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ABSTRACT: The double copy relates scattering amplitudes in gauge and gravity theories,
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three spacetime dimensions, where the double copy may be expected to be problematic
due to the absence of propagating degrees of freedom for the graviton, and the lack of
a Newtonian limit. In particular, we examine the double copy of a gauge theory point
charge. This is a vacuum solution in gauge theory, but leads to a non-vacuum solution in
gravity, which we show is consistent with previously derived constraints. Furthermore, we
successfully interpret the non-trivial stress-energy tensor on the gravity side as arising from
a dilaton profile, and the Newtonian description of a point charge emerges as expected in
the appropriate limit. Thus, our results provide a non-trivial cross-check of the classical
Kerr-Schild double copy.
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1 Introduction

The BCJ double copy, originally proposed in [1], relates scattering amplitudes in gauge and
gravity theories. Specifically, it invokes color-kinematic duality, which can be defined as fol-
lows. First, one may express an m-point ¢-loop gluon amplitude as a sum over cubic graphs:

S

where ¢(g), n(g), and d(g) are the color factors, kinematic numerators, and propagators
respectively of the cubic graph ¢, and integrals over loop momenta are left implicit. Indi-
vidual terms in the sum are not unique, but mix with each other under generalized gauge
transformations, consisting of conventional (local) gauge transformations and / or field
redefinitions. Color-kinematics duality is then the statement that there exists a choice of
generalized gauge, called color-dual gauge, in which the kinematic numerators obey the
same algebra as the color factors:

c(g) = —c(9), n(g) = n(g),

(1.2)
c(gs) = c(gt) + c(gu), n(gs) =n(g) +nlgu),



where g denotes a graph obtained from ¢ by exchanging an odd number of vertices and the
graphs ¢g; and g, are obtained from the graph g5 by picking an internal leg in g5, calling it
the s-channel, and then switching it to the ¢- or u-channel, leaving the rest of the graph un-
changed. The relations obeyed by the ¢’s are automatic, following solely from the algebraic
properties of the structure constants of Lie groups (i.e. the Jacobi identity). On the other
hand, the fact that we can find kinematic numerators satisfying the same algebra is highly
non-trivial and does not hold for any gauge invariant operator [2-4]. The BCJ double copy
then states that given some such .Afn in color-dual gauge we can obtain an m-point ¢-loop
graviton amplitude by replacing the color factors with another set of kinematic numerators,

where the n’s are also in color-dual gauge and need not come from the same gauge the-
ory. The two contributing gauge theories are called the single copies of the gravity theory,
which is called the double copy of the two gauge theories, where the same nomenclature is
applied to the amplitudes themselves. The double copy (and / or BCJ duality) is proven
at tree level [5—13], where it is known to be equivalent to the low energy limit of the so-
called KLT relations in string theory [14]. There is also highly non-trivial evidence at loop
level [15, 15-39], to all-orders in certain kinematic limits [40-43, 43-47], and including in
the partial or complete absence of supersymmetry. In particular, the double copy of pure
non-supersymmetric Yang-Mills theory is Einsteinian gravity coupled to a two-form field
and a dilaton.

Both the color-kinematic duality and BCJ double copy described above are purely
perturbative relations, but their seeming validity at multiple loops indicates that they may
be the perturbative manifestations of some nonperturbative symmetry or duality between
gauge and gravity theories, though it is as yet unknown how they may be made explicit at
the Lagrangian level (see e.g. refs. [48-51] for an exploration of the latter). Motivated by
this possibility, ref. [52] extended the double copy from scattering amplitudes to a certain
family of exact classical solutions. Specifically, it considered stationary Kerr-Schild metrics,
such that there exists a coordinate system in which its components satisfy

uv = Nuv + ”@bkukua 5og;w = 0, (1.4)

with 7,,, the Minkowski metric, k a vector field which is null and geodesic with respect to n
and g, and ¢ a scalar field. Reference [52] then showed that the Einstein equations for g,
imply that the vector field A, = ¢k, satisfies the abelian Yang-Mills equations of motion

8, F* = gJ*k, (1.5)

and is thus a well-defined single copy of the graviton h,,. Subsequent studies extended
this class of solutions to include multiple Kerr-Schild terms [53], time dependence [54],
type D spacetimes [55], as well as examining how source terms are related in the two
theories [56]. Furthermore, it has been shown that classical solutions can be related through
the double copy even if they cannot be put in Kerr-Schild form at the expense of having



to work order-by-order in perturbation theory [57-67]. Investigations of non-perturbative
aspects have been carried out in refs. [68-71], and an alternative body work has looked
at matching up gauge and gravity solutions in a wide catalogue of linearised theories, in
arbitrary gauges [72-80]. In refs. [81, 82], an extension of the Kerr-Schild approach to non-
Minkowski background metrics was investigated, where an interesting byproduct of ref. [81]
is a general relation that must be satisfied by the source current in the gauge theory, and
the stress-energy tensor in the gravity theory. For stationary solutions this relation reads:!

J“:2<5“0d_2—T“0>, (1.6)
where T' = T*,. For completeness we note that eq. (1.6) holds only if we choose k¥ = +1
and hence differs by a minus sign from the corresponding expression in [81], in which
ko = +1.

Despite the above developments, a full understanding of the double copy, including a
possible underlying explanation, is still lacking. It is then interesting to consider highly
unusual situations, in which the double copy might break. If it survives such non-trivial
tests, our confidence in the ultimate validity of the double copy is increased, and the
frontiers of its potential application extended. A suitable playground in this regard is to
consider three spacetime dimensions. As we review in what follows, General Relativity in
d = 3 is straightforward to formulate, but has the unfortunate consequence that there are
no propagating degrees of freedom for the graviton, and no well-behaved Newtonian limit.
This is not a problem for gauge theory in three spacetime dimensions, which from the
point of view of the Kerr-Schild single copy means the linearised Yang-Mills, or Maxwell,
equations. In the latter case, one can easily speak of a propagating photon, and thus one
might worry that degrees of freedom no longer match up in the Kerr-Schild double copy,
which typically associates a gauge theory solution with a pure gravity counterpart, as above.

