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Abstract

Permutations and associated algebras allow the construction of half and quarter BPS op-
erators in maximally supersymmetric Yang Mills theory with U(N), SO(N) and Sp(N)
gauge groups. The construction leads to bases for the operators, labelled by Young diagrams
and associated group theory data, which have been shown to be orthogonal under the inner
product defined by the free field two-point functions. In this paper, we study in detail the ori-
entifold projection map between the Young diagram basis for U (V) theories and the Young
diagram basis for SO(N) (and Sp(N)) half-BPS operators. We find a simple connection
between this map and the plethystic refinement of the Littlewood Richardson coefficients
which couple triples of Young diagrams where two of them are identical. This plethystic
refinement is known to be computable using an algorithm based on domino tilings of Young
diagrams. We discuss the domino combinatorics of the orientifold projection map in terms
of giant graviton branes. The permutation construction of SO(N) operators is used to find
large N generating functions. The structure of these generating functions is elucidated using
the combinatorics of words, organised according to their periodicity. Aperiodic words in the
U(N) theory are Lyndon words and an SO(N) analogue of Lyndon words is defined using
a minimal periodicity condition. We calculate the normalization factor for the orthogonal
basis of Young diagram operators in the baryonic sector of SO(N).
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1 Introduction

The AdS/CFT correspondence [1, 2, 3] allows us to use the physics of N' =4 U(N) super Yang-
Mills to find new properties of type IIB string theory on AdSs x S°. Following the association
of sub-determinant operators with single giant graviton branes in S° [4], the construction of the
Young diagram basis for the half-BPS sector of U(N) gauge theory [5], which diagonalizes the
CF'T 2-point functions, has led to an explicit correspondence between the half-BPS operators and
non-perturbative states in the AdS space. These states include general giant gravitons [6, 7, 8]
as well as LLM geometries arising from the backreaction of giant gravitons on the space-time
[9]. The finite N cut-off in the diagrams is dual to the stringy exclusion principle [10]. Progress
towards Young diagram bases for multi-matrix systems was made in [11, 12, 13], motivated by
the study of open strings attached to giant gravitons. The diagonalisation property for two-point
functions of Young diagram bases in multi-matrix systems was proved in [14, 15, 16, 17, 18]. The
U(N) Young diagram basis was extended in [19, 20, 21] to more general quiver gauge theories.

In a different direction, the dual description of different gauge groups was considered in
[22]. A Zs orientifold operation, acting as a Zy orbifold in space-time, takes the S° factor of
AdSs x 8% to RP5. This operation can produce, depending on topological factors, a theory
with either an orthogonal or symplectic gauge group. Following earlier work by [23], recently a
Young diagram basis of the half-BPS sector was found for these groups and was used to compute
exact correlators for elements of this basis, and for certain traces [24, 25]. These considerations
were extended to the free field quarter-BPS sector in [26, 27]. These results involve significant
extensions of the U(INV) story, where wreath products of symmetric groups play an interesting
role. These wreath products are described in more detail in section 2.

In this paper we revisit the construction and counting of operators in the half and quarter-
BPS sectors of N' = 4 SYM with SO(N) and Sp(N) gauge groups. In the orthogonal case,



these operators are of two types, which we call mesonic and baryonic. Essentially, the mesonic
operators are constructed by contracting indices of matrices with Kronecker § invariants common
to SO(N) and U(N) theories (the Sp(IN) equivalent is the symplectic form). The baryonic
operators are constructed using ¢ invariants which are specific to SO(N) theories (Sp(N) theories
also contain such operators, but they are linearly dependent on the mesonic ones). These two
types of operators are described in more detail in Section 3. A natural question is: how are
the mesonic Young diagram operators of U (V) theories related to the mesonic Young diagram
operators of the SO(N) (or Sp(N) theories)? From the physical perspective, the relation is given
by the orientifold map. So the question we are asking can be posed as: how does the orientifold
projection operation of string theory act on the Young diagram operators of the U(N) half-BPS
sector (and quarter-BPS sector) to produce the Young diagram operators of the SO(N) theory?
Surprisingly, we find that this question, in the case of the half-BPS sector, has a simple and
elegant answer in terms of a classic concept in the combinatorics of Young diagrams, called
plethysms of Young diagrams.

Consider a Young diagram t with m boxes and a positive integer k. There is a representation
Vi of U(N) corresponding to t. We take N to be large here, more precisely N > mk. Now
consider the tensor product Vt®k. This is a representation of U(N) under the diagonal action
where the group element U € U(N) acts as UQU®- - - U. This diagonal action of U(NN) commutes
with the Sy permutation group acting on Vt®k by permuting the different factors of the tensor
product. So we can decompose Vt®k according to irreps of U(N) x Sy which correspond to pair
(R, A) where R is a Young diagram with km boxes and A is a Young diagram with k& boxes. The
multiplicity of (R, A), denoted P(t, A, R) is known as a plethysm coefficient. They were defined
by D. E. Littlewood [28] and remain the subject of important questions in combinatorics [29)].
The sum over A of P(¢,A, R) can be expressed in terms of Littlewood-Richardson coefficients.
For the case where k = 2, the Young diagram A can be either the symmetric with a row of length
2, denoted as A = [2], or it can be anti-symmetric, denoted as A = [1, 1] for two rows of length 1.
The sum P(¢, [2], R) + P(t, [1,1], R) is a Littlewood-Richardson coefficient: the number of times
R appears in Vt®2 when this is decomposed into irreps of the diagonal U(N). Thus P(¢,[2], R)
and P(t, [1,1], R) are plethystic refinements of the Littlewood-Richardson coefficients. It turns
out that the orientifold projection map can be expressed in terms of the plethysm coefficients
P(t,[2], R) and P(t,[1,1],R). A combinatorial rule for finding these coefficients was given in
[30], refining the Littlewood-Richardson rule by replacing the standard Littlewood-Richardson
tableaux with Yamanouchi domino tableaux. The derivation of this connection between the
orientifold operation of string theory and the plethysm coefficients is the first main result of this
paper.

It has been recognized for a while that connections between the combinatorics of words and
the classification of gauge invariant operators form an important pillar of gauge-string duality
[31, 32, 33]. This has seen the application of Polya theory in the study of the thermodynamics of
N =4 SYM theory. Another aspect of word combinatorics, underlying the structure of counting
functions for gauge invariants in general quiver gauge theories, was highlighted in [20]. These
were free monoids of words, which are sets of words obtained by multiplying a few generating
letters in arbitrary order without assuming any commutativity of the multiplication. Words can
be composed by concatenation, giving rise to a monoid structure. There is no explicit mention
of cyclicity in these free monoids, which makes it a little surprising that these have anything
to do with counting gauge invariants, which are traces of one kind or another. Nevertheless
the counting of gauge invariants built from two matrices X,Y at large N has an interesting
connection with the free monoid generated by two letters x,y. The key to understanding this
relation is to think about the organisation of traces of two letters according to their periodicity.
For example Tr(XY XY) has periodicity 2, while Tr(X?Y?) has periodicity 1 and can be said
to be aperiodic. Figure 7 gives a glimpse of the importance of aperiodic single traces. They lie
at the apex of this diagram. To the right of the diagram, are multi-traces of aperiodic traces.



To the left, are single traces of all periodicities. At the bottom of the diagram is the full space
of gauge-invariant operators made from two matrices. As we explain in section 5.1, aperiodic
multi-traces (appearing in the right box of the figure) are in 1-1 correspondence with the free
monoid generated by two letters x,y. This builds on known results concerning Lyndon words
[34], which play an important role in the field of “combinatorics on words”, an area with diverse
applications in mathematics [35, 36]. As we further explain, there are counting functions for each
of these boxes, and there are relations between them, involving the plethystic exponential and
the M6bius map. The plethystic exponential has been emphasised and its applications in many
problems of counting chiral operators in supersymmetric gauge theories have been developed in
[37] and subsequent literature.

The second main result of this paper is to develop the analogous picture for the counting of
SO(N) gauge invariant operators made from two matrices, i.e. the free field quarter-BPS sector
of N = 4 SYM. This involves defining an analogue of the notion of Lyndon words, appropriate for
mesonic operators in the large N limit of SO(N) groups, which we call orthogonal Lyndon words.
These are defined by a condition of minimal periodicity which replaces the aperiodic condition
on traces for U(N) theories. Figure 8 shows the SO(N) analogue: the minimally periodic words
are at the apex, and there are maps leading to the counting of all the multi-traces. As we will
see, the minimally periodic words can have periodicity one or two. Consequently, there is a
different organization of SO(N) two-matrix multi-traces which respects the periodicity. This is
shown in Figure 9.

Alongside demonstrating the structure of the space of two-matrix multi-traces, the diagrams
in figures 7, 8 and 9 give different forms for the generating function of the quarter-BPS sector.
For the U(N) theory this function is already well known [16], and can also be written as the
sum of squares of Littlewood-Richardson coefficients. The SO(NN) generating function has been
given previously [26] as a linear sum of Littlewood-Richardson coefficients, but to the best of
our knowledge, the explicit expression we derive here is a new mathematical result, of interest
to mathematicians [38] as well as physicists.

The paper is organised as follows. Section 2 gives a brief summary of our notation and
conventions. In particular it introduces the wreath product group S,[S2|, which is one of the
key mathematical structures in analysing SO(N) invariants. In section 3 we explicitly construct
a Fourier basis for the quarter-BPS sector. This is done by studying the group invariances of
the different methods of contracting the SO(INV) indices and then using Young diagrams to build
operators that align with these invariances. The two SO(N) invariant tensors 0;; and &;, _;, lead
to two types of operators, which we call mesonic and baryonic. We also review the quarter-BPS
sector of the U(N) theory.

In section 4 we specialise these operators to the half-BPS sector and look in detail at how
Young diagram operators in the U(N) theory behave when projected to the SO(N) theory. This
leads to surprising connections with the combinatorics of domino tableaux.

In sections 5 and 6, we study the vector spaces spanned by U(N) traces (multi-traces of two
arbitrary complex matrices) and SO(N) traces (multi-traces of two anti-symmetric complex
matrices) respectively in the large N limit. In particular we look at how the structure of these
spaces reflects the factorisation of multi-traces into single traces and the classification of traces
by periodicity. We also study how this structure is exhibited in the respective Hilbert series.
This leads to many different counting formulae, and an associated list of number sequences is
given in Appendix C.

Having studied the half-BPS projection in section 4, we proceed to the quarter-BPS case in
section 7. Much of the difficulty here is in finding a suitable labelling set for generic 2-matrix
multi-traces. For the U(N) theory this set is provided by partitions labelled by Lyndon words,
while for SO(N), the partitions are labelled by orthogonal Lyndon words. The projection coeffi-
cients can be expressed as a sum over these labelling sets, where the summand is given in terms
of restricted characters. Finding a combinatoric interpretation of the projection coefficients,



generalising the domino combinatorics of the half-BPS case, is an interesting problem for the
future.

Correlators of the mesonic operators have been studied before in [26]. In section 8 we
complete the quarter-BPS picture by giving the correlator of baryonic operators. We give
two methods for this calculation. The first uses Schur-Weyl duality to connect the baryonic
calculation with the mesonic result. The second is given in appendix E, and goes via a nice
generalisation of the result (D.6).

It is well known that invariants of the symplectic and orthogonal groups are connected. In
section 9 we repeat all of the above, but with a symplectic gauge group instead of an orthogonal
one. All the results follow along similar lines, and in many cases are entirely identical.

Finally, section 10 gives a brief overview of questions arising from and future research direc-
tions related to the results of this paper.

2 Notation and Conventions

In this paper, we will make extensive use of the symmetric group S,,, made up of permutations
of n distinct objects, usually taken to be {1,2,--- ,n}. Permutations o € S, are maps o :
{1,2,---,n} — {1,2,--- ,n} which are 1-1 and invertible. The image of i is denoted o(7)
and the product is defined by (o7)(i) = 7(0(i)). The group algebra C(.S,,) is the space of linear
combinations ) . s, ao0 where a; € C. The product on this space is inherited from the product
on the group. We define (—1)? =sgn(o) to be the sign of the permutation o.

Conjugacy classes in S, are labelled by partitions p of n, for which we use the standard
notation p - n. We write partitions in two distinct ways, depending on which is more suitable
for the situation. Firstly, we write p = [A1, g, ...], where the \; are just the components of p in
(weakly) decreasing order. Secondly, we use p = (1P1,2P2 3P3 ), where p; is the multiplicity
of i as a component of p. So p; is the number of As equal to 1, po is the number of As equal to
2, and similarly for ps,ps etc. When speaking about partitions in general (so for example when
considering the set of all partitions), we normally use multiplicities, but when giving specific
examples of partitions, we will typically work with components. To avoid confusion between the
two notations, we will use Greek letters for the components of a partition and Latin ones for the
multiplicities. Since we use the multiplicities more often for named partitions, we will generally
give partitions Latin names (p, ¢, etc).

As an example of the two notations, the partition p = [5,3,3,2,1] F 14 has components
A1 =5, ..., As = 1 and multiplicities p; = ps = p5 = 1 and p3 = 2.

We denote the sum of a partition p by

pl=> XN=> ipi=n
i i
and the number of components by

l(p) = # of non-zero \; = Zpi

Since all permutations of cycle type p have the same sign, we define the sign of a partition to
be the sign of any permutation with that cycle type. Explicitly

(v =0 = I o

A 7 even
Given two partitions p - n and g - m, there are two ways of ‘adding’ them together to create a
partition of n 4+ m. Firstly, we can add the components together, which we denote by p + g. So

given q = [p1, po, ...], we have p+q = [A\1+p1, Aa+p2, ...]. Secondly, we can add the multiplicities
together, which we denote by pUq. So pUgq = (1P1+a1 2p2Fe ) Intuitively, + corresponds



to concatenating Young diagram left to right, while U concatenates them top to bottom. This
notation was used in [39].

It will be useful to define the partitions 2p = p+ p, 3p = p + p + p and so on. In terms of
components and multiplicities, kp = [kA1, kXg, ...] = (KP1, (2k)P2, ...).

An important quantity for p - n is given by

2p = Hz’pipi! (2.1)
i
For o € 5, of cycle type p, z, gives the size of the centraliser of o, that is the subgroup of S,
that commutes with o. Using the orbit-stabiliser theorem [40] then tells us that the size of the
conjugacy class (number of elements in S, with cycle type p) is Z—;
The definition (2.1) interacts nicely with the definition of kp

Zhp = k:l(p)zp (2.2)

As is standard, we define the number of distinct partitions of n to be p(n).
For a partition p - n, we denote the conjugate (transposed) partition by p¢. The operations
U and + are conjugate to each other:

(p+q°=p"Uq (2.3)

The irreducible representations (irreps) of S, are also labelled by partitions. For various pur-
poses, it is useful to think of these visually in terms of Young diagrams. These are arrangements
of boxes such that the number of boxes in each row corresponds to the components of the
partition. So for example the partition R = [4,4, 2] has the Young diagram

We will use the terms Young diagram and partition interchangeably, and we denote them in the
same way, R F n.
It is well known that 5, representations are real and that the representation space can be
given an inner product so as to make them orthogonal. We denote the dimension of R by dg.
The matrix representatives of group or group algebra elements are denoted by D®(o). These
matrices satisfy the orthogonality relations

_ n!
> DD o) = Mo 2
O’GSTL R
For each irrep R we can define a projector in C(S,,)
Pr="23" xn(o) (2.
R= xr(0)o -
€Sy
These satisfy the multiplication identity
PrPg = dpsPr

They are represented by the identity matrix in the corresponding irrep and the zero matrix in
all other irreps
D% (PR) = 6rs

Therefore in any direct sum representation Pr projects to the R subspace (or subspaces).



The character of a permutation in an irrep R depends only on its cycle type, so taking o € .S,
to be of cycle type p we have

Xr(p) = xr(0)

The definition of z, (2.1) allows us to neatly write down the orthogonality relations for characters.
They are

> Xr(p)xs(p) = Ons S xr(P)XR(0) = 200 (2.6)
phn P RFn

For a Young diagram R F n, the irrep R¢ is isomorphic to the tensor product of R with the sign
(anti-symmetric) representation, so

Xre(p) = (=1)"Xr(p) (2.7)

2.1 The wreath product S,[55]

We will have particular use for a certain subgroup of Sa,, called S,,[S2]. This can be thought of
as the permutations of n pairs of objects. Each pair can be individually switched, and the n pairs
can be permuted among themselves, so we have |S,,[S2]| = 2"n!. By labelling the 2n objects
as {1,2},{3,4},...,{2n — 1,2n}, where the brackets denote the pairings, we see that S, [Ss] is
a subgroup of Sy, as claimed. It is simple to check that it is the stabiliser of the permutation
(1,2)(3,4)...(2n — 1,2n). Figure 1 shows the set on which S,,[Ss] acts.

More formally, S,,[S2] is defined as the wreath product of S,, with Sy, or equivalently as the
semi-direct product of S,, with (S2)", where the S,, acts on (S2)" by permutation of the factors.

As with (2.5), we can define projection operators onto irreps of S,,[S2]. For [r] an irrep (we
use square brackets to denote that this is an irrep of S,[S2] rather than Sa,) we define

Poy =gt D Xp(0)o

" 0€8,[S2]

There are two one-dimensional irreps of S,,[S2] that we will use. The trivial (symmetric) rep-
resentation takes o to 1, and the anti-symmetric (sign) representation takes o to (—1)7. We
denote these two representations by [S],, and [A], respectively. We will sometimes write these
without the subscript when it is clear which n we are referring to. The projectors of [S], and
[A],, are given by

1 1 .
P, =gt 2. O P, =gy D (F1)0 (2.8)

" 0€Sn[S2] " o€, [S2]

2.2 Tensor space

Let V be the (complex) carrier space for the N-dimensional fundamental representation of U(N)
and SO(N). Then V has two distinct inner products corresponding to the two gauge groups.
The U(N) inner product is a hermitian form, and therefore the dual space to V' (with this
inner product) is V*, which is defined as the conjugate space to V. These two spaces are non-
isomorphic. The SO(N) inner product is a symmetric form, and therefore the dual space is just
V itself. Hence U(N) (or u(V)) matrices U acting on V have indices U; while SO(N) (or so(N))
matrices O acting on V' can be given indices O¥. In general, upstairs indices will correspond to
objects in V while downstairs indices will correspond to objects in the conjugate space V*.

We will be constructing invariants from multiple copies of two matrices, X and Y. Depending
on context, these will belong to u(N) or so(NN). In any particular instance, it should be clear



1 3 ) 2n—1

2 4 6 2n

Figure 1: The set on which S,[S3] acts. A group element can permute the n pairs, while
switching or not switching each individual pair

which is the case from the index structure. For compactness we will use the notation
(xeryem)l = xixi  xmyiniiyinez yinim
J J1 J2° " In = In+1 In+2 In+m
(X®ny®m)l — XA xien—12nyi2n4192n42  Yi2nt2m—112n+2m

for u(IV) and so(NN) respectively.
S, acts on V" by permutation of the factors. Explicitly, on a pure product state we have

o (Ul RV R ... Un) = Vg(1) X Vg (2) R...R Vg (n)

and the action is extended linearly to the whole of V®". In index notation, it is simple to check
that this corresponds to

I _ _itioedin _ si1 sio in

oy =0, = 6ja<1)5ja(2)"'6ja(n> (2.9)

This definition can then be extended linearly to the symmetric algebra C(S,,). Note that since
we use the convention (o7)(i) = 7(o (7)), we have o1/ = (o71)L..

For U(N), tracing these permutations with the tensor product of X over V®" provides a
nice way of of generating multi-traces of X. Consider o € S,, with just a single cycle, e.g.
oc=(1,2,3,...,n). Then

Tr (0X®") = o} (X¥")] = XD X2 X" X = (X)) = TeX™

in

By doing this for each cycle, we see that if o has cycle type p, we have

Tr (oX®") = [ (Txx)™ (2.10)

(2

The equivalent statement for SO(N) is

Xiiaw) X2l | Xiiaw =TT (Trx?)" (2.11)

i

Using (2.9), we can let permutations in S, act on (X ®")[. The relation between this action
and the S, permutations in (2.11) is explained in section 4.2.2.

Note that in (2.10) we have used an unadorned trace to mean traces over two different
spaces. On the left-hand side the trace is over V®" while on the right it is over V. In this paper
we consider traces over various different vector spaces, so wherever there is the potential for
confusion we will add a subscript of the appropriate vector space (e.g. Trg for a trace over the
irrep R). Traces over V and V®" will generally be left unadorned.



Since S,[S2] is a subgroup of Sa, it acts on V2", The properties of this action are easiest

to see if we label the indices slightly differently. Consider A € V®?" with the indices labelled as

follows
AI — A1,1%1,202,192,2...0n,10n,2

Then the S, part of S,[S2]| act on the first index (j in ;) while the n copies of Sy acts on

the second index (k). Therefore if M is a symmetric (anti-symmetric) matrix, (M) will be
invariant (anti-invariant) under the action of S, [Sa] .

3 Construction and counting of SO(N) quarter-BPS operators

N = 4 super Yang-Mills contains 3 complex (or 6 real) scalar fields in the adjoint of the Lie
algebra of the gauge group. For u(N), the adjoint is the real vector space of anti-Hermitian
matrices, so the complex scalar fields are arbitrary complex matrices. In contrast, so(N) contains
anti-symmetric matrices, which is a linear condition under complexification, and therefore the
orthogonal complex scalar fields are anti-symmetric complex matrices. The quarter-BPS sector
of the theory consists of gauge-invariant combinations of two of these three fields, while the
half-BPS sectors uses just one.

With a U(N) gauge group, both these sectors have been studied extensively for infinite N
and at finite N. A basis for the half-BPS sector was constructed in [5] and used to find exact
correlators of giant gravitons in the AdS dual theory. This basis was labelled by Young diagrams,
and has two important properties that we will look to emulate in the SO(N) theory. Firstly it
is orthogonal under the two-point function, and secondly it allows a simple description of the
finite N cut-off. Going from the infinite N theory to the finite N corresponds to the vanishing
of those operators whose Young diagrams have more than N rows.

This basis was extended to the quarter-BPS sector, via various methods, in [14, 15, 16, 17, 18].
Similarly to the half-BPS basis, these bases are labelled by Young diagrams, are orthogonal under
the two-point function, and have a nice description of the finite N cut-off.

Considering an SO(N) gauge group instead, there is a similar story of bases labelled by
Young diagrams. The half-BPS sector was studied in [24, 25|, and the quarter-BPS in [26, 27].
In this section we construct the same operators as found in these papers. Our perspective
is focused on the description of gauge invariant operators in terms of permutations and their
equivalences, where the key features of the construction are described as consequences of these
equivalences. Properties of correlators are developed at a second stage of the discussion (see
section 8). This perspective is close to that of [15, 18] and also, in the context where SO(N)
appears as a flavour group, in [41].

We start by reviewing the approach taken in [24, 25] and how that differs from the argu-
ments presented here. We then construct our basis, and in the process find the classification into
mesonic and baryonic operators. As a by-product of constructing the basis, we obtain an ex-
pression for the counting of gauge-invariant operators. A quick review of the U(N) quarter-BPS
operators allows us to make some nice connections between the permutation algebras relevant
for the construction of SO(N) and U(N) operators.

3.1 Half-BPS sector

In [24], the starting point was the Wick contractions of the scalar field X%. The authors noticed
that these could be described by the projector onto the symmetric representation of S,,[Sa].

((xem) (x9m),) = 2"l (Bg),)

where X;; is the conjugate matrix (X *)i_ This allowed them to construct operators (Tg)’ =
(PR)g (X ®”)J labelled by R - 2n that diagonalised the Wick contractions. Finally they con-
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tracted the indices to create gauge-invariant operators that (by construction) diagonalised the
inner product.

OR — (TR)1112121123141423....in_1ininin_1 (31)

Although the Tg were labelled by any Young diagram R F 2n, this contraction was found to be

identically zero for any R not constructed from 2x2 blocks (note that this implies n is even).
The Op - for R constructed from 2x2 blocks - form a basis of the space of gauge-invariant

operators. There are p (%) such R. The generating function for these numbers is known, and is

given by
o0
=
— 2
oy (L—a?m)

To compare with the approach developed here, we rewrite (3.1) in a different form
0 =0y (xm)’ (3.2)
where C7, which we call a contractor, is given by
Cr = 6iyiy0igiy---Oiny_1ion,
and f € C(Sqy,) is given by
B = pPr , p=1(1,3)(57)...2n — 3,2n — 1) (3.3)

The permutation p is needed to change the contraction pattern of Cj - which contracts indices
in the pairs (1,2),(3,4),...,(2n — 1,2n) - to the contraction pattern in (3.1) - which has pairs
(1,4),(2,3),(5,8),(6,7),...,(2n — 3,2n), (2n — 2,2n — 1).

We will approach the problem in the opposite direction to the above, and also generalise
it to the 2-matrix setting. We start with the expression (3.2), but with 5 € C(Ss,) arbitrary
and study the invariance properties of O as a function of . Since C7 is invariant under S,,[S2]
permutations and X®" is anti-invariant under S, [Ss] permutations, O remains unchanged under

B = (_1)’}’066,)/—1 , QLY S STZ[SQ]

This invariance defines a sub-algebra of C(S2,,), for which we find a basis. This basis is labelled
by the same Young diagrams as seen in (3.1). The basis of operators then follows by contracting
the algebra basis, and the operators we define differ from (3.1) only by a factor.

3.2 Quarter-BPS set-up

In the quarter-BPS sector we consider operators constructed from 2 complex anti-symmetric
matrices X% and Y%. The most general gauge-invariant operator constructed from n copies of
X and m copies of Y is:

O = Ciriy..imnjrio...io X2 xista  ylon—1lon Y12y isia | yiem—1J2m
19959 51922

— ¢ (xoryem)’ (3.4)

where C7 is constructed from SO(N) invariant tensors. We have two such tensors to choose
between, namely 6;; and €;,4,...i5, and their tensor products. Since two es can be expressed as
a sum of (N-fold tensor products of) Js, there are two linearly independent possibilities for C7.
Either it is made of n+ m s or (if N is even) n+m — & s and an e. In analogy with SU(N)
terminology, we call these mesonic and baryonic operators respectively.

Among mesonic (or baryonic) operators, there are many different ways to arrange the indices
on the n+m ds. However, all the different arrangements are related by permutations. We saw an

11



X X X Y Y

Figure 2: A diagrammatic representation of the index contraction in a mesonic operator, where
each line represents an index. There are n Xs and m Y's, and 3 € C(S2p+2m)-

example of this already in (3.3) where we introduced the permutation p to change the contraction
from one index arrangement to another.

A mesonic contractor could be composed of a linear combination of all different index ar-
rangements. Using permutations we can absorb all of these into a single permutation algebra
element 5 and a contractor with the standard index arrangement (defined below). The exact
same process applies for the baryonic operators. We call the contractors with the standard index
arrangement C'(®) and C'©) respectively. Explicitly, the mesonic operators are:

§ é J
— (5i1i25i3i4_.‘5i2n+2m_1i2n+2m) Bﬁp?}gﬂ@m (lej?..‘Xj2n71j2n)(yk1k2'”Yk2mflk2m) (3.5)
Figure 2 shows a diagrammatic representation of this contraction. The baryonic operators are:
J
Og‘?) _ C«j(f)ﬁf} (X®ny®m)

5 5“ -+ 2n42m (lejz X J2n—1J2n ) (Ylﬁkz “.Yka—lem)

7:2n+2m71i2n+2m) J1.--Jank1...kam
(3.6)

= (€i1~~iN 6iN+1iN+2

Figure 3 shows this contraction.
The most general gauge-invariant operator is then a sum of (3.5) and (3.6) (clearly 5 will in
general differ between the two). We now look in more detail at the two types of operator.

3.3 Mesonic operators

3.3.1 Mesonic operators as multi-traces

Examine the definition (3.5) with 8 = o € Sa,,42m (S0 we consider a single permutation rather
than a linear combination). We have

5 s . A i1 sio 12n42m J172 J2n+2m—1J2n+2m
O, = 511125%314"'6l2n+2m7112n+2m5j0(1)5]},(2)"'6jg(2n+2m>X LY

By evaluating the ds and then rearranging and renaming indices this becomes

Op = £X ) Xl Y intticin) | Y intmir(uim) (3.7)

where 7 € S, is a permutation related to ¢ in a non-trivial way that we will study in detail
in section 7.3. The + arises from the anti-symmetry of X and Y, since during the rearranging
of indices to arrive at this expression, some of the Xs and Y's may be transposed.
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NN

X X X Y Y

Figure 3: A diagrammatic representation of the index contraction in a baryonic operator. The
€ vertex has N legs and there are n Xs, m Ys and ¢ (: n+m— %) ds. For convenience, this
diagram shows N = 2n, but in general this does not have to be the case.

We can see that (3.7) is a multi-trace of X and Y (the one-matrix version is given in (2.11)).
The more general form (3.5) is therefore a linear combination of multi-traces. Clearly any
multi-trace can be generated from (3.7) given the appropriate 7, and we prove in (7.4) that any
T € Sp+m can be induced from the appropriate o. Therefore we can generate all multi-traces of
X and Y from the formula (3.5).

Thus the space of mesonic operators is exactly the space of multi-traces. An obvious basis is
therefore just the distinct multi-traces. In the large N limit, this basis is orthogonal under the
two-point function. However at finite /N this is no longer the case, and we will find an exactly
orthogonal basis at all V.

3.3.2 Construction and counting

Since X and Y are anti-symmetric, X®" @ Y®™ is anti-invariant under S,[Ss] x S, [S2] permu-
tations, while the contractor C'®) is invariant under Sntm[S2]. Combining this anti-invariance
and invariance means that Og is invariant under

B (=1) aBy~! @ € SpimlSo] s ¥ € SulSa] X Sm[Sa] (3.8)

We have used 7! rather than 7 so that this forms an action of the direct product group

Sntm[S2] X (Sn[S2] X S [S2]), but the statement would have been entirely equivalent had we
used just v instead. For simplicity, we will use v for the remainder of this section. Using this
invariance and the fact that Og is linear in 3, we have

1 1
Op = oo Y 0o
(n+m) ! np12mm| sgn(v)afy
2 (n + m) a€Sn+m([S2] 2tnizrtm YESK [S2] X Sm [S2]
=03 (3.9)
where 1
b= 22n42m (4 m)Intm! Z Z (=1)7afBy

Q€ Sn4m[S2] YESK [S2] X Sm [S2]

The elements which are invariant under (3.8) form a subspace of C(S2,42m,) that we call Ag?n.
Since S is invariant under this transformation, we see that without loss of generality, mesonic
operators are labelled by .Ai% rather than the full algebra C(S2y,+2m). Note that we have put
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SO in the superscript rather than SO(N) because this subspace depends only on the invariance
(3.8) and is therefore independent of N.

