ∂zuz = 0 (4.6)

∂tuz + ur∂ruz + uz∂zuz = −1
ρ
∂zp+ ν

(
∂rruz + ∂zzuz + 1

r
∂ruz

)
(4.7)

∂tur + ur∂rur + uz∂zur = −1
ρ
∂rp+ ν

(
∂rrur + ∂zzur + 1

r
∂rur −

ur
r2

)
(4.8)

We need to add the proper boundary conditions on the gas-liquid interface
in order to close the system. These are the free surface boundary conditions.

First, the kinematic boundary condition is given by dF
dt = 0, where the gas-

liquid interface is described by F (x, t) = 0. In the slender jet limit (radial
length scale much smaller than axial dimensions), the interface can be defined
as F (x, t) = h(z, t) − r = 0. Under this assumption, the kinematic boundary
condition is:

dF
dt = ∂th− ur + uz∂zh = 0 at r = h. (4.9)

The interfacial stresses conditions are given by n · τ · n = σκ and n · τ · t =
0, where the surface tension σ is assumed to be constant across the whole
fluid domain; the mean curvature of the interface κ is known from differential
geometry [76] for a body of revolution, κ = ∂zzh

(1+(∂zh)2)3/2 − 1
h
√

1+(∂zh)2
; τ =[

τrr τrz

τrz τzz

]
is the fluid stress tensor, and n and t are the unit normal and tangent

vectors respectively. In the slender jet approximation [75]: n = 1√
1+∂zh2

( 1
−∂zh

)
,

t = 1√
1+∂zh2

(
∂zh

1
)
.

The normal stress condition represents the pressure discontinuity due to
surface tension at the interface (Young-Laplace law). With these assumptions,
it is expressed by:

86



−p+ 2µ
1 + (∂zh)2 [∂rur−∂zh(∂ruz +∂zur)+(∂zh)2∂zuz] = σκ at r = h. (4.10)

The tangential stress condition expresses the zero shear stress at the inter-
face. It is given by:

µ

1 + (∂zh)2 [2∂rur∂zh+ (∂ruz + ∂zur)(1− (∂zh)2)− 2∂zh∂zuz] = 0 at r = h.

(4.11)
Finally, we have the axis symmetry condition in the velocity field:

∂ruz = ur = 0 at r = 0. (4.12)

The full dynamics of the axisymmetric problem is described by a set of seven
coupled equations: 4.6 - 4.12. Following classic dimensional analysis, these
equations are made dimensionless through the following scaling: z, r, h ∼ R;
t ∼ R2

ν ; uz, ur ∼ ν
R ; p ∼

ρν2

R2 . This process leads to a system of non-dimensional
nonlinear partial differential equations:

∂rur + ur
r

+ ∂zuz = 0 (4.13)

∂tuz + ur∂ruz + uz∂zuz = −∂zp+ ∂rruz + ∂zzuz + 1
r
∂ruz (4.14)

∂tur + ur∂rur + uz∂zur = −∂rp+ ∂rrur + ∂zzur + 1
r
∂rur −

ur
r2 (4.15)

∂th− ur + uz∂zh = 0 at r = 1 (4.16)

− p+ 2
1 + (∂zh)2 [∂rur − ∂zh(∂ruz + ∂zur) + (∂zh)2∂zuz] =

= Oh−2

(
∂zzh

(1 + (∂zh)2)3/2 −
1

h
√

1 + (∂zh)2

)
at r = 1

(4.17)
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1
1 + (∂zh)2 [2∂rur∂zh+ (∂ruz + ∂zur)(1− (∂zh)2)− 2∂zh∂zuz] = 0 at r = 1

(4.18)

∂ruz = ur = 0 at r = 0. (4.19)

It is remarkable that the phenomenon dynamics is governed by one single
dimensionless parameter, the Ohnesorge number: Oh = µ√

ρσR
. Here, this rep-

resents the ratio between viscous and surface tension forces in the characteristic
length R of the cylindrical filament.

From this point, the axial component of the velocity uz will be denoted as
u, whereas the radial velocity ur will be called v: u = ver + uez.

We are interested in the system reaction to small perturbations. For this
purpose, we impose small perturbations to a semi-infinite cylinder of radius
1 at rest. Mathematically this corresponds to the following non-dimensional
equations (ε � 1 and u1, v1, p1 and h1 are the non dimensional perturba-
tions imposed to the axial velocity, radial velocity, pressure and filament radius,
respectively; p0 is the dimensionless inner pressure in the cylinder):

u(z, r, t) = εu1(z, r, t)

v(z, r, t) = εv1(z, r, t)

p(z, r, t) = p0 + εp1(z, r, t)

h(z, t) = 1 + εh1(z, t)

By substituting these expressions in the continuity and Navier-Stokes equations
4.13 - 4.15 and linearising, we obtain the following set of equations for the flow
perturbations:

∂v1

∂r
+ v1

r
+ ∂u1

∂z
= 0 (4.20)

∂u1

∂t
= −∂p1

∂z
+ ∂2u1

∂r2 + ∂2u1

∂z2 + 1
r

∂u1

∂r
(4.21)

∂v1

∂t
= −∂p1

∂r
+ ∂2v1

∂r2 + ∂2v1

∂z2 + 1
r

∂v1

∂r
− v1

r2 , (4.22)

with the following boundary conditions (corresponding to equations 4.16 - 4.19):
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∂h1

∂t
− v1 = 0 at r = 1 (4.23)

∂u1

∂r
+ ∂v1

∂z
= 0 at r = 1 (4.24)

p0 = Oh−2 and − p1 + 2∂v1

∂r
= Oh−2 ∂

2h1

∂z2 at r = 1 (4.25)

∂u1

∂r
= v1 = 0 at r = 0. (4.26)

Introducing the definition of the velocity potential φ(z, r, t) and the stream
function ψ(z, r, t), the velocity field is ~u = −∇φ+∇× (ψθ̂). Therefore, we can
write the two components of the velocity perturbation as u1 = −∂φ1