The ultimate resolution of this puzzle is that the double copy of gauge theory is not
pure gravity but, as noted above, GR coupled to a dilaton and two-form field. This provides
a possible mechanism for the Kerr-Schild double copy to work, but if and how it works
must be investigated using explicit applications. We will present two examples in this
paper. The first is the well-known BTZ black hole [83], first studied in the context of the
Kerr-Schild single copy in ref. [81]. This is an example without a non-zero dilaton profile
on the gravity side. Our second example is entirely new and consists of the double copy of
a point charge in (Abelian) gauge theory. Although the point charge is a vacuum solution
in the gauge theory (apart from at the origin, where the charge resides), we will see that
its double copy is not a vacuum solution of the Einstein’s equations. Instead, there is a
non-zero stress-energy tensor throughout spacetime, which will be successfully interpreted
as arising from a dilaton. Thus, the double copy relation indeed survives and provides a
highly non-trivial example of the Kerr-Schild double copy: in no previous examples has
the dilaton been non-zero. We will see a nice physical interpretation of its presence here,

!The non-covariant-looking presence of the components T, comes from the also-non-covariant assump-
tion that there exists a particular timelike direction along which g,. is constant. A covariant form which
involves a general Killing vector field can be found in ref. [81].



namely that it leads to geodesics that can follow stable orbits and have a well-defined
Newtonian-like limit mimicking the behaviour in the gauge theory.

The structure of our paper is as follows. In section 3, we review the issues concerning
gravity in 2+1 dimensions, before examining the Kerr-Schild copy of the previously studied
BTZ black hole in section 4. In section 5 we construct the double copy of the point charge in
2+1 dimensions, and examine its physical properties. We discuss our results and conclude
in section 6.

Conventions. We denote the gravitational coupling by x and define it in arbitrary di-
mensions by the Einstein-Hilbert action, or equivalently the Einstein equations:

Ii2

1
SEH = /ddx \/jg</{,2R+ ﬁmatter) <~ G,U«V = ?TMV' (17)

We define Newton’s constant Gy in d dimensions to be the constant of proportionality
between the Newtonian potential of a unit mass and its r-dependence. In four spacetime
dimensions these definitions implies that s is related to Newton’s constant G4 and the
(reduced) Planck mass Mp; by

K% = 167Gy = (1.8)

—
Mp,
However in other dimensionalities this relationship will change.

We denote a generic gauge coupling constant by g. When relating classical double and
single copies we substitute coupling constants as

K
, 1.9
5 <9 (1.9)

In Kerr-Schild contexts we raise and lower all indices with the Minkowski metric 7,
with the exception of the indices on R, and T}, which we raise and lower with the full
metric g, .

We use the mostly plus metric signature (—, 4+, +, +).

2 The classical double copy
The classical single copy of a stationary d-dimensional Kerr-Schild spacetime
uv = Nuv + /‘ikukygb- (21)

can be identified as follows. The Ricci tensor with mixed indices is given by [84]

R, = S{W"wwn 00, (6k"ky) — 82<¢’f“’“”)}’

, (2.2)
-5 {T“,, _ 1 6“1,T},

2 d—2

in the last step citing the trace-reversed Einstein equations (with 7" = T*,). Choosing
k® = +1 and defining A, = k,¢, F,, = 9, A, — 9, A,, the R*y equations become

B, (M (BkY) — & (k")) = £k { 00T — T“g} . (2.3)



Hence if we identify A, = k,¢ and

1
Jh = £2 { ST — T”o} (2.4)
d—2
then eq. (2.3) reduces to
Oy Pt = gJ*, (2.5)

which we recognize as Maxwell’s equations.

To see the significance of the sign choice consider a Kerr-Schild spacetime sourced by
a stationary pressureless fluid in four dimensions with a small energy density p, in which
case the stress-energy tensor is T}, = pU,U, with U*0,, = (—goo)_l/ 20p. Then with mixed
indices we have T = —p, T% = Tij = 0, and hence

JO=4p, Ji=0. (2.6)

So if we choose kY = 41 then the double copy maps positive charge densities to positive
masses and if we choose k* = —1 then the double copy maps negative charge densities to
positive masses.? We will choose k° = 41 so that we can identify the Kerr-Schild scalar
field ¢ as the scalar potential on the gauge side.

However, keep in mind that on the gravity side the choice of k¥ is entirely artificial
— given a Kerr-Schild graviton k,k,¢ we can always choose kY = +1 by rescaling k* —
+k# /K" and ¢ — (k)%24. These redefinitions leave our spacetime unchanged but alter the
gauge field with which it is identified. In flat space, choosing k° = +1 is enough to get a rea-
sonable single copy; in d > 4 this means mapping point sources to point sources. When con-
sidering curved space, this choice can be more complicated (see [81] for a detailed analysis).

3 241 dimensional gravity

General relativity in four spacetime dimensions is governed by the familiar Einstein-Hilbert
action,

Sen = [ a's F{ (R 2A) +£matter} (3.1)

with g = det g,,,,, R the scalar curvature, A the cosmological constant, and Lyatter the
Lagrangian for the matter fields present. Variation with respect to the metric gives the

Einstein field equations
2

G + Gurd = Ty (3.2)
where 1
GW =R, — §gm,R
is the Einstein tensor (with Ry, the Ricci tensor) and
2 (/G )

V=g g

2Strictly speaking, the single copy maps a gravity theory to a non-Abelian gauge theory, in which case

the nature of the charge is more complicated. However, colour charge is removed upon taking the double
copy, which explains why a positive mass always results.



the stress-energy tensor. We can straightforwardly generalize this to an arbitrary number
of spacetime dimensions d by

1
SeH = /dda: \/—g{#(R —2A) + Ematter}, (3.3)
which leaves eq. (3.2) unchanged in form.

3.1 Vacuum solutions in three spacetime dimensions are flat

To see why setting d = 3 leads to a qualitatively different theory consider the following
argument, courtesy of [85]. In d spacetime dimensions the Riemann tensor R* uov has

1
Ng = —d*(d* -1
h= (@ - 1)
independent components, while the Einstein tensor G, has
1
Ng = id(d +1).

It follows that for d > 4 we have Ng > Ng (i.e. d = 4 gives Ng = 20 and N = 10).
Every component of G, (x) is specified at every spacetime point x by the local matter
distribution T}, (x) via the Einstein field equations (3.2), but with Ng > Ng this cannot
uniquely fix every component of R* uov(2): given G, (x) the system of equations

1
G/.tl/ = g)\O—RA/LO'l/ - iguygkagaﬁRkaaﬁ (34)

which relates R)‘NU,,(LU) to G () is a set of Ng equations in Ng unknowns and is hence
underdetermined. It is precisely this freedom which allows for all the familiar gravitational
phenomena we know and love: waves can propagate through the vacuum, two objects
separated by empty space can gravitate toward each other, etc.

