FRACTIONAL LOGARITHMIC INEQUALITIES AND BLOW-UP
RESULTS WITH LOGARITHMIC NONLINEARITY ON
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ABSTRACT. In this paper, we prove the fractional logarithmic Sobolev inequality on
homogeneous groups. Also, we establish fractional logarithmic Gagliardo-Nirenberg
and Caffarelli-Kohn-Nirenberg inequalities on homogeneous groups. In addition, we
show blow-up results for the fractional heat equation with logarithmic nonlinearity
on homogeneous groups.
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1. INTRODUCTION

First of all, let us briefly give an introduction to the considered results. The
obtained inequalities seem new even in the Fuclidean setting.

1.1. Fractional Sobolev inequality. Let Q@ C RY be a measurable set and 1 <
p < N, then the (classical) Sobolev inequality is formulated as

[ullzr @) < ClIVUllLe@), ue C3°(Q), (1.1)
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where C' = C(N,p) > 0 is a positive constant, p* = N—_p and V is the standard

gradient in RY. The Sobolev inequality is one of the most important tools in PDE
and variational problems.
In [6] the authors obtained the fractional Sobolev inequality in the case N > sp,
1 <p<oo,and s € (0,1):
[ull g+ vy < Clusp, (1.2)

for any measurable and compactly supported function u where C'= C(N,p,s) > 0 is

a suitable constant,
u(y)l”
———~"dxd
& téwﬂw g

is the Gagliardo seminorm and p* = N_’;p.

and extensions of the above Sobolev’s inequality. For example, in [I] the authors
proved the following weighted fractional Sobolev inequality: Let 1 < p < % and

0 < B < 252 then for all u € C“(RN) one has

v u(y)l?
~dx < C'/ / dzdy, 1.3
</]RN |a:\26p ) RN JRN |95— |N+p8|x|5|y|5 (13)

where C'= C(N,p,s) > 0 and p* = sp.

In the homogeneous group settlng, the fractional Sobolev inequality was obtained
n [12]. In [I5], the author proved the logarithmic Sobolev inequality in the following
form:

P P N IVull?,
[ () N (T
RN ||u||Lp (RN) ||u||Lp (RN) p ||UHLP (RN)

where u, Vu € LP(RY).

Combining the above ideas in [9], the authors proved a version of the fractional
logarithmic Sobolev inequality. In this paper one of our aims is to obtain an analogue
of the fractional logarithmic Sobolev inequality on the homogeneous groups.

We refer to [7] for the original appearance of such groups, and to [24] for a recent
comprehensive treatment. However, for convinience, we shortly review basic facts
needed in this paper in Section [2]

There is a number of generalisations

1.2. Fractional Gagliardo-Nirenberg inequality. In the works of E. Gagliardo
[8] and L. Nirenberg [16] (independently), they obtained the following (interpolation)
inequality

[l vy < ClIVul oty ull Fn ™22, w e H'(RY), (1.5)

where
2<p<oofor N=2,
2<p< 2 for N> 2.

The Gagliardo-Nirenberg inequality on the Heisenberg group H" has the following
form

Q(p—2)/2 2p—Q(p—2))/2
el gy < ClI Vel FEE0 2 | P20, (1.6)
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where Vp is a horizontal gradient and ) = 2n + 2 is a homogeneous dimension of
H". In [5], the authors determined the best constant for the sub-elliptic Gagliardo-
Nirenberg inequality (1.6). Consequently, in [20] the best constants in Gagliardo-
Nirenberg and Sobolev inequalities were also found for general hypoelliptic operators
(Rockland operators) on graded groups.