∂z + ∂ψ1
∂r + ψ1

r

and v1 = −∂φ1
∂r −

∂ψ1
∂z . According to this notation, the set of continuity and

Navier-Stokes equations become:

∂φ1

∂t
= p1 (4.27)

∂ψ1

∂t
= ∇2ψ1 (4.28)

∇2φ1 = 0 (4.29)

This system of equations, together with the set of boundary conditions 4.23-
4.26, can be solved through the classical path followed by Rayleigh in 1892.
This process leads to the complete linearised dispersion relation of a cylinder
of viscous liquid under capillary force, corresponding to equation (30) in [34].
This equation is quite complex, its mathematical derivation not trivial, so the
complete form of the dispersion relation is not often used. A typical alternative
approach is to analyse only the asymptotic solutions of this equation for inviscid
or infinitely viscous fluids. Only Chandrasekhar [77] studied the stability of a
viscous cylindrical jet deriving a full dispersion relation in 1961. It can be
proved that this is equivalent to Rayleigh’s equation. As shown recently by
Pekker [78], this dispersion relation can be simplified into a less complex form
which can be easily tackled numerically. We refer to this form (equivalent to
Rayleigh and Chandrasekhar equations) as the complete dispersion relation for
an axisymmetric viscous liquid jet under capillary force:
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(1− κ2)iκJ1(iκ)
J0(iκ) ·

κ̃2 − κ2

κ̃2 + κ2 =

= (ωtc)2 − iκ2ωtcOh
(

1− J2(iκ)
J0(iκ) −

2κκ̃
κ̃2 + κ2 ·

J1(iκ)
J1(iκ̃) ·

J0(iκ̃)− J2(iκ̃)
J0(iκ)

)
.

(4.30)

Here, κ = 2πR
λ is the dimensionless wavenumber of the varicose perturbation

on the liquid cylinder (λ being the corresponding wavelength and R the un-
perturbed jet radius), ω the radial frequency (growth rate), Oh = µ√

ρσR
the

Ohnesorge number (µ, ρ and σ being the viscosity, density and surface tension
of the fluid, respectively), tc =

√
ρR3

σ the capillary time, κ̃2 = κ2 (1 + i ωtcOhκ2

)
,

and J0, J1 and J2 are the Bessel functions of zeroth, first and second order,
respectively.

4.2.1 Lubrication model

Following the same process of Eggers & Dupont (1994) [73], we can apply a
lubrication approximation (thin column of fluid relative to its longitudinal size)
to describe the system dynamics: axial variations are considered negligible with
respect to the radial ones, as done also for a thin 2D fluid film by Erneux &
Davis (1993) [79] for instance.

The lubrication theory presents the important advantage of simplifying the
mathematics of the problem keeping capturing its dominant nonlinear effects.
In fact, the complete Navier-Stokes system is reduced to a set of equations much
simpler than the original initial-value problem. However, these are still quite
complex because of their non-linearity: it is still not possible to derive analytical
solutions.

In the limit of wavelengths much larger than the filament’s radius R, the
full problem is reduced to a 1D model, i.e. a set of coupled nonlinear partial
differential equations in which each function depends on only one space-variable,
the axial coordinate z, apart from the time t. In particular, the equations are the
local mass conservation in the fluid cylinder and the local momentum balance
along the axial direction z. They are written in terms of two scalar fields: the
local radius of the filament h(z, t) and the axial velocity of the flow u(z, t):

∂th+ u∂zh+ 1
2h∂zu = 0 (4.31)

∂tu+ u∂zu = 3ν
h2 ∂z(h

2∂zu) + σ

ρ
∂zκ, (4.32)
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where κ = ∂zzh
(1+(∂zh)2)3/2 − 1

h(1+(∂zh)2)1/2 . These equations can be reduced to a
more compact conservative-flux form:

∂t(h2) + ∂z(h2u) = 0 (4.33)

∂t(h2u) + ∂z(h2u2) = ∂z

[
3νh2∂zu+ σ

ρ
h

(
h∂zzh+ (∂zh)2 + 1

(1 + (∂zh)2)3/2

)]
(4.34)

It should be noted that the full non-linear expression for the capillary term has
been included as suggested by Eggers [38]. Equations 4.33 and 4.34 can be made
non-dimensional through the following scaling: z, h ∼ R; u ∼

√
σ
ρR ; t ∼

√
ρR3

σ .

∂t(h2) + ∂z(h2u) = 0 (4.35)

∂t(h2u) + ∂z(h2u2) = ∂z

[
3Oh · h2∂zu+ h

(
h∂zzh+ (∂zh)2 + 1

(1 + (∂zh)2)3/2

)]
, (4.36)

where Oh = µ√
ρσR

is the Ohnesorge number. The 1D equations 4.35 and 4.36
are valid in any inertial reference system, so in a fixed reference frame or in a
frame moving at a constant speed. In order to set proper boundary conditions,
we choose to adopt the Taylor-Culick velocity comoving frame (in the negative
z direction). We are interested in the asymptotic expansion of the filament for
long times: in this steady state, the Taylor-Culick regime, the rim recedes at
a constant speed whose value is the Taylor-Culick velocity c =

√
σ
ρR (see [44],

[45], [47], [13], [10]). In such a limit and in this frame, the center of mass of
the rim is at rest and the cylindrical region far from the tip is geometrically
unperturbed and advances at a unity influx velocity (in non-dimensional units).
These considerations translate into a Dirichlet boundary condition for z → −∞
(fluid domain far from the tip):{

h(z, t) = 1
u(z, t) = 1

at z = −∞. (4.37)

At the receding tip z = z0(t) we need to impose the kinematic condition and
geometrical symmetry. This yields the following Cauchy boundary condition:

h(z, t) = 0
∂zh(z, t) = −∞
u(z, t) = ∂tz0

at z = z0(t). (4.38)
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4.3 Asymptotic analysis: local solutions

The aim of this section is to derive a long-time asymptotic expression of a semi-
infinite filament profile from the lubrication equations 4.35 and 4.36. After a
transient state, the retracting filament reaches such a steady regime, in which the
rim length scale is much larger than the unperturbed cylinder radius (Rb(t)�
R) and its retracting velocity reaches the Taylor-Culick speed c =

√
σ
ρR . In this

infinite-time limit, time derivatives are negligible with respect to spatial ones,
which lead the dynamics: the dominant order of h(z, t) and u(z, t) is supposed
to be only space-dependent.