Let us now consider d = 3 spacetime dimensions, where from the above results we have
Ngr = Ng = 6. This implies that eq. (3.4) can be inverted, and invoking (3.2) we find

2
K
R)\uou = 2{9)\0Tuu + g,ul/T)\a - g)\uT,ua - g,uaT)\u + T(g)\ug,ua - gkaguu)}- (3'5)
In other words, the curvature R’\WV at each point is determined entirely by T}, at that
same point. In particular, the condition 7}, (x) = 0 at a given spacetime point implies

R () =0, (3.6)

such that no matter how much energy is contained in a given region of space, that energy
will have no impact on the curvature of spacetime anywhere else. More generally, given a
region S, the geodesics through any other region are completely insensitive to the energy
and momentum distribution in S.

An alternate way to view this is that the graviton is overconstrained. As is well-known,
the physical degrees of freedom of the graviton h,, can be obtained from the transverse and



traceless part of the spatial components h;; of the metric. In d spacetime dimensions these
both amount to d — 1 separate constraints, which if d > 4 cannot completely determine the
3$d(d — 1) independent components of a symmetric (d — 1)-dimensional rank-two tensor. If
d = 3 on the other hand, we have 2(d — 1) = 4 separate constraints on the 3d(d — 1) = 3
independent components of h;;, and are led to the conclusion that the graviton does not
propagate in d = 3.

3.2 Three-dimensional gravity has no Newtonian limit

We will here take the Newtonian limit of pure gravity in arbitrary dimensions and show
that in d = 3 the Newtonian potential decouples from any matter sources present.

We take the Newtonian limit as follows. We consider weak fields, i.e. fields for which
there exists a coordinate system in which the metric is quasi-stationary, dpg,., ~ 0, and
only weakly deviates from flat space, g, = 1y + by with |hy| < 1. (In this section, we
reabsorb the factor of s into h,,.) We consider nonrelativistic trajectories, i.e. geodesics
z#(7) for which |#%(7)| < 1 in this coordinate system, as well as a stationary weak source,
i.e. a stress-energy tensor with 7% = —p small and every other component vanishing.
Given this, we neglect all terms beyond linear order in p and hy,,.

It may then be shown that the spatial geodesic equation reduces to

d%x

1= .
= = “Vhy = -V .
57 = 5 Vhoo = —V9, (3.7)

where we identify

1

1
= —hgp=—=(1 3.8
5100 2( + go0) (3.8)

as the Newtonian potential, and that the 00-component of the trace-reversed Einstein
equations becomes in d dimensions

- 2 /d—3
Q(p:i ) .
v 2p T 5 (3.9)

It is noteworthy to mention that the explicit expressions for both the Newton and Poisson
equations in the Newtonian limit are gauge dependent. For example, had we worked on
De Donder gauge, we would have obtained that the dimension-dependent factor appears
in Newton’s equation instead of in Poisson’s equation [86].

Specializing to a point mass M at the origin we then find the Newtonian gravitational
field g = V® a distance r from the origin to be given by

o M\ K2 (d — 3)I (4L
8(r) = _r<7~d—2> 2 { (d—1)(d— 2()73@)—1)/2 } ' (3.10)

From this last equation we can then read off the d-dimensional Newton constant Gg:

Gy= i { (@-3r (%) } . (3.11)

2 | (d—1)(d—2)r@D/2



In d = 4 this yields (via I'(5/2) = 3y/7/4) the expected result G4 = 1’%—1. However in d = 3
we obtain GG3 = 0. Hence, in three spacetime dimensions the Newtonian gravitational field
g in the presence of a point mass (or any other matter distribution, as seen from eq. (3.9))
vanishes identically at any distance. The Newtonian potential ® is no longer coupled via
Poisson’s equation (3.9) to the energy distribution p, and nonrelativistic trajectories (3.7)
are straight lines.

In this section, we have reviewed salient properties of three dimensional gravity, in
particular the absence of propagating graviton degrees of freedom. As discussed in the in-
troduction, this creates a potential problem for the classical double copy for exact solutions,
given that the latter maps gauge boson degrees of freedom to the graviton in all known
cases [52-54, 68]. To investigate this further, we first review a known three-dimensional

gravitational system, and its single copy [81].

4 The BTZ black hole

Since gravity does not propagate in three dimensions it was long thought that there were
no related black hole solutions of Einstein’s equations. In 1992 Banados, Teitelboim, and
Zanelli showed [83] that in fact there do exist black hole solutions, collectively referred to
as the BTZ black hole, in asymptotically AdS spacetimes. Geometrically, this black hole
solution can be constructed as a quotient of the covering of AdS; by a discrete group of
isometries [87].

In the following we review the BTZ black hole in the context of the Kerr-Schild double
copy which was first analyzed in [81]. For clarity, we will follow the conventions on that
paper which correspond to

Guv = Nuw + kuku¢7 (4.1)
k=g, M= Q.
In the rest of the paper we stick to the conventions stated previously.