It is well known that the group algebra C(S),) is isomorphic to the algebra of complex
functions on the group (with multiplication defined by convolution). Explicitly, given a function
f 8, — C, we can define a corresponding algebra element 3 =3 s f(0)o. Conversely, given
an algebra element 3, the coefficients in its linear expansion give us a function f.

Under this isomorphism, Aﬁ?n maps to a subspace of the full space of functions. This
subspace consists of functions satisfying the equivalent (anti-)invariance to (3.8), given by

f(o) = (=1)"f(aoy)

We call this space F, .

To find a basis of gauge-invariant operators we want to find a basis for Ag%. Since this is
isomorphic to F,, ,, we can equivalently find a basis for the function space.

Given an arbitrary function f on the group, we can project it to F, ,, by averaging over the
double coset.

_ 1
o) = 2ntm(n 4+ m)12rnl2mm) Z Z (=1)"f(ao7)

AESnim [SZ} YESH [SQ] X Sm [SQ]

Note this mapping from an arbitrary function to an (anti-)invariant one is surjective since if f
is already (anti-)invariant, we have f = f. Thus we can produce a spanning set for Fn,m by
averaging a basis of ordinary functions.

An obvious choice for a basis would be the functions {f, : 0 € Sant2m}, where f, evaluates
to 1 on ¢ and 0 on any other permutation. These would lead to the basis of multi-traces that
we already considered at the end of section 3.3.1. Since we want an exactly orthogonal basis for
the F,, m, we instead consider the matrix elements of the irreducible representations

DYy(0) = {I,T|D"(0)|.1,T) (3.10)

where T'F 2n + 2m is a Young diagram, and {|T',I)}, {|T, J)} are two bases, not necessarily the
same, for the carrier space of T'. Clearly I and J must take dr different values each, but these
values may have more structure than just the numbers 1,2, ..., dp. Averaging (3.10) gives

AT 1 T
Dis(0) = GETEETTy ey ooy Z Z (=1)"Di(co)
QESn4+m[S2] YESK[S2] X Sm [S2]
= D1y (Pisjy o P14l
AT

where we have used the projectors defined in (2.8).

Now we see that a convenient choice for the bases {|T,I)} and {|T,J)} will be ones that
align nicely with the projectors Pgj, ... and P4, g[4),, respectively. This is most easily done by
aligning the bases with arbitrary representations of Sy, [S2] and S, [S2] x Sp,[S2].

By restricting the representation 7" of Soy,49m t0 Spm[S2], we get the decomposition

T= @ U] [t]
[t]

Where [t] runs over the irreps of Sy1.,[S2] and [t] occurs with multiplicity v ). So the new
basis is

T, 1), by T )
Where 1 < pig [ < vr[g counts which copy of [t] we are in and 1 < Ijy) <diml[t] indexes the basis
vectors of [t].
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For S,[S2] x S [S2], we first decompose the representation T' of Sy, 49, into a direct sum of
representations of Sa, X Son,

T=PorsrR®S
RS

where R runs over Young diagrams with 2n boxes, S runs over Young diagrams with 2m boxes
and the gr s.r are the Littlewood-Richardson coefficients. Then R and S can be decomposed
into S,,[S2] and S, [S2] representations as we did above with T". Doing this, we get the basis

T, R, S, N\, [r], oo g (8] s s L)) = | R NS ] o g ) @ |95 A 8] s ), A s))

where 1 < X\ < ggr g,r indexes which copy of R ® S we are in inside 7.
So a spanning set for F,, ,, will be the matrix elements of

DT (P[S]nvLmO-P[A}n@[A]M)

with respect to the Sy,,[S2] basis on the left and the S,[S2] x S,,[S2] basis on the right.
Explicitly, they are

FT7 [t} SHT [t 7I[t] RS, [T] YHR,[7] 71[7‘] ,[S] M8, [s] 71[5] (U)

= (T, [t], g Iy DT(O’)( |R A [, o ) @[S, A [8],u5,[s],f[s}>) (3.11)

It is a result from the representation theory of the wreath product [39, Chapter VII.2] that
when an irrep R of Sy, is restricted to be a representation of S, [S2], the completely symmetric
representation of S,[S2] appears in the direct sum decomposition if and only if R has an even
number of boxes in each row, and then it appears with multiplicity 1. By transposing the Young
diagrams, the completely anti-symmetric representation of S,[S2] appears in the direct sum
decomposition if and only if R has an even number of boxes in each column, and then it appears
with multiplicity 1. Therefore, using the adapted bases, we can write the representatives of the
projectors as

|T, [S])(T, [S]| if T has rows of even length
DY (Plssn) = {o

otherwise
9R,S;T
DY (Pajei) = D SR AN (R [A] @[S, A, [A](S, A, [A]]
RF2n =1
SH2m

R,S have columns
of even length

Where we have dropped the ur g1,,,, and I, ,,, indices because the multiplicity and dimension
of [S]p+m are 1 (similarly for [A], and [A],,). Now we see that the vast majority of the functions
(3.11) vanish. They are only non-zero when

T+ 2n + 2m has even row lengths

t] = [S]ntm

R 2n and S F 2m have even column lengths
[r] = [Aln

[s] = [A] .

As we already noticed, the y multiplicities and I dimension indices have become trivial, so we
can drop those. Since [t],[r] and [s] are predetermined, we can also drop them. Therefore the
non-zero functions are indexed only by T', R, S, A\, with 1 < X < gr 5.7

d
FT,R,S,)\(O-) = ( d

m(ﬂ [S11D (o) (IR, A [A]) @[S, A, [A])) (3.12)
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where T', R, S satisfy the appropriate conditions. Note we have introduced a normalisation factor
for later convenience.

Since Fr g g ) are different matrix elements of different irreps of Soj,42m, they are linearly
independent in the full algebra of functions, and therefore they are linearly independent in 7, ,,.
Hence they form a basis.

There is an ambiguity in (3.12), stemming from the choice of basis vectors. We chose |T, [S])
to be the invariant basis vector, but we could equally well have chosen |T,[S]) = —|T,[S])
(since representations of Sy,42,, are real, we cannot have a complex phase) and followed the
exact same process. There is a similar ambiguity in the vectors |R, A, [A]) and |S, A, [A]). Since
we are concerned with the function F, it is only the total sign of the matrix element that needs to
be determined. This can be done by selecting a permutation ¢ and setting its matrix element to
be positive (or negative). Note that this requires the matrix element to be non-zero. Fr g gy is
then determined on the whole of Sg,192,,. Unfortunately finding a permutation with guaranteed
non-zero matrix element for a given 7', R, S, \ is not easy, so for now we leave Fr g g ) defined
up to a sign.

From the basis (3.12) for F,, ,,, we get a basis for Aﬁ?n

ﬁT7R7S’)\ — Z FT’R”S’A(O')O'

0ES2m+2m
:(271f|1—1m > (TISIDT(@) (IR A [A]) @ 15,0, [4]) )0 (3.13)
" 0€Samtam

There is a caveat before we proceed to a basis of gauge-invariant operators. Since N is finite, an
SO(N) vector index can only take a maximum of N distinct values. The construction of Young
diagram representations in V®27+2™ inyolves anti-symmetrising down each of the columns. Thus
if T has more than N rows (I(T') > N), the associated operator will vanish. This extra condition
gives a subspace of Ag% (similarly for F,,,) relevant for constructing operators at finite N
(N < n+m). Incorporating the restriction {(T") < N in addition to those already in place on
R, S and T, the basis of operators is

d
OrRrs) = ( T

m Z (T, [SHDT(U) (’R, A, [A]> R ’S’ A, [A]>>C}5)O'§ (X®”Y®m)J

0ES2n+2m
(3.14)

In this section we have only proved that these operators span the space of (mesonic) gauge-
invariant observables. In section 8 we prove they are orthogonal under the two point function,
and therefore they are also linearly independent. Thus they do form a basis, as claimed.

The operators (3.14) were presented in [26]. The normalisation there differs from (3.14) by
a factor of %

From the labelling in (3.14), we know the number of linearly independent mesonic operators
for n X fields and m Y fields is

Ng,m = Z 9R,S;T (315)
RF2n with even column lengths
SH2m with even column lengths
TH2n+2m with even row lengths
I(T)<N
This counting of operators (and the baryonic counting (3.21)) can be obtained directly from
group integral formulae for the generating function of the quarter-BPS sector. This calculation
is given explicitly in [26].
We now check that (3.14) and (3.15) agree with the half-BPS results presented in [24]. To
reduce the quarter-BPS objects to half-BPS ones, we set m = 0.
Since S F 2m, it must now be the empty Young diagram. Therefore R and T must be the
same, and the Littlewood-Richardson coefficient ggr g7 is just 1, so A is fixed as well. Hence the
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half-BPS operators are labelled only by 7', which must be a Young diagram with even column
and row lengths. Thus it must be constructed from 2x2 blocks, just as found in [24]. Since
T+ 2n, this can only occur when n is even.

Define ¢t = § to be the Young diagram defined by replacing each 2 x 2 block in T' with a
single box. More formally, we have T' = 2t U 2¢. Since t is unconstrained as a partition of %
there are p ( ) half-BPS operators when n is even, and none when n is odd.

Explicitly, by setting m = 0 in (3.14), the half-BPS operators are

dT 9 n\J
= @i 2 (TISIDT@IT, [A)Cf o) (x°n) (3.16)
" 0€Sa,
It can be shown that the operators in [24] differ from this by a factor of
1
(T [SIID" (p)IT,[A])
T

where p = (1,3)(5,7)...(2n — 3,2n — 1) is the same permutation we saw in (3.3).
This matrix element was calculated in [42], and is given by

—_— 3.17
23! dr ( )

(T, [SIID (p)IT, [A]) =

This is just a special case of the full result in [42], which gives this matrix element for any
permutation ¢ € So,. We need to develop several ideas before we can present this, and it is
given in (4.22).

3.3.3 Resolving sign ambiguity

We noted earlier that (3.12) contained an ambiguity in the choice of basis vectors that meant the
functions Fr g g (and therefore Or g g ) were only defined up to a minus sign. The equality
(3.17) allows us to resolve this ambiguity in the half-BPS sector. Since this matrix element is
always non-zero, for any 7', we can choose it to be positive (and have already done so implicitly
n (3.17)).

When plugged into (3.5), the permutation p produces the multi-trace (TrX 2) %, so this gives
us another way of determining the sign of Or. Rather than decreeing that the matrix element
be positive, we could instead choose the coefficient of (TrX 2)% in Or to be positive. These
two methods are entirely equivalent. However, the latter allows us to more easily express a
proposed resolution for the quarter-BPS ambiguity. Note that this second approach relies on all
multi-traces being linearly independent, so that the coefficient of (TYX 2) 2 s uniquely defined.
This is true provided n +m < N.

(TrX 2)% is in some sense the ‘simplest’ order n multi-trace one can construct of an anti-
symmetric matrix. We take this idea and extend it to the quarter-BPS sector.

Given both n, m even, the natural equivalent would be the multi-trace (TrX 2)% (TrYQ) £l
So we propose that choosing the coefficient of this to be positive will resolve the ambiguity.
Certainly this will work for some of the Or g s, but for it to be a good prescription for all
T, R, S, X\ we would need to prove the coefficients is always non- Z€T0.

Given n, m both odd, we suggest considering (TrXY") (TrX2) (TrYQ) = , and setting its
coefficient to be positive.

One of the major differences between the half- and quarter-BPS sectors is that the total

number of matrices, n + m, can be odd and we can still have non-zero operators. The lowest
order that this occurs is the operators TrX3Y XY? and TrX?Y XY3. Therefore if we have n

even and m odd, we propose setting the coefficient of (TrX 3y x Y2) (TrX 2) (TrYQ) to
n—3 —4
be positive, while if n odd and m even, we suggest using (TrX 2yX Y3) (TrX 2) (TrYQ)

17



Multi-trace with positive coeflicient Permutation with positive matrix element
(TrXx?)2 (TrY?) 2 (1,3)(5,7)...(2n — 3,2n — 1)
2n+1,2n+3)...2n+2m — 3,2n +2m — 1)
(1,2n +1)

(3,5)(7,9)...(2n — 3,2n — 1)
(2n+3,2n+5)...2n+2m — 3,2n +2m — 1)
(1,3,5,2n 4+ 1,7,2n + 3,2n + 5)
(9,11)(13,15)...(2n — 3,2n — 1)
2n+7,2n+9)...2n+2m — 3,2n +2m — 1)
(1,3,2n+1,5,2n + 3,2n+ 5,2n 4+ 7)
(7,9)(11,13)...(2n — 3,2n — 1)
(2n+9,2n+11)...2n+2m — 3,2n+2m — 1)

m—1T
2

(TrXY) (TrXQ)nT_I (Try?)

m—3
2

(TrX3Y XY?) (TrXQ)% (Try?)

m—4

(TrX?Y XY?) (TrXQ)nT_S (Try?)

Table 1: Correspondence between the two methods of resolving the sign ambiguity in the mesonic
operators

Clearly there are equivalent statements to these involving the matrix elements. We give these
in table 1. The method by which we identify permutations with traces is explained in section 7.

3.4 Baryonic operators

The construction of the baryonic operators follows in exactly the same way as the mesonic case,
just with a different group invariance. The contractor C'¢) involves a single € and ¢ = n+m— %
Js, so the symmetry transformations on the left are now controlled by the group Sy x S4[Sa],
where C®) is anti-invariant under the Sy factor and invariant under the S,[Ss] part. The
invariances on the right are unchanged compared to the mesonic case, so 8 in (3.6) is invariant
under

B (1) (=1)"(aran) By~ (a1, a2) € Sy X Sg[Sa] 7 € Sp[S2] x S [S2]

N);

This invariance defines a subspace A;‘i%( ° of C(S2n42m). Note that this space, unlike Aﬁ%,

depends on N, and so we include N in the superscript. As for the mesonic case, we have an
equivalent space of invariant functions on the group which we call }}ZX . Running through the
same argument, we find a basis for .7-',]1\,[ "

Fl (o) =

P RS (01 @ (7, 1811) D7 () (1R, A [A4]) @1, [A4])

(2n +2m)
With the constraints

T is a Young diagram with 2n + 2m boxes
T is Young diagram with 2¢ = 2n + 2m — N boxes and even row lengths
p is multiplicity index between 1 and gp;v) p,r
R is a Young diagram with 2n boxes and even column lengths
S is a Young diagram with 2m boxes and even column lengths

A is a multiplicity index between 1 and ggr s.7

where [17V] is the Young diagram with N rows, each consisting of a single box, i.e. it is the
completely anti-symmetric representation of Sy. We see that P is a Young diagram found in
the tensor product [1V]®T, so imposing the constraint that P must have at most N rows means
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it must be formed of a single column of N boxes with the Young diagram T attached to the
right of that column. Using the notation defined in section 2, this is [1V] + T. For example if
N =6 and

Then we must have

Note that the Littlewood-Richardson coefficient for the triple ([1V],T, [1V] + T') is just one, so
in the basis of gauge-invariant operators we can drop both P and p. For convenience we also
drop the square brackets from [17V].

As in the mesonic case, this restriction defines a subspace of AE%NW that contributes to
making operators. Unlike the mesonic case, this restriction occurs for all N rather than just
N <n+m.

So the bases of the subspaces of .7-",{;[ 7 and AE%N);E relevant for operator construction are

Flisalo) = (foljgfn)!(w @ (T, [S]) D" @) (IR A [A) @IS, [4D)  (3.18)
B = o T (WIS ) (R 1) @ S0 (Ao 619)

and the operators themselves are given by

0%,R,S,A=m > (M@ @ 1s1) DT @) (1R [4]) @15, [4])

U€S2n+2m

ool (xenyem)’ (3.20)

From the labelling set of the above, the number of linearly independent baryonic operators using
n X fields and m Y fields is

Npm = > IR,S;IN+T (3:21)

RF2n with even column lengths

SH2m with even column lengths

TH2n+2m—N with even row lengths
I(T)<N

Setting m = 0, we see that the gauge-invariant operators are labelled by T" only, where T' - 2q =
2n — N has an even number of boxes in each row and column. This confirms conjectures made
in [25]. Similarly to the mesonic case, the operators (3.20) differ from those defined in [25] by a

factor of
1

dyn 47
where p = (N + 1,N + 3)(N 4+ 5,N + 7)...(2n — 3,2n — 1). This matrix element is harder to
evaluate than the mesonic equivalent, and we have not managed to find a simpler expression.

As with the mesonic case, there is a sign ambiguity in (3.18), (3.19) and (3.20) relating to the
choice of basis vectors. It is more difficult to make suggestions for a resolution, as the baryonic

(¥ @ (T, [])) DT () 1Y + T, [4])
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Figure 4: Diagrammatic representation of the U (V) contraction. Each vertical line represents
an index, while the horizontal lines at the top and bottom indicate that we have traced over
these indices.

operators are intrinsically a finite N object, and therefore different multi-traces have linear
dependencies among themselves. This means that coefficients of multi-traces are not necessarily
well-defined, and so we cannot base our positivity condition on the coefficient of a particular
multi-trace as we did in section 3.3.3.

3.5 U(N) construction

We briefly review the construction of the quarter-BPS operators in the U(N) gauge theory. The
basis we use was first constructed in [16, 17] following earlier work in [11, 12]. The notation we
use was developed in [43].

As explained in section 2.2, the complex scalar fields are now generic matrices, and have
index structure X; and Y]Z We start with an expression for the most general gauge-invariant
operator

OUWN) = g (x®ry®m)l = giifednim x| inyinit | yinem (3.22)

J 'Lli2---zn+'m In " In+l T Intm

where 8% is constructed from n + m copies of the only U(N) invariant tensor, (5; Since this
is the only available tensor, ﬂ§ must be formed of N-fold tensor products of (5; In general it
will be a linear combination of the different possible index arrangements. Noting the definition
(2.9), each term in this linear combination is just a permutation acting on the tensor space, and
therefore ,6§ is an element of C(Sy,4+m,). Figure 4 gives a diagrammatic description of the index
contraction in (3.22).

Following the example of section 3.3, we look at the group invariances of (3.22). In this case
OVWN) is invariant under the transformation

B — afat a €S, xSy (3.23)

This invariance defines a sub-algebra .Agym of C(Sp+m). A similar process to that in section 3.3

leads us to a basis for A% m» given by
vNy  __dr 3 T T
ﬁT,R,S,M,V - (n + m)| Trp [PR,S;;L—WD (U)} o

O'ESner

where the labels are THFn+m, RFn, SEmand 1 < pu,v < gg s,r. The trace

Trp [P§7S;N—WDT(J)]
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is called the restricted character of o, and reduces to the standard character if we set one of
n,m = 0.
At finite N (N < n + m), only a subspace of A,’{ m 18 relevant for constructing operators.

This is spanned by those basis elements with /(7)) < N. Adding this restriction to the existing
conditions on R, S, T, i, v, the corresponding basis for operators is

vNy  __ dr T T I (venvemy
OT,R,S“u,,V - m Z TI'T [PR,S;,U,*)VD (O')} oy (X ny m)]
0E€ESn+m
dr
~rm)! Y. Tz [Phsy DT ()] Tr (e X2 YE™) (3.24)
Uesn+m
The P}g’ Sy A€ defined to take a vector in the puth copy of R®S inside T to the equivalent vector

in the vth copy. We can write these explicitly by introducing orthonormal bases {|R, )}, {|S, J)}
for Rand S (1 < I <dp,1 <J <dg). Using these, we denote the bases for the uth and vth
copies of R® S by

{I[B.nD @180} {Rv.D@|8,v.0)}
Then we can write

Plos =3 (yR, v 1) ®|S,v, J>> ((R,u,l\ ® (S, 1, J])
I,J

It is simple to show that this is independent of the basis used. Note that these satisfy
T T T
PR,S;M—)I/PR/,S,;/J/—}V, = 5RR’5SS’5,LW/PR,S;#’—>V

From the labelling in (3.24) we can see that the counting of quarter-BPS operators in the U (V)
gauge theory is given by

NI = N~ ghsr (3.25)
&
TFn+m
I(T)<N

If we set m = 0 to reduce to the half-BPS case, as studied in [5], the operators are labelled only
by a Young diagram R+ n, and are given by

Og(N) — % Z XR(O')U§ (X®n)i
" oeS,
= Tr (PrX®") (3.26)

3.6 SO(N) states (A59)) as a module over U(N) states (A}, ,,,)

For the SO(N) and U(N) gauge theories, the gauge-invariant operators arise from sub-algebras
Af?n and A%m of C(S2n+2m) and C(Sy,+m), defined by the respective invariance properties (3.8)
and (3.23). Both sub-algebras, inherit multiplication from the full symmetric group algebra, and
in this section we study this structure. Multi-matrix operators, and specifically their classifica-
tion, complexity and correlators, have been discussed from the perspective of these algebras in
[44] (for a related discussion see [45]).
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For the SO(N) case, the minus sign in (3.8) means multiplication is identically zero. The
U(N) case is more interesting. Using the definition (3.24), we have

deT’ 7
ﬁTRSp, V’BT/ R’) St m Z Trp [PE,S;/,L—}VD ( )] Tro [PR’ S’ %V/DT (p)} op

’ 0,p€ESn+m
_ drdr Ter [PEg. ., DT (op~)] Tepr | P pT
" (n+m)2 Z rr [Pg sy D (0p™)] Trr R’ sy D" (p)| @

' T,pESn+m
dr
B W(STT/ Z Trr [Pf:g,S’;u’—>V’P§7S;M—>VDT(U)]
Jesn+m

_ U(N)
= 011" ORR 085 v Br R 5 411 (3.27)

where in going from the second line to the third we have used the orthogonality of matrix
elements, (2.4).

From (3.27) we see that we can represent the ﬂg (g; v s block diagonal matrices. There is
a block for each trio (T, R, S), of size gr s,7. Explicitly, the representative of B% (év; v is the
matrix containing only zeroes in each block except the (T, R, S) block, in which there is a single
1 in the (i, v)th position.

A basis for ASO is given by (3.13). Although they give 0 when multiplied with each other,
we can multiply them on the right by elements of Agfmm

drdr
Bras Prt st = vy 2o (TISIDT@ (RAAD 180, [4]) op
0,pES2n+2m

TrT/ [P%W/’S/;HHVDT (p):|

= m a,pes%;Hm(T’ [S1ID™ (op™) (IR, A A ®1S, A, [A]>>a
Trr {Pgas’m%uDTl(P)}
- % GES;MM<T’ [SIDT(0) P 7y (1R A, [4]) @18, [A]>>a
_ 5TT’(52];RfS2i;3;;AdT UES;MM(T, 15]|D7 (o) (| R,v,[A]) ® S, v, [A]>>g
= 0rr0rmOs5 00y 1 5 (3.28)

So A9, forms a right-module over Agn,Zm‘ Thinking of the U(N) elements as block diagonal
O(N);6

matrices, B; RS form row vectors with zero entries in all sections except that corresponding
o (T,R,S), in which it has a single 1 at the Ath position.

This gives a nice interpretation of the SO(N) counting (3.15) and its U (V) equivalent (3.25).
The U(N) counting contains squares of Littlewood-Richardson coefficients because it is com-
posed of block diagonal matrices of size gg g7, while the SO(N) counting contains Littlewood-
Richardson coefficients to the first power because it lies in the fundamental (of a subset of the

blocks) of the U(N) algebra.

Similarly, SO(N) c

and they satlsfy

also forms a module of Agn,Zm' The algebra elements are given by (3.19)
SO(N);
5T,R,S,>\ /BT/,R’,S/,M,V = 0yn +T,T’6RR'555’5)\#/BT,R(,S,2/E

So the baryonic elements lie in the fundamental of a different set of blocks.
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4 The orientifold quotient from U(N) to SO(N) in the half-BPS
sector : plethysms, dominoes and branes

In [22], the SO(N) (and Sp(N)) gauge theory was considered as the dual of type IIB string
theory on AdSs x RP®. This string theory was obtained from the standard AdSs x S® theory by
performing an orientifold operation on the S° factor. Depending on topological considerations,
the orientifold quotient can lead to either a SO(N) or a Sp(N) dual theory. We now study this
quotient in the half-BPS sector from the field theory point of view. The distinction between
the orthogonal and symplectic quotient is much less subtle here, we either put the scalar field
X in the adjoint of so(N) or sp(N). Here we only study the orthogonal quotient, and leave the
symplectic case until section 9.

In [5] a basis of the half-BPS sector of the U(N) theory was discussed, while in [24] an
equivalent was found for the SO(N) theory. When we perform the orientifold quotient on an
arbitrary U(IV) state, it becomes a linear combination of the SO(NN) basis. This section focuses
on finding the coefficients in this expansion. They have a surprising interpretation in terms of
plethysms of Young diagrams, which in turn are related to the combinatorics of domino tableaux.

Explicitly, the quotient takes the matrix X, unconstrained in the U(N) theory, and makes
it anti-symmetric.

This section concerns only the mesonic sector of the SO(N) theory, since the U(N) opera-
tors are all multi-traces, and the Zs quotient takes multi-traces to multi-traces. The baryonic
operators do not arise from the quotient in this way.

4.1 An example: n =14

As an example of the quotient we look at the case n = 4, so the U(N) diagrams have 4 boxes
while the SO(NV) diagrams have 8. Using the definitions (3.16) and (3.26), the operators are

1 1 1 41 1

Oty = ;X" 45 (TrX?) 4 (TeX?) (ThX)? 45 (TeX®) (TeX) + 5 (TeX)’

oV _ _%TIX4 _g (TrX2)2 + % (TrXZ) (TrX)2 + g (TI“X)4
UN) 1 2\ 2 2 3 1 4

O = > (Tex?) —3 (TeX%) (TeX) + & (TrX)

oégv ) = zTrX‘l 3 (o x?2)% - (TrXQ) (TrX)? + g (TrX)*

oUW _ ITYX“ 1 Trx2)? 1 TrX2) (TrX)2 1 TrX?3) (TrX ! TrX)*
E = +5 (TeX?)" = 2 (TX?) (TeX)* 45 (TeX?) (TeX) + o (ThX)

Survive the Za quotient Annihilated by the Za quotient

— % x4 l r22
Hﬂaﬂf\/gTXJr\/g(TX)

SO(N) 4 4, 2 212
O = —ﬁTrX + ﬁ (TrX )
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We can see that

U
UN) Za.  3VD SO(N)
— 4.2
9 16 FFR (42
UN) Zo V5 SO(N) SO(N)
— 4.
(@) — g OEEEH +0 (4.3)
OUN) Zo _3\/5050(1\/) (4.4)

E T E (4.5)

In order to perform this projection for larger n, we will need to have an expression for the
operators in terms of multi-traces. Since the operators are defined by sums over .S, and So,,
this leads us to study how permutations produce multi-traces.

4.2 From permutations to traces

In (3.4) and (3.22) we saw two different ways of contracting the indices of the scalar fields
using the action of permutations on the tensor space. The former is more general: it allows the
construction of arbitrary multi-traces of X, X7 Y and Y7 (as well as Pfaffian type objects if
we use the baryonic contractor) and allows us to encode the anti-symmetry of X and Y into
an invariance of C(S2,,42,,). However in the U(N) theory a trace made from X and X7 is not
gauge invariant, so we instead use the simpler formulation (3.22), which only admits multi-traces
of X and Y. Clearly all SO(N) multi-traces can be constructed using either approach. We now
investigate how different permutations lead to different traces, and the relation between the
two contraction types, in the simpler case when we only have X matrices and no Y's. The full
two-matrix version is studied in section 7.3.

Once we have relations between permutations and traces, we will use these to turn the sums
over permutations in (3.16) and (3.26) into sums over traces (or more accurately their labelling
sets, which will be partitions). To do this, we will also need to know the size of the set of
permutations that lead to a particular multi-trace. These sets are the orbits of group actions
on S, and Sy, so we devote much of the coming section to studying these actions.

4.2.1 U(N)

U(N) multi-traces of order n are indexed by partitions of n. For a partition p = [1P*,2P2 ],

the corresponding trace is
[T (zex?)? (4.6)

)

This is related to permutations in S,, by (2.10). The set of permutations producing (4.6) is just
the conjugacy class labelled by p. To convert sums over permutations into sums over partitions,
we will need the size of the conjugacy class, which can be found using the orbit-stabiliser theorem.
With the conjugation action, the stabiliser of a permutation o is just all elements which commute
with it.

For a single cycle, the centraliser is just the cyclic group generated by the cycle. We think of
these as a rotation group, since when they conjugate the cycle they cyclically rotate the elements.
For multiple cycles, we have the direct product of these individual rotation groups, and then
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additionally a permutation group factor (incorporated via a semi-direct product) arising from
permuting multiple cycles of the same length. Explicitly, for a permutation of cycle type p the
stabiliser group is isomorphic to

X (Sp w (Zi) ) = X Sy [2] (4.7)
i i
where the notation of the right denotes the wreath product of S,, with Z;, as seen in section
2.1. From the explicit form above, we see the stabiliser has size z,, defined in (2.1). Applying
the orbit-stabiliser theorem, the size of the conjugacy classes is

n!

= (4.8)

4.2.2 SO(N)

For SO(N), X is anti-symmetric, so TrX =TrX?3 =TrX°... = 0, and hence we only consider n
even. Since the odd single traces vanish, the non-zero multi-traces are indexed by a partition
q = 5. The trace corresponding to ¢ is

[T (mex2))® (4.9)

The relation to permutations in So, is more complicated. Taking m = 0 in (3.8) we see that for
B € C(S2,) the SO(N) contraction is invariant under

B (=1)apy ! a,y € Sy[Sa] (4.10)

We wish to consider individual permutations, so we look at just the group theory part of this
action. In particular we are interested in the orbits of o € S5, under the action

o aoy ! a,y € Sy [S2] (4.11)

These orbits are called the double cosets of Sy, over S,[S2] and have been well studied. It
was shown in [39, Chapter VII.2] that the double cosets are indexed by partitions of n. For
a partition p F n, we choose the double coset representative to be any permutation o € Sy,

that fixes {2,4,6,...,2n} and acts with cycle type p on the set {1,3,5,...,2n — 1}. Clearly o is
(odd)

a member of the subgroup Sy, < Sa, defined by acting only on {1,3,5,...,2n — 1} (for later
convenience, we also define Sy(fven) in the analogous way). When thinking of o just as an element

of S, = S,(fdd), we call it 7. Using this notation, we have

(0) 1 om\J _ ¢ 5 o _i1j1iage.ingn kil ykalo knl
C oy (XO7)7 = 6iyjy Oingoor i g Oy o e XMt x etz xhnln

_ 5. o ddeedn siisie sin yokil ykalo knl
—511]1"'5ln3n7_k1k2...kn511 512"‘5lnX X X

__i112...0n k111 ykois kni
= klkg...an X2z X Fnin

= XFkikr) X k2ke@) | X Fnken)

~ I (1 (4.12)

where for the last line we recall (2.11). Figure 5 shows a diagrammatic expression of this equality
(excluding the last line). Since odd order single traces vanish, this tells us that if the partition
p has any odd components, the SO(N) contraction of any member of the corresponding double
coset will vanish, as the trace is zero. We are only interested in those double cosets whose
partition p has only even components. From the invariance (4.10) we know that permutations
in the same double coset will produce the same trace up to a sign.
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Figure 5: A diagrammatic version of (4.12). The dotted lines represent the fact that o fixes all
even numbers. The first row keeps the index positions in X constant, while the second breaks

our index conventions and uses the index structure X ij = X" to illustrate that using o € Sffdd)
has changed the SO(N) type contraction into the U(NN) type contraction (see figures 2 and 4)
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We now give another characterisation, in more group theoretic language, of the double
cosets on which the contraction vanishes. The crucial characteristic is whether we can use
the transformation (4.10) to take o — —o. If we can do so, then we have

ool (xem) = ool (xEm) =0 (4.13)

and similarly
(T, [S]|DT (o)|T, [A]) = —(T.[S]| D" ()T, [A]) = 0 (4.14)

Clearly this occurs if we can find «,y € S,[S2] such that aoy™! = o and v odd. Consider

Stab(c), the stabiliser group of . This is the subgroup of S, [S2] x S,[S2] defined by

Stab(o) = {(a,7) : aoy = o}

Those elements with v even define a subgroup of Stab(o)

G(o) = {(a,7) 1 aoy t = 0,(-1)" =1}

Note that since oy~ = 0, a and y must have the same sign. We could therefore have defined
G (o) with « even instead of 7. This means the analysis done here, and in particular the split into
even and odd double cosets (defined below), applies to the symplectic case, where the invariance
and anti-invariance have switched sides (see section 9).

