ON CARLEMAN AND OBSERVABILITY ESTIMATES FOR WAVE
EQUATIONS ON TIME-DEPENDENT DOMAINS
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ABSTRACT. We establish new Carleman estimates for the wave equation, which we then apply
to derive novel observability inequalities for a general class of linear wave equations. The main
features of these inequalities are that (a) they apply to a fully general class of time-dependent
domains, with timelike moving boundaries, (b) they apply to linear wave equations in any spatial
dimension and with general time-dependent lower-order coefficients, and (c) they allow for smaller
time-dependent regions of observations than allowed from existing Carleman estimate methods.
As a standard application, we establish exact controllability for general linear waves, again in the
setting of time-dependent domains and regions of control.

1. INTRODUCTION

In this article, we establish new Carleman estimates for the wave equation using a geometric
approach. The main objective is to apply these estimates in order to derive novel observability
inequalities for general linear wave equations, with the following features:

(I) The estimates apply to a general class of time-dependent domains, with moving boundaries.
(IT) The estimates apply to wave equations in any spatial dimension.
(IIT) The estimates apply to general linear waves with time-dependent lower-order coefficients.
(IV) The estimates apply for a wide variety of time-dependent observation regions that are smaller
than those in standard Carleman-based observability inequalities.

As a standard application of these observability estimates, we establish the exact controllability of
linear waves on the same general class of time-dependent domains. Again, the region of control is
allowed to be time-dependent proper subsets of regions found in classical results.

While the present paper deals only with wave equations on R**™ (that is, on Minkowski space-
time), the main Carleman estimates are proved using ideas and intuitions from Lorentzian geometry.
As a result, the techniques presented here will also form the foundations for studying analogous
questions for geometric wave equations on Lorentzian manifolds.

1.1. Background. In the context of evolutionary differential equations, the question of exact con-
trollability is concerned with whether one can drive its solutions from any prescribed initial state to
any desired final state at a later time, under the constraint that only some limited parameters in
the system—the controls—can be set. If solutions of the differential equation represents a physical
system, then the above asks whether one can completely govern the system through its controls.

1.1.1. Controllability of Waves. To be more specific, let us consider a general linear wave equation

(1.1) —O20+ Ny + XM0p+ XT -V, + V=0,
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on a bounded (spatial) domain 2 C R™. In this setting, the initial state and the final state each
correspond to a pair of functions, representing the values of ¢ and 0;¢ at given times. There are
many possible choices for the control, with some common examples being the following:

e Interior controllability: An additional forcing term F on the right-hand side of (1.1).
e Dirichlet boundary controllability: Part of the Dirichlet boundary data for (1.1).
e Neumann boundary controllability: Part of the Neumann boundary data for (1.1).

In general, the methods for attacking all of the above cases are fairly similar. Thus, for conciseness,
we focus our attention in this paper solely on Dirichlet boundary controllability:

Problem 1.1. Let Q be a bounded open subset of R"™. Fix an initial time 7— and a final time T4, as
well as a subset T C [t_,74]x dN. Given any initial and final data (¢5, ¢5) € L*(Q) x HH(R), can
one find some Dirichlet boundary control ¢y, € L*(R x 02), supported in ', such that the solution
o of (1.1), with initial and Dirichlet boundary data

(d)v 8t¢)|t:‘l'_ = (QS(;,QZS;)’ ¢|R><352 = ¢b;
also achieves the final state

(¢a at¢)‘t:7+ = (¢8_3 ¢ii_) ?

Controllability of wave equations, and Problem 1.1 in particular, has been a topic of research
for several decades. Here, we give a brief, and by no means exhaustive, survey of some existing
research. For more complete discussions, see, for example, [45] and the references within.

Examples of early results include the works of Russell [52, 53]. Modern treatments of controlla-
bility are derived from the Hilbert Uniqueness Method (HUM) of Lions [41, 42]. (This is also closely
related to the more abstract functional analytic framework developed in [19].)

The main point is that by duality, controllability is equivalent to uniqueness properties of the
adjoint differential equation. More specifically, for the present setting, in order to establish an
affirmative answer to Problem 1.1, the main hurdle is to prove the observability inequality

(1.2) (T 1) + 1060 (Te) | 22(0) S 00| 21y,

for solutions ¥ of the wave equation adjoint to (1.1). Here, 9,1 denotes the Neumann boundary
data for ¢, and T" is as described in Problem 1.1. When the inequality (1.2) holds, the HUM
machinery then yields exact controllability, with Dirichlet boundary controls supported in I'.

For wave equations, there is a fundamental obstruction preventing exact controllability that is due
to finite speed of propagation. Indeed, some minimum amount of time is required for information
from the boundary controls to travel to all of €2. In particular, this implies a lower bound on
the timespan 7, — 7— (which depends on the region where the control is placed) required for any
boundary controllability, and hence observability, result to hold.!

Many methods have been developed for proving the crucial observability estimate (1.2). For
simplicity, let us first restrict our attention to the free wave equation,

(13) D’(ﬁ = —0tt1/1 + A;ﬂ)/) =0.
For wave equations in one spatial dimension, observability estimates have been proved for many
PDEs using Fourier methods. In the context of (1.3), these results are often based on applications

of Ingham’s inequality [29] and its generalizations to the Fourier series expansions of 1. Moreover,
such methods are capable of retrieving the optimal timespan for control, as dictated by finite speed

LThis is in direct contrast to the heat and Schrodinger equations, which propagate at infinite speed. In these settings,
controllability generally holds for arbitrarily small times (given correspondingly large controls).
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of propagation. For detailed discussions of Fourier methods, the reader is referred to [6]. We also
remark that similar methods were recently used to prove (1.2) in higher dimensions [24].
Other proofs of (1.2) used multiplier methods, in which one integrates by parts an expression

/ 04X,
[T—,7+]xQ

where X represents an appropriately chosen first-order operator. Using this technique, Ho [25]
showed that for a sufficiently large timespan 7 — 7_, the observability estimate (1.2) indeed holds
for solutions % of (1.3), for a control region I" of the form

(14) I':= (T—7T+) x{y€89| (yfxO)'V>0}7

where o € R" is fixed, and where v is the outward-pointing unit normal for .2 Note that (1.4)
contains all points € 0 such that the ray in R™ emanating from xy and passing through z is
exiting Q at z. In particular, one needs not apply the control on all of [7_, 7] x 9.

A modification of the above argument (see [42]) resulted in a lower bound on the timespan,

15 . >2 -
(1.5) Ty T > ;g%\y o),

required for the inequality (1.2) to hold, with I" again given by (1.4). Furthermore, using “rotated”
multipliers, Osses [48] obtained analogues of (1.2) with different boundary regions T'.

Multiplier techniques can also be used to treat some wave equations of the form (1.1), as well as
some more general hyperbolic equations; see [46], for instance. However, these results generally fail
to recover lower bounds of the form (1.5) for the required timespan. For more detailed discussions
on multiplier methods and its roles in observability estimates, see [37].

(1.2) has also been established using microlocal methods, yielding optimal results with regards
to the requisite timespan and control region. Of particular note is the seminal result of Bardos,
Lebeau, and Rauch [8]. Consider now the boundary region

(1.6) D=, 7] XA, A CoQ.

Then, (1.2) holds for T as in (1.6) if and only if the geometric control condition (GCC) is satisfied:
roughly, every null geodesic in (7_, 74 ) x Q—with the condition that it is reflected whenever it hits
the boundary (7_, 71 ) x 0Q—intersects some point of I'; see [8, 13]. Note that the necessity of the
GCC follows from Gaussian beam constructions that propagate along these geodesics; see [49].

The result was generalized by Burq in [12], which reduced the regularity required. A more
modern and constructive proof of (1.2) along similar directions was given in [39]. Furthermore, [51]
extended the above results to time-dependent subsets I' of the boundary that satisfy the GCC; this
further optimized the control regions required for (1.2) to hold.

Microlocal methods can also be adapted to some wave equations (1.1) with lower-order terms,
with the caveat that the coefficients (X*, X, V) are time-independent, or at most analytic in the
time variable.> Moreover, these methods also apply to (time-independent) geometric wave operators
—0u + Ay, on product manifolds of the form [—7_, 7] x M, where (M, h) is a Riemannian manifold
with or without boundary, and where Ay, is the h-Laplace-Beltrami operator on M.

Carleman estimates represent yet another family of tools that has been useful for deriving observ-
ability. These are, roughly, weighted (spacetime) integral inequalities which contain an additional
free parameter A > 0. Historically, Carleman estimates have been used extensively for establishing

2Here7 the timespan 7 — 7— depends on the choice of zg.
3This requirement of time-analyticity is a consequence of the unique continuation results of [27, 50, 60].
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unique continuation properties of various PDEs, in particular with coefficients that fail to be ana-
lytic. This theory, pioneered by Carleman [15], Calderén [14], and Hérmander [26], among others,
has been developed over several decades; we refer the reader to [59] for a general survey.

In the context of Problem 1.1, Carleman estimates are advantageous due to their robustness, in
that they are applicable to a wide range of settings. For instance, in contrast to multiplier methods,
they allow one to treat wave equations (1.1) with arbitrary lower-order coefficients (with sufficient
regularity), while still achieving the some control regions of the form (1.4) as well as the lower
bound (1.5). In particular, by taking the free parameter X\ in these estimates to be as large as
necessary, one can “absorb” away any potentially dangerous contributions from lower-order terms.

For example, Carleman estimates were applied toward proving observability and controllability
of wave equations (with lower-order terms) in [38, 64, 65]. Additional adaptions of the Carleman
estimate method can be found in [9, 22], among many others. For further discussions, see [23].

On one hand, methods based on Carleman estimates lack the precision of microlocal methods and
do not achieve the GCC in general. However, Carleman methods apply to a wider class of settings,
including wave equations with time-dependent lower-order coefficients, without any assumption of
analyticity in time. Moreover, Carleman estimates have been extended to geometric wave equations,
given additional assumptions on the (time-independent) geometry; see, e.g., [20, 22, 61].

For this article, we are particularly concerned with lower-order coefficients X*, X%, V that vary
in both space and time, without any presumption of analyticity. As we wish for our results to be
as widely applicable as possible, we resort to Carleman estimates methods here.

Finally, we remark that the Carleman methods applied in [9, 22, 38, 64, 65] dealt only with the
case in which z¢ ¢ Q. (This was in contrast to multiplier methods, which allows for all zo € R™.)
In this article, we will also remove this restriction and consider cases with zg € Q.

1.1.2. Non-Static Domains. All the works described thus far have dealt with wave equations on a
time-independent cylindrical domain, [7_,74] x €, with time-independent boundary [r_, 4] x 9.
However, one can also pose the analogue of Problem 1.1 in settings in which the domain, and hence
the boundary, are moving in time. To be more specific, we consider a spacetime domain of the form

(1.7) U= J{r} x9,),

TER
where the €.’s are bounded open subsets of R™ that vary smoothly with respect to 7. For example,
this could represent a physical system that is itself accelerating.

In comparison to static settings, there has been a relatively small amount of research on time-
dependent, non-cylindrical domains. Below, we briefly survey of the some existing literature.

An early study that predated the HUM is that of Bardos and Chen [7], which established interior
controllability for free waves on domains U that are expanding in time. In particular, the result
was proved by deriving energy decay bounds and adopting stabilization techniques. Furthermore,
using geometric methods, the above result was extended to geometric (free) wave equations in [44],
under additional assumptions on the background geometry.

Using the HUM, Miranda [47] established Dirichlet boundary controllability for free waves on a
class of time-dependent domains with the following features:

e The domains are self-similar (i.e., each Q; is of the form k(7) - Qo for some k() > 0).
e The domain becomes “asymptotically cylindrical” (roughly, k() decays for large times).
e On the other hand, U needs not be expanding nor contracting at all times.
The result is established by applying a change of variables to convert the problem into that of
boundary controllability for a more general hyperbolic equation on a time-independent, cylindrical
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domain. The transformed problem is treated in [46] using multiplier methods and the observation
that the PDE asymptotes to the standard wave equation at large times.

The problem in one spatial dimension has been further studied by several authors in recent
years. For example, [17, 57] (see references within for earlier works) used multiplier methods to
study the case in which the boundary is given by two timelike lines ¢y and ¢ (with ¢y generally
taken to be vertical). More recently, [54, 55] considered these problems using Fourier methods.
In these particular cases, the optimal timespan required for control was obtained in some of the
above articles. Analogous problems with more general boundaries (that are not lines) have been
considered; one example is [63], which does not achieve the optimal timespan.

One of the primary goals of the present article is to tackle this problem of Dirichlet boundary
controllability of wave equations (with lower-order coefficients varying non-analytically in both space
and time) on time-dependent domains in full generality. In particular, we make no assumptions
on the shape of our domain U, aside from its boundary being timelike; in particular, ¢ needs not
be expanding, contracting, or self-similar in time. To the author’s knowledge, the present paper
provides the first results regarding controllability of waves in moving domains in this generality.

These results will be established using a novel global Carleman estimate that is entirely supported
in the exterior of a null cone. Furthermore, we obtain the best required timespan for controllability
that have been achieved via multiplier and Carleman estimate methods.

1.2. The Main Results. In this section, we state, at least roughly, the main results of this paper.
More specifically, we begin by describing the main observability inequalities, as well as how they
improve upon existing results. We then discuss the new Carleman estimate that is used to derive
these observability estimates, as well as the main ideas involved in its derivation.

Our results will apply to spatially bounded but time-dependent domains of the form (1.7) which
also have a smooth timelike boundary. We will refer to these domains throughout the paper as
generalized timelike cylinders; see Definition 2.11 for a precise definition of these domains.

1.2.1. A Preliminary Estimate for Free Waves. We begin by first presenting a “warm-up” estimate
that applies only to the free wave equation on generalized timelike cylinders. While this estimate is,
in multiple ways, strictly weaker than our main results, it does allow us to first discuss the effects
of time-dependent domains on observability apart from the other details of the main results.

The “warm up” estimate can be roughly stated as follows:

Theorem 1.2. Let U be a generalized timelike cylinder of the form (1.7), fix a point zo € R™, and
fix “initial” and “final” times 74 € R, with 7_ < 7. Moreover, we assume that

(1.8) T+ —7- >Ry +R_, Ry := sup |y— o,
yeaﬂ,.i

and we let ty € (7_,71) be such that*

(1.9) T4 —to > Ry, to—7- > R_.

Then, for any smooth solution ¢ of

(1.10) (05 + Ded)fu =0,  dlow =0,

we have the observability estimate

(111) | @RIVl ot s [ e,
Un{t=r.} r.

4Note that (1.8) implies that such a to € (7—, ) satisfying (1.9) exists.
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where N denotes the Minkowski outer-pointing unit normal of U, and where
1
(1.12) Lo={(r,y)edd | 7- <7 <7, Nfilry) >0}, foi= ZHCE —x0]® — (t —t)?].

Theorem 1.2 implies, via the standard HUM, a corresponding exact controllability result for free
waves. A rough statement of this can be expressed as follows:

Corollary 1.3. Assume the definitions and hyptheses of Theorem 1.2. Then, the free wave equation
(1.3) is exactly controllable, with initial and final data onUN{t = 7_} andUN{t = 74}, respectively,
and with Dirichlet boundary control supported in I, (all in the appropriate spaces).

Remark 1.4. See Theorem 5.17 for a precise statement of exact controllability in this context.

A precise version of Theorem 1.2, using notations developed in the article, is found in Theorem
2.23. In particular, despite its preliminary nature, Theorem 1.2 already achieves the properties (I)
and (II) listed in the beginning of the introduction, at least in the setting of free waves.

The proof of Theorem 1.2 is based on Lorentzian geometric adaptations of the classical multiplier
estimate found in [42]. The key points of this proof are as follows:

e The multiplier (z — z¢) - V in [42] is now replaced by the (Minkowski) gradient of f,.
e The proof uses the divergence theorem for Lorentzian manifolds; see [62, Appendix B.2].
For further details, the reader is referred to the proof of Theorem 2.23.

We now discuss some of the main features of Theorem 1.2 and its relations to previous literature.
First, observe that when I/ is time-independent, so that R, = R_, then (1.8) reduces to the standard
bound (1.5) on the timespan. Moreover, (1.8) can be argued in terms of finite speed of propagation:
information placed on the boundary at time ¢ = 7_ needs time at most R_ to travel to xg, and this
then needs time at most R4 to travel back to the boundary at ¢ = 7.

Next, since the domain ¢ may be changing in time, the outer unit normal A' may have a nonzero
t-component. Here, we use N to denote the Minkowski, rather than Euclidean, normal to N'. More
specifically, if N := (#!, ) denotes the Euclidean normal vector field to I/, then

(1.13) N = (V') = (- v).

Note that the control region T'x from (1.12) is simply the classical region (1.4), except that the
condition (y — zo) - ¥ > 0 from (1.4) is now replaced by N f.|(-,,y > 0. In particular, observe that
when U is time-independent, (1.12) reduces precisely to the standard region (1.4), since

1 1 & ) o ) ) 1
(1.14) Nf, = ZN(‘m — x0|2) =5 Z (2° — 20)v? Oy, (2" — x) = 5(,73 —xp) - V.
i,j=1
Remark 1.5. Whereas the standard observability estimates obtained from multipliers or Carleman
estimates can be thought to be centered about the point xg in space, in Theorem 1.2, one would view
the estimate as being centered about the event (tg, o) in the spacetime. In fact, the function f. in
(1.4) precisely measures the squared Minkowski distance to (to,xo). However, as was seen in (1.14),

the contribution of “ty” is not seen unless the domain U is changing in time.

More generally, one can compute that
1 1
(1.15) Nfe=S@=m)-v =gt —to) V'
By the definition of N and v in (1.13), we can observe the following:

e If v! > 0 at a point of OU, then U is expanding in time at that point.
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e If ¥ < 0 at a point of OU, then U is shrinking in time at that point.
Therefore, (1.15) implies the following general principle when ¢ > ty:

e Where U is expanding, N f, is less positive than (z — zg) - v. Thus, the region ', of
observation is smaller than the standard region (1.4) near points where I is expanding.

e Where U is shrinking, N f. is more positive than (x — zo) - v. Thus, the region T, of
observation is larger than the standard region (1.4) near points where I/ is shrinking.

On the other hand, for times t < ¢y, the above relations are reversed: I', becomes larger wherever
U is expanding, while I', becomes smaller wherever U is shrinking.

1.2.2. Observability Estimates. From the “warm-up” observability estimate, Theorem 1.2, one can
already see (from (1.12)) the effect of the moving boundary on the region of observation. However,
Theorem 1.2 fails to achieve the features (IIT) and (IV) at the beginning of the introduction:

e Theorem 1.2 only applies to the free wave equation (1.3), and not to general linear wave
equations of the form (1.1), that is, with lower-order terms.
e The region of observation can be even significantly improved from (1.12).

As mentioned before, Carleman estimate methods have been successful in handling the first
point above, without any additional assumption of independence or analyticity in time for the
lower-order coefficients. Here, we will similarly extend Theorem 1.2 to linear wave equations of the
form (1.1)—hence achieving property (III)—using our upcoming Carleman estimates.