4.1 Features

Importantly for our purposes, the BTZ spacetime admits a Kerr-Schild description [88].
More specifically, one may adopt a spheroidal coordinate system, such that the BTZ solu-
tion has the form of eq. (1.4), with the following results for the Minkowski line element,
Kerr-Schild vector and scalar function respectively:

2
Nudrtde” = —dt? + 3 :_ " dr? + (12 + a*)de?,
2
kudat = —dt + ———dr — adf, (4.3)
r“+a
KIM 2
=14 —-— —.
¢ T Iz
Here A = —1//? is the cosmological constant, M a mass-like parameter (the charge associ-

ated with the time translation symmetry of the spacetime), and a an angular momentum-
like parameter (the charge associated with the rotational symmetry of the spacetime). This



is reminiscent of the Kerr solution in d = 4. However, unlike in the latter case, the space-
time is not sourced by a rotating disc of finite radius: it cannot be, due to the fact that
gravity does not propagate in three spacetime dimensions. In fact, the above metric de-
scribes different spacetimes depending on the values of M and a. For M > 0 and |a| < ¢ we
have a black hole solution that shares many features with more familiar four-dimensional
black holes, the most obvious being a horizon, which turns out to be located at

o = 4 (14 VTP, (1)

We note also that in the limit a, M — 0 we obtain (with a coordinate change)

2 2
ds? = — <Z) dt? + (;) dr? + r2d6?, (4.5)
which is mot the AdS3 vacuum we would expect to find in the massless limit. Rather we

obtain AdSs with a =0 and M = —1,

2 2\ -1
ds? = —(1 + (2) )dt2 + (1 + (2) > dr? + r2d6?, (4.6)

although every other negative value of M is unphysical due to a naked conical singular-
ity [83].

4.2 The BTZ single copy

Since we can write the BTZ black hole in Kerr-Schild form, we can obtain its single copy,
as first presented in ref. [81]. That is, we may construct a gauge field A, such that

7”2

g Q 2
Aydat = pkydat = <1+7r+p7" ) (—dt—i-?wdr—adﬁ), (4.7)
where we have relabelled A — p. Substituting this into the Maxwell equations of eq. (1.5),
one finds that the source is a constant charge density filling all space:

JH = 4pvH, V0, = 0, (4.8)

This is consistent with the single copy of four-dimensional (Anti-)de Sitter space in ref. [53],
which replaces the constant energy density in the gravity theory with a constant charge
density in the gauge theory. The mass parameter M for the BTZ black hole disappears
in the gauge theory source: it corresponds to a constant contribution to the electrostatic
potential on the gauge theory side, which has no dynamical consequences. This is in stark
contrast to the Schwarzschild black hole in four dimensions, in which the point mass M
on the gravity side is associated with a point charge in the gauge theory. This should
not surprise us, given that there is no known analogue of the Schwarzschild black hole in
d = 3. On the contrary, the unusual role of the mass parameter in the single copy serves
as a further illustration of how different the BTZ black hole is to the usual Schwarzschild
or Kerr black holes living in four-dimensional Minkowski space. One can also notice that;



while the BTZ metric can describe a black hole, a particle giving rise to a conical singularity,
or simply AdSs; the gauge solution does not correspond to physically different solutions
when varying the free parameters ) and p.

In this section, we have reviewed the well-known BTZ black hole in d = 3 spacetime
dimensions [87], which has a well-defined gauge theory single copy [81], whose interpretation
(in terms of the cosmological constant) is consistent with previous results in four spacetime
dimensions. We should perhaps not be at all surprised that the single copy works in this
case, given that the potential difficulties of three spacetime dimensions are on the gravity
side of the double copy correspondence, rather than the gauge theory side. If we start
with a sensible gravity solution, we then expect a sensible gauge theory counterpart. A
trickier situation would be to start with a well-defined gauge theory object, and to seek its
gravitational analogue. The simplest such object is a pointlike electric charge, which we
will now investigate further.

5 The double copy of a point charge

In all of the above examples, we have started with a gravity solution and obtained its gauge
theory counterpart via the single copy. In this section, we will reverse this procedure, by
starting from a gauge field and finding its corresponding Kerr-Schild double copy. This
allows us to directly probe the issue of how the physical degrees of freedom in the gauge
theory get mapped under the double copy. Since we will be working in (241) dimensions,
there will be no graviton degrees of freedom; instead, as already discussed in section 1, we
expect to turn on the dilaton degree of freedom. Furthermore, the lack of a graviton is
related to the well-known absence of a well-behaved Newtonian limit for three-dimensional
General Relativity [85], although there are no such issues in the gauge theory. Let us
examine this issue in more detail.

5.1 Expecting Newtonian behavior

Suppose we have some stationary gauge field A,. In order to take its Kerr-Schild double
copy we need to specify a splitting

A,u = (bkua

for some scalar function ¢, where k, is null and geodesic.? Choosing k = 1 we identify
AY = ¢, and the timelike Maxwell equation becomes

gJ" = 0, F% = 9,(0°A" — 9*A%) = —0°A° = -9 = —V?¢, (5.1)

using the stationarity of A, throughout. Thus, the scalar ¢ satisfies Poisson’s equation with
source —JY. The field ¢ is thus also described by the linearised equations of biadjoint scalar
theory, and can then be interpreted as the so-called zeroth copy of the gauge field A, [52].

3Note that we can only take the double copy in certain gauges, since if we choose e.g. Coulomb gauge,
Ao = 0, then there exists no null vector k, such that A, = ¢k,. This mimics a similar behaviour in
amplitudes, namely that the double copy correspondence is manifest only in certain (generalised) gauges [15].
For a recent discussion beyond this, see ref. [89].