In [I7] the authors obtained a fractional version of the Gagliardo-Nirenberg in-
equality in the form:

ey < Clult llull 5=y, Vu € CHRY), (L.7)

for N>1, s€(0,1), p>1, a>1, 7>0,and a € (0,1] is such that

1 1 s +1—a
—=al|l--= .
T p N «

Then this inequality was extended to homogeneous groups in [14]. Also, the loga-
rithmic Gagliardo-Nirenberg inequality with s = 1 was proved in [15] and its frac-
tional version was proved in [9]. In this paper we obtain the fractional logarithmic
Gagliardo-Nirenberg inequality on the homogeneous groups.

Note that, to the best of our knowledge, in this direction systematic studies on the
homogeneous groups started by the paper [18] in which homogeneous group versions
of Hardy and Rellich inequalities were proved as consequences of universal identities
resulting the recent book [24]. Also, in [I13] Hardy-Littlewood-Sobolev and Stein-
Weiss inequalities were obtained on homogeneous Lie groups.

1.3. Fractional Caffarelli-Kohn-Nirenberg inequality. In their pioneering work
[2], L. Caffarelli, R. Kohn and L. Nirenberg established:

Theorem 1.1. Let N > 1, and let Iy, lo, I3, a, b, d, 6 € R be such that l1,l5 > 1,
I3>0, 0<6<1, and

1 a 1 b 1 dd+(1-0)

e 1,001 - 0. 1.8
LTy L Ty LT N (1.8)

Then,
P | g vy < Ol * Vg oy 2P ull gy w € CERY),  (L9)

L2 (RN)a
if and only if

l+5d+(1—5)b:5(l+a—1>+(1_6)<é+£)’

lS N ll N N
a—d>0, if § >0,
: 1 dd+(1-=6)b 1 a-—1
—d<1 d —+—m—=— 1.1
a <1, if §>0 an l3—|— N ll—i— N,( 0)

where C' is a positive constant independent of u.

In [17], the authors proved the fractional analogues of the Caffarelli-Kohn-Nirenberg
inequality in the weighted fractional Sobolev spaces. The fractional Caffarelli-Kohn-
Nirenberg inequality for an admissible weight in RY was obtained in [I]. The loga-
rithmic analogue of the Caffarelli-Kohn-Nirenberg inequality was proved in [25].
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Recently many different versions of Caffarelli-Kohn-Nirenberg inequalities have
been obtained on different Lie groups, namely, in [26] on the Heisenberg groups, in
[22] and [23] on stratified groups, in [19] and [2I] on (general) homogeneous groups.
On the homogeneous groups a fractional analogue of Caffarelli-Kohn-Nirenberg in-
equality was proved in [14]. One of the aims of this paper is to obtain the fractional
logarithmic Caffarelli-Kohn-Nirenberg inequality on homogeneous groups.

1.4. Blow-up result for the fractional heat equation with logarithmic non-
linearity. In [3] the authors study the following initial boundary value problem:

(x,t) — Ayu(x,t) = ulog|ul, (z,t) € Qx (0,400),

u(z,0) = uo(az), x € Q, (1.11)
u(z,t) = (x,t) € 09 x (0, 4+00).

So, they prove the following blow-up theorem (in the Euclidean setting):

Theorem 1.2. [3] Assume that ug € H}(Q) and

1 1 1
J(up) = /|Vu0\ dr — —/ |luo|* log |ugldz + = /|u0\ de < M, (1.12)
and
I(ug) :/ |Vu0]2da:—/ |uo|? log |ug|dz < 0. (1.13)
Q Q
Then the weak solution of the problem blows up at 4o0.

Moreover, in [10] it is showed the condition J(ug) < M is unnecessary to blow-
up at infinity to a solution of the problem (1.11). We also refer to [4] and [11] to
blow-up results for the pseudo-parabolic equations with logarithmic nonlinearity. In
this paper, we considered the heat equation with the fractional sub-Laplacian with
logarithmic nonlinearity and we obtain the blow-up result. That is, we extend the
blow-up theorem from [10] to general homogeneous groups.