With regards to the second point above, recall that the preliminary estimate of Theorem 1.2 is in
principle centered about an event (tg, o) of the spacetime. Another particularly novel consequence
of the main Carleman estimates of this article is that the region of observation can be further
restricted to the exterior D, of the null cone about (¢p, o). In fact, the main Carleman estimate
of this paper (see Theorem 3.1) is itself supported entirely on this exterior D.

With the above in mind, we now give a rough statement of our main observability estimates.
For simplicity of exposition, we avoid stating the most general cases here.

Theorem 1.6. Let U be a generalized timelike cylinder of the form (1.7), fix a point zo € R™, and
fix “initial” and “final” times 71 € R, with 7_ < 7. In addition:
e Assume the bound (1.8) holds, and let to € (7—,7) such that (1.9) holds.
o Fiz VXt € C>®(U), and let X* € C=(U;R™).
e Let N denote the Minkowski outer-pointing unit normal of U, let f. be defined as in (1.12),
and let I'y denote the following subset of OU:
(116) FT = {(Ta y) eau | f*|(7',y) > 07 Nf*|(7’,y) > 0}

Moreover, let Vi be any neighborhood of fT in OU.

Then, for any smooth solution ¢ of

(1.17) (—050 + Dud+ X'0) + X7 -V + VP)u =0, ¢lou =0,

we have the observability estimate

(118) I 2 e Y
Un{t=r+} Vi

The most general observability results can be found in Theorems 4.1 and 4.5, handling the cases
in which (¢g, ) lies outside and inside U, respectively. A precise version of Theorem 1.6, which
is a corollary of Theorems 4.1 and 4.5, can be found in Theorem 4.14. Note in particular that in
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contrast to previous results in the literature using Carleman estimate methods [9, 22, 38, 64, 65],
we do not require that the point (¢g, o) lies outside of ¢/ in Theorem 1.6.

Observe that the assumptions of Theorem 1.6, captured in (1.7), (1.8), and (1.9), are essentially
the same as in the “warm-up” Theorem 1.2. The first point of departure is that Theorem 1.6 applies
to the Dirichlet boundary problem for general linear wave equations of the form (1.1).

Remark 1.7. Theorem 1.6, as stated, applies only to smooth solutions ¢ of (1.17), with smooth
coefficients X, Xt, V. However, as is standard, the reqularities of both the solutions and the coeffi-
cients can be significantly lowered by examining more precisely the integrability and differentiability
conditions required in the proofs throughout the article. Since regularity is not presently a concern,
we avoid discussing these points in this article for simplicity.

The second difference between Theorems 1.2 and 1.6 is in the observation region, in particular,
between I'y in (1.12) and T'y in (1.16). In particular, the condition 7— < ¢ < 7y within I', (specifying
that I', lies within the initial and final times) is replaced by the condition f, > 0 in I'; (specifying
that I'y lies in the exterior of the null cone about (to,2¢)). In Lorentzian geometric terms, Theorem
1.6 improves upon existing results by further restricting the observation region to events that are
not causally related to (to, zo). See Figure 1.1 for examples of graphical depictions of T';.

Remark 1.8. In Minkowski geometry, the null cone about an event (tg,zq) is the set of all points
in R satisfying f. =0, or equivalently, the condition |t — to| = |x — x¢].

Remark 1.9. The assumptions (1.8) and (1.9) imply the region '+ in (1.16) is a proper subset of
L. in (1.12), so Theorem 1.6 represents an improvement in terms of the observation region. Note,
however, that the observation region in Theorem 1.2 is exactly Ty, whereas the observation region
Vi in Theorem 1.6 must be strictly larger than I'y (i.e., any neighborhood of fT)-

Compared to other results using multiplier and Carleman methods, Theorem 1.6 yields a strict
improvement of the region of observation to time-independent subsets of 0U. However, the regions
I'; are in general weaker than the geometric control condition obtained from microlocal methods
(under additional assumptions of time-independence or time-analyticity). Thus, as far as the author
is aware, the regions considered in Theorem 1.6 represent the best-known for non-analytic wave
equations, as well as for wave equations on time-dependent domains.

Remark 1.10. In addition, for general time-dependent U, the observation region I'+ in (1.16) can
be interpreted as a relativistic modification of the standard condition (x — xo) -v > 0. To explore
this further, let us consider a point (1,y) € I't. We can then perform a Lorentz boost centered about
the event (to, o) to obtain a new inertial coordinate system (t',z') on R**™ such that

t'(r,y) = t'(to, w0) = t(to, z0) = to.
In other words, (1,y) and (to,zo) are simultaneous with respect to (t',z’).

Since the function f, is invariant with respect to such Lorentz boosts, then
1 ) 1
Nf*'(f,y) = iNH‘r, - .’E0| ”(T,y) = 5[(53/ - xO) ’ VI]|(T,y)7
where V' denotes the spatial component of N in the boosted (t',z)-coordinates. In other words, the
condition N f.|(r,) > 0 is simply the standard condition (x — o) - v > 0, but now with respect to a

boosted inertial coordinate system in which (to,xo) and (1,y) are simultaneous.

We also note the discrepancy between I'y, which has the relativistic interpretation from Remark
1.10, and the actual observation region Y} from (1.18). In particular, Y is strictly larger than T't,
though by an arbitrarily small amount. This difference arises from two technical points:
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F1GURE 1.1. The diagrams give examples of regions considered in Theorem 1.6.
The first image shows the boundary Ol (in orange) of a generalized timelike cylin-
der U. The second image shows one case in which the point (¢g, o) (in red) lies
within U; here, I'+ (drawn in green) is the full intersection of OU with the exterior
D, of the null cone about (tg,xo). The last two images demonstrate another case
with (tg, 7o) outside of U: in the third image, the shaded piece (in light purple) is
the full intersection of OU with the null cone exterior D,, while in the fourth image,
the highlighted piece (in green) is the strictly smaller region I'y, where N f, > 0.
All of the images were generated using Mathematica.

e First, in the main Carleman estimates, we work not with f,, but rather with a perturbation
f; see Theorem 3.1 and (3.5) for details.® The reason is that the level sets of f, are only zero
pseudoconvex with respect to the wave operator, and hence a Carleman estimate obtained
using f, fails to control the full H 1_norm of the solution.®

e Furthermore, for the “interior” observability estimates, where (to,z¢) € U, the result is
obtained by adding together two Carleman estimates centered about two nearby points.
This is needed since the weights in the Carleman estimate degenerate at the center point,
hence the H'-norm is not controlled near there. For details, see Theorem 4.5.

Remark 1.11. In fact, when U is time-independent and (to,wo) € U (that is, the situation treated
by existing Carleman estimate methods in the literature), the observation region Yy in (1.18) can
be further improved to T+, which by (1.14) now has the form

Ly :={(r,y) € U | fil(ry) >0, (y — x0) - v > 0}, N = (V).

This is precisely the portion of the standard observation region (1.4) that lies outside the null cone
centered at (to,xg). See Theorem 4.1 and Corollary 4.12 for details and precise computations.

On the other hand, when (to,xo) € U, one does not expect that Y; can be replaced with T'y, since
in this case, I'y violates the geometric control condition.

Remark 1.12. In the case n = 1, Theorem 1.6 recovers all the results in the existing literature,
including the articles [17, 54, 55, 57, 63] mentioned previously, up to the optimal observation time.”

5Note7 however, that f can be made arbitrarily close to fx by adjusting the parameter ¢ within.
SEarlier linear and nonlinear Carleman estimates obtained from f+« were derived in [4, 5].
7H0wever, Theorem 1.6 does not treat the case in which 74 — 7_ is exactly equal to the optimal time.
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In addition, Theorem 1.6 further extends previous results to general cases in which OU is given by
two timelike curves, and to wave equations with arbitrary lower-order coefficients.

Finally, we note that Theorem 1.6 again implies exact controllability:

Corollary 1.13. Assume the definitions and hyptheses of Theorem 1.6. Then, the linear wave (1.1)
is exactly controllable, with initial and final data on U N {t = 7_} and U N {t = 74}, respectively,
and with Dirichlet boundary control supported in Y; (all in the appropriate spaces).

Remark 1.14. The initial and final data for the wave equation need not be placed on level sets of
t. In fact, with regards to Corollary 1.13, any pair of spacelike cross-sections of U lying in the past
and future of the null cone about (to,xo) would suffice; see the discussion in Section 5.2. This is
an immediate consequence of (geometric) energy estimates for linear wave equations.

1.2.3. Carleman Estimates. As mentioned before, our main observability results, in particular The-
orem 1.6, are obtained using a new Carleman estimate (derived in Section 3), which is the foundation
of this article. Roughly speaking, this Carleman estimate has the following features:

e The estimate is supported in the exterior of a null cone about a point (tg,z) € R**". In
fact, this property implies, through the standard arguments, that the resulting observability
inequalities, such as Theorem 1.6, inherit this exterior support property.

e The estimate is established through Lorentzian geometric techniques. By taking advantage
of methods that exploit the full spacetime geometry, we obtain results that are equally
applicable to domains with either fixed or moving boundaries.®

The precise Carleman estimate of this paper is stated in Theorem 3.1 and proved throughout Section
3. Below, we give a brief summary of some of the ideas behind its derivation.

The Lorentzian geometric perspective toward Carleman estimates for wave equations had its
roots in other applications. For example, in mathematical relativity, such estimates were used to
establish rigidity properties for stationary black hole spacetimes; see, e.g., [1, 2, 16, 30, 31].

Regarding the main Carleman estimates of this article, its ideas arose from the study of unique
continuation properties of waves “from infinity”. In [3], the following result was shown using geo-
metric Carleman estimates: if a linear wave vanished to infinite order at a “large enough” portion
of both future and past “null infinity” (formally, where the radiation field is manifested), then the
wave must vanish locally near that portion of infinity.” Furthermore, this infinite-order vanishing
is necessary, as one can construct solutions of (1.3) that decay like »—* for any k € N.

Next, [4] showed that in R the infinite-order vanishing assumption can be removed provided
the wave is globally regular.'® Technically speaking, the infinite-order vanishing condition arose from
the use of cutoff functions in the standard argument proving unique continuation from Carleman
estimates. This was overcome in [4] using new global Carleman estimates for which the associated
weight itself vanishes on the null cone about the origin. In particular, this vanishing weight removed
the need to use a cutoff function in the unique continuation argument. In fact, a similar weight is
also responsible for the exterior support property in the estimates of this paper.

Despite the global nature of the Carleman estimate in [4], it is equally applicable to finite
spacetime regions &/ C R'*". While this yields additional boundary terms on O, the vanishing
Carleman weight again ensures that no boundary terms are found on the null cone itself. A nonlinear
variant of this estimate was applied in [5] to study singularity formation for focusing subconformal

8In fact, most features of the Lorentzian approach can already be seen in the proof of the preliminary Theorem 1.2.
9See [3] for precise statements.
101y, particular, the counterexamples all blow up at some point in space.
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nonlinear wave equations. The key step with the Carleman estimate was to control the wave in the
interior of a past time cone, based at a singular point, by its values on the cone itself.

Although this is closely related to boundary observability estimates, which also aim to control
a wave in the interior of a cylindrical region U by its values on the boundary, the results of [4, 5]
unfortunately fail to imply such observability. The main reason is that these Carleman estimates
make heavy use of the hyperbolic function f, from (1.12), whose level sets fail to be strictly pseu-
doconvex.!! As a result, these estimates only control the L?-norm in the bulk, rather than the full
H'-norm that is required for observability and exact controllability.

In the existing literature on observability via Carleman estimates, this lack of pseudoconvexity
was overcome by altering f.. More specifically, one instead considers the level sets of

fc=|$—$o|2—02(t—to)2, 0<e<,

which are now strictly pseudoconvex. This property indeed allows for the recovery of the H'-norm in
the bulk. However, this f. is now poorly adapted to the geometry, in particular the characteristics,
of the wave operator. In particular, one cannot recover, using this f., the aforementioned exterior
support property of the Carleman estimates from [4, 5].

In this paper, we instead consider different alterations f of fs, with the following properties:

o fis well-adapted to the characteristics of the wave operator. In particular, like for f,, the
level set {f = 0} corresponds to the null cone about (o, xo).
e The level sets of f are strictly pseudoconvex in the exterior of the null cone about (¢, o).

In particular, by making use of the above f, one can both recover the H'-norm in the bulk and
preserve the exterior support property in our Carleman estimates.

While these properties of f can be viewed as the consequences of extensive computations, they
can also explained through the perspective of conformal geometry. In this respect, the main idea
in this paper is to consider instead a “warped” metric g that slightly inflates the volumes of spatial
spheres about the origin; see Definition 3.4. Moreover, this warped metric § can be shown to be
conformally isometric to the usual Minkowski metric on R'*"; see Proposition 3.18.

A fairly direct computation (see Proposition 3.14) shows that the positive level sets of the function
S, with (to, zg) = (0,0), are strictly pseudoconvex with respect to g. Then:

e Since pseudoconvexity (with respect to geometric wave operators) is a conformally invariant
property, the pullback f of f,. through the aforementioned conformal isometry is pseudo-
convex as well; this allows for the bulk H'-bounds in our Carleman estimates.

e Since the characteristics of geometric wave operators are also conformally invariant, this f
is also as well-adapted to the characteristics of the (flat) wave operator as fi is. As a result
of this, we can still derive the external support property using this f in the place of f,.

The above points provide the main ideas behind why the Carleman estimates in this paper work.

Remark 1.15. In fact, by conformal invariance, we can derive Carleman and observability es-
timates for wave equations with respect to other geometries that are conformally related to the
Minkowski metric. However, we will not pursue details of this in the present paper.

Now, regarding the proof of the main Carleman estimate, the strategy proceeds as follows:

(1) Prove a Carleman estimate for wave equations with respect to the “warped” metric g.
(2) Use the above-mentioned conformal isometry and invariance in order to extract a corre-
sponding Carleman estimate for the usual (flat) wave operator on R**™,

11Indeed7 these level sets are only zero, or degenerately, pseudoconvex.
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Steps (1) and (2) are proved in Sections 3.2 and 3.1, respectively. We remark that although this
process still involves extensive computations, the benefit is that the main steps are relatively simple.

Remark 1.16. As previously mentioned, the existing literature on Carleman-based observability
[9, 22, 38, 64, 65] only considered settings with (to, o) ¢ U (in the context of time-independent U ).
At a technical level, this was because one required uniform positivity of |x — xg| in order to obtain
a positive zero-order bulk term in the corresponding Carleman estimate. An interesting feature of
the exterior support property in our main Carleman estimate is that one no longer requires uniform
positivity for |x — xg| for a positive zero-order bulk. As a result, our main Carleman estimate also
holds when (to, o) € U and hence is applicable toward “interior” observability estimates.

Finally, we remark that this warping of the metric, in particular the difference between the
Minkowski and warped metrics, is primarily responsible for the discrepancy between the I'y and the
actual observed region ); in Theorem 1.6. Moreover, since this warping can be made arbitrarily
small, the discrepancy between I'; and V; can be made small as well.

1.2.4. Other Directions. A larger aim beyond the present paper is to study to similar controllability
properties for geometric wave equations, in particular to settings with time-dependent geometry.
As far as the author is aware, there is no literature directly addressing controllability for waves on
general Lorentzian manifolds. While we do not discuss this here, our broader intention is to develop
tools that can be robustly applied to geometric settings in future works.

Next, since the methods in this article do not require time-analyticity for its coefficients, they
could also be used for treating nonlinear wave equations. As already mentioned, earlier versions of
the main Carleman estimate have been used in [5], in the context of studying singularity formation.

Finally, Carleman estimates have been widely applied toward solving inverse problems for wave
equations, which themselves are closely connected to problems in tomography and seismology (see,
e.g., [56, 58]). In this respect, Carleman estimates have been applied both directly [11, 28] or as part
of an intermediate unique continuation argument [10, 34, 32, 33, 35, 36]. Another application of
the estimates in this article (and their future geometric generalizations) is toward inverse problems
for wave equations in settings with time-dependent domains and moving boundaries.

1.3. Outline of the Paper. The remainder of this paper will be organized as follows:

e In Section 2, we define the objects and notations that we will use throughout the paper. In
particular, we describe the domains—the generalized timelike cylinders—that we will con-
sider in our main results. We also give a precise statement of the preliminary observability
estimate given in Theorem 1.2, and we give a short, simple proof of this estimate.

e In Section 3, we state and prove our main Carleman estimate, Theorem 3.1. In particular,
within the proof, we introduce the “warped” metric and establish its basic properties.

e Section 4 is dedicated to the the precise statements of the main observability inequalities
of this paper, as well as to the proofs of these inequalities.

e In Section 5, we discuss some consequences of the main observability results. In particular,
Section 5.1 explores the special case of one spatial dimension, while Section 5.2 deals with
the exact controllability results that follow from our main inequalities.

1.4. Acknowledgments. The author wishes to thank Spyros Alexakis for numerous discussions,
in particular for previous work related to an earlier form of the Carleman estimates in this paper.
The author also extends thanks to Lauri Oksanen, Matti Lassas, and Matthieu Léautaud for some
helpful discussions, as well as to two anonymous referees for their comments and suggestions. In
addition, this work was partly supported by EPSRC grant EP/R011982/1.
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2. PRELIMINARIES

In this section, we set the notations and definitions that we will use throughout the paper. Using
these definitions, we will then give a precise formulation and a proof of the preliminary observability
estimate for free waves that was stated in Theorem 1.2.

Definition 2.1. Throughout, we will adopt the following standard notations for inequalities:

o We write A < B to mean that there is some universal constant C > 0 such that A < CB.
Moreover, A Sq,.....a,, B means that the above constant C' depends on a1, ..., an.

o We write A < B to mean that there is some sufficiently small and universal constant ¢ > 0
such that A < cB. Moreover, A <, .. B means that this ¢ depends on ay,..., Q.

M !a”"L

2.1. The Geometric Setting. Since the methods we use are Lorentz geometric in nature, we begin
our discussions by setting the basic notations relating to Minkowski geometry—the background
naturally associated to the wave operator. In addition, we give a precise definition of generalized
timelike cylinders, the time-dependent domains on which our wave equations are set.

2.1.1. Minkowski Geometry. We begin by recalling the Minkowski metric on R *":
Definition 2.2. We define the following on R'*":

o Lett andx = (x',...,2") denote the usual Cartesian coordinates on R'™" mapping to the
first and the remaining n components of R, respectively.
o Let g denote the Minkowski metric on R *":

(2.1) g = —dt* +d(z")? 4+ - +d(z™)>.
In particular, we refer to the manifold (R'™", g) as Minkowski spacetime.

Definition 2.3. We also define the following standard functions on R :

o Let r:=|z| denote the radial function.
o Let u and v denote the null coordinates:
1 1
(2.2) u = E(t—T), vi= 5(2&—1—7‘).
e Let f denote the hyperbolic function,
1
(2.3) fi=—uv= 1(7“2 —t%).

Remark 2.4. The nonzero level sets of f are one-sheeted (f > 0) and two-sheeted (f < 0)
hyperboloids on RY*T™  while {f = 0} is the null cone with vertex at the origin.