There are two possibilities for G(o). Firstly, we could have G(0) = Stab(c). In this case,
(4.13) and (4.14) do not hold and we cannot conclude anything further.

Secondly, suppose G(o) # Stab(c). Therefore there exists a pair (&,4) € Stab(o) with 4
odd. It is easy to prove that the coset (&,4)G (o) is the set of permutations with an odd right
hand factor

1

(@,9)G(0) = {(a,7) a0y~ =0, (-1)7 = ~1}
Since v must be even or odd, this implies G(o) U (&,%)G(0) = Stab(o). So in this case G(o)
makes up exactly half of Stab(o).

Suppose we take o, 7 to be in the same double coset. Then we have 7 = aoy~! for some
a,y € S,[9]. The stabiliser of 7 is given by (a,v)Stab(c)(a, )~ !, and therefore G(7) is the
same size as G(0). Thus the behaviour of G(o) (whether it is the whole stabiliser or half of it) is
a property of the double coset. If a double coset has G(0) = Stab(o), we call it an even double
coset, while if G(o) # Stab(o) we call it an odd double coset.

From (4.13) and (4.14) we know that odd double cosets have vanishing contraction and
matrix element. From (4.12), we also know that a double coset has vanishing contraction if
the corresponding partition has one or more odd component. We now prove that these two
conditions are equivalent.

To do this we study the stabiliser of a coset representative in more detail. Take o € S,(fdd)
of cycle type p b n (when discussing the cycle type of o, we will always ignore the n 1-cycles
arising from the fixed even numbers). This is a representative of the double coset labelled by p.
We want to find (o, 7y) € S,[S2] x Sy, [S2] such that

aa’yfl =0

Note that this is equivalent to
1

o =0v0
Therefore rather than searching for the pair («, ), we instead look for v € S,,[S2] such that
oot € S,[Ss] (4.15)

It is simple to show that v satisfying (4.15) form a subgroup of S,[S2]. This subgroup is
isomorphic to Stab(o) via the bijection

v — (oyo™1,9)
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Technically, Stab(o) is a subgroup of S,[S2] x S,[S2], but for convenience we will refer to the
subgroup of S,[S2] defined by (4.15) as Stab(c). It will be clear from context which we are
talking about, and since the two are isomorphic it makes sense to identify them.

Under this bijection, G(o) maps to the subgroup of S,,[S2] defined by (4.15) with the addi-
tional condition that ~ is an even permutation. Again, we will refer to this subgroup of S,,[S2]
as G(o).

It is clear from (4.15) that any v € S,[S2] that commutes with o will automatically be in
(odd) Sff’dd)
(odd)

Stab(o). Consider a permutation 7 . There is an equivalent permutation 7(¢v") ¢

Sﬁfvm) which acts exactly the same as 7 but permutes the even numbers instead of the

odd ones. Then the combination 7 = 7(0dd) r(even) Jieg in Sp[S2]. This embedding of S,, into

Sn[S2] (the diagonal subgroup of Sy(fdd) X S,(leven)) is exactly the S,, subgroup in the definition of

S,,[Sa], since it moves the n pairs around without any swaps. If we take 7(°* to be a member
of the centraliser of o in S,(LOdd), then 7 will commute with o, and hence 7 € Stab(c). Therefore

the centraliser of ¢ in S}fdd), see (4.7), is a subgroup of Stab(c). In particular, we have a
rotation subgroup corresponding to each cycle. Note that all 7 produced in this way are even
permutations, and are therefore in G(0).

In addition to these rotations, there are reflection-type elements for each cycle. For example,
if we consider ¢ = (1,3,5,..,2k — 1), one possible reflection is v = (1,2k)(3,2k — 2)...(2k —
3,4)(2k —1,2). One can check that both v and eyc™! are in S, [Ss], and therefore v is a member
of Stab(o). The generator of the rotations is 7 = (1,3,5, ...,2k — 1)(2,4,6, ..., 2k), and we see
that y7y~! = 771, This (along with 7% = 42 = 1) is the defining relation between the generators
of the dihedral group Dy, and therefore Stab(c) contains a dihedral subgroup. It is not hard to
prove that this is in fact the whole of Stab(c).

Note that the sign of v is (—=1)F, so v € G(c) if and only if k, the length of the cycle, is even.
In particular, G(c) # Stab(c) when k is odd.

If 0 has multiple cycles, the above can be repeated for each one. Therefore the stabiliser
contains a direct product of dihedral groups. There are permutation group factors arising from
permuting cycles of the same length, just as in the U(N) case (4.7). Explicitly, for o in the
double coset labelled by p - n, we have

Stab(c) = X (spi ” (DZ-)”') =X S, [Di] (4.16)
7 (2
From the construction of the stabiliser group, we see that G(o) # Stab(c) exactly when there
is one or more cycle of odd length in o. Since o is of cycle type p, this corresponds exactly to p
containing one or more odd component, as claimed.
The dihedral group Dy is defined as the symmetry group of a k-gon, made up of k rotations
and k reflections. It therefore has size |Dy| = 2k. Hence the size of the Stab(o) is given by

[T ()t = =,
7
where the partition 2p is defined in section 2. It has components that are double those of p.
The factor of two appears here because the cyclic group in (4.7) has been replaced by a dihedral
group in (4.16).
Applying the orbit-stabiliser theorem, the size of a double coset is

|Sn[52] X Sn[SQH N 22”(n!)2
|stabiliser| 29,

(4.17)

The even double cosets are of the form p = 2¢, where ¢ - 5. In terms of ¢, the size of an even

double coset is
22n (n| ) 2

4.18
(4.18)
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The above proof of this result was intended to provide intuition in preparation for the more
complicated two-matrix version in section 7.3. It is a well known result, and a more rigorous
treatment can be found in [39, Chapter VIL.2].

4.3 Projection coefficients

Let R+ n (n even, otherwise all U(N) operators project to 0) index a U(N) operator, then we
know that .
0™ 22N oo (4.19)
T

where T' runs over the set of Young diagrams with 2n boxes made from 2 x 2 blocks. When
defining the coefficients ok, we take N to be infinite (equivalently, N > n) so that all the O;O(N)
are linearly independent. This means the ag are defined uniquely and are independent of N.
The single matrix U(N) and SO(N) operators are defined in (3.26) and (3.16) respectively,
and both contain sums over permutations. Using the results of the previous section, we can
re-express these as sums over partitions of n and 5. In the U(N) case this is simply summing
over conjugacy classes, and is possible as the summand of (3.26) is invariant under conjugation.
Similarly, the summand of (3.16) is invariant under pre- or post- multiplication by .S,,[S2], and so
we can reduce the sum to one over the double cosets. Using (4.8) and (4.18) for the sizes of the
conjugacy classes and double cosets respectively and recalling from section 4.2 how permutations

get contracted with tensor products of X to produce traces, we have

oy = dp ¥y X}Z(p ) [T (Tex?)™ (4.20)
pkn P 7
SO(N dp22m (n))? 1 i
050 = B2~ L 161D (g, |7, L) T (e (121)
(2n). pray Z4q i
2
where o9, € S,(f)dd) is of cycle type 2q.

The matrix element (T, [S]| DT (09,) |T, [A]) was calculated in [42]. A different representative
of the double coset was used there, but it is simple to show that this differs by left multiplication
only from an element of the form o9,, and therefore the matrix element is the same. Explicitly

(q) n)!
(T, [S]|DT (024) I, [A]) = gn' (izT)'

xt(q) (4.22)

where ¢ = 5 is the Young diagram defined by taking each 2 x 2 block in 7" and replacing it with
a single square, so that T'= 2t U 2t.
Recalling (2.2), we find that

SO(N) n dr 1 2\ T
= 2"n! E — | | TrX 4.2
OT n (Qn)' qkn ZQq Xt(q) ( ) ( 3)
2

%

We can use the character orthogonality relations (2.6) to invert this, and find the multi-trace in
terms of (’);O(N). We see that for a partition p - 5

i

api 2P 2n)! SO(N
[T ey = 2550 [ oo (124)
L2

Now we consider the projection of the U (V) operators to the SO(N) theory. This sets TrX*® = 0
if 4 odd, so the sum is restricted to only run over partitions with even parts. Reparameterising
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(4.20) in terms of partitions of 5, we get

NS ;XR (2p) [ (Tex )" (4.25)
p)—" 7

Substituting in (4.24) gives

zZ 1 50
o 2 dp N ST Z L xr(2P)x(p)Or 0
t-2 ' P2

Then by comparison with (4.19), we find

Z ARP)x(p) (4.26)

ok =3 xn(2) xulp) (4.27)
pg P

. L . U(N) SO(N)
which we call reduced projection coefficients. Note that if we normalise Op and O
to have identical two-point functions in the leading large N limit (see (4. 47) and the m = 0
simplification of (8.5)), the projection coefficients are exactly ak.

We give some low n examples of 64% in tables 2 and 3, calculated in GAP using the above
formula. The n = 4 coefficients can be read off from (4.1, 4.2, 4.3, 4.4, 4.5). We see that
the reduced projection coefficients are integers, and further numerical exploration gives many
nice relations between the different coefficients. Since they are integers, we hope to find some
combinatoric interpretation that will shed light on these relations. We find two combinatoric
rules involving domino tableaux of shape R and T respectively, given in (4.35) and (4.36).

Note that one pattern we see in tables 2 and 3 that does not generalise is ‘o‘%‘ < 1. The first
coefficient that breaks this pattern has is found at n = 12, with R = [4,4,2,2] and ¢ = [3,2, 1].
For this R,t we have d% = 2.

We now manipulate (4.27) into a suitable form to relate the coefficients to the combinatorics
of domino tableaux.

Using (4.8), we see we can replace the sum over partitions of § by a sum over S%.

1
= n Z Xr (07) xt(0) (4.28)
§ O'ESn
Where 7 € S,, is defined by
n n n
r= (1,1+§> (2,2+§) (§n> (4.29)

and we have embedded S% in S, by having it act on {1,2,..., %}. It is then easy to check that
if o e S% has cycle type p, o7 will have cycle type 2p.

The sum over Sz in (4.28) is proportional to the projector onto irrep t of Sn, defined in
(2.5). So we have

1
ah = —Trg (P)
dy

From the definition (4.29), we see that 7 switches the sets {1,2,..., 5} and {% +1,5 42, ,n}
So for o € Sg, conjugating by 7 takes o to the equivalent element of a different embedding of
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3] [2,1] | [1,1,1]

[6] 1] 0 0
[5.1] 1] 0 0
[4,2] 1| 1 0
[4,11] 0| -1 0
[3.3] 1] 1| o
3,2,1] 0] 0 0
BLLY | 0 0
2,2,2] 0 1
2211 | 0| -1 1
211,11 | 0] 0 1
LI 0| 0 -1

Table 2: Reduced projection coefficients &g at n = 6. The leftmost column indexes R F n while
the top row indexes ¢t - 5. The T in 542 is constructed from t by replacing each individual
square in the Young diagram with a 2 x 2 block.

[4] | 3,1] | [2,2] | [2,1,1] | [1,1,1,1]
8] 1 0 0 0 0
[7,1] ;1100 0 0 0
[6,2] 1 1 0 0 0
[6,1,1] 0| -1 0 0 0
[5,3] 1] -1 0 0 0
5,2,1] 0 0 0 0 0
[5,1,1,1] 0 1 0 0 0
[4,4] 1 1 1 0 0
[4,3,1] 0 0 -1 0 0
[4,2,2] 0 1 1 1 0
[4,2,1,1] 0] -1 0 -1 0
[4,1,1,1,1] 0 0 0 1 0
3,3,2] 0| -1 0 -1 0
3,3,1,1] 0 1 1 1 0
3,2,2,1] 0 0 -1 0 0
3,2,1,1,1] 0 0 0 0 0
[3,1,1,1,1,1] 0 0 0 -1 0
2,2,2,2] 0 0 1 1 1
2,2,2,1,1] 0 0 0 -1 -1
[2,2,1,1,1,1] 0 0 0 1 1
2,1,1,1,1,1,1] | 0 0 0 0 -1
[1,1,1,1,1,1,1,1] | 0 0 0 0 1

Table 3: Reduced projection coefficients o’zg at n = 8. The leftmost column indexes R - n while
the top row indexes ¢ = 5.The T in 642 is constructed from t by replacing each individual square

in the Young diagram with a 2 x 2 block.
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S%, namely that defined by acting on {§ + 1, 5 +2,...,n}. Therefore conjugating P; by 7 gives
the projector onto the t irrep of this different embedding of S%. We call this F;.
Then using properties of projectors and traces

1
ak = —Trg (P.P)
dy

1

=4 Trgr (PtPtT)

where Pigt = PP, = P,P, is the projector onto the irrep t ® t of S X S%. From this expression

we can see that d% is related to the Littlewood-Richardson coefficient g;+.r, since this keeps
track of the number of distinct copies of ¢t ® ¢t contained in R. One immediate consequence is
that if g;+.r = 0, we must have 6% =0.

To go further in evaluating o’z%, we use Schur-Weyl duality to change the trace from one over
an irrep of S,, to one over an irrep of U(N).

Let V be the vector space for the fundamental of U(N). Then by the standard rules of tensor
product representations, V®" carries a representation of U(N). We can also define an action
of S, by permutation of the tensor factors. Schur-Weyl duality states that these two actions
commute and that the tensor product space can be decomposed as

n U(N n
ver= @ vy Mevs (4.30)
Rn
I(R)XN
where VRU ™) and Vgn are the representation spaces for the irreps of U(NN) and S, labelled by

R. We denote the dimensions of the U (V) representations by dg(N) and keep the notation dp
for the S,, representations. On the right hand side of this identification, U(NN) acts only on
the U(N) tensor factor, and similarly for S,,. Note the restriction {(R) < N. This means the
following arguments only apply when [(R) < N. However, since o% are independent of NV, the
conclusion (4.32) holds true for all N.

The structure (4.30) means that traces over V™ can be decomposed into traces over U(N)
and S, irreps

Tryen (oU) = Y (Trvg(m U) (Trvgn a) g €S, UecU(N)
RFn

In direct analogy to the projector (2.5) we can define an operator that projects onto the R irrep
of U(N). Since U(N) is a compact Lie group, the sum is replaced by an integral over the Haar
measure (normalised so that the volume of the group is 1).

UN UN) (77—
PR( ):/dUXR( )(U 1)U
We can use this to express @E as a trace over the whole of V&

1
_T
R= g Try s (Pt 7)
1
- T P
dU(N) dt I‘V};](N)(X)V}fn ( t®t T)

R

1 U(N
R t
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To reduce this to a trace over a U () representation, we now decompose V& in a way that will

(N)

Trivially, we have V" = V®E @ V®%, so we can do a Schur-Weyl decomposition on each of
the two factors

. U
allow us to use P;g; in the same manner that Pp was used above.

Sn Sn
V®n: @V}U(N)@‘/r 2 ® @‘/;U(N)(@V; 2

re5 5
Sn Sn
=P viMevMev tey, ! (4.31)
rikg

The permutation 7 acts on VO @ Ve3s by exchanging the two factors
7 (u,v) = (v,u) u,v eV

After decomposing the two copies of V®7z, (4.31), we see that for r # ¢, 7 exchanges the spaces
labelled by (r,t) and (t,7). However, on the spaces with r = ¢, 7 splits into a tensor product
operator

T = TU(N) & 75n

Sn _ Sn
where 7U(Y) acts on V;U(N) ®VtU(N) and 75" acts on V, ? @V, ?, both by exchanging the factors.

This allows us to go further in evaluating dg

_ 1 U(N
= g, e (Peer™'7)
R
1 U(N)
- Ty s sy (PRO7)
M g, Ve ey Ty, F AR
L U(N)_U(N s
= Tr (PR T 5y sy (750
QI g, v AR gyt )

n n
2 2

S S
We can split V, * ® V, ? into its symmetric part and its anti-symmetric part, on which 757 acts
as 1 and —1 respectively. This gives us

Sn Sn
Tr sy sa (7°") = Dim [52 (Vt 2>] — Dim [A2 <Vt 2)]
2

Cdi(di 1) di(dp— 1)
- 2 2
:dt

(N)

We can apply the same process to VtU(N) & V}U , giving

1
R

Each of the two terms is just the multiplicity of the R irrep of U(N) in S? (VtU(N)> and
A? (VtU(N)) respectively. So we have

&% = Mult [R, 52 (VtU (N))} — Mult [ R, A2 <V;U(N)>}
— P(t,[2], R) — P(t,[1,1], R) (4.32)
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where the plethysm coefficients P(¢, A, R) were defined in the introduction.
The Littlewood-Richardson coefficient is

guir = Mult (R, VN @ v/ )
=Pt 2, R)+P(t[L1]. R) (4.33)

so again we see that g; ;,r = 0 is a sufficient condition for ag = 0. Additionally, this shows that
the parity of g;s.r is the same as the parity of dg.

The plethysm coefficients P(¢, [2], R) and P(¢,[1, 1], R) were the subject of the paper [30].
They present two combinatorial rules, the first gives the difference P(t, [2], R) — P(t,[1,1], R) =
@E directly, while the second gives the two plethysm coefficients individually. Both rules involve
Yamanouchi domino tableaux, which we now define.

4.4 Domino tableaux and combinatorics of plethysms

A domino tiling of shape R F n (n even) is a tiling of the shape R with 2 x 1 or 1 X 2 rectangles,
which are called dominoes. A domino tableau is a tiling where each domino contains a positive
integer, such that the numbers increase weakly along the rows and strictly down the columns.
Note that each domino occupies 2 rows and 1 column (or 2 columns and 1 row), and the integers
contained within the dominoes must be correctly ordered in both rows (columns).

Each column in a domino tableau defines a word by reading the numbers in the column
from bottom to top, where horizontal dominoes, which span two columns, only contribute to
the leftmost column. The column reading of the tableau is then defined by concatenating these
words, starting on the left and ending on the right.

A Yamanouchi word is a word on the alphabet of positive integers such that each suffix
contains at least as many 1s as 2s, at least as many 2s as 3s, and, more generally, at least as
many is as ¢ + 1s for every ¢. A Yamanouchi domino tableau is a domino tableau for which the
column reading is a Yamanouhci word.

For a given Yamanouchi domino tableau, let the number of integers i in the tableau be given
by A;. We define the evaluation of the tableau to be A = [A1, Aa,...]. Clearly >, A\; = 5, and the
Yamanouchi condition ensures that A is a partition of Z, i.e. the A\; are weakly decreasing.

As an example of the above definitions, figure 6 gives the ten Yamanouchi domino tableaux
of shape [4,4,3,3,1,1] along with their evaluations.

A key property of a domino tiling is the number of horizontal or vertical dominoes. Take
R+ n, with components Rj, Ro, ..., R. Assume that R admits a domino tiling, and let r be
such a tiling. Then define h;(r) to be the number of horizontal dominoes in row i of r, v;(r) be
the number of vertical dominoes with their uppermost box in row 4, and h(r) and v(r) be the
total number of horizontal and vertical dominoes. Then we have

R = 2h1(7“) + Ul(T)
Ry = 2ha(r) 4+ vi(r) 4 va(r)
Ry = 2h3(r) + va(r) + v3(r)

Rp—1 = 2hj_1(r) + vp—2(r) + vp_1(r)
Ry = 2hi(r) + vg_1(r)
Therefore
(_1)R1+R3+... _ (_1)2(h1(r)+h3(r)+...)+v1(r)+1)2(r)+...+11k71(7") — (_1)”(7’) (4_34)

Crucially, if a domino tiling of shape R exists, the parity of v(r) (and therefore the parity of
h(r)) depends only on R, and not on how the dominoes are arranged. In light of this, we define
e9(R), the 2-sign of R, to be (—1)*(") if R admits a domino tiling, and 0 otherwise.
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1
1111 1111 1111 1)1 1)1
2 2
2(212 2 2 2(213 21213
3 3 4 3 4
[4,3,1] 4,2,2] [4,2,1,1] [3,3,2] 3,3,1,1]
1
1)1 1)1 1)1
2 2 2 2 2 2 2
3 2 3 3 3
2 3 2 3 3
4 3 4 4 4
3 j 5 4 5
3,2,2, 1] 3,2,2,1] 3,2,1,1,1] 2,2,2,2] 2,2,2,1,1]

Figure 6: The possible Yamanouchi domino tableaux of shape [4,4,3,3,1,1]. The evaluation of
each tableau is given beneath.

This allows us to give the first combinatorial rule, proved in [30], for finding @%. Defining

Dﬁz to be the number of Yamanouchi domino tableau of shape R and evaluation A, we have
af = P(t (2], R) = P(t,[1,1], R) = es(R)Dft (4.35)

Note this means the sign of the non-zero c’z% depends only on R and not T, since DJ* > 0. This
can be seen in tables 2 and 3, where each row consists only of zeroes and positive numbers, or
zeroes and negative numbers.

For the second rule, consider T F 2n, constructed from 2 x 2 blocks. Clearly we can tile T’
with dominoes by putting 2 horizontal dominoes in each 2 x 2 block. Therefore in any domino
tableau of T, there must be an even number of horizontal (and vertical) dominoes. We split the
domino tableau of shape T into two classes, based on the number of pairs of horizontal dominoes.
If a tableau has an even number of pairs, we say it has spin 1, while if it has an odd number
of pairs it has spin —1. So for T of this type, we define D?R and D;R to be the number of
Yamanouchi domino tableaux of evaluation R and positive and negative spin respectively. The
second combinatorial rule, which gives the two plethysm coefficients individually, is

P(t,[2],R) = DI P(t,[1,1,R) = DT (4.36)
This leads to a second expression for (4.32)
ap=D] r— D'y (4.37)
Note that D:R + DT’R = D%, so from (4.33) we have
grt:r = Dfy

The two combinatoric methods of finding &g are independent of each other. For example if
we take R = [3,2,1], then there are no domino tableau of shape R, so (4.35) gives 0 trivially.
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However if we look at Yamanouchi domino tableau of shape T' = [4,4,2,2] (corresponding to
t = [2,1]) and evaluation R, we find two such tableaux, one contributing to each of the two
plehtysm coefficients. These two tableaux are

(4.38)

We see that the first tableau has spin +1 while the second has spin —1. Using (4.36), we get
P(t, 2], R) = P(t,[1,1], R) = 1, and therefore &k = 0 as claimed.

The two tableaux in (4.38) can also be interpreted with the roles of 7" and R switched. If we
take R = [4,2,2] and t = [3,2, 1] then these tableaux contribute to D, and by (4.35) we find
6% = 2. This is the lowest n example of a reduced projection coefficient taking a value with
modulus greater than 1.

For most Young diagrams, it is hard to be more explicit that the two rules (4.35) and (4.36).
However for two large families, namely Hook diagrams and ‘staircases + dominoes’, we can
evaluate these rules in general and provide explicit formulae for the projection coefficients.

In tables 2 and 3 we gave some low n (n = 6,8) examples of &%, calculated using (4.27). In
addition, the n = 4 coefficients can be read off (4.1, 4.2, 4.3, 4.4, 4.5). We have then checked

these tables against the two combinatorial rules (4.35) and (4.36). In all cases the results match.

4.5 Hook diagrams

For R a hook diagram, we can use the rules (4.35) and (4.36) to find ok explicitly. Consider

where n = r 4+ ¢ — 1. For g;4r to be non-zero, ¢ must be contained within R, and therefore it
must also be a hook diagram. By considering possible Littlewood-Richardson tableaux, we see
that there is only one possible hook ¢ (and corresponding T') for which g +.g # 0, namely

5] 2151
LD H

N T

The dimension of a Young diagram representation of .S, is given by the hook length formula.

n!

dR:FR

(4.39)

36



where Hp is defined to be the product of the hook lengths of each box in R. Therefore we can
rewrite the normalisation in (4.26) as

o Hp &

of) =
It is simple to find Hy and Hp

Hrp=n(r—1)l(c—1)!
Hr = [n([r]y = 2)1([ely = 2)* (n+ 1)(n = 1) ([r], = 1) ([e], = 1)

where we have defined [r], = 2[%] to be r rounded up to the nearest multiple of 2. Then
splitting into cases for r even and odd (and recalling that ¢ = n+1—7, so ¢ and r have opposite

parity)

VHr STl \/7=7 T even
=vns—1

Hp \/=—3 rodd

To evaluate @k we can use either (4.35) and (4.36). Clearly both methods give the same answer,
so we give the tableaux for both as an example of their use. In either case we only have one
tableau to consider.

The form of the tableaux depend on the parity of r. We look at r even first. In this case the
relevant tableaux are

’
2 11111
2

c{ |3 c+1<

i e |

2

\

The tableau on the left has 51 vertical dominoes, so its 2-sign is e(R) = (—1)%. The tableau
on the right has ¢ — 1 horizontal dominoes, so its spin is (—1)0;21. So with either method we
1

find ah = (—-1)7 .
For r odd we have

( 1 " 1 ‘ - ~
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The tableau on the left has § vertical dominoes, so its 2-sign is e(R) = (—1)2, while the tableau

c

on the right has ¢ horizontal dominoes, and therefore the spin is (—1)2. Either way ak = (-1)z.
Putting together the results for r even and odd, we get

n2 -1 LSJ —I T even
G (plil Ve (4.40)

ok =
One can check that this formula agrees with the coefficients in (4.1, 4.2, 4.3, 4.4, 4.5) and tables
2 and 3.

4.6 Vanishing coefficients

From equation (4.35) we see that there is a family of R for which the projection coefficient o%
vanishes for all T', or equivalently, a family for which Og(N) vanishes under the Zsy projection.
These R are characterised by not admitting a domino tiling. We already saw, at the end of
section 4.4, that R = [3, 2, 1] has this property.

We can give an alternative characterisation using the Murnaghan-Nakayama rule (for a math-
ematical description of the rule see [46], and see [47] for a free fermion description). Consider the

character xg (p), where R F n and p is the partition {2%} . For this p, border strip tableaux are

just standard domino tableaux (standard means that each positive integer from 1 to 7 appears
once in the tableau) of shape R, and the sign of the border strip tableaux is given by the parity
of the number of vertical dominoes. Since this parity depends only on R (it is just the 2-sign of
R), all of the border strip tableaux contribute to xr (p) with the same sign. Therefore

Xr (p) = €(R) ( # of standard domino tableau of shape R)

Clearly R admits a domino tiling if and only if it admits a standard domino tableau. Therefore
o’k vanishes for all T if and only if xg(p) vanishes.

We have not been able to find a more explicit characterisation of the diagrams R which
vanish when projected to the SO(N) theory. However, we have found a large family of such
diagrams, and we hypothesise that these cover every such R.

As already noted, R = [3,2, 1] has this property. Now consider S formed by adding a domino

onto R. There are only two ways of doing this such that S is a legal Young diagram, given by

[ 1]

Clearly these S also don’t admit a domino tiling, and therefore ozg = 0 for all T (see table 3).
By repeating the same process, any Young diagram that can be constructed by adding dominoes
onto R will vanish when projected to the SO(N) theory.
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The same argument applies for other ‘staircase’ diagrams

where we have only included those with an even number of boxes. Adding dominoes to all such
staircase diagrams produces a large family which we know vanish under the Zs projection.

One can see in tables 2 and 3 that the only R which vanish under the projection are of this
form, and our numerical experiments confirm this pattern up to n = 16. Therefore we conjecture
that the family of ‘staircases + dominoes’ completely spans this space.

4.7 Conjugation

To examine how ag behaves under conjugation of its arguments, we return to the formula (4.26).
For S an arbitrary Young diagram, we have S¢ =sgn®S5, so dgc = dg and xs<(p) = (—1)Pxs(p).
Therefore the summand in (4.26) changes by a factor of (—1)?(—1)?. By definition we have
(=1)P = (—1)PztPatpst- The doubled partition 2p has (—1)2P = (—1)Pr+P2+Pst- The product
is
(—1)P(=1)% = (—1)PrH2r23psto — ()Pl = (—1)3

Therefore

ahe = (—=1)2a% (4.41)

One can see this relation at n = 4 by comparing the coefficients in (4.1, 4.2, 4.3, 4.4, 4.5) and
at n =6 and 8 in tables 2 and 3 respectively.

4.8 Semi-classical giant graviton regimes and brane interpretation of domino
algorithm

Half-BPS operators labelled by Young diagrams R with a single column of length comparable
to N are dual to single giant gravitons which are S® expanding in S°. Multiple column Young
diagrams with a number of columns of order 1 and column lengths comparable to IV, are dual to
multi-giants having 52 expanding in the AdSs. It is instructive to consider the domino algorithm
for &}g in these regimes and develop a heuristic interpretation in terms of branes and orientifolds.

A natural first postulate is that the analogous picture for the connection between branes
and rows or columns of the Young diagram works for ¢ in the SO(N) theory. A single column
t, with length comparable to N, is a single giant graviton with a large S® world-volume in the
directions inside RP% of AdS® x RP?. Multiple long columns correspond to multi-giants of this
type. A single long row with length of order N corresponds to a single giant, with large spatial
world-volume in AdS®. Multiple long rows correspond to multiple giants of this type. Note that
among the giants which are large in the RP® we also have those with worldvolume RP3 [48]
corresponding to baryonic operators involving the e-invariant. Since our focus here is on the
projection to mesonic operators, these will not be part of the discussion that follows here.