Summarising our main results of the present paper, we prove the following facts:

e An analogue of the fractional logarithmic Sobolev inequality on the homoge-
neous group G;

e An analogue of the fractional logarithmic Gagliardo-Nirenberg inequality on
G;

e An analogue of the fractional logarithmic Caffarelli-Kohn-Nirenberg inequal-
ity on G;

e Blow-up theorem for the fractional heat equation with the logarithmic non-
linearity on G.

The paper is organised as follows. First we give some basic discussions on frac-
tional Sobolev spaces and related facts on homogeneous groups, then in Section
we present the fractional logarithmic Sobolev, Gagliardo-Nirenberg, and Caffarelli-
Kohn-Nirenberg inequalities on G. In Section [4| we prove the blow-up theorem to the
fractional heat equation with logarithmic nonlinearity on the homogeneous group G.
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2. PRELIMINARIES
We recall that a Lie group (on R") G with the dilation
Dy(z) := (A"xy, ..., \™xy,), v1,...,vy >0, Dy:R" - R",

which is an automorphism of the group G for each A > 0, is called a homogeneous
(Lie) group. In this paper, for simplicity, we use the notation Az instead of the
dilation Dy(z). The homogeneous dimension of the homogeneous group G is denoted

by
Q:=v1+...+v,.

A homogeneous quasi-norm on G is a continuous non-negative function
G 3z |z| €]0,00), (2.1)

with the properties
i) |z| = |z for all x € G,
ii) [A\x| = A|z| for all x € G and A > 0,
iii) |z| =0 iff x = 0.
Moreover, the following polarisation formula on homogeneous groups will be used in

our proofs: there is a (unique) positive Borel measure o on the unit quasi-sphere
S :={z € G: |z| =1}, so that for every f € L'(G) we have

/G f(z)dr = /O h /6 flry)r@tdo(y)dr. (2.2)

We refer to [7] and a recent open access book [24] for more details.
Let us define quasi-ball centered at x with radius r in the following form:

B(z,r) ={z € G: |z 'y <r}. (2.3)

Let s € (0,1) and let G be a homogeneous group of homogeneous dimension (). For a

(Haar) measurable and compactly supported function u the fractional sub-Laplacian
(—A;) on G can be defined as

u(r) — ufy)
(—Ay)u(x) :=21lim —dy, z € G, (2.4)
N0 Je\B(r |yt
where | - | is a quasi-norm on G and B(x,r) is a quasi-ball with respect to | - |, with

radius r centered at x € G .
Let p > 1. For a measurable function u : G — R we define the Gagliardo quasi-

seminorm by
u(z 1/p
</ [ ) (25)

Now we recall the definition of the fractional Sobolev spaces on homogeneous groups
denoted by W#P(G). For p > 1 and s € (0,1), the functional space

W*P(G) = {u € LP(G) : u is measurable, [u],, < +00}, (2.6)

is called the fractional Sobolev space on G.
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Similarly, if Q2 C G is a Haar measurable set, we define the Sobolev space

WP(Q) = {u € LP(Q) : u is measurable,

w(z z
dlape = (//\ - 1$|Q+Sp " g dy) < oo}, (27)

Let us define Wi (Q) as the completion of C§°(€2) with respect to the norm
[ullwgr @) = [Uspo- (2.8)

In the case p = 2, for all ¢ € W*(Q2) we have

) (@) —vy))
(=A / / ’y—1x|Q+2s dzdy. (2.9)

Now we recall the definition of the weighted fractional Sobolev space on the homo-
geneous groups denoted by

WP (G) = {u € LP(G) : u is measurable,

1
2|77y |2 u(x) — u(y)|” ’
Ulspp = (// PRt dzdy | < 400}, (2.10)

where (1, B € R with 8 = 8, + [, that is, it depends on [5; and fs.
As above, for a Haar measurable set Q C G, p > 1, s € (0,1) and f;, (2 € R with
B = B1 + B2, we define the weighted fractional Sobolev space

WPP(Q) = {u € LP(Q) : u is measurable,

1
xﬁlpyﬁzpu u(y)|? »
Ulspp0 = (//‘ 7] ||y—1|:c]QJ)rSP W)l dxdy) < +oo}. (2.11)

Obviously, taking 8 = f; = f2 = 0 in (2.11]), we recover (2.7]).