For our purposes, it would also be convenient to consider spacetime translations of the functions
from Definitions 2.3. Thus, we will also make use of the following notations:

Definition 2.5. Fiz a point P € R'™,
o We define the shifted time and spatial coordinates by

(2.4) tp:=1t—t(P), zp =z — z(P).
o We define the shifted radial coordinate, null coordinates, and hyperbolic function by
1
(2.5) rp:=lzp|,  up:= §(tP —rp), vp:= §(tP +7p), Ip = —upvp.

Definition 2.6. Recall the following standard coordinate systems on R*":
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e On {r # 0}, we recall the standard polar coordinates (t,r,w) and null coordinates (u,v,w),
with w being the angular coordinate taking values in SP~1. In addition, we let O, Oy, Oy, Oy
denote the coordinate vector fields with respect to these coordinate systems.

o We can also shift the above coordinate systems by any P € RY™™. More specifically, on
{rp # 0}, we have the shifted polar coordinates (tp,rp,w) and null coordinates (up,vp,w),
with w € S"~! now denoting the angular value about the azis {rp = 0}. Again, we let O;,,
Orp, Oup, Oy, denote the coordinate vector fields with respect to these coordinate systems.

Recall that the Minkowski metric can be written in terms of polar and null coordinates as
(2.6) g = —dt5 + drb + 135 = —4dupdvp + 135, P e R,
where ¥ is the unit round metric on the level spheres of (up,vp).

Definition 2.7. For tensor fields on R™™, we adopt the following index conventions:

o We use lowercase Greek letters (ranging from 0 to n) for spacetime components in R1T™.
o We use lowercase Latin letters (ranging from 1 to n — 1) to denote angular components,
corresponding to the w € S*™1 in any of the coordinate systems in Definition 2.6.
e As is standard, we will adopt the Einstein summation notation—repeated indices in both
subscript and superscript refer to sums over all possible index values.
e Unless stated otherwise, indices will be raised and lowered using g and its metric dual.
Definition 2.8. We adopt the following notations for covariant derivatives:

o Let V denote the Levi-Civita connection with respect to g. In particular, for an appropriately
defined function A, we write VA to mean the spacetime differential of A.

o Let V¥ denote the gradient with respect to g; more specifically, for an appropriate scalar
function h, we let V*h be the g-metric dual of Vh.*?

e Let O denote the wave operator with respect to g:

(2.7) 0= g*Vas.

o Let Y denote the angular connections on the level spheres o of (u,v), i.e., the Levi-Civita
connections associated with the metrics ¢ induced by g on the spheres o. Similarly, we use

YT to denote the angular connections on the level spheres of (up,vp).
Definition 2.9. Let P € R*™™". We define the domains Dp and D by
(2.8) Dp :={fp >0}, D:={f >0},
i.e., the exteriors of the null cones about P and the origin, respectively.

Definition 2.10. Let P € R'*™ and A C R*™,
o Let IT(P) and I~ (P) denote the chronological future and past, respectively, of P:

(2.9) I+(P):{fp<0}ﬂ{tp>0}, I=(P)={fp<0}n{tp <0}.
o Let IT(A) and I~ (A) denote the chronological future and past of A:

(2.10) ray=rw, 1ruw=Irw.

PecA PcA

12In other words, VEh is the vector field obtained by raising the index of Vh.
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2.1.2. Geometric Timelike Cylinders. Next, we define precisely the domains (in general, time-
dependent and with moving boundaries) on which we will consider our wave equations.

Definition 2.11. U is called a generalized timelike cylinder (abbreviated GTC) in RYT™ iff:

o U CRY™™ and OU is a smooth timelike hypersurface of R1T™.
e For any T € R, the set Q. :={y € R" | (1,y) € U} is nonempty, bounded, and open in R™.
e There is a smooth future-directed timelike vector field Z on U, with Z|ay tangent to OU.

In the above, we refer to Z as a generator of U.

Remark 2.12. Note that if U is a GTC, then we have the following:
o With Q. as in Definition 2.11, we can write

U= J{r} x Q.
TER
e Since each Q: is open, then U is open in R+,
o Any two Qr, and Q, are diffeomorphic, as manifolds with boundaries. For instance, one
can identify Q. with Q. by flowing along the integral curves of any generator Z of U.

Remark 2.13. The regularity of OU and the generator Z in Definition 2.11 could be lowered
considerably without altering the main results of this paper. However, since reqularity is not a main
focus here, we avoid exploring optimal reqularities to avoid technical baggage.

Example 2.14. Suppose  is bounded and open subset of R™, with a smooth boundary Q2. Then,
the static cylinder R x Q is a GTC, and 0y is a generator of R x Q.

Suppose U is a GTC. Given a coordinate system (y!,...,y") on Qg (see Definition 2.11), we can
lift the y*’s to U by transporting them along the integral curves of a generator Z. With respect
to the coordinates (¢,y',...,3™), we have that U ~ R x y. Thus, we can characterize GTCs as
domains that can be reparametrized as static cylinders (in which the static direction is timelike).

Next, we describe geometrically the hypersurfaces on which one can impose Cauchy (i.e., initial
or final) data for a linear wave equation on a GTC:

Definition 2.15. Let U be a GTC. A subset V C U is called a cross-section of U iff:
e V is a smooth spacelike hypersurface of U, and 0V C oU .3

o If Z is a generator of U, then every integral curve of Z hits V exactly once.

Note that any two cross-sections V; and Vs of a GTC must be diffeomorphic, since V; can be
identified with Vs by flowing along the integral curves of any generator. Next, we develop some
basic terminology for comparing two cross-sections of a GTC.

Definition 2.16. Let U be a GTC, and let V_,V, be two cross-sections of U.
o We write V_ < Vi iff Vi CIT(V_) (or equivalently, V_ C I~ (Vy)).
o When V_ <V, we let U(V_,V;) denote the region of U between V_ and Vi,

(2.11) UV V) =UNTTV)N T~ (Vy),
and we let OU(V_, V) denote the region of OU between V_ and V.,
(212) 8U(V_,V+) = 3Mﬁ]+(V_)ﬁlf(V+)

The most basic examples of cross-sections are constructed from the level sets of t:

13Recall that V is called spacelike iff the metric on V induced by g is positive-definite.
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Definition 2.17. LetU be a GTC.

o Given 7 € R, we define the cross-section

(2.13) U =Un{t =r}.
o Moreover, given T7_, 7+ € R with 7_ < 7, we define
(2.14) Ur 7y =UU_ U ) =UN{T- <t < T4},
OUr_ 7y = 0UU_ Uy, ) =0UN{T_ <t < T4}

2.2. Linear Wave Equations. The next task is to give a precise description of the linear wave
equations that we will consider throughout this paper:

Problem 2.18. Let U be a GTC in R'*™, and fix

(2.15) X € C®U;R™™),  Veo™®WU).
Solve the following linear wave equation on U:
(2.16) Poly = (0 +Vad+ Vo)l =0.

Remark 2.19. The assumption (2.15) that the coefficients X and V in P are smooth is purely for
convenience. All the results in the paper still hold, as long as X and V are sufficiently reqular. For
instance, our main observability results remain true when X and V are merely uniformly bounded.**

2.2.1. FEnergy Estimates. Next, we establish standard energy estimates, one global and one local,
for solutions of Problem 2.18 with vanishing Dirichlet data. Before stating and proving the energy
estimates, however, we first require some notations regarding the sizes of tensorial objects:
Definition 2.20. Let W be an open subset of R11™.

e For a scalar h € C®(W), we define

(2.17) IViohl? = (0th)? 4 (0p1h)? + - -+ + (Ognh)?.
e For a vector field X € C°(W;RY™), we define
(2.18) X2 = (X2 + (X7 )24+ (X2,
where X?, X< ..., X" represent the components of X in Cartesian coordinates.

The following global energy estimate can be viewed as a geometric extension of the modified
energy estimates of [20, 66]. As was the case in [20], these modified estimates allow us to optimize
our dependence on the potential in our main observability estimates.

Proposition 2.21. Let U be a GTC, and let Vi be cross-sections of U with V_ < V.. Moreover,
consider the linear wave equation of Problem 2.18, and let

(2.19) Mo:=14+ sup |V], Mp:=1+ sup [|XV7], T :=supt—inft.
UWV-.vy) UV-,vy) ve o V-

Then, there exist constants C,C' > 0, depending on U and V4, such that

(2.20) / (Ve 28] + My - ¢%) < Ce' M +MIT / (IVez0* + Mo - ¢%),
Vi

14The assumptions for V' could be further weakened (for instance, to LP-integrability) with more refinements to the
proofs in this article. However, we avoid doing this here in order to avoid additional technical details.
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/ (|vt,m¢|2+M0'¢2) < CeC/(M(?+M1)T/ (|Vt,x¢‘2+MO'¢2)'

_ vy
for any solution ¢ € C*(U) N CH(U) of (2.16) that also satisfies Plovv_v,) = 0.

Proof sketch. First, we fix some t € C°(U) satisfying the following:

e Vit is everywhere timelike and past-directed (i.e., t is a “time coordinate”).
e There exist 7+ € R such that

(2.21) Ve=UN{t=r1}, Ty —T_~T.
Note U N {t =7} is a cross-section of U for any 7 € R. We also define the modified energy
(222) En= [ (Ve M), TER

un{t=r}

as well as the modified stress-energy tensor:

1
(2.23) Qag = VadVsd = 59a5(9" VbV + Mo - ¢%).

Let Z be a generator of U; we then apply the usual multiplier method to ¢, with multiplier Z.
First, an application of the (Lorentzian) divergence theorem on U(V_,V, ) yields

(2.24) / VQuZ) = [ QW2 + [ QW' Z)+ / Q. 2),
UV_Vy) v, V_ AUV_, Vi)

where N and N’ denote the outward and inward pointing unit normals to U(V_, V, ), respectively.
Since Z is future timelike, then standard computations yield that

(2.25) *, QW' Z) ~y v, E(T).

Moreover, since Z and A are orthogonal on 9, and since ¢ vanishes on OU(V_, V. ), then

2.26 N,Z) = NoéZp = 0.
(2.26) /au(v_,v+)Q( ) /au(v_,m) il

For the bulk term in (2.24), we expand and apply (2.16) to estimate

(2.27) / VO (Qus )
UWV_Vy)

< / (I061126] + Mo|6]| 26| + |QusV* 2°))

UV_Vy)
Suve [ (MuIVeal|Z6]+ Molol1 261 + V)
UV_Vy)

By (2.22), (2.27), Holder’s inequality, and Fubini’s theorem, we conclude that

[ Q)
UV-.vy)
Combining (2.24)—(2.26) and (2.28), we obtain the inequalities

1 T+
(2.28) s (ME + M) / £(r)dr.

(2.29) E(rx) Suvy E(m4) + (Mé + M) /TJr E(T)dr.

By varying Vi to be other level sets of t, we see that (2.29) holds for arbitrary 7+ € R. The
desired estimate (2.20) now follows from (2.29) and from Gronwall’s inequality. O
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We will also need a variant of Proposition 2.21 that is localized to a null cone exterior.

Proposition 2.22. Fiz P € R'*", let U be a GTC, and let V be a cross-section of U satisfying
either Uy py <V or V <Uypy. Moreover, we consider Problem 2.18, and we let

(2.30) Moy =1+ sup |V|, My =1+ sup |x"", T :=suplt — t(P)].
UNDp UNDp Vv
Then, there exist C,C’ > 0, depending on U and V, such that
1
(2.31) / (IVeadl + Mo - ¢7) < Ce& Mo HMIT / (IVeadl® + Mo - 6°),
YNDp ut(p)ﬁDp

for any solution ¢ € C>=(U) N C*U) of (2.16) that also satisfies ¢|oynpp = 0.
Proof sketch. Again, we fix a “time coordinate” t € C°°(U) such that:

e V't is everywhere timelike and past-directed.
e There exist 79,71 € R such that

(232) V:L{ﬂ{t:ﬁ}, L{ﬁ{t:m}, |T177'0|27—.

Moreover, let @ be defined as in (2.23), and define the localized energy,

(2.33) H(r) = / (Viwdl? + Mo ¢2), TER.
Uﬁ{t:T}ﬂ’DP

We only prove the case Uy py <V (that is, 79 < 71), as the remaining case V < Uy py can be derived
analogously. We also assume V N Dp # (), since the result is trivial otherwise.

Again, we let Z be a generator of /. The argument proceeds like the proof of Proposition 2.21,
except we integrate V*(QasZ”) over U(Uypy, V) N Dp. Applying the divergence theorem yields

va(QaﬁZﬁ)z/ Q(N’,Z)+/ QN Z)

YNDp Ut(p)ﬁDp

+/ QW,Z2) +1,
6M(Mt(p),v)ﬁDp

where A" and N’ denotes the outward and inward pointing unit normals to U(V_, V. ), respectively,
and where the last term Z denotes an integral over the null boundary U (Uy(py, V) N 0Dp.
By computations similar to those in the proof of Proposition 2.21, we obtain

(2.35) —/ QWN', Z) ~u v H(m), / QW",Z) ~u,y H(mo),
VADp Uy pyNDp

(2.34) /
Z/{(Ll,(p),v)mDp

as well as

(2.36) QW 2) =0,

/BM(Mt<P) ,V)ﬁ'Dp

For the remaining null boundary integral, standard computations using @ imply that Z > 0.1°
Next, using (2.16), we can bound

/ Ve (Qus2”)
M(th(p) ,V)m'DP

151 particular, we use that @ satisfies the so-called positive energy condition.

(2.37)

</ (0611791 + Molgl126] + |Qus " 2°))
UUypy,V)NDp
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Suy (M§ + M) [ H(ryar
Combining (2.34)—(2.37) yields
(2.38) H(m) Su,y Hmo) + (Mé + Ml)/ H(T)dT.
70

Varying V yields that (2.38) holds for any 7, > 0, and (2.31) follows from Gronwall’s inequality. [

2.2.2. The Preliminary Result. We conclude this section by proving the preliminary observability
estimate for free waves described in Section 1.2.1. More specifically, we establish the following:

Theorem 2.23. Let (U,Z) be a GTC, and fix xo € R™ and 74+ € R, with 7— < 7. Also, assume

(2.39) 74 —7- >Ry +R_, Ri:= sup |y— zol,
(7+,y)eouU

and fix to € (7—,74) such that

(240) T+ — t() > R+, t() -7 >R_.

Then, for any smooth solution ¢ of

(241) D¢|l/l = 07 ¢|6U = 0;

we have the observability estimate

(242 PG R ST —

T+

where N denotes the Minkowski outer-pointing unit normal of U, and where
(2.43) I,:={(r,y) € U,_,, | Nfp >0}, P := (to,x0)-

Proof. By the translation symmetry of Minkowski spacetime, we can assume without loss of gen-
erality that P = (t9,x0) := 0 (and hence fp = f). For convenience, we also define

-1
(2.44) S:=Vif, S, =8+" —
Note that direct computations yield
1 1
(2.45) Vif =30, Df:”; .

The proof of (2.42) proceeds in a manner analogous to the multiplier proof in [42], except that
here we use S.¢ as our multiplier. First, recalling (2.41) and (2.44), we see that

(2.46) 0:/u Dqss*qs:/u D¢S¢+n;1/u O¢-¢:= 1) + .

T T4 T Ty T T4

For I, we integrate by parts (using the Lorentzian divergence theorem [62]) to obtain

(2.47) 12:—”_1/ O
U,

R |
el AL
. u

T— T T4

4
Similarly, for I;, we integrate by parts twice and recall (2.3), (2.41), (2.44), and (2.45):

Y ) -
i /W NSé /u VadVo (V2 1V 50)

=T7T_ T T4 T T4

(2.48) L =— /u 0 pSe

T
T
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—— [owese| + [ NHWeP- [ V.eveivas
u, rer ou, ., U o,
1 8 o
-3/  VTaoT)
- T=T4 1 . T=T4 1 )
= [Lowse| vy [ arvrevae] 4y [ LT
~ [ VVaese s [ DfVaeves
Un ry Ur oy
- T=T4 1 . T=T4 1 )
= f o0se| vy [ arvieves wgf NI
n—1 o
e A

T_,T+
In particular, for the boundary terms along OU;,_ -, in (2.48), we observed that the only nonzero
components of V¢ lie in the A-direction. Combining (2.46)—(2.48), we then obtain

(2.49) /M (atgbsm;atfvawm) R /W NN

2

T=T— T—T4

Using (2.3) and (2.44), we expand

n —

1 1
1 ¢8t¢+1tv VN

(250)  9:05.0— 3OSV 6Vab = S1(00) + {0V (Jaf) Vo —

1 1
= Zt|vt,z¢|2 + §8t¢2*¢3
where
1
(2.51) Vg i= 5[va(ﬁ)vm(ﬁ —(n—1)g].
Combinining (2.49) and (2.50) then yields

(2.52) % V20 — %/ V20> = —/ XD I
U, u.

U,

o NN
I /W fN9)

Now, at t = 73, we recall (2.51) and bound

(2.53) /u SR> IR
T+

Ry 9 1 9
— 0 — DIN
<% /uTi<t<z>> am ), (59

+

_Ri 2 1 a2 2
=5 [, @0+ g [ IV
1 n—1\2 9 mn—1_, 4 9
+2Ri/uri ( 5 )¢+ 1 V(T)Vaw)]-

By (2.39), the first two integrands in the right-hand side of (2.53) can be bounded by

(254) {Br@or + g 19 02VacP)

R, )
_ < =
2R, 4 =2 Vit

Ut Ut
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Furthermore, the last term in (2.53) can be simplified via integrating by parts (using the classical
divergence theorem on a domain in R™) and recalling from (2.41) that ¢ vanishes on 0U:

(2.55) Ve(rHVa(o?) = —2n [ #2

U+t Uyt
From (2.53)—(2.55), we then estimate

/ Vo4 [(n—1)2_n(n—l)]¢2

(2.56) SR: 1 5

Ri n —
W AL / -
Ury = Uy

Finally, combining (2.52) and (2.56), we conclude that
1( 1 / , 1 )
x| o eeg [
(R— U By Ju,,
R,

2 R_ 2 2
<5, ol T [ e+ [ w0

Ur, U -,

T—

T n
(2.57) 7* Viao]* — —/u Veedl® +
T+

< B+
2 UT+

R_
|vt,z¢|2 + 7 / |vt,x¢|2 + Nf(N¢)25
Ur .

In the last step of (2.57), we observed that the sign of N'f (N ¢)? in the boundary integral is simply
the sign of V' f, hence the part of OU;_ ,, where N'f < 0 can be discarded. The desired estimate
(2.42) now follows by applying the assumption (2.40) (with ¢y = 0) to (2.57).16 O

3. CARLEMAN ESTIMATES
The objective of this section is to establish the main Carleman estimate of this paper:

Theorem 3.1. Let U be a GTC, and fir P € R'T™. Moreover, assume there exists R > 0 with

(3.1) UNDp C {rp < R}.
Fix also €,a,b > 0, and suppose the following conditions hold:
(3.2) a>n?  e<,b< R
Then, there exist constants C,C’' > 0—which are independent of ¢, a, b, R—such that given any
(3:3) peC*UNCYU),  dlounp, =0,
we have the Carleman estimate
Ga) o[ DfelDoP O [ Dl e e+ fe N NG
a Junpp aUNDp

= CE/ <£b;er1;1(|uP : aUP¢|2 + |UP ’ aqub|2 +fp- gabqusqus)
UNDp

_1
+ Cba2 / C(fb;gfp 2. ¢27
UNDp
where:

16Although (2.57) does not control the L2-norm of ¢ when n = 1, this can be recovered using the Poincaré inequality.
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° is the associated Carleman weight

P
a,b;e

1 2a
P fp ox 2bf2
(35) abie {(1 +€Up)(1 — E’Up) P (]_ — E’U,p)%(]. + 5'UP)§"| } ’

o N is the outer-pointing unit normal of U (with respect to g).