One simple qualitative property which can be anticipated from the brane interpretation
of R and t is an inequality constraining the number of rows/columns in ¢ by the number of
rows/columns in R. A brane state which survives the orientifold projection can consist of pairs
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of branes in spacetime related as mirror images under the Zs action. At the other extreme, we
can have a single brane state which is Zy invariant. Focusing on a regime of long-rowed Young
diagrams corresponding to AdS giants, the number of rows, equivalently the length of the first
column, is the number of giant gravitons. Allowing for the two types of Zs invariant states, we
expect

C1 (R)
2

S Cl(t) S C1 (R) (4.42)

Similar reasoning in the regime of sphere giants suggests

1(R)
2

<

S Tl(t) S Tl(R) (4.43)

The last inequality is easy to derive from the domino algorithm. To maximise r1(t), we need
to maximise the number of dominoes in the first row of R. This maximum is achieved if all
the dominoes involved in the first row are vertical (this requires that ro(R) = ri(R)), and
leads to r1(t) = r1(R). The minimum is achieved when all the dominoes in the first row of
R are horizontal. This leads to r1(t) = r1(R)/2. This prove the inequality. By applying the
conjugation property of the projection coefficients, (4.41), we obtain (4.43).

We can also formulate a more detailed brane interpretation of the domino algorithm. For a
single column Young diagram R, a domino tiling exists only if the length of the first column is
even. Single giant gravitons with L units of angular momentum can be usefully thought of as
composites of L quanta. Pairs of quanta are invariant under the orientifold action, consistent
with the fact that only single column Young diagrams of even length survive the projection.
The projection of these single column Young diagrams R are single column Young diagrams t,
which should therefore also be interpreted as single giants in the orientifold theory. Similarly the
quanta of angular momentum forming a single long row (AdS giant) are paired by the domino
algorithm into Zs invariant pairs, resulting in a single giant in the quotient.

Now consider 2-row Young diagrams with row lengths (r1,72), in the regime where r1,79
are comparable to N and their difference is also comparable to N, e.g. (r1,72) = (2N, N).
Consider a domino tiling with a number s; < ro of vertical dominoes, with the remaining boxes
(r1 — s1,72 — s1) occupied by horizontal dominoes. This results in t = ((r1 + s1)/2, (12 — $2)/2).
The vertical dominoes stretch across boxes in the first and second row, which can be viewed as
quanta constituting the two branes described by the Young diagram R. The horizontal dominoes
are constituents of the same brane. A horizontal domino in row one or two of R contributes
a box to the first or second row of t. The vertical dominoes, even though they span row one
and two of R, contribute to the first row of ¢. The domino combinatorics thus encodes, in a
precise way, a recombination of angular momentum quanta between the two branes of angular
momenta 71,7y described by R, which accompanies the orientifold procedure. For multi-row
Young diagrams, the domino algorithm pairs quanta of angular momentum in adjacent rows,
equivalently adjacent giant gravitons in the LLM plane. An analogous discussion holds for multi-
column states, where horizontally tiled dominoes pair quanta from distinct giants and vertically
tiled dominoes pair quanta qithin a giant worldvolume.

It would be interesting to deduce connections between the brane interpretation of the ori-
entifold projection coefficients discussed heuristically above, from more general frameworks for
brane dynamics in the presence of orientifolds, as developed for example in [49, 50]. In the
AdS/CFT context, a useful discussion of orientifolds is in [48].

4.9 Inverse projection coefficients and U(IN) correlators of SO(N) operator

In section 4.2, we saw that the U(N) half-BPS sector is spanned by multi-traces of the form
(4.6), while the SO(N) half-BPS sector is spanned by multi-traces of the form (4.9). Therefore
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one can consider half-BPS sector of the SO(N) theory as a subspace of the equivalent in the
U(N) theory.

This leads to the question, what does the U(N) inner product look like on this subspace?
Clearly the SO(N) theory has its own inner product (studied in detail in section 8), but this is
a different pairing which will have a different structure. In this paper, we have made extensive
use of permutations as a way to describe bases of gauge-invariant operators in different theories
(U(N),SO(N),Sp(N)). They give us a uniform way of talking about operators in different
gauge theories, namely about how the indices of matrices X,Y are contracted without being
specific about whether these are generic matrices in the Lie algebra u(/N), anti-symmetric matri-
ces in s0(NV), or matrices in sp(N). These different theories, via AdS/CFT duality, correspond
to different string theory backgrounds. In this sense, permutations are background independent
structures, while the pairings we put on them are theory-dependent. Here we will see that ex-
ploring the U(N) inner product which survive the projection to SO(N) has interesting relations
to an appropriately defined inverse of the plethysm coefficients we encountered earlier.

Consider the SO(N) operators (4.23), but where X is an arbitrary complex matrix rather
than anti-symmetric. We can express this as a sum of U(N) operators

=" sRop™ (4.44)

RFn

If we consider taking the Zo quotient of this expression, clearly the left hand side remains
unchanged, while we can can evaluate the right hand side using definition (4.19). This leads to

SO(N) Z ZBT ok OT'

RFn T

Since this holds for all T', we have
> BRak = of (4.45
RFn
so we call ﬁﬁ inverse projection coefficients. Clearly they are not true inverses to ag, since R
has more degrees of freedom than 7', and so summing over T' will not lead to (51%, as one would
expect for true inverses. For the same reason, the relation (4.45) does not uniquely define the
B (note that they are well defined by (4.44)).
To find 3%, we can use the orthogonality relation (2.6) to invert (4.20) to give traces in terms
of Young diagram operators

i\Pi 1 U(N)
X)) = § — @)
];[( ' ) RFn dRXR(p) f

Plugging this into (4.23), we have

C’);O(N) = 2"n! Z

ZdXR2p )

Z?p RFn

and therefore

%—W” Z () (4.46)

Notice the similarities between (4.46) and (4.26). The normalisation factor is upside down and
we have an extra factor of 2!(P) inside the sum over partitions (turning Zp into z9,). We have
not managed to find a combinatoric interpretation of 3%

41



We can now give the U(NN) correlators of the SO(N) operators. The correlators of (’)g(N)

were given in [5] (their operators differ in normalisation by a factor of dr) and are given by
<O%<N oy )> = Spsdpntd ™) (4.47)
where d}Uz(N) is the dimension of the U(N) representation labelled by R.
It is then simple to show that

-~SO(N
(03°M030Y) — 5™ sl dratd]
RFn

So the SO(N) orthogonal basis operators are not orthogonal under the U(N) inner product,
even at large V.

5 Periodicities of traces and integer-graded word combinatorics
in U(N) quarter-BPS counting.

The counting of quarter-BPS operators in the free limit N' =4 SYM for U(N) gauge group (at
large N) was given in terms of an infinite product generating function in [33].

[e.9]

1
Fyn(,y) =[] 1

_ 5.1)
S (
k=1 x Y

The factors are obtained from the substitutions (x,y) — (z%,4") in what we will call the root
function (1—z—y)~!. In [20], an interpretation of the root function in terms of word counting
was given and this interpretation was extended to the generating function for the counting of
gauge-invariants in free quiver gauge theories with U(N) gauge groups, derived in [19]. This
combinatorics of gauge invariants is closely related to paths on graphs, which have interesting
number theoretic aspects studied recently [51].

Consider, for the 2-matrix case, the root function

1
l—z—y

The coefficient of z"y™ is (”J;Lm), which counts the number of different ways of ordering n xs and
m ys, or equivalently the number of different words that can be made from n Zs and m ¥s, in
the space of words generated freely by two generators &, 9. This space of words form a monoid,
where the product is given by concatenation. In this paper, we will consider the implications of
interpretaing the whole infinite product Fyy(ny(7,y) in terms of words. The coefficient of z"y™
in (1 — 22 —y?)~! counts the number of words formed from n s and m @s, but now the letters
have weight 2. We denote the s and s with weight one by #; and g; and those with weight 2
by &5 and go. Multiplying the two generating functions then counts words made from all four
available letters, where the weight 1 letters commute with weight 2 letters. So the coefficient of
x™y™ in
1
(1-z—y)(1—2a2-y?)

counts words constructed from ny Z1s, mq 918, no Tos and mo gos such that ny + 2ny = n and
m1 + 2mg = m and the (Z1,71)s always precede the (Z2,92)s. Equivalently, we can take the
1,71 to commute with the 2, 2. Repeating this process, we see that Fy(y)(z,y) counts words
constructed from Zs and gs of all weights (i.e. &, Jx with k any positive integer), where within
each level, ) and g are non-commutative, but different levels commute with each other. We
will refer to this kind of word counting problem as an integrally-graded word combinatorics.
A natural problem is to give a bijection between the words in this counting and the traces of
two matrices X,Y in the large NV limit. In this section, we will describe such a bijection. The
analogous results for gauge invariants in SO(NV) gauge theory will be developed in section 6.
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5.1 Structure of the space of U(N) gauge-invariant functions of two matrices

First we consider the global structure of the set of multi-traces, as well as how this structure is
reflected in (5.1). We find it is simplest to express this in the language of vector spaces, so we
consider T, the space spanned by the U(N) multi-traces.

The generating function (5.1) is then the Hilbert series of T', where T' is graded by how many
Xs and Y's appear in each multi-trace. More explicitly, we can split T into a direct sum of
subspaces 1, »,) spanned by those multi-traces composed of n X's and m Y's. Then the Hilbert
series is defined by

Hyp(z,y) = Zx"ymdimT(mm)

n,m

When studying the structure of 7', we will need to keep track of how this interacts with the
grading.

Note that we use the term ‘Hilbert Series’ only with reference to graded vector spaces. When
the vector space also has the structure of an algebra, the Hilbert series imparts information about
the relations between the generating elements of the algebra. While many of the vector spaces
we consider do have an algebra structure, we will not focus on this aspect.

To describe the factorisation of multi-traces into single traces, we divide the full space T into
subspaces T, spanned by multi-traces formed from r single traces.

oo
T=ET,
r=0

Then Tj is the one-dimensional space spanned by 1, thought of as the trivial multi-trace (the
multi-trace containing no single traces). We define Tsr to be the space spanned by the single
traces, so that 77 is just Tsp. T contains multi-traces with two single traces in their factorisation.
Initially we might think this space is simply Ts7 ® T's, but this is not quite right. In this space
there is a distinction between t; ® t9 and to ® 1, but given the two traces t; and ta, clearly there
is a unique multi-trace formed from their product. Instead we have Tp = Sym? (Ts7), defined to
be the symmetric part of Tsr ® Tsp. Similarly, 7, = Sym” (Tst), defined to be the completely
symmetric part of (Ts7)*". So we have

T=Ca®Tsr ® Sym? (Tsr) & ...

= @ Sym” (Tst)
r=0

= Sym (Tsr)

Clearly Tsp is graded by how many Xs and Y's appear in a single trace, and so has its own
Hilbert series, which is the generating function for the counting of single traces. The counting of
single traces is obviously related to the counting of multi-traces. This relation is made explicit
in the plethystic exponential. Given the generating function

flz,y) = Z An,mznym

for the single traces, the generating function for the multi-traces is given by

00 a:k' By
F(z,y) = PExp(f)(z,y) = exp (Z S, y") f(0,0)>

k=1

i
1
= ]I (5.2)
1 — pnym An,m
tnamyzooy (LT EY™)

43



Note that this definition subtracts the constant term of f (this is required for convergence of
the infinite product), so we can choose any value we like for f(0,0) (equivalently Ao ) and still
reproduce the same multi-trace counting. Therefore if we view f purely as a stepping stone on
the way to obtaining the multi-trace counting, the constant term is arbitrary. However, if we
instead view it as significant in itself, since it counts the single traces, there are two sensible
values one could consider. Either we count 1 as a single trace (of the identity matrix), or we do
not. This corresponds to setting the constant term to 1 or 0 respectively. We already noted that
1 should be thought of as the trivial multi-trace (the multi-trace containing no single traces),
and we take the same viewpoint here. We will therefore implicitly set the constant term to 0
here and in all later countings of single traces.

For an explanation of why the plethystic exponential takes the single trace counting to
the multi-trace counting, and for more details on the interesting properties of the plethystic
exponential, see [37, 52].

The plethystic exponential can be inverted, up to the arbitrary constant already discussed,
using the plethystic logarithm

f(z,y) = PLog(F Z“E{k log F(z*, y*) (5.3)
k=1

where (1 is the Mébius function defined in (A.3). The proof that these two are inverses of each
other comes from the identity (A.4). See appendix A for a more detailed description of the
useful properties of the Mobius function.

So the Hilbert series for T" and Tgp are related by

Hy = PExp (Hry,) Hrgy, = PLog (Hr) (5.4)

Now we look at the structure of Ts7. A single trace can be written as Tr(...)*, where the
interior of the brackets is an aperiodic matrix word, and k is some positive integer that we
call the periodicity. So for example TrXY has periodicity 1 while TrXY XY =Tr(XY)? has
periodicity 2. Clearly the periodicity and the aperiodic matrix word (which is only defined up
to cyclic rotations) identify the trace. Therefore we have

Tor = K @ TS)

where TélT) is spanned by the aperiodic (periodicity 1) single traces and K is spanned by the
positive integers. Consider an element k£ ® w, where w is an aperiodic single trace of weight
(n,m) (i.e. contains n Xs and m Y's), then the weight of k ® w is (kn,km). So the two tensor
factors interact non-trivially with respect to the weightings. Taking account of this, the Hilbert

series of Tsr and Tb%z are related by

oo
Hrgp(w,y) =Y H, <1> AT (5.5)
k=1

where the kth term in the sum corresponds to the subspace k®T§¥ of Tsp = K ®Té¥. Defining

the coefficients of the two Hilbert series by

HTST x y ZA mx y (1) x y Zan ma" y (5'6)

the relation (5.5) becomes

An7m == Z a%7% (57)
where d|n, m means d is a divisor of both n and m.
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We can invert this relation using the Mdbius inversion formula (A.8) to get

anm = Z M(d)A%,% (58)

dln,m

In terms of the Hilbert series, this becomes

o0
Hy(e,y) = > n(k) Hror (", 5") (5.9)
k=1
We call HTST) the Mobius transform of Hr,

H ) = M (Hry;) Hrgy = M™ ( T(l))
ST

In full, T can be decomposed as
T = Sym (K ® Tng)) (5.10)

and the corresponding decomposition in the generating function is

Hy = PExp [M‘l (H (1))]

TST
o
xp ZHT:&IT)(iU Y )]
k=1
o
— [ PEap [HTST)} (z*, y*) (5.11)
k=1

So far, we have split the multi-traces into single traces, and then decomposed the single traces
by periodicity. We could have done this the other way round. A multi-trace can be split into
factors, where each factor is a multi-trace of a specified periodicity. We can then decompose
these factors into single traces of a specified periodicity. Doing things in this order gives the

structure K
T= [T(l)}® [Sym( ng))f (5.12)
where by V®X | we mean

V®K:V1®V2®V3®...=®Vk

and each Vj, is a copy of V but with all weights multiplied by k. The Hilbert series of V®¥ is
then given by

Hyox(z,y) = HHV 2", y")

Just as for the sum (5.5), we can invert this
= H Hyeox (:L'k, yk)“(k)

The proof of this inversion replies on the multiplicative version of the Md&bius inversion formula,
(A.6). We say Hy is the multiplicative Mdbius transform of Hy ex

Hy = My (HV®K) HV®K = Mmult (HV)

45



So the generating function version of (5.12) is

ik )~ Mk P ()
T,y) = H Hopy (2%, 4%) H PEzxp [ T(l):| (z®, ") (5.13)
k=1

which matches (5.11). So we see that the (not immediately obvious) result
Sym (K ® V) = (SymV)*"

corresponds to the trivial result

PExp (Z Hv> = [[ PE=p (Hy)

k=1 k=1

Comparing (5.13) with (5.1) we see that Hp1) is what we called the root function. Additionally,
we find the root function is not the most fundamental object. It is the plethystic exponential of
H () and we should think of this Hilbert series as the fundamental object of interest. It would
be interesting to see whether this additional structure of the root function has an analogue in
the general quiver theory explored in [20].

The structure described above, both for the vector spaces and their associated Hilbert series,

is summarised in figure 7.

5.2 Explicit Hilbert series (generating functions)

In the above (and summarised in figure 7), we explained the relations between the Hilbert series
associated to T, Tsp, TW and T é;ﬂ) Since these relations are invertible, we can find all the
Hilbert series from just one of them. We know Hp counts U(N) multi-traces, as does (5.1), so

we have
D

1
Hr(z,y) = Fyv (2, y) = H T2k — F (5.14)
k=1
Comparing with (5.13), we see that
1
H R 5.15
T(l)(xay) 1_$_y ( )

which counts aperiodic multi-traces. This allows us to interpret the product in (5.14). The

factor (1 — 2 —y)~! counts multi-traces constructed only from aperiodic single traces. Similarly

the factor (1 — 2* — y*)~! counts multi-traces constructed only from periodicity & single traces.
Applying the plethystic logarithm to (5.14) and (5.15) gives

Hry, (z,y) = Z ,ugl) log <

e
=1 1

1
Hl_xu_ykz>

k

k=1
:—ilog<1—x — )Zdul
= — i (d) log (1  — yd) (5.16)
d=1
HTST) (x,y) = — i ,u(dd) log (1 — ¢ - yd> (5.17)



H. o
iy

Counts aperiodic single traces

Tensor with K Sym
M1 PExp
Tor — K & T4 T = sym (T4}))
Hpgp = M™1 (HTu)) Hpa = PExp (HTu))
ST ST
Counts single traces Counts aperiodic multi-traces
-1
PFExp Mmult
Sym Tensor power of K

T = Sym (K © T4) = Sym <T§1T))®K

Hp = PExp [Mfl (HT(l))} = M, [PExp <HT(1))}
ST ST

Counts all multi-traces

Figure 7: Diagram summarising the structure of 7', the space of U(N) multi-traces, and its
relation to T&F), the space of U(N) aperiodic single traces
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where in the first calculation we have changed variables from (k,l: 1 < k,l < o0) to (d,1:1 <
[ < o0,l|d) by setting d = kl. We have also used the identity (A.10), and ¢(d) is the Euler
totient function defined in (A.9).

These two series count single traces and aperiodic single traces respectively. Later it will be
important to have explicit formulae for the counting of these traces.

Expanding the logarithm in (5.16), we get

We wish to find an expression for the coefficient of ™y, so reparameterise r and k in terms of
n=drand m=d(k—r)

Hrgy(2,9) Z i) DR <n+m> (5.18)

dln,m

where the sum excludes n = m = 0. Similarly we find

Hom (2,) Z n+m > M(d)<n+m>

d|n,m

Q3 a,

Comparing with (5.6), we see that

n+m
A .
=3 ol (d) (5.19)
dln,m
1 J +
n,m — 2
e () -

The counting interpretation of these sequences is as follows: ay ,, is the number of aperiodic
single traces that can be constructed from n Xs and m Y's, while A,, ,, is the number of single
traces of any periodicity that can be constructed from n Xs and m Y's. Tables of values for
these sequences are given in appendix C. Note that they are related by (5.7) and (5.8).

Recall from our discussion of the plethystic exponential in section 5.1 that we have implicitly
set Ap,0 = ag,0 = 0, so there is no issue with the definitions (5.19) and (5.20) when n =m = 0.

5.3 Bijection between words and traces

Since Fy(n (xz,y) counts both multi-traces and words, we hope to find some kind of natural
bijection between the two. Before we can describe the bijection, we need to define Lyndon
words. For simplicity, we will use the alphabet {0,1} in the definition, and then replace this
with {Z, 7} when constructing the bijection.

A Lyndon word is an aperiodic word which is smallest among cyclic rotations of its letters.
For example the word 000101 is aperiodic and is smaller than its cyclic rotations 001010, 010100,
101000, 010001,100010, and is therefore a Lyndon word. The Lyndon words of length < 5 are

0,1
01
001, 011
0001 , 0011, 0111
00001 , 00011 , 00101, 00111, 01011, 01111
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The usefulness of Lyndon words comes from the Chen-Fox-Lyndon theorem [36, Theorem, 5.1.5]
which states that all words can be uniquely factorised as a sequence of ‘non-increasing’ Lyndon
words.

Before going further, we must define the ordering on Lyndon words (and indeed all other
words), so that ‘non-increasing’ makes sense. With the binary alphabet, this is particularly easy.
View the strings as being the binary expansions of numbers between 0 and 1. Then the ordering
we want (called the lexicographic ordering) is just the same as the ordinary ordering of numbers
between 0 and 1. If two words would form the same number (for example 01, 010, 0100, etc),
then the longer word is larger. This last provision gives the set of words a total ordering, but is
not needed for Lyndon words as they cannot end in a 0 (with the exception of 0 itself).

We provide some factorisations as an example

100101 = 1000101
110010 =101000100
011010 =01100100

where we have used o as the binary operation in the free monoid on 0 and 1. Note that we
require the restriction to non-increasing sequences of Lyndon words, otherwise for example we
could also factorise the first word as 10001001, or even 10c0o0olo0ol.

We need to consider words constructed not just from Z1, §1, but also Zs, §2, Z3, 93, .... To deal
with this we consider the set of Lyndon words for each level. The factorisation of a multi-level
word then consists of the factorisation of its level one component, the factorisation of its level
two component, and so on.

In section 5.1 we saw the structure of the vector space of traces. Clearly for a bijection to
exist between traces and words, the vector space of words must also have the same structure.
Define W to be the space spanned by the multi-level words. As argued in section 5.1, the
factorisation of words into (multi-level) Lyndon words corresponds to

W = Sym (WLW)

where Wy is the space spanned by the Lyndon words of all levels. Clearly a Lyndon word is
identified by its level and an un-levelled Lyndon word. As before, this corresponds to

Wiw = K @ Wi,

where the weight of a levelled Lyndon word k®1 is given by k times the weight of the un-levelled
Lyndon word [. This is exactly the structure we saw in T'.

So to find a bijection between the bases of W and T' (i.e. between words and traces), we only
need to find a bijection between WS,)V and T é}[) Intuitively, what we have done is matched the
two factorisations (words into Lyndon words and multi-traces into single traces) and the two
level structures (periodicities and word level). Therefore we only need to find a bijection between
level 1 Lyndon words and aperiodic single traces to find a bijection between all multi-level words
and all multi-traces.

The final ingredient is now clear. An aperiodic trace is equivalent to an aperiodic word
constructed from X and Y, up to cyclic rotations. In particular we can choose a representative
from the orbit of cyclic rotations as that which is smallest (where the ordering is as defined
earlier with X replaced by 0 and Y by 1). Then the aperiodic word, by definition, is just a
Lyndon word on the two letters X and Y. Replacing those letters with Z; and ¢; gives us a
bijection.

5.4 SO(2,1) representation

The structure found in section 5.1 carries a representation of the algebra so(2,1). Let e (k =
1,2,3,...) be the basis vectors for K. The generators for so(2,1) are J;, J_, J3. We define their
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action on K by

Jier = keg

Jgek = k‘ek
ker_1 k>1
J_ep = €r—1 >
0 k=1

The commutation relations for these are

[J37 J—‘r} =Jy
s, J_] = —J_
[Ty, J ] = —2J5

Which are indeed the commutation relations for so(2,1).

Using the standard rules of tensor product representations, we can use this to show Tsr =
K® TélT) carries a representation of s0(2, 1), where TélT) is given the trivial representation.

Let V be the carrier space for an arbitrary representation of s0(2,1). We note that Sym” (V)
is an invariant subspace of V®" with the standard tensor product representation. Therefore
Sym” (V) is also the carrier space for a representation of so(2,1). Using this fact, it is easy to
see that T'= Sym (Tst) carries a representation of so(2,1).

It will be interesting to investigate whether this s0(2,1) can be interpreted geometrically
in terms of spectrum generating algebras (SGAs) in the dual space-time, in the context of
gauge-string duality for the zero coupling quarter BPS sector. SGAs of the form SO(p, 1) were
discussed in the context of AdS/CFT in [53].

6 SO(N) generating functions at infinite N and SO(N) analogues
of Lyndon words

In section 5 we investigated the structure of the space of U(N) gauge-invariant functions of two
matrices in the large N limit. In particular we looked at the level structure corresponding to
periodicity of traces, and the factorisation arising from the decomposition of multi-traces into
their single trace constituents. These two processes were reflected in the Hilbert series by the
inverse Mobius transform M™1, defined in (5.5), and the plethystic exponential. This structure,
for both vector space and Hilbert series, is summarised in figure 7. Furthermore, we found
a bijection between U(N) aperiodic single traces and Lyndon words, which generalised to a
bijection between the full space of multi-traces and a levelled word monoid.

In this section we find the analogue picture for the SO(N) theory. Let T be the space of
SO(N) gauge-invariant functions of two matrices in the large IV limit (note this means there are
no baryonic operators). We find that the structure exhibited in figure 7 also applies to T', with
the aperiodic single traces of the U (V) theory being replaced by minimally periodic traces in the
SO(N). These correspond to a transformed set of Lyndon words that we call orthogonal Lyndon
words. As suggested by the change in name, the minimally periodic traces can have periodicity
one or two. This leads to an alternate structure of 7" which respects absolute periodicity. The
two different structures of T" are summarised in figures 8 and 9.

These two structures give relations between the Hilbert series for the relevant vectors spaces.
However, unlike the U(N) case, we do not already have the Hilbert series for 7. In appendix
B we present an argument that derives it directly from the formula (3.15). Here we will give a
shorter, more direct approach to finding the function that gives more insight into its structure.
This generating function is of interest to mathematicians [38], and we believe that our explicit
evaluation of it is a new mathematical result.
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6.1 Structure of the space of SO(N) multi-traces

As in section 5, we will consider various different vector spaces in addition to T. In general,
those relating to SO(N) traces will have a tilde on top, whereas those primarily to do with
U(N) objects will not. Some vector spaces we define will be relevant to both, so the divide is
not a sharp one. Similarly to the notation used in section 5.1, we use superscripts in brackets
to refer to a space of specified periodicity, and subscripts to add extra information on the type
of traces being considered.

To get from the U(N) theory to the SO(N) theory, we replace the generic complex matrices
of the U(N) theory with the anti-symmetric complex matrices of the SO(N) theory. This is a
Zo quotient on the space of traces.

We examine the effect of the Zy quotient by looking at an arbitrary U(N) single trace. It is
specified by a periodicity k, and an aperiodic matrix word W. Since a trace is invariant under
transposition, we have

TeW* = Tr (VVT)]C

After the quotient, X and Y are related to their transposes, so this relation reduces the number
of independent single traces. The transpose reverses the matrix word - we call the reversed word
W) - and introduces a factor of (—1)*!") where I(W) is the length of W.

k
TW* = (—1)F )Ty (WW) (6.1)

There are now two sets of two possibilities: either W and W) are the same (up to cyclic
rotations), or they are not, and k(W) is either even or odd.

If W # W), then (6.1) tells us that two distinct traces that were previously unrelated are
no longer independent. This is true whether k(W) is even or odd.

If W =W, then (6.1) does depend on whether k(W) is even or odd. If it is even, then
(6.1) is trivial, and gives us no new information. If it is odd, then (6.1) implies that the trace
vanishes. So for example, TrX, TrY?, TrX2Y and Tr(X*Y)? all vanish.

To encode this structure into the U(N) vector space T we split T&F) into three distinct
subspaces

1 1 1 1
Té'T)‘ = o = Téqz;in'u;odd @ Té’l')';var (62)

ST;inv;even

The first space is spanned by those traces of even length with W = W) (‘inv’ stands for
invariant); the second space is spanned by traces of odd length with W = W) the third space

is spanned by traces of any length with W # W) (‘var’ stands for variant). From previous
1)

Teinv-even 1S UNchanged under the Zs quotient. The other two spaces are more

arguments, Té
complex.

We saw that for reversal-invariant W of odd length, the determining factor between whether
the trace vanishes or not is whether k is odd or even respectively. If k is even, TélT);mv; odd 18
unchanged by the quotient, while if k is odd, it vanishes. So we have

(1) (1)
K® TST;inv;odd Z—2> Keven ® TST;im};odd (63)

where Keyen is the space spanned by the even integers. Clearly this is isomorphic to K, but we
cannot just replace Keyep, with K as then we lose information about the weight of a given trace.
Formally, they are isomorphic as vector spaces but not as graded vector spaces. However, we
can recover K as a tensor factor of the graded vector space if we double the weight of the space
TsT:inv;0dd to make up for halving the weight of the K.y, factor. So we have

(1) _ (2)
Keven ® TST;inv;odd =K® (TST;inv;odd) (64)
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Effectively what we have done here is say rather than consider X (or Y, X?Y, X*Y,...) as the
aperiodic word identifying the trace, instead we consider X2 (or Y2, (X2Y)?2, (X1Y)2,...) as the
‘aperiodic word’. Since these are the lowest order at which the aperiodic words appear, we call
the doubled versions minimally periodic words.

Finally we consider Té%r);v .- 1t is spanned by aperiodic matrix words (up to cyclic rotations)

which change under reversal. So we can split the spanning set into orbits (of size 2) under
1)

T.war 00 De the space spanned by these orbits, we have

reversal. Then defining fé

1 =(1
Té’ilz;var Z—; Té’ ) (6'5)

T;var

It will be useful later to note that TélT);v o 18 just two copies of f&)w ar

o _ a0 (1)
TST;var - TST;var ® TST;var (66)
In full, the Zo quotient of Tgp is

2)

Tor = K ® TST) — Tor = K ® Té?m) —K® (T(l) ® TéT;im;odd @ TélT);wr) (6.7)
2

ST;inv;even
where the ‘min’ superscript refers to the words being minimally periodic, as opposed to aperiodic
(periodicity 1). Extrapolating to the full space of multi-traces

T = Sym (K @ 1)) > T'=Sym (K T&™) (6.8)

(T}Lm). This allows us to

We see this has the same structure as (5.10), but with a base space TS
reproduce figure 7, but with the new base space, shown in figure 8.

Furthermore, we saw in section 5.4 that the structure (5.10) allowed T to carry a represen-
tation of s0(2,1). By the same argument, T will also carry such a representation.

In section 5.3 we saw that Lyndon words on x and y give a good description of the spanning
set for TS} The definition of fé?m) (implicit in (6.7)) allows us to give it a similar description
in terms of ‘orthogonal’ Lyndon words.

These orthogonal Lyndon words fall into one of three categories, depending on whether the
corresponding trace comes from the spanning set for Ts(‘lT);z‘nv; cvens L' é‘QT);mv; odd OT T élT)w are WV say
the orthogonal Lyndon words are of types 1A,1B or 2 respectively. Type 1A orthogonal Lyndon
words are normal Lyndon words of even length that are invariant under reversal (up to cyclic
rotations). A type 1B word is a repeated normal Lyndon word of odd length that is invariant
under reversal. A type 2 word is the first (lexicographically) of a pair of normal Lyndon words
that transform into each other when reversed. The lowest order examples of the three types are
shown in table 4.

6.2 Periodicity structure

We now briefly return to the description of the U(N) single trace space Tsp. We had
Top = K @ TG = (1 ®T§1T)) ® (2 ®T§1T)) ® (3 ®T§1T)) @ ...