The fluid domain presents different zones with distinct natural length scales:
a steady filament section, a growing spherical rim, and an intermediate matching
region. The different solutions are matched together in space to derive a unique
function representing the whole domain solution at the leading order.

4.3.1 Steady filament

The steady region far away from the blob is supposed to be unperturbed during
the rim retraction. We assume the following form for the filament dimensionless
radius and the axial velocity:

hf (z, t) = h
(0)
f (z) + h

(1)
f (z, t) + . . . , (4.39)

uf (z, t) = u
(0)
f (z) + u

(1)
f (z, t) + . . . , (4.40)

where h(1)
f (z, t) and u

(1)
f (z, t) are assumed small higher-order corrections that

vanish as t → ∞ with respect to the dominant terms h(0)
f (z) and u

(0)
f (z). By

replacing these expressions in the set of equations 4.35 and 4.36, we obtain at
the leading order:

∂z
(
h2u

)
= 0, (4.41)

∂z
(
h2u2) = ∂z

(
3Oh h2∂zu+ h

[
1 + (∂zh) 2 + h∂zzh√

1 + (∂zh) 23

])
, (4.42)

where h ≡ h
(0)
f (z) and u ≡ u

(0)
f (z) for simplicity of notation. By integrating

equation 4.41 between z = −∞ and z taking into account the boundary con-
ditions 4.37, we obtain a relation between u and h: u = h−2. This expression
is then substituted in equation 4.42. Integration of the latter between z = −∞
and z leads to the following second-order ordinary differential equation in h(z):
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1 + 6Oh · h∂zh
h3 = 1 + (∂zh) 2 + h∂zzh√

1 + (∂zh) 23 . (4.43)

The ODE 4.43 can only be integrated numerically (in the present work, nu-
merical integration of this kind of equations is performed implicitly through the
software MapleTM). However, some of its properties can be studied analytically.
First, as expected, it is invariant under translations in the z-axis: if h(z) is a
solution, also h(z − z0) is a solution ∀z0. Second, numerical solutions obtained
by varying the initial conditions (h(z0) and ∂zh |z=z0 , once z0 = 0 and Oh = 0.1
have been set) are shown in figure 4.4, which represents the phase plot of the
ODE 4.43. It is evident that two different families of solutions exist: both of
them group curves that present a singularity as they diverge at finite z values.
The first group are interfaces with a positive infinite slope; the second present
a negative infinite slope. The fact that these divergent solutions appear is nat-
ural: boundary conditions 4.37 imply a net flux of mass into the domain, thus
finite functions would not comply mass conservation. In fact, in the asymptotic
steady state, finite solutions of equations 4.35 and 4.36 cannot exist and be
well-defined in the whole domain.

From figure 4.4 it is essential to note that there exists only a single curve
which does not present any singularity at finite z, but it only diverges for z →∞.
We call this solution “separatrix” since it separates the two different families
of singular functions. The separatrix is extremely important as it is the only
theoretical solution that complies mass conservation at the long-time asymptotic
limit (it diverges for z →∞, thus it corresponds to an infinite mass rim) and it is
well-posed in all the domain. For this reason, in the steady limit, the separatrix
should fit the physical filament profile.

We follow a simple argument in order to determine the analytic expansion of
the separatrix around z → ∞, the one to be matched to the growing blob. Its
leading order can be found by taking into account its divergence for z →∞. At
this limit, ∂zh� 1 is a dominant term in equation 4.43, i.e. we can neglect lower
orders. This yields a simple balance between the viscous and the surface-tension
terms:

6Oh∂zh
h2 = h∂zzh+ (∂zh)2

(∂zh)3

Multiplying both sides by 1
h3 , we get:

6Oh∂zh
h5 = ∂z(h∂zh)

(h∂zh)3

The last equation can be integrated in z yielding:
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Figure 4.4: The two families of singular solutions of equation 4.43 are obtained
through numerical integration by choosing different initial conditions (here, z0 =
0 and Oh = 0.1). Both families develop derivative singularities for finite z but
different sign diverging slopes: the upper left family (blue curves) for positive
and the lower right family (red curves) for negative. The separatrix (dashed
black curve) is the unique function that can be defined in the whole domain.

−3
2Oh · h−4 = −1

2(h∂zh)−2 +K,

where K is a constant of integration. From numerical integration of equation
4.43 and referring to the condition of divergence only at z →∞, it can be shown
that the separatrix corresponds to the case K = 0. In fact, for K 6= 0, singular
solutions are obtained (depending on the sign of K, the two different families
arise). Setting K = 0 and after some basic algebra steps, the last expression
yields:

∂zh

h
= 1√

3Oh
This equation is then integrated in z, leading to:

h = e
z−z0√

3Oh ,

where z0 is a translational invariance constant. As seen, the filament inter-
face h(z) has an exponential behavior. Its expression can be expanded around
z → ∞. We assume the form h(z) = h0(z) + Bh1(z), where h0(z) = e

z−z0√
3Oh is

the leading order expression derived through the above argument and Bh1(z) is
a second order correction (B being a constant coefficient). By plugging this ex-
pression in equation 4.43 and linearising, we obtain h1(z) = e

− z−z0√
3Oh . Therefore,
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the separatrix expansion around z →∞ up to the second order is:

lim
z→∞

h
(0)
f (z) = e

z−z0√
3Oh +Be

− z−z0√
3Oh .