Remark 3.2. We note that by (3.2), neither 1 + eup or 1 — cvp can vanish on U N Dp; see
Proposition 3.10. As a result, the Carleman weight ¢¥,._ in (3.5) is always well-defined.

a,bse
The proof of Theorem 3.1 consists of two main steps:
e First, by a conformal transformation, we reduce the desired estimate (3.4) to a correspond-
ing Carleman estimate in the exterior D of a null cone, but with respect to a “warped”
Minkowski metric. This step is carried out in Section 3.1, where we discuss this warped
metric in detail and then perform this conformal reduction.
e In Section 3.2, we prove the Carleman estimate in the warped Minkowski spacetime.

3.1. The Warped Geometry. This section is devoted to discussing the warped geometries that
form the backbone of the proof of Theorem 3.1. We first establish some basic properties of these
geometries, and we then demonstrate how they are conformally related to the Minkowski metric.
Finally, at the end of this section, we reduce the proof of Theorem 3.1 to that of establishing a
corresponding Carleman estimate on the warped spacetime; see Theorem 3.22.

3.1.1. The Warped Metric. The warped metric can be formally defined as follows:
Definition 3.3. Fiz a constant € € R, which we refer to as the warping factor.

Definition 3.4. We define the e-warped Minkowski metric on R'T" \ {r = 0} by

(3.6) g = —4dudv + p*5.
where v is the unit round metric on the level spheres of (u,v), and where p is the warped radius:
(3.7) pi=r-+2¢f,

Remark 3.5. Note that g and its associated objects depend on the warping factor €.
We will adopt the following notational conventions regarding objects associated with g.

Definition 3.6. In general, objects defined with respect to the warped metric g are denoted with the
same symbols as the corresponding objects defined with respect to the Minkowski metric g, except
that these symbols will have a “bar” over them. For example:

o Let ? denote the Levi-Civita connection with respect to g.
o LetU:= GPV ap denote the wave operator with respect to §.

e Let YV denote the connections induced by g on the level spheres of (u,v).

Remark 3.7. Note that g is simply the Minkowsi metric g when € = 0. In particular, all of the
general properties that we establish for g will also apply to g.

We now list the results of some basic computations involving g:
Proposition 3.8. The following properties hold:
o The g-gradient V¥ f of f satisfies

(3.9) Tif— %(u@u D), VOfVaf = f.
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e The nonzero components of V2 f, in null coordinates, are given by
_ _ 1 e
(39) vuvf = _]-7 vabf = (2 + Z) Gab,

e [ also satisfies the following identities:
n+1 -1
, (n=Def
2 p

In the above, all indices are raised and lowered using §g.

(3.10) Of - VOV Vs f = 5.

Proposition 3.9. The quantity p—'f satisfies

f v? (f) §
. 8u — | == av - | = ’
(311 (p) p? p

as well as the following wave equation:
_ -1 2 -3
(3.12) D(Jj) = <1—E_f)—("_3)f.
p 2p p p
Next, we recall the region D from Definition 2.9, representing the exterior of the (Minkowski)
null cone about the origin. We can then establish the following basic inequalities on D:

Proposition 3.10. The following inequalities hold on D:

(3.13) 0<—u<r, O<wv<r, 0<f<r?

Furthermore, if € > 0, then the following inequality holds on D:

(3.14) f2<p

Proof. First, (3.13) follows immediately from (2.2), (2.3), and (2.8). Then, by (3.7), we have
f<r®=(p—2ef)

Since f > 0 on D and ¢ > 0, taking square roots of the above yields (3.14). O

Next, we derive the null convexity properties of level sets of f (with respect to §) whenever ¢ is
positive.!” This is most straightforwardly shown using a frame that is adapted to f.

Definition 3.11. We define the following vector fields on D,

1, 1 1. 1
(3.15) T:= if’f(—uauﬁ—vav), N = if’i(uau—i—v@v),
both of which are normal to the level spheres of (u,v).

Proposition 3.12. T' is everywhere tangent to the level sets of f, while N is everywhere normal
to the level sets of f. Moreover, V2f satisfies the following:

_ _ _ _ 1 _ 1
(3.16) Vrof =Vnaf =Vrnf=0,  Vrrf= 5 VNN = >
For our purposes, the null convexity is most conveniently captured in the quantity m defined
below. This will be exploited in the proof of the “warped” Carleman estimate, Theorem 3.22.

I7Null convexity (or pseudoconvexity, in more general contexts) of these level sets can be characterized as follows:
Vxxf > 0 for all null vector fields X that are tangent to the level sets of f. In particular, observe that the preceding
property is a consequence of the results for 7 in Proposition 3.12.



24 ARICK SHAO

Definition 3.13. We define the following modified deformation tensor:

_ _ - 1 ef
3.17 7:=V2f—h-g hi=_-+=.
(3.17) Ti=Vf g, AT
In future computations, we will also make use of the following quantity:
N - n—1  (n—2)f
3.18 ==-0f —h= .
(3.18) wi=30f TR
Proposition 3.14. The nonvanishing components of T are given by
_ ef _ ef _ _ ef
3.19 = = ab = == - Gab, ———
( ) TrT 25’ Tab 2% Gab TNN 2

Furthermore, w satisfies the following wave equation:
(n=2)[(n=3)f n-1 (1—2&—]0)]
25 7 2 AN
Remark 3.15. In particular, one can show from the first two identities in (3.19) that
Vxxf=mxx >0,

for any null vector field X tangent to the level sets of f. In other words, these level sets are (g)-null
convex in the direction of increasing f. This null convezity is also connected to the more general
notion of pseudoconvexity (with respect to U) in unique continuation theory; see [26, 40].

[

w = —

(3.20)

3.1.2. The Conformal Isometry. The next step is to describe how this warped geometry, as described
in Definitions 3.3 and 3.4, is conformally related to Minkowski geometry.

Definition 3.16. Let R > 0 and € € R, and assume |e| <, R~. We then define the map
&:DN{r<R}—D,

in terms of null coordinates (about the origin) by

(3.21) O (u,v,w) = (u(u,v,w), v(u,v,w),o(u,v,w))
= (u(l+eu) ol —ev) ™ w).

In addition, for future convenience, we define the function

(3.22) &:=(1+eu)(l—ev).

Remark 3.17. Note that by (3.13), the right-hand side of (3.21) is well-defined.

Proposition 3.18. Assume the setting of Definition 3.16. Then:
o The following identities hold:

(3.23) fo®=¢1f,  pod=¢tr
o O defines a conformal isometry between DN{r < R} and an open subset of D. In particular,
(324) i)*g = §_29|Dﬁ{r<R};

where @, denotes the pullback of § through ®.
Proposition 3.19. Assume the setting of Definition 3.16. Also, let Q be an open subset of D, let
¢ € C%R), and let ¢ = po . Then, the following identity holds:

n — 2 n—1 — n+3
(3.25) [D ; g@%ﬂ (€55 ) = £ 0.
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We now establish a number of elementary comparisons showing that objects with respect to g
differ little from corresponding objects with respect to g:

Proposition 3.20. Assume the setting of Definition 3.16. Then:
e The following comparisons hold on DN {r < R}:

(3.26) (14+eu)” ~1, (1—ev)* =1, £~ 1.
e The following comparisons hold on DN {r < R}:
(3.27) —(uo ®) ~ —u, vod ~u, fod~f.
e The following comparisons hold on DN {r < R}:
(3.28) 0ug] ~e, |08 ~e.
e For any open subset  C D and ¢ € C1(Q), we have
(3.29) 0,0] = 10u6l, 1001 = 10.0],  §"V bV = gV b V0.

Proof. Since 0 < —u,v < R by (3.13), the smallness assumption on & implies the first two compar-
isons in (3.26); the remaining part of (3.26) now follows from (3.22). Using (3.26), then:

e (3.27) follows from (3.21) and (3.23).
o (3.28) follows from direct computations along with (3.26).
e (3.29) follows from (3.21) and (3.26). O

Proposition 3.21. Assume the setting of Definition 3.16, and suppose U is a GTC satisfying
UNDC{r<R}.
Then, ®(U ND) is an open subset of D, and its boundary in D is the hypersurface ®(OU N D).

Proof. This is an immediate consequence of ® being a conformal isometry (see Proposition 3.18)
and of the fact that conformal isometries preserve the causal geometry. (|

3.1.3. The Warped Carleman Estimate. We now reduce the proof of Theorem 3.1 to establishing
an intermediate Carleman estimate on the warped exterior (D, g). The precise statement of this
intermediate estimate is given in the subsequent theorem:

Theorem 3.22. Fiz R > 0, and let U be a GTC satisfying

(3.30) UNDC {r<R}.

Fix also €,a,b > 0 such that the following conditions hold:

(3.31) a>n?  e<,b< R

Then, for any ¢ € C*(®(U ND)) N CH DU ND)) that is uniformly C*-bounded and satisfies
(3.32) ¢l ounp) =0,

we have the Carleman estimate

1 - o
633 o [ GafBeP+ [ GNP
a J&unD) &(OUND)

_ _ b 2
> < / Cond (- 0l + |- Db + FTUF a8V ) + /
8 Jawnp) 4

dUND

)cmbf—%?,

where all integrals are with respect to volume forms induced by g, and where:
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o & is as given in Definition 3.16.
® (ap is the (warped) Carleman weight

(3.34) Cap i= f20et7
o N is the outer-pointing unit normal of ®(U ND) (with respect to g).

Remark 3.23. Note that by the conclusions of Proposition 5.21, both the integral along O(0UND)
and the outer unit normal N' to ®(U N'D) are well-defined objects.

Remark 3.24. The factors f1/? present in the last term of (3.33) and in (3.34) could be replaced
by fP, for some p > 0, provided the constants of the inequality (3.33) are also adjusted; see, for
instance, a similar estimate in [4]. However, we will not need this flexibility here.

Below, we show that by assuming Theorem 3.22, we can recover our main Carleman estimate,
Theorem 3.1. This effectively reduces the proof of Theorem 3.1 to that of Theorem 3.22.

Proof (Theorem 3.22 = Theorem 3.1). Assume the hypotheses of Theorem 3.1; in particular, we
let R, U, a, b, €, ¢ be as in its statement. Throughout the proof, we will use “dg” and “dg” to denote
integrals with respect to volume forms induced by g and g, respectively. Also, by the translation
symmetry of Minkowski spacetime, we can assume without loss of generality that P = 0.

Consider the (uniformly C*'-bounded) function

(3.35) b:=¢od e C*OUND))NCHOUND)),
which we note satisfies the Dirichlet boundary condition (3.32). Applying Theorem 3.22 to the
above R, U, a, b, ¢, and with §%1(§ in the place of ¢, we obtain

1 = n—1 — - _ n—1 —
630) o [ GaBETOR g [ NN O dg
a J&unp) @(0UND)
> < / Conp (- 0u(ET B + [0 06" D) + fgE" 'V ubY 9] - dg
o(UND)
2
J%  Cnf TS g
&(UND)

We now pull each integral in (3.36) back through the diffeomorphism ® and bound some extra-
neous factors. First, for the last term on the right-hand side of (3.36), we have that

(337) / Capf2E" 197 - dg = / COpe(€7 )27 ¢ Mg
®UND) unD

_ 1
> / 0, 1% dg
uno

where we in particular note the following:
o The extra factor £~ arises from the change of volume forms from g to g.
e By (3.23), all instances of f in the left-hand side of (3.37) are replaced by £~ f. Note that
in particular, this results in the weight (,; being replaced by Cg)b;s; see (3.5).
e The last inequality in (3.37) is a consequence of (3.26).
By similar reasoning, we also obtain

(338) /: Ca,bﬁ_lfgabgn_lﬁaqgﬁbé ! dg Z / S,b;ar_lfgabva¢vb¢ . dg7
®(UND) u

nD
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1

where the factor p~' is also handled using (3.23). Next, writing

oo - [0+ C e - L ),

and recalling (3.25), we see (using the same reasoning as before) that

(3.39) [p (m)ca,bf@(s%‘l@ﬁ-dgs /u eI dy e / ¢ ,r2f - dg.

unD

For the boundary term, we observe from Proposition 3.21 that ®(0U N D) is mapped via ! to
OU ND. Moreover, Proposition 3.21 implies that the push-forward of A through ®~! is precisely
EN, where N is as in the statement of Theorem 3.1. As a result, we have

(3.40) / CNFINET )P - dg = / 0, (EN)(E PIEN)(E®
&(oUND) aUND

P&y

- / 0, ENE NG - dg,
oUND

where in the last step, we also used (3.3).
For the remaining first-order bulk terms, we apply (3.21), (3.26), (3.28), and (3.29) to obtain

(3.41) / Cons - B, (€T )2 dg>c/ 0, Yu- 0, T PP - dg
dUND)
201/ Cabe llu 8u¢|2 dg
uno

2. 2 0 —1,.2 42
- 025 n / a,b;sr u ¢ : dga
unD

for some universal constants C,Cy,Cy > 0. A similar computation yields

(3.42) / caybﬁ-lwm(f%w-dgz01/ ¢ r o B,0[2 - dg
SUND) unD

— 0252n2/ et 0 - dg.
unD

Finally, combining (3.36) with (3.37)—(3.42) yields

1 2 / 2 -1 2
Ba) L[ uniOof g [N NG dg

> Ce / O, - 0o + v B> + Fg* Y udVid - d
UunNno
C// 4 2
ne / 0, 21 dg
uno

Rl T R Pt
UunD
for some constants C,C’,C" > 0. By (3.1), (3.2), and (3.13), we have

52714 f 2 9 1,1 1 2 1 9,1
G <eca<e-ea” f2fT2<Kb-R a”-Rf 2 =ba"f"2,

a T

e3n?(u? + v?)
r

+Cba2/u . 3,b;af7%¢2~dg—
n

(3.44)

<2e32R? . plfr L f73 < 23n2R2. f7E & balf R
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In particular, (3.44) implies that the last two (negative) terms in the right-hand side of (3.43) can
be absorbed into the third last (positive) term. This results in the inequality

1
(3.45) */ 2,b;g-f\D¢l2~dg+C’/ abie EN(ETING? - dg
unp

a ounD

> Ce / Qo Ml 0udl? + v 0,0 + F9"'Y 10V 9] - dg
Uunb

+ cm?/ P
urp
for some constants C,C’ > 0. Theorem 3.1 now follows from (3.45) and the identity
ENET) =ENf = fNE= (1 —er)Nf +efNT. O

3.2. Proof of Theorem 3.22. It remains only to prove the warped Carleman estimate, Theorem
3.22, in order to complete the proof of Theorem 3.1. This is the topic of the present subsection.

Throughout (only) this subsection, we will assume that all indices are raised and lowered using
g. We begin by defining some auxiliary quantities to aid with the proof:

Definition 3.25. Assume the hypotheses of Theorem 3.22, and define
(3.46) F:=F(f) := —a(log f + 2bf?).
Furthermore, for brevity, we will let I denote differentiation with respect to f.

Definition 3.26. Assume the hypotheses of Theorem 3.22, and define the operators

(3.47) L:=e FOer, S:=Vf, S,:=S+w.

Lemma 3.27. Assuming the hypotheses of Theorem 3.22, we have that

(3.48) e =Cp, F = —a(fT +bf7R).

Proof. These are direct computations. (Il

3.2.1. The Pointwise Identity. The first step in proving Theorem 3.22 is to establish a pointwise
identity for the conjugated wave operator £ defined in (3.47):

Lemma 3.28. Assume the hypotheses of Theorem 3.22, and suppose also that 1 € C*(@UND)).
Then, at every point of (U ND), we have the identity

(3.49) CL0Sut+ VPP = —2F - Suul? + %(IMIQ L IROP - INGP)
— iF’ S + 1 [(fA)’ + iA - Ew} 2,
p 2 p

where the reparametrization A := A(f) of f is given by

1
(3.50) A= f(F)? + (fF) =ad*f~' +ba (2(1 - 2) 77 4+ b%a?.
and where the current P := P[)] is given by

_ _ 1 o _ 1 - _
(3.51) Pg := S9YVg1) — §V5f -VHYV b+ - Vg + §(AVﬂf — Vpw) - 1/)2.



Proof. First, we expand L1 by applying Proposition 3.8, Definition 3.13, and Definition 3.25:
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Lo =0 +2F - S+ (F')2NfVof -0+ F'V Vo f -+ F'Of -1
=D+ 2F" - Sy + f(F)2 -9y + (fF" 4+ 2hF") -4
=0 +2F - Sup + (A+efp ' F') -4,

where A is as in (3.50). Multiplying the above by S, yields

(3.52)

[ﬂ/)guﬂ;[} = ‘j7/}gw¢ + 2F' - |S’w¢|2 + (A + sfﬁilF/) ’ 1/}51111/)

We can now use Proposition 3.8 and Definition 3.13 to obtain

Thus, letting

(3.53)

A St = %A Y (02) + A -

- %?"‘(A?af ?) — (;fA’ + %Aif _ Aw) 2
= SV AT ) - (;fA’ + hA> 2

= SV ATaf )~ (A -

_ 1 _
Pit = EAvﬁf-W,

we see from (3.52) and the above that

(3.54) LS, = VOPA + TpSyt) + 2F - |S,]? —

ef

f o/
/ ,

Consider next the stress-energy tensor for (I applied to v,

(3.55)

_ o 1 o
Qas = VotV st = 5305 V"V 00

and recall that

U (QusS*) = D08y + Vs f - V%% — JOf - V49T,

In addition, we note that

VA (w Va1 — %%w - 1/)2) = - YO + - VYV g9 — %Dw S

Consequently, defining the modified current

(3.56)

_ _ _ 1_
P§ = QupS® +w Vst — ALLE V2,

and recalling (3.17) and (3.19), we see that

(3.57)

P [ _ _ 1_
VOPF =00yt + Mo VYV Y — S0 - ¢

= 0080+ ST + g™Vt~ INUF) - 500 %

The desired identities (3.49)—(3.51) now follow from (3.53), (3.54), (3.56), and (3.57).

F'- 1/15'11;1# - % |:(fA)l + p'A:| '7/}2-

29
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3.2.2. A Pointwise Inequality. The next step is to derive from Lemma 3.28 a pointwise inequality,
in which all the non-divergence terms have a definite sign.