We know that TST also has this structure, but there is a difference in interpretation. The
subspace k ® Té;) of T corresponds to the traces of periodicity k, whereas the subspace
k® j:g;m) of fST does not. This stems from Tvé?m) containing not only aperiodic traces, but

traces of periodicity 2 as well. We now look for a decomposition of T s7 that does correctly
reflect the periodicity structure. Explicitly, we want to find V}, such that

Tsr=(10V) @22k aeBaV;)o..
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Type 1A

5. pmdo 2
rY, rYy,

Ty
By, 2y, ay
yzy, 23y3, 2yt xyzyd, xy®

Type 1B

3,2..3

y2ady?

rhyazty, ©

2
, T

:L'Q, y2
ryx?y, zy’ay?

yryziyzy, 22y’

yia?y?

, zyzy’ayzy?, vyteyt

Type 2

x3yx2y2, x4yﬂcy2

nyxy2
dyxy?, v?yzy?
, Byzy?, 2?yzyxy?, 2Pyzy?t, 2?yPey

Table 4: Lowest order examples of the three distinct types of ‘orthogonal’ Lyndon words

iy

H-~

TST

Counts minimally periodic single traces

Tensor with K

Mfl
TST =K® Tvér;m)
U -1 )
HTST =M (H:Fg;“”)>

Counts single traces

Sym

PExp

T (min) — Sym (fggm)>

H-~

o —PEgz (H~mm>
Tmin) P\

Counts minimally periodic multi-traces

-1

M

PExp mult
Sym Tensor power of K
~ ~(o ~ (o RK
T = sym (K o TGH™) = sym (75
- ~1
Hz = PExp [M 1 (Hig;m))} =M_ [PEIEP (Hfén;m))}

Counts all multi-traces

Figure 8: Diagram summarising the structure of T, the space of SO(N) multi-traces, and its

relation to Tg;m)

, the space of SO(NN) minimally periodic single traces.
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and k ® V; is the vector space of single traces of periodicity k.

We saw in (6.3) that for odd length, reversal invariant aperiodic matrix words, only the
even periodicities survive the Zy projection. For all other aperiodic matrix words, there is no
distinction between even and odd periodicities. Therefore Vj, will depend only on whether k
is even or odd. From the discussions in section 6.3, we can write down the appropriate vector
spaces. They are

Fi(odd) _ (1) (1)
TS(} - TST;inv;even ® TST;var (69)
Ti(even) _ (1) (1)
TSEJ?')en - TST;inv ©® TST;var
_ (1) (1) (1)
- TST;mv;even ® TST;inU;odd ® TST;var (610)

Note that the odd and even superscripts refer to periodicities, while the odd and even subscripts
refer to the length of the aperiodic trace/matrix word. Splitting K = K,qq @ Keypen in the
obvious way, we have

T = (Koaa © TE)  (Kwen 0 75

Now the combination of K,4q and K., keeps track of the true periodicities of the traces.

Doing a analysis of the Hilbert series associated with these vector spaces, similar to that
done in section 5.1, we arrive at the relations shown in figure 9. The transformations & and
St are defined by

S[fgl(xy) =Y fE@ 6"+ D gl

k odd k even
St [f- 9] (x,y) = (H f(wk,y’“)> ( 11 g(x’%y’“))
k odd k even

Note that S, while being similar to M ™!, has a distinct disadvantage to it’s analogue, namely
it is not invertible. Given S|[f, g, there are multiple f, g which would produce the same S. This
means we cannot instantly find the Hilbert series for fégfld) and Tg;}en) just from the Hilbert
series for T. Instead we need to investigate the structures (6.9) and (6.10).

In order to do this, we introduce names for the coefficients of various Hilbert series. These
are shown in table 5, along with a description of which set of traces these coefficients count.
Tables of values are given in appendix C.

Recall that ay, ,, are the coefficients in the Hilbert series for T ég) Then from definition (6.2),
and recalling (6.6), we have

Anm = aﬁfffn + 2a,%,
The lower case sequences count aperiodic single traces, while the upper case ones count single
traces of all periodicities. This leads to relations (5.7) and (5.8) between the as and As (although
shown only for the undecorated versions, this is also true for both superscripts). Using these,
we have

An,m = AZ,LZ’L + QAZ[,ZTTn
From the definitions (6.9) and (6.10), we also get

b(even)

var mnuv
nm +a

n,m n,m

[an,m + ay'y] (6.11)

al® n + m odd

= [anm + (=1)" gl ] (6.12)

) n,m

P
(odd) _ {m +ai" n+m even
1
2



F(odd T(even)
T TG

H,fg;id) Hfé?jen)

Counts single traces of a specified periodicity

Sym

Tensor with K,44 and

Keyen respectively PExp

T(edd) — Gym (féond)> Tleven) — Sym (j:ée;en))

Hf("dd) = PE:I:p (Hfé(’}dd>> Hf(even) — PE:L‘p (Hfé’c;)en))

Counts multi-traces of a specified periodicity

TST = Koqq @ Tézfid) ® Keven ® féejz)en)

Spuit
H- == S (Hf(odd) 5 Hj:(even)) e
ST ST

TsT

Counts all single traces

Tensor power of K,4q

PEzp and Keyen respectively

Sym

)@Kodd ) ®Keven

T = Sym (Kodd ® Té‘;fld) D Keven ® fée;en)> = Sym (Tg{,fld) ® Sym (fé?fen)

Hz = PExp [8 (H%é?d),HT(even))} = Soult [PE:z:p (Hj:é;:id)) ,PExp (Hj‘;ézzj&n))}

ST

Counts all multi-traces

Figure 9: Diagram summarising the structure of T , the space of SO(NN) multi-traces, and its
relation to Tgé,fld), the space of SO(N) single traces of a specified odd periodicity, and Tée:,?en),

the space of SO(N) single traces of a specified even periodicity.
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Hilbert series coefficients Vector space Counting interpretation
ai{% ng_p),mv aperiodic, reversal invariant
U(N) single traces
ap’, T élT)w ar aperiodic pairs of U(N) single traces
that reverse into each other
A%”}]n Tsr.iny = K ® TélT)-mv all reversal invariant U (V) single traces
Apen TVST;MT =K® félT)w ar all pairs of U(N) single traces
that reverse into each other
b,(fgf) fb(f;fld) SO(N) single traces of a
specified odd periodicity
bﬁf”;,f”) T éeTvm) SO(N) single traces of a
specified even periodicity

Table 5: Definition of various trace counting sequences. Formally, they are defined as the
coeflicients of Hilbert series for certain vector spaces. We also give the counting interpretation.

So to find the desired Hilbert series, we first need to find the generating function for the aﬁf}’n,
or equivalently the A"  since they are related by (5.7) and (5.8).

In (6.2) we decomposed TST) into subspaces that were invariant or variant under reversal.
We now do the same to Tgp.

TS’T = TST;im) @ TST;vaT = (TST;inv;odd S TST;inv;even) @ TST;var

where the odd and even parts refer to the length of the entire single trace, not (as before) the
length of the aperiodic matrix word which, along with the periodicity, defined the single trace.
We have

TSTﬂ”” =K® Téé");inv TST?”‘W =K® Téé“);var

but the split into odd and even parts does not respect the K tensor product. Instead, we have
Tor. = (KeT{, K T 6.13
STsinvseven ® STinv;even 7 even & ST:inviodd ( . )
1
TST;inv;odd = KOdd ® Téﬂz;inv;odd (614)

By repeating the earlier analysis, or by comparing (6.13) and (6.14) with (6.3), (6.4) and (6.5),
we see that under the Zo quotient, T's7.inv:0dd disappears, Ts7.inv;even i unchanged, and Ts7,pqr

is ‘halved’ to Ts7,vqr as before. So looking at all single traces, rather than just aperiodic single
traces, we have

TST Z—> TST = TST;inv;even @ TST;var (615)
2

We know that B,, ,,, defined in (6.26), are the coeflicients of HTST’ and therefore

B Apar 4+ A n4m even
) Avar n +m odd
n,m
1 .
=5 [Anm + (=D)AL (6.16)

We previously found a formula for A, ,,, (5.19), and in the next section we find an expression
for Bpm, (6.26). Comparing these with (6.16) allows us to find A% . Since al’s, are related to

n,m

Al via the Mébius transform, we can then use (6.11) and (6.12) to find the Hilbert series for

T ée;en) and fég:jd).
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6.3 Derivation of Hilbert series

The previous two sections have found the structure of T and how this structure is made manifest
in the Hilbert series Hz. We now find the various related Hilbert series explicitly.

As explained in section 3.3.1, the mesonic operators are just multi-traces of X and Y. At
finite IV there are non-trivial relations between these traces, but in the large N limit each distinct
multi-trace is a linearly independent operator. As we saw in 5.1, the plethystic exponential, (5.2),
takes the single trace generating function to the multi-trace generating function, so if we can
find the single trace counting By, ;,,, and the associated generating function fso(n) (x,y), then
the multi-trace counting is immediate.

To find the B, ,,, think about the matrix words contained inside the traces. These words
are constructed from n Xs and m Ys. In the U(N) gauge theory, they are equivalent up to
cyclic rotations only, but in the SO(N) gauge theory, we also have to consider the effect of
transposition. As seen in (6.1), this reverses the word and also multiplies by a factor of (—1)M
(M = n+ m is the total number of matrices in the trace). The cyclic rotations and the reversal
act as Djs on the matrix word. Note that we already encountered a dihedral group in section
4.2.2, where it arose in the stabiliser group of an individual cycle. Since single cycles correspond
to single traces, this is the same dihedral group as appears here.

The factors of —1 mean this dihedral group action on its own is not sufficient to describe the
effect of the anti-symmetry. Rather than consider Dj; acting on the set of words, we consider
it acting on the vector space spanned by the set of words. Explicitly, let V' be the vector space
spanned by two vectors, ex and ey. Then a basis for VM is clearly labelled by the set of words
of length M constructed from X and Y. Let o be the generator of rotations in Dj; and 7 the
reflection/transposition. Then they act as

olei, ®ei, Q@...Q e, =€, ey ®...Q0e, Qe
T e, ®eip, @ ... @ ey, ] = (—I)MeiM ® .. Qe Ve (6.17)
where i; € {X,Y}. This action of the dihedral group on the space of matrix words was considered
in [54].
To get the vector space spanned by traces of anti-symmetric matrices, we project down to
those states which are invariant under this action of Djy;. This is done using the projector

OIS

PEDM

At this point, we’ve only sorted the words by their length, as opposed to how many Xs and Y's
they contain. To do this more refined sorting, we define an operator Q on V by

Qex = zex Qey = yey

Let Q Q@ ® ... ® Q be the equivalent on V@M Then words constructed from n Xs and m
Y's have elgenvalue z"y™ under Q, so it is the action of P on the eigenspaces of Q that we
are interested in (clearly the number of Xs and Y's in a word is not changed by the action of
Dy, and therefore @ and P commute, or equivalently, P acts on each of the eigenspaces of
@ independently of the other eigenspaces). The B,, ,, are then the dimension of the projected
eigenspaces. To find these we consider

T (QP)= Y a™y™ (6.18)
n+m=M

This can be calculated explicitly by noting that if we take p € Djs to be purely a permutation
on the factors of VEM (so we forget about the factor of (—1)™ in (6.17) briefly), we have

Tr (pQ) = ( Tr Q) ( Tr Q?)°2()( Tr Q%))
— (x+y)01(P)(x _|_y ) ca(p )(gj _|_y ) cs(p )
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where ¢;(p) is the number of i-cycles in the cycle decomposition of p as a permutation on M

objects. We have already seen the above statement in (2.10). Now restoring the (—1)™ and
using (6.18), we have
> Bum = g7 | Y@+ 9) @ 4 ) @ 4y
n+m=M i=1
+ (=DM @+ @ +y?) 2 (@ )BT (6.19)
i=1

We can evaluate this using the cycle index polynomial of Dj;. For a subgroup H of the symmetric
group Sy, the cycle index polynomial of H is defined to be

ZH(t1,t,..) = |H\ th(p p)tc3 2
pEH

=> z] Htpl (6.20)

pEM

where Zf is the number of elements of H with cycle type p divided by |H|.

Were it not for the (—1)™ in (6.19), we could just replace ; with 2% + ¢’ in ZPM to get the
order M part of the generating function for the By, ,,. As it is, we need to know slightly more
about the structure of the ZPM polynomials. Fortunately they are well known

M-1
1 o fatity? M odd
ZPM (1, 1, ..) = BV ) " dld)tg + 4 2 e
|1 1,7 (8 +t) M even (and > 2)

where ¢(d) is the Euler totient function defined in (A.9). The first part of the polynomials is
just half the cycle index polynomial of the cyclic group Cjs. This corresponds to the rotations
in Dps. The second part is the reflections, where the differences between M odd and even
come from the fact that odd-sided polygons only have one type of line of symmetry, those going
through a vertex and bisecting the opposite side; while even-sided polygons have two types of
lines of symmetry, those going through pairs of opposite vertices and those bisecting pairs of
opposite lines. Now we know which part of ZP™ comes from reflections, we can see that (6.19)
is

n+m=M d|M
ety +y?) T M odd
12,2\ M2 2 2 4 .2 (6.21)
1@ +9?)77 [(x+y)? + (2® +y%)] M even

To find B, ,, explicitly we binomially expand the above. The first half of the expression was
already expanded in (5.18), and is just (half) the order M generating function for the A, ,,, so
we focus on the second half. We have

M—1
M—1 2, /M=
($+y) (l'2+y2) 2 < i > ($2T+1yM_2T_1+ZL'2TyM_2r) (622)
r=0
for M odd, and
M—2
M-2 2, /M=2
($2+$y+y2) (m2—|—y2) 2 ( 7% ) (x2r+2yM—2r—2+x2r+lyM—2'r—1 +$2ryM—2r)
r=0

(6.23)
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for M even.
Consider the coefficient of z"y™ if both n and m are even. Two of the three terms in (6.23)
can contribute. Provided m,m > 2, we get contributions from r = 2,2 — 1. This leads to the

272
coefficient

n—i—m_l n—l—m_l Q+m
(e )+ () =0%Y) 624
2 2 2

Checking the cases where n = 0 or m = 0, we get 1 as a coefficient, which agrees with (6.24).
Performing similar analyses for the other possible parity combinations leads to the coefficients

n m—1
(2 +n 2 ) n even, m odd
2
n—1 m
o= + e
21171 2) n odd, m even
T2
n—1 —1
o2 + =2
< 2 et 2 ) n odd, m odd

All four cases can be summarised by the coefficient

<L3J@L?J)

Taking account of the signs and factors of a half in (6.21), we have

. %An’m L2 12 629
“ i 2 0 (1) - G (1) 60

To find the full generating function for By, ,,, we sum (6.21) from M = 1 to co. We already
know how to sum the first half of this expression from (5.16) (it is just the generating function
for A, ), and the second half is simple to evaluate directly. Explicitly, we get

— ¢(d P ray+yi-r—y
fSO(N)('CC7y):HTST Y [ ZT 1—1' _y)+ ].—1'2_3/2 (627)

We can now take the plethystic exponential, given in (5.2), to get the multi-trace generating
function

2k k,k 2k _ .k _ )k
ot + 2yt +y x y] (6.28)

Fsow)(z,y) = H mexlo [ k(1 — 22k — g7F)

where to evaluate the infinite products/sums we have used a change of variables similar to those
in (5.17) and (5.18) as well as the identity (A.9). After completion of this paper we became
aware of [55], which gives a similar counting formula in the context of SO(N) superconformal
indices.

As a sanity check, we can set y = 0 and check that we recover the generating function for
single matrix operators found in [25]. Using (5.2), this gives us

e}

F 6.29
SO I (s (6.29)
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Setting m = 0 in (6.26) and using (A.9) we get

(14 (—1)") = {1 n even

| =

B =
0 0 n odd

Plugging this into (6.29) gives us
|
Fsow)(,0) = H T
n=1
which matches the result found in [25].
We can now use the relations given in figure 8 to find Hz(min) and Hf(mm). Taking the
sT

Mobius transform (see (5.9)) of (6.27) gives

2d d,d 2d d d
¢+ 2%y +y* -t —y
HT(mm) x,y) ZM [—log(l—x —y)—i— 1 — g2d — q2d }

where we have used the identity (A.11). Then taking the plethystic exponential, we get

1 x2k+xkyk+y2k—$ —y"
% Z > du(d)

Hmin) (2, y) = W H eXp 1— 22k — 2

d|k

where we have used the identity (A.4).
The numbers appearing in the exponential here, ¢, = > dlk dp(d), form an interesting math-
ematical sequence. It is sequence A023900 in the OEIS, and has the alternative expression

a= [[ -»

plk
p prime

To find the Hilbert series for the vector spaces relevant to the periodicity structure, as seen in
section 6.2, we first compare (6.16) with (6.26) and (5.19) to find

. 5]
Summing over n,m gives the Hilbert series for Ts7.in.

(I+x)(+y) |2 Fay+y’+e+y

6.31
1—x2—y? 1—x2—y? ( )

HTST;inv (x7 y) =

where the —1 comes from setting A%’ = 0. Note that we already saw this as the second half of
the generating function (6.27).
Since A”“’ and a”“’ are related by a Mobius transform, we have

(6.32)

oo 2d d,d 2d d d
"+ 2"y Yyt 2"ty
Hya  (2,y) = M (Hrgp,,,) (#,9) = Y p(d) e ——r

jinv =1

Then using the Hilbert series equivalents or the formulae (6.11) and (6.12), we have

H’T”éond) (,y) = % [HTélT) (z,y) + Hrg,,., (—, —y)]
d=1
Hyggon o) = 5 [Hygg (0 + i 220
= =
d=1
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Note the similarities between these series, which count odd and even periodicity single traces,
and the minimally periodic version (6.30). The only difference between the three series is in the
sign of the last two terms.

We can also derive explicit expressions for the coefficients aﬁ{f}’n, bﬁfj?,f) and b;ﬁiéfi”). These are
given in appendix C.

Finally, taking the plethystic exponential gives
3 du(d) 2 + aby* + 2 + (~1)%(a" + y")

2k 1 — 2k — ka

1 o0
Hioan (2, y) = \/ﬁi—y k1:11 exp

| dlk

1 ~ o® 4ty + oy a4yt
H- = dutd
Fevem (2,7) = kl_[l exp (1 — 22F — 2R > du(d)

dk

where we have used the identity (A.4). This gives us all the Hilbert series featured in figure 9.

7 The orientifold quotient in the quarter-BPS sector

In section 4 we looked at the orientifold quotient that takes the U(N) theory to the SO(N)
theory in the half-BPS sector. This map had remarkable connections to plethysms of Young
diagrams and the combinatorics of domino tableaux. The key result that enabled us to link
these together was the matrix element (4.22), proved in [42].

We now generalise to the quarter-BPS sector. As with the half-BPS sector, the quotient
simply takes the matrices X and Y and makes them anti-symmetric. Since the U(N) operators
are multi-traces, their quotient must also be multi-traces, and therefore (similarly to half-BPS)
the baryonic operators do not feature. However, as demonstrated in sections 5.1 and 6.1, the
set of two-matrix traces is significantly more complicated than the one-matrix version. Our first
task is to give a labelling set for generic multi-traces in both the U(NN) and SO(N) theories.
These make use of Lyndon words and orthogonal Lyndon words respectively.

After establishing a notation for generic multi-traces, we investigate how an individual U (N)
multi-trace behaves under the quotient. This is more complicated than the half-BPS case since
two distinct U(N) multi-traces can now give the same (non-zero) SO(N) multi-trace. For
example TrX2Y XY? and TrX?Y2XY are distinct in the U(N) theory but when X and Y are
made anti-symmetric, they reduce to the same object.

Both the U(N) basis (3.24) and the mesonic SO(N) basis (3.14) are defined in terms of sums
over permutations. Following the route in 4.2, we investigate how these reduce to sums over (the
labelling sets of) multi-traces. To do this, we study the group action which leaves the mesonic
contraction invariant, (3.8), and in particular we find the stabiliser group for a representative of
a double coset.

We then put all the pieces together to find the coefficients involved in the quotient of a
U(N) operator to a linear combination of SO(N) operators. Unfortunately we have not found
an analogue of (4.22), so the simplifications of the half-BPS do not occur here and we have not
been able to find a combinatoric interpretation of our results.

7.1 Labelling of traces

A U(N) single trace is described by a Lyndon word w and a periodicity, while a multi-trace
is defined by a collection of these single traces. Consider a generic U(N) multi-trace, and let
the number of constituent single traces with Lyndon word w and periodicity ¢ be p,;, then the
multi-trace can be written v
2\ Pw,i
T, =] (Tew?)

w,e
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P 7™
pe = [1,1], py = [1,1] (TrX)? (TrY)?
pe=[1,1], p, = [2] (TrX)* (TrY?)
pz = (2], py =[1,1] (TrX?) (TrY)?
pe =111, py =[], poy = [1] | (TrX) (TeXY) (TrY)

Pz =[2], py =1[2] (TrX?) (TrY?)

Pay = [1,1] (TI“XY)Q
P2y = (1], py = [1] (TrX?Y) (TrY)
Pry2 = (1], po = [1] (TrX) (TrXY?)

Pry = [2] Tr(XY)?

Pazy2 = [1] TrX2y?

Table 6: The 10 different U(N) multi-traces at n = m = 2 along with their labels. Any
constituent partitions of P that are not explicitly listed are set to zero.

where W is the matrix word equivalent of the Lyndon word w. This trace is characterised by
the set of numbers {p,,;}. A convenient way to package these numbers is to define a partition
Py for each Lyndon word

Py = (1Pt 2Pw2 0 )

Then the label for a U(N) multi-trace is

P = {pw :w a Lyndon WOI‘d} = {px7py7pxy7pmzyvpxy2a }

Define I, (w), ly(w) and [(w) be the number of s, the number of ys and the total length of w
respectively. Then clearly [(w) = l(w) + [, (w), and the number of Xs and Y's in a multi-trace

is
n = Z l \pw m = Z l |pw

We summarise this with P IF (n,m).

As an example of this labelling, table 6 lists the 10 different P IF (2,2) and their associated
multi-traces.

A SO(N) single trace is described by an orthogonal Lyndon word w (as defined in section
6.1) and a periodicity. Consider a SO(N) multi-trace, and let pg; be the number of constituent
single traces with orthogonal Lyndon word w and periodicity 7. Then we have a partition
pp = (1P@1 2Pe.2 ) for each orthogonal Lyndon word and we denote the combination by

P = {pw : w an orthogonal Lyndon word} = {pmz,pw,pr,pmsy,pmzya,pwa, ey D2y }

The multi-trace corresponding to P is

TS0 = H(TrW’)pm (7.1)

W,1

where W is the matrix word corresponding to the orthogonal Lyndon word w. As for the normal
Lyndon words, let I(w), I, (@) and [(w) be the number of s, number of ys and total length of

w respectively. Then
n—zl )|pal m=">1,(#)[pal
I

We use the same notation P I (n,m) as for the U(N) traces. It will always be clear whether
we are referring to a SO(N) or U(N) trace.
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=~ SO(N)

P T
pez = 1], pay =[1], pp2 = [1] | (TrX?) (’FrXY) (TrY'?)
pey = [1,1,1] (TrXY)?
Py = (1], py2 = [1] (TrX°Y) (Try?)
P22 = (1], Py = [1] (TrX?Y?) (TrXY)
Puyr = (1], pp2 = [1] (TrXY?’g (TrXx?)
Pzy = [2, 1] Tr (XY) (TI‘XY)
Pusys = [1] TrX3Yy3
Pa2yay? = (1] TrX2Y XY?
Pay = [3] Tr(XY)3

Table 7: The 9 different SO(N) multi-traces at n = m = 3 along with their labels. Any
constituent partitions of P that are not explicitly listed are set to zero.

We give the 9 different P IF (3,3) in table 7.

It will also be helpful to consider traces of symmetric matrices X and Y. A single trace
will be labelled by a Lyndon word up to reversal, w, and a periodicity. This means w can be
split into two types; either it is a Lyndon word that is invariant under reversal (type 1), or it
is the first (lexicographically) of a pair of Lyndon words that transform into each other under
reversal (type 2). This differs from the SO(N) case (anti-symmetric matrices) in that there is
no distinction between odd and even length words. We define pg, P, W, l,(0), l,(w), I(w) and
I in an analogous way to the U(N) and SO(N) traces.

7.2 Projection of a trace

Consider a U(N) multi-trace T. 7(3] ™) and project it to the SO(N) theory by turning each of the
Xs and Y's into anti-symmetric matrices. If any of the constituent single traces vanish when X
and Y are anti-symmetric, then clearly the projection is zero. In section 6.1 we studied how
the single traces behave under the projection. In the language of this section, Tg ™) il vanish
if pw,i # 0 for a pair (w,4) such that i is odd and w is reversal-invariant and of odd length.
Equivalently, if P contains a partition p,, (where w is reversal-invariant and of odd length)
which has an odd component.

For the remaining P, Tg (V) projects to a non-zero SO(N) multi-trace, whose constituent
single traces fall into 4 categories. They are (powers of)) type 1A orthogonal Lyndon words, type

1B words, type 2 words or the reversal of type 2 words. To turn the trace into the form TSO(N)

for some Q we transpose the traces in the last category. For a single trace with Lyndon word
w = ") and periodicity i, this introduces a factor of (—1)*!(*), as shown in (6.1). Multiplying
up all the sign factors from the constituent single traces gives

OrthSign(P) = 11 (—1) WP — I1 (—1)H@lpul

w,e
where w=w(") for
W an orthogonal Lyndon
word of type 2

w
where w=w(") for
w an orthogonal Lyndon
word of type 2

(N)

So for those T g which don’t vanish under the projection, we have

Tg(N) RN OrthSign(P)TgrOt}(l](\g) i
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U(N) multi-trace Image after projection
(TrX2Y XY?)? (TrX2y XY?)
(TrX?Y XY?) (TrX?Y2XY) (TrX2Y Xv2)®
(TrX2y2XY)? (TrX2Y Xv2)®
(TrX3Y XY?)? (TrX3Y XY?2)?
(TrX3Y XY?) (TrX3Y2XY) — (Tex3yY Xy2)?
(TrX3Y2XY)? (TrX3Y XY?2)?

Table 8: Examples of projections of individual U (/N) multi-traces

U(N) Permutation ‘ SO(N) Permutation ‘ Corresponding trace
(1,2,n+1,n+2) (1,3,2n +1,2n + 3) TrX?Y?
(1,n+1,2,n+ 2) (1,2n+1,3,2n + 3) Tr(XY)?
(1,2,3,n+1,4,n+2) | (1,3,5,2n+1,7,2n + 3) TrX3Y XY
(1,2,n+1,3,4,n+2) | (1,3,2n41,5,7,2n + 3) Tr(X2%Y)”

Table 9: Examples of multi-traces and the permutations which produce them via the SO(N)
contraction (3.5) and the U(N) contraction (3.22).

where Orth(P) is the SO(N) multi-partition composed of gy i, defined by

Dib,i w of type 1A
Qi = \ P/ 2i w of type 1B
Pii + Py w of type 2

and for @ of type 1B, we define V& to be the Lyndon word that, when repeated, gives @. So
for example Va2 = z and /22yx2y = 2%y.

We give a few examples of the full projection in table 8.

7.3 From permutations to traces
7.3.1 U(N)

Permutations o € S+, produce multi-traces via the formula (3.22). As in the half-BPS case,
each cycle in the permutation corresponds to a single trace, but we can now have two cycles of
the same length producing different traces. We give a few examples in the first column of table
(9).

These examples make it clear how a permutation produces a trace. Writing out the per-
mutation in cycle notation, a number in {1,2,...,n} corresponds to an X while a number in
{n+1,n+2,...,n+ m} corresponds to a Y. From (3.23), we see that the set of permutations
producing the same multi-trace is no longer a standard conjugacy class, but is instead the orbit
under conjugation by S, X Sp,.

Each different conjugacy class produces a different multi-trace, and conversely each multi-
trace corresponds to a conjugacy class. Therefore the labelling set for the conjugacy classes is
exactly the same as that for the traces, given by the P defined in section 7.1.

The size of these conjugacy classes is found using the orbit-stabiliser theorem. Take o to be
a representative member of the conjugacy class labelled by P. The stabiliser of ¢ is composed
of the elements of S, x S, that commute with o. As in the half-BPS, each cycle has a rotation
subgroup attached to it. However, conjugation by S, x S, rather than by S,1,, means we can
only rotate the numbers 1,2, ...,n amongst themselves (and similarly for n+1,n+2,...,n+m).
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Therefore for a single cycle labelled by Lyndon word w and periodicity i (remember cycles
correspond to single traces), the rotation group has size i (rather than i/(w), which is the length
of the cycle). As in the half-BPS case, different cycles with the same labels can be permuted,
and therefore the stabiliser is given by

Stab(o) = X Sy, ; [Z4]

w,i

Zp = [T ui = [ 2o
w

w,e

which has size

So by the orbit-stabiliser theorem, the size of S,, x 5, conjugacy classes is

n!m/!

Zp
7.3.2 SO(N)

Permutations o € Sap4+2m, or elements of C(S2y,42,m), produce traces via the formula (3.5). This
contraction is invariant under the algebra transformation (3.8). Following the route we took in
section 4.2.2, we study the orbits of ¢ € So,12,, under the action

o aoy ! a € Spym[S2] , v € Su[S2] X Sy [S2] (7.3)

These orbits are called double cosets, but in contrast to the half-BPS case, the groups are
different on the left and right. If we took X and Y to be symmetric matrices in (3.5), then it
would be invariant under (7.3). Therefore the orbits under this action correspond to multi-traces
of symmetric matrices. Thus the P, defined in section 7.1, form the labelling set for the orbits.

We can repeat the steps in (4.12) and figure 5, but including copies of both X and Y, to show

that if o € §°% < Son+2m, the SO(N)-style contraction reduces to the U (N )-style contraction.

n+m
Explicitly, let 7 € S,4m be the equivalent permutation to o, then

ol (xony®m)? = xhikey | xhnkeooykntiken | ykntmbem (7.4)
So by comparison with the U(N), if we write out o € S,(Loffg in cycle notation, an odd number in

{1,3,5,...,2n—1} will correspond to an X, while an odd number in {2n+1,2n+3, ..., 2n+2m—1}

will correspond to a Y. Examples are given in the second column of table 9. From (7.4), we can
S(odd)

nim» and therefore we can take

see that any multi-trace can be produced by permutations in
the double coset representatives to be in S,(;ffif .

As with their half-BPS equivalents, the double cosets can be split into two categories, odd
and even, depending on whether the stabilisers of a representative element can have an odd
permutation in their right hand factor. By analogous reasoning to (4.13) and (4.14), the odd
double cosets produce vanishing traces and matrix elements. Just as in the half-BPS case, the
even double cosets are those which produce non-zero traces, so we expect (and prove below)
that they will be labelled by P (defined in 7.1).