It should be noted that the solution convergence is fast as the second order cor-
rection, O(e−z), is much smaller than the leading order, O(ez): h1(z)/h0(z) =
O(e−2z). For this reason, we do not explore any further correction terms. By
combining the expression h(z) = e

z−z0√
3Oh +Be

− z−z0√
3Oh with the ODE 4.43 and lin-

earising, the value of the coefficient B is derived: B = 1
12
√

3Oh + 1
2Oh. Thus,

the analytic expansion of the separatrix h(0)
f (z) around z →∞ is:

lim
z→∞

h
(0)
f (z) = e

z−z0√
3Oh +

(
1

12
√

3Oh
+ 1

2Oh
)
e
− z−z0√

3Oh (4.44)

A set of these solutions, obtained through numerical integration of equation
4.43 at different Ohnesorge numbers, is shown in figure 4.5. Depending on the
Oh value, this region is either featured by decaying ripples (capillary waves) or
a smooth spatial decay. These features are further analysed in section 4.4.2.

Figure 4.5: Numerical solutions for the profile of the steady filament region via
equation 4.43 with z0 = 0 at different Ohnesorge numbers. The distance between
ticks is 2R. As Oh grows, solutions show slow decaying ripples (Oh = 0.01),
fast decaying ripples (Oh = 0.1), fast smooth decay (Oh = 0.6) and slow smooth
decay (Oh = 10.0). As explained in section 4.4.2, oscillations appear for Oh <
Oh∗ = 3− 1

2 . At the z → ∞ limit, the solution shows the exponential behaviour
of equation 4.44, with steeper growths for small Oh numbers.
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4.3.2 Growing blob

The blob region has a different natural length scale, its radius Rb(t) which
depends on time and scales as t1/3 (see section 4.1). In the steady regime,
Rb(t)� 1. Additionally, the solution in this region should fit the constant mass
influx quantity h2u = 1. Consequently, we choose the following quasi self-similar
ansatz:

hb (z, t) = Rb

[
h

(0)
b (ζ) + h

(1)
b (ζ, t) + . . .

]
, (4.45)

ub (z, t) = R−2
b

[
u

(0)
b (ζ) + u

(1)
b (ζ, t) + . . .

]
, (4.46)

where the variable ζ is set as ζ ≡ R−1
b z. Also in this case, h(1)

b (ζ, t) and u(1)
b (ζ, t)

are supposed small higher-order corrections in t of the leading order terms, and
the equations in the physical variables z and t are invariant with respect to any
Galilean transformation. By replacing these forms in equations 4.35 and 4.36,
we obtain at the leading order:

2R2
bṘbh

2 − 2R2
bṘbζh∂ζh+ ∂ζ

(
h2u

)
= 0, (4.47)

∂ζ

(
1 + (∂ζh) 2 + h∂ζζh√

1 + (∂ζh) 23

)
= 0, (4.48)

where Ṙb ≡ ∂tRb, h ≡ h
(0)
b (ζ) and u ≡ u

(0)
b (ζ). Equations 4.47 and 4.48 are

uncoupled. Equation 4.47 (mass conservation) depends on the term R2
bṘb: it

is well-posed and has physical solution only if R2
bṘb = O(1). Equation 4.48

(momentum balance along the axial direction) can be trivially solved by the
mathematical identity

∫
h∂ζκdζ = 1+(∂ζh)2+h∂ζζh√

1+(∂ζh)23 [74]:

h∂ζκ = 0⇒ ∂ζκ = 0⇒ κ = Θ,

where Θ is a constant. Hence, the solution h(ζ) has a constant curvature, i.e.
it is a circle (a sphere in the 3D axisymmetric configuration). In self-similar
variables, setting the radius as 1 and the origin at the left tip of the semicircle
(i.e. the center at (1, 0)), the solution is given by:

h (ζ) =
√

2ζ − ζ2. (4.49)

By replacing this solution in equation 4.47, and imposing a null flux h2u = 0 at
the right tip (ζ = 2), it yields a condition for the time-dependent blob radius
Rb (t), i.e. R2

bṘb = 1/4. Importantly, this condition is identical to the classical
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Taylor-Culick argument (i.e. mass conservation) that balances the growth of
the blob volume and the volume of fluid collected from the filament (equation
4.2), providing the exact power law for Rb(t) (equation 4.3). Hence, in the long-
time asymptotic limit, the radius of the blob grows as Rb(t) =

(
1 + 3

4 t
)1/3. In

fact, this result is in agreement with the condition R2
bṘb = 1/4 (O(1)), which

naturally implies Rb ∝ t1/3.
In terms of the physical variables z and t, the blob shape is:

h
(0)
b (z, t) =

√
2Rb (t) z − z2, (4.50)

where h(0)
b (z, t) ≡ Rbh

0
b(ζ). This function models the growing blob dynamics

and it has a spherical shape. It is defined in the domain 0 ≤ z ≤ 2Rb(t).
However, it is singular at the left limit, for z → 0: here, it does not match the
physical solution, where it should connect to the steady filament region. The
blob analytic expansion around z → 0 is given by:

lim
z→0+

h
(0)
b (z, t) = αt1/6z1/2 +O

(
t−1/6z3/2

)
. (4.51)

The constant α can be found by imposing the mass influx into the blob h2u = 1
as a boundary condition at z = 0. Straightforward calculations lead to α = 61/6.

Finally, we remark that the blob dynamics, in the asymptotic limit, is com-
pletely independent from viscosity, as evidenced by the momentum equation
4.48. Physically, the enlargement of the spatial scales in the growing blob slows
the flow into a quasi-steady state that leads to the rise of surface tension as the
unique dominant force.