Lemma 3.29. Assume the hypotheses of Theorem 3.22, and suppose also that 1) € C?(®(U ND)).
Then, at every point of ®(U N D), we have the inequality

1,5 -5 = ef —abS O 1 - 1 1
(3.58) GalVEUP + VP By 2 (TP + 5V bV 4) + JalNY[® + Jba’f R
where N denotes the operator
(3.59) N .= fT N

Proof. Throughout the proof, we let C' denote positive universal constants that may change between
lines. Note that from (3.13), (3.30), (3.31), and (3.48), we have

(3.60) —F'>0, 14bf?~1.
We begin by applying the inequality

\Ly||S — F'|Sy?

to ¢ and the identity (3.49) to obtain
L IBUE 4 OBy > P (Sl + Z—;uwﬁ YT~ IVUP)
sf ef

(3.61) 1

Lp. ¢5w¢+ (14 + L= oa| -2
Moreover, by (3.8), (3.14), (3.15), and (3 59), we have that
Suv =118+ B2y iy - enct ol
Combining the above with (3.13), (3.14), (3.20), (3.31), and (3.48), we see that

‘%F’ St > —ea(1+ bf?)([Y]|N| + enC - v?)

> —a(l1+bf?) <i|f\7w|2 +e%nC - ¢2> ,
—F" Syt > a(1+ bf2)(|NY[? — enC - [||Ny| — e2n2C - 4?),
alt+ o) (JIF0P - n2c ).
—Z—QNW > eCPE(NGP +nf % - [g]|Ng] +n2f - y?)
—C(f2 - Ny +n2f7% - y?),

1- 1
—iDu’)wf > —en?Cf 7 2.

\%

Note that the combined right-hand sides consist of one positive term and several error terms.
Now, abbreviating

ef

(3.62) B:=—F-|S,¢* - ;—‘;|N¢|2 = F Sy — wa P2,
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we see from summing the above that
1. - -
B>a(l+bf?) <2Nw|2 — 220 - 1/)2) —eCf? - [NY|2 —eCn2f~2 -2,

Noting from (3.13) and (3.31) that

.N»—'

1 1 1
ga(l—i-bf"‘)—sCfE
as?n?C - Y? = ef? - aen®C - fiY? < a2eC - f 202,

we conclude that
(3.63) B> iw NG — a2eC - f~ g2,

In addition, recalling (3.50), we see that

(fA) = %ba (2(1 - ;) 72+ b2a2.
Using (3.31) and (3.50), we then obtain
(3.64) (fA) + %A > %ba <2a - ;) fr4b%a® —ef2 {azfl + ba <2a - ;) fr4 b2a2]
> %ba2f_% —a%eC - f_%
Finally, combining (3.61), (3.63), and (3.64) yields

o 1 . -
— g ICOP + 9P 2 a NP + ST + V0T - NP

1
+ (2b— 50) a2fz
The desired estimate (3.58) now follows from (3.65), the observation
L S
4F" da(l +bfz) 4a
and the assumption ¢ < b from (3.31). O

(3.65)

3.2.3. Reversal of Conjugation. We now establish a pointwise inequality for the original wave op-
erator by undoing the conjugation process from Definition 3.26.

Lemma 3.30. Assume the hypotheses of Theorem 3.22, and let ¢ € C*(®(UND))NCHS(UND)).
Then, there exists C > 0 such that on any point of ®(U N D), we have the pointwise inequality

1 |, _op = =8 S g€ _ —abS O
(3.66) ol el + VAP > Fﬁe (Ju 0udf + v~ 08 + [+ gV 08V 40)

=+ ban** —2F ¢2’
where P* := P*[¢] is the 1-form on ®(U N D) given by

(3.67) Py = S(e ") V(e To) — lﬁaf Ve P o)V ule o) +w e V(e )

%(Avﬁf Vaw) - e ¢,
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Furthermore, P* satisfies the following:
o If (3.32) also holds for ¢, then we have on ®(dU N'D) that

_ _ 1 _ _
(3.68) P*(N)ls@ounp) = %ab - NFING s ounp)-
o P* satisfies the following estimate on ®(U ND):
(3.69) [P*(8)| S B2 > (|0ud]* + 0,6 + 3"V sV 0 + a*f~107).

Proof. We begin with the properties for P*. If (3.32) holds, then (3.67) simplifies to

o o 1 ~
PV lagauemy = 2" (806 — 3N7 - 1§

& (OUND)
Since S — N'f - N is precisely the g-orthogonal projection of S onto ®(9U N D), we have
S¢|sounp) = N - Nols@ounp)-

Combining the above and (3.48) results in (3.68).
Next, we observe from (2.3), (3.31), and (3.48) that

0u(e T O S e F(0udl +af olll),  10u(e T D) S e (10ud] + af ulle).
Using this, along with (3.8), (3.13), (3.30), and (3.47), we estimate
1S(eF¢)S(e™ o) S e 2 (Julloud]| + [0l|0ve] + af~Huvl|g])?
S R (10ugl” + |0u0|” + a* 716%),
211000 + 1008 + 3V ad V36 + a2 (Jul* + [v])@7]
R*e™*F (1040 +10,01° + 3" Vb Voo + a*f ' 6%),
S e Flol([ulldud] + [0]|8u] +af ™ uvl|g])
S B2 (10ug]” + (000" + a® f167).
Recalling in addition (3.11), (3.18), (3.31), and (3.50) yields
|A-Sf| < a?+ba?f + b2 f < a?,
enf (ful + [v])
2

Sf- V(e T 9)V,u(e " 9)

WA A2

[@-e"Tp- S o)

|Sw| < SenR S a?,

from which we then conclude

|(-A?Bf + @ﬁu—)) A 672F¢2| 5 a2672F¢2 S R2672F _a2f71¢2'
Combining all the above and recalling (3.67) yields

1P*(S)] S B2~ (10u0* + 000 |* + 5"V 0V 0 + a® f 1 67).

Estimating e =2 using (3.31) and (3.46) now results in (3.69).
Finally, for (3.66), we set 1 := e~ ¥'¢ and apply (3.47) and (3.58) to this ¢, which yields

(370) e I00R + VOB 2 %e‘”uwl? + 3T, 010) + JalN (e o)

1
+ Zban—%e—QF . ¢2,
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Applying (3.8), (3.15), (3.31), (3.48), and (3.59), we see that
e ?FINGP S [N (e T9))* +a’e 2 7t ¢?
e [2ING < alN(e @) +ba’e " [ 7,
From the above, we conclude

(3.71) % fe2F|0g)> + VO P; > ife-”(\m? + 7Y 6Y50) +ef2e 2 Ng|?

+ 8ba2f_’ e 2F . g2
We also note from (2.3) and (3.15) that
ududl® + [v0,8* < Af(ITO| +N¢|)* + 4f(|T| +|Ng|)?
< 8f(IT¢l* +N¢l*),

hence (3.14) implies
%(IMIQ + 3V adV00) +ef 2 NG > ‘;—;(IT@M2 +9"'Va0V16 + INGJ)
> 1ol udf 410 0,0 + f9° T o0%19).
Combining the above with (3.71) now results in (3.66). O

3.2.4. The Integral Estimate. In order to complete the proof of Theorem 3.22, we integrate (3.66)
over ®(U N'D). However, here we must be especially careful with boundary terms.
Let ¢ be as in the statement of Theorem 3.22. For sufficiently small § > 0, we define the sets

Gs=dUND)N{f >}, Hs=dUND)N{f =75},

on which 7, p, f are all bounded from above and below by positive constants; see (3.13), (3.14), and
(3.30). Integrating (3.66), with the above ¢, over G5 and recalling (3.48), we obtain

1 / ConfIEO + /g VP

/ o™ (- 00 10 - 00 + [T w67 10) + - / ConfE - 8.

- 16
Taking a limit as § \, 0 and applying the monotone covergence theorem yields
1 _ _
3.72 —/ Capf|OB1 + 1im/ V*P*
B2 1 ®UND) a N0 g,
€ 1 2 2 _abp v ba® —1 .2
Z = | Capp ~ (|u0u@|” + [v0, 0" + f7 Wa¢y7b¢) +—= [ Capf 20°.
16 J&wnp) 8 Jawnp)

provided the limit on the left-hand side exists.
Next, we apply the divergence theorem to the term with the limit. Noting that {f = 6} is a
timelike hypersurface of (D, g), with outward (from {f > 6}) unit normal —f~ %S, we obtain

(3.73) fi [ V0P = Ty P*N) —1lim [ f7EP*(S)
BN INO S g (ouUnD)N{F>6} INO Sy
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1 / - 2 e el = E

=3 CapNf-N¢|* = lim o2 P*(S),
2 Jsounp) N0 Hs

where in the last step, we applied (3.68) and the fact that ¢ is uniformly C'-bounded. Moreover,

applying the estimate (3.69), the remaining limit can be bounded as

lim 5~} / P*(S)

5 s

(3.74) i

< RZe® lim 5% / (10udl? + 10u6[ + GV 1Y )
IN\0 Hs

_|_R2€a hm(sza—%/ a2 12
5N\0 Hs Fe

5011m52a—%/ 1,
N0 Hs

where C' > 0 is some constant depending on both ¢ and R.

To control this limit, we foliate Hs using level sets of ¢ and apply the coarea formula. Let Dt
denote the g-gradient of ¢ on Hs, with respect to the induced metric. Note that Dt and 7' must
point in the same direction, since both vector fields are tangent to Hs and are normal to the level
sets of (u,v). As a result, by (2.2) and (3.15), we see that

_ _ 1 1
\g(Dt, Dt)|? = |g(Dt,T)| = 5f—%(—uaut +vd,t) = §f—%r.
Moreover, noting from (2.3) that
g = (2 +40)F oy S073,
then the coarea formula, along with (3.13) and (3.30), yields

R
3.75 lim 62¢~2 [ 1< limd2e 2 g(Dt, Dt)|~zp" 3., dt
(3.75) lim /m S lim o |3(Dt, D) 720" | = 525 ,00) D
R
SR hmé?a—l/ L PR P
500 r (t,r="12F 45 w)
< R" lim 6% %
5N\0
207

where we recalled in the last step that 2a > 3 by (3.31).
Finally, combining (3.72)—(3.75) yields (3.33) and completes the proof of Theorem 3.22.

4. OBSERVABILITY ESTIMATES

In this section, we apply the Carleman estimates of Theorem 3.1 to prove our two most general
observability estimates for solutions of linear wave equations on GTCs:
(1) The exterior estimate (stated in Theorem 4.1), where the reference point of the correspond-
ing Carleman estimate (represented as P in Theorem 3.1) lies outside the GTC.
(2) The interior estimate (stated in Theorem 4.5), where the reference point of the correspond-
ing Carleman estimate lies within the GTC.8
The exterior and interior estimates are discussed in Sections 4.1 and 4.2, respectively. Some corol-
laries of these estimates, such as Theorem 1.6, are discussed in Section 4.3.

18Tnterior observability bounds have previously been obtained from multiplier, but not Carleman, methods.
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4.1. Exterior Observability. We now discuss the first of our general observability inequalities,
based on Carleman estimates centered outside the given GTC.

Theorem 4.1. Let U be a GTC in R, and fir P € R\ U and 0 < 6 < 1. In addition,
assume U N Dp is bounded, and consider the setting of Problem 2.18. Moreover:

o Let X,V be as in (2.15), and define the constants

(4.1) My := sup |V, My := sup |x""|,
UnDp UnDp
Ry := sup rp, R_ := inf rp.
UnDp Us(p)

e Let N be the outward-pointing (g-)unit normal to U, and let

49 L 527‘13 52fp L

Then, there exist C, N > 0, depending on U, such that the observability estimate,

4 2
RrRIMF  RYMP

1My

C  [16R, N(”+R++ T +52R2> )

@) [ (VioP et < ( ) [ Isiwer,
Uy (p) 2R R- Ty

holds for any solution ¢ € C*(U) N CY(U) of (2.16) that also satisfies |oynp, = 0.

Remark 4.2. Note that the assumption that U N\ Dp is bounded in the statement of Theorem 4.1
implies that all of the constants My, My, Ry in (4.1) are finite.

Remark 4.3. Note that the dependence of (4.3) on My and My matches those found in [20]. In
particular, the dependence on My is known to be sharp; see the discussions in [20)].

Remark 4.4. Since rp # 0 on Dp, the quantity S in (4.2) is well-defined and smooth.

In principle, the proof of Theorem 4.1 is similar to the standard process of obtaining observability
from Carleman estimates. The primary new technical difficulty is that the pseudoconvexity and
the Carleman weight in (3.4) degenerate toward the null cone centered about the point P. As a
result, one must be considerably more careful when absorbing terms (mainly, those involving V¢)
in the Carleman estimate. In particular, various constants must be tracked more carefully.

The remainder of this section is dedicated to the proof of Theorem 4.1.

4.1.1. Application of the Carleman Estimate. Since U N Dp is bounded, it follows from (4.1) that
(3.1) holds, with R := R,. In addition, choose a > n large enough so it also satisfies

(4.4) a>y Ry, a>y 5*%R§M§, a>y 6 *RIPRIME,
and choose ¢ and b as follows (note in particular that (3.2) holds, with R, in place of R):
(4.5) e=0R;", b:=0R;"

The key step is to apply the Carleman estimate (3.4), with the above values of a, b, £, to our given
U and P. From (3.4), as well as (2.16), (3.13), (4.2), and (4.5), we see that

2 2
@6) = [l pelVasP et [ Dgevde [ (DS NP
UNDp a4 Junpp oUNDp

a
Ccs? abpP Py Coa?
> R72/ f,b;s(|uPaUP¢‘2 + |1)Pavp¢|2 + ng bva ¢Wb ) + R2 / 5b;5¢2'
+ UNnDp + UNDp
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Here, all notations are as in the statement of Theorem 3.1.
Let Iy, Iy, It denote the first, second, and third terms in the left-hand side of (4.6), respectively.
Recalling (3.13) and our conditions (4.4) for a, we see that

1 R M3 da?
7/ wpefPVE 67 < LO/ a9 <u T atie " 9
a Junop a UNDp Ry Jurp,
As a result, Iy can be absorbed into the right-hand side of (4.6):
52 abor P P da?
(47) Il + IF > C f,b;s |:R2(|upaup¢|2 + |UP8’UP¢|2 + ng bva ¢Wb ¢) + R72¢2 .
UNDp + +
We now partition & N Dp into
fp R%
4.8 U< :=UNDpN <=0,
(48) = P {(1+EUP)(1€UP) = 64
/p R
Us :=UNDpnN —
” P {(1+5uP)(1—Evp) ~ 64 [

Note that on U, we have from (3.13), (3.26), and (4.8) that

2 2
fr SR fr o B2

25 —up=-— 2
—Uup R+, vp R+

vp =

Thus, shrinking domains from & N Dp to Us, we see from (4.7) that
§*R%

da?
(4.9) I +1Ir > C’/ Cf,b;g l:Rg (—up|Oupd|* + vp|Oupd|” + UPQQbVaP¢77bP¢) + il 9|
U + +

We now decompose I as

2 2
(4.10) B= [ felVaoP 2 [ D felVadP = he o+ Do
a U< a Us
From (3.13), (4.1), and (4.4), we obtain
Ry M} b P P
Ls <= | (e (—up|0up 0 +0p10u, 01 +0pg"" Vo 0¥ 6)
u
52 R? .

<Lu Ri:;/ Ctllb),b;e(_uP|aup¢|2 + UPlaUP(b‘Z + Upgabvap¢vf¢)'
+ U

Thus, I; > can be absorbed into the right-hand side of (4.9), and we have
5°R?

Sa?
@11) hL<+Ip=C / Care [Rg<—up|auP¢|2+vp|avp¢|2+vpgabv5w5¢>+R2¢2.
U + +

4.1.2. Applications of Energy Estimates. Since OU is timelike, then by (2.2) and (4.1), we have

3R_ R_ R_
(4.12) Tplu, > I —uplu, > R vplu, > i
for any 7 € R with |7 — ¢(P)| < $R_. As a result, by (2.3), (3.5), and (4.12), we have that
R2  bR_ 4a
fP > ;7 g(l bieltd, 2 i@T )
(1 +eup)(l —evp) |y, — 16 e 4
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for the same 7 as above. In particular, we see that

“, Ii,
N - - ¢

so that by shrinking domains, applying Fubini’s theorem, and recalling (4.12) again, we obtain

R
R A 4a t(P)+— (52R3 (5(12
(4.13) L<+I 20<e 7 ) / { Vied? + —5 - 97| dr.
e 4 wp-2= Ju, LR V2291 R

Since (4.1) and (4.4) imply that a > Ry > R_, we see that

ba> PR PR b sat(0-3RIMS)3 _phata o PRI
R2 = RY — RS R2 = R2 - R}
and hence we conclude
R
CO*R® (R_ e\ ()7
(4.14) L<+Ip>—— (e4> / R (IViwd|® + (1+ Mo)o?|dr.
Ry \ 4 uP) -5 Ju,

Applying the energy estimate (2.20) to each U, in (4.14) yields

/ (V006 + (14 Mp)¢?] < CelR-(rg +am) / (Veadf + (1+ My)?],
Up)

U,

where the constants C, K > 0 also depend on /. Hence, it follows that

CO?RY (R_ »n_\' 3
(4'15) II,S +Ir > R737 <4€4) e_KR7(1+M02 M) / Hvt,x¢|2 + (1 + M0)¢2]~
+ Uyi(p)

For I <, we use (3.5), (3.13), (3.26), (4.5), and (4.8) to bound

bR_

R 4a
Cf,b;sll/lg < (868) ) fP|M§ < R%-

We then recall (4.1), (4.4), and (4.10) to obtain

C'R2M? (R_ wr_\** C'62R* [R_ wr_\*
e CIME (L oYY [ (g op ORI (R )" [ g
a 3 UNDp R+ 8 UnDp

Note that since U is timelike, then (4.1) implies that ¢p|y~p, must be bounded by R,. Conse-
quently, applying (2.31) and Fubini’s theorem to the above yields
C'62R* (R_ bR_

4a 1
?e . ) eK'R+(1+M02+JV11)/ [|vt,z¢|2+(1+Mo)¢2],
Ui (p)

(4.16) L<<
Ry

where C’, K’ > 0 also depend on Y. Combining (4.15) and (4.16) then yields
4a 1 4a
5256 C <Rebi) e~ KR_(14+Mg +M1) _ v (Reb}z> eK/R+(1+Mé+M1)1
RY 8

(4.17) Ip >

4

10+ (4 M)?)
Uy(p)
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We now claim that

bR_

4a 4a
(4.18) c’ <R_eb}z> eK/R+(1+M"%+M1) < C <Fi_e4> efKR*(HMO%+M1).

8
To prove (4.18), it suffices to show, for known ¢,k > 0 depending on U, that
1 4a 1
c (2> F R (1M +M1)

For this, we need only show that

1
(419) (1>>1/[ R+(1+M02 +M1),
which is a consequence of (4.4), since
1 L4 2
RiM§ SO0+6 3RIM <ya, RiM; S6%+02RPRIME <y a.
Having proved (4.18), we combine this with (4.17) and obtain

2 P4 4a 1
(4.20) Ir > CoR- (R—em[) e~ KR_(1+Mg +M1)/ (IVi20? + ¢%).
Us(p)

=R \1

4.1.3. The Boundary Term. Since the integrand in It is negative when S is, then (4.20) becomes

C?R* (RN _ 3
azy [ chsiowep = S (B2)emunon [ (v, 02 4 2)
r'; + Ui (p)

4
Moreover, (3.5), (3.13), (3.26), (4.1), and (4.5) imply
Came < (4fP)*" < (2R1)™,

hence (4.21) becomes

C  [8Ry\"" 3
/ (|Vt,x¢|2 + ¢2) < T <+> eKR-(1+Mg +M1)/ |S| . |N¢|2,
Uy (py - ry

R_
Combining the above with (4.19) then yields
C  [16R.\**" )
(4.22) [ el < g () 1St
Uy (p) 2R R Ly

Choosing a > n in (4.22) so that it also satisfies the assumptions (4.4) results in (4.3).