3. FRACTIONAL LOGARITHMIC INEQUALITIES ON G

In this section we prove analogues of fractional logarithmic inequalities on the ho-
mogeneous groups. From now on, unless specified otherwise, G will be a homogeneous

group of homogeneous dimension (). Firstly, we show weighted Holder’s inequality
on G.

Lemma 3.1. Suppose that 1 < p < r < q < oo, a € [0,1], a € R, |z|*u €
LP(G) N LYG) with
1 a 1-—a
-=—+ , (3.1)
r p q

then we have

[ *ullzr@) < M *ullZo @ 1" ull () (3-2)
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Proof. By using Holder’s inequality we obtain

el ulr e = / 2| (o) dz = / (el ) ) (] () ) - de

(=a)r

<(/ |x|ap|u<x>|pdx)a’: ( / |x|aq|u<z>|qu)lq (33)

= [l ull7 H’x|au||Lq @)
with
1 —
a d-ar_, (3.4)
p q
0

Now let us present logarithmic Holder’s inequality.

Lemma 3.2. Let |z|*u € LP(G) N LY(G) with some a € R, 1 < p < q < o0. Then
we have

ap p aplylP :L‘aup
0wy (R 1 WP Ty LT RS
o Naleulllug - \ Mzl Q—p |||x|au||m ©

Proof. Consider the function

F () = tor (llePullre). (36)

Now let us show that the function (3.6)) is convex. To prove it we use Lemma [3.1{ so
we get

1 (6% (0% 6%
F(3) = ton (e ullre) < tog (Hlafulie el

= tog (lel"ulfe) + og (st allzty) =oF (3) + (1= 0)F (3) . )

with a € [0,1] and 1 =
Since we have

l—a
+ 7

a
p

v da, (3.8)

the derivative of (3.8)) is

/
F(e) = o [ of#uto)ide 47 (tog [ Jaffuo e
G G )
/
(Jllstute's)

log/\:c| | rdx + 1
fG |x|*|u | dx

:1og/G|x|?|u(x)|idx—%fG Wf |l)| ig(ﬁ'i';( J)dz (3.9)
G
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On the other hand, by (3.7) F'(r) is convex, therefore, we have
Fir'y—F
priy 5 P = FO)

- / Y

' >r>0. (3.10)
r—r

With r = % and ' = % it yields

z|*ulP log |z|%|u da: a
Je 1z|o? u(z) [Pda —p 2 \Js lzlull )

(3.11)
We have
lo z|*Plu(x) [Pdx z|*Plu(x) [Pdx
ot [ laflutoypas = LU oot
o Tz eleru(a)pdz
Jo [l lu@) [P log [[z|ull], g da (3.12)
e lzlerlu(z)pde '
Substituting it in (3.11)) we obtain logarithmic Holder’s inequality
z|*ulP log |x2|%|u|dx
Jg 1z|°P|u(z) [Pda G
Je llzlup log zl°luldzJg le1*Plue) P log | [#]"u]f, cyd
Jg lz|oP|u(z) [pda Jg || |u(z) [Pd
el loglalrlupds g lelPlut) P log el ull 6 de
Je lzlePlu(z)|Pde [ |z|or|u(x)|pda
ap|, |p apl,, |p x|u|?
ety (e Y g (R
c lz|*ulll%s @ Hz|*ul[Zs g q—p lz|*ull7, g
O

To prove fractional logarithmic Sobolev’s inequality we need the version of a frac-
tional Sobolev inequality on the homogeneous groups.