4.3.3 Intermediate matching zone

It should be noted that the steady filament and the growing blob solutions
obtained in the previous sections are analytically different. Hence, it is neces-
sary to introduce an intermediate zone which can match the two leading-order
expansions assuring the continuity of a unique solution valid in the whole do-
main. At the leading order, the profile of this intermediate region has to fit
both the steady filament solution (h ∝ e

z√
3Oh ) for z → −∞, and the blob shape

(h ∝ t1/6z1/2) for z → ∞. Provided that the flux h2u = 1 is conserved across
the region, we set a self-similar ansatz of this form: h(z, t) = taf

(
z
tb

)
. The

matching conditions a − 1
2b = 1

6 and b = 0 lead to a = 1
6 . Therefore, the

self-similar scaling which fulfils these requirements is the following:
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hm (z, t) = t1/6
[
h(0)
m (ξ) + h(1)

m (ξ, t) + . . .
]
, (4.52)

um (z, t) = t−1/3
[
u(0)
m (ξ) + u(1)

m (ξ, t) + . . .
]
, (4.53)

where ξ ≡ z is merely a spatial variable, and h(1)
m (ξ, t) and u(1)

m (ξ, t) are small
higher-order corrections in t of the leading order terms h(0)

m (ξ) and u
(0)
m (ξ).

Combining these expressions with the lubrication model (equations 4.35 and
4.36), we obtain at the leading order:

∂ξ
(
h2u

)
= 0, (4.54)

∂ξ

[
h

((
∂ξh

2)+ h∂ξξh

(∂ξh) 3

)]
+ 3Oh∂ξ

(
h2∂ξu

)
= 0, (4.55)

where h ≡ h
(0)
m (ξ) and u ≡ u

(0)
m (ξ). Equation 4.54 can easily be integrated by

taking the flux boundary condition h2u |ξ=−∞= 1 arising from the matching
with the steady-filament region. This yields u = h−2, which is then plugged
into equation 4.55 to obtain the following ODE in h(ξ):

6Oh (∂ξh)4 = h2 [(∂ξh)2 + h∂ξξh
]
. (4.56)

This ordinary differential equation is numerically integrated imposing a match-
ing boundary condition with the growing blob region, i.e. h ∝ ξ1/2 at ξ → ∞
(the constant of integration is zero). The result is then integrated once again,
yielding the solution in an implicit form:

h (ξ) = α

(
3
4Oh

)1/4
H

(
Ξ ≡ 2ξ√

3Oh

)
, (4.57)

where α is a constant and H is given implicitly by the function Ξ:

Ξ =
√
H4 + 1− arctan

(
1√

H4 + 1

)
.

By expanding the obtained function 4.57 into its two corresponding limits, we
obtain:

lim
z→−∞

h(0)
m (z, t) = qt1/6e

z√
3Oh +O

(
t1/6e

5z√
3Oh

)
, (4.58)

lim
z→+∞

h(0)
m (z, t) = αt1/6z1/2 +O

(
t1/6z−3/2

)
, (4.59)
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where h(0)
m (z, t) ≡ t1/6h0

m(ξ) and q ≡ α
(
3e−2Oh

)1/4. The expansions have
already been written in terms of the original physical variables z and t.

We point out that the intermediate matching region arises from a balance
between viscous and capillary forces, as shown by equation 4.55. Nonetheless,
as the filament becomes thicker, the capillary force overcomes viscosity leading
to a viscosity-independent behaviour, suitable to be matched with the blob.

4.4 The evolving shape of a filament

4.4.1 Asymptotic matching solution

By matching the intermediate region expansions, equations 4.58 and 4.59, with
the steady-filament and blob solutions, equations 4.44 and 4.51, the coefficients
α and z0 are set: α = 61/6 and z0 = −

√
3Oh ln

(
qt1/6

)
. It is important to notice

that the slow dependence of z0 on time only modifies higher-order equations for
the steady-filament profile hf (z, t), leaving the leading-order equations 4.41 and
4.42 unaffected.

Hence, the leading-order solution for a capillary retracting filament profile
that satisfies the lubrication model (equations 4.35 and 4.36) with the proper
boundary conditions (equations 4.37 and 4.38) is:

h(0) (z, t) = h
(0)
f (z) + t1/6h(0)

m (z) + t1/3h
(0)
b

(
zt−1/3

)
− qt1/6e

z√
3Oh − αt1/6z1/2.

(4.60)
Figure 4.6 shows an example of the profile solution 4.60 for a given time, t =
t∗ = 20 (in dimensionless units); local solutions and asymptotic matched limits
are also included.
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Figure 4.6: Asymptotic matching solution (yellow line) for a capillary retracting
filament with Oh = 0.1 at t = t∗ = 20 in dimensionless units. Local solutions of
the steady filament, the intermediate and circular blob regions, and the asymp-
totic tails beyond the matched regions are also shown.
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Temporal evolution of some filament profiles with different Ohnesorge num-
bers, based on the solution of equation 4.60, are depicted in figure 4.7.

Figure 4.7: Temporal evolution of filament profiles with different Ohnesorge
numbers (Oh = 0.07, Oh = 0.1, Oh = 0.6 and Oh = 2.0) in a Taylor-Culick ve-
locity frame of reference. Curves are obtained following the asymptotic matching
approach of equation 4.60. Here, the tick distance is equal to R.

So far, we have focused on the filament profile h (z, t). However, leading-
order expressions for the velocity u (z, t) can be derived under the same frame-
work arising from the lubrication model (equations 4.35 and 4.36): in particular,
as previously shown, the velocity field in the steady filament and intermediate
regions is u = h−2, while it can be easily derived from equation 4.47 in the blob
zone. Consequently, the leading-order expression for the pressure field inside
the filament can be directly obtained via the formalism of Eggers & Dupont (p0

of equation (13) in [73]). Figure 4.8 is a 3D plot of three recoiling filaments
with different Ohnesorge numbers at t = 33.8 (in dimensionless units): velocity
profiles are represented by black solid lines, whereas the pressure field is shown
as a colour scheme.