4.2. Interior Observability. In this subsection, we prove the second of our general observability
inequalities, based on applying Carleman estimates that are centered within U.

Theorem 4.5. Let U be a GTC in R'T", let 0 < 6 < 1, and fix Py, Py € U with

(423) P1 #PQ, t(Pl) :t(Pg) = to.

Also, assume U N (Dp, UDp,) is bounded, and consider the setting of Problem 2.18. Moreover:
o Let X,V be as in (2.15), and define the constants

(4.24) My := max sup |V/|, M := max sup |X"*
z:1,2umDPi 1:1’2umDpi

)

1
R+ ‘= max sup Tp;, R_ = 7|1’(P2) - $(P1)|
Z:l,QMQ'DPi 2
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o Let N be the outward-pointing (g-)unit normal to U, and define, for i € {1,2},

82rp, 82 fp. ‘
(425) S; = <]. I>pri + INTPH ].—‘3_ = 8Z/lﬂDp7ﬁ{Sl >0}
Ry Ry

Then, there exist C, N > 0, depending on U, such that the observability estimate,

C 16R N<n+R++
(4.26) /u (Viad* +6%) < 5 ( R_+>

4 2

3 4 872
Mg +ﬂ
I 62R2.

R

I+ col

&

2
Z/, SN,
to i=1 /T4

holds for any solution ¢ € C2(U) N C*(U) of (2.16) that also satisfies ¢|auﬁ(ppl UDp,) = 0.

Remark 4.6. Again, the assumption that U N (Dp, U Dp,) is bounded implies that the constants
My, My, Ry in (4.24) are finite. Note also the S;’s in (4.25) are again well-defined and smooth.

The main difference between the exterior and interior estimates (Theorems 4.1 and 4.5, respec-
tively) is that the latter requires the application of two Carleman estimates, about two distinct
reference points (Py, Ps in Theorem 4.5). The technical reason is that the weights in the right-hand
side of the Carleman estimate (3.4) vanish at the center point P, which now lies in the domain.

Remark 4.7. Moreover, for any P € U, the boundary region OU N Dp fails the geometric control
condition. Indeed, null geodesics traveling through P (i.e., along ODp) fail to touch OU N Dp.

We prove Theorem 4.5 in the remainder of this subsection. Much of this proof is analogous to
that of Theorem 4.1; for those parts, we omit some details and refer the reader to Section 4.1.

4.2.1. Applications of the Carleman Estimate. Fix i € {1,2}. Note from (4.24) that
(4.27) U :=UNDp, CDp, N{rp, < R}

Let a > n be large enough to also satisfy

(4.28) a>y Ry, a>y 0 IRIMY,  a>y 6 2R2RY M2,
and choose € and b as follows:

- -1
(4.29) e:=6R", b:=6R"

Applying (3.4), with a,b,e as above, to U and P; yields
2 , 2 v .

(430) 7/ C::Lb;afpi |VX¢|2 + 7/ Cc}:Zb;sfPiV2 : ¢2 + / Cffb;esi : |N¢|2
a Ui a U o

UNDp,

Cs? _ b Pi P Céa? _
> G [ Gellundur, 6F + om0 o + g™Vl 63'0) + - [ I,
v Jui o Ju

where we also recalled (2.16), (3.13), (4.25), and (4.29).

Let Ii, I§, IL be the terms in the left-hand side of (4.30). Like in the proof of Theorem 4.1, we
apply (3.13) and (4.28) to show that I} can be absorbed into the right-hand side of (4.30):

4.31 I+1.>cC p 0% 9 2 9. o2 abyp P P 6a® ,
(4.31) 1+ = Cabepr |([upOup O + 0P, 00, 01" + .9V OV @) + 5 07| -
i b R2 Il

We now partition U; into

(4.32) UL =un { Ip, R } ,

< —
(14+eup,)(1 —ecvp,) — 64
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A ) fPi Rz—
U =u m{(l—!—eupi)(l—evpi) ~ 64 [

and we decompose I as

.2 v
Il = 7/ C(ivbgfpl
a uzs

Since (3.13) and (3.26) imply that on U2,
R? R?

2 ; i i
Vad|® + p /u Cfb;sfpi Vol = L +1 ..
>

UPp; Z ) —up Z )
R, R,

a similar argument as in the proof of Theorem 4.1, using (3.13), (4.24), and (4.28), imply that I{'7>
can be absorbed into the right-hand side of (4.31). As a result, (4.31) now becomes

. . - [82R?
(4.33) I+ 1t > C/, Carbie {R?’
us +

aupi ¢|2 +vp;

i i (5&2
(~ur, Oup, O + g™V 0%, 6) + 1y 8
+

4.2.2. Applications of the Energy Estimates. Since OU is timelike, then on any

. . 3R_ R_
Ve ::Uﬁﬂ{rpi>4}, |T—t0|§77
we have from (2.2) and (3.5) that
R_ R_
(4.34) —uplvi 2 == vnlve 2
. R? _oer\ M
IP, N TS R e .
(1—|—5Upi)(1—6’0p1.) T 16 @081 T 4
In particular, we see that
. . R_
V:—gu;a |T_t0|S77

4
and, similar to the proof of Theorem 4.1, it follows from (4.28) that

) . R_ bR_ 4a to—‘rR% 52R3_ Sa2
to—— Vi + +

R
C§?R® (R_ »n_\** rtot=
21%3(4@ ) / R /_[|Vt7w¢\2+(1+Mo>¢2}dT~
+ to—— V7

Next, we observe that by (4.24) and the triangle inequality,

R_
Viuv? =u,, |T—t0\§T,

Thus, summing (4.35) over ¢ € {1,2} and applying (2.20) yields
2

R
) ) C62R3 [ R_ wr_\1® flot—
w30 Ytz G (e T) [T [ 190l + 0 e
U-

3
i=1 Ry 4 to——

C6?RY (R_ sn_\** _ 3
= R} <4e 4 ) o KR_(14M; +1v11)/ V2062 + (1 + Mo)d?],
3 u

to
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where C, K > 0 depend on Y. Moreover, analogous to the proof of Theorem 4.1, we apply (2.31),
(3.5), (3.13), (4.24), (4.28), and (4 32) to estimate, for some C’, K’ depending on U,

. C'5°R% - 2
+

0/52Ré R, bR_ 2
< =5 (86 5 ) KR+(1+M +Ml)/ [|vt71¢|2+(1+M0)¢2]'
T u

to
By the same reasoning as in the proof of Theorem 4.1 (see (4.18)), we have that

bR

4a 1 4a 1
o <R—e“§‘ ) K RL(HMEFM) o o (11_6 = ) ¢~ KR (1M +01).

8
so that combining all the above with (4.36) and (4.37) yields
052R4 R sr_\% 1
(4.38) pr > S (Fre™) et [ (9,08 +2)
u

to

4.2.3. The Boundary Terms. Noting the signs of S; in I{, we see from (4.25) and (4.38) that

05234 R\' _ 3
(1.39) Z [ st Wl = St () e [ @i+ 60

o]

The remamder of the proof again proceeds similarly to the corresponding argument in Theorem
4.1. First, we can use (3.5), (3.13), (3.26), (4.24), and (4.29) to bound

Ca be = (2R+) )
so that (4.39) becomes

C 8R 4a+3 1
(440) /M (|Vt x¢|2 _|_¢ ) < 62R ( R ) 1+]\/[ +M1 2/1 |N¢|2

C 16R 4a+3 2
<gr(mr) X, lsiwer

(In the last step, we used the direct analogue of (4.19) in the current setting.) Making a suitable
choice for a > n in accordance with (4.28) results in (4.26).

4.3. Some Corollaries. Finally, we discuss various consequences of Theorems 4.1 and 4.5.

4.3.1. The Observation Region. Our first corollary compares the observation regions from Theorems
4.1 and 4.5 with corresponding regions in existing Carleman method results. For this, we examine
the quantities S and S; in (4.2) and (4.25), whose signs determine the observation region.

Proposition 4.8. Let U be a GTC, and let P € R*™\ OU. Moreover:

e Let N denote the outer-pointing (Minkowski) unit normal of U, and let vt : OU — R and
v:OU — R™ denote the Cartesian components of N :

(4.41) N = ytat+zyiax,:, vi= ... ,v").

o Let 0, p:0U — (—m, 7| represent the angle between the vectors v and xp|ou.
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Then:
o The following identity holds on OU N Dp:

(4.42) Nrp=v- 22 = \/1+ (vt)2 - cosB, p,

rp
e Furthermore, for any € > 0, we have on OU N Dp that

2 42
(4.43) (1—erp)Nfp+efpNrp = L [1 - e(TP—FtP)} (v-xp)— 1(1 —erp)tpt.
2 2rp 2

Proof. First, by Definition 2.5 and (4.41), we have that

N(%) = ZZVZOIJJJPP =2-zp, Nrp=—N@r%)=v: I V|- cosby 4.
im1 2?”p
Since g(N,N) = 1, it follows that
v = V14 (1)

which completes the proof of (4.42).
Next, using (2.5), we expand

(1—erp)(rpNrp —tpNtp) + 15(7‘% —t5)Nrp

(1 757“p)./\/’fp+5fp./\/'7“p = 1

N~ N~

1 1
Tp — 56(7‘%3 + t2p) Nrp — 5(1 —erp)tpNtp.

Since N'tp = v' by (4.41), then (4.42) and the above identity imply (4.43). O

Remark 4.9. Note that by (4.42), the condition Nrp > 0 is equivalent to both
zp-v=IJx—2z(P)-v>0, cosf, p >0,
that is, the criterion for the observation region obtained from standard Carleman estimate methods

for linear wave equations on a time-independent domain; see, for instance, (1.4) and [38, 42, 64].

Using Proposition 4.8, we can now reformulate Theorems 4.1 and 4.5 so that the regions of
observation are characterized in terms of the aforementioned angle 6, p:

Theorem 4.10. Let U be a GTC, and fix P € R\ 0U and 0 < § < 1. In addition:

o Let N be the outward-pointing (g-)unit normal to U, let v* and v be defined as in (4.41),
and let 0, p : OU — (—m, 7] denote the angle between v and xp.

e Consider the setting of Problem 2.18, and let X, V be as in (2.15).

o Assume U NDp is a bounded subset of RV and let My, My be as in (4.1).

o Let I'p;s denote the following boundary region:

§ t tput
(4.44) Ips:=0UNDpN {cos 0,p > (1— 52)6511(75;’1' ). PV} _

rpy/1+ (1t)?
Then, for any solution ¢ € C2(U) N CH(U) of (2.16) that also satisfies dlourp, = 0:
o If P ¢ U, then we have the observability inequality

(4.45) / (V106 + 62) Supsnton, / VG2,
Uy (p)y

I'ps
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e If P €U, then for any open subset Yp s of OU containing T ps, we have that

(4.46) / (Ve 0l + 62) e nto.ats s / a
Z/lt(p) yP,é

Remark 4.11. In particular, recalling Remark 4.9, we can make, modulo restrictions to Dp, the
following comparison between the region I'ps in Theorem 4.10 and the classical region 6ps > 0:

o At points where tpv' > 0 (that is, where U expands away from P), the observation region
I'ps is smaller than the corresponding region cos 0, p > 0 in classical results.

o At points where tprt < 0 (that is, where U shrinks away from P), the observation region
I'ps is larger than the corresponding region cos @, p > 0 in classical results.

o At points where tpvt = 0, the observation region I'ps matches the classical results.

Proof. First, we consider the case P & U. Applying Theorem 4.1 to U, P, and § yields
| (908 + ) Supsanonn, [ WP
Ue(p) Iy

for ¢ as in the assumptions of the theorem, and with I} as defined in (4.2). Thus, to complete the
proof in the case, it suffices to show that this I'} is contained in I'ps.
Let Ry be as in (4.1). Applying (4.42) and (4.43), with ¢ := 62R;1, we see that on 'y,
0< (1 — ETP)NfP + Efp/\/?"p
1 2(rd +1%) 1 rp
— |1 P TP 1 )2 . 0, p—=1——=1 tpt

5 [ SR rp rpy/ 1+ (V)2 - cosb, p 5 R, pr,

or equivalently,

_ P
2rp Ry tpyy

1-— —5;?’ rpy/1 4+ (ut)z'
Using that |tp| < rp < Ry on OU N Dp, we observe that:

o If tpv! =0, then (4.47) implies cos 0, ., > 0.
o If tpv! >0, then (4.47) implies

20%r% t t
cos by zp > (1 p ) . Lk’ > (1-62)- Lide:
rp

(4.47) cosl, . >

S 2pRe) rp /T4 ()2 ro/I+ )2
o If tpr! <0, then (4.47) implies
1 t 1 t
cos by zp > Pl P

1= 22 T+ (W2~ 102 rpy/T+ (V)2

Thus, comparing the above with (4.44), we conclude that I'y C I'p s, as desired. -
Next, consider the case P € U, and let Vps be as assumed. Since & N Dp is bounded, I'p 5 is

compact. Thus, by continuity, we can find nearby Py, P, € U, with t(P) = t(P2) = t(P), with

(4.48) Ip s Ul'p, 5 € Vps,

where I'p, 5 is defined as in (4.44), but with P replaced by P;.
Applying Theorem 4.5 to U, (P1, Py), and ¢ yields

/ (V0w + 62) Sutps vty a1y s / NP,
Z/lt(p) Tl ur?2

+9h%
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for ¢ as in the assumptions of the theorem, and with 1"1+, 1"2+ as defined in (4.25).1° Consequently,
to complete the proof, it suffices to show that F_l'L U Fi is contained in YVp 5.
For this, we apply (4.42) and (4.43) as before in order to obtain

ILClpys,  TiCTpy

Combining this with (4.48) yields, as desired,

ILUT} CTpsUTR, 5 C Vps. O
4.3.2. Static Domains. Next, we consider the special case of time-independent domains mentioned
in Example 2.14. Applying Theorem 4.10 to this setting results in the following:
Corollary 4.12. Let Q CR™ be open, and consider the time-independent GTC
(4.49) U:=RxQ.
In addition:

o Fixzxzy € R™, as well as T4 € R satisfying

(4.50) T+ —T- > 2R, R := sup |y — zo].
yEIN

e Consider the setting of Problem 2.18, and let X, V be as in (2.15).
o Let v:0Q — R™ represent the outer unit normal to Q in R™, and define

2
Then, for any solution ¢ € C*(U) N C*(U) of (2.16) that also satisfies Plou,. . = 0:

T4

T+ +7T-
(4.51) Logiry :=Dp N {(1,y) € 0U-_ +. | (y—x0)-v(y) > 0}, P .= <+,x0> .

o If xg & Q, then we have the observability inequality
" 2
Z V0. 0| .

i=1

(4.52) / (V] + ¢%) Sn,xo,ri,w«/
u

e Pagiry

o If g € Q, then for any open subset Vaoiry of OU containing frw—i,

i Viam(b

i=1

2
(4.53) / (IVee8l* + %) Samoire VX Yogirs / :

L(,-i TO3T4

Remark 4.13. In particular, we can directly compare the results in Corollary 4.12 with those from
classical Carleman-based methods. Recalling Remark 4.9, we see that:

o When xo & 2, the observation region Uy, . is simply the observation region from classical
results, but further restricted to the null cone exterior Dp.

o When xo € Q, the observation region Vo, ry 18 strictly larger than the standard observation
region restricted to Dp, though by an arbitrarily small amount. This arises from the fact
that the interior estimate (4.26) must be applied at two different points.

Proof. First, we observe that v in the theorem statement coincides with the v defined in Theorem
4.10. In addition, here v also represents the Minkowski outer normal to U.

Let us first assume that zy € 09, and hence P ¢ 0U. We now apply Theorem 4.10 to the above
U and P, along with any fixed 0 < § < 1. We claim that I';,,~, coincides with I'p s, as defined in
(4.44); this is a consequence of the following observations:

19Note that the constant R_ in (4.26) depends on P and our choice of Vp 5.
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e Since v! = 0 for our U, we have from (4.42) and (4.44) that
Ips=0UNDpN{cosb,p>0}=DpnN{(y,7) €U |zp(r,y) v(y) >0}
e The assumption 7 — 7— > 2R in (4.50) implies that Dp N OU C OU,_

The application of Theorem 4.10 now splits into two cases:
o If 2o & Q, then P ¢ U, and (2.20) and (4.45) yield

T+

n 2
Z V’BII.QS .

i=1

/ (V08P + %) Somvi / (Vewdl? + 6) Samorevr /
u Uy (p) r

T+

TO5T4

o Similarly, if zg € Q, then P € U, and (2.20) and (4.46) yield

iyia@igf)

i=1

2

/ (VeI + 6) Somo.rs o My Yy s /

Ury 0T

Finally, the remaining case xg € 0S2 can be obtained by applying Theorem 4.10 to a nearby point
P (ﬂ;ﬂzo) o0,

with |x), — 20| small enough so that I'pr 5 C Yy .ry .20 O

4.3.3. A Unified Estimate. We conclude with a precise version of the result roughly stated in The-

orem 1.6. While this is slightly weaker (in terms of the observation region) than Theorems 4.1 and
4.5, it unifies the interior and exterior estimates and provides a cleaner statement.

Theorem 4.14. Let Y C R'™™ be a GTC, and fir xo € R™ and 7+ € R such that

(4.54) T+ —7- >Ry +R_, Ri:= sup |y— zol
(T+,y)eoU

o In addition, choose tg € (T—,74) so that
(455) to—T7_ > R_, T4 —to > Ry.

e Consider the setting of Problem 2.18, and let X, V be as in (2.15).
o Let N denote the outer-pointing (g-)unit normal of U, let

(4.56) Iy :==0U;_ -, NDpN{Nfp >0}, P := (to, x0),
and let Y; be a neighborhood of Ty in OU.
Then, for any solution ¢ € C*(U) N CY(U) of (2.16) that also satisfies ¢|3MT,,T+ App =0,

(4.57) / (Voo + &%) Stuprevry, / N2,
u Vi

T+
Remark 4.15. See Figure 1.1 for visual depictions of the observation region in Theorem 4.14.

Proof. We divide the proof into cases depending on whether P, as defined in (4.56), lies in U. First,
if P €U, we apply Theorem 4.1 to U, P, and some 0 < § < 1 to be fixed later; this yields

(4.58) / (Ve + %) Suprsvis / NP,
Uy (p) Iy

20Here, I'ps s is defined as in (4.44), but with P replaced by P’.
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with Ty as in (4.2). By continuity and (4.1), taking § arbitrarily small makes S (as defined in (4.2))
arbitrarily close to A fp. Thus, by taking 0 < § < 1 sufficiently small (depending on Y;), we have
that 'y C ;. Recalling (2.20) and (4.58) then yields, as desired,

/ (IVe20* + %) Stire vix / (IVe20* + 6°) Su,pire vixe,y: / N3
Ury Vi

Uy(py
Next, if P € U, then we apply Theorem 4.1 to a point P’ near P that is not in /. Again, by
continuity, if P’ is sufficiently near P and ¢ is sufficiently small, then the resulting control region
I'} (now associated with P’) lies inside Vs, and (2.20) yields the desired bound:

|09t 6 S [ (900l 40 Sy [ WP
T

ut(P’)

Finally, when P € U, we apply Theorem 4.5, with respect to some 0 < § < 1 and distinct points
Py, P, € U with t(P) = t(P1) = t(P2). By continuity, if ¢ is sufficiently small, and if P, P, are
sufficiently close to P, then I'} UT'% (as defined in (4.25)) lies in Y}, and the result follows from
(2.20) and (4.26) in a manner analogous to the preceding two cases. O

T+

5. CONSEQUENCES AND APPLICATONS
In this section, we provide further discussions relating to the observability results in Section 4.