Theorem 3.3 ([12], Fractional Sobolev inequality). Let G be a homogeneous group
with homogeneous dimension Q. Let p > 1, s € (0,1), Q > sp, and let | - | be a
quasi-norm on G. For any measurable and compactly supported function u: G — R
there exists a positive constant C' = C(Q,p, s,q) > 0 such that

||u||LP*(G) < Clulsp, (3.14)
*x _ oo% _ Qp
where p* = p*(Q, s) = o
Now we present the fractional logarithmic Sobolev inequality on G.

Theorem 3.4. Under the assumptions of Theorem [3.5 we have the fractional loga-
rithmic Sobolev’s inequality

p p p
g [ dm<Qlog o ep M”’ (3.15)
o Tl \ Tl Tl
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for any measurable and compactly supported function u. Here C' is a positive constant
indefendent on u.

Proof. By using weighted logarithmic Holder’s inequality (3.5) with a = 0, we get

P P ul?
#log _lul? dz < 2 log Il . (3.16)
e lullzr) lellZe ey q—p HU||LP ©

that is,

By the assumption we have 1 <p < q=p* = Q sp,

P
[uf? [uf? P el s
Sl TN At W
G 1 (G Lr(G) pm—p Ulize(c)

* P
<L log (JM—J’ . (3.17)
p*—p [ullZo )

Here we have

O

Remark 3.5. In the Abelian (Euclidean) case G = (RY,+), we have Q = N and
|| =1|-|g (|| is the Euclidean distance), if s — 1~ and from (3.15) we get the
logarithmic Sobolev inequality from [15].

Let us recall the fractional logarithmic Gagliardo-Nirenberg inequality

Theorem 3.6 ([14], Fractional Gagliardo-Nirenberg inequality). Let G be a homoge-
neous group with homogeneous dimension Q). Assume that Q > 2, s € (0,1), p > 1,
g>1,7>0,a€(0,1], Q > sp and

1 (1 s>+1—a
—=al|l—-——= .
T P Q q

lull -6y < Clulspllullza(e). (3.18)

Then,

for all measurable and compactly supported v and C = C(s,p,Q,a, ) > 0.
We have the following logarithmic fractional Gagliardo-Nirenberg inequality.

Theorem 3.7. Under the assumptions of Theorem[3.0 with the parameters 1 < p <
00, 1 < g < oo with ¢ < p*, there exists C = C(Q,p,s,q) > 0 such that for all
measurable and compactly supported u we have

q q 1 ul?
il g () g < log (JH—*’ dz. (3.19)
q q
||u||Lq(G) ||u||Lq(@) =7 ||U||Lq (G)
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Proof. Combining the fractional Gagliardo-Nirenberg inequality (3.18)) and the loga-
rithmic Holder inequality (3.5]), we obtain

| || 1 [ullZr
T U b 2l b
G L1(G) L1(G) T q

a (1-a)q
1 Ug Ul 14 Ug
< 1_—glog (C’[ ] Dllully (G) ) - 1fg log (OH#> . (3.20)

pm ||u||%q(((;) pm |uHLq(G)

O

Remark 3.8. In the Abelian (Euclidean) case G = (R, +), we have Q = N and
|| =1|-|g (|| is the Euclidean distance), if s — 1~ and from (3.19) we get the
logarithmic Sobolev inequality in [I5].

Recall the fractional Caffarelli-Kohn-Nirenberg (CKN) inequality on homogeneous
groups.

Theorem 3.9 ([14], Fractional CKN inequality). Let G be a homogeneous group with
homogeneous dimension Q. Assume that Q@ > 2, s € (0,1), p>1,¢>1, 7 >0,

€ (0,1), By, B2, B, u, v ER, B1 + P2 = P and

5o ) s (4 5)
—tLl=a(-+ +(1-a)|-+L). 3.21
AR VAR R A VR 321

Assume in addition that, 0 < 8 — o with v = ac + (1 — a)p, and

.1 v 1 pB-s
B—o<s onlyif —+—==—-+ : 3.22
teTrT 0 (322
Then for all measurable and compactly supported u we have

" ullir@) < Clulsy sl ull o). (3.23)

when + + 3 >0, and for u € CHG \ {e}) we have
N ullz- @) < Cluls, glllz*ull 2. (3.24)
when % + % < 0. Here e is the identity element of G.