Figure 4.8: Capillary retracting filaments at t = 33.8 with (a) Oh = 0.6, (b)
Oh = 0.1, and (c) Oh = 0.07. The time t is scaled by the capillary time
tc =

√
ρR3/σ. Asymptotic solutions of the filament profile, h(z, t), are obtained

through the lubrication model (equations 4.35 and 4.36). Velocity profiles u(z, t)
(black solid lines) and pressure p (colour scheme) are also displayed.
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4.4.2 Capillary waves: wavelength and decay length

The recoiling filament solution features travelling capillary waves that escape
from the growing blob at the Taylor-Culick velocity. Hence, in the Taylor-
Culick comoving frame of reference, the capillary waves are steady and the
filament profile far away from the receding tip can be approximated by h(0)

f (z) ≈
1 + εe−ikz, with ε � 1. Combining this expression with the ODE obtained in
the steady-filament section (equation 4.43) and linearising, leads to the following
capillary wavenumber:

k = 3iOh±
√

3− 9Oh2. (4.61)

Depending on the Ohnesorge value, the capillary wavenumber k can be complex
or purely imaginary. The critical threshold is Oh∗ = 3− 1

2 ≈ 0.577. For Oh ≥
Oh∗, the wavenumber k is strictly imaginary and thus the filament profile is
stable and features a monotonic exponential decay as z → −∞. In contrast,
for Oh < Oh∗, k has also a real component and the filament develops the
well-known spatial oscillations (capillary waves) modulated by the exponential
decay.

It is interesting to analyse the wavelength of these capillary ripples, which
is a function of the real part of k. In particular, it is given (in dimensionless
units) by: λ = 2π

<(k) . Thus, at the inviscid limit, the asymptotic dimensionless
wavelength of the capillary waves takes the value:

lim
Oh→0

λ = 2π√
3
≈ 3.63. (4.62)

The linear analysis also reveals the spatial decay length as a function of the
imaginary part of k: in dimensionless units, ` = 1

=(k) . Thus, the decay length
scales as (3Oh)−1 at the inviscid limit, and as (2Oh) for Oh→∞.

We point out that these results come from a linearised lubrication approx-
imation. Additionally, we consider the linear dispersion relation of the full
Navier-Stokes equations from the work of Rayleigh [34] and analyse waves whose
phase velocity, ω/k, is equal to the Taylor-Culick speed given in equation 4.1.
This is equivalent to impose ωtc = κ in equation 4.30 and solve it numeri-
cally, finding the complex roots κ; then, the wavelength λ and decay length `
are derived from the obtained capillary wavenumber as previously explained.
Figure 4.9 shows the wavelength and decay length as functions of the Ohne-
sorge number, arising from both the lubrication approximation (solid lines) and
the dispersion relation derived from the full Navier-Stokes equations (dashed
lines). The qualitative agreement between the lubrication model and the full
Navier-Stokes equations (both models are linearised) is remarkably good, show-
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ing similar thresholds and asymptotic limits. Furthermore, the agreement is
quantitatively excellent for Oh > 1.
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Figure 4.9: Wavelength λ and decay length ` as functions of the Ohnesorge
number Oh. The asymptotic solutions of lubrication equations are shown as solid
lines, whereas the solutions obtained from linearisation of full Navier-Stokes
equations are shown as dashed lines.

4.4.3 Neck thickness

A direct consequence of the existence of the spatial oscillations (capillary waves)
on the filament profile is the appearance of the neck, i.e. a finite global minimum
of the function h(z), hmin, right behind the blob (see figure 4.10).

Figure 4.10: Appearance of the neck, hmin, behind the blob.

Figure 4.11 shows the filament neck thickness hmin as a function of the
Ohnesorge number. This result is derived by identifying the function value at
the global minimum of the solution of equation 4.43, obtained through numerical
integration, for different Ohnesorge numbers. The plot shows that at the zero
Ohnesorge limit, hmin converges to a finite value.
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Figure 4.11: Neck thickness hmin as a function of the Ohnesorge number Oh.

We focus our attention on the inviscid limit. By setting Oh = 0 in equation
4.43, we obtain:

1
h3 = 1 + (∂zh)2 + h∂zzh√

1 + (∂zh)23

Multiplying both sides by ∂zh
h2 , it yields:

∂zh

h5 = ∂zh+ (∂zh)3 + h∂zh∂zzh

h2
√

1 + (∂zh)23

Integrating the last equation along z using the boundary condition h → ∞ as
z →∞, the result yields:

4h3 =
√

1 + (∂zh)2
.

Since we are interested in the neck, which is a stationary point of h(z), we set
∂zh = 0. Thus, we obtain an equation for the neck, 4h3

min = 1, whose solution
is:

lim
Oh→0

hmin = 4− 1
3 ≈ 0.63. (4.63)

The obtained value correctly matches the result shown in figure 4.11.
It is important to note that the long-time asymptotic expansion of the fila-

ment profile does not display any critical Ohnesorge value at which hmin → 0
(i.e. breakup), which is contrary to what is seen in nature and numerical simu-
lations. Indeed, this suggests that filament pinch-off occurs through a dynamic
instability during the transient unsteady state, which cannot be captured by
our asymptotic steady model.
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4.5 Validation

We validate our theoretical model through comparison with numerical simula-
tions. Numerical integration of the set of full 3D axisymmetric incompressible
Navier-Stokes equations 4.4 and 4.5 is performed for both phases using the flow
solver Basilisk [15] [11] [12]. This solver uses adaptive mesh refinement based
on octree decomposition and interface tracking with the volume of fluid (VoF)
method. The combination of both techniques allows efficient computation of
complex interfacial flows [80]. The mesh refinement is controlled by the inter-
face velocity and the vorticity field: this way, a good resolution is kept both
around the interface and in the high-vorticity region. The initial configuration
is shown in figure 4.12: it consists of a rectangular domain containing a semi-
infinite free liquid cylinder of radius R surrounded by a passive gas (air). The
simulations are executed in a comoving frame of reference receding at the Taylor-
Culick speed. Dirichlet boundary conditions for the velocity field are set on the
left boundary, while outlet conditions are imposed on the other sides of the do-
main. All variables are non-dimensionalised with respect to the filament radius
R and the liquid properties. We consider a water filament retracting in the air
by setting the density and viscosity ratios to ρL/ρG = 820 and µL/µG = 55,
respectively.