5.1. The Case n = 1. The first objective is to take a closer look at GTCs in one spatial dimension.

Here, we extend known results in the literature; we show, in full generality, that one can recover

observability for linear waves on time-dependent domains up to the optimal required timespan.
More specifically, throughout this subsection, we will study the following setting:

Definition 5.1. Fiz two curves {1 and Uy in R, parametrized as

(5.1) (1) := (1, M\ (7)), lo(T) := (1, Na(7)),

where A1, Ao : R — R are smooth and satisfy, for all T € R,

(5.2) A1) < A7), IANL(T)] < 1, Ao (7T)] < 1.

We now let U* be the region bounded by ¢y and s, that is,

(5.3) U = {(r,y) e R™M A\ (1) <y < Xa(7)}, U =1, UL,

In particular, the second and third conditions in (5.2) imply that ¢; and ¢y are timelike, and
hence OU’ is timelike as well. We also observe the following basic facts:

Proposition 5.2. Let the region U C R be as in Definition 5.1. Then, U’ is a GTC, and the
outward-pointing (g-)Junit normal N to U* satisfies

1 1

(54)  [1=NOPP N =-(N(10),1), [1= (1P N (7, 22(7)) = (X(7), 1).
5.1.1. One-Sided Observation. We first consider the case in which we observe only on ¢. (In terms
of controllability, this corresponds to the problem of imposing a control only on /5.)

Theorem 5.3. Let U’ be as in Definition 5.1, and fix 7+ € R. Consider the setting of Problem
2.18, in the case n =1, and let X, V be as in (2.15). In addition, assume:

o There exists T_ > 0 such that the forward, leftward null ray emanating from the point
(17—, A2(12)) € £y intersects {1 at time T_ + T_, that is,

(5.5) Ao(7_) =T = M (- +T-).
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o There exists T > 0 such that the forward, rightward null ray emanating from the point
(o + T, M(7— +T-)) € £y hits bo at time T— +T_ + Ty, that is,

(5.6) MEI—+T)+ Ty =Xo(m— +T- +T4).
e The following relation holds:
(5.7) Ty >To+T_+T,.
Then, for any solution ¢ € C*(U*) N CHU*) of (2.16) that also satisfies ¢|s,ue, = 0, we have
55) [ (9068 + ) Secnnriva [ 0.0
uﬁi Lon{T_<t<Ti}

Remark 5.4. Note that the only possibility of the assumptions (5.5), (5.6) failing is if either £1 or
Uy very quickly becomes asymptotically null in the future of {t = 7_}.

Remark 5.5. Theorem 5.3 states that, with initial data at t = 7_, we have observability from {y if
the timespan is strictly greater than Ty 4+ T_. Moreover, this timespan T4 + T_ is precisely what
is required by the geometric control condition and hence is optimal.

Proof. We begin by fixing P = (t9, 7)) € R'*! satisfying
(5.9) 0<to— (- +T-) <, 1, 2o = A7) — (o — 7).
Note that P lies on the forward, leftward null line from (7_, A2(7_)) € ¢35 and is slightly to the left
of ¢;. By continuity, along with (5.5) and (5.6), we see that as long as ¢ty — (7— + T-) is sufficiently
small, the forward, rightward null line from P intersects {2 before time ¢ = 7.

We now apply Theorem 4.10, with & = U* and P € R'*! \ ¢/* as above, and with 0 < § < 1

sufficiently small. In particular, we let v, ', and 6, p be as in the statement of Theorem 4.10 (see
also Proposition 4.8), again with the above U* and P. Observe, from (5.4), the following:

e On each (1,y) € Dp N ¥y, we have v(1,y) < 0 and zp(7,y) > 0.
e On each (7,y) € Dp N ¥y, we have v(7,y) > 0 and xzp(7,y) > 0.

In particular, this implies:

Lt
TP\}%, cosb, plppne, =1 > W.
With I'ps as in (4.44), we see from (5.5)—(5.7), (5.10), and our choices of § and P that
(5.11) IFps=DpNily ClonN{r_ <t<T4}
Finally, since the Dirichlet boundary condition ¢|s, e, = 0 implies
NG| S 10291,
the observability estimate (4.45) along with (5.11) imply (5.8), as desired. O

(5.10) cos O, plppre, = -1 < —

5.1.2. Two-Sided Observation. Next, we consider the case in which both ¢; and ¢y are observed.
(In particular, this corresponds to the problem of imposing controls on both ¢; and ¢5.)

Theorem 5.6. Let U’ be as in Definition 5.1, and fix 7_, 741,74 2 € R. Consider the setting of
Problem 2.18, in the case n =1, and let X, V be as in (2.15). In addition, assume:

o There exists T1 > 0 such that the forward, leftward null ray emanating from the point
(17—, A2(7-)) € €y intersects {1 at time T7_ + Ty, that is,

(512) /\Q(T_)—T1:>\1(T_+T1).
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o There exists To > 0 such that the forward, rightward null ray emanating from the point
(-, A1(72)) € €1 hits Ly at the time T— + T, i.e.,
(5.13) M)+ To = A7 + T3),
e The following relations hold:
(5.14) Tyn > 17— + 11, Ty > 17— +T5.
Then, for any solution ¢ € C2(U") N CHU’) of (2.16) that also satisfies ¢|e, e, = 0, we have

2
(5.15) | Vet + ) S 3 0.0
T4 =1 "%

12 r‘l{‘f'f <t<7—+,i}

Remark 5.7. Again, like in the preceding one-sided setting, the timespan max(Ty,Ts) implied by
Theorem 5.6 exactly matches the sharp value dictated by the geometric control condition.

Proof. Let t € R be such that

Ao(7-) = (tg — 7-) = A7) + (tg — 7-),
In other words, t{ is the time at which the forward, leftward null ray from (7—, Aa(7_)) € ¢2 and the
forward, rightward null ray from (7_, A;(7_)) € ¢; intersect. We now set the point P to be slightly
above this intersection point of the two null rays described above:
(5.16) P = (tg,m0) = (to +d, da(7-) — (th — 7)), 0<d<1.
By continuity, choosing d sufficiently small, we have P € U¢, and:

o The forward, leftward null ray from P hits ¢; before time 74 ;.
e The forward, rightward null ray from P hits ¢, before time 7 5.

We now apply Theorem 4.10, with 2/ = ¢* and P as above, and with 0 < § < 1. Similar to the
proof of Theorem 5.3, letting 6, p be as in the statement of Theorem 4.10, we see that
(5.17) cos by plppne, =1, cos Oy, plppre, =1,
Therefore, we obtain from (5.12)—(5.14), (5.17), and our choices of § and P that

2
(5.18) Tps=DpN(t1Ul) C|JWin{r-+e<t<ri,—e}),
i=1
for some € > 0, with I'p 5 as in (4.44). Finally, note that the desired observation region
(fl n {7'_ <t< 7'+71}) U (62 n {7'_ <t < T+72})

is an open subset of OU containing ['ps. Thus, (5.15) follows from (4.46) and the above. O
5.1.3. Linear {1 and f>. We now look at special cases of Theorems 5.3 and 5.6, in which ¢; and ¢ are
straight lines. This directly extends results in [17, 54, 55, 57] to general linear waves. In particular,

we explicitly recover the optimal timespans for both the one-sided and two-sided problems.
We begin with the case in which ¢; and ¢, are moving apart from each other:

Corollary 5.8. Let U’ be as in Definition 5.1, and fit 7— > 0. Consider the setting of Problem
2.18, in the case n =1, and let X, V be as in (2.15). In addition:

o Fiz —1 < hy < hy <1, and assume {1 and Uy satisfy®
(519) )\1(7’) = th, )\2(7’) = hQT.

21Recall A1 and Mo are related to ¢, and £, respectively, via (5.2).
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e Define the “optimal timespans”

2(ho — _ ha — _ — _
(5.20) po= Hbe—h)r o (he — T (he = )7
(14 h1)(1 = he) 1+ hy 1—he
Then, for any solution ¢ € C*(U*) N CH(U*) of (2.16) that also satisfies ¢|o,ue, = 0:
e For any 7 > 71— + T, the observability inequality (5.8) holds for the above ¢ and 7.
o Forany i1 >7_+T1 and 742 > 7_ + T, the observability estimate (5.15) holds.

) TQ =

Proof. This is a consequence of Theorems 5.3 and 5.6, along with the following observations:

e The assumptions (5.5) and (5.6) hold, with

ho — hy)T— ho —hy)(1+ ho)7T—
ro= U, n BT =TT

e The assumptions (5.12) and (5.13) hold, with

(hg — hy)7—
14~y
Remark 5.9. Suppose, in addition to the setting of Corollary 5.8, that {1 is a vertical line:
0=h; <hg <1

Then, the optimal times for one-sided and two-sided observability, respectively, reduce to

2h27'_ hQT_
T,1T5) = .
Tohy e =

For completeness, we also consider the case when ¢; and {5 are moving toward each other:

(hg — hl)’l’,

T, —
! 1— hy

) T2:

T =

Corollary 5.10. Let U* be as in Definition 5.1, and fir 7_ < 0. Consider the setting of Problem
2.18, in the case n =1, and let X, V be as in (2.15). In addition:

o Fix —1 < hy < hy <1, and assume {1 and Uy satisfy (5.19).
e Define the “optimal timespans”

_ 2(hy = ha)|T_]| (k1 = ha)|7_]| (k1 = ha)|7_]|
(5.21) T= i hy T TR B

Then, for any solution ¢ € C2(U") N CHU*) of (2.16) that also satisfies ¢|e,ue, = 0:
o For any 74 > 7_ + T, the observability inequality (5.8) holds for the above ¢ and 7.
o Forany 41 > 71— +T1 and 74 2 > 7 + T3, the observability estimate (5.15) holds.

Proof. This is completely analogous to the proof of Corollary 5.8. O

Remark 5.11. Again, let us assume, on top of Corollary 5.10, that £1 is a vertical line:
—1 < hy <hy=0.
Then, the optimal times for one-sided and two-sided observability, respectively, reduce to
2|hs||7|
1—hy’
5.2. Exact Controllability. It is well known that observability inequalities are necessary for es-

tablishing exact controllability properties; see the discussion in Section 1.1. Here, we briefly describe
this connection in the context of time-dependent domains with moving boundaries.

T = maX(Tl,Tg) = |h2‘7',.
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5.2.1. Well-Posedness. The first step in this discussion is to precisely define the relevant spaces and
norms. In the subsequent definitions, we accomplish this in the context of GTCs:

Definition 5.12. Let M be a submanifold of (R'*" g), and suppose its induced metric is either
Riemannian or Lorentzian. We then define the following norms and spaces:

o Let C§°(M) be the space of compactly supported smooth functions on M.
o For any ¢ € C§°(M), we define

(5.22) nw%wm:Ajm%

where the integral is defined with respect to the metric induced by g.
o Let L2(M) denote the (Hilbert space) completion of C§° (M) with respect to (5.22).

In order to state the usual well-posedness theorems for wave equations, we will need to define
additional functional spaces on cross-sections of GTCs.

Definition 5.13. Let U be a GTC, and let V be a cross-section of U.
o For any ¢ € C§°(V), we define

(5.23) w%wyﬂvaD@+[¢%

where 7 is the (Riemannian) metric on 'V induced by g, where the integrals on the right-hand
side are with respect to 7y, and where D¢ denotes y-gradient of ¢.

o Let H}(V) denote the (Hilbert space) completion of C§°(V) with respect to (5.23).

o Let H-1(V) denote the (Hilbert) dual space of Hi(V).

We now state the standard existence and uniqueness results for the linear wave equations of
Problem 2.18 that will be relevant to Dirichlet boundary controllability (see also [21, 43]).

Theorem 5.14. Let U be a GTC in RT", let Z be a generator of U, let N be the outer (g-)unit
normal of U, and let V be a cross-section of U. Also, consider the setting of Problem 2.18. Then:

o Given any initial data (¢o,¢1) € Hy (V) x L3(V), there exists a unique ¢ € L (U) that
solves the wave equation (2.16) and satisfies, in a trace sense,

(524) (¢7 Z¢)|V = (¢07¢1)7 ¢|8M =0.
Furthermore, for any cross-sections V4 such that V_ <V <V,
(5.25) Do,y + 12007200,y + INGI L2 quwv, ) Szv.vy 0ol w) + o172,

01wy + 1Z6l172 00y + INOI 2000 vy Szvv b0l w) + 01720
o Given any initial data (¢o, 1) € L2(V) x H=1(V) and boundary data ¢, € L*(0U), there

is a unique solution ¢ € L2 (U) of (2.16) that satisfies, in a trace sense,

(526) (¢7 Z¢)|V = (¢0a ¢1)7 ¢|5U = ¢b'

Furthermore, for any cross-sections V1 such that V_ <V <V,
(5.27) 1017200y + 1281 H-1 00,y Szvvy 190ll7200) + D11 F-100) + (19611720000, v, )
017200y + 1201 H-10v_ ) Szvve [90ll7200) + 101l F-100) + 196017200000 -

Remark 5.15. A technical issue inherent to Theorem 5.14 (and more generally to the theory of
hyperbolic PDFEs) is establishing the precise sense that ¢ is a solution of Problem 2.18.
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o When (¢o,¢1) € HE(V) x L?(V), the solution ¢ can be interpreted as a weak solution of
(2.16), via integrations by parts and the Hilbert space structures of the spaces Hi(V+). This
is described, for a slightly simpler class of hyperbolic PDEs, in [21].

o When (¢o, 1) € L*(V) x H=X(V), one can make sense of the “transposition” solution ¢ via
the above theory of weak solutions and a duality argument; see, for instance, [43].

o More generally, as long as we assume X and V are smooth, then ¢, in all the above, can
also be interpreted as a distributional solution of (2.16).

5.2.2. Controllability and Observability. Using the well-posedness results of Theorem 5.14, we can
now give a precise statement of the exact controllability problem we will consider:

Definition 5.16. Let U be a GTC in RYT", let Z be a generator of U, and fix cross-sections V4 of
U with V_ < V. Moreover, we consider the setting of Problem 2.18 on U.

e The wave equation (2.16) is exactly (Dirichlet boundary) controllable on U(V_, V), with
control on some open T' C OUV_, V), iff given any initial and final data,

(5.28) (¢5,91) € L*(Ve) x H™' (Va),

there exists ¢, € L?(OU), supported in T, such that the solution of (2.16) satisfying®>
(5.29) (0. Zd)lv_ = (d9,01),  Plou = ¢v,

also attains the final data
(5.30) (6, Z9)lv, = (¢5,¢1)-

o When (5.29) and (5.30) hold, we say that ¢, drives (2.16) from (¢y,67) to (o, d7).

The following theorem summarizes, again in the context of GTCs and Problem 2.18, the con-
nection, via the HUM (see [42]), between observability and exact controllability.

Theorem 5.17. Assume the setting of Definition 5.16 and Problem 2.18, let N denote the outer
(g-)unit normal to U, and let T be an open subset of OU(V_, V). In addition, assume that for any
(g ,01) € HY(V-) x L2(V_), we have the observability inequality

(5.31) o 12y + 107 7200y Szve INOIT2 0y,
where v denotes the solution of the adjoint problem®?
(5.32) [O¢ = Va + (V= Vo X))l = 0,
(W, Z)v_ = (g, ¥1),
Ylou = 0.

Then, the equation (2.16) is exactly controllable on U(V_, V), with control on T'.
Furthermore, for each (¢g,¢7) € L>(V_) x H=1(V_), there exists a functional

(5.33) Tlbg.d1]: Ho(V-) x L*(V-) = R
such that the following hold:

o Jlbg,d7] has a unique minimizer (g , ¥y ); moreover, the zero extension of Ny|r to OU,
where 1 solves (5.32) with the above (Vg 11 ), drives (2.16) from (¢ , ¢ ) to (0,0).

22This solution exists and is unique due to the second part of Theorem 5.14.
23This solution exists and is unique due to the first part of Theorem 5.14.
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o If ¢y € L?(OU) is also supported in T and drives (2.16) from (¢q ,¢7) to (0,0), then
(5.34) INUll2ry < 10wl L2r)-

As is standard, we can now combine Theorem 5.17 with our main observability results in order
to establish exact Dirichlet boundary controllability for Problem 2.18 on time-dependent domains.
Below, we demonstrate this for the unified observability estimate of Theorem 4.14.

Corollary 5.18. Assume the setting of Theorem 4.14, that is, let U C R™™ be a GTC, and:
o Fiz g € R™ and 71 € R satisfying (4.54). Also, choose tg € (17—, 74) so that (4.55) holds.
e Consider the setting of Problem 2.18, and let X, V be as in (2.15).
o Let N denote the outer (g-)unit normal of U, let T'y C OU,_ - be defined as in (4.56), and
let Yy € OU;_ -, be a neighborhood of Ty in OU.
Then, the equation (2.16) is exactly controllable on U _ 7, with control on Y.
More generally, under the above assumptions, given any cross sections Vi of U that satisfy

(5.35) VoI (), Vi §I+(~y}‘)7
we have that (2.16) is exactly controllable on U(V_, V), with control on Y;.

Proof. Consider a solution ¢ of the adjoint problem (5.32), with V_ := U,_ and Z being any
generator of Y. Note the wave equation in (5.32) is of the same form as those in Problem 2.18.
Thus, whenever 1 is smooth, we can apply Theorem 4.14 to obtain the observability estimate

(5.36) 15 2 e + 105 120 s Stt.oontoy e, vt 9, /y NP2,
T

Moreover, a standard approximation argument combined with (5.36) yields the inequality
(5.37) 1o @,y + T 122, ) Suworre vy INY[IZ2p,),

for all solutions 1 generated from initial data (v ,%7) € Hi(U,_ ) x L*(U,_), that is, solutions
generated from the first part of Theorem 5.14. Applying Theorem 5.17 along with (5.37) yields
that (2.16) is indeed exactly controllable on U,_ .., with control on Y.

Finally, for general cross-sections Vi, we combine the observability inequality (5.36) with the
energy estimate (2.20) and an approximate argument to obtain (5.31) for all solutions v arising
from initial data (¢ ,v7) € HS(V-) x L*(V_). By Theorem 5.17, we again conclude that (2.16)
is exactly controllable on U(V_, V), with control on Y. ]

Remark 5.19. Note that Theorem 5.17 and Corollary 5.18 allow for geometric extensions of
controllability results, where the initial and final data can be placed on cross-sections of U that are
not level sets of t. As before, one still needs to impose the Dirichlet boundary data on a sufficiently
large portion of OU in order to achieve exact controllability.