Now we present the fractional logarithmic CKN type inequality on homogeneous
groups.

Theorem 3.10. Under the assumptions of Theorem [3.9 with
a=pF=p 1<qg<p, 1<p<Q, Bp+Q>0, fg+Q >0, (3.25)

there exists a positive constant C' such that

e q Ay l9 1
(] u]) 1og< ]yl )dm < 1Og< (Wspa > (3.26)

e 71wl Hl*w] L) Il ull7o)

for all measurable and compactly supported u.
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Proof. From the assumptions of Theorem with a = 8 = 7, we obtain that
1 1—
=242 (3.27)
T P 4q
From this identity with ¢ < p* we get ¢ < 7. By using these facts with weighted
logarithmic Hélder’s inequality and o = 8 = + we obtain

aq q agq q xau qT
|xL |Z| log |g;L |2;| de <7 log i !a Hq ©)
c |llz| u||Lq(G) || UHLq(@) T—q 2| u||Lq(G)

a « (1—a)q
u|® U
< T log (Ca[ ]s,p,a||| | ||Lq(([}) )

B |||13|au||qu(®

T—dq
uld
=Y og C[]S—vpf ,
T—q H|x|0‘u||Lq(G)

(3.28)

Since o = = 7, we have

= . (3.29)
0

Remark 3.11. In the Abelian (Euclidean) case G = (R™,+), we have Q = N and
|1 =1-1|g (| |g is the Euclidean distance), if s — 1~ and from (3.26]) we get the
logarithmic Sobolev inequality in [25].

4. BLOW-UP THEOREM ON G

Let us consider the following Cauchy-Dirichlet fractional heat equation on the
homogeneous group:

Qurl) 4 (—Ag)u(z,t) = u(z,t) log [u(z,t)], (z,t) € 2 x (0,+00), QC G,

u(z,t) =0, (z,t) € G\ Q x (0,+00),
u(,0) = ug(x),
(4.1)
where Aj is the fractional sub-Laplacian with s € (0, 1).
For simplicity, we introduce the notations Hg(Q) := W*(Q) and [u]s = [u]s2.0.
Let us recall the definition of a weak solution.

Definition 4.1. Let 7" > 0. A function u : Q x [0,400) — R, u = u(z,t) €
L>(0,T; Hg() with 9 € L*(0,T;L*(2)) is a called a weak solution of problem
(4.1)) in © x [0, +00), if ug € H{(S2) and u satisfies (4.1)) in the sense of distribution,

/utgpdx+<(—As)u, ©) :/ulog|ulgpd$, (4.2)
Q Q

for any ¢ € H§(Q), t € (0,+00).

Definition 4.2. Let u(x,t) be a weak solution of (4.1)). We say that u(z,t) blows up
at +oo if
lim [Ju(t,-)[[72(q) = +oo. (4.3)

t—+o00
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Let us consider the following energy functionals

1 1 1
J(u) = Z[u]? — = / u?log |u|dz + —/ lu|*dz, (4.4)
2 2 Jq 1 Jq
and
I(u) = [u]? — / u? log |u|dx. (4.5)
Q
Then we have
1 1
J(u) = =1(u) + —/ lu|*da. (4.6)
2 4/,

We have the following energy identity for (4.1)).