With the half-BPS even/odd double cosets we were able to characterise them more simply
by whether the corresponding partition had all even components or not. We now find the
corresponding characterisation for the quarter-BPS double cosets, for which purpose we study
the detailed structure of the stabiliser.

Take o € S,S‘fff) to be a representative of the double coset labelled by P. The pair (a,7) €
Snam[S2] % (Sp[S2] X Sim[S2]) is in the stabiliser of o if acy™' = o. This is equivalent to
a = oyo~ !, so we look for v € S,,[S2] X Sy,[S2] such that

oyo € S im[Ss] (7.5)
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Similarly to the half-BPS case, this is trivially true if v commutes with o. By following the
same argument as given in section 4.2.2, we can embed S,, X S, into Sa,t2,, in such a way
that the conjugation (by ST(LOdd) X Sﬁgdd)) stabiliser of ¢ in S,(lfgrg is a subgroup of the SO(N)
stabiliser. This is exactly the group we already found in section 7.3.1. Note that the form of
this embedding means that all members of this subgroup are even in So,49m.

This tells us that for each individual cycle of type (w,) we have a corresponding rotation
group of order 4. Just as for half-BPS, the SO(N) stabiliser differs from the U(NN) one in that
it has reflections as well these rotations. However, unlike the half-BPS case, this does not occur
for all cycles. To see why, we explain how these reflections are constructed by giving examples
and then explain the general case.

If we take ¢ = (1,2n + 1,3,2n + 3,5,2n + 5) (this is labelled by w = zy and i = 3

a reflection is given by v = (1,2)(2n + 1,2n + 6)(3,6)(2n + 3,2n + 4)(5,4)(2n + 5,2n + 2
Given ¢ = (1,3,2n + 1,5,7,2n + 3) (labelled by w = 2%y and i = 2), a reflection is v =
(1,8)(3,6)(2n + 1,2n 4+ 2)(5,4)(7,2)(2n + 3,2n + 4).
In general, for a cycle ¢ € S’,(;fgl) labelled by w and ¢, the reflections v can be constructed from
il(w) transpositions, each consisting of one odd and one even number. Order the transpositions
so that the odd numbers appear in the same order as they do in ¢. Then the even numbers
should appear in the reverse order. This produces a v € Spim[S2] satisfying (7.5), but for
v € Stab(c) we need v € S,,[S2] X Sp[S2]. This can only be done if it is possible to match the
even and odd numbers so that each transposition only consists of numbers < 2n or > 2n + 1.
Since the ordering of the numbers is governed by the word w, this can only be done if w is
invariant under reversal (up to cyclic rotations).

Therefore w of type 1 do have a reflection symmetry in their stabiliser group, while w of type
2 do not. The sign of the reflections is given by (—1)"4%)  so if ¢ contains a cycle labelled by
an odd length w of type 1 with an odd periodicity, o represents an odd double coset. In terms
of P, the double coset is odd if any of the constituent partitions pg, for reversal-invariant (type
1) w of odd length, has an odd component.

Therefore for even double cosets, the partitions pg (type 1 @ of odd length) must have
even components, and we can therefore give a more streamlined parameterisation by setting
P = 2pgw for pos b %|pw]. Note that ww is exactly a type 1B orthogonal Lyndon word.
Replacing all such constituent partitions of P with their ‘halved’ counterparts, we see that the
even double cosets are indeed labelled by P.

Consider an even double coset P and a representative member . The contraction (3.5) will
produce the trace T §O(N), up to a possible sign. We call ¢ a positive or negative representative
depending on this sign.

From the above analysis of the stabiliser, we see that for o a representative for the double
coset P, we have

),
).

Stab(o) = X Spus [Di] | x X Spy [Zi]

w of type 1 w of type 2
i i
which has size
p= 1Lz )| II =
w of type 1 w of type 2
Since we are only interested in even double cosets, we can re-express these for P

Stab(o) = X Spyi[Di] | x X Spyi[Dai | % X Spa.lZi] | (7.6)

w of type 1A w of type 1B W of type 2
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and

Zp = I = II 2w II 2

w of type 1A W of type 1B w of type 2

In this formula the 2py in the first factor has come from the dihedral group replacing the cyclic
group in the first factor of (7.6), while the 4py in the type 1B factor has come from the dihedral
group combined with the doubled periodicity for even double cosets (since odd periodicity traces
vanish).
By the orbit-stabiliser theorem, the size of an even double coset is
| S [S2) X (Sn[Sa2] X Sm[S2])| 22" F2mnlml(n + m)! (17)

|stabiliser| Z5

As well as the abstract interpretation of 275 as the size of an orbit, it has a physical interpretation.
Using the quarter-BPS correlators in section 8, one can show that N WnZﬁ is the large N
normalisation of the two point function for multi-traces.

In this section we have described the equivalence classes in S9,19,, that lead, via the contrac-
tion (3.5), to the different SO(IV) traces. These classes were orbits under the group action (7.3),
and we separated the orbits into two types (odd/even) depending on whether they produced
non-vanishing traces.

The U(N)-type contraction, (3.22), also produces SO(N) traces if we treat X and Y as
antisymmetric matrices, and therefore we can give an equivalent description using equivalence
classes in S, 1,. Explicitly, given o € Sy, 1, we have

o~ aca”! a €S, xSn (7.8)

and in addition, o is related to any permutation that can be obtained by inverting some subset
of the cycles of 0. Explicitly, if the cycle decomposition of ¢ is ¢ = ¢ics...c, then

o~ Rl i; € {—1,1} (7.9)

r

As before, we can split these equivalence classes into those that produce non-zero traces and
those whose contraction vanishes. If o contains a cycle ¢ of odd length such that ¢ is conjugate
(under S,, x S;,) to ¢!, then the contraction vanishes. If o contains no such cycle, then it and
the corresponding equivalence class produce a non-vanishing trace.

The combination of (7.8) and (7.9) in Sy4+m is equivalent to (7.3) in Soptom. We see that
the S+, version is more complicated, and explicitly depends on the cycle structure of o. It
therefore cannot be described as a group action on Sy, unlike (7.3).

7.4 Projection coefficients

The quarter-BPS operators are given in (3.14) and (3.24) for SO(N) and U(N) respectively.
Using the results of the previous section we can turn these into sums over traces

U(N drn!m! 1 U(N
OL S = (n+m)! (Z: )ZTTT [PR sy D" ()] Tp™ (7.10)
Pl-(n,m
SO(N dT22n+2mn!m!(n +m)! 1 SO(N
0L RsA =~ ngaml 2 7 (D 1sD" (o5) IR, S A LAD 2O (7.01)
PlF(n,m)

where op € Spipm Is a representative member of the conjugacy class labelled by P and o5 €

Sontom 18 a positive representative member of the even double coset labelled by P. Note that
for convenience we have introduced |R, S, A, [4]) = |R, A\, [4]) ® |S, A, [A]).
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To evaluate the projection coefficients, we would like to invert (7.11) and write the traces in
terms of the operators. We do this by finding an orthogonality relation for the coefficients

dr 22 +2mpIml(n + m)!
(2n + 2m)! 275

Clrsa = (T,[SIID" (05) IR, S, A, [4))

These are just change of basis coefficients taking us from the basis of multi-traces to the orthog-

T,R,S,A

onal Young diagram basis, so there must be an inverse set of coeflicients D satisfying

T,R,S,\ P TR SN Y NS
> C%DRSAD~ = 55 Z TRS)\D = 07 073 05 63 (7.12)
T,R.S\

Note that proving either of these two relations is sufficient. We define the inverse coefficients to
be
DLRSA = (R, 8,7, [4)| DT (07;1) T, [8]) (7.13)

and prove the second relation in (7.12).
Plugging C and D in gives

P T',R',S" N
Z CrrsaDs

5
E2mpim!(n + m)! )
_ dr?2 (2n+'27'7(1)!+ )! Z;<RI’S/’A/’ [A”DT <0,%1) ’T/, [S]><T, [S”DT <Uﬁ) ‘R, S, [A]>
P 4P
- (an—TZm)! > (RSN JAIDT (o7 1T, ST, [S)IDT (o) R, 5, A, [A])
oESan+2m

= orr(T, [SIT", [S])(R', §", N'|R, 5, A)
=07 5R 55 6)\

where to augment the sum to one over So,19, we have used the invariance of the summand
under (7.3), the size of the even double cosets (given in (7.7)) and the fact that these matrix
elements vanish on odd double cosets. To evaluate the sum over S5, 9m, we have then used the
orthogonality relation for matrix elements of an irreducible representation, (2.4).

Using (7.12) to invert (7.11) gives

SO ~ 0
70N = 3" (RS, A [4][DT (aﬁl) T, 1S) Oz sA
T,R,S,\

We can now use (7.2) to project the U(N) operators (7.10) to the SO(N) theory, and then use
the above inversion to express this in terms of the SO(N) operators

U(N)
OT,R,S,M,V
z,  drnim! 1 . SO(N
22, Ry Z Z—POrth&gn(P)TrT [PF,IE-',S;/J,%VDT (op)] T@ (V)
P:Orth(P)=8
drn!m! 1 _ - .
= e ,Z 2 > 7 OnthSign(P)Tir [Py, DT (0p)]
~ T/ R/ S/ )\/ POI‘th(P):é
(RSN [ADT (051) T, SO %
_ Z: oI \R/,S'N 1 SO(N)
= A1 RSuv YT RSN
T' RS\
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where the projection coefficients are

T .R',S8" N dTn'm' 1 . T T
aT,R“S’“’y = m Z Z B Z—POrthSIgn(P)TrT [PR,S;}L—H/D (O'fp)}
Q P:Orth(P)=0

(R, S N,[A]| D" (a,—él) I7,18])  (7.14)

8 Correlators

The mesonic operators (3.14) were presented in [26], where the author calculated their correlators
using techniques from [24]. The conventions here will differ in two important ways, but these
do not affect the calculation of the correlator and we can quote the result in order to find the
mesonic two-point function.

In contrast, the baryonic operators (3.20) have not been studied in detail before, and their
correlator (in the half-BPS sector) was left unevaluated in [24]. The methods of [26] can be
simply extended to prove that the mesonic and baryonic operators are orthogonal to each other,
as well as giving an expression for the baryonic correlator in terms of index contractions over
the tensor space. We then proceed in two ways. In appendix E we evaluate this intermediate
expression directly by generalising the methods of [24].

Alternatively, in this section, we partially contract this expression while leaving some indices
free. We can then use Schur-Weyl duality on the free indices to relate it to the equivalent
expression for the mesonic correlator, and then use the mesonic result to give the baryonic
version. Before we begin, we first define the complex conjugate of the operators (3.14) and
(3.20) and explain how the conventions here differ from those in [26] and [24].

The complex conjugate of X% is (X *)ij = Xjj, where this defines Xj;, and similarly for
Y% and Y;;. Therefore the complex conjugate of (X enyomyl jg (x@nyem) ;- Noting that
ol = (a‘l)j and C}g) = C®7T (and both are real), we see that

s (xomyem)’] = (xemyem) (o) ¢

Therefore the complex conjugate of the mesonic operator (9% r.s. (defined in (3.14)) is

Otnsr = gy oo (T ISIDT@) (1R (4] 15,0, [4))

o€S2n+2m

(X®ny®m)1 (0.71)5 0(5) J (81)

and similarly, the complex conjugate of the baryonic operator OF ¢, (defined in (3.20)) is

O;R,S,A:m > (M@ @ 1s)1) DT (@) (1R [4]) @15, [4]))

gES2n+2m

(x=ryemy (o1 @7 (8.2)

Note that the relations between T and n+ m are different in these two formulae. In the mesonic
operators, T+ 2n + 2m, whereas in the baryonic operators T 2q = 2n 4+ 2m — N.
The two point function of X% with X};; and Y% with Y}, is

(XY Xp) = 616] — 8167 = (YY) (8.3)

Initially, this appears to be the same as the two point function used in [24] and [26], however
they have used the definition X;; = (X T)U = — (X*)", so there is actually a relative minus
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sign. The convention (8.3) ensures the positivity of the two point function between X% and its
conjugate Xj;.

We can follow the arguments in [24] and [26] (keeping track of the implicit minus sign), to
show that

((emyemy! (eenyem) )= ST ey
g€Sy, [SQ] XSm[SQ]

This differs from the answer in [24] and [26] by a factor of (—1)"*™. -
Both [24] and [26] define their conjugate operators, (8.1) and (8.2), in terms of (X )" rather

than (X*)”, and hence there is also a (—1)"*™ factor difference in their definition of conjugate
operators compared with (8.1) and (8.2). This cancels with the minus sign in (8.4), and we can
use their results to give the mesonic correlators directly.

In [26], Kemp presented the mesonic operators and calculated their correlators. The nor-

¢ dr(2n)!(2m)!

@nt2m)r > SO rescaling his result gives

malisation in (3.14) differs from his by a factor o

d 22n+2m Inim)
T (n+m)Inlm H (N+c)  (85)

5 -=0
<OT,R,S,)\OT’,R’,S’,)\/> = (5TT’5RR’(SSS/5)\7X (2n + Qm)‘

i€ odd
columns of T'

Where ¢; is the content of a box, as defined in (D.1), and ¢ runs over the boxes in the Young
diagram 7' that are in the odd numbered columns of T'. So for example, ¢ would run over the
starred boxes in the following

*
% * k
* * k
* *
* *
*
* *
*

The calculation of the mesonic correlators goes via the intermediary result

A2t n!m)

5
(O R 5207 rr.51. ) = OTT/ SRR OS5 OAN Z <T|DT(U)|T>C§5)U§C’(5)J

|
(2n + 2m)! e
= 5TT/(SRR/(SSS/(SM/Z”"'mn!m!C}é) (AT)gC’(‘S) 7 (86)
where for notational simplicity we have used |T') = |T,[S]), and Ap € C(S2n+2m), given by
dT T
Ar = ———— T\D T
"= G 3 (TIDT@)T

U€S2n+2m

The method used to acquire this intermediary result works just as well for the correlators of
baryonic operators, as well as the two-point function of a baryonic operator with a mesonic one.
As expected, the mesonic and baryonic operators are orthogonal

-~0
(07, r52O7 R 57 1) =0
while in the purely baryonic case, we find
“AE
(O7 R \O1 R 57 \)
din 2" nlm)
(2n 4+ 2m)!

S @V 41D T (o)1N + TYCO ol o

0ES2nt2m

= 077" 0RR 055 O\

(8.7)
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| By~ r |

Br| — | o Binyp

| P L

Figure 10: Br is a partial trace of By~ o multiplied by the projector Pjn. By~ has N + 2¢q
indices, which are split into a set of N and a set of 2¢q. The two lines represent these two sets
respectively. The horizontal lines then indicate we trace over the first N indices, while the open
line indicates the remaining 2¢q indices are left free.

where we have used 1V +T) = [1V) @ |T,[9]).
In appendix E we evaluate (8.7) explicitly. Here, we relate the baryonic correlator to the
mesonic case by introducing

I le T N
(Biv i), = ng)‘ > AN+ 1DV (o) 1Y + T)o (8.8)
" 0E€Santom
$192...1 1 lilo...1 kika...kn i112...92
(BT)jlljz.-.jquq = ﬁfmkg...kzﬁ v (B1N+T)l1l2...lN1\]7'1;2...j2qq (8.9)
so that
A 1
<O%,R,S,)\O;’,R’,S’,/\’> = 5TT/(5RR/(5551(5)\)\/2n+mn!m!055) (B1N+T)JC(E)J
= 5TT/6RR/5SS/5)\,\/2n+mn!m!N!C§6) (BT)S C(a) 7 (810)

Note that Bp has fewer indices than the permutations from which it is constructed. Since
the permutations are partially contracted, we cannot (immediately) state that By is in C(Sa,).
Instead it is just an endomorphism on V®24,

We now want to compare Ar and Br for the same Young diagram 7. As noted earlier,
the relations between T and n, m are different for mesonic and baryonic operators, so to avoid
confusion, for the rest of the section we will use the baryonic relations. Explicitly, T+ 2¢ =
2n + 2m — N. This means the coefficient in front of A7 (and the operators in (3.14) and (8.1))
is élg)! rather than m.

In (4.30) we saw one statement of Schur-Weyl duality. We now use a different version. The
group algebra of Sy, and the diagonal action of U(N) are sub-algebras of the endomorphism
algebra of V®24. Schur-Weyl duality states that these two sub-algebras are each other’s cen-
traliser within the larger endomorphism algebra. Therefore proving that By commutes with the
diagonal action of U(N) is sufficient to show that it is in C(Sa,).

Firstly, note that

l1l2...1 T _lila..0 L
€kiky..kn€ HEeN = Z (_1) Tkllkzg...kNN = N! (PlN)K (8‘11)
TESN

From the definition of |1V 4T, given after (8.7), we know that Py~ leaves it invariant. Using the
definition (8.8), it follows that By~ 7 is invariant under multiplication by Py~. This simplifies
the definition (8.9), which is given diagrammatically in figure 10.

Figure 11 then uses this definition and the statement of Schur-Weyl duality to prove that
By commutes with U(NV), and hence By € C(Sy).

Note that Ar is invariant under pre- or post- multiplication by S,;[S2]. This follows from
the vector |T') being invariant under multiplication by S,[S2] permutations. In fact, the set

71



| | Bivir vt | |
Br Binyr | | | U U
| — | — |U U| —= |U Ul — | — |
U U | | | Binyr Br
I vt Biv i1 L] |
L L

Figure 11: Diagrammatic proof that By commutes with U(N). The two lines represent these
two sets respectively. Here U stands for the diagonal action of U on the tensor space, so more
properly we should write U®Y on the left hand side and U®?? on the right hand side. The
central equality follows from Schur-Weyl duality, which implies U®V*2¢ commutes with By 1T
and the cyclicity of trace.

{A7 : T F 2q with even row lengths} forms a basis of the sub-algebra of C(Sa,) defined by this
invariance. One can derive this result by following a similar argument to that in section 3.3.

Similarly, |1V 4 T is invariant under S,[Ss], and it follows that pre- or post- multiplication
of Br leaves it unchanged. Therefore By must be a linear combination of the Arp.

To determine which A7 contribute to By, consider the projector Pgr for Rt 2¢. This acts
identically on |T) if R = T and annihilates it if R # T. It follows that PrAr = drrAr.
Similarly, D1N+T(PR)\1N +T) = 6R7T|1N + T) (where Pr € Sy, is embedded into Sa,yom by
acting on {N + 1,N +2,..., N 4+ 2qg = 2n + 2m}), and therefore PrBr = drrBr. We conclude
that Bp is proportional to Ap.

To find the constant of proportionality, we look at the traces of Ay and Brp.

dr T
T (Ar) = 22 S (T1DT ()| T)Tx(o)
g (261)!0;52q
- (j;, S (TIDT (o) | T) N
- (;l;!<T\DT<Q>rT>

dr
i€ boxes

of T

0€S2q

where ¢(o) is the number of cycles in o, Q is as defined in (D.4) and we have used (D.5) to
evaluate the matrix element (T|DT(Q)|T).
Since Br is just the partial trace of By~ 7, the trace of By is just the full trace of Bin 1

din N c(o
Tr(Br) = Tr (Bynyp) = Wgn)l > AN+ 1D () 1N + T) N

0€S2n+2m

d N N
= 7(2n1++277;1)'<1N + 7DV Q)Y + T)

d1N+T
:(2n+2m)! H (N+e)

i€ boxes
of IN4T

To compare the traces of Ay and By, we now find the ratio of the dimensions dr and dy~ ¢
and the ratio of the products of N + ¢;. The dimensions can be found using the hook length
formula (4.39).
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Now 1V + T is the diagram T with a single column of N boxes set to the left of it. Clearly
the T part of the diagram has exactly the same hook lengths as T itself. Denote the components
(row lengths) of T' by T4, T3, ...,Tn (some of the T; may vanish). Then the hook length of the
jth box in the first column of 1V + T is N + T; — j + 1. Therefore

N
Hyn,r = Hr H(N"‘Tj—j‘i‘l) (8.12)
j=1

We can also think of 1V 4 T as the diagram made by adding a single box to the end of each row
of T' (including empty rows if [(T') < N). The content of the extra box added to the jth row is
T; — j + 1. Therefore

N
[I W+e)=| I &W+e)| |[J[JV+T-i+1) (8.13)
1€ boxes 1€ boxes Jj=1
of IN4+T of T

The latter factors of (8.12) and (8.13) are the same, so using (4.39), we can simplify the ratio
between Bt and Ar

By — dinyr  (29)! H (N +¢) H 1 Ay

| .
(271 T Qm) dT i€ boxes i€ boxes N+ Ci
of IN4T of T
N
Hr
- (N+T;—j+1)| Ap
Hynyr ]131 ’

Comparing (8.5) with (8.6), and recalling the change in conventions, we see that

d
) ()W =2t T (W)
9 1€ odd

columns of T'

We can now evaluate (8.10) to get the full baryonic correlator

_ d

<O§1R SAO;/,R/,S’)\/) = (5TT/5RR/55‘5’/6/\)\/2n+m+qn!m!q!N!7T' H (N + Ci)
o Qo
columns of T'
In the description of baryonic operators we have chosen to use 7" as the label. We could instead
have used 1% + T, in which case we would want to express the correlator in terms of this Young
diagram. By performing similar manipulations on the hook lengths and contents of T and
1N 4+ T, one can show

“AE d1N+T
<O%7R,S,)\OT’,R’,S’,)\’> = 5TT’5RR’5SS’5AA/2”+m+qn!m!q!N!m H (N + qu)
1€ odd

columns of 1NV 4T

(8.14)

9 Symplectic gauge group

There are many connections between the orthogonal group and the symplectic group. It was
proved in [56] that dimensions of SO(N) and Sp(N) irreps (both labelled by Young diagrams)
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are related by conjugation of the Young diagram and N — —N. This general pattern of anti-
symmetrisation (conjugation) and N — —N was also found in [25, 27], and will occur repeatedly
in this section.

Since the orthogonal group and the symplectic group are so closely related, one would expect
that repeating the working of the previous sections for the symplectic case would involve only
minor changes. This expectation is correct, and the majority of the work is either identical or
directly analogous.

We start by constructing a basis of symplectic gauge-invariant operators. As before, we use
the group invariances of the index contractions to guide us. These are similar to the orthogonal
versions encountered in (3.8), but the invariance and anti-invariance have switched places. This
time there is no distinct sector of baryonic operators. While we can use € to contract indices,
the operators this produces are within the mesonic sector. The symplectic operators are labelled
by a trio of Young diagrams conjugate to those labelling the orthogonal mesonic operators. As
conjugation of Young diagrams corresponds to anti-symmetrisation, we find that the two sets of
operators are related by anti-symmetrisation.

In the large N limit, we prove that symplectic and orthogonal multi-traces have exactly the
same form, and therefore the structures given in figure 8 and 9 apply to the space of Sp(INV)
two-matrix multi-traces.

Replacing the unconstrained U (V) matrices X and Y with matrices satisfying the symplectic
condition (9.1), we find that the half-BPS symplectic projection coefficients are exactly the same
as their orthogonal equivalents. For the quarter-BPS sector they are related by a change of sign
inside the sum.

Finally we review symplectic correlators. These were calculated already in [27], and as the
symplectic theory has no baryonic sector, this completed the story for symplectic operators.

9.1 Symplectic operators
The Lie algebra sp(N) is composed of N by N (N even) matrices X satisfying

XT'=axq (9.1)

0 I
2= (% 3)

and [ is the % by % identity matrix.

Note that the condition (9.1) is equivalent to saying that QX (or X€) is a symmetric matrix.

In the Sp(NN) gauge theory, the quarter-BPS sector is made up of two scalar fields X and Y
lying in the adjoint of sp(IN). Gauge invariant operators can then be constructed in much the
same way as in section 3. Rather than using the matrices X and Y directly, we use the symmetric
combinations X and QY. Clearly this is an equivalent approach, as €2 is an invertible matrix,
but it has the advantage that the symmetry properties of 2X and QY allow us to use the same
techniques as we employed for the special orthogonal group.

In analogy to (3.4), the most general gauge-invariant operator in the Sp(IN) theory can be
written as

where

0 = C; [(@x)%" (Qy)=m)!

where C7 is a contractor constructed from Sp(N) invariant tensors. For the orthogonal group
we had two such tensors, which split operators into mesonic and baryonic sectors. Here, there
is only one independent invariant tensor, namely €2;;. We could also consider the ¢ tensor, but
it is not independent of Q. At N = 2,4 we have

gij = $Lij
Eijkl = iy + Qa5 + Qi

74



QX 95.¢ QX QY QY

Figure 12: Diagrammatic representation of the contraction pattern for symplectic mesonic op-
erators.

while more generally we have

Ciriz.in = oY N | Z i 1yio) Bioayion o (v—1yio) (9:2)
7 oESN

The normalisation factor of 2% (%)' comes from the S N [S2] stabiliser group of the index struc-
ture iy Qigiy---Qiy_yiy- After removing this redundancy, we are left with (N — 1)!! terms,
corresponding to the different ways of splitting {1,2,..., N} up into % pairs.

So, unlike SO(N), we need only consider one type of contractor, the mesonic ones containing
n+m Qs. As argued in section 3.2, different index arrangements can be absorbed into an element
B of C (S2n42m). Therefore the most general mesonic operator is

Q Q J
o = ¢l [(x)®" (Qy)®™] (9.3)
where the standard index arrangement on the contractor is

Q
C} )= Qi1i29i3i4"‘Qi2n+2m—1i2n+2m
The contraction (9.3) is given diagrammatically in figure (12).
This time, S is invariant under the transformation

B (—=1)apy™! a € Spem[S2] , 7 € Sn[S2] X Sp[S2] (9.4)

which has the same group structure as the (3.8), but the invariance and anti-invariance have
swapped sides. This is the first example of the orthogonal and symplectic groups being related
by anti-symmetrisation.

The invariance (9.4) defines a subspace .Agf’m of C(San+2m)- As in section 3.3, we can find
a basis for this space. Imposing the finite N restriction - that all Young diagrams must have
at most N rows - reduces this basis (and the space it spans) to that relevant for constructing
operators. Explicitly, we have

brnsa= Gy o CAIDT@(RAS)@ISAS))e  03)

0€S2nt2m
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where the constraints on T, R, S, \ are

T F 2n 4+ 2m with even column lengths
(T)< N
R 2n with even row lengths (9.6)
S F 2m with even row lengths
1< A< gRrsT

Just as in the SO(N) case, the space Aﬁﬁn forms a right module of Agn,2m' By following the
same argument as (3.28), we have the multiplication relation

Sp(N) JU(N) Sp(N)
ﬁT,Rﬂ,)\ﬁT’,R/,S’,u,V = 5TT’5RR’5SS’5M5T,R,S,V

From the basis (9.5) we proceed to find the bases of gauge-invariant operators

O%R,S,A:(Qnﬁgm)! > (TAIDT () (1R A 1S]) @ S, [5)

U€S2n+2m

Dol [(@x)2" (Qv)@m]” (9.7)

The labelling for this basis allows us to give the number of gauge-invariant operators of order
n,m

Q
Nn,m = Z 9R,sS;T (98)
RF2n with even row lengths
SH2m with even row lengths
TH2n+2m with even column lengths
(T)SN

We can make (9.7) and (9.8) look more similar to their SO(N) equivalents (3.14) and (3.15) by
making use of the conjugate partitions R°, S¢ and T°.

Let Vr be the representation space for 1. Then since T¢ =sgn®T', we have an orthogonal
map p from Vp to Ve satisfying

D™ () = (~1)pD" (0)p"" (9.9)

Now |T',[A]) and is defined by its behaviour under Sy 4.,[S2] in the T" representation. Similarly
IR, S, A\, [S]) = |R, A, [S]) ®]S, A\, [S]) is defined by its behaviour under Prgg and Sy, [S2] X Sy [S2]
(as well as a choice of basis vector in the Littlewood-Richardson multiplicity space). Explicitly,
these behaviours are
D" (0)|T, [A]) = (~1)7|T, [A]) 0 € Spym[S2]
DT (1) |R,5,\,[S]) = D" (Pres) |R, S, A, [S]) = |R,S, A [S]) 7 € Su[S2] X Sp[Sa]

So from (9.9), the equivalent actions in the T representation is

D™ (a)p|T, [A]) = p|T, [4]) 0 € Sntm[S2]
D (1) pIR, S, A, [S]) = DT (Prewse) pIR, 8,4, [S]) = (=1)7p|R, S, A, [S]) 7 € Sn[S2] X Spn[$2]
Therefore p|T,[A]) lies in the [S] subspace of T¢, and p|R, S, A, [S]) lies in the [A] subspace of
R¢ ® S¢, which is itself a subspace of T°. Note that gr 5.7 = gre se.re, and therefore R®® S°

is indeed a subspace of T°. This means we can choose the multiplicity index A to be the same
before and after conjugation. Therefore we have

T¢,[S1) o< p|T, [A]) | RS, 5% A, [A]) o< p| R, S, A, [S]) (9.10)
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Since p is orthogonal and Sa, 42, representations are real, the constants of proportionality must
be +1. It is only the relative sign of the two which is important, but without a positivity
condition (similar to (3.17), but for the quarter-BPS sector) we cannot determine what this
should be. We discussed such conditions in section 3.3.3, and suggested a possible candidate for
the orthogonal case.

Using (9.10) and the orthogonality of p, we can rewrite (9.7) in terms of 7, R® and S°¢

ch

0% S h— J
TRSA ™ (9n 4 2m)!

ST (=1)7(Te S)IDT (o) | R, 84, A [A) CEY o [(Qx) O ()]
0€S2n+2m

(9.11)

Clearly a partition with even row lengths is conjugate to a partition with even column lengths
and vice versa. Therefore, rather than labelling the symplectic operators with the conditions
(9.6) we can instead use the conditions

T+ 2n 4 2m with even row lengths
(T)< N
R - 2n with even column lengths (9.12)
S F 2m with even column lengths
1 <A<grsrT

where the corresponding operator is

d

Q _ T Z 1o T Q@ 1 ®n ®m7]J
OT,R,S,)\ - (2n+2m)' - ( 1) <T7 [S”D (J)|R7 Sa)‘7 [ADCI gj [(QX) (QY) ]
g 2n+2m

(9.13)
Therefore the labelling set for symplectic operators is exactly the same as the orthogonal baryonic
ones, except for the finite IV condition imposes a limit on the length of the rows instead of the
length of the columns.

Note that the matrix element in (9.13) is the same as that in (3.14). The only differences
are the factor of (—1)? and the different contractions.