Figure 4.12: Spatial domain and initial configuration of the numerical simulation
performed by the flow solver Basilisk [15]. The recoiling filament has radius R
and initial length 12R. The domain consists of a rectangular box 18R× 8R.

Simulations are run up to the asymptotic steady state in which the filament
profile behind the blob remains quasi-stationary (Taylor-Culick regime). In fact,
the simulation time is set as tend = 200tv, where tv = µR

σ is the characteristic
viscous time scale, in order to overpass the transient regime [13]. Recoiling
filaments are simulated at several Oh values lying in the range 0.1 ≤ Oh ≤ 2.0.
For Oh > Oh∗, the spatial decay length behind the blob is estimated by using an
exponential fitting. For Oh ≤ Oh∗, the wavelength of the capillary ripples, the
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decay length and the neck thickness are derived from the profile local maxima
and minima behind the blob.

As an example, the following figures show the results obtained through the
Basilisk numerical simulation related to the case Oh = 0.1. In figure 4.13 the
filament profile is depicted for different instants. Figure 4.14 shows the filament
profile at t = 20tc, i.e. tend of the simulation: the data of interest (wavelength,
decay length and neck thickness) can be “manually” measured from this plot.

Figure 4.13: Basilisk simulation, Oh = 0.1: temporal evolution of the filament
profile (time is made dimensionless by the capillary time).

Figure 4.14: Basilisk simulation, Oh = 0.1: filament profile at t = 20tc. The
wavelength of the capillary ripples escaping the blob can be measured as the
horizontal distance between the neck section and the next local minimum. In
this case, λ = 3.25R. Additionally, the vorticity field is shown as a colour
scheme.

Figures 4.15-4.17 show the wavelength of the capillary waves, the spatial
decay length and the neck thickness in terms of time (in dimensionless units).
These functions are automatically computed by the flow solver. In fact, the
curves converge to stable values within tend = 20tc. This assures that the simu-
lation has reached the asymptotic steady state, i.e. the Taylor-Culick regime. In
this particular case, Oh = 0.1, the results obtained by the numerical simulation
are λ ≈ 3.25R, ` ≈ 2R, and hmin ≈ 0.85R, which are well in agreement with
our predictions discussed in the previous section.
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Figure 4.15: Basilisk simulation, Oh = 0.1: dimensionless wavelength as a
function of dimensionless time.

Figure 4.16: Basilisk simulation, Oh = 0.1: dimensionless decay length as a
function of dimensionless time.

Figure 4.17: Basilisk simulation, Oh = 0.1: dimensionless neck thickness as a
function of dimensionless time.
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Additionally, we provide a comparison between our theoretical results and
existing data in the literature. In particular, we consider the work of Notz
& Basaran [8] in which simulations of long liquid filaments were performed at
Oh = 0.001, 0.01, 0.1, and 1.0. Capillary waves were observed for all the cases
except for Oh = 1.0, implying that the critical threshold lies in the range of
0.1 < Oh∗ < 1.0, which is consistent with our value of Oh∗ ≈ 0.577. The
filament profiles from Notz & Basaran [8] are examined by image analysis and
shown in figure 4.18. The measured capillary wavelengths range from 2.8R to
3.1R. In fact, λ = (2.96± 0.15)R for Oh = 0.001, which is of the same order as
our predicted inviscid value λOh=0 ≈ 3.6R.

(a) Oh = 0.001 (b) Oh = 0.01 (c) Oh = 0.1

Figure 4.18: Recoiling filaments with (a) Oh = 0.001, (b) Oh = 0.01, (c)
Oh = 0.1. The profiles arise from numerical simulations by Notz & Basaran
(2004) and correspond to figures 18-20 of their article [8]. The figures are
examined through image analysis to provide a measurement of the travelling
capillary ripples’ wavelength, λ.
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Finally, all the validation results are collapsed in a single plot, i.e. figure
4.19. The diagram shows a good quantitative agreement with our asymptotic
model.
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Figure 4.19: Wavelength λ, decay length `, and neck thickness hmin of the asymp-
totic solutions of lubrication equations as functions of the Ohnesorge number Oh
(solid lines). Additionally, the wavelength and decay length obtained from lin-
earisation of full Navier-Stokes equations are shown as dashed lines. Numerical
results are shown for comparison: wavelengths from Notz & Basaran (2004) [8]
(�) and Basilisk [15] (�), decay lengths from Basilisk (×), and neck thickness
from Basilisk (◦). Error bars are not shown where these are smaller than the
symbol size.
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4.6 Conclusions

In this chapter, we have derived a first-order asymptotic expansion for a semi-
infinite Newtonian liquid filament recoiling by the action of surface tension.
Our analysis identifies three distinct regions with different characteristic length
and time scales: a steady filament section, an expanding spherical blob, and an
intermediate matching zone.

Importantly, we have shown that, below a critical Ohnesorge number, Oh∗ ≈
0.577, capillary waves naturally emerge along the surface of the filament and a
neck is formed behind the blob. We have analysed the asymptotic wavelength of
the capillary ripples, the spatial decay length along the filament, and the neck
thickness as functions of the Ohnesorge number Oh. We analytically prove that,
at the inviscid limit, the wavelength of the capillary waves is approximately
3.6 times the filament’s radius. Our findings are found to be in agreement
with numerical results obtained through the flow solver Basilisk [15] and those
corresponding to the seminal work of Notz & Basaran [8].

Although the present work provides only a leading-order solution for the
filament profile, higher-order corrections for the local filament radius and the
velocity and pressure fields can be calculated too, following the scheme presented
by Gordillo et al. (2011) [74] for a 2D fluid sheet and the slender cylindrical
flow model of Eggers & Dupont (1994) [73]. Finally, we point out that obtaining
such a quasi-analytical solution for an axisymmetric body opens the way to a
full 3D linear stability analysis of recoiling liquid filaments, since an accurate
base-state shape can now be considered.