~10 -



Let us now consider the Newtonian limit of the double copy of this gauge field. With
kY =1 the purely timelike component of the metric is

goo = —1 + Ko, (5.2)
so the Kerr-Schild field ¢ is related to the Newtonian potential ® as
1 K
= —5(1 + goo) = —59% (5.3)

Furthermore, we can relate ® to the source on the gravity side using egs. (1.6) and (5.1)
and making the usual substitution § < gt

2
=9 K™ ;o
o=""
\V4 1 J
K2 T
=5 (d—2 - TOO) - (5:4)

This is Poisson’s equation for the Newtonian potential ®, and tells us that any metric
obtained by double-copying a gauge solution should have a Newtonian potential sourced
by the timelike component of the gauge source, modulo replacements of charges by masses
and the gauge coupling constant with its gravitational counterpart.®

The above arguments make sense in d > 4, given the existence of a well-defined Newto-
nian limit for gravity. Even in d = 3 we can see that in the case of the BTZ black hole our
results accord exactly with what we’ve already found: applying Gauss’ law to a constant
energy distribution (i.e. a cosmological constant) in two dimensions yields a Newtonian
gravitational field satisfying |g| oc r, which corresponds to a potential satisfying |®| o< r2,
in agreement with eq. (4.3).

In general in the d = 3 case eq. (5.4) becomes

2 2
Ve =2 g0 = Eop 0y, (5.5)
4 2
That three-dimensional gravity has no Newtonian limit is down to the fact that if we take
the Newtonian limit of the source as in section (3.2) then T' = T% = —p and the right
hand side identically vanishes. From the perspective of the double copy this implies that
the identification of a small charge density J° on the gauge side with a small energy density
Too on the gravity side, which holds in d > 4, breaks down in three dimensions. Hence
it becomes natural to ask: what gravitational source does correspond to a small charge
density in three dimensions?

4This is the more general form of the relation (3.9), which we obtain from eq. (5.4) by taking the
Newtonian limit of the source. (The second line of eq. (5.4) can be derived without reference to the double
copy, but doing it this way clarifies the relationship between the Newtonian and electrostatic potentials and
their sources.)

®Note that the minus sign in eq. (5.3) is necessary for our results to be consistent. We have already
claimed that the choice k° = +1 allows us to identify positive charges with positive masses. The negative
sign in ® o< —¢ is crucial for this identification to hold: with positive p = J® the solutions of ﬁzqﬁ o —J°
are repulsive while those of V20 x +J° are attractive.

- 11 -



As we can see from eq. (5.5), such a source must have nonzero spatial diagonal compo-
nents even in this quasi-Newtonian limit in order for T'— 79 to be non-vanishing. Further,
since we know that a nontrivial scalar potential ¢ will generically be non-vanishing every-
where, we expect that the double copy will have nonzero curvature. Since three dimensional
gravity does not propagate, this implies that the double copy of a localized charge density in
three dimensions cannot be a vacuum solution, but rather the gravitational source must per-
meate spacetime in such a way as to mimic the Newtonian behavior of higher-dimensional
gravity. In what follows we present an explicit example of such a system.

5.2 Point charge in 241 dimensions and its double copy

As a specific example of the Kerr-Schild double copy of a given gauge field solution, we
now consider a static point charge sitting at the origin. The corresponding gauge field can
A, = kb kdet = —dt —dr, 6= -2 logr (5.6)

oo vut j7s - ’ - 2ﬂ_ g, :
using polar coordinates (¢,r,60). One may explicitly verify that the gauge field A* satisfies

be written as

the Maxwell equations V,F* = JH with a source current
J:U'au = gQéz(r)atv

using the fact that V2 logr = 2md(r) in two spatial dimensions. Strictly speaking, we
should introduce a scaling factor rg into ¢ so as to make the logarithm dimensionless.
However, we may choose units such that this is unity for what follows. Notice that the
vector k is null and geodesic as required,® and ¢ satisfies the linearized (static) equations
of motion of the biadjoint scalar. Given this, we are able to construct the classical double
copy of the static charge. The double copy is given by the Kerr-Schild metric

-1 —2"‘27]:4 logr —"igf logr 0
G =M + kb = | =M logr 1-EMlogr 0 |, (5.7)
0 0 72
where we have made the standard replacements [52]
g—>E, Q— M. (5.8)

2

Substituting the metric of eq. (5.7) into the Einstein’s equations, we find a non-zero stress
tensor given by

(500 10 0
m,=—10%0 |=—5|o10|. (5.9)
00 ¢ 00 -1

It is interesting already to note that, although the gauge field source is localized to the
origin, the gravitational source is not. This is possible due to the relation between the

50ur gauge field, which has nonzero spatial components, is related to the perhaps more intuitive solution
A = —glog r, A® = 0 by a gauge transformation, which is necessary in order for k to satisfy these
requirements. (See the previous footnote about the gauge-dependence of the double copy.)
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sources given in eq. (1.6), and indeed one can easily see that this relation holds: using the
first expression for the stress tensor in eq. (5.9) leads to a gauge theory source current

J,uau = (_62¢7070) = gQ 62(T)(17070)7

as required. We have therefore found an explicit example of the conclusion of the previous
section, namely that the double copy of a localised gauge theory source cannot correspond
to a vacuum solution of the Einstein equations in d = 3.

The presence of a non-trivial source term implies the presence of matter degrees of
freedom. This may at first sight seem puzzling, until we remember that the double copy of
pure gauge theory is not pure gravity, but gravity coupled to a dilaton and two-form. The
latter will be absent, as in previous examples [52-54, 68], due to the symmetric nature of
the double copied field. However, the dilaton may indeed be turned on, and thus we would
like to identify the above stress-energy tensor with a non-zero dilaton field. In order to do
so, we consider a free massless scalar field. Such a field is invariant under the symmetry

v — o +e, (5.10)
and its stress-energy tensor reads
1
T, = "0, p — ig{j(&o)z. (5.11)

The Einstein equations then imply a Ricci tensor
RM, = K2 /2 0"p0, . (5.12)

On the other hand, from the metric in eq. (5.7) we find

gy (000
Ry =———51000]. (5.13)
001

Comparing these results, we obtain that the dilaton profile must be linear in the azimuthal
angle. Furthermore, the difference in sign between egs. (5.12) and (5.13) implies that
either the scalar field is imaginary, or that it has the wrong sign in its kinetic term. The
second option in fact makes sense, albeit for a rather complicated reason. For amplitudes,
the double copy is known to be true only in certain generalised gauges, where one has
potentially performed both a gauge transformation and a field redefinition. It was known
already before the double copy [48] that it is possible to make field redefinitions so as to
make the gravitational Lagrangian consistent with the KLT relations [14] relating gauge
and gravity amplitudes at tree-level (and which are equivalent to the double copy). That
is, by introducing a dilaton and starting in the de Donder gauge, one may transform the
graviton and dilaton fields so as to remove all the terms in the graviton Lagrangian that mix
left and right indices, leaving a structure that is manifestly double-copy-like. This turns
out to have the side-effect of reversing the sign of the dilaton kinetic term. Returning to
our present study of classical solutions, we should then expect that if the double copy of a
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given gauge field generates a non-zero dilaton profile, the latter should be associated with a
“wrong-sign” dilaton kinetic term. The fact that this has not been noticed before is simply
because previous examples of the Kerr-Schild double copy involve zero dilaton profiles on
the gravity side [52-54, 68]. Nevertheless, the fact that the double copy does not satisfy
certain energy conditions has been previously observed [56].