In section (9.2) we prove that the Sp(IN) contraction produces exactly the same multi-
trace as the SO(N) equivalent when using the same double coset representative (compare equa-
tions (9.22) and (7.4)). So by restricting the sums in (9.13) and (3.14) to run over traces (or
equivalently even double cosets) rather than permutations (as done in sections 4 and 7), we
see that symplectic operators and orthogonal mesonic operators are just anti-symmetrisations
of each other. By this we mean that if a symplectic operator contains a term of the form
cTrWiTrWs... TrW), for some constant ¢ and matrix words Wy, Wa,...Wj, then the orthogonal
mesonic operator with the same labels (or conjugate labels, depending on the labelling set being
used) will contain a term of the form (—1)"")¢TrW; TrWs... TrWy. Note that the matrices X and
Y that make up the matrix words satisfy different conditions in the orthogonal and symplectic
theories, so one cannot compare these two operators directly, only their form.

The result of this conjugation argument for the counting of operators is that we may rewrite

(9.8) as
Ng,, = Z 9R,S;T

R2n with even column lengths
SH2m with even column lengths
TH2n4+2m with even row lengths
I(T°)<N
This is now identical to the SO(N) formula (3.15) except for the restriction [(7°) < N instead
of [(T') < N. Note that in the large N limit, both of these restrictions disappear, so the counting
is the same in either group. In particular we have the same generating function (6.28) for N;im

and Ngm.
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For the remainder of this section we will use the labelling set (9.6) as standard, and will refer
0 (9.12) as the conjugate labels.

9.2 Symplectic projection

In section 4 we looked at projecting from the U(N) theory into the SO(N) theory in the half-
BPS sector by replacing the generic matrix X with an anti-symmetric one. We now study the
equivalent in the Sp(N) setting. This replaces the generic X with one satisfying (9.1). This
implies

= Tr (QXN)"

=Tr (Q°X)"

= Tr (-X)"

= (—1)"TrX" (9.14)
where we have used Q2 = —1. So, just as in the SO(V) case, the odd order single traces vanish

while the even ones remain unchanged.

Applying the same logic to the quarter-BPS case, we again find the Sp(IN) relations between
traces are the same as those for SO(N). For a trace with periodicity k& and aperiodic matrix
word W, we have

k
T = (—1)F W7y (W(T)) (9.15)

As claimed, this is identical to (6.1).
Returning to the half-BPS sector, (9.14) means the symplectic quotient of a half-BPS U(N)
operator (defined in (3.26)) vanishes if n odd, and if n even we have

p#" i

=N W ”TO% (9.16)

T
. . . . SP(N);T . .
where the second line defines the projection coefficients o/ . While the first line appears
identical to (4.25), X satisfies different conditions here.
We now study how these multi-traces relate to the Sp(N) operators (9.7). In the half-BPS
sector (m = 0), these reduce to

dT Q
Of = Gyt 2 (T HAIDT@IT [S)C o) [(2X)°) (9.17)
" 0€San
Since the contractor C is constructed from Qs, the contraction C}Q)af] (X )®”]J will be
some multi-trace of ) and X. We know the contraction is invariant under

o (=1)%oy™! a,y € Sp[Sa] (9.18)

(this is just the m = 0 version of (9.4)). If we ignore the minus sign for a moment, we have
exactly the same action that we saw in (4.11). We studied the orbits of this action, called double
cosets, in detail. In particular, they were labelled by partitions p F n, with representatives
o €S (Odd), where o acts with cycle type p on the odd numbers. We split the double cosets
into two categories, even and odd, and gave two different characterisations of this split. Firstly,
a double coset was odd if one or more components of the corresponding partition were odd.
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Secondly, a double coset was odd if the stabiliser of a representative element contained at least
one odd permutation in either factor of the direct product (Stab(c) < S,[S2] x Sp[S2]). This
second condition is equivalent to saying that it is possible to use the action (9.18) to take o to
—o. Therefore we can repeat the arguments in (4.13) and (4.14) to show the Sp(IN) contraction
and matrix elements vanish for odd double cosets.

Consider o € Sffdd) the representative of some double coset labelled by p - n. Let 7 € S,
be the equivalent permutation in S,, (so 7 has cycle type p). Then we have

YVl [(2X)2") = Quyjy Qg Qi g op g 2320 (X )RD (X YR2l (X )Fnte
= Qiyjy Qi Qi T2 671672 670 (QX) M1 (X)L QX))
= Qi 5, (XM Qi (X)L 5, (X )T 1zt
= T, (@2X) (@2X)" L (@2x)"
= (=)t Xk xieke | Xinkn
= (-1)"X" O X e X e

= H (Tex™)™ (9.19)

where for the last line we have used (2.11), noting that 7 and 7! have the same cycle type. The
same calculation (excluding the last line) is shown diagrammatically in figure 13. Therefore,
just as with SO(N), the double coset labelled by p leads to the expected trace.

So using results from section 4.2.2 we can re-express (9.17) in terms of multi-traces

Of = dr2®"(n})* > ! (T, [A]|D" (02)|T, [S]) [ ] (TeX?)" (9.20)

(2n)! Z4p ,

n
P 7

where o9, € ST(LOdd) is a representative of the even double coset with partition 2p. Now since
representations of Sy, are orthogonal we have

(T, [A]| D" (02)IT, [S]) = (T [S]| D" (03, )| T’ [A])

Then as 02_1)1 is also in Sy(LOdd) with cycle type 2p, we could equally well have chosen this to be

our double coset representative. So we can apply the formula (4.22) to the symplectic matrix
element in exactly the same way as we could for the special orthogonal case. Plugging this into
(9.20) we have

OF =2"nly | = L><t(p) T (mex®)” (9.21)
’ pEZ P i

We see that (9.16) and (9.21) are exactly the same as (4.25) and (4.23) respectively, so the
projection coefficients aiP(N);T are exactly the same as the a% we found in section 4.3.

Note that the equality of (9.21) and (4.23) does not contradict the earlier statement that
orthogonal and symplectic operators are anti-symmetrisations of each other. This result stated
that O} was an anti-symmetrisation of Oﬁ}c, while the above states that Of ~ Oi} (where ~
denotes the fact that the symplectic and orthogonal operators have the exact same form in terms
of traces, but the matrix X satisfies different conditions, so they are not strictly equal). One
can check that O¥ is the anti-symmetrisation of Ogﬁc, and therefore the two statements agree
with each other.

We could also consider the projection to the symplectic theory in the quarter-BPS sector.
The logic in (9.19) can be extended, and gives

CD ol [(X)2" (QY)2™] 7 = (1)t (X Sy Em) L Rttt )

(_1)n+mXi1i7—_1(1) “.X’i”if_l(n) Yin+1ir_1(7L+1) '”Yin"'mir_l(n+m)
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o -

—1

= (—1)" !

Figure 13: A diagrammatic version of (9.19). The dotted lines represent the fact that o fixes all
even numbers. By following the index contractions on the left, we see that 7 should be contracted
with n copies of the matrix QX Q7. Using the condition (9.1), this is just —X7. We have pulled
out the factors of —1 and the transpose means the X indices switch roles (compare with figure
5). In the second row, we convert this result into a U(N) type contraction by breaking our index
conventions and setting X ij = X¥. Note that the role switch of the X indices on the first line
means 7 is inverted on the second line.
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From (9.15) we know that we can reverse a single trace at the expense of a minus sign corre-
sponding to the length of the trace. Since reversing a single trace corresponds to inverting a
cycle in the permutation 7, we can invert 7 at the expense of a factor of (—1)"*™. Therefore
we have

ol [(x)E™ (QY)2]7 = Xhikr) | xheks yhnsike |y Fnembe ) (9.22)

which is the Sp(N) equivalent of (7.4).

Following the procedures in section 7, we can use (9.22) to find the symplectic quarter-BPS
projection coefficients. The expression is exactly as in (7.14) but with the [A] and [S] swapped
(and the implicit difference in constraints on Young diagrams). Using the conjugate labels for
symplectic operators swaps the [A] and [S] and removes the difference in constraints at the cost
of introducing a factor of (—1)7@. So using these labels, the symplectic quarter-BPS projection
coefficients differ from the orthogonal ones only by a sign in the summation over @

9.3 Structure of symplectic space of gauge-invariant operators

In section 6, we showed that the large N generating function for N,‘im had a lot of structure,
associated with corresponding structures in the space of SO(N) multi-traces. Since Nﬁm =

Nr‘im, the generating function for Sp(NN) is the same, and we therefore expect the vector space

of Sp(N) traces at large N to share this structure.

For SO(N), the structures shown in figure 8 and 9 are derived from the relation (6.1), and
we have the exact same statement for Sp(N) in (9.15). Therefore, at large N, the structures of
the Sp(N) and SO(N) quarter-BPS sectors are identical.

9.4 Symplectic correlators
As for SO(N), we define the complex conjugate of X% to be (X*)” = X;;, and similarly for

Y. This leads to the conjugate operators

%R,S,A:(angw > (TAIDT(0) (1R, A S]) @ 1S, [5)
0E€S2n+2m

n m —1\{ Q) J
[(Qx)®" (QY)*™], (o), D
The two point function for symplectic matrices is
(XU Xp) = 616] — QL7 = (YY) (9.23)
which is equivalent to
((2X)7 QX)) = 810] + o6 = ((@¥)7 (@V),,) (9.24)

Again the definition (9.23) looks the same as that in [25], but they used the definition X;; =

(X T)ij, so there is a distinction. The convention used here ensures the positivity of the two
point function of X% with its conjugate X;;.
The definition (9.24) leads to

<[(QX)®" @)@ [(Qx)®" (Qv)@™] J> - Y4
0ESR[S2] X Sm [S2]

= 2"+mn!m! (P[S]n®[5]m)§ (9.25)

In [27], Kemp presented the symplectic operators and calculated their two point functions.
He used the same conventions, (9.25), for the two point function, so we can directly quote his
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dr 22n+2m

result, taking into account the normalisation difference of n!m!(n + m)! relative

(2n+2m)
to (9.7).
Q L 242 dr
<OT,R,S,/\OT’,R’,S’7)\’> = 071/ ORR 055 AN 27 nlml(n + m)!m el_[dd (N +¢)
1 o]
rows of T'

(9.26)
This is very similar to the correlator (8.5), except for the product running over rows rather than
columns (and the implicit differences due to different conditions on T, R, S).
It is not difficult to show that

[I Wrey==0"" ] (N+e)

i€ odd i€ odd
rows of T' columns of T¢

therefore the symplectic correlator (9.26) evaluated with N — —N is the same (up to a factor
of (—1)"*™) as the orthogonal mesonic correlator (8.5) with conjugate labels.
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10 Discussion

We discuss here a selection of interesting questions raised by the results of this paper.

10.1 Giant graviton branes and Plethyms

The classification of half BPS operators in terms of Young diagrams allows an elegant map
between these operators and quantum states obtained from semi-classical giant gravitons [5, 4].
Young diagrams with order 1 long columns, and column lengths of order IV, were proposed to
be dual to giant gravitons which are three-spheres expanded in S of AdSs x S°. Single giant
states are dual to single column Young diagrams, and multiple giants are dual to multiple-
column Young diagrams. A similar picture holds for giant gravitons which are three-spheres in
the AdS5 directions. This map receives confirmation from a number of directions: holographic
comparison of correlators of two Young diagrams with a trace [57, 58, 59, 60], moduli space
quantization [61, 62] and strings attached to giants [11, 13, 63, 12, 64, 65, 66].

In AdS/CFT, the AdS background dual to SO(N) gauge theories is obtained from the AdS
dual of U(N) by an orientifold operation, which acts as a Zg in space-time accompanied by an
orientation reversal on the string worldsheet. Analogously to the map between branes and states
in U(N) theories, we expect, for the SO(N) theories, a similar detailed map between Young
diagram states and branes in the dual AdSs x RP? background. This motivated us to conduct
a study of the orientifold projection operation on the Young diagram bases.

The projection is captured by integer coefficients dﬁ, which were found to be related to a
plethystic refinement of Littlewood-Richardson coefficients

ak = Mult[R, 5(t)] — Mult[R, A%(t)]
=P(t,[2], R) = P, [1,1], R) (10.1)
The sum of these is the LR coefficient

gie.r = Mult[R, S%(¢)] + Mult[R, A%(¢)]
=P(t,[2],R) — P(t,[1,1], R) (10.2)

As we have seen in section 4, @E has an interpretation in terms of the combinatorics of domino
tilings, and we have discussed a brane interpretation of this combinatorics in section 4.8. Here we
will discuss another approach to physically understand the nature of the projection coefficient.

Interestingly, the LR coefficient g;+r appears in the extremal correlator in the U(N) theory
<XtXtXEz> [5]. Given the correspondence between Young diagrams and branes, this extremal
correlator is naturally interpreted as the amplitude for the overlap between the composite system
consisting of the pair of branes (t,t) and the brane R. The effect of the orientifold operation is
to change the amplitude of interaction t ® ¢ — R by introducing the sign in (10.1).

A very interesting problem is to derive this relative sign from the point of view of strings
propagating in AdSs x S° and the orientifold of this background. The argument above, which
says that the effect of the orientifold is to change the sign of the anti-symmetric part of the
interaction, is based on assuming AdS/CFT and using the relation about gauge invariant opera-
tors corresponding to branes. The problem is to explain this sign without using facts about the
dual CFT. This is not straightforward. The consistency of brane physics in spacetime with the
formula in terms of LR coefficients has been tested in various limits e.g. [57, 58, 59, 60, 67]. How-
ever a general understanding, directly from the spacetime perspective, of why the interaction of
branes is given by the Littlewood-Richardson coeffients is not currently available. Understand-
ing the sign from the physics of orientifolds would probably also shed light on this question of
why, based purely on the physics of strings in the AdS spacetime without assuming AdS/CFT
duality, LR coefficients appear in the interactions of branes. Insights from discussions of signs in
orientifolds, such as those in [68] may be useful. We will leave this as a very interesting question
for the future.
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10.2  Weak coupling

The quarter BPS sector undergoes a step change when going from zero to weak coupling: for
a review with extensive references to the previous litereture see [69]. In the U(N) theory this
change is equivalent to allowing the matrices to commute inside the trace. These states are
related to the quanitzation of moduli spaces of giant gravitons [70]. An analogous discussion for
the SO(N) theory, and the relation of these states to the quantization of giant graviton moduli
spaces would be interesting to develop.

10.3 General quivers

The generating function (5.1) has been generalised to arbitrary U(N) quivers [19, 20]. The
structure of the function, with its infinite product of a root function, was found to be very
general, and the root function had an interpretation in terms of counting words made from
loops in the quiver. Is there an analogous generalization of (6.28) for SO(N) (or Sp(N)) gauge
theory?

10.4 Permutations as background independent structures in string theory

In this paper, we have made extensive use of permutations as tools for understanding gauge in-
variant operators. The formula for the orientifold projection map in the half-BPS sector, which
made contact with domino combinatorics, was given as a sum of permutation group characters.
The projection map relates different backgrounds of string theory. We also explored (section 4.9)
the U(N) inner product of gauge invariant operators which survive the orientifold projection to
SO(N), and observed a connection to an appropriately defined inverse of the plethysm coeffi-
cients. The U(N) and SO(N) inner products for the same operators can be viewed as different
(background-dependent) pairings on permutations which are background independent charac-
terizations of gauge invariants. Other diverse applications of permutations in gauge invariant
operators (for a short review see [71]) have seen applications of Littlewood-Richardson coeffi-
cients as well as Kronecker coefficients in multi-matrix bases and correlators. An interesting ex-
ercise is to revisit these applications and disentangle the aspects of permutations and associated
representation theory which contain information about specific backgrounds, and those that are
common to different backgrounds, or relate different backgrounds. The integrally-graded word
combinatorics (involving Lyndon words and their orthogonal generalisations) which we have
here identified as key structures in understanding the space of gauge invariant operators in both
U(N) and SO/Sp gauge theories may well be structures which contain background independent
information. In this connection, it is interesting that another recent physics application of Lyn-
don words is in connection with knot invariants associated with intersections of M2-branes and
Mb5-branes [72, 73]. It would be interesting to seek a background-independent characterization
of how word combinatorics appears in the physics of BPS states in string theory.
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A  Mobius inversion

Proposition: The Mao6bius Inversion Formula
Let {a,} and {b,} be two sequences indexed by the positive integers. If a,, can be expressed as

an:zbdzzbg (A.1)
din

dln

where d runs over all divisors of n, denoted by d|n, then

bo=>"n(5) aa= " uldaz (A2)
dln

dn

where p is the Mobius function defined by

1 d=1
p(d) =9 (=1)" d a product of n distinct prime factors (A.3)
0 d has a repeated prime in its prime factorisation

The proof of this proposition relies on

Lemma
1 n=1
d) = A4
%’u() {0 n>1 ( )

Proof of Lemma
This is obvious for n = 1, so we will only prove the case n > 1. Writing n in terms of its prime

factors, we have

— 12 Tk
n =Py Py°...Py

where r; > 1 for each i. The divisors of n which contribute to the sum (A.4) are those which
are square free. Explicitly, they can be written

d = pi'p3?..ppF

where s; € {0, 1} for each i.
We define S to be the set of distinct prime factors of n: S = {p1,p2,...pr}. Then subsets of
S correspond exactly to the divisors d defined above

d=pi'pypt = Apiisi=1}<S (A.5)
From the definition (A.3), we see that

/Jf(d) — (_1)|subset of S corresponding to d|

So
Z u(d) = # of subsets of S with even size — # of subsets of S with odd size
din

But we have a bijective map between even subsets and odd subsets given by

A_>{AU{291} pgA
A{p} peA

and therefore

> pu(d) =0
din
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Proof of Proposition

The first step in the proof is to note that the a,, determine the b, uniquely via the relation
(A.1). Indeed, we have by = ay, bs = ag — a1, b = a3 —a;. To prove it in general, we use strong
induction with these three as the base cases. Assuming b,, is determined by the sequences of as
for all n < k, we can rearrange (A.1) to get

brt1 = Qpq1 — § bq
d|(k+1)
d¢k+1

Then since the sum over d only includes d < k, we know inductively that by is determined by
the as, and hence bg is also determined by the as.
We now notice that the b, as defined in (A.2), satisfy (A.1):

St 3n ;)

dn eld

—Z%ZM

eln
= an
In going from the 1st to the 2nd line we have reordered the sums and reparameterised by f = £
and in going from the 2nd to the 3rd we have used the lemma (A.4).

Since the b, have a unique solution, (A.2) must therefore be the correct formula for the by,
as claimed. [J

Note that in this proposition, there was nothing special about addition, the result and proof
follow exactly the same way if we replace the addition by multiplication. Explicitly, given

o= Iloe= Tl
dln

we can invert uniquely to get

an = [T 0417 = T es® (A.6)

dln dln
In this paper, we come across relations of the form
nm = Y bam (A7)
d|n,m
so we would like a generalisation of the M&bius inversion formula for two variables. This gener-

alisation is

Lemma
The by, 1, are determined uniquely by (A.7), with

dln,m

Proof
To prove this, consider fixing n,m to be coprime. We then define

A = Akn km bi, = b km
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In terms of these sequences (A.7) reads

g = Z ben,km
d|kn,km
=20

d|k

ISUE

ISUES

where we have used the fact that n,m are coprime to conclude that d|kn, km is equivalent to
d|k. Then by the standard Mébius inversion formula, we have

b= p(d)a

dk

alx

or in terms of as and bs

b km = Z M(d)a%ﬁ%ﬁ
d|kn,km
This is true for all k, and coprime 7, m. So to prove (A.8) for an arbitrary n,m we pick
k=ged(n,m), n =73, m="7.

0

The Mo6bius inversion formula can be used to prove some useful identities. We start with the
well known identity

> () =n (A.9)
din

where ¢(n) is the Euler totient function that counts the number of numbers less than n that are
coprime to n. Applying the Mobius inversion formula gives

dln
and applying it again gives

um) =Y du(dys (5) =" 2 (%) 6(@) (A.11)

dln din

B Alternative derivation of SO(N) infinite N generating func-
tion

We now derive the generating function (6.28) directly from (3.15), ignoring the finite N con-
straint [(T') < N.

The first step is to find an alternative formula for (3.15) that lends itself more easily to explicit
calculation of the generating function. This is done using results from the theory of symmetric
functions, and gives an expression involving the coefficients of the cycle index polynomial of
Sn[Sa].

Using this alternative formula we can express the generating function as a product of inte-
grals, each of which can be explicitly evaluated.

B.1 An alternative counting formula
Expanding gr s.r in terms of characters gives
1
N,‘i,m = Z TN (o Z xXr(o)xs(T)xr(ooT)
, (2n)!(2m)!
RF2n with even column lengths oc€San

SH2m with even column lengths TESam
TH2n+2m with even row lengths
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where ¢ o 7 means the permutation in So,49, that acts as o on the first 2n objects and 7 on
the last 2m. Since the characters only depend on the cycle type of o and 7, we can rewrite this
as

5 xr(P)xs(@)xr(pUq)
Nj = > > — (B.1)
RF2n with even column lengths pH2n P=q
SH2m with even column lengths gH-2m

TH2n+2m with even row lengths

where pU ¢ was defined in section 2, and 2, and z, arise because the number of permutations in
Son, with cycle type p is given by (QTZ)'
Now we’d like to evaluate

S xakl) (B2)

RF2n with even
row/column lengths

To do this we need to review some facts from the theory of symmetric functions. These are
defined as formal polynomials in an infinite number of variables t1, t2, ... which are completely
symmetric under permutations of the ¢;. We will use two different bases for the order n symmetric
functions. The power sum polynomials are defined for integer r by

Pty ty,.) = > tf
[

and for a partition ¢ = [A1, A2, ...] by
P, =P\ Py,...

The Py, for A+ n are a basis for the order n symmetric functions.
Schur polynomials, also indexed by partitions (Young diagrams) R - n, are defined by

1
sr(ti,te,...) = Z ;XR(Q)R;(UJ% )
q

gkn
From the orthogonality of characters, (2.6), we can invert this definition to write the power sum
polynomials in terms of the Schur polynomials. Therefore the Schur polynomials also form a
basis.
We now introduce the Hall inner product on the space of symmetric functions. It is defined
by
(Pp, Pg) = 0pg2p

This enables us to extract the coefficient of the power sum polynomials from sg. Explicitly

XR(Q) = <SR7 PQ>

> XR(q)=< > sR,Pq>

R2n with even R with even
row lengths row lengths

Note that on the right hand side, R can range over all partitions with even row length, not just
those with |R| = 2n, since the inner product with P, is non-zero only for those R with |R| = 2n.
In MacDonald’s book [39, Chapter 1.5] he shows that

1 1
sitte) = > se=]17 — 7 H 1 —tit;
1<)

R with even 7
row lengths
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To find the inner product of s with P, we need to express s in terms of the F;,. It turns out to
be easier to look at logs

logs = — Zlog(l —1?) — Zlog(l
i

1<J

_Zgr Zt’“tT+Zt§"
i

7]

_Z +P27‘

frg Z 7ZSQ(PT’ P2’I’)
r=1 "

where Z%2 is the cycle index polynomial of the group So as defined in (6.20). Therefore

[e.o]

1
> —Z%(P,, Py)
.

r=1

s = exp (B.3)

Before we proceed further, we recall two useful facts. Firstly, the generating function for the
cycle index polynomials of S, is [40, Chapter 5.13]

oo oo 1
Zx”ZS"(tl,tg, ..) = exp [Z mmmtm] (B.4)

n=0 m=1
and secondly, the cycle index polynomial of a wreath product group is [74, Chapter 15.5]
ZM (b, by, ...) = 2% (r1, 72, 00) (B.5)
where
_ oH
ri = 27 (ti, tai, t3i, )

Combining (B.4) and (B.5) tells us that the generating function for the cycle index polynomials
of S,[S2] is

Zw”ZS”[SQ] (t1,ta,. Z:L’ Z Z?”[SZ} th’ = exp [Z —x" 752 (tr,tzr)] (B.6)

n=0 = q2n % r=1

Putting together (B.6) and (B.3)

s=Y Z7%(p, Py,
n=0

(o9}
DT
n=0¢-2n
Therefore the inner product with P, gives
Y xrla) = (s, Py) = 275z, (B.7)
RF2n with even

row lengths

Clearly a Young diagram has even row lengths if and only if its conjugate has even column
lengths, so to evaluate the column version of (B.2), we just conjugate the summation variable
R. Now R¢ =sgn®R, so the characters are related by

xre(q) = (=1)"xr(q)
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Therefore

Y. xrle) = (-1)0z5

. (B.9)
RF2n with even
column lengths

Plugging (B.7) and (B.8) into (B.1) gives

N = Y (s el 7S,

U (B.9)
pH2n
q2m

B.2 The generating function

We now want to find the function

=2 SN = DT (~uya g g sy (B.10)
n,m pH2n
qF2m

Our approach is to build candidate generating functions by introducing the terms on the right
hand side one by one. We begin by using (B.6) twice

— 1
exp [Z2k(a: + ) (£3 + tor) Zw

k=1

Z ZSn[Sz an[SQ] Htpz‘Hh
pH2n
q2m

The third cycle index in (B.9) comes with a factor of (—1)PY%. To introduce this into (B.6)

.6), we
just replace t, with —t; for n even. Multiplying through by this modified version with a new
set of variables s and no overall level (no equivalent to x,y) gives

1
—k(xk +F)(£2 + top)

exp [Z i(si — So) + Z
k=1
Z "

Z 1)TZI;9TL [Sz]Z&gm[Sz]Zfo[Sz] H tfi+qi8?
pH2n i

qgF2m

rH2o0

This looks similar to (B.10), but we need to introduce a factor of z,,, and enforce r = pU g
(and hence o = n + m). We do this in two steps, corresponding to the two parts of

Zpug = H P (ps 4 5)!

i

To get the powers of i, we can just replace ¢ and s, with vVks; and vty

i 1, 1 i(k—i- ) 1t2+ L,
X —87 — —— X — —
exXp — 28k \/ﬁSQkJ exp p x ) 9 k m 2k
— Z "y Z (_1)p(_1)ngn[52}ng[sz]zfo[sz} Hi%(pi-i-qz'-‘rn)tpri-qz T
n,m,o pH2n %
qF2m
rH2o0

Now getting the powers of i in z,, just reduces to the same condition we already needed,
r=pUgq. So now we just need to replace [[; ' % s!* with &, p,1q,(pi + ¢;)!. This can be done
via the integral

dzdz _
e T = 6,.p!
/C 27 PP
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So replacing tj, with zj, s with Z, multiplying by e~ 2=k *% and integrating over a copy of C
for each k gives us

Zx N (1P nls zsmlse] ZommlSi,

pH2n
qF2m

-/ (ﬁdzsfk)e@ 5 (5t o)

exp [Z(:p +yF) % 7+ \/127@22;9)] exp [—szfk]
k=1

kl_‘(!d/dZd];e;p B(z — 222 + (aF + ¢¥)2 )}
kl;[en/dZdZ exp [1 <z —2zz+(a: +y )z —\3%(2— <m§+y§) z))] (B.11)

So we have two integrals to compute. To do them we split z 1nt0 1ts real and 1Inag1nary parts.
Using z = u + iv, Z = u — iv, and for simplicity writing A = 2* + 4%, u = x5 + y2 we have

72— 2274+ M2 = —(1 — N (u + iv)? — 40?

) _ 2 B . 1—p \?
22—2224—)\22—%(2—“2)——(1—)\) <U+ZU+\/E(1—)\)>

. 2 N 2
—4<v— 7 ) +/\ 20+ p
2k k(L =A)

So by changing variables from (z, Z) to (u,v) (and remembering that dzdz = 2dudv), both odd
and even integrals can be evaluated using the standard Gaussian integral

/ due~o(u ) = \/? (B.12)
. a

where a, b are complex numbers with Re(a) > 0. Explicitly, the integrals are

dzdz 1, 5 _ 9 1
(32 _9 -
/ 5, CXP [2(,2 2Z+ Az )] —

and

dzdz 1 9 B 9 \/5 _ 1 A—2u+ /112
— p— 2 —_— —_— —_— =
/ 5 ©XP [2 (z 2Z+ Az . (z ,uz))] mexp [ 25— A

Plugging these into (B.11) gives

k(1 — xk — yk)

1 Jik-l—x%%—k k_ g5y
H H ox Y Y Y
koddVl_xk keven\/l_xk_yk
$2k+xkyk+y2k_$k_yk:|

o
I;I \/l—xk—y eXp[ 2k(1 — 22k — y2k)

which matches the result (6.28), as expected.
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C List of sequences and generating functions

We introduce a lot of different single and multi-trace counting sequences in this paper. Here we
present all of them in one place. For each sequence we give the definition of the (n, m)th term,
the first few terms, the generating function and (for the single trace sequences) the plethystic
exponential of the generating function. We also give the vector spaces which have these functions

as Hilbert series.
Many of the results here can be found together with their derivations in sections 5 and 6.

The single trace sequences are only considered at infinite N, while the multi-trace sequences are
defined for finite N, but we have only found their generating functions at infinite V.
After listing the sequences, we give the relations between them and their generating functions.

C.1 Single trace sequences

All of the following definitions are valid provided we have one of n,m ## 0. For all single-trace
sequences, we implicitly set the n = m = 0 term to 0.