110



Chapter 5

Overall conclusions and
further work

5.1 Summary of contributions

In this thesis, we have investigated the dynamics of capillary retracting liquid
filaments through a comprehensive approach involving experimental, analytical
and numerical modeling. The main results are summarised in this section.

First, we have developed a method to practically produce free axisymmetric
liquid filaments using a continuous liquid-jet system driven by a liquid pump
(chapter 2). The experimental rig consists of a cylindrical chamber from which
the fluid is jetted through a nozzle. The chamber is mechanically coupled with
an electromagnetic actuator through an elastic membrane. An oscillating pres-
sure modulation controlled by a function generator induces Rayleigh-Plateau
instability on the jet surface, leading to the breakup into a train of droplets: fil-
aments are formed between them. By controlling the liquid properties and the
modulation parameters, desired symmetric filaments can be obtained. Their
capillary retraction is then analysed through a high-speed imaging system.

Secondly, we have detected and analysed a transitional regime in the Oh−Γ
diagram for quasi-inviscid retracting filaments (chapter 3). Our results show
that the breakup/no-breakup border in the phase diagram is not net as clas-
sically proposed in the literature. In this critical regime, the filament fates
alternate and their behaviors are more complex than the state-of-the-art the-
ories based only on the end-pinching mechanism. Here, we developed a wave-
interaction model that effectively describes these complex behaviors. Our nu-
merical and theoretical models are validated against experiments.

The last major achievement of this thesis is the analytical solution for the
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profile of a Newtonian recoiling filament (chapter 4). Our derivation is based
on a lubrication approximation and is performed through a local asymptotic
analysis of a long-time steady regime. We show that the retraction domain
is composed of three distinct regions with different characteristic length and
time scales: a growing spherical blob, a steady cylindrical region and an in-
termediate matching zone. Our analytical model proves that, below a critical
Ohnesorge number, the filament interface features travelling capillary waves es-
caping the blob at the Taylor-Culick speed and a neck connecting the steady
region with the expanding spherical rim. The waves’ asymptotic wavelength,
the spatial decay length behind the blob, and the neck size have been analysed
in terms of the Ohnesorge number. Our results have been validated against
the full 3D linearised Navier-Stokes equations, numerical simulations performed
by the flow solver Basilisk, and previous studies from the literature, obtaining
a good agreement. This achievement is extremely important as it provides a
full and formal picture of the surface tension-driven retraction of liquids, going
beyond the classic Taylor-Culick analysis based on global mass and momentum
conservation that yields a constant retraction speed.

5.2 Further work

Despite our achievements, the field of liquid jets is still extremely open and
offers many ideas in terms of future work to be developed.

From the experimental perspective, we have come across many open ques-
tions: how can we define the dependence of the liquid jet instability on the elec-
trical modulation? What is the correlation between the modulation parameters
and the pinch-off dynamics? How can we characterize and control waveforms to
obtain the desired breakup conditions (i.e. simultaneous and symmetric pinch-
off at both ends of the droplets) and optimize the droplets/filaments production?
How is the breakup length related to the modulation electrical signal? About the
latter, previous experimental studies have shown a particular trend called “re-
versal”: although theories predict the breakup length to decrease monotonically
with the modulation amplitude, it shows a minimum stationary point and oscil-
lations. It would be interesting to deeply and formally analyse the underlying
physics in order to build a robust and reliable model. This can be corroborated
and validated against a parametric study arising from experimental data.

The capillary wave superposition model presented in chapter 3 has some
limitations that can be improved. First, it applies the principle of linear super-
position to finite-amplitude waves (not complying mass conservation) to explain
the non-linear dynamics of breakup. Though this criterion is effective in pre-
dicting the filament fate, it does not accurately reproduce the physics of the
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phenomenon. Furthermore, the present model neglects the effect of the initial
shape of the filament for providing just a qualitative comparison of the retrac-
tion dynamics between experiments and numerical simulations. However, the
necking and the wave generation processes are certainly affected by the filament
initial shape. Thus, a quantitative study on this effect would be necessary.
Moreover, our model cannot predict the wave-amplitudes oscillation in time by
itself. Finally, it is limited to low-viscosity liquids: it would be interesting to test
its capabilities on viscous and/or non-Newtonian fluids. In summary, the task
to be tackled in the future would be to make the capillary wave superposition
model more accurate, complete, and self-contained.

The asymptotic analysis presented in chapter 4 provides with many inter-
esting goals to be achieved in the fundamental perspective. First of all, the
obtained analytic expansion for the recoiling filament profile opens the way to a
complete 3D stability analysis of the solution in space and time. Additionally,
it is remarkable that the long-time asymptotic quasi-steady solution obtained
through our model does not include the filament breakup, which occurs in nature
through capillary instability in a transient regime. It would be interesting to
analytically investigate the connection to the pinch-off dynamics including the
time-dependence of the solution. Furthermore, the capillary retraction of liquid
filaments can be studied through an energy approach. During the retraction,
the fluid surface energy is not fully converted into the kinetic form: part of it is
dissipated through “capillary radiation”. The energy radiated by the travelling
waves acts as an actual drag, braking the receding blob. The next goal would
be to calculate the further orders of the solution provided by our asymptotic
model. This would allow to quantify the velocity correction with respect to the
classic Taylor-Culick retraction speed and estimate the energy dissipation rate
due to the capillary ripples.

Finally, we point out that the whole work presented in this thesis is focused
on Newtonian liquids. In contrast, the majority of fluids found in nature and
used in industrial, medical or biological applications include viscoelastic mate-
rials, granular flows, colloids, surfactant solutions, polymers, mixtures. Conse-
quently, extending our study to fluids characterized by a more complex rheology
would be a fundamental step forward in terms of practical and commercial in-
terests.
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