Finally, we note that all the previous results in one spatial dimension—Theorems 5.3 and 5.6,
Corollaries 5.8 and 5.10—also lead to corresponding exact controllability results.
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APPENDIX A. DETAILS AND COMPUTATIONS

In this appendix, we provide—for interested readers’ convenience—additional proofs, computa-
tions, and details that were omitted in the main sections of this article.

A.1l. Preliminary Computations. First, a number of computations throughout this appendix
will make use of the following null coordinate computations for the warped metric:

Lemma A.1. Let € € R and g be defined as in Definition 3.3 and 3.4. Then:

1

e The nonzero components of g and g—* in the null coordinates (u,v,w) are given by

— — 20 —Uv 1 =a a8 a
(A1) Guw =2, Goo=pP"a,  §U =5 §U=p
e The nonzero Christoffel symbols of § in the null coordinates (u,v,w) are given by

- 1 _ v 1 _
(A2) ab — ?ﬁ(l - 26“)9(15} Fab = 727/3(1 + 2€U)gabf

_ 1 _ 1

op = ——(1 4 2ev)0y, 'Yy = = (1 — 2eu)dy.
p p

A.2. Proof of Proposition 3.8. To derive (3.8), we use (A.1) to obtain that

_ 1
VAf = G000 05 = 50000 + 5" 0uf Oy = 5 (udu + v0,),

and that o
VfVef =2g""0uf0uf = —(—v)(—u) = f.
Next, using (A.2), we obtain
?uuf = 8u8uf = 07 ?vvf = 8v8vf = 07 ?uvf = 8uavf = _L

as well as B B B B

Vuuf = _anabf = 07 Vvaf = _Fgaabf = 0.
For the purely spherical components, (A.2) also implies

Varf = —Ti0uf — Toy0uf

1

= 2—ﬁ[(—1 + 2eu)(—v) + (1 + 2ev)(—w)|Gab

1
?ﬁ(r +4ef)Gab

1 ef)_
= (2+ﬁ>gabv

which completes the proof of (3.9).
Contracting V2 f and recalling (3.9), we then obtain

= = = 1 1 ~1
Df=2g"”vuvf+g“bvabf:1+(n—1)(2+5pf) ”‘; +(n ﬁ)ef’

Furthermore, recalling the second equation in (3.8),

_ _ _ 1_ o B 1_ B 1
VSV fVasf = 5V fVa(VIfVsf) = 5V fVaf = 5 f.

Combining the above results in (3.10).
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A.3. Proof of Proposition 3.9. First, (3.11) follows from a direct computation:

Foo_ ww—ut2ef)  f :
au(i;):—;—ﬁzaup:—v(v = 5)+ﬁg(1+2ev) 5
f oo uw-ut2f) f 2
o (ﬁ) =5 = _W_ -0 =2

Taking a second derivative, we then see that
0.0, (f) _2u 2uZa _ 2u(v—u+2¢f) N 2u*(1+2ev) 2w 2f

— T 2 Oyp = = = =—= = -
I p? P p? p?

Next, for spherical derivatives, we recall (3.7), (A.2), and the above to obtain

() --r o () ()
p p p

__n-1 [(1 — 2¢eu) <—:;> —(1+ zsv)gz]

-1
— n2ﬁ3 (v? 4 u? + 2erf)
n—1,_ _
= o (7* —2f — 2¢fp).

The identity (3.12) follows, since

o(§)- a0 (5 ()

zﬁ—f " 20 - 207)

n—1 (125]”) B (n73)f.
2p p p?

A.4. Proof of Proposition 3.12. First, N is normal to the level sets of f, since by (3.8),

N = f2Viy,
That T is tangent to the level sets of f follows from the fact that
TS = 2 H(u)(~0) + v(-w)] =0.
Observe that since Vo f = Vo f = 0 by (3.9), then
Vraf = Vnaf =0.
For the remaining components of V2f, we apply (3.9) and (3.15) to obtain

Vref = L R(-up T f] = 3,
1

vNNf = ifﬁlpuvvuv.ﬂ =35

27
vTNf - ifﬁl[(*u)vvuvf‘i’uvvuvf] = Oa

which is precisely (3.16).
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A.5. Proof of Proposition 3.14. The components of & can be directly computed using its defi-
nition (3.17) along with the identities (3.9) and (3.16). First, note that

TrN = ?TNf = Oa Tre = vTaf = 07 TNa = vNaf = 0.

Similarly, for the nontrivial components, we compute

_ _ . 1 1 ef «ef
TrT rf+ 5 + 5 + 2 2,5’
_ _ -1 1 «f ef
e —h:——f_iz_i
NN = VNS 2 3 2 2%’
B _ _— 1 ef 1 «ef\_ ef _
ab = Va —h- ab — | & — T 5 5= ab = 5= " Yab-
Tab = Vabf Gab (2+p 5 2p>gb % Jab

This completes the proof of (3.19).
Finally, for (3.20), we simply apply (3.12):

- o) - e ()]

A.6. Proof of Proposition 3.18. The identities in (3.23) follow from direct computations. First,

= = —uv

foq):—mo@)(vo@):m

For the remaining identity, we combine (2.2) and (3.21) with the above to obtain

=7y,

F_ v uw 2euv P
poq)_(l_gy) (1—|—€u) (1+5U)(1—€U)_£ (U U)—f T.

Next, we compute the derivative of u o ® of v o ®:

= 1 eu 1
Dulue®) = T ~ T iewE ~ (T xen)?
Du(v 0 B) 1 eV _ 1

T (R P s b

In particular, by (3.13), both derivatives are positive and uniformly bounded from below. This
implies u o ® and v o ® define invertible functions of u and v, respectively, with smooth inverses.

It remains to show the conformal identity (3.24). For this, we first note that the above derivatives
imply that the push-forwards of the null coordinate vector fields satisfy

d®(0,) = (1 +eu)™20,,  d®(0,) = (1 —ev) 20,
and hence the corresponding pullbacks satisfy
P, (du) = (14 eu) 2du, ®,(dv) = (1 — ev)d.
(Moreover, ® by definition leaves the angular components unchanged.) As a result, by (3.23),
.5 = O, (—4dudv + p*4) = —% + (po @)%Y = €2 (—4dudv + 17),
and (3.24) now follows from (2.6).
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A.7. Proof of Proposition 3.19. The main step is to compute the scalar curvature R with respect
to g. Since Minkowski spacetime is flat, the standard formula for the change of scalar curvature
under conformal transformations (see, for instance, [62, Appendix D]) yields that**

Ro®=&*2n-O(logé) —n(n —1) - ¢*'Va(log ) Vs(log€)]
=2n& -0 —n(n+1) - g*PV,EV4E.
Recalling Lemma A.1 (with e = 0), we compute
GOPV oV 5E = —0,60,6 = €2(1 — ev)(1 + cu) = €3¢,
as well as
0¢ = g*P0upé — g*PTh 50,8
= —0un€ = 9" T 0u€ — 9" T 006

-1 -1
252—n2T -5(1—51})—” ce(1+eu)
~ (n+1)e? (n—1)e
N 2 r '
Thus, combining all the above with (3.23) yields
o 1)e? —1
Rod=2n¢ (n+2 L —n(n+1)e%¢
T
£
= —2 —_ 1 P—
n(n —1)e .
_ 2n(n—1)
="ed

Finally, recall that the standard formula for how the wave operator changes under conformal
transformations (again, see [62, Appendix D], for instance) is given by

n—1 n+1 n+1

(Ro®)| 1 = g#ig,

]—

4n

Substituting our identity for R into the above results in (3.25).

A.8. Proof of Proposition 5.2. Clearly, oU/*, a disjoint union of two smooth timelike curves £,
and /o, is a smooth timelike hypersurface of R'*1. By (5.2), we have, for any 7 € R, that

{y eR|[(r,y) €U} = (Ai(7), A2(7))
is a nonempty bounded open interval in R. Finally, for the generator, one can choose any smooth
vector field Z in R such that Z|,, ;) = £1(7) and Z|g, ) = l5(7).
Finally, for (5.4), we simply note that:

e On the left curve /1, the vector —(\{(7),1) is pointing away from U*.
e On the right curve /3, the vector (\(7),1) is pointing away from U*.
e The above two vectors are normal to ¢; and ¢o—for any 7 € R,

o - Gl e 0 Yl

24The formula found in [62] only takes into account the conformal factor w, and not the presence of the diffeomorphism
®. However, the formula with & is similar, as one only has to appropriately map points through &.
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e The above two vectors are (g-)unit—for any 7 € R,
=6 -1 5 3] - e,
e 1) A7 =1 e

A.9. Proof of Theorem 5.14. Fix a coordinate system (t,y*,...,y™) on U such that:

e y! ...,y" are constant along the integral curves of Z.
e The g-gradient V¥t is everywhere timelike and past-directed; in particular, Zt > 0.
e V is precisely the level set U N {t = 0}.

In these new coordinates, (2.16) takes the form of a second-order hyperbolic PDE,

—Ouu+ Y 0y (A90,mu) + Y 0, (BOw) + > X' Opiu+ Yo+ Vu=0,
ij=1 i=1 i=1
for some smooth coefficients A%, B, X*, Y, V, on a static cylinder of the form R x .

Treating (¢g, ¢1) as initial data on ¥ and ¢, (or zero in the first statement of Theorem 5.14) as
boundary data on R x 9%, we can now apply the standard well-posedness theory for linear second-
order hyperbolic equations; see [21, 43]. More specifically, invoking this well-posedness theory in
H} x L? and L? x H~! yields existence in both cases of Theorem 5.14.

The above also yields the energy estimates (5.25) and (5.27), in the case that Vi are also level
sets of t. (The H¢ x L? case also furnishes a “hidden regularity”, in the form an L?-bound on the
Neumann data N¢.) Moreover, (5.25) and (5.27) imply that ¢ € LZ (U).

Suppose now that ¢; and ¢2 are two solutions of (2.16) (in either statement of Theorem 5.14),
and consider the difference ¢ := ¢ — ¢, which also solves (2.16), lies in L2 (i), and has zero
traces on V and OU. Applying a standard unique continuation argument with respect to any
“time” coordinate t, as described above, yields that ¢ vanishes on U, establishing uniqueness.

Finally, to establish (5.25) and (5.27) in general, we repeat the above argument for another
system of coordinates (f,7',...,§") such that V and Vi are level sets of t. The above uniqueness
argument ensures that the solutions obtained in the two coordinate systems coincide.

A.10. Proof of Theorem 5.17. The proof is largely an adaptation of standard methods to the
GTC setting; for references, see, e.g., [45]. The first step is to reduce the full problem of exact
controllability to the slightly simpler question of null controllability.

Lemma A.2. Suppose that given any (o ,a7) € L*(V_) x H-1(V_), there exists an oy, € L*(OU)
that is supported in T and drives the wave equation (2.16) from (ag , g ) to (0,0). Then, (2.16) is
exactly controllable on U(V_,V;), with control on T.

Proof. Fix (¢F,6F) € L>(V+) x H1(V1). Let a be the solution of (2.16) satisfying
(. Za)ly, = (65, 01) € L*(V4) x H'(Vs),  alau =0,
which can be obtained from Theorem 5.14. Moreover, we set
(ag,07) = (a, Za)|y_.
By our assumption, there exists ¢, € L%(0U), supported in T, and a solution 3 of (2.16) satisfying
(ﬁ,Zﬂ)hj, :(¢6—a5a¢f—af)7 (B7Zﬁ)‘v+ 2(0,0), ﬁ'BZA(V_,V+) = ¢p.
Then, the solution a + 3 to (2.16) shows that ¢, drives (2.16) from (¢, , ¢7) to (o8, ¢7)- |
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As a result, it remains only to prove Theorem 5.17 in the case (¢, ¢7) = (0,0). Toward this
end, the following lemma provides the main identity characterizing null controllability:
Lemma A.3. Let N_ denote the future-pointing unit normal to V_. Also, we set
(A.3) X_:=g(X,N_), N_:=a_7Z+ B_, b_:=divy_ B_,

where a_ € C(V_), where the vector field B_ is everywhere tangent to V_, and where divy,_
denotes the divergence on V_ with respect to the metric induced by g. In addition, fix

(A4) (¢O a¢1 ) € LQ( ) X Hil(v—)} ¢b € L2(au)7

and assume ¢y, is supported in I'. Then, ¢p drives (2.16) from (¢q ,¢7 ) to (0,0) if and only if for
any (Yo b7 ) € HY(V-) x L2(V_), we have the identity

5 [N~ [ famor + 2805 w05+ Xodglg = [ aneq v

where 1) denotes the corresponding solution (see Theorem 5.14) of (5.32).
Proof. For convenience, we also let Ny denote the future-pointing unit normal to V,, and we set
(A6) X+ = g(X,N+), N+ = Q+Z+B+7 b+ = dinJr B_;,_,

with a;. € C*°(V;), By a vector field tangent to V., and by the induced divergence of By on V.
Furthermore, we let ¢ be the solution (see again Theorem 5.14) to (2.16) which also satisfies

(A7) (0, 20)lv. = (dg,01),  dlou = .

By standard approximation arguments, it suffices to only consider the case in which ¢ and 3 are
both everywhere smooth. Recalling (2.16) and integrating by parts, we see that

0 =/ (O¢+Vxd+ Vo)
UWV_,vy)

- / (—V°$Vath + VO (Xad) -0+ (V — VXo) - ] + / Ng-v— [ Nig-w
UV_,Vy) V.

Vi

=/ ¢[D¢—VX1/J+(V—V°‘XQ)¢]+/ [Negp-p—¢- N9+ g(X,N_) - ¢]
UWV_Vy)

*/ [N+¢'¢*¢'N+¢+9(X,N+)'¢M*/ PNY.
v, au(

V_.Vy)

In the above, we also used that ¢ vanishes on OU(V_, V).
Recalling (5.32) and expanding using (A.3), (A.6), and (A.7) results in the identity

/F SN = /V (a_Z¢ + B_d)p — dla_ 7+ B_) + X_ oyl
- /V (0426 + Bed) — $ay 2 + Bath) + Xy b
- / (a_dy + By + X_d3 Wy — d (a—vi + B_uy)]

- /v (0426 + Byd+ Xod)b — dlas 24 + By,
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We can now integrate the quantities ¢ - B_1) on V1 by parts. Recalling that i) has vanishing trace
on 0Vy, we then see that the above identity becomes

(A.8) /F¢,,Nz/):/ (a-¢y +2B_¢5 +b_¢g + X_¢y )ty —/v a—¢g Y1

- [ Gzor 2ot b0+ ot | aroze,
Vi vy

Consider now the last term on the right-hand side of (A.8):

(A.9) L= [ @zo+2Bsrbiot oyt [ asozv.
Vi vy

Observe that because of the time reversibility of linear wave equations, both ¢ and Zv can be freely
prescribed on V; by setting appropriate values for (¢, ,%; ). Thus, it follows that Z, = 0 for all
such (¢q , 97, %) if and only if ay Z¢ + B¢ — Xy ¢ and ¢ vanish on V.

Since a4 # 0, it follows that 7, = 0 vanishes if and only if (¢, Z¢)|y, vanishes. This completes

the proof of the lemma, since by (A.8), the condition Z; = 0 is equivalent to (A.5), whereas
(¢, Z¢)|v, = (0,0) if and only if ¢, drives (2.16) from (¢, ,¢; ) to (0,0). O

Now, given (¢ ,¢; ) € L2(V-) x H=1(V_), we define the functional J[¢y , ¢7] from (5.33) by

(A10) Tl 6l vT) = g [WOR = [ (aor 2807 + 07 + X000y

+/V a65 VT

where ¢ is defined from (v, %1 ) via (5.32). We now connect J[¢q , ¢; | to null controllability:

Lemma A.4. Suppose (g ,v7) € HY(V-)x L2(V_) is a minimizer of J ¢y , 1 |, and let 1 denote
the solution of (5.32), with initial data given by (Vg , 1y ). Then, N|r lies in L*(T), and its zero
extension to OU drives (2.16) from (¢, , ¢7 ) to (0,0).

Proof. That N|r € L*(T') is an immediate consequence of (5.25), thus we need only show the null
control property. Let (ag,a7) € HJ(V-) x L*(V_), and let a be the corresponding solution to
(5.32) from initial data (ag , 7 ). Since (¢ ,%; ) minimizes J[¢g , ¢7 |, then for any h € R,

0= lim {J[d. 071w + hay w5 +hag) — Tlog . o105 v )}
= Tim — / [N (@ + ha)? = NP - / (a_67 +2B_d5 +b_dy + X_dg )ag

—|—/ a—¢g -
v

:/Nw./\fozf/ (a—¢py +2B_¢g +b_¢, +X_¢a)aa+/ a_¢gy - aq .
r V_

Since the above holds for any (ag , a7 ), then Lemma A.3 completes the proof. a

Therefore, we have reduced the problem of controllability to finding a minimizer of J[¢g , ¢7 :

Lemma A.5. J[dy,¢7 | has a unique minimizer (g 47 ) € HY(V-) x L2(V_).
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Proof. By the estimates (5.25) and the linearity of (2.16), we obtain that J[¢, , ¢7 ] is continuous.
Furthermore, the observability estimate (5.31) yields constants ¢, C' > 0 such that

Tb5 . o1 )(ag.ar) 2 cllag ) + llag [1Z200)]
= Clligg lez2vy + o1 N )lllleg T ooy + g [z
for all (o, ;) € HY(V_) x L2(V_), which establishes that J[¢, , ¢y ] is coercive.
We next claim that J[¢, , ¢7 ] is strictly convex. Indeed, given any
AE0,1),  (ag,ar), (B, Br) € Ho(Vo) x L*(V-),  (ag,ar) # (B, Br),
and letting «, 8 be the solutions of (5.32), with data (o, a7 ) and (B, 51 ), respectively, we have
AT by 01 (g, 00) + (1= N)Tlég , é1 1By - By )
= TJlég, o1 1(Aag + (1= A)By, Aay + (1= A)By)

=3 /F{Awaﬁ + (L= NIVBE = WD+ (1= 5]}

CA1-2) o
-2 [ we-ar

Applying the observability inequality (5.31) to o — 8 and (oy — By, 7 — B1 ), we see that the
right-hand side of the above is strictly positive, hence J[¢y , ¢7 ] is strictly convex.

Via the direct method in the calculus of variations (see, for instance, [18]), the above considera-
tions then imply that J[¢g , ¢ | indeed has a unique minimizer. O

Let (g ,%; ) now denote the minimizer from Lemma A.5, and let 7 denote the corresponding
solution to (5.32). By Lemma A.4, the zero extension of N'|r drives (2.16) from (¢, , ¢7 ) to (0,0),
and hence Lemma A.2 implies exact controllability for (2.16) on U (V—_, V), with control on T'.

Finally, suppose ¢, € L?(0U) also is supported in I' and drives (2.16) from (¢g ,¢; ) to (0,0).
Applying Lemma A.3 twice, first to the control AY|r and then to ¢, we obtain that

/leF:/ <a7¢;+2B7¢a+b7¢a+Xf¢a>wa—/ ady o7
T \Z

= / o NV
r
< l#oll L2y INY | L2 (),
and the inequality (5.34) follows immediately.
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