From the above results, the explicit form of the dilaton for the double copy of the point
charge in d = 3 is defined by’

O = /M/27 (0,0,1).. (5.14)

The identification of the source term in eq. (5.9) with a nonzero dilaton profile is natural,
given that a similar matching of gauge theory degrees of freedom with the dilaton can be
made for the plane wave states that enter the original BCJ double copy for scattering ampli-
tudes. However, we may still worry whether or not this is the only possible interpretation of
eq. (5.9). To this end, two remarks are useful. Firstly, we may check the equation of motion
of the dilaton. Considering the field profile from eq. (5.14) we see that it indeed satisfies

VIV, =0, (5.15)

where V, is the covariant derivative of the metric (5.7). Secondly, we have verified that the
stress tensor from eq. (5.9) cannot correspond to that of a standard viscous fluid, which
reinforces its dilaton interpretation; for details on this calculation see appendix A. In the
following subsections, we analyze different aspects of this dilaton-gravity solution which will
strengthen its interpretation as the double copy of a static charge in (2+1) dimensions.

5.2.1 Newtonian-like limit

In this section, we examine further aspects of the Newtonian-like limit of our gravity-dilaton
system. First, we recall that the trajectory x*(t) of a particle interacting with Newtonian
gravity in (2+1) dimensions satisfies
— =—-V&, V® =2nGp, (5.16)
dt
where @ is the Newtonian potential, p is the mass density, and G is Newton’s constant.
Outside a spherical source the Newtonian potential is given by ® = GM logr. On the
other hand, the Newtonian limit of General Relativity in d dimensions gives rise to

d%x - - k2 [(d—3
A V4 ) 2p =~ p — 2 5.17
dt? ve, Vv 2 (d—2)’ ( )

as in egs. (3.7), (3.9), which as previously mentioned shows that in (2+1) dimensions masses
do not experience Newtonian forces.

"The reader may worry that the form of the dilaton itself is linear in the azimuthal angle, and thus
not periodic. However, the Einstein equations imply that eq. (5.14) need only be satisfied locally. A
global dilaton profile can be obtained by patching solutions together, up to transformations of the form of
eq. (5.10).
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There have been some attempts at reproducing the expected Newtonian limit in scalar-
tensor theories. For example, a solution with a logarithmic Newtonian potential at short
distances was found in [90]. There, a scalar-tensor theory in (2+1) dimensions was formu-
lated as a dimensional reduction of a 4d theory, by taking solutions with no dependence
in a particular direction. Similar approaches have also been examined in e.g. ref. [91]. In
this paper, we have seen that the Kerr-Schild double copy naturally generates a scalar-
tensor theory that mimics the presence of Newtonian gravity: eq. (5.4) relates the relevant
Newtonian potential to the gravitational source generated by double-copying a given gauge
field, where the source is associated with a nonzero dilaton.

Let us now consider the Newtonian limit of the explicit dilaton-gravity solution found
above. This limit is in fact not Newtonian in the strictest sense: we assume nonrelativistic
trajectories, so that we obtain d2a:/dt2 = —V® with & = —%hoo, but we do not take the
usual Newtonian limit of the source, since doing so requires that the source term %2 (T—T%)
for ® vanish. Indeed, if we just leave the gravitational source alone and use eq. (5.9) we find

=92 K2 2
Vo = ZM& (r), (5.18)

from which we deduce the non-point-like form of the stress-energy tensor (5.9) is such that
the corresponding Newtonian potential has a pointlike source. Further, from the Newtonian
potential

o = log r (5.19)

8T
we can read off Newton’s constant for our system:

I€2

:Q.

(5.20)

In obtaining eq. (5.18) we did not need to make any assumptions about the source, since
from the mixed-index stress-energy tensor (5.9) we can just take the trace and evaluate.
However from this equation it is clear that the appropriate limit to take is the one in which
the parameter GM, which multiplies all diagonal elements of the stress-energy tensor, is
small. This corresponds to taking the charge @ of the point source on the gauge side to
be small, but does not correspond to a small point mass on the gravity side, since the
gravitational source is nonzero throughout spacetime. But by the arguments of section 5.1
and eq. (5.18) we see that this is in fact the correct limit to take if we wish to recover a
Newtonian limit with a nonvanishing pointlike source, which requires a stress-energy tensor
which is nonvanishing throughout spacetime.