Lemma 4.3. Suppose that u is a weak solution of the problem . Then we have
t
/ HuTH%Q(Q)dT + J(u) = J(ug), Vte (0,+00). (4.7)
0
Proof. Multiplying by u; and integrating over €2 in (4.1]), we get

/|ut|2dx—{— (—As)u,u) = / ugulog |u|dz. (4.8)
0 0

For the second term on the left hand side of (4.8]), we have

u(x,t) y, 1)) (ue(z,t) — uy, t))

/ ue.t) =y )P,
"2 dt \y 137]Q+28 T2 dt
On the right hand side of (4.8, we have

du?log |u|
dt

= 2ugu log |u| + wuy, (4.10)
then

1d 1
/Qutulog]u\dx— 5 u log |u|dx — §/Quutd:c
1d

T 2dt

Plugging (4.9) and - in - we get

d (1 1 1
2d | = 2__/ 21 d _/ 2d
/Q]ut| e (Z[u]s 5 Qu og |u| T+ Qu x

:/ |us|Pdx + dJ( )=0. (4.12)
0 dt

1d
*log lulde — —— [ w’dz. (4.11
Qu og |uldx 1 Qu z. (4.11)

Integrating over (0,t), we arrive at

t dJ(u
0 0
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that is,

t
/0 et 2y + () = J (o). (4.14)

Now we are in the position to present the main result of this section.

Theorem 4.4. Suppose that u is a weak solution of with ug € HS(Q) and
I(ug) < 0. Then

. 2 -
i Ju(t, )220 = +oo. (4.15)

Proof. Firstly, by using (4.2)) with u = ¢ we get

d 9 d / 5 /
— || = — | udx =2 | uudz
e =5 | [

=2 (/((—As)u,m —u*log |u|dx) = —2[(u). (4.16)
Q
So by using this, (4.2)) and (4.6]), we obtain

dl(u) d (QJ(u) B %/qudx) _ 2/9/9 (u(z,t) — U(?T;)l)x(rég;t) - ut(y,t))dxdy

. di

—2/uutlog\u|da:—/uutdx—l—/uutdx—/uutda::—QHutH%z(Q)—/uutd:c
0 0 0 0 0

= —2||ull72q) + I(u) < I(u). (4.17)
By using Gronwall-Bellman’s inequality and I(ug) < 0 we have
I(u) < I(ug)e' < I(ug) <0, Vte (0,400). (4.18)

It means that I(u(zx,t)) is decreasing functional with respect to the argument ¢. Let
us set

t
A(t) :/0 lullZ2@ydt, A'(8) = l[ullZzq). (4.19)
and by Definition [4.1| we have
A'(t) = 2/ uudr = —2[uls + 2/ u?log |uldr = —21(u). (4.20)
Q Q

A simple calculation gives

A'(t) w_ ATDAQR) — (A'(1)?

log A(t)) = log A(t))" = 4.21
(o8 A1) = el (108 4(0) o0 (121)
Now let us estimate A”(t)AXg(_t)(A/(t))2. By using (4.19)), 1) and Lemma we obtain

/() = —20(u) = —AT(w) + A'(t) = —4T(ug) + 4 /0 s oy + A1), (4.22)
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Similarly, from (4.19) we obtain

(A'(1)* = l[ullz20) = l[ull720) + 2llullZ2@)lluollZ2@) — 2llullZ2@)lluollz2 (@)

2
T ol — ol ooy = ( [ =) dw) 2y ey — ol

b ou? 2 ) , , ¢ 2
= (/ / —deﬂi) + 2f|ullzz o) lluollZe ) — lluollza () = 4 (/ /uTudxdT)
ato OT 0 Ja

+ QHUH%Q(Q)HUOH%Q(Q) - ”U0H4L2(Q)- (4.23)

Finally, we have

t 2
<A/<t>>2=4( / / ufudxdT) 2l ol — ol (4:24)
It follows that

A A(R) — (A1) = 4T (ug) A(t) + 4 /0 et 2 dr A(E) + A/ A(t)

t 2
([ [ wrudsar) — 2l ol + ol
(€) () (€) (4.25)

_ < / it 2y 7 / 220 — (/ / uTudxdT)>

— 4T (ug) A(t) + A () A(t) — 2|luoll T2y A’ () + lluoll 120

By using the Cauchy-Bunyakovsky-Schwarz inequality, we get

A (A - (A ‘4</ bt | Bl </ot/a“7udxd7>2>

— 4J (ug) A(t) + A () A(t) — 2|uoll720)A'(£) + lluoll 120
> 0) (A2~ okt ) + 40 (22 - ).