C.l1 A,
The A, count single traces of generic matrices (U(N) single traces). They are defined by

S ()

Their generating function is
o0
d)
fu ; “bf:l g1 -2 =y

which is the Hilbert series for the vector space Tgr. The plethystic exponential is

1 O 1
FU(N)(%?J) = 71_”[1 (1 = zg™)Anm = kl_Il m (C.1)

which is the Hilbert series for the vector space T = Sym (Ts7).
The values of A, ,,, for n,m < 10 are shown below

012 3 4 5 6 7 8 9 10
0j011 1 1 1 1 1 1 1 1
17111 1 1 1 1 1 1 1 1
21112 2 3 3 4 4 ) )
3|11 2 4 5 7 10 12 15 19 22
411 1 3 5 10 14 22 30 43 55 73
511 1 3 7 14 26 42 66 99 143 201
6 |1 1 4 10 22 42 80 132 217 335 504
711 1 4 12 30 66 132 246 429 715 1144
8 11 1 5 15 43 99 217 429 810 1430 2438
911 1 5 19 55 143 335 715 1430 2704 4862
101 1 6 22 73 201 504 1144 2438 4862 9252
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C.1.2 aum

The ap g, count aperiodic single traces of generic matrices (U(N) aperiodic single traces), or
equivalently Lyndon words. They are defined by

1 n+m
n,m — d d
on, n—l—mzﬂ()<g>

dln,m

Their generating function is

o) =~ 350 st

d=1

which is the Hilbert series for the vector space TélT) The plethystic exponential is
1 1
F = =
U(N)(l',y) H (1 _ xnym)an,m 1—x— y

n,m

which is the Hilbert series for the vector space T = Sym (T élT))
The values of ay, ,, for n,m <10 are shown below

012 3 4 5 6 7 8 9 10
0/j010 0 O O 0 0 0 0 0
17111 1 1 1 1 1 1 1 1
21011 2 2 3 3 4 4 ) 5
3101 2 3 5 7 9 12 15 18 22
4101 2 5 8 14 20 30 40 55 70
510 1 3 7 14 25 42 66 99 143 200
601 3 9 20 42 75 132 212 333 497
710 1 4 12 30 66 132 245 429 715 1144
810 1 4 15 40 99 212 429 800 1430 2424
910 1 5 18 55 143 333 715 1430 2700 4862
1010 1 5 22 70 200 497 1144 2424 4862 9225

C.1.3 A,
The A;"}’n count matrix words (up to cyclic rotations) which don’t change when reversed (up to
cyclic rotations). They are defined by

A <LZJ " L?J)

Their generating function is

?+ry+yP x4y
1—a22—y?

fim)(xa y) =

which is the Hilbert series for the vector space Ts7.iny. The plethystic exponential is

2k+x Y T
H exp "2k _ 7y

Finv(xay) = H

n,m

(1—3:" m)

which is the Hilbert series for the vector space Tin, = Sym (Ts7:iny)
The values of A}y, for n,m < 10 are shown below
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0123 4 5 6 7 8 9 10
oft 111 1 1 1 1 1 1 1
1jr 1111 1 1 1 1 1 1
211122 3 3 4 4 5 5 6
3/1 122 3 3 4 4 5 5 6
411133 6 6 10 10 15 15 21
5/1 133 6 6 10 10 15 15 21
61 1 4 4 10 10 20 20 35 35 56
701 1 4 4 10 10 20 20 35 35 56
81 1 5 5 15 15 35 35 70 70 126
91 1 5 5 15 15 35 35 70 70 126
10/1 1 6 6 21 21 56 56 126 126 252
C.14 aly,

The am” count aperiodic matrix words (up to cyclic rotations) which don’t change (up to cyclic
rotatlons) when reversed. They are defined by

n,m d%n“(d)< )

Their generating function is

oo 2d 2d d d
z +:U iy 4284y

fznva :ZM x2d—y2d
d=1

which is the Hilbert series for the vector space Ts('lT)-mv- The plethystic exponential is

F‘ (‘r7 y) = inv eXp dlu'
nv H (1 . wnym)an,m H k(l — 2k _ y2k %

n,m

which is the Hilbert series for the vector space Tl(m)) Sym ( 5(*1T) mv)

The values of a})"s, for n,m < 10 are shown below

0123 4 5 6 7 8 9 10
0/j0100 0 0 O O O 0 0
1/17 111 1 1 1 1 1 1 1
210112 2 3 3 4 4 )
3/01 21 3 3 3 4 5 4 6
41012 3 4 6 8 10 12 15 18
501 3 3 6 5 10 10 15 15 20
6 (01 3 3 8 10 17 20 32 33 53
7101 4 4 10 10 20 19 35 35 56
810 1 4 5 12 15 32 35 64 70 120
9101 5 4 15 15 33 35 70 68 126
10{0 1 5 6 18 20 53 56 120 126 245

C.1.5 Bumnm

The B, ,, count single traces of anti-symmetric matrices (SO(N) single traces). They are defined

by
P gz 2 00 (3 )+ S (M)

d
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Their generating function is

_ 1| 0 a4y, ey tyt—a—y
fson(@y) =5 —;dbg(l—x -y + T

which is the Hilbert series for the vector space TST = T57;invieven ® CFST;WT. The plethystic

exponential is

o0 1 . 22 gk 2k gk ok )
2k(1 — 22k — 42k) '

which is the Hilbert series for the vector space T = Sym <T 5T>.
The values of B, ,,, for n,m < 10 are shown below

012 3 4 5 6 7 8 9 10
0jo o1 0 1 0 1 0 1 0 1
11010 1 0 1 O 1 0 1 0
21102 0 3 0 4 0 ) 0 6
3010 3 1 5 3 8 5 12 8
41103 1 8 4 16 10 29 20 47
5101 0 5 4 16 16 38 42 79 90
6 (/1 04 3 16 16 50 56 126 150 280
710 1 0 8 10 38 56 133 197 375 544
81 0 5 5 29 42 126 197 440 680 1282
910 1 0 12 20 79 150 375 680 1387 2368
10{1 0 6 8 47 90 280 544 1282 2368 4752

C.1.6 by

The by, count minimally periodic single traces of anti-symmetric matrices, or equivalently
orthogonal Lyndon words. They are defined by

b= 30 00 [ () v (L )

n
din,m d 2d

Their generating function is

~ 1 00 1 J J x2d+xdyd+y2d—xd—yd
fsomn(z.y) == 5 ;u(d) [—d log(1 — 2% —y") + [ ——

which is the Hilbert series for the vector space fgpm) = Tké?,mv,even &) Té’?'inv'odd <) Tég vare Lhe
plethystic exponential is

_ 1
Fsow(z,y) = H (1 — znym™)bnm
n,m
el s,
VIi—z—y ! 2k L—a?h -y dlk

which is the Hilbert series for the vector space T(min) — Sym (TV égfm))
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The values of by, ,,, for n,m < 10 are shown below

012 3 4 5 6 7 8 9 10
0jo o1 0 O O O 0 0 0 0
11010 1 0 1 O 1 0 1 0
2101 0 3 0 3 0 ) 0 5
3010 2 1 5 3 8 5 11 8
4100 3 1 6 4 16 10 26 20 47
5101 0 5 4 15 16 38 42 79 90
6 /0 0 3 3 16 16 46 56 125 150 275
710 1 0 8 10 38 56 132 197 375 544
810 0 5 5 26 42 125 197 432 680 1278
910 1 0 11 20 79 150 375 680 1384 2368
10{0 0 5 8 47 90 275 544 1278 2368 4735

C.1.7 b

The bglom) count single traces of a specified odd periodicity for anti-symmetric matrices. Note
that n, m refer to the number of Xs and Y's contained in the aperiodic root of the trace, rather
than in the whole trace. They are defined by

e

=% > w(d)

d|n,m

Their generating function is

f odd])V) SU y

which is the Hilbert series for the vector space Ty

exponential is

)(%?J)

~(odd)
FSO(N

1

|

Zu [loglx —yh+

(odd)

1

n-—+m

I1

n,m

(1 _ xnym)b

e e |25

(odd)
n,m

2+ 2ty +y? + (—a

)

_

ST;inv;even

1—x2d —y

S

2d

)+ (—y)d]

TéT) war- The plethystic

d) I%—i-ajkyk—i-y%—|—(—1)d(.rk+yk)

T 2k 1 — g2k — 2k
which is the Hilbert series for the vector space T(odd) — Sym (Tv S(ﬁ}dd))
The values of bﬁfjfff) for n,m < 10 are shown below
012 3 4 5 6 7 8 9 10
0/j0 00 0O 0 0 O 0 0 0 0
110 1.0 1 0 1 0 1 0 1 0
2001 0 2 0 3 0 4 0 5
3010 2 1 5 3 8 5 11 8
410 0 2 1 6 4 14 10 26 20 44
510 1 0 5 4 15 16 38 42 79 90
6 /0 03 3 14 16 46 56 122 150 275
710 1 0 8 10 38 56 132 197 375 544
810 0 4 5 26 42 122 197 432 680 1272
9 (0 1 0 11 20 79 150 375 680 1384 2368
10{0 0 5 8 44 90 275 544 1272 2368 4735
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C.1.8 bl

The béﬁ”fﬁ’”) count single traces of an even specified periodicity for anti-symmetric matrices. Note
that n, m refer to the number of Xs and Y's contained in the aperiodic root of the trace, rather

than in the whole trace. They are defined by

e = 2 5w [ () + (V1)

dln,m d 2d

Their generating function is

o0 2d d,d 2d d d
(even 1 e e e e e
Fsow(@; QZ“ [loglx —y)+ 1— 22 — 42

d=1

)

F(even) _ (1) (1) (1
T T =T, & TST sinv;odd ® TST var”® The

which is the Hilbert series for the vector space Tgp ST inv:even
plethystic exponential is
F(even) 1

(x? y) = even
SO(N) l_TIn (1 _ $nym)b£1,m )

1 a4 akyk 2 4ogk 4y
% 1 — 22k — 2k > duld)

H exp

dk

which is the Hilbert series for the vector space Teven) — Sym (TV éeffen)).

The values of bgf’:%n) for n,m < 10 are shown below

10 15 26 38 57 79 110
14 26 46 76 122 183 275
20 38 76 132 232 375 600
10 26 57 122 232 432 750 1272
11 35 79 183 375 750 1384 2494
14 44 110 275 600 1272 2494 4735

3 4 5 6 7 8 9 10
0 0 O 0 0 0 0 0
1 1 1 1 1 1 1 1
2 2 3 3 4 4 ) )
2 4 5 6 8 10 11 14
4 6 10 14 20 26 35 44
5
6
8

[ T S S T
QU UL i R W W NN - = O

O© 00 N Ttk WD+ O
[l elalBeolBoBoBeoNeol =li=

—_
]

C.2 Multi-trace sequences

c.2.1 NGV
The NnU (V) count the multi-traces of generic matrices. For finite N they are defined by

,m
N’r(z],’SnN): Z g%{,S;T

RFn
SkEm
TEn+m
(TN

At infinite N, A, ,, and Ng &N) are related by the plethystic exponential, so the generating
function is given by (C.1), which is the Hilbert series for T'.
The values of N, £n ) for n,m < 10 are shown below
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0 1 2 3 4 5 6 7 8 10

01 1 2 3 5 7 11 15 22 30 42
111 2 4 7 12 19 30 45 67 97 139
212 4 10 18 34 56 94 146 228 340 506
313 7 18 38 74 133 233 385 623 977 1501
4 15 12 34 74 158 297 550 951 1614 2627 4202
517 19 56 133 297 602 1166 2133 3775 6437 10692
6 [11 30 94 233 550 1166 2382 4551 8424 14953 25835
7115 45 146 385 951 2133 4551 9142 17639 32680 58659
8 122 67 228 623 1614 3775 8424 17639 35492 68356 127443
9 130 97 340 977 2627 6437 14953 32680 68356 136936 264747
10 {42 139 506 1501 4202 10692 25835 58659 127443 264747 530404

c2.2 N,

The Ngm count the multi-traces of anti-symmetric matrices. For finite NV they are defined by

o _ E
Nn,m
R-2n with even column lengths
SH2m with even column lengths
TH2n+2m with even row lengths

I(T)<N

9R,sS;T

At infinite IV, B,, ,, and N, 0  arerelated by the plethystic exponential, so the generating function

is given by (C.2), which is the Hilbert series for T.
The values of Ng’m for n,m < 10 are shown below

01 2 3 4 5 6 7 8 9 10
0/j1 0o 1 O 2 0 3 0 ) 0 7
110 1 0 2 0 4 0 7 0 12 0
211 0 4 0 9 0 19 0 35 0 62
310 2 0 9 1 23 4 52 10 105 22
412 0 9 1 33 6 85 21 198 56 410
50 4 0 23 6 8 33 243 114 600 313
613 0 19 4 8 33 297 152 845 512 2137
710 7 0 52 21 243 152 879 664 2646 2227
815 0 35 10 198 114 845 664 3003 2742 9168
910 12 0 105 56 600 o512 2646 2742 9702 11033
107 0 62 22 410 313 2137 2227 9168 11033 33704

C.3 Relations between different sequences

The a;,,, are the Mobius transform of the A, ,,.

Apm = Za’

als

m
d

d|nm
foay(z,y) ZfU AN
Fyvy(z,y) HFU AN

tnm =) p(d)As n

d|n,m

fony(z,y) = Z pu(k) frrovy (2

Fyny(z,y) =

b
Il
—_
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The ail’:”};l are the Mobius transform of the Af{%

A= ¥ ay otn = X wa Ay
dln,m d\n,m
)
finv($ y) _Zfinv( k,yk) fznv € y Z,U, fznv 7yk)
k=1

zm}xy H mva HFzm) 7y

The B, , can be expressed in terms of the A, ,, and the A;”}’n

Bnm:

)

[Apm + (1) ™A ]
fson)(@,y) = = [fuw)(@,y) + finu(—z, —Y)]

The by, are the Mobius transform of the By, ,,.

nm— Z bd7d bn,m: Z u(d)B%%

d\n m d|n m
fsow Zfso AT fsoww ZH ) fso) (&*,y®)
Fsow H Fsow)(@", ") Fson H Fso((a, y*)H®)
The b(Odd) and bE?;S”) can be expressed in terms of the a, ,, and the a”w
1 . 1
odd n+m _inv even inv
bgz,m) = 5 [an,m + (_1) * an,m] b7(1,m ) = 5 [an m T ay, ,m
odd) 1.2 7 even) 1.2 =
f ( y) = B [fU(N)(ﬂfa?ﬂ + fino(—1, —y)} fso (95 y) = 3 [fU(N)(x7y) + fz‘m(%?ﬂ]

D Jucys-Murphy elements

Take a Young diagram R F n, and label each box by their row and column number, where
the top left box is (1,1) and numbers increase to the right and downwards. Then for the box
i = (r,c), we define the content of that box to be ¢; = ¢ — r. For example, the contents of

R =14,4,2,2],[8,4,2] and [2,2,2,2,2,2] are shown below

0

0 2 —1l 0
0l1]2]3 4|5|6|7\

—1lo]1 91
10 9

—9l—1 Y
—2[—1

—3[—2 —4]—3

—5|—4

(D.1)

The contents of a box relate to the eigenvalues of a certain set elements of C(S,,) called the

Jucys-Murphy elements, defined by
k—1
=> (i k)
i=1
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These span a maximal commuting sub-algebra of C(.S,,), and therefore one can choose a basis
of any irreducible representation to be eigenvectors of the Jy. To describe this basis, we first
recall the definition of a standard Young tableaux.

For a Young diagram R F n, a Young tableaux of shape R is produced by placing a positive
integer into each box of R. The tableaux is called semi-standard if the numbers increase weakly
along the rows and strictly down the columns. It is called standard if in addition the n integers
are the numbers 1 to n. For example, the possible standard Young tableaux of shape R = [3, 2]
are

213 1124 11215 1134 135\
415 305 34 205 2

In an irrep R F n of Sy, the basis of eigenvectors for the Jucys-Murphy elements are labelled by
the standard Young tableaux of shape R. Consider such a tableau 7. Then the eigenvalue of |r)
under J is the content of the box containing % in r. So for example if we have R = [3,2, 1] the
contents of the cells are

0|12
-1 0
-2
so the eigenvalues of the Jucys-Murphy elements on 4 of the 16 different standard Young tableaux
are
1 3 1 5 112]6 1 6
4 2 3 2
6 4 5 3
Jo 1 -1 1 -1
J3 2 1 -1 -2
Jy -1 -2 0 1
J5 0 2 -2 0
Jg -2 0 2 2
We will be particularly interested in the product
n
Q=[N +7) (D.3)
=1

It is a standard result, see for example [75], that this can also be written

n

Q=JJW+75)=> Ng (D.4)

=1 oceSh

where ¢(o) is the number of cycles in 0. From this second expression we can see that 2 is in the
centre of the C(S,).

aQa™! = Z N @aga™!
O'ESn

_ Z Nc(oflaa)o,

O'GSn
=0Q

Therefore, by Schur’s lemma, in any irrep of S, the representative of () is proportional to the
identity. To find the constant of proportionality, consider {2 acting on a standard Young tableaux
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r of shape R F n. Since the product in (D.3) includes all the Jucys-Murphy elements, the content
of every box will be picked up. Therefore

DR @)= | [ N+e)|ln

i€ boxes
of R

As expected, the eigenvalue of {2 on r does not depend on r, only on the irrep R. So we have

DR = [] W+e) (D.5)

1€ boxes
of R

Another important result, similar in spirit to (D.4), is as follows: consider S,,[S2] as a subgroup
of S9,. Then one can choose the left coset representatives of this subgroup such that

n

é
So oPpie®Ip =TT (N + Jaia) (D.6)
B left coset =1
representatives
This is the key result behind the evaluation of the mesonic correlator in [24, 26], and is proved
inductively in [75].

E Alternative derivation of baryonic correlator

To evaluate (8.7) explicitly, we first look at how the equivalent mesonic calculation was performed
in [26]. The mesonic starting point is (8.6), and the first step is to split the sum over S, 9., into
two, one over the subgroup Sy, [S2] and the other over the (left) coset representatives of said
subgroup. The invariance properties of |T') and C}é) mean the subgroup sum becomes trivial and
merely contributes a normalisation factor. The sum over the coset representatives is evaluated
using (D.6). Finally the correlator is found by evaluating the product of Jucys-Murphy elements
on the vector |T).

This process works for the baryonic case, but with subgroup Sy x.S;[S2] (where ¢ = n—l—m—%)
instead of S, 4,,[S2]. Splitting the sum as before, we see that both |1V +T) and C () are invariant
(up to minus signs, which cancel) under Sy x S;[S2], so the subgroup sum becomes trivial and

just produces a factor of N!29¢!. Writing C(8) for C’}e)ﬁf,C(E)J, the sum we are left with is
<O§",R,S,/\6;’,R’,S’,)\’>

din 2T anImINg!

N
= 617 0pr 055 Orn @n 1 om)! (AN + 1| DVHT o o | nN+T)
’ B3 left coset
representatives
(E.1)

Since [ are the coset representatives of Sy x S;[S2], we cannot use (D.6). Instead we prove a
generalisation, (E.3), that performs the same role, expressing the sum over coset representatives
in terms of Jucys-Murphy elements. The majority of this section is taken up by proving this
result, following the methods used by [75] in proving (D.4) and (D.6). After the proof, we then
determine how the product of Jucys-Murphy elements acts on the vector |17V + T').

Since we are using left coset representatives, a generic element o € Sa, 19, can be written
o = Bt where (3 is the coset rep and 7 € Sy x S¢[S2]. The cosets are labelled by a choice of g
pairs from {1,2,..., N + 2q}. Let the set of all such choices be P,. An element of p € P, then
has the form

p= {{im, i12}, 72,1, 72,2}, .- {iq,l»iq,z}}
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The coset representative for p could be any permutation 3, satisfying

By(p) = {{N F1,N+2),{N+3N+4},...{N+2—1,N+ 2q}} (E.2)
Using this notation for the cosets, we propose
Proposition

The coset representatives 3, can be chosen such that

q N N 2i—2
S B8 = N[ [N+ 3G N +2i—1)+ S G N +2) + S (N +j, N +2i— 1)
pEPy i=1 j=1 j=1 j=1
q
= NN+ Ingaics + (N +1,N +2i) Iy (N + 1, N + 2i)] (E.3)
=1

where the product is ordered [i = 1][i = 2]...[i = ¢].
Proof

We prove this by induction on ¢ at fixed N, following the example of [75]. First we consider the
base case with ¢ = 1. The possible p, along with the associated (3, and C(,) are

p |[{N+1,N+2} {k,N+1} {kN+2} {l1,12}
By 1 (E,N+2) (k,N+1) (I,N+1)(Iz, N +2)
C(By) NIN N! N! 0

where 1 < k,l1,lo < N and Iq,ly are distinct. It is simple to check that these 3, satisfy the
conditions in (E.2) and therefore serve as coset representatives. The calculations for C(5,) are
shown diagrammatically in figure 14. For simplicity the figure shows k& = N in the pairings
p=A{k,N+1},{k,N+2} and l; = N — 1,l; = N in the pairing p = {k1, k2}, but it is clear
that the results hold for all k, 11, lo.

So we have

N N
D CBB=N|N+> (GN+1)+> (5,N+2)
pEP Jj=1 Jj=1

as claimed in (E.3).

Now assume the claim is true for ¢ — 1. In particular this means that there is a map from
P,_1 — SN42¢—2, namely p — 3,, such that for each p, ), satisfies (E.2), and the (3, combine
so as to satisfy (E.3).

Now we consider the case at g. The pairings p € F; fall into 5 categories depending on how
N +2g—1 and N + 2q pair (or don’t pair) up with the first N + 2¢ — 2 numbers.

1. {N +2g—1,N + 2q} is a pair

[\)

. {k1, N +2q — 1} and {k2, N + 2q} are pairs, for some ki, ks < N +2q — 1,k1 # ko
3. N + 2q is unpaired and {k, N + 2q — 1} is a pair, for some k < N +2q — 1
4. N +2q — 1 is unpaired and {k, N + 2¢} is a pair, for some k < N +2¢q — 1

5. N +2g—1 and N + 2q are both unpaired
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€ € € €
N [ ¢ | [ ¢ | N
Figure 14: Diagrammatic calculation of C'(5) for 8 =1,(N,N+1),(N,N+2) and (N —1, N +
1)(N, N + 2) respectively. Two es fully contracted contribute &;, ;,"¥ = N! while a loop

gives 0,70 = N. Since ¢ is anti-symmetric and § is symmetric, a contraction between the two
gives 0.

We now split up the sum over P, into five sums, one for each type of pairing.
Type 1

Let P, be the set of pairings that are of type 1. Given p € Py, first note that p reduces
uniquely to a p € P,_; given by p = p\{N + 2¢ — 1, N + 2¢}. Using this p, we choose the coset
representative of p to be
ﬁ% ::ﬁ%

By which we mean that /3, acts as 85 on {1,2,..., N +2¢ — 2} and as the identity on {N + 2¢ —
1, N + 2q}. It is simple to check that this satisfies the conditions (E.2).

To calculate C(f8p), add an extra label g onto the contractor C (©) to record how many indices
it has. So C&9 will have N + 2¢ indices, the first N in an ¢ and the remaining 2¢ in ¢ Js.

Then we can write Ci(ff‘qthHq = Cl(fqz_Nl +)2q7252~ N2q1iN42gs SINCE C,i(f.;‘?Z)N+2q is the contractor used
in C(B,), while &) g ysed in C(Bp), this allows us to relate C(f5,) and C(Bp). This

11--IN42
calculation is shown diaglgammatically at the top left of figure 15. In particular we find

C(Bp) = NC(Bp)

Given a p € P,_1, there is a unique p € P, which reduces to p, namely p = p U {N + 2¢q —
1, N + 2q}. Therefore

Y CWBB=N Y C(5)Bp (E.4)
PELy;1 PEP; 1
Type 2
We follow the same route as for type 1. Let P2 be the set of pairings that are of type 2. Given

p € Pyo, we define p € Py by p = (pU {k1, k2}) \{{k1, N +2q — 1}, {k2, N + 2¢}}. We then
choose the coset representative of p to be

Bp = By (Bp(ka), N +2q — 1) = (k2, N +2¢ — 1) B

Again, one can check that this satisfies the conditions (E.2).

The calculation for C(8p) is shown diagrammatically in figure 15 in the middle of the top
row. For simplicity, the calculation shown has ko = N + 2qg — 2, but it is clear that for any ks
we arrive at the relation

C(/Bp) = C(ﬁﬁ)

Consider p € P,—1. We can explicitly write this out as

D= {{51,1, Lot {la1, 122}, s {lg—1,1, lq—l,Q}}
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cEa=h |~ C(&a-1) C(Ea-1)

AVA
N

Figure 15: Diagrammatic calculation of C(8) for various 8 € Sni24. The top row shows
B = Bp, (N+2¢9—2,N+2q—1)5; and (N +2q—2, N +2q)p respectively, where 85 € Sny24—2.
The bottom row shows a 8 with S(N +2¢ — 1) =1 and B(IN 4 2¢q) = 2. These two values of
are enough to ensure C() = 0, so the remaining parts of 5 are not included in the diagram.

Now consider the different p which reduce to p. For each pair {l;1,l; 2}, we obtain 2 possible p
by setting k1 = l;1 and ko = l;2 or k1 = l;2 and ky = l;1. Therefore we can specify a p € Py
by the trio (p, 1, j), where the two cases above correspond to j = 2 and j = 1 respectively (so p
has k2 = [; ;). Changing variables in this way, we have

qg—1 2
EE: C’ﬁ% ﬁ%'— ji: Cjﬁ% ﬁ j{:j{: ﬁ% i,J PJ4‘2Q“1)
PEPg;2 PEP;_1 i=1 j=1
From (E.2) we know that 85({l; ;}) = {N +1,N +2,..., N + 2¢ — 2}, so we can simplify this to
2q—2
Y CBIB= Y CB)B Y (N +4,N+2-1) (E.5)
PEPy;2 peEP; 1 Jj=1

Types 3 and 4

Let P,3 be the set of pairings that are of type 3. Given p € F,3, we define p € F,_1 by
p=p\{k, N + 2¢q — 1}. We then choose the coset representative of p to be

Bp = Bp (Bp(k), N + 2q) = (k, N + 2q) B;
The calculation for C'(5,) is shown diagrammatically at the top right of figure 15, and demon-
strates that
C(Bp) = C(Bp)
For simplicity, the calculation shown has k = N + 2q — 2, but clearly k can be arbitrary and we
still arrive at the same result.

Take p € P;—1. This contains ¢ — 1 pairs from the set {1,2,..N + 2¢ — 2}, so there are N
numbers that are omitted. Let these be {l1,...,I{x}. The different p which reduce to p are then
given by pU{l;, N 4+2¢q—1} for i = 1,2, ..., N. Therefore a p € P,3 can be specified by the pair
(p,i). Changing to these variables, we have

N
Z C(Bp)Bp = Z C(Bp Z i), N +2q)

pEPy;3 PEPg—1
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From (E.2) we know that 85({l;}) = {1,2, ..., N}, therefore this simplifies to

N
N BB = D CB)B Y (N +209) (E.6)

PEP;3 peEP;—1 Jj=1

We can repeat the above process with N + 2¢ — 1 and N + 2¢q swapped to give the sum over
type 4 pairings

N
> CB)B= Y. CWBa)Bpy (5, N+2¢—1) (E.7)
PEPy;4 pEP;—1 Jj=1

Type 5

Let P,5 be the set of pairings that are of type 5. Given p € F, 5, we can choose the coset
representative 3, such that

Bp(N +2¢—1) =1, Bp(N +2q) =2

We do not need to specify the remaining values of 3, as this is enough to show that C(5,)
vanishes. The calculation is shown diagrammatically on the bottom row of figure 15. This
means

> CB)By =0 (E.8)

pEPq;5
Adding together (E.4), (E.5), (E.6), (E.7) and (E.8), we get

> CBy)By

peD,
N N 2q—2
= > CB)Bs IN+Y (i N+20—=1)+> (G, N+29)+ Y (N+jN+2g—1)
PEP;_1 j=1 j=1 j=1

The factor on the right is just the i = ¢ factor in (E.3), so plugging in the inductive assumption
proves the proposition.
O

We now study how the two Jucys-Murphy elements in (E.3), Jy2;—1 and the conjugate of Jy 1,
act on |1V + T and its constituents. We start with Jy 1.

The vector |1V 4 T is a linear combination of various standard Young tableaux of shape
1N 4+ T. Let r be one of these tableaux. Since |1V + T) is completely anti-symmetric under the
Sy acting on {1,2,..., N}, the first column of » must consist of the numbers 1,2, ..., N. Then as
|1V +T) is invariant under the S,[S2] acting on the pairs {{N+1, N+2}, ..., {N+2¢—1, N+2¢}},
the numbers {N +1, N +2,..., N 4+2¢g—1, N +2¢q} must appear in pairs, with each even number
appearing directly to the right of the preceding odd number (this is proved in [75]). This means
that the odd numbers greater than N occupy the 2nd, 4th, 6th,... columns of r while the
even numbers greater than N occupy the 3rd, 5th, 7th, ... columns. So for example, given
T = [4,4,2], the possible r are displayed in figure 16.

Since the numbers 1,2, ..., N take up the first column of r, the number N + 1 must in the
first box of the second column (one can see that this is the case for all the tableaux shown in
figure 16). The content of this box is 1, and therefore Jy ;1 has eigenvalue 1 when acting on r:

DV (i) Ir) = Ir)
We are interested in the conjugate of Jy 1, where the conjugating element is (N + 1, N + 2i),
1 <i<q. Since Sy commutes with (N + 1, N + 2i), we know that D" *T[(N + 1, N + 2i)]|r)
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1 |N+1|N+2|N+3|N+4 1 |N+1|N+2|N+3|N+4
2 |N+5|N+6/N+7|N+8 2 |N+5|/N+6|N+9|N+10
3 |[N+9|N+10 3 IN+7|N+8

4 4

N N

1 |[N+1|N+2|N+5|N+6 1 |[N+1|N+2|N+5/N+6
2 |N+3|N+4/N+7|N+38 2 |N+3|N+4|N+9|N+10
3 [N+9N+10 3 |N+7|N+8

4 4

N N

1 |[IN+1|N+2|N+7|N+8

2 |IN+3|N+4|N+9|N+10

3 |[N+5|N+6

Figure 16: The standard Young tableaux that contribute to the vector |1V +T) for T = [4, 4, 2]
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is still anti-symmetric under Sy, and hence, by the same argument as above, it is made up of
standard Young tableaux with N + 1 in the first box of the second column. Therefore

DV AT [Jnga (N + 1, N +20)] |r) = DV T[N + 1, N + 20)]|r)
Multiplying by DY +T[(N + 1, N + 2i)] gives

N
DT INT(GN 4+ 20) | |r) = DT (N 4 LN + 20) Iy (N + LN +20)] |r) = |r)
j=1

This gives the behaviour of the second term in each factor of (E.3). We now look at the other
term, of the form Jyi9;_1.
Denote the contents of the cell labelled by k in r by ¢(r, k). Then

DY T (Jniaio1) ) = c(r, N + 2i — 1)|r)

Decomposing |1V + T into its constituent standard Young tableaux, we have
WV +T) =" aylr)
T

for some coefficients «,. Therefore

(1N + 7| DT S s |nN+1)

B left coset
representatives

q
= NIV + TITTIN + Jnszic1 + (N + 1, N +20) Iy (N + LN +2i)] > aqlr)
=1 r

:N!(lN—s—T\Zan[[N—l—l—i—c(r,N—i—%— D] |r) (E.9)

r =1

As we noted earlier, the odd numbers greater than N occupy the even numbered columns of r,
so the set {c(r, N +2i — 1) : 1 < i < ¢} is just the contents of these columns. Therefore the
product in (E.9) does not depend on 7, just on the shape of 1V + T, and we can pull it out of
the sum. Using the same notation as for the mesonic correlator, we have

AN + 7|p*"+T oo c@s|nV+1)

B left coset
representatives

= N! 11 (N+1+e) AN+ + 1)
1€ even
columns of 1N 4T
= N! 11 (N +1+4¢)
1€ even

columns of 1N 4T

Now we note that

11 (N+1+¢)= 11 (N +¢)

1€ even i€ odd
columns of 1N 4T columns of 1V 4T
excluding first column
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and

N! = H (N +¢)

i€ first
column of 1NV 4T

Therefore

N
(1IN + 1DV > oe@s |+ = I N+
B left coset i€ odd
representatives columns of 1V 4T

Reinstating the normalisation factor from (E.1), the full baryonic correlator is

Vo) le T
<O%,R,S,AO;’,R’,S’,A’> = 6TT/5RR/5SS/5M/2”+m+qn!m!N!q!7+ H (N + Ci)

(2n + 2m)' i€ odd
columns of 1NV 4T

which, as expected, agrees with (8.14).
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