In simple terms, the lack of a propagating graviton upon taking the double copy forces
the dilaton to turn on, in order to match up with the physical degrees of freedom in the
gauge theory. This then ensures a well-behaved Newtonian-like limit, in accordance with
the fact that there is a well-behaved Newtonian limit in the gauge theory. Note that this
correspondence also allows us to interpret the parameter M in the gravity solution: it is the
mass one would obtain in Newtonian gravity. As in the Schwarzschild example of ref. [52],
electric charge in the gauge theory then maps to mass in the gravity theory, provided a
suitable definition is used for the latter.
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5.2.2 Orbits and perihelion precession

To gain yet more physical insight into our solution, it is instructive to examine the behaviour
of geodesics corresponding to the motion of (massive) test particles. To this end, notice
that the metric of eq. (5.7) can be written in “Schwarzschild” coordinates by performing
the coordinate transformation

dt =dT + ((1+2GMlogr)~' —1)dr,
in which coordinates the metric becomes
ds? = — (14 2GM logr) dT? + (1 + 2GM log r) "' dr? + r2d¢?. (5.21)

In these coordinates the geodesic equation for timelike observers can be written as

lpe_L(dr 2+V Vg = © Lj+1 (1+2GMlogr/ro) (5.22)
9 —2 a7 eff) eff—2 r2 ogr/ro), :

where we have reintroduced the scale rg i.e. a constant radius whose value is set by boundary
conditions. In the expression above, we have used the conserved quantities related to the
timelike & and angular &y Killing vectors:

E = _g;w{ffluli ) L= g;wfgu“ (5'23)

where u* is a unit timelike vector tangent to the geodesic. Physically, £ and L represent
the energy and angular momentum (relative to the origin) of the test particle. In eq. (5.22),
we have introduced the so-called effective potential Veg. In the Newtonian limit, a similar
geodesic equation is obtained, but where the effective potential is replaced by

1 L?

VNewt = 3 + 22 + GM logr /9, (5.24)

which we obtain from eq. (5.22) by neglecting the L?G M term. As is suggested by the form
of eq. (5.22), values of the parameters (E,rg, L) exist such that timelike geodesics form
closed orbits. We may find the relevant conditions by examining the form of the effective
potential, which is plotted for various values of L in figure 1. We see that the Newtonian
potential always has an infinite barrier at short distances, whilst the GR result turns over
at a finite distance. Furthermore (and in marked contrast to the case of the Schwarszchild
black hole in four spacetime dimensions), a timelike observer can never escape to infinity,
due to the fact that the effective potential is logarithmically divergent there. This can be
traced back to the logarithmic behaviour of the gauge theory propagator in two spatial
dimensions, which enters the effective potential via the double copy.
Examining the GR effective potential in more detail, we find that it has a maximum
as long as
L> Ly = roe! ™2 . (5.25)

We will therefore impose this constraint in order to obtain stable orbits. In the same spirit,
we will restrict the energy range such that

min max
eff <E< eff >
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L =0.5Lmin L = Lmin L=1.5Lmin

2 4 6 8 10 12 14 o 2 4 6 8 10 12 14 o

Figure 1. Effective GR and Newtonian potentials for GM = 1/2 and different values of the angular
momentum L. We can clearly observe that for L < Ly, the GR potential has no maximum, at
L = Ly, it develops an inflection point, and for L > L, a maximum occurs and we can have
stable orbits. On the other hand, the shape of the Newtonian potential stays unchanged and always
allows stable orbits.

where the maximum of the potential can be approximated for L > rg as follows:

1 L\?
= SGM () ecm L (5.26)

To

Meanwhile, we can only find an analytic expression for the minimum of the potential in
the Newtonian limit where GM L?/r? < 1, yielding

min

eff

~

1
+ 5GM +GM log < (5.27)

i)

In order to visualise the orbits we must solve for r(f). By using the fact that § = L/r?,

1
2

where the dot indicates a derivative with respect to T and 0 is the azimuthal angle, we get

dr\? E2:* 4 42GM logr 9 9
To further analyze this equation, it is convenient to change variables to the dimensionless
quantity x = L/GMr, and apply a derivative with respect to 6 (denoted by a prime in

what follows):
GMz" + G*M? ( 2z log L -z —i—GMa:—l:O (5.29)
GMzx T ' '

Taking the limit where GM < 1 we obtain

1
ZL'”—FJ'—MZO, (530)

which indeed corresponds to the expected Newtonian limit given by the potential in
eq. (5.19). In both the GR and Newtonian cases, we may solve the radial equation nu-
merically, and plot the orbits in the (r,60) plane. Considering first the GR case, we find
qualitatively different solutions, according to the value of the quantity

L2

2
o

o =

GM. (5.31)
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Figure 2. Timelike geodesics obtained for the GR effective potential, where GM = 0.4 and
L/T‘O = 3.

Figure 3. Timelike geodesics obtained for the GR effective potential, where GM = 1.8 and
L/’I’O = 3.

For small values of «, one obtains a circular orbit if £ = Vi, and a precessing elliptical
orbit otherwise, as shown in figure 2. Alternatively, for sufficiently high values of o we find
that the orbits have an interesting “starfish” shape, owing to the increasingly repulsive
nature of the potential barrier at small radial distances. This is shown in figure 3. In both
figures, we also show the form of the effective potential in each case, with colour-coded
values for the energy F.

The phenomenon of precession is common to the case of the Schwarzschild metric in
d = 4, as indeed it must be: Bertrand’s theorem states that the only central forces that give
rise to stable non-precessing orbits are an inverse square law, or a linear radial dependence
characteristic of a harmonic oscillator. The GR effective potential in the present case is
neither, and thus we expect to see precession. A further consequence of this theorem,
however, is that we also expect to see precession in the Newtonian case, unlike the case
of Newtonian gravity in d = 4 (i.e. the latter obeys an inverse square force law). This is
shown in figure 4, where we also show an orbit obtained from the full GR potential for
identical initial conditions. We see that switching from the Newtonian theory to the full
GR case enhances the precession, analogous to the Schwarzschild case.
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6 Conclusion

In this paper, we have examined the double copy of exact classical solutions in (2 + 1)
dimensions. This procedure has been defined for any time-dependent Kerr-Schild solution
in gravity [52] and studied in a number of non-trivial examples [53, 54, 68], but poses unique
conceptual puzzles in three spacetime dimensions. In particular, three dimensional gravity
in the form of pure General Relativity is known to have no propagating degrees of freedom,
and also lacks a sensible Newtonian limit. It is then not clear how physical degrees of
freedom in the gauge theory can be matched to the gravity theory in a consistent manner.

We first reviewed an existing analysis [81] of a pure gravity-like solution, namely the
BTZ black hole [87], whose Kerr-Schild form was first presented in ref. [88]. Upon taking
the single copy, the only surviving remnant in the gauge theory is a constant charge den-
sity filling all space, which corresponds with the cosmological constant (a constant energy
density) in the gravity theory, in accordance with the four-dimensional results of ref. [53].