(4.26)
From (4.19)), (4.20) and I(u) < I(ug) < 0, we obtain
t
Aty=A0)-2 [ I ,7))dr = —2I(ug)t >0, t>0,
() = 40 =2 [ Tua7)dr = 20w >0, ¢> .

A(t) = —I(up)t> >0, t>0.
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By using and (| in - we calculate

A (AW - (4 U>>WU(—Q—Hdm ) ) (552 - 4w
> A (1' ol ) + A) (<1 (w0t - 17(wo)
210 (TG ~ ol ) + AW (~ o)t~ 21(00) = ol
> 20 (T80 ) +A0) (~Ta)e+2) - ).

(4.28)
From Definition [4.1] we have that uy € H(2) and let

ug||* 2
£ o = max d 12w o V2ol | (4.29)
—I(U0> \/ —I(Uo)

Let us consider the case
t = max { ||U0||%2(Q) _9, \/§||UO||L2(Q) _ \/§||UO||L2(Q).
—I(uo) V—1(uo) v/~ 1(uo)
By using this fact in (4.28]), we obtain
A"()A(L) — (A'(1)

5
24@<:&@ﬁ—mm;®>+mw0ﬂmw+m—wm@@)

(4.30)

°—ﬂWﬂ%mO%wﬂﬂ<—ﬂmﬂm+2%%Wﬂémﬂ
= A(®) (IluollZa(e) — luollFzqe ) + AW (—I(uo)(to +2) = Iluoll32(ey

= A48) (~I(u0)(to +2) = ol

> A(t) (—I(uo) (Hii}”ﬁ -2+ 2) - ||U0||%2(Q)>

=0.
(4.31)
Thus, we get
A"(HA() — (A'(#)* > 0. (4.32)
Similarly, in the other case
upl|? upl|?
to = max || 0||L2(Q) _9 ||Uo||L2(Q) _ || 0||L2(Q) _9 (4.33>
— 1 (uo) —1I(uo) —1(uo)

we get

A"(HA() — (A'(#)* > 0. (4.34)
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So we have

y_ ATAQR) = (A1)
A%(t) ’

(log A(t))

and integrating over (to,t), we get

(4.35)

a%mmuu%mmm%%[yvmgémvwﬁzO (436)

Thus, we have

(log A(t))" = (log A(£))'e=t,- (4.37)
Similarly, we get
A'(to) : ' :
Alho) (t —to) = (log A(t))'|i=t, (t — to) < | log(A(7))'dr = log(A(t)) — log(A(to))-
to
(4.38)
Finally, we arrive at
A (1—10)
A(tg)e ® < A(t). (4.39)
By summarising above facts (4.37))-(4.39) with ¢ > ¢, we compute
A'lto) A(t)
20 = A'(t) = (log A(t))'A(t) > (log A(t)) 1=, A(t) = Alt) = At
Julf ey = 40) = g AWV > Qo AW iy AlE) = e AW) = L0 A0
A(tg) Alto) oy Altg)
> A(to)e 701 = flu( to)|[agaye 70T 2 Jun[Fagye 10 .
(4.40)
That is,

t—+o00

O

Remark 4.5. In the Abelian (Euclidean) case G = (RY, +), we have Q = N and
|| =|-|g (|| is the Euclidean distance), if s — 1~ we get blow-up result at infinity
in 3] and [10].
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