Next, we considered a pointlike electric charge in (241)-dimensional gauge theory, for
which the Kerr-Schild double copy is straightforward. This turned out to yield a non-
vacuum solution of the Einstein equations, in accordance with general observations we
made that localised sources in gauge theory cannot lead to vacuum solutions under the
Kerr-Schild double copy. The source term on the gravity side could be interpreted as a
non-zero dilaton profile, which is consistent with the fact that the double copy of pure gauge
theory is not General Relativity, but rather GR coupled to a dilaton and two-form. This
is itself highly novel, in that our example is the first case of the Kerr-Schild double copy
in which the dilaton is non-zero on the gravity side of the correspondence. Furthermore, it
resolves the issue of how to map the physical degrees of freedom in the gauge theory: with
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no propagating graviton, the dilaton has to turn on to do gravity’s job. This in turn leads
to a well-behaved Newtonian-like limit, such that charge in the gauge theory maps to mass
on the gravity side, where the mass parameter can be interpreted by consistency with the
correct gravitational potential in the Newtonian limit. This construction is reminiscent of
previous attempts to obtain sensible Newtonian limits in various scalar-tensor theories [90,
91]. To physically illustrate our analysis, we examined timelike geodesics in the dilaton-
gravity system obtained by copying the point charge. These consist (for appropriate initial
conditions) of stable, precessing orbits. The Newtonian orbits also precess in d = 3, but
the effect in the GR case is exacerbated, analogous to the case of d = 4.

An outstanding property of this dilaton-gravity solution obtained as the double copy
is the existence of an event horizon at

Th = T0 e_QGlM , (61)

which can be observed from the metric in Schwarzschild coordinates in eq. (5.21). This
implies that the solution corresponds to a phantom black hole. In the present case, the
no-hair theorem [92-94] is avoided since the scalar field is a ghost and it does not inherit
the symmetries of the spacetime, that is, Jgp¢p # 0. Phantom black holes and their ther-
modynamic properties have previously been studied, for example in [95, 96]. It would be
interesting to study the thermodynamic properties of this 3-dimensional phantom black
hole. Another interesting direction is to consider time dependent solutions for the dilaton
and also including additional fields and matter. We leave these ideas to future work.

The study of the double copy for classical solutions is still in its infancy, and useful
insights can be gained by examining highly unusual cases, even if these are not directly
physical by themselves. We hope that our results prove useful in this regard, and stimulate
further work in this area.

Acknowledgments

CDW was supported by the Science and Technology Facilities Council (STFC) Consoli-
dated Grant ST/P000754/1 “String theory, gauge theory € duality”, and by the European
Union’s Horizon 2020 research and innovation programme under the Marie Sklodowska-
Curie grant agreement No. 764850 “SAGFEX”. The research of BM, KR, and SW was
supported in part by DOE grant DE-FG02-85ER40237. The work of M.C.G. was sup-
ported in part by US Department of Energy (HEP) Award DE-SC0013528. We would also
like to thank the referee for comments that led to improvements to the original draft.

A No fluid interpretation of the double copy stress-energy tensor

In section 5.2, we have seen that the stress-energy tensor generated by double-copying a
gauge theory point charge (eq. (5.9)) in (2+1) dimensions can be associated with a dilaton
profile. In this appendix, we ask whether it is possible to instead associate this with a
viscous fluid. For the latter, the stress tensor has the generic form

T = puyty + Py — COvu + 200 + 1P yp,u,) (A.1)
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where p is the energy density, P the pressure, n the shear viscosity, ( the bulk viscosity,
0 = v"#V,u, the expansion, and II” the momentum density. The metric of the surface
perpendicular to the four velocity u* is

Yuv = Guv + UpUy (A2)
where the four velocity is normalized such that u - u = —1. Lastly, the shear tensor o, is
1., p 1

Oy = B (’yuvpu,, + ’yVVpu#) — §7Aw9- (A.3)

In vacuum (241) dimensional gravity there is no shear, but the situation can change in the
presence of matter.

We will now assume that the stress tensor for the double copy of the static charge can
be written as in eq. (A.1). With this assumption, the fluid properties can be extracted
from the stress tensor as

p = Tyutu”, (A4)
2(P —¢0) = Tuwvyy"”, (A.5)
17 = Ty ut . (A.6)

Working in Kerr-Schild coordinates, that is, with the metric given by eq. (5.7), we can see
that the four velocity is given by

1
ut = V/1+4GM log(r) (1,0,0) (A7)

and thus M
p=-1-3. P-(#=P=0, I"=(0,0,0), 0, =0. (A-8)

From these, we see that the covariant derivative of the four-velocity can be written as
Vo, = =y, . (A.9)

This describes changes in the relative position of the worldlines of two neighboring timelike
observers. Note that the shear, vorticity, and expansion are zero. Thus, the shape of the
cross-sectional area orthogonal to the timelike geodesic flow is not deformed as we move
along the geodesics. This behavior is specific for the congruence constructed above, but in
general it could be possible to find cases where the area orthogonal to the flow is deformed.

Using the above result, we can find a discrepancy in the assumption that the stress
tensor of eq. (5.9) is the stress tensor of a viscous fluid with four-velocity given by eq. (A.7).
While for a fluid with the properties in eq. (A.8) we have

T;i)\uid,yz%i\ = P’Y;w - CG’Y;W + QTIUMV =0,

for the stress tensor in eq. (5.9) we have

0 0 0

_ A 1
S = prﬁ% = i 0 (A+4GM log(r)r2 0
0 -1
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Thus, the stress tensor of the double copy can be written as

T = puyuy + X - (A.10)

Since X, cannot be interpreted as a property of a fluid, this implies that the stress tensor
of eq. (5.9) does not correspond to a viscous fluid. Note that we could identify the stress
tensor in eq. (5.9) with that of a “Euclidean” perfect fluid if we consider a spacelike four-

velocity. This is easily seen by considering u* o 9" where ¢ is given by eq. (5.